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Stochastic gravitational-wave backgrounds (SGWBs) of primordial origin offer a powerful probe of
early-Universe physics and possible dark-sector dynamics. While most searches focus on the GW power
spectrum, additional information is encoded in higher-order correlators that characterize the statistical
properties of the signal. In this work we study non-Gaussian features of a cosmological SGWB generated at
second order by vector fluctuations, a class of sources well motivated in early-Universe scenarios. Within
this framework we develop tools to characterize higher-order GW correlators and compute representative
four-point functions that generate a connected contribution to the GW trispectrum. We show that the
trispectrum amplitude scales as the square of the GW power spectrum and peaks in characteristic folded
momentum configurations, reflecting the structure of the nonlinear source. We then explore the
observational implications. First, we demonstrate that the connected trispectrum contributes to the
variance of two-point overlap reduction functions, including the Hellings-Downs curve relevant for pulsar
timing arrays. We then construct the optimal estimator to measure the connected trispectrum with ground-
based interferometers. Our results highlight how non-Gaussian SGWB statistics provide a complementary
observable to probe the origin of GW backgrounds and to distinguish cosmological from astrophysical
sources.

DOI: 10.1103/3pd3-r3x8

I. INTRODUCTION AND CONCLUSIONS

The search for a stochastic gravitational-wave back-
ground (SGWB) of primordial origin offers a unique and
powerful probe of the physics of the early Universe [1].
Unlike electromagnetic radiation, gravitational waves
propagate essentially unimpeded from their production
epoch, allowing them to carry direct information about
physical processes occurring at extremely high energies
and very early times. A particularly compelling target
consists of scenarios in which present-day cosmic puzzles
are explained through dynamics in the early Universe.
Examples include models where primordial black holes
account for a fraction of the dark matter, scenarios in which
primordial vector fields seed the large-scale magnetic fields
observed in galaxies and clusters, or frameworks in which
dark matter arises from a dark photon sector. See, for

example, [2–4] for reviews of these possibilities. These
scenarios typically involve the amplification of primordial
fluctuations or the dynamics of additional fields in the early
Universe. As a generic consequence of their nonlinear
evolution, they inevitably source gravitational waves at
second order in perturbations, leading to the production of a
stochastic gravitational-wave background. In this sense, the
SGWB constitutes an unavoidable byproduct of the mech-
anisms responsible for generating the underlying cosmo-
logical structures or dark-sector components. See, e.g.,
[5,6] and references therein. Importantly, the resulting
SGWB signals are expected to display distinctive spectral
and statistical properties that encode information about
their production mechanisms. Characterizing these features
therefore provides a powerful avenue to discriminate
between different early-Universe scenarios and to probe
the physics of the dark sector.
A central challenge in the context of SGWB physics

is the identification of observables capable of discriminat-
ing among different gravitational-wave sources, whether
primordial [1] or astrophysical [7], and of accurately
extracting their physical properties. Several strategies have
been proposed to distinguish cosmological from astro-
physical SGWB, including the study of their spectral
profiles (see, e.g., [1,8–10] and references therein) and
of their anisotropies: see e.g. [11–14].
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In this work we investigate primordial non-Gaussian
features in the distribution of gravitationalwaves as potential
observables for discriminating among different sources of
the SGWB. Non-Gaussianity has long been recognized as a
powerful probe of early Universe physics. In particular,
primordial non-Gaussianities generated during inflation
havebeenextensively studied in the scalar sectorof curvature
perturbations (see e.g. [15]), and constraints of their ampli-
tude and shape in the cosmic microwave background have
played a crucial role in ruling out classes of inflationary
models [16,17]. In comparison,much less attention has been
devoted to the study of primordial non-Gaussianity in
SGWBs of cosmological origin, and to the development
of suitable estimators to detect such signals with gravita-
tional-wave experiments.Ourwork aims to contribute to this
direction. We focus on the class of dark-sector scenarios
discussed above, in which gravitational waves are generated
at second order in fluctuations. Since the GW signal arises
from nonlinear sources, the resulting SGWB is expected to
exhibit intrinsically non-Gaussian statistics. This property
provides an additional observable that can be exploited to
discriminate among different GW production mechanisms.
In this work we therefore investigate primordial SGWB
non-Gaussianity generated at second order in dark-sector
models, and assess its potential as a diagnostic of the
underlying early Universe dynamics. We show how non-
Gaussian features encode information about the physical
processes responsible forGWproduction, andwediscuss the
prospects for detecting such signatures with present and
future gravitational-wave experiments. Our analysis aims to
bridge a gap between theoretical predictions and observa-
tional strategies, exploring small-scale SGWB non-
Gaussianities by working at the interface between gravita-
tional-wave theory and experimental searches.
Astrophysical SGWBs, being generated by the cumu-

lative contribution of a large number of independent
sources, are expected to be nearly Gaussian by virtue of
the central limit theorem [18,19]. This expectation holds
provided that a sufficiently large population of sources
contributes to the signal. An important exception arises
when the SGWB is produced by a limited number of
unresolved sources. In this regime the signal can exhibit a
so-called “popcorn” character, reflecting the Poissonian
statistics of the underlying astrophysical events. The
resulting background is then characterized by a distinct
form of non-Gaussianity associated with the discreteness of
the sources. The search for and characterization of such
signals is an active area of research; see, for example,
[19–30]. See also [31,32] for comprehensive reviews.
Cosmological gravitational-wave backgrounds, by con-

trast, originate from processes operating in the early
Universe and can exhibit coherence over very large scales.
As a consequence, they may possess nonvanishing higher-
order correlators with statistical properties that differ
qualitatively from the Poisson-type non-Gaussianities

expected in astrophysical backgrounds. Non-Gaussian
features in the SGWB therefore constitute a potentially
powerful observable for distinguishing among different
classes of GW sources. Symmetry arguments and specific
model-building approaches are known to provide powerful
constraints on the possible shapes and properties of
cosmological GW non-Gaussianities (see, e.g., [33–41]).
Here we show that features of a family of induced GW
sources allow us to accurately characterize the structure of
observable non-Gaussian GW correlators, and to inves-
tigate their specific observational consequences.
We focus on SGWBs induced at second order by vector

fluctuations, see e.g. [42–50]. These constitute the vector-
field analog of the well-studied case of scalar-induced
SGWBs, extensively investigated in primordial black hole
scenarios, starting from [51–57]. This setup, described in
Sec. II, provides a useful benchmark scenario, as it leads to
technically simpler and physically transparent calculations
of GW correlators. In particular, time and momentum
integrations factorize within the relevant convolution inte-
grals, allowing the time integrals to be performed analyti-
cally. This procedure isolates characteristic non-Gaussian
quadrilateral shapes for the Fourier momenta, associated
with folded configurations, and they naturally leads to the
notion of stationary non-Gaussianity [58,59]. We extend
this framework by carrying out in Sec. III an analytic study
of representative GW four-point functions, which generate
a connected contribution to the GW trispectrum. (We do not
consider spin-2 GW three-point functions, since they are
not detectable with pulsar timing arrays or ground-based
interferometers, see e.g. [60].) We show that the amplitude
of the GW trispectrum scales as the square of the GW
power spectrum.
In Sec. IV we then investigate the observational impli-

cations of these results, demonstrating that the connected
trispectrum can contribute to the variance of two-point
overlap reduction functions—most notably to the variance
of the Hellings-Downs curve relevant for pulsar timing
array experiments. Finally, we analytically compute the
four-point overlap reduction functions for ground-based
interferometers and construct the corresponding optimal
estimator for their detection.
We hope that our findings will contribute to advancing

the theoretical understanding of gravitational-wave non-
Gaussianities in well-motivated early Universe scenarios,
while also helping to identify robust observational signa-
tures that could be probed by current and future gravita-
tional-wave experiments.

II. OUR SETUP AND THE SGWB
TWO-POINT FUNCTION

We study gravitational waves (GW) produced during the
era of radiation domination, induced at second order in
perturbations by primordial magnetic field fluctuations
generated during cosmic inflation. Such magnetic fields
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can be associated with Standard Model electromagnetism
and primordial magnetogesis [3], or they can represent the
magnetic-field components of dark vector models aimed at
describing dark matter via longitudinal massive vector
dynamics (see e.g. [61]). In our work, we consider a
vector-induced SGWB as benchmark scenario for the broad
family of models able to produce a background of GW at
second order in fluctuations. In this and the next section we
compute two-point and non-Gaussian correlators respec-
tively. We show that our setup offers advantages with
respect to the scalar-induced case, leading to technically
feasible and physically transparent calculations. Then, in
Sec. IV, we analyse how GW non-Gaussianities can offer
new handles to probe or constrain properties of dark sector
physics with GW experiments.
An example of vector field models from the early

Universe. Scenarios involving vector fields produced in
the primordial universe arise in different contexts. To
consider a concrete example, one of the simplest models
of magnetogenesis from cosmic inflation is based on the
Ratra action for the vector sector [62]

S ¼ −
1

4

Z
d4x

ffiffiffiffiffiffi
−g

p
fðϕÞFμνFμν; ð2:1Þ

where Fμν ¼ ∂μAν − ∂νAμ is the vector field strength, and
fðϕÞ a function of the inflaton field and its gradient, which
characterize the dynamics of the vector. We work in the
mostly plus metric convention. We assume a Friedmann-
Robertson-Walker background metric with scale factor
aðτÞ, with τ denoting the conformal time. We focus on
the magnetic part of the vector spectrum only. We decom-
pose the magnetic field in Fourier modes as

Biðτ;xÞ ¼
Z

d3k
ð2πÞ3 e

ik·xBiðτ;kÞ

¼
X
λ

Z
d3k
ð2πÞ3 e

ik·xeðλÞi ðk̂ÞBkðτÞ; ð2:2Þ

The spin-one polarization tensors eðλÞi ðk̂Þ are defined in
circular basis with helicity λ ¼ R=L ¼ �1. They are
constructed from two orthonormal unit vectors p̂ and q̂,
transverse to the direction k̂

eðλÞi ðk̂Þ ¼ p̂i þ iλq̂iffiffiffi
2

p : ð2:3Þ

Hatted vectors denote unit vectors, e.g. k̂ ¼ k=k with
k ¼ jkj. We assume that inflationary dynamics generate
a magnetic-field spectrum characterized by the following
two-point function in Fourier space

hBiðτ;kÞB�
jðτ;qÞi ¼ ð2πÞ3δðk − qÞhBiðτ;kÞB�

jðτ;kÞiΔ;
ð2:4Þ

where

hBiðτ;kÞB�
jðτ;kÞiΔ ¼ πijðk̂ÞPBðkÞ: ð2:5Þ

The Dirac-delta in Fourier momenta appearing in Eq. (2.4)
is associated with the rotational invariance of the back-
ground. The index Δ in h…iΔ denotes correlators factoriz-
ing the aforementioned delta function.
The tensor πij is a combination of spin-1 polarization

tensors

πijðk̂Þ ¼
X
λ¼�1

eðλÞi ðk̂ÞeðλÞ�j ðk̂Þ ¼ δij − k̂ik̂j; ð2:6Þ

For convenience we define the rescaled magnetic field
spectrum PBðkÞ through the formula

PBðkÞ≡ hBkðτÞB�
kðτÞiΔ ¼ 2π2

k3
PBðkÞ: ð2:7Þ

The explicit scale dependence of the function PBðkÞ
depends on the setup one considers—the model of infla-
tion, and the structure of the function f in the specific
model of Eq. (2.1). See e.g. [3] for a review. Besides
couplings as Eq. (2.1), one can also consider models of
massive vectors during inflation, with interesting conse-
quences for the dark matter problem [61]. In all these cases
the magnetic field spectrum can get enhanced at small
scales, and our considerations in principle apply to all these
scenarios. We shall assume though that vector perturbations
propagate around a system with a vanishing vector field
background, so that spin-1 fluctuations have Gaussian
statistics—although, as we shall learn, they can lead to
non-Gaussianities in the induced spin-2, GW background.
Computationof the inducedSGWBspectrum.Anenhanced

magnetic field spectrum PBðkÞ at small scales can source a
background of GW at second order in fluctuations, after
inflation ends. In this section we focus on two-point corre-
lationfunctionsandcompute the inducedGWspectrum,while
in Sec. III we discuss SGWB non-Gaussianities.
We decompose tensor perturbations corresponding to

GW as

hijðτ;xÞ ¼
X
λ

Z
d3k
ð2πÞ3 e

ik·xeðλÞij ðk̂ÞhðλÞk ðτÞ; ð2:8Þ

where eðλÞij ðk̂Þ are the spin-2, transverse–traceless (TT)
polarization tensors in circular basis ðR; LÞ ¼ �2.1

1The spin-2 polarization tensors in circular basis ðR;LÞ ¼
ðþ2;−2Þ are related to the ones in ðþ;×Þ basis by the formula

eð�2Þ
ij ðk̂Þ ¼ eðþÞ

ij ðk̂Þ � ieð×Þij ðk̂Þffiffiffi
2

p : ð2:9Þ

We assume that the polarization tensors eðþ;×Þ
ij are real, hence

ðeð�2Þ
ij Þ� ¼ eð∓2Þ

ij .
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The spin-2 polarization tensors are built as product of spin-
1 ones of Eq. (2.3)

eðλÞij ðk̂Þ ¼ eðλÞi ðk̂ÞeðλÞj ðk̂Þ: ð2:10Þ

The following combination of spin-2 polarization tensors
defines the projector operator, an important quantity in our
analysis

Λijlm ¼
X
λ¼�2

eðλÞij e
ðλÞ�
lm

¼ eðLÞij eðLÞ�lm þ eðRÞij eðRÞ�lm ¼ eðþÞ
ij eðþÞ

lm þ eð×Þij eð×Þlm

¼ 1

2
ðπilπjm þ πjlπim − πijπlmÞ: ð2:11Þ

which projects a two-index tensor in its transverse-traceless
components.
In order to ensure that hijðτ;xÞ is real, we assume

hðλÞ�k ðτÞ ¼ hð−λÞ−k ðτÞ. The two-point correlators for Fourier
components satisfy the condition

hhðλ1Þk ðτÞhðλ2Þ�q ðτÞi
¼ð2πÞ3δð3Þðk−qÞδλ1;λ2hhðλ1Þk ðτÞhðλ1Þ�k ðτÞiΔ: ð2:12Þ

The role of the δ-function over momenta has been dis-
cussed earlier. Here, the Kronecker δ-function in the
polarization indexes is related to the conservation of
helicity for the spin-2 massless modes.2 Using the previous
Fourier decomposition, we define the tensor power spec-
trum as

PhðkÞ ¼
k3

4π2
X
λ

hhðλÞk ðτÞhðλÞ�k ðτÞiΔ: ð2:13Þ

This is the quantity we wish to compute in this section,
reviewing and in part extending results developed e.g.
in [50,63].
Given an early universe model producing magnetic

fields, our computation of the second order, induced
GW spectrum follows [50]. After inflation ends, for
τ ≥ τf, the GW Fourier mode functions obey

hðλÞ00k ðτÞ þ 2HhðλÞ0k ðτÞ þ k2hðλÞk ðτÞ ¼ SðλÞðτ;kÞ; ð2:14Þ

where primes indicate derivative along conformal time,
H ¼ a0=a, and the source term on the right-hand side of
this equation is induced by the anisotropic stress associated
with magnetic fields. It reads

SðλÞðτ;kÞ ¼ 2

a2ðτÞ e
ðλÞijðk̂ÞΛij

mnðk̂ÞτðBÞmn ðkÞ

¼ 2

a2ðτÞ e
ðλÞijðk̂ÞτðBÞij ðkÞ: ð2:15Þ

The magnetic-field stress tensor in Eq. (2.15) is given by
(see e.g. [44])

τðBÞij ðkÞ ¼ 1

4π

Z
d3p
ð2πÞ3

×

�
BiðpÞBjðk − pÞ − δij

2
BmðpÞBmðk − pÞ

�
:

ð2:16Þ

Since Λii
lm ¼ Λij

ll ¼ 0, the term proportional to δij in the
previous expression does not contribute once contracted
with the projector Λ. The formal solution of Eq. (2.14) can
be written as

hðλÞk ðτÞ ¼ 1

aðτÞ
Z

dτ0gkðτ; τ0Þaðτ0ÞSðλÞðτ0;kÞ; ð2:17Þ

where during radiation domination (RD) the Green func-
tion is

gkðτ; τ0Þ ¼
1

k
sin ½kðτ − τ0Þ�: ð2:18Þ

As in [43], we parametrize the scale factor at late times
during this epoch as

aðτÞ ¼ H0

ffiffiffiffiffiffiffi
Ωrd

p
τ; ð2:19Þ

with H0 the present-day Hubble parameter, and Ωrd ¼ ρrad
ρcr

the radiation density parameter. The tensor power spectrum
defined in Eq. (2.13) results

PhðkÞ ¼
k3

4π2a2ðτÞ
Z

dτ1dτ2gkðτ; τ1Þgkðτ; τ2Þaðτ1Þaðτ2Þ

×

�X
λ

hSðλÞðτ1;kÞSðλÞ�ðτ2;kÞiΔ
�
: ð2:20Þ

Using Eq. (2.16) and Wick theorem, the source two-point
correlator summed over helicities becomes

2This is an important point on which we return again in Sec. III
when discussing non-Gaussian correlators.
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X
λ

hSðλÞk ðτ1ÞSðλÞ�k ðτ2ÞiΔ

¼ 4

ð4πÞ2a2ðτ1Þa2ðτ2Þ
×
Z

d3pΛij
lnðk̂Þ½πilðp̂Þπjnðn̂Þ þ πinðp̂Þπjlðn̂Þ�

× PBðpÞPBðjk − pjÞ; ð2:21Þ

where n̂ ¼ ðk − pÞ=jk − pj, and we used the definition
(2.4) for the magnetic field power spectrum. Non-Gaussian
connected contributions are neglected, since as explained
above we consider setup of Gaussian vector fields only.
Following [54,57], we introduce the variables

u¼ jk−pj
k

; v¼p
k
; μ¼k ·p

kp
¼ 1−u2þv2

2v
: ð2:22Þ

Contracting the tensor structure above (see e.g. [64]) one
finds

C0ðu; vÞ ¼ Λij
lnðk̂Þ½πilðp̂Þπjnðn̂Þ þ πinðp̂Þπjlðn̂Þ�

¼ ð1þ μ2Þ
�
1þ ð1 − μvÞ2

u2

�
: ð2:23Þ

Using d3p ¼ 2πk3v2dvdμ, we obtain—in terms of the
rescaled magnetic field spectrum PB of Eq. (2.7)

X
λ

hSðλÞk ðτ1ÞSðλÞ�k ðτ2ÞiΔ ¼ 2π3

k3a2ðτ1Þa2ðτ2Þ
Z

∞

0

dv
u3v

×
Z

1

−1
dμPBðkuÞPBðkvÞC0ðu; vÞ:

ð2:24Þ

Substituting Eq. (2.24) into Eq. (2.20), the tensor spectrum
Ph defined in Eq. (2.20) factorizes in two pieces as

Phðτ; kÞ ¼
π

2a2ðτÞ I
2
τIB; ð2:25Þ

with

I2
τ ¼

�Z
τ

τR

dτ1
gkðτ; τiÞ
aðτ1Þ

�
2

; ð2:26Þ

IB ¼
Z

∞

0

dv
u3v

Z
1

−1
dμPBðkuÞPBðkvÞC0ðu; vÞ: ð2:27Þ

It is important to emphasize that the expression in
Eq. (2.25) exhibits a factorizable structure in its time
and momentum integrations. As a consequence, the time
integral is easily tractable and can be carried out analyti-
cally. This property will play a central role in our analysis
of higher-order correlators in the next section. It

considerably streamlines the computations and yields
physically transparent results, particularly in clarifying
which momentum configurations and non-Gaussian shapes
are permitted for n-point functions within the setup under
consideration.
The time integral (2.26) is independent from the mag-

netic field source—it controls the effects of propagation
during RD. Instead, the momentum integral IB of
Eq. (2.27) is time independent during RD—while it
depends on the primordial magnetic field spectrum PB.
During radiation domination, aðτÞ=aðτ1Þ ¼ τ=τ1 and
aH ¼ 1=τ: see Eq. (2.19). Averaging over rapid oscilla-
tions, and taking the large τ limit within radiation domi-
nation, yields for the time integral

Ī2
τ ¼

1

2k2H2
0ΩR

�
Ci2ðjkτRjÞ þ

�
π

2
− SiðjkτRjÞ

�
2
�
: ð2:28Þ

with Ci and Si respectively the cosine and sine integral
functions, and the bar over Ī indicates average over rapid
oscillations. We used the fact that in RD a2H ¼ H0

ffiffiffiffiffiffi
ΩR

p
.

Hence the time integral I2
τ becomes independent from time

for τ sufficiently large in RD. The quantity within square
parenthesis in Eq. (2.28) has a mild, logarithmic depend-
ence on momenta in the limit of small jkτfj. See also [50]
and references therein. Having introduced the averaged
time integral, we define the averaged power spectrum as

P̄h ≡ 1

2

π

2a2ðτÞ Ī
2
τIB: ð2:29Þ

We plug (2.28) in Eq. (2.25), and evaluate the scale
factor at time τ when the mode of momentum k crosses the
horizon during RD: a2ðτkÞ ¼ ΩRH2

0=k
2, finding

P̄hðτk; kÞ ¼
π

8Ω2
RH

4
0

�
Ci2ðjkτRjÞ þ

�
π

2
− SiðjkτRjÞ

�
2
�
IB:

ð2:30Þ

In order to take into account of the GW redshift from
horizon crossing to today, we include effects of transfer
function to the previous formulas, amounting to the
inclusion of an overall factor of a2ðτkÞ=2 (see e.g. [65]),
hence today we have

P̄hðkÞ ¼
π

16ΩRH2
0k

2

�
Ci2ðjkτRjÞ þ

�
π

2
− SiðjkτRjÞ

�
2
�
IB:

ð2:31Þ

Explicit examples. We are now left with the computation
of IB in Eq. (2.27)—which is the quantity that depends on
PB. We do not limit our attention to power-law profiles for
the vector spectrumPB, as often considered, and we instead
allow for richer momentum dependences, motivated by
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recent advances in inflationary model buildings including
nonslow-roll phases (see e.g. [50,63] for models of pri-
mordial magnetogenesis including the effects of such
phases). We keep the discussion broad without focusing
on explicit model building. Instead we consider general,
simple templates with a peak in the magnetic field
spectrum.
As a first example, we focus on the case of deltalike

magnetic spectrum, which can be motivated by models of
inflation with ultraslow-roll phases able to produce sharp
peaks in the spectrum

PBðkÞ ¼ ABδðln ½k=k⋆�Þ; ð2:32Þ

with k⋆ a characteristic scale indicating the epoch during
inflation when departures from slow roll occur. A scenario
with such sharp peaks is not easy to realize in practice,
but this setup has the advantage of being analytically
tractable. In fact, changing variables as u¼ðtþsþ1Þ=2,
v ¼ ðt − sþ 1Þ=2, the integral IB containing delta-
functions can be explicitly evaluated, giving

IBðkÞ ¼
Z

∞

0

dt
Z

1

−1
dsð1 − sþ tÞ−2ð1þ sþ tÞ−2

× PBðkuÞPBðkvÞC0ðt; sÞ: ð2:33Þ

¼ A2
B
k2ðk2 þ 4k2⋆Þ2

128k6⋆
Θð2k⋆ − kÞ: ð2:34Þ

Hence the final expression for the GW spectrum is

P̄hðτ0; kÞ ¼
�

πA2
B

128k2⋆H
2
0ΩR

��
1þ k2

4k2⋆

�
2

×

�
Ci2ðjkτRjÞþ

�
π

2
−SiðjkτRjÞ

�
2
�
Θð2k⋆ − kÞ:

ð2:35Þ

This is an increasing function of k=k⋆, dropping to zero for
k=k⋆ > 2. As expected from the structure of the convolu-
tion integrals, its amplitude is proportional to the square of
the amplitude of the magnetic field spectrum. Compare
with Eq. (2.32). It is also convenient to compute the energy
density in GW, given by

ΩGW ≡ 1

12

�
k
aH

�
2

P̄h; ð2:36Þ

being this quantity usually considered in GW experiments
aiming at characterizing the SGWB spectral shape. It is
expressed in terms of GW frequency, f=f⋆ ¼ k=k⋆.
Plugging expression (2.35) into (2.36) we get the form of

the full GWs energy spectrum

ΩGWðτ0; kÞ ¼
�

πA2
B

128k2⋆H
2
0ΩR

��
k2

12H2
0

��
1þ k2

4k2⋆

�
2

×

�
Ci2ðjkτRjÞ þ

�
π

2
− SiðjkτRjÞ

�
2
�

× Θð2k⋆ − kÞ; ð2:37Þ

where we used aðτ0Þ ¼ 1.
The plot of (2.37) as a function of k=k⋆ ¼ f=f⋆ for

different values of k⋆τR is shown in Fig. 1; we plotΩGWðfÞ
since this is the usually considered quantity in GW
experiments aiming at characterizing the SGWB spectral
shape. Since a δ-function source is physically hard to
achieve, we only focus on the qualitative shape of the
spectrum. Therefore, we set the overall normalization
parameters to unity, as they only change the amplitude
of the function but not the dependence of ΩGW on k=k⋆;
similarly, we fix AB ¼ 10−6. In our setup we assume
k⋆jτRj ≪ 1, accordingly with the beyond-slow-roll mag-
netogenesis framework of [50], where k⋆ ≡ −1=τ1, τ1 is
the instant at which the nonslow-roll phase begins during
inflation, and τR denotes the end of inflation. With this
choice, the only relevant parameter controlling the time
integral part is the dimensionless combination k⋆jτRj,
which enters the argument of the oscillatory term through
kτR ¼ ðk=k⋆Þðk⋆τRÞ. For k⋆jτRj ≪ 1 these oscillatory
functions show a mild variation. As a result, in the
monochromatic delta-function case the spectrum is essen-
tially controlled by the monotonically increasing prefactor
and exhibits a sharp cutoff at k ¼ 2k⋆. This qualitative
behavior is similar to the monochromatic delta-function
template discussed in [46] in an analogous setup of
GWs induced by primordial magnetic fields, where a

FIG. 1. The GW energy spectrum ΩGW associated a mono-
chromatic (delta-function) magnetic power spectrum, plotted as a
function of f=f⋆ for different values of k⋆jτRj. See Eq. (2.37).
Notice that the spectrum drops to zero for f=f⋆ ≥ 2.
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monotonically increasing ΩGW with a sharp cutoff at
k ¼ 2k⋆ is likewise found.
After the previous analytical model, we can numerically

handle two more realistic templates for the momentum
profile ofPB, which are frequently considered in the analog
context of scalar induced gravitational waves. First, a
broken power-law (BPL) profile

PBðkÞ ¼ P0

�
k
k⋆

�
n1
�
1

2
þ 1

2

�
k
k⋆

�
σ
�n2−n1

σ ð2:38Þ

where P0 an overall amplitude, k⋆ is a pivot momentum
scale, n1;2 characterize the slopes of the power-laws on both
sides of the break, and σ controls the smoothness of the
break transition. Second, a log-normal (LN) spectrum

PBðkÞ ¼
P0ffiffiffiffiffiffi
2π

p
Δ
e−ðln k=k⋆Þ2=ð2Δ2Þ ð2:39Þ

maximized at k⋆, where Δ controls the width of the peak.
We perform numerically the momentum integrals IB, and
represent in Fig. 2 our results in terms of GW energy
density of Eq. (2.36). Both the panels in Fig. 2 have a
similar profile, and we notice a rapid decay in power at
f > 2f⋆, analogously to what found for the case of
deltalike magnetic source. In both cases the GW spectrum
exhibits the same qualitative structure: an infrared rise at
k=k⋆ ≪ 1, a maximum at wave numbers of order the
characteristic scale k⋆, and a decay at larger wave numbers.
At small k the spectrum grows approximately as a
power law,

ΩGWðkÞ ∝ kαðkÞ; ð2:40Þ

with an effective slope αðkÞ that is not constant and
progressively flattens as k=k⋆ approaches 10−1. Around
the peak the slope crosses zero, while at larger k the

spectrum decreases and can be described by a negative
effective slope, ΩGWðkÞ ∝ k−βðkÞ. Figure 2 shows the
resulting ΩGW spectra for the two magnetic templates
considered (BPL and LN), together with power-law fits
performed over different frequency intervals. This pro-
cedure highlights how the effective slopes α and β vary
across the integration ranges. The main difference between
the two cases appears in the ultraviolet tail. For the BPL
template the maximum occurs at k=k⋆ of order a few and
the subsequent decay is relatively mild, leaving an extended
high-k tail consistent with a power-law behavior. In
contrast, for the LN template the peak lies closer to k=k⋆ ∼
Oð1Þ and the ultraviolet suppression is significantly
steeper, reflecting the stronger localization of the source
spectrum around k⋆. Finally, varying k⋆τR mainly rescales
the overall amplitude of the signal. In the range shown
in the figure, increasing jk⋆τRj reduces the amplitude of
ΩGW, in agreement with the explicit dependence of the
oscillatory functions on jkτRj, as already observed in the δ-
function case. Finite-width peaked source spectra are more
realistic than the monochromatic approximation and nat-
urally produce a GW signal peaking around k ∼ k⋆.
Moreover, they display infrared and ultraviolet behaviors
that are qualitatively consistent with those commonly found
in peaked-source SGWB scenarios in the literature, for
instance in the case of scalar-induced gravitational waves
(see e.g. [5] and references therein).

III. COMPUTATION OF INDUCED GW
NON-GAUSSIANITY

Definitions and motivations. Since in our setup the
SGWB is sourced nonlinearly in fluctuations by primordial
vector fields, we expect that the corresponding connected
higher order GW correlators are nonvanishing, and that
they can lead to observational consequences for GW
experiments. The physics of dark sector involving vector

FIG. 2. Profiles of ΩGW as function of GW frequency over a characteristic scale f⋆. Left panel: GW spectrum induced by a broken
power law profile for the magnetic field, (2.38), choosing n1 ¼ 4, n2 ¼ −2, σ ¼ 1. Right panel: GW spectrum associated to the log-
normal profile of Eq. (2.39), with Δ ¼ 0.8. In both cases, P0 ¼ 102, and fix the quantity jk⋆τRj ¼ 10−2 in Eq. (2.31).
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fields, as discussed above, offers distinctive connections
between magnetogenesis [42–50], dark matter [66], and
non-Gaussianities in the stochastic GW background. We
aim to characterize the properties of the SGWB non-
Gaussianities, with special emphasis on their implications
for GW experiments which we explore in the next section.
In this section we demonstrate that the calculations

carried on in Sec. II can be straightforwardly extended
to study non-Gaussian GW correlators. Since three-point
correlators of spin-2 GW associated with isotropic SGWB
cannot be directly detected with interferometer and pulsar
timing array experiments (see e.g. [60]) we focus on four-
point correlators, and study the so-called GW trispectrum.
We show that the resulting trispectrum in our setup is
stationary [58,59] and assumes a folded shape in terms of
its momenta.
We will be interested on the connected part of the GW

four-point function, extracted from the combination of
correlators in momentum space

X
λi

hhðλ1Þk1
ðτÞ
�
hðλ2Þk2

ðτÞ
��
hðλ3Þk3

ðτÞ
�
hðλ4Þk4

ðτÞ
��iΔ; ð3:1Þ

where λi ¼ �2. In writing the previous equation we impose
the momentum-conserving relation

k1 þ k3 ¼ k2 þ k4 ð3:2Þ

associated with the rotational invariance of the
background—hence the momenta ki form a closed quad-
rilaterum: see Fig. 3, left panel. Moreover, as we are going
to learn, in the setup we consider the momenta ki actually
lie all aligned along a common direction ki ¼ kin̂. See
Fig. 3, right panel for an example of momentum alignment.
Hence the setup we consider leads to shapes correspond-

ing to flattened quadrilateral configurations. Being the
momenta of the massless spin-2 fields aligned, we impose
the conservation of total helicity in the correlators of
Eq. (3.1). In Eq. (3.1) we then impose

λ1 − λ2 þ λ3 − λ4 ¼ 0 ð3:3Þ

where λi ¼ �2 ¼ ðL;RÞ. Hence the λi can assume the
values ðLLLLÞ, ðLLRRÞ, ðLRRLÞ, up to exchange of L
with R. In this work, for definiteness, we assume that only

the ðLLLLÞ and ðLLRRÞ are turned on (as well as the
corresponding contributions with L ↔ R) and a sum over
helicities reduce to

X
λi

¼
X

λ1;2¼�2

: ð3:4Þ

We then define the trispectrum as

T h¼
1

4

k31k
3
2k

3
3

ð2π2Þ3
×
X

λ1;2¼�2

hhðλ1Þk1
ðτÞ	hðλ1Þk2

ðτÞ
�hðλ2Þk3
ðτÞ	hðλ2Þk4

ðτÞ
�iΔ;
ð3:5Þ

where k3i overall factors are included to make the result
dimensionless, in analogy with the power spectrum defi-
nition of Eq. (2.13). The structure of Eq. (3.5) automatically
satisfies the condition (3.3).
From now on, we will be interested on the connected part

of the trispectrum, which we still indicate with T h. For
computing this quantity following Eq. (3.5), we start from
the formal solution of the GW mode function given in
Eq. (2.17). We proceed as in the previous section. The
trispectrum T h defined in Eq. (3.5) results factorizable in a
time and momentum integral as in Sec. II

T h ¼
16

a4ðτÞ JτðτÞJBðkiÞ ð3:6Þ

with

JτðτÞ ¼
Y4
i¼1

Z
dτi

gkiðτ; τiÞ
aðτiÞ

ð3:7Þ

and

JBðkiÞ ¼
1

4

k31k
3
2k

3
3

ð2π2Þ3 C
ðBÞðkiÞ; ð3:8Þ

with a polarization dependence as explained after Eq. (3.3)
and where

CðBÞðkiÞ ¼
X

λ1;2¼�2

heðλ1Þabðk̂1ÞτðBÞab ðk1Þeð−λ1Þcdðk̂2ÞτðBÞ�cd ðk2Þ

× eðλ2Þefðk̂3ÞτðBÞef ðk3Þeð−λ2Þghðk̂4ÞτðBÞ�gh ðk4ÞiΔ
ð3:9Þ

We start with evaluating the time integral (3.7), which—
as we are going to learn—is responsible for forcing
the aforementioned condition of alignment on the direc-
tions ki.

FIG. 3. Graphical representation of the shapes of closed
quadrilatera associated with the GW trispectrum. Left panel: a
generic closed shape. Right panel: a flattened trispectrum shape,
as the one we reduce to in our setup. See main text for details.
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The time integral in Eq. (3.7).
We evaluate Eq. (3.7) in the limit of large observation

time τ. Throughout, the Fourier momenta satisfy the
closed-quadrilateral condition (3.2). The retarded Green
function for each tensor mode is

gkjðτ; τjÞ ¼
i

2kj
ðe−ikjðτ−τjÞ − eikjðτ−τjÞÞ: ð3:10Þ

Substituting Eq. (3.10) into Eq. (3.7) yields a sum of
24 ¼ 16 oscillatory contributions, each proportional to
exponentials of the form

Q
4
j¼1 exp ½�ikjτ�.

In the late-time limit τ → ∞, all terms are rapidly
oscillating and hence suppressed—except for those for
which the total phase is stationary. (Stationary phase
approximation.) A direct inspection shows that stationarity
is achieved if the magnitudes of the external momenta—
and not only combinations with their directions as
Eq. (3.2)—satisfy a relation of the form

X4
j¼1

σjkj ¼ 0; σj ¼ �1: ð3:11Þ

Thus, configurations obeying the vectorial closure con-
dition (3.2) contribute at late times only if they correspond
to flattened or folded trispectrum shapes, in which the four
sides are superimposed.3 See Fig. 3, right panel, as well as
Appendix for technical details.
In other words, in our setup the surviving contributions

correspond to configurations in which the four momenta
are collinear and aligned along a common direction n̂. Each
momentum can then be parametrized as

ki ¼ σikin̂; σi ¼ �1; ki > 0; ð3:12Þ

and the quadrilateral condition (3.2) reduces to a scalar
constraint as Eq. (3.12)

σ1k1 þ σ3k3 ¼ σ2k2 þ σ4k4: ð3:13Þ

See for example Fig. 3, right panel, for an example where
the σi ¼ 1 in the formula above.
We refer to this requirement as stationarity of the

trispectrum, and stress that it is an unavoidable conse-
quence of the structure of the time integrals in our
framework. The stationary condition is essential for build-
ing observables detectable with GWexperiments. Once this
condition is satisfied, the decorrelation arguments of
Refs. [67,68] no longer apply, as discussed in [58,59].
Indeed, the decoherence effects identified in [67,68]
typically arise from phase misalignment among waves

produced in multiple causally disconnected regions;
through the central limit theorem, this mechanism drives
the signal toward Gaussianity. In contrast, the alignment
condition in our setup enforces that the GW originate from
the same direction, preventing such phase averaging. Our
notion of stationary GW non-Gaussianity therefore singles
out a distinct class of tensor non-Gaussian signatures with
support in these aligned configurations.
Independently of this effect, [67,68] show that gravita-

tional waves may accumulate random phases during their
propagation from source to detector, induced by long-
wavelength energy-density fluctuations. These phases—
physically associated with Shapiro time-delays—act on
short-wavelength GW modes traveling over cosmological
distances. As a result, they tend to suppress phase correla-
tions in initially non-Gaussian fields, and they reduce the
amplitude of connected tensor n-point functions for n ≥ 3.
Interestingly, in our case the unequal-time correlators depend
on time differences only, thanks to the stationarity condition
above (see e.g. [58]). Consequently, they are insensitive to
the full propagation history of the waves and probe only the
relatively short timescales relevant to the experiment.
Under the condition (3.12), the integral (3.7) can be

evaluated straightforwardly (see Appendix), but the
result is cumbersome. For the simplest choice si ¼ 1 in
Eq. (3.13), and for equal ki ¼ k (a special case relevant
for the examples we consider) we find

J̄τ ¼
1

8k4H4
0Ω2

R

�
Ci2ðjkτRjÞ þ

�
π

2
− SiðjkτRjÞ

�
2
�
2

: ð3:14Þ

It is simply proportional to the square of the result we found
for the two-point function case: compare with Eq. (2.28).
Having introduced the averaged time integral J̄τ, we can
accordingly define the averaged trispectrum, analogously
as what we have done for the two-point function case

T̄ hðkiÞ ¼
1

4

16

a4ðτÞ J̄τJBðkiÞ: ð3:15Þ

The momentum integral of Eq. (3.8).
We can now impose the collinearity condition of

Eq. (3.12), and express the quantity JBðkiÞ of Eq. (3.8)
as [recall our choice of polarization indexes in the defi-
nition of trispectrum (3.5)]

JBðkiÞ ¼
1

4ð4πÞ4
�
k31k

3
2k

3
3

ð2π2Þ3
�
Ki1j1…i4j4ðkiÞ

×
X

λ1;2¼�2

eðλ1Þi1j1
ðn̂Þeð−λ1Þi2j2

ðn̂Þeðλ2Þi3j3
ðn̂Þeð−λ2Þi4j4

ðn̂Þ;

¼ 1

4ð4πÞ4
�
k31k

3
2k

3
3

ð2π2Þ3
�
Ki1j1…i4j4ðkiÞΛi1j1i2j2Λi3j3ij4 ;

ð3:16Þ
3Another possibility arises when the quadrilateral has two pairs

of parallel sides; we defer a discussion of this case to future work.
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where we used the properties of combinations of polari-
zation tensors—see Eq. (2.11). The eight-index tensor in
Eq. (3.16), after defining qa ¼ kan̂ − pa, results

Ki1j1…i4j4ðkiÞ ¼
Z Y4

a¼1

d3pa

ð2πÞ3 hBi1ðp1ÞBj1ðq1ÞB�
i2
ðp2Þ

× B�
j2
ðq2ÞBi3ðp3ÞBj3ðq3ÞB�

i4
ðp4ÞB�

j4
ðq4Þi:
ð3:17Þ

From this expansion, we are only interested in
extracting the connected contributions, that correspond
to the fully linked contractions in which all four source
functions S1; S�2; S3; S

�
4 are connected through magnetic

field pairings. On the contrary, the disconnected contribu-
tions correspond to terms that factorize into products
of lower-order point functions, like hS1S�2ihS3S�4i or
hS1ihS�2S3S�4i.
In order to isolate the connected part, we proceed as

follows: we group the eight magnetic fields appearing in
Eq. (3.17) into four quadratic blocks, each block containing
two magnetic Fourier modes, that we call legs. At vertex a
we have the two legs BiaðpaÞ and BjaðqaÞ, and analogously
for the complex-conjugated blocks appearing in the second
and fourth sources. A Wick contraction pairs any legs,
irrespective of whether their indices originate from an i-slot

or a j-slot of a given block. For instance, Bi1ðp1Þ can
contract with B�

i2
ðp2Þ just as well as with B�

j2
ðq2Þ, and in the

same way also two unconjugated modes can be connected,
like Bi1ðp1Þ and Bi3ðp3Þ. Recall that we can always pass
from the conjugated to the nonconjugated field by the
relation BiðpÞ� ¼ Bið−pÞ. We can thus define the con-
traction between two modes as

Πlm ¼ BlðkÞB�
mðk0Þ ⇒ hΠlmi

¼ ð2πÞ3δð3Þðk − k0ÞPBðkÞπlmðk̂Þ;

and analogously between two noncomplex conjugated
modes, with a þ inside the δ function. We now place
the four source blocks (labeled by a ¼ 1;…; 4) on the
vertices of a square, and represent each Wick contraction of
magnetic modes as a line connecting two vertices (or better,
two modes within two different vertices). Disconnected
contributions correspond to configurations in which the
graph factorizes into two (or more) independent subgraphs;
these terms reduce to products of lower-order correlators
and hence do not contribute to the connected four-point
function. The connected contribution is obtained by retain-
ing only those patterns that link all four vertices into a
single closed loop. Therefore, there are six independent
possibilities of connecting the blocks

h8pt functioniconn∶ ð1234Þ þ ð1243Þ þ ð1324Þ þ ð1342Þ þ ð1423Þ þ ð1432Þ;

where the four numbers are the vertex labels a. For any of these six contributions, a specific contraction is obtained by
assigning, at each vertex, which of its two legs is contracted to the next vertex along the cycle: for each of the six
possibilities above, there are eight ways to contract magnetic Fourier modes among blocks.
For example, focusing on the option indicated as (1234), one of the eight possible diagrams (the other choices lead to

similar structures) is

ð1234Þ1 ¼
Z Y4

a¼1

d3pa

ð2πÞ3 hBi1ðp1ÞB†
j4
ðq4ÞihBj1ðq1ÞB†

i2
ðp2ÞihB†

j2
ðq2ÞBi3ðp3ÞihBj3ðq3ÞB†

i4
ðp4Þi

¼ δ½n̂ðk3 − k2 þ k1 − k4Þ�
Z

d3p1PBðp1ÞPBðk1 − p1ÞPBðp1 − k1 þ k2ÞPBðk4 − p1Þ

× πi1j4ðp1Þπi2j1ðk1 − p1Þπi3j2ðp1 − k1 þ k2Þπi4j3ðk4 − p1Þ; ð3:18Þ

where in the second equality we integrate over momenta p2;3;4, and for simplicity we understand the hats in the arguments of
the πij tensors. For this specific contribution, the integral to compute for obtaining the corresponding part of JB [see
Eq. (3.16)] results

J1B ¼ ðk1k2k3Þ3
256π

Z
dpdμ
p

C1ðki; pÞPBðpÞ
PBðk1 − pÞ
jk1 − pj3

PBðp − k1 þ k2Þ
jp − k1 þ k2j3

PBðk4 − pÞ
jk4 − pj3 ð3:19Þ

with

μ≡ k1 · p
k1p

: ð3:20Þ
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and

C1ðki; pÞ ¼ Λi1j1i2j2ðnÞΛi3j3i4j4ðnÞπi1j4ðpÞπi2j1ðk1 − pÞ
× πi3j2ðp − k1 þ k2Þπi4j3ðk1 þ k3 − k2 − pÞ

ð3:21Þ

See Fig. 4 for representation. Notice that, since we integrate
over all directions p̂, the quantity JB (hence the total
trispectrum), results independent on the direction n̂ along
which the momenta are aligned.An explicit, simple example.
So far, our results are general. As done in Sec. II, for carrying
on the integrals analytically we assume a deltalike source for
the magnetic field spectrum

PBðkÞ ¼ ABδðln ½k=k⋆�Þ; ð3:22Þ

We introduce convenient variables

v≡ p
k1

; u≡ jk1n̂ − pj
k1

; σ ≡ k⋆
k1

; ð3:23Þ

ua ≡ jk1n̂ − k2n̂ − pj
k1

; ub ≡ jk4n̂ − pj
k1

; ð3:24Þ

so μ ¼ ð1þ v2 − u2Þ=ð2vÞ. Using the properties of Dirac
delta function we can reexpress the power spectra as

PBðpÞ ¼ ABδðln ½p=k⋆�Þ ¼ ABδðln ½v=σ�Þ ¼ ABσδðv − σÞ;
ð3:25Þ

and analog formulas apply to the remaining contributions to
Eq. (3.19). Equation (3.19) can then be reexpressed as

J1B ¼ A4
B

256π

�
k2k3
k21

�
3
Z

dvdμC1ðki; pÞδðv − σÞ

×
δðu − σÞ

u2
δðua − σÞ

u2a

δðub − σÞ
u2b

ð3:26Þ

In order for the delta-functions not to overconstrain the
system, we select all sizes of the momenta to be equal,

ki ¼ k1 for i ¼ 2, 3, 4, so that two of the delta-function
conditions become redundant. The remaining delta-
functions impose then u ¼ v ¼ σ, and μ ¼ 1=ð2σÞ. Under
these conditions, the function C1 in Eq. (3.21) reduces to

C1 ¼
ð1þ μ4Þð2 − 4vμþ v2ð1þ μ2ÞÞ2

4ð1þ v2 − 2vμÞ

¼ 1

4

�
1þ 1

4σ2

�
2
�
1þ 1

16σ4

�
: ð3:27Þ

The integral can then be easily evaluated giving

J1B ¼ A4
Bk

6
1

1024πk6⋆

�
1þ k21

4k2⋆

�
2
�
1þ k41

16k4⋆

�
Θð2k⋆ − k1Þ:

ð3:28Þ

Wecan now assemble the previous result (3.28) with the time
integral given in Eq. (3.14) (in our situation with all the ki
identical, as required by the delta-function conditions). The
resulting contribution to the total trispectrum in radiation
domination is given by Eq. (3.6): when evaluated today, we
multiply the result by the transfer function coefficient
ða2ðτÞ=2Þ2. Hence, the result is a function of a single
momentum scale k1

T̄ 1
h ¼

A4
B

8192πk4⋆H
4
0Ω2

R

�
Ci2ðjk1τRjÞþ

�
π

2
−Siðjk1τRjÞ

�
2
�
2

×
k21
k2⋆

�
1þ k21

4k2⋆

�
2
�
1þ k41

16k4⋆

�

¼ 2

π3
P̄2

hðk1Þ
k21
k2⋆

�
1þ k21

4k2⋆

�−2�
1þ k41

16k4⋆

�
: ð3:29Þ

under our hypothesis of sharply peaked magnetic spectrum.
The amplitude of the contribution we computed for the GW
trispectrum in the flattened shape is then proportional to the
square of the GW power spectrum, times a simple poly-
nomial function of the momentum scale. The other contri-
butions to JB from the aforementioned permutations, being
associated to similar diagrams, are expected to give similar
results. The presence of the δ-function magnetic spectrum
leads to a dependence on k=k⋆ which is analogous to the one
observed for the two-point function case, where the signal
grows and then exhibits a sharp cutoff for k=k⋆ ¼ 2.
Therefore, the present discussion, although preliminary,
already illustrates the mechanism by which the magnetic
source shapes the GW trispectrum and the associated
momentum dependence in this particular case.
Summary of this section. Let us summarize the results of

this theoretical section. We find that vector-induced GW
backgrounds are characterized by intrinsic stationary non-
Gaussianities. The connected part of the primordial tris-
pectrum acquires an amplitude proportional to the square of
GW power spectrum, and a shape corresponding to a

FIG. 4. A particular lay-out for the four building blocks of
magnetic fields leading to connected GW four-point functions,
located on the vertexes of a square and linked by vector-field
correlations. See main text for details.
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flattened quadrilateral shape with all sides superimposed:
see Fig. 3, right panel.
The scaling of the connected trispectrum amplitude

as P2
h—rather than P3

h, as would be expected for a stan-
dard “local-type” expansion of GW non-Gaussian mode
functions—implies that its magnitude can be parametri-
cally enhanced. The characteristic folded shape of the
trispectrum motivates the notion of stationary GW non-
Gaussianity, introduced in Sec. III as a mechanism to
address the detectability challenges emphasized in [67,68].
In the specific case of a delta-function magnetic power
spectrum source, the momentum dependence of the tris-
pectrum can be derived analytically, yielding a flattened
quadrilateral configuration with equal sides. For more
general sources, we expect a broader range of momentum
dependences, while still preserving the underlying folded
quadrilateral geometry. We now turn to the observational
implications of these results and analyze their phenomeno-
logical consequences for gravitational-wave experiments.

IV. CONSEQUENCES FOR GW
EXPERIMENTS

Motivations. We now investigate implications for GW
experiments of non-Gaussian correlators in the SGWB
from the early universe, with the geometrical characteristics
analyzed in the previous sections—i.e. a flattened shape for
the trispectrum, whose momenta are aligned along a
common direction n̂ and their size satisfies

k1 þ k3 ¼ k2 þ k4 ð4:1Þ

The polarization indexes in circular basis are such that the
four-point correlator preserves helicity, see Eq. (3.5). There
are two complementary strategies to pursue to test GW
non-Gaussianities:

(i) We may examine how a sizeable GW trispectrum in
a flattened configuration modulates the statistical
properties of the two-point function and of the
gravitational-wave power spectrum, thereby induc-
ing distinctive and potentially observable signatures.

(ii) Alternatively, we can study the direct detectability of
higher-order correlators, such as the GW four-point
function, by analyzing the response of GW experi-
ments to this observable, and assessing the corre-
sponding detection prospects. Since the trispectrum
amplitude scales as T h ∝ P2

h, the detectability of
this quantity depends on the values of the GW two-
point correlator.

We consider examples of both approaches, respectively
in Secs. IVA and IV B. We begin by presenting a schematic
and general discussion of the underlying physical effects
we are going to investigate.
A typical GW signal ΣA measured by a GW experiment

labeled with A is given by the contraction of the GW
hijðτ;xÞ with the so-called detector tensor dijA

ΣA ¼ hijd
ij
A ; ð4:2Þ

the latter quantity depends on the geometric configuration
of the GW detector, and its properties. We assume the
corresponding measurement to be made at time τ and at
position xA.

4 We define the combination

dðλÞA ðn̂Þ ¼ eðλÞij ðn̂ÞdijA ; ð4:3Þ

with n̂ the GW direction. Computing the signal two-point
function, and passing to Fourier space, we have

hΣAðτ;xAÞΣBðτ;xBÞi

¼
X
λ

Z
k2dk

d2n̂
ð2πÞ3 d

ðλÞ
A ðn̂Þdð−λÞB ðn̂Þeikn̂ðxA−xBÞhhðλÞk hð−λÞk iΔ

¼ 2

Z
d ln kγABðkÞPhðkÞ; ð4:4Þ

where

γAB ¼ 1

4π

Z
d2n̂

�X
λ

dðλÞA ðn̂Þdð−λÞB ðn̂Þ
�
eikn̂ðxA−xBÞ ð4:5Þ

is the so-called overlap reduction function (ORF) which
controls how to signal two-point correlations depend on the
detector properties and configuration.5

The ORF is the bridge between theoretical predictions
of GW properties—as the GW power spectrum—and
experimental quantities. Its features allow us to inves-
tigate whether the measured signal is due to a GW back-
ground. For example, data distributed following Hellings-
Downs curve in pulsar timing array measurements (more
on this in Sec. IVA) offer circumstantial evidence for a
GW interpretation of the measured GW signal.
The variance of the ORF. The ORF can be inter-

preted as arising from the mean value in an ensemble
average of GW measurements. Hence its properties can
be characterized by a variance, which should be taken
into account when confronting theory with experiment
[69]. There are several possible contributions to the
variance of an ORF, depending on the experiment under
consideration. Let us schematically estimate the con-
tribution of connected four-point function to what was

4More realistically, as we will learn in the next subsections, the
results depend on various locations as the Earth and pulsar
positions in pulsar timing arrays or the vertexes of interferometer
arms. We adopt this preliminary simplification to make our
arguments more transparent.

5The overall factor controlling the ORF normalization in
Eq. (4.5) can change depending on conventions for each type
of GW experiment. We will be explicit on the normalization
definitions in what comes next.
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dubbed total variance6 of the ORF in [70]. It is defined as

σ2AB ¼ hΣAΣBΣAΣBi − hΣAΣBi2: ð4:6Þ
Besides its disconnected parts, let us assume a nonvanishing connected contribution to the trispectrum, characterized by a

flattened shape as discussed in Sec. III. This implies that all momenta are forced to align along a common direction n̂. The
connected part of the signal four-point function—associated with the connected trispectrum—can then be expressed as

hΣAΣBΣAΣBiconn ¼ 1

4π2

Z
d ln k1d ln k2d ln k3dk4T hðkiÞΣ2

conn; ð4:7Þ

where [we use the specific trispectrum definition of (3.5)]

Σ2
conn ¼

1

4π

Z
d2nd2n2d2n3d2n4δðn̂ − n̂2Þδðn̂ − n̂3Þδðn̂ − n̂4Þδðk1 þ k3 − k2 − k4Þ

×

 X
λ1;2¼�2

dðλ1ÞA ðn̂Þdð−λ1ÞB ðn̂Þdðλ2ÞA ðn̂Þdð−λ2ÞB ðn̂Þ
!
eik1n̂·xA−ik2n̂2·xBþik3n̂3·xA−ik4n̂4·xB

¼ 1

4π

Z
d2n̂

 X
λ1;2¼�2

dðλ1ÞA ðn̂Þdð−λ1ÞB ðn̂Þdðλ2ÞA ðn̂Þdð−λ2ÞB ðn̂Þ
!
eiðk1þk3Þn̂ðxA−xBÞ; ð4:8Þ

and we make use of the condition of alignment of all four momenta along a common direction n̂, and the sum over
polarization indexes satisfy the helicity conservation Eq. (3.3).
Assembling the connected result in Eq. (4.7) with the disconnected contributions, we can easily compute the total

variance as

σ2AB ¼ hΣAΣBΣAΣBi − hΣAΣBi2 ð4:9Þ

¼
Z

d ln k1d ln k2Phðk1ÞPhðk2Þ
�
Σ2
discðk1; k2Þ þ

Z
d ln k3

T hðk1; k2; k3Þ
Phðk1ÞPhðk2Þ

Σ2
connðk1; k2Þ

�
ð4:10Þ

with

Σ2
discðk1; k2Þ ¼ γABðk1ÞγABðk2Þ þ γAAðk1ÞγAAðk2Þ ð4:11Þ

and Σ2
conn is given in Eq. (4.8). The first two terms within

parenthesis of Eq. (4.10) depend on the disconnected
contributions to the four-point function, while the last term
depends on its connected part. Hence, Eq. (4.10) indicates
that the connected GW trispectrum in a flattened configu-
ration contributes to the total variance of the two-point
function. Consequently, it potentially affects GW measure-
ments. In the examples discussed in Sec. III, the amplitude
of the trispectrum is proportional to the square of the power
spectrum amplitude, hence we can expect an order-one
value for the integral over d ln k3, contributing to the last
term within parenthesis of Eq. (4.10). The contribution to
the variance of the connected trispectrum—in such setup—
should be comparable to the one of the disconnected parts

of the four-point function. This fact is particularly relevant
for pulsar timing arrays, see Sec. IVA.
The ORF for the four-point function of GW signals.

Besides a modulation of the GW two point function,
as a matter of principle a connected trispectrum can
be measured directly by taking the four-point function
of the GW signal, and extracting its connected com-
ponent exploiting its associated ORF. Assuming that
the trispectrum shape acquires only a flattened con-
figuration, within the hypothesis discussed above, we
compute the associated four-point ORF through the
formula

γABCD ¼ 1

4π

Z
d2n̂

� X
λ1;2¼�2

dðλ1ÞA dð−λ1ÞB dðλ2ÞA dð−λ2ÞB

�

× eik1n̂ðxA−xDÞe−ik2n̂ðxB−xDÞeik3n̂ðxC−xDÞ ð4:12Þ

where all the d0s depend on the common GW
direction n̂ and the x’s are the detector positions.
The polarization indexes satisfy the helicity condition
(3.3), and the momenta—aligned along n̂—satisfy the
condition (4.1). The previous angular integral leads to

6Although [70] focuses on pulsar timing arrays, their definition
of total variance can be in principle applied to more general GW
experiments.
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the four-point ORF and, as we shall see in Sec. IV B,
it can be performed analytically—at least in the case
of ground-based detectors.

A. Pulsar timing arrays

Pulsar timing arrays (PTA) offer a powerful method
for searching for the SGWB background at nano-Hertz
frequencies, which recently lead to significant hints of
detection [71–74]. Time delays on the pulsar periods,
indicated with zðtÞ, or the corresponding time residuals
called RðtÞ, are used as indicators of the presence of a
SGWB. We refer to [65] for a pedagogical discussion of
basic concepts and techniques in PTA physics. The
recent preliminary measurements of the SGWB at nano-
Hz frequencies might also be explained by certain
models of second order, induced GW (see e.g. [75]),
similar to the scenarios we consider in our work. Hence
it is very relevant to study implications of GW non-
Gaussianities in this context.
The ORF corresponding to the PTA time-delay two-

point functions has been first computed by Hellings and
Downs in [76]. The detector tensor dijA of Eq. (4.2) reads in
this context

dijA ¼ ninj

2ð1þ x̂A · n̂Þ ð4:13Þ

where n̂ is the GW direction, and x̂A the direction of pulsar
Awith respect to the Earth position. The ORF leading to the
Hellings-Downs curve correlate GW signals measured with
two pulsars A and B. It is given by the integral in Eq. (4.5),
sometimes multiplied by a conventional normalization
factor 3=4—see e.g. [77]. As customary, we neglect the
so-called pulsar-term contributions, which cancel upon
integration unless two pulsars are coincident. Under this
assumption, the resulting integral becomes independent of
the specific pulsar locations, as well as on the GW
frequency. It reads

γABðζÞ ¼
3

2

1 − cos ζ
2

ln

�
1 − cos ζ

2

�
−
1

4

1 − cos ζ
2

þ 1

2
ð1þ δABÞ: ð4:14Þ

where ζ is the angle between the vectors pointing from the
Earth toward pulsar A and B respectively. In the limit of
coincident pulsars, A ¼ B, the pulsar term becomes impor-
tant leading to the Kronecker function δAB in Eq. (4.14).
See e.g. [78].
The Hellings-Downs curve is a central quantity in PTA

measurements—its characteristics angular correlations is a
crucial test for determining the GW origin of PTA mea-
surements. Recently, much work has been devoted in
computing and physically characterizing the variance of
Hellings-Downs correlators [69,70,78–88]. There are sev-
eral different contributions to the variance of this curve.
Following the arguments of Sec. III, we are interested to the
so-called total variance (dubbed in this way in [70]). The
total variance corresponds to the expected uncertainty for a
single pulsar pair whose time delays are caused and
correlated by the gravitational-wave background. It is
associated with the four-point function of Eq. (4.19). It
is constituted by two pieces, a disconnected part—already
discussed in the literature—and a connected one—which
we include here for the first time. The disconnected part is
the total variance studied in [70],

Σ2
disc ¼ γ2AB þ γ2AA ð4:15Þ

which is easily computable from Eq. (4.14). It coincides
with the results of [70].
We compute for the first time the connected part contribu-

tion—last term of Eq. (4.10) and in particular the quantity in
Eq. (4.8), including an overall factor of 3=4 to match with the
aforementioned Hellings-Downs normalization convention.
See also [59] for another example of possible contribution of
GW four-point functions to Hellings-Downs–type correla-
tions. Recall that we need to sum over all polarizations
satisfying Eq. (3.4), and we specialize to our definition of
trispectrum of Eq. (3.5). We find

Σ2
conn ¼ 3

16π

Z
d2n

��X
λi

dðλ1ÞA ðn̂Þdð−λ1ÞB ðn̂Þdðλ2ÞA ðn̂Þdð−λ2ÞB ðn̂Þ
��

ð4:16Þ

¼ 1

40
½6þ ð134 − 139yÞyþ 30yð2þ 3yÞ ln y�; ð4:17Þ

where we call y ¼ ð1 − cos ζÞ=2, and we denote

ðdðLÞA dðRÞB Þ ¼ dijAd
pq
B eðLÞij eðRÞpq . We plot in Fig. 5 the Hellings-

DownsORF γABðζÞ as a function of the angle among pulsars.
We include the effect of variances in color bands. In red band,

thedisconnectedcontribution to thevariance,delimitedwithin
the region γAB � Σdisc. (Comparewith Fig. 1 of [70]). In green
band, the new connected contribution, within the region
γAB �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Σ2
disc þ 10Σ2

conn

p
. [We set to 10 the integral over

CIPRINI, MARCELLI, and TASINATO PHYS. REV. D 113, 103544 (2026)

103544-14



ln k3 in Eq. (4.10), in order to make more clear the angular
dependence of the result.] We learn that the connected part of
theGWnon-Gaussianity can increase the total variance of the
Hellings-Downs ORF, hence allowing for scattering of
experimental data around the mean Hellings-Downs ORF
for single pulsar-pairmeasurements. Itwould be interesting in
the future to further study the observational implications on
PTAdataof the amplificationeffectson thesizeof thevariance
induced by the connected part of the non-Gaussian GW
trispectrum.

B. Ground-based detectors

We now outline the analytical computation of the ORF
four-point function defined in Eq. (4.12), which is the key
observable for directly probing the connected component
of the signal four-point correlator. Improvements in the
sensitivity of ground-based detector networks, both within
the LVK array [89–91] and in future facilities such as the
Einstein Telescope [92], open new opportunities to detect
primordial SGWBs in the frequency range of tens of Hertz,
should such signals exist. Cosmological sources capable of
producing backgrounds in this band, including second-
order induced SGWBs, are reviewed in [93]. It is therefore
essential to investigate their detectability prospects in
scenarios where the signal is non-Gaussian, as in the
framework considered here. Although we do not present
explicit detection forecasts—since these depend on the
detailed frequency dependence of the four-point correlators
—we emphasize that, because the trispectrum amplitude
scales as P2

h, it can be significantly enhanced in frequency
intervals where the gravitational-wave signal itself is

amplified, as in the second order GW induced scenarios
explored in previous sections. In our analysis of implica-
tions of GW non-Gaussianities, an advantage of ground-
based detectors is that the relevant integrals as Eq. (4.12)
can be evaluated analytically. For example, the ORF for
correlations among two detectors is well-known, see
e.g. [93]. Here we consider correlating measurements of
a non-Gaussian stochastic gravitational-wave background
(SGWB) across four distinct detectors—explicit examples
to have in mind being LIGO Hanford, LIGO Livingston,
Virgo, and KAGRA. In the presence of a connected
gravitational-wave trispectrum, such a four-detector corre-
lation is nonvanishing and, in principle, observable.
Assuming equal-length detector arms, the detector tensor

dijA reads in this case

dabA ¼ 1

2
ðuaAubA − vaAv

b
AÞ ð4:18Þ

with uA, vA denoting the directions in three-dimensional
space of the arms of the interferometer denoted with the
index A. Notice the tracelessness condition diiA ¼ 0, as well
as the fact that dijA is now independent from the GW
direction n̂ and momentum. In this setup, we can write
Eq. (4.12) as follows

γABCDðk1; k2Þ ¼
dabA dcdB defC dghD

4π

×
Z

d2n̂Λabcdðn̂ÞΛefghðn̂Þeik1n̂ðxA−xDÞ

× e−ik2n̂ðxB−xDÞeik3n̂ðxC−xDÞ; ð4:19Þ

where we use identity (2.11), we impose the helicity
condition (3.4) and condition (3.2) on GW momenta
direction, as well as the flattened shape condition for the
trispectum along a GW direction n̂ (see Fig. 3, right panel).
To proceed, generalizing [93] to the case of connected

four point functions, we introduce the combinations

α ¼ k1jxA − xDj − k2jxB − xDj þ k3jxC − xDj ð4:20Þ

ŝ ¼ k1ðxA − xDÞ − k2ðxB − xDÞ þ k3ðxC − xDÞ
k1jxA − xDj − k2jxB − xDj þ k3jxC − xDj

; ð4:21Þ

which corresponds to a weighted size α of GW momenta,
and an average direction ŝ. We recall the relation Eq. (2.11),
between the projector tensor Λ and the GW direction n̂:
once expanded over its contributions it reads

2Λabcd ¼ δadδbc þ δacδbd − δabδcd

þ δcdn̂an̂b þ δabn̂cn̂d − δbdn̂an̂c

− δacn̂bn̂d − δbcn̂an̂d − δadn̂bn̂c þ n̂an̂bn̂cn̂d:

ð4:22Þ

FIG. 5. Representation of the Hellings-Down function (black
line); its total variance associated with disconnected contributions
to the signal four-point function (brown band); finally, the total
variance accounting for nonvanishing contributions of the con-
nected GW trispectrum (green band). See main text for details.
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It is then convenient to define the following combinations
controlling correlations among two detectors

Fð0Þ
AB ¼ 1

2
dabA dcdB ðδacδbd þ permsÞ; ð4:23Þ

Fð2Þ
AB ¼ −

1

2
dabA dcdB ðδacnbnd þ permsÞ; ð4:24Þ

Fð4Þ
AB ¼ 1

2
dabA dcdB nanbncnd; ð4:25Þ

where the index (p) indicates the power of unit vector n̂
involved. The integral to deal with formally becomes

γABCD ¼ 1

4π

Z
d2n̂
�
Fð0Þ
AB þ Fð2Þ

AB þ Fð4Þ
AB

�
×
�
Fð0Þ
CD þ Fð2Þ

CD þ Fð4Þ
CD

�
eiαŝ·n̂: ð4:26Þ

We multiply the two parenthesis in Eq. (4.26), and define
the following combinations

Gð0Þ
ABCD ¼ Fð0Þ

ABF
ð0Þ
CD; ð4:27Þ

Gð2Þ
ABCD ¼ Fð2Þ

ABF
ð0Þ
CD þ Fð0Þ

ABF
ð2Þ
CD; ð4:28Þ

… ¼ … ð4:29Þ

Gð8Þ
ABCD ¼ Fð4Þ

ABF
ð4Þ
CD; ð4:30Þ

which depend on all four detectors, and assemble the
powers of unit vector n̂. We can now use the identity

eiαn̂·ŝ ¼
X∞
l¼0

ilð2lþ 1ÞjlðαÞPlðn̂ · ŝÞ; ð4:31Þ

with jl the spherical Bessel function, and Pl the Legendre
polynomial of order l. Plugging into Eq. (4.26) and
expanding, we find that ORF can be expressed as

γABCD ¼
X4
n¼0

Ið2nÞ ð4:32Þ

where each Ið2nÞ reads

Ið2nÞ ¼
Xn
l¼0

ð−Þl ð4lþ 1Þ
4π

j2lðαÞ
Z

d2nP2lðn̂ · ŝÞGð2nÞðn̂Þ:

ð4:33Þ

Hence we reduce the problem to compute integrals of
Legendre polynomials, weighted by polynomials in n̂—a

straightforward operation which can be carried on
analytically.
For example, let us work out explicitly the computation

for Ið0Þ

Ið0Þ ¼ j0ðαÞ
4π

Z
d2nP0ðn̂ · ŝÞGð0Þðn̂Þ ð4:34Þ

¼ j0ðαÞ
4π

ðdabA dabB ÞðdcdC dcdD Þ
Z

d2nP0ðn̂ · ŝÞ ð4:35Þ

¼ sin α
α

trðdABÞtrðdCDÞ; ð4:36Þ

where we use the abbreviation trðdABÞ ¼ ðdabA dabB Þ.
The other four contributions Ið2Þ, Ið4Þ, Ið6Þ, Ið8Þ can be

computed analogously. For example, using the abbreviation
ðsdABsÞ ¼ sascdabA dbcB , the expression for Ið2Þ reads

Ið2Þ ¼ −
4j1ðαÞ

α
trðdABÞtrðdCDÞ þ 2j2ðαÞðsdABsÞtrðdCDÞ

þ 2j2ðαÞðsdCDsÞtrðdABÞ: ð4:37Þ

C. An optimal estimator

We now develop an estimator designed to optimally
extract the connected part of the GW four-point correlation
function. Our strategy follows the general philosophy
of [93], suitably modified to the higher-correlator case.
Throughout this section we keep the discussion as general
as possible, without specifying a particular GWexperiment.
Let the measured time-domain output of detector a be

ΣðtÞ ¼ sðtÞ þ nðtÞ; ð4:38Þ

where sðtÞ denotes the physical GW signal and nðtÞ
represents detector noise. We consider correlations among
four such data streams ΣðtÞ coming from independent
detectors. The instrumental noise is assumed to be sta-
tionary, Gaussian, and uncorrelated between different
detectors. Wework in the regime where the noise amplitude
dominates over the signal, so that the variance of the
estimator is governed by noise, while its expectation value
is sourced entirely by the signal component sðtÞ. The GW
signal measured by different detectors may exhibit non-
Gaussian correlations, encoded in a nonvanishing four-
point function hs4i, which we assume to be stationary as
discussed in Sec. III.
To probe such correlations we construct an estimator

built from three copies of the detector output. For a specific
detector quartet ða; b; c; dÞ we define
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Sabcd ¼
Z

T=2

−T=2
dt1

Z
T=2

−T=2
dt2

Z
T=2

−T=2

× dt3

Z
T=2

−T=2
dt4Σaðt1ÞΣbðt2ÞΣcðt3ÞΣcðt4Þ

×Qðt2 − t1; t3 − t1; t4 − t1Þ; ð4:39Þ

where T denotes the total observation time. The function Q
acts as a filter kernel and depends only on time differences,
consistent with the stationarity assumption. It is taken to
vanish for sufficiently large separations jti − tjj. Our goal
will be to determine the form of Q that maximizes the
response to the signal.
For the moment we focus on a single detector quartet

ða; b; c; dÞ. The time series can be expressed in the
frequency domain through

ΣðtÞ ¼
Z

∞

−∞
dfe2πiftΣ̃ðfÞ: ð4:40Þ

Notice that frequencies run also along negative values.
Substituting this representation into Eq. (4.39) gives

Sabcd ¼
Z

∞

−∞
df1df2df3df4δTðf1 þ f2 þ f3 þ f4Þ

× Σ̃aðf1ÞΣ̃bðf2ÞΣ̃cðf3ÞΣ̃dðf4ÞQ̃�ðf2; f3; f4Þ;
ð4:41Þ

where the finite-time delta function is defined as

δTðfÞ≡
Z

T=2

−T=2
dte2πift; δTð0Þ ¼ T: ð4:42Þ

In the noise-dominated limit the expectation value and
variance of the statistic read

μ ¼ hSabcdi; ð4:43Þ

σ2 ¼ hS2abcdi − μ2: ð4:44Þ

Because the detector noise is Gaussian, the mean μ receives
contributions only from the GW signal, whereas the
variance is determined by the noise. Since the signal is
assumed much smaller than the noise, the μ2 term in
Eq. (4.43) can be neglected. The signal-to-noise ratio
(SNR) of the estimator is therefore

SNR ¼ μ

σ
; ð4:45Þ

and the optimization problem reduces to finding the filterQ
that maximizes this quantity.
A straightforward calculation yields

μ ¼ Tκabcd

Z
∞

−∞
df1df2df3T hðf1; f2; f3ÞQ̃�ðf1; f2; f3Þ;

ð4:46Þ

where κabcd denotes the four-detector overlap reduction
function and T h is the connected contribution to the
GW trispectrum. The frequencies satisfy the condition
f1 þ f2 þ f3 þ f4 ¼ 0.
Let σ2aðfÞ denote the noise power spectral density for

detector a. The noise correlator is then

hnaðf1Þnbðf2Þi ¼ δðf1 þ f2Þδabσ2aðf1Þ: ð4:47Þ

Assuming Gaussian noise, the variance of the estimator
becomes

σ2 ¼ T
Z

∞

−∞
df1df2df3Nabcdðf1; f2; f3ÞjQðf1; f2; f3Þj2; ð4:48Þ

with

Nabcðf1; f2; f3Þ ¼ σ2aðf1Þσ2bðf2Þσ2cðf2Þσ2dðf1 þ f2 þ f3Þ þ perms: ð4:49Þ

The resulting SNR can therefore be written as

SNR ¼
ffiffiffiffi
T

p κabcd
R
df1df2df3T hðf1; f2; f3ÞQ̃�ðf1; f2; f3Þ

½R df1df2df3Nabcdðf1; f2; f3ÞjQðf1; f2; f3Þj2�1=2
: ð4:50Þ

To determine the optimal filter we employ the Wiener filtering method (see e.g. [93]). We introduce the inner product

ðC;DÞ≡
Z

df1df2df3Cðf1; f2; f3ÞD�ðf1; f2; f3ÞNabcdðf1; f2; f3Þ; ð4:51Þ

PROBING GRAVITATIONAL-WAVE FOUR-POINT CORRELATORS PHYS. REV. D 113, 103544 (2026)

103544-17



which allows us to rewrite the SNR as

SNR ¼
ffiffiffiffi
T

p ðκabcdT h=Nabcd; QÞ
½ðQ;QÞ�1=2 : ð4:52Þ

Maximization with respect to Q leads to the optimal
choice

Qðf1; f2; f3Þ ¼
κabcdT hðf1; f2; f3Þ
Nabcdðf1; f2; f3Þ

: ð4:53Þ

Substituting this expression back into the SNR yields the
maximal achievable value

SNRmax ¼
ffiffiffiffi
T

p �Z
df1df2df3

ðκabcdT hðf1; f2; f3ÞÞ2
Nabcdðf1; f2; f3Þ

�
1=2

:

ð4:54Þ
Further simplification arises when the noise spectrum is

approximately frequency independent,

hnaðf1Þnbðf2Þi ¼ δðf1 þ f2Þδabσ2a; ð4:55Þ
which implies

Nabcd ¼ 4σ2aσ
2
bσ

2
cσ

2
d: ð4:56Þ

In this case the maximal signal-to-noise ratio becomes

SNRmax ¼
ffiffiffiffi
T
4

r �Z
df1df2df3

ðκabcdT hðf1; f2; f3ÞÞ2
σ2aσ

2
bσ

2
cσ

2
d

�
1=2

:

ð4:57Þ
The result above applies to a single detector quadruplet.

In experiments where multiple independent quadruplets

can be formed, such as pulsar timing arrays, the total signal-
to-noise ratio can be enhanced by summing the contribu-
tions from all available combinations.
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APPENDIX: THE TIME INTEGRAL OF EQ. (3.7)

We present here the derivation of the late-time limit
result of the integral in Eq. (3.7) in radiation dominated era.
The integral to compute is

JτðτÞ ¼
Y4
i¼1

Z
dτi

gkiðτ; τiÞ
aðτiÞ

ðA1Þ

where

gkiðτ; τiÞ ¼
i
2ki

ðe−ikiðτ−τiÞ − eikiðτ−τiÞÞ: ðA2Þ

The result of the full integral is

JτðτÞ ¼
1

16k1k2k3k4
½−Ciðk1τRÞ sinðk1τÞ þ Ciðk1τÞ sinðk1τÞ þ cosðk1τÞðSiðk1τRÞ − Siðk1τÞÞ�

× ½−Ciðk2τRÞ sinðk2τÞ þ Ciðk2τÞ sinðk2τÞ þ cosðk2τÞðSiðk2τRÞ − Siðk2τÞÞ�
× ½−Ciðk3τRÞ sinðk3τÞ þ Ciðk3τÞ sinðk3τÞ þ cosðk3τÞðSiðk3τRÞ − Siðk3τÞÞ�
× ½−Ciðk4τRÞ sinðk4τÞ þ Ciðk4τÞ sinðk4τÞ þ cosðk4τÞðSiðk4τRÞ − Siðk4τÞÞ�: ðA3Þ

Using the asymptotic behavior CiðkτÞ⟶τ→∞
0, SiðkτÞ⟶τ→∞ π

2
, expanding the cos and sin functions in exponential form and

renaming CðkiÞ ¼ ð16k1k2k3k4Þ−1 we find

JτðτÞ ¼
CðkiÞ
16

½π4e−iðk1þk2þk3þk4Þτ þ π4e2ik1τ−iðk1þk2þk3þk4Þτ þ π4e2ik2τ−iðk1þk2þk3þk4Þτ þ � � � ð1938Þ � � ��
þ e2ik1τþ2ik3τþ2ik4τ−iðk1þk2þk3þk4ÞτSi½k1τR�Si½k2τR�Si½k3τR�Si½k4τR�
þ e2ik2τþ2ik3τþ2ik4τ−iðk1þk2þk3þk4ÞτSi½k1τR�Si½k2τR�Si½k3τR�Si½k4τR�
þ e2ik1τþ2ik2τþ2ik4τ−iðk1þk2þk3þk4ÞτSi½k1τR�Si½k2τR�Si½k3τR�Si½k4τR�
þ e2ik1τþ2ik2τþ2ik3τ−iðk1þk2þk3þk4ÞτSi½k1τR�Si½k2τR�Si½k3τR�Si½k4τR�: ðA4Þ
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Without conditions, taking the average over rapid oscillations leads to a vanishing result. By imposing that si ¼ þ1 for all i,
and k4 ¼ k1 þ k3 − k2, we get

JτðτÞ ¼ CðkiÞ
�
Ciðk3τRÞ

�
Ciðk2τRÞ

2π
ðπ − 2Siðk1τRÞÞ −

Ciðk1τRÞ
2π

ðπ − 2Siðk2τRÞÞ
�

þ 1

8π2
ðπ − 2Siðk1τRÞÞðπ − 2Siðk2τRÞÞ −

1

4π
ðπ − 2Siðk1τRÞÞðπ − 2Siðk2τRÞÞSiðk3τRÞ

þ Ciðk1τRÞCiðk2τRÞ
�
π2

2
− πSiðk3τRÞ

�
þ Ciððk1 − k2 þ k3ÞτRÞ

×

�
Ciðk3τRÞ

�
2Ciðk1τRÞCiðk2τRÞ þ

1

2
ðπ − 2Siðk1τRÞÞðπ − 2Siðk2τRÞÞ

�

þ Ciðk2τRÞðπ − 2Siðk1τRÞÞ
�
−
π

2
þ Siðk3τRÞ

�

þ Ciðk1τRÞ
�
1

2π
ðπ − 2Siðk2τRÞÞ þ ð−π þ 2Siðk2τRÞÞSiðk3τRÞ

��

þ
�
Ciðk3τRÞ½Ciðk2τRÞð−π þ 2Siðk1τRÞÞ þ Ciðk1τRÞðπ − 2Siðk2τRÞÞ�

−
1

4π
ðπ − 2Siðk1τRÞÞðπ − 2Siðk2τRÞÞ þ

1

2
ðπ − 2Siðk1τRÞÞðπ − 2Siðk2τRÞÞSiðk3τRÞ

þ Ciðk1τRÞCiðk2τRÞð−π þ 2Siðk3τRÞÞ
�
Siððk1 − k2 þ k3ÞτRÞ

�
:

By also imposing k2 ¼ k1 and k3 ¼ k1, corresponding to the configuration in the right panel of Fig. 3, we get our familiar
result of Eq. (3.14)

1

8k41H
4
0Ω2

RD

�
Ciðk1τRÞ2 þ

�
π

2
− Siðk1τRÞ

�
2
�
2

ðA5Þ

where we have restored the H4
0Ω2

RD at denominator, since in the computation we have simply used aðτÞ ¼ τ.
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