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Abstract

Backbone curves are a well established practice for understanding the vibrations of nonlinear

structures, by charting the frequency-amplitude relations for the underlying conservative system.

However, in their typical form they are ineffective in tracing many of the phenomena seen in the lateral

vibrations of an isotropically supported rotating disk, which include both periodic, quasiperiodic and

isolated responses. This is because the underlying conservative system lacks mechanisms to drive

the mode locking that is an essential part of these responses. However, to include effects such as

unbalance forcing that can induce these behaviours would reduce the generality of the analysis,

and may also require knowledge of parameters that can be difficult to control or measure. This

work produces backbone curves with additional constraints to ensure that the response remains

in phase with the unbalance forcing, acting in the place of the physical causes of mode locking.

These curves provide a skeleton that sits underneath the bifurcation diagrams of a wide range of

nonconservative and also weakly anisotropic rotating disc systems, despite being calculated with

just the underlying conservative and isotropic parts of the system. This allows a systematic means

of exploring the complex response space of rotating systems, enabling continuation approaches to

efficiently find isolated response regions that previously required a sweep of many time simulations

to discover. The approach provides some commonality to the analysis of a diverse range of responses.

The method is demonstrated on an isotropic 2 degree of freedom overhung rotor with a smooth radial

stiffness nonlinearity, but is shown to have relevance to nonsmooth systems and weakly anisotropic

systems. An experimental comparison is also given.

1 Introduction

1.1 Rotating machines

Machines with rotating elements play a ubiquitous role in engineering, from turbomachinery for aircraft

engines and power generation, through to electrical devices including motors and generators. Understand-

ing their vibrations is crucial to maintaining a long service life, efficient performance, avoiding harmful

resonant behaviour and being able to detect faults which may arise [1].

Understanding the role that nonlinearities play in the lateral vibrations of such system is a vital yet

challenging area, with much research still ongoing, for example [2, 3, 4, 5, 6, 7]. Nonlinearities occur

due to effects such as contact between rotating parts and a surrounding stator [8, 9], fluid interactions

[10, 11], bearing dynamics [12, 13] and geometric stiffness nonlinearity [14, 15]. These physical effects

lead to complex vibration responses that cannot be modelled through simple linear responses, including

amplitude dependent natural frequencies, jump phenomena, harmonic and subharmonic frequency content

(relative to the drive speed), chaotic and quasiperiodic behaviour [16]. A particular problem is the

possibility of isolated regions of quasiperiodic responses, which can lead to large amplitude limit cycles,
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and occur at drivespeeds substantially removed from where direct resonances would be expected [8, 17].

These responses are experimentally challenging, because they require particular initial conditions to be

active, and therefore their existence can easily be missed by conventional run up or run down tests.

The problem of finding appropriate initial conditions also makes these responses awkward to handle

numerically,with a common approach being to perform a large number of time simulations with various

initial conditions, and this process must typically be repeated over a range of different drive speeds

[17, 18]. These time simulations sometimes need to integrate stiff equations of motion, and the result is

that even quite small systems can be expensive and time consuming to characterise numerically. Sample

and basin stability methods offer a more sophisticated approach, but still have the requirement for many

potentially slow time simulations [19, 20].

It follows that a means of path following, from low amplitude solutions that are easily modelled up

to these isolated solutions, would be invaluable, but to the author’s knowledge this does not presently

exist. In works by Akay et al. [21, 22] numerical continuation was used but it was found that the

connection between limit cycles and lower amplitude responses only existed in the limit of zero excitation

and damping, at which point the required modal interactions and nonlinear forces become negligible as

well. This creates a numerical barrier to progressing a solution from low amplitude to a high amplitude

limit cycle. Therefore, while continuation works well to trace a family of responses once an initial solution

had been found, a systematic and reliable means of locating this initial solution is required.

Many authors have made substantial progress on this specialised form of vibration analysis. Ehrich

compiled many works on vibration phenomena seen in turbomachinery both experimentally and numer-

ically, for example [23, 24, 25] with a good summary in [26]. As early as 1955, there are papers by

Yamamoto discussing issues such as subharmonics and clearance nonlinearity, although the present au-

thors have not been able to access these papers as they are in Japanese. However, this work continued

with many works by Ishida and Inoue et al. , highlighting both experimentally and analytically the role

of internal resonance, in particular the −1 : 1 resonance near the critical speed [15, 27, 28, 29], and the

potential for chaotic oscillations [30]. Muszyńska described many experimental observations of both real

machines and experimental test rigs including all manner of bearing, contact and fluid phenomena, with

associated analysis in both frequency and time domains with insights for fault diagnosis; these works

could justify a substantial review paper on their own, but fortunately they are summarised in [31]. An

interesting paper by Neilson and Barr [32] concerning a rotor with a piecewise nonlinearity in the sup-

port stiffness highlighted the presence of frequency content unrelated to the drive speed and aperiodic

responses, although it also highlighted that these appeared to be perfectly periodic in polar coordinates

(a theme resumed herein). Many authors began to relate these phenomena from nonlinear dynamical

theory, for example [33, 25, 34, 35] describing various phenomena in terms of bifurcations, chaos and

subharmonic resonance. There have also been numerous modified harmonic balance approaches applied

to various responses by Kim and Noah [36, 37], von Groll and Ewins [38], Salles et al. [39] and Shaw et

al. [40]. Peletan et al. applied harmonic balance with two base frequencies in order to capture quasiperi-

odic behaviour [41]. A key aspect to the complexity of responses is that they are typically multi-modal,

and furthermore mode locking is a fundamental feature of many responses. This aspect was explored in

detail by van der Heijden [42] with an analysis of a system representing a loose bearing, highlighting how

the mode locking typically occurs in a system corotating with the shaft, and also showing how perturbing

the full rotational symmetry1 substantially changes the nature of responses.

Due to the typically harsh nature of rotor-stator contacts, Cole, Keogh, Mora and others have used

an impact mapping approach, where velocity instantly changes at the occurunce of contact, rather than

creating a nonlinear forcing function [43, 44, 45], and despite the substantially different modelling ap-

1In more common rotordynamics terms, this would be described as changing from an isotropic system to an anisotropic
one.
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Figure 1: (a) Campbell diagram showing stationary frame natural frequencies of the linear part of system
(1) against drivespeed Ω. (b) Rotating frame whirl velocities against Ω. (c) Response amplitude of system

Mẍ + (ΩG+C) ẋ +Kx = εΩ2

[
cosΩt
sinΩt

]
. All plots use parameters from Table 1 except for k3 = 0; for

plot (c) C =

[
0.02 0
0 0.02

]
and ε = 0.01.

proach similar rotating frame mode locking was demonstrated. These papers highlight an important

distinction in rotating machinery dynamics, that of synchronous as opposed to asynchronous oscillations.

Synchronous oscillations demonstrate stationary frame periodicity and frequency content commensu-

rate with the drivespeed. Asynchronous oscillations appear quasiperiodic in the stationary frame, with

frequency content that is not commensurate with the drivespeed, but are periodic in the corotating co-

ordinate system. Zilli et al. [8] explained the onset of quasiperiodic responses somewhat differently, in

terms of angular synchronisation between the unbalance forcing and the underlying frequencies. In this

way, a minimum drivespeed for certain forms of quasiperiodic responses to occur was defined in terms of

the underlying linear frequencies of the system. This condition was developed by Shaw et al. for higher

dimensional systems, and shown to be equivalent to an internal resonance condition in the rotating frame.

There has been some application of nonlinear normal mode (NNM) and manifold methods to rotating

systems [46, 47, 48]. Legrand et al. created a nonlinear normal mode (in the form of an invariant manifold)

of a rotating shaft with oil film nonlinearity to describe its decaying free oscillations [49]. This used an

intriguing method to deal with complex mode shapes, although could not model multimode behaviour that

arose at certain drive speeds. Wang and Ding [50] described an NNM approach to balancing a nonlinear

rotor that was also subject to gravity sag. This demonstrated the benefits of a nonlinear approach to

balancing, although gyroscopics were not considered. Wang et al. calculated a low order approximation

of a spectral submanifold for a rotor-stator rub system [51], including cross-stiffness effects due to fluid

bearing effects and friction, finding that the model worked well for relatively light forcing. Rotating

beams have been considered with these methods using both classical PDE formulations [52] and finite

element techniques [53]. Martin et al. used direct parametrisation to derive invariant manifolds for both

rotating beams and plates [54]. Mereles et al. created a reduced order model of a high dimensional rotor

system with quite realistic foundation modelling using the approximate invariant manifold method [55].

The same authors used a centre manifold approach to model the fluid film nonlinearity [56]. However

to the author’s knowledge, NMM methods have not yet captured the full complexity of response seen in

works such as [8, 17] and other works cited above, and it is hoped that the present work can facilitate

future work in this area by better understanding of the paths to isolated resonances.

3



1.2 Aspects of vibration particular to rotordynamics

In the present work the vibrations of an isotropically supported rotating disc are considered, and these

have some important differences to those of static structures. In the linear case, the dynamics are

characterised by eigenvalues that are repeated at zero drivespeed, that then diverge from each other as

drivespeed increases, due to gyroscopic effects. This effect is illustrated in Figure 1 (a), which shows an

example of the Campbell diagram that is traditionally used to illustrate how natural frequencies vary

with drive speed. The modal responses of this system consist of circular orbits, where the mode labelled

ωf0 in Figure 1 is known as a forward whirl because it orbits in the same direction as the shaft rotation.

The other mode denoted ωb0 is known as a backward whirl because it orbits in the opposite direction to

the shaft rotation [1]. This directional property of the modes means that the frequencies of the system

can be properly thought of as angular velocities, and given negative signs if backward whirling. It is often

useful to perform analysis in a coordinate frame that is rotating with the shaft, and the use of signed

angular velocities means that whirling velocities are easily found in this frame simply by subtracting the

shaft speed, giving ω̄f0 as ω̄b0 shown in Figure 1 (b)2. The rotating frame whirl speeds vary strongly with

drivespeed, even if the gyroscopic effects are weak, and this allows many different integer ratios between

angular velocities to be achieved by varying drive speed.

A practical consideration in analysis of rotating systems is that the primary form of excitation is

unbalanced mass on the shaft exerting a force vector that rotates at the drivespeed, which leads to

important differences in behaviour compared to the harmonic excitation typically considered for static

structures, and this again can be seen in a linear system. Figure 1 (c) shows a typical response of a

damped rotordynamic system to unbalance forcing. The figure shows a single peak, as the drive speed

passes the condition value Ω = ωf0 = Ω0, where Ω0 is the linear critical speed [1]. There is no peak due

to the backward whirling mode, and it can be shown that the backward whirl motion cannot be forced

by the forward rotating unbalance force vector for a system with isotropic supports [1] .

In the nonlinear case, the use of signed rotational velocities as opposed to unsigned frequencies can

mean that complex Fourier analysis is needed to capture harmonics in analysis [40]. It also allows modal

interactions with negative frequency ratios such as -1:1, where a backward whirl is being excited by

a forward whirl [30]. The variation in underlying linear frequencies with drivespeed means that many

different forms of mode locked response can occur, and hence drivespeed not only determines the excitation

but also the forms of modal interaction that can occur. The mode locking is in many cases seen in a

coordinate system that rotates with the shaft, leading to responses that are periodic within this rotating

frame, whilst being generally aperiodic in the stationary frame. Some multimode responses are seen

where neither of the active modes are at the frequency of the unbalance forcing, occuring at drivespeeds

well above the linear critical speed, and making no connection with directly excited resonances [17].

Thus far, there have been calculations of these responses in the forced and damped case, and the

consideration of underlying linear modes has been used to derive a lower bound for drivespeed where

such responses are possible [40, 8, 17]. However, a more complete explanation of why and where these

resonant responses appear seems to be lacking from the literature.

Another awkward problem is that these resonant responses only seem to connect to the low level (ie.

linear) behaviour of the system in the limit of zero forcing and damping. However, the physical causes of

mode locking seem to occur within the nonconservative parts of the system, and if the system is reduced

to only its conservative parts many of the above behaviours cease to occur. This is in contrast to many

vibrating systems where the conservative analysis provides invaluable insight into the broader behaviours

of the system.

The above characteristics mean that rotating systems under unbalance forcing provide some important

2If unsigned frequencies are used, more complex sum and difference frequency relations are seen.
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differences in approach to existing nonlinear vibration methodologies. To summarise, these are:

1. The possibility of mode locking in either or both of stationary and rotating coordinate systems.

2. The existence of response branches that appear wholly disconnected from direct resonances. (Sec-

tion 5.5.3 will show that the responses grow from a combination of linear modes that only exists at

a particular drive speed.)

3. The typically considered unbalance forcing means that drivespeed is a crucial parameter affecting

excitation and the underlying linear frequencies, and hence that modal excitation is less straight-

forward.

4. Some computational challenges from requirements for signed frequencies and complex Fourier anal-

ysis if working in the frequency domain.

5. In many practical cases, such as rotor-stator contact, the nonlinearities are nonsmooth.

1.3 The present work: Backbone curves for rotating systems

A widely used concept in the nonlinear structural dynamics of nonrotating systems is the backbone

curve, generally defined as the relationship between amplitude and frequency. More specifically, this

work considers backbone curves defined for free vibrations of the underlying conservative systems[57],

as opposed to those found from the instantaneous frequency content of decaying vibrations[58]. Such

curves sit beneath the forced responses of the full nonconservative system, giving great insight over a

range of excitation and damping conditions in an efficient way. They can deal with complex multi-modal

structures featuring internal resonances; in some cases these internal resonances reveal characteristic

‘loops’ in the backbone curve which strongly indicate the regions where there is potential for effects such

as jump phenomena, torus bifurcations, and saturation in the forced response [59, 60, 61].

The conservative approach to backbone curves serves rotating systems poorly in its present form. As

will be shown in Sections 3 and 4, in the conservative isotropic system mode locking does not occur,

and therefore many of the more complex mode locked responses seen in nonconservative systems are not

predicted. This leads to the problem discussed in Section 1.2 where some responses are isolated in the

nonconservative system, but degenerate in the conservative system.

This paper shows a variation on the conservative backbone approach allowing it to reveal a broad

range of nonlinear responses of rotating systems. A simple rotor system with a smooth nonlinearity is used

as a case study, the equations of motion for the underlying istropic conservative system are derived, and

responses found. The physical effects that lead to mode locking are shown to be absent in this system, but

they are replaced with mathematical constraints that reduce the solution space to only those responses

that may be excited by unbalance forcing, which is the principle concern in rotating systems. It is shown

that this relatively simple approach reveals so called ‘constrained backbones’ that underpin the nonlinear

responses of various nonconservative system. Furthermore, the responses are connected to much simpler,

constant amplitude responses so that they may be found with a systematic continuation procedure,

without the need to guess suitable initial conditions for simulation or a start value for a numerical

solver. The backbones are derived firstly at constant drivespeeds, revealing bounded solution branches

of bouncing solutions, which can then be used to place an approximate envelope on the amplitudes of a

bifurcation diagram plotted against drive speed for a fully forced and damped system.

Section 2 introduces the conservative system to be analysed, then Section 3 gives the general responses

of this system, showing them to be essentially simple, but in most cases this analysis is of little practical

value on its own. Section 4 derives the backbone curves of the constant amplitude whirling solutions

using a fixed point analysis, as these are essential to be able to continue from a low amplitude to the
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Figure 2: An isotropic conservative rotor system with nonlinear radial stiffness.

onset conditions of more complex orbits. Section 5 then shows how to trace backbones for different types

of variable amplitude bouncing orbits. The resulting constrained backbones for the conservative isotropic

system are then compared to simulations of systems additionally including forcing, damping and perhaps

anisotropy in Section 6. Section 7 demonstrates the method against an experiment, and conclusions are

drawn in Section 8.

2 System definition

The system is shown in Figure 2. A disc is mounted at one end of a rigid shaft of length L, that is rotating

at constant speed Ω rad/s. The shaft is mounted at its other end to a nonlinear rotational spring, and

therefore the motion of the disc centre can be described either by angles ψ and θ about the support or by

centre translations u and v, where u = Lψ and v = −Lθ for u, v ≪ L. The spring generates a restoring

moment, that may be equivalently represented by a restoring force applied at the disc centre given by[
ku+ k3r

2u, v + k3r
2v
]T

, where r2 = u2 + v2.

Following [1] the disc has mass m, diametral moment of inertia Id and polar moment of inertia Ip.

Rotations of the disc will induce inertial moments −Id[θ̈, ψ̈]T and gyroscopic moments ΩIp[ψ̇,−θ̇]T , which
again may be represented by equivalent forces acting at the disc centre by dividing through by L.

Representing the motion of the disc in terms of translations u and v, including the above equivalent

forces and the kinematic relations between translations and rotations, we obtain the equation of motion

Mẍ+ΩGẋ+Kx+ k3r
2x =

[
0

0

]
, (1)

where

x =

[
u

v

]
,M =

[
M 0

0 M

]
,G = µ

[
0 1

−1 0

]
,K =

[
k 0

0 k

]

and r2 = xTx, M = m + Id
L2 is the effective mass, and µ =

Ip
L2 . As such the system is the simplest

case of a conservative system with the essential features of nonlinearity, gyroscopics and isotropy. The

nonlinearity could approximate any smooth nonlinearity in a rotating system, for example bend stretch

coupling of a flexible shaft. Gravity is neglected.

It is also useful to consider the system in a coordinate system that rotates at speed Ω around the
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Table 1: Nondimensional system parameters used throughout Sections 3, 4 and 5.
M k k3 µ
1 1 1 0.25

origin, giving the relation x̄ = [ū, v̄]T = T(Ω, t)x where

T(Ω, t) =

[
cosΩt sinΩt

− sinΩt cosΩt

]
. (2)

Noting that (T(Ω, t))−1 = (T(Ω, t))T , and applying chain and product rules results in the transformed

equation of motion

M¨̄x+ΩḠ ˙̄x+ K̄x̄+ k3r
2x̄ =

[
0

0

]
, (3)

where

Ḡ = G− 2MJ, K̄ = K− Ω2M− Ω2GJ and J =

[
0 1

−1 0

]
.

A further view of the system is the first order polar representation y = [r, α, ṙ, α̇]T where

r =
√
u2 + v2 , ṙ =

uu̇+ vv̇

r
, α̇ =

−u̇v + v̇u

r2
, (4)

and α is found by integration of α̇ with respect to time. In order to maintain smoothness, α is not

restricted to any range such as 0 ≤ α < 2π. The reverse transforms are

u = r cosα , v = r sinα , u̇ = ṙ cosα− rα̇ sinα , v̇ = ṙ sinα+ rα̇ cosα .

The state space equation of motion in polar form is

ẏ =


0 0 1 0

0 0 0 1
−k
M 0 0 0

0 0 0 0

y +


0

0
−k3r

3

M − µΩ
M rα̇+ rα̇2

−2ṙα̇
r + µΩṙ

Mr

 = fp(y) . (5)

Finally, since the system is isotropic, true understanding of its fundamental behaviour comes in a

coordinate frame that is truly agnostic of the angular position of the disk (α). Noting that in Eq. (5) no

other states are driven by α, we can reduce y to ŷ = [r, ṙ, α̇]T with equation of motion

˙̂y =

 0 1 0
−k
M 0 0

0 0 0

 ŷ +

 0
−k3r

3

M − µΩ
M rα̇+ rα̇2

−2ṙα̇
r + µΩṙ

Mr

 = fa(ŷ) . (6)

Equations (1), (3), (5) and (6) are herein referred to respectively as the stationary, rotating, polar

and agnostic equations of motion.

3 General responses of the isotropic system

In this section and in Sections 4 and 5, it is assumed without loss of generality that the system has been

defined in a set of units that allows the parameters to become the convenient nondimensional values

found in Table 1.
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3.1 Response in polar or agnostic coordinates

Figure 3 shows the flow of the system for arbitrary initial values of r and α̇. It may be seen that the

agnostic system shows a simple oscillating behaviour with period T , and it is shown that this is the only

possible behaviour (besides a fixed point) in Appendix A. The polar system has no form of periodicity,

due to α, but does reveal a useful property of a period in the agnostic system, namely the precession

angle Ψ = α(t+ T )− α(t), which is the total change in α during T .

3.2 Response in stationary or rotating coordinates

When projected into other coordinate systems, the response looks far more complicated as seen in Figure

3(b), where the trajectory will only repeat if Ψ is a rational fraction of 2π. The behaviour is generally

quasiperiodic, where T can be thought of as the ‘quasiperiod’. The position vector performs a pure

rotation about the origin every quasiperiod; in the stationary frame this can be written as

x(t+ T ) =

[
cosΨ − sinΨ

sinΨ cosΨ

]
x(t) .

Similarly, the rotating frame trajectory in Figure 3(c) is in general quasiperiodic and nonrepeating.

The flow can become periodic in either the stationary or rotating frames, if Ψ satisfies certain criteria.

For stationary frame periodicity, this implies that

pΨ = q2π , (7)

and for rotating frame periodicity

p(Ψ− ΩT ) = q2π , (8)

where p and q are integers. Equation (8) can be thought of as a generalisation of the angular synchro-

nisation condition proposed in [8], allowing the whirling velocities to vary in a nonlinear manner instead

of using the linear predictions, and using signs to indicate whether whirling is backward or forward.

Note that there is nothing in the dynamics of the conservative system to enforce conditions (7) or (8).

Given that the agnostic response does not bifurcate from simple oscillatory behaviour, it may be concluded

that Ψ and T will vary smoothly with changes to initial conditions, giving periodicity in stationary or

rotating coordinate frames only for particular initial conditions. If the general response in stationary or

rotating coordinate systems is considered to be composed from the two underlying modes, this shows

that there is no meaningful locking between the modes to enforce periodicity in these coordinate systems.

4 Constant amplitude backbone curves

4.1 Forward and backward whirling

When the initial conditions are at a fixed point of system (6), the stationary frame orbit will be circular,

and the rotating frame will show a circular orbit or a fixed point. The fixed points of system (6) have

the form

ŷ∗ =

 r

0

ωf (r,Ω) or ωb(r,Ω)

 where ωf (r,Ω), ωb(r,Ω) =
Ωµ

2M
±

√(
Ωµ

2M

)2

+
k + k3r2

M
. (9)
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Figure 3: Three different views of a typical response of the isotropic conservative rotor. Ω = 3. At t = 0,
r = 0.8, ṙ = α = 0, and α̇ = 0.2, with other parameters given in Table 1.
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Figure 4: (a) Amplitude dependent whirl angular velocities for Ω = 4, calculated with Eq. (9). (b)
Critical speed backbone curve (solid) as given by equation (11), with the constant amplitude backbone
for forward whirl ωf (r, 1.8) added for comparison (dashed).

Equation (9) gives the amplitude dependent angular frequencies ωf (r,Ω) and ωb(r,Ω) of the forward and

backward whirling solutions, which are circular orbits with radius r and the given angular velocities in

the stationary frame. Figure 4 (a) plots the relationship between these angular frequencies and amplitude

for a typical system; note that ωb(r,Ω) is negative as it represents a clockwise motion in the stationary

frame, whereas ωf (r,Ω) is positive and represents an anticlockwise motion3.

The equivalent angular velocities viewed in the rotating frame are obtained by subtracting the

drivespeed to give

ω̄f (r,Ω) = ωf (r,Ω)− Ω , ω̄b(r,Ω) = ωb(r,Ω)− Ω . (10)

As amplitude tends to zero, it can be be seen that ωf (r,Ω) and ωb(r,Ω) tend to the well known forward

and backward whirl solutions of the linear part of Eq. (1), and therefore these solutions can be considered

to be nonlinear extensions of the linear modes. The curves in Figure 4 (a) can also be considered to be

backbone curves, and we term them here the forward whirl backbone and backward whirl backbone curves

respectively. However, while useful, they only describe a particular subset of the responses of these

systems. This is in contrast to a nonlinear conservative SDOF system such as ẍ + x + x3 = 0, where

all initial conditions will result in a response that falls somewhere on the backbone curve4. Therefore,

constant amplitude backbones only give limited insight into system behaviour, and tell us nothing about

responses where r oscillates.

It may also be verified that Eq. (1) is exactly solved by x = r[cosωrt, sinωrt]
T , where ωr is either

ωf or ωb from Eq. (9). The same form exactly solves Eq. (3) if ωr is either ω̄f or ω̄b from Eq. (10).

This confirms that these solutions, which extend from individual modes of the underlying linear system,

respond at a single angular velocity regardless of amplitude, and therefore lack the harmonic content

required to excite other modes of the system. This gives further demonstration that mode locking is

absent in the fully conservative system.

3The linearisation around these fixed points is given in Section 5.4.
4Backbone curve defined by ωr =

√
1 + 3

4
X2 for approximate solution x = X cosωrt.
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4.2 Critical speed backbone curves

The orbits of greatest interest are usually those that may be excited by the unbalance forcing, and the

simplest way that this can occur is when the response is at a constant amplitude, with the angular velocity

matching the shaft speed, ie. α̇ = Ω. Making this substitution into Eq. (9) gives

ωf (r,Ω) = Ω =
Ωµ

2M
+

√(
Ωµ

2M

)2

+
k + k3r2

M
=⇒ Ω = Ωc(r) =

√
k + k3r2

M − µ
(11)

There are no solutions for ωb(r) = Ω because, as seen in Figure 4 and Eq. (9), ωb(r) is negative for an Ω

that is assumed positive. Equation (11) gives Ωc(r), the amplitude dependent critical speed, or in other

words the shaft speed that gives a synchronous whirl at amplitude r. The inverse form

rc(Ω) =

√
1

k3
(Ω2(M − µ)− k) , Ω ≥ Ωc(0) (12)

gives the amplitude of the conservative system when it whirls at a drivespeed Ω. These results are plotted

in Figure 4 (b), and the graph is termed the critical speed backbone curve. Synchronous whirling responses

of a system with unbalance forcing and damping present, will lie near to the critical speed backbone curve

based on the underlying conservative system.

5 Variable amplitude backbone curves

As seen in Section 3, responses of the system will have a varying amplitude r, with the exception of

fixed points of Eq. (6). However the majority of these responses are of purely academic interest, because

they cannot be excited by the usual form of forcing which for rotating systems is the unbalanced mass.

(Compare this to a static structure, where any excitation at a similar frequency to that of a free response

is liable to cause a resonant response). The exception are those responses that retain a fixed angular

relationship to the unbalance force vector at every cycle, a condition termed angular synchronisation5.

Angular synchronisation is a necessary condition for a response to be excited by unbalance, because

if it is not present the forcing will be acting at arbitrary phases to the response, sometimes adding

energy and sometimes extracting it from the system, rather than consistently providing the energy that

is otherwise dissipated on each cycle in a real system. Angular synchronisation may be equivalently

considered as periodicity in the rotating frame. This section uses a mathematical condition to identify

angular synchronisation, and then exploits this to draw backbone curves of these responses through

a continuation approach. Different types of responses can be found depending on how the branch is

initiated, and in some cases further constraints may be applied to identify further conditions of interest.

Backbone curves are defined at constant drivespeeds, but are also used to define envelopes of possible

responses against drivespeed, in a form comparable to typical bifurcation diagrams for rotating systems.

5.1 The angular synchronisation constraint function

Angular synchronisation occurs when Eq. (8) is satisfied. It emerges that many of the more common

responses are found with p = 1, with higher values for p related to more complex higher resonances, so

henceforth p = 1 is assumed unless stated otherwise. However, rather than simply rearranging Eq. (8)

5The word angular distinguishes this from the more general concept of synchronisation for dynamical systems. The key
difference is that angular synchronisation can be consistently evaluated in any coordinate system. The present argument
would struggle if simply based on frequencies because angular velocities, and therefore frequencies, vary under the time
varying transformation (2) between stationary and rotating coordinate systems.
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to define the constraint function, q is eliminated by defining

G(Ψ, T,Ω) = mod(p(Ψ− ΩT )− π, 2π)− π , (13)

where mod (a, b) returns the remainder of a/b 6. The zero roots of Eq. (13) will always coincide with a

solution of Eq. (8) for some q, with the added numerical benefit that the function has smooth derivatives

at these zeros. This form allows continuation to work seamlessly even when q changes along a solution

branch, with an example of how this can happen given in Appendix B.

5.2 Evaluating the period and precession angle

As discussed in Section 3, all initial conditions of system (6) lead to periodic responses (except for fixed

points), so therefore period and precession angle may be defined as functions of the initial conditions. A

phase condition ṙ(0) = 0 is also assumed, implying without loss of generality that all periods are assumed

to start at a maximum or minimum of r over the period. Therefore, functions can be defined that return

the period and precession angle of the periodic response associated with initial conditions r(0) = r0 and

α̇(0) = α̇0,

T = T (r0, α̇0,Ω) , Ψ = Ψ(r0, α̇0,Ω) . (14)

In the present work, Eq. (14) is evaluated by time simulation of Eq. (5) from the initial condition

y = [r0, 0, 0, α̇0]
T . Event detection is used to determine the end of the period; as shown in Figure 3(a)

the period completes when ṙ crosses zero for the second time, moving in the same direction as at t = 0.

Hence the simulation is terminated when this condition is detected, and T and Ψ are returned7.

5.3 Continuation framework

Initially, constrained backbones are derived at fixed drivespeeds, in terms of the nonzero initial conditions,

giving a continuation problem in the form

z =

[
r0

α̇0

]
, F(z1) =

[
G(Ψ(z1, z2,Ω), T (z1, z2,Ω),Ω)

z′
T
(z1 − z0)−∆s

]
=

[
0

0

]
, (15)

where z1 is the solution vector at the present step, zi is the ith member of z1, z0 is the solution at the

previous step, z′ is a unit vector indicating the direction of the solution branch, and ∆s is the desired

step length. The upper part of Eq. (15) ensures that all periodic solutions found meet the angular

synchronisation constraint, while the bottom line ensures that the solution progresses in a consistent

direction along a solution branch, at a rate controlled by ∆s.

In rotordynamics, it is commonly desired to see how dynamic solutions evolve as the drivespeed is

varied, in which case the continuation problem becomes

z =

r0α̇0

Ω

 , F(z1) =

G(Ψ(z1, z2, z3), T (z1, z2, z3), z3)

H(Ψ, T,Ω)

z′
T
(z1 − z0)−∆s

 =

00
0

 (16)

where H(Ψ, T,Ω) is an additional constraint, required to make Eq. (16) a square system, and chosen for

various purposes as described in Sections 5.5.1 to 5.5.3.

6For example 5 = 3 ∗ 1.4 + 0.8 =⇒ mod(5, 1.4) = 0.8, as implemented by the Matlab® function mod.
7The approach of using time marching to establish responses is a little similar to the well known shooting method, with

the difference that there is no need to perform iterations to establish periodicity, because periodicity is guaranteed for
system (6) as discussed in Section 3.1.
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Equations (15) and (16) are solved using Newton-Raphson iterations, with all necessary derivatives

calculated via a finite-difference approximation. The velocity vector z′ is then updated by solving

∂F

∂z

∣∣∣∣
z1

z′ =

[
0

1

]
, (17)

after which z′ is rescaled to unit magnitude. The initial value of z′ is chosen on a case by case basis

detailed in Sections 5.5.1 to 5.5.3. The stepsize ∆s is updated with

∆s→ noptimal

niterations
∆s (18)

where niterations is the number of Newton iterations required to reach tolerance on the step just completed,

and noptimal is a desired number of iterations, usually 2 or 3. This allows ∆s to seek a compromise between

reliable convergence and making reasonable progress along the branch.

5.4 Onset conditions for variable amplitude orbits

The solution branches for variable amplitude orbits originate in one of the two following ways:

1. Linearised small perturbations, satisfying the constraints, about one of the fixed point solutions

described in Section 4.

2. Linearised oscillations with r approaching the limit of zero, at particular values of the drivespeed

Ω where the linear response satisfies constraints.

The second approach is analysed in Section 5.5.3, while the first is explained here. The Jacobian of fa(ŷ)

given by

∂fa
∂ŷ

=

 0 1 0

α̇2 −
(
k + 3k3r

2 + µΩα̇
)
/M 0 2rα̇− µΩr/M

(2ṙα̇− µΩṙ/M) /r2 (−2α̇+ µΩ/M) /r −2ṙ/r


is evaluated at a fixed point ŷ∗ by substituting Eq. (9) to obtain

A =


0 1 0

−2k3r
2

M
0

±2r

M

√
(µΩ/2)

2
+ k + k3r2

0 − ±2

rM

√
(µΩ/2)

2
+ k + k3r2 0

 (19)

where the ± symbol should be taken as + for a fixed point on the forward whirl backbone and − when

on the backward whirl backbone. Matrix A defines the linearised dynamics about the given fixed point;

specifically, if the system is slightly perturbed to ŷ = ŷ∗ +∆ the dynamics of small perturbation ∆ are

given by ∆̇ = A∆.

Matrix A has three eigenvalues, 0 and ±jω∗ where j =
√
−1 and

ω∗ =

√(
µΩ

M

)2

+
2

M
(2k + 3k3r2) . (20)

The zero eigenvalue relates to a disturbance that simply moves the system to another adjacent fixed point

i.e. along the relevant backbone curve. The remaining conjugate pair of purely imaginary eigenvalues give

an oscillation about the fixed point which, like all oscillations for system (6), has a period and precession

angle. The period is given by

T ∗(r,Ω) = 2π/ω∗ , (21)
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where the asterisk indicates that this period relates to a linearised oscillation about a fixed point. Note

that Eq. (20) implies that ω∗ and consequently T ∗ are purely functions of r, regardless of whether the

backbone is forward or backward whirling. The precession angle is found by noting that, because the

disturbance to α̇ is both small and oscillates over period T ∗, the average effect on α̇ over the period is

zero, and hence the overall precession angle of the linearised motion is given by

Ψ∗(r,Ω) =

Ψf (r,Ω) = ωf (r,Ω)T
∗(r,Ω), for a forward whirl,

Ψb(r,Ω) = ωb(r,Ω)T
∗(r,Ω), for a backward whirl.

(22)

Furthermore, on the critical backbone Ψc(r) = Ψf (r,Ωc(r)) may be defined, using (11).

Constraint functions (see Section 5.1) can also be evaluated for linearised oscillations about fixed

points to give

G∗(r,Ω) = G(Ψ∗(r,Ω), T ∗(r,Ω),Ω) =Gf (r,Ω) = G(Ψf (r,Ω), T
∗(r,Ω),Ω) on forward whirl backbone,

Gb(r,Ω) = G(Ψb(r,Ω), T
∗(r,Ω),Ω) on backward whirl backbone.

(23)

Furthermore, if a forward whirl fixed point is also on the critical speed backbone (see Eq. (11)) Gc(r) =

Gf (r,Ωc(r)) may be defined. If continuing in the form of Eq. (16), similar definitions may be made for

H∗(r,Ω), Hf (r,Ω), Hb(r,Ω) and Hc(r).

The condition G∗(r,Ω) = 0, and where relevant H∗(r,Ω) = 0, indicates that a fixed point is the

origin for a branch of constrained oscillating amplitude responses. These special fixed points are denoted

ŷ† =
[
r†, 0, α̇†]T , where α̇† is found by evaluating either Eqs. (9) or (11) at r† as appropriate to the type

of response under consideration. Values of the solution vector associated with these special points are

denoted z†.

5.5 Particular solutions for different types of variable amplitude orbit

5.5.1 Asynchronous response with one mode directly excited by unbalance

This is a type of response seen in systems with frictional impacts, with examples reported in, for example,

[43, 62, 18, 63]. The forward whirling mode is directly excited by the unbalance forcing, whereas some

nonlinear force excites in the opposite direction and therefore activates the backward whirl mode. The

nonlinear force is typically friction, but here the effect is simply enforced by the chosen constraint. The

result is a motion with significant response at the shaftspeed, and at a frequency determined by the

backward whirling frequency, and that is generally quasiperiodic in the stationary frame but always

periodic in the rotating frame.

Initially, consider the response at a fixed shaft speed Ω > Ωc(0). In order to have a directly excited

component, the motion must originate from a fixed point on the critical backbone curve, so

z† =

[
r†

α̇†

]
=

[
rc(Ω)

Ω

]
(24)

where rc(Ω) is given by Eq. (12), and α̇†
0 = ωf (r

†) = Ω.

The initial solution velocity z′ is set by taking the real part of the eigenvectors associated with ω∗

(see Eq. (20)) and extracting the r and α̇ components, scaling to ensure unit magnitude and a positive r

component to induce progress in the direction of increasing amplitude8. Continuation in the form of Eq.

8This vector can also be found by ensuring that the initial velocity runs normal to the forward whirl backbone curve, to

14



Figure 5: (a) Solutions with constraint equation (13) originating from the critical backbone. (b,c): Flow
of the solution marked with a ring ⃝ in (a), in stationary and rotating frames respectively.

(15) is then followed.

The results of this are shown in Figure 5, in terms of maximum and minimum r over the cycle

and the period T . The maximum amplitude initially rises to a maximum before falling to a point at

approximately T = 1.9, where the maximum and minimum are the same. At this point, the solution

represents infinitesimal oscillations about a fixed point on the backward whirl branch. If the solution

continues beyond this point, it finds duplicate responses of those already found, with the difference that

the initial condition is now located at the minimum r rather than the maximum. Furthermore, the

solver’s rate of progress becomes very slow, because as r0 tends to zero, α̇0 will tend to infinity, causing

very small step sizes to become necessary.

A family of solutions similar to the one shown in Figure 5 exists for all points on the critical backbone.

The upper bound of these responses can be plotted on a graph against Ω, by solving Eq. (16) with the

additional constraint function

H(Ψ, T,Ω) =
∂G

∂α̇0
. (25)

This constraint is derived by considering that at the maximum solutions in Figure 5, the term in the

velocity z′ relating to r0 must be zero i.e. r′0 = 0. Given that the velocity satisfies

[
∂G
∂r0

∂G
∂α̇0

] [r′0
α̇′
0

]
= 0 ,

it can be seen that r′0 = 0 when ∂G
∂α̇0

= 0, assuming that ∂G
∂r0

̸= 0 and α̇′
0 ̸= 0.

The origin for the resulting branch of solutions is on the critical backbone curve in the limit of zero

amplitude, hence r†0 = 0 and α̇†
0 = Ω† = Ωc(0). The initial velocity is chosen to be z′ = [1, 0, 0]T , to force

r to move away from the singularity that occurs at r = 0, while the 2nd constraint function prevents

the solution from simply following the critical backbone9. The results of this continuation are shown in

Figure 6, where a family of solutions similar to those shown in Figure 5 (b) and (c) are seen to exist

ensure that the branch switching occurs.
9Note that the condition of zero amplitude represents a singularity in our chosen coordinate system, so this is one of the

unusual cases where the continuation algorithm can fail to proceed if the initial step size ∆s is too small.
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Figure 6: Solution branch satisfying (25), with critical backbone curve added for comparison.

about the critical backbone, originating at the linear critical speed and with maximum amplitude rising

monotonically with drive speed.

5.5.2 Synchronous periodic orbits

A special case of the behaviour seen in Section 5.5.1 is when the precession angle Ψ = π; each period of

system (6) performs a half rotation of the origin, and two of these periods completes an approximately

elliptical orbit in the stationary frame. In other words, the orbit becomes stationary frame periodic. This

type of behaviour is seen where there is some anisotropy to induce stationary frame periodic behaviour,

or perhaps a light impact occurs at each time the shaft passes a certain angular position.

To capture this behaviour, a continuation in the form of Eq. (16) is performed, with the additional

constraint

H(Ψ, T,Ω) = Ψ− π , (26)

to ensure that the solution is periodic in the stationary frame. The starting point for this branch of

solutions lies on the critical speed backbone curve, so Eq. (26) is evaluated for linearised oscillations at

the fixed points z = [r,Ωc(r),Ωc(r)]
T , with the zero point giving z†. This is illustrated in Figure 7 (a).

The slope of the critical speed backbone in r, Ω space is given by

dΩc

dr
=

k3√
(k + k3r2)(M − µ)

(27)

hence the initial direction vector is chosen to be normal to this giving [dΩc

dr , 0,−1]T scaled to unit mag-

nitude.

The results of continuation are shown in Figure 7 (b), showing that at higher amplitudes there are

periodic oval shaped responses, despite the absence of anisotropy in the system.

5.5.3 Asynchronous response with no directly excited modes

There is a broad category of orbits that are quasiperiodic in the stationary frame, but are shown to be

internally resonant and periodic in the rotating frame [8, 64, 17, 45, 40, 65]. In these orbits, the unbalance

force does not directly excite either mode, however the orbits are synchronised to the shaft speed and

the modes seem to self-excite. For these orbits, the angular synchronisation condition (13) applies again,

however when considering a fixed drive speed Ω, it is seen that the initiation point is on the forward whirl
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Figure 7: (a) Equation (26) evaluated for linearised oscillations about fixed points on the critical speed
backbone curve. (b) Solutions that are both periodic in the stationary frame and synchronised with the
drive speed, with the critical speed backbone curve included for comparison.

backbone, rather than the critical speed backbone, reflecting that there is no direct excitation of either

mode.

Initially, a fixed drive speed Ω = 5 is considered. The angular synchronisation constraint function

(13) is evaluated for small oscillations about the fixed points on the forward whirl backbone given by Eq.

(9), and the result of this is shown in Figure 8 (a). The zero crossing of Gf (r) gives r†, and then the

starting point for continuation is

z† =

[
r†

α̇†

]
=

[
r†

ωf (r
†)

]
.

The continuation is shown in Figure 8. In a similar manner to that seen in Section 5.5.1, the branch

initially increases in amplitude, before falling to a fixed point on the backward whirl branch, at which

point duplicate responses are found but with the initial condition being a minimum of r rather than a

maximum. Figure 9 confirms that responses are quasiperiodic in the stationary frame, and periodic in

the rotating frame with a characteristic ‘double loop’ orbit.

Again, since responses are not unique at a given drivespeed an additional constraint is required to

make a meaningful plot on a bifurcation diagram with Ω as an axis. Again, the constraint function (25) is

used to locate the maximum possible amplitude of oscillations at each drivespeed. The onset point occurs

at amplitude approaching zero, when small oscillations at the linear natural frequencies are seen to satisfy

angular synchronisation. This occurs at particular drive speeds, which may be found by evaluating Eq.

(10) at r = 0 for different Ω, and locating the drive speeds Ω† that satisfy

nf ω̄f (0,Ω
†) = nbω̄b(0,Ω

†) (28)

for integers nf , nb, defining an nf : nb resonance in the rotating frame [8, 17]. For the present case, nf = 1

and nb = 2. At these drivespeeds, oscillations small enough to be considered linear are guaranteed to

form periodic orbits in the rotating frame.

The location of the relevant onset drive speed Ω† is shown graphically in Figure 10 (a). The results

of continuing in z = [r0, α̇0,Ω]
T are shown in Figure 10 (b), where it can be seen that the maximal
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Figure 8: (a) Evaluation of the constraint function (13) for small oscillations about fixed points on the
forward whirl backbone curve for Ω = 5. (b) Continuation results for 2:1 responses. Details of the circled
solution are given in Figure 9, and the squared and circled solutions are also used as examples for Figure
19 in Appendix 5.1.

Figure 9: Detail of the solution marked with a circle in Figure 8. (a) Time history of period in polar
system. (b,c) Trajectory in stationary and rotating frame coordinates respectively, showing the first 15
periods.
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Figure 10: (a) Graphical method for locating the onset drive speed for branch of 2:1 internally resonant
asynchronous responses. (b) Continuation results showing the upper bound for 2:1 internally resonant
asynchronous responses against drive speed.

amplitude of responses increases steadily with drive speed, and no solutions exist for Ω < Ω†.

6 Comparison to forced, damped and weakly anisotropic system

responses

In this section, the constrained backbone curves of the conservative isotropic system are compared to

responses of systems with non-conservative and anisotropic elements. The non-conservative system re-

sponses are extracted with a large number of time simulations, where at each drive speed in a range

multiple time simulations are launched with randomised initial conditions. The time simulations are

allowed sufficient time to settle, then the final part is assumed to be the steady state condition. The

maximum and minimum r from the steady state region is plotted against drive speed Ω, to give a crude

impression of the bifurcation diagram for the system. Three different systems are considered, chosen

to create different types of nonlinear response. Their time-simulation results are then compared to the

results from Section 5 based on the underlying isotropic conservative system to highlight the ability of

the constrained backbone analysis to predict potential regions of resonant behaviour.

6.1 Isotropic forced and damped system

In this system, damping and unbalance forcing are added to system (1) to give the stationary frame

equation of motion

Mẍ+ (ΩG+C) ẋ+Kx+ k3r
2x =MϵΩ2

[
cosΩt

sinΩt

]
, (29)
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Figure 11: Comparison of an approximate bifurcation diagram found with time simulations, for a forced
and damped system with constrained backbones, to the critical backbone and the upper bound for a
conservative response with 2:1 resonance in rotating frame.

where C =

[
0.02 0

0 0.02

]
, and ϵ represents a small distance between the centre of rotation and the disk

mass centre. Other terms are the same as in Eq. (1). Note that forcing terms on the right of Eq.

(29) become constant when transformed to the rotating coordinate frame using Eq. (2). Therefore, the

unbalance force becomes a constant force vector that breaks the isotropy in the rotating frame, creating

a physical means of possibly coupling modes in this frame.

The time simulation results are presented in Figure 11 for varying values of ϵ, with comparison to

the critical speed backbone and the upper bound for a 2:1 internally resonant asynchronous response,

as analysed in Section 5.5.3. It may be seen that the high amplitude constant amplitude responses fall

very near to the critical speed backbone. Similarly, the variable amplitude responses have a maximum

amplitude that falls just within the 2:1 upper bound. This shows that system (29) can naturally attract to

this mode-locked response, in contrast to the conservative system (1) where it must be enforced through

constraints. The level of forcing makes little difference to the amplitudes seen, highlighting that the

underlying structure of constrained backbones plays the most important role in shaping the response.

However, increasing the forcing level does seem to cause more resonant responses to occur, perhaps by

increasing the basin of attraction for these responses. It is interesting that although the 2:1 curve is

designed to approximately capture the maximum response, it seems to fall very near to the actual forced

response. A possible explanation is that a saturation effect occurs whereby the forcing is sufficient to

move the response to near the maximum permitted by the underlying resonance, but cannot increase

amplitude further because to do so moves the response away from resonance10.

It should be noted that the forced and damped responses on the 2:1 branch are isolated from low

level responses at all drivespeeds, as confirmed with a more sophisticated method in [21]. However, the

present method offers a possible continuation route to these responses, either by considering a fixed drive

speed as per Figure 8 and following the conservative forward whirl backbone, or by also continuing in Ω

from the onset drivespeed as seen in Figure 10.

10Such effects have been reported for nonrotating structures with internal resonance, for example [61, 66] where in some
cases large changes in excitation amplitude have relatively small effects on response amplitude.
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Figure 12: Comparison of an approximate bifurcation diagram found with time simulations, for a weakly
anisotropic forced and damped system, to constrained backbones including the critical backbone, the
upper bound for 2:1 internal resonance, and the maximum and minimum amplitudes of the periodic
variable amplitude response.

6.2 Weakly anisotropic system

In this subsection the system is similar to that presented in Eq. (29), however the stiffness matrix is

modified to

K =

[
k(1 + δ) 0

0 k(1− δ)

]
,

where δ << 1. Therefore, the system is weakly anisotropic, but with the mean of the stiffnesses in the x

and y directions equal to k to allow straightforward comparisons to system (1).

The introduction of anisotropy leads to the appearance of a new type of response emanating from the

primary resonance as shown in Figure 12, and closely following the stationary frame periodic backbone

curve studied in Section 5.5.2. It also introduces some smaller oscillations to responses on the constant

amplitude critical backbone curve. There is a region where 3 responses are possible; the low ampli-

tude/non resonant response, a response on the critical speed backbone and an oval shaped stationary

frame periodic response. Figure 13 shows the orbits of these responses, with a Poincare section marked

confirming that these solutions are synchronous with the drive speed. The degree of anisotropy, deter-

mined by δ, does not seem to influence the magnitude of the responses very strongly, but does appear

to affect their basins of attraction. At other drive speeds, the 2:1 asynchronous response is seen to still

occur, highlighting that the same system can exhibit both synchronous and asynchronous responses.

6.3 A pseudo-frictional system

Responses where a single mode is directly excited by unbalance, while the backward whirl responds

asynchronously, as discussed in Section 5.5.1, have been seen in frictional impacting systems. These

are typically modelled with a piecewise linear stiffness function, rather than a smooth nonlinearity as

used here. Piecewise stiffness is beyond the scope of the present study, and for the present purpose
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Figure 13: Detail of orbits in the bifurcation diagram in Figure 12 (b), with Ω = 2.2. Poincaré section is
taken at time period 2π/Ω.

maintaining the direct link to the smooth nonlinearity used elsewhere is advantageous. For this reason,

the cubic stiffness is retained while a term that behaves similarly to stator friction in a contacting systems,

in that it excites the backward whirl mode whenever a certain amplitude is reached, is used in the system

definition. The system is given as

Mẍ+ (ΩG+C) ẋ+Kx+ k3r
2x+ fc(x, ẋ) =MϵΩ2

[
cosΩt

sinΩt

]
, (30)

where all terms are as described for Eqs. (1) and (29) except for the pseudo-friction force

fc(x, ẋ) =


−cf 2

π arctan
(
100
r (uv̇ − vu̇)

)
(r − a)

−v/r
u/r

 r ≥ a

0 r < a

(31)

where cf is the pseudo-friction coefficient, r =
√
u2 + v2, and a is the clearance before friction is en-

countered. The final vector orients the force in the tangential direction, and the 2
π arctan(. . .) term gives

a smoothed approximation to the sign of the tangential velocity of the rotor. While Eq. (30) is not

representative of any physical system, it serves the present purpose of highlighting the link between one

solution branch for the underlying conservative system and responses of forced dissipative systems.

The results of the time simulations are shown in Figure 14, and it can be seen that the line of maximum

asynchronous response gives an approximate guide to many responses. Case (b) shows the type of orbit

expected, slightly below the maximum line and with an off-centre near circular orbit in the rotating

frame11. However it is seen that at the lower drivespeeds, response such a case (a) appear on the other

side of the maximal backbone curve. The authors lack a full explanation for this behaviour at present,

but note that the rotating frame orbit for case (a) has a winding number of 0, compared to 1 for case (b),

suggesting that q has changed in relation (8) (see Appendix B for a little more on this idea). Intruigingly,

11Note that it can be shown that the Poincaré section at frequency Ω
2π

in the stationary frame traces the orbit in the
rotating frame.
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Figure 14: Approximate bifurcation diagram found with time simulations for the system with unbalance
forcing and an additional pseudo friction nonlinearity with parameters shown, compared to constrained
backbones. Letters indicate where orbits in the subplots below are taken from.
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Figure 15: (a) Forced response given in Figure 14 (c) shown in agnostic coordinates, compared to three
nearby orbits from the asynchronous backbone curve. (b) Section of orbits taken at ṙ = 0.

case (c) seems to be chaotic. A full investigation of the complex dynamics of this system is beyond the

scope of the present work, however Figure 15 (a) gives an alternative perspective, by representing the

forced response in terms of agnostic systems state12. This shows that the forced responses are remaining

in the vicinity of the underlying conservative responses in the agnostic system as expected. In fact, the

response appears to form an approximate torus with associated quasiperiodic behaviour in this frame,

with Figure 15 (b) showing an alternate Poincaré projection taken from crossings of the ṙ = 0 plane,

confirming an orbiting behaviour.

7 Comparison to experiment

This section gives a comparison to an experiment, full details of which are given in [67]. Figure 16

shows the test rig which is designed to give a smoothly nonlinear rotating system. A disk is mounted

on a slender shaft which is secured at the top by a rigid bearing, and at its lower end to a stator via a

bearing, with the stator mounted on four rods with pinned connections. Laser displacement sensors on

each side of the stator capture its motion. The disk and stator have approximate mass 2.4kg, and the

shaft diameter is 5mm with a distance of approximately 330mm between the upper bearing and the disk.

During vibration, the rods give a geometric bend-stretch nonlinearity. Figure 17 shows the results of the

experiment in terms of maximum and minimum displacements of steady state responses, where at some

drivespeeds the rotor was given manual disturbances to activate the isolated responses. The system is

modelled by the four degree of freedom system

M̄¨̄x+
(
C̄+ΩḠ

)
˙̄x+ K̄x̄+N(x̄)x̄ = Ω2mue [cos(Ωt), sin(Ωt), 0, 0]

T
, (32)

12In fact, the tangential velocity α̇r has been used in place of the angular velocity α̇. This representation gives the same
topology but gives a clearer plot, because α̇ can take some awkwardly large values.
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Figure 16: Experimental test rig.

Figure 17: Experimental responses (max and min) compared to time simulation of Eq. (32), and the
critical backbone, the upper bound of the directly driven asynchronous response, the periodic backbone,
and the upper bounds for 2:1 and 3:1 internally resonant asynchronous responses.
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where

M̄ =

 2.36 0 0 0.0229

0 2.36 −0.0229 0

0 −0.0229 0.00234 0

0.0229 0 0 0.00234

 , Ḡ = 10−3

0 0 0 0

0 0 0 0

0 0 0 2.24

0 0 −2.24 0

 ,

C̄ =

 0.516 0 0 0.0158

0 0.516 −0.0158 0

0 −0.0158 0.000481 0

0.0158 0 0 0.000481

 , K̄ = 103

 2.67 0 0 −0.446

0 2.67 0.446 0

0 0.446 0.0992 0

−0.446 0 0 0.0992

 ,

N(x̄) = 108(x̄2
1 + x̄2

2)

 1.10 0 0 0.0335

0 1.10 −0.0335 0

0 −0.0335 0.00102 0

0.0335 0 0 0.00102

 , mue = 8.76× 10−4kg m ,

and x̄ is a four element vector with elements x̄i, where x̄1, x̄2 are the lateral displacements in meters

observed at the stator, and x̄3, x̄4 are the angular rotations of the disk in radians. Equation (32) is

reduced using the modal transform x̄ = Trx where Tr =

[
−0.617 0.0365

−0.0365 −0.617

0.167 2.82

−2.82 0.167

]
with columns taken from first

two eigenvectors v of the generalized eigenproblem λM̄v = K̄v. A system in the form of Eq. (1) is then

obtained using

M = Tr
TM̄Tr =

[
1 0

0 1

]
, G = Tr

T ḠTr ,

K = Tr
T K̄Tr , Tr

T N̄
(
Tr

[
1

0

])
Tr =

[
k3 0

0 k3

]
.

Figure 17 shows the comparison between experiment, and mass time simulations of Eq. (32) and

constrained backbones based on the reduced, conservative isotropic form. The time simulations capture

the 2:1 branch of the experiment quite well, and approximates some of the main resonance, although

it predicts the resonant peak at a much higher amplitude than occurs in the experiment, and does not

predict the small oscillations of r that occur near the top of the experimental resonant peak. It makes no

prediction of the batch of responses at around 7-8mm in amplitude; these are asynchronous responses,

seen in frictional rotor systems such as in [43, 18], and Eq. (32) does not model friction. The simulation

also identifies a region of 3:1 internally resonant responses, although experiments only saw occasional

responses of this form, with very small basins of attraction and responses typically only lasting for a few

moments at a time. There are also some further outlying experimental responses not captured, and these

were similarly hard to sustain.

Various constrained backbones are added to Figure 17, matching the majority of responses reasonably

closely13. Furthermore, the directly driven asynchronous response backbone accurately locates the group

of high amplitude responses, not matched by the time simulations. The experimental primary resonance

does show some oscillation, again not predicted by system (32), and the oscillations were seen to be

periodic in most cases. The fact that the periodic backbone appears at quite a low amplitude would

suggest that this behaviour is to be expected.

8 Conclusions

This paper has shown that for a smoothly nonlinear rotordynamic system, simply reducing the system

to its underlying conservative elements does not yield the useful insights that this approach achieves for

non-rotating structures. However, with additional constraints that anticipate the types of mode locking

that occur when unbalance forcing is present, backbone curves are obtained that sit beneath a broad

range of forced responses. The constraints are based on the idea of angular synchronisation with the

rotating force vector, and the responses predicted can be constant or varying amplitude, periodic or

asynchronous. The asynchronous responses occur in two different ways; either the forward whirl mode is

13Note that the 3:1 backbone requires the use of p = 2 in Eq. (13), following section 5.5.3 with nf = 1, nb = 3.

26



directly driven by the unbalance forcing with an asynchronous contribution from the backward whirl, or

both modes respond asynchronously in an internally resonant fashion.

The ability to approximately predict where limit cycles of the forced system may occur has been

demonstrated both numerically and experimentally, and gives great insight into the potential resonant

behaviour of a rotating system without need to calibrate potentially uncertain parameters such as forcing

amplitude and damping.

There is much further work to come from this analysis. This includes an extension to the nonsmooth

nonlinearity found more widely in real machines, and extension to higher degrees of freedom. Little

consideration to the numerical efficiency of the solutions has been given in this work; the present shooting-

based solution process has been chosen mainly to provide the most direct implementation of the underlying

principles (although the insights gained are found far more rapidly than with time simulations). However,

as nonsmooth nonlinearities and more complex rotors come under consideration, efficiency certainly will

become more important, and different solution forms such as harmonic balance should be investigated.
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A Proof that flows are periodic in the agnostic system

System (6) is conservative, and therefore any given trajectory is bounded. Furthermore, it possesses

time-reversal symmetry, which can be verified by showing that R˙̂y = −fa (Rŷ) with the involution

R =

[
1 0 0

0 −1 0

0 0 1

]
. The fixed space of R (satisfying Rŷ = ŷ) is the plane in phase space defined by ṙ = 0.

A theorem of systems possessing time reversal symmetry states that a trajectory that intersects the fixed

plane of R in exactly two positions must be periodic and symmetric about this plane [68].

The fixed points of system (6) are given by Eq. (9), and their eigenvalues are calculated in Eq. (20).

The eigenvalue analysis shows that in the phase space near to a fixed point, all states will either be on a

trajectory orbiting around the same or an adjacent fixed point, or be another fixed point. Therefore no

trajectory can ever reach a fixed point, and inspecting Eq. (6) shows that only fixed points can maintain

ṙ = 0.

With these prerequisites, the proof proceeds by following the flow from a non-fixed point initial

condition, which is further assumed to have ṙ > 0.

• Due to assumption ṙ > 0, r will increase, and reach a maximum because it must be bounded. This

maximum cannot be a fixed point, and will be on the ṙ = 0 plane because it is a turning point of r.
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Figure 18: Comparison of mod(Ψ− π, 2π)− π (13) plotted against Ψ− 2nπ for different n.

• The flow will therefore follow a trajectory away from the ṙ = 0 plane that is symmetric with the

trajectory that approached it, with ṙ < 0, until it reaches either a minimum of r or r = 0.

• If a minimum is reached, it cannot be a fixed point and must be on the ṙ = 0 plane. Therefore it

will continue on a mirrored trajectory, back towards the previously encountered maximum, fulfilling

the requirement of passing twice through the symmetry plane proving that the motion is periodic.

The problem of a trajectory that reaches r = 0 cannot be directly handled by considering Eq. (6)

due to the polar singularity. However, briefly using the system definition in the form of Eq. (1), it can

be shown that in physical terms there are no complex dynamics at this point. Consider a point x− that

is infinitesimally close to the origin, on a flow that is about to pass directly through the origin, with

velocity ẋ− that is oriented directly towards the origin. Immediately after passing through the origin the

flow will reach x+ = −x−, but its velocity will be unchanged i.e. ẋ+ = ẋ−. Mapping these to agnostic

quantities using (4) gives r+ = r−, ṙ+ = −ṙ− and α̇+ = −α̇− = 0, where condition α̇ = 0 is necessary

for the trajectory to pass through the origin. Therefore, passing through r = 0 simply continues on a

mirrored orbit like any other flow passing through the ṙ = 0 plane, and is therefore also periodic.

B More detail on the angular synchronisation indicator

Figure 18 shows how the form of the angular synchronisation function (with p = 1, with reference to

(13)) transforms an angle Ψ, whilst aligning at all times with lines of Ψ − 2qπ. It also shows how zeros

are maintained, and that gradients at zeros remain smooth.

Figure 19 shows why this is necessary; two orbits that are reasonably near to each other on the same

branch shown in Figure 8 have substantially different precession angles. As Figure 19 (a) shows, their

stationary frame trajectories take different sides of the origin, causing one to have a positive precession

angle while the other’s is negative. If both orbits had paths that passed infinitesimally close, but still

either side, of the origin, it can be seen that their start and end points would be infinitesimally close

together, and there would be a difference approaching 2π in their respective precession angles. In Figure

19 (b), it is seen that this also relates to a change in the winding number of their rotating frame orbits,

defined by the number of complete rotations about the origin [69], from 1 to 2. Without the chosen form of

angular synchronisation indicator function, these discontinuities in the precession angle and consequently

the constraint function would cause the gradient based solutions to fail.
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Figure 19: Two orbits taken from the branch shown in Figure 8.
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