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Stochastic gravitational-wave backgrounds (SGWBs) of primordial origin offer a powerful probe of
early-Universe physics and possible dark-sector dynamics. While most searches focus on the GW power
spectrum, additional information is encoded in higher-order correlators that characterize the statistical
properties of the signal. In this work we study non-Gaussian features of a cosmological SGWB generated at
second order by vector fluctuations, a class of sources well motivated in early-Universe scenarios. Within
this framework we develop tools to characterize higher-order GW correlators and compute representative
four-point functions that generate a connected contribution to the GW trispectrum. We show that the
trispectrum amplitude scales as the square of the GW power spectrum and peaks in characteristic folded
momentum configurations, reflecting the structure of the nonlinear source. We then explore the
observational implications. First, we demonstrate that the connected trispectrum contributes to the
variance of two-point overlap reduction functions, including the Hellings-Downs curve relevant for pulsar
timing arrays. We then construct the optimal estimator to measure the connected trispectrum with ground-
based interferometers. Our results highlight how non-Gaussian SGWB statistics provide a complementary
observable to probe the origin of GW backgrounds and to distinguish cosmological from astrophysical

sources.
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I. INTRODUCTION AND CONCLUSIONS

The search for a stochastic gravitational-wave back-
ground (SGWB) of primordial origin offers a unique and
powerful probe of the physics of the early Universe [1].
Unlike electromagnetic radiation, gravitational waves
propagate essentially unimpeded from their production
epoch, allowing them to carry direct information about
physical processes occurring at extremely high energies
and very early times. A particularly compelling target
consists of scenarios in which present-day cosmic puzzles
are explained through dynamics in the early Universe.
Examples include models where primordial black holes
account for a fraction of the dark matter, scenarios in which
primordial vector fields seed the large-scale magnetic fields
observed in galaxies and clusters, or frameworks in which
dark matter arises from a dark photon sector. See, for
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example, [2-4] for reviews of these possibilities. These
scenarios typically involve the amplification of primordial
fluctuations or the dynamics of additional fields in the early
Universe. As a generic consequence of their nonlinear
evolution, they inevitably source gravitational waves at
second order in perturbations, leading to the production of a
stochastic gravitational-wave background. In this sense, the
SGWB constitutes an unavoidable byproduct of the mech-
anisms responsible for generating the underlying cosmo-
logical structures or dark-sector components. See, e.g.,
[5,6] and references therein. Importantly, the resulting
SGWRB signals are expected to display distinctive spectral
and statistical properties that encode information about
their production mechanisms. Characterizing these features
therefore provides a powerful avenue to discriminate
between different early-Universe scenarios and to probe
the physics of the dark sector.

A central challenge in the context of SGWB physics
is the identification of observables capable of discriminat-
ing among different gravitational-wave sources, whether
primordial [1] or astrophysical [7], and of accurately
extracting their physical properties. Several strategies have
been proposed to distinguish cosmological from astro-
physical SGWB, including the study of their spectral
profiles (see, e.g., [1,8—10] and references therein) and
of their anisotropies: see e.g. [11-14].

Published by the American Physical Society
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In this work we investigate primordial non-Gaussian
features in the distribution of gravitational waves as potential
observables for discriminating among different sources of
the SGWB. Non-Gaussianity has long been recognized as a
powerful probe of early Universe physics. In particular,
primordial non-Gaussianities generated during inflation
have been extensively studied in the scalar sector of curvature
perturbations (see e.g. [15]), and constraints of their ampli-
tude and shape in the cosmic microwave background have
played a crucial role in ruling out classes of inflationary
models [16,17]. In comparison, much less attention has been
devoted to the study of primordial non-Gaussianity in
SGWBs of cosmological origin, and to the development
of suitable estimators to detect such signals with gravita-
tional-wave experiments. Our work aims to contribute to this
direction. We focus on the class of dark-sector scenarios
discussed above, in which gravitational waves are generated
at second order in fluctuations. Since the GW signal arises
from nonlinear sources, the resulting SGWB is expected to
exhibit intrinsically non-Gaussian statistics. This property
provides an additional observable that can be exploited to
discriminate among different GW production mechanisms.
In this work we therefore investigate primordial SGWB
non-Gaussianity generated at second order in dark-sector
models, and assess its potential as a diagnostic of the
underlying early Universe dynamics. We show how non-
Gaussian features encode information about the physical
processes responsible for GW production, and we discuss the
prospects for detecting such signatures with present and
future gravitational-wave experiments. Our analysis aims to
bridge a gap between theoretical predictions and observa-
tional strategies, exploring small-scale SGWB non-
Gaussianities by working at the interface between gravita-
tional-wave theory and experimental searches.

Astrophysical SGWBs, being generated by the cumu-
lative contribution of a large number of independent
sources, are expected to be nearly Gaussian by virtue of
the central limit theorem [18,19]. This expectation holds
provided that a sufficiently large population of sources
contributes to the signal. An important exception arises
when the SGWB is produced by a limited number of
unresolved sources. In this regime the signal can exhibit a
so-called “popcorn” character, reflecting the Poissonian
statistics of the underlying astrophysical events. The
resulting background is then characterized by a distinct
form of non-Gaussianity associated with the discreteness of
the sources. The search for and characterization of such
signals is an active area of research; see, for example,
[19-30]. See also [31,32] for comprehensive reviews.

Cosmological gravitational-wave backgrounds, by con-
trast, originate from processes operating in the early
Universe and can exhibit coherence over very large scales.
As a consequence, they may possess nonvanishing higher-
order correlators with statistical properties that differ
qualitatively from the Poisson-type non-Gaussianities

expected in astrophysical backgrounds. Non-Gaussian
features in the SGWB therefore constitute a potentially
powerful observable for distinguishing among different
classes of GW sources. Symmetry arguments and specific
model-building approaches are known to provide powerful
constraints on the possible shapes and properties of
cosmological GW non-Gaussianities (see, e.g., [33—41]).
Here we show that features of a family of induced GW
sources allow us to accurately characterize the structure of
observable non-Gaussian GW correlators, and to inves-
tigate their specific observational consequences.

We focus on SGWBs induced at second order by vector
fluctuations, see e.g. [42-50]. These constitute the vector-
field analog of the well-studied case of scalar-induced
SGWBs, extensively investigated in primordial black hole
scenarios, starting from [51-57]. This setup, described in
Sec. 11, provides a useful benchmark scenario, as it leads to
technically simpler and physically transparent calculations
of GW correlators. In particular, time and momentum
integrations factorize within the relevant convolution inte-
grals, allowing the time integrals to be performed analyti-
cally. This procedure isolates characteristic non-Gaussian
quadrilateral shapes for the Fourier momenta, associated
with folded configurations, and they naturally leads to the
notion of stationary non-Gaussianity [58,59]. We extend
this framework by carrying out in Sec. III an analytic study
of representative GW four-point functions, which generate
a connected contribution to the GW trispectrum. (We do not
consider spin-2 GW three-point functions, since they are
not detectable with pulsar timing arrays or ground-based
interferometers, see e.g. [60].) We show that the amplitude
of the GW trispectrum scales as the square of the GW
power spectrum.

In Sec. IV we then investigate the observational impli-
cations of these results, demonstrating that the connected
trispectrum can contribute to the variance of two-point
overlap reduction functions—most notably to the variance
of the Hellings-Downs curve relevant for pulsar timing
array experiments. Finally, we analytically compute the
four-point overlap reduction functions for ground-based
interferometers and construct the corresponding optimal
estimator for their detection.

We hope that our findings will contribute to advancing
the theoretical understanding of gravitational-wave non-
Gaussianities in well-motivated early Universe scenarios,
while also helping to identify robust observational signa-
tures that could be probed by current and future gravita-
tional-wave experiments.

II. OUR SETUP AND THE SGWB
TWO-POINT FUNCTION

We study gravitational waves (GW) produced during the
era of radiation domination, induced at second order in
perturbations by primordial magnetic field fluctuations
generated during cosmic inflation. Such magnetic fields
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can be associated with Standard Model electromagnetism
and primordial magnetogesis [3], or they can represent the
magnetic-field components of dark vector models aimed at
describing dark matter via longitudinal massive vector
dynamics (see e.g. [61]). In our work, we consider a
vector-induced SGWB as benchmark scenario for the broad
family of models able to produce a background of GW at
second order in fluctuations. In this and the next section we
compute two-point and non-Gaussian correlators respec-
tively. We show that our setup offers advantages with
respect to the scalar-induced case, leading to technically
feasible and physically transparent calculations. Then, in
Sec. IV, we analyse how GW non-Gaussianities can offer
new handles to probe or constrain properties of dark sector
physics with GW experiments.

An example of vector field models from the early
Universe. Scenarios involving vector fields produced in
the primordial universe arise in different contexts. To
consider a concrete example, one of the simplest models
of magnetogenesis from cosmic inflation is based on the
Ratra action for the vector sector [62]

1

——3 | e BEL. @)
where F,, = d,A, —9,A, is the vector field strength, and
f(¢) a function of the inflaton field and its gradient, which
characterize the dynamics of the vector. We work in the
mostly plus metric convention. We assume a Friedmann-
Robertson-Walker background metric with scale factor
a(r), with 7 denoting the conformal time. We focus on
the magnetic part of the vector spectrum only. We decom-
pose the magnetic field in Fourier modes as

oo 25
_ Z/

The spin-one polarization tensors e,@(fc) are defined in
circular basis with helicity 4 =R/L = +1. They are
constructed from two orthonormal unit vectors p and g,
transverse to the direction k

lk XBZ(T k)

exel!)(k)Bi (), (22)

_ Pit4; (2.3)
V2

Hatted vectors denote unit vectors, e.g. k = k/k with
k = |k|. We assume that inflationary dynamics generate
a magnetic-field spectrum characterized by the following
two-point function in Fourier space

(Bi(z.k)Bj(r.q)) = (27)°5(k — q)(B;(7.k)Bj(7.k)),.

(2.4)

where

(Bi(7.k)B; (1. k))s = m;(k) Py (k). (2.5)

The Dirac-delta in Fourier momenta appearing in Eq. (2.4)
is associated with the rotational invariance of the back-
ground. The index A in (...), denotes correlators factoriz-
ing the aforementioned delta function.

The tensor z;; is a combination of spin-1 polarization
tensors

~ D8N D)k 2 77
mij(k) = Ze(' Y(kyel (k) = 6,5 - kik;.
A==*1

(2.6)

For convenience we define the rescaled magnetic field
spectrum Pp(k) through the formula

”2
(B(@)Bi(0))a =5

The explicit scale dependence of the function Py(k)
depends on the setup one considers—the model of infla-
tion, and the structure of the function f in the specific
model of Eq. (2.1). See e.g. [3] for a review. Besides
couplings as Eq. (2.1), one can also consider models of
massive vectors during inflation, with interesting conse-
quences for the dark matter problem [61]. In all these cases
the magnetic field spectrum can get enhanced at small
scales, and our considerations in principle apply to all these
scenarios. We shall assume though that vector perturbations
propagate around a system with a vanishing vector field
background, so that spin-1 fluctuations have Gaussian
statistics—although, as we shall learn, they can lead to
non-Gaussianities in the induced spin-2, GW background.

Computation of the induced SGWB spectrum. An enhanced
magnetic field spectrum Pjp(k) at small scales can source a
background of GW at second order in fluctuations, after
inflation ends. In this section we focus on two-point corre-
lation functions and compute the induced GW spectrum, while
in Sec. III we discuss SGWB non-Gaussianities.

We decompose tensor perturbations corresponding to
GW as

Py(k) = Pp(k). (2.7)

Dhnd @), (2.8)

zkx
e -Y [k

<j)(lAc) are the spin-2, transverse—traceless (TT)

polarization tensors in circular basis (R,L)= +2.'

where e

'"The spin-2 polarization tensors in circular basis (R,L) =
(42, -2) are related to the ones in (4, x) basis by the formula

)3 (<)
(12 (lAc) €ij (k) & te;; (k) (2.9)

We assume that the polarization tensors el

ij
+2)\ * 2
(egj >) = ez('f )-

are real, hence
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The spin-2 polarization tensors are built as product of spin-
1 ones of Eq. (2.3)
2% Ny A
e (k) = P (k)el (k). (2.10)
The following combination of spin-2 polarization tensors

defines the projector operator, an important quantity in our
analysis

) (A)*
Njem = _ e el
A==42

(L)L,

(1) gL 4 B _ 0,0 | 00,00

=e ij Crm = €ij €py T Cpy,

:E(”if”jm +ﬂjf”im _ﬂijﬂfm)' (211)

which projects a two-index tensor in its transverse-traceless
components.

In order to ensure that h,-j(r,x) is real, we assume
hff )*(r) = h(__lf)(r). The two-point correlators for Fourier
components satisfy the condition

() (2)hg? (7))

= (22)'6) (k=)5, 1, (W @ (D)5 (2.12)
The role of the S-function over momenta has been dis-
cussed earlier. Here, the Kronecker S-function in the
polarization indexes is related to the conservation of
helicity for the spin-2 massless modes.” Using the previous
Fourier decomposition, we define the tensor power spec-
trum as

Pl = S O @) (213)
A

This is the quantity we wish to compute in this section,
reviewing and in part extending results developed e.g.
in [50,63].

Given an early universe model producing magnetic
fields, our computation of the second order, induced
GW spectrum follows [50]. After inflation ends, for
7 > 74, the GW Fourier mode functions obey

B () + 2HAY () + 2R (2) = SD (2. k), (2.14)
where primes indicate derivative along conformal time,
H = d’/a, and the source term on the right-hand side of
this equation is induced by the anisotropic stress associated
with magnetic fields. It reads

This is an important point on which we return again in Sec. III
when discussing non-Gaussian correlators.

2 o R
SW(z,k) = 20 @i (R) A (k) om ()
2 A
o A)i (B)
— 7(7)6( (ke (k). (2.15)

The magnetic-field stress tensor in Eq. (2.15) is given by
(see e.g. [44])

. [B,-<p>3j<k ~0)~ 208, (p)B,(k-p)|.

(2.16)

Since A;;/" = A,-j” = 0, the term proportional to §;; in the
previous expression does not contribute once contracted
with the projector A. The formal solution of Eq. (2.14) can
be written as

1
A
) (z) =

m/d’[/gk(a T’)a(r/)SU)(T/’k)’ (2_17)

where during radiation domination (RD) the Green func-
tion is

1

gz, 7)) = %sin [k(z = 7). (2.18)

As in [43], we parametrize the scale factor at late times
during this epoch as

a(t) = Hyv/Quyqr, (2.19)

with H|, the present-day Hubble parameter, and Q4 = 2

/)Cl'
the radiation density parameter. The tensor power spectrum

defined in Eq. (2.13) results
k3
T 42d(v)

« <Z(S(‘)(rl,k)S(‘)*(rz,k»A).

A

Pu(k) / ey dryge (.71 )gi (7. 1)l Ja(,)

(2.20)

Using Eq. (2.16) and Wick theorem, the source two-point
correlator summed over helicities becomes
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SV (1))a

A
4

(4”)202(71 )az(Tz)
x / B p A, (R) [ (B) (B) + 1 (B) ()]
x Py(p)Py([k — p|).

where 7 = (k —p)/|k — p|, and we used the definition
(2.4) for the magnetic field power spectrum. Non-Gaussian
connected contributions are neglected, since as explained
above we consider setup of Gaussian vector fields only.
Following [54,57], we introduce the variables

(2.21)

_ |k—p| p
U=—-—, v==, U

kep 1-u?40?
k k N N '

kp 2v

(2.22)

Contracting the tensor structure above (see e.g. [64]) one
finds

CO(M’ U) = Aijfn(l,i)[ﬂif(f))ﬂjn(ﬁ) + ”in(ﬁ)ﬂjf(ﬁ)]
— (1 +u2)<1 Gl i _uﬁ’”)z).

Using d*p = 2wk’ v*>dvdu, we obtain—in terms of the
rescaled magnetic field spectrum Py of Eq. (2.7)

(2.23)

2w [edv

Yo @) (w2))a = W/

A

X /_i duPg(ku)Pp(kv)Co(u, v).

(2.24)

Substituting Eq. (2.24) into Eq. (2.20), the tensor spectrum
‘P,, defined in Eq. (2.20) factorizes in two pieces as

T
Py(r.k) = ngz&

= ([ %)

© dp 1
I —/0 E/—l duPg(ku)Pg(kv)Co(u,v). (2.27)

(2.25)

with

(2.26)

It is important to emphasize that the expression in
Eq. (2.25) exhibits a factorizable structure in its time
and momentum integrations. As a consequence, the time
integral is easily tractable and can be carried out analyti-
cally. This property will play a central role in our analysis
of higher-order correlators in the next section. It

considerably streamlines the computations and yields
physically transparent results, particularly in clarifying
which momentum configurations and non-Gaussian shapes
are permitted for n-point functions within the setup under
consideration.

The time integral (2.26) is independent from the mag-
netic field source—it controls the effects of propagation
during RD. Instead, the momentum integral Zp of
Eq. (2.27) is time independent during RD—while it
depends on the primordial magnetic field spectrum Ppg.
During radiation domination, a(7)/a(r;) =17/7; and
aH = 1/7: see Eq. (2.19). Averaging over rapid oscilla-
tions, and taking the large 7z limit within radiation domi-
nation, yields for the time integral

= 1 T 2
2 __ ) T
T = e [Cl (k) + (2 sl(|kTR|)) } (2.28)

with Ci and Si respectively the cosine and sine integral
functions, and the bar over 7 indicates average over rapid
oscillations. We used the fact that in RD a’H = H\/Q.
Hence the time integral Z2 becomes independent from time
for 7 sufficiently large in RD. The quantity within square
parenthesis in Eq. (2.28) has a mild, logarithmic depend-
ence on momenta in the limit of small |kz,|. See also [50]
and references therein. Having introduced the averaged
time integral, we define the averaged power spectrum as

_ 1 =« _
Pp==-—s—~1Tp. 2.29
" 2242 ()R (229)
We plug (2.28) in Eq. (2.25), and evaluate the scale
factor at time 7 when the mode of momentum k crosses the
horizon during RD: a?(7;) = QzH3/k?, finding

- b3

. T 2
Palens k) = gy | CP(kseh + (5 - Silkse) ) | 25
R*10

(2.30)

In order to take into account of the GW redshift from
horizon crossing to today, we include effects of transfer
function to the previous formulas, amounting to the
inclusion of an overall factor of a?(z;)/2 (see e.g. [65]),
hence today we have

- b

Pulb) = foq i {Ci2(|krR|) + (g - Si(|krR|)>2]IB.

(2.31)

Explicit examples. We are now left with the computation
of Zp in Eq. (2.27)—which is the quantity that depends on
‘Pg. We do not limit our attention to power-law profiles for
the vector spectrum Pp, as often considered, and we instead
allow for richer momentum dependences, motivated by
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recent advances in inflationary model buildings including
nonslow-roll phases (see e.g. [50,63] for models of pri-
mordial magnetogenesis including the effects of such
phases). We keep the discussion broad without focusing
on explicit model building. Instead we consider general,
simple templates with a peak in the magnetic field
spectrum.

As a first example, we focus on the case of deltalike
magnetic spectrum, which can be motivated by models of
inflation with ultraslow-roll phases able to produce sharp
peaks in the spectrum

Py(k) = Ap3(in[k/k,]), (232)
with k, a characteristic scale indicating the epoch during
inflation when departures from slow roll occur. A scenario
with such sharp peaks is not easy to realize in practice,
but this setup has the advantage of being analytically
tractable. In fact, changing variables as u=(r+s+1)/2,
v=(t—s+1)/2, the integral Zy containing delta-
functions can be explicitly evaluated, giving

Tg(k) = /Ooo dt/_j ds(1—s+1)2(1+s+1)72

x Py(ku)Pg(kv)Co(t,s). (2.33)

o K2(K? + 4K3)?
B 128k

O(2k, — k). (2.34)

Hence the final expression for the GW spectrum is

- nA% k> \?
g [ 1 -
Pu(zo, ) (1281&}13%)( +418*)
2
x {Ci2(|krR|) + <g—Si(|kTR|)> }@(21@ — k).

(2.35)

This is an increasing function of k/k,, dropping to zero for
k/k, > 2. As expected from the structure of the convolu-
tion integrals, its amplitude is proportional to the square of
the amplitude of the magnetic field spectrum. Compare
with Eq. (2.32). It is also convenient to compute the energy
density in GW, given by

1 [ k\2-
Qow=—— | Pa.
aw 12<aH> P

being this quantity usually considered in GW experiments
aiming at characterizing the SGWB spectral shape. It is
expressed in terms of GW frequency, f/f, = k/k,.

Plugging expression (2.35) into (2.36) we get the form of
the full GWs energy spectrum

(2.36)

Induced Qgw from 6-function magnetic spectrum

— k. |tr|=0.0001
10114 — k-Il=001
— k.|wl=01
10-13
10-15 4
=
d
10-17
10—19_
1021
106 10-° 104 1073 1072 1071 10°
fif.
FIG. 1. The GW energy spectrum Qgw associated a mono-

chromatic (delta-function) magnetic power spectrum, plotted as a
function of f/f, for different values of k,|zg|. See Eq. (2.37).
Notice that the spectrum drops to zero for f/f, > 2.

71'A2 k2 k2 2
Q k) = B |
aw (70, K) (128kngQR) <12H§>( +41&)

< [e(lken) + (5 - Silkse) ) |
x ©(2k, — k),

(2.37)

where we used a(zg) = 1.

The plot of (2.37) as a function of k/k, = f/f, for
different values of k7 is shown in Fig. 1; we plot Qgw (f)
since this is the usually considered quantity in GW
experiments aiming at characterizing the SGWB spectral
shape. Since a oJ-function source is physically hard to
achieve, we only focus on the qualitative shape of the
spectrum. Therefore, we set the overall normalization
parameters to unity, as they only change the amplitude
of the function but not the dependence of Qgw on k/k,;
similarly, we fix Ag = 107, In our setup we assume
ky|tr| < 1, accordingly with the beyond-slow-roll mag-
netogenesis framework of [50], where k, = —1/7, 7, is
the instant at which the nonslow-roll phase begins during
inflation, and 7p denotes the end of inflation. With this
choice, the only relevant parameter controlling the time
integral part is the dimensionless combination k,|zg|,
which enters the argument of the oscillatory term through
ktg = (k/ky)(kytg). For ky|tg| < 1 these oscillatory
functions show a mild variation. As a result, in the
monochromatic delta-function case the spectrum is essen-
tially controlled by the monotonically increasing prefactor
and exhibits a sharp cutoff at k = 2k,. This qualitative
behavior is similar to the monochromatic delta-function
template discussed in [46] in an analogous setup of
GWs induced by primordial magnetic fields, where a
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Induced Qgw from BPL magnetic spectrum

—— k. Tz =0.0001
107 k.Te=0.01
— k.Tr=0.1

10-10

1012
3 107
o]

1016

10-18

Induced Qcw from LN magnetic spectrum

10-11

10-13

Qaw

10-15
=680 /)
10-17 {46 /

10-194 //

FIG. 2. Profiles of Qgw as function of GW frequency over a characteristic scale f,. Left panel: GW spectrum induced by a broken
power law profile for the magnetic field, (2.38), choosing n; = 4, n, = =2, 6 = 1. Right panel: GW spectrum associated to the log-
normal profile of Eq. (2.39), with A = 0.8. In both cases, Py, = 10%, and fix the quantity |k, 7gx| = 1072 in Eq. (2.31).

monotonically increasing Qgw with a sharp cutoff at
k = 2k, is likewise found.

After the previous analytical model, we can numerically
handle two more realistic templates for the momentum
profile of Pg, which are frequently considered in the analog
context of scalar induced gravitational waves. First, a
broken power-law (BPL) profile

KN /1 1 [ k\o\%"
P =) (343 (2))
* *

where P, an overall amplitude, k, is a pivot momentum
scale, n; , characterize the slopes of the power-laws on both
sides of the break, and o controls the smoothness of the
break transition. Second, a log-normal (LN) spectrum

(2.38)

Py

= V27A

maximized at k,, where A controls the width of the peak.
We perform numerically the momentum integrals Z 5, and
represent in Fig. 2 our results in terms of GW energy
density of Eq. (2.36). Both the panels in Fig. 2 have a
similar profile, and we notice a rapid decay in power at
f > 2f,, analogously to what found for the case of
deltalike magnetic source. In both cases the GW spectrum
exhibits the same qualitative structure: an infrared rise at
k/k, <1, a maximum at wave numbers of order the
characteristic scale k., and a decay at larger wave numbers.
At small k the spectrum grows approximately as a
power law,

Pp(k) e~ (Ink/k,)*/(28%) (2.39)

Qaw (k) o k%K), (2.40)
with an effective slope a(k) that is not constant and
progressively flattens as k/k, approaches 10~!. Around
the peak the slope crosses zero, while at larger k the

spectrum decreases and can be described by a negative
effective slope, Qgw(k) o< k%), Figure 2 shows the
resulting Qgw spectra for the two magnetic templates
considered (BPL and LN), together with power-law fits
performed over different frequency intervals. This pro-
cedure highlights how the effective slopes a and f vary
across the integration ranges. The main difference between
the two cases appears in the ultraviolet tail. For the BPL
template the maximum occurs at k/k, of order a few and
the subsequent decay is relatively mild, leaving an extended
high-k tail consistent with a power-law behavior. In
contrast, for the LN template the peak lies closer to k/k, ~
O(1) and the ultraviolet suppression is significantly
steeper, reflecting the stronger localization of the source
spectrum around k. Finally, varying k, 7 mainly rescales
the overall amplitude of the signal. In the range shown
in the figure, increasing |k, 7| reduces the amplitude of
Qgw, in agreement with the explicit dependence of the
oscillatory functions on |kzg/|, as already observed in the &-
function case. Finite-width peaked source spectra are more
realistic than the monochromatic approximation and nat-
urally produce a GW signal peaking around k ~ k.
Moreover, they display infrared and ultraviolet behaviors
that are qualitatively consistent with those commonly found
in peaked-source SGWB scenarios in the literature, for
instance in the case of scalar-induced gravitational waves
(see e.g. [5] and references therein).

III. COMPUTATION OF INDUCED GW
NON-GAUSSIANITY

Definitions and motivations. Since in our setup the
SGWSB is sourced nonlinearly in fluctuations by primordial
vector fields, we expect that the corresponding connected
higher order GW correlators are nonvanishing, and that
they can lead to observational consequences for GW
experiments. The physics of dark sector involving vector
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/ ky ks
ﬁ@ ky ks

FIG. 3. Graphical representation of the shapes of closed
quadrilatera associated with the GW trispectrum. Left panel: a
generic closed shape. Right panel: a flattened trispectrum shape,
as the one we reduce to in our setup. See main text for details.

fields, as discussed above, offers distinctive connections
between magnetogenesis [42-50], dark matter [66], and
non-Gaussianities in the stochastic GW background. We
aim to characterize the properties of the SGWB non-
Gaussianities, with special emphasis on their implications
for GW experiments which we explore in the next section.

In this section we demonstrate that the calculations
carried on in Sec. II can be straightforwardly extended
to study non-Gaussian GW correlators. Since three-point
correlators of spin-2 GW associated with isotropic SGWB
cannot be directly detected with interferometer and pulsar
timing array experiments (see e.g. [60]) we focus on four-
point correlators, and study the so-called GW trispectrum.
We show that the resulting trispectrum in our setup is
stationary [58,59] and assumes a folded shape in terms of
its momenta.

We will be interested on the connected part of the GW
four-point function, extracted from the combination of
correlators in momentum space
>

A

W@ (@) W@ (@) s G

i

where 4; = 2. In writing the previous equation we impose
the momentum-conserving relation
k, +k; =k, + k4 (3.2)
associated with the rotational invariance of the
background—hence the momenta k; form a closed quad-
rilaterum: see Fig. 3, left panel. Moreover, as we are going
to learn, in the setup we consider the momenta k; actually
lie all aligned along a common direction k; = k;71. See
Fig. 3, right panel for an example of momentum alignment.
Hence the setup we consider leads to shapes correspond-
ing to flattened quadrilateral configurations. Being the
momenta of the massless spin-2 fields aligned, we impose
the conservation of total helicity in the correlators of
Eq. (3.1). In Eq. (3.1) we then impose
/11—/12—‘-/13—/14:0 (33)
where 4; = +2 = (L, R). Hence the A; can assume the
values (LLLL), (LLRR), (LRRL), up to exchange of L
with R. In this work, for definiteness, we assume that only

the (LLLL) and (LLRR) are turned on (as well as the
corresponding contributions with L <> R) and a sum over
helicities reduce to

Z = (3.4)
A ﬂlofiz
We then define the trispectrum as
R
g (27%)3
« Z <h(/11) h(ﬁl)(f))*h(iz)(,[) (h(ﬁz)(f))*>
k; ks Ky A
Ap=%2
(3.5)

where k? overall factors are included to make the result
dimensionless, in analogy with the power spectrum defi-
nition of Eq. (2.13). The structure of Eq. (3.5) automatically
satisfies the condition (3.3).

From now on, we will be interested on the connected part
of the trispectrum, which we still indicate with 7. For
computing this quantity following Eq. (3.5), we start from
the formal solution of the GW mode function given in
Eq. (2.17). We proceed as in the previous section. The
trispectrum 7 ;, defined in Eq. (3.5) results factorizable in a
time and momentum integral as in Sec. II

T,= a4(r) Jo(2)Jg(k;) (3.6)
with
(7,7;)
E / de, HA e (3.7)
and
Ialk) = R €9 k), 68

with a polarization dependence as explained after Eq. (3.3)
and where

CO®) = > (e@ar(§)e®) (k) el=ed ()25 (k)
Aa=%2
T (s )2, (s el 2001 (), (k) o

(3.9)

We start with evaluating the time integral (3.7), which—
as we are going to learn—is responsible for forcing
the aforementioned condition of alignment on the direc-
tions k;.
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The time integral in Eq. (3.7).

We evaluate Eq. (3.7) in the limit of large observation
time z. Throughout, the Fourier momenta satisfy the
closed-quadrilateral condition (3.2). The retarded Green
function for each tensor mode is
—ik]-(T—Tj) _ eikj(r—‘rj))'

i
gkj(T,Tj) :ﬁ(e (310)
J

Substituting Eq. (3.10) into Eq. (3.7) yields a sum of
2% = 16 oscillatory contributions, each proportional to
exponentials of the form [[j_, exp [+ik;z].

In the late-time limit 7 — oo, all terms are rapidly
oscillating and hence suppressed—except for those for
which the total phase is stationary. (Stationary phase
approximation.) A direct inspection shows that stationarity
is achieved if the magnitudes of the external momenta—
and not only combinations with their directions as
Eq. (3.2)—satisfy a relation of the form

4
j=1

Thus, configurations obeying the vectorial closure con-
dition (3.2) contribute at late times only if they correspond
to flattened or folded trispectrum shapes, in which the four
sides are superimposed.3 See Fig. 3, right panel, as well as
Appendix for technical details.

In other words, in our setup the surviving contributions
correspond to configurations in which the four momenta
are collinear and aligned along a common direction fi. Each
momentum can then be parametrized as

k; = o;kn, o; = *£1, ki >0, (3.12)
and the quadrilateral condition (3.2) reduces to a scalar
constraint as Eq. (3.12)

le] +03k3 :62k2+04k4. (313)
See for example Fig. 3, right panel, for an example where
the o; = 1 in the formula above.

We refer to this requirement as stationarity of the
trispectrum, and stress that it is an unavoidable conse-
quence of the structure of the time integrals in our
framework. The stationary condition is essential for build-
ing observables detectable with GW experiments. Once this
condition 1is satisfied, the decorrelation arguments of
Refs. [67,68] no longer apply, as discussed in [58,59].
Indeed, the decoherence effects identified in [67,68]
typically arise from phase misalignment among waves

3 Another possibility arises when the quadrilateral has two pairs
of parallel sides; we defer a discussion of this case to future work.

produced in multiple causally disconnected regions;
through the central limit theorem, this mechanism drives
the signal toward Gaussianity. In contrast, the alignment
condition in our setup enforces that the GW originate from
the same direction, preventing such phase averaging. Our
notion of stationary GW non-Gaussianity therefore singles
out a distinct class of tensor non-Gaussian signatures with
support in these aligned configurations.

Independently of this effect, [67,68] show that gravita-
tional waves may accumulate random phases during their
propagation from source to detector, induced by long-
wavelength energy-density fluctuations. These phases—
physically associated with Shapiro time-delays—act on
short-wavelength GW modes traveling over cosmological
distances. As a result, they tend to suppress phase correla-
tions in initially non-Gaussian fields, and they reduce the
amplitude of connected tensor n-point functions for n > 3.
Interestingly, in our case the unequal-time correlators depend
on time differences only, thanks to the stationarity condition
above (see e.g. [58]). Consequently, they are insensitive to
the full propagation history of the waves and probe only the
relatively short timescales relevant to the experiment.

Under the condition (3.12), the integral (3.7) can be
evaluated straightforwardly (see Appendix), but the
result is cumbersome. For the simplest choice s; =1 in
Eq. (3.13), and for equal k; = k (a special case relevant
for the examples we consider) we find

1 . T ]2

It is simply proportional to the square of the result we found
for the two-point function case: compare with Eq. (2.28).
Having introduced the averaged time integral J,, we can
accordingly define the averaged trispectrum, analogously
as what we have done for the two-point function case

(3.15)

The momentum integral of Eq. (3.8).

We can now impose the collinearity condition of
Eq. (3.12), and express the quantity Jz(k;) of Eq. (3.8)
as [recall our choice of polarization indexes in the defi-
nition of trispectrum (3.5)]

1 K3k
1306) = 35 ({523 Ko (0

M)A M)Ay () ray (=h) /A
X D e @ (@il (e (7).
Ajp=%2

YT
- 4(471.)4 ((2ﬂ2)3> 51j1~~i4j4(ki)AiljlizjzAi3jzi/4’

(3.16)
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where we used the properties of combinations of polari-
zation tensors—see Eq. (2.11). The eight-index tensor in
Eq. (3.16), after defining q, = k,fi — p,, results

K.

iji-- l4J4

d3 p
/ (s B 018, ()8, (p2)

374(‘14»-
(3.17)

X BZ((IZ)Bzg (P3)B;,(q3)B;, (p4)

From this expansion, we are only interested in
extracting the connected contributions, that correspond
to the fully linked contractions in which all four source
functions Sy, S5, 83,5, are connected through magnetic
field pairings. On the contrary, the disconnected contribu-
tions correspond to terms that factorize into products
of lower-order point functions, like (S,S3)(S;S;) or
(51)(83553).

In order to isolate the connected part, we proceed as
follows: we group the eight magnetic fields appearing in
Eq. (3.17) into four quadratic blocks, each block containing
two magnetic Fourier modes, that we call legs. At vertex a
we have the two legs B; (p,) and B}, (q,), and analogously
for the complex-conjugated blocks appearing in the second
and fourth sources. A Wick contraction pairs any legs,
irrespective of whether their indices originate from an i-slot

(8pt function) = (1234) +

conn *

(1243) + (1324) +

or a j-slot of a given block. For instance, B; (p;) can
contract with B} (p,) just as well as with B} (q,), and in the
same way also two unconjugated modes can be connected,
like B; (p;) and B, (p3). Recall that we can always pass
from the conjugated to the nonconjugated field by the
relation B;(p)* = B;(—p). We can thus define the con-
traction between two modes as

L, = Bl(k)B:n(k/) = <Hlm>
= (2”)36(3)(1( - k/)PB(k)”lm(]%)’

and analogously between two noncomplex conjugated
modes, with a + inside the § function. We now place
the four source blocks (labeled by a =1,...,4) on the
vertices of a square, and represent each Wick contraction of
magnetic modes as a line connecting two vertices (or better,
two modes within two different vertices). Disconnected
contributions correspond to configurations in which the
graph factorizes into two (or more) independent subgraphs;
these terms reduce to products of lower-order correlators
and hence do not contribute to the connected four-point
function. The connected contribution is obtained by retain-
ing only those patterns that link all four vertices into a
single closed loop. Therefore, there are six independent
possibilities of connecting the blocks

(1342) + (1423) + (1432),

where the four numbers are the vertex labels a. For any of these six contributions, a specific contraction is obtained by
assigning, at each vertex, which of its two legs is contracted to the next vertex along the cycle: for each of the six
possibilities above, there are eight ways to contract magnetic Fourier modes among blocks.

For example, focusing on the option indicated as (1234), one of the eight possible diagrams (the other choices lead to

similar structures) is

(1234)! /H d3p“

B; (p1)B ,4((14>>< i (q1)B zz(P2)>< ,2((12) i (P3))(B),(q3)B 14(P4)>

= 8[fi(ks — ky + ki — ky)] / & p\Pg(p1)Pp(ky = p1)Pp(p1 — ki + ky)Pp(ky = p1)

i\ (}71)771'21'l (k1 - Pl)”im(l?l -k + kz)”;m (k4 - Pl)’ (3-18)
where in the second equality we integrate over momenta p, 3 4, and for simplicity we understand the hats in the arguments of
the 7;; tensors. For this specific contribution, the integral to compute for obtaining the corresponding part of Jp [see

Eq. (3.16)] results

kik-k3)? [ dpd Pylky —p)Pp(p—ki + ko) Pglky —
J}gz( 1koks) / 14 ﬂcl(ki YPs(p) 5k 137) 5(Pp 1 32) (k4 é’) (3.19)
2567 ki =pl® p—ki+kl |k—pl|
with
K, -
=P (3.20)
kip
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FIG. 4. A particular lay-out for the four building blocks of
magnetic fields leading to connected GW four-point functions,
located on the vertexes of a square and linked by vector-field
correlations. See main text for details.

and

Ci(ki, p) = Ni j,iyj, (M)A joi g, (M), ()i, (ki = )
X ”i3j2<p - kl + kz)ﬂi4j3 (kl + k3 - k2 - p)
(3.21)

See Fig. 4 for representation. Notice that, since we integrate
over all directions p, the quantity Jp (hence the total
trispectrum), results independent on the direction 7 along
which the momenta are aligned. An explicit, simple example.
So far, our results are general. As done in Sec. 11, for carrying
on the integrals analytically we assume a deltalike source for
the magnetic field spectrum

Pp(k) = Agd(In[k/ky]), (3.22)
We introduce convenient variables
14 |klﬁ - p| ky
=, =, ==, 3.23
v A u A c a ( )
ki — kot — kot —
ky ky

so u = (1 + 2> —u?)/(2v). Using the properties of Dirac
delta function we can reexpress the power spectra as

Pg(p) = Apd(In[p/k,]) = Agé(In [v/0]) = Aged(v — o),
(3.25)

and analog formulas apply to the remaining contributions to
Eq. (3.19). Equation (3.19) can then be reexpressed as

AL (koks\?
T = 3562 <k—%> / il Pt =e)

y 8(u—0)6(u, —o0)d(uy, — o)

u? u’ u%

(3.26)

In order for the delta-functions not to overconstrain the
system, we select all sizes of the momenta to be equal,

k; =k, for i =2, 3, 4, so that two of the delta-function
conditions become redundant. The remaining delta-
functions impose then u = v = o, and p = 1/(20). Under
these conditions, the function C; in Eq. (3.21) reduces to

(1+p") (2= 4op + 0*(1 +42))
41+ 0% = 2up)

YRR
4 452 166% /)"

The integral can then be easily evaluated giving

A4k6 k2 2 k4
Jh=—"2B"1 (14 L) (1 L_\O(2k, — k).
B 1024nki< e AT (2 = k)

C1:

(3.27)

(3.28)

We can now assemble the previous result (3.28) with the time
integral given in Eq. (3.14) (in our situation with all the k;
identical, as required by the delta-function conditions). The
resulting contribution to the total trispectrum in radiation
domination is given by Eq. (3.6): when evaluated today, we
multiply the result by the transfer function coefficient
(a*(r)/2)*. Hence, the result is a function of a single
momentum scale k,

-, A% 5 P 272
=—— 2 — —|Ci*(|kytp|) + [ == Si(|kT
"=3192 ;4%92 [ i°(|ky7g)) (2 ik, R|)> }

¢ () (ve)
X—=(14+— 1+
K2 42 16k%

2, K K3\ 2 K
= 2P (k)L (1 2L 1 .
n3ph( ')ki< +4ki +16ki

under our hypothesis of sharply peaked magnetic spectrum.
The amplitude of the contribution we computed for the GW
trispectrum in the flattened shape is then proportional to the
square of the GW power spectrum, times a simple poly-
nomial function of the momentum scale. The other contri-
butions to Jp from the aforementioned permutations, being
associated to similar diagrams, are expected to give similar
results. The presence of the §-function magnetic spectrum
leads to a dependence on k/k, which is analogous to the one
observed for the two-point function case, where the signal
grows and then exhibits a sharp cutoff for k/k, = 2.
Therefore, the present discussion, although preliminary,
already illustrates the mechanism by which the magnetic
source shapes the GW trispectrum and the associated
momentum dependence in this particular case.

Summary of this section. Let us summarize the results of
this theoretical section. We find that vector-induced GW
backgrounds are characterized by intrinsic stationary non-
Gaussianities. The connected part of the primordial tris-
pectrum acquires an amplitude proportional to the square of
GW power spectrum, and a shape corresponding to a

(3.29)
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flattened quadrilateral shape with all sides superimposed:
see Fig. 3, right panel.

The scaling of the connected trispectrum amplitude
as 77%’ rather than P2, as would be expected for a stan-
dard “local-type” expansion of GW non-Gaussian mode
functions—implies that its magnitude can be parametri-
cally enhanced. The characteristic folded shape of the
trispectrum motivates the notion of stationary GW non-
Gaussianity, introduced in Sec. III as a mechanism to
address the detectability challenges emphasized in [67,68].
In the specific case of a delta-function magnetic power
spectrum source, the momentum dependence of the tris-
pectrum can be derived analytically, yielding a flattened
quadrilateral configuration with equal sides. For more
general sources, we expect a broader range of momentum
dependences, while still preserving the underlying folded
quadrilateral geometry. We now turn to the observational
implications of these results and analyze their phenomeno-
logical consequences for gravitational-wave experiments.

IV. CONSEQUENCES FOR GW
EXPERIMENTS

Motivations. We now investigate implications for GW
experiments of non-Gaussian correlators in the SGWB
from the early universe, with the geometrical characteristics
analyzed in the previous sections—i.e. a flattened shape for
the trispectrum, whose momenta are aligned along a
common direction 71 and their size satisfies

k1+k3 :k2+k4 (41)
The polarization indexes in circular basis are such that the
four-point correlator preserves helicity, see Eq. (3.5). There
are two complementary strategies to pursue to test GW
non-Gaussianities:

(i) We may examine how a sizeable GW trispectrum in

a flattened configuration modulates the statistical
properties of the two-point function and of the
gravitational-wave power spectrum, thereby induc-
ing distinctive and potentially observable signatures.

(ii) Alternatively, we can study the direct detectability of

higher-order correlators, such as the GW four-point
function, by analyzing the response of GW experi-
ments to this observable, and assessing the corre-
sponding detection prospects. Since the trispectrum
amplitude scales as 7, o P2, the detectability of
this quantity depends on the values of the GW two-
point correlator.

We consider examples of both approaches, respectively
in Secs. IV A and IV B. We begin by presenting a schematic
and general discussion of the underlying physical effects
we are going to investigate.

A typical GW signal X, measured by a GW experiment
labeled with A is given by the contraction of the GW

h;;(z,x) with the so-called detector tensor di{

T4 = hidy, (4.2)
the latter quantity depends on the geometric configuration
of the GW detector, and its properties. We assume the
corresponding measurement to be made at time 7 and at
position x A.4 We define the combination

(4.3)

with 71 the GW direction. Computing the signal two-point
function, and passing to Fourier space, we have

(Za(7,x4)Z5(7, X))

PR (0) A A=) ikl ), (=
=3 [y e ()
i

_> / d1n ky (k)P (K), (4.4)

where
1 _ -
Tan =g / dzﬁ(Zd?(ﬁ)dg ”(ﬁ))elk"m-m (45)
T
A

is the so-called overlap reduction function (ORF) which
controls how to signal two-point correlations depend on the
detector properties and conﬁguration.5

The OREF is the bridge between theoretical predictions
of GW properties—as the GW power spectrum—and
experimental quantities. Its features allow us to inves-
tigate whether the measured signal is due to a GW back-
ground. For example, data distributed following Hellings-
Downs curve in pulsar timing array measurements (more
on this in Sec. IVA) offer circumstantial evidence for a
GW interpretation of the measured GW signal.

The variance of the ORF. The ORF can be inter-
preted as arising from the mean value in an ensemble
average of GW measurements. Hence its properties can
be characterized by a variance, which should be taken
into account when confronting theory with experiment
[69]. There are several possible contributions to the
variance of an ORF, depending on the experiment under
consideration. Let us schematically estimate the con-
tribution of connected four-point function to what was

“More realistically, as we will learn in the next subsections, the
results depend on various locations as the Earth and pulsar
positions in pulsar timing arrays or the vertexes of interferometer
arms. We adopt this preliminary simplification to make our
arguments more transparent.

The overall factor controlling the ORF normalization in
Eq. (4.5) can change depending on conventions for each type
of GW experiment. We will be explicit on the normalization
definitions in what comes next.
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dubbed rotal variance® of the ORF in [70]. It is defined as

G/%\B = (ZpZpZpXp) — <ZAZB>2'

(4.6)

Besides its disconnected parts, let us assume a nonvanishing connected contribution to the trispectrum, characterized by a
flattened shape as discussed in Sec. III. This implies that all momenta are forced to align along a common direction 7. The
connected part of the signal four-point function—associated with the connected trispectrum—can then be expressed as

1
(AZ5E A )eom = / d1n kyd 1n Kod Tn Ksdky T (ki) 2o,

47

where [we use the specific trispectrum definition of (3.5)]

(4.7)

1
Zgonn = 4—/ d2nd2n2d2n3d2n45(ﬁ - flz)é(fl - ﬁ3)5(ﬁ - fl4)5(k1 + k3 - k2 - k4)
T

« ( Z dgl)(ﬁ)dﬁg—il)(ﬁ)dgflz)(ﬁ)d%—iﬁ(ﬁ)) ik a—ikoiy X p+iksiiy X g —ikyiy X

Aip=%2

1 _ _ . .
_ 477:/ d2ﬁ< Z d[(qﬂ])(ﬁ)d}(}; ﬂl)(ﬁ)dgz)(ﬁ)d% /12)(",\1)) ez(k|+k3)n(x,\—x,;)’

=)

(4.8)

and we make use of the condition of alignment of all four momenta along a common direction 71, and the sum over
polarization indexes satisfy the helicity conservation Eq. (3.3).
Assembling the connected result in Eq. (4.7) with the disconnected contributions, we can easily compute the total

variance as

O-EXB = (ZpZpZpXp) — <ZAZB>2

:/dlnkldlnkzph(kl)Ph(kz) |:Z§isc(k1,k2)+/dlnk3

with

Z(ziisc(kth) = 7AB(k1)7AB(k2) + 7AA(k1)7AA(k2) (4~11)

and X2, is given in Eq. (4.8). The first two terms within
parenthesis of Eq. (4.10) depend on the disconnected
contributions to the four-point function, while the last term
depends on its connected part. Hence, Eq. (4.10) indicates
that the connected GW trispectrum in a flattened configu-
ration contributes to the total variance of the two-point
function. Consequently, it potentially affects GW measure-
ments. In the examples discussed in Sec. III, the amplitude
of the trispectrum is proportional to the square of the power
spectrum amplitude, hence we can expect an order-one
value for the integral over dIn k3, contributing to the last
term within parenthesis of Eq. (4.10). The contribution to
the variance of the connected trispectrum—in such setup—
should be comparable to the one of the disconnected parts

6Although [70] focuses on pulsar timing arrays, their definition
of total variance can be in principle applied to more general GW
experiments.

(4.9)

T (ki ky, k3)

7Zgonn k vk
By (k)P (k) oo k- K2)

(4.10)

of the four-point function. This fact is particularly relevant
for pulsar timing arrays, see Sec. IVA.

The ORF for the four-point function of GW signals.
Besides a modulation of the GW two point function,
as a matter of principle a connected trispectrum can
be measured directly by taking the four-point function
of the GW signal, and extracting its connected com-
ponent exploiting its associated ORF. Assuming that
the trispectrum shape acquires only a flattened con-
figuration, within the hypothesis discussed above, we
compute the associated four-point ORF through the
formula

1 . _ _
tunco = [ @ S di0dy )

Aip=%2

x eki(Xa=Xp) p=ikyAi(Xp=Xp) pikst(Xc—Xp)

(4.12)

where all the d's depend on the common GW
direction 7 and the x’s are the detector positions.
The polarization indexes satisfy the helicity condition
(3.3), and the momenta—aligned along 7i—satisty the
condition (4.1). The previous angular integral leads to

103544-13



CIPRINI, MARCELLI, and TASINATO

PHYS. REV. D 113, 103544 (2026)

the four-point ORF and, as we shall see in Sec. IV B,
it can be performed analytically—at least in the case
of ground-based detectors.

A. Pulsar timing arrays

Pulsar timing arrays (PTA) offer a powerful method
for searching for the SGWB background at nano-Hertz
frequencies, which recently lead to significant hints of
detection [71-74]. Time delays on the pulsar periods,
indicated with z(z), or the corresponding time residuals
called R(t), are used as indicators of the presence of a
SGWB. We refer to [65] for a pedagogical discussion of
basic concepts and techniques in PTA physics. The
recent preliminary measurements of the SGWB at nano-
Hz frequencies might also be explained by certain
models of second order, induced GW (see e.g. [75]),
similar to the scenarios we consider in our work. Hence
it is very relevant to study implications of GW non-
Gaussianities in this context.

The ORF corresponding to the PTA time-delay two-
point functions has been first computed by Hellings and
Downs in [76]. The detector tensor d; of Eq. (4.2) reads in
this context

nin/

df =
A2+ 3y - 1)

(4.13)

where 71 is the GW direction, and %4 the direction of pulsar
A with respect to the Earth position. The ORF leading to the
Hellings-Downs curve correlate GW signals measured with
two pulsars A and B. It is given by the integral in Eq. (4.5),
sometimes multiplied by a conventional normalization
factor 3/4—see e.g. [77]. As customary, we neglect the
so-called pulsar-term contributions, which cancel upon
integration unless two pulsars are coincident. Under this
assumption, the resulting integral becomes independent of
the specific pulsar locations, as well as on the GW

frequency. It reads
|

3
Z(z:onn = E dzn |:<ngl)

i

1
= E[6 + (134 — 139y)y + 30y(2 + 3y) Iny],

where we call y=(1—-cos()/2, and we denote
(@) = di{dﬁqel(f)egfl) . We plot in Fig. 5 the Hellings-
Downs ORF y ,5({) as a function of the angle among pulsars.
We include the effect of variances in color bands. In red band,

(i @ @) o) |

31—
VAB(C) :E gosé

I 1 —cos¢ 11—-cos¢
n< 2 > 4 2
50+ ban). (4.14)
where { is the angle between the vectors pointing from the
Earth toward pulsar A and B respectively. In the limit of
coincident pulsars, A = B, the pulsar term becomes impor-
tant leading to the Kronecker function 6,45 in Eq. (4.14).
See e.g. [78].

The Hellings-Downs curve is a central quantity in PTA
measurements—its characteristics angular correlations is a
crucial test for determining the GW origin of PTA mea-
surements. Recently, much work has been devoted in
computing and physically characterizing the variance of
Hellings-Downs correlators [69,70,78—88]. There are sev-
eral different contributions to the variance of this curve.
Following the arguments of Sec. III, we are interested to the
so-called total variance (dubbed in this way in [70]). The
total variance corresponds to the expected uncertainty for a
single pulsar pair whose time delays are caused and
correlated by the gravitational-wave background. It is
associated with the four-point function of Eq. (4.19). It
is constituted by two pieces, a disconnected part—already
discussed in the literature—and a connected one—which
we include here for the first time. The disconnected part is
the total variance studied in [70],

z%isc = 7/,248 + yiA (415)
which is easily computable from Eq. (4.14). It coincides
with the results of [70].

We compute for the first time the connected part contribu-
tion—Tlast term of Eq. (4.10) and in particular the quantity in
Eq. (4.8), including an overall factor of 3 /4 to match with the
aforementioned Hellings-Downs normalization convention.
See also [59] for another example of possible contribution of
GW four-point functions to Hellings-Downs—type correla-
tions. Recall that we need to sum over all polarizations
satisfying Eq. (3.4), and we specialize to our definition of
trispectrum of Eq. (3.5). We find

(4.16)

(4.17)

the disconnected contribution to the variance, delimited within
theregiony g £ Zgiec. (Compare with Fig. 1 of [70]). In green
band, the new connected contribution, within the region

Yap T Eﬁisc + 1022,,,. [We set to 10 the integral over
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FIG. 5. Representation of the Hellings-Down function (black

line); its total variance associated with disconnected contributions
to the signal four-point function (brown band); finally, the total
variance accounting for nonvanishing contributions of the con-
nected GW trispectrum (green band). See main text for details.

In k5 in Eq. (4.10), in order to make more clear the angular
dependence of the result.] We learn that the connected part of
the GW non-Gaussianity can increase the total variance of the
Hellings-Downs ORF, hence allowing for scattering of
experimental data around the mean Hellings-Downs ORF
for single pulsar-pair measurements. It would be interesting in
the future to further study the observational implications on
PTA data of the amplification effects on the size of the variance
induced by the connected part of the non-Gaussian GW
trispectrum.

B. Ground-based detectors

We now outline the analytical computation of the ORF
four-point function defined in Eq. (4.12), which is the key
observable for directly probing the connected component
of the signal four-point correlator. Improvements in the
sensitivity of ground-based detector networks, both within
the LVK array [89-91] and in future facilities such as the
Einstein Telescope [92], open new opportunities to detect
primordial SGWBs in the frequency range of tens of Hertz,
should such signals exist. Cosmological sources capable of
producing backgrounds in this band, including second-
order induced SGWBEs, are reviewed in [93]. It is therefore
essential to investigate their detectability prospects in
scenarios where the signal is non-Gaussian, as in the
framework considered here. Although we do not present
explicit detection forecasts—since these depend on the
detailed frequency dependence of the four-point correlators
—we emphasize that, because the trispectrum amplitude
scales as P2, it can be significantly enhanced in frequency
intervals where the gravitational-wave signal itself is

amplified, as in the second order GW induced scenarios
explored in previous sections. In our analysis of implica-
tions of GW non-Gaussianities, an advantage of ground-
based detectors is that the relevant integrals as Eq. (4.12)
can be evaluated analytically. For example, the ORF for
correlations among two detectors is well-known, see
e.g. [93]. Here we consider correlating measurements of
a non-Gaussian stochastic gravitational-wave background
(SGWB) across four distinct detectors—explicit examples
to have in mind being LIGO Hanford, LIGO Livingston,
Virgo, and KAGRA. In the presence of a connected
gravitational-wave trispectrum, such a four-detector corre-
lation is nonvanishing and, in principle, observable.
Assuming equal-length detector arms, the detector tensor

d reads in this case
b a b

1
dfxb =5 (uguy — vivy)

5 (4.18)

with u,, v, denoting the directions in three-dimensional
space of the arms of the interferometer denoted with the
index A. Notice the tracelessness condition dii = 0, as well

as the fact that di{ is now independent from the GW

direction 7# and momentum. In this setup, we can write
Eq. (4.12) as follows

dspagidy a)
¥/
X / dzﬁAabcd(ﬁ)Aefgh (ﬁ) eikl A(xa=xp)

(4.19)

7ABCD(klv kz) =

—iko (X p— kA A (X o —
X e~} 271 (Xp Xo)el sh(xc XD)’

where we use identity (2.11), we impose the helicity
condition (3.4) and condition (3.2) on GW momenta
direction, as well as the flattened shape condition for the
trispectum along a GW direction 7 (see Fig. 3, right panel).
To proceed, generalizing [93] to the case of connected
four point functions, we introduce the combinations
a = ki|xy —Xp| = kao|Xp = Xp| + k3[x¢c = Xp| (4.20)
ki (x4 —Xp) — ka(Xp — Xp) + k3(X¢c —Xp)

. (421)
ky|x4 = Xp| = ka|xp — Xp| + k3|Xc = Xp|

§ =

which corresponds to a weighted size @ of GW momenta,
and an average direction 5. We recall the relation Eq. (2.11),
between the projector tensor A and the GW direction 7:
once expanded over its contributions it reads

2Aabcd = 511(15})0 + 5a(76hd - 5(1/160(!
+ 5cdnanh + 5abncnd - 6hdnanc
- 5acnbnd - 5bcnand - 5adnbnc =+ ngnpneng

4.22)
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It is then convenient to define the following combinations
controlling correlations among two detectors

1
Fg; = 2duhdc (84¢0pq + perms), (4.23)

1
F% =-3 dsPdst(5,.npng + perms),  (4.24)
Fis =3 L e st myn g, (4.25)

where the index (p) indicates the power of unit vector 71
involved. The integral to deal with formally becomes

1 .
YaBcp = E/ d*n (fooz; +Fig+ F%)
x (F& + FE) + FE) ) e, (4.26)

We multiply the two parenthesis in Eq. (4.26), and define
the following combinations

0 0 0
Gnep = FAnF . (4.27)
2 2 0 0 2
Ginep = FinFoh + FagF o), (4.28)
= (4.29)
8 4) (4
GI(AIE;CD = Fﬁxl;F(cz))’ (4'30)

which depend on all four detectors, and assemble the
powers of unit vector 7. We can now use the identity

=Y i@+ 1)j(@Py(-3).  (431)
=0

with j, the spherical Bessel function, and P, the Legendre
polynomial of order #. Plugging into Eq. (4.26) and
expanding, we find that ORF can be expressed as

4
YABcD = Zl (2n)
n=0

where each 1" reads

Z(

(4.32)

D / PnPy (3 - 5)GE) ().

(4.33)

Hence we reduce the problem to compute integrals of
Legendre polynomials, weighted by polynomials in 7i—a

straightforward operation which can be carried on
analytically.

For example, let us work out explicitly the computation
for 1)

10 :j(;% / d*nP(f - )G () (4.34)
_ ](l‘% (djbd%b)(d%ddCDd) / Jlnpo(ﬁ . §) (4.35)
- %u(dw)u(czw) (4.36)

where we use the abbreviation tr(dyg) = (d42d4%?).

The other four contributions 1®, 14, 10 J®) can be
computed analogously. For example, using the abbreviation
(sdsps) = 545.d5LdY¢, the expression for I?) reads

1@ = _4].;50‘) tr(dap)tr(dep) + 2j2 (@) (sdyps)tr(dep)

+ 2j2(@) (sdcps)tr(dag). (4.37)

C. An optimal estimator

We now develop an estimator designed to optimally
extract the connected part of the GW four-point correlation
function. Our strategy follows the general philosophy
of [93], suitably modified to the higher-correlator case.
Throughout this section we keep the discussion as general
as possible, without specifying a particular GW experiment.

Let the measured time-domain output of detector a be

(1) = s(1) + n(1),

where s(7) denotes the physical GW signal and n(r)
represents detector noise. We consider correlations among
four such data streams X(¢) coming from independent
detectors. The instrumental noise is assumed to be sta-
tionary, Gaussian, and uncorrelated between different
detectors. We work in the regime where the noise amplitude
dominates over the signal, so that the variance of the
estimator is governed by noise, while its expectation value
is sourced entirely by the signal component s(7). The GW
signal measured by different detectors may exhibit non-
Gaussian correlations, encoded in a nonvanishing four-
point function (s*), which we assume to be stationary as
discussed in Sec. III.

To probe such correlations we construct an estimator
built from three copies of the detector output. For a specific
detector quartet (a, b, ¢, d) we define

(4.38)
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/2 /2 /2
Sabed :/ dt1/ dfz/
-T2 -T)2 -T2
/2
x dty /T/2 Aty 2, (1) Zp(6) 2 (13) 2 (14)

X Q(ty =ty 13— 11,14 — 1), (4.39)
where T denotes the total observation time. The function Q
acts as a filter kernel and depends only on time differences,
consistent with the stationarity assumption. It is taken to
vanish for sufficiently large separations |¢; — ¢;|. Our goal
will be to determine the form of Q that maximizes the
response to the signal.

For the moment we focus on a single detector quartet
(a,b,c,d). The time series can be expressed in the
frequency domain through

(1) = /_ ® df IS (f). (4.40)

(o]

Notice that frequencies run also along negative values.
Substituting this representation into Eq. (4.39) gives

Suped = / " Af\dfodfsdf Sr(f 4 fo+ fs 4 fa)

[e5]

X ia(fl)ib(fZ)ic(f3)id(f4)Q*(f2»f3’f4)’
(4.41)

where the finite-time delta function is defined as

/2 2rift
6r(f) = dre™™",

/2

57(0)=T. (4.42)

In the noise-dominated limit the expectation value and
variance of the statistic read
|

=T / ® AF\dfadfsNapeafro for ) QU1 fon £

with

The resulting SNR can therefore be written as

H= <Sabcd>’ (443)

0* = (Sapea) = 1. (4.44)
Because the detector noise is Gaussian, the mean y receives
contributions only from the GW signal, whereas the
variance is determined by the noise. Since the signal is
assumed much smaller than the noise, the w> term in
Eq. (4.43) can be neglected. The signal-to-noise ratio
(SNR) of the estimator is therefore

SNR =%
(03

(4.45)
and the optimization problem reduces to finding the filter QO
that maximizes this quantity.

A straightforward calculation yields

4= Tkoped / ® dfdfadfsTo(fr fo f)O (1. for ).
(4.46)

where x,,.; denotes the four-detector overlap reduction
function and 7, is the connected contribution to the
GW trispectrum. The frequencies satisfy the condition
fitfatf+fi=0.

Let 62(f) denote the noise power spectral density for
detector a. The noise correlator is then

(na(f1)ny(f2)) = 8(f1 + f2)8a05(f1)- (4.47)

Assuming Gaussian noise, the variance of the estimator
becomes

(4.48)
Nape(f1.f2. f3) = 02(f1)03,(f2)02(f2)05(f1 + f2 + f3) + perms. (4.49)
SNR — VT Kavea | Af14f2df3T 4 (f1. f2. f3) 0" (f1. fa. f3) (4.50)

([ df1df2df3Napea(fi1s far £3)IO(f1. far f3) P12

To determine the optimal filter we employ the Wiener filtering method (see e.g. [93]). We introduce the inner product

(C’D>E/dfldedeC(flvf2’f3)D*(f17f2vf3>Nabcd(f17f2vf3)7

(4.51)
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which allows us to rewrite the SNR as

(%abcaT 1/ N apear Q)
SNR = T
[(0.0)]'?

Maximization with respect to Q leads to the optimal
choice

(4.52)

Kabed n(f1. f2: f3)
Nabcd(fl’f2’f3> '

Substituting this expression back into the SNR yields the
maximal achievable value

O(f1.f2. f3) = (4.53)

(KapedTn(f1 f20 f3)F] /2
Napea(f1: 2. f3) :

SNR = VT [ / df dfadfs
(4.54)

Further simplification arises when the noise spectrum is
approximately frequency independent,

(na(f1)n(f2)) = 6(f1 + f2)0ap00

which implies

(4.55)

N gpeq = 402036203, (4.56)

In this case the maximal signal-to-noise ratio becomes

SNRpax = \/%{/ dfdf,dfs (Kabchzh({l’zf;vfﬁ)z 1/2'

0,0,0:05

(4.57)

The result above applies to a single detector quadruplet.
In experiments where multiple independent quadruplets
|

1

J(t)=——
S T

can be formed, such as pulsar timing arrays, the total signal-
to-noise ratio can be enhanced by summing the contribu-
tions from all available combinations.
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APPENDIX: THE TIME INTEGRAL OF EQ. (3.7)

We present here the derivation of the late-time limit
result of the integral in Eq. (3.7) in radiation dominated era.
The integral to compute is

4
gk-(fv Ti)
10 = [ s Al)
YR (
where
9, (,L., Ti) ! (e—ik,-(r—r,-) _ eik,-(r—r,-))‘ (AZ)

T2k

The result of the full integral is

[—Ci(k ) sin(k;7) 4+ Ci(k7) sin(k7) + cos(k;7)(Si(k ) — Si(k7))]

x [—Ci(kyty) sin(ky7) + Ci(ky7) sin(k,7) + cos(ko7)(Si(kyg) —
x [—Ci(ksty) sin(ks7) + Ci(k37) sin(k37) + cos(ks7)(Si(kstg) —
x [=Ci(kyzg) sin(ky7) 4 Ci(ky7) sin(ky7) 4 cos(ky7)(Si(ks7g) —

(A3)

Using the asymptotic behavior Ci(kr)H—OSO, Si(kr)H—oig, expanding the cos and sin functions in exponential form and

renaming C(k;) = (16k koksk,)~" we find

C(k;)
16
=+ eZik]T+2ik37+2ik4r—i(k1+k2+k3+k4 *Silk

JT(T) =

1TR
+ eZik21+2ik3f+25k4r—i(k1+k2+k3+k4 *Silk

[
[
[
[

+ eziklr+2ikzr+2ik3r—i(k1+k2+k3+k4 Silk

1TR

)

)
=+ eZik]T+2ik27+2ik4r—i(k1+k2+k3+k4)7Si kITR

)

]
]
]
]

1TR

Si szR
kZTR
kyTr

Si kZTR

[ﬂ4e—i(k1+k2+k3+k4)r + ghelihir-ilkithatkstha)r | 14 p2ikor=ilki+hotkatky)r 4 (1938) -]

Si[kyzg]Si[ky7z]
Si[kyzg]Si[ks7z]
Si[ [kyg]

[ [kyg]

kyg]
k3TR]Si k4TR
Si k3TR]Si k4TR .

]
]
]
]
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Without conditions, taking the average over rapid oscillations leads to a vanishing result. By imposing that s; = +1 for all i,

and ky = ki + k3 — kp, we get

Jo(7) = C(ki){Ci(kﬂR) {M

b (= 2k, 7)) (7 — 2Si(Ky))

872
2

(m —28i(ky7r)) —

%;:R) (n — 2Si(k2TR))]

1

4n (m = 2Si(ki7g)) (7 — 2Si(ky7x))Si(ks7p)

+ Ci(ky7g)Ci(ky7g) <% - ”Si(k3TR)> + Ci((ky = ky + k3)7R)

x {Ci(k31R) {2Ci(ker)Ci(kﬂR) + % (z = 2Si(ky7x)) (7 — 2Si(ker))]

T Cilkyz) (7 = 2Si(ky ) (—§+ SiUmR))

1 Cilkyzy) % (= 2Si(kyr)) + (= + 2Si<ker>>Si<k3rR>] }

T {Ci(k3TR)[Ci(szR)(—ﬂ+25i(kme)) T Cilkye) (7 = 25i(kyty))]

_ % ( = 2Si(ky7g)) (7 — 2Si(ky7g))

+ % (= 2Si(ky7g)) (7 — 2Si(ka7))Si(k37g)

+ Ci(ky7g)Ci(kotg)(—7 + 2Si(k31R))}Si((k, —ky + k3)1R)}.

By also imposing k, = k; and k3 = k;, corresponding to the configuration in the right panel of Fig. 3, we get our familiar

result of Eq. (3.14)

SEH I,

! [Ci(k,rR)z + G - Si(k,rR)>2] ’ (AS)

where we have restored the HjQZp, at denominator, since in the computation we have simply used a(z) = 7.
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