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Abstract

Hochschild cohomology theory of rings is extended from the ring case to abelian
heaps with distributing multiplication or trusses.

This new definition of cohomology is then utilised to give the required conditions
for a Nijenhuis product on a truss to be associative, which was previously defined
by the extension of the Nijenhuis product on an associative ring introduced by
Carinena, Grabowski and Marmo in [Quantum Bi-Hamiltonian Systems, Int. J.
Mod. Phys. A 15, 4797-4810, 2000, arXiv:math-ph/0610011].

The definition of Nijenhuis product and operators on trusses is then linearised to
the case of affine spaces with compatible associative multiplications or associative
affgebras. It is shown that this construction leads to compatible Lie brackets on
an affine space.

This is then taken further, with Lie algebras extended to the affine case using
the heap operation, giving them a definition that is not dependent on the unique
element 0, but so that they still adhere to antisymmetry and Jacobi properties.
It is then looked at how Nijenhuis brackets function on these Lie affgebras and
demonstrated how they fulfil the compatibility condition in the affine case.
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Chapter 1

Introduction

1.1 Key Results

This thesis looks to both encompass and expand on the ideas presented in the
articles Affine Nijenhuis operators and Hochschild cohomology of trusses [12] and
Lie and Nijenhuis Brackets on Affine Spaces [13], both of which were written
by Tomasz Brzezinski and myself with the primary motivation of expanding and
generalising concepts presented in the papers Quantum Bi-Hamiltonian Systems
[16] and Poisson-Nijenhuis structures [32] respectively.

Some key results of this thesis are:

1).

2).

The formulation of an extension of Hochschild cohomology from the usual ring
case to the trusses case (Chapter [3)).

Using the Hochschild cohomology of trusses (Chapter to then give the
necessary and sufficient conditions for a Nijenhuis product on a truss to be

associative (defined by the extension of the Nijenhuis product on an associative
ring in [16]) (Chapter {4)).

. Formulation of the affine Nijenhuis operator (Chapter . We observe in

Corollary that If P is a multiplicative idempotent in Aff(A), then for
all « € F, (1 — a)P + aid is an affine Nijenhuis operator.

. Expanding on our findings in Corollary , we propose an intrinsic definition

of the left and right Lie bracket in affine space rather than vector space. Such
algebraic structures are referred to as Lie affgebras (Chapter [6]).

. Defining of the Nijenhuis operator over a Lie affgebra, and defining the

Nijenhuis bracket using definitions adapted from Poisson-Nijenhuis structures
[32]. It is demonstrated how Nijenhuis operators give rise to a family of
compatible Lie brackets on an affine space. (Chapter [7)).

Now that these key points have been covered in brief, the rest of this introduction
chapter will look to give a more verbose summary and explanation of this thesis
and its contents.
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1.2 Notation & Convention

A brief note on the notation that is used through this thesis. We are dealing
with many different algebraic structures and operations and the best effort has
been made to make these differences as clear to the reader as possible. One
specific area that could become confusing is the use of different brackets to denote
different types of operation. The exact meaning of each bracket will of course be
contextual, but as a general rule we are dealing with:

1). Angled brackets, or chevron brackets denoting ternary operations, such as that
of a truss (see Definition [2.11)), denoted generically as:

Elements of a truss a, b, c € T can be expressed to determine a fourth element:

(a,b,c) =d eT.

2). Square brackets are used to denote binary operations such as Lie brackets or
commutator brackets, again these are highly context dependent, an example
would be the classic Lie bracket (see Definition [2.28):

[—,—]: A= A
[LE,.I'] =0,
[l’,y] = _[y7x]>

where z,y € A and A is a vector space.

3). Regular brackets, curved brackets or parentheses are also frequently employed
as one would expect. These are by far the most varied by context, but should
also be the most self-explanatory to the reader. For completeness, here is an
example of them being used, as can be seen in the definition of a Nijenhuis

product p (Definition [2.45)):
p(a,b) = ab.

In other texts square brackets are often used to denote the ternary operation
of a heap or truss, but due to the more prevalent nature of the Lie bracket
and commutator brackets notation we employ the angled brackets for the less
commonly seen ternary operation for readability.

Furthermore, throughout this thesis, when making reference to a ring, it is
important to note that we are referring specifically to a non-unital ring.
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1.3 Motivation

This thesis began with a curiosity around possible applications of trusses, a
truss (T, (—,—,—),-) is a type of algebraic structure that is composed of a set
T, together with both a binary operation - and the less commonly seen ternary
operation, which we denote generically by (—, —, —). The truss was proposed in
Trusses: between braces and rings [10] by Tomasz Brzezinski as a way to bridge
the distributive laws of rings with the distributive laws of braces, hence the
denomination truss.

Being a relatively new algebraic structure, the opportunities for applications of
trusses form a vast frontier, which anyone with a love of mathematics, both pure
and applied, should revel in the opportunity to explore.

Upon reading Quantum Bi-Hamiltonian Systems [10], a paper by Carinena,
Grabowski and Marmo, it seemed that the theorems of this paper could possibly
be extended to the world of trusses, with some modifications. [16, Theorem 1]
states that the Nijenhuis product py is associative if and only if:

0, In(a,b,c) == aTy(b,c)—Tn(ab,c) + Tn(a,bc) — Tn(a,b)c = 0. (1.1)

Now when working with trusses we are unable to use the unique element 0, as
no such element exists in the world of trusses that is equivalent to the way the
element 0 functions within the ring (R, 4, x), however, we can of course observe
that can be rearranged to give us the expression:

aTy(b,c) = Tn(ab,c) — Tn(a,bc) + Tx(a,b)c,
which can then be expressed as the ternary operation:
aTn(b,c) = (Tn(ab,c), Tn(a,bc), Tn(a,b)c).

Suffice it to say that although this is a seemingly a straightforward starting
point, to actually prove the equivalence of the associativity of uy and the
Hochschild 2-cocycle condition 6, T (a, b, ¢) = 0 requires the notion of a Hochschild
cohomology of trusses. Formulation of a Hochschild cohomology of trusses became
a key result of this thesis, allowing us to formulate the condition (see Theorem
4.6)) of the v-relative Hochschild 2-cocycle for all (equivalently for any) neutral
element v € T', which we denote:

62T%(a,b,c) == aTx(b,c) — Tx(ab, c) + Tx(a, be) — Tx(a,b)e = v.

Further work thereafter involved adapting other theorems from [16] in a similar
manner and adapting results from [16] from the case of linear to affine maps.
Again a core motivation here, as above, is generalisation and rethinking of
different concepts. We look at affine Nijenhuis operators in Chapter [5| as a
continuation of this work.
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Later in the thesis we shift our focus towards Lie affgebras, a term coined in [28].
This required formulations of properties equivalent to those of the standard Lie
bracket, this is detailed in Definition [6.1] and Remark [6.2]

Finally these workings come full circle in Chapter [7} Nijenhuis Operators on Lie
Affgebras, not just motivated by previous findings, but also from definitions found
in Poisson-Nijenhuis structures [32] by Y. Kosmann-Schwarzbach and F. Magri.
Here we define Nijenhuis operators over Lie affgebras, and the Nijenhuis bracket.

1.4 Expository Introduction

Here we provide an overview of the entire contents of this thesis.

We begin with Chapter [2) Preliminaries. This chapter contains a substantial
amount of prerequisite information that is essential for understanding the later
chapters of this thesis. This chapter looks to not only provide the reader with
knowledge of the many different algebraic structures and concepts that are used
in this thesis, but to make clear through notation how these give rise to the more
general structures and concepts that we define later on in the thesis. A lot of the
core notation required to understand the later chapters is explained in Chapter
also, which is critical when there is such a vast array of algebraic structures and
different functions, mapping and operators at work.

Chapter opens with information on heaps and trusses (Section [2.1]).
Understanding of these structures is essential and almost all the results of this
thesis hinge on the generalisation of concepts from rings to either heaps or trusses.

Heaps (Definition [2.1]) are algebraic structures composed of a non-empty set H,
together with a ternary operation:

(—,—,—):HxHxH— H, (a,b,c) — (a,b,c),
and conforms to properties of associativity, for all a,b,c,d,e € H,
({a,b,c),d, ey = (a,b,{c,d,e)),
and conform to what are called Mal’cev identities, namely:
(a,b,by = a = (b,b,a).
Furthermore, heaps with the commutative property:
(a,b,c) = {c,b,a),

are referred to as abelian heaps. The definition of a heap homomorphism is also
given in Definition [2.3]
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We then explain how heaps can be constructed from a group structure (G, -, 1) in
Remark [2.4] by defining the ternary operation for a,b,c € G-

(—,— —):GxGxG— G, {a,b,c) =a-b""-c.

Following this we discuss the letter v which we use throughout this thesis to
denote a neutral element, using the Greek letter “nu” (Remark for its phonetic
similarity to the English word “neutral”. This neutral element is used immediately
to define an important structure, the retract or retracted group (Definition of
a heap H. The retract starts with a heap structure (H, (—, —, —)) and the neutral
element v € H and then defines the binary operation:

w:HxH— H, a-, b= (a,vb),

giving rise to a group structure denoted by G(H,v), the neutral is denoted due
to it being dependent on a given neutral element.

From this we may derive a convenient way of expressing the ternary operation
when we are dealing with an abelian heap, that looks a lot more familiar to what
we are used to as mathematicians (Remark, we may express ternary operations
(a,b,c) by:

(a,b,c) =a—b+c.

2

This notation is used often in this thesis, as the “4+” and “—” symbols make
calculations with many terms a lot easier to keep track of, allowing one to see if
a term is in the even position if it is preceded by a “—”" or the odd position if it
is preceded by a “+”.

We then define the translation isomorphism (Definition , this isomorphism
allows one to compare structures with different neutral elements, for example it
acts as an isomorphism of the groups G(H;v') — G(H,v). Such an isomorphism
is defined, where H is a heap by:

70, H— H, v (a) == {a, V', V).

Definition 2.9 outlines the concept of sub-heaps. Following this is the definition
of a truss (Definition [2.11]), the central algebraic structure to this thesis. A truss

(T, (—,—,—),"), similarly to a heap, is a set T" together with a ternary operation
(—,—,—), this forms an abelian heap (7, (—, —, —)) however trusses also have a
second operation, an associative binary operation - that distributes over (—, —, —),

where for all a,b,c,d € T, we have:
a(b, c,dy = {(ab, ac, ad), {a,b,cyd = {(ad, bd, cd).

If multiplication - admits identity, then we refer to a unital truss. Furthermore, if
multiplication - is commutative, then we refer to a commutative truss.

We then explain in Remark the richness of the world of trusses when
compared to that of rings, with examples provided. The relationship between
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trusses and ring extensions is touched upon in Remark [2.15] which can be seen
in more detail in [4].

Then we come to Section 2.2 Affine Modules. Here we lay the groundwork for
many of the extensions from traditional vector space to affine space that are
discussed in the latter chapters of this thesis.

We begin by defining both left and right modules in Definitions [2.1652.17, Then
we give a definition of affine space (Definition which we then expand on in
Remarks [2.19H2.20] where we look at how affine spaces can be represented using
the ternary operation in the form:

N
{a,b,c) = a+ bc.

— — —
where bc € A is the unique vector from b to ¢. Noting also that ¢ = b+ bc.

Remark expands on Definition [2.18] and Remark [2.19] demonstrating how
abelian heaps can be interpreted to be affine versions of abelian groups.

We then define an affine module and discuss its properties, homomorphisms
between such structures, the isomorphic nature of two such structures with

differing “neutral elements” (see Definition -2.25)).

We then define an (associative) affgebra as an affine module A, together with a
bi-affine (associative) multiplication A x A — A in Definition [2.20

Following this are some brief notes on Lie algebras (Section [2.3). These are
present due to the importance of Lie affgebras to the results of this thesis (see
Definition [2.28]).

Following this is Section 2.4 Homology & Cohomology. This section covers
numerous definitions that are required to understand the Hochschild cohomology
of trusses in Chapter [3| onwards. Here we cover definitions of chain complezes,
differentials, cycles boundaries, homology modules, cochain complexes, cocycles
coboundaries, cohomology modules in Definitions [2.30H2.31]  We also define
bimodules in Definition and then we define the coboundary operator o
(Definition . This is of particular importance, as is the foundation to the
later definition of wv-relative Hochschild n-coboundary operator on a truss T
(Definition . It is then explained how the coboundary operator ¢ relates to
cocycles, coboundaries and cochains from Theorem to Example [2.36]

Then the necessary definitions required to properly define Hochschild cohomology
are given. This includes definitions of the opposite algebra, enveloping algebra,
as well as some other terms. These are all covered between Definition 2.37 and
Remark [2.41] Then we come to the definition of Hochschild homology, Hochschild
cycles, Hochschild boundaries (Definition and, most importantly for the
results of this thesis, we come to definitions of Hochschild cohomology, as well
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as Hochschild cocycles and Hochschild coboundaries (Definition . Finally, for
this section, we note that we are interested in the case where for our Hochschild
cohomology:

HH"(A: B) = H"(Homg(A®* : B)),

we are interested in the case where B = A, which we denote by (Remark [2.44)):
HH"(A:B)=HH"(A).

Next we have Section [2.5| covering the preliminaries on Nijenhuis Operators. We
begin with definitions adapted from [I6], which are then built upon in the latter
chapters of this thesis. Definition [2.45] states that given an associative algebra
(A, 1) over a field K, with product p: A x A — A, p(a,b) = ab, for all a,b € A.
If we then have the linear map N : A — A, we define the Nijenhuis product as:

pn : (a,b) — aony b= N(a)b— N(ab) + aN(b).

This gives rise to a new algebraic structure (A, py). Furthermore, we may then
note that:
aonyb=0,N(a,b), (1.2)

where 0, is the Hochschild coboundary operator associated with ji, that is defined
by the series:

5Mf<a1a ooy an+1) = Cllf(am ooy an+1)
+ Z(_l)if(ab (XY :u(a'ia ai+1)7 sy an-i—l)
i=1

+ (=1)"" f(ar, ..., an)any1,

with:
6,:C"(A: V) — C"(A: V),

where ai,...,a, € A with f € V where V is an A-bimodule and C"(A : V)
denotes the space of n-cochains. These definitions are the first things that we are
interested in moving to the truss case in Chapters [3] and [4]

Furthermore, in this section we define derivations in Definition [2.46] which are
core to results in Chapter [3] onwards.

We then remark on cohomology groups (Remark [2.47) and then move to define
the u-Nijenhuis torsion of a linear map N : A — A is defined as:

Tn(a,b) = N(aoy b) — N(a)N(b),
or equivalently:
Tn(a,b) = N(N(a)b) — N*(ab) + N(aN (b)) — N(a)N(b).

In cases where we have Ty(a,b) = 0, for all a,b € A we refer to N as a
p-Nigenhuis tensor (Definition [2.48). These definitions of the Nijenhuis torsion
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and the Nijenhuis tensor are once more core to the results in this thesis.

We then go through some remarks and theorems adapted from [16], with perhaps
the most important being Theorem [2.51] which is later expanded on in Theorem
4.0l

This section is then closed with some remarks on what exactly Nijenhuis
operators are, why they were used in [16] and how they relate to weak quantum
bi-Hamiltonian systems and quantum bi-Hamiltonian systems (Definition [2.53]).

Chapter [3| begins with a definition for the v-relative Hochschild n-coboundary
operator on a truss 7. This is an interpretation of the standard coboundary
operator that would be used in ring like structures, but tailored for trusses
where there is no unique element with the properties like that of the element
0 € (R, +, x).

Following this we have Theorem [3.2] which states that both §7+! o 67 = v
and 0!'(v) = v, meaning that each ¢ is a homomorphism of abelian groups
A" G(C™Y(T);v) = G(C™T(T); v).

Following directly on from this, we have Definition |3.3, which defines the heap of
v-relative n-cocycles:

Zy(T) :=={f e C"(T) | 6;(f) = v},
and the heap of v-relative n-coboundaries:
BMT) :=Imé&" .
These concepts are then combined into the quotient heap:
HIT) = Z2(T) | BA(T),
which we call the n-th v-relative Hochschild cohomology heap of T' (see Definition

34).

Following this are some workings that largely employ our definition of 4, the full
results of which, can be seen between Remark [3.5] and Remark [3.9]

The Section [3.2] Derivations on Trusses largely focuses on further workings that
can be performed with the aid of Definition [3.10], which outlines a definition for the
derivation D on a truss T', where for all a,b € T, we have the heap homomorphism
D :T — T such that:

D(ab) = (D(a)b,ab,aD(b)).

We also note that derivations on 7" form a heap which is denoted by Der(T"). The
rest of this section largely deals with results based on this definition.
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Chapter {4| contains several results that build upon findings in [I6]. This chapter
opens with definitions of the Nijenhuis product (given as a ternary operation), for
a truss 7T, for all heap homomorphisms N : T" — T, the binary operation oy on
T, defined by:

aoy b= (N(a)b, N(ab),aN (b)).

In the case where, for all a,b € T
N(aonb) = N(a)N(b),

we refer to the Nijenhuis operator N (over a truss).

Finally, for all v € T', the v-Nijenhuis torsion of N is defined as:
Ty (a,b) = (N(aonb), N(a)N(b),v).

These definitions (see Definition [4.1]), which are now in the truss case, provide
the foundation for much of this thesis.

Section largely details results arising from our new Nijenhuis definitions
(Definition , with key results being Theorem which is an expansion of
[16, Theorem 1], Theorem [4.9, which is an expansion of [16, Theorem 2] and
Theorem , which is an expansion of [16, Theorem 3, Theorem 4]. Expanding
[16], Theorem 1] (Theorem specifically acted as one of the leading motivations
to this thesis.

It should also be noted that Definition introduces a notion of compatibility
of Nijenhuis operators on a truss, another necessary definition, the creation of
which was required to prove the theorems we have adapted from [16].

Chapter |5 follows on from the previous results, it begins by defining the affine
Nijenhuis operator (Definition . The majority of the chapter consists of
results from Theorem to Theorem [5.7 A key result from this chapter is
Corollary [5.3] as it provides the foundation for the work of Chapter [6

Chapter [] follows from the findings in Chapter [5] specifically Corollary [5.3] Here
we propose an intrinsic definition of the left and right Lie bracket in affine space
rather than vector space. We shall refer not to a Lie algebra, but to a Lie affgebra.
First we define the Lie affgebra, and the Lie truss (Definition , Remark ,
which are expansions of the usual Lie algebra, but rather than being defined over
a vector space, we instead define the Lie affgebra over an affine space.

Following our definition for Lie affgebras are examples of these structures and
comparisons to the structure introduced in [28] and showing the reduction of Lie
affgebras to Lie algebras (Example Proposition 6.10)).

Section introduces once more the notion of derivations (Definition [6.11)), but
this time as affine homomorphisms, with the rest of this section largely focusing
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on results arising from Definition |6.11

Then in Section [6.3] we look at the relationship between Lie affgebras and Lie
algebras, with a key result being how any Lie affgebra can be retracted to a Lie
algebra.

In Chapter [7] all our workings start to come full circle, as we look to how
Nijenhuis operators behave on Lie affgebras, with definitions largely adapted
from Poisson-Nijenhuis structures [32] by Kosmann-Schwarzbach and Magri. In
particular we show that Nijenhuis operators give rise to a family of compatible
Lie brackets on an affine space.

The chapter begins by defining (Definition Nijenhuis operator (over a Lie
affgebra) N, where (A, [—, —]) is a Lie affgebra by an affine homomorphism N :
A — A such that, for all a,b € A:

[N(a), N(b)] = N ({[N(a),b], N([a, b)), [a, N(D)]))-
Where the binary operation [—, —]y on A, given by:
[CL, b]N = <[N((l), b]7 N([CL, b])v [CL, N(b)Dv
is called the Niyenhuis bracket.

With this new concept defined, we continue the chapter with various results in
the form of examples and theorems.

This leads us to our final Chapter |8 which contains some closing remarks, as well
as some recommended reading of the papers: Special normalised affine matrices.
An example of a Lie affgebra [9]; On matriz Lie affgebras [14] and Lie affgebras
vis-a-vis Lie algebras [3]. These papers were all written concurrently with this
thesis and contain further research into Lie affgebras. Brief summaries of these
papers can be found in Section [8.2] Recommended Further Reading.

Finally, at the very end in Section [8.3] we have suggestions for potential further
work within this area of algebra. It is worth reiterating that the potential for
further work is vast and offers a tremendous opportunity to further develop our
understanding of mathematics.



Chapter 2

Preliminaries

Understanding the results in the latter chapters of this thesis is contingent
on the reader having knowledge of a large number of algebraic structures and
the relations we can draw between those algebraic structures, including heaps,
trusses, affine modules, lie algebras, cohomology, Hochschild cohomology and
Nijenhuis operators.

This preliminary section endeavours to not only explain these concepts in literal
form, but to contextualize and give analogues to these different algebras and
algebraic relations.

2.1 Heaps & Trusses

We begin with preliminary information on two types of algebraic structures heaps
[5], [I10, [I7], [39] and trusses [4], [10], [I1]. These structures are fundamental to
the entirety of this thesis.

Assuming that the reader is familiar with group theory, it is quite simple to define
a heap, though the structure is not immediately intuitive to those unfamiliar with
it, especially when first presented with the Mal’cev identities and the bracket
notation. Here we will use angled brackets (—, —, —) to denote this operation.

It is perhaps most simple to think of the ternary operations within heaps as a series
of binary operations, then we may better understand the two main properties of
a heap. Using conventions mentioned below in Definition we may think of
the expression (a, b, c) as the linear combination a — b + ¢, this should make the
associative property, as well as the Mal’cev identities, much more comprehendible.
It is, however, important for the reader to note that although we borrow the
standard addition and subtraction symbols, this is not an exact equivalency to
how these symbols are most frequently used, but instead they play the part of a
visual aid. An example of where this difference can be noted is that not all heaps
are abelian (see Remark [2.1}2.2). Expressing heaps using addition and subtraction
symbols is outlined in more detail in Remark

17
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Definition 2.1. A heap (H,(—,—,—)) is an algebraic structure composed of a
non-empty set H, together with a ternary operation:

(—,—,—):HxHxH— H, (a,b,c) — (a,b,c),

that conforms to the following properties, for all a,b,c,d,e € H,
Associativity: ((a,b,c),d,e) = {(a,b, (c,d, e)),
Mal’cev identities: (a,b,b) = a = (b, b, a).

Furthermore, a heap is said to be an abelian heap if it also has the following
commutative property, for all a,b,c € H,

(a,b,c) = (c,b,a).

Following from this definition, note that abelian heaps allow you to rearrange
certain elements. This is very convenient when making large calculations.
However, there are, of course, restrictions around which elements can be
exchanged with others.

When thinking of our ternary operation as the linear combination:
a—b+c—d+e,

with a,b,c,d,e € H, it is clear that we cannot just swap the position of the
elements a and b. However, a permutation of the position of a, ¢ and e would
cause no issue at all, assuming again that we are working within an abelian
heap. Remark below will explain this in more rigorous terms using the bracket
notation, demonstrating the workings of the Mal'cev identities in abelian heaps.

Remark 2.2. When dealing with an abelian heap (H,(—,—,—)), one can see
from the associative property of heaps that the internal placement of brackets in
the ternary operation have no effect. Thus, we may write:

({(a,b,c),d,e) = {a,b,{(c,d,e)) = (a,b,c,d,e),

for such cases. However, the positioning of elements within the ternary operation
does matter, elements in odd and even positions within the operation may be
exchanged with each other, but only if the exchange is between, either two odd or
two even elements, for example, we may write for any a,b,c,x € H:

(a,xz,c,b,x) = (a,b,c,z,x) = (a,b,c).

Definition 2.3. A heap homomorphism is a mapping between two heaps
(H,(—,—,—)) and (H’,(—,—,—)) that preserves the ternary operation for all
a,b,ce H:

f:H—H,  f(a,bc)— (f(a), f(b) f(c)).
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The set of all heap homomorphisms from (H,{—,—,—)) to (H',{(—,—,—)) is
denoted Heap(H, H').

The set Heap(H, H') notably includes all constant functions. In the case where
both H and H' are abelian, Heap(H, H') is a heap by a pointwise operation
(f,g9,h)(a) = (f(a),g(a),h(a)). Any singleton set is a (abelian) heap with a
trivial (only possible) operation. The unique function that goes from any heap to
the singleton heap is a heap homomorphism. This means that the singleton set
is a terminal object in the category of heaps, which we denote by *. Similarly,
the empty set is an abelian heap, the initial object in the category of heaps. Note
that to maintain the correspondence between heaps and groups, described in the
following remark as well as Definition [2.6], we will assume that the heaps being
discussed are non-empty.

Now we shall look at how groups and heaps relate to each other, most
mathematicians will be far more familiar with the concept of the group than
that of the heap, making this a useful analogy. Furthermore, the concept of the
retract or a retracted group will be used in some of the results of this thesis.

Remark 2.4. Given a group (G, -, 1), for any a,b,c € G we define a ternary
operation:

(—,——):GxGxG— G, (a,b,c>:a.b*1.c.

This gives rise to a heap structure. We will denote this heap by H(G). Note also
that if our underlying group structure (G, -, 1) is abelian, then so is H(G).

Remark 2.5. Before the introduction to retracts in Definition 2.6 the reader
should note that throughout this thesis the Greek letter v is frequently employed
as a denotation of a neutral element, this is due to both heaps and trusses based
on number systems not interacting in the usual manner with the number zero.

To explain this further, consider the group (Z, +), the neutral element 0 € (Z, +)
has the unique property that it can simply be excluded from calculations, for
example, if we have elements 21, 29, 23 € (Z, +), we may write:

21+ 20+ 23 =21+ 22+ 23 +0,

the inclusion or exclusion of this element in an equation from this type of algebraic
structure has absolutely no bearing on the meaning of the equation. However,
given a heap (Z,(—, —, —)) we may note that the element 0 behaves differently.
To illustrate this, given 0,a,b,¢,d,e € (Z,(—,—,—)), these equations of varying
sizes cannot be reduced further due to the nature of the ternary operation:

<07 b’ c>7 <a70’c>7 <a7 b? 0>7
and similarly for longer expressions:

(a,b,c,0,e), (a,b,c,d,0).
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This is because all of these elements must be expressed with an odd number of
terms, they simply cannot be reduced to an even number within a heap system.
A good analogue for this would be matrices. If you have a matrix with three
entries, let’s say for example, a set of coordinates in three-dimensional space
(x,y, z), these can never be reduced to just two elements without fundamentally
changing the system that you are working within (from three-dimensional to
two-dimensional). Also note that in this analogy, the number 0, in such a system,
represents a tangible position in space and cannot be ignored.

The only way that an element can be cancelled out in the world of heaps is with
the Mal’cev identities (Definition , where any two adjacent elements can be
cancelled out. Thus all the two elements need to do is match each other, there is
no special element that acts as the usual 0.

However, there is some nuance to that statement. The underlying group structure
could absolutely have a neutral element. Using this neutral element we discuss
the idea of a retract in Definition 2.6l

Definition 2.6. Given a heap (H,{(—,—,—)) and an element v € H, we define
the following binary operation on H:

w:HxH — H, a-,b={a,vb).

This yields a group structure which we denote G(H;v). Such a structure is known
as the retract of H. Further, note that if (H, (—, —, —)) is abelian, then the retract
G(H;v) is also abelian. Finally, note that we always have H(G(H;v)) = H,
regardless of the chosen element v, meaning that calculations in a heap H can
always be performed in any retract.

Remark 2.7. We may also derive some further properties from the axioms of an
abelian heap H. The following examples can be clearly understood when using
the notion of a retract and interpreting the ternary operation as:

(a,b,c) =a—b+c.

In particular we have that any three elements within the ternary operation
determine the fourth element:
(a,b,c) =d.

Furthermore,

(a,b,c) =d <= (a,d,c) =b.
Additionally we have:
a=b < (a,b,c) =c <= {(c,a,b) =,

for all or equivalently any ¢ € H. Transitioning from the any case to the all case
can be demonstrated by the following equivalencies using the associative property
and Mal’cev identities:

(a,b,c) =c <= ({a,b,c),c,d) = (c,c,d) <= (a,b,d) =d.
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Furthermore, we have the property:
(a,(a,b,c),c) =b,
which leads us to see that:
(a,{a,{a,b,c),c),c) =b,
et cetera. As well as other basic observations such as:
(¢, {a,b,c),a) = (c,d,a),

and further:
({c,e,b),a,a) =b=(c,d,a) = {(a,d,c).

Furthermore, we may also note that an expression of the form (a,b,c) = d holds
under the cyclic permutation of its elements a — b — ¢ — d — a, to put this
explicitly, if we have:

(a,b,c) =d,
then we also have:

(d,a,b) =c,

(¢,d,a) =D,

(b,c,d) = a.

One may see that using these principles, we may extend this notion to any size of
expression:

(@i, ..., Gang1) = (Aa(1), A3(2)s Qa(3): AB4)s -+ Qa(2n+1)) s
for any permutations a of {1,3,5,...,2n + 1} and g of {2,4,6,...,2n}.

Now we will introduce the notion of the translation isomorphism.  This
isomorphism is a useful tool when translating two systems with differing neutral
elements.

Where relevant, this thesis looks to see which results are completely independent
of the choice of neutral element(s) in given algebraic systems, including when
differing systems with differing neutral elements are interacting, such as can be
found in the calculations of Chapter [3]

Definition 2.8. Let H be a heap. For all v,/ € H, the translation
isomorphism 7, : H — H is defined as:

() = (a,V/,v),

where the inverse of 7 is given by 7. ". Furthermore, 7 is an isomorphism of
groups G(H;v) — G(H;v'). The set of all translation isomorphisms of H is a
group with respect to the composition. This group is isomorphic to any of the
retracts of H.
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Definition 2.9. A (non-empty) sub-set K of a heap (H,(—,—,—)) is called a
sub-heap if it is closed under the heap operation, that is, for all a,b,c € K, we
have (a,b,c) € K.

Definition 2.10. A (non-empty) sub-heap K of a heap (H, (—, —, —)) is said to
be a normal sub-heap, if for all a,b € K and h € H there exists an element
k € K such that:

(h,a,b) = (k,a,h).

A sub-heap (as in Definition defines an equivalence relation on H, a ~ b if,
and only if for all (or equivalently any) = € K, we have (a,b,z) € K. The set of
equivalence classes is denoted H/K. One easily shows that in the case of a normal
sub-heap, this is the same as the heap associated to the quotient of retracts, that
is, for any v € K, we have H/K = H(G(H;v)/G(K;v)). If H is abelian, then
H/K is an abelian heap with the inherited structure [a, b, ¢ = [a, b, c], where a
denotes the class of @ (or other element respectively) in H/K.

Now we look to define the structure that is central to this thesis, the truss.
Similar to how we build on the idea of a group, forming a more complex structure
that we call a ring, we look to build on the idea of the heap, specifically an abelian
heap, together with binary operation often denoted by - or juxtaposition.

Trusses possess an interesting property which help the reader to contextualise
further its place among other algebraic structures. In [I0] it is explained how the
truss connects the distributive laws of rings with the distributive laws of braces.
However, in this thesis we will largely be thinking of trusses, via their relation to
heaps, as both of these structures are core to our results.

Definition 2.11. A truss is an algebraic structure (7, (—, —, —), ), comprised of
a set T, a ternary operation (—, —, —) such that (7, (—, —, —)) forms an abelian
heap, and an associative binary operation - that distributes over (—, —, —), that

is, for all a,b,c,d € T, we have:
a(b, c,dy = (ab, ac, ad), (a,b,cyd = (ad, bd, cd).

If multiplication - admits identity, then the truss is said to be unital. Furthermore,
if multiplication - is commutative, then we refer to such a truss as a commutative
truss.

Now that we have our definition for a truss, we can make an observation that
follows from Remark [2.5] In this remark we discussed the nature of heaps and how
they interact with the element 0. A natural question would be to ask how trusses
interact with neutral elements due to their differing structure. It is clear that
we still lack a traditional neutral element such as 0, instead only able to perform
cancellations by way of Mal’cev identities. However, note that throughout this
thesis we employ the use of the neutral element, relative to a given retract and
usually denoted by v. Many calculations will also be performed using two different
neutral elements from two different retracts, often denoting these as v and v/'.
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Remark 2.12. Using the definition of a retract (Definition [2.6]), we can find an
alternative way of viewing the heap operation and the truss distributive laws in
the retract. In G(T;v) we have:

a(b+ ¢) = a(b,v,c) = (ab,av,ac) = ab — av + ac,

(a+b)c = ac—ve+ be,

a(b—c) = a(b,c,v) = (ab,ac,av) = ab — ac + av,

(a —b)c = ac — be+ ve,

a(—b) =a(v —b) = av — ab+ av,
(—a)b = vb— ab+ vb.

There are often times where thinking of the heap operation as a combination of
the binary operations + and — will prove useful; these particular distributive laws
will be used throughout this thesis. It can also be noted that these equations can
be equivalently stated using bracket notation.

Remark 2.13. Comparing trusses and rings reveals how much wider the world
of trusses really is. Given an abelian group A, understood as a heap H(A), there
are at least four non-isomorphic truss multiplications, only one of which, ab = 0,
gives rise to a ring in all circumstances. They are:

ab =0, ab = a, ab=b, ab=a+b=(a,0,Db), (2.1)

for all a,b € A. There are additional truss structures on specific groups. For
example, commutative truss multiplications - on Z are given in terms of the
standard arithmetic operations on Z, for all m,n € Z, by:

m-n = amn +b(m +n) +c, (2.2)
where a, b, ¢ € Z are such that:
ac = b(b —1); (2.3)

see [11, Theorem 3.51]. These trusses are denoted by T(Z;a, b, c). These are split
into isomorphism classes:

1). For all a € N,
m-n=amn,

m-n=amn-+m-+n,
2). Foralla e ZT, b€ {2,3,...,a— 1} and ¢ € Z" such that ac = b(b — 1),

m-n=amn+ b(m+n) + ¢



24 CHAPTER 2. PRELIMINARIES

see [I1, Corollary 3.53]. As explained in [4, Example 7.4] there exists 23
non-isomorphic truss structures on the group Z,®Z, (where p is a prime number),
as opposed to the 8 possible ring structures.

Theorem 2.14. See [§, Theorem 4.3] Given a truss (T,(—,—,—),:) and an
element v € T, we may define the following operations:

a+, b= {a,vb),

a-, b= {ab,av,v* vb,v).

Such operations allow us to create retractions from trusses to rings. Here we have
the ring structure (T,+,,-,). Furthermore, the rings (T, +,,-,) and (T, +,/, /)
are isomorphic for any v,V € T.

Proof. We know that the operation +, gives rise to a group structure, known as
the retract, from Definition 2.6 Furthermore, we are dealing with an abelian heap
structure, and so the retract must also be abelian.

Let us check that -, adheres to associative and distributive properties we would
expect to see within a ring structure:

1. Associativity:

(a-,b) -, c=(ab,av,v* vb,v) -, c,

27 Vc? V>7

2

= {{ab, av,V*,vb, v)c, {ab, av, v* , vb, V)V, v

2

= (abc, ave, Ve, vbe, ve, abv, av®, v vbv, v? V2, ve, V),

a-, (b-,c)=a-, (bc,bv,v* ve,v),
= {(a(bc, bv, V?, ve, v, av, V2, v{be, bv, v ve,v), V),

2 2 3.2 2
,ave, av, av,v-, vbe, vbv, v° vie, v, v),

(
= (abe, abv, av

comparing terms and using Remark [2.7] yields:

(@ b)yc=a-, (b-,c).
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2. Distributivity:

(a+,0b)-, c={a,v,b)-,c,
= ((a,v, b)c, (a,v,b)v, V2 ve, v,

= (ac, ve, be, av, v, b, v? ve, ),

a-,c+,b-,c=(ac,av,v* ve,v) +, (be,bv, v ve, v),
= (ac, av, V*, ve, v, v, be, bv, V2, ve, V),

2 ve,be,bv, V?, ve, v). (Mal’cev)

= (ac,av,v
a,(b+,¢)=a-,(bvc),
= (a(b,v,c),av,v* v(b,v,c),v),

= {(ab, av, ac, av, V*,vb, V* v, V),

a-, b4, a-,c={ab av,? vbv) +, (ac,av,V* vc,v),
= {(ab, av,v*,vb, v, v, ac, av,V*, ve, V),

= (ab, av, V*, vb, ac, av, V*, ve, v). (Mal’cev)
we again compare terms and use Remark [2.7] to see that:
(a+,b)-,c=a-,c+,b-, ¢,

a,b+,¢)=a-,b+,a-,c

Thus one can see that we may retract a ring-like structure (7',+,,-,) that
adheres to the above laws of associativity and distributivity, all with respect
to the chosen element v. Now let us check that (T',+,,-,) is isomorphic to
(T, +,, ), recalling the translation isomorphism 7* : T}, — T, (Definition
, we first look at our chosen element v:

clearly. Now let us see if 7'17' preserves our operations +, and -,, we must
confirm that both are such that:

7/ (a+,0) = 7/ (a) + 7 (b),

/ / /

7, (@ 0) =717 (a) v 7/ (D),

or equivalently:
T;/<a’ v, b> = <TV (a)? v, T (b)>7

v

/

TV (ab, av, v?, vb,v) = (¥ (a)T¥ (b), 7 (a)/, (V' )2, VTV (b), V).

v v
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we begin by computing:

!

TVV <a7 V? b> = <a’ V? b’ V? V/>7

<T;/(a>71}/77-5l<b)> = <<a7 v, V/>7V/7 <b7 v, V/>>v
- <a’ V’ Vl? V/’ b7 I/’ I/,>’

= (a,v,b,v,V/).
as required. Now we compute:
!
7 {ab, av,v*, vb,v) = (ab, av,v* vb,v,v, V'),

= {ab, av,v* vb, V'),

!

(7 (a)7¥ (b), 7 (a)V, (V' )2, VT (b), V) = {a,v, V') {b,v, V), {a,v, V)V,
(V)2 Vb, v, V), VY,

= {ab, av,av,vb,v*, v/, Vb,
VIV, (1//>27 ayl’ VV/, (V/)Q, (V/>27

Vb, v'v, (V) V),

= (ab, av,v* vb, V'),

as required. Clearly the inverse can be proven by similar calculation. We
can see that our translation isomorphism preserves our chosen element v as

well as the corresponding operations +, and -,, thus we have (T, +,,-,) =
(Ta +V’7 'V’)-
Thus, both the associativity and the distributivity properties hold as required,
this concludes the proof. O]

Remark 2.15. In the paper [4], the close relation between trusses and ring
extensions is explained. Specifically, let R be an associative ring, let I be an
ideal in R, and let ¢ € R be an idempotent element. Then:

T(I;q) :=q+1,

is a truss with the heap operation (a, b, ¢) = a—b+c and the same multiplication as
in R. Any truss may be embedded in an associative ring in this way. Furthermore,
there is an isomorphism between R(T'(1,q),+,, ) and I as rings.

Proof. To demonstrate isomorphism R(T'(1,q),+4,-q) = I, we must verify that
we have preservation of both addition and multiplication, we begin with 4+ and -
taken from I, and first demonstrate:

(a+a)¢(qg+b)=(g+a)lg+b) —qlg+b)+¢*—(¢+a)g+q, (2.4)
=@ +ag+gb+ab—@F —gb+ ¢ —¢* —aq+q, (2.5)
=ab+q. (2.6)
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We then define:
po:q+1—1, q+a+— a,

with the inverse:
ot T — g+ 1, a+— q+a.

Now to check the preservation of operations, starting with addition we have:

o((g+a)+4(g+0b) =pl@g+a—qg+q+b),
=a+b,

=p(q+a)+p(qg+D),

thus addition is preserved. Finally, we check the preservation of multiplication,

using equations (12.5H2.6)) we have:

o((q+a) ¢ (¢ +0b) = ¢(q+ ab),
= ab,

= p(q+a)p(q+0b),

thus we have demonstrated the preservation of both addition and multiplication,
and hence we have isomorphism R(T'(I,q),+4,q) = 1. O

2.2 Affine Modules

Knowledge of affine space is also fundamental to understanding this thesis and
its results. In the previous section some examples and analogies are given in
the context of coordinates, vectors and Cartesian systems, this was intentional,
both to give a clear and simple mental image of how these systems could be
understood in a real world context, and so that reader can begin thinking about
fundamentals of affine geometry.

An affine space can be seen as a generalization of the more familiar vector space.
Affine spaces ask the question: “Why are we assuming the point of origin in a
vector space?”

A clear example of these differences would be to assume we have a standard vector
—

space V' and a generic vector b € V', then note that this is of course the vector

that goes from the origin point to the coordinates labelled b. In a two-dimensional

vector space our origin would be (0,0) and our point would be of the form

b = (z,y) where x,y are elements from our underlying field. The difference when
—

working in affine space is that to write the vector b we must instead denote it in
such a way that information about the point of origin is encoded or alternatively,
any other point, as is clear in Definition [2.18] Essentially there is always a point of
reference rather than assumi_}ng a point of origin. We would write an element from

such an affine space as a + ab = b where in this case we would have a = 0. This is
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all explained rigorously in Definition below, which has been adapted from [22].

For completeness we define first the traditional module over a ring [1], [2].

Definition 2.16. Let R be a ring. A right R-module is an abelian group M,
together with a ring homomorphism p : M x R — M with the properties that for
all 71,70 € R and mq,my € M:

1).

p(my + ma, 1) = p(m, 1) + p(ma,ry),

p(my, 1+ 1) = p(my, 1) + p(my,r2),

2).
p(my,rire) = p(p(ma, 1), 72),

3). where 1g is the identity in R:
p(ml, 1R) = m;.

Definition 2.17. Let R be a ring. A left R-module is an abelian group N,
together with a ring homomorphism A : R x N — N with the properties that for
all 71,70 € R and ny,ny € N:

1).
)\(T’l —+ 7"2,711) = )\(7”1, nl) + )\(Tg, TLl),
A(r,ny +ng) = A(r,n) + A(ry, na),

2).
)\(’I“lTQ, nl) = )\(T‘l, )\(T27 nl))a

3). where 1g is the identity in R:
A1g,n1) = ny.

5
Definition 2.18. An affine space is an algebraic structure (A, A, +), consisting
— —

of a non-empty set of points A, a K-vector space A, and an action +: Ax A — A,
such that the following properties hold:

1). a+0=a, forall a € A.
—
2). (a+u)+v=a+(u+0v), forallac A, and all u,v € A.

3). For any two points a,b € A, there exists a unique vector, which we will denote
— = —
by ab € A such that a + ab = b.
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Remark 2.19. As seen in, for example [7, Section 4] or [8] when looking at affine

.
spaces the action + of A on A turns the latter into an abelian heap, where for all
a,b,c € A, we have the operation:

H
(a,b,c) =a+ be, (2.7)

— = —

where bc € A is the unique vector from b to c. Note that ¢ = b+ bc.
The following notion arises from [39] as an affine approach to abelian groups.

Remark 2.20. We may now see from the above remarks and definitions how an
abelian heap can be viewed as an affine version of an abelian group. First: any
abelian group is an abelian heap with the operation (a,b,c) = a — b + ¢, second,;
any coset of an abelian group is an abelian heap and third; any non-empty
abelian heap H gives rise to the family of isomorphism groups by retracting at
any element, that is by reducing the operation from a ternary one to a binary one
by setting a + b = (a, v, b) for any fixed element v € H.

Furthermore, as seen in Remark [2.12], the heap operation can be understood using
this definition of addition as:

(a,b,c) =a—b+c. (2.8)

This interpretation allows one to view the heap operation as a combination
of addition and subtraction. Such an interpretation can make many of the
calculations in this thesis much more readable and so this representation will
be applied throughout this thesis. However, one must be conscious of the
corresponding neutral elements chosen for such binary operations, which in this
case would be v € H for our representation ([2.8)).

Abelian heaps may also be interpreted as affine Z-modules in the sense of [3§].
This will now be explained by first defining affine modules through the lens of
heaps of modules [7], allowing one to define an affine space intrinsically without
any reference to vector spaces.

Definition 2.21. Let K be a commutative ring with identity. Then an affine
K-module is a non-empty abelian heap A, together with the ternary action:

p:KxAx A— A, (v, a,b) — ap, b,
such that the following properties hold for all o, 8 € K and a, b, c € A:

1). ap,—:A— Aand —p,b: K— A are both heap homomorphisms, where K
is understood as a heap with the operation (o, 8,7) = a — 5 + 7.

2). (af)pab=ap, (Br.b).

3). ab,b={ar.b av.a,a).
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4). Ovgab=aand 1>, b =0.

Here the element a in the expression a >, b is called the base of the action. A
homomorphism of affine K-modules is a heap homomorphism f such that:

flapab) = avyq f(b).

When K is a field, we refer to an affine space rather than an affine module.

Furthermore, we note that properties (1) and (3) imply that for all & € K and
a,b,c,d € A:
ADpey d= (e d,avyd ad.d), (2.9)

which is a heap homomorphism, see [7, Lemma 3.5]. Additionally, one may note
that property (3) alone implies that:

al, a = a. (2.10)

One can also see that an abelian heap A is an affine Z-module with the unique
action determined by the conditions (3) and (4):

. b:{(b,a,b,...,a,b>2n1 n >0,

(a,b,a,...,b,a)j2n41; n < 0.

Any morphism of heaps is automatically a morphism of corresponding affine
Z-modules. This establishes a categorical isomorphism of affine Z-modules and
abelian heaps in the same way as an isomorphism of the categories of abelian
groups and Z-modules.

Lemma 2.22. Let f,g,h: A — B be homomorphisms of affine K-modules. Then:
(f,9.h) : A— B,  ar—(f(a),g(a),h(a)),

1s a homomorphism of affine K-modules.

Proof. This lemma follows directly from property (3) from Definition [2.21]
Specifically, for all & € K and a,b € A, the actions:

(f,9: W) (e b) = (a @) f(b), Py g(b), @By h(D)),
can be brought to a common base, let’s say f(a) yielding:
(o sa) f(b), b pa) 9(b), P pia) g(a), g(a), @ bya) h(b), b y(a) h(a), h(a)).

The rearrangements and heap homomorphism properties (1) in Definition m,
together with (2.10) and property (3) yield:

(absa) (f,9, 1) (1), abpa) (f,9,h)(a), (9, h)(a)) = avisgna) (f; 9, h) (D),

as required. O
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Remark 2.23. Let A be an affine K-module. Take any element v € A and
consider the abelian group A,. We may then use property (3) from Definition
[2.27] the bases of all actions can be related to the base v. If we write aa := a>, a,
we may then immediately find that in terms of operations in A,:

ab,b=ab— aa+ a, for all a,b € A, € K. (2.11)

As the left-hand side of (2.11)) is independent of the choice of the element v, then
clearly right-hand side is also independent of the choice of v. The meanings of the
binary operations do however depend on the element v.

Using these ideas, we may further understand the interplay between affine spaces

and the ternary operation. The definition of an affine space presented here is

equivalent to that which can be seen in Definition [2.18| using a set A and a free
—

transitive action + of a K-vector space A. In particular, for all b,c € A, there

5

exists a unique vector going from b to ¢, and every vector in A can be found in

this way. Furthermore, any point a € A can be uniquely shifted or translated to
—

another point a + bc € A. This combination of three points equips A with the
abelian heap structure:

N
{(a,b,c) = a+ bc.

Now A becomes an affine K-module in the sense of Definition 2.21] with the action:

.
ab,b=a+ aab.

Conversely, if we start with an affine K-space A as in Definition [2.21] we can
reconstruct the underlying vector space by picking any v € A and defining the
addition of vectors and multiplication by scalars by:

a+b={a,v,b), aa = ab, a. (2.12)

The resulting vector space (for fields) or K-module (for commutative rings) will
e
be denoted A,. Here we would have, bc = (v,b,c) € A,.

Remark 2.24. When looking to the affine case, the translation isomorphism from
Definition 2.8 shows how different choices of the zero element in an affine K-module
A lead to isomorphic K-modules. Specifically, 7% : A — A is an automorphism
of heaps and an isomorphism of abelian groups A, = A,,. Furthermore, for all
a € Aand a€K:

!

a7 (a) = (aby a,aby v,ab, V'),
= {aby a,ab, v,v,v,V),
= (av, a,v, V) =17 (>, a).
With the first equality coming from the fact that a>,, — is a heap homomorphism.
The second equality is a consequence of the Mal’cev identity and (2.10)). The third

equality is a result of the base change property (c¢) in Definition [2.21] Thus, we
have shown that 7/ "is an isomorphism of K-modules A, = A,/.
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Remark 2.25. We can look at how the translation isomorphism interacts with
notions of dimension and linearisation.

Given a field K, the dimension of an affine space A, written dim(A), is defined as
the dimension of the vector space A,. Using what we understand from Definition
and Remark we see that the dimension does not depend on the choice
of the element v € A.

Furthermore, the traditional definition of affine maps involve a pair, a function

- = —
f: A — B, together with a (uniquely defined) linear transformation f : A — B,
—_—

— —
called the linearisation of f such that f(ab) = f(a)f(b). This is equivalent to
saying that f is a homomorphism of affine spaces in the sense of Definition [2.21}

If we fix v € A and ' € B, then define the vector space structures A, and B, as
in (2.12), then the linearisation of f: A — B is given by:

—

f:A, — By, ar— (f(a), f(v),V). (2.13)

Definition 2.26. Let K be a commutative ring. An (associative) K-affgebra,
or simply an affgebra, is an affine K-module A, together with a bi-affine
(associative) multiplication A x A — A.

The bi-affine property of the multiplication in an affgebra implies that it is a
bi-heap homomorphism, so we may conclude that an affgebra is also a truss.
Using the above interpretation of heaps as affine Z-modules, trusses can be seen
as associative Z-affgebras in the same way that rings are associative Z-algebras.

Example 2.27. Let A be an affine K-module. The set Aff(A) of all affine
endomorphisms of A is an affgebra with the pointwise heap operation, the action:

(avyg)(a) = avs) g(a), (2.14)
for all a € K, f,g € Aff(A), a € A, with multiplication given by composition.

Proof. Using Lemma [2.22] we see that Aff(A) is a heap and the general properties
of endomorphism trusses affirm that Aff(A) is a truss. Since the action is defined
pointwise, it satisfies the requirements of Definition [2.2I] All the remains is to
show that a >y g is an affine map. That it is a homomorphism follows from ([2.9).
By [7, Lemma 3.15], for all , 8 € K and w, x,y, z € A:

ADgo,y (B w) = Bap,. (>yw).

Setting x = f(a), y = f(b), z = g(a) and w = ¢(b) for any a,b € A and f,g €
Aff(A) we obtain:

(arr g)(Bab) = BP(avg)a) (@>r g)(D).

Thus we may conclude that that a>¢ g is an affine map, completing our proof. [
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2.3 Lie Algebras

Throughout this thesis there is frequent reference to Lie algebras, as well as their
extensions to affine space, what we will call Lie affgebras. These algebras and
their properties are essential in the latter chapters of this thesis. It is important
to be familiar with their properties listed as in Definition as later on in
the thesis we tackle ways to adapt these rules to affine space in Chapter [6]

To ensure that everyone is on the same page, especially in regards to notation due
to the vast number of different operations using various differing bracket notations,
we begin with a definition of Lie algebras adapted from [21].

Definition 2.28. Let K be a field. A Lie algebra over K is a K-vector space A
together with a bilinear mapping [—, —] : A — A, which we call a Lie bracket. In

such a structure, the following properties must also hold for all z,y,z € A, o, 5 €
K:

1).

[z, x] =0, for all x € A,

2). Bilinearity:
oz + By, 2] = alz, 2] + Bly, 2],

[Z,Oé:l? + ﬁy] = a[z,x] + ﬁ[z,y],

3). Jacobi Identity:
H$, y]’ Z] + [[ya Z]>$] + [[Z>$]vy] =0,

[z, [y, 2]l + ly, [z, 2] + [z, [, 9]] = 0,

4). Antisymmetry:
[z, 9] = —[y, «].

Note that property (4) may be derived from the other properties.

Definition 2.29. Let K be a field and let [—, —] : A — A be a Lie bracket on the
K-vector space A. If the Lie bracket has the property:

la,a] = a, for all a € A,
then we refer to an idempotent Lie bracket.
In this thesis we look to expand the idea of a Lie algebra to what we will call a Lie

affgebra, looking at the affine case, as opposed to the common definition rooted
in vector spaces.
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2.4 Homology & Cohomology

The concept of homology is core to this thesis, specifically Hochschild cohomology.
Homology looks at measuring the amount of obstructions present for the creation
of specific algebraic constructions by yielding a numerical output. An output of
0 would indicate that there are no such obstructions for a specified construction
[43]. For emphasis, the key reason that cohomology theory is important is its
utility when looking at the deformation of algebras. Cohomology can be used as a
tool to measure the degree to which two algebras differ. Observing the similarities
and differences of different algebras is an obviously compelling task, and having
a sophisticated method to record just how similar or different two algebras are is
incredibly powerful.

In the paper Affine Nijenhuis operators and Hochschild cohomology of trusses [12]
that preceded this thesis, a large portion of work went into creating a Hochschild
cohomology of trusses. The homology of algebras generally deals with structures
that are more “ring-like” than trusses, so retooling these concepts for the world
of trusses became a core result of that paper, as it was necessary work to then
expand the work of Carifiena, J. Grabowski, G. Marmo in [16] to the world of
trusses and to affine space. As such, many of the results in Chapter [3] onward are
critically dependent on the reimagining of the concepts presented in this section.

There are several terms and definitions that the reader must familiarize themselves
with in this section. Some fundamentals have been adapted from An Introduction
to Homological Algebra [43], Basic Algebra II [30], Cohomology Theory in Abstract
Groups. 1 [20], with others adapted from On the cohomology groups of an
associative algebra [29] by Gerhard Hochschild, with more modern definitions of
these ideas adapted from Hochschild Cohomology for Algebras [45).

Definition 2.30. Let K be a commutative ring. A chain complex denoted
commonly by C, or simply C' of K-modules is a family of K-modules C,, where
n € 7, together with the K-module maps d,, : C, — C,_; such that for all
compositions we have:

dn o dn+1 : Cn—l—l — Cn—la T 07

that is:
dn [©] dn+1 = 0

The mappings d,, are known as the differentials of C'. Both the kernel of d,, and
the image of d,, 1 are also of interest. The kernel of d,, is the module of n-cycles
of C, which we will denote Z,, = Z,(C). The image of d,+1 : C,y1 — C,, is the
module of n-boundaries of C' denoted by B, = B,(C). We may also note that
because d,, o d,, 1 = 0, it follows that for all n € Z:

0C B,CZ,CC.
The n-th homology module of C' is the sub-quotient:
H,(C) = Z,(C)/Ba(C).
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Now we take our definitions of the chain complex, n-cycles and n-boundaries and
expand on them below. Note that the definition of the below is obtained somewhat
trivially by reindexing such that C™" = C_,,.

Definition 2.31. Let K be a commutative ring. A cochain complex C*® of
K-modules is a family C", where n € Z of K-modules, together with the maps
d® : O™ — O™, such that for all compositions, similarly to Definition [2.30], we
have:

d"lod": C" — O™ =0,

that is:
dn—l—l od" = 0.

Similarly to Definition we may then define Z"(C*) = Ker(d") as the module
of n-cocycles, and B"(C*) = Im(d"~ ') C C™ as the module of n-coboundaries.
Finally we may write the sub-quotient:

H™(C*) = 2"(C*)/B"(C),
which is the n-th cohomology module of C*.

The reader should note that the notation for both a chain complex and cochain
complex can be written more formally as:

Cn = {Cn}n€Z> " = {Cn}nGZ-

This would be perhaps the more traditional notation. However, for ease we will
be using C,, and C™ in this thesis.

To understand Definition the reader must first have an understanding of
bimodules. This is briefly covered below [15], [30].

Definition 2.32. Let R and S be rings. An S-R-bimodule is an abelian group
M such that:

1). M is also a left S-module with operation -,
2). M is also a right R-module with operation x,
3). forallr € R, s € S, x € M we have the compatibility relation,

(s-x)xr=s-(x*r).

In the definitions below we will frequently use the notation that A is an associative
algebra over an arbitrary commutative ring K, and the notation Homg (A®™ : B)
will represent the linear homomorphisms from A™ to B, where B is an A-bimodule
and n > 0, we refer to these morphisms as cochains.
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Definition 2.33. A coboundary operator ¢, operating on the set of all cochains
of A is a mapping ¢ : Homg (A®™ : B) — Homg(A®™*Y : B) where:

df(ag, ...,an) = aof(a, ..., an)
+Z(—l)if(ao,...,ai_lai,...,an) (215)

+ (—1)”+1f(a0, ey Q1) Q-
for all ag,ay,as, ...,a, € A, f € Homg(A®™ : B).

To be explicit, the sequence formed on the right-hand side of equation (2.15]) is
one with alternating signs, which will be helpful when we look to expand these
definitions to the truss case at the beginning of Chapter |3l The reader should also
note that in the case where n = 0 our expression takes a form that looks similar
to the output of the commutator bracket:

5f(ao) = aof — fao,

for f € B. Then for n = 1 we have:

6 f(ao, ar) = aof(a1) — f(apar) + f(ao)as,

for f € Homg(A : B) it should then be clear how expressions take form where
n > 1, with an ever increasing number of middle terms generated by the series in
equation (2.15) for increasing values of n in Definition [2.33]

Theorem 2.34. Given a coboundary operator d, for every cochain f, we have:
00f =0, (2.16)
where d and f are as in Definition |2.35.

Proof. Adapting a proof from Hochschild’s paper [29], we can see that this
theorem can be proven by induction on the dimension n of f € B.

If we start with the dimension n = 0, then our equation (2.15]) takes the form:

df(ao) = aof — fao,
and the equation takes the form:
(5(5]”(&0, CL1> = aoéf(al) — 5f(a0a1) -+ 5f(a0)a1,
=ag(arf — far) — (aparf — faoar) + (aof — fao)as,

= apa1f —agfar — apar f + fapar + agfar — fapas,
=0.

Now we define an element f € Homg (A®"~V : Homg (A : B)) as the relation:

flag,...,an—1)(a,) = f(ag, ..., a,),
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where f € Homg(A®™ : B) and n > 1, with the convention that for n = 0 we
assign Homg (A®©) : Homg(A : B)) = Homg (A : B).

Then we may derive from Definition m that for f € Homg(A®™ : B) and n > 1
we have:

§f(ag, ..., an) = (aof(ay,...,an—1))(an)
+ Z(—l)’?(ao, oy Qi1 Gy ey Q1) (@)

(=1)"(f(ao, ..., an—2)an_1)(an),

+

= 5?(&0, ceey an—l)(an)7
if we then consider:
W(ao, oy n—1)(an) = 6 f(ag, ..., an),

it follows that we may equate:

of =0f,

it then follows that we may equate:
06f = 06f = 66 f.

Now we note that in all cases the dimension dim(f) = dim(f) — 1, and f = 0 only
when f = 0, thus we now apply mathematical induction, proving that we must
have 60 f = 0 for every cochain f. n

Definition 2.35. Let f € Homg(A®™ : B) be cochain similarly to that in
Definition [2.33] A cochain f is said to be a cocycle if:

5f =0.

Furthermore, f is said to be a coboundary if there exists a cochain g €
Homg (A®™ : B) such that f = dg.

Example 2.36. Furthermore, we can be more detailed with our Definition [2.35]
instead we can refer to our cochains f as n-cochains of the n-cocycles 0 f:

df(ag,...,an) =0,
where aq, ..., a, € A. Below are examples of 2-, 1- and 0-cocycles.

1). First let B = A, in the case of a 2-cocycle then we are dealing with:

df(ag,ay,as) = aof(ay,as) — f(apay,as) + f(ap, araz) — f(ag,ar)as =0,
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if we are then to take the case where f is the usual ring multiplication, which
we shall denote in this example by x for clarity, then we are dealing with the
expression:

Go(al X CLQ) — <a0&1> X ag + ag X (G1(L2> — (ao X al)ag = O,

we can then also write our juxtaposed elements with the explicit x symbol
between them:

ag X (a1 X ag) — (ag X a1) X ag + ag X (a3 X az) — (ag X ay) X ag =0,

and it is clear that our positive and negative terms cancel each other out,
meaning that the standard ring multiplication x is a 2-cocycle.

2). If we then consider the case of a 1-cocycle, then we are dealing with f and J f
such that:

df(ao,a1) = aof(ar) — f(apar) + f(ao)ar = 0,

or equivalently, we can say that f here is a derivation of A.

3). We may also consider the case of the 0-cocycle, which would imply that for
our f and df, we have:

df(ao) = aof — fap = 0.
or equivalently, f is the central element of B.

Recalling the notation used in Definitions [2.3042.31] we adapt definitions of
Hochschild homology and Hochschild cohomology from the book Hochschild
Cohomology for Algebras [45], but first we require the definition of the module
B ® A®* adapted from [43], [45].

Definition 2.37. Let K be a commutative associative ring with the multiplicative
identity 1, and let A be an associative ring also with the multiplicative identity 1
such that A is also a K-module for which multiplication is a K-bilinear mapping.
That is to say, we have idgx : K — A, where idg (k) — k- 1 for all £ € K. We shall
denote by A°P the opposite algebra of A, this is defined as A as a module over
the ring K with the multiplication a -, b = ba for all a,b € A.

Definition 2.38. Following from Definition [2.37, we define the tensor product
A¢ = A ® A° with tensor product multiplication:

(a1 ®by) - (ag ® bg) = ajas @ baby,

for all ay,as € A and by, by € AP where ® is a tensor product taken over the ring
K. Note also that we could equivalently write ay, as, b1, by € A as both A and A°P
have the same underlying K-modules. We call A° the enveloping algebra of A.
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Definition 2.39. Given our above definition of bimodules (Definition [2.32]), we
may note that an A-bimodule is equivalent to our definition of the enveloping
algebra A° module if we have for all a,b € A and m € M:

(a®b)-m = amb.

A similar observation can also be made for a right A°-module with the action
instead defined by:
m - (a®b) = bma.

As is convention, when referring to a module it will be assumed to be a left module
unless otherwise stated.

Definition 2.40. Following from Definitions [2.3742.39, we must introduce two
isomorphisms, the full origin of which can be seen in [45]. First we define K to
be a commutative ring with multiplicative identity 1 and let A be an associative
ring again with the multiplicative identity 1, and let B be an A-bimodule.

Our first isomorphism to make note of is the K-module isomorphism, where for
all n > 0 we define:
C.(A,B) = B® A%, (2.17)

Additionally we must introduce the isomorphisms of left A°-modules:
A®(n+2) ~ Ae R A®(n)7 (218)
such that, for all ayg, ..., a,11 € A we have:

a4 ® a1 @ ... ® Ay @ Apy1 — (A0 @ py1) @ (01 @ ... @ ay),

where the action of A¢ on A¢ ® A®(™ is the multiplication on the leftmost factor
Ac.

Remark 2.41. Now using our above isomorphisms (2.1742.18)), the induced
differential on the complex B ® A®* corresponding to the map 1l ® d, on
B @ e A®("2) where 15 € B is the identity map in B, for every n > 0 is the
differential mapping d,, : B ® A®™ — B @ A®(=1 guch that:

dy(b®a; ®as ® ... a,) =ba; ®az ® ... D ay,
n—1
Y ()b Ra1 ®ar @ ... ® 46341 @ ... @ ay
=1
+(—D"abRa ®as ® ... ® ap_1,

where aq,...,a, € A and b € M. We will then define Hochschild homology as the
homology of this complex. The full explanation of how we reach this definition can
be seen in the opening pages of [45], but this is quite lengthy. For the purposes of
this thesis, we just need to understand what Hochschild homology itself is, then
we look to extend this definition later in this thesis to the truss case in Chapter [3
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Definition 2.42. Given A and B as in Remark[2.41] The Hochschild homology
HH,(A: B) of A with coefficients in an A-bimodule B is defined:

HH,(A: B)= H,(B® A%"),

equivalently, that is to say that Hochschild homology is the homology of the
complex in Remark [2.41] Furthermore, that is also to say that we may define
Hochschild homology by:

HH,(A: B) = Hy,(B® A%) = Z,(B ® A%)/B,(B © A%),

where Z,(B @ A®*) = Ker(d,) and B,(B ® A®*) = Im(d,1) for all n > 0, and
the convention that dy is the zero map, and where for all other n > 0 we have

d, as in Remark [2.41] Following convention from Definition we also define
the elements in Z,(B ® A®*) as the Hochschild n-cycles, and the elements of
B, (B ® A®*) as the Hochschild n-boundaries.

Definition 2.43. Given A and B as in Remark .41l The Hochschild
cohomology HH*(A : B) of A with coefficients in an A-bimodule B is defined:

HH"(A: B) = H"(Homg(A®* : B)),
or equivalently:
HH"(A: B) = Z"(Homg (A®* : B))/B"(Homg(A®* : B)),

where Z"(Homg (A% : B)) = Ker(d®™*V) and B"(Homg(A®* : B)) = Im(d™) for
all n > 0, using the convention that d is the zero map and for all other n > 0 we
have differentials such that d™ : Homg(A®™Y : B) — Homg (A®™ : B) where:

A (a1 ® ... @ ap) = a1 flaz @ ... ® ay)
n—1
+ Z(—l)lf(al ® ® G,Z'G,L'+1 ® ® an)
i=1

+(=1)"f(a1 @ ... @ ap_1)an,

for all f € Homgx(A®™ Y : B) and ay,...,a, € A. We refer to the elements
of Z"(Homg(A®* : B)) as Hochschild n-cocycles and the elements of
B"(Homg (A®* : B)) as Hochschild n-coboundaries.

Remark 2.44. In this thesis, we are interested in the case where for our
Hochschild cohomology we have B = A. For such a case we use the notation:

HH"(A: B)= HH"(A).

2.5 Nijenhuis Operators

In this section we cover key information on Nijenhuis operators. This section
is largely derived from information found in Quantum Bi-Hamiltonian Systems
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[16], latter chapters of this thesis will then try to build upon findings from [16],
expanding theorems built upon ring-like structures to the world of trusses.

Our first definition follows directly from the definitions outlined in Section

Definition 2.45. Given an associative algebra (A, ) over a field K, with product:
n:AxA— A, (a,b) — ab,
or equivalently:
w(a,b) = ab,

for all a,b € A. Given the linear map N : A — A, we define the Nijenhuis
product as:

pn : (a,b) — aony b= N(a)b— N(ab) + aN(b),

this gives rise to a new algebraic structure (A, uy). Furthermore, we may then
note that:
aonb=0,N(a,b), (2.19)

where 9, is the Hochschild coboundary operator associated with p, that is
defined by the series seen in equation in Definition :
duflar,...,ans1) = arf(ag, ..., ant1)
+ ) (=1 f(ar, o 5, Qig1), ooy Oy
i=1
+ (=) f(ay, ..., an)any1,

with:
6,:C"(A: V) — C"(A: V),
where ay,...,a, € A with f € V, where V' is an A-bimodule, and C"(A : V)

denotes the space of n-cochains, that is to say a space, equivalent to an additive
group, consisting of the n-linear mappings from A x ... x A, n times into V.

We later look to expand the idea of the Hochschild coboundary operator to the
truss case in Definition B.11

We may also note that, as seen in Theorem [2.34] we have:
0,00, =0. (2.20)

Looking at equality , we may observe that N is a derivation of our original
algebra if, and only if, N is a 1-cocycle with respect to the Hochschild coboundary
operator d,; the standard definition for derivations will be formally defined in
Definition below adapted from [30]. Later we look to derivations of trusses
in Definition 3.0l
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Definition 2.46. Let B be an algebra over the commutative ring K, and let
A be a sub-algebra of B. Then we define a derivation D of A into B as a
K-homomorphism of A into B, such that for all z,y € A, we have:

D(zy) = xD(y) + D(x)y.

Here Derg (A : B) denotes the set of derivations of A into B. If we have A = B,

then we refer to this as a derivation in A over K, this set of derivations is denoted
by Derg(A).

In the paper [16], the authors bring together, in just a few lines, many of the
concepts we have tackled in Sections and 2.5 and suddenly it all fits neatly
together, note Remark below.

Remark 2.47. The cohomology groups may be defined as follows. Given an
associative algebra (A, p), with product u as in Definition [2.45, and an A-bimodule
V,and §, : C"(A: V) — C™(A: V) also as in Definition [2.45|

1). An n-cochain f € C"(A: V) is an n-cocycle if we have:

5.f = 0.

2). An element of the form 6,8 where 3 € C"'(A: V) is an n-coboundary.

3). Together, these form the sub-group B™(A : V) of the additive group Z"(A : V)
of n-cocycles.

4). The cohomology group H"(A : V) is defined by the quotient group:
H'(A:V)=Z"(A:V)/B"(A:V).
The reader should now see how this comes full circle with what was discussed in

Definition 2.311

Following this, we may then define the p-Nijenhuis torsion of a map N. This
torsion allows us to measure the obstruction for the linear map N to be a
homomorphism of these products.

Definition 2.48. The u-Nijenhuis torsion of a linear map N : A — A is defined

as:
Ty(a,b) = N(aoy b) — N(a)N(b), (2.21)
or equivalently:
Ty(a,b) = N(N(a)b) — N*(ab) + N(aN (b)) — N(a)N(b). (2.22)
In cases where we have Ty(a,b) = 0, for all a,b € A, we refer to N as a

p-Nijenhuis tensor.
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The following lemma and theorem are both taken from [16]. Theorem is
later expanded upon greatly, extending it to the truss case in Theorem 1.9, These
workings are included here for completeness.

Lemma 2.49. Given a p-Nijenhuis tensor N : A — A and the products jiye+r
and pnrk are what we will call N"-related, that is to say that we have:

N"(a onk+r b) = N"(a) onr N"(D), (2.23)
for all k,r=0,1,2,3,... and a,b € A.

Proof. We begin by proving the case where we have r = 1, that is:

N"(a oyk+1 b) = N"(a) onr N(b), (2.24)
we start by applying N* to the Nijenhuis torsion which we express in its expanded
form, as in equation :

N(N(a)b) — N*(ab) + N(aN (b)) — N(a)N(b) = 0, (2.25)
giving us:
N*(N(a)b) — N¥*2(ab) + N**1(aN (b)) — N*(N(a)N (b)) = 0, (2.26)

because we are dealing specifically with a Nijenhuis torsion, where our Ty(a,b) =
0, we can perform rearrangements:

N*2(ab) — N¥*1(aN (b)) = N**H(N(a)b) — N*(N(a)N(b)) = 0, (2.27)
we then use induction on line with k := k — 1, we have:
N*¥2(ab) — N* 1 (aN (b)) = N(N¥1(a)b) — N* 1 (a)N(b) =0, (2.28)
similarly we see that:
N*2(ab) — N*Y(N(a)b) = N(aN* (b)) — N(a)N*"(b), (2.29)
which when combined with equation ([2.27) gives us:
N*(aN(b)) — N¥(N(a)N (b)) = N(aN*™ (b)) — N(a)N*"(b), (2.30)
Now we combine the equations and , yielding:
N*2(ab) — N*(N(a)N (b)) = (2.31)
N(N¥(a)b + aN*T1 (b)) — N*(a)N(b) — N(a)N*T1(b), (2.32)
which may be rearranged to:
N*¥(N(a))N(b) + N(a)N*(N(b)) — N*(N(a)N (b)) (2.33)
= N(N**!(a)b+ aN"'(b) — N**(ab)). (2.34)

The reader can now see that (2.34)) is exactly the same as (2.24)). We then apply
inductively, yielding:

N"(aonkir b) = N"*N(aoykir b) = N1 N(a) oyrir N (b)), (2.35)
giving us equation ([2.23)). O
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Using the above results, we can now demonstrate another theorem from [16]. As
mentioned, the below theorem is expanded upon significantly in Theorem of
this thesis.

Theorem 2.50. If we have a p-Nijenhuis tensor N : A — A, then it follows that:

(Ui ) ne = pyisr, (2.36)
furthermore, N" is a pyi-Nijenhuis tensor, that is to say:
N"(a(oyi)nb) = N"(a) oy N™(b), (2.37)

for all v,k =0,1,2,3,... and a,b € A. Note also that all of the products pyr are
associative and compatible.

Proof. The proof of this theorem illustrates more clearly exactly what is being
stated. We begin by looking at the case where k = 1. We shall prove first that:

() = i, (2.38)
We compute:

a(oni)yb= N(a)oni b+ aopni N(b) — N(aoyi b),

= N (a)b+ N(a)N*(b) — N*(N(a)b) + N'(a)N(b)
+ aN™* (D) — N'(aN (b)) — N(a) oyi—1 N(b),

= N (a)b+ aN"(b) — N (ab) — N*(N(a)b+ aN(b) — N(ab))
+ NN (N(a)N (D)),

= N (a)b+ aN"(b) = N (ab) = N'™H(N(a oy b) — N(a)N (b)),

=A Opni+1 B,
using our previous workings in Lemma [2.49] we know that:
N(a Opni b) = N(a) Opni—1 N(b)

holds. If we then use equations (2.38)) and ([2.24)), we can see that NV is indeed a
pyi-Nijenhuis tensor, this then gives us a compatible associative product (pyi )y =

li+1, and thus we can apply Lemma and equation ([2.38) to uyi, instead of
1, proving that our theorem holds. O]

Now we look to another theorem from the Quantum Bi-Hamiltonian Systems
paper, specifically [16, Theorem 1]. This theorem serves as somewhat of an
impetus to this thesis, adapting this theorem to the truss case upon first glance
does seem like it would be a fairly straightforward piece of work, one could
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naively say that it just needs some rearranging. However, the need to then
develop expansions of cohomology theory and Nijenhuis operators to the affine
case before even beginning to prove the theorem, does lead to a larger task than
one first anticipated. So, in a sense, this theorem can be thanked for leading to
the extension of several mathematical concepts to a more general case, which is
surely one of the core motivations in the study of algebra. Such expansion now
means that, not only can this theorem be expanded to the truss case, but so can
many other theorems be expanded as well. The expanded truss version of this
theorem appears later in this thesis in Chapter 4| as Theorem and was a key
result of [12] as well as this thesis. It is included here with an expanded proof for
completeness.

Theorem 2.51. Let uy be a Nijenhuis product as in Definition (2.45.  The
Nijenhuis product oy is associative if, and only if, the u-Nijenhuis torsion Ty of
N is a 2-Hochschild cocycle of the algebra A, i.e. §,Tn(a,b,c) = 0. Equivalently,
we may write:

(aonyb)oyc=aoy (boyc) (2.39)
<
0,In(a,b,c) =aTy(b,c) — Ty(ab,c) + Tn(a,bc) — Ty(a,b)c = 0. (2.40)

Here puy is an associative product compatible with p, meaning that p + Aun are
associative for all X € K, where K is a field. If p is unital with the unit 1, then
pn also has the unit 1, providing that N (1) = 1.

Furthermore, if N is a p-Nijenhuis tensor, then the Nijenhuis product pyn is an
associative product on A that is compatible with p.

Proof. We shall prove that statement (2.39:2.40) from both directions.

1. Let us first make the assumption that oy is associative, this implies that:
(aoyb)oyc—aoy (boyc)=0, (2.41)
holds. Let us now expand our terms. We have:

(aonb)oyc= (N(a)b— N(ab) + aN(b)) oy c,

= N(N(a)b— N(ab) + aN(b))c
(N(a)b — N(ab) +aN(b))c)
( (

N(
N((N(
(N a)b — N(ab) +aN(b))N(c),

+

= N(N(a)b)e — N(N(ab))c+ N(aN(b))c
—N( (a)be) + N(N(ab)c) — N(aN(b)c)
N(a)bN(c) = N(ab)N(c) + aN(b)N(c),

for our first term. Then expanding our other term yields:
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aoy (boyc) =aoy (N(b)e — N(be) + bN(c)),

= N(a)(N(b)e — N(bc) + bN(c))
— N(a(N(b)c — N(bc) +bN(c)))
+ aN(N(b)e — N(be) + bN(c)),
= N(a)N(b)c — N(a)N(bc) + N(a)bN(c)
— N(aN(b)e) + ( N(bc)) — N(abN(c))
+ aN(N(b)c) — aN(N(bc)) + aN(bN(c)),
we then combine these calculations, cancelling terms and expressing equation
as:
(aoyb)oyc—aoy (boyc)=
= N(N(a)b)c — N(N(ab))c+ N(aN(b))c — N(N(a)bc)
+ N(N(ab)c) + N(a)bN(c) — N(ab)N(c) + aN(b)N(c)
N(a)N( )+ N(a)N(bc) — N(a)bN(c) — N(aN(bc))
N(abN(c)) — aN(N(b)c) +aN(N(bc)) — aN(bN(c)).

Then if we calculate the terms of 6,7n(a, b, c¢), we find:

aTn(b,c) = aN(N(b)c) — aN(N(bc)) +aN(bN(c)) — aN(b)N(c),
Ty(ab,c) = N(N(ab)c) — N(N(abc)) + N(abN(c)) — N(ab)N(c),
Ty(a,bc) = N(N(a)bc) — N(N(abc)) + N(aN(be)) — N(a)N (be),

Tn(a,b)c = N(N(a)b)e — N(N(ab))c+ N(aN(b))c — N(a)N(b)c.

One can now compare these terms and see that if, (2.41)) holds, then we must
have 6,Tn(a,b,c) = 0, as the two equations share identical terms.

2. Now, if we begin instead with the assumption that 6,7 (a,b,c) = 0, it is
clear that we must also have the condition (2.41)), as we may simply rearrange
the terms of 0,7 (a, b, c) so that they are exactly (2.41]). 0

Now that we have covered the key preliminary information for this thesis, the
reader should now be in a position where they are quite familiar with Nijenhuis
operators. It would be poignant to discuss why Nijenhuis operators were included
in the paper Quantum Bi-Hamiltonian Systems [16] by Carinena, Grabowski and
Marmo, and the relation of Nijenhuis operators to bi-Hamiltonian systems.
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The below definitions and remarks are taken from [16], Section 3] and are included
for completeness, with some updated notation as to be consistent with the rest of
this thesis.

Definition 2.52. In the classical case, a bi-Hamiltonian system consists of two
compatible Poisson brackets and a system that is Hamiltonian with respect to
both brackets. When defining a weak quantum bi-Hamiltonian system, we mean
that we have two Lie algebra structures on the space Op(#H) of operators on
a Hilbert space H which are compatible in the sense that the corresponding
commutators are compatible Lie brackets, which is to say that the sum of these
Lie brackets also form a Lie bracket, and a derivation D € Der(Op(#)) which is
an inner derivation with respect to both associative structures [16], [19].

Since we want the Leibniz rule:

[a,boc] =la,bloc+bola,c|

in view of Dirac’s proof [18], that derivations of a sufficiently non-degenerate
associative algebra are just adjoint operators, we want to have a new bracket in
the form of the commutator of a new associative structure. We shall call these
pairs of associative structures weak quantum bi-Hamiltonian.

Definition 2.53. Following from Definition [2.52] we may then create the
additional requirement that both associative structures have the same unit 1.
Further to this condition, one can also consider a stronger version of compatibility
of associative products o; and os, requiring that o;+ Aoy is associative for all A € K,
where K is the ground field; we shall call such a pair a quantum bi-Hamiltonian
system.

Following this, [16] makes some algebraic observations that connect the concepts
of quantum bi-Hamuiltonian systems and Nijenhuis operators.

Remark 2.54. Let (A,-) be a unital associative algebra. One can define a new
associative product on A by taking an element k € A and defining a new product:

a o b= akb.

Where the product for the original associative structure is shown simply by
juxtaposition. It is clear that the unit is only preserved when k£ = 1, and that we
have a homomorphism of the products:

Tk(a Ok b) = Tk(a)Tk(b),

where T}, is the linear map:

Tp: A— A, Ti(a) = ka,

which is a non-unital isomorphism in the case that k is invertible. We can then
generalise this if we deform the associative structure by an associative analogue
of the Nijenhuis tensor.
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Let (A, 1) be an associative algebra over a field K, where p is the product:

p:AxA— A, w(a, b) — ab,

where a,b € A, and let N : A — A be a linear map, where N € A*® A. If N is
a derivation of the algebra (A, i), then we have N(a)b+ aN(b) — N(ab) = 0. In
any case, the map:

pn : (a,b) — aony b= N(a)b+ aN(b) — N(ab),

is a bilinear map and therefore it defines a new algebraic structure (A, uy).
If we then consider the A-bimodule structure in A as given by left and right
multiplication, we may say that we have:

aonyb=0,N(a,b),

where 0, is the Hochschild coboundary operator associated with p. Therefore, N
is a derivation of the original algebra if and only if N is a 1-cocycle with respect
to the Hochschild coboundary operator 4,,.

Finally, we note that the obstruction for the linear map N to be a homomorphism
of these products can be measured by the u-Nijenhuis torsion of N:

Ty (a,b) = N(a oy b) — N(a)N(b).

Thus, we can now see what Nijenhuis operators are, how they relate to
bi-Hamiltonian systems, and why they were first used in the Quantum
Bi-Hamiltonian Systems paper [16].

In the coming chapters, we look to not just use the concepts defined in this
preliminary chapter, but to extend many of the definitions themselves to more
general cases. We look to extend Hochschild cohomology from the ring case to
the truss case (Chapter |3); we look to extend Nijenhuis products and Nijenhuis
operators from the ring case to the truss case (Chapter {4)); we extend Lie algebras
and the Lie bracket to the affine case (Chapter @); we look at affine Nijenhuis
operators and also define Nijenhuis operators over Lie affgebras, as well as defining
the Nijenhuis bracket (Chapter [7)).



Chapter 3

Hochschild Cohomology of
Trusses

This chapter will look to make a proposal for the Hochschild cohomology of trusses.
This section not only provides a necessary foundation for the theorems present in
latter chapters, but also stands on its own as a novel look at performing Hochschild
Cohomology on trusses as opposed to ring-like structures.

3.1 Hochschild Coboundaries & Cohomology on
Trusses

Definition 3.1. Let T be a truss and let C°(T') = T, and for all positive integers
n, let C™(T) be the set of all multi-heap functions 7" — T, i.e. heap morphisms
in each argument. For all n € N,C™(T') are viewed as heaps with the operation
defined pointwise that is inherited from 7.

For all n € N and v € T, the heap homomorphism 67 : C*(T) — C™*}(T) is
defined by:

( (v, apv, apf(ay, ..., an), flapar, ag, ... an), ...,
flao,ar,as,. .. an_10,), f(ag, ..., Gn—1)an, Vay), n even,
o f(ag, ..., an) =
(v,agv, apf(ay, ..., a,), f(agar,as, ..., a,),. ..,
flag,ay,a9,. .. an_1ay,), f(ag, ..., Gpn_1)an, va,, vy, n odd,

\

for all f € C™(T) and ay, ...,a, € T. We call this the v-relative Hochschild
n-coboundary operator on 7.

Also note that the maps d, are heap homomorphisms by the truss distributive

law and the fact that T' is an abelian heap. The use of the term ‘coboundary’ is
justified by the following theorem.

49
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Theorem 3.2. Foralln e N andv € T:

oot = v,
where in each case the constant function with the value v is denoted by v as well.

Furthermore, for all n, 6'(v) = v, and hence each 0! is a homomorphism of
abelian groups 87 : G(C™(T);v) — G(C’”“( );v).

Proof. Here we shall represent the heap operation (—,— —) as a linear
combination of + and — and use the distributive laws from the retract G(7';v)
where (T, (—, —, —),-) is a truss. Starting with the case where n is even and n + 1

is odd, we have:
o flag,...,a,) = —aoy+a0f(a1, ey Q)
+Z flag,...;a;_1a4, ..., ay)

— f(ao, ey Q1) Ay + Vi,

" f(ag, ..., Gni1) = —agy + agf(ay, ..., ani1)
n+1

+ E a())"'aai—lai7"'7an+1)
+ f(am coy Oy ) Qg1 — Vi1
We compose these functions:

5:}“53]6(@0, e an+1) = —agV + ao(SZf(al, e an+1)
n+1
+ Z aOr--aaiflai?-“aanJrl)

+ 5:]6(@07 ) an)an—i-l — Vlpy1-

Cancelling terms with alternating signs we find:

n+1

Z(—l)iéﬁf(ao, ey Aj—1Qgy ey an+1) = Goa1V — Goalf(%, ey an+1)

i=1
n+1

z+l
- E ao f alw"aaiflai,'-'aanJrl)

— E flag, .oy aj_1a;, ..., Q) Apt1

+ f(a0a ) an—l)anan-i-l — VapQpi1.
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This can then be simplified further by applying the definition of ¢} and the truss
distributive laws:

n+1
Z(—l)zéff(ao, ey Qi1 @iy ey Apg1) = oV — o0y f (a1, ..y Angr)
i=1

- 6£Lf(a0> ce a’n)a'n-i-l + Vap4q.

Making the substitution in the formula for the composition we thus find:

5Z+15:}f(a0, o an+1) = —aoV + a05,7}f(a17 ey an-i—l)
+ ag — agdy f(ar, ..., any1) — 0y f (a0, o Q) @ny1 + Vania
+ 00 f(ag, oy Qp)Ant1 — Vapi1 = V.

We may then compare terms to find:
§"H6" f(ag, ..., Gny1) = V.
Now we may look at the case where n is odd and n + 1 is even.
o) flag, ...,an) = v —agv + apf(ay, ..., a,)
—I—Z flag,...,a;_1a4, ..., ay)
+ f(ao, oy 1) Ay — Vay + 1,
" flag, oy anir) = v — agv + agf(ar, ..., any1)
n+1
+Z flag, ..., a;—1a, ..., Gpi1)
— f(ao, ey O ) A1 F V1.

In this case the composition comes out as:

5§+15§f(aoj ey an+1) = —aoV + @05Zf(a17 ) Gn+1)
n+1

+ E flag, ...,;ai—164, ..., any1)

- 5:}]:(&0’ ) an)an—i-l + Vap41-

Once more cancelling the alternating terms, using the definition of functions 67,
as well as the distributive laws for trusses we find:
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n+1

Z(—l)iéﬁf(ao, ooy Qi1 @iy oy Ay 1) = o1V — Aoy f(ag, ..., Ant1)
i=1
n+1

§ H—l
— (l()f ai, ... ,ai_lai,...,anﬂ)

+ E CLO,.. ,aj_laj,...,an)anﬂ

+ Vlpy1 — GoV + f(CLOa ) anfl)ananJrl — VapQn41,

= apv — agdy, f(ar, ..., ans1) + 6, (@0, -y Gn)Ani1 — Vanga.
Using the above calculation, we then expand:
5:+15:}f<a07 L) an+1) = —aoV + ao(sgf(a‘b ) Cln+1)

+ apV — &Oégf(alv ) an-‘rl) + 5Zf<a0a ) an)an-i-l — Van41

— 0y f(ag, ..., an)ans1 + Vapy = v,
We may compare terms to find:
§"H6" f(ag, ..., Gny1) = V.
as required.

Since v is the neutral element in G(T;v), we immediately find that, for all
ao, - . .,a, and the constant function v : T" — T, (ag...a,_1) — v:

§"(v)(ao, . .., a,) = —agv + agv + (—=1)""va, + (—=1)"va, = v.

Now, the observation that any homomorphism of heaps f : H — K is a
homomorphism of groups f : G(H;v) — G(K; f(v)), for all v € H confirms
the final assertion. O

Definition 3.3. In the setup of Definition we define the heap of v-relative
n-cocycles:

Zy(T) :=A{f e C(T) [ 6;(f) = v},

and the heap of v-relative n-coboundaries:
B™(T) :=Imo" *

Since Theorem [3.2 implies that B”(T) is a sub-heap of Z"(T'), we can formulate
the core definition of this chapter.

Definition 3.4. For all n € N and v € T', the quotient heap:
H(T) = Z)(T)/B}(T),

is called the n-th v-relative Hochschild cohomology heap of T'.
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Remark 3.5. The last assertion of Theorem [B.2] ensures the existence of the
cochain complex of abelian groups (67 : G(C™(T);v) — G(C™(T);v)). This
allows one for an abelian group interpretation of v-retracts of v-relative Hochschild
cohomology heaps, namely, G(H'(T'); ), where v is the class of the constant heap
map v, is the n-th cohomology group of the above complex of abelian groups

G(C™(T);v).

We next show that the relative Hochschild cohomology heaps for different v can
be identified up to isomorphism. We start with the following;:

Lemma 3.6. For all heap homomorphisms f € C"(T) and v,V € T':
O (f) =708 0 f).
Proof. First we look at the case where n is even:
0 f (@0, -y an) = 7 (8300 © f)(ag, -..s an)).
Let us first calculate:

(18 o f)(ag, ..., an) = (v, agv, ao f (a1, ..., an), agV', agv, f(agay, ..., an), V', v, ...

oy flag, ooy an_1ay,), V' v, f(agy vy Gn1) o, V ay, vay, va,),

= (v,agV,aof(ay, ..., a,), f(agay, ...,a,), ...

oy flag, ooy an_1ay), f(ag, ooy Qn_1)an, V'ay),

= <I/7 I//, 5g/f(a07 ceey an)>'

Now, for the case where we have n odd, by similar calculation:

(7l o fi(ag, ...,an) = (v, apr, ag f(ay, ..., an), ag', agv, f(agas, ..., an), V', v,

flag, aras, ...;a,), V' v..., flag, ..., an_1a,), V', v,

f(aOa sty an—l)aTm V/an7 Vap, Vany, l/>7

= (v,agv, apf(ay, ..., a,), flagay, ...,a,), V', v,

.f(a0a 1G4, ..., an)v ) f(a07 ) an—lan)7

!
, _
flag, ..., an_1)an, V'a,, vy,

= (v, V', 0] f(ag, ..., an)).

Thus, for both cases we have:

TL’I(5S(TIZ o f)(ag,...,a,)) = (v, v, 00 f(ag, ..., an),v, V'),

= 5Z/f(a(), P a,n).
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As a consequence of the commutativity of the heap operations and the Mal’cev
identities, for all v,/ € T and n € N we can consider heap isomorphisms:

2L 0MT) — CNT),  fe— o f.

In terms of these isomorphisms, the statement of Lemma |3.6| can be rephrased as:

v/

5 (70(0) =70 @20, (3.1)

for all f e C™(T).
We could then refer to property (3.1)) as being “translation invariant”.

Lemma 3.7. For all v,v" € A, the maps ?Z restrict to isomorphisms B}(T) —
B'(T) and Z}(T) — Z"(T).

Proof. This follows (almost) immediately from Lemma or its equivalent
formulation in (3.1). Specifically, if ¢ = 6°(f) € B™T), then 7, (g) =

/

o, (?Z ( f)) e B(T). 1If 67(f) = v, then:

V= (vy,V) = 7—2;/ (0,(f)) = o <?Z/<f)) ’

V/

ie. 7, (f) e Zn(T). O

When combined, Lemma[3.6)and Lemma[3.7] yield the identification of cohomology
heaps sought for.

Theorem 3.8. Let T be a truss. Then, for alln € N and v, € T':

H(T) = H"(T).

Proof. By Lemma and Lemma the isomorphisms ?Z descent to the
isomorphisms H(T) — H'(T); for f,g € Z(T) represent the same class in
H(T) if and only if:

(f,9,0,7"(h)) € B)(T),

for some (equivalently all) h € C"~!(T). Hence:

<?Z’<f>,?,i’<g>,531 (?Z'<h>)> - <?Z'<f>,?i’<g>,?,i' (631<h>>>,
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In view of Theorem [3.8 rather than talking about wv-relative Hochschild
cohomology heaps, we might talk just as well about simply Hochschild cohomology
heaps and drop the subscript v from the notation.

Remark 3.9. One easily checks that ?Z (v) = v/, and hence the isomorphism
described in Theorem is an isomorphism of abelian groups G(H}(T);v) =~
G(H}(T); V).

In case of the Hochschild cohomology of algebras, one-cocycles correspond to
derivations. A similar statement can be made in the case of the cohomology
of trusses, although this correspondence is not quite as direct as in the ring case.

3.2 Derivations on Trusses

Definition 3.10 ([§]). Let 7" be a truss. A heap homomorphism D : T — T is
called a derivation if, for all a,b € T

D(ab) = (D(a)b,ab,aD(b)).
Derivations on 7" form a heap which is denoted by Der (7).

Note that we later revisit derivations, but within the context of affgebras in
Definition [6.11]

Proposition 3.11. For allv € T, Der(T) = Z(T) as heaps.

Proof. The isomorphism and its inverse are given by:

© : Der(T) — Z,(T), O(D) :a~— (D(a),a,v), (3.2)
0~ t: ZNT) — Der(T), O~ f):ar (f(a),v,a). (3.3)

It is clear that the defined maps are inverses of each other. Thus, it remains to
be checked if their domains and codomains are as stated:

If D is a derivation, then, for all a,b € T
5,(0(D))(a,b) = (v,av,a®(D)(b), 0(D)(ab), O(D)(a)b, vb, v),
= (v,av,aD(b), ab, av, D(ab), ab,v, D(a)b, ab, vb, vb, V),
= (v, D(ab),aD(b),ab, D(a)b) = (v, D(ab), D(ab)) = v,
where the second equality uses the truss distributive law, the third one arises
from the cancellation and reshuffling rules described in Remark [2.2] and the

penultimate equality is the definition of the derivation. Thus, ©(D) € ZL(T) as
required.

In the converse direction, if f € Z!(T), then, for all a,b € T"

(v,av,af(b), f(ab), f(a)b,vb,v) = v,
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and so by Remark 2.7] equivalently:

f(ab) = (f(a)b,vb,af(b),av,v).
Therefore:

(O7(f)(a)b,ab,a®  (f)b) = (f(a)b,vb,ab,ab, af(b),av, ab),
= <f(ab)> v, ab> = @71(f)<ab)a

so that ©71(f) is a derivation on T, as required. O

As an illustration of Hochschild cohomology of trusses we compute the cohomology
heaps of the second of the trusses (2.1)) in Remark [2.13]

Now let us look at a derivation as an endomorphism of heaps.

Proposition 3.12. Let T be an abelian heap, viewed as a truss, by means of the
product a - b= a for all a,b € T, it follows that Der(T) = End(T).

Proof. We compute:
D(a-b) ={(D(a)-b,a-b,a-D(b)) = (D(a),a,a) = D(a),

then we can see that:

We may also look at derivations as endomorphisms of abelian groups.

Proposition 3.13. Let T be an abelian heap, viewed as a truss by means of the
product:
a-b=a+0b,

for all a,b € T, it follows that, Der(T) = End(A), where End(A) is the set of

endomorphisms over an abelian group.

Proof. If D is a derivation, than we may compute:

D(a-b) =(D(a)-bya-ba-D(b)) = (D(a)+b,a+b,a+ D(b)),
D(a)+b—a—b+a+ D(b),
D(a)

a) + D(b),

thus:
D(a-b) = D(a) + D(b).

implying that we have an equality if D is a endomorphism of abelian groups.
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Now let us check the proof in the other direction. If D is a morphism,
such that:
D(a-b) = D(a) + D(b),
then it follows that:
D(a-b) = D(a)+ D(b) = D(a) +b—a—b+a+ D(),

= (D(a) + b,a+b,a + D(b)),

= (D(a)-b,a-b,a- D(b)).
It clearly follows that:

D(a-b) = (D(a)-b,a-b,a- D(b)),

and thus D is a derivative if, and only if, it is an endomorphism of abelian groups.

O
Theorem 3.14. Given a derivation D :'T' — T, that is to say:
D(ab) = (D(a)b,ab,aD(b)),
and a retract R(T;v), where v € T and the operation -,, such that:
a-,b=ab—,av+, > —, vb.
If we then consider a group homomorphism D, : R(T;v) — R(T;v), where:
D,(a) = (D(v), D(a),a).
It follows that:
Dy b) = Dy(a) » b+ a Dy(b) (3.4)

Proof. We start by noting that D, is an additive map, this can clearly be seen as
we have:

D,(v)=(D(v),D(v),v) =v.
Following on from this, we can see that:
Dy(a+,b) = (D,(a), D,(v), D, (b)) = (D,(a),v. D, (5)) = D, (a) +, D, b).

Now we want to show that D, is a derivation. We begin by computing the left-hand
side of equation ({3.4):
D,(a-,b) = D,(ab—, av +, v* —, vb),
= D, (ab) —, D,(av) +, D,(v*) —, D, (vb),

= D(v) —, D(ab) +, ab—, D(v) +, D(av) —, av
+u D(V) v D(VQ) +u V2 —v D(V) +u D<Vb) —, vb,

=ab—, av +, v* —, vb —, D(ab) +, D(av) —, D(v*) +, D(vb),

=ab—, av +,v* —, vb—, D(a)b+, ab—, aD(b) +, D(a)v —, av
+,aD(v) —, DW)v +,v* —, vD(v) 4+, D(v)b —, vb +, vD(b).
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Similarly, we compute the right-hand side of equation (3.4)):

D,(a) -, b+,a-, D,(b) = D,(a)b—, D,(a)v +, v* —, vb
+,aD,(b) —, av +, v* —, vD,(b),

= D(v)b—, D(a)b+, ab—, D(v)v +, D(a)v —, av +, V*
—, vb+,aD(v) —, aD(b) +, ab —, av +, v* —, vD(v)
+, vD(b) —, vb,

= 2ab —, 2av +, 2v* —, 2vb —, aD(b) +, aD(v) —, vD(v)
+, vD(b) —, D(a)b+, D(a)v —, D(v)v +, D(v)b,

=ab—, av +, v* —, vb—, D(ab)
+, D(av) —, D(v*) +, D(vb),

=ab—, av +, v* —, vb—, D(a)b+, ab—, aD(b)
+, D(a)v —, av +, aD(v) —, D(v)v +, v* —, vD(v)
+, D(v)b —, vb+, vD(b).

Thus, it is clear that equation (3.4) holds. n

We now look to expand on Proposition [3.12

Example 3.15. For an abelian group A, let us denote by £(A) the truss with the
product given by the left projection, that is ab = a, then:

End(A) forn =1,

* otherwise.

H™(L(A)) = { (3.5)

Proof. We perform all computations relative to the neutral element 0 in A. In
view of the product in £(A), the formula for the coboundary operator (relative to
0 and written in the abelian group form) comes out as:

n—1
0" f(ag, ... an) = (=1)'flao, ..., an), (3.6)
i=1
where a; indicates the absence of a;.
First note that, for all a,b € A:
6°(a)(b) = —a, (3.7)

and hence: H°(L(A)) = Z°(L(A)) = {0}.
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For n > 2 and f € C"(L(A)), 6*(f) = 0 if and only if, for all ag,...,a, € A:

f<a07a’27"'7an>:f(a07a17a37"'7an>_f(a07alua’27a47"'7a/n)

3.8
+...+(—1)”+1f(a0,a1,a2,...,an_g,an). ( )

The left-hand side of equation (3.8]) is independent of a;. Thus, setting a; = 0
and relabelling the indices, we find that f is an n-cocycle if, and only if, for all

agy ..., Ap_1:

f(a,o, ai, ... ,an_l) = f(ao, O, as, . .. ,an_l) — f(CL[), 07 ay,as, ... ,an_l)

3.9
+ o (=D f(ag,0,a1, ... Gn3, Gn1). (3:9)

Set:
g: A" A, (ag, a1, ...,an_2) = —f(ag,0,a1,...,a, 2).

Since f € C™(L(A)), the map g is a heap homomorphism in all arguments, and
hence g € C"1(L(A)). The formula immediately yields 6"~ !(g) = f, and
hence every n-cocycle is also an n-coboundary. Therefore, all Hochschild heaps
are trivial whenever n > 2.

Finally, elements of C'(L(A)) are heap endomorphisms of f, i.e. any functions
f: A — Asuch that f(a —b+c¢) = f(a) — f(b) + f(c). Given such an f, the
map g(a) = f(a) — f(0) is additive. Conversely, given a group endomorphism g
of A and ¢ € A, the map f(a) = g(a) + ¢, is a heap endomorphism. The formula
(3.6) implies that every heap endomorphism f : A — A is a one-cocycle, while
(3.7) yields that two one-cocycles belong to the same cohomology class if, and
only if, they differ by a constant (i.e., they correspond to the same abelian group
endomorphism). This establishes the isomorphism of H'(L£(A)) with the heap of
additive endomorphisms of A. m



Chapter 4

Nijenhuis Products & Operators
on Trusses

In this chapter we build on notions of Nijenhuis products and operators introduced
in [16] and discussed in Chapter [2 expanding them from the framework of rings
into that of trusses. We also determine the sufficient and necessary conditions for
the associativity of the Nijenhuis product, study the compatibility of Nijenhuis
operators and give examples, as well as classify all Nijenhuis operators on
commutative trusses built on the group of all integers (see Remark .

4.1 Nijenhuis Products, Operators & Torsions
over Trusses

Our first definition defines the Nijenhuis product, operator, and the torsion relative
to a given element v. This definition is an expansion from the ring based definitions
found in [I6] to the truss case. Similar expansions, made instead to Lie affgebras,

can be found later in this thesis in Definition [7.1|and are used throughout Chapter
[l

Definition 4.1. Let T be a truss. For all heap homomorphisms N : T' — T, the
binary operation oy on 7', defined by:

aoy b= (N(a)b, N(ab),aN (b)),
is called the Nijenhuis product.
Furthermore, N is called a Nijenhuis operator (over a truss) if for all a,b € T
N(aoynb) = N(a)N(b).
For all v € T, the v-Nijenhuis torsion of N is defined as:
T (a,b) = (N(a oy b), N(a)N(b), v).

60
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Note that in view of Remark [2.7] N is a Nijenhuis operator if, and only if, for any
v € T, its v-torsion is a constant function equal to v, that is, for all v,a,b € T,
T%(a,b) = v. Such a v-torsion is said to be trivial.

Remark 4.2. The authors of [16] use the term Nijenhuis tensor rather than
Nijenhuis operator. However, as the former is commonly used to describe the
obstruction of an almost complex structure to origin from a complex structure and
is closer to the Nijenhuis torsion (see [31), footnote 1 p. 627]), we prefer the latter.
In addition, the term Nijenhuis operator is now widely used to describe a way
of deforming a given algebraic structure (typically a Lie bracket, but associative
products too) into a structure of the same kind, which also extends to trusses, as
argued in the present text.

4.2 Resulting Examples & Theorems

Example 4.3. Let T be a truss.
1). The identity map id : 7" — T is a Nijenhuis operator.

2). Let P : T — T be a multiplicative idempotent homomorphism of heaps. Then
P is a Nijenhuis operator on T. In particular, for any idempotent elements
q € T, the constant map a — ¢ is a Nijenhuis operator.

Proof. In the first case the Nijenhuis product is the same as the original
multiplication in 7" and, hence, clearly the identity map is a Nijenhuis operator.
In the second example, since, for all a,b,c € T':

P({a,b,¢)) = (P(a), P(b), P(c)), P(ab) = P(a)P(b), P(P(a)) = P(a),
we can easily compute:

P(aopb) = P((P(a)b, P(ab),aP(b))) = (P(P(a)b), P(a)P(b), P(aP(b)),
= (P(a)P(b), P(a)P(b), P(a)P(b)) = P(a)P(b),

as required.

Any constant map is a heap homomorphism, and if the image is an idempotent
element of T', then such a map is a multiplicative idempotent homomorphism of
heaps. O

A direct connection between Nijenhuis operators on rings and trusses is given in
the following proposition.

Proposition 4.4. Let T(q;I) be a truss associated to an ideal I and idempotent
q i a ring R; see Remark . Let N be a Nijenhuis operator on I, such that,
forallx € I:
N(zq) = N(z)q,  N(qz) = qN(z). (4.1)
Then:

N:T(q;1) = T(¢; 1), q+z— q+ N(z),

is a Nijenhuis operator on T(q;I).
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Proof. 1t is immediate from the definition of N that it is a heap homomorphism.
The Nijenhuis product comes out as, for all x,y € I:

(g+z)on (g+y) =q+ N(x)g+qy+ N(z)y — ¢ — N(zq) — N(qy) — N(zy)
+q+xN(y) +2q+qN(y),
=q+xoyy+xq9+qy,

by the fact that ¢ is an idempotent and by (4.1)). Since N is the Nijenhuis operator
on the ring 7, we conclude:

N ((g+2)on (¢ +y) =g+ N(@)N(y) + N(@)g +qN(y) = N(g +2)N(q + ),
that is NV is a Nijenhuis operator on the truss 7'(1;q). O

Example 4.5. An explicit example of a Nijenhuis operator of the type described
in Proposition [4.4] can be constructed as follows. Let R be the sub-ring of the ring
Mn41)x(n+1)(F) of (n+1) x (n + 1)-matrices over a field F consisting of matrices

of the following block form:
a b
A(a,b,a) - (O Oé) )

where a € M,,x,(F), b € M,,«1(F), and o € F. Set:
I = {A(a,b,O) | ac Mnxn(]F)’b € MnXl(]F)}? q= A<0707 1>7

so that:
T(I;q) = {A(a,b,1) | a € Muun(F),b € M,y (F)}.

Let P, denote the projection in M, ., (F) onto the sub-ring of upper triangular
matrices. As argued in [16, Example 1], the map:

N:I—1I,  Aab,0) AP, (a),b,0),

is a Nijenhuis operator on I. Since N affects only the upper n x n block of
A(a,b,0), and in view of the general multiplication rules in R:

A(a,b,a)A(a’, b, o) = A(aa’, ab’ + o'b, ad’),
the condition (4.1)) is satisfied. Therefore:
N:T(I;q) > T(Ig),  Afab, 1) A(Py(a), b, 1),
is a Nijenhuis operator on T'(I;q).

We now extend Theorem [2.51] as originally stated in Quantum Bi-Hamiltonian
Systems [16, Theorem 1], to the truss case.



4.2. RESULTING EXAMPLES & THEOREMS 63

Theorem 4.6. Let T be a truss and N : T' — T a heap homomorphism. The
Nijenhuis product oy is associative if, and only if, the v-Nijenhuis torsion of N
is a v-relative Hochschild 2-cocycle for all (equivalently for any) v € T. If this is
the case then T is a truss with the Nijenhuis product oy .

Proof. First note that whether associative or not, the Nijenhuis product
distributes over the heap operation. Indeed, for all v,a,b,c,d € T

aoy (b, c,d) = (N(a){b,c,d), N(a(b, c,d)),aN({(b,c,d))),
N(a) N(a)e, N(a)d, N(ab), N(ac), N(ad),aN(b),aN(c),aN(d)),
N(a)b, N(ab),aN (b), N(a)c, N(ac),aN(c), N(a)d, N(ad),aN(d)),

aonb,aoyc,aoyd),

o~ o~ o~ ——

since T" is a truss and N is a heap homomorphism. The rearrangement of
terms leading to the third equality follows by the fact that 7' is an abelian heap
and hence the terms in odd (resp. even) positions in the angle brackets can be
reshuffled freely; see Remark [2.2] This proves the left distributive law. The right
distributive law is proven by similar calculations.

Using the heap homomorphism property of IV, the associativity of the product in
T as well as its distributivity over the heap operation, we find, for all a,b,c € T"

Therefore, cancelling repeated terms we obtain:

(aoy (boyc),(aonb)oyc,v) =
(

)
(N(a)N(b)e, N(a)N(be), N(aN(be)), N(abN(c)),
aN(N(b)c),aN(N (b)), aN(bN(c)), N(N(a)b)e, N(N (ab))c,
N(aN(b))e, N(N(a)be), N(N(ab)e), N(ab)N(c), aN(b)N(c),v).

Next, using the truss distributive laws, we compute:

aTy(b,c) = (aN(N(b)c),aN(N(bc)),aN(bN(c)),aN(b)N(c),av),
TX (ab,c) = (N(N(ab)c), N(N(abc)), N(abN(c)), N(ab)N(c), v),

TX (a,bc) = (N(N(a)bc), N(N(abc)), N(aN(bc)), N(a)N (be), v),
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and:
Ty (a,b)c = (N(N(a)b)c, N(N(ab))e, N(aN(b))c, N(a)N(b)e, vc).

Thus we have:

62Tx(a,b,c) = (aN(N(b)c),aN(N(bc)),aN(bN(c)),aN(b)N(c), av,
N(N(ab)c), N(N(abc)), N(abN(c)), N(ab)N(c), v,
N(N(a)bc), N(N(abc)), N(aN (bc)), N(a)N(be), v,
N(N(a)b)c, N(N(ab))e, N(aN(b))e, N(a)N (b)c,ve, ve, av, v).

We can then perform cancellations and rearrangements allowed by the definition
of an abelian heap (see Remark , yielding:

{aoy (bonc),(aonb) oy c,v) = 62T%(a,b,c).
Therefore, by Remark

aoy (boyc)=(aoynb)oyec,

if, and only if, 62T%(a,b,c) = v, as required. a
Corollary 4.7. If N is a Nijenhuis operator on a truss (T, (—,—, =), ), it follows
that (T, (—,—,—),on) is also a truss. We denote this truss by T[N].

Proof. By the definition of a Nijenhuis operator, its v-torsion is trivial for all v
and hence, it is a 2-cocycle, as needed. O

As an illustration of Theorem we classify all Nijenhuis operators on T'(Z; a, b, c)
on Z, described in Remark [2.13]

Proposition 4.8. The following table lists all Nijenhuis operators on commutative
trusses T(Z; a,b,c) on Z, described in Remark[2.15

T(Z;a,b,c) Nijenhuis operators

N(m> = <gcdl()b,c) q+ 1) mer ngEbac) @

_ b—1 c
N(m) - (gcd(b—l,c) q+ 1) m+ ged(b—1,c) 9,

N(m) = qm,

N(m) = (ﬁ%lq—l—l)mﬂLq,
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Proof. A heap homomorphism N : Z — 7Z is necessarily of the form, for all m € Z:
N(m) =pm+q, (4.2)

for some p,q € Z. We need to determine what conditions p and ¢ have to
satisfy in order for N to be a Nijenhuis operator. We take the most general
commutative truss on Z, T(Z; a, b, ¢), with multiplication , where a, b, ¢ satisfy
the constraint , and compute, for all m,n € Z:

N(m)-n = apmn + (aqg+ b)n + bpm + bq + ¢,
N(m -n) = apmn + bpm + bpn + cp + q.

These yield the Nijenhuis product:
moyn = apmn + (ag+ b)(m + n) + 2bq + 2¢ — q — cp. (4.3)

In view of Theorem , the product (4.3]) is associative if, and only if, the
v-Nijenhuis torsion is a cocycle for any fixed v € Z, in particular for 0. The
0-Nijenhuis torsion comes out as:

Ty(m,n) = —cp® + ((2b — 1)g + 2¢)p — ag® — (2b — 1)q — c. (4.4)

On the other hand, as recalled in Remark 2.13} the product (4.3)) is associative if,
and only if:

2abpq + 2acp — apq — acp® = (aq + b)(aq +b — 1). (4.5)
Since ac = b(b — 1), and in view of (4.4), this can be rewritten as:
aTy (m,n) = 0. (4.6)

Thus, if a # 0, the associativity of the Nijenhuis product is equivalent to the
vanishing of the Nijenhuis torsion, i.e. to N being a Nijenhuis operator.

We consider the equation T%(m,n) = 0 as an equation with the unknown p.
If ¢ # 0 this is a quadratic equation with the discriminant ¢?, and hence the

solutions are:
b b—1
p=|-q+1 or p=|(——q+1].
c c

To ensure that the solutions are integer, the numbers ¢ must be multiples of
the denominators of the fractions divided by the greatest common multiple of the
numerator and the denominator. By rescaling accordingly, we obtain the following
Nijenhuis operators:

b c
Nm) = [—2— g +1 ¢ Z
(m) (gcoub,c)q+ >m+g0d<b,c> © 1€z
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and:

b—1 c
N = = 1 - 7.
m) (ged(b—l,(:)“ >m+gcd<b—1,c>q’ 1€

If ¢ = 0, then T%(m,n) = 0 is equivalent to:
(2b — 1)pqg — ag® — (2b— 1)g = 0.

Thus, ¢ = 0 or p = 55 ¢ + 1, which is an integer for all ¢, since the constraint
(4.5) implies that b =0 or b =1 in this case.

Putting all these cases together we obtain the table as stated. O]

The following theorem is the truss version of [16, Theorem 2]. This theorem
was included in this thesis in the preliminaries section as Theorem for
completeness.

Theorem 4.9. If N is a Nijenhuis operator on a truss T', then, for all j, k € N:

1). N* is a Nijenhuis operator on T and hence T[N*] is a truss,
2). TIN¥][N'] = T[N*+1],

3). N'is a Nijenhuis operator on T[N*],

where N* means the k-fold composition of N, and N° = id.

Proof. To simplify the notation we will write o for the product oys in T[N*].

Obviously, o= the original multiplication in 7.

First we prove that for all a,b € T, k € N:

N*(a)N(b) = (N(N*(a)b), N**!(ab), N* (aN (b)), (4.7)

N(a)N*(b) = (N(aN*(b)), N***(ab), N* (N (a)b)), (4.8)
k+1 k

N*Y(ab) = (N(N*(a)b), N*(a )NEb) N¥(aN(b))), (4.9)

= (N*(N(a)b), N(a)N*(b), N(aN*(b))).

We will prove equality (4.7) by induction. The equality (4.8) can be proven
symmetrically, while (4.9)) is an equivalent restatement of (4.7) and (4.8]); see
Remark 2.7

For k = 0, (4.7) is automatically satisfied, while for £ = 1 this is the definition of a

Nijenhuis operator. Assume that (4.7)) is true for k, then first, using the Nijenhuis
condition and then the inductive assumption we obtain:

NN (B) = N (N (@)b, NN (a)b), N* (@) N (8)) )
= N (N1 (@)b, N(N¥(a)b), N(N*()b), N (ab), N“(aN (1)) })

(V) ).
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The final equality follows by the Mal’cev identity (the cancellation rule in the
heap operation) and the fact that N is a heap homomorphism. Therefore, (4.7))
is true for all natural £ by the principle of mathematical induction.

Using equations (4.7H4.9)) we can compute:
N(a)oN(b) = (N**!(a)N (b), N*(N(a)N (b)), N(a)N* (b)),

= (N(N*(a)b), N*2(ab), N1 (aN (b)), N*(aN (b)), N*"2(ab)
N* (N (a)b), N(aN*1(b)), N2(ab), N*1(N (a)D)),
= (N(N*"(a)b), N*"(ab), N (aN"*'(b))) = N(a o b).

The penultimate equality follows by the cancellation rules for an abelian heap
operation. The last equality is a consequence of the fact that N is a heap
homomorphism and the definition of the Nijenhuis product. Starting with this
we can employ the inductive argument to prove that, for all a,b € T, k,l € N:

Nl(akilb) = Nl(a)iNl(b). (4.10)

In particular, the case k = 0 yields assertion (1).

The second assertion is also proved inductively on [. The inductive step is
straightforward, so only the case [ = 1 needs to be proven. For all a,b € T"

(N(a)ob, N(aob),aoN (b)) = (N*1(a)b, N*(N(a)b), N(a)N*(b),

N(N*(a)b), N*(ab), N(aN*(b)),
N*(a)N(b), N¥(aN (b)), aN"* (b)),

= (N*(a)b, N1 (ab), N1 (ab), N (ab), aN**1 (b)),
= (Nk+1(a)b, Nk+1(ab),aNk+1(b)> —aob.

k+1

The second equality follows by (4.9). This completes the proof of statement (2).
The last assertion follows immediately from (2) and (4.10)). O

Following [16] we propose:

Definition 4.10. Nijenhuis operators N;, N, on a truss 7T are said to be
compatible if, for all a,b € T"

N1(a)Na(b) = (N1(a o, b), Na(a)Ni(b), Na(a ox, b)). (4.11)

Example 4.11. The identity operator id on 7" is compatible with any Nijenhuis
operator on 7'.
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The next statement is the truss version of [16, Theorem 3 & Theorem 4].
Theorem 4.12. Let T be a truss.
1). If Ny, Ns, ..., Noyi1 are pairwise compatible Nijenhuis operators on T, then:
(N1, Na, ..., Nopy1),
15 a Nigenhuis operator on T
2). For all Nigenhuis operators N on T':

a). the operators N* and N' are compatible, for all k,l € N,
b). (NF Nk2  NFx+1) is g Nijenhuis operator for all k;,n € N.

Proof. (1) We first note that, since the multiplication in the truss distributes over
the heap operation and abelian heaps satisfy the rearrangement rules described
in Remark [2.2] for any heap homomorphisms Ny, N, ..., Noyiq : T — T, and all
a,beT:

4 O(Ny Nay Nonsr) 0= (aon, byaon, b,... a0n,,  b). (4.12)

With (4.12) at hand we can prove the statement by induction on n. For n = 1:

<N1, NQ, N3>(a) <N1, NQ, Ng)(b) =

= (Ni(a on, b), Ni(a oy, b), Na(a)N1(b), Na(a on, b), Ni(aon, b),
Ng(d)Nl(b>,N3(a oN,; b)7 NQ(CL)N1<Z)>,N2(CL ON, b), NQ(CL O N, b),
N3(a)Ny(b), N3(a op, b), N3(a)Ny1(b), N3(a)N2(b), N3(a oy, b)),

= (N1(aon, b), Ni(aop, b), Ni(aon, b), Na(aon, b), Na(a oy, b),
Na(a oy b), N3(a on, b), N3(a oy, b), N3(aon, b)),

- <N1 (CL O(Ny,N2,N3) b)? N2(a’ O(Ny,N2,N3) b)? N3(a’ O(Ny,N2,N3) b)>7

— <N17 NQ; N3>(CL O<N1,N27N3> b)7

where the definition of the heap bracket on operators and the truss distributive
laws were used to derive the first equality, next the pairwise compatibility was
employed. The third equality arises from the rearrangement and cancellation
rules outlined in Remark while the next equality is a consequence of .
Therefore, (N7, Ny, N3) is a Nijenhuis operator as required.
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Next assume that the statement is true for n = k—1 and note that , together
with the rearrangement rules in Remark imply that if Ny, Ny, ..., Nogyq are
pairwise compatible Nijenhuis operators then Ny, and Nox 1 are compatible with
N = (N7, Ng, ..., Nop_1). Hence (N, Noy, Nog11) is a Nijenhuis operator by the
same arguments as those used above to establish the n =1 case.

(2) Without any loss of generality, we may assume that k& > [. As in the proof of
Theorem [4.9| we will write 0 for ok, etc. In view of Theorem [4.9|and the definition

of the Nijenhuis product 0, we can compute, for all a,b € T":

(N*(ach), N'(a) N*(5), N'(ach)) = (N*'(N'(a) N'(3)), N'(a) N*(b), N'(a) o N'(1),

= (N*{(N'(a)N' (b)), N'(a) N*(b), N*(a) N'(b), N'(a) N*(b), N'(a) N* (b)),

= N¥(a)N'(b).

The last equality follows by the cancellation and rearrangement rules recalled in
Remark[2.2] This completes the proof of statement (a). Statement (b) then follows
by assertion (1). O



Chapter 5

Affine Nijenhuis Operators

In this section we apply the above discussion to trusses and operators, arising
from associative algebras, and in this way extend the results of [16] from the case
of linear to affine maps. Next we construct an affine version of (weak) quantum
bi-Hamiltonian systems. That is, we construct an affine Lie bracket (in the sense
of [28, Definition 1]) which can be represented as the commutator of a deformed
associative bi-affine product on an affine space.

A key result in this chapter is Corollary as it provides the foundation for
Chapter [6]

5.1 Defining Affine Nijenhuis Operators

Definition 5.1. An associative algebra A over a field ' can be viewed as a truss
with the original multiplication of the heap structure arising from the additive
group, that is, (a,b,c) = a — b+ c. To indicate this ternary point of view we write
T(A). From this perspective an affine map N : A — A is a homomorphism of
heaps that preserves affine or barycentric combinations. That is, for all a,b,c € A
and \ € F:

N(a—b+c) = N(a) = N(b) + N(c), (5.1)

N((1 = Na+ Ab) = (1= N)N(a) + AN(b). (5.2)

The set of all affine maps A — A is denoted by Aff(A). This is a truss with the
product given by composition and the heap operation defined pointwise. One
easily checks that Aff(A) is an affine space over the vector space of all linear
endomorphisms of A with the operations defined pointwise. If N € Aff(A) is
a Nijenhuis operator on T(A) we refer to it as an affine Nijenhuis operator on A.

Although, given N € Aff(A) and A € F, the function AN : A - A, a — AN(a), is
not an affine map, it is still a homomorphism of heaps, i.e. the first of conditions
(5.1H5.2) is satisfied. Hence the following theorem can be stated.

70
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5.2 Resulting Examples & Theorems
Theorem 5.2. Let A be an associative F-algebra.

1). If N is an affine Nijenhuis operator on A, then for all X € F, AN is a Nijenhuis
operator on T(A) compatible with N.

2). If Nq,..., N, € Aff(A) are pairwise compatible affine Nijenhuis operators on
T(A), then for all \y,..., N\, € F such that Y ;X\, =1, N =3" NN, is
an affine Nijenhuis operator on A.

Proof. (1) First note that for all a,b € A:
aoxy b= AN(a)b— AN(ab) + aAN(b) = Aaon b. (5.3)
Hence, if N is a Nijenhuis operator on T(A), then:
AN(a oy b) = A>N(a)N(b) = AN (a) AN (b),
as required. The compatibility property likewise follows by .

(2) The correspondence between Nijenhuis products in ([5.3) implies that the
Nijenhuis operators \;N;, i = 1,...n are pairwise compatible. Since > A\ =1,

N = NNi =Ny — N+ XN = ANy + .= ANy + ANy,
i=1

= <N1> )\2N17 >\2N27)\3N17 cee 7)\an7 )\nNn>7

and hence the affine map > | \; N; is a Nijenhuis operator on T(A) and hence
an affine Nijenhuis operator on A by assertion (1) in Theorem [4.12] O

Corollary 5.3. If P is a multiplicative idempotent in Aff(A), then for all a € F,
(1 — a)P + «aid is an affine Nijenhuis operator.

Proof. This follows immediately from Theorem [5.2] and Example [£.11] O

Following on from Remark with this interpretation, an affine map from B
—

over B to A corresponds to a heap homomorphism f : A — B such that, for all
a,b€e Aand )\ € F:

— "
fla+Xab) = f(a) + Mf(a)f(D). (5.4)
— — —
Any such map defines uniquely linear transformation f : A — B by

— —_
ab — f(a)f(b). We refer to it as a linearisation of f.

If A is a vector space, then it is an affine space over itself, with the vector from
a to b being simply the difference b — a. The heap operation (2.7) coincides
then with @ — b + ¢, while to be affine map from A to A in the sense of (5.4)) is
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equivalent to satisfying conditions (5.145.2)).

Recall from [28, Definition 1] that a Lie bracket on an affine space A is an

H
anti-symmetric bi-affine map [—, —] : A x A — A satisfying the Jacobi identity:

[[a,b], ] + [[b, ], a] + [[c, a],b] = 0.

The arrows over the brackets indicate the linearisations of affine maps
4>
[—,0]: A— A.

Let A be an affine space with a bi-affine associative multiplication - : A x A — A
(we will keep writing the dot between the elements of A, in order to avoid the

confusion with the end points of the vector in 71) The fact that, for all a € A, the
function A — A, b — a- b is an affine map implies, in particular, that it is a heap
homomorphism, which is equivalent to say that the multiplication left-distributes
over the heap operation . Similarly, the heap homomorphism property of
maps b — b - a yield the right truss distributive law. In short, A is a truss, which
might be called an affine truss or an associative affgebra — the term coined in

28].

Remark 5.4. In the same way as a truss can be embedded in a ring (see
Remark [2.15)), any associative affgebra can be obtained as a coset in an associative

algebra. Explicitly, given an algebra A, an ideal I of A and an idempotent element
_—_

q€e€ A T(I;q) = ¢+ I is an affine space over I with (¢ +z)(q+vy) =y — z, to
which the multiplication on A restricts as a bi-affine map.

With no additional effort, the notion of an affine Nijenhuis operation and the
statement (2) of Theorem can be extended to affgebras.

Proposition 5.5. If Ny,..., N, € Aff(A) are pairwise compatible affine Nijenhuis
operators on an associative F-affgebra A, then, for all \i,..., N\, € F such that
Yoo Ai=1, N=>7" NN, is an affine Nijenhuis operator on A.

i=1

Example 5.6. Let A be an associative algebra, I be an ideal in A and ¢ € A
and idempotent element. Assume that I decomposes into a sum of two ideals in
ATl =1L &1, Let P,: I — I;, i = 1,2 be corresponding projections, such that
P,(zq) = Pi(x)q and P;(qx) = qP;(x), for all x € I, ¢ = 1,2. By [16, Theorem 5],
for all Ay, Ao € F, \{ P, + A2 P, is a Nijenhuis operator on [, in particular each of
the P; is a Nijenhuis operator. In view of Proposition 4.4}

N:T(g1) = T(g: 1),  q+zm g+ Pi(r)+ AaP(),

is an Nijenhuis operator on 7'(¢; I). On the other hand, N can be understood as
an affine combination of operators N;(q + =) = ¢ + Pi(x) and Q(q + x) = ¢, as:

N = (]_ —/\1 —/\Q)Q—I—)\lNl —I—)\QNQ.
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For an explicit example we can take the algebra R, its ideal I and an idempotent
q described in Example 4.5 Every element of I can be uniquely decomposed into
the sum of an upper triangular and strictly lower triangular matrix. If P_ denotes
the projection on the latter, for all scalars A, Ao we obtain the following affine
Nijenhuis operator on T'([;q):

N(A(a,b,1)) = A\ Py (a) + AoP_(a), \ib, 1).

Any associative affgebra A admits a Lie bracket given by the linearised
commutator, for all a,b € A:

_—_

[a,0] = (b-a)(a-Db). (5.5)

Indeed, [a, b] is clearly anti-symmetric, and, for all a, b, c € A:

FTi+ s T

[[a,b],c] +cycl. = | (b-a)(a- b),c} +cycl. =la-b,c] —[b-a,c] + cycl.,

=(c-a-b)a-b-¢c)—(c-b-a)b-a-c)+cycl. =0.

In the case of the affgebra T'(I;q) of Remark , the Lie bracket comes out as
the translation of the standard commutator, i.e. [¢ + z,q+ y| = q + [z, y].

With all these preliminaries at hand we can state the following affine version of
[16, Theorem 8§].

Theorem 5.7. Let N be an affine Nijenhuis operator on an associative affgebra
A. Let [—,—] be the Lie bracket (j5.5)).

1). The multiplication oy is a bi-affine operation, thus making A[N| into an
associative affgebra.

—
2). The operation [—, —|y : A X A — A, given by:

—

[a7b]N = [N(a)vb] - N([a’ b]) + [a7N(b)]>

for all a,b € A, is a Lie bracket on A such that:

la,bly = (boy a)(aon D).

3). For all a,b € A:

—

N(la,b]n) = [N(a), N(b)].

Proof. First, note that in view of the definition of the heap operation (2.7]), the
Nijenhuis product comes out as:

aoyc=N(a)-c+ N(a-c)(a-N(c)).
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We will use repeatedly the following elementary facts from the theory of affine
—

spaces. For all points a,b,c,d € A and all vectors v, w € A:

— —

— —
(a+v)(b+w) =ab—v+w, cd — ab = bd — ac. (5.6)

To check if oy is a bi-affine multiplication, take any a,b,c € A and A € F, and
using the facts that N is an affine map, the multiplication - is bi-affine, and (5.6))
compute:

.
(a+ Xab)oy c=

- (N(a)+>\Nm)) -c+N(a-c+)\m) ((a+xab) - N (@),

= N(a)-c+ A(N(a)-c)(N(b)-c)

+ (N(a ¢)+AN(a-c)N(b- c)) (a *N(c)+ Ma-N(c))(b- N(c))>7

— N(a) - ¢+ A(N(a) - )(N(B) - &) + N(a- ) (a- N(c))

—AN(a-¢)N(b-c)+ Aa-N(¢))(b- N(c),

=aoyc+ A <(N(a)-c)(N(b)-c)—N(a-c)(a-N(c))—i—N(b-c)(b-N(c))),

—aoyc+ )\(N(a) ¢+ N(a-c)(a- N(c))) (N(b) e+ N(b-c)(b- N(c))>,

=aoyc+ Aaoyc)(boyc),

as required. The second compatibility condition is proven in a symmetric way.
Therefore, A[N] is an associative affgebra.
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Using properties (5.6), we find for all a,b € A:

(boy a)(aoy b) = (N(b) ca+N(b-a)b- N(a))> <N(a) b+ N(a-b)(a- N(b))) ,

= (N(b) -a)(N(a) - b) = N(b-a)(b- N(a)) + N(a-b)(a- N(b)),

= (N(b) -a)(a-N(b)) = N(b-a)N(a-b) +(b-N(a))(N(a) -b),

— [N(a),8] — N([a,b]) + [a, N(B)],

= [a, b]N

In view of the fact that the Nijenhuis product oy makes A an associative affgebra,
this proves both assertions in statement (2).

Finally, since N is an affine map and a Nijenhuis operator on A:

— —

N([a,b]ny) =N ((b oy a)(aoy b)) = N(boy a)N(aoyb),

This completes the proof of the theorem. n



Chapter 6

Lie Affgebras

Following on from our findings in Chapter [5 specifically Corollary [5.3] here we
will propose an intrinsic definition of the left and right Lie bracket in affine space,
rather than vector space. We shall refer, not to a Lie algebra, but to a Lie affgebra.
Following this definition are examples of these structures and comparisons to the
structure introduced in [2§], and showing the reduction of Lie affgebras to Lie
algebras.

6.1 Lie Affgebra Definitions & Results

Definition 6.1. Let A be an affine K-module. A left Lie bracket on A4 is a

bi-affine map [—, —] : A x A — A, such that for all a,b,c € A:
<[avb]v [a,a], [ba CL]) = [b7 b]> (6'1)
(la,[b, ], [a, a], [b, [c,a]], [b, 0], [c, [a, b]]) = [, c]. (6.2)
Similarly, we call the bi-affine map [—, —] a right Lie bracket if it satisfies

condition and
([[a, 0], ], [a,a], [[b, ], al, [b,0], [[c,a], b]) = [c,c].

An affine K-module with the left (resp. right) Lie bracket is called a left (resp.
right) Lie affgebra.

In the case that K = Z, the affine structure of A is uniquely determined by the
heap structure and we refer to a Lie truss, rather than a Lie Z-affgebra.

When making remarks on properties of left Lie brackets and left Lie affgebras,
symmetric properties may then also be stated when discussing right Lie brackets
and affgebras. Thus, throughout the rest of this thesis, we shall focus on the left
cases and drop the use of the adjective ‘left’.

Remark 6.2. Note that the antisymmetry property (6.1) can be stated
equivalently as:
<[avb]v [b’ b]’ [b7 a]> = [aaa]'

76
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Similarly, the Jacobi identity (/6.2)) holds under any permutation of the three terms
la, al], [b,0], [c, c].

Example 6.3. Let A be an affine K-module A and let ¢ : A — A be an

endomorphism of affine modules. Define the binary operation [—, —] : Ax A — A
by [a,b] = o(a). As both the constant map and o are affine transformations,
this operation is bi-affine. One can also easily check to see that [—, —] is a Lie

bracket. Now if we consider two endomorphisms oy, 09, then the corresponding
Lie affgebras are isomorphic if, and only if, there exists an automorphism of affine
spaces [ : A — A such that, for all a,b € A:

o3(f(a)) = [f(a), f(b)l2 = f([a,bl1) = f(ou(a)),
that is, if and only if:

oy =fooof L.
In particular, the Lie affgebras given by [a,b] = a and [a,b] = const. are not
isomorphic if A has more than one element.

Proposition 6.4. Given an affine K-module A and ( € K, define:
[——]:AxA— A, [a,b] = ( >y b. (6.3)

Then [—,—] is a Lie bracket on A. If K is a field and dim A > 1, then the Lie
affgebras corresponding to (1 and (o are isomorphic if, and only if, (1 = (5.

Proof. In view of the condition (1), in Definition and equation ((2.9), [—, —]
is a bi-heap homomorphism. We will use the base change property (3) in
Definition repeatedly to prove that [—, —| is a bi-affine transformation. First:

[y b, c] = (Papp = <C Do €, (Do (g ), >, b> = <C Do €, (Ca) Dy b), >, b>,
by the associative law (2) in Definition On the other hand:
a g ([0, c]) = <a Do ((Bp ), e (g €), (g c>,
= <(aC) Do € () By b, >y b, (@) by ¢, ( Dy c> = [y b, c].

Therefore, [—,c| is an affine transformation. The other affine homomorphism
property is shown similarly:

la, >y c] = >y (@ c)> = <(a() Do €, (Q) By b, ( Dy b>,
= <a >a @, c], a>, [a,b], [a, b]> = a by a,d,

as required. Next we need to check the condition (6.1)). Note that, for all a,b € A,
la,a] = a by (2.10)), and hence:

<[a,b], la, al, b, a]> = <C Do b, a, (g a, (>, b, b> =0b=[b,b)].

Finally, by fixing v € A, and using (3) in Definition [2.21] we can express any
action >, etc. in terms of >, to obtain:

la, [b,c]] = <C2 by ¢, (2>, b, (>, b, ( by a, a>.
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The Jacobi identity (6.2) can now be verified by varying a,b,c cyclically and
using the reshuffling and cancellation rules for the abelian heap operation.

Now, assume that K is a field, dim A > 1 and consider two Lie brackets on A:
la,b]1 = (1 pe b and  [a,bly = (>, b, for all a,b € A.

An affine isomorphism f : A — A is an isomorphism of Lie affgebras (4, [—, —]1) —
(A, [, —]2) if, and only if:

G @ f(b) =[f(a), f(D)l2 = f([a,b]1) = Ci >y f(B).
Since f is bijective this is equivalent to the statement that (; >, b = (5>, b, for
all a,b € A. In the vector space A,, the above equality implies that (16 = (2b,
for all b, and since A, is at least one-dimensional this is equivalent to (; = (s, as
required. O]

Remark 6.5. As previously referenced in Corollary [5.3] the term Lie affgebra was
introduced by Grabowska, Grabowski and Urbanski in [28] to describe a Lie-type
structure on an affine space and its relation to Definition [6.1] should be clarified.
In [28] an affine space is understood in the traditional manner as a set A over

the vector space A A Lie bracket on (A, A) is then defined as an anti-symmetric
bi-affine map:

ﬁ.
[—, =] AXA— A,
H
that satisfies the Jacobi identity in A:

—

— —
[a, b, cJulu + [b, e, aluu + [c, [a; bu)u = 0, (6.4)
where the arrow indicates the linearisation of the maps [a, —], etc. We will refer
—
to the map [—, —], as to the vector-valued Lie bracket on (A, A).

Proposition 6.6. Let A be an affine space over the field K of characteristic
different from 2. For any v € A, there is a bijective correspondence between
idempotent Lie brackets on A and vector-valued Lie brackets on (A, A,).

Proof. Assume that [—, —] is an idempotent Lie bracket on A (see Definition [2.29)),
that is [a,a] = a, for all @ € A, and, for all a,b € A, define [a, b], € A, by:

[a, b, = ([a,b],b,v) = [a,b] —b.
Then, using the idempotent property of [—, —] and (6.1]) we obtain:
[a, b, + [b,a], = [ab] — b+ [b,a] — a = ([a,b], [b,b],[b,a]) —a = [a,a] —a=v,

so the bracket is anti-symmetric. The linearisation of [a, —], comes out as:

[a, [b, clulu = la, {[b, ], ¢, )]u = ([a; [b, c]u; [a, clu, v),
= <[a> [b’ CH> [b’ C] [a C]m >
= {[a, [b, d]], ¢, v, v, ¢, [b, ], v, [a, c]u, V),
= (la, [b, c]], ¢, v, [b, c|u, v, [a, c]u, V),
= (la, [b c]], [¢, c], v, [b, c]u, v, |a, clu, v),
= a, b, c]] = [e, c] = [b, cJu — [a, clu,
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where the last expression is written in A,. The Jacobi identity (6.2) written in A,
reads:
[CL, [67 CH - [aa CL] + [b> [Ca CZH - [b> b] + [07 [CZ, b” - [67 C] =V, (65)

and its combination with the anti-symmetry of [—, —], implies the Jacobi identity

64).

In the opposite direction one sets:
[a,b] = [a, b, + b.

This is an idempotent by the antisymmetry of [—, —], (and the fact that the
characteristic of the field is different from 2). Antisymmetry also implies that
[—, —] satisfies condition (6.1). Noting that for an affine map f : A — A in
(A,A)) and a € A, and b € A:

fla+b) = f(a)+ 1)
we can compute:

[a’ [ba CH = [&7 [b> CHU + [b7 C] = [a> [b’ C]u + C]u + [ba C]u +c,

= [a, [b, cJu]u + [a, c|y + [b, c]u + e, c].

Now the Jacobi identity (6.4]) together with the antisymmetry of [—, —], imply
the Jacobi identity (6.5]). ]

Example 6.7. In view of Proposition Proposition gives a family of
%
vector-valued Lie brackets on an affine space (A, A), labelled by scalars a € K:

—

la,b], = aab, a,be A.

Every associative algebra is a Lie algebra with the commutator bracket. An
analogous statement is true for associative affgebras.

Proposition 6.8. An associative K-affgebra A is a Lie affgebra with the bracket:
la,b] = (ab, ba, b), (6.6)
for all a,b € A.

Proof. The maps [a,—] and [—,b], induced by the bracket (6.6), are affine
homomorphisms by Lemma [2.22]

Checking the anti-symmetry property (6.1)) is straightforward. For the Jacobi
identity, note that the bracket is an idempotent operation and that:

[a, [b, c]] = (abc, ach, ac, bea, cba, ca, be, cb, c).

Permuting this cyclically one concludes that the Jacobi identity (6.2)) holds. ]
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Again, as is the case for Lie algebras, a commutator Lie bracket needs not be
defined on an associative algebra, it is sufficient to consider pre-Lie algebras
introduced in [24] and [42] (see [35] for a review).

Definition 6.9. A left pre-Lie affgebra is an affine space A, together with the
bi-affine map - : A x A — A, such that, for all a,b,c € A:

(a-b)-c={(a-(b-c),b-(a-c),(b-a)-c). (6.7)

Similarly, a right pre-Lie affgebra is an affine space with bi-affine binary
operation -, satisfying the condition:

a-(b-c)={(a-b)-¢c(a-c) ba-(c-b)), (6.8)
for all a,b,c € A.

We note in passing that, when written in terms of addition a + b = (a, v, b) the
conditions (6.7) and coincide exactly with the corresponding pre-Lie algebras
conditions.

Proposition 6.10. Let (A,-) be a right (or left) pre-Lie affgebra. Then A is a
Lie affgebra with the bracket:

la,b] = (a-b,b-a,b),
for all a,b € A.

Proof. The only point worth mentioning here, is that in the case of a right pre-Lie
affgebra:

[a, b, c]]

<a- (b-c),a- (c-b),a-c,(b-c)-a,(c-b)-a,c-a,b-c,c-b,c>,

= <(a-b)-c,(a-c)-b,a-c,(b-c)-a,(c-b)-a,c-a,b-c,c-b,c>,
by . Once the brackets are redistributed in a uniform way, as above, the
cancellation of the cyclic combinations follows by the same arguments as in the

associative case. The left pre-Lie affgebra condition allows one to distribute
the brackets in double operation to the form — - (— - —). O

Now we will look at derivations within the context of affgebras. The following
definition closely mirrors Definition from earlier in this thesis, however, it is
a more general definition.

6.2 Affine Derivations

Definition 6.11. Let A be a non-necessarily associative K-affgebra and let o :
A — A be an affine map such that, for all a,b € A:

= (o(a)b, o (ab),ac(b)). (6.9)
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A derivation along ¢ is an affine homomorphism X : A — A, such that:
Xo=o0X, (6.10)

X (ab) = (X (a)b,o(ab),aX (b)), for all a,b € A. (6.11)

The set of all derivations along o on A is denoted by Der,(A). Note that o €
Der,(A).

Following this generalised definition, we can see how a derivation of this form X
can be reduced to resemble derivations as seen in Definition B.10

Example 6.12. When o is the identity map o(a) = a we have the following:
(o(a)b,o(ab),ac(b)) = (ab,ab,ab) = ab = o(ab).
Furthermore, we may see that a derivation along ¢ would yield the following:

X (ab) = (X (a)b,o(ab),aX (b)),
= (X (a)b,ab,aX (b)).

Hence when o is the identity map, our generalised definition for derivations reduces
to the kind seen earlier in this thesis in Definition B.10l

Example 6.13. Let [—, —] be the commutator Lie bracket on an associative
K-affgebra A. Then, for all a € A, the map X, : A — A, b — |a,b] is a derivation
along the identity on A.

Proof. Obviously X, is an affine transformation. Checking the derivation property
(with ¢ = id) is straightforward. O

Example 6.14. Let A be an affine K-module, take v € A and view it as an
associative affgebra with multiplication:

abz(a,y,b):a+b,

that is the multiplication of A is addition in the K-module A, (with the K-action
aa = o>, a). Then Derjg(A) = Endg(A,).

Proof. An affine endomorphism X : A — A is a derivation along the identity if,
and only if:

X(a+b) = X(ab) = (X (a),v,b,a,v,b,a,v,X (b)) = (X(a),v, X (b)) = X (a)+X(b),

i.e., X is an additive map. In particular X(rv) = v, and since X is an affine
transformation, for all o« € K and a € A,:

X(aa) = a>xp) X(a) = aX(v).

Therefore, X is a derivation along the identity if, and only if, it is an endomorphism
of K-modules. O
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Example 6.15. Given a truss 7" and a mapping D : T — T where:
D(ab) = (D(a)b,ab,aD(b)),
and e € T such that we have a retracted ring R(T; e) where:
a+b={a,e,b), a-b=ab—ae+e*—eb,

where - denotes our multiplication in the ring and juxtaposition denotes
multiplications in 7'. Then if we have the mapping:

de: T — T, d.(a) = (D(a), D(e),e,a,e),

which may be denoted in R(T’e) as:

thus d. is a homomorphism of abelian groups R(T;e) — R(T;e). Then we may
show that d. is a derivation on R(T’;e), that is to say that the following holds:

de(a-b) =de(a) b+ a-d.(b). (6.12)
Proof. We begin by computing the left-hand side of equation [6.12}

de(a-b)=D(a-b)— D(e) —a-b,
= D(ab —ae +e* —eb+¢e) — D(e) — ab+ ae — € + eb,
= D(ab) — D(ae) + D(e*) — D(eb) + D(e) — D(e) — ab + ae — €* + eb,
= D(a)b— ab+ aD(b) — D(a)e + ae + aD(e) + D(e)e — €
+eD(e) — D(e)b+ eb — eD(b) — ab + ae — €* + eb.

We then compute the right-hand side of equation [6.12
de(a)-b+a-d.(b)=D(a)-b—D(e)-b—a-b+a-D(b)—a-D(e)—a-b,

= D(a)b — eb+ e* — D(a)e — D(e)b+eb — e* + D(e)e
+aD(b) — eD(b) —aD(e) + eD(e) — 2(a - b),

= D(a)b — eb+ e* — D(a)e — D(e)b+eb — e* + D(e)e
+aD(b) —eD(b) —aD(e) + eD(e)
— 2ab + 2ae — 2¢* + 2eb — 2e.

Here we can see that equation holds. Thus we may conclude that a derivation
D on a truss T induces a derivation d, on any retract R(T’; e) respectively. O]
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Example 6.16. Consider the derivation D, and the truss build on (Z, (— ——), *)
with:
m*n =amn+b(m+n)+c,

where a,b € Z. Then there exists a bijective correspondence between the

derivation d on the retract R(Z,0), and a derivation D on (Z,(— — —), %) such
that:

D v+— d+id,

d— D —id.

Proof. Given the above conditions, we may write:
D(m*n) = (D(m) xn, D(m*n), m* D(n)),

d(m) = (D(m), D(0),0,m,0)
O
Example 6.17. Following on from these calculations, given a truss T and its
retracted ring R(T'; 0), if we have the property that R(T’; 0) has the identity D(1) =

1 and we define:

d(a) :== D(a) — D(0) — a,
then we may compute the following:
dla+b) =D(a—0+b)—D(0) —a—0,
D(a) — D(0) + D(b) — D(0) —a — b,
d(a) + d(b).

Then using the following properties:
d(ab) = d(a)b + ad(b),

D(ab) = D(a)b — ab + aD(b),

we compute:

d(ab) = D(ab) — D(0) — ab, (6.13)
= D(a)b—ab+ aD(b) — D(0) — ab. (6.14)

Then we compute:
d(a)b+ ad(b) = D(a)b — D(0)b — ab+ aD(b) — aD(0) — ab. (6.15)

Finally we compute:

d(0) = D(0a) = D(0)a — Oa + 0D(a),
= D(a0) = D(a)0 — a0 + aD(0),

thus:
d(0) = D(0)a = aD(0). (6.16)
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we can now see that if we have D(0) = 0, it follows that in equation ([6.16|) we
have d(0) = 0, and that the lines (6.1316.15]) equate. Hence, D is a derivation of
R, if D(0) = 0. Now let us check if the inverse holds. If we set:

D(0) =0,
it follows that:
d(a) = D(a) — D(0) — a,
=D(a) —0—a,
=D(a) —a

If we then compute:

dla+b) =D(a—0+b)—D(0) —a—10,

(
= D(a) — D(0)+ D(b) — D(0) —a — b,
= D(a)+ D(b) —a—1b,
= d(a) + d(b).
Then again we check:
d(ab) = D(ab) — ab, (6.17)
= D(a)b— ab+ aD(b) — ab. (6.18)
We again show that, as above, equations and are equal:
d(a)b + ad(b) = D(a)b — ab + aD(b) — ab. (6.19)

Finally it is trivial to see that:
d(0) = D(0a) = D(0)a — Oa + 0D(a),
= D(a0) = D(a)0 — a0 + aD(0) =,
=0.
Thus, we may state that D is a derivation of R if, and only if, D(0) = 0.

Proposition 6.18. Let L be a Lie affgebra with an idempotent bracket. Then for
all a € L, the map:
X,:L— L, b [a,b],

1s a derivation on L along the identity.

Proof. By the definition of a Lie bracket, the map X, is an affine transformation.
Take any b,c € L, and using the Jacobi identity (6.2)), the antisymmetry (6.1]),
and the idempotent property of the Lie bracket, compute:

Xa([ba C]) = [a7 [b7 C” = <[CL, a]: [b> [Ca CLH’ [b> b]’ [07 [a7 b]]a [Cv C]>7
= <[a, al, [b, [¢, c]], b [a, ]}, [b, [a, ], [b, b], [[a, B], [a, b], [[a, B], ], [¢, ] [c, C]>,
= (. [b,dl, [b. X (). b.al. [0,8) 0, ], [X.(0). ),

= ([Xa(b), . ), [b, Xa(©)]. [, 0], @) = ([Xa(b). ], bs ], b, Xa(e)]).
as needed. O
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Theorem 6.19. Let A be a non-necessarily associative K-affgebra and let o : A —
A be an affine map. Then:

1). Provided o satisfies (6.9), Der,(A) is a Lie affgebra with the K-affine structure
arising from Aff(A) and the Lie bracket:

[X,Y] = (XY,YX,0), (6.20)
for all X,Y € Dery(A).
2). If the affine K-sub-module:
AfF(A), == {X € Aff(A) | X satisfies (6.11)} C Aff(A),

is a Lie affgebra with bracket (6.20), then o € Aff(A), and Aff(A), =
Der,(A).

Proof. 1). First we need to check whether Der,(A) is closed under the K-action
(2.14)) (it is clear that Der,(A) is a heap with the pointwise operation). In view
of the base change property (3) in Definition [2.21] actions with different bases
(elements under the symbol ) can be converted to the action with a fixed base.
Hence, take v € A, then for all X, Y € Der,(A), a € A and a € K:

(abx Y)(a) = {(ar, Y(a),ar, X(a), X(a)).
To simplify notation further we will denote >, by -. We compute, for all a,b € A:

(abx Y)(ab) = (a-Y(ab),a - X(ab), X (ab)),

_<a

-

—~

Y(a)b),a - o(ab), a - (aY (b)),
X(a)b),a o(ab), - (aX (b)),
X (a)b, o(ab),aX (b)),

= ((a-Y(a))b, (a- X(a))b, X(a)b,o(ab),ac - Y (b), acx - X (b),aX (b)),

~—~

—{(a-Y(@),a- X(a), X(@)b olab).ala- Y (B),a - X (), X (1)),

= ((a>x Y)(a)b,o(ab),ala>x Y)(b)),

which proves that a>x Y is a derivation along o, as required.

Next we need to check that [X,Y] is a derivation along o. Since all the maps
involved in the definition of [ X, Y] are homomorphisms of affine modules, [ X, Y] is
an affine module homomorphism as well by Lemma The derivation property
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is checked as follows. For all a,b € A:
[X,Y](ab) = (XY (ab),Y X (ab), o (ab)) =

= (X(aY (b)), Xo(ab), X (Y (a)b), Y (aX (b)), Y o(ab), Y (X (a)b), o(ab)),

= (X(a)Y (b),0(aY (b)), aXY (b), Xo(ab), XY (a)b, o (Y (a)b),Y (a) X (b),
Y (a)X (b),0(aX(b)),aY X(b),Yo(ab),Y X (a)b,o(X(a)b), X (a)Y (b),c(ab)),

= (o(ab), o (aY (b)), aXY (b), Xo(ab), XY (a)b, (Y (a)b),
o(aX (b)), aY X (b), Yo(ab), Y X (a)b, o(X (a)b)),

= (o(ab),oY (ab),a[X,Y](b), Xo(ab),[X,Y](a)b, o*(ab)
o X (ab),ac(b),Yo(ab),o(a)b,o”(ab)),

= (a[X,Y](b), ac(b), o (ab), o (a)b, [X,Y](a)b),

= (a[X,Y](b), o(ab), [X, Y](a)b).

Here we used the derivation property in obtaining the second, third, fourth and
the fifth equalities; equation to obtain the sixth one; and to derive the
last equality. We also used freely the cancellation and rearranging rules stemming
from the definition of an abelian heap. This proves that [X,Y] is a derivation
along o.

The functions [—,Y] and [X,—| are affine maps by Lemma [2.22| Tt remains to
check that [—, —] is a Lie bracket. First, for all X, Y € Der,(A), note that [X, X| =
o = [Y,Y], and hence:

(X, Y], [ X, X],[Y,X]) =(XY,YX,0,0,YX,XY)=0=[Y,Y].
Finally, taking in addition Z € Der,(A):
(XY 2] X XD, Y 2, X)L [V Y (2, (X YD)
= <X[Y, ZL,IY, 21X, 0,0,Y([Z, X],[Z,X]Y,0,0,Z[X,Y], X, Y]Z,a>,
= <XYZ,XZY,XU, o X, ZYX,YZX,YZX,YXZ Yo,0Y,

XZY, ZXY, ZXY,ZY X, Zo,0 2, Y XZ , XY Z, O’> =o0=1[2,7,
where the condition (6.10) was used. This completes the proof that the set of all
derivations on A along o is a Lie affgebra.

2). Since [X, X| = o and Aff(A), is closed under the Lie bracket, o € Der,(A).
Furthermore, exploring the Jacobi identity for X,Y = Z € Aff(A), we find:

(0,YX? 0X, X0, YX? =0,
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which implies that Xo = 0 X and hence, every element of Aff(A), is a derivation
along o. O]

6.3 From Lie Affgebras to Lie Algebras

The following theorem reveals that, just as any associative truss can be retracted
to an associative ring [4, Theorem 4.3], any Lie affgebra can be retracted to a Lie
algebra.

Theorem 6.20. Let (A, [—,—]) be a Lie K-affgebra. Then, for all v € A the
K-module A, together with the bracket:

la,b], = ([a,b], [a, V], [v, V], [v,b],v) = [a,b] — |a,v] + [v,v] — [V, b], (6.21)
is a Lie K-algebra.  Furthermore, any two Lie K-algebras (A,,[—,—],) and
(A, [—, =) are mutually isomorphic.
Proof. The bracket [—,—], is a bi-linearisation of the bi-affine bracket [—, —]

by the repetitive use of the linearisation formula (2.13) (step-by-step for each
argument), and hence is a bilinear operation on A,.

Written in terms of addition and subtraction in A,, the antisymmetry property

(6.1) and Jacobi identity (6.2) of the Lie bracket [—, —], for all a,b,c € A, come
out as:

la,b] — [a,a] +[b,a] = [b,b], [a,[b,c]] — [a,a] + [b,[c,al] — [b,b] + [c, [a, b]] = [c, c].
The first equality immediately implies that [a,a, = v and [a,b], = —[b,al,.

The second equality is used to check the Jacobi identity for [—, —],:

[a, [b, ]

= [a, [b,dly — a, [b, V], + [a, [v, Y]]y — [a, [v, ], + cyel.,
[a7 [bv CH - [V7 [b7 CH - [a7 [b7 V]] + [V’ [b’ VH

+ [a, [v,V]] = [v, [v, V]] — [a, [v, d]] + [v, [v, c]] + cyel.,

Finally, using the translation isomorphism 7% from Remark we obtain the
following equality of terms (binary operations in A,/):

!

[TV (a)77_11// (b)]l/’ = [a’ - V7b - V]V”
= la,bl,, — la, V], — [v,b], + [v, V],

= ([a,b],[a,y],[y,l/],[ >b]>’/> :TV(

v

[a, bl)-

This proves the isomorphism of Lie algebras. O
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Example 6.21. Let A be an associative K-affgebra with the commutator bracket

in Proposition [6.8f Take any v € A. By Theorem A, is an associative
algebra with the multiplication:

a-,b=ab—av+v?—vb.
One easily checks that:
[a,b], =a-,b—b-,a,
the usual commutator Lie bracket on an associative algebra.

Example 6.22. Let A be a Lie affgebra with the bracket [a,b] = (>, b, ( € K
(see Proposition . Take any v € A. Then, irrespective of the choice of (:

la,b], = v,

the trivial Lie bracket on A,. As shown in Proposition [6.4] in the case where
K is a field, the Lie brackets on A depend heavily on the choice of (. Thus
non-isomorphic Lie affgebras can reduce to isomorphic (or even identical) Lie
algebras.

In a similar way all Lie affgebra structures [a, b] = o(a), discussed in Example[6.3]
collapse to the zero Lie bracket on A,.



Chapter 7

Nijenhuis Operators on Lie
Affgebras

We now look to how Nijenhuis operators behave on Lie affgebras, with definitions
largely adapted from Poisson-Nijenhuis structures [32]. In particular, we show
that Nijenhuis operators give rise to a family of compatible Lie brackets on an
affine space.

7.1 Nijenhuis Operators over Lie Affgebras &
Nijenhuis Brackets

Our first definition is an alternative interpretation of the Nijenhuis operator to the
ring based interpretation used in [16] and the truss based interpretation Definition

applied throughout Chapter 4 and Chapter [3]

Definition 7.1. Let (A,[—, —]) be a Lie affgebra. An affine homomorphism N :
A — Ais called a Nijenhuis operator (over a Lie affgebra) if, for all a,b € A:

[N(a), N(b)] = N({[N(a),b], N([a, b)), [a, N(b)]))- (7.1)
The binary operation [—, —|y on A, given by:
[a,b] 5 = ([N(a),b], N([a, b]), [a, N(b)]), (7.2)
is called the Nijenhuis bracket.

Note that, since N is an affine homomorphism, the Nijenhuis bracket [—, —|y is
affine on each argument by Lemma [2.22| and hence a bi-affine map.

Remark 7.2. To make the following calculations more legible, from this point
onward, we will be using the operator notation convention N(a) = Na. We will
also use the additive notation for ternary heap operation (2.8). In this notation
the Nijenhuis bracket (7.2)) and the Nijenhuis operator condition (7.1)) come out
as:

[0, bl = [Na,8] — N[a,b] + [a, N8|,  [Na, Nb| = Nla, bx.

89
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7.2 Resulting Examples & Theorems

Theorem 7.3. A Nijenhuis bracket on a Lie affgebra (A, [—, —]) is a Lie bracket.

Proof. First we see if the Nijenhuis bracket satisfies the antisymmetry property.
We start with:

<[b7 b]N7 [b7 a]N7 [a7a]N> = [Nba b] - N[bv b] + [bv Nb]
— [Nb,a] + N[b,a] — [b, Na]
+ [Na,a] — Nla,a] + [a, Na,

and then use the antisymmetry property (6.1]) of [—, —]:
<[b7 b]N7 [b7 ah\“ [a’ a’]N> =

= [Nb,b] — N[b,b] + [b, Nb] — |a,a] + [a, Nb] — [Nb, Nb| + Nla,a] — N|a, b]
+ N[b,b] — [Na, Na] + [Na,b] — [b,b] + [Na,a] — Nla, a] + [a, Na].

Next we perform cancellations and apply again the antisymmetry of [—, —]:
<[ba b]N: [ba a]N? [CL, a’]N> = [NCL, b} - N[aa b] + [CL, Nb] = [CL, b]N?
thus the antisymmetry property holds for [—, —|n.

It remains to check that the Nijenhuis bracket satisfies the Jacobi identity. To this
end we start with developing the left-hand side of the Jacobi identity:

LHS = <[CL, [bv C]N]N7 [a’v a]Nv [b7 [C, CL]N]N, [b7 b]NJ [Cv [CL, b]N]N>7

= [Na,[Nb,c]] = [Na, N[b, c]] + [Na, [b, Nc|]] — Na, [Nb, c]] + N[a, N[b, ]|

— Nla, [b, Nc]] + [a, [Nb Nd]] = [a,a] + Nla,a] — [Na, Na] + [Nb, [Ne, al]

— [Nb, N[c,a]} + [Nb, ¢, Na]] = N[b,[N¢, a]] + N[b, N|c, a]] = N|b, [¢, Na]]

+ [b, [ Na]| — [b,b] + N[b,b] — [Nb, Nb| + [Nb, [Nc,a]] — [Nb, N]c, al]

+ [Nb [c Na]] — N[b,[Ne,a]] + N[b, N[e,a]] — N[b, [¢, Na]] + [b,[N¢, Nal],
and then apply the Jacobi identity for [—, —| several times to obtain:

LHS = [¢,¢] + [Na, Na] + [N¢, Nc] + [Nb, Nb| + [Ne, Nc| + N[Na, [b, ||
— N[Na,Na| — N[b,b] — N|e,c] + N[Nb, |[c,a]] — N]a,a] — N[Nb, Nb|
- N[c,c] + N[N¢,[a,b]] — N]a,a] — N[b,b] — N[N¢, Nc] — [Na, N|b, (]
Nla, N[b,c]] + Nla,a] — [Nb, N[c,a]] + N[b, N[c,a]] + N[b, 1]
[Nc Nla,b]] + N|e, Nla, b]].

In the next step we perform cancellations and substitutions of the form:

N?[z,y] = N[Nz,y] — [Nz, Ny] + N[z, Ny].



7.2. RESULTING EXAMPLES & THEOREMS 91

This results in:
LHS = [¢,¢] + [Na, Na] + [N¢, Nc¢| + [Nb, Nb| + [N¢, N¢] — N[Na, Na]
— Nla,a] — N[Nb, Nb] — N[b,b] — N[N¢,Nc|] — N|c,¢] — Nle, ]
+ N?[a, [b, c]] + N*[b, [e, a]] + N?[c, [a, b]].
The application of the Jacobi identity for [—, —] yields:
LHS = [¢,c] + [Na, Na] + [N¢, N¢| + [Nb, Nb] + [N¢, Nc] — N[Na, Na] — Nla, a
— N[Nb, Nb| — N[b,b] — N[Ne¢, Nc| — Nle,c] — Nle, ]
+ N%[a, a] + N?[b,b] + N?[c, c].
It remains to use the definition of the Nijenhuis bracket ([7.2)), antisymmetry and
the Nijenhuis operator ([7.1]) condition to conclude that:
LHS = [¢,¢] — Ne,c] + [Ne¢,Nc] = [Ne,c] — Nle, ] + [e, Nc] = [e¢, ¢]n.
ie.
<[a7 [b7 C]N]N; [CL, CL]N, [b7 [Cu a’]N]N; [b7 b]N7 [Cu [CL, b]N]N) = [Ca C]N7
as required. O

Example 7.4. Let A be an associative K-affgebra A, and N : A — A an affine
map such that, for all a,b € A:

N(a)N(b) = N(N(a)b, N(ab),aN(b)).
A straightforward computation:

N{[N(a), b, Nla,b], [a, N(b)]) = N(N(a)b — bN(a) + b — N(ab) + N(ba) — N(b)
+aN(b) — N(b)a+ N(b)),

= N(a)N(b) = N(b)N(a) + N(b) = [N(a), N(b)],
affirms that N is a Nijenhuis operator on the Lie affgebra A with the bracket given
in Proposition [6.8]

Example 7.5. Let A be the K-affine module with the Lie bracket [a,b] = (g b
as in Proposition [6.4f For any affine endomorphism N : A — A, using the
homomorphism property of N and the base change property (c) in Definition m
we find:

[a, b]N = <C >Na b, N(C >aq b), C >aq Nb>,
= ((pyb,(>y Na, Na,( >y, Nb,( >y ND),
= ((>eb,(>y Na,Na,Na,(>, Na,( >, Nb, (>, NbY,
= (>, b=[a,b].
Again, by using the homomorphism property of N, we immediately find that:
[Na, Nb] = Nla,b] = Nla,b]y.

Therefore, any affine endomorphism N of A is a Nijenhuis operator for (4, [—, —])
and the Nijenhuis Lie bracket coincides with the original Lie bracket on A.
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Theorem 7.6. Let N be a Nijenhuis operator on a Lie K-affgebra (A, [—,—]). For
any k € N we denote by N* the k-th composition power of N, with the convention
that N° =id. For all k,l € N:

1). N* is a Nijenhuis operator on (A, [—,—]).
2). N'is a Nijenhuis operator on (A, [—, =] ).
3). For all a € K, the map:
NF=appye NV 2 A — A, a+— abyr, Na,
is a Nigenhuis operator on (A, [—,—]).

Proof. Using similar methodology to that of Theorem we first show that, for
all a,be Ak, l € N:

[N*a, Nb] = (N[N*a,b], N*"[a, b], N*[a, Nb]), (7.3)
[Na, N*b] = (Nla, N*b], N***[a, b], N*|Na, b]), (7.4)
N*[a,b] = (N[N*¥a,b], [N*a, Nb], N¥[a, Nb]), (7.5)

= (N*[Na,b],[Na, N¥b], N[a, N*b]) (7.6)

We will show how can be proven by induction and only note that
can be proven symmetrically, and that proofs of and follow trivially.
Starting with 7 for k = 0 we have N° = id, and for £ = 1 we have the Nijenhuis
operator. If we assume that equation holds for k, then the Nijenhuis condition
yields:

[N*a, Nb] = [N(N*a), Nb] = N([N*"a,b], N[N*a,b], [N*a, Nb]), (7.7)

N{[N*¥*'a, b], N[N*a,b], N[N*a,b], N*[a,b], N*[a, Nb])), (7.8)
= (N[N**'a,b], N**2[a, b], N**![a, ND]).

Thus, (7.3]) holds for all £ € N, by induction. Then using the above, we compute:
[Na, Nb|yr = ((N**'a, Nb], N*[Na, Nb], [Na, N**'b)),
— (N[N**1a,8], N*+2[a, b], N**'[a, Nb],
N*1[Na,b], N**2[a, b], N*+'[a, Nb],
N*[Na,b], N**2[a,b], Na, N*T1b]),
= <N[Nk+1a7 b]v Nk+2 [CL7 b}a N[CL, Nk+1b]> = N[(l, b]NkJrl'
Now we will show that:

N'[a, b] ywer = [N'a, N'b] ye. (7.10)
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This is proven through a straightforward induction, and we need only demonstrate

the case where [ = 1. Using (7.5 and (7.6)), we find:

([Na,b]yx, Nla,b|nx, [a, Nb|yr) =

= ([N**'a,b], N¥[Na,b], [Na, N*b], N[N*a,b], N**'[a,b],
Nla, N*b], [N*a, Nb], N¥[a, Nb], [a, N¥+10]),

= ([N*a,b], N*[a,b], N*[a, b], N*[a, b], [a, N*T0]),

= <[Nk+1a7 b]a Nk+1[a7 b]v [a’v Nk+1b]> = [a’a b]Nk+1-
Lastly, we must demonstrate:
[Nota, Ny'b) = NYY([NGa, b, Nyi'[a, 0], [a, N§'0]). (7.11)

To make the following of the argument easier, we use the additive notation
explained in Remark[7.2] write the affine action relative to the element determining
the binary operations as in Remark [2.23, and we compute:

[Niy'a, Ny'b] = *[N'a, N'8] — o*[N'a, N*b] + a[N'a, N*b)
— ?[N*a, N'b] + o’ [N*a, N*8] — a[N*a, N*)
+ a[N*a, N'8] — o[ N*a, N*8] + [N*a, N*3].

Now compute, applying the Nijenhuis condition:

N ([Na'a, 0], Ny'la, 8], [a, No'b]) =

= oa?’N'[N'a,b] — o®?N'[N*a,b] + aN'[N*a,b] — o> N¥[N'a, b] + o> N*[N*a, b]
— aN*[N*a,b] + aN*[N'a,b] — aN*[N*a, b + N¥[N*a,b] — o> N'N'[a, b]

+ o?N'N*[a,b] — aN'N*[a,b] + o> N*N'[a, b] — o> N*N*[a, b] + aN*N*[a, b]
— aN*N'a,b] + aN*N*[a,b] — N*N*[a,b] + o*N'[a, N'b] — o*N'[a, N*b]

+ aN'[a, N*b] — o> N*[a, N'b] + o N*[a, N*b] — aN*[a, N*b] + aN*[a, N'b]
— aN*[a, N*b] + N¥[a, N*b],

= —o?N'[N*a,b] + a’N'N*[a,b] — a*N'[a, N¥b] + aN'[N*a,b] — aN'N*[a, ]
+ aN'[a, N*b] — o> N*[N'a,b] + o> N*N'[a,b] — o> N¥[a, N'b] + aN*[N'a, b]
— aN*N'a,b] + aN*[a, N'b] + o*[N'a, N'b] + o*[N*a, N*b] + [N*a, N*b]

— 2a[N*a, N*p).
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To see how the terms of our two equations compare, we require some further
calculation. For the case where k <[ (or similarly where & > [ ) we use equation
(7.10)), the definition of the Nijenhuis bracket and part (1) of this theorem to see:
N*¥a, by = [N*a, N*b| yi—r = [N*a, N'b] — N'""F[N*a, N*b] + [N'a, N*D),
= [N*a, N'b] — N'[N*a,b] + N"¥[a,b] — N'[a, N*b] + [N'a, N*V],
= [N*a, N'b] — N'[a, b)), + [N'a, N*b],

thus we can use the equality:

[N*a, N'b] + [N'a, N*b] = N*([N'a,b] — N'[a, ] + [a, N'b])
+ NY([N*a,b] — N*[a,b] + [a, N*b]),

to see that we have satisfied the equality (7.11]). O
Corollary 7.7. Let N be a Nijenhuis operator on a Lie K-affgebra (A, [—,—]).
Then, for all k,l € N the Lie brackets |[—, —|yrx and [—, =]y are compatible in the

sense that for all o € K, the map:
AxA— A, (a, b) — [>[a7b]Nk [CL, b]Nz, (7.12)
1s a Lie bracket on A.

Proof. One easily checks that the operation ([7.12) is the Nijenhuis bracket
corresponding to N¥! in Theorem (7.6)), and hence it is a Lie bracket by the
statement (3) of Theorem (7.6) and by Theorem [7.3 O

Example 7.8. Let A be an affine space and o € Aff(A). Take the Lie bracket
la,b] = o(a) of Example [6.3] An affine map N : A — A is a Nijenhuis operator
for this bracket, provided N o0 = 0 o N. The corresponding Nijenhuis bracket is
la,b]y = o(Na). By Corollary [7.7, we have a family of pairwise compatible Lie
structures that includes the original bracket, [a,b]yx = o(N*a). Of course, this is
not an exhaustive list of compatible structures. Let us take any £ € Aff(A) and
consider [a, bl = £(a). Then for all a,b € A and o € K:

a by [a,ble = abog) €(a) = (a>, §)(a),

which is the Lie bracket of the type Example [6.3] with ¢ replaced by the affine
homomorphism a >, £.

Finally, we prove that Nijenhuis operators on Lie affgebras retract to Nijenhuis
operators on Lie algebras. That is to say, the linearisation of a Nijenhuis operator
on a Lie affgebra is a Nijenhuis operator on the corresponding Lie algebra.

Theorem 7.9. Let (A,[—,—]) be a Lie affgebra and N a Nijenhuis operator. If
we have an element v € A, which acts as the neutral element of addition, then we
have the Lie algebra (A,,[—,—],), as seen in Theorem . Let N, : A, — A, be
defined by:

N,a = (Na,Nv,v) = Na — Nv,
then N, is a Nijenhuis operator on the Lie algebra (A,,[—,—],).
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Proof. The function N, is a linearisation of the affine map N (see (2.13)) and
hence a linear operator on the vector space A,. We must demonstrate that the

following equality holds:
[N,a, N,b|, = N, ([N,a,bl, — N,[a,b], + [a, N,b],) . (7.13)
Compute the left-hand side:
[N,a, N,bl, = [N,a, N,b| — [N,a,v] + [v,v] — [v, N, b,
= [Na, Nb] — [Na, Nv] + [Na,v] — [Nv, Nb| + [Nv, Nv| — [Nv, V]
+ [v, Nb| — [v, Nv] + [v,v] — [Na,v] + [Nv,v] — [v,v] + [v, V]
- [Vva] + [V7NV] - [V7V]7
= [Na, Nb] — [Na, Nv] + [Nv, Nv] — [Ny, Nb.
Then compute the right-hand side:

N, ([N,a,bl, — N,[a,b], + [a, N,b],) =
= N,([Na,b], — [Nv,b], + [v,b], — N|a,b], + Nv + [a, Nb], — [a, NV|, + [a,V],),

= N([Na,b] — [Na,v] + [v,v] — [v,b] — [Nv,b] + [Nv,v| — [v,v] + [v,]]
+ v, b — [v,v] + [v,v] — [v,b] — N|a,b] + N[a,v] — N[v,v] + Nv,b]

+ la, Nb| — [a,v] + [v,v] — [v, Nb] — [a, NV] + [a, V] — [v, V] + [v, NV]
+1

a,v] — [a, V] + [v,v] = [v,v]) — Nv,
= N([Na,b] — Nla,b] + N]a, Nb]) — N([Na,v] — N[a,v] + N[a, Nv])
+ N([Nv,v] — N[v,v] + N[v, Nv]) — N([Nv,b] — N[v,b] + N|v, Nb]).

We may then use the Nijenhuis condition, when comparing terms, to see that both

sides of equation ([7.13)) are equal. O



Chapter 8

Conclusion & Further Works

8.1 Closing Remarks

If we want to solve problems that are unintuitive to us, then we should strive to
create tools that also seem unintuitive at first glance - a strangely shaped key for
a strangely shaped lock. In mathematics we should, in fact, be used to strange
concepts unlocking further understanding of a subject area, be it the accidental
utility of the once purely academic imaginary numbers, or the rich understanding
we now have of the quantum world that behaves in such drastically different ways
to things on the macro scale. It is for these reasons that I see a strong argument
for the further study of trusses and their applications. The truss is a relatively
new algebraic structure that demands further investigation and curiosity.

8.2 Recommended Further Reading

As mentioned in the opening chapters, this thesis is very much an expansion of
two articles, Affine Nijenhuis operators and Hochschild cohomology of trusses
[12], and Lie and Nijenhuis Brackets on Affine Spaces [13], with the latter being
a continuation from the findings in the former.

However, in the interim between the publishing of those original two papers and
the completion of this thesis, there have been other endeavours into these areas
of algebra that further contribute to some of the ideas presented here.

Key papers to look into for further work would be: Special normalised affine
matrices. An example of a Lie affgebra [9], On matriz Lie affgebras [14], and Lie

affgebras vis-a-vis Lie algebras [3]. The following is a very brief summary of each.

Special normalised affine matrices. An example of a Lie affgebra [9] looks to how
certain matrices can form Lie affgebras.

On matriz Lie affgebras [14] studies Lie affgebras on several classes of affine
spaces of matrices.
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Lie affgebras vis-a-vis Lie algebras [3] is a slightly longer paper. This shows how
any Lie affgebra is isomorphic to a Lie algebra together with an element and a
specific generalised derivation. That is to say, that this paper looks into the very
relationship between Lie algebras and Lie affgebras in both directions.

8.3 Potential for Further Work

The potential for future work is vast, there are countless theorems and concepts
that could be expanded to the general Lie affgebra case. An example of future
work would be to look at work such as: When Leibniz algebras are Nijenhuis?
[33] and expand Nijenhuis brackets (Definition to Leibniz affgebras.

There is also potential in looking to some of the papers by K. Grabowska, J.
Grabowski and P. Urbanski, taking some of the results and extending them to the
general Lie affgebra case.
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