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Abstract

This thesis presents an in-depth, non-perturbative investigation of symplectic gauge theories, focusing
on the Sp(4) gauge group coupled to fermions in both the fundamental and two-index antisymmet-
ric representations. These models are particularly relevant to Beyond the Standard Model (BSM)
physics, including scenarios such as composite Higgs models (CHM), top partial compositeness (TPC)
and dark matter. To support this study, the thesis advances lattice gauge theory methods by develop-
ing a flexible and efficient numerical framework built upon the GRID library that enables simulations of
Sp(2N) gauge groups with multiple fermion representations. This framework is optimised for scaling
on modern high-performance computing architectures. A central focus is the computation of hadronic
observables using spectral density methods, specifically the Hansen-Lupo-Tantalo (HLT) approach,
which is validated against the conventional variational Generalised Eigenvalue Problem (GEVP) tech-
nique. Comprehensive numerical results are presented, including meson spectra, chimera baryon ones,
and renormalised matrix elements. Careful attention is given to smearing techniques and ensemble
selection. Beyond the novel non-perturbative results obtained, this work provides a robust compu-
tational framework to support future explorations of strongly coupled dynamics relevant to BSM

physics.

Keywords: lattice gauge theories, GRID, spectral densities, composite Higgs models, top partial

compositeness



Contents

1 Introduction

2 Gauge theories in continuous space-time

2.1 Building a gauge theory

2.2  Flavour symmetry and symmetry breaking patterns

2.3 Symplectic gauge theories
2.3.1  Group theoretical definition
2.3.2 Symplectic gauge theories in the continuum

2.4 Composite Higgs models (CHMs) and top partial compositeness (TPC)
2.4.1 Hierarchy problem of the Standard Model and composite Higgs
2.4.2  Necessary requirements for Composite Higgs models
2.4.3 CHM and TPC in the Sp(4), N =2, N,s = 3 gauge theory

3 Gauge theories on the lattice

3.1 Discretisation of spacetime and introduction of link variables
3.1.1 Pure gauge case: the Wilson action
3.1.2 Introducing fermions on the lattice and Wilson-Dirac action

3.2 Monte-Carlo simulations
3.2.1 Simulating a full-dynamics theory: Hybrid Monte-Carlo (HMC)
3.2.2 Rational Hybrid Monte-Carlo (RHMC)

3.3 Sp(2N) actions on the lattice: Wilson-Dirac action

3.4 Spectroscopy and matrix elements from two-point correlation functions
3.4.1 Spectroscopy: effective mass and Generalised Eigenvalue Problem
3.4.2 Matrix elements and overlap factors

3.5 Spectral densities on the lattice
3.5.1 The Hansen-Lupo-Tantalo (HLT) algorithm

3.5.2  Observables evaluation using spectral densities

4 A numerical framework for symplectic lattice gauge theories: GRID

4.1 GRID framework implementation

10
10
14
16
16
18
21



4.1.1 Testing the algorithms 58

4.1.2 Wilson flow and topology on GRID 64
4.2  Sp(4): centre symmetry and global symmetry breaking 68
4.3 Bulk phase structure 71
Spectral densities 76
5.1 Lattice theory and lattice setup 76
5.1.1 Characterisation of the ensembles 78
5.2 Spectral densities techniques 80
5.2.1 Smearing kernel analysis 80
5.2.2 Choice of smearing radius 81
5.2.3 Fitting procedure and cross-checks: spectra 83
5.2.4 Extraction of matrix elements and overlap factors from spectral density
fits 84
5.2.5  The effect of APE and Wuppertal smearing on spectral densities 86
5.2.6 Dependence on the time extent of spectral densities 89
5.3 Comparisons with GEVP and correlation function fitting 95
5.3.1 Spectroscopy results 95
5.3.2 Matrix elements and overlap factors results 96
Conclusions 104
Generators of the Sp(4) algebra in GRID 107
SU(4) algebra generators 110
Correlation functions smearing techniques 111
Renormalisation of chimera baryons matrix elements 113
Formulas used in LSDensities 124
Tables for spectral density findings 126



Chapter 1

Introduction

Understanding strongly coupled non-Abelian gauge theories, such as quantum chromody-
namics (QCD), remains a central challenge in theoretical physics. In regimes where the
coupling becomes large, the tools of perturbation theory are no longer effective, requiring
alternative, non-perturbative approaches. A major development came in 1974, when Ken-
neth Wilson introduced the lattice formulation of quantum field theory [7]. By discretising
Fuclidean spacetime, Wilson provided a practical regularisation scheme and established a
framework for the numerical study of gauge theories from first principles. This approach
laid the groundwork for what is now known as lattice field theory, a method that allows for
systematic investigations of complex, strongly interacting systems that are otherwise inacces-
sible through analytic methods. With continued improvements in computational resources
and advances in numerical techniques, lattice gauge theory has become an increasingly precise
tool for exploring non-perturbative aspects of quantum field theories.

In the search for physics beyond the Standard Model, strongly coupled non-Abelian gauge
theories have drawn increasing attention, particularly those based on symplectic groups in
four-dimensional spacetime. Among these, Sp(2N) gauge theories have emerged as promising
candidates for new physics scenarios due to their elegance and simplicity. These models have
been extensively studied using lattice field theory techniques, to quantitatively explore their
strongly coupled dynamics [8—26].

Within this framework, numerical methods have been used in Sp(2/N) Yang-Mills theories
to calculate glueball and string spectra [27-36], as well as topological charge and suscepti-
bility [37-53]. These results allow comparisons with other gauge groups, such as SU(N), to
better understand important aspects of gauge theories such as the behaviour of the theory in
the large-N limit [12, 17, 54-56].

A particularly compelling case emerges when introducing fermionic content matter. The
Sp(4) gauge theory with N; = 2 fundamental fermions presents a framework for investigating
non-perturbative dynamics that are reminiscent of traditional QCD-like theories, but realised

in a distinct theoretical setting. Lattice studies of this theory provide a valuable framework
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for understanding confinement and chiral dynamics, and the spectrum of bound states in
strongly interacting systems. Recent lattice studies of Sp(4) have yielded detailed insights
into meson and baryon spectroscopy, decay constants, and other observables [57-64].

One promising application for this gauge theory lies in the study of strongly interacting
dark sectors. Despite extensive searches, a dark sector with strong self-interactions and weak
couplings to the Standard Model could have evaded detection [65-71]. This idea underpins
many models, including composite dark matter [72-81] and strongly interacting massive par-
ticles (SIMP) [82-90]. The minimal SIMP model [83] is based on the aforementioned Sp(4)
gauge theory with Ny = 2 fundamental fermions.

A first-order phase transition in such a dark sector could generate a stochastic gravita-
tional wave (GW) background [91-96], potentially detectable by future GW detectors. [97—
115]. Exploring this possibility in strongly coupled theories requires thermodynamic infor-
mation near the transition, obtainable via lattice simulations and effective models [116-121],
such as Polyakov-loop [122-130] and matrix models [131-139].

Another recent and important focus is the Sp(4) theory with N; = 2 fermions transform-
ing in the fundamental representation, and N,g = 3 fermions in the two-index antisymmetric
representation. This theory forms the basis of the effective field theory behind the minimal
Composite Higgs Model [140], and of top partial compositeness [141-143], providing a micro-
scopic explanation for the origin of the top quark and Higgs boson. Its relevance to beyond
the Standard Model physics motivates the numerical study presented in Chapter 5.

To support the exploration of these theories, new software tools have been developed [144],
extending previous versions of the GRID library [145—148] with specific functionalities for han-
dling Sp(2NN) gauge theories featuring matter fields in multiple representations. These tools
leverage the flexibility of GRID to enable efficient deployment on both CPU and GPU archi-
tectures. In Chapter 4, the Sp(4) theory coupled to a variable number N,s of Wilson-Dirac
fermions in the two-index antisymmetric representation is used to benchmark the implemen-
tation. This setup provides insights that are broadly applicable to the field.

One key focus of this work is the study of symplectic gauge theories observables under the
prism of spectral densities. Defined as inverse Laplace transforms of Euclidean correlators,
spectral densities have become a powerful tool for analysing strongly coupled field theories.
They enable the computation of high-precision spectral observables, which are difficult to
access using traditional techniques. Spectral densities also capture off-shell physics and pro-
vide alternative methods for computing scattering amplitudes [149, 150] and inclusive decay
rates [151-157]. Their utility extends beyond QCD to new physics models, such as those ex-
ploring composite Higgs and partial top compositeness [158-160] and theories of electroweak
symmetry breaking [161-163].

This thesis is organised as follows: Chapter 2 provides a theoretical introduction to
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gauge theories, flavour symmetry breaking patterns, composite Higgs models and defines
symplectic gauge groups and the deriving gauge theories. Appendix A provides details about
the generators of the Sp(4) gauge groups algebra in GRID, whereas Appendix B gives a
possible choice of SU(4) generators, used to discuss the SU(4)/Sp(4) composite Higgs coset.
Chapter 3 describes how to discretise a gauge theory on the lattice, pointing out potential
problems involving the presence of doublers. A description of numerical simulations on the
lattice is provided. An introduction to meson and baryon interpolators and fitting techniques
is outlined as well. In Chapter 4, a description of the development of the GRID framework is
given, and subsequent sanity checks are reported. Chapter 5 introduces the open-source code
LSDensities [164], developed to compute spectral densities using the Hansen-Tantalo-Lupo
(HLT) algorithm. Furthermore, numerical results for the spectrum and matrix elements of
bound states in this class of theories are presented, employing advanced techniques for spectral
density reconstruction and fitting. A comprehensive collection of fit results is provided in
Appendix F. Chapter 5 also explores the impact of different smearing kernels, correlation
function smearing methods (APE and Wuppertal), and reconstruction parameters. Technical
details on APE and Wuppertal smearing are given in Appendix C, while Appendix D discusses
details of the renormalisation of matrix elements. Further information on the LSDensities
code and relevant formulae can be found in Appendix E. Finally, Chapter 6 presents the main

conclusions and summarises the findings of this work.



Chapter 2

Gauge theories in continuous

space-time

2.1 Building a gauge theory

A gauge theory is formulated by enforcing local invariance of internal degrees of freedom
under transformations belonging to a given gauge group G. For connected Lie groups, G
is generated through exponentiation of its associated algebra, G, whose generators in the
representation R are denoted as T € G. The fundamental components of a renormalisable

gauge theory in the continuum include:

1. Selection of a gauge group, GG, and construction of an invariant action in the Minkowski
space, S = [ d*z £, under gauge transformations, where z = (¢, %) are the 4-dimensional
space-time coordinates in a Minkowski space with metric 7, and £ is the Lagrangian

density.

2. Definition of the fields in the theory and their transformation properties under the group

G.

3. In the traditional sense, one can ensure renormalisability by restricting terms in the
Lagrangian to have a canonical energy dimension no greater than 4. However, this con-
dition can be relaxed in the context of effective field theories, where higher-dimensional
operators suppressed by a cutoff scale are systematically included, or in strongly coupled
theories where large anomalous dimensions can make classically irrelevant operators ef-

fectively relevant or marginal [165-167].

To properly define gauge fields, it is useful to first consider a theory with matter content. In

a gauge theory, each type of fermionic matter field is represented:

oy, o k() (2.1.1)
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where {a} represents the colour index structure, depending on the representation R that the
Dirac spinor transforms under, o =1,...,4 and k£ =1,..., Ng are Dirac and flavour indices,
respectively. Let us restrict to the simplest case where we consider fermions transforming in
the fundamental representation of the gauge group G [168, 169], flavour number to be set to
Ng-t = 1, and we omit the indices. The action describing fermionic matter fields of mass m

in four-dimensional spacetime is given by
Sel6,8]= [ d'ad(@)[iv0, - mlb(a), (21.2)

where 1 (z) = ¥'(z)y0, and the 7, matrices satisfy the Clifford algebra {y,,7,} = 27ul.

A key principle in gauge theory is requiring invariance of the action Sy under local gauge

transformations:

D) = () = U2y, d(a) > () = d()U" (2), (2.1.3)
where U(z) = @71 ¢ @ (with a = 1,...,dim(G)). Enforcing invariance under these
transformations,

S, 9] = Se[y', 9], (2.1.4)

reveals that the standard derivative 0, alone does not preserve this property. To construct

an invariant action, we introduce the covariant derivative:
8y~ Dy =0, +iA,, (2.1.5)
where the gauge field A, is expanded as
Ay = AT, a=1,...,dim(G), (2.1.6)

and the components A}, define the gauge fields. Imposing the property (2.1.4), is equivalent
to imposing:
D,(x) - Qx)Dyp(x) , (2.1.7)

which implies, by applying Eq. (2.1.5),
DL@D’(x) = (0 + zAL)Q(:c)zﬁ(a:) = (2.1.8)
and by applying the derivative, d,,, and multiplying by a Q7 1Q =1 term,

=0, + Q9+ A Q). (2.1.9)
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Therefore, imposing the key property of covariant derivatives in Eq. (2.1.7):
D;Lq/)'(:z;) = QD) = Q0 +iAL)Y, (2.1.10)
and comparing to Eq. (2.1.9), one gets the transformation property
A;L(x) = Q(x)Au(:z)Q_l(:z:) +10,Q(x) QN z). (2.1.11)

The action for a pure Yang-Mills theory, containing only gauge fields, must also satisfy in-

variance:

Sa[A] = Sg[A]. (2.1.12)
To introduce a kinetic term, we define the field strength tensor as
Fu(@) = ~i[Du(@), Do()] = 04 (@) - B, A () + il A (@), Ay (2)] (2.1.13)
Under gauge transformations, the field strength tensor transforms as follows:
Fu(z) > F, () = Q@) Fu (2)Q (z). (2.1.14)
Thus, an invariant gauge action is formulated as

SG[A]=-$ [zt (Fu @) P @) (2.1.15)

which generalises the electrodynamic action. The representation (2.1.6) allows rewriting the

field strength tensor in component form, Fy,,(z) = Fjj,(2) T, and therefore:

FS () = 0,AL(x) - 0,A%(x) - f“bcAZA,ﬁ , (2.1.16)

(f%¢ are the structure constants of the Lie algebra, G) which leads to
1 a va
SolA] =~ f d'a [F2 (2) ™ (z)], (2.1.17)

where repeated indices imply summation over a = 1,...,dim(G). Finally, the quantum theory

is non-perturbatively defined via the path integral,
Z = f DADy Dy eiSc+i5r+iSer (2.1.18)

The gauge symmetry introduces redundant degrees of freedom—many physically equivalent

field configurations are related by gauge transformations. Therefore, one introduces a term
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Sar in the action to operate gauge-fixing, and remove the redundant degrees of freedom due
to overcounting.

After gauge fixing, the functional integral in Eq. (2.1.18) still contains divergences that
are typical of a quantum field theory. In order to show the predictive power of quantum
field theories, we need to perform a procedure of matching between physical observables,
computed in field theory, and their experimental counterparts. This mechanism is called
renormalisation. The power of quantum field theories consists in the prediction that can
be done in the renormalised theory, by finding observables other than those fixed by the
procedure of renormalisation.

The integral in Eq. (2.1.18) contains divergences, therefore the starting point for renor-
malisation is to choose a regularisation, which corresponds to the introduction of an ultraviolet
cutoff A. In the next chapter, we discuss a possible regularisation scheme: the lattice. By
defining a hypercubic lattice of finite spatial volume L? and temporal volume T, an infrared
cutoff is introduced in the momentum space, 27/L. The lattice will present a spacing a,
and therefore the momentum components are bounded by the value 7/a in the ultraviolet
regime. At fixed A, one then computes the desired physical observable and matches the theory
prediction to related experimental values at a certain energy scale p.

Following the discussions in Refs. [170, 171], let C ({z;}, m,g,A) be a n-point correla-
tion function (i = 1,...,n), that is computed within the bare theory with UV cutoff A, and
C™" ({x;}, m™™, ", i) the renormalised n-point correlation function. Assuming multiplica-

tive renormalisation, one can write

ren

zZ" (gren7 mA 7%) Cren({xi}a mrenagrenmu) =C ({l‘l}a mag)A) 5 (2119)

where Z is the renormalisation constant, and the independence of the bare n-point corre-
lation function C' (g, m,A) from the renormalisation scale p leads to the Callan-Symanzik
equation [172, 173]

(Mi + IBL +,_Ymmren a n n,_)/) C,ren({xi}7 mrenjgren’u) — O, (2120)
8,u agren Omren

where v = ualgﬁz is defined anomalous field dimension, v, = ,u,al‘)%—ZL is the anomalous

mass dimension and (§ = ,uag—“ is called beta function. The procedure of renormalisation

introduces a dependence of the bare parameters of the theory with the renormalisation scale
w and the relation is fixed by Eq. (2.1.20).
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2.2 Flavour symmetry and symmetry breaking patterns

In this section, definitions of flavour symmetry and chiral symmetry breaking pattern are
provided.

Let us consider a gauge theory with Ny flavours of quarks and suppress colour and spin
indices. This differs from the Lagrangian in Section 2.1 where the number of flavours is
assumed to be one. In the present case, the fermion fields 1,1 carry also a flavour index,

therefore

V=1, UN)T (2.2.1)

In this notation, the fermion action reads
Se[v..A]= [ a'ad (i, (9 + i) ~m) e, (222)
where a mass matrix is introduced
m = diag (my,ma,...,mpn;) , (2.2.3)

acting in flavour space.

One defines the following projectors

1:F"y5

PL/R: such that wL/R:PL/va (224)

and, accordingly, the Lagrangian will be rewritten as follows:

L =i Dy +iprDog = m(Yrr + PrYL) (2.2.5)

where the massless Dirac operator is defined as D = +#0, +iy"A,,.
One can show that the Lagrangian in Eq. (2.2.5) is invariant under the chiral transformations,
defined as:

wL —>¢IL :UL¢L7 UL EU(Nf)L, (2.2.6)

and
Yr =Yg =UrYr, UreU(Np)r, (2.2.7)

for null mass term. For this reason, the massless limit is called the chiral limit. One can

summarise the concept of chiral symmetry as follows:
Dvs+~5D =0, (2.2.8)

which expresses the fact that the massless Dirac operator anticommutes with 5 and this
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means that symmetry induced by the chiral rotation (chiral symmetry) is unbroken.

Usually, these transformations are re-arranged in vector and axial transformations, and the
massless action has the symmetry SU (N¢), x SU (Ng) p x U(1)y x U(1) 4. However, when one
considers the fully quantised theory one finds that the fermion determinant is not invariant un-
der the axial transformations and the corresponding axial symmetry U(1) 4 is broken explicitly
by a non-invariance of the fermion integration measure. This is called the Adler—Bell-Jackiw
anomaly [174, 175]. Therefore, in the quantised massless theory, the symmetry is broken

explicitly to the remaining symmetry
G =SU (Ng);, x SU(Ng)p x U(1)y. (2.2.9)

Following Refs. [176], we are interested in understanding what is the symmetry breaking

pattern, i.e. which subgroup H is left unbroken when such symmetry is broken
G- H, (2.2.10)

either spontaneously or explicitly. To do so, it is relevant to mention that even in the massless
limit, where the action is invariant under chiral rotations, the bilinear operator dynamically

assumes a non-vanishing vacuum expectation value,
(R, (2.2.11)

where ¢! is a Dirac fermion field in the representation R (R is the conjugate representation) of
the gauge group G and different scenarios can arise depending on R. The bilinear in (2.2.11)

is called chiral condensate, and it can be expressed in terms of Weyl left-handed spinors ¢y,
(ieast ™ 0" +hee), (2.2.12)

where «, 8 are spinor indices, ¢ is the flavour index, and € is the antisymmetric Levi-Civita
tensor. There are two scenarios that differ from the QCD case and are particularly relevant
for this thesis:

o When the representation R is pseudoreal, its conjugate R is related to R through a
similarity transformation involving an antisymmetric form 24, = —,, where a,b are
colour indices. The condensate takes the form (eag(wg’a)ai QabQ (1/}5’5)173» + h.c.>. In
this thesis, this applies when R corresponds to the fundamental representation of the
gauge group Sp(2N) and it will be shown in the next section that due to the pseu-
doreal structure, the SU(Nt)r x SU(N¢)g global symmetry is enhanced to SU(2Ny).
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Therefore, the flavour symmetry breaking pattern will be

SU(2N;) —> Sp(2Ny). (2.2.13)

« When the representation R is real, its conjugate R is related to R through a simi-
larity transformation involving a symmetric form d,,. The condensate in this case is
<ea5(w5’a ai&“b(wg’ﬁ)bi +h.c.>, which is invariant under the subgroup H = SO(2Ny).
Also in the real representation case, the enhancement occurs, and this leads to the

symmetry breaking pattern:
SU(2Nt) — SO(2Ny). (2.2.14)

In this thesis, this applies when R is the two-index antisymmetric representation, and

the gauge group is Sp(2N).

2.3 Symplectic gauge theories

Before entering into the details of the lattice discretisation and of the various numerical studies
performed in this thesis, it is interesting to introduce the concept of gauge theories based on
the invariance under transformations of gauge groups that differ from SU(N). In particular,
this subsection is devoted to give a definition to the symplectic gauge group Sp(2N) [177],

and to symplectic gauge theories of interest.

2.3.1 Group theoretical definition
The group Sp(2N) is a subgroup of SU(2N), a set of 2N x 2N unitary matrices U € SU(2N)

with complex elements satisfying the relations
U* =Quat, (2.3.1)

and
UTU = lanwon (2.3.2)

where € is the symplectic form, written as

Q= ( 0 INXN) . (2.3.3)

-Inxny 0

Eq. (2.3.1) can be rewritten in a equivalent form:

urQu =Q. (2.3.4)



Chapter 2. Gauge theories in continuous space-time 11

Consequently, U and U* are related by the unitary transformation €2, hence the 2/N-dimensional
fundamental representation of Sp(2N) is pseudoreal.

Matrices obeying the constraint (2.3.4) form a group: indeed the unit matrix also belongs to
Sp(2N) and considering U,V € Sp(2N)

(UV)* =UV* =QUQIQVQT = Q(UV)QT.
Finally, the inverse UT also obeys the constraint

(U1 = (UD* = (UN)T = (Quah = qutat = ou-taf.

Moreover, these types of matrices have a particular structure: considering a general 2N x 2N

o-(57): 235)

matrix in the block form

CD

(where A, B, C, D are N x N matrices) and imposing constraints (2.3.1) and (2.3.2) the

matrix (2.3.5) can be written in block form as

Uz( A B), (2.3.6)
-B* A*

where A and B satisfy the constraints
ATA+ BB =y, (2.3.7)

and
ATB=BTA. (2.3.8)

This can be demonstrated as follows.

Unitarity of matrix U in (2.3.5) gives the conditions

ATA+CTC = Iyun (2.3.9)
B'B+D'D = ly.n (2.3.10)
ATB+CTD=0 (2.3.11)

and the symplectic condition of eq. (2.3.4) gives
ABT = BAT (2.3.12)

cp’ = pct (2.3.13)
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AD" - BC" = Iy
The condition of (2.3.14) gives
ADT - BCT = Iyun
= A*D' - B*CT = Iy.n
= A*D'D-B*C'D=D
= A*(Iyxy - BfB) - B*(-A'B) = D
= A*-A*B'B+B*A'B=D
= A* - (A*Bf -B*A"B=D
= A* — (ABT -BA")*B=D

For (2.3.12) we have
= A*=D

Moreover
ATA+CTC = Iy
= ATABT + Cc'CBT = BT
= ATABT + cY(BCT)T = BT
= ATABT + CY(ADT ~ Iy.n)T = BT

= ATABT + CTDAT - CT = BT

= ATBAT + CTDAT - CT = BT

= (ATB+C'D)AT - C' = BT
Being (ATB +CTD) =0 for (2.3.11) we obtain

C=-B*

so the block structure (2.3.6) is proven.

12

(2.3.14)

(2.3.15)

(2.3.16)

The properties of Sp(2N) matrices and their algebra follow directly from the defining

constraints, (2.3.7) and (2.3.8). These relations lead to several important structural insights:
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1. The condition of unit determinant ensures that Sp(2/N) forms a compact and simply
connected subgroup of SU(2N).

2. The centre of Sp(2N) consists of scalar multiples of the identity matrix. Since eq.
(2.3.4) requires A = A*, it follows that the centre of Sp(2N) is isomorphic to Z(2).

3. The algebra of Sp(2N') emerges naturally by considering the exponential representation

of group elements,
U=exp(iH), (2.3.17)

where H satisfies the structural constraints of the group. Specifically, H must be a

Hermitian traceless matrix that respects the relation
H* =QHQ. (2.3.18)

This condition enforces a block structure of the form

A B
H-= , (2.3.19)
B* A*

with A and B as N x N matrices. Requiring H to be Hermitian (H = H') leads to the
constraints

A=A", B=BT. (2.3.20)
Since U belongs to SU(2N), its determinant must satisfy
detU =det [exp(iH)] =exp(itrH) =1, (2.3.21)

which implies that H is traceless. Therefore, the generators of Sp(2/N) are Hermitian
and traceless, similar to those of SU(N).

The counting of degrees of freedom follows from the properties of A and B:

e The Hermitian matrix A contributes N? real parameters.

o The symmetric complex matrix B contributes (N +1)N independent components.

Thus, the total dimension of Sp(2N) is

dim Sp(2N) = N> + (N +1)N = (2N + 1)N. (2.3.22)

4. Tt can be shown that from Eq. (2.3.4), the following

QH +H'Q =0, (2.3.23)
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is verified.

5. The rank of Sp(2N) is N, corresponding to the number of independent diagonal gen-
erators in the maximal Abelian Cartan subgroup. Additionally, Sp(2N) contains N
independent SU (2) subgroups.

Explicit realisations of the generators of the Sp(2N) algebra can be built by using the con-
straint in Eq. (2.3.23), and requiring a normalisation factor, Ng (Tr [TP‘{TII%] = Ngro®). Two
explicit realisations of the Sp(4) generators in the fundamental representations are presented
in Appendices A and B. The generators in higher-dimensional representations can also be
relevant. For the purposes of our thesis, the ones in the 2-index antisymmetric representation

are discussed in Sec. 3.3.

2.3.2 Symplectic gauge theories in the continuum

Throughout this thesis, we consider Sp(2N) (N > 1) gauge theories with Nt fermions trans-
forming in the fundamental representation and N,s in the two-index antisymmetric represen-
tation [16, 178-181]. The theory in the continuum formulated in Minkowski spacetime, is

described by the following action:

1 v IS8 o N TR iy
S = f d'z - TG G + o Zl (iQ7 " (D,Q")" - i(DuQ) Q')
i
fo_‘ ia 1Nas Tk n k\ab T Ok sk ab
-m' Y Q,Q t3 > (2\11 " (D% —i(D, k) A*T )
i-1 k=1
Nas_
-y Wk, W), (2.3.24)
k=1
where Q'® are Dirac fermion fields, where i = 1,..., N; labels the flavour index and a =

1,...,2N represents the fundamental representation of Sp(2N). Similarly, ¥*% are Dirac
fermions in the two-index antisymmetric representation, where k =1,..., Nas.
The covariant derivatives reflect the transformation properties of fermions under the

Sp(2N') gauge group. For an element U € Sp(2N), the transformations are:
Q-UQ, v->UwU"T. (2.3.25)

The covariant derivatives, involving the gauge field A;, = A{TR (with T as the generators of
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Sp(2N)), are given by:

D,Q"=08,Q" +igA,Q",
D,V = 9,0 +igA, W +igWi AT (2.3.26)

where g is the gauge coupling. The field-strength tensor G, is:
Guv =0, A, -0, A, +ig[Au, Al (2.3.27)

This framework reveals the flavour symmetries of the fermions: SU(N¢)r x SU(N¢)r
for Q% and SU(Nas)r x SU(Nas)g for W¥. For this pseudoreal theory, these are enhanced
to SU(2N¢) and SU(2N,s), respectively. Adopting a two-component spinor notation, as in

Refs. [11, 182], makes these enhanced symmetries explicit. The fermions are rewritten as:

ia qia
Q - (Qab (_éqi+2,*)b) )
kab
ghab - v 2.3.2
(QaCde (_ka+3,*)0d)’ ( 3 8)

where C' = —ir? (with 72 as the second Pauli matrix), and 2 is an antisymmetric matrix. The

resulting two-component action is [11]:

1 2N

1 . a . St \a
S= [ do[-STGue 4 > (i ()] " (Dug?)" i (Dud’) | 5 (47)")
p=
1 2N¢ A - . -
_ 5mf > 1ij (q]aTQaqukb_ (qg)z Qabc(qk*)b)
=
1 2Qas et prab et gnab
w3 2 (10" (D) =i (D), 5" (1))
1o % jabT = ked Nt acobd A (ko
om0 wi (V7T QaeaCb ! - (4),, QMO (v4) ) |. (2.3.29)
j.k=1
0 Iy,

. The indicesarea=1,...,2N and j =1, ..., 2/N;.
Nas
The mass terms explicitly break the flavour symmetries to the subgroups Sp(2N¢) and

where 7, = (12x2,7") and wjy, = (

SO(2N,s). As explained in Section 2.2, non-perturbative dynamics generates fermion bilinear
condensates that break the symmetries spontaneously, following the same pattern, leading to
the appearance of pseudo-Nambu-Goldstone bosons. Specifically, there are Ny(2Ny —1) -1
pseudo Nambu-Goldstone bosons in the fundamental sector (for N > 1) and Nag(2Nas+1) -1
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in the antisymmetric sector.

2.4 Composite Higgs models (CHMs) and top partial compositeness (TPC)

Despite its remarkable predictive power, the Standard Model (SM) of particle physics is
widely regarded as an incomplete description of nature. It lacks a framework for quantum
gravity, and its couplings become non-perturbative at high energies, indicating the need for
a more fundamental theory beyond a certain cutoff scale A. Phenomenologically, the SM
does not account for key cosmological observations: it offers no explanation for dark energy,
lacks a viable dark matter candidate, and fails to generate the observed matter—antimatter
asymmetry. These deficiencies suggest that the SM should be viewed as an effective field
theory, valid only below some high-energy threshold.

A compelling class of extensions involves new strongly coupled sectors, where composite
bound states emerge dynamically. Such frameworks can preserve the low-energy successes of
the SM while simultaneously addressing its unresolved questions. Compositeness has been
proposed to underlie various phenomena, including electroweak symmetry breaking (EWSB),
the origin of the Higgs boson, the mass of the top quark, dark matter, and even primordial
phase transitions potentially observable through gravitational waves.

In composite Higgs models (CHMs), the Higgs field is reinterpreted as a pseudo Nambu
Goldstone boson (pNGB) arising from the spontaneous breaking of a global symmetry in a new
strong sector. The Higgs mass is naturally suppressed due to an approximate symmetry, and
EWSB is triggered by vacuum misalignment. These ideas and their concrete realisations are
reviewed in Refs. [75, 181, 183, 184], with symmetry-based classifications and model-building
guidance provided therein.

Additionally, the large top-quark mass can be accommodated through the mechanism of
top partial compositeness (TPC) [141], where SM top quarks couple linearly to baryonic oper-
ators in the strong sector. This interplay between symmetry, dynamics, and phenomenology

provides the foundation for the models and numerical studies explored in this work.

2.4.1 Hierarchy problem of the Standard Model and composite Higgs
As discussed, the Standard Model (SM) of particle physics describes the strong and elec-

troweak (EW) interactions with remarkable accuracy. Nonetheless, several open problems
suggest that the SM is only an effective theory valid up to a cutoff energy scale Agy, located
at least in the TeV range. One of the most prominent issues is the so-called hierarchy problem,
or naturalness problem, which arises in the Higgs sector.

Quantum corrections tend to drive the Higgs boson mass towards the cutoff scale Agy,
while experimentally its mass is observed to be around 125 GeV [185, 186], well within the

EW range. In the absence of new physics, this value can only be maintained through finely
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tuned cancellations between bare parameters and quantum corrections, a situation that is
theoretically unsatisfactory [183].

The hierarchy problem can be analysed quantitatively by considering one-loop corrections
to the Higgs mass. If the SM is valid up to Agy, the Higgs mass receives quadratically
divergent corrections from top quark loops, electroweak gauge bosons, and the Higgs self-

interaction itself. These corrections are illustrated in Fig. 2.1.

Figure 2.1. One-loop corrections to the Higgs boson mass.

Following [183], the one-loop correction to the squared Higgs mass is

2 211 1 A
sm = iz 39 ( ) LYY (2.4.1)

= == - - — - —
H=gr2™SM g2\ 4 " 8cos2fy ) M 872

where 1; is the top-quark Yukawa coupling, g is the weak coupling constant, Oy is the
Weinberg angle, and A is the Higgs self-coupling. Among these contributions, the top-quark
loop dominates due to the large top mass and Yukawa coupling, y; ~ O(1), with the Higgs-
quark-quark vertex proportional to mquark/v.

The absence of new physics up to the multi-TeV scale at the LHC implies that Agy must
be large, which in turn exacerbates the fine-tuning problem. The required counterterm to
yield the observed Higgs mass becomes increasingly unnatural. A measure of this tuning can

be expressed via the fine-tuning parameter A, defined as

2 2 2 2
A > S —Bﬂ(ASM) %( Asw ) . (2.4.2)

m?, -~ 8r2 \my 450 GeV

Even for Agy ~ 10 TeV, one finds a tuning of better than 1 part in 500, which is often deemed
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unnatural and has motivated numerous extensions of the SM that address the hierarchy
problem.

Thus, we must either accept this extreme coincidence or seek an alternative framework. A
natural solution would require new physics at the TeV scale, ensuring a reasonable fine-tuning
parameter A in Eq. (2.4.2).

Given these limitations of the Standard Model, despite its experimental successes, it
is compelling to explore beyond Standard Model theories. An intriguing solution to the
hierarchy problem is the composite Higgs scenario, in which the Higgs boson acquires its
mass through Goldstone dynamics. This scenario postulates the existence of a new strongly
interacting sector, described by an underlying gauge theory. The global flavour symmetry
of this theory depends on its fermionic content. If the fermions condense, the spontaneous
breaking of this symmetry generates Goldstone bosons, among which the Higgs doublet can be
identified. In the absence of interactions with the Standard Model, the Higgs would remain
massless. However, explicit symmetry breaking arises from the couplings to the Standard
Model. Consequently, the Higgs is interpreted as a pseudo-Nambu-Goldstone boson: its mass
remains nonzero but relatively small, as it is protected by an approximate symmetry that is
broken only through interactions with the Standard Model.

This idea finds a well-established analogue in two-flavour QCD, where the up and down
quarks form a flavour doublet with an approximate chiral symmetry, SU(2); x SU(2)xg.
When spontaneously broken by quark condensation, this symmetry yields three pions as the
associated Nambu—Goldstone bosons. Small quark masses break the symmetry explicitly,

making the pions light but massive.

2.4.2 Necessary requirements for Composite Higgs models

This section elaborates on gauge theories that have the potential to produce a pseudo-Nambu-
Goldstone Higgs boson. Refs. [181] and [184] discuss possible ultraviolet completions for
composite Higgs models, by leveraging symmetry considerations and empirical constraints.
In order to build a microscopic theory for this type of model, a key assumption is that
the colour group is a simple group G¢ and the fermions are only left-handed Weyl fermions
denoted as ¥ € n1 Ry + -+ n, Ry, R; is an irreducible representation of G, n; denotes the
number of copies of each irreducible representation, for i # j, it holds that R; # R;, p counts
the different irreducible representations in the model. Restricting the colour group to be

simple ensures minimality of the model. The global symmetry group
Gp =SU(ny) x - x SU(ny) x U(1)P1. (2.4.3)

is required to be chosen in such a way that the following conditions are met:
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e The Standard Model fermions are neutral under transformations belonging to Gc.

e The fermions 1 are charged appropriately under Ggy to form bound states acting as

composite Higgs and top-quark partners.

e The model must exhibit asymptotic freedom, ensuring that the theory becomes strongly
coupled in the infrared regime. This property typically arises in asymptotically free
theories when starting with a small coupling in the ultraviolet regime and without

additional perturbative fixed points.
In order to be built, a CHM needs to fulfil several additional necessary requirements:

e Gauge and global anomaly cancellation: the model requires gauge anomaly freedom,
for Go = SU(N), and global anomaly freedom, for G¢ = Sp(2N).

e Custodial symmetry: the desired symmetry breaking pattern is
Gr —> Hp 2 Geus. 2 Gsu- (2.4.4)
where Hp must contain the custodial symmetry group Ge,s. defined as
Geus. =SU(3)e x SU(2), x SU(2) g x U (1) x.- (2.4.5)
and the Standard Model gauge group Ggsn, defined as
Gsm =SU(3)exSU((2)L xU(1)y. (2.4.6)

This custodial symmetry mirrors the structure of the Standard Model, where the elec-
troweak symmetry breaking happens, giving the W and Z bosons their masses [187].

One way to capture its influence is through the definition of the p-parameter [188], given

by
2

p= ’I’I'LQZ:Z—SV[;Q\N , (2.4.7)
where fvw represents the Weinberg angle. In the Standard Model, psy = 1 at tree
level, aligning with experimental observations. This custodial SU(2) symmetry also
suppresses significant loop corrections. The extension involving an additional SU(2)g
symmetry serves to minimise large tree-level corrections to the p-parameter, thereby

safeguarding key electroweak precision measurements.

o Presence of a composite Higgs candidate: The coset space Gp/Hp must contain a
Nambu-Goldstone boson transforming as (1,2,2)¢ under Ggus.. This field, denoted
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by H, serves as the composite Higgs candidate. The Higgs field should condense via
misalignment, likely induced by interactions with the top-quark, consistent with effective

field theory expectations.

Although not strictly necessary, a possibility is to seek models that produce a composite state
with the same Standard Model quantum numbers as the heavy quarks. Such a property could
provide insight into the hierarchical structure of quark masses: if the composite partner of
the top-quark possesses a sufficiently large anomalous dimension, the mass hierarchy emerges
naturally. This mechanism is known as partial compositeness [183]. The guiding principle for

such models can be expressed as follows:

o Formation of a top-quark: the model must enable the formation of fermionic bound
states 93 that can serve as top-quark partners. The left-handed components of these
spinors should transform with the same quantum numbers as the SM third-generation
quarks. As shown in Ref. [183], requiring large Yukawa couplings—and therefore large
masses—for the heavy quarks in effective field theory formalism, involves trilinear opera-
tors that require a large anomalous dimension, shifting from the perturbative value 9/2

to approximately 5/2.

Ref. [181] identified the Sp(4) theory with Ny = 2 fundamental fermions and Nag = 3 two-
index antisymmetric fermions as one of the models that satisfy all the requirements. In
this context, Ref [16] devises how the baryonic ¢ states (called “chimera baryons”) can be
associated with possible top-quark partner candidates. This is possible as the symmetry
breaking pattern in both the fundamental and antisymmetric fermion sectors are described
by the cosets SU(4)/Sp(4) and SU(6)/SO(6): the Standard Model gauge groups can be
shown to be embedded within the unbroken groups of the cosets. More details are provided
in the next subsection. This allows some of the chimera baryons to carry the same quantum
numbers as the top-quark. For these reasons, it is interesting to study the dynamics of this
theory in Chapter 5.

Giving up on the last requirement, and therefore on the possibility of bound states 1,
amounts to giving up on the top-quark partner candidate but keeps the possibility of a
composite Higgs scenario. This is the case in which the Sp(4) gauge theory with Nf = 2
fundamental fermions falls into. In fact, one of the minimal composite Higgs models amenable
to lattice studies was presented in Ref. [140], and it proposes that the Higgs fields arise from
the pseudo-Nambu-Goldstone bosons describing the SU(4)/Sp(4) coset in this latter gauge
theory. We still stress that, once the Higgs compositeness is ensured, top partial compositeness

can be implemented by adding further fermionic content to the theory.
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2.4.3 CHM and TPC in the Sp(4), Nf =2, N, =3 gauge theory

Let us consider the Sp(4) gauge theory with N; = 2 fundamental Dirac fermions and Ng = 3 2-
index antisymmetric ones. We wrote the Lagrangian density in this theory in two-components
notation in Eq. (2.3.29). This makes the global symmetry breaking pattern apparent: the
Lagrangian density has a global SU(4) symmetry on the fundamental sector, and a global
SU(6) symmetry from the 2-index antisymmetric sector. The mass term breaks these to Sp(4)
and SO(6), respectively. The unbroken global symmetry groups SU(4) and SU(6) of the
theory possess 15 and 35 generators. Following the discussions in Refs. [8, 11, 16, 26], in the
spontaneous breaking pattern, the unbroken subgroups Sp(4) and SO(6) are characterised
by the relations (see e.g. Eq. (2.3.23)):

QI+ T80 =0, WwIt+T2 w=0, (2.4.8)

with @ =6,...,15 and b = 21,...,35. Instead, the broken directions, T{* with a =1,...,5 for
SU(4) and T2, with b=1,...,20 for SU(6), obey

Qre -1 T =0, Wl -T.Tw=0, (2.4.9)

(w is defined below Eq. (2.3.29)).

The Standard Model Higgs sector has an approximate custodial symmetry, SU(2)p, x
SU(2)g ~ SO(4), which can be embedded into the unbroken global symmetry Sp(4). Sim-
ilarly, the QCD gauge group SU(3). is naturally a subgroup of the unbroken SO(6). The
hypercharge U(1)y arises as a specific linear combination of an SU(2)g generator and an
additional U(1) x from SO(6) that commutes with SU(3).. This can be shown explicitly. Let
us start from the Higgs sector of the Standard Model: the symmetry breaking structure of
the SU(4)/Sp(4) coset encapsulates this sector. In the vacuum aligned with the symplectic
form Q as defined in Eq. (2.3.3), the subgroup SO(4) ~ SU(2)1 x SU(2)r emerges as part of
the unbroken global symmetry Sp(4) c SU(4). This can be seen in further detail, by start-
ing from the choice of generators for SU(4) and Sp(4) designed in Ref. [189] (and listed in
Appendix B). The maximal subgroup is generated of the unbroken Sp(4) group is generated
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by the following six elements:
0010 00-0 1000
110000 1100 0 O 1100 0 0
Tll,__ ) TI%:_ . ) Tg:_
211000 21i00 0 2100-10
0000 0000 0000
(2.4.10)
0000 0000 000 0
110001 11000 —¢ 2 110100
Tfl% a 3 T]%:_ ’ s T}%:—
210000 21000 0 21000 0
0100 07200 000 -1

These satisfy the expected su(2) commutation relations: [7T%, Ti] =i TF and [T%, T f%] =
ieijkT}l%, with all mixed commutators vanishing, [T E,Té] = 0. This defines a canonical em-
bedding of the custodial SO(4) symmetry within Sp(4) in the vacuum state.

Following Ref. [189], the five pseudo-Nambu—-Goldstone bosons associated with the SU(4)/Sp(4)

coset are organised into a matrix 7(x) = ¥2_; 7%(2)T?, explicitly given by

73 (z) l(x) —in?(x) 0 —imt(x) + 7°(x)
1 ml(z) +in?(x) —m3(x) it (x) - 7°(x) 0
m(w) = 2v2 0 —int(z) -7 (x) 73 (x) ml(z) +ir?(x) (2:4.11)
int(z) + m°(x) 0 ml(z) —in?(x) —m3(x)

4 and 7° correspond to the components of the Higgs

doublet, while 73 is an additional singlet under SU(2)z x SU(2)g.
In contrast, the SU(6)/SO(6) coset is relevant for the dynamics of top compositeness.

Here, the real scalar fields 7!, 72, 7

With N,s = 3 Dirac fermions in the two-index antisymmetric representation of Sp(4), the

model accommodates a global SU(6) symmetry, which naturally contains SU(3) x SU(3)r
as a subgroup. This subgroup is generated by:

1[()\O 1[{03 O
Tg:_ 37 TIIZI:_ ° ?l: 5
2103 O3 2\03 -\b*

where A’ are the eight Gell-Mann matrices, normalised such that Tr(A\?A?) = 26%°, implying
Te(T¢TY) = 5690

Defining the combinations T0 = Tg + TI%, and employing the choice of w as below of
Eq. (2.3.29), one verifies that these satisfy

(2.4.12)

WIP+ T Tw=0, [T¢,T7)=if*™TY,

(2.4.13)
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where the ¢ are the structure constants of the su(3).. algebra. The trace relation Tr(T2T?) =
6 further confirms that these are generators of S U(3)., albeit written in a 6x6 representation
acting on the six-dimensional space of antisymmetric fermion bilinears.

There is also a residual unbroken U(1) generator in SU(6), orthogonal to SU(3).., given

1
x-(% O (2.4.14)
03 13

by

This U(1)x commutes with all SU(3). generators. In the Standard Model, the hypercharge
U(1)y is embedded as a linear combination of this X and the T generator from the custo-
dial SU(2) g subgroup [11]. Using these assignments of quantum numbers, composite fermion
operators can be formulated by combining two fundamental fermions @ (and therefore trans-
forming as a (2,2) of SU(2)1xSU(2)r) and a 2-index antisymmetric one ¥ (this corresponds
to a triplet of SU(3).) [16]. Therefore, the resulting composite 1® (~ Q?>¥) chimera baryons
states' can be coupled to the heavy SM quarks and used in the TPC context.

To describe the low-energy degrees of freedom, one constructs an effective field theory
for the pseudo Nambu—Goldstone bosons (pNGBs) arising from the coset space (SU(4) x
SU(6))/(Sp(4) x SO(6)). The pNGB content is encoded in matrix fields 3¢ and Y91, defined

through composite operators formed from the underlying fermions:

Egm N Qab qna Téqmb’

. (2.4.15)
72’le ~ =y Qed wnac Tcwmbd.

These composite operators transform as antisymmetric (X¢ under SU(4)) and symmetric

(X921 under SU(6)) tensor representations. They are parameterised nonlinearly as

2img Zimg 2imgy 2img)
Yg=e o Q=Q0e f6 , Mg =e 21 w=we f21 | (2.4.16)
where 7g = mgT¢" and w1 = ﬂng;)S with a=1,...,5and b=1,...,20. The fields mg and mo;
are Hermitian, and the generators are normalised via Tr(T¢TY) = %6“1’ = Tr(TATL). The

constants fg and fo; serve as the decay constants for the pNGBs and are defined in analogy
with the QCD value f; ~ 93 MeV.

Mass terms for the fermions explicitly break the global symmetry. These are incorporated
as spurion fields transforming appropriately: Mg = MQ and Ms; = —mw so that the field
content of the theory is the one in Tab. 2.1.

The leading-order effective Lagrangian for each sector (i = 6,21) includes both kinetic

IThe exact form of these operators in the Sp(4), Nt =2, Nas = 3 continuum theory is discussed in Ref. [16]
and reported in Egs. (21) and (22) of this reference. The lattice interpolating operators for the chimera baryons
are presented in Chapter 3 of this thesis.
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Fields | Sp(4) | SU(4) | SU(6)
G, 10 1 1
q 4 4 1
0 5 1 6
Y6 1 6 1
Mg 1 6~6 1
o1 1 1 21
Moy 1 1 21

Table 2.1. Table from Ref. [11], field content of the microscopic theory, described in Eq. (2.3.29),
and of the low-energy EFT described the pseudo Nambu Goldstone bosons, ¥; and M;. The gauge
symmetry is Sp(4), while SU(4) and SU(6) are the global symmetries.

and mass terms, and can be written as:

2
Li="t
4

= Te(Omidmi) + # T (9, ][0, mi]) + - (2.4.17)

i

3
Tr (9,3 (9"5)1) - (M%) +he.

m; U?
3ft

m; v?

f?

+ %mzvf Tr(EiZ;r) - Tr(n?) + Tr(rd) + -
with mg = M and m9; = m. The condensates vg and v9; set the symmetry breaking scales
and have dimensions of mass. For consistency, one has Tr(EGEg) =4 and Tr(Xq; E;l) = 6.

To relate the EFT to Standard Model observables, appropriate subgroup embeddings are
chosen for SU(2);, x SU(2)g and SU(3). x U(1)x. The derivatives in the Lagrangian are
promoted to covariant ones.

In the SU(4)/Sp(4) sector, the five pNGBs furnish a fundamental representation of
SO(5) ~ Sp(4). Decomposing under SO(4) ~ SU(2)r x SU(2)r, we obtain 5 =4 @& 1. The
four components form a Higgs doublet, while the fifth is an SU(2)z x SU(2)r singlet.

The analysis extends similarly to the SU(6)/SO(6) coset. Recognising that SO(6) ~
SU(4), the twenty pNGBs transform in the self-conjugate 20’ representation of SU(4). This

irreducible representation decomposes under the subgroup SU(3). x U(1)x as:

20" =8 & 6. (2.4.18)
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Chapter 3

Gauge theories on the lattice

In this chapter, methodologies for discretising gauge theories on the lattice are discussed, and
details on numerical simulations through Monte-Carlo algorithms are provided. Moreover,
the methodologies for the evaluation of hadronic observables as average values are presented,
together with the action on the lattice used throughout the thesis for numerical simulations

of Sp(2N) gauge theories.

3.1 Discretisation of spacetime and introduction of link variables

As previously discussed, the functional integral in Eq. (2.1.18) presents divergences typical of
quantum field theories, and therefore it requires renormalisation. To make the computation
of such functional integrals feasible, we first perform a Wick rotation [190] to Euclidean space

by redefining the space-time variables:

2= —izl, b =2l (3.1.1)
do =0k, O =0F, (3.1.2)

The Minkowski metric is then replaced by the Euclidean metric in four dimensions:
Nuw = Oy 5 (3.1.3)

and there is no longer a distinction between upper and lower Lorentz indices. We can also

define a Euclidean action as:
Sg=-18, (3.1.4)

so that the pure gauge action in Eq. (2.1.15) becomes

SclA] = 2—;2/d4xE Te[F2 (2) FE ()], (3.1.5)
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the fermion action becomes
Selv, 0] = [ dag [Gu(yf DE +m)ws] (3.1.6)
and the partition function of interest transforms into
Zp = f DADYD =Sl Al-Srlv.9] (3.1.7)

where due to their spin-statistics the fermionic degrees of freedom are Grassmann variables.
This form ensures exponential suppression of configurations with large action, allowing for
rapid convergence in numerical computations. From now on, we drop the subscript E, as-
suming that all expressions are in a Euclidean space.

Even after Wick rotation, the theory still involves an infinite number of degrees of free-
dom. To define the gauge theory non-perturbatively, following Ref. [191], we introduce a

finite hypervolume and discretise the four-dimensional space-time using a regular hypercubic

[

lattice

[1]

={z = (xo,21,22,23) |20 =0,1,..., Ny = 1; &1, 29,23 =0,1,..., Ny — 1}. (3.1.8)

The lattice coordinates are expressed in units of the lattice spacing, a, such that Ns-a = L
is the spatial extent of the lattice, and N;-a =T is the temporal extent. The spatial lattice
lengths in different directions may differ, but not in this thesis.

To illustrate the discretisation process, Fig. 3.1 presents a three-dimensional slice of
Fuclidean lattice.

Focussing, once again, on fermions transforming in the R = f fundamental representation

of G, spinors are defined on the lattice nodes, meaning our fermionic degrees of freedom are

Y(x),9¢(x) forxeZ. (3.1.9)

In this framework, gauge transformations take the same form as in Eq. (2.1.3), but with
an independent element M (x) € G at each lattice site, x. The transformations then take the

form:

() > ¥ (@) = M(2)i(2). (3.1.10)

A naive symmetric discretisation of the free-fermion derivative is given by

0 (@) = oo (Wl + ) (= ), (3.1.11)

where i denotes the unit vector in direction u. This leads to the lattice version of the free
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Figure 3.1. A three-dimensional slice of a four-dimensional Euclidean lattice. The red-arrowed line
connecting points P; and P, represents a lattice link. a indicates the lattice spacing.

(massless) fermion action from Eq. (2.1.2):

— — 3 i _ —_ Iy
S, 0] =at S p(x) S G, “)2 V=) (3.1.12)
re= n=0 a
However, under a gauge transformation
(@) + ) > ' (@) (z+ ) = P(a) M (@) M (@ + ) (2 + ), (3.1.13)

is not gauge-invariant. To enforce gauge invariance in the discretised kinetic term of the

fermionic action, we introduce a field, U, (x), that transforms as:
Up(z) > U)(z) = M(2)Upu(z) M (2 + f1). (3.1.14)

This ensures that

(@) Uy (a +p) = 9" (@)U, (2)¢' (@ + p), (3.1.15)

preserving gauge invariance.
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Thus, we introduce the gauge fields U,(x) as elements of the gauge group G, which
transform as in Eq. (3.1.14). These matrix-valued variables are oriented along the lattice
links and are therefore referred to as link variables. In particular, U, (x) represents the link
connecting sites x and x + [i.

A direct connection between the continuum and lattice formulations can be established.

In the continuum, an analogous object that transforms as Eq. (3.1.14) is the Wilson line:

G(w,y)zPexp(i[C A-ds), (3.1.16)

zy

where P is the path-ordering operator, A, is the gauge field, and C,, is a curve connecting x
and y. It satisfies

G(x,y) - M(z)G(z,y) M (). (3.1.17)

We thus interpret the link variable, U,(x), as the lattice analogue of the gauge transporter

connecting z and x + ji:

Uu(z) = G(z,x + 1) + O(a), (3.1.18)
and introduce the algebra-valued lattice gauge field A, () such that
Uu(x) = exp (iaA#(w)). (3.1.19)

One can show that the introduction of gauge transporters on the links guarantees exact
gauge invariance for the lattice theory. Indeed one can prove that considering the expression

(3.1.16) with = and y = = + € (e being infinitesimal) one can write
P(@)G(,y)v(y) = b@) {1+ [ ds- Ay fib(@) + edutp + O(e2) =
= (@) (@) + e (@){9 +idyu () + O(2)

SO
V()G (2, y)e(y) = ()i (x) + e (2) Dy (x) + O(e?). (3.1.20)
3.1.1 Pure gauge case: the Wilson action

If we define the shortest nontrivial closed loop on the lattice, known as the plaquette (illus-

trated in Fig. 3.2), it is given by
Uw(2) = Uu(2)U, (z + @)U} (z + D) U (). (3.1.21)

From this object, one can construct a gauge-invariant quantity under transformations of

the gauge group, G. Using the transformation property of a single link (3.1.14), the gauge
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Figure 3.2. The four link variables forming the plaquette, U,,(x). The circle indicates the order in
which the links are traversed.

transformation of a product of links along a path P connecting the points zg and x; is

PlUI= ] Uu(=), (3.1.22)
(z,p)eP

where all gauge factors in the product cancel except at the endpoints zg and x1, leading to
P[U] - P[U'] = M(x0)P[U]M(x1). (3.1.23)

If the path is closed (z¢ = x1), then by the cyclic property of the trace, tr(P[U]) remains
gauge-invariant.

This leads to the definition of the simplest lattice action for a purely gluonic theory: the
Wilson gauge action. It is obtained by taking the trace of the plaquette and summing over

all lattice points x and directions 0 < < v < 3,

Se[U] = 32 > 3 Reftr[1 - Uy (2)]}- (3.1.24)

g re= U<v

Here, g? is the coupling constant of the gauge theory based on the group G, and the prefactor
g% ensures consistency with the continuum action (3.1.5) in the limit a — 0. This can be shown
using the Campbell-Baker-Hausdorff formula for the product of exponentials of matrices A
and B

eA-eB:exp(A+B+%[A,B]+...), (3.1.25)
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where dots indicate that terms involving products of more than two matrices are omitted.

Inserting (3.1.19) into (3.1.21) and applying (3.1.25) iteratively, one obtain

a2
U () = exp (iaA“(x) +iaA,(x+ i) - ?[A“(:c), Ay(z+ )]

o2
—iaA,(z+7) —iaA,(x) - E[A“(x +0),A,(x)]

a® a’®
+5[A,,(3: +0), Az +0)] + ?[Au(x)vAV(x)]

CL2 CL2
+ [ Au(@), Ao+ )] + S A+ ), A(@)] + O

If we now perform a Taylor expansion
Ay (x+ 1) = Ay(x) +ad A, (z) + O(a?), (3.1.26)
we obtain
Uy () = exp (102 (0, A0 () = B, A () + i[ Ay (2), Ay (2)]) + O(a?))
Using the continuum definition of field strength (2.1.13), we can write
U (z) = exp (iaQF,w(x) + (’)(aB)) : (3.1.27)

If we insert eq. (3.1.27) in the Wilson action (3.1.24), we find

CL4
S[U] = % S 3 Re {m«ﬂ - UW(x)]} - 57 S tr[F(2)?] + O(a?). (3.1.28)

TeZ U<V TeE U<V

The O(a?) terms that appear in the expansion of the exponential in Eq. (3.1.27) cancel
when taking the real part of tr[l - Uy, (z)]. Similarly, the O(a®) terms in the expansion of
Eq. (3.1.27) also cancel, such that the Wilson action approximates the continuum form up to
O(a?), as shown in Eq. (3.1.28).

Note that the factor of a*, together with the sum over Z, is simply the discretisation of

the space-time integral. Thus, we have
lin%, SqlU] = Sg[A]. (3.1.29)
a—

We can now define a non-perturbative, purely gluonic theory on the lattice through the
partition function
7 - fDUe-SG[U]. (3.1.30)
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The corresponding measure is
3
DU =[] [ dU.(=), (3.1.31)
zeZ =0
where dU,(x) denotes the Haar measure for the link variable U, (z). Egs. (3.1.30) and (3.1.24)
are the lattice analogues of the pure gauge part of the continuum partition function (3.1.7)
and the continuum action (3.1.5). In this context, the expectation value of observables O

(which can also be a composite operator) is given by
1
0= f pUeSelUlo[u]. (3.1.32)

Finally, for the gauge group Sp(2N) on the lattice, the Wilson action is written as

Solv] =83 ¥ {trl1 - 3 U (@)1}, (3.1.33)

TEZ U<V
4N | . . .
where § = —-, since in this case, the trace of each group element is real.
g

3.1.2 Introducing fermions on the lattice and Wilson-Dirac action

The discretisation procedure for fermions, discussed in Section 3.1, involves some non-trivial
challenges. In particular, we must account for the correct fermionic statistics, which differ
from the bosonic one. Moreover, following the reasoning of Ref. [191], we will demonstrate in
the following section that the lattice formulation of fermions, as presented so far, still suffers
from certain lattice artefacts known as “doublers”.

The naive free fermion action (3.1.12) is bilinear in 1) and v and can be expressed as

SF[wﬂ;]:aél Z Z zZ(fv)aal)m,ozﬁab(xay)w(y)ﬁlﬂ (3134)

I7y€E a7b7a75

where a, b indices refer to colour, «, 8 are spinor indices, and the naive Dirac operator on the

lattice! is given by

3 Sty = Oup
Dm’ aﬂab(xv y) = Z (’y,u)aﬁ —+M7y2a mYy (5ab + m5a55ab5xy . (3135)
pn=0

The subscript m is to indicate the non-zero mass term in the Dirac operator. When not present, the
Dirac operator is assumed to be massless.
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The Fourier transform of the Dirac operator (3.1.35) reads

3 iqua 1qua
Dulp.)= gy 3P D)t = gy 3 0 30, e mi)
|‘—‘|a:yeu |.:| T.ge= 110 2m
=op- Q)(m' Ty Z Yo 5in(pua) ) = 5(p - ¢) Din(p)
u 0
(3.1.36)

where |Z| = N; - N3 is the total number of lattice points, and the Fourier transform of the

lattice Dirac operator is defined by

D (p) =ml + - Z Y sin(ppa) . (3.1.37)
u 0

Using the standard formula for the inverse of linear combinations of gamma matrices (c, b, €
R),

3 -1 el =i by
cl+i Y yb,) = — Tt (3.1.38)
( /;J ® “) 2+ Zi:o bi

(which can be verified by multiplying both sides by cl+i ., 7,b,), we find the matrix D(p)~":

ml —ia! I sin(p,a)

(3.1.39)
m?+a2y, sin(p,a)’

Dy (p)~" =

This is the free quark propagator in Fourier space. By Wick’s theorem, the quark propagator
governs the behaviour of n-point functions. Setting m =0 in (3.1.39), we find that at fixed

p, the propagator has the correct naive continuum limit:

ia ! DI sin(pya)

Dm(p)™ = - 3.1.40
) a?y, sin(p,,éa)2 ( )

=1 ZM 7upu
— pe . (3.1.41)

In the continuum limit, the momentum space propagator (3.1.41) for massless fermions
has a pole at
p=1(0,0,0,0). (3.1.42)

This pole corresponds to the single fermion described by the continuum Dirac operator.
However, on the lattice, the propagator for free fermions (3.1.40) has 15 additional unphysical
poles at p = (%,0,0,0), (O, =0, O) (0,0,0, g) These poles are the so-called doublers,

which arise from the high momentum components of the lattice Dirac operator. They are
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artefacts of the discretisation of the fermion field on a finite lattice. These doublers are
problematic because they correspond to unphysical degrees of freedom in the theory.
We need to distinguish the proper pole from the doublers. For m = 0, a solution was

proposed by Wilson, which is based on the Nielsen-Ninomiya theorem [192-194].

Nielsen-Ninomiya Theorem The Nielsen-Ninomiya theorem states that there does not

exist a function D(p) satisfying simultaneously the following conditions:

1. D(p) is a smooth function of Py with period 27”,
2. For small momenta (p,, < 7), the function has the limit D(p) = ivupu + O(ap?),
3. D(p) is invertible for all non-vanishing momenta, modulo 27“,

4. The Dirac operator anticommutes with the 5 matrix: {ys, D(p)} = 0.

Since the Dirac operator in Equation (3.1.37) is smooth and periodic, has the correct
continuum limit évy,p,, and anticommutes with ~5, it necessarily has doublers. Therefore,
historically, the way to proceed was to choose a Dirac operator that satisfies the first three
conditions but gives up on the chirality property.

To avoid doublers and describe the fermionic theory correctly, Wilson added an additional

term, called the Wilson term, and obtained:

i 3 3
Dy(p) =ml + — > yusin(pua) + |1 > (1 -cos(pua)) . (3.1.43)
a i a i

The Wilson term has the desired properties: even if m = 0, the fourth condition of the
Nielsen-Ninomiya theorem is violated, enabling us to avoid the doublers. Furthermore, for
components with p, = 0, the term vanishes. For each component where p, = 7, it contributes
an extra mass term:

—— (3.1.44)

a
where [ is the number of momentum components with p, = 2. In the continuum limit a — 0,
the doublers become very heavy and decouple from the theory.

By calculating the momentum space propagator D™ (p), we find that the unwanted poles
are removed, leaving only the physical pole as described in Equation (3.1.42). The form of
the Wilson term in position space can be derived by inverse Fourier transforming the Wilson
term in Equation (3.1.43):

5w+,&,y5ab - 25(117513/ + 5:6—,&,1/5(117

53 (3.1.45)

Y

p=0



Chapter 3. Gauge theories on the lattice 34

Thus, the complete Wilson-Dirac operator is given by:

4 13
Dm, aﬁab(xay) = (m + 5) 5aﬁdab5xy - % Z [(I - 7#)aﬁ5x+ﬂ,y5ab + (I + 7u)a,86x—ﬂ,y5ab] .
n=0
(3.1.46)

Note that the Wilson term is a discretisation of a [— (%) 8uau] term, i.e.., it is proportional
to the Laplace operator (with a minus sign), and the prefactor a shows that the Wilson term
vanishes in the naive continuum limit a - 0.

Finally, the action for free fermions in a gauge theory can be written as:

Nt _
Srl, 9] = ;a“ S hi(@) Din (2, )i (y) (3.1.47)

T,ye=

and the free theory of fermions can be defined non-perturbatively via the path integral:

Tp = f Dy Dip e Srl¥] (3.1.48)
where
DDy = 11 ’1‘[ A () iae AP ()iac - (3.1.49)

with «a,i and ¢, spin, flavour, and colour indices, respectively. As a final observation, the
free fermion theory can be generalised to include interactions between the fermions and the
gauge fields. The naive fermionic action (3.1.12) (assuming m # 0, N = 1 for simplicity) can

be generalised to:

Selw, 0, U] =a" 3 §(2) o

re=

N T N N
; (io U@ ) ~Ula =i -p) w(x))  31s0)

This action is gauge-invariant, as shown using the transformations (3.1.10) and (3.1.14).
In the continuum limit, a — 0, using the relation (3.1.19), this becomes equivalent to the

continuum covariant derivative coupling between fermions and gauge fields:

SF[Q,ZJJZ,A] = fd4x1;(x)(7#(6u+i14ﬂ(x))+m)1/)(m). (3.1.51)

Thus, the interacting case can be generalised, and the fermion propagator D, qgab(x,y)

becomes:

U/L(x)ab5$+ﬂ,y - U;E('T - ﬂ)abéw—ﬂ,y
2a

3
Dm,aﬂab(mv y) = Z (7u)a6 + méagéabéxy , (3152)

p=0
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and the Wilson term becomes:

—a 23: Uu(x)ab5x+ﬂ,y - 26ab5:py + U;Jg(x - ,a)ab(sa:—ﬂ,y

(3.1.53)
e 2a?
The final Dirac operator for the interacting theory is:
4
Dm,aﬁab(xa y) = (m + a) 50456ab63:y+
3 (3.1.54)
1 1 N
~ 5 Z% [ = 90U (@) b0ty + (V470 apUS (2 = 1) abbr—py] -
/J‘:

The interacting theory with fermions and gauge fields is described by the path integral:

Z = ] Dy DY DU e SrleU1-SalU] (3.1.55)

where the fermionic action is given by (3.1.47), the Dirac operator by (3.1.55), and the gauge
action by the Wilson action (3.1.24). Compared to the naive action, the discretisation effects
here are O(a) due to the Wilson term.

The Matthews-Salam formula [195] is valid

Tp = f Dy Dip e~ SFVBU] — qet[ D], (3.1.56)

and the integration over fermionic variables in the functional integral can be performed ac-

cording to Wick’s theorem as follows

(B(01) - D) 0(@1) - w@))p = o [ DIDESBING Gy .y
F

B B B (3.1.57)
= (_1)” Z SgH(P)D l(xl) yP1)D 1($27 sz) ...D l(l‘naypn)v
P(1,2,...n)
where the sum in the second line runs over all permutations P(1,2, ...,n) of the numbers

1,2,...,n, and sgn(P) is the sign function of the permutation P. Therefore, given a fermionic

action and gauge part, the expectation value of observables O is given by

(0) = % f DU Dy Dy e 5elVI-Sr U001 (17 4, 4)] (3.1.58)
which according to (3.1.56) and (3.1.57) can be rewritten as

(O)z%fDUe_SG[U] det[D]O[U,D‘l(U)]zfdP[U]O[U,D‘l(U)], (3.1.59)
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where we identify the probability distribution according to which the gauge links are dis-
tributed )
dP[U] = Ee—SG[U] DU det{D} . (3.1.60)

3.2 Monte-Carlo simulations

The numerical evaluation of the partition function in Eq. (3.1.55) and the expectation value
of observables in Eq. (3.1.58) can be performed using Monte-Carlo methods. Focusing on
Eq. (3.1.59), a Monte-Carlo simulation approximates the integral by averaging the observ-
able over N¢onr gauge field configurations U, sampled with probability dP[U] defined as in
Eq. (3.1.60):

1 Neont 1
(0) = / dP[U] O[U,D_I(U)] ~ Z O[Un,D_l(Un)] + (’)( ) . (3.2.1)
Nconf Up=1 Nconf
A precise estimate of an observable requires generating a sufficiently large number of
configurations:
Nconf
(O)= lim > O[Un, D71 (Un)], (3.2.2)

Neont—00 Nconf Up=1

and the corrections in Eq. (3.2.1) vanish due to the central limit theorem. The generation
of gauge links according to the dP[U] distribution is achieved by the (R)HMC algorithms,
whose general principles are outlined in the next section.

As a more general matter, Monte-Carlo sampling is particularly effective for high-dimensional
integrals, where traditional numerical quadrature methods become computationally infeasi-
ble. Unlike quadrature, where effort scales exponentially with accuracy, Monte-Carlo integra-
tion maintains an error proportional to 1/v/Neonr. Comparisons indicate that Monte-Carlo
methods surpass quadrature efficiency for integrals involving more than three variables.

Configurations sampled according to the Boltzmann distribution are generated via an
update algorithm forming a Markov chain [196]. The principle of importance sampling [191]
dictates that configurations should be sampled predominantly from regions of high probability,
ensuring efficient exploration of configuration space. To construct a sequence of configurations
adhering to the equilibrium distribution P(U) as required in Eq. (3.2.2), a Markov chain is
employed:

Uy > Uy » Uy — = Uy, (3.2.3)

where each U, represents a configuration generated sequentially. Figure 3.3 illustrates a
schematic representation of a Markov chain in configuration space. The blob represents the
entire configuration space, while dots denote visited configurations. Starting from an initial

point, “A”, in the upper left corner, the Markov chain progresses towards the centre, where
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lower Euclidean action implies a larger Boltzmann factor exp(-S5) and, consequently, a higher

probability density. To formalise this process, consider a stochastic system evolving through

Y

Figure 3.3. Schematic sketch of a Markov chain in the space of configurations, as described in the
main text.

a finite set of configurations, transitioning from U; to U; with probability P(U; — U;) = P;;.
Due to its probabilistic nature, the system state at any given time is a random variable. A
Markov chain is characterised by the property that its state distribution depends only on the

immediately preceding state:
P(N) = aiOPigil e P’in—lin? (324)

10tn
where a;( is the probability of initialising the simulation in state 7.

Following Refs. [196, 197], we consider irreducible and aperiodic Markov chains composed

of positive states. These properties are defined as follows:

o Irreducibility: Starting from any configuration U;, there exists a finite probability of
reaching any other configuration Uj in a finite number of steps, i.e., there exists an NV
such that

PN =S iy Py, Py . Py, % 0. (3.2.5)
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o Aperiodicity: The probability of transitioning from any configuration to any other con-

figuration is positive.

o Positivity: A state is positive if its mean recurrence time is finite:

[ee)

7= npl", (3.2.6)

n=1

(n)

;i is the probability of returning to state U; in exactly n steps.

(n)

i

where p

A state satisfying pii = Yoo p,; ~ =1 is called recursive. If it is also positive, it is ergodic,
meaning the entire configuration space is accessible in the simulation. For such Markov

chains, two fundamental theorems hold:

e Theorem 1: If the chain is irreducible, aperiodic, and composed of positive states, then
the limit

. N
Jélfiopi(f )= nj, (3.2.7)

exists and is unique, where 7; satisfies

7Tj>0, Z?Tj:L Wj:ZTI'jPZ‘j. (3.2.8)
J J
e Theorem 2: If the chain is irreducible, composed of positive states, and satisfies
Ti(z) =3 anEin) < 00, (3.2.9)
n=1
then the average in Eq. (3.2.1) converges to the ensemble average:

(0) :ZmO(Ui)+O(¢%). (3.2.10)

An essential implication of Theorem 1 is that Eq.(3.2.9) implies stationarity: the prob-
ability distribution ; remains unchanged under the transition probabilities F;;, ensuring
equilibrium. Consequently, a Markov process at equilibrium must not introduce probability

sinks or sources. This constraint is satisfied by enforcing the detailed balance condition:
R(U)P(U -U")=RU"PU' - U). (3.2.11)

The detailed balance condition does not uniquely determine transition probabilities, al-
lowing flexibility in designing efficient update algorithms. While ergodicity ensures full ex-

ploration of configuration space, inefficient sampling can hinder convergence. To avoid slow
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decorrelation, update schemes must be optimised to ensure efficient exploration and accurate

observable estimation.

3.2.1 Simulating a full-dynamics theory: Hybrid Monte-Carlo (HMC)

The Hybrid Monte-Carlo (HMC) algorithm [191, 198, 199] constructs an ergodic Markov
process whose equilibrium distribution matches the target probability measure dP[U] from
Eq. (3.1.60). This algorithm is widely used for simulating gauge theories with dynamical
fermions.

To incorporate the fermionic determinant det D®, where D® is the Dirac operator in
a generic fermion representation R, one introduces complex bosonic pseudofermion fields ¢
and ¢! to rewrite the determinant as a path integral. Defining the Hermitian Dirac operator
as QR = v5DR, and assuming an even number of fermion flavours Nt, the following identity
holds:

(det D)™ = (det Q)™ = f DD exp[—a‘*Z¢*(m)(Q2)‘Nf/2<z>(x) : (3.2.12)

where flavour and colour indices are omitted for brevity.

The HMC algorithm introduces a fictitious Hamiltonian system where the gauge links
Uu(z) are generalised coordinates, and their conjugate momenta 7(x,p) = 7 (z, p)T¢ lie in
the Lie algebra sp(2N) for simulations of symplectic gauge theories. The system evolves

under the Hamiltonian:

1
H=5 3 (0, p)w" (2, 1) + He + Hp, (3.2.13)

T,u,a

with Hg = Sg and Hp = Sp corresponding to the gauge and fermion actions, respectively.

The molecular dynamics (MD) evolution is governed by:

dU,(x)

e m(x, w)U, (), dr(z, ) =F(x,pn), (3.2.14)

dr

where the total HMC force F'(z, ) decomposes into gauge and fermionic components: F' =
F¢+ Fr, each residing in the symplectic gauge group algebra, sp(2N). Explicit forms of these
terms can be found in Ref. [200].

After operating numerical integration of Eq. (3.2.14), the resulting configuration is ac-

cepted or rejected using a Metropolis test to satisfy the detailed balance principle of Eq. (3.2.11):
P=min {1, exp[-(H[U'] - H[U])]}. (3.2.15)

The HMC algorithm proceeds through the following steps:
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o Generate pseudofermion fields ¢ using the Heat Bath algorithm to sample Eq. (3.2.12).

o Draw initial momenta 7(z,p) from a Gaussian distribution and evolve the fields ac-
cording to Eq. (3.2.14).

e Apply a Metropolis test to accept or reject the new configuration.

By repeating this procedure for N, trajectories, one obtains a statistically independent
set of gauge configurations sampled according to the target probability measure P[U] from
Eq. (3.1.60).

3.2.2 Rational Hybrid Monte-Carlo (RHMC)
When simulating theories with an odd number of fermion flavours or requiring fractional
powers of the fermion determinant, the identity in Eq. (3.2.12) must be generalised to non-
integer exponents. In such cases, the Rational Hybrid Monte-Carlo (RHMC) algorithm [201]
is used.

RHMC replaces the inverse fractional power (Q2)‘Nf/ 2 with a rational approximation:

(@) ™M wag + Z (3.2.16)

Q2 + /Bk
where the coefficients {ay,r} are determined using optimal rational approximation tech-
niques (e.g., Remez algorithm [202]), and d is the order of the approximation.

This form enables efficient stochastic evaluation of the fermion action using a multi-shift

solver [203]. The pseudofermion action then can be approximated as:

d

vaty ol
a ;¢ (x)[a0+k 1Q2

]qﬁ( ), (3.2.17)

and the corresponding fermionic force can be computed by combining the forces from each
shifted system.
The RHMC algorithm maintains the same structure as HMC:

e Pseudofermions are generated according to the rational approximation of the action.
e The MD equations are integrated with a suitably chosen step size and integrator.

o A Metropolis accept/reject step ensures exactness and preserves the target measure.

Although RHMC introduces a modest computational overhead due to the use of multi-
shift solvers and rational approximations, it is essential for theories requiring fractional powers
of the Dirac operator. This makes RHMC the method of choice for lattice simulations with

generic (including odd) Nf number of fermion flavours.
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3.3 Sp(2N) actions on the lattice: Wilson-Dirac action

This section is devoted to defining the lattice action for symplectic gauge theories that have

been used in this thesis. The full action consists of two distinct terms:
Slattice = SG + SF7 (331)

where Sg represents the gauge action and Sg corresponds to the fermionic action. The Wilson
gauge action is adopted for Sg, which is expressed as in Eq. (3.1.33). Here, U,(z) € Sp(2N)
is the link variable at the site (x, u).

In this thesis, the fermionic part of the action uses the Wilson-Dirac formulation as in

Eq. (3.1.47) and includes mass terms. Specifically, the action is:

Nf o . Nas s .
SY = at 21 Y@ () DY (2, 9)Q (y) + a* > S (2) D (2, 9) 0 () , (33.2)
j: Yy j=1 x,y

where @’ represents fermions in the fundamental representation, and v’ corresponds to
fermions in the two-index antisymmetric representation. The index j runs over the flavour
space, and we omit spinor and colour indices. The Wilson-Dirac operators for these fields are

written as (see, e.g., Ref [191]):

PR ) - (5 +m') Q1)

R . . . , (3.3.3)
) ZO{“ ~ U @)@ (@ + ) + (1 + ) U (@ - QT (2 - )},
“:
and
DG w) = ( + ) @)
13 . , (3.3.4)
"2 Zo{“ = )USD @) (2 + 1) + (1+ ) U (@ - ) (2 - )},
/le

where mf and m® are the bare masses for the fundamental and antisymmetric fermions,
respectively.

The link variables for the fundamental representation are given by U ,Sf) (z) = Uu(z), while
the antisymmetric representation link variables are defined as:

(as) _ ab),T77(f) (cd £),T
U ey = T (TP DU O, (3.3.5)

where e(?) is an orthonormal basis in the (N (2N -1)-1)-dimensional space of antisymmetric,
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Q-traceless matrices for 2N x 2N matrices. For the indices (ab) with 1 < a <b< 2N, the basis
elements are defined as:

ab 1
ey = NG (0aj0bi = 0aiy;) - (3.3.6)

except when b= N +a with 2 <a < N, in which case the elements are:

1 -
—— ifi<a
ab ab v 2a(a- ’
ez(,H)N = _ez(Jr]\;,i = 1Ea Y £ (3.3.7)
1 72 = a.

v2a(a-1)

The explicit form of the basis elements is given in Appendix A. Each basis element satisfies
the condition Tr(e(®®Q) = 0, where Q is the symplectic matrix from Eq. (2.3.3). Boundary
conditions for the link variables are periodic across the entire lattice, while fermion fields
follow periodic boundary conditions in the spatial directions and anti-periodic conditions in
the temporal direction. In the specific case of interest of this thesis, Sp(4), the representation
in the antisymmetric basis is of dimension five (e(!3) vanishes by construction), and the
multi-index (ab) spans the values (12), (14), (23), (24), and (34), as declared in Ref. [16].
Generators in higher representations of the gauge group can be constructed from those in the
fundamental representation [200, 204]. In particular, the generators of the Sp(2N') algebra in
the two-index antisymmetric representation can be obtained by Taylor-expanding the group

element defined in Eq. (3.3.5) to first order around the identity transformation. This yields:
(T2) (ab)(ca) = T (e(ab)T 7o e(ed) 4 ()T o(cd) TfaT) ’ (3.3.8)

where T are the generators in the fundamental representation, and (@) ig the basis tensor

in the antisymmetric two-index space.

3.4 Spectroscopy and matrix elements from two-point correlation func-
tions

This section is designed to describe the observables evaluation on the lattice. A particular
focus is devoted to meson and baryon spectroscopy and matrix elements. These quantities
are linked to two-point correlation functions. The corresponding interpolating operators are
chosen to have the quantum numbers and structures relevant for studying the dynamics of
the theories of interest.

As in Sec. 3.3, we denote fundamental fermions as () and two-index antisymmetric

fermions as . To study the non-singlet meson sectors, we utilise fermion bilinears as outlined
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Table 3.1. Interpolating operators used to study mesons. The conventions for labelling follow
Ref. [179]. The indices assume values I,J = 1,...Ng, k,l = 1,...,Nys and ¢ = 1,2,3 refers to spa-
tial directions.

Label | Operator O JP 1 Sp(4) | SO(6)
PS Q_]’yg)QJ 0~ ) 1
N4 QriQy 1= 10 1
T QrovQs | 17 | 10 1
AV | QrsviQs | 17 5 1
AT | QmovsvQs | 17| 10 1
S Q[QJ 0* ) 1
ps Vs 0~ 1 20
v iy 1~ 1 15
t Yvovive | 17 1 15
av Yrysvie | 17 1 20
at | Ypyovsvive | 17 1 15
S Ve 0+ 1 20
in Ref. [179]:
O = Q1(2)I'Qa(2), (3.4.1)
Oas = 1/_}1 (IL’)PT/}Q(JZ), (342)

where I denotes combinations of Dirac gamma matrices designed to target specific J© quan-
tum numbers. The meson channels investigated are listed in Table 3.1.

An illustrative example of baryonic interpolating operator can be built in the case of the
theory taken into consideration in Chapter 5. These are called chimera baryons [205, 206]
and, as discussed in Section 2.4.3, they can couple to the top-quark in the contexts of CHMs
and TPC [16]. In this case, the operators are defined as follows:

Ogglf‘z (iL') _ ( lll,oz(x) (Crl)aﬁ Qgﬁ(x)) QadeCF;5¢Cd76(x)’ <3.4'3)

where C is the charge conjugation matrix, and €2 is the symplectic invariant tensor. Spinor
and colour indices are represented by Greek and Latin letters, respectively. In this study,
we focus on the spin-1/2 and spin-3/2 baryons, setting I's = | for simplicity. The analysed
baryons are summarised in Table 3.2.

The masses and matrix elements are determined from two-point functions, projected to

zero momentum:

Cap(t) = % S0t )05(0,0)). (3.4.4)

s T
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Table 3.2. Summary of chimera baryons studied in this work. Separate analyses are conducted for
parity-even and parity-odd states.

Label | I'y | J | Sp(4) | SO(6)
ACB Y5 1/2 b 6
ECB Yi 1/2 10 6
Xop | i | 3/2 10 6

For mesons, where O 4 = Op, the large-time ¢ behaviour is:
Cmeson(t) ~ A (e—mt + e—m(T—t)) , (3.4.5)

with m being the ground-state mass and A encoding ground-state matrix elements.

Chimera baryon correlators are analysed by projecting onto definite parity using P, =
(1£90)/2:

CCiJB,aﬁ(t) = Pi,aoqCCB,alﬁ(t), (346)

asymptotically (large time behaviour) behaving as:
Cép(t) ~ (Ace™ ! = Az D) P (3.4.7)

For baryons, the interpolating operators with I'; = «; source both spin-1/2 and spin-3/2
baryonic states. To separate these contributions, we decompose the corresponding correlation
functions by projecting onto definite spin components. Starting from the zero-momentum
two-point function,

1

RNOE ) (0% 0 (1,7) Ol 5(0,0)) (3.4.8)

z

we define the spin-1/2 and spin-3/2 projected correlators as

ij 1 ij

Célé,zozﬁ(t) = Pi(jl/Q) CC?B,aﬁ(t) = g%‘%’ chBﬂg(t) ) (3.4.9)
2] 1 i

Cé?is/?ig(t) = Pi(jB/Z) CcJB,ag(t) = (%‘ - 5%"}’]‘) CC]B@ﬂ(t) . (3.4.10)

The quantum numbers of the baryonic operators analysed are summarised in Tab. 3.2.
By analogy with QCD, we label the state sourced by I'1 = 75 as Acg, the spin-1/2 component
of the I'y = v; channel as X¢p, and the corresponding spin-3/2 partner as 3¢.
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3.4.1 Spectroscopy: effective mass and Generalised Eigenvalue Problem

The ground-state energy Fjy in a given channel is determined from the plateau in the effective
mass, provided the excited states are sufficiently suppressed. A standard method to isolate the

excited states employs multi-exponential fits, minimising the correlated chi-square functional:

=3 [p0@) - ct)| Covi [nB (@) - )], (3.4.11)

tt

where the Covyy[C] is the covariance matrix of the two-point correlation function, C(t),

estimated over N bins:

N
S (Ci(t) - (C@))(Ci(t) - (CE))), (3.4.12)

1
COVtt/ E N
i=1

and the fitting function is a sum of exponential states h(*)(t) = 27]‘1”:1 B, e tEn,
Alternatively, the exponential behaviour of two-point correlation functions for the lightest

state (Egs. (3.4.5) and (3.4.7)) suggests that, in order to find the ground state, one can define

meg(t) = —é log (M) , (3.4.13)

the effective mass as

or

(3.4.14)

() = écosh_l [C’(t+ a)+C(t- a)] ’

2C(t)
for a periodic lattice. One can find this quantity for the two-point correlation function in
consideration and fitting plateau at large time slices t, expecting the ground state to be
isolated ameg — amg at large t.

Increasing the number of excited states F,, introduces computational challenges and reduces
the signal-to-noise ratio exponentially. An efficient alternative is the generalised eigenvalue
problem (GEVP) [207], applied to a matrix of correlation functions C;;(t) constructed from

a basis of interpolating of N operators O;:
Cii(t) =(0:()0;(0)), i,7=0,...,N-1. (3.4.15)
Assuming non-degenerate energy states, F,, ordered as E, < E,.1, the GEVP is solved via
C(t)vn(t,to) = An(t, t0)C(to)vn(t, o), (3.4.16)

where A\, (t,tg) and v,(t,t9) are the eigenvalues and eigenvectors, respectively. Fixing a

reference time #g, this equation is solved for each t > tg, with the eigenvalues used to define
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effective masses:
1 )\n (t +a, t())

eff
t,tg) =——1lo , 3.4.17
mif(0) =~ log “ T 0 (3:4.17)
or for periodic lattices:
1 | An(t+a,to) + A (t—a,to)
eff 1 n ;L0 n ;L0

t,tg) = — cosh 3.4.18
i (1 to) = 7 cos 2, (t, t) ( )

In the limit ¢ — oo, the effective masses converge to the energy levels:
ak, = lim am®(t,t0), n=0,...,N-1. (3.4.19)

At large ¢, higher-energy state contributions are exponentially suppressed [208], with

corrections scaling as
am(t,t0) = aE, + O (e‘A(“E”)t) , A(aEp) = I;ngll |aEy, — aBy|. (3.4.20)

Systematic uncertainties are further influenced by terms proportional to exp(—FE,tg) [207].
Increasing the lattice time extent, V¢, improves plateau identification and signal quality.
The measurements of the two-point correlation functions described have been supported
by Wuppertal [209-211] and APE smearing [212, 213], which are described in Appendix C. An
illustrative way to pursue spectroscopy studies (see Chapter 5), is to construct the variational
basis using interpolating operators with different Wuppertal smearing levels at the source
and sink. The choices adopted are Ngource, NVsink = 0, 40, 80, where the effect of applying the
Wuppertal smearing seems to affect the mass plateaus sensibly. For each mesonic channel

(pseudoscalar, axial-vector, axial-tensor, scalar), the correlation matrix takes the form:

' Cé,o(t) 06,400) Cé,so(t)
C'(t) = Cio,o(t) CZ;OAO(t) C'Aio,go(’f) ; (3.4.21)
C0,0(t) Cgo,40(t) Cgo.50(t)

where C?  (t) = (O'(t)O%(0))m and i labels the channel (PS, AV, AT, S, etc.).
For the specific case of vector and tensor channels, the operators mix, producing the same

spectrum. To account for this, we extend the correlation matrix to include cross-channel
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terms:

Clo Clao Cm Cop Cot Coko
C%,o CX)AO CX],SO CX){OT CX){ZO CX){?{J
Cg{),o Cz‘;f)Ao Cg{),so Cs‘;f){g C;){Zo ng/,go
Cop Coa Coso Coo Chuo Clso
Cady Cidto Cigso Cho Choao Closo
Cldy €l Cido Clin Clho Closo

cVT(t) = , (3.4.22)

where Cotl () = (OV (£)OT(0))m and CLLY () = (OT(#)OV (0))nm. This expanded basis
enhances resolution for higher-energy states. Energy levels are extracted by fitting eigenvalues
at large Fuclidean times.

For chimera baryons, we isolate parity-even and parity-odd contributions using the dif-

ference of eigenvalues:
~ 1
Acs(t) = 5 [Aes(t) = Acs(T - 2)]. (3.4.23)

The effective mass meg(t) is then implicitly defined by:

)\(t _ 1) e_meﬂ(t)(T_t+1) + e_meff(t)(t_l)
A(t) T emea(O)(T1) 4 g-mer()t

(3.4.24)

with the sign chosen to respect lattice periodicity. The fit range is selected where meg(t)

exhibits a stable plateau.

3.4.2 Matrix elements and overlap factors

In addition to studying the masses, we investigate the hadron-vacuum matrix elements, com-
monly known as decay constants. These decay constants appear as factors of the exponential
terms in the correlators shown in Egs. (3.4.5) and (3.4.7). Specifically, these matrix elements

are contained in the meson correlation matrix”, expressed as:

1 _
M -E, -E,(T-
CNsource, NSink (t) = Z 2E <O|ONsource|6n)(6n|ONsink|O) [e K +e ( t)] ) (3425)

n n
with operators that have been smeared through Wuppertal and APE smearing, by using
Nsources Nsink iterations, according to the formulas in Appendix C. The decay constants for

the mesons presented in Tab. 3.1 are defined through the matrix elements of local, unsmeared

2The states e, form a complete set characterised by the quantum numbers relevant to the two-point
correlation function C(t) under consideration. It is important to note that the lowest-lying state, e, is
distinct from the vacuum state |0).
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operators, as given by:

(01Q1757,Q2[PS) = V2 fpspy, (011957, 2IPS) = V2 fospps (3.4.26)
(0|Q17HQ2|V) = \/ifvmveu, (0|1/_11'y,ﬂb2|v) = \/ifvmveu, (3.4.27)
(01Q1757.Q2AV) = V2 faymavey, (01175 tbalav) = V2 favmavey, (3.4.28)

where the polarisation vector, €, satisfies e;

Unlike the mass determination process, we refrain from using a variational analysis for

€ =1 and is orthogonal to the momentum p,,.

the decay constants. Instead, we extract the relevant matrix elements by fitting a selection

of the off-diagonal entries of the correlation matrix in Eq. (3.4.25), specifically:

Cs0,80(t) = (Os0(t) Os0(0))  and  Cso,0(t) = (Oso(t) Op(0))- (3.4.29)

The second correlator involves an unsmeared operator, which allows us to extract the
matrix elements as defined in Eqs. (3.4.26)—(3.4.28).

To renormalise the decay constants, we use the following relations:

88 = Zi fes, o = Z5 fos, (3.4.30)
fren Z\f/fV7 fren ZV v (3431)
i = 7z fav, TN = 7% favs (3.4.32)

The renormalisation constants in the fermion representation, R are computed by performing
the matching between perturbative results in the continuum theory (MS scheme), and the

corresponding ones in lattice perturbation theory, as in Refs. [11, 16, 214-216]:

ZB -1+ mCLi’) (As, + Auy), (3.4.33)
ZB =1+ _Crg® (As, + Ay) (3.4.34)
1672(P) ~ ’

with (P) denoting the average plaquette

Z > [—ReT&"UW(:L‘)] (3.4.35)

T p<v
where V represents the spacetime volume of the lattice, U is defined in Eq. (3.1.21), Cg
being the quadratic Casimir (where Cf = 5/4 and Cj,s = 2), and the numerical coefficients

Ay, =-12.82, Ay = -3.0, and Ay = —7.75 for Sp(4).

The matrix elements of the chimera baryon operators listed in Eq. (3.4.3) are defined



Chapter 3. Gauge theories on the lattice 49

analogously to those of QCD baryons [217] using local, unsmeared interpolating operators.

Specifically, assuming parity-projected states, the matrix elements are given by:
Cvs,1 ~ - Cvi,1 — _ —
(O|OC§’7’Q|A(p, s)) = Kpusa(P), <O|OC¥3,a|Z(p> s)) = Ky uso(p), (3.4.36)

Here, us(p) denotes an on-shell Dirac spinor with momentum p and spin projection s, associ-
ated with chimera baryon states of definite parity, |A(p,s)) and |2(p, s)). The overlap factors
K, characterise the coupling strength between the interpolating operators and the physical
states.

The baryon two-point correlation function at finite momentum takes the form [217]:
- 1 s -
CcB,ap(t,P) = N3 > e P (OcB,a(t,2) Ocp,5(0,0))
s

- Zzw%wewn(ﬁ)t’ (3.4.37)
n s (D)
where the momentum dependence and the sums over spin projection s and energy levels n
are shown explicitly. In the rest frame, p = 0, we have F, - m,, and the spin sum becomes
Yo usls = £2my, Py, where P, projects onto states of definite parity.
The overlap factors corresponding to spin-projected correlators (Eq. 3.4.9) can be found

using the following fit form:

Cép(t) =+ Y |K, e Brip, . (3.4.38)

The overlap factors |K,| are extracted by fitting a matrix of correlation functions constructed
from combinations of smeared and local operators, following the same strategy adopted for
the mesons in Eq. (3.4.29).

To account for renormalisation for the baryonic operators of Tab. 3.2, we define the

renormalised overlap factors as:
K5 = Zon.eos [ KAl K¥" = Zopey, |Ksl. (3.4.39)

The detailed derivation of the renormalisation factors Zop cys and Zcp ey, is provided in

Appendix D. They are given by:

2
g 1
Zeners =1+ 157y | (O 5Cm) Am +ar(Crs]]. (3.4.40)
Z EP [(c+1c )A +Ar[C -]] (3.4.41)
CB,Cv; = 167T2<P> f 9 as 31 INLAAIE 4.
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where the numerical values of the Dirac structure-dependent constants are:
Ar[Cys] = -26.670, Ap[Cy;]=18.123, (3.4.42)

and the dependence of Ar and Ay, on the lattice spacing, a, and on the renormalisation
scale, u, is shown in Egs. (D.0.56) and (D.0.58), and it is cancelled here by the convenient

choice p =1/a.

3.5 Spectral densities on the lattice

Another method to determine observables on the lattice involves solving an inverse problem,
finding spectral densities [218-227]. From the latter quantity, one finds spectra and matrix
elements of gauge theories on the lattice. Here, we discuss a way to find spectral densities
and hadronic observables. This elaborates on the methodology devised in Refs. [218, 227].
We make use of the Hansen-Tantalo-Lupo (HLT) algorithm and introduce a novel fitting
technique to find matrix elements from spectral densities. In order to tackle all these points,
an open-source PYTHON software, called LSDensities [164], has been developed. All the

studies presented in this thesis have been obtained through this software package.

3.5.1 The Hansen-Lupo-Tantalo (HLT) algorithm

For a given two-point correlation function, C(t), the spectral density, p(E), is defined by the

equation:
O(t) = [E dE p(E) b(t, E), (3.5.1)

where b(¢, E) is defined for periodic time extensions as
b(t,E,) =e P 4 e (T En (3.5.2)

In the case of infinite time extension, this equation reduces to an inverse Laplace transform
when Fi, is set to zero. The integration lower bound, Ei,, is flexible and can be chosen
from zero up to the energy associated with the ground state of the theory in the channel
defined by the operators creating C'(t).

The data we are going to analyse consists of measurements indexed by k = 1,..., Np,,
where N;,, < Neons- These correspond to a set of correlation functions, C(t). On the lattice,
time is discretised, so t/a = 7 = 1,...,Tmax < Ny/2. The covariance matrix, Tmax X Tmax,
similarly to Eq. (3.4.12), is given by:

m

Covem[C] = (Cr(ar) - (C(ar))(Cilar’) - (Clar))). (3.5.3)

F[~
Tz
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where (C'(a7)) denotes the configuration average of the measurements at a given time slice
t=ar.

The reconstruction of spectral densities from a finite set of noisy correlation measure-
ments, C(t), i.e. the inversion of Eq. (3.5.1) is an ill-posed problem. Several techniques
are available to tackle this problem. Among these, the Backus-Gilbert algorithm [228] was
refined in Ref. [218] to improve its applicability to lattice simulations. This modified method
is known as the Hansen-Lupo-Tantalo (HLT) algorithm.

A crucial element of the HLT algorithm is the introduction of smeared spectral densities®,
defined as:

po(w) = [E:n dEA,(E -w) p(E), (3.5.4)

where the spectral density, p(F), is convoluted with a smearing kernel, A,(E - w). The
parameter o represents the smearing radius around w, and, at a non-zero o, p,(w) becomes
smooth.

In a finite lattice volume, the spectral density is represented as a sum of Dirac delta

functions corresponding to the eigenvalues of the Hamiltonian:
P(E) =) knd(E-wy), (3.5.5)
n

where the eigenvalues, w,, are dependent on the lattice spatial volume Nga, and k, are

coefficients. A proper smearing kernel must satisfy:
A, (E-w) = I(FE -w), (3.5.6)
which ensures that the regulator disappears as o — 0:
po(w) —= p(E=w). (3.5.7)

By introducing energy-smearing techniques, given lattice data in a finite lattice of volume

V', a robust infinite-volume limit is well-defined
p(E=w) = hII(l) [th pa(w)] . (3.5.8)

The order of the limits is relevant (first one has to perform the infinite volume limit, and
then remove the regulator, o), as performing the limit in the converse order would force a
connection between a distribution as in Eq. (3.5.5) and the continuum spectral density p(E),

which above the multi-particle threshold is expected to be a smooth function.

%Note that this refers to smearing the spectral densities themselves at the energy level, not to (APE or
Wuppertal) smearing of two-point correlation functions.
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Figure 3.4. Spectral density reconstruction plateaux for a fixed energy value. The top panel shows
the variation of the trade-off parameter A on the x-axis, while Ay = A[g = 0] is varied in the bottom
panel. The reconstructed spectral densities, p,(w) (depicted on both y-axes), show minimal statistical
variation for various choices of A and «. Representative a and A values are indicated in the figure.

An important aspect is the freedom in choosing the smearing kernel, A, (E —w), whose
properties—allowing a well defined continuum limit (3.5.8), being smooth, and approaching
a o-distribution as in Eq. (3.5.5) are met by a wide range of functions. Among those, two
typical choices are Gaussian and Cauchy functions.

Although the energy smearing can theoretically be removed and the infinite volume limit
can be performed, we prioritise fits of smeared spectral densities to extract finite-volume
spectra and matrix elements, as proposed in Ref. [227].

In the HLT framework, the smearing kernel is chosen and fixed as an input of the proce-

dure. If this kernel can be expressed as a sum over basis functions:

Ap(E-w) =Y gr(w,0) b(ar, E), (3.5.9)

T=1
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which is approximated at a finite Tax < N¢/2 as follows:

Tmax

Ay (FE-w) = Zl gr(w,0)b(ar, E), (3.5.10)

the coefficients g, are determined by minimising a functional, A[g], which quantifies the

difference between the reconstructed smearing kernel, AU(E - w), and the target kernel,

Ay (E -w):
2

Al4] z/];: dE ¢®P|A (B - w) - Ag(E - w) (3.5.11)

where « is a parameter controlling the choice of the norm [227]. This minimisation problem is
complicated by the presence of uncertainties in the input data, which is regularised by adding

a second functional:

Tmax

Bl[gl= >, grCov,[C]gr, (3.5.12)

7,7'=1

where the covariance matrix Cov,./[C] is computed from the available data.

The functional to minimise is:

Alg) ., Blg]
0

Wl:f_j] - A[ ] Bnorm(w)’

(3.5.13)
where ) is the trade-off parameter, and Bporm(w) = C%(a)/w?. The second term, known
as the statistical error functional, helps to regularise the reconstruction process. Minimising
W] for a fixed w provides the coefficients g, which are used to estimate the smeared spectral

density:

Tmax

po(w) = 2—31 gr(w,0)C(ar). (3.5.14)

Further details on the implementation of these formulas in the LSDensities software package
are provided in Appendix E. We now discuss the systematic uncertainties arising in the min-
imisation of W[g]. The ratio \/m serves as a proxy for the systematic error introduced
by the HLT method in reconstructing g (w, o) for finite Tax and N,,, as it quantifies the de-
viation between the target kernel, A, (F —w), and its reconstructed counterpart, Ay (E —w).
On the other hand, the term B[g]/Bnorm in W[g] provides an estimate of the statistical
uncertainty in the reconstructed spectral density, p,(w).

In Fig. 3.4, we illustrate the dependence of A[g]/Ap on the regularisation parameter A by
using as an example numerical data that are considered in this thesis in Chapter 5 (ensem-
ble M1, pseudoscalar meson channel, fundamental sector). Larger values of A[g]/Aq signal
unsuppressed systematics, especially when variations in A or « lead to significant changes in
Po(w). Reducing X\ can mitigate these systematics, but at the expense of amplifying statisti-

cal uncertainties. Following Ref. [152], we tune A to ensure that systematic fluctuations are
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negligible compared to statistical errors, as demonstrated in Fig. 3.4. This tuning approach
ensures that the reconstruction is both stable and unaffected by the unphysical parameters A
and a.

While the plateau analysis should ensure that the error is dominated by its statistical

component, as an additional precaution, we evaluate the following terms:

o1sys(E) = |pa.(E) = pa10(E)]; (3.5.15)
T25ys(E) = |pa,,a(E) = pa,or (B)), (3.5.16)

where )\, is determined as above, and « and o' are distinct norm parameters. The total error
is then computed as

2 _ 2 2 2
Upg = Ogtat T O1,sys + 02, sys- (3517)

3.5.2 Observables evaluation using spectral densities

We explore the use of smeared spectral densities in meson spectroscopy by minimising the

correlated x? functional as introduced in Ref. [227]:

=2 (F9UE) = o (B)) Covilp[po] (£ (B') = po (")), (3.5.18)

where Covgpr|ps] is the covariance matrix for the spectral densities (estimated analogously
to the matrix in Eq. (3.5.3)), and fcgk)(E) represents the fitting function and is a sum of k

smearing kernels:

f(B) = i Ay Dy (E - Ey). (3.5.19)

n=1

As illustrated in Eq. (3.5.19), fitting spectral densities enables the determination of the
energy levels, aF,, the matrix elements and the overlap factors of the interpolating operators
involved in the spectral reconstruction. The amplitudes of the fitted functions, f*)(E),
encode the matrix elements, (0/O(0)le,), for the mesonic observables, and the overlap factors
for the baryonic ones. To extract this information, we have developed a method for directly
obtaining these matrix elements and overlap factors from spectral density fits.

Firstly, it is relevant to show that the spectral density can be expressed as in Eq. (3.5.19),
where the amplitude A,, contains the matrix elements (0]O(0)|e,,) and (e, |O(0)|0) for mesons,
and the latter determines the relative contributions of each energy level to the spectral density.
For chimera baryons the amplitude contains information about the overlap factors |K,|*.

We begin by considering correlation functions generated with different levels of source and
sink smearing, where the two-point correlation functions show visible differences. We observe

that this happens, e.g., for the choices Ngource, Ngink = 80 and Ngjnk = 0. This setup results in
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two distinct correlation functions: C8%8(¢) and C®%9(t), as described in Eq. (3.4.29). From
these functions, we compute the spectral densities, which take the following forms for mesons:

S OIOSO(O)I%)I

p2080(E) = E Ay (E - E,), (3.5.20)
n=0

’I’L

5 (010%(0)len){enlO°(0)[0)

P UE) =) SF AL (E-E,), (3.5.21)
n=0 n
and for chimera baryons
80,80 s
O(E) = 3 KPP AL (B - ), (3.5.22)
n=0
pS00(E) = Z KSKWOA(E-E,). (3.5.23)
n=0

By performing simultaneous fits to these two spectral densities, we extrapolate the un-
smeared matrix elements and overlap factors associated with the coupling between the vacuum

and the n'! state of the interpolating operator.
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Chapter 4

A numerical framework for
symplectic lattice gauge theories:
GRID

As anticipated in the previous chapters, symplectic gauge theories coupled to matter fields
display intriguing symmetry enhancement phenomena, making them promising candidates for
applications in areas such as composite Higgs models [10, 216], top partial compositeness [16,
181, 184], and strongly interacting dark matter [83, 229]. These theories are also interesting to
the broader field theory community, because they provide an alternative path to the large- N
limit [12, 17, 54-56].

The general strategy is to investigate various symplectic groups, fermion representations,
and field contents to explore their features. Although this research holds the potential to
uncover deep insights, it poses considerable technical challenges.

Numerical lattice field theory provides a robust method for addressing these difficulties,
enabling the precise calculations necessary to advance our understanding. As part of this
effort, we have developed specialised software to incorporate symplectic gauge groups into
Monte-Carlo simulations using the GRID framework [145, 146, 230].

In this chapter, we examine the Sp(4) gauge theories as representative examples, focusing
on fermions transforming in the two-index antisymmetric representation. We detail a thor-
ough suite of technical validations for our algorithms, along with preliminary results, which
form the foundation for future large-scale computational studies. Moreover, we present a pa-
rameter space exploration of Sp(4) lattice gauge theories with varying numbers of fermions
in the antisymmetric representation. The results presented in this chapter are taken from
those obtained and shown in Refs. [178, 231].
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4.1 GRID framework implementation

We use GRID for our computational investigations. This C++ framework provides a sophis-
ticated, platform-independent library specifically designed for lattice gauge theory calcula-
tions. Its ability to run identical source code across various exascale architectures makes it
particularly valuable for long-term computational research. The framework has demonstrated
its versatility through successful applications in studying SU(N) gauge theories with vari-
ous fermion representations [204, 227]. Here, we detail our modifications to GRID, enabling
Sp(2N) gauge field configuration sampling.

Looking ahead to future studies incorporating dynamical fermions in Sp(2/N') gauge theo-
ries, we concentrated on implementing the HMC algorithm and its variant, the RHMC, which
is necessary for odd number of fermion species.

As with the routines for SU(N), our Sp(2N) implementation supports any number
of colours, with the Molecular Dynamics process starting from random Lie algebra-valued
momenta. The implementation extends GRID’s existing SU (V) framework to handle Sp(2N).

Key modifications we made include:

1. Generation of random sp(2N) Lie algebra-valued conjugated momenta using the gen-

erators defined in Appendix A.

2. Implementation of the generators in the 2-index antisymmetric representation of Sp(2NV),
according to Eq. (3.3.8).

3. In the numerical integration of Eq. (3.2.14), the HMC force must be projected onto
the Lie algebra of the gauge group. In GRID, this projection is embedded within the
integrator, which requires the forces to be anti-hermitian. Therefore, it is required a
projection operation onto the algebra sp(2/N). To implement it, we follow the procedure

for the su(N) algebra, where for a generic matrix, M, we project
P PouM, (4.1.1)

with Py M = M - 1n,nTr(M)/N and P,yM = (M — M'")/2 representing projections

onto the traceless and anti-hermitian parts, respectively.

For the sp(2N) algebra, the projection can be defined as follows:
Pan Py, Per M, (4.1.2)

where

M+ QM*Q

+ —
PEM = =

(4.1.3)
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Here, Fg, yields anti-hermitian matrices, while PS+p projects onto hermitian matrices.
4. Link re-symplecticisation via a modified Gram-Schmidt process [8], where we:

e Normalise the first column to unit length.
o Compute the (N + 1)-th column as Uij+N =~ Ez]zvl QikU,:j.

e Compute the second column by orthonormalising with respect to the first and
(N + 1)-th columns.

o Compute the (N + 2)-th column from the second column as done in the second

passage.

e Repeat until all the columns are filled.

This is a modification of the Gram-Schmidt process to take into account the definition of
symplectic groups, devised by Eq. (2.3.6), and it is performed after every configuration
update. It also automatically ensures that the determinant of gauge links is equal to one,
according to Egs. (2.3.6) and (2.3.7). The re-projection prevents the gauge degrees of
freedom from drifting away from the group manifold, which normally would be present

due to machine accuracy roundings.

In the next section, following Ref. [200], we verify our implementation through (R)HMC

algorithm tests, Molecular Dynamics behaviour analysis, and algorithm comparison studies.

4.1.1 Testing the algorithms

Our molecular dynamics evolution is performed using a second-order Omelyan integrator [232].
We focus on the Sp(4) theory with Nf = 0, and Nas = 4 in Eq. (3.3.1), conducting a series
of initial tests on the algorithms employed. The results are shown in Figs. 4.1, 4.2, 4.3, 4.4,
and 4.5, with the lattice parameters set to 5 = 6.8, and amg = —0.6, using an isotropic lattice
with volume V = (8a)?.

Firstly, we check whether Creutz’s equality [233] is fulfilled. By calculating the difference
in Hamiltonian, AH, before and after the molecular dynamics evolution, we expect to find
that

(exp (FAH))=1. (4.1.4)

Figure 4.1 displays the computed values of (exp (-AH)) for five different time-step choices
(AT = T/ngteps, With 7 = 1) in the molecular dynamics integration. These results are obtained

from a thermalised ensemble of 3400 trajectories, with an integrated plaquette autocorrelation
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Figure 4.1. Test of Creutz’s equality, {(exp(-AH)) = 1. Dependence of the expectation value
(exp(-AH)) on the molecular dynamics (MD) integration time step A7, for a system with gauge
group size N = 2, zero fundamental fermions (Nf = 0), and four antisymmetric-representation fermions
(Nas = 4). The trajectory length is fixed to 7 = 1, with the number of integration steps varied as
Ngteps = 14, 16, 18, 22, 26, corresponding to AT = T/ngeps. Simulations are performed on an ensemble
with lattice volume V'/a* = 84, at gauge coupling § = 6.8, and antisymmetric bare mass amg® = —0.6.
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Figure 4.2. Test of the independence of the plaquette on the molecular dynamics (MD) integration
time step A7, for N = 2, Ny = 0, and N,s = 4. The trajectory length is fixed to 7 = 1, and the
number of integration steps is varied as ngeps = 14, 16, 18, 22, 26, corresponding to AT = 7 /Ngteps-
Simulations are performed on an ensemble with lattice volume V'/a* = 8*, gauge coupling /3 = 6.8, and
antisymmetric bare mass amy® = —0.6. The horizontal line represents the plaquette value obtained by
averaging over all trajectories with different values of ngteps.

time Tfni)) =6.1(2), determined using the Madras-Sokal integrated autocorrelation time [234—

236], which is defined as

1 Tmax
Ting, = MAX [5 + ) r(r)], (4.1.5)
max t=1
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where

(X, - ) (Xiu, - ¥)
N -7 ’

X _N—T
¥(7) = 2; (4.1.6)

and the Monte-Carlo time series, X;, is assumed fully thermalised.

Alternatively, the exponential autocorrelation time, 7% | can be obtained by fitting the

Xp?
autocorrelation function, Cx (7):

Cx(r) = 3 (X - %) (Xir - X). (4.1.7)
=1

Cx (1) T

—CX(O) ~ eXp (_eTxp) , (4.1.8)

to an exponential decay. Additionally, Fig. 4.2 demonstrates that the average plaquette value
defined as in Eq. (3.4.35) remains unaffected by changing A, confirming the stability of the
integration.

Our third test evaluates the scaling behaviour of (AH) with respect to A7. For a second-
order integrator, (AH) is expected to scale as (A7)* [237]. Figure 4.3 shows the measurements
alongside a best-fit curve, parameterised as log(AH) = K1 1log(A7) + Ko. The fit yields K; =
3.6(4), in close agreement with the theoretical value of 4, with a reduced x?/Ng.o.r. = 0.6.

T T T
0.040 0.050 0.060 0.070 0.080

Figure 4.3. Scaling of the energy violation with the MD time step. Dependence of the expectation
value (AH) on the molecular dynamics (MD) integration time step A7, for N = 2, Nt =0, and N, = 4.
The quantity (AH) scales proportionally to (A7)%, as expected for a second-order integrator. The plot
is shown on a log-log scale. The trajectory length is fixed to 7 = 1, and the number of integration steps
is varied as ngeps = 14, 16, 18, 22, 26, corresponding to AT = T/ngeps. Simulations are performed on
an ensemble with lattice volume f//a4 = 8%, gauge coupling 3 = 6.8, and bare mass amg = —0.6.
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Figure 4.4. Test of the relationship between acceptance probability and AH for the theory with NV = 2,

Nf =0, and N,s = 4. The expected behaviour, Py = erfc( Y %H) ,is confirmed. The trajectory length is
fixed to 7 = 1, with the number of integration steps varied as nsteps = 14, 16, 18, 22, 26, corresponding
to AT = T[ngpeps- Simulations are performed on an ensemble with lattice volume V/a4 =84 gauge

coupling 8 = 6.8, and bare mass amg = —0.6.

Finally, a related test verifies the acceptance probability, Pyacc, of the algorithm, as illus-

trated in Fig. 4.4. The measurements are consistent (Fig. 4.5) with the theoretical predic-
tion [238]:
1
PaCC:erfc(?/(A )). (4.1.9)

x10~11
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Figure 4.5. Reversibility test displaying [0 H| for various values of the molecular dynamics time step
AT, in the theory with N =2, N; =0, and N,s = 4. The trajectory length is fixed at 7 = 1, with the
number of integration steps varied within ngeps € [16,26], corresponding to A7 = 7/ngpeps. Simulations
are performed on an ensemble with lattice volume V/a4 = 8%, gauge coupling 3 = 6.8, and bare mass
amg = —0.6.
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Figure 4.6. Contribution of fields to the molecular dynamics (MD) force in the theory with N =2,
Nf = 0, and N, = 4, simulated on an isotropic lattice with volume V = (8a)* and lattice coupling
B =6.8. The two blocks display the contributions from gauge fields (light shading, left) and fermions
(dark shading, right), with fermion forces computed using the Hybrid Monte-Carlo (HMC) algorithm.
Fermion contributions are summed over all flavours. The six panels correspond to different bare anti-
symmetric masses: am§® = -0.9, -0.1, +0.6, +1.8, +15, +50, arranged left to right and top to bottom.

As outlined in Refs. [200, 239], ensuring reversibility is essential to validate correct HMC
updates. While the leapfrog algorithm is analytically reversible, numerical precision can
compromise this property in practical implementations. Finite precision may lead to small
deviations from reversibility, potentially introducing biases if left unchecked. To address this,
we verify that the key steps in our algorithm uphold approximate reversibility. Specifically, we
monitor the difference in Hamiltonian, |§H|, after evolving the molecular dynamics forward
and backward while flipping the momenta at 7 = 1. In our simulations, |§ H| remains negligible,
with typical values around ~ 107!, despite the Hamiltonian being of order ~ 10°. The entity
of the observed violation aligns with the expected precision of double-precision floating-point
arithmetic. Additionally, the observed |0 H| is independent of Ar.

Reversibility violations may arise from the updates to gauge link variables and mo-
menta. To minimise such effects, we update the gauge links via exponentiation, ensuring
U(r)U(-7) = 1, and rely on double-precision arithmetic to keep relative momentum vi-

olations within machine accuracy. These measures effectively mitigate global reversibility
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Figure 4.7. Comparison of plaquette averages (P) obtained using the HMC and RHMC algorithms
for the theory with N =2, Nt =0, and N,5 = 4. The value (P)myc is obtained by simulating two pairs
of fermions using HMC. For (P)rumc (top panel), RHMC was applied separately to each fermion. The
quantity (P)apmco+2ruMc (bottom panel) corresponds to simulations where two fermions were evolved
with HMC and the other two with RHMC. Simulations are performed at lattice coupling £ = 6.8, with
bare mass in the range —1.4 < amf® < 0.0 with steps of magnitude 0.2. The lattice is isotropic with
volume V = (8a)*.

violations in the algorithm.

To further illustrate the dynamics of the physical system in consideration, we examine
the contributions of the fields to the molecular dynamics force, F', as defined in Eq. (3.2.14),
under varying lattice parameters. Focusing on the theory with N =2, Ny = 0, and N,g = 4,
we study several ensembles with isotropic lattices of volume V = (8a)* and lattice coupling
B = 6.8, varying the mass am{®. Figure 4.6 presents the force decomposed into contributions
from the gauge and fermion dynamics. The fermion forces are computed using the HMC
algorithm, and the results are normalised such that the gauge contribution remains constant.
As shown, for large positive values of am{®, the fermion contribution is negligible, consistent
with the quenched regime. As the mass decreases, the fermion contribution grows, eventually

surpassing the gauge contribution for very negative Wilson bare masses near the chiral limit.

While the main focus in this chapter is on the theory with NV =2, Ny = 0, and N, = 4,
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where we can utilise the HMC algorithm, for more general purposes of study it may be
necessary to consider odd numbers of fermions. In such cases, we make use of the RHMC
algorithm, which is deployable for a generic number of fermions. This method uses a rational
approximation to compute the fermion force, but the inclusion of a Metropolis accept-reject
step guarantees the exactness of the algorithm. To verify the accuracy of the Remez imple-
mentation, one could, in principle, use any function of an arbitrary matrix, M. In particular,
choosing diagonal matrices simplifies the comparison. This was a preliminary test employed
while developing the code. A further test can be conducted to verify the consistency and
accuracy of our implementation, similar to what has been performed for SU(3) theories (see
Ref. [240]). To evaluate the numerical precision of the implementation, we compute the aver-
age plaquette, (P), defined as in Eq. (3.4.35), where the lattice volume is V = (8a)*, and the
coupling is set to 8 = 6.8. This computation is performed for several representative values of
the bare mass, —1.4 < amf® <0.0.

We repeat this analysis under three distinct scenarios:

o All fermions treated with the HMC.
e All fermions treated with the RHMC.

e A mixed approach, where two fermions are treated with the HMC and the remaining
two with the RHMC.

The results are summarised in Fig. 4.7, where the differences between the second and third
methods relative to the first are shown in the two panels. For most data points, these differ-
ences are statistically consistent with zero, well within the uncertainties. Broadly speaking,
given the number of observables examined, the probability of observing a deviation greater

than 30 from zero is approximately 12%.

4.1.2 Wilson flow and topology on GRID

We study the Sp(4) gauge theory with Ny = 0 and N,g = 4, focusing on the procedure for
setting the lattice scale using the Wilson flow. Additionally, we monitor the evolution of
the topological charge with respect to the number of trajectories, to check that topological
freezing is avoided. While our analysis is carried out on selected representative cases, the
conclusions drawn remain applicable across the full range of parameter sets considered.

The Wilson flow [241, 242] is a versatile tool for lattice studies, serving two essential
purposes. First, it offers a robust and theory-independent method for setting the lattice
scale, making it particularly valuable for theories lacking direct experimental benchmarks.
Second, it smoothens gauge field configurations, suppressing short-distance fluctuations and
reducing numerical noise in the computation of observables like the topological charge, @,

which is sensitive to ultraviolet fluctuations.
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Figure 4.8. Wilson flow [241, 242] energy density £(t) (left) and its derivative W(¢) (right), computed
following the process outline in Refs. [8, 18]. Results are shown for the Sp(4) gauge theory with
N,s = 4 antisymmetric fermions. Calculations use both the standard plaquette (pl) and clover-leaf (cl)
discretizations [243, 244]. Simulations are performed on a lattice volume V = (12a)*, at bare couplings
B = 6.8 and 6.9, with a common bare mass am{® = —0.8. The flow time step is set to 0.01, and the
maximum flow time ¢, = 4.5 is chosen to suppress finite-volume effects. Errors are estimated using
bootstrap resampling. The reference value W is fixed to %Cf (half of the eigenvalue of the quadratic
Casimir operator), resulting in scale-setting parameters wg p1 = 1.485(3) and wg,a1 = 1.495(2) at 5 = 6.8,
and wo p1 = 2.005(2) and wo o1 = 2.026(2) at 5 =6.9. For convenience, the lattice spacing is set to a = 1.

Following Refs. [8, 18], the Wilson flow introduces a fictitious flow time ¢, defined through

the evolution equation:
dB,(z,t)

dt

with boundary condition B, (z,0) = A,(x), where A, (z) is the four-dimensional gauge field,

= D,Gypu(z,t), (4.1.10)

D,, the corresponding covariant derivative, and G, (t) = [D,, D,]. The flow smoothens field
configurations over a Gaussian kernel with radius \/8t.
To set the scale, we evaluate flow observables:

2
E(t)E%(Tr (Co() G (D)]) . and W(t)zt%é’(t), (4.1.11)

and define reference scales such as tg, where E(to) = &, or wy, satisfying W(t = wg) = W.
The parameter W is typically chosen as Wy = ¢,,Ct, where C¢ = (1+2N)/4 is the fundamental
Casimir for Sp(2N) and there are several choices that have been operated in the literature
for ¢,,. Two examples are ¢, = 0.225, 0.5 [178, 245]. In this chapter, we make use of ¢,, = 0.5.
On the lattice, gauge fields A, (x) are replaced by link variables U, (x), and B, (x,t) is
replaced by V,,(z,t) with V,(«,0) = U,(z). The field strength G, can be computed using
either the standard plaquette (V,,(x,t), when built through the variables V, (z,t)), where,

according to Ref. [241],
E)=t*> 3 Re Tr[1 -V (z,t)], (4.1.12)

reZ p<v
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Figure 4.9. Evolution of the topological charge, Qr(t = w3) = ¥, 327r2 et P Tr [Cpu (2)Cpo ()],

evaluated at flow time t = wo for the Sp(4) theory with N,s = 4 antisymmetric fermions. Results are
shown for lattice volume V = (12a)*, with bare coupling 3 = 6.8 (top panel) and 3 = 6.9 (bottom
panel), and bare mass amj3® = -0.8. The hlstograms (right) exhibit Gaussian distributions centred
at zero, with reduced ch1 square values X = Xg/Nd,o_f_ = 1.1. Integrated autocorrelation times are
mt =31(3) (top) and 7'mt =238(12) (bottom), computed using the Madras-Sokal algorithm.

or directly through the clover-leaf operator [243, 244] that is defined as follows:

Cou () = 8%2 (U (2)Us (s + 1)U (2 + 9) U () +
+U (2)Uf (z+ 0= p)US (2 = ) Uy (2 — 1) + (4.1.13)
+UN @ - U (x = 0= DU, (=0 = U (2 = 2)+
+UN(z - D) U (2 - 0)U, (x - 0+ o)U} () —h.c.} .

Ideally, the lattice scale should be set in a manner that minimises dependence on mi-
croscopic details. In practice, however, scale-setting using the Wilson flow is influenced by
the specific lattice discretisation of the flow equation in Eq. (4.1.10) and the observable
Tr[GG ] in Eq. (4.1.11). Different discretisation schemes can yield slightly different scale
values for a fixed lattice cutoff. Nevertheless, choosing an appropriate flow time, ¢, signifi-

cantly mitigates these discretisation effects.
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To illustrate this, Fig. 4.8 presents results for the Sp(4) gauge theory with N¢ = 0 and
Nas = 4, for two representative values of 3, along with a fixed lattice volume V and bare
mass amy®. The plots show the flow observables £(t) and W(t) as functions of the flow
time, comparing the outcomes for two lattice regularisations of the action: the elementary
plaquette (3.1.21), U,,, and the clover-leaf operator (4.1.13), C,,. We observe that the
observable W(t) shows reduced sensitivity to short-distance discretisation effects compared
to E(1).

Wilson flow observables have also been employed in defining non-perturbative running
couplings, as discussed in Refs. [246-250] and reviewed in [251]. While this is a promising
avenue for further applications of the Wilson flow, such studies demand extensive compu-
tational resources, including large lattices, which are beyond the scope of this introductory
work.

The topological charge density is defined as

qr(z,t) = P Ty [Cpu (0, 1)Cpo (2, )] (4.1.14)

3272

and the total topological charge is given by Qr,(t) = ¥, qr(z,t), where t denotes the flow time.

We aim to confirm that topological freezing does not occur. To this end, Fig. 4.9 shows
the evolution of Qr (t = w) for the Sp(4) theory with Nt = 0 and N,s = 4, using two values
of f and a common bare mass. The trajectories of Q(t) are plotted alongside histograms of
their distributions. Visual inspection reveals no signs of topological freezing, as this quantity
moves freely through different values of opposite signs, and its distribution appears Gaussian,
as expected, and centred at the null value. The former conclusion is reinforced by apply-
ing the Madras-Sokal windowing algorithm [234], which yields estimates for the integrated

autocorrelation time, Tigt, of the topological charge. In both cases, @

it is orders of magni-

tude smaller than the number of trajectories, and the histograms are well-fitted by Gaussian
distributions centred at (Qr(t = w3)) = 0.

The results presented here demonstrate that the Wilson flow and topological charge, com-
puted with a new software implementation based on GRID and tested on GPU architectures,
perform as expected for the Sp(4) gauge theory with Ny = 0, and N, = 4. These findings
are consistent with those reported in the literature for similar theories, confirming that the

simulation algorithms and observable calculations are free from systematic artefacts.
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Figure 4.10. Study of finite-size effects in the Sp(4) Yang-Mills theory. The histograms show the
distribution of (real) Polyakov loops for ensembles at fixed coupling 5 = 9.0 and four different lattice

volumes: V = (2a)*, (4a)?, (12a)%, (20a)*. All histograms are normalised such that their areas equal
1.

4.2 Sp(4): centre symmetry and global symmetry breaking

This section aims to show how several symmetry-breaking patterns are respected in our
findings. This signals the correct implementation of the symplectic gauge group in the GRID
code. This study of Sp(4) theories can be done by initially analysing its pure Yang-Mills
dynamics, where N¢ =0 and Nus = 0 in Eq. (3.3.1). We begin by examining the behaviour of
the centre symmetry, depending on the centre group, (22)4. This global symmetry is broken
at small volumes but restored at sufficiently large volumes. The analysis of the Polyakov
loop, follows a methodology similar to Ref. [252]. Subsequently, as in Ref. [204], we explore
the spectrum of the Dirac operator in the quenched approximation, for both fundamental
and two-index antisymmetric fermions, verifying the anticipated symmetry-breaking pattern
predicted by random matrix theory.

The results of the centre symmetry analysis are shown in Fig. 4.10. At a fixed coupling
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of § =9.0, we generate four ensembles in the pure Sp(4) theory, corresponding to different
space-time volumes: V = (2a)*, (4a)?, (12a)%, (20a)*. For each configuration, we compute

the spatially averaged real Polyakov loop, defined as:

1 t=N¢—1 ~
o= NN Zf:Tr( E([) Uo(t,w)) , (4.2.1)

where Uy(t,Z) denotes the time-like link variable. The lattices are isotropic, with equal extent
in all four directions, Ny = Ny = L/a. The frequency histograms of ® for each ensemble are
displayed in Fig. 4.10.

In the zero-temperature limit, the Sp(4) lattice theory is expected to preserve the (22)4
centre symmetry in four-dimensional Euclidean space-time. This behaviour is confirmed at
large volumes, as shown in the bottom-right panel of Fig. 4.10 for N; = N, = 20, where the
distribution of ® is Gaussian and centred at zero. However, at smaller volumes, this symmetry
is broken, as evidenced in the other panels of Fig. 4.10. For these cases, the distribution of ®
becomes non-Gaussian, with two additional peaks emerging symmetrically around zero. At
the smallest volume, N; = N, = 2, the distribution is dominated by two peaks at finite values
of ®, while maintaining overall symmetry around zero.

Polyakov loops are also valuable tools for studying the finite-temperature (de)confinement
phase transition. This is operated for symplectic gauge theories in Refs. [253] and [229], and
requires lattices with Ny # Ng, varying the coupling S to locate the critical temperature, and
performing continuum and infinite volume extrapolations.

The Wilson-Dirac formulation for mass-degenerate Dirac fermions in Eq. (3.3.2) explicitly
breaks the global symmetry G of Eq. (2.2.10). This can be verified on ensembles of gauge
configurations in the quenched approximation, to verify the correctness of our implementation
of the Dirac operators. Following Ref. [204] (and Ref. [16]), we consider the theory with
quenched fermions in either the fundamental or two-index antisymmetric representation and
compute the spectrum of eigenvalues of the Hermitian Wilson-Dirac operator, @, = v5Dp,.
The number of configurations is Neonrr = 88 for fundamental fermions and Negnfas = 47
for antisymmetric fermions, with 3696 eigenvalues for fundamental fermions and 5120 for
antisymmetric fermions per configuration. We then compute the distribution of the folded
density of spacing, P(s), as in Ref. [16], and compare the results with the predictions from
chiral Random Matrix Theory (chRMT) [254, 255].

Since the spectrum reflects the properties of the theory, particularly the pattern of chiral
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Figure 4.11. Distribution of the folded spacing density between consecutive eigenvalues of the Her-
mitian Wilson-Dirac operator Q,, = vy5D,,, compared with predictions from chiral Random Matrix
Theory (chRMT). Results are computed in the quenched approximation for ensembles with coupling
§ = 8.0, bare mass amg = -0.2, and lattice volume V = (4a)* in the Sp(4) theory. The left panel
corresponds to fermions in the fundamental representation, while the right panel shows fermions in
the two-index antisymmetric representation.

symmetry breaking [256], the distribution P(s) varies depending on the expected symmetry-
breaking pattern. The folded density of spacing is given by

Gi1 (B 2(8
A+ (§+1) r (§+1)

R S (4.2.2)

P(s) = Ngsﬁexp (—6652) , where Nj= 21“59—(52)7 s - (@) ;

2 2
where /3 is the Dyson index. This index can take three values: 3 = 2 corresponds to the
symmetry breaking pattern SU(Ny) x SU(Ny) - SU(Ny), =1 to SU(2Ny) - Sp(2Ny)
which is the relevant fundamental representation case, and 3 = 4 to SU(2Ny) — SO(2Ny)
which represents the two-index antisymmetric fermions case in the symplectic theory.

To evaluate the consistency of our results with the chiral random matrix theory (chRMT)
prediction in Eq. (4.2.2), we calculate the eigenvalues of the operator @, for a total of
Neons configurations. For each configuration c¢, indexed as ¢ = 1,..., Neonf, the eigenvalues
)\EC) are computed and sorted in ascending order. In the case of fermions in the two-index
antisymmetric representation, we discard any degenerate eigenvalues. From this sorted list,
we assign a rank ngc) to each eigenvalue )\EC), corresponding to its position in the ordered
sequence. The eigenvalue spacings, s, are then defined as:

nl©) (e)

ivl 'Y
=) 4.2.3
s N ( )
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where A is a normalisation factor ensuring the mean spacing satisfies (s) = 1. Using these
spacings, we construct the unfolded density P(s) by binning the values of s and normalising
the resulting histogram.

In Fig. 4.11, we show the numerically computed folded eigenvalue distributions for the
Wilson-Dirac operator. For fundamental fermions, the observed distribution matches the sym-
metry breaking pattern corresponding to the coset SU(2N¢)/Sp(2Ny), while for fermions in
the two-index antisymmetric representation, the results align with the coset SU(2Nf)/SO(2Ny).
These findings demonstrate excellent agreement with chRMT predictions. Moreover, it is no-
ticeable that, since the Wilson-Dirac fermions discretisation shows the same bilinear form
as the mass term of a Lagrangian as in Eq. (2.2.2) and the corresponding chiral condensate
(Eq. (2.2.11)), it shows their same symmetry breaking pattern, devised in Section 2.2.

To minimise finite-volume artefacts, we carefully selected the lattice sizes for our study.
Such artefacts can distort the spacing distribution, especially for the largest and smallest
eigenvalues. In smaller volumes, this leads to unusually large spacings that deviate from the
expected chRMT behaviour, an issue we interpret as a finite-size effect. For the two-index
antisymmetric representation, we observe that even at a volume of V = (4a)*, the results
adhere to the chRMT predictions without requiring any corrections. In contrast, for the
fundamental representation, the inclusion of extreme eigenvalues introduces discrepancies.
By excluding the 200 smallest and largest eigenvalues, reducing the total count from 4096 to
3696, we eliminate these deviations. This approach allows the fundamental representation to

reproduce the chRMT predictions even at relatively small lattice volumes, such as V = (4a)*.

4.3 Bulk phase structure

When exploring a theory on the lattice, it is important to check whether bulk phase transitions
are present. The physical region of interest is separated by the bulk region by a (first-order)

phase transition'

. In this section, we present a study of the bulk phase structure for the
Sp(4) gauge theory with Ny = 0 (pure gauge theory), and then allowing the system to have
dynamical fermions. This involves comprehensive parameter scans and provides preliminary
measurements, laying the groundwork for future large-scale numerical studies. We do so,
while varying numbers of fermions (N,s) in the antisymmetric representation. The initial
focus is on the case N,z = 4.

A preliminary exploration of the lattice parameter space is performed to locate phase
transitions in the (3,mg) plane. This investigation involves analysing the average plaquette,

(P), its susceptibility, and potential hysteresis phenomena. From this analysis, we estimate

'The presence of a sharp cross-over is also a possibility in the context of bulk-to-physical phases separation.
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Figure 4.12. Parameter scan of the Sp(4) theory with N,s = 4 antisymmetric fermions. Ensembles
generated from cold starts using the Hybrid Monte-Carlo algorithm are analysed. The average pla-
quette, (P), is shown as a function of bare mass across a range of lattice couplings 8. Simulations
use lattices of volume V = (8a)*. Couplings span 3 = 7.0,6.8,6.6,6.5,6.4,6.3,6.2,6.0, 5.8, 5.6 with bare
masses between —1.4 and 0.0.

the critical coupling 5., which defines the upper limit of the bulk phase. Above f3,, the lattice
results can be extrapolated to the continuum limit.

Figure 4.12 depicts the average plaquette, (P), calculated from ensembles initialised with
cold starts. Simulations were carried out on a lattice volume V = (8a)*, with the bare mass
spanning —1.4 < amg® < 0.0 and S ranging from 5.6 to 7.0. For small 5 and large negative
am{®, a sharp discontinuity in (P) was observed, signalling a first-order bulk phase transition.
In other regions of parameter space, (P) varied smoothly, consistent with a crossover.

To confirm these findings, simulations with thermalised (hot) and cold starts were com-
pared. Figure 4.13 demonstrates the dependence of (P) on am{® at fixed 3, highlighting the
hysteresis for 5 < 6.4. This behaviour provides strong evidence of a first-order phase transition
at a critical mass amg®*

The plaquette susceptibility, x p, defined as

xp = — ((P*) - (P)?), (4.3.1)

%;l <

offers further insights. Figure 4.14 shows yp for two lattice volumes, V = (8a)* and V =
(16a)%, at B = 6.2 (where a first-order transition occurs) and 3 = 6.5 (where a smooth crossover

is observed). At [ = 6.2, the susceptibility peak height scales with the four-volume, and the
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Figure 4.13. Hysteresis between hot (red) and cold (other colours) starts for N,s = 4 fermions in
the antisymmetric representation of the Sp(4) gauge theory. Simulations were performed at lattice
couplings 8 =6.4,6.3,6.2,6.0,5.8,5.6, displayed left to right, top to bottom, on lattices with volume
V = (8a)*. The bare mass was varied over the range 1.4 < am3® < 0.0.

peak position shifts with volume, consistent with a first-order transition. In contrast, xp
exhibits no significant scaling at 5 = 6.5.

The parameter scan was extended to other values of Ng, using the RHMC algorithm for
odd N5 and HMC for even N,s. This allows us to study the variation of ., the coupling
defining the bulk phase boundary, with N,s. Figure 4.15 summarises the results, showing (P)
as a function of the bare parameters for various N,s. For the pure gauge case, our results
are consistent with those in Ref. [253], with 8. ~ 7.2. For a larger number of fermion species
than the case study N, > 4, the upper bound of the bulk phase, 3, decreases progressively.
Specifically, for Nys = 5, we find B, ~ 6.3. For Ny = 6, the upper bound is 8, ~ 6.2. For
Nys =7, 1t is B, ~ 6.1, and for Ny = 8, we obtain 8, ~ 6.1. For a lower number of fermions,
Nys < 4, for Nag = 1 the upper bound is B, ~ 6.7. For N,s = 2 the upper bound is 3, ~ 6.7,
and for Nus =3 it is S, ~ 6.5, in agreement with the values found in Ref. [9].

In conclusion, we can assert that increasing the fermion content lowers 3, and raises the

(as)*
0

critical mass am, , illustrating the impact of N, on the phase structure.
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Figure 4.14. Plaquette susceptibility, x p, measured in the Sp(4) gauge theory with N, = 4 fermions
in the antisymmetric representation, evaluated on lattices of size V = (8a)? and V = (16a)*. Results
are presented for two values of the lattice coupling: = 6.2 (left panel) and § = 6.5 (right panel). The
corresponding bare mass ranges are —1.18 < amj® < -1.04 for § = 6.2, and -1.01 < amf® < -0.91 for
B =6.5. The scenario displayed in the left plot is expected for a first-order phase transition, the right
one for a cross-over.



Chapter 4. A numerical framework for symplectic lattice gauge theories: GRID 75

1.0
B8
Ny =0 0707 N, =1 6.6 ——69
081 0.65 —— 67 ——17.0
——(.8 ——7.1
0.60
0.6
£ £ 0.55 1
0.4 0.50
0.45
0.2
0.40
0.0 T . T T : : : : 0.35 : . . . T : : :
0 2 4 6 8 0 12 14 16 18 —14  -12 -10 -08 -06 -04 —02 00
B amf®
0.70 g 0.70 B
: Ny =2 ——62 ——06 : Ny =3 58 ——06.5
0.65 4 ——64——67 0.65
——06.5 6.8
0.60 4 0.60
& 055 & 0.55
0.50 4 0.50
0.45 0.45
0.40 0.40
0.35 L, : : : : : : : 0.35
-14  -12  —-10 -08 —06 —04 —02 00
amg®
0.70 0.70
0.65 0.65
0.60 4 0.60
& 0.55 055
0.50 4 0.50
0.45 0.45
0.40 0.40
0.35 4 0.35
0.70 4 0.70
0.65 4 0.65
0.60 0.60
& 0.55 2 0.55
0.50 4 0.50
0.45 0.45
0.40 0.40
0.35 1, . . . . . . . 0.35 1,
-14  -12  —-10 —08 —06 —04 —02 00 —14 12  —-10 —08 —06 —04 —02 00
amg® amf®

Figure 4.15. Parameter scan of the Sp(4) theory with varying numbers of antisymmetric fermions,
N,s=0,1,2,3,5,6,7,8, shown in panels arranged left to right and top to bottom. All ensembles were
generated from a cold start, using HMC/RHMC algorithms for fermions. For N, > 0, the average
plaquette (P) is plotted as a function of the bare mass over selected values of the gauge coupling 3. For
the pure gauge case (Nus = 0), only § varies. Simulations are performed on lattices with volume V=
(8a)4. The bare mass ranges are —1.4 < am{® < 0.0 for Nps > 2, and -1.5 < amf® < 0.0 for Ny = 1. The
gauge couplings explored are: for pure gauge, 1.0 < 5 < 16.0; for N,s =1, f=7.1,7.0,6.9,6.8,6.7,6.6;
for Nus =2, 8 =6.8,6.7,6.6,6.5,6.4,6.2; for N, = 3, B = 6.8,6.7,6.6,6.5,6.4,6.2,6.0,5.8; for N,s =
5 B =6.6,6.564,6.3,6.2,6.1,6.0,5.8; for Ny = 6, 5 = 6.4,6.3,6.2,6.1,6.0,5.8; for Nys = 7, 8 =
6.4,6.2,6.1,6.0,5.9,5.8; and for N,s =8, 5=6.3,6.1,6.0,5.9,5.8,5.7.
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Chapter 5

Spectral densities

In Section 3.5, a novel method for extracting spectral densities from lattice correlation func-
tions, called HLT, was described. A software (LSDensities) has been specifically designed
for spectral density reconstruction, and made available for public use [164], to encourage the
usage in broader contexts in lattice field theory research. The results shown in this chapter
are the ones presented in Refs. [179, 257, 258].

We study the meson spectra in a Sp(4) gauge theory with fermions transforming in
mixed representations, fundamental and two-index antisymmetric, a candidate for ultraviolet
completions of Composite Higgs Models [140]. This theory, featuring two Dirac fermions in
the fundamental representation and three in the two-index antisymmetric representation, has
gained attention [8-18, 20-26, 178, 206, 259, 260]. In this chapter, we show the results for
smeared spectral densities for the two-point correlation functions defined in Table 3.1 and
Eq. (3.4.3). This study focuses on flavour non-singlet states and chimera baryons.

The analysis reveals improved statistical accuracy, good control of systematic uncer-
tainties. Decay constants are also extracted, complementing the spectral study. These ad-
vancements are validated against benchmark observables, laying a solid foundation for future
applications, which might include both QCD and other strongly coupled gauge theories. This
work demonstrates the potential of spectral densities as a versatile tool for studying both the
Standard Model and BSM theories.

5.1 Lattice theory and lattice setup

In this chapter, we make use of the lattice setup described in Eq. (3.3.2). In particular, we
consider a Sp(4) gauge theory on the lattice with Ny = 2 fermions transforming in the funda-
mental representation and N, = 3 fermions in the two-index antisymmetric representation.
Gauge configurations are generated using the GRID software suite [145-147], which in-
cludes functionality for Sp(2N) gauge groups [178], described in the previous chapter. Dy-
namical fermions in the fundamental representation (f) are simulated using the HMC algo-

rithm [199], while the antisymmetric representation (as) fermions are handled via the RHMC
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Table 5.1. Parameters of the Sp(4) ensembles used in the spectral density study. We denote the
inverse gauge coupling by /3, and the bare mass of the Wilson-Dirac fermions in the fundamental
representation by am(f). The simulations are performed on lattice volumes N; N2a*. The antisymmetric
bare mass is fixed to be ami® = —1.01. The number of gauge configurations Ncons is also reported,
together with the number of thermalisation steps, Niperm, and the number of complete sweeps between
configurations, ngip. For each ensemble, the average plaquette value, (P), the Wilson flow scale, wo/a,
and the average topological charge, @, are also reported.

Label B amg Nt NS Ntherrn Tskip Nconf <P> wO/a Tigt Q

ML | 65| -0.71 | 48 | 20 | 3006 | 14 | 479 | 0.585172(16) | 2.5200(50) | 6.9(2.4) | 0.38(12)
M2 | 6.5 |-0.71| 64| 20 | 1000 | 28 | 698 | 0.585172(12) | 2.5300(40) | 7.1(2.1) | 0.58(14)
M3 | 6.5 |-0.71| 96 | 20 | 4000 | 26 | 436 | 0.585156(13) | 2.5170(40) | 6.4(3.3) | -0.60(19)
M4 |65 |-0.70 | 64 | 20 | 1000 | 20 | 709 | 0.584228(12) | 2.3557(31) | 10.6(4.8) | -0.31(19)
M5 |6.5]-0.72 | 64 | 32 3020 20 295 | 0.5860810(93) | 2.6927(31) | 12.9(8.2) | 0.80(33)

algorithm [261]. The determinant of the Dirac operator for the (as) fermions remains pos-
itive and real, ensuring the absence of sign problems [16, 262]. Algorithm tuning achieves
acceptance rates of 70%-80%, typically using 27-36 integration steps per unit of Monte-Carlo
time. Additionally, resymplecticisation and even-odd preconditioning are applied after each
gauge update, as detailed in Ref. [16].

The simulations are performed on hypercubic lattices with spatial extent Ng and temporal
extent V¢, yielding a total four-dimensional volume of Vj = L3xT, where L = Nya and T = Na.
Boundary conditions are periodic for the gauge fields, while the fermion fields employ periodic
spatial and anti-periodic temporal boundary conditions.

Three primary parameters define the lattice action: the inverse gauge coupling 3 = 8/¢°
and the bare fermion masses, mg and mf®. To avoid the unphysical bulk phase at strong
coupling (5 < 6.3), we fix § = 6.5 [16]. For the ensembles used in this work, the bare mass

of the (as) fermions is set to am§® = —1.01, while am(f) is varied across a narrow range, as

outlined in Table 5.1.

The average plaquette, (P), is computed for each ensemble as in Eq. (3.4.35), and serves
as an input in determining the tadpole-improved coupling, 32 = g?/(P) [214, 263], defined in
Eq. (3.4.33).

The measurements of the two-point correlation functions have been supported by APE
and Wuppertal smearing. More details about the smearing procedures are provided in
Appendix C and the smearing parameters choice is consistent with the one in Ref. [179]:

aapg = 0.4, Napg = 50 for APE smearing, and ¢ = 0.20, €,5 = 0.12 for Wuppertal smearing.
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Figure 5.1. Monte-Carlo trajectory (left) and histogram (right) of the average plaquette, (P), for
ensemble M1 (see Tab. 5.1). Other ensembles exhibit similar behaviour. The red line represents a
Gaussian fit to the histogram.

5.1.1 Characterisation of the ensembles

As described in Chapter 4, the Wilson flow [241] plays a central role in two main tasks.
The first is the determination of the physical scale for our lattice ensembles [264], and the
second is the extraction of topological properties through UV noise suppression. We follow
the conventions established in Ref. [18].

We define the quantity W(t), which evolves with the flow time ¢, as outlined in Chapter 4.
The gradient flow scale, wy, is introduced via the condition W(t)

fw? = Wo = ¢wCr (where
Ct is the eigenvalue of the quadratic Casimir operator with fundamental fermions), with the
choice of ¢, = 0.225'. Dimensionful quantities in this work are normalised to wy, indicated
with a hat notation, such as m = (ma)(wp/a). The extracted values of wy/a, computed using
the clover discretisation for G, in Eq. (4.1.11), are provided in Tab. 5.1.

The topological charge, @, on the lattice is computed using Eq. (4.1.14), with the gradient
flow applied to mitigate UV fluctuations. Across all ensembles, no signs of topological freezing
are observed. The Monte-Carlo algorithm successfully samples configurations with a broad
range of () values. To confirm this, we analyse the autocorrelation of ) and the average
plaquette, (P), as functions of Monte-Carlo time.

The gradient flow scale, topological charge, and hadronic correlators are measured using
the HiRep code [200, 266], extended to support symplectic gauge groups [267]. Configuration
files generated via the GRID code are translated into the required format using the Gauge
Link Utility (GLU) library [268].

! As mentioned in Ref. [265], the choice of Wy = 0.225-C; is determined by initially setting Wy = 0.3 for the
SU(3) Yang-Mills theory and subsequently employing large-N scaling assumptions of the relevant observables
to compare with Sp(4).
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Figure 5.2. Monte-Carlo trajectory (left) and histogram (right) of the topological charge, @, for
ensemble M2. A Gaussian fit is overlaid in red. Modest residual autocorrelations are observed, but
the results remain consistent across all ensembles.

To quantify autocorrelations, we analyse the Monte-Carlo time series for an observable

X, where 7 =1,..., N indexes the trajectory, X; are individual measurements, and X is the

mean value. The integrated autocorrelation time, Tifft, is computed following the Madras-
Sokal definition from Chapter 4, as detailed in Eq. (4.1.5).

In Fig. 5.1, we show a representative trajectory of the average plaquette in Monte-Carlo

(P)

time. Across our ensembles, we observe that the exponential autocorrelation time, 7exp

(Eq. (4.1.7)), is consistently shorter than the integrated Madras-Sokal autocorrelation time,

P o . . .
Ti(nt ). To mitigate autocorrelations, we retain one gauge configuration every ng, Monte-Carlo
. . . P P . . .
time units, choosing ngp 2 Ti(nt), where Ti(nt> denotes the integrated autocorrelation time of

the average plaquette. Observables are measured on these configurations. This yields Neont
total measurements. The values of N..,¢ for each ensemble are listed in Tab. 5.1.

We also compute the topological charge @@ on the same Nq,¢ configurations used through-
out this work. As with the plaquette, we examine the Monte-Carlo history, determine auto-

correlation times, and present the distribution of () in a histogram. An example is shown in

Fig. 5.2. The integrated autocorrelation time o

. and the ensemble average Q are reported

in Tab. 5.1. The distributions are qualitatively Gaussian, although Tigt > 1 and a nonzero Q
are observed in all cases. We conclude that the configurations used in this study exhibit a

moderate level of residual autocorrelation in the topological charge.’

2In pure gauge theory, even ensembles with complete topological freezing show no significant effect on the
glueball spectrum [36].
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Figure 5.3. Reconstruction of the smearing kernel for the vector meson (V) formed by fermions in
the fundamental representation of Sp(4). Data are taken from ensemble M2, with the vector meson
mass my determined using the GEVP method. The smearing parameters are set t0 Tmax = Nt/2,
a =0, and o =0.40 my.

5.2 Spectral densities techniques

In this section, we report several methodological studies on real data (unless stated), and
analysed by using the LSDensities code [164]. We show how results vary by changing
the smearing kernel A, (FE —w), the smearing radius o, the effect of APE and Wuppertal

smearings [209-213], and more.

5.2.1 Smearing kernel analysis

As introduced in Chapter 3, the HLT method supports the use of various smearing kernels,

Ay (E —w), to model the energy distribution. Two widely used forms are:

exp (—M), (5.2.1)

AD(E - w) = o
g

Z(w)

and
o

A(E-w) = o

(5.2.2)

where Z(w) ensures proper normalisation for the Gaussian kernel and the two kernels ensure
the properties described around Eq. (3.5.6).

A direct comparison between the target kernels, A,(F - w), and their reconstructed
versions, A, (F —w), is presented in Fig. 5.3, showing close agreement (Eq. (3.5.10)) when

the parameters A and o are carefully tuned. To limit the impact of systematics, we impose
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Figure 5.4. Energy dependence of reconstructed kernels for o = 0.28my (ensemble M2). Target
(curves) and reconstructed (points) kernels are shown for w/my ~ 1.0,1.5,1.9 (top to bottom).

the condition A[g]/Ap < 0.1, effectively bounding potential biases in the analysis. The values
of other relevant parameters are described in the figure caption. This approach reflects the
general trends observed across the datasets used in this study.

As shown in Fig. 5.4, reconstruction accuracy deteriorates progressively at higher ener-
gies. This outcome is anticipated due to the inherent limitations of finite lattice volume and
statistical noise in the correlation functions. For a successful reconstruction, it is crucial to
minimise the deviation between the target kernel, A,(E —w), and the reconstructed kernel,

A, (E - w), over the entire energy spectrum.

5.2.2 Choice of smearing radius

For convenience, we define the smearing radius, o, in terms of the ground state mass, mg, of
the mesonic channel under consideration. The value of mg can be determined independently,
for instance, using the GEVP method. The optimal selection of ¢ is influenced by the quality
of the data, particularly the available statistics for the input two-point correlation functions,
which set a practical lower limit for o. In our ensembles, o typically falls within the range
0.18mg < 0 < 0.35mg, where smaller values of o are advantageous for resolving closely spaced
energy levels in dense spectra.

Figure 5.5 shows the impact of varying ¢ on the reconstruction of synthetic two-point
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Figure 5.5. Reconstruction of spectral densities for synthetic data with mg = 2mg. Panels correspond
to o =0.1mg, 0.3mg, and 0.7myg (top to bottom).

correlation functions, where we assume an exponential functional form ~ exp(—-mgt) with
a ground state amg = 0.33, and an excited state contribution ~ exp(-mgt), where mg =
2myg. The reconstructed spectral density, p,(F), is shown for three representative smearing
radii: o = 0.1mg, 0.3mg, and 0.7mg. For the smallest radius, ¢ = 0.1myg, the reconstruction
deteriorates significantly for energies E/mg 2 1.0, leading to the loss of excited states amidst
systematic errors. Conversely, a large radius, o = 0.7mg, causes the two peaks to merge
entirely, on one hand, keeping statistical and systematic errors moderate, but on the other
hand, effectively hindering the resolution of different energy peaks. An intermediate choice of
o = 0.3mg strikes a balance: the reconstruction successfully distinguishes the two peaks while
maintaining control over both statistical and systematic uncertainties.

This approach ensures accurate reconstructions while maintaining control over both sta-

tistical and systematic uncertainties.
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Figure 5.6. Spectral density reconstruction in the v channel from ensemble M2 (N; = 64). Black
points denote the reconstructed spectral density p,(w), while the yellow curve represents the fit

function féQ)(E ) as in Eq. (3.5.19). The red and green lines correspond to the ground and first excited
states, Ay (E — Ep) and A, (E — Ey), respectively. Gaussian kernels are used for the left panel, and
Cauchy kernels for the right, with smearing radius o = 0.25m, and Wuppertal smearing (Nsource = 0,
Ngink = 40). The left panel fit yields x?/d.o.f. = 1.6 with aEy = 0.6511(32), aE; = 0.932(11), and
amplitudes A; = 3.73(23) x 1076, Ay = 2.52(52) x 1075. The right panel fit yields x?/d.o.f. = 1.1 with
aFy = 0.6442(37), aE; = 0.929(12), and amplitudes A; = 2.33(12) x 1075, A, = 1.63(16) x 1075. The
mass m, is obtained from GEVP analysis.

5.2.3 Fitting procedure and cross-checks: spectra

The spectral densities corresponding to two-point correlation functions can be fitted by min-
imising the correlated x? functional as described in Eq. (3.4.11), for both smearing kernels in
Eq. (5.2.1) and (5.2.2). As mentioned in Sec. 3.5, E,, represents the eigenvalues of the finite-
volume Hamiltonian. Moreover, the number of peaks fitted k is determined a posteriori.
Figure 5.6 illustrates the comparison of spectral reconstructions for the v channel (Ta-
ble 3.1) using both Gaussian and Cauchy kernels. Despite the difference in the spectral
shapes, the peak positions agree within statistical uncertainties. Employing both Gaussian
and Cauchy smearing kernels provides a valuable consistency check associated with this choice

in determining the n'" energy level:
0sys(aEn) = [aEn, Gauss — En, Cauchyl- (5.2.3)
whereas for chimera baryons overlap factors:
Ooys(Kn) = | K, Gauss — Kn,Cauchy| - (5.2.4)

To check for robustness against the contamination of further excited states, fits are also
repeated with £+ 1 peaks. Fit results may be affected by contributions from additional states

not included in the model. To assess the stability of the extracted parameters for the first &
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Figure 5.7. Evaluation of the ground-state energy level for ensemble M2. Results for each channel are
shown by comparing fits with k& and k + 1 peaks, using both Gaussian and Cauchy kernels. Additional
details are given in Tab. F.4. The offset between data points for the same mesonic channel is applied
for clarity.

states, we repeat the fit with an extended model that includes k + 1 peaks (both for Gaussian
and Cauchy cases) in Eq. (3.5.18). This procedure allows us to test for contamination from
excited states. If the parameters associated with the target states remain stable and the
chi-square does not deteriorate significantly, we regard the original estimate as reliable. An
analysis of the possible effects arising from kernel choice and excited-state contamination is
presented in Figs. 5.7 and 5.8. It should be noted that due to the limitations of smearing and

its deterioration at high energies, only a limited number of states can be reliably accessed.

5.2.4 Extraction of matrix elements and overlap factors from spectral density
fits

As illustrated in Eq. (3.5.19) and the subsequent discussion, fitting spectral densities enables
the determination of both the energy levels, aF,,, and the matrix elements (or overlap factors)
of the interpolating operators involved in the spectral reconstruction. The amplitudes of the
fitted functions f*)(E) encode the matrix elements (0|O(0)|e,) and overlap factors K,,. To
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Figure 5.8. Evaluation of the first excited energy level for ensemble M2. For each channel, we compare
results obtained by fitting with k£ and k+ 1 peaks, using Gaussian and Cauchy kernels. Further details
are available in Tab. F.5. The offset between data points in the same mesonic channel is applied for
visual clarity.

extract this information, we use the technique described in Sec. 3.5, denoted by a simultaneous
fitting procedure between two spectral densities deriving from the same hadronic channel with
different levels of Wuppertal smearings.

An example of this fitting procedure is shown in Fig. 5.9, where the ground state peak is
fitted for a meson operator. The matrix element, (0/O(0)|eg), (or the overlap factor Ky for
chimera baryons) is extracted from the fit, as depicted in the right panel.

The principles of spectroscopy apply here as well: no dependence on the choice of smearing
kernel A, is expected. To cross-check this fact, we compare results obtained using Gaussian

and Cauchy kernels. This effect is then estimated for mesons as:

sys({010(0)en)) = [{0lO(0)en)Gauss = (0|O(0)len)Caucnyl; (5.2.5)

and for chimera baryons as:

JSyS(Kn) = |Kn,Gauss - Kn,Cauchy . (5.2.6)
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As for the spectrum case in Sec. 5.2.3, these effects are found to be negligible when compared

to the statistical errors associated with the matrix elements and overlap factors.
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Figure 5.9. Simultaneous fitting procedure for the ground state peak of a vector meson operator in
the fundamental representation (ensemble M1). The Gaussian kernel with o/mg = 0.33 is used. The
extracted matrix element (0]O(0)|eg) is shown in the right panel.

5.2.5 The effect of APE and Wuppertal smearing on spectral densities

Considering Eq. (3.5.19), one can express the spectral densities in terms of the smearing ker-
nels in correspondence with each eigenvalue of the spectrum for a determined set of quantum
numbers.

Disentangling the spectrum in lattice gauge theory can be challenging due to the closeness
of energy levels and the potential dominance of certain states, leading to discrepancies in
matrix elements and overlap factors for different states. This difficulty also affects two-point
correlation functions, distorting their large-t behaviour and compromising multi-exponential
fits to effective mass plateaus. Noticing how Eq. (3.4.25) is written, this issue is mitigated by
combining APE and Wuppertal smearing, which enhances the overlap of relevant states with
the interpolating operator, reducing contributions from undesired states.

The effect of smearing optimisation is illustrated in Fig. 5.10, where the left panel shows
the effective mass and the right panel displays the reconstructed spectral density for the
optimal smearing parameters. As shown in Tab. 5.2, cases A to F represent reasonable
smearing choices that yield comparable amplitudes for the ground and first excited states,
resulting in accurate spectroscopy. Over-smearing (case G) or under-smearing (case H) lead

to inaccurate energy levels, due to larger amplitude discrepancies.
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Figure 5.10. Illustration of a high-quality plateau and fit achieved with optimised APE and Wup-
pertal smearing. The vector channel correlator from ensemble M1 is obtained using APE smearing
(Napr = 50, apxpr = 0.4) combined with Wuppertal smearing (Nsource = 80, Ngink = 40, & = 0.12).
Shown are the effective mass (left) and the spectral density reconstructed via a Gaussian kernel with
o =0.30my (right). Fitted masses are aFEy = 0.4098(25) and aF; = 0.700(26).

The results confirm that smearing increases the ground state overlap while suppressing
excited state contributions, as expected from Eq. (3.5.19). In fact, smearing the operators
enhances their projection onto the ground state and suppresses overlap with excited states.
As a result, the ratio Ay/ Ay of Tab. 5.2 is reduced with increased smearing. Moreover, in line
with Eq. (3.4.25), smearing leads to the emergence of longer and more stable effective-mass

plateaux for the ground state.

Table 5.2. Effect of APE and Wuppertal smearing on spectroscopy results for ensemble M1 in the
V channel. The table shows various smearing parameters and their impact on the relative amplitudes
As/ A1 and energy levels aFy and aFE;.

Case | aapE | & | Nsource | Neink | A2/ A1 aFy al
A 04 [012] 80 20 | 1.32(19) | 0.4144(50) | 0.692(27
04 |012| 80 40 | 1.15(11) | 0.4139(49) | 0.702(19
0.4 0.12 80 80 0.75(15) | 0.4131(52) | 0.699(22
0.4 |0.12| 40 80 | 1.24(18) | 0.4132(43) | 0.694(27

0.4 0.4 170 170 | 0.63 0.717(33
0.4 | 0.05 20 20 | 2.28(27 0.705(32
0.0 | 0.12 80 40 1.27(11 0.698(32

) (50) )
(11) (49) (19)
(15) (52) (22)
(18) | 0.4132(43) (27)
04 |012| 20 80 | 1.80(28) | 0.4148(51) | 0.714(23)
0.4 |024| 90 30 | 1.01(20) (52) | 0.698(19)
(11) (82) (33)
(27) (74) (32)
(11) (73) (32)

~ T oQEHOEHOOQ®
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Figure 5.11. The V channel for ensemble M1. Top: effective mass and spectral density with APE
smearing (Napg = 50, aapr = 0.4) and Wuppertal smearing (Ngource = 20, Ngink = 20, &f = 0.05).
Bottom: same with stronger Wuppertal smearing (Nsource = 170, Ngink = 170, e = 0.90). Fit results
for top: aEy =0.4166(74), aEq = 0.705(32). Bottom: aFy = 0.4113(82), aE; = 0.717(33).

We present in Fig. 5.11 two examples where suboptimal choices of smearing parameters
lead to less accurate results, corresponding to cases G and H in Tab. 5.2. In the top panels,
a minimal amount of Wuppertal smearing is applied to the two-point correlation functions,
resulting in a very short or virtually absent effective mass plateau, severely limiting the
resolution of the spectral density. On the other hand, excessive Wuppertal smearing, shown
in the bottom panels of Fig. 5.11, also leads to undesirable outcomes: the effective mass
plateau disappears entirely, and the plot becomes dominated by uncontrolled systematics,
further degrading the quality of the spectral density reconstruction.

To highlight this issue more clearly, we show in Fig. 5.12 the scenario where no APE
or Wuppertal smearing is applied. In this case, the effective mass plateau is short, leading
to unreliable effective mass fits. This serves as a strong example of why point sources can
be problematic for reliable reconstructions. In such cases, a larger smearing radius for the

spectral density, o, is necessary compared to the scenarios considered above. Furthermore,
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Figure 5.12. The vector channel in ensemble M1 yields masses from the GEVP analysis of my =
0.4098(25) and my, = 0.700(26). Spectral density reconstruction without APE or Wuppertal smearing
uses a smearing radius of o = 0.60 my. An example of optimal smearing (APE and Wuppertal) is shown
in Fig. 5.10, while the case without APE smearing is illustrated in Fig. 5.13. Black points indicate the
reconstructed spectral density p,(w); the yellow curve corresponds to the fit function f§2)(E) from
Eq. (3.5.19). The red and green curves represent the ground state A, (F — Ey) and first excited state
A, (E - Ey), respectively. Fit results include amplitudes A; = 1.41(22) x 107%, Ay = 6(1) x 1075, energy
levels aEy = 0.413(11) and aF; = 0.839(77), with a reduced chi-square of x?/Ng.o.t. = 0.80.

the difference in peak heights is considerable, all contributing to the degradation of the signal.

In Fig. 5.13, we revisit the same reconstruction shown in Fig. 5.10, but this time without
applying APE smearing. By comparing the effective mass plateaux from the left panels
of Figs. 5.10 and 5.13 (cases B and I), we observe how APE smearing influences both the
effective mass plots and the spectroscopy. APE smearing works by averaging out ultraviolet
fluctuations in the gauge links, and in its absence, the spectral density fits degrade at higher
energy values, as shown in the right panels. Thus, applying APE smearing to the two-point

correlation functions helps widen the energy window for spectral reconstruction.

5.2.6 Dependence on the time extent of spectral densities

The reconstructed smearing kernel, denoted as AU(E,w), is defined by a finite summation
over the temporal index 7 = t/a, where the summand involves the function b(at, F), as out-
lined in Eq. (3.5.10). This sum is subject to precision limitations due to the finite lattice
size, with the temporal index 7 constrained by the condition 7.y < N¢/2, where N is the

temporal extent of the lattice.

In the case of A = 0, the sum converges to the true kernel in the infinite time extent

limit, as discussed in Ref. [218]. For non-zero A > 0, by increasing IV;, the reconstruction of
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the kernel is expected to have the potential to improve as the set of basis functions expands,
possibly allowing for smaller values of A, and thus reducing the bias in the reconstructed
spectrum.

To investigate this behaviour, we compare the spectral reconstruction on lattices with
different temporal extents, V¢, while holding all other parameters constant. Specifically, we
focus on ensembles M1, M2, and M3, with /V; values of 48, 64, and 96, respectively, and focus
on the high-energy region of the spectrum.

The first comparison is presented in Fig. 5.15, where we show the reconstructed Gaus-
sian kernel, AU(E ,w), at w/my = 1.8 for all three ensembles. The maximum value of Tyax,
corresponding to Tmax = N¢/2, is used in this reconstruction. For the lattice with the smallest
time extent (IV; = 48), the reconstructed kernel deviates significantly from the target kernel,
A, (FE,w), leading to increased systematic uncertainties. This is in agreement with the ob-
servations made in Fig. 5.4. On the other hand, for the largest time extent (Ny = 96), the
reconstructed kernel exhibits significantly smaller deviations from the exact one, reflecting a
more accurate reconstruction.

The impact of increasing Ny is further demonstrated by the improved quality of spectral
density fits, which can capture higher-energy measurements and a broader range of excited

states. This improvement is exemplified in Fig. 5.15 for the PS meson channel across time
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Figure 5.13. In the vector channel of ensemble M1, the GEVP analysis yields masses my = 0.4098(25)
and my; = 0.700(26). No APE smearing was applied; Wuppertal smearing used Nsource = 80 steps at
the source and Ngjn = 40 steps at the sink, with a step size of ¢ = 0.12. An example of the optimal
combination of APE and Wuppertal smearing is presented in Fig. 5.10. Spectral density reconstruction
was performed with a smearing radius o = 0.30my. The black points denote the reconstructed spectral
density p,(w), the yellow curve represents the fitted function féQ)(E) (Eq. (3.5.19)), while the red
and green curves correspond to the ground state A,(E - Fy) and first excited state A (E - Eq),
respectively. The fit yields amplitudes A; = 8.13(32) x 1073, A, = 1.03(12) x 1072, energy levels
aFy = 0.4154(73) and aF; = 0.698(32), with a reduced chi-square of x?/Ng.o.¢. = 1.3.
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Figure 5.14. Reconstructed spectral densities with Gaussian kernels at w/my = 1.8, shown for
ensembles M1, M2, and M3, which have temporal extents N; = 48, 64, and 96, respectively. The mass
my corresponds to the vector channel ground state in ensemble M3, obtained via the GEVP analysis.

extents Ny = 48, 64, and 96. At higher energies, the reconstructed spectrum becomes more
stable, and additional excited states can be identified. Notably, the positions of the first two
peaks in the spectral function show agreement within statistical errors and exhibit negligible
dependence on N;. The energy levels from ensembles M1, M2, and M3 are presented in
Fig. 5.16, in the form [aE, — 045, ,aF, + 045, |, where 0,5, represents the uncertainty in the

n'" energy level.
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Figure 5.15. Spectral densities reconstructed in the pseudoscalar meson channel using Gaussian
kernels. Correlation functions are obtained with APE smearing (Napg = 50, aapr = 0.4), and the
ground state mass mpg is extracted via the GEVP at the largest temporal extent. Black points
show the reconstructed spectral density p,(w).Top panel: Ensemble M1 (N; = 48) with Wuppertal
smearing step size e¢ = 0.18. The yellow curve represents the fit fé2)(E) (Eq. (3.5.19)), with red and
green curves indicating the ground and first excited states A, (E - Ey) and A, (F - E;). Middle panel:
Ensemble M2 (N; = 64), with Wuppertal step size e,5 = 0.20. Curves correspond as above. Bottom
panel: Ensemble M3 (N; = 96), Wuppertal step size £,5 = 0.20. The grey curve shows the fit fég)(E),
with red, green, and yellow lines marking the ground, first, and second excited states A,(E - Ey),

AU(E— El), and AU(E_EQ).
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Figure 5.16. Summary of spectroscopy results from Fig. 5.15, displaying the ground and first excited
state energies. Each marker indicates the central value of the corresponding energy level, with error
bars representing the associated uncertainties. Slight vertical offsets have been applied to the points
to enhance visual distinction.
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Figure 5.17. Effective mass plateaux, ameg, extracted in the pseudoscalar channel for ensemble M2
(N; = 64). The plateaux are determined via the GEVP method applied to a nine-correlator basis,
as defined in Eq. (3.4.21). The analysis explores different levels of Wuppertal smearing, with N = 0,
40, and 80 iterations at both source and sink, using fixed parameters €,5 = 0.10, appg = 0.4, and
Napg = 50.
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Figure 5.18. Effective mass plateaux, ames, for the combined vector (V) and tensor (T) channels in
ensemble M2 (N; = 64). These plateaux are extracted using the GEVP approach applied to a basis
of thirty-six correlators, as detailed in Eq. (3.4.22). When multiple plateau candidates arise due to
degeneracy, the energy level with the lowest statistical uncertainty is chosen. Accordingly, the first
excited state is identified with aF; rather than aFs in this analysis.
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5.3 Comparisons with GEVP and correlation function fitting

In this section, we report our numerical findings, including precise determinations of masses
and matrix elements, and provide a critical comparison with previous studies. We begin
by extracting the meson spectrum using both a variational approach and spectral density
reconstructions on the ensembles M1-Mb5. We then present results for the chimera baryon
mass spectrum, as well as matrix element calculations for both meson and chimera baryon

channels.

5.3.1 Spectroscopy results

This section presents the spectroscopy numerical results obtained using the HLT method, com-
pared with those from the GEVP analysis for consistency. Figures 5.17 and 5.18 showcase two
representative GEVP computations: one using a nine-element variational basis (Eq. (3.4.21))
and another incorporating V and T channels (Eq. (3.4.22)). Both examples reveal sufficient
signal-to-noise ratios to extract the ground and first excited states with smaller bases, while
the cross-channel analysis enables access to further excited states.

Figure 5.19 displays representative results in the meson and chimera baryons spectra,
by showing the tensor meson channel for all ensembles (Tab. 5.1), and the chimera baryons
Eé’g channel, both expressed in Wilson flow units, m = wg-m. Shading and horizontal offsets
distinguish ensembles M1-M3, while larger offsets and hatched patterns highlight M4 and
M5. Colour blocks represent combined statistical and systematic uncertainties, including the
variation effects of smearing kernels (Gaussian and Cauchy) and the number of peaks (k,
k + 1) in spectral density fits. Figure 5.20 extends this analysis to the full meson spectrum,
using consistent colours for identical channels across fermion representations (fundamental
and antisymmetric).

Numerical results for the ground, first, and second excited states are listed in Tabs. F.1-F.15.
These tables detail the smearing levels, k-peak fits (using both Gaussian and Cauchy kernels),
and corresponding GEVP results, presented in lattice units with Wilson flow unit conversions
available in Tab. 5.1. Longer temporal extents (V) show a general trend of improvement, as
evident from the ensembles M1-Ma3.

For all the ensembles M1-M5, the spectral density method shows a general agreement
with GEVP results across all meson channels. While ground-state uncertainties are slightly
larger for spectral density fits (consistently with Ref. [227]), excited-state extractions remain
competitive. Notably, spectral density fits require only a single correlator, compared to the
nine or thirty-six correlators used in GEVP analysis, highlighting potential efficiency gains
for future studies.

A similar analysis was performed for chimera baryons. Using spin- and parity-projected

operators (Tab. 3.2, Eq. (3.4.6)), we computed correlation functions, reconstructed spectral
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densities, and fitted them. The GEVP analysis followed the same method as for mesons,
with a nine-element variational basis (Nsources NVsink = 0, 40, 80). Results for chimera baryons
(Tabs. F.16-F.30) include k- and k + 1-peak fits (Gaussian and Cauchy) and GEVP results,
extending to ground, first, and second excited states.

For chimera baryons, ensembles M1-M3 exhibit improved precision with increased Ny,
as expected from the HLT method. Longer temporal lattices enable more accurate spectral
density reconstruction and reduce uncertainties. The four energy estimates from spectral
density fits show minimal discrepancies and align well with GEVP results. Figure 5.19 makes
the improvement visual with N; with representative channels: T for mesons and Zé’g for
baryons.

Finally, Fig. 5.20 combines results for mesons and chimera baryons across all ensembles.
Six colours represent distinct non-singlet meson channels, matched across fermion represen-
tations, while six additional colours distinguish chimera baryon channels. Statistical and
systematic uncertainties, including excited-state contamination and smearing kernel varia-

tions, are represented by the vertical extents of the colour blocks.

5.3.2 Matrix elements and overlap factors results

The determination of matrix elements and overlap factors is carried out following the ap-
proach detailed in Secs. 3.4.2 and 5.2.4, combining the use of correlation function analysis
and spectral density amplitude fits. These methods are applied to calculate the matrix el-
ements associated with the interpolating operators listed in Tab. 3.1 for mesons and the
overlap factors corresponding to the operators in Tab. 3.2 for chimera baryons. After ex-
tracting the bare matrix elements and overlap factors, normalisation is performed using the
renormalisation constants specified in Egs. (3.4.30) and (3.4.40). The final normalised results
are presented in Tabs. F.31-F.35 for the mesonic channels and Tabs. F.36-F.40 for chimera
baryons.

The tables show results obtained from two complementary methods: the spectral density
fitting approach (outlined in Sec. 5.2.4) and traditional correlation function fitting described
in Sec. 3.4.2. Specifically, they include values from Gaussian kernel fits (a2co-G for mesons,
a®Ko-G for chimera baryons), Cauchy kernel fits (a?co-C for mesons, a®K(-C for chimera
baryons), and two-point correlation function-based fits. The matrix elements and overlap
factors show no significant sensitivity to the choice of smearing kernel, with Gaussian and
Cauchy fits yielding consistent results. This agreement between fits provides an estimate of
systematic uncertainties, calculated as described in Eq. (5.2.5). These effects are generally
comparable to or smaller than the statistical errors.

Overall, the results demonstrate agreement between the spectral density and correlation

function fitting methods, validating the spectral density approach. For ensembles M1 through
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Figure 5.19. Spectrum of mesons and chimera baryons for the representative channels T and Zg’g

across ensembles M1 through M5, as defined in Tab. 5.1. Masses are extracted from fits to the
reconstructed spectral densities. For each channel, we present a tower of states—ground, first, and,
where available, second excited states—expressed in Wilson flow units as m = wg - m. Each coloured
block represents the central value (block midpoint), with total uncertainties (statistical and systematic
combined in quadrature) indicated by the block height. Small horizontal displacements separate results
from different ensembles for clarity. Solid fill denotes data from ensemble M3, while hollow or patterned
blocks correspond to M4 and M5.

M5, a clear consistency is observed across all analysed channels. This is expected, given
that the primary difference between these ensembles lies in their temporal extent, N;. Such
uniformity is evident in the mesonic matrix elements shown in Tabs. F.31-F.33 and the
chimera baryon overlap factors detailed in Tabs. F.36-F.38.

The ground-state results for mesons and baryons are presented in Figs. 5.21 and 5.22,
respectively, to help visualisation. As observed for the masses, the measurements of both
meson and chimera baryon observables obtained on ensembles M1-M3—differing only in
the temporal extent of the lattice—are generally consistent and show a general trend of
improvement with increasing temporal extent N;.

Matrix elements and overlap factors are expressed in Wilson flow units, defined as ¢y =

wg - co and Ko = wg - Ko. Although systematic uncertainties are smaller than the statistical
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Figure 5.20. Mass spectrum of mesons and chimera baryons across all ensembles listed in Tab. 5.1.
Mesonic states are shown for fermions in both the fundamental and antisymmetric representations,
with masses extracted via fits to the reconstructed spectral densities. For each channel, we display
the lowest-lying states—ground, first, and, when available, second excitations—expressed in Wilson
flow units as m = wg - m. The central value of each state corresponds to the midpoint of the coloured
block, while the block height reflects the combined statistical and systematic uncertainties (added in
quadrature). Horizontal displacements are introduced for visual separation of ensembles. Ensembles
M1, M2, and M3 (which differ only in temporal extent: N; =48, 64, and 96, respectively) are identified
using shaded versions of the same base colours. Ensembles M4 and M5, which also differ in bare
parameters, are represented by unfilled or patterned blocks. The increasing temporal extent from
M1 to M3 leads to progressively reduced uncertainties in the extracted masses. Six distinct colours
are used to label the various meson channels; for operators built with the same gamma structure
but different fermion representations, the same colour is used. An additional six colours identify the
chimera baryon channels, grouped by parity.

ones, we conservatively combine them in quadrature. The systematic effects account for
contributions from excited-state contamination and the choice of smearing kernel. To estimate
these, we consider the spread among lattice results obtained using k- and (k+1)-peak Gaussian
and Cauchy fits (k-G, (k+1)-G, k-C, (k+1)-C), taking the maximal variation as the systematic
uncertainty.

Due to the limited set of available ensembles, we are not in a position to perform a

continuum extrapolation. As a result, our results are expected to be affected by lattice
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discretisation artefacts. Despite this limitation, some noteworthy qualitative patterns emerge.

In the meson sector, we observe that the matrix elements ¢y in the pseudoscalar channel
are systematically smaller than those in the vector and axial-vector channels. Additionally,
we find that ¢y tends to be larger in the antisymmetric representation than in the fundamental
one.

In the case of chimera baryons, we find that the ground-state overlap factors K, for
the Acp states are smaller than those for the Ycp and g states, which appear to have
comparable magnitudes. Moreover, odd-parity states generally exhibit smaller overlap factors
than their even-parity counterparts.

It is instructive to place our results in the broader context of related theories. In partic-
ular, we consider overlap factors relevant for proton decay in QCD [269], as well as for partial
top compositeness in a SU(4) gauge theory featuring Nt = 2 fermions in the fundamental rep-
resentation and N,s = 2 in the two-index antisymmetric representation [270]. In both cases,
a key dimensionless quantity is the ratio Ko/ fgs.

The corresponding values reported in the literature are:*

K K
(T‘)) ~20,  and (TO) ~3. (5.3.1)
fps QCD fes SU(4)

In our case, the results for the Acg and Ycp channels are fairly consistent across all

ensembles (M1-M5). Averaging over these, we obtain:

(@) ~6,  and (@) ~25. (5.3.2)
f PS f gS

While our results are obtained without performing a continuum extrapolation and with renor-
malisation matched at the cutoff scale, it is nonetheless reassuring that the extracted values
for the A and ¥ chimera baryons are broadly consistent—at the level of order-of-magnitude
estimates—with those reported in the literature.

We further note that Ref. [270] adopts a normalisation for the overlap factors based on the
decay constant of mesons composed of antisymmetric-representation fermions. This choice
is appropriate for the composite Higgs model (CHM) framework considered there [271]. In
contrast, the CHM scenarios explored in Refs. [140, 181]—which are more directly related to

3In both references, the decay constant is normalised according to the convention Fy = Fpg ~ 130 MeV. To
align with our convention, where fr ~ 93 MeV, we rescale the corresponding QCD results. In the case of the
SU(4) theory, we use the decay constant associated with mesons formed from fermions in the fundamental
representation. Another point to bear in mind is that our overlap factors are renormalised at the scale = 1/a,
which differs when varying the lattice spacing, whereas the QCD results are renormalised at a fixed scale of
w=2 GeV. Owing to the logarithmic nature of the renormalisation group evolution, this scale mismatch is not
expected to substantially affect the validity of the comparison at the level of order-of-magnitude estimates.
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Table 5.3. Results for the quantities sg, s1, and so—as defined in the main text—are presented
for all ensembles and both meson species. These values are obtained by combining our most precise
lattice measurements. Uncertainties reflect both statistical fluctuations and systematic effects, added
in quadrature. Deviations from the idealised limits s; = 0 and sy = 0 arise due to approximations
involved in the continuum and chiral extrapolations, as well as incomplete isolation of the ground
state contributions.

Meson Ensemble S0 $1 S9
(f)-type M1 0.298(4) | -0.008(19) | 0.005(44)
(f)-type M2 0.253(5) | -0.149(32) | -0.310(78)
(f)-type M3 0.257(15) | -0.156(47) | -0.270(73)
(f)-type M4 0.220(9) | -0.245(31) | -0.384(55)
(f)-type M5 0.192(4) | -0.629(25) | -1.561(68)
(as)-type M1 0.220(4) | -0.116(19) | 0.213(27)
(as)-type M2 0.204(3) | -0.193(21) | 0.103(34)
(as)-type M3 0.206(5) | -0.194(30) | 0.151(40)
(as)-type M4 0.229(6) | -0.137(23) | 0.205(26)
(as)-type M5 0.197(5) | -0.206(23) | 0.097(37)

our setup—feature a Higgs sector arising from fermions in the fundamental representation.
Since we consistently find fpg < fps across our ensembles, our computed values of Ky/ ff%s are
correspondingly enhanced compared to those of Ref. [270].

Moreover, it is still an open question whether the chimera baryon state playing a central
role in the top partial compositeness mechanism is identified with the X rather than the
A. It would be of extreme interest to target this question and to test the robustness of our
conclusions through future high-precision studies including continuum-limit extrapolations.

Another simplified yet illustrative exercise can be performed. This is aimed at assessing
the current level of precision of our lattice measurements and highlighting the potential of
the methodology developed in this work for future high-precision studies.

To this end, we define the following three quantities, adopting the normalisation conven-

tions of Ref. [259] for mesons composed of (f)-type fermions:

£2 £2
50 = 47r( sz - ﬁ%) : (5.3.3)
my - My
fav+f3
s1=1- A 18 (5.3.4)
5
S 72
59 = 1- TAVIAV (5.3.5)
Iy

with analogous definitions holding for mesons composed of (as)-type fermions. Among these,
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the quantities s; and so are directly related to the Weinberg sum rules [272], while s¢ is
associated with the Peskin-Takeuchi S parameter [188].

In the chiral and continuum limit, and assuming that the right-hand sides of these def-
initions include contributions from the full tower of vector and axial-vector resonances, the
Weinberg sum rules imply s; = 0 = s9. Furthermore, if the electroweak symmetry group
SU(2) xU(1)y is embedded in the global symmetry of the strong sector in such a way that
electroweak symmetry breaking occurs analogously to the Standard Model, then sy serves
as a measure of new physics contributions to isospin-breaking effects. Current bounds from
electroweak precision observables constrain this parameter to satisfy sg = S < 0.4 at the 30
confidence level.

In this study, all measurements were performed at finite fermion mass and nonzero lattice
spacing. Moreover, decay constants were extracted only for the ground-state mesons. These
simplifications potentially introduce significant systematic uncertainties. Nevertheless, we
present in Tab. 5.3 the computed values of sy, s1, and sy for both (f)-type and (as)-type
fermions, across all available ensembles.

While the results for s; and sy are not compatible with zero, consistently with the presence
of systematic effects. However, their central values are found to be roughly one order of
magnitude smaller than those obtained in the quenched approximation reported in Ref. [259].
This observation highlights the sensitivity of these quantities to the inclusion of dynamical
fermions and demonstrates their potential as diagnostic tools for probing the dynamics of the

underlying theory.
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Figure 5.21. Ground-state matrix elements for flavoured mesons, defined as & = w3(0]0M|eo), are
shown for all ensembles listed in Tab. 5.1. These values are extracted from fits to the reconstructed
spectral densities, and are presented in units of the Wilson flow scale wgy. Each coloured block repre-
sents one measurement: the midpoint corresponds to the central value, while the height encodes the
total uncertainty—combining statistical and systematic errors in quadrature. To enhance readability,
horizontal displacements are applied to separate data from different ensembles. Ensembles M1, M2,
and M3 (which vary only in temporal extent: N; = 48, 64, and 96, respectively) are shown with pro-
gressively darker shadings of the same base colour. Ensembles M4 and M5, which differ additionally
in bare parameters, are indicated with patterned, unfilled blocks.
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Figure 5.22. Overlap factors for chimera baryons, defined as Ky = wy - Ky, are presented for all
ensembles listed in Tab. 5.1. The values are determined through fits to the reconstructed spectral
densities and expressed in units of the Wilson flow scale, wg. Each coloured block denotes a measured
overlap factor: the central value corresponds to the midpoint of the block, while the height reflects the
combined statistical and systematic uncertainty, added in quadrature. To aid visual separation, results
from different ensembles are offset horizontally. Shading variations of the same colour distinguish
ensembles that differ only in their temporal extent (N = 48, 64, and 96 for M1, M2, and M3), while
patterned, unfilled blocks are used for M4 and M5, which also differ in bare parameters.
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Chapter 6

Conclusions

This thesis has presented a non-perturbative study of strongly coupled gauge theories based
on symplectic gauge groups, primarily Sp(4), with dynamical fermions in both the fundamen-
tal and two-index antisymmetric representations. The motivation for such a study originates
from the growing interest in these theories as ultraviolet completions of Composite Higgs Mod-
els [158-160], and their increasing physical relevance in the literature. The work combines
theoretical foundations with advanced numerical simulations. At the core of this research lies
the hypothesis that the Higgs boson is not an elementary scalar, but a bound state emerging
from new strong dynamics. Symplectic gauge theories, in particular Sp(4) with appropriate
fermion content, naturally realise global symmetry breaking patterns such as SU(4)/Sp(4),
which yield the correct number of pseudo-Nambu-Goldstone bosons to accommodate a com-
posite Higgs doublet. Moreover, by including additional fermionic fields (e.g. fermions in the
two-index antisymmetric representation of Sp(4)), the framework allows for partial top com-
positeness mechanisms [271, 273-318] that can explain the top quark’s large mass through
the formation of baryon-like top partners.

A technical achievement of this thesis is the extension and customisation of the GRID soft-
ware library [145-147] to handle symplectic gauge groups, Sp(2N), with multiple fermionic
representations. This required substantial algorithmic work, as described in Chapter 4, includ-
ing implementing the generation of random Lie-algebra valued sp(2N) conjugate momenta
and projection algorithms, supporting HMC and RHMC evolution for mixed representation
fermions and benchmarking performance and correctness on GPU architectures. These devel-
opments constitute a reusable and scalable computational framework for future lattice studies
of symplectic gauge theories. The correctness of the implementation is verified through several
tests presented in this thesis.

A central focus is given to the application of spectral density reconstruction techniques,
notably the Hansen-Lupo-Tantalo (HLT) method [218, 227, 319-321], to extract physical in-
formation from Euclidean correlators. These methods are shown to efficiently reconstruct

multi-state contributions from correlators using inverse Laplace transforms. Moreover, they
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provide robust estimates for ground and excited state spectra, and they offer alternative paths
to compute matrix elements and decay constants with control over systematics. This work
demonstrates that the spectral density approach is not only feasible for Sp(2N) theories,
but also competitive with traditional GEVP-based methods [207]. Extensive comparisons are
made between the results obtained from both methods for mesons and chimera baryons, show-
ing agreement in findings (see tables in Appendix F'). The thesis also addresses in Chapter 5
practical considerations such as the impact of different correlator smearing techniques (APE
and Wuppertal), smearing kernel types (Gaussian vs. Cauchy), and more. Systematic uncer-
tainties are rigorously quantified, reinforcing the reliability of the extracted observables. The
numerical simulations are performed across a range of ensembles with varying lattice volumes,
fermion masses, and temporal extents. An original first one-loop perturbative computation
of the matching coefficients for the Sp(2N) chimera baryons overlap factors is presented in
Appendix D.

This thesis makes several methodological contributions that will be of use to the lattice

community:

o A software for running symplectic gauge theories simulations (GRID framework) and a
validated pipeline for implementing new gauge groups and fermion representations in

modern lattice codes.

e Implementation of an open-source code to find spectral densities using the HLT method

(LSDensities software package).

o A detailed workflow for spectral density fitting, including discussions about kernel choice

and numerical stability considerations.

e A systematic comparative analysis of traditional GEVP fits and spectral density recon-

struction.

The validation of GRID for Sp(2NN) and our spectral densities findings for this class of

gauge theories subjects open multiple settings for future investigation:

e Spectral density methodology: inspect further methodological improvements for the

spectral density techniques and for hadronic observables extrapolations.

e Continuum and chiral extrapolations: the encouraging results from the meson and
chimera baryons matrix elements in mixed-representation theories motivate further nu-
merical investigations, including continuum and chiral extrapolations of observables for

the models under consideration and related ones.
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e Phenomenology studies: the matrix elements results, once extrapolated to the con-
tinuum limit, can be directly integrated into low-energy effective models of composite
Higgs physics [270]. This is relevant to pursue further phenomenology studies, since
chimera baryon matrix elements provide critical inputs for estimating partial compos-

iteness couplings.

o Large-N and universal dynamics: extending the framework to Sp(6) and Sp(8) will
allow tests of large-N scaling laws and comparisons with SU(N) theories [13, 322].

This can provide information about universal features of non-Abelian gauge theories.

o Finite temperature studies, phase transitions and chemical potential: exploring the
thermal phase structure of Sp(2N) theories, including possible deconfinement and chiral
transitions, could be crucial for cosmological implications of Beyond Standard Model
models [229, 245].

o Glueballs studies in Sp(2N) gauge theories and their potential role as composite dark
matter candidates [229, 323, 324]. Non-perturbative investigations of the glueball spec-

trum and its phenomenological implications in dark sector models.
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Appendix A

Generators of the Sp(4) algebra in
GRID

Let T§* denote the generators of the Lie algebra of Sp(2/N) in the fundamental representation.
These generators are implemented in GRID as Hermitian matrices, adhering to the block
structure described in Eq. (2.3.19). Their normalisation satisfies:
5ab
Tr (TPTY) = 5 (A.0.1)

As shown in Ref. [178], the implementation of 7§, witha =1, ..., 2N?+ N, in GRID follows
these conventions:

1. Off-diagonal Generators (2N? total): for the first N(N - 1)/2 generators:

1
T¢i;=T¢ji = =Tt ienj+N = =T jeNisN = oA (A.0.2)

withi=1,...,N-1and i<j<N. For the next N(/N - 1)/2 generators:
1

T¢ij = -T¢ i = TfiNj+N = ~Tf jNieN = ok (A.0.3)

with the same index ranges.
2. Mixed Generators (N (NN - 1) total): for the first N(N —1)/2:

1
TN =I5 jien = Tt ien, = Tf jan; = A (A.0.4)
withi=1,...,N-1andi<j<N-1. For the next N(N -1)/2:

7
T¢ijen = T¢ jirn = TN = ~TF jaN;i = ok (A.0.5)
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3. Diagonal Generators (2N total): - For the first N:

1
TN =TF N = 37 (A.0.6)
where i =1,..., N. For the next NN:
)
T¢iien = TN, = 3 (A.0.7)

4. Cartan Subalgebra Generators (IV total): the diagonal elements are:

a a 1
(T7)ii = —~(TF')isnisen = 3 (A.0.8)

withi=1,...,N.

For 2N =4, an explicit representation of the generators in the fundamental representation

is given by:
010 0 0700
1 100 0 1 |-ioo0o0
Tf1 =S 5 Tf2 -7 )
272100 0 -1 221000 i
00-10 00-i0
0001 0003
5 1 foo10 - 1 looio
920100 o920 =00
1000 - 000
0010 0000
110000 110001
TP == TP = = (A.0.9)
211000 210000
0000 0100
0030 0000
110000 0003
Tf7 i . TfS i t
21-i000 210000
0000 0-i00
1000 000 0
1100 0 0 11010 0
ng i Tflo —
2l00-10 21000 0
0000 000 -1

The orthonormal basis used to find the 2-index antisymmetric generators can be written
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explicitly, and they are the same as Ref. [16]:

0-100 0000 000 -1
1) L [1 0000 o 100100 qq_ 1100007
V210000 V2101 00 V21000 0
0000 0000 100 0
(A.0.10)
0010 000 0
6(24):1 000_1 76(34):L 0000
21 -100 0 V21000 -1

0100 0010
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Appendix B
SU(4) algebra generators

In the CHM context, we build a model based on the SU(4)/Sp(4) coset. In order to discuss
the embedding within the Standard Model, we borrow notations for the SU(4) choice of
generators from Ref. [189]. By imposing the normalization Tr Tfanb = %5“”, we write the 15

generators as follows.

0100 0-i00 1000
T! - 1 1000 e 1 000 s 1 |0-100 |
2210001 22100 0 3 2210010
0010 00 -0 000-1
000 —i 00 01 00-i 0
Tf4:1 00i0 Tf5:1 00—107Tf6:1 000—2"
2v2l0-i00 | 2v210-1 0 0 221300 0
i 000 10 00 0i 00
000 —i 0-i00 00 -0
1 |00—-i0 1 000 1 o0 0
yr g gl B J N |, - —|° "1, (B.0.1)
22104 0 0 2210 0 0 —i 221470 00
i00 0 00i0 0-i 00
0010 0001 0000
0w 110000 n_ 1 ]0010 2 1l0001
f -5 ’ Tf - = = ) Tf -5 )
211000 2210100 210000
0000 1000 0100
010 0 10 00 100 0
T3 _ 1 100 0 T _ 1 Jo-100 75 _ 1 o100
f - = 3 f - = ; f - 5 =
22100 0 -1 2210 0 =10 2/2100-1 0
00-10 00 01 000 -1

Among these, T with a =6,...,15 are the subset of generators of Sp(4).
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Appendix C

Correlation functions smearing

techniques

To improve ground-state extraction from two-point correlation functions in lattice simulations,
it is common to apply a combination of APE [212, 213] and Wuppertal [209-211] smearing
techniques. APE smearing acts on the gauge links to suppress ultraviolet fluctuations, while
Wuppertal smearing modifies fermion sources and sinks to increase overlap with the ground
state and reduce excited-state contamination. When used together, these techniques help
improve signal quality, allowing the effective mass plateau to emerge earlier in Euclidean

time and enabling better control over systematic uncertainties from fitting procedures.

Wuppertal smearing: To enhance the ground-state projection of fermionic sources and
sinks, Wuppertal smearing replaces point sources with spatially extended ones via a discretised
diffusion process. Starting from a localized source ql(DP ) (z) = 04,0, the smeared field at iteration

n+ 1 is given by

1

(n+1) _
qR (x) 1+ 66R

¢ (@) +er Y Uu(@)a? (z + ) | (C.0.1)
0
where eg is the smearing step size. After Nyource iterations, the resulting extended source

is used to solve the equation for the Green function associated with the Dirac operator of a

point source and sink:

Z Dclja,bﬁ(xyy) S%B’C,y(y,(]) = 53:,0 5a'y (5aca (C.O.Q)
y,8,b

where DR is the Wilson-Dirac operator in representation R, with colour indices a,b,c and
spinor indices «, 3,7. The solution Sy (y,0) represents the point-to-all quark propagator. The
same procedure is applied to the sink, with no additional inversions required. This procedure

is then supported by APE smearing to smoothen the gauge links into consideration.
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APE smearing: The APE smearing procedure iteratively smooths the gauge links by aver-

aging each link with its surrounding staples, defined as

Su(z)= > Uy(z)Uy(z+D) Ul(z+p).

tVFL

The updated (smeared) link at iteration m, denoted U, ;Sm)(a:), is computed via
m m— QAPE m—
U™ () =P (1= aae) U (o) + S22 500D ). (C.03)

with initial condition U ﬁo) =U,. Here, appg is the smearing parameter, Napg is the number
of iterations, and P denotes a projection back onto the gauge group, ensuring that the smeared

links remain valid elements of the group manifold.

Let us consider, as an illustrative example, a generic meson two-point correlator can be

expressed as

C(t) = (Z Tr [T Sg(2,0) I Sg(z, 0)]> : (C.0.4)

with Dirac structures I’ and T = A9T'TA0,
Once Wuppertal smearing is applied, the correlator is modified to use the smeared prop-

agators:

CNSO‘”CE’NSink (t) = <Z Tr I:P S?NsourceyNsink) (.’1:, O) f S?NsourceyNsink) (:C? O)]> : (005)

R
(Nsource 7Nsink

and the three parameters that define Wuppertal smearing, er, Nsource, and Ngink, are tuned

where the propagator S )(x, 0) presents smearing at both the source and the sink.
to optimise overlap with the desired state and minimise noise.

All correlation functions involving APE and Wuppertal smearing are computed using the
HiRep code [200, 266, 267].
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Appendix D

Renormalisation of chimera baryons

matrix elements

As devised in early studies [214, 215, 325], the renormalisation of operators using Wilson
fermions involves the computation of Feynman diagrams results in the continuum and on the

lattice. Here, we present both the calculations.

Computation in the continuum theory

The operators that we consider, associated with chimera baryons is:

0"(x) = {| @177 Q8 5| Qa5 05} (). (D.0.1)

where throughout the appendix roman letters indicate colour indices, whereas greek letters
indicate spin indices. In this case, we will consider, T47 = 1", Q1,Q2 are fundamental
fermions and 1 are 2-index antisymmetric ones. In order to renormalise this operator, we

introduce the 4-point function
GroPY (w21, w2,5) = (O™ (2)00%y () QY (w2) Q] (w3)) [CM]™. (D.0.2)

The colour matrix [CM] can be added to fix the colour structure of the external legs.
This trick is not a mandatory step, but it can be useful, and we proceed to use it.

We will fix, at the end, the colour structure with

1
[CM]ade = NQadec . (D03)

Let us define

TS () = (O (2)ult) () QT4 (22) Q5 (41)) (D.0.4)

amputated ’
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Figure D.1. Diagram A. One-loop Feynman diagram showing a gluon exchange between two funda-
mental fermion legs. The vertex ® indicates the presence of the I' operators coming from Eq. (D.0.1).

{a :} denotes the colour indices which we can fix later.

The following terms in the Lagrangian are relevant at 1-loop:

Ny
L(x) 2= 3 9QI" A, T7, QL () = £, (D.0.5)
f=1
Nas _
E(m) D _2];g¢{ab)7HAzT;S (ab)(de)w(fde) (fL’) = E'IZ]QJ)A? <D06)

where Tt, T,s are generators of the Sp(4) algebra in fundamental and 2-index antisymmetric
representations, respectively.
By performing the 1-loop expansion, from the £%4 x £#%4 term, we get the Feynman diagram
in Fig. D.1.

The quantities p; and ps are the fundamental fermions external momenta, and the cor-

responding Wick contractions are:

'B"a'b ' d’ . 2 b d
T (py, pa) =2(—1)3(—%)(l)‘””2 e (D.0.7)
TR . i
Gy D Sk o2+ DIT S5, (=07 ]" D). (D.0.8)

where the factor 2 comes from the multiplicity of contraction of ¢ at y; or o, the colour
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Figure D.2. Diagram B. One-loop Feynman diagram showing a gluon exchange between one funda-
mental fermion leg and a 2-index antisymmetric one. The vertex ® indicates the presence of the I'
operators coming from Eq. (D.0.1). A “Diagram C" is obtained by exchanging the two fundamental
fermion-legs.

factor (saturated by the the colour matrix [CM]) is

al ICI !’ ]_ aal / c c !’
€4 = [OM]upera €407 :[Ngb,c,ga,d,][gadeCTf TPV ¢ d>(d)], (D.0.9)

S(p) is the fermionic propagator, and it is defined as

S(p) = g0 uPu T 110 (D.0.10)
pi +mg
and the gauge field propagator (in Feynman gauge) is defined
b é‘ab
D, (1) = l—2(5,w. (D.0.11)

(we will also denote D(1) = 1/I?).
From the expansion term £%%4 x £¥¥4 one gets the Feynman diagram in Fig. D.2 and the

Wick contractions are

o ayeq [ dl B
IR (o1, p2) = ~ig ER" (%)d[vaﬁ(pﬁl)Tl]a [W (p1 +p2 +1) 721" D(1),

(D.0.12)

where W (p; + p2 + 1) is the propagator for 2-index antisymmetric fermions. The colour factor




Appendix D. Renormalisation of chimera baryons matrix elements 116

(saturated by the colour matrix [CM]) is

AN 1 , sy ,
fB = [CM]a'b'c’d/ %b cd — [NQb’C'Qa’d’][Qadechaa . TéSCd)(C d )5bb ] ’ (D013)
and
Ié}j:fm@/ b d (p1,p2) = Illgﬁga/g Va'dd (p2,p1) - (D.0.14)

At one-loop level, also the self-energy corrections at order O(g?) require particular care, and
the computation for the matching between continuum and lattice results can be found in
Ref. [325]. Those results are reported and used at the end of this discussion. Any other
Feynman diagram at one-loop order is irrelevant for the renormalisation under consideration.
Let us consider external momenta', pi,ps - 0. We adopt the MS renormalisation scheme,
implemented via naive dimensional regularisation (NDR), as our working prescription.?

For diagram A, the structure of the numerator of Eq. (D.0.7) (assuming, for simplicity,

zero masses mp = mg = 0) is

num [T1] = =ig*a - {ve v, T Yun Vo } (FDH2 (<1)H1 (D.0.15)

We consider the operators

T} = {Cy5.CYa) » (D.0.16)

and we use the conventions C? = I, CT = -C, CT = —C and the commutation rule C’yMC_l =

—fyg = nyC =-Cv, and 75T = 5. After anticommutations of gamma matrices, we get
numy [Cys] = —ig*€a - {vE v e CT Yo} (D)2 (-1)" = (D.0.17)
= +ig?eaCrys {-17d} = ig?€aCrs{1* (26 - 4)} . (D.0.18)
From diagram B, we can write the numerator of the integral in Eq. (D.0.12) as follows:
_ 2 2
nump [Cvs] = ig°€pCvs { (26 - 4)1} (D.0.19)

nume [Cvys] = nump [Cys] (D.0.20)

For the second operator, I'y = C7,, one can write the numerators using FORM [331],

'The computation at finite momenta can be performed following the same steps, and it produces the
same results, modulo IR terms, coming from the triangle integral [326], T'(p1,p1 + p2,0) ~ A™(p1,p2), that
can be treated separately [327] and are irrelevant for the purposes of our matching between two different UV
regulations.

2While the divergent part of the one-loop correction for the local operator is scheme-independent, the finite
part generally depends on the renormalisation scheme. In this work, we use the MS scheme. An alternative
is the Breitenlohner-Maison—"t Hooft—Veltman (BMHV) scheme [328-330], which maintains consistency in d
dimensions by modifying the treatment of ~s.
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a symbolic manipulation system designed for high-performance algebraic computations in

quantum field theory,

numy4 [Cya] = =ig%6a - {VE YV C Yo } - (D.0.21)

As we work using dimensional regularisation [332], we use the following identity under

[d4,

d=(4-2¢) with e¢—-0, (D.0.22)

And therefore, we get the numerators

num 4 [Ca] = 1% 4CYa {l (1 - %)} , (D.0.23)
numg[Ca] = i6%¢8Ca {l2 (% - 1)} : (D.0.24)

We can write these results in terms of scalar one-loop integral [333] (“Bubble integral”,

B) (for a more recent reference [326]):

Ta[Cys5] =ig°EaCy5 {(2¢ - 4)B(N\)} |
Ip[Cv5] = ig*¢BCr5 {(2¢ —4)B(N)} (D.0.25)
Ic[Crs] = ig*EpCys {(2e —4) B (\)}

where we insert A an infrared regulator (a “gluon mass”) in the gluon propagator and

d 1
BN = f(27r)dl2(l+)\)2’

2
[1+2+log47r 7E+log()\ )+O(e)]

(D.0.26)

4 d
B =
) 167r2

w is a scale introduced so that the integrals preserve their natural dimensions, and vg =
0.57721 is the Euler-Mascheroni constant.
We therefore obtain

Za[Cys] =ig”EaCys {(2e —4)B (\)}

2 2 1
16§ACV {6+410g[%] +4[Z +log47r—7E]} ,

Ipic [Cr5] = ig*€pCrs{(4 - 2¢) (B(A) + B (X))

g2 M? MQ 1
= 16#2536% {+12 +4log (ﬁ) +4log (ﬁ) +8 |:Z +log4m - VE]} ,
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Za[Cral = ig*eaCra {(1- 5 ) B OV} -

2 1
:+i]6—§rA2C’ya{ +10g[ ] [ + log4m - VE]}

9 I p 1
Ipic[Cya] = W@g(}ya {1 + log(ﬁ) + log( ) [Z +logdm — ny]} .

AZ

Putting all together, we can summarise the results in the continuum:

g° 12
Z[Cvs] = 16 5 (Cv5) {84 [6 + 4log IV 45MS]
12
B [12 +8log vl 851\/18]}
and
2 2
g 1 7
Z[C’Voz] = 1672 (C/YOL) {gA |:—§ - log F - 6MS:| +
12
B [1 +2log 2t %Ms]}
where

1
5m=z+10g477—7];,
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(D.0.27)

(D.0.28)

(D.0.29)

is the 1/e pole part that one removes in MS scheme. The finite parts for these results depend

on the renormalisation scheme one employs, whereas the divergences are scheme-independent.

Lattice computation

For the computations in lattice perturbation theory, following Ref. [334], let us define:

/2 d4]

Su(p) =sin(apy), Cu(p) = cos(apy), f [7r/2 (2m)4”

and the fermion-gluon lines one-vertex Feynman rule [334],

(VeI pe (250") = =9 (TR)pe {Wucu (p ”;p,) ‘S, (p ;p’ )} ‘

On the lattice, one can write fermion and gluon propagators as follows:

5MV5ab

Sr ()

Dol (k) =

(D.0.30)

(D.0.31)

(D.0.32)
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and

—1 Zu 'Yusu(p) +2 Eu S“(p/2)5#(p/2) .
5 Su(0)Su(p) + 4[ X, Su(p/2)Su(p/2) ]

From the expansions at one-loop of the lattice actions, in our case, the same Feynman dia-

S(p) = ad® (D.0.33)

grams as D.1 and D.2 are found on the lattice, and the integrals considered are

La[l] = fl[VaT (p2,p2+ 1) S, (p+e)TT Sy, (p2- 1) Vo (p1 - 1,p1) | D(1),

Lp[I'] = fl[VaT (p1,p1+1) S}, (1 + D) T1] - [W (p1r+p2+1) - Vo (p1+p1+1,p1 +p2)] D(1).
(D.0.34)
Expanding Egs. (D.0.30), (D.0.31), (D.0.32) and (D.0.33) around ap =0,

: l l l
sin [a (p+ 5)] =S, (5) +apuSu (5) +O(ap),
l l l
cos [a (p+ 5)] =Su (5) - apuSu (5) +O(ap),
, l
Vp,p+1)=9gTr I:_WMC,U (5) - Su
p p+l
-1y, Su(p+1) + 2S5, (T) Sy, (7)
p+ +1\1%
Su(p+1)S, (p+l)+4[ (TZ)S“(’)TZ)]
~iYuSu(l) +25, (5) Sy (%)

2
S0+ 45 (5) 54 (5)]
We can then express the integrals in Eq. (D.0.34) to the order in O(ap):

—17,Su (1) + 2A(1)

LA[F]=92£Af[ 75 Co ( ) ( )] G(1) +4A(1)2
80 (3]s (3]
|-

s o) - (] i

“aeasor (2 ()

(D.0.35)
S(p+l)=a

(D.0.36)

1

We adopt the definitions:

A(l)=%, sm( ; )sm( ) H(l)=%,sin(al,)sin(al,),

D.0.37
G(l) = H(l) +4A%(1), Ol) =X, S2(1)S2 (%) . ( )
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Using FORM, the numerators can be rewritten in the following forms

numa [Cs] = g*€4Cs {4H (1) + 16A%(1)} (D.0.38)
nump [Cys] = nume [Cys] = g2€BCs {4H (1) +2A()H(1) - 16A2(1) + SAS(Z)} ,  (D.0.39)
numy [Ca] = 6°€8CYa {—H(l) - gA(l)H(l) +0(1) -8A%(1) - 2A3(l)} , (D.0.40)
nump [Cra] = mume [Cra] = 62€5C0 {H(l) . gA(l)H(l) _0(l) - 8A®)? + 6A3(l)} .
(D.0.41)
The following integrals appear,
oy [T H(1)-A™(])
™ - e o AR [A) +a2ne] E 0,
o [T A A™(1)
R B BTN R (D-0.42)
oo dY o(l)
P= [ﬂ (2m)* AG(1)2 [A(D) + a2X2]

where A is an infrared regulator (a “gluon mass”) that one inserts in the gluon propagator in
Eq. (D.0.32) to regulate divergences and isolate logarithmic divergent terms.
TO) and T are divergent as a — 0. It is a standard trick in the literature [334] to perform

the following split in order to isolate the a — 0 divergence:

) B D.0.4
./hypercube f(a) hypercube f(a) 4-sphere,|r|<1 f(a) * 4-sphere,|r|<1 f(a) ’ ( 0 3)

and the first two terms in the sum are finite as a — 0.

Let us study the integrands as a — 0
H(l) = Zsin2 (Ia) = 1o1%a? = a®1%,
. loa\ . loa 2,2
A(l) = Zsm(7)sm(7) - a“l*/4,
o ) (D.0.44)
G(1) > a’lal® + (a21a1%)° = 2% + "1 J4 ~ 21+ O (17)
1 1
G(1)? - a'l* + 5(1616 + Easzé‘ ~altt+ o (1Y) .

Then, for T(®, we can capture the divergence by adding and subtracting

4 H() 4 1
lim [ - f . D.0.45
a—0 J4-sphere (27[')4 4G(l)2 [A(l) + ‘124_>\2:| 4-sphere (27[')4 12 (12 + a2)\2) ( )
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While for T* it is 1/4 of it. Let us compute this integral. Recall that

d(4 - sphere) = r4 1 sin®2 0, sin%> 0, .. .sin 0o drdb; ...d041,

f d*l 1 B 22 fl o 3 )
4-sphere (27T)4 12 (lQ + a2)\2) - (271')4 0 r2 (7’2 + a2)\2) B (D046)
1 ! r 11 2. a2
=— dr————==——-1 A
8772/(; "2 a2 8n22 og(r*+a )0
I QO log (a®\?) (D.0.47)
© 1672 ’

and this is one of the aforementioned logarithmic divergent terms isolated through the infrared
regulator, .
The rest of the integrals are finite and can be computed numerically. We use multidi-

mensional integrals evaluation Vegas package [335] and the result is:

7O _FO - [T d'l [ HI)  0(-1P)

el PN R ]20.005617(3). (D.0.48)

The full result for this diagram reads
L4[C5] = g°6aCs [4T(0) + 16T(2)] = g%€ACs5 [4 (T(O) - Téo)) + 4Tg)) + 16T(2)]
1
= 92514(375@ [— log (az)\Q) + 2.9352(6)] (D.0.49)

2
g
= 1672540 [~4log (a®A?) +11.748(2)] .

We similarly evaluate B and C

nump [Cv5] = nume [Cvs] = 2¢pCs (4H (1) + 2A(1)H(1) - 16A*(1) + 8A%(1))

Ly + Lo = g%65Cs (8T +4TM) - 327 1 167) ) (D.0.50)
1 )~ _
= 9%¢5Cs (—ﬁ log (a?A%) + 8 (T = T ) + 4T - 327 + 16T(3))
1
= g*¢pCY° 3 (-8log (a®\?) +4.206(5)) . (D.0.51)
T

The lattice result for I'y = Crs is:

2
L[Cys] = #c% {-4€41og (a®N?) + £411.748 - 8¢5 log (a®A?) + €4.206 (D.0.52)
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For ' = C~,,

La[CYa] = %€4CTa {—T“’) - gT“) +P-87® 2T(3)}

F(0) _ 77 ~0) 3
= 2€4Ce {_ (T(o) _ T(E)O)) ~ Téo) -
2
g
= WC%&A {+1log (a®A?) - 7.2644(11)}

T 4 p_gr® _ 2T(3)} (D.0.53)

Lpvc [Cral = 9%¢5CTa {27(0) +5T7M —2p —167® + 12T(3>} -
e (D.0.54)

= 16368070 {-2log (a*X%) + 4.8870(16)}
7T

As in the continuum theory case, the divergent terms are independent of the regularisation

scheme, whereas the finite terms depend on the specific scheme employed.

Results

Subtracting between the continuum (Egs. (D.0.27) and (D.0.28)) and lattice results (Eq. (D.0.52),
Eq. (D.0.53) and (D.0.54)), and removing the UV-logarithmic divergences in the continuum

and on the lattice:

Ar[Cys5] =Z[Cys] - L[Cy5] = (D.0.55)
= —€45.748(2) + £57.794(5) + 8 4 log(ap) + 16E log(au) . (D.0.56)
Then
Ar[Cya] = Z[Ca] - L[C7a] = (D.0.57)
= €46.724(1) - €53.887(2) — 26 4 log(ap) + 4¢ 5 log(ap) . (D.0.58)

Let us finally give an explicit expression for the colour factor. We assume that the colour
structure of the fermion legs is the same as the one of the operator. We can compute the

colour factors for the diagrams A and B:
Ea=Ct &=Ct(2-N). (D.0.59)
Therefore, using a common choice for the renormalisation scale (u = 1/a), we find

Ar[Cys] = Cp {-5.748(2) - (N = 2) 7.794(5)} ,

(D.0.60)
Ar [Ca] = Cr {6.724(1) + (N - 2) 3.887(2)} ,



Appendix D. Renormalisation of chimera baryons matrix elements 123

using N =4, C¢ =5/4 for Sp(4),

Ar[Cvs] = -26.670(13)

(D.0.61)
Ar [Cya] = 18.123(5).

Using the MS renormalisation scheme and following Ref. [334], we get at order O (gQ),

the following conversion factor:

Ty = {1 + 1?; ([Cf + %Cas] Ag, + AF)}PMCE (D.0.62)
Ar [Crs] = —26.670(13) (D.0.63)
Ar [Ca] = 18.123(5) (D.0.64)
Ay, = -12.82 (D.0.65)

The self-energy contribution to the conversion factor, Ay, , is taken from Ref. [214]. The
coupling used in Eq. (D.0.62) is defined through a mean field treatment of the link variable,
which effectively absorbs the contributions of tadpole diagrams. In this approach, the im-
proved coupling is given by §° = ¢2/(P), where (P) is the average plaquette value and g

denotes the bare gauge coupling.
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Appendix E

Formulas used in LSDensities

In this appendix, we show details of our implementation of the HLT method. Let us assume
a =1 to simplify the notation. As described in Chapter 3, the functional W[g] in Eq. (3.5.13)
consists of two parts: the systematic-error functional A[g]/Ao and the statistical-error func-

tional B/Bporm- The minimisation of W[g] equals to solving the linear system

A Ag

norm

g= (s + B)_1 f. (E.0.1)

where By is defined below Eq. (3.5.13). The matrix S descends from minimising in A[g]/Ao

the contribution quadratic in §. Its matrix elements can always be expressed as follows

Sy = fE dECE b(t +1,E)b(r + 1, E) =

(E.0.2)

eEmin(a—r—t—Q) Emin (at+r+t+2-2T) Enin(at+r—t-T) Enin(a—r+t-T)

< + +
t+r+2-a 2I'-t-r-2-a T+t-r-« T-t+r-a

€ €

il

where b(t, E) are the functions defined in Eq. (3.5.2), where S is a tpax X tmax matrix.
The error functional B[§]/Bporm contributes another functional quadratic part in g, minimised
by

By = Covy, . (E.0.3)

The vector f appears due to the minimisation of terms linear in § inside A[§]/Ao. Its entries

are defined to coincide with f;;1, where
i) = [ °° B Ay (E,w) e®E b(t, E) . (E.0.4)
For a Gaussian kernel, Ap(w) and the entries fi11(w) from Eq. (E.0.4) are calculable:
R

Ao(w)zA[O](w):f; dE e F [ AP (B,w)] = (] 1)2 cowra®ald (g 5)
min oy/m(Er ﬁ +
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and

o (0P elo=t)o {1y [ Emnmer’ () ]}

ft(w)zf; dE AD(EB,w)eHE - . (E.0.6)

1+ Erf[ULﬂ]

respectively, with

fi(w) = fi(w) + froo(w). (E.0.7)

For the Cauchy kernel, the integrals have to be computed numerically.
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Tables for spectral density findings

In this appendix, we present the tables containing the relevant results of this thesis, obtained
through spectral density investigations. The results are computed for the meson spectrum in
consideration (Tab. 3.1) and the baryon one (Tab. 3.2).

and overlap factors are also reported.

The renormalised matrix elements

Table F.1. Ground-state meson masses extracted from ensemble M1 are summarised using different
spectral reconstruction strategies. Each entry corresponds to a specific mesonic channel C. The mass
amc is obtained from a Generalised Eigenvalue Problem (GEVP) analysis. We report results from
spectral density fits using both Gaussian and Cauchy kernel bases: a k-G fit employs a sum of k
Gaussian functions, while a (k + 1)-G fit adds one more Gaussian component. Similarly, k-C and
(k + 1)-C refer to fits using Cauchy functions. The smearing radii used for each reconstruction are
denoted by o¢ (Gaussian) and o¢ (Cauchy). Wuppertal smearing is applied with Nyouree = 80 steps

at the source and no smearing at the sink (Ngpi = 0).

C | k| aBy k-G | aEy (k+1)-G | aEy k-C | aEy (k+1)-C amc og/me | oc/me
PS | 2 | 0.3545(30) 0.3546(18) 0.3543(18) 0.3543(18) 0.35435(11) 0.33 0.32
V| 3]0.3999(32) | 0.3996(31) | 0.3994(32) | 0.4006(31) | 0.4018(14) | 0.3 0.22
T | 3]0.4003(29) | 0.4003(29) | 0.4018(30) | 0.4021(31) | 0.4016(15) | 0.3 0.3
AV | 2| 0.5340(43) | 0.5345(45) | 0.5345(45) | 0.53420(80) | 0.5357(36) | 0.2 0.18
AT | 2| 0.5215(28) | 0.5217(31) | 0.5260(50) | 0.5246(41) | 0.5246(69) | 0.18 0.2
S | 2] 05171(46) | 0.5167(46) | 0.5198(33) | 0.5165(51) | 0.5147(42) | 0.2 0.2
ps | 3| 0.5882(53) | 0.5844(54) | 0.5846(23) | 0.5858(11) | 0.58529(86) | 0.18 0.2
v | 2]0.6441(12) | 0.6431(12) | 0.6454(12) | 0.6456(22) | 0.64459(86) | 0.2 0.26
t | 2] 0.6540(16) | 0.6545(26) | 0.6442(28) | 0.6445(13) | 0.64465(93) | 0.2 0.26
av | 2| 0.8283(75) | 0.8285(75) | 0.8202(37) | 0.8201(38) | 0.8283(48) | 0.2 0.18
at | 3] 0.8477(42) | 0.8477(38) | 0.8387(63) | 0.8389(62) | 0.8423(43) | 0.18 | 0.18
s | 3] 0.7947(66) | 0.7946(67) | 0.7855(42) | 0.7867(42) | 0.7923(25) | 0.18 0.2
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Table F.2. First excited state meson masses extracted from ensemble M1 are summarised using
different spectral reconstruction strategies. Each entry corresponds to a specific mesonic channel C.
The mass amc is obtained from a Generalised Eigenvalue Problem (GEVP) analysis. We report
results from spectral density fits using both Gaussian and Cauchy kernel bases: a k-G fit employs a
sum of k Gaussian functions, while a (k+1)-G fit adds one more Gaussian component. Similarly, k-C
and (k+1)-C refer to fits using Cauchy functions. The smearing radii used for each reconstruction are
denoted by o¢ (Gaussian) and o¢ (Cauchy). Wuppertal smearing is applied with Nyouree = 80 steps
at the source and no smearing at the sink (Ngpnk = 0).

C | k| aB1 k-G | aE; (k+1)-G | aFEy k-C | aFEq (k+1)-C amg og/me | oc/me
PS | 2 | 0.6723(42) 0.6792(72) 0.6721(40) 0.6718(40) 0.6745(94) 0.33 0.32
V | 3] 0704(14) | 0.70314) | 0.705(13) | 0.714(12) | 0.7027(86) | 0.3 0.22
T | 3| 0.696(18) | 0.696(18) | 0.695(17) | 0.6951(19) | 0.696(11) | 0.3 0.3
AV | 2| 0715(13) | 0.706(13) | 0.707(11) | 0.702(11) | 0.702(38) | 0.2 0.18
AT | 2| 0.701(14) | 0.691(14) | 0.714(21) | 0.709(14) | 0.704(21) | 0.18 0.2
S | 2| 074117) | 0.740(17) | 0.737(13) | 0.737(13) | 0.722(30) | 0.2 0.2
ps | 3| 0.927(13) | 0.027(11) | 0.013(18) | 0.912(17) | 0.914(11) | 0.18 0.2
v | 21]09370(41) | 0.9370(41) | 0.9383(68) | 0.9375(66) | 0.9495(72) | 0.2 0.26
t | 2] 0948(21) | 0.947(22) | 0.9303(10) | 0.9303(13) | 0.9426(36) | 0.2 0.26
av | 2| 1.092(31) | 1.092(31) | 1.099(29) | 1.084(22) | 1.093(13) | 0.2 0.18
at | 3| L107(11) | 1.119(10) | 1.106(24) | 1.106(26) | 1.098(28) | 0.18 | 0.18
s | 3] 1.062(11) | 1.061(14) | 1.064(12) | 1.068(13) | 1.065(25) | 0.18 0.2
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Table F.3. Second excited state meson masses extracted from ensemble M1 are summarised using
different spectral reconstruction strategies. Each entry corresponds to a specific mesonic channel C.
The mass amc is obtained from a Generalised Eigenvalue Problem (GEVP) analysis. We report
results from spectral density fits using both Gaussian and Cauchy kernel bases: a k-G fit employs a
sum of k Gaussian functions, while a (k+1)-G fit adds one more Gaussian component. Similarly, k-C
and (k+1)-C refer to fits using Cauchy functions. The smearing radii used for each reconstruction are
denoted by o¢ (Gaussian) and o¢ (Cauchy). Wuppertal smearing is applied with Nyouree = 80 steps
at the source and no smearing at the sink (Ngpnk = 0).

C | k| aBy k-G | aFEy (k+1)-G | aEy k-C | aFEy (k+1)-C amg og/me | oc/me
PS | 2 - - - - 1.074(79) 0.33 0.32
V | 3]0983(31) | 0.987(31) | 0.992(29) | 0.984(30) | 1.002(93) | 0.3 0.22
T | 310.970(20) | 0.960(29) | 0.961(28) | 0.973(30) | 0.947(93) | 0.3 0.3
AV | 2 - - - - - 0.2 0.18
AT | 2 - - - - - 0.18 0.2
S |2 - - - - - 0.2 0.2
ps | 3| 1.217(29) | 1.224(30) | 1.224(47) | 1.250(45) | 1.210(53) | 0.18 0.2
v |2 - - - - - 0.2 0.26
t |2 - - - - - 0.2 0.26
av | 2 - - - - - 0.2 0.18
at | 3| 1.400(41) | 1.401(44) | 1.418(41) | 1.4280(45) | 1.463(50) | 0.18 | 0.18
s | 3] 1.383(48) | 1.380(49) | 1.381(39) | 1.382(40) | 1.389(39) | 0.18 0.2




Appendix F. Tables for spectral density findings 129

Table F.4. Ground-state meson masses extracted from ensemble M2 are summarised using different
spectral reconstruction strategies. Each entry corresponds to a specific mesonic channel C. The mass
amc is obtained from a Generalised Eigenvalue Problem (GEVP) analysis. We report results from
spectral density fits using both Gaussian and Cauchy kernel bases: a k-G fit employs a sum of k
Gaussian functions, while a (k + 1)-G fit adds one more Gaussian component. Similarly, k-C and
(k + 1)-C refer to fits using Cauchy functions. The smearing radii used for each reconstruction are
denoted by o¢ (Gaussian) and o¢ (Cauchy). Wuppertal smearing is applied with Nyouree = 80 steps
at the source and no smearing at the sink (Ngni = 0)..

C |k aFEy k-G aEy (k+1)-G aFEy k-C aFy (k+1)-C amc og/mc | oc/me
PS | 2 | 0.3557(25) 0.3559(21) 0.3555(17) 0.3559(15) 0.35593(88) 0.35 0.3
V| 3] 0.3968(20) | 0.3963(13) | 0.3963(23) | 0.3960(80) | 0.3964(13) | 0.28 | 0.33
T | 3| 0.3957(33) | 0.3967(24) | 0.3950(40) | 0.3960(30) | 0.3965(14) | 0.23 | 0.23
AV | 3| 0.5431(44) | 0.5433(44) | 0.5421(13) | 0.5442(11) | 0.5431(36) | 0.3 0.18
AT | 3| 0.5494(26) | 0.5493(27) | 0.5453(27) | 0.5512(50) | 0.5426(32) | 0.3 0.2
S | 2| 0.5250(47) | 0.5246(40) | 0.5250(14) | 0.5250(22) | 0.5245(31) | 0.3 0.2
ps | 3| 0.5932(11) 0.5939(12) 0.5931(22) 0.5932(22) 0.59399(62) 0.18 0.18
v | 2] 0.63840(90) | 0.63840(90) | 0.63840(90) | 0.63840(90) | 0.6380(10) | 0.2 0.2
t | 2] 0.6384(12) | 0.6367(14) | 0.6378(10) | 0.6379(10) | 0.6375(11) | 0.2 0.2
av | 3| 0.8346(80) | 0.8366(76) | 0.8363(30) | 0.8369(22) | 0.8349(35) | 0.18 | 0.18
at | 3| 0.8442(48) | 0.8450(48) | 0.8440(41) | 0.8430(43) | 0.8440(39) | 0.18 | 0.23
s | 3] 0.7966(55) | 0.7987(56) | 0.79010(99) | 0.7900(10) | 0.7984(33) | 0.18 | 0.18
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Table F.5. First excited state meson masses extracted from ensemble M2 are summarised using
different spectral reconstruction strategies. Each entry corresponds to a specific mesonic channel C.

The mass amc is obtained from a Generalised Eigenvalue Problem (GEVP) analysis.

We report

results from spectral density fits using both Gaussian and Cauchy kernel bases: a k-G fit employs a
sum of k Gaussian functions, while a (k+1)-G fit adds one more Gaussian component. Similarly, k-C
and (k+1)-C refer to fits using Cauchy functions. The smearing radii used for each reconstruction are
denoted by o¢ (Gaussian) and o¢ (Cauchy). Wuppertal smearing is applied with Nyouree = 80 steps

at the source and no smearing at the sink (Ngpnk = 0).

C | k| aB1 k-G | aEy (k+1)-G | aFy k-C | aEy (k+1)-C amg oq/me | oc/me
PS | 2 | 0.6781(11) 0.6794(58) 0.6721(54) 0.6789(51) 0.6764(68) 0.35 0.3
V | 3] 0.6685(89) | 0.6674(50) | 0.6699(68) | 0.667(10) | 0.668(17) | 0.28 | 0.33
T | 3]0.6928094) | 0.695(13) | 0.7047(87) | 0.704(11) | 0.682(12) | 023 | 0.23
AV | 3] 0.7806(90) | 0.7803(68) | 0.795(15) | 0.794(15) | 0.791(10) | 0.3 0.18
AT | 3| 0.797(10) | 0.797(10) 0.797(17) | 0.7984(92) | 0.808(12) | 0.3 0.2
S | 2] 0766(12) | 0.7698(99) | 0.770(11) | 0.765(13) | 0.765(13) | 0.3 0.2
ps | 3] 0.905(11) | 0.905(10) | 0.9003(90) | 0.9036(80) | 0.908(11) | 0.18 | 0.18
v | 2]09199(63) | 0.9196(36) | 0.94520(10) | 0.9444(34) | 0.9310(93) | 0.2 0.2
t | 2] 0.92923) | 0.926(23) | 0.9421(36) | 0.9422(28) | 0.930(11) | 0.2 0.2
av | 3| 1.052(22) | 1.048(14) 1.063(23) 1.059(18) | 1.054(20) | 0.18 | 0.18
at | 3| 1.081(22) | 1.084(23) 1.081(34) | 1.0816(53) | 1.119(54) | 0.8 | 0.23
s | 3] 1.020(29) 1.020(30) 1.0090(70) 1.022(15) 1.032(39) 0.18 0.18
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Table F.6. Second excited state meson masses extracted from ensemble M2 are summarised using
different spectral reconstruction strategies. Each entry corresponds to a specific mesonic channel C.
The mass amc is obtained from a Generalised Eigenvalue Problem (GEVP) analysis. We report
results from spectral density fits using both Gaussian and Cauchy kernel bases: a k-G fit employs a
sum of k Gaussian functions, while a (k+1)-G fit adds one more Gaussian component. Similarly, k-C
and (k+1)-C refer to fits using Cauchy functions. The smearing radii used for each reconstruction are
denoted by o¢ (Gaussian) and o¢ (Cauchy). Wuppertal smearing is applied with Nyouree = 80 steps
at the source and no smearing at the sink (Ngpnk = 0).

C | k| aBy k-G | aEsy (k+1)-G | aF3 k-C | aFy (k+1)-C amg oa/me | oc/me
PS | 2 - - - - - 0.35 0.3
Vo |3] 0960(22) | 0.975(21) | 0.978(29) | 0.969(18) ; 028 | 0.33
T | 3| 0.979(35) | 0.970(40) | 0.960(30) | 0.973(26) ; 023 | 0.23
AV | 3| 1.171(23) | 1.172(22) | 1.172(19) | 1.180(21) . 0.3 0.18
AT | 3 | 1.0589(22) 1.0563(98) 1.057(15) 1.054(15) - 0.3 0.2
S |2 - - - - - 0.3 0.2
ps | 3| 1.256(11) | 1.253(20) | 1.248(36) | 1.258(56) | 1.261(36) | 0.18 | 0.18
v |2 - - - - - 0.2 0.2
t 2 - - - - - 0.2 0.2
av | 3| 1.424(50) | 1.424(40) | 1.435(47) | 1.429(51) ; 0.18 | 0.18
at | 3| 1.387(10) | 1.3856(38) | 1.385(24) | 1.382(28) . 018 | 023
s | 3| 1.355(65) 1.360(69) 1.362(43) 1.360(49) - 0.18 0.18
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Table F.7. Ground-state meson masses extracted from ensemble M3 are summarised using different
spectral reconstruction strategies. Each entry corresponds to a specific mesonic channel C. The mass
amc is obtained from a Generalised Eigenvalue Problem (GEVP) analysis. We report results from
spectral density fits using both Gaussian and Cauchy kernel bases: a k-G fit employs a sum of k
Gaussian functions, while a (k + 1)-G fit adds one more Gaussian component. Similarly, k-C and
(k + 1)-C refer to fits using Cauchy functions. The smearing radii used for each reconstruction are
denoted by o¢ (Gaussian) and o¢ (Cauchy). Wuppertal smearing is applied with Nyouree = 80 steps

at the source and no smearing at the sink (Ngpi = 0).

C |k aFEy k-G aEy (k+1)-G aFEy k-C aFy (k+1)-C amc og/mc | oc/me
PS | 2 | 0.3639(31) 0.3625(27) 0.3629(12) 0.3628(11) 0.36239(72) 0.3 0.27
V | 3] 04010(50) | 0.4000(20) | 0.4017(24) | 0.4017(23) | 0.40267(81) | 0.28 | 0.25
T | 3| 0.3996(13) | 0.3999(18) | 0.4013(27) | 0.4010(25) | 0.40244(86) | 0.33 | 0.28
AV | 3| 0.5391(51) | 0.5387(51) | 0.5444(22) | 0.5426(39) | 0.5396(30) | 0.28 | 0.32
AT | 3| 0.5422(23) | 0.5421(24) | 0.5441(26) | 0.5447(21) | 0.5433(29) | 0.3 0.18
S | 2] 05137(36) | 0.5142(31) | 0.5191(31) | 0.5196(20) | 0.5159(31) | 0.3 0.24
ps | 3| 0.59920(44) | 0.59940(50) | 0.59973(20) | 0.59960(44) | 0.59975(41) | 0.23 | 0.22
v | 2] 0.6454(15) | 0.6454(12) | 0.6425(25) | 0.6499(39) | 0.64543(78) | 0.24 | 0.25
t | 2| 0.6461(12) | 0.64620(80) | 0.6469(11) | 0.64660(90) | 0.6469(11) | 028 | 0.28
av | 3| 0.8371(76) | 0.8364(78) | 0.8335(32) | 0.8357(10) | 0.8353(49) | 0.18 | 0.25
at | 3| 0.8337(37) | 0.8322(50) | 0.8387(10) | 0.8388(11) | 0.8376(42) | 0.25 | 0.25
s | 3] 0.8026(42) | 0.8036(39) | 0.8016(46) | 0.8026(14) | 0.8021(42) | 0.23 | 0.23
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Table F.8. First excited state meson masses extracted from ensemble M3 are summarised using
different spectral reconstruction strategies. Each entry corresponds to a specific mesonic channel C.
The mass amc is obtained from a Generalised Eigenvalue Problem (GEVP) analysis.
results from spectral density fits using both Gaussian and Cauchy kernel bases: a k-G fit employs a
sum of k Gaussian functions, while a (k+1)-G fit adds one more Gaussian component. Similarly, k-C
and (k+1)-C refer to fits using Cauchy functions. The smearing radii used for each reconstruction are
denoted by o¢ (Gaussian) and o¢ (Cauchy). Wuppertal smearing is applied with Nyouree = 80 steps
at the source and no smearing at the sink (Ngpnk = 0).

We report

C | k| aB1 k-G | aE; (k+1)-G | aFEy k-C | aFEq (k+1)-C og/me | oc/me
PS | 2 | 0.6558(34) | 0.6549(74) | 0.657(13) | 0.656(13) 0.3 0.27
V | 3] 0.683(16) | 0.66190(80) | 0.689(14) | 0.688(12) 028 | 0.25
T | 3] 0.694(13) 0.693(14) 0.693(11) 0.693(10) 0.33 0.28
AV | 3| 0.7668(40) | 0.7668(20) | 0.7679(68) | 0.7679(55) 028 | 0.32
AT | 3| 0.7878(96) | 0.7871(30) | 0.7754(14) | 0.7761(38) 0.3 0.18
S | 2] 0.7627(43) | 0.7651(85) | 0.7634(79) | 0.7640(90) 0.3 0.24
ps | 3| 0.914(11) | 0.08(11) | 0.017(11) | 0.909(11) 023 | 022
v | 2] 0923(15) | 0.932(13) | 0.9253(85) | 0.933(15) 024 | 0.25
t 2] 0.932(21) | 0935(11) | 0.921(13) | 0.933(13) 0.28 | 0.28
av | 3| 1.076(27) | 1.077(28) | 1.0679(66) | 1.082(11) 018 | 0.25
at | 3| 1.000(26) | 1.006(26) | 1.0922(99) |  1.082(17) 025 | 0.25
s | 3] 1.071(10) | 1.077(10) | 1.072(16) | 1.0719(80) 023 | 023
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Table F.9. Second excited state meson masses extracted from ensemble M3 are summarised using
different spectral reconstruction strategies. Each entry corresponds to a specific mesonic channel C.
The mass amc is obtained from a Generalised Eigenvalue Problem (GEVP) analysis. We report
results from spectral density fits using both Gaussian and Cauchy kernel bases: a k-G fit employs a
sum of k Gaussian functions, while a (k+1)-G fit adds one more Gaussian component. Similarly, k-C
and (k+1)-C refer to fits using Cauchy functions. The smearing radii used for each reconstruction are
denoted by o¢ (Gaussian) and o¢ (Cauchy). Wuppertal smearing is applied with Nyouree = 80 steps
at the source and no smearing at the sink (Ngpnk = 0).

C | k| aBy k-G | aFEy (k+1)-G | aEy k-C | aFEy (k+1)-C amg og/me | oc/me
PS | 2 - - - - - 0.3 0.27
V | 310970(25) | 0.961(26) | 0.969(28) | 0.973(24) | 0.961(34) | 0.28 | 0.25
T | 3|0.971(40) | 0.964(41) | 0.977(18) | 0.966(13) | 0.962(38) | 0.33 | 0.28
AV | 3] 1.151(52) | 1.165(55) | L.161(25) | 1.148(14) . 028 | 0.32
AT | 3| 1.046(19) | 1.041(16) | 1.041(17) | 1.0346(67) . 0.3 0.18
S |2 - - - - - 0.3 0.24
ps | 3| 1.240(37) | 1.239(39) | 1.249(43) | 1.230(39) | 1.262(23) | 0.23 | 0.22
v |2 - - - - - 0.24 0.25
t |2 - - - - - 0.28 0.28
av | 3| 1.420(36) | 1.422(35) | 1.420(36) | 1.410(33) . 0.18 | 0.25
at | 3| 1.403(26) | 1.406(24) | 1.406(34) | 1.406(24) : 025 | 025
s | 3]1.386(21) | 1.387(22) | 1.387(28) |  1.373(44) . 023 | 0.23




Appendix F. Tables for spectral density findings 135

Table F.10. Ground-state meson masses extracted from ensemble M4 are summarised using different
spectral reconstruction strategies. Each entry corresponds to a specific mesonic channel C. The mass
amc is obtained from a Generalised Eigenvalue Problem (GEVP) analysis. We report results from
spectral density fits using both Gaussian and Cauchy kernel bases: a k-G fit employs a sum of k
Gaussian functions, while a (k + 1)-G fit adds one more Gaussian component. Similarly, k-C and
(k + 1)-C refer to fits using Cauchy functions. The smearing radii used for each reconstruction are
denoted by o¢ (Gaussian) and o¢ (Cauchy). Wuppertal smearing is applied with Nyouree = 80 steps
at the source and no smearing at the sink (Ngpi = 0).

C | k| aEy k-G | aEy (k+1)-G aFEy k-C aEy (k+1)-C amc og/me | oc/me
PS | 2 | 0.4065(35) 0.4068(30) 0.4063(29) 0.4060(24) 0.4080(12) 0.3 0.3
V | 3| 0.4469(15) 0.4469(15) 0.4480(37) 0.4483(36) 0.4471(16) 0.3 0.27
T | 3]04407(11) | 0.4437(60) | 0.4420(80) | 0.4419(45) | 0.4411(11) | 025 | 0.25
AV | 2| 0.5876(40) | 0.5889(80) | 0.5902(57) | 0.5865(34) | 0.5889(37) | 025 | 0.25
AT | 2| 0.5909(23) | 0.5920(27) | 0.59110(80) | 0.5916(44) | 0.5931(37) | 025 | 0.25
S | 2] 05660(41) | 0.5660(36) | 0.5664(56) | 0.5695(30) | 0.5644(43) | 0.25 0.3
ps | 3| 0.6234(12) | 0.6236(10) | 0.62312(72) | 0.62340(75) | 0.62367(46) | 024 | 0.24
v | 3]0.6695(46) | 0.6694(46) | 0.6690(10) | 0.6980(10) | 0.66991(61) | 0.23 0.2
t | 3]0.6702(11) | 0.6673(40) | 0.6696(57) | 0.6692(50) | 0.66985(64) | 0.23 | 0.25
av | 2| 0.8602(42) | 0.8651(22) | 0.8642(22) | 0.8645(32) | 0.8654(34) | 0.2 0.2
at | 2| 0.8768(61) | 0.8736(79) | 0.8727(20) | 0.8718(32) | 0.8717(61) | 025 | 0.25
s | 2] 08332(32) | 0.8323(23) | 0.8312(31) | 0.8323(63) | 0.8308(30) | 0.24 0.2
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Table F.11. First excited state meson masses extracted from ensemble M4 are summarised using
different spectral reconstruction strategies. Each entry corresponds to a specific mesonic channel C.

The mass amc is obtained from a Generalised Eigenvalue Problem (GEVP) analysis.

We report

results from spectral density fits using both Gaussian and Cauchy kernel bases: a k-G fit employs a
sum of k Gaussian functions, while a (k+1)-G fit adds one more Gaussian component. Similarly, k-C
and (k+1)-C refer to fits using Cauchy functions. The smearing radii used for each reconstruction are
denoted by o¢ (Gaussian) and o¢ (Cauchy). Wuppertal smearing is applied with Nyouree = 80 steps

at the source and no smearing at the sink (Ngpnk = 0).

C | k| aB1 k-G | aE; (k+1)-G | aFEy k-C | aFEq (k+1)-C amg og/me | oc/me
PS | 2 | 0.6034(93) | 0.610(23) | 0.614(15) | 0.615(14) | 0.613(23) | 0.3 0.3
V | 3] 0712a15) | 0.712(15) | 0.727(11) | 0.728(11) | 0.701(15) | 0.3 0.27
T | 3]07389(73) | 0.7389(72) | 0.7299(58) | 0.7337(54) | 0.7306(98) | 0.25 | 0.25
AV | 2| 0786(12) | 0.7777(33) | 0.7836(71) | 0.7874(77) | 0.780(26) | 0.25 | 0.25
AT | 2| 0.837(16) | 0.838(10) | 0.8289(21) | 0.834(13) | 0.843(14) | 025 | 0.25
S | 2] 0.7450(47) 0.7419(95) 0.731(17) 0.734(21) - 0.25 0.3
ps | 3| 0.930(18) | 0.930(19) | 0.934(17) | 0.931(14) | 0.942(11) | 0.24 | 0.24
v | 3]09607(35) | 0.9610(44) | 0.9672(68) | 0.974(17) | 0.964(13) | 0.23 0.2
t | 3] 0.96526) | 0.968(23) | 0.956(21) | 0.960(24) | 0.956(16) | 0.23 | 0.25
av | 2| L101(16) | 1.104(12) | 1.106(14) | 1.106(11) | 1.115(24) | 0.2 0.2
at | 2] 1.1035(99) | 1.106(13) | 1.106(14) | 1.1029(70) | 1.104(41) | 0.25 | 0.25
s | 2| 1.093(14) | 1.093(14) | 1.0920(52) | 1.089(21) | 1.070(28) | 0.24 0.2
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Table F.12. Second excited state meson masses extracted from ensemble M4 are summarised using
different spectral reconstruction strategies. Each entry corresponds to a specific mesonic channel C.
The mass amc is obtained from a Generalised Eigenvalue Problem (GEVP) analysis. We report
results from spectral density fits using both Gaussian and Cauchy kernel bases: a k-G fit employs a
sum of k Gaussian functions, while a (k+1)-G fit adds one more Gaussian component. Similarly, k-C
and (k+1)-C refer to fits using Cauchy functions. The smearing radii used for each reconstruction are
denoted by o¢ (Gaussian) and o¢ (Cauchy). Wuppertal smearing is applied with Nyouree = 80 steps
at the source and no smearing at the sink (Ngpnk = 0).

C | k| aBy k-G | aFEy (k+1)-G | aEy k-C | aFEy (k+1)-C amg og/me | oc/me
PS | 2 - - - - - 0.3 0.3
V| 3]0986(44) | 0.986(44) | 0.996(40) | 1.010(32) | 0.975(47) | 0.3 0.27
T | 3]1.00033) | 0.997(33) | 1.002(38) | 1.003(32) | 1.001(45) | 025 | 0.25
AV | 2 - - - - - 0.25 0.25
AT | 2 - - - - - 0.25 0.25
S |2 - - - - - 0.25 0.3
ps | 3| 1.198(39) | 1.102(45) | 1.161(38) | 1.174(40) | L.IS1(56) | 0.24 | 0.2
v | 3]1.192(39) | 1.195(39) | 1.205(13) | 1.2067(97) | 1.209(56) | 0.23 0.2
t | 3]1.208(18) | 1.206(21) | 1.192(40) | 1.190(20) | 1.193(75) | 0.23 | 0.25
av | 2 - - - - - 0.2 0.2
at | 2 - - - - - 0.25 0.25
S 2 - - - - - 0.24 0.2
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Table F.13. Ground-state meson masses extracted from ensemble M5 are summarised using different
spectral reconstruction strategies. Each entry corresponds to a specific mesonic channel C. The mass
amc is obtained from a Generalised Eigenvalue Problem (GEVP) analysis. We report results from
spectral density fits using both Gaussian and Cauchy kernel bases: a k-G fit employs a sum of k
Gaussian functions, while a (k + 1)-G fit adds one more Gaussian component. Similarly, k-C and
(k + 1)-C refer to fits using Cauchy functions. The smearing radii used for each reconstruction are
denoted by o¢ (Gaussian) and o¢ (Cauchy). Wuppertal smearing is applied with Nyouree = 80 steps

at the source and no smearing at the sink (Ngpi = 0).

C |k aFEy k-G aEy (k+1)-G aFEy k-C aFy (k+1)-C amc og/mc | oc/me
PS | 2 | 0.29393(40) | 0.29370(43) | 0.29380(60) | 0.29399(20) | 0.29393(60) | 0.25 | 0.25
V | 3] 03357(32) | 0.3357(12) | 0.3364(17) | 0.3354(20) | 0.3362(14) | 0.3 0.3
T | 3] 0.3425(24) | 0.3411(32) | 0.3421(32) | 0.3411(23) | 0.3418(11) | 0.3 0.3
AV | 3| 0.50890(80) | 0.5089(19) | 0.50800(70) | 0.5084(44) | 0.5079(39) | 0.25 0.2
AT | 3| 0.5079(13) | 0.50700(10) | 0.5079(32) | 0.5079(32) | 0.5066(49) | 0.2 0.2
S | 3| 04772(47) | 0.4776(48) | 0.4764(21) | 0.4787(44) | 0.4785(49) | 0.25 | 0.25
ps | 2 | 0.57261(53) | 0.57233(63) | 0.57232(62) | 0.57240(30) | 0.57249(63) | 0.2 0.2
v | 3] 0.6207(17) | 0.6207(17) | 0.6200(15) | 0.62010(90) | 0.62071(84) | 0.2 0.25
t | 3] 0.6209(38) | 0.6201(30) | 0.6204(13) | 0.6204(15) | 0.62072(90) | 0.2 0.25
av | 2| 0.8007(74) | 0.7980(79) | 0.7982(46) | 0.7977(48) | 0.7986(43) | 0.2 0.2
at | 2| 0.8027(65) | 0.8022(65) | 0.8031(81) | 0.8022(41) | 0.8050(65) | 0.2 0.2
s | 2] 0.7633(66) | 0.7630(65) | 0.7625(69) | 0.7606(65) | 0.7644(32) | 0.2 0.2
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Table F.14. First excited state meson masses extracted from ensemble M5 are summarised using
different spectral reconstruction strategies. Each entry corresponds to a specific mesonic channel C.
The mass amc is obtained from a Generalised Eigenvalue Problem (GEVP) analysis. We report
results from spectral density fits using both Gaussian and Cauchy kernel bases: a k-G fit employs a
sum of k Gaussian functions, while a (k+1)-G fit adds one more Gaussian component. Similarly, k-C
and (k+1)-C refer to fits using Cauchy functions. The smearing radii used for each reconstruction are
denoted by o¢ (Gaussian) and o¢ (Cauchy). Wuppertal smearing is applied with Nyouree = 80 steps
at the source and no smearing at the sink (Ngpnk = 0).

C | k| aB1 k-G | aE; (k+1)-G | aFEy k-C | aFEq (k+1)-C amg og/me | oc/me
PS | 2 | 0.6354(82) 0.6343(95) 0.631(10) 0.6305(79) 0.6303(92) 0.25 0.25
V 3] 0653(12) | 0.65217) | 0.6535(95) | 0.6553(87) | 0.650(16) | 0.3 0.3
T | 3] 0.647(11) | 0.649(13) | 0.640(12) | 0.652(13) | 0.649(10) | 0.3 0.3
AV | 3| 07763(72) | 0.7686(73) | 0.777(15) | 0.777(15) | 0.7750(68) | 0.25 0.2
AT | 3| 0.783(18) | 0.783(11) | 0.788(14) | 0.788(13) | 0.7779(83) | 0.2 0.2
S | 3] 073219 | 0.731(19) | 0.726(11) | 0.7229(97) | 0.728(13) | 025 | 0.25
ps | 2 | 0.8894(77) | 0.8854(74) | 0.8859(10) | 0.8859(20) | 0.8844(64) | 0.2 0.2
v | 3] 0.896(10) | 0.907(11) | 0.9084(79) | 0.904(17) | 0.906(10) | 0.2 0.25
t | 3]0.9087(51) | 0.9063(64) | 0.9127(35) | 0.9127(35) | 0.899(12) | 0.2 0.25
av | 2| 0.978(27) | 0.985(28) | 0.965(28) | 0.975(28) | 0.979(27) | 0.2 0.2
at | 2| 0.974(44) | 0.977(32) | 0.967(48) | 0.974(34) | 0.937(54) | 0.2 0.2
s | 2| 1.029(14) | 1.030(11) | 1.030(11) | 1.025(25) | 1.017(16) | 0.2 0.2
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Table F.15. Second excited state meson masses extracted from ensemble M5 are summarised using
different spectral reconstruction strategies. Each entry corresponds to a specific mesonic channel C.
The mass am¢ is obtained from a Generalised Eigenvalue Problem (GEVP) analysis. We report
results from spectral density fits using both Gaussian and Cauchy kernel bases: a k-G fit employs a
sum of k Gaussian functions, while a (k+ 1)-G fit adds one more Gaussian component. Similarly, k-C
and (k+1)-C refer to fits using Cauchy functions. The smearing radii used for each reconstruction are
denoted by o¢ (Gaussian) and o¢ (Cauchy). Wuppertal smearing is applied with Nyouree = 80 steps
at the source and no smearing at the sink (Ngux = 0).

C | k| aBy k-G | aEy (k+1)-G | aF2 k-C | aEs (k+1)-C ame og/me | oc/me
PS | 2 - - - - - 0.25 0.25

V | 3] 0.902(21) 0.901(22) 0.902(32) 0.905(26) 0.900(46) 0.3 0.3

T | 3] 0.861(16) 0.848(17) 0.849(32) 0.849(30) 0.840(71) 0.3 0.3
AV | 3 | 1.082(44) 1.084(42) 1.074(53) 1.086(58) - 0.25 0.2
AT | 3 | 1.084(46) 1.092(44) 1.0714(62) 1.0872(66) 1.08(14) 0.2 0.2

S | 3] 1.202(52) 1.200(52) 1.212(42) 1.214(40) 1.192(35) 0.25 0.25
ps | 2 - - - - - 0.2 0.2

v | 3] 1.204(23) 1.194(23) 1.189(42) 1.181(42) 1.185(44) 0.2 0.25

t 3 | 1.209(20) 1.209(30) 1.196(44) 1.192(42) 1.212(52) 0.2 0.25
av | 2 - - - - - 0.2 0.2
at | 2 - - - - - 0.2 0.2

S 2 - - - - - 0.2 0.2

Table F.16. Results for the ground state masses of chimera baryons in ensemble M1, obtained via
spectral density reconstructions. Each row corresponds to a baryon channel C, with am¢ denoting the
excited-state energy extracted from the GEVP procedure. To model the spectral features, we perform
fits using both Gaussian and Cauchy kernels: a k-G fit includes k& Gaussian terms, while a (k+1)-G fit
adds an additional one; similarly, k-C and (k+1)-C refer to fits using k and k+1 Cauchy components,
respectively. The smearing widths employed in these fits are denoted by og for the Gaussian basis
and o¢ for the Cauchy basis. Wuppertal smearing is applied at the source with Nyource = 80 steps,
while the sink remains unsmeared (Nginx = 0).

C | k| aBy k-G | aFEy (k+1)-G | aFEyk-C | aEy (k+1)-C amc og/mec | oc/me
AEB 2 1 0.7663(21) 0.7663(21) 0.7677(22) 0.7687(29) 0.7684(28) 0.32 0.32
Yop | 3] 0.7556(21) 0.7556(21) 0.7583(23) 0.7578(28) 0.7576(19) 0.3 0.3
EEE 3 | 0.7949(63) 0.7849(64) 0.7814(61) 0.7849(64) 0.7840(28) 0.2 0.2
Acg | 2 ] 0.8938(73) 0.8988(73) 0.8933(43) 0.8959(20) 0.8973(61) 0.22 0.22
Yeg | 2|0 9059(53) 0.9078(53) 0.9078(53) 0.9058(53) 0.9092(74) 0.18 0.18
Xop | 2] 0.9053(25) 0.9074(27) 0.9031(74) 0.9091(74) 0.9075(70) 0.2 0.2
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Table F.17. Results for the first excited state masses of chimera baryons in ensemble M1, obtained via
spectral density reconstructions. Each row corresponds to a baryon channel C', with am¢ denoting the
excited-state energy extracted from the GEVP procedure. To model the spectral features, we perform
fits using both Gaussian and Cauchy kernels: a k-G fit includes k& Gaussian terms, while a (k+1)-G fit
adds an additional one; similarly, k-C and (k+1)-C refer to fits using k and k+1 Cauchy components,
respectively. The smearing widths employed in these fits are denoted by og for the Gaussian basis
and o¢ for the Cauchy basis. Wuppertal smearing is applied at the source with Nyource = 80 steps,
while the sink remains unsmeared (Nginx = 0).

C | k| aB1 k-G | aFE; (k+1)-G | aFEy k-C | aFy (k+1)-C amg og/mec | oc/me
Afn | 2| 0.996(10) | 0.095(11) | 0.996(12) | 0.997(10) | 0.995(12) | 0.32 | 0.32
Shy | 3] 0.9984(77) | 0.9954(73) | 0.9930(99) | 0.9930(99) | 0.9979(96) | 0.3 0.3
Sen | 3] 1.031(11) | 1.032(11) | 1.025(10) | 1.025(10) | 1.0265(95) | 0.2 0.2
Agg | 2| 1.025(11) | 1.023(11) | 1.026(21) | 1.021(35) ; 022 | 0.22
Sop | 2| 1133(32) | 1.143(37) | 1.124(11) | 1.124(11) | 1.102(29) | 0.8 | 0.18
Sio | 2] 1.055(18) | 1.075(17) | 1.077(11) | 1.051(24) | 1.062(31) | 0.2 0.2

Table F.18. Results for the second excited state masses of chimera baryons in ensemble M1, obtained
via spectral density reconstructions. Each row corresponds to a baryon channel C, with am¢ denoting
the excited-state energy extracted from the GEVP procedure. To model the spectral features, we
perform fits using both Gaussian and Cauchy kernels: a k-G fit includes & Gaussian terms, while
a (k+1)-G fit adds an additional one; similarly, k-C and (k + 1)-C refer to fits using k and k + 1
Cauchy components, respectively. The smearing widths employed in these fits are denoted by o¢ for

the Gaussian basis and o¢ for the Cauchy basis. Wuppertal smearing is applied at the source with
Nsource = 80 steps, while the sink remains unsmeared (Ngink = 0).

C | k| aFEy k-G | aBy (k+1)-G | aFy k-C | aFEy (k+1)-C amg og/me | oc/me
A | 2 - - - - 1.326(54) | 0.32 | 0.32
S | 3| 1L286(34) | 1.201(32) | 1.296(44) | 1.292(54) | 1.342(38) | 0.3 0.3
S5 | 3] 1.266(36) | 1.276(38) | 1.268(39) | 1.261(42) | 1.266(36) | 0.2 0.2
Acp | 2 - - - - - 0.22 0.22
E§§ 2 - - - - - 0.18 0.18
Sig | 2 - - - - - 0.2 0.2
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Table F.19. Results for the ground-state masses of chimera baryons in ensemble M2, obtained via
spectral density reconstructions. Each row corresponds to a baryon channel C', with am¢ denoting the
excited-state energy extracted from the GEVP procedure. To model the spectral features, we perform
fits using both Gaussian and Cauchy kernels: a k-G fit includes k& Gaussian terms, while a (k+1)-G fit
adds an additional one; similarly, k-C and (k+1)-C refer to fits using k and k+1 Cauchy components,
respectively. The smearing widths employed in these fits are denoted by og for the Gaussian basis
and o¢ for the Cauchy basis. Wuppertal smearing is applied at the source with Nyource = 80 steps,
while the sink remains unsmeared (Nginx = 0).

C | k| aEy k-G | aEy (k+1)-G | aFEy k-C | aEy (k+1)-C amg og/mec | oc/me
A&p | 2 ] 0.7584(60) 0.7574(60) 0.7577(26) 0.7543(40) 0.7596(32) 0.3 0.3
EEB 3 | 0.7585(20) 0.7585(20) 0.7572(25) 0.7587(18) 0.7595(20) 0.23 0.23
Yog | 2] 0.7731(29) 0.7750(25) 0.7748(23) 0.7754(18) 0.7748(27) 0.2 0.2
Acg | 2 ] 0.9221(74) 0.9221(74) 0.9039(72) 0.9139(72) 0.9134(90) 0.33 0.33
Yop | 2] 0.9124(65) 0.9140(73) 0.9253(22) 0.9240(37) 0.920(14) 0.18 0.18
Yop | 2] 0.9220(24) 0.9219(16) 0.9217(74) 0.9222(21) 0.926(11) 0.2 0.2

Table F.20. Results for the first excited-state masses of chimera baryons in ensemble M2, obtained via
spectral density reconstructions. Each row corresponds to a baryon channel C', with am¢ denoting the
excited-state energy extracted from the GEVP procedure. To model the spectral features, we perform
fits using both Gaussian and Cauchy kernels: a k-G fit includes k& Gaussian terms, while a (k+1)-G fit
adds an additional one; similarly, k-C and (k+1)-C refer to fits using k and k+1 Cauchy components,
respectively. The smearing widths employed in these fits are denoted by o¢ for the Gaussian basis
and o¢ for the Cauchy basis. Wuppertal smearing is applied at the source with Nyource = 80 steps,
while the sink remains unsmeared (Nginx = 0).

C | k| abB1 k-G | aFy (k+1)-G | aFE; k-C | aE; (kE+1)-C amg oa/me | oc/me
AEB 2 1 0.9967(99) 0.9967(99) 0.9968(66) 0.9967(99) 1.006(25) 0.3 0.3
Yog | 3] 0.9922(99) 0.9922(99) 0.9923(53) 0.9922(99) 0.978(19) 0.23 0.23
ZEE 2 | 1.0288(42) 1.027(10) 1.017(29) 1.022(22) 0.990(27) 0.2 0.2
Acg | 2| 1.084(11) 1.084(11) 1.077(11) 1.0779(87) - 0.33 0.33
Yop | 2| 1.089(15) 1.087(15) 1.0802(80) 1.0806(83) 1.073(27) 0.18 0.18
Xip | 2 1.136(35) 1.135(35) 1.151(11) 1.148(19) 1.176(55) 0.2 0.2
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Table F.21. Results for the second excited-state masses of chimera baryons in ensemble M2, obtained
via spectral density reconstructions. Each row corresponds to a baryon channel C', with am¢ denoting
the excited-state energy extracted from the GEVP procedure. To model the spectral features, we
perform fits using both Gaussian and Cauchy kernels: a k-G fit includes k Gaussian terms, while
a (k+1)-G fit adds an additional one; similarly, k-C and (k + 1)-C refer to fits using k and k + 1
Cauchy components, respectively. The smearing widths employed in these fits are denoted by og for

the Gaussian basis and o¢ for the Cauchy basis. Wuppertal smearing is applied at the source with
Nsource = 80 steps, while the sink remains unsmeared (Ngink = 0).

C | k| aEy k-G | aFy (k+1)-G | aF2 k-C | aEy (k+1)-C amg og/mc | oc/me
Nn 2] - - - - - 0.3 0.3
Sip | 3| 1.245(25) | 1.245(25) | 1.270(18) | 1.269(18) | 1.308(56) | 0.23 | 0.23
Sah | 2 i i i i i 0.2 0.2
Agp | 2 i i i i i 0.33 | 0.33
Sep |2 - : i i i 0.18 | 0.8
Sin | 2 - - - - - 0.2 0.2

Table F.22. Results for the ground-state masses of chimera baryons in ensemble M3, obtained via
spectral density reconstructions. Each row corresponds to a baryon channel C', with am¢ denoting the
excited-state energy extracted from the GEVP procedure. To model the spectral features, we perform
fits using both Gaussian and Cauchy kernels: a k-G fit includes k& Gaussian terms, while a (k+1)-G fit
adds an additional one; similarly, k-C and (k+1)-C refer to fits using k and k+1 Cauchy components,
respectively. The smearing widths employed in these fits are denoted by o¢ for the Gaussian basis
and o¢ for the Cauchy basis. Wuppertal smearing is applied at the source with Nyource = 80 steps,
while the sink remains unsmeared (Nginx = 0).

C | k| aBy k-G | aEy (k+1)-G | aFEy k-C | aEy (k+1)-C amc og/mc | oc/me
AEB 2 1 0.7664(31) 0.7664(31) 0.7646(11) 0.7666(11) 0.7649(24) 0.27 0.27
Sig | 3] 0.7525(61) | 0.7545(61) | 0.7555(61) | 0.7543(20) | 0.7557(38) | 0.28 | 0.28
Sih | 3] 0.7860(78) | 0.7836(77) | 0.7828(63) | 0.7866(21) | 0.7848(22) | 0.8 | 0.18
Agg | 3]0.9277(15) | 0.9275(19) | 0.9279(20) | 0.9282(44) | 0.9244(52) | 0.25 | 0.25
Yop | 2 0.9215(85) 0.9214(87) 0.9300(74) 0.9293(66) 0.9229(92) 0.32 0.32
Sin | 2] 0.9382(35) | 0.9377(64) | 0.9422(75) | 0.9417(75) | 0.9375(67) | 024 | 0.24
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Table F.23. Results for the first excited state masses of chimera baryons in ensemble M3, obtained via
spectral density reconstructions. Each row corresponds to a baryon channel C', with am¢ denoting the
excited-state energy extracted from the GEVP procedure. To model the spectral features, we perform
fits using both Gaussian and Cauchy kernels: a k-G fit includes k& Gaussian terms, while a (k+1)-G fit
adds an additional one; similarly, k-C and (k+1)-C refer to fits using k and k+1 Cauchy components,
respectively. The smearing widths employed in these fits are denoted by og for the Gaussian basis
and o¢ for the Cauchy basis. Wuppertal smearing is applied at the source with Nyource = 80 steps,
while the sink remains unsmeared (Nginx = 0).

C | k| aB1 k-G | aFE; (k+1)-G | aFEy k-C | aFy (k+1)-C amg og/mec | oc/me
Abg | 2 | 1.0208(92) | 1.0289(93) | 1.0271(92) | 1.0279(98) | 1.0220(59) | 0.27 | 0.27
Shs | 3] 0.9960(50) | 0.9953(30) | 0.9952(54) | 0.9965(57) | 1.0110(39) | 028 | 0.28
Sih | 3| 1.004(24) | 1.009(20) | 0.997(10) | 0.997(10) | 1.013(11) | 018 | 0.8
Agp | 3] 1.0991(84) | 1.0918(86) | 1.094(11) | 1.094(11) | 1.107(16) | 0.25 | 0.25
Sop | 2| 1124(11) | 1.114(11) | 1.126(23) | 1.120(17) | 1.133(15) | 032 | 0.32
Sim | 2] 1.1784(96) | 1.189(10) | 1.176(10) | 1.171(13) | 1.1840(69) | 0.24 | 0.24

Table F.24. Results for the second excited state masses of chimera baryons in ensemble M3, obtained
via spectral density reconstructions. Each row corresponds to a baryon channel C, with am¢ denoting
the excited-state energy extracted from the GEVP procedure. To model the spectral features, we
perform fits using both Gaussian and Cauchy kernels: a k-G fit includes & Gaussian terms, while
a (k+1)-G fit adds an additional one; similarly, k-C and (k + 1)-C refer to fits using k and k + 1
Cauchy components, respectively. The smearing widths employed in these fits are denoted by o¢ for
the Gaussian basis and o¢ for the Cauchy basis. Wuppertal smearing is applied at the source with
Nsource = 80 steps, while the sink remains unsmeared (Ngink = 0).

C | k| aBy k-G | aFy (k+1)-G | aFEy k-C | aBEs (k+1)-C amc og/me | oc/mc
Abg | 2 - - - - 1.308(50) | 0.27 | 0.27
Sép | 3| 1.239(10) | 1.239(12) | 1.222(20) | 1.244(17) | 1.213(64) | 0.28 | 0.28
S5h | 3] 1.280(20) | 1.270(21) | 1.259(26) | 1.279(26) | 1.269(33) | 0.18 | 0.18
Acg | 3| 1.2831(25) | 1.2830(25) | 1.298(22) | 1.203(23) | 1.284(89) | 0.25 | 0.25
Sop | 2 - - - - - 032 | 0.32
EE_B 2 - - - - - 0.24 0.24
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Table F.25. Results for the ground-state masses of chimera baryons in ensemble M4, obtained via
spectral density reconstructions. Each row corresponds to a baryon channel C', with am¢ denoting the
excited-state energy extracted from the GEVP procedure. To model the spectral features, we perform
fits using both Gaussian and Cauchy kernels: a k-G fit includes k& Gaussian terms, while a (k+1)-G fit
adds an additional one; similarly, k-C and (k+1)-C refer to fits using k and k+1 Cauchy components,
respectively. The smearing widths employed in these fits are denoted by og for the Gaussian basis
and o¢ for the Cauchy basis. Wuppertal smearing is applied at the source with Nyource = 80 steps,
while the sink remains unsmeared (Nginx = 0).

C | k| aEy k-G | aEy (k+1)-G | aFEy k-C | aEy (k+1)-C amg og/mec | oc/me
Afp | 2] 0.8246(24) 0.8247(24) 0.8245(27) 0.8248(18) 0.8260(15) 0.3 0.3
EEB 2 | 0.8107(25) 0.8106(28) 0.8111(66) 0.8111(66) 0.8122(14) 0.25 0.25
Yop | 2] 0.8424(68) 0.8454(68) 0.8424(68) 0.8424(68) 0.8433(20) 0.25 0.25
Acg | 2| 0.951(11) 0.955(12) 0.955(18) 0.955(12) 0.958(14) 0.27 0.27
Yop | 2] 0.9537(79) 0.9537(79) 0.9529(42) 0.9533(44) 0.9598(88) 0.25 0.25
Yop | 2] 0.9566(89) 0.9566(89) 0.9566(52) 0.9558(78) 0.954(12) 0.3 0.3

Table F.26. Results for the first excited state masses of chimera baryons in ensemble M4, obtained via
spectral density reconstructions. Each row corresponds to a baryon channel C', with am¢ denoting the
excited-state energy extracted from the GEVP procedure. To model the spectral features, we perform
fits using both Gaussian and Cauchy kernels: a k-G fit includes k& Gaussian terms, while a (k+1)-G fit
adds an additional one; similarly, k-C and (k+1)-C refer to fits using k and k+1 Cauchy components,
respectively. The smearing widths employed in these fits are denoted by o¢ for the Gaussian basis
and o¢ for the Cauchy basis. Wuppertal smearing is applied at the source with Nyource = 80 steps,
while the sink remains unsmeared (Nginx = 0).

C | k| aFy k-G | aBy (k+1)-G | aFy k-C | aEy (k+1)-C amg og/me | oc/me
AEB 2 | 1.024(10) 1.025(10) 1.035(11) 1.035(10) 1.022(18) 0.3 0.3
Yop | 2] 0.995(11) 0.975(11) 0.993(29) 0.984(31) 0.998(18) 0.25 0.25
ZEE 2 | 1.013(14) 1.003(11) 1.020(10) 1.020(10) 1.010(18) 0.25 0.25
Acg | 2 | 1.168(23) 1.178(23) 1.182(12) 1.172(12) 1.171(15) 0.27 0.27
Yop | 2| 1.194(36) 1.189(38) 1.181(17) 1.181(16) 1.173(20) 0.25 0.25
Yop | 2| 1.154(18) 1.144(16) 1.142(24) 1.153(12) 1.144(43) 0.3 0.3
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Table F.27. Results for the second excited state masses of chimera baryons in ensemble M4, obtained
via spectral density reconstructions. Each row corresponds to a baryon channel C', with am¢ denoting
the excited-state energy extracted from the GEVP procedure. To model the spectral features, we
perform fits using both Gaussian and Cauchy kernels: a k-G fit includes k Gaussian terms, while
a (k+1)-G fit adds an additional one; similarly, k-C and (k + 1)-C refer to fits using k and k + 1
Cauchy components, respectively. The smearing widths employed in these fits are denoted by og for
the Gaussian basis and o¢ for the Cauchy basis. Wuppertal smearing is applied at the source with
Nsource = 80 steps, while the sink remains unsmeared (Nginx = 0).

C | k|aBy k-G | aEy (k+1)-G | aFy k-C | aEy (k+1)-C amg og/me | oc/me
A (2] - - - - 1375(62) | 0.3 0.3
See |2 - i i i . 0.25 | 025
sen o] - ; ; ; 1.33035) | 0.25 | 0.25
Ags | 2] - . i i i 0.27 | 027
Sop | 2| - i i i i 025 | 025
Sip | 2| - i i i i 0.3 0.3

Table F.28. Results for the ground-state masses of chimera baryons in ensemble M5, obtained via
spectral density reconstructions. Each row corresponds to a baryon channel C', with am¢ denoting the
excited-state energy extracted from the GEVP procedure. To model the spectral features, we perform
fits using both Gaussian and Cauchy kernels: a k-G fit includes k& Gaussian terms, while a (k+1)-G fit
adds an additional one; similarly, k-C and (k+1)-C refer to fits using k and k+1 Cauchy components,
respectively. The smearing widths employed in these fits are denoted by o¢ for the Gaussian basis
and o¢ for the Cauchy basis. Wuppertal smearing is applied at the source with Nyource = 80 steps,
while the sink remains unsmeared (Nginx = 0).

C | k| aBy k-G | aEy (k+1)-G | aFEy k-C | aEy (k+1)-C amc og/mc | oc/me
Afp | 2| 0.6971(55) | 0.6971(55) | 0.6949(56) | 0.6949(56) | 0.6929(22) | 0.25 | 0.25
Sig | 3] 0.6872(54) | 0.6872(54) | 0.6808(55) | 0.6808(55) | 0.6827(22) | 0.3 0.3
Sih | 2] 0.7064(66) | 0.7063(66) | 0.7061(57) | 0.7061(57) | 0.7065(28) | 0.2 0.2
Agp | 3] 08367(57) | 0.8366(52) | 0.8375(69) | 0.8375(69) | 0.8383(73) | 0.3 0.3
Sop | 2| 0.8366(98) | 0.8366(97) | 0.8377(88) | 0.8390(83) | 0.8444(90) | 0.2 0.2
Sin | 2| 0.8597(58) | 0.8595(65) | 0.8538(54) | 0.8553(56) | 0.8577(85) | 0.25 | 0.25
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Table F.29. Results for the first excited state masses of chimera baryons in ensemble M5, obtained via
spectral density reconstructions. Each row corresponds to a baryon channel C', with am¢ denoting the
excited-state energy extracted from the GEVP procedure. To model the spectral features, we perform
fits using both Gaussian and Cauchy kernels: a k-G fit includes k& Gaussian terms, while a (k+1)-G fit
adds an additional one; similarly, k-C and (k+1)-C refer to fits using k and k+1 Cauchy components,
respectively. The smearing widths employed in these fits are denoted by og for the Gaussian basis
and o¢ for the Cauchy basis. Wuppertal smearing is applied at the source with Nyource = 80 steps,
while the sink remains unsmeared (Nginx = 0).

C | k| aB1 k-G | aFE; (k+1)-G | aFEy k-C | aFy (k+1)-C amg og/me | oc/me
Nfp | 2 ] 0.0469(94) | 0.0469(94) | 0.043(13) | 0.9469(94) | 0.951(17) | 0.25 | 0.25
She | 3] 0.906497) | 0.9166(91) | 0.9158(96) | 0.916(12) | 0.907(21) | 0.3 0.3
Sak | 2] 0.9176(96) | 0.9177(87) | 0.9177(91) | 0.9179(97) | 0.913(22) | 0.2 0.2
Agg | 3] 1.04111) | 1.041(11) | 1.057(10) | 1.057(10) | 1.043(20) | 0.3 0.3
Sop | 2| 1.051(10) | 1.059(10) | 1.0410(85) | 1.045(16) | 1.037(20) | 0.2 0.2
Sim | 2] 1109(11) | 1.098(23) | 1.109(11) | 1.108(22) | 1.115(12) | 0.25 | 0.25

Table F.30. Results for the second excited state masses of chimera baryons in ensemble M5, obtained
via spectral density reconstructions. Each row corresponds to a baryon channel C, with am¢ denoting
the excited-state energy extracted from the GEVP procedure. To model the spectral features, we
perform fits using both Gaussian and Cauchy kernels: a k-G fit includes & Gaussian terms, while
a (k+1)-G fit adds an additional one; similarly, k-C and (k + 1)-C refer to fits using k and k + 1
Cauchy components, respectively. The smearing widths employed in these fits are denoted by o¢ for
the Gaussian basis and o¢ for the Cauchy basis. Wuppertal smearing is applied at the source with
Nsource = 80 steps, while the sink remains unsmeared (Ngink = 0).

C | k| aFEy k-G | aBy (k+1)-G | aFy k-C | aFEy (k+1)-C amc og/me | oc/me
A | 2 - - _ _ 1.286(34) | 025 | 0.25
Sép | 3] 1.240(25) | 1.242(25) | 1.214(24) | 1.214(24) | 1.203(44) | 0.3 0.3
S | 2 : ; ; . 1.289(34) | 0.2 0.2
Acg | 3] 1.052(25) | 1.053(21) | 1.042(21) | 1.043(21) | 1.106(58) | 0.3 0.3
Sop | 2 - - - - 1.060(35) | 0.2 0.2
Sig | 2 - - - - - 025 | 025
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Table F.31. Extracted matrix elements for mesonic channels in ensemble M1, determined through
spectral density fits. Each row corresponds to a meson type C, with ¢y representing the ground-state
matrix element obtained from correlation function analysis. We employ two fitting strategies based on
different kernel choices: Gaussian (G) and Cauchy (C) bases. The associated energy resolution scales
are denoted by og for Gaussian fits and o¢ for Cauchy fits.

C a’cy-G a’cy-C a’co(corr.) | og/mc | oc/me
PS | 0.0259(4) | 0.0250(4) | 0.0262(4) | 0.33 | 0.32
V | 0.0454(8) | 0.0454(8) | 0.0446(6) | 0.3 0.22
AV | 0.0454(7) | 0.0454(7) | 0.0446(19) | 0.2 0.18
ps | 0.0680(13) | 0.0680(14) | 0.0689(16) | 0.33 | 0.32
v | 0.0914(22) | 0.0914(24) | 0.0930(26) | 0.3 0.22
av | 0.0822(16) | 0.0822(17) | 0.0825(33) | 0.2 0.18

Table F.32. Extracted matrix elements for mesonic channels in ensemble M2, determined through
spectral density fits. Each row corresponds to a meson type C, with ¢y representing the ground-state
matrix element obtained from correlation function analysis. We employ two fitting strategies based on
different kernel choices: Gaussian (G) and Cauchy (C) bases. The associated energy resolution scales

are denoted by o for Gaussian fits and o¢ for Cauchy fits.

C a’co-G a’co-C a’co(corr.) | og/me | oc/me
PS | 0.0252(4) | 0.0252(4) | 0.0249(4) | 0.35 | 0.3
V | 0.0444(7) | 0.0444(8) | 0.0435(6) | 028 | 0.33
AV | 0.0466(7) | 0.0466(3) | 0.0479(28) | 0.3 | 0.18
ps | 0.0679(13) | 0.0679(14) | 0.0682(18) | 0.35 | 0.3

v | 0.0894(22) | 0.0894(24) | 0.0862(34) 0.28 0.33
av | 0.0845(16) | 0.0845(18) | 0.0848(38) | 0.3 | 0.18

Table F.33. Extracted matrix elements for mesonic channels in ensemble M3, determined through
spectral density fits. Each row corresponds to a meson type C, with ¢y representing the ground-state
matrix element obtained from correlation function analysis. We employ two fitting strategies based on
different kernel choices: Gaussian (G) and Cauchy (C) bases. The associated energy resolution scales

are denoted by og for Gaussian fits and o¢ for Cauchy fits.

C a’co-G a’co-C a’co(corr.) | og/me | oc/me
PS | 0.0256(4) | 0.0256(4) | 0.0256(5) | 0.3 0.27
V | 0.0443(7) | 0.0443(8) | 0.0417(21) 0.28 0.25
AV | 0.0466(7) | 0.0466(8) | 0.0469(16) | 028 | 0.32
ps | 0.0695(13) | 0.0695(14) | 0.0697(20) | 0.3 0.27
v | 0.0887(22) | 0.0886(24) | 0.0900(33) 0.28 0.25
av | 0.0827(16) | 0.0827(17) | 0.0830(46) | 0.28 | 0.32
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Table F.34. Extracted matrix elements for mesonic channels in ensemble M4, determined through
spectral density fits. Fach row corresponds to a meson type C, with ¢y representing the ground-state
matrix element obtained from correlation function analysis. We employ two fitting strategies based on
different kernel choices: Gaussian (G) and Cauchy (C) bases. The associated energy resolution scales

are denoted by o for Gaussian fits and o¢ for Cauchy fits.

C a’co-G a’cy-C a’co(corr.) | og/me | oc/me
PS | 0.0310(5) | 0.0310(5) | 0.0309(7) | 0.3 0.3
V | 0.0529(9) | 0.0529(10) | 0.0477(16) | 0.3 0.27
AV | 0.0553(8) | 0.0553(9) | 0.0561(12) | 025 | 0.25
ps | 0.0770(15) | 0.0770(16) | 0.0770(22) | 0.3 0.3

v | 0.1003(24) | 0.1003(27) | 0.1019(36) | 0.3 0.27
av | 0.0906(17) | 0.0906(19) | 0.0908(26) | 0.25 | 0.25

Table F.35. Extracted matrix elements for mesonic channels in ensemble M5, determined through
spectral density fits. Each row corresponds to a meson type C, with ¢y representing the ground-state
matrix element obtained from correlation function analysis. We employ two fitting strategies based on
different kernel choices: Gaussian (G) and Cauchy (C) bases. The associated energy resolution scales

are denoted by og for Gaussian fits and o¢ for Cauchy fits.

C a’co-G a’cy-C a’co(corr.) | og/me | oc/me
PS | 0.0185(3) | 0.0185(3) | 0.0190(4) | 0.25 | 0.25
V | 0.0325(5) | 0.0325(6) | 0.0301(8) | 0.3 0.3
AV | 0.0498(7) 0.0498(8) | 0.0506(11) 0.25 0.2
ps | 0.0625(12) | 0.0625(13) | 0.0628(18) 0.25 0.25
v | 0.0814(20) | 0.0814(22) | 0.0825(20) | 0.3 0.3
av | 0.0778(15) | 0.0778(16) | 0.0784(36) 0.25 0.2

Table F.36. Overlap factors for chimera baryons in ensemble M1, extracted from fits to the spectral
density. Each entry corresponds to a baryon channel C', with K denoting the ground-state overlap
obtained from the correlator analysis. Two types of kernel functions are used for the reconstruction:
Gaussian (G) and Cauchy (C), with smearing widths indicated by og and o¢, respectively.

C a3 Ko-G a3 Ky-C a*Ko(corr.) | og/me | oc/me
AEB 0.000813(11) | 0.000812(12) | 0.000813(11) 0.32 0.32
Ség | 0.003523(15) | 0.003527(17) | 0.003527(14) | 0.3 0.3
Sid | 0.004054(18) | 0.004062(19) | 0.004058(18) | 0.2 0.2
Agg | 0.000533(8) | 0.000533(8) | 0.000534(10) | 0.22 | 0.22
XeB 0.001984(9) 0.001984(9) | 0.001986(23) 0.18 0.18
EE_B 0.002264(10) | 0.002267(10) | 0.002265(16) 0.2 0.2
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Table F.37. Overlap factors for chimera baryons in ensemble M2, extracted from fits to the spectral
density. Each entry corresponds to a baryon channel C', with K denoting the ground-state overlap
obtained from the correlator analysis. Two types of kernel functions are used for the reconstruction:
Gaussian (G) and Cauchy (C), with smearing widths indicated by og and o¢, respectively.

C @’ Ky-G a3 Ky-C a*Ko(corr.) | og/mec | oc/me
Afg | 0.000711(10) | 0.000711(11) | 0.000709(20) | 0.3 0.3
Ség | 0.003476(15) | 0.003473(16) | 0.003476(12) | 0.23 | 0.23
Sid | 0.003994(17) | 0.003990(19) | 0.003994(17) | 0.2 0.2
Agg | 0.000540(8) | 0.000540(8) | 0.000540(14) | 0.33 | 0.33
XeB 0.001968(9) 0.001968(9) | 0.001971(33) 0.18 0.18
Sin | 0.002192(9) | 0.002192(10) | 0.002193(25) | 0.2 0.2

Table F.38. Overlap factors for chimera baryons in ensemble M3, extracted from fits to the spectral
density. Each entry corresponds to a baryon channel C', with K denoting the ground-state overlap
obtained from the correlator analysis. Two types of kernel functions are used for the reconstruction:
Gaussian (G) and Cauchy (C), with smearing widths indicated by og and o¢, respectively.

C a3 Ko-G a’Ko-C a*Ko(corr.) | og/me | oc/mc
Abg | 0.000743(10) | 0.000748(11) | 0.000749(13) | 0.27 | 0.27
Shp | 0.003362(15) | 0.003359(16) | 0.003362(12) | 0.28 | 0.28
S5t | 0.004012(17) | 0.004012(19) | 0.004017(13) | 0.18 | 0.18
Agg | 0.000550(8) | 0.000550(9) | 0.000550(9) | 025 | 0.25
Sop | 0.001989(9) | 0.001986(9) | 0.001989(15) | 0.32 | 0.32
Sin | 0.002158(9) | 0.002158(10) | 0.002159(25) | 024 | 0.24

Table F.39. Overlap factors for chimera baryons in ensemble M4, extracted from fits to the spectral
density. Each entry corresponds to a baryon channel C, with Ky denoting the ground-state overlap
obtained from the correlator analysis. Two types of kernel functions are used for the reconstruction:
Gaussian (G) and Cauchy (C), with smearing widths indicated by o¢ and o¢, respectively.

C S Ky-G @’ Ky-C a*Ko(corr.) | og/me | oc/mc
AEB 0.001022(15) | 0.001022(16) | 0.001022(8) 0.3 0.3
ZEB 0.004365(19) | 0.004362(20) | 0.004362(12) 0.25 0.25
Sid | 0.004993(21) | 0.004993(23) | 0.004999(19) | 0.25 | 0.25
Agp | 0.000522(8) | 0.000522(8) | 0.000522(22) | 0.27 | 0.27
Scp | 0.001833(8) | 0.001833(9) | 0.001835(34) | 0.25 | 0.25
EE_B 0.002281(10) | 0.002280(11) | 0.002281(32) 0.3 0.3
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Table F.40. Overlap factors for chimera baryons in ensemble M5, extracted from fits to the spectral
density. Each entry corresponds to a baryon channel C', with K denoting the ground-state overlap
obtained from the correlator analysis. Two types of kernel functions are used for the reconstruction:

Gaussian (G) and Cauchy (C), with smearing widths indicated by og and o¢, respectively.

C a3 Ko-G a’Ko-C a*Ko(corr.) | og/me | oc/mc
Alg | 0.000503(7) | 0.000503(3) | 0.000503(11) | 0.25 | 0.25
Shg | 0.002312(10) | 0.002312(11) | 0.002312(13) | 0.3 0.3
Sak | 0.002498(11) | 0.002498(12) | 0.002498(18) | 0.2 0.2
Agg | 0.000392(6) | 0.000392(6) | 0.000392(16) | 0.3 0.3
Sop | 0.001525(7) | 0.001525(7) | 0.001525(22) | 0.2 0.2
Sin | 0.001551(7) | 0.001553(7) | 0.001553(31) | 0.25 | 0.25
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