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Abstract

Mechanochemical probes have emerged as powerful tools for directly visualizing stress distribution and damage evo-
lution in polymeric materials. Recent studies have successfully embedded rhodamine-based mechanophores into mul-
tiple network elastomers to enable high-resolution mechanofluorescent signaling. However, cyclic loading experi-
ments reveal distinct fluorescence response across different loading cycles, which indicate a strong coupling between
mechanofluorescent signals and the progressive damage within polymer networks. Motivated by these findings, we
develop a chemo-mechanical model that quantitatively captures the mechanofluorescent behavior. We first introduce
an extended-Langevin model for the behavior of single chain with deformable bonds. The free energy density of the
first network is derived by considering chains with varying segment lengths, while a kinetic damage evolution law is
introduced to account for progressive network degradation. The free energy density of multiple network elastomers is
formulated as the combined contribution of a hyperelastic matrix network and a first network undergoing damage evo-
lution. We further incorporate the chemical kinetics of ring-opening mechanophores into the theoretical framework.
Activation of mechanophores occurs when the chain force exceeds a critical threshold, while deactivation occurs upon
a reduction or removal of the force. Through parametric analysis, we demonstrate the key factors that strongly influ-
ence mechanochemical behavior. The model is then validated against experimental results from mechanofluorescent

multiple network elastomers, accurately capturing both mechanical and fluorescent response in single to triple network
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elastomers under cyclic loading. Notably, the model reproduces stress softening and the increase in critical activation
stretch caused by accumulated damage. The model is further implemented for finite element analysis to predict cyclic
mechanochemical response under inhomogeneous deformation conditions, with predictions showing quantitative con-
sistency with experimental spatial fluorescence distribution.

Keywords: Mechanofluorescent elastomers; chemo-mechanical model; damage behavior; ring-opening

mechanophores.

1. Introduction

Mechanophores are force-sensitive molecular units that undergo chemical reactions when subjected to external me-
chanical stimuli, which hold great promise for developing biomedical devices (Wang et al. 2017, 2014, Barbee et al.
2018), force sensors (Cho et al. 2017, Chen et al. 2020), damage detection systems (Ducrot et al. 2014, Ju et al.
2023, Li et al. 2022), and self-strengthening materials (Matsuda et al. 2019, Wang et al. 2025, 2021). Recently,
mechanochemically responsive polymers have been developed by covalently incorporating mechanophores into poly-
mer networks (Chen et al. 2021a, Li et al. 2018, Wang et al. 2015a). Upon the application of external loading, polymer
chains transmit the mechanical force to these mechanophores, thereby triggering their chemical activation to emit
optical signals. Through the use of optical imaging and spectroscopic analysis, the resulting optical signals can be
quantitatively measured, enabling the visualization of the internal stress distribution and damage evolution within the
materials at the microscale. Two main types of mechanophores are widely used: one based on chain-scission mech-
anisms, such as dioxetane and pi-extended anthracenes (Chen et al. 2012, Gostl and Sijbesma 2016), and the other
relying on ring-opening reactions (non-scission), such as spiropyran and rhodamine derivatives (Davis et al. 2009,

Wang et al. 2015b).

scission mechanophores reversibly break into two fragments under high mechanical forces, emitting chemilumines-
cence (Chen et al. 2012) or becoming fluorescent (Gostl and Sijbesma 2016). Since the optical signals are directly
related to the number of fractured chains, these mechanophores are well-suited for probing microscopic damage. They
have been integrated into various material systems—such as hydrogels, polydimethylsiloxane (PDMS), and other elas-
tomers—to understand damage and fracture behaviors (Li et al. 2022, Clough et al. 2016, Ducrot et al. 2014, Ju et al.
2023). For example, Ducrot et al. (2014) visualized damage at the crack tip in elastomers by incorporating dioxe-
tane into multiple network elastomers, revealing that the toughening effect originates from the rupture of sacrificial
bonds. Based on this mechanism, Sun et al. (2024) proposed a micromechanical model that quantitatively captures

the mechanical and mechanoluminescent response of double to quadruple network elastomers, successfully predicting



damage under inhomogeneous deformation. Similarly, Lavoie et al. (2019) developed a continuum framework for cap-
turing the coupled stress and damage response of multiple network elastomers, calibrated using mechanoluminescent
data. It should be noted that the complex synthetic procedures required for such mechanosensitive moieties partially
restrict their broad applicability. Furthermore, given the transient nature of their chemiluminescence or the inherently
low intensity of their fluorescence, the detection and quantitative characterization of the associated signals remain

highly challenging.

In contrast, non-scissile mechanophores such as spiropyran and rhodamine derivatives can be synthesized through
comparatively simple procedures. Additionally, they undergo ring-opening isomerization under a critical force, which
is accompanied by persistent and ultrasensitive color changes or fluorescence response (Davis et al. 2009, Beiermann
et al. 2014, Li et al. 2018, Wang et al. 2015b, Wu et al. 2022, Jiang et al. 2025). Davis et al. (2009) pioneered a
mechanochemical approach by incorporating spiropyran units into polymer networks to achieve mechanochromism.
In addition, Wang et al. (2015b) introduced rhodamine into polyurethanes to realize compression-induced chromism.
Chen et al. (2020) mapped the stress distribution by correlating the chromatic changes of spiropyran-crosslinked
multiple network elastomers with the applied stress, and demonstrated that the optical signals are closely related to
the local stress values. Since then, many non-scissile mechanophores have been applied for stress sensors, electro-
mechano-chemical devices, and soft robotics (Cho et al. 2017, Wang et al. 2014, Gossweiler et al. 2015). To model the
chemo-mechanical coupling effect, Silberstein et al. (2013, 2014) proposed theoretical frameworks for the activation
of spiropyran in elastomer matrices. Wang et al. (2015a) introduced a hyperelastic model that effectively quantified
the stress-fluorescence behavior in PDMS films. However, neither of these models considered the influence of damage
on mechanochemical response. Recently, Wang et al. (2017) synthesized a novel rhodamine-based mechanophore
and successfully incorporated it into multiple network elastomers, enabling robust mechanofluorescent signaling. Ex-
perimental studies revealed substantial polymer chain scission under mechanical loading for interpenetrating network
system (Ducrot et al. 2014). However, the relationship between the mechanofluorescent response and the underlying

damage mechanisms, such as bond rupture kinetics, remains poorly understood.

In this study, we aim to investigate the influence of damage on mechanofluorescent behavior and also develop a chemo-
mechanical model to describe mechanofluorescence in tough elastomers. Since multiple network elastomers are typical
tough materials and they have the apparent damage mechanism, we conduct loading and reloading tests to characterize
the mechanical and mechanochemical response for multiple network elastomers with non-scissile mechanophores.
Different from the scission mechanophores, the optical response of non-scission mechanophores is indirectly coupled
to damage evolution, resulting in a more complex chemo-mechanical response. The novelty of the present work lies

in the development of a constitutive model to describe the relationship of the fluorescence and damage behavior,



which is distinct from our previous works (Xiao et al. 2021, Sun et al. 2024). The paper is organized as follows.
Section 2 presents the experimental observations for rhodamine-based mechanofluorescent elastomers. Motivated by
these findings, a constitutive model is then developed. A parameter study is then performed in Sections 4, followed by
parameter calibration procedure. Finally, the model is validated against mechanical and fluorescence response under

both homogeneous and inhomogeneous deformation conditions. The paper ends with conclusions.

2. Experimental methods

2.1. Material Preparation

Mechanofluorescent multiple network elastomers were synthesized through a multi-step photopolymerization process.
The process began with the fabrication of the first (single) network containing mechanophores. A precursor solution
was prepared by mixing 2.25 mL (20.7 mmol) of ethyl acrylate (EA) monomer, 146 mg (1 mol% relative to the
monomer) of a rhodamine-based mechanophore cross-linker, 15 mg (0.3 mol%) of the photoinitiator 2-hydroxy-4’-
(2-hydroxyethoxy)-2-methylpropiophenone (12959), and 2.25 mL of ethyl acetate as the solvent. The mixture was
thoroughly stirred and cast into a glass mold using a syringe. The mold was exposed to ultraviolet (UV) light for
one hour in a UV crosslinking chamber (CL-3000L). After photopolymerization, the resulting single network (SN)
elastomer was subjected to solvent evaporation until its mass stabilized. To fabricate multiple network elastomers, the
dried single-network sample was swollen in a second precursor solution for matrix network formation. This solution
contained 30 mL (276 mmol) of EA monomer, 10.5 uL (0.02 mol%) of butanediol diacrylate (BDA) as a cross-linker,
and 200 mg (0.3 mol%) of 12959. The swollen elastomer was again exposed to UV light to induce polymerization and
form a loosely cross-linked matrix network. Repeating the swelling and polymerization steps yielded double network

(DN) and triple network (TN) elastomers, depending on the number of matrix layers introduced.

In this work, the term “matrix network”™ is used to collectively represent the subsequently introduced second and third
networks. These networks possess similar roles in the material system, characterized by much lower crosslinking den-
sities than the first network, and they are fully interpenetrated with the first network rather than existing as independent
or discrete phases. The terms double network and triple network elastomers refer to elastomers with sequentially intro-
duced, interpenetrating polymer networks during synthesis, and do not imply mechanical or structural independence

among the individual networks.
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Figure 1: Schematic illustration of fluorescence and damage evolution for elastomers in loading and reloading tests. The observed fluorescence
attenuation originates from the ring-closure of mechanophores crosslinked onto the damaged chains.

The chemical structure of the rhodamine-based mechanophore (TAR), originally synthesized by Wang et al. (2017),
is shown in Fig. 1. Upon a critical mechanical force, these mechanophores undergo a ring-opening reaction, resulting
in the emission of red fluorescence. This process is reversible, and the mechanophores can return to their ring-closed,
non-fluorescent state as the force is decreased to the threshold value. The molar ratio of mechanophore to monomer
in the first network was fixed at 1 mol% for all samples. A summary of the elastomer compositions is provided in
Table 1. Due to the swelling during matrix incorporation, the volume fraction of the first network, denoted by ¢,

decreases and can be calculated using the following relation:

01 =5 (D

where A is the pre-stretching ratio of the first network, determined by the ratio of the final thickness of the multiple
network elastomer to that of the single network elastomer. Our experimentally measured values of Ag; and ¢, are

consistent with those reported in Wang et al. (2017).



Table 1: Summary of material compositions.

Type of network  TAR in first network (mol%) As;  first network wt% (¢;) Tag

Single network 1 1.0 100.0 SN
Double network 1 1.6 244 DN
Triple network 1 24 7.2 TN

2.2. Mechanical characterization

Following synthesis, various multiple network elastomers were shaped into dog-bone specimens (gauge width: 2 mm,
gauge length: 25 mm) by a laser cutter (Chan Xan, CW-530) to evaluate homogeneous deformation. Loading and
reloading tests were performed at strain rates of 0.05 /s and 0.001 /s. The measurements were carried out on an
electromechanical machine (SANS, CMT6103) equipped with a 200 N load cell. It is noted that the loading and
reloading tests refer to two independent loading-unloading experiments performed on the same specimen rather than
the conventional continuous loading-unloading and reloading modes. Since we need to record the fluorescence signals
in two loading cycles, it is necessary to reset the fluorescence response before the second test. Based on previous
experimental observations (Wang et al. 2017), resting the specimen at room temperature for 4 hours is sufficient to
eliminate fluorescence without affecting the mechanical response of the elastomers. Therefore, after the first test, the
specimen was rested at room temperature for 4 hours before conducting the second loading—unloading experiment.
Additionally, considering that accurate characterization of the fluorescence response during the unloading phase is
challenging due to blue-shift phenomenon (Wang et al. 2017, Sun et al. 2025), we have deliberately excluded the

discussion of mechanical and mechanochemical responses during unloading from the current study.

2.3. Fluorescent characterization

Under mechanical loading, the mechanochemically responsive elastomers exhibit fluorescence when exposed to ultra-
violet (UV) light. To monitor this response during tensile testing, we developed an in-situ fluorescence characterization
system. The basic principle involves the sample under tension emitting fluorescence upon UV irradiation at an exci-
tation wavelength of 365 nm. The emitted signals were captured by an industrial RGB camera (BFS-U3-123S6C-C)
fitted with a 590-620 nm filter. The filter selection was based on the fluorescence emission spectrum of the deformed

elastomers. Before experiments, the camera was calibrated by adjusting the white balance (red channel: 1.89, blue



channel: 2.21). Throughout the tests, the exposure time was set to 50 milliseconds, and the gain was fixed at 25.
Fluorescence intensity was quantified using an intensity analysis method, which collects optical signals in the selected
wavelength range (590-620 nm) and calculates the grayscale value per pixel for the regions of interest in the captured
images. A thickness correction procedure was also applied to this method. It should be noted that prolonged ultraviolet
exposure can induce photodegradation of the elastomeric network. To minimize this effect, particularly in experiments
conducted at low strain rates, we adopted an intermittent illumination protocol. Specifically, the UV light source was
switched on only every 30 seconds to record fluorescence images, thereby significantly reducing the total exposure

time. Control experiments confirmed that this intermittent UV illumination does not affect the measured mechanical

response of the elastomer.

2.4. Experimental observation
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Figure 2: The comparison of SN, DN, and TN elastomers in uniaxial loading and reloading tests: (a) stress response and (b) fluorescence intensity
change. Owing to the low stress level, the SN elastomer remains non-fluorescent. The fluorescence response of both DN and TN elastomers in the
second loading cycle is weaker than that observed in the first cycle. The experimental data were extracted from Sun et al. (2025).
We plot the stress response and corresponding fluorescence intensities for SN, DN, and TN elastomers subjected to
uniaxial cyclic loading with maximum stretch ratios of 2.5, 2.7, and 2.0, respectively, as shown in Fig. 2. The SN elas-
tomer exhibits low stress levels and negligible fluorescence activation, indicating minimal mechanochemical activity.
In contrast, the DN elastomer displays pronounced strain hardening at large deformations during the first loading
cycle, accompanied by notable fluorescence emission. In the second cycle, the DN elastomer exhibits mechanical
softening, while fluorescence activation becomes both delayed and attenuated compared to the first cycle. It is widely
recognized that in multiple network systems, increasing the number of interpenetrating networks enhances material
toughness, increases energy dissipation, and promotes damage accumulation within the first network under deforma-

tion (Ducrot et al. 2014). Consistent with this understanding, for TN elastomer, both the onset of strain hardening and



the fluorescence activation threshold occur at smaller stretches compared to the DN elastomer. Notably, the reduction
in fluorescence intensity and the corresponding degradation in mechanical response between successive loading cycles

are significantly more pronounced in TN elastomers than in DN elastomers.

To better elucidate these experimental findings, Fig. 1 schematically illustrates the progression of fluorescence and
network degradation in the loading and reloading tests. During the initial loading, mechanofluorescence is activated
via ring-opening reactions of rhodamine-based mechanophores covalently embedded in two distinct polymer chain
populations within the first network. Fluorescence emission arises from both undamaged chains and those undergo-
ing bond scission or irreversible network damage. Upon unloading, as the specimen returns to its undeformed state,
the mechanophores revert to their ring-closed (non-fluorescent) configuration. During subsequent reloading, fluores-
cence is generated exclusively from mechanophores on the remaining intact chains, as mechanophores on previously
damaged chains are no longer mechanically active. This mechanism accounts for the diminished fluorescence inten-
sity observed during the second loading cycle. Besides, in this elastomer system, damage is primarily governed by
irreversible chain scission in the first network, which results in very limited self-recovery capability (Webber et al.
2007). These results underscore a strong coupling between fluorescence response and damage accumulation within
the polymer network, serving as the primary motivation for developing a chemo-mechanical constitutive model to

quantitatively capture this interaction.

3. Theory

In this section, a constitutive model is formulated for mechanofluorescent multiple network elastomers. We first in-
troduce the mechanical framework, including the free energy of a single chain, the overall free-energy density of the
system, and the governing equations for damage evolution. Next, we incorporate the chemical kinetics of ring-opening
mechanophores by using the chain force as the coupling parameter linking mechanical and chemical processes. Fi-
nally, we quantify the mechanochemical response by postulating that the macroscopic fluorescence intensity scales
linearly with the concentration of activated mechanophores, thereby bridging molecular-scale activation events with

bulk optical properties.



3.1. The single chain model

The classical single-chain model based on Langevin statistics has been widely used to characterize the strain-stiffening
behavior of rubber-like materials. Nevertheless, recent studies (Lavoie et al. 2019, Xiao et al. 2021, Sun et al. 2024)
have demonstrated that this single-chain model is unsuitable for describing the stress—strain response of multiple
network elastomers because the model fails to account the response of single chains when approaching the finite

extensibility limit.

To overcome this limitation, several works (Xiao et al. 2021, Sun et al. 2024) adopted the extended Langevin model
originally proposed by Mao et al. (2017), which incorporates bond deformation. In this formulation, the total stretch
of a polymer chain is expressed as the product of two multiplicative components: the bond stretch A and the stretch
caused by configuration rearrangement A¢, giving A = APA°. This theoretical extension is further supported by ex-
perimental evidence from Wang et al. (2021), who reported substantial bond elongation under single-chain tensile
loading. These findings provide strong justification for incorporating the competitive interplay between entropic
elasticity and bond deformation into the constitutive modeling of network elastomers. The single-chain free energy

W = (2 AP) of the extended Langevin chain model is given as:

Wt = kTN

B +In - B + 1NEblnz(/lb) +constant, fB=.2"" ( A ) , (2)

A
AbVN inhf| 2 AbVN

where k denotes the Boltzmann constant, T the absolute temperature, N the number of chain segments, A the stretch
ratio, f the inverse function of the Langevin function, and Ey, the bond stiffness. A4 is defined as A = r/ [\/Nb] where
r is the end-to-end distance of the chain and b is the Kuhn length. The Langevin function is expressed as £ (x) =

cothx — 1/x. We employ the inverse Langevin approximation proposed by Kroeger (2015), given by .Z~!(x) =

3 /[[1 = ?][1 + 37]).

The bond deformation AP is obtained by minimizing the single-chain free energy:

aWSXt(;L,;Lb)

S =0, 3)

and it further leads to

— Eb

ElnAb =
n kT’

A
AbVN

where E denotes the normalized bond stiffness.



The chain force f, can be obtained as (Wang et al. 2015a, Xiao et al. 2021)

WX kT B
f_ _7ﬁ7
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where r is the end-to-end distance of the chain and b is the Kuhn length. Since kT /b is a constant, the chain force can

be further normalized as:

S

B
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I

3.2. Constitutive relation

Multiple network elastomers typically comprise two distinct components: a brittle first network (consisting of short,
highly pre-stretched polymer chains) and a soft matrix network (comprising longer, less-stretched polymer chains).
Consequently, the overall free energy density is typically represented as the combined contribution from the two
networks. We first focus on formulating the free energy density of the first network. Due to the inherent randomness
in crosslinking or polymerization, the chains in a polymer network display a broad distribution of lengths. Here,
we assume that the first network consists of M subnetworks, each comprising chains of identical length (Wang et al.

2015a). The chain density fraction of the jth subnetwork within the first network is then given by
Pi=-L  j=1,..M, @)

where np =} ; n; denotes the total number of polymer chains, and n; represents the number of chains with N; segments.

Through incorporating the extended single-chain model, the first-network free energy density W' is then written as

(Xiao et al. 2021):

A B; 1— _ A
W= kT Y P;N; 4+ 1In—2 —Eln*(Ab = 8
(plnf ; Jivj A,jb\/]vjﬁj—i— nSinhﬁj + ) n ( j) ) ﬁj },}J\/ﬁj ) ( )

where @; denotes the volumetric fraction of the first network. As shown in Table 1, ¢; decreases with increasing

network order due to the formation of additional matrix networks (Eq. 1).

The high toughness of multiple network elastomers arises from the fracture of the first network, which acts as sacrificial
bonds (Ducrot et al. 2014). Therefore, chains within the first network must follow a damage evolution rule detailed in

the following subsection. In contrast, Chen et al. (2021b) demonstrated via spiropyran mechanochemistry that the first

10



network predominantly bears the mechanical load prior to necking in single, double, and triple network elastomers.
Focusing on the pre-necking regime, the matrix network contribution is comparatively minor. Accordingly, the matrix

is described through a hyperelastic formulation, with the free energy density W™ given by

m_ A Pin _gpr( A
W™ = [1 — @] kT Ny vﬁﬁnﬁm_%hlﬂnhﬁm}’ =2 (»0%n>’ ©)

where Ny, and ny, denote the number of chain segments and the total number of polymer chains in the matrix network,

respectively. Given the long chain nature of the matrix network, Ny, takes a comparatively large value.

To link single-chain deformation with macroscopic deformation, various micro-macro transition schemes have been
proposed (Khiém and Itskov 2016, Zhan et al. 2023b, Arruda and Boyce 1993). Among these, the eight-chain network
model (Arruda and Boyce 1993) balances simplicity with accuracy. In this model, the equivalent chain stretch is given

by:
1 (C)

2=y

(10)

where I is the first invariant of the right Cauchy-Green deformation tensor C = FTF, with F being the deformation
gradient. For isotropically prestretched first networks, the equivalent stretch generalizes to:

1,(C)

F/{‘:)le 3

, (11)

where A is the first network prestretching ratio as defined in Table 1. Here the free energy density is constructed
based on the eight-chain model. It should be noted that various other hyperelastic models have been developed in
recent years (Anssari-Benam et al. 2022b,a, Zhan et al. 2023b), which can also well capture the behavior of soft

materials.

The total free energy density W of the multiple network elastomer is expressed as:

w=wit+wm
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where Gy = nekT and Gy, = npkT represent the shear moduli of the first and matrix networks, respectively. Under the
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assumption of incompressibility, the Cauchy stress is then obtained as:

6 =2F55F +pl, (13)

where p is the hydrostatic pressure to enforce incompressibility and I denotes the identity tensor.

Substituting Eq. (12) into Eq. (13), the Cauchy stress can be calculated using the following chain rule,

oW 9L  IW'IB; , IW™ 9L OW™ P
gA 9C ~ 9B; dC = 92 IC  Ifm IC

o =2F] JFT 4 pL (14)

Finally, it leads to the following form for the Cauchy stress:

Gey/N; A5 B,
1A
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J J

b+ pl, (15)
A
where b = FFT is the left Cauchy-Green deformation tensor.

For homogeneous and incompressible uniaxial deformation, the deformation gradient is given by:

1 1
F=Le1®e1+—ey Qe+ ——e3®es3, (16)
VA VA

where A, is the principal stretch in the loading direction and {ej,e;,e3} are the orthonormal basis vectors with e;
taken along the loading direction. The Cauchy stress component o is obtained by enforcing the transverse stress-free

condition (0, = 0) to eliminate p. The corresponding nominal stress Tj is calculated as:

O]

7:1:7.
1

a7

3.3. Damage evolution

The first network needs to satisfy appropriate damage evolution criteria. To model the stress softening effect induced
by damage (often referred to as the Mullins effect), a variety of constitutive models have been proposed (Zhao et al.
2021, Vernerey et al. 2018, Buche and Silberstein 2021, Zhan et al. 2023a, Lavoie et al. 2019, Wang et al. 2024, Sun

et al. 2024, You et al. 2025). These models typically employ two main approaches: the network alteration theory



(Marckmann et al. 2002) and the bond rupture theory (Dargazany and Itskov 2009, Lavoie et al. 2016, Lei and Liu
2024). The bond rupture theory assumes that the material comprises polymer chains with a broad length distribution,

where shorter chains rupture first under external loading, followed by longer chains.

In the current study, the bond-rupture theory is employed as the damage criterion because it effectively captures the
damage behavior of multiple network elastomers (Lavoie et al. 2016, 2019, Sun et al. 2024). Moreover, since our
recent experiments show that the damage evolution in TN elastomers exhibits slightly time-dependent characteristics,

we modify the rate-dependent damage model proposed by Lavoie et al. (2016) by introducing a damage criterion,

NP (LI RN
ﬂ — f@jexp( jkT <), if f > fR
dt

expressed as

(18)
0, if f; < [,

where 7, and /, denote the relaxation time and the activation length for bond dissociation, respectively. The parameter

f; represents the tensile force acting on the polymer chains in the jth network, as defined in Eq. 5. The parameter f7;

denotes the critical force threshold for damage initiation in molecular chains. According to Eq. 18, damage begins

to evolve when the chain force f; exceeds fI3, governing both the initiation and progression of damage. Conversely,

chains remain intact when f; < fit.

Furthermore, by introducing the normalized chain force defined in Eq. 6, the damage criterion can be reformulated as

ar; T b

_Nij exp <la[fj _?g;i]
dt

) ) lf?] >?$i7
(19)
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m
cr1

kT
can be found in Appendix A. In summary, the initiation of damage is governed by the magnitude of the chain force,

where ?g;l is the normalized critical force for damage, defined as 7:;1 = . The detailed numerical implementation

while its evolution follows a time-dependent kinetic law.

3.4. Force-dependent chemical reaction of mechanophores

In this subsection, we establish the activation law governing the behavior of mechanophores. Given that mechanophores
are covalently incorporated into the first network, our analysis focuses exclusively on the chains within this network.

Each subnetwork in the first network exhibits distinct characteristic chain lengths. Rhodamine-based mechanophores



are assumed to be homogeneously distributed within the first network. The number of mechanophores associated
with the jth subnetwork is proportional to the volume fraction of the jth subnetwork in the first network (Wang et al.
2015a). Assuming incompressibility for all networks within the elastomer, the volume fraction of the jth subnetwork

per unit volume of the elastomer can be expressed as (Wang et al. 2015a)

Nijn;

= j=1,..,M. 20
¢] Zi Nini 9 ] 9 ( )
According to Eq. 7, ¢; can be further represented as
9, = o 1)
! LiNiPo

In the Eq. (21), Pjo denotes an initial parameter defined in the reference configuration, representing the density of

polymer chains with a given characteristic length.

Thus, the number of mechanophores on the jth subnetwork per unit volume of the first network is calculated as

N;Pjo

—_— 22
YiNiPo’ @2)

ci=cpj=c

where ¢ denotes the total number of mechanophores per unit volume of the first network. Since the total number of
mechanophores remains constant and the elastomer is assumed incompressible, c is invariant throughout the deforma-

tion process.

Unactivated mechanophores exhibit blue fluorescence under UV illumination while remain colorless under visible
light. Upon reaching a critical force, they undergo force-induced transformation into an activated configuration char-
acterized by salmon pink fluorescence and rose-red coloration. This activated state is thermally reversible, reverting to
the unactivated state upon heating or resting. At any given moment, each mechanophore exists in either the unactivated
or activated state. In each jth subnetwork, the number of mechanophores are represented by c}j and cf‘, corresponding

to the unactivated and activated states, respectively. Due to the conservation law, they satisfy

C'+CA:CJ‘. (23)

According to the theory of reversible reactions (Wang et al. 2015a, Silberstein et al. 2013), we consider the process of

14



mechanophores switching from unactivated to activated states as the forward reaction, and the transition from activated
back to unactivated states as the backward reaction. Let k§ and k;- denote the forward and backward reaction rates on
the jth subnetwork, respectively. They obey the chemical kinetics equation (Ribas-Arino and Marx 2012, Kauzmann

and Eyring 1940), expressed as

det
i _ U A
?—kjcj — K cj (24)

Since macroscopic chemical response stems from activated mechanophores, our primary focus lies on the number of
cf. Substituting Eq. 23 into Eq. 24, we obtain a simplified form (Wang et al. 2015a, Silberstein et al. 2013):
dc?

sz = Khej— [+ K5)ch. (25)

Following the Eyring-Polanyi equation (Eyring and Polanyi 1931), the reaction rate constant k1, (k; = kT /hexp(—AE /[kT)),
where h is Planck’s constant) depends on the activation energy AE following an Arrhenius relationship. Transition
state theory suggests that the applied force can modify the reaction pathway by reducing the activation barrier for
mechanophore conversion. To account for this mechanochemical coupling, we incorporate the influence of molecular
chain forces on both reaction kinetics and activation energy. Accordingly, the forward and backward reaction rates for

the jth subnetwork in the deformed state are expressed as

(26)

kT AE; kT AE}
J 0
k;:exp(— ) k{):?exp T )
where kf), kg, AE(f) and AE{) correspond to the forward reaction rate, backward reaction rate, activation energies for
forward reaction, and backward reaction in the undeformed state, respectively. It is noted that since k{) and k;, appear
in Eq. 28 below, we give their definitions here for clarity. Besides, k§ and k; are the forward and backward reaction
rates on the jth subnetwork under deformation, respectively. The quantities AEf and AE; denote activation energies

for forward and backward reactions in the deformed state, both of which depend on the applied force.

As shown in Fig. 3, the application of a force on a mechanophore can alter its activation energy. Kim et al. (2016)
demonstrated the stress-dependence through using spiropyran-based kinetic probes. Below a critical force level, there
is no observable change in reaction kinetics. Once the force exceeds a critical threshold, the forward reaction rate

increases while the backward reaction rate decreases with increasing applied force. This behavior arises because the
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critical force lowers the activation energy for forward transition, while it raises the barrier for the backward reaction.

Based on these experimental insights, we propose a scheme describing the dependence of microscopic force on ac-
tivation energies, as shown in Fig. 3. At the molecular scale, when microscopic chain force reaches a critical value,
activation energies adopt the following forms:

AES—[f; — fSIA, if £S5, < f; < fm,

" Jeri cri

AEf = (27a)
AE{;, else ,

AES+[f; — folAx', if f5 < fi < foh,

“Jeri cri

AE"

(27b)

AEy, else ,

C

where 7.

is the critical force for chemical activation energy change. For ring-opening mechanophores (e.g., rho-
damine or spiropyran derivatives), it is well established that f, < fi\, as mechanochemical activation occurs at lower
forces than those causing polymer backbone damage. The parameters Ax' and Ax" represent effective distances along
the reaction coordinate x from the unactivated state to the transition state, and from the transition state to the activated

state, respectively, as depicted in Fig. 3.

When the microscopic force acting on the jth subnetwork exceeds the chemical critical force but remains below the
mechanical critical force, the forward activation energy decreases while the backward activation energy increases. This
mechanochemical coupling captures the effect of moderate mechanical stimulation, facilitating activation without in-
ducing structural failure. It is conceptually consistent that, when the applied force is below the chemical threshold,
mechanophores remain unactivated due to insufficient energy input to overcome the activation barrier. Conversely,
when the applied force surpasses the mechanical threshold, activation energies revert to their undeformed values be-
cause polymer chains undergo damage behavior governed by Eq. 18. In this regime, most chains within the subnetwork
cannot sustain the applied load, leading to chain degradation rather than mechanochemical activation. According to
the report of spiropyran-based mechanophores (Silberstein et al. 2013, 2014), Ax and Ax" should be on the same order

(10719 m). For simplicity, we assume Ax' = Ax" = Ax, followed the treatment proposed by Wang et al. (2015a).
plicity,
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Figure 3: Energy barriers for ring-opening-based mechanophores under different conditions: (a) f; < fg,; or f; > fi, and (b) f&; < f; < foi- When

cri’ cri cri
the applied chain force falls between two critical values (f3; < f; < f&}), it lowers the activation energy for the forward (ring-opening) reaction

while increasing the barrier for the backward reaction. Outside this force range, the energy barriers remain unchanged.

The corresponding evolution of forward and backward reaction rates on the jth subnetwork, k§- and kj, can be repre-

sented as
[f;— FalAX\ -

kbexp % ;i feq < fi< Feris

k§- — (28a)
k(f), else ,

[fi—FealA\ e o

Kpexp | == |, if Jou < < Fan

k;- = (28b)
kg, else .

Here, f I 7;, and fi‘; denote normalized chain force on the jth subnetwork, normalized critical force for activation,

and normalized critical force for damage, respectively, defined as

— b fSb om  fmb

By substituting Eq. 28 into Eq. 25, the kinetic evolution equation of mechanophores in the jth subnetwork is explicitly

17



expressed as

77 JAx 7 —Tealax) e 7= FeilAx\ NP,
[t (W) +Hjexp <_[f£1> [ +tgenp (m 7o > L

d(c?/c) B Feri < 1 < Feris

dt

A
c’ NP;
f J f J7J
—[ko‘*‘k(r)]*c +k07ZiNiPi, else,

(30)
where ch /c represents the fraction of activated mechanophores in the jth subnetwork relative to the total mechanophore
content in the first network. Eq. 30 is a first-order ordinary differential equation for c? /¢, solvable via standard nu-
merical methods. Based on the computed concentrations of activated mechanophores in each subnetwork, the total
concentration of activated mechanophores in the first network (c*/c) can be expressed as

A

¢ 7 31
—;7 31)

c

Having established the microscopic dynamic evolution of mechanophore activation, we now relate the microscopic
population of activated mechanophores to macroscopic optical signals. Following established methodologies, it
is assumed that the macroscopic fluorescence intensity of elastomers scales proportionally with the total activated
mechanophore concentration across the entire elastomer (Sun et al. 2024). Accordingly, the observed fluorescence
intensity Q can be represented as
A
O=ko—, (32)
c
where kg is a proportionality constant. It should be noted that, unlike in the previous work by Wang et al. (2015a),
Eq. 32 in our model does not require explicit thickness correction. This distinction arises because our experimental
fluorescence signals have been pre-corrected for thickness variations in the deformed state. In contrast, Wang et al.

(2015a) measured fluorescence intensity per unit area, necessitating thickness correction in their formulation.

The term chemo-mechanical used in this work refers to a one-way coupled framework, in which the chemical process,
namely the activation of mechanophores, is driven by the mechanical response. When the chain force reaches the
critical activation threshold fzri, force-induced ring-opening reactions are triggered. When the force further exceeds
the critical damage threshold f‘; chain damage promotes ring-closing reactions, rendering the mechanophores irre-

versibly inactive. In contrast, the mechanical constitutive behavior itself is not affected by the chemical reactions.



In the model, the externally applied deformation is first transmitted to the molecular scale, and the force carried
by individual polymer chains is described by Eq. (6). This chain-level force subsequently drives the activation of
mechanophores, whose evolution is governed by Eq. (30). In this manner, the chemical reaction process is coupled
to the mechanical response through the microscopic chain force. Owing to the one-way nature of the coupling, the
parameters associated with the chemical reaction do not enter the mechanical constitutive relations and therefore do

not influence the macroscopic stress—strain response.

4. Parametric study
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Figure 4: (a) The number of activated mechanophores as a function of time for a single type of polymer chain under applied force. (b) Schematic
illustration for the evolutions of mechanochemical activation and damage under three distinct states. State I: The applied stress remains below the
activation threshold of the mechanophores (f < ?zri), resulting in no fluorescence emission; State II: Mechanophores start to emit fluorescence and

chain damage occurs (f > ?zri); State III: Mechanophores on damaged chains gradually return to their non-fluorescent state.
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We begin by examining the ring-opening and ring-closing dynamics of mechanophores and the associated damage
behavior in a single polymer chain under applied force. As illustrated in Fig. 4, the mechanochemical behavior can be
classified into three distinct regimes:

State I: When the chain force remains below the chemical critical threshold ? < ﬂcri, mechanophores remain inactive,
exhibiting no fluorescence changes.

State II: Upon exceeding the chemical critical force f > ?zri, mechanophore activation occurs. This state features two
sub-regimes:

-For fzri <f< 7;, the forward reaction rate increases, promoting mechanophore activation through ring-opening.
-For ?21 < f, chain fracture initiates, drastically reducing force-bearing capacity and consequently decreasing the
forward reaction rate. Notably, activated mechanophores do not immediately revert to their ground state. Given the
slow backward reaction rate (kj ~ 107> to 107% /s), elastically inactive mechanophores associated with broken chains
require substantial time to complete ring-closing.

State III: During this phase, elastically inactive mechanophores gradually return to their non-fluorescent state via

ring-closing reactions, while intact mechanophores remain unaffected.

4.1. Number of segments

We now systematically examine how the mechanochemical response is influenced by various model parameters for
single-chain networks in TN elastomers under uniaxial tension. We assume the initial chain density of the single type
chains is 1, i.e., P = 1. The other benchmark parameters are listed in Tab. 2 if not otherwise specified. First, we
consider chains with different segment numbers (N = 6.0,6.5,7.0, and 8.0) elongated to a stretch ratio of 2.5 at a
stretch rate of 0.01 /s. The predicted response is shown in Fig. 5. The single-chain force-stretch curves (Fig. 5-(a))
reveal that the strain stiffening effect initiates later with increasing N. Shorter chains exhibit earlier damage onset
(Fig. 5-(b)), consistent with our established damage criterion. The mechanochemical response is characterized by
plotting the normalized concentration of activated mechanophores (c* /c) versus stretch ratio, and normalized chain
force (Fig. 5 (c)-(d)). It shows that longer chains require larger stretch to activate because of the delayed strain
stiffening effect. As shown, although the chain is broken and the chain density value approximately decreases to zero
under large deformation (Fig. 5-(b)), the predicted value of ¢* /c (Fig. 5-(c)) shows only gradual decay rather than
immediate disappearance, because the elastically inactive mechanophores need time to become non-fluorescent. As
can be seen from Fig. 5-(d), all the curves overlap and the critical force for activation is about 580 for all different
chains. It illustrates that the mechanophores on different-length chains obey the same activation criteria. However,

it is noted that the model parameter ?ﬁri of normalized critical force for activation was set as 500. The discrepancy
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between the preset value and the simulated value is due to the time-dependent nature of the mechanophore activation.

As a consequence, a discussion of the influence of stretch rate is included as follows.
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Figure 5: Influence of polymer chain segment number on response: (a) normalized chain force (f), (b) chain density (P), (c) normalized concen-

tration of activated mechanophores (c* /c), as a function of the stretch ratio, and (d) A /c as a function of f. The simulations were conducted at a

loading rate of 0.01 /s up to a maximum stretch of 2.5.

4.2. Loading stretch rates

To investigate the effect of stretch rate, the single chains (N = 6.0) are elongated to a stretch ratio of 2.0 at differ-
ent stretch rates of 0.01/s, 0.001/s, 0.0001/s, and 0.00001/s, respectively. All force-stretch curves at different rates
overlap (Fig. 6-(a)). Since the damage criterion constructed in the last section is rate-dependent, it is reasonable that
chain density under lower rate conditions approach zero under smaller deformations (Fig. 6-(b)). To understand the

mechanochemical behavior, we plot the A /c as functions of time, and normalized chain force as shown in Figs. 6

(c)-(d).
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Figure 6: Influence of loading rates on response: (a) normalized chain force (f), (b) chain density (P) as functions of stretch ratio; (c) normalized
concentration of activated mechanophores (c* /c) as a function of time, and (d) A /c as a function of f. Panel (d) includes an additional ultra-slow

loading case (0.000007 /s). Simulations were performed at a maximum stretch of 2.0 for polymer chains with segment number N = 6.

A shorter activation time of mechanophores is observed at higher stretch rates. When the chain suffers damage, these
activated mechanophores start to return to ring-closing structure. It can be seen from Fig. 6-(c) that a lower stretch
rate makes more elastically inactive mechanophores revert to unactivated states. This is because a lower rate allows
more time for ring-closing reactions to occur. Furthermore, the ring-closing reaction is closely related to the model
parameter of forward reaction rate kf, which is discussed in the following subsection. As demonstrated from Fig.
6-(d), a decreased stretch rate results in a lower critical activated force. In particular, the simulated critical force for
activation at the rate of 107> /s is approximately 500, which is equal to the preset model parameter ?ﬁri = 500. It can
also explain the discrepancy between the preset value 72,1 and the simulated value at a larger rate of 0.01 /s in the last
subsection. Additionally, a simulation at a stretch rate of 7 107 /s is included in Fig. 6-(d). The response for the
loading rates of 1073 /s and 7% 107 /s is consistent. It indicates that when the timescale of the loading rate is close
to the timescale of preset forward reaction rate k(f) =7%107 /s, the simulated critical force for activation is consistent

with the preset value.
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4.3. Normalized critical force for activation
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Figure 7: Influence of normalized critical force for activation (?ﬁri) on the response of (a) chain density (P) as a function of stretch ratio and

(b) normalized concentration of activated mechanophores (c* /c) as a function of normalized chain force (f). Simulations were performed under

quasi-static loading (rate: 7%107° /s) with a maximum applied stretch of 2.0.

In this subsection, the single chains (N = 6.5) are elongated to a stretch ratio of 2.0 at a low stretch rate of 7 x 1076
/s with different values of normalized critical force for activation (ﬁri = 50,250,500,950). As shown in Fig. 7-
(a), the resulting chain density—stretch curves overlap throughout the entire simulation. This is because the model
parameters related with chemical reactions such as firi, kg, kL, do not influence the damage law (Eq. 6) whereas
parameters related with mechanical parts can affect the mechanochemical behavior. To exhibit mechanochemical
response, the total concentration of activated mechanophores ¢ /c as a function of normalized chain force is plotted
in Fig. 7-(b). In the case of fo; < foq = 950, a larger value of fg; causes a larger critical normalized chain force
required to trigger activation. However, when the preset value of ?ﬁﬂ > ?2; (though in the present mechanophore
system, this case does not occur), the chains undergo damage before occurrence of any ring-opening reactions, thereby

preventing fluorescence activation. Besides, since the simulated stretch rate is small enough, all the elastically inactive

mechanophores have adequate time to revert to unactivated states.

4.4. Forward and backward reaction rates

In the previous subsection, it was observed that all the aforementioned model parameters influence the forward reac-
tions of mechanophores. It is reasonable to infer that the parameter governing the forward reaction rate, k&, also plays
a significant role. Thus, the effect of parameter k{] is presented in Fig. 8. We plot the c*/c as a function of stretch

ratio and normalized chain force, which show lower critical stretch ratios and chain forces required for activation with
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increasing the value of kg. Interestingly, despite sharing the same backward reaction rate (i.e., 7% 10~# /s), their ring-
closing response is different. Specifically, the ¢*/c with a forward reaction rate parameter k(f) = 7% 1072 /s exhibits
the most dramatic decrease, while other cases show only minor reductions. According to Eq. 30, the evolution of the
ring-closing reaction is associated with the parameter k(f) + kg It implies that when kj > kg, the value of kj becomes
dominant. Thus, the decreased curves with kf = 7x107° /s and k£ = 7% 1078 /s overlap. In contrast, when the value of
kg is sufficiently large (7 * 1072 /s), it becomes the dominant factor, accelerating the ring-closing reaction and leading
to a rapid decline in the concentration of activated mechanophores. It is worth noting that, in practice, the backward

reaction rate under a no force condition is typically much larger than the forward reaction rate (i.e., kj > k(f)).
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Figure 8: Effect of forward reaction rate (k(r)) on response: (a) normalized concentration of activated mechanophores (c* /c) as a function of stretch
ratio and (b) ¢ /c as a function of the normalized chain force (f). Simulations were performed at a maximum applied stretch of 2.0 for segment

number N = 6.5 with a constant loading rate of 0.01 /s.

As previously discussed, the mechanochemical response exhibits dependence on model parameters across different
time scales. Thus, the backward reaction rate is also an important factor. The related mechanochemical response is
shown in Fig. 9. It shows that different values of the backward reaction rate kf, lead to consistent critical stretch ratio
and normalized chain force for activation. This is because the forward reaction rate is always dominant when the chain
force lies between two critical forces, i.e., fﬁri < 7 < ?21, according to the Eq. 28. In the damage zone, a higher
backward reaction rate accelerates the decline in activated mechanophore concentration, which is expected under the

o, . f
condition kg, > k.
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Figure 9: Influence of backward reaction rate (kj) on mechanochemical response: (a) normalized concentration of activated mechanophores Ca /¢)
as a function of stretch ratio and (b) ¢* /c as a function of normalized chain force (f). Simulations were performed at a maximum applied stretch of

2.0 for segment number N = 6.5 with a constant loading rate of 0.01 /s.

5. Parameter determination

This section illustrates the calibration of the presented mechanochemical-damage model using experimental data
obtained from mechanofluorescent multiple network elastomers. We begin by outlining the parameter determination
procedure. For the mechanical part, the shear modulus of the first network Gy can be calculated from the small
deformation zone of the uniaxial strain-stress curve for the single network (first network) elastomer, which is 0.22
MPa. Additionally, specification of the first-network chain-length distribution is required. We employ the density
function introduced by Govindjee and Simo (1991), which has been successfully applied to characterize first network

distributions in similar systems (Xiao et al. 2021). The distribution is given by

glx) = ;—;jcexp (—G - %[\/& e C+3ry/merf(VG) —V6 e —3Fyx erf(\/a)]) , (33)

where G = 372 /[2x], 7 denotes the relative distance, and K is a dispersion parameter. The normalized chain density

corresponding to chains with N; segments is then defined as

_ g(Nj)AN
b= S et)an G4

The parameters 7, k, and E have a strong effect on stress level, which are calibrated by the uniaxial tension data of SN

elastomers. To assess the accuracy of this discretization, we performed a convergence study by comparing the uniaxial

25



stress—stretch responses obtained with different values of AN, as shown in Fig. 10-(a). When a relatively large value
of AN = 0.5 is used, numerical fluctuations and loss of smoothness are observed, indicating insufficient resolution. In
contrast, the responses obtained with AN = 0.1 and AN = 0.05 are essentially indistinguishable, demonstrating that
the discretization is sufficiently fine and that the results have converged. In the present work, a discretization step of
AN = 0.1 is used over the range N = 0-50, resulting in 500 subnetworks as shown in Fig. 10-(b). We note that the
specific functional form adopted here serves as a convenient continuous representation for discretization and is not
unique. Alternative distributions, such as Gaussian-type chain-length distributions, could also be employed within the

same framework without altering the underlying modeling strategy.

The parameters Ny, and ny, are introduced to characterize the mechanical response of the matrix network in the absence
of chain damage. This network does not participate in the mechanochemical reactions and primarily serves as a
mechanically stable substrate. Owing to its much lower crosslinking density compared to the first network, the matrix
network exhibits a smaller shear modulus and a significantly larger characteristic chain length. It is found that, prior
to necking, the contribution of the matrix network to the overall stress response is substantially smaller than that of
the first network. As a result, the mechanical response and the mechanochemical behavior of interest in the present
study are only weakly sensitive to the specific values of N, and ny,. Accordingly, the shear modulus of the matrix
network is set to Gy, = nnkT = 0.1 MPa, which is smaller than G¢, and the chain length parameter is chosen as
N = 200, consistent with our previous work (Xiao et al. 2021). This choice reduces the number of fitting parameters
in the present model without affecting the main conclusions. The parameters (fg;i, b, 7,4, l,) associated with damage

behavior are determined by fitting the cyclic data of TN elastomer.
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Figure 10: (a) Comparison of predicted uniaxial stress response with different AN = 0.5,0.1,0.05 and (b) the distribution of chain lengths of the

first network with the parameter AN = 0.1 (500 subnetworks).
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For the chemical part, the backward reaction rate kj, is identified by fitting the ring-closing evolution of mechanophores
under a force-free condition as shown in Fig. 11. The fitting function is a typical relaxation function, which is
expressed as ¢(z) = exp(—1/1p), where Ty is a characteristic time. The value of 7y is determined to be 1504 s for
sample 1 and 1367 s for sample 2, giving a value of the backward reaction rate k{, = 1/79 ~ 7 * 10~* /s, which is
consistent between the two measurements. As discussed in the previous section, the forward reaction rate kg under a
force-free condition is typically much smaller than the backward reaction rate. Thus, the value of k(f, issetto 71070 /s,
two orders of magnitude lower than kf, (Wang et al. 2015a). The parameter of Ax is set to 1 x 10710 m, consistent with
reported values for spiropyran mechanophores undergoing ring-opening reactions (Wang et al. 2015a). The remaining
parameters (fzri, ko) are directly calibrated against fluorescence data of the TN elastomer under loading and reloading
tests. The normalized critical activation force, denoted as ?zri, is assigned a value of 500. Utilizing the normalization

C. is determined to be 2.1 nN. This value

relationship presented in Eq. 29, the corresponding chain activation force f3;

agrees well with the ring-opening forces reported for similar mechanophores (Klein et al. 2020). Table 2 summarizes

all model parameters together with their assigned values and physical interpretations.
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Figure 11: Fitting the experimental intensity response of the ring-closing evolution of mechanophores under the force-free condition.
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Table 2: Parameters of the constitutive model.

Parameter Value Physical significance

Gt in MPa 0.22 Shear modulus of the first network

T 3.6 Relative distance

K 5 Dispersion parameter

E 7000 Normalized bond energy

G in MPa 0.1 Shear modulus of the matrix

Nm 200 Chain length of the matrix

?cnn 950 Normalized critical force for damage
binm 1%107° Kuhn length

T,ins 8 Relaxation time for bond dissociation
l,inm 1.05% 10712 Activation length for bond dissociation
k(f) ins! 7%107° Forward reaction rate

kb ins™! 71074 backward reaction rate

Axin m 1%10710 Effective distance

7;1 500 Normalized critical force for activation
ko 470 Proportional constant

6. Results and discussion

In this section, we apply the model to simulate the response of mechanofluorescent multiple network elastomers.
Figs. 12-14 compare the simulation and experimental results of mechanical and fluorescent response for SN, DN, and
TN elastomers, respectively. It is clear that the predicted uniaxial stress—strain curve for SN elastomer matches well
with the experimental result at a loading rate of 0.05 /s. As expected, neither simulations nor experiments exhibit

fluorescence changes in SN elastomers due to stress levels being too low to activate mechanophores.

For the mechanical response of DN elastomers at a loading rate of 0.05 /s, the model describes the cyclic behavior
reasonably well, though it slightly underestimates the stress level under moderate deformation. As shown in Fig. 13-

(b), the model accurately captures the fluorescence response. The predictions show good agreement with experimental
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data across two loading cycles. Furthermore, the model successfully reproduces features such as delayed activation

and reduced fluorescence intensity in the second cycle, which are attributed to damage accumulated during the first

loading cycle.
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Figure 13: Comparison between the measured and predicted response for DN elastomers in the cyclic loading condition: (a) the stress response and

(b) the fluorescence response.

Fig. 14 presents the comparison between simulations and experiments for TN elastomers in loading and reloading tests

at strain rates of 0.05 /s and 0.001 /s. The predicted stress response at different strain rates is consistent with experi-

mental results across two loading cycles. The model captures subtle rate-dependent effects because damage evolution

is time-dependent (Eq. 18). The damage degree at a higher loading rate is smaller under the same deformation, leading
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to slightly larger stress levels at large deformations. Moreover, with increasing deformation, the discrepancy in stress

values between the two loading rates increases, which is consistent in both predictions and experiments.

Regarding the mechanochemical response, the predicted fluorescence intensities under different loading rates are gen-
erally consistent with the experimentally measured data. Since the simulated stress under small deformation is slightly
higher than the experimental stress, the predicted fluorescence is correspondingly larger. These discrepancies are
caused by the final drying process during synthesis. Several shorter chains have been ruptured while this effect has
been emitted since the prestretch ratio is determined between the dimension of the dry specimen of DN elastomers and
the dry state of the corresponding SN elastomers. Furthermore, as discussed in Section 4, a lower strain rate provides
more time for mechanophores to fully activate. Therefore, a lower loading rate exhibits a larger fluorescence intensity
in simulations. Notably, the difference in simulated fluorescence between the two loading rates decreases during the
large deformation stage of the first loading cycle. This is because mechanophores linked to damaged chains have suf-
ficient time to revert to the unactivated state at the lower strain rate of 0.001 /s. The absence of a similar phenomenon
in the second loading cycle is due to the limited damage response. All these features are consistently observed in
experiments. As discussed in Section 4, mechanochemical response is a complex behavior influenced by both load-
ing rate and damage evolution. Overall, multiple network elastomers exhibit stronger mechanical and fluorescence
response with the increase in network number, all of which can be fully captured by the model. More importantly,
the model demonstrates the coupled relationship between damage behavior and fluorescence response, consistent with
experimental findings. It should be noted that there are several limitations of the present constitutive framework.
Specifically, for DN elastomers, the predicted stresses are consistently lower than the experimental measurements, and
the fluorescence intensity at maximum stretch in the first loading cycle is not fully captured. In addition, while the
model qualitatively reproduces the rate-dependent trends, it does not capture the threshold-like behavior observed in

the fluorescence response.
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Figure 14: Comparison between the measured and predicted response for TN elastomers in the cyclic loading condition: (a) the stress response and

(b) the fluorescence response.

To further evaluate its performance, the proposed model is extended to inhomogeneous deformation conditions. Cyclic
uniaxial tension tests were conducted on TN elastomer specimens with defects: one with a pre-punched circular hole
(diameter 1 mm) and the other with a pre-cut edge crack (length 1 mm). Simultaneous mechanofluorescent imaging
was employed to capture spatial distributions during loading. The effective geometries of the clamping regions for

both specimen types are illustrated in Fig. 15.

(a) (b)

Figure 15: Geometry of the TN elastomer specimen: (a) the sample with a pre-punched circular hole (height: 15 mm, width: 10 mm, hole diameter:

1 mm); (b) the sample with a pre-cut edge crack (height: 10 mm, width: 10 mm, crack length: 1 mm).

The experimental procedure consists of two steps. First, specimens were stretched to a prescribed stretch ratio of 2.0
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(or 2.35) at aloading speed of 45 mm/min (or 30 mm/min). Subsequently, following unloading and fluorescence fading
treatments, the specimens were reloaded to the same stretch level in the second cycle. We present the displacement-
time curves for the pre-holed and pre-cracked TN samples, as shown in Fig. 16-(a) and (b), respectively. For numerical
simulations, the previously proposed constitutive model was implemented in COMSOL Multiphysics. The total free
energy form is input via the hyperelastic user-defined option under the Solid Mechanics module. The damage criterion
for polymer chains and the activation criterion for mechanophores are implemented as the state variables with the

details shown in Appendix A.
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Figure 16: Displacement—time response during cyclic loading and unloading tests for (a) a pre-holed TN elastomer at a loading speed of 45 mm/min

and (b) a pre-cracked TN elastomer at a loading speed of 30 mm/min.

Under two-dimensional plane stress conditions, the specimen geometry and boundary constraints exhibit sufficient
symmetry. Therefore, computational efficiency is achieved through model reduction. Specifically, only a quarter-
domain of the specimen is modeled for the pre-holed configuration and a half-domain for the pre-cracked configu-
ration. The detailed geometric setup and boundary conditions applied in the simulations are provided in Fig. 17.
Quadrilateral elements with mesh refinement near the hole or crack are used, as shown in Fig. 17. Post-processing
involves mirror reconstruction of the quarter or half models to generate full-field visualizations of the deformed shape

and the associated mechanofluorescent response across the entire specimen.
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Figure 17: The setup of finite element analysis for (a) the quarter-symmetry model and (b) the half-symmetry model.

We first compare the experimentally measured and simulated force-displacement curves for pre-holed and pre-cracked

TN elastomers, as shown in Fig. 18-(a) and (b), respectively, which show general consistency. However, the predic-

tions overestimate the force level especially for pre-cracked specimens in the large deformation region. This discrep-

ancy is possibly caused by the inaccuracy of the distribution of chain lengths for long chains.
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Figure 18: Comparison between experimentally measured and model predicted force—displacement curves for the two loading cycles: (a) pre-holed
TN elastomer and (b) pre-cracked TN elastomer.

We compare the experimental (left) and simulated (right) fluorescence maps under various loading conditions for a

pre-holed sample with a maximum stretch of 2.0 (Fig. 19 and Fig. 20 ) and a pre-cracked sample with a maximum

stretch of 2.35 (Fig. 21 and Fig. 22), respectively. During the initial loading cycle (Fig. 19 and Fig. 21), fluorescence

intensities are clearly localized around both sides of the hole and at the crack tip. Regions closer to the hole or crack

tip exhibit higher fluorescence intensities due to stress concentration effects. Owing to symmetric loading conditions,
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the experimentally obtained fluorescence maps display a symmetric pattern. During the reloading phase, following
unloading and fluorescence fading, fluorescence response differs notably from the initial loading. Specifically, the
overall fluorescence intensity distributions (Fig. 20 and Fig. 22) are significantly weaker than in the first loading
cycle (Fig. 19 and Fig. 21). This reduction indicates that damage accumulation makes a portion of mechanophores

inactivate.

Overall, for both pre-holed and pre-cracked cases, the model successfully captures the spatial and cyclic evolution of
mechanochemical response under inhomogeneous loading conditions. This demonstrates that the model can capture

the response in both homogenous and inhomogeneous loading conditions.
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Figure 19: Comparison of simulated (right) and experimental (left) fluorescence images for a circular-hole TN sample in the first loading cycle for
different stretch ratios (maximum stretch: 2.0, loading speed: 45 mm/min).
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Figure 20: Comparison of simulated (right) and experimental (left) fluorescence images for a circular-hole TN sample in the reloading cycle for
different stretch ratios.
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Figure 21: Comparison of simulated (right) and experimental (left) fluorescence images for a pre-cracked TN sample in the first loading cycle for
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Figure 22: Comparison of simulated (right) and experimental (left) fluorescence images for a pre-cracked TN sample in the reloading cycle for
different stretch ratios.
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7. Conclusion

In this work, we developed a chemo-mechanical coupled model for mechanofluorescent multiple network elastomers
incorporating thodamine mechanophores. The experimental results have shown a strong coupling between damage
and fluorescent response in such materials. Building upon these findings, the model integrates the dynamic theory of
mechanophore activation into the damage model of multiple network elastomers. The first network is assumed to ex-
hibit a progressive damage behavior, while the matrix network shows a hyperelastic response. For the mechanochem-
ical modeling, mechanophores linked to the first network are activated when the chain force lies between the critical
thresholds for activation and damage. Otherwise, they remain or revert to their inactive states. Through parameter
analysis, it is shown that the activation of mechanophores depends on the loading stretch rate as well as forward and
backward reaction rates, reflecting the time-dependent nature of the process. Additionally, factors such as the number
of chain segments and the normalized critical activation force affect mechanophore activation. By assuming that the
total concentration of activated mechanophores is proportional to the macroscopic fluorescence intensity, the model
establishes a bridge between molecular-scale activation events and bulk optical signals. The model accurately cap-
tures both mechanical and fluorescent response of various multiple network elastomers during loading and reloading
tests, showing good agreement with experimental data. Notably, it successfully predicts both the Mullins effect ob-
served in the cyclic loading—unloading tests and the delayed activation phenomenon in fluorescence, both attributed
to accumulated damage. Finally, the model predicts the mechanochemical response of TN elastomer samples with
inhomogeneous deformation, demonstrating reasonable agreement with experimental fluorescence images. These re-
sults confirm that the model can successfully reproduce the coupled mechanical and mechanochemical behavior of

mechanofluorescent multiple network elastomers.
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Appendix A. Numerical implementation

For the finite element implementation, the constitutive model is implemented within COMSOL Multiphysics. The me-
chanical response is formulated using the built-in hyperelastic framework, in which the Helmholtz free energy density
is defined in a user-specified form to account for the network contributions. The damage effect is incorporated through
updating the chain density P;. This formulation allows the stress response to be obtained through automatic differ-

entiation of the free energy with respect to the deformation gradient, ensuring numerical robustness and consistency.

Egs. (19) and (30) govern the evolution of the state variables P; and C‘?. These equations are solved numerically using
the finite difference scheme. Taking Eq. (19) as an example, the forward difference approximation is employed to
discretize the time derivative, which allows the evolution of the state variable to be updated incrementally at each time

step. When f i> ?21 the governing equation can be written as

(n+1)

(n) p(n+l) — —m
P =P N;P; exp<la[fj_fcri]>’

A.l
At Ta (A-D

- b

where the P;nﬂ) and P]@ denote the value of P; at the n+1-th and n-th time steps, respectively. This expression can be

rearranged into the following update form:

1 _
e > fane (A2)
1+ /At ex la[f] cri]
Ta P b
N At LIf. — F™
It is noted that the multiplicative factor 1/ |1+ fL_ exp( /) - fm]) is strictly smaller than unity. Consequently,
a

once the chain force exceeds the critical value, the corresponding chain density P; decreases monotonically.
Similarly, when f i< ?Z;, the evolution equation reduces to
1 e
P(n+ ) _ P(n)7 if f] < f:;i’ (A3)

J J
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indicating that the chain density remains unchanged in this case.
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