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We propose a new strategy to probe nontensorial polarizations in the stochastic gravitational wave (GW)
background. Averaging over polarization angles, we find that three-point correlations of the GW signal
vanish for tensor and vector modes, while scalar modes generically leave a nonzero imprint. This property
makes the GW bispectrum a distinctive and robust diagnostic of scalar polarizations predicted in theories
beyond general relativity. We derive the corresponding response functions for ground-based interferom-
eters, pulsar timing arrays, and astrometric observables, and we construct an optimal estimator together
with simple Fisher forecasts for pulsar timing sensitivity. As a proof of principle, we show that second-
order GWs sourced by primordial magnetogenesis can be characterized by large three-point functions. Our
results demonstrate that GW three-point correlations provide a novel observational window on physics

beyond general relativity.
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I. INTRODUCTION

One of the most exciting opportunities offered by gravi-
tational wave (GW) observations is the ability to test general
relativity (GR) as a fundamental theory of gravity in regimes
inaccessible to other experiments. See, e.g., [1-3] for
comprehensive textbooks on GW physics. Many alternatives
to GR predict additional degrees of freedom, which may
manifest as long-range interactions or as extra polarizations
in GW signals [4-6]. Such effects could be revealed either in
signals from compact-binary mergers or in the stochastic
gravitational wave background (SGWB; see, e.g., [7-9] for
reviews). The latter possibility is especially timely, given the
recent evidence for a SGWB from pulsar timing arrays
(PTAs) [10-13].

By combining data from multiple GW detectors, it is, in
principle, possible to separate the contributions of different
polarization states to the SGWB. This idea has been
extensively explored for ground-based interferometers,
where signals can be linearly combined in the time domain
to form so-called null streams, thereby isolating specific
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contributions from nonstandard polarization modes: see,
e.g., [14] for recent experimental bounds on extra GW
polarizations. In the context of PTAs and astrometric
experiments, the standard approach instead exploits the
nonquadrupolar angular patterns that additional polariza-
tions imprint on PTA overlap reduction functions. By
combining timing residuals from multiple pulsars and
weighting them by appropriate powers of the noise covari-
ance matrix, we can extract possible contributions from
extra polarizations (see, e.g., [15-30]). Intriguingly, recent
analyses have even suggested tentative hints of possible
modified-gravity effects [31-33]. Nevertheless, isolating
the signatures of different polarization states remains
challenging, due to both instrumental and astrophysical
systematics. Imperfect knowledge of noise sources—both
intrinsic to the pulsar, or “local” uncertainties such as
monopolar or dipolar contributions from clock or ephem-
eris errors—can mimic the effects of extra polarizations.
Moreover, theoretical uncertainties complicate the prob-
lem: screening mechanisms may suppress the amplitude of
additional modes relative to the standard tensorial (spin-2)
ones [34-36], while cosmological sources of SGWB may
introduce nontrivial frequency dependencies, which further
complicate attempts to disentangle among the distinct
polarization contributions, when combining signals.

This motivates a natural question: is there a way to probe
extra GW polarizations more directly, without relying on
combinations of signals? In this work we propose a simple
but powerful idea: the three-point correlation function of an
isotropic and stationary SGWB provides a clean discriminator
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of scalar (spin-0) polarizations. We show that the response of
GW detectors—including ground-based interferometers,
PTAs, and astrometric observatories—to the GW three-point
function vanishes identically for tensor (spin-2) and vector
(spin-1) modes, but is nonvanishing for scalar modes. Thus,
any detection of a nonzero three-point function induced by an
astrophysical or cosmological source of an isotropic SGWB
would constitute an unambiguous and robust signature of
scalar GW polarizations, uncontaminated by other degrees of
freedom. Moreover—at least if noise sources are in good
approximation Gaussian—this method can be less prone to
certain types of systematic errors (e.g., related with pulsar
timing uncertainties), since noise contributions do not directly
contribute to the three-point function.

Our paper is organized as follows. In Sec. II, we prove
that the isotropic three-point correlation function is sensitive
only to GW scalar polarizations under well-defined assump-
tions, and we start discussing possible physical sources of
three-point GW correlators. We then derive the three-point
response functions of GW experiments to GW scalar
polarizations. In Sec. III, we construct an optimal estimator
to extract scalar contributions from GW data and present
some preliminary forecasts for the sensitivity of PTA
experiments. In Sec. IV, we illustrate our framework with
an specific early-Universe scenario that can enhance the
scalar GW three-point function to potentially observable
levels. We summarize our findings in Sec. V. Throughout
the paper we adopt natural units.

II. THREE-POINT FUNCTIONS AND
GRAVITATIONAL WAVE EXPERIMENTS:
A TEST FOR SCALAR POLARIZATIONS

A. The idea

We begin by providing an intuitive explanation of why
measuring a nonvanishing three-point function of GW
signals would necessarily indicate the presence of scalar
GW polarizations in a stochastic SGWB background. In all
our analysis, we assume the SGWB to be stationary and
isotropic, but it can be characterized by non-Gaussian
features. Moreover, additional GW polarizations besides
Einsteinian ones might be present in the data.

In the present section we focus on a noiseless GW
signal s and defer a discussion of the role of the noise to
Sec. III. The GW signal is schematically expressed as the
contraction

s = D'h;, (2.1)
where the tensor DV encodes the geometry and res-
ponse of the detector, while &;; denotes the GW field.
Correlating such signals and averaging over all possible
GW directions we can reveal the existence of an isotropic
SGWB. The GW field can be Fourier decomposed into
plane waves as

6 [Se]
hij(t.x) =Y / df / dnhy(f,n)e) (n)e =),
I=1J7®

(2.2)

with 7;(f,n) = h;(—f.n) ensuring that h;; is real. The
index A runs over the six possible polarizations in a
general metric theory of gravity: (4, x) for tensor modes;
(v1,v2) for vector modes; and (b,7) for the scalar
breathing and longitudinal modes, respectively [4-6]. In
Eq. (2.2) we integrate over all possible directions of the
unit vector n, as well as over frequencies which run on the
entire real line.

Introducing two orthonormal unit vectors u# and v
perpendicular to n, the six polarization tensors can be
expressed as

efj“ = Uill; = ViVjs ez(';'() =uwv; +vu;,  (2.3a)
eg;)l) =nuj+un; e,('fz) =nv; +vn;,  (2.3b)
el('.?) = Uity + v, egf) = n;n;. (2.3¢)

The tensors in Eqs. (2.3a)—(2.3c) correspond to spin-2,
spin-1, and spin-0 polarizations, respectively, each with
well-defined transformation properties under spatial rota-
tions. Our main interest is the scalar breathing mode (b),
and we focus on it in this work. We choose not to consider
the longitudinal mode (#) since in various Lorentz-covar-
iant modifications of gravity such mode, if present, would
correspond to a ghost degree of freedom, which would
invalidate the setup and must then be excluded.'

An ambiguity arises from the freedom to choose the
basis vectors # and v. Any pair obtained by rotating
through an angle y in the plane orthogonal to n defines
an equally valid basis,

u —u' = cosyu + sinyv,

v - v = —sinyu + cosy, (2.4)

and the polarization tensors can be redefined accordingly.
In fact, under this transformation, the spin-2 and spin-1
tensors rotate as

'Nevertheless, some care is required. Although healthy modi-
fied-gravity theories contain only one scalar degree of freedom, it
sometimes manifests as a linear combination of the breathing and
longitudinal modes rather than a pure breathing mode. Accord-
ingly, we defer a detailed discussion of the longitudinal-mode
detectability to future work.
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el cos2y —sin2y\ /et
—
e sin2y  cos2y e )’

(v1) Qi (v1)

e cos sin e
S (0 v , (2.5)
e(?2) siny  cosy e(?)

while the scalar-polarization tensors el(.j.’> and el(.f) remain

invariant.

Observable quantities derived from the GW signal s
should be independent of the arbitrary polarization angle y.
As a concrete way to ensure this invariance, we average
over y in the plane orthogonal to n [37].2 This averaging
has no effect on two-point functions, at least when focusing
on a isotropic stochastic gravitational wave background, as
we do in this work. For instance, the combination

el (2.6)

€ ij €ij

ij €ij
is manifestly invariant under (2.5)—which leads to an
overall factor cos? 2y + sin? 2y = 1—so0 averaging over y
leaves it unchanged. In contrast, three-point functions
involving only spin-2 and spin-1 polarizations contain
terms linearly proportional to sin(ny) or cos(ny) (with
n equal to the spin), which vanish upon y-averaging. Only
three-point functions involving spin-0 (scalar) polarizations
survive this procedure.3

Therefore, within this approach, the detection of a
nonzero three-point function in measurements of an iso-
tropic SGWB would constitute a clear signature of scalar
GW polarizations. Interestingly, this method is particularly
direct, as it does not require constructing weighted combi-
nations of GW data to isolate specific polarizations in the
SGWB. Moreover, being a null-type experiment, it can
reveal signatures of scalar polarizations even if their
amplitude is suppressed with respect to Einsteinian tensor
polarizations due to screening effects (see, e.g., [34-36] for
reviews).

In Secs. IIC and II D, we make these considerations
more concrete by explicitly computing the overlap reduc-
tion functions for three-point correlations involving scalar
modes. We initially assume the following structure for the
|

two- and three-point functions of the Fourier components
of the GW modes

(hy, (f1.m)hy, (f2,m5))
5(2)(111 —-ny)

=6(f1 + f2) e P, (f1), (2.7)
(hy, (from) g, (f2.m0)y, (f3.13))
(2) — (2) _
=o(f1 + /> +f3)5 (n41ﬂ ns)d (n42ﬂ )
XB/11,12/13(f17f2’f3>- (2.8)

The function P, ; (f) is the power spectrum, while B, ; ;.
is an instance of GW bispe(:tlrum.4 The structure of Eq. (2.7)
is consistent with statistical homogeneity and isotropy of
the background. When writing a three-point function with
the structure of (2.8)—besides imposing homogeneity and
isotropy at the background level—we further assume
stationarity of the GW three-point function, following
[38]. This assumption, though restrictive, is well motivated
physically and greatly simplifies the analytic structure,
making detector-response calculations tractable. The cor-
responding configuration in momentum space is that of a
folded triangle, whose side length is given by the (absolute
value of) the frequencies f;, and side directions are given
by the vectors n;: in our case, two sides of the triangle are
aligned and lie on the third side. In fact, the three vectors
n;, n,, n; point in the same direction, thanks to the
structure of ¢ functions in Eq. (2.8), and the sum of the
length of two sides is equal to the length of the third one.
See Fig. 1.

Following Ref. [38], we now show that the ansatz (2.8)
implies a stationary three-point function in real space.
Recall that we restrict to the breathing scalar mode only. We
define

D(n) = D"/egf) (m)

and, by Fourier transforming, we write the three-point
function of the detector signal as

(s(t1)s(t2)s(23)) :/dfldedf3/d2n1d2n2d2n3<hb(fl’nl)hb(fZ’n2)hh(f3’n3)>

x D(n, )D(nz)D(n3)eZ”i(f|f1+f212+f313)e—2”i(ﬂ1'xl+H2'Xz+n3'x3)_

(2.9)

“Such choice of averaging has not been performed in previous articles, as [38].

*We emphasize that in this work we focus exclusively on the isotropic contribution to the SGWB. Detector responses to three-point
functions involving anisotropies—see, e.g., [39,40] for a theoretical analysis of non-Gaussianities in the anisotropic SGWB—may be
nonvanishing even in gravity theories that do not propagate scalar polarizations. However, we expect the response of GW detectors to
three-point functions involving tensor anisotropies to differ substantially from their response to isotropic scalar three-point functions, in
close analogy with the well-known differences in detector responses to anisotropic versus isotropic two-point functions (see, e.g., [41]).
A detailed study of these effects lies beyond the scope of the present work and is left for future investigation.

*Other possibilities can arise for the bispectrum, depending on whether GW interactions involve derivatives—more on this in the

explicit setup of Sec. IV C.
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Representation of folded configurations for the shape of the tensor bispectrum in momentum space. The three side of triangles

lie on top of each other, and the length of the biggest triangle side, corresponding here to frequency f3, is equal to the sum of the other

two sides, f; + f».

Substituting ansatz (2.8) and performing the integrals over the § functions, we find

(s(11)s(12)s(13)) _/dfldfz/danﬁ(flavaf3)D3(ﬁ)€2”if](t1_73)+2ﬂif2(t2_t3)

X e—27zin~(x]—x3)—27zin-(x2—x3)’

where the expression B,(f, f». f3) denotes the bispectrum
for the scalar breathing mode only5 and recall that the
frequencies in its argument are related by the condition
f1+ f2+ f3=0. It is now manifest that the three-point
function is stationary, depending only on the time
differences t; — t; and t, — t3. As first discussed in [38],
stationary three-point functions can evade the arguments
of [42], which show that generic strain three-point func-
tions, as in Eq. (2.10), are suppressed by decoherence
effects between cosmological GW sources and detectors. In
fact, we will return on this point within an explicit example
that we develop in Sec. IV, showing explicitly in a concrete
setup how dephasing works and how stationary signals
avoid it. Hence our hypothesis, besides simplifying calcu-
lations, is physically very relevant. Before continuing to
study the response functions of GW experiments to GW
three-point functions, we briefly discuss possible sources
for GW non-Gaussianity.

B. Sources for the GW three-point function

Non-Gaussian features in the SGWB can arise from both
astrophysical and cosmological sources, independent of
whether modified gravity is considered.

In the astrophysical case, the SGWB originates from the
superposition of a large population of GW sources that are
individually too weak to be resolved, but whose collective
emission produces a measurable stochastic signal. If the
sources are relatively rare and do not emit frequently, the
signal exhibits characteristic “popcorn” features in the time
domain, leading to non-Gaussian statistics [43—49]. Several
methods have been proposed to capture such signatures,
including extending likelihood analyses to incorporate non-
Gaussian effects [43,46] or searching for four-point corre-
lators [45] (which, unlike the three-point correlators

°In principle, mixed bispectra involving scalar, tensor, and
vector modes can also be considered. However, any nonzero
measurement of such quantities would already indicate the
presence of scalar polarizations. We therefore focus on purely
scalar bispectra.

(2.10)

|

discussed here, can yield nonvanishing responses to
spin-2 polarizations). See [8] for a review. A related topic
consists of analyzing shot noise effects from discrete
unresolved sources contributing to the astrophysical back-
ground. Such contributions are known to induce anisotro-
pies (see, e.g., [37] for a recent account), and it would
be interesting to explore their implications for non-
Gaussianity, since the associated Poisson statistics naturally
generates nonvanishing three-point cumulants.

In the cosmological case, any nonlinearities in the
generation of primordial GW can give rise to tensor
non-Gaussianities. Numerous studies [39,50-52] have
shown that cosmological mechanisms can produce a wide
variety of non-Gaussian shapes, with amplitudes depending
sensitively on the underlying scenario; see, e.g., [53] for a
review. However, their detectability is severely limited:
GWs propagating over cosmological distances tend to lose
correlations and thereby erase most non-Gaussian signa-
tures [42]. Possible ways to circumvent this problem
include: (i) searching for indirect effects of squeezed
non-Gaussianities that modulate the GW power spectrum
at small scales [51], (ii) focusing on stationary non-
Gaussian correlators [38] (this is the framework we adopt
in this work; see Sec. II A, as well as Sec. IV for explicit
examples), or (iii) studying non-Gaussianities in the
anisotropies of the SGWB [39,40], which are not subject
to such decorrelation effects.

We now turn to the detectability of stationary non-
Gaussian features with GW experiments and their potential
as probes of modified gravity.

C. A warm-up: The case of coincident ground
based detectors

Before turning to the study of overlap reduction func-
tions for pulsar timing arrays and astrometry, we consider
here a special case in the context of ground-based detectors,
which provides a simpler setting under certain assumptions.
Our goal is to determine the response function of a triplet of
coincident ground-based detectors to the GW three-point
function of Eq. (2.8). To this end, we generalize the
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arguments of [54] (see also the textbook discussion in [1]).
A possible explicit realistic example realizing this con-
figuration is the Finstein Telescope detector [55], if it will
be built in a configuration at a single location.

We denote by (1,2,3) the triplet of ground-based detec-
tors. The signal measured say at detector a is given by the
contraction of the GW tensor with the detector tensor,

s1(t,x) = h;(t, )dl, (2.11)
where dj encodes the detector characteristics (arm direc-
tions and lengths). For ground-based interferometers it can
be expressed as

di =XiX|-Y\ys, (2.12)
with X; and Y, orthogonal unit vectors defining the arm
directions. Consequently, di = 0. Similar properties apply
to detectors 2 and 3.

As an illustrative example, let us consider the instrument
response to spin-2 and spin-0 (breathing-mode) polariza-
tions. To start with, the two-point response functions are
obtained from the signal correlations

(51112 %1)85 (1. %)) = / df PO [ (%, x) 7 (f)

+ 715 (x4, x2) 1, (f)], (2.13)
|

tens J—
7123 (Xl, X2, X3) =
A=—+,x

dl]dkldmn o )
yo (X1 X, %) = L2 B” / dy / et i) i (xi-x) ¢! (n)el?) (m)ell) (n).

d7 dklgmn 2n )
Z 1 22 3 / dl/// dZﬁeQﬂz‘fn»(xl—xz)eZm)‘n (xl—xx)ell (n)eil(n)eﬁm(n)’
T 0

where I7(f) and I,(f) are the intensities associated with
tensor and breathing scalar polarizations, while the overlap
response functions are given by

l/dkl 2,,
sun— ¥ 48 [y
A= +><
« / P el (e (n),  (2.14)
didyl [
2z A

< [ eIl ety n).

(2.15)

ri5(x1,X,)

As explained in Sec. Il A, we average over the polarization
angle y [37]. For coincident detectors these expressions
simplify considerably, assuming the arms are perpendicular,
and the results can be written in closed form,

8r Az
G ] (2.16)

In analogy, we calculate the three-point response func-
tions, which are defined as

(2.17)

(2.18)

To compute these expressions, we follow the method of [54], focusing for simplicity on the idealized case of three
coincident detectors (X; = X, = X3), while allowing for different arm orientations. Equations (2.17) and (2.18) can then be

written as
_ i gkl
}’TQB(XI, X», X3) = d d dmnr‘?jklmn’ (219)
where the superscript “c” denotes either tensorial or scalar polarization. The tensors I' kimn AT€ symmetric under the

exchangesi <> j,k < I,m <> n,ij <> kl, ij <> mn, and kl <> mn, and are trace-free in each index pair. In the coincident-
detector case, the six-index tensor can be constructed from Kronecker §’s,

1"0‘

ijklmn —

= A75;;010mn + AS(0ik0 18 mn + 6k0i10mn + 6imjnbs + 6ind w0k + SxmOindi; + S1nbpmibi;)
+ Ag(éikéjm(sln + 5iin61n5jk + 5i15jm5kn + 5ik5jn61m)9

(2.20)

where A7 (i =1,2,3) are constants to be determined. Contracting Eq. (2.19) with Eq. (2.20), and exploiting the

tracelessness of d;;, we obtain

}’(1;23 = 4Agdlljd2ikd3jk.

(2.21)
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Following then step by step the approach of [54],
contracting Eq. (2.20) with the coefficients of the AY
and combining the results, we arrive at

75 =0 (2.22)
sc 1597[2 ij &
Y123 = Heq —aq i dai i (2.23)

Hence, as anticipated in Sec. Il A, while the three-point
response function vanishes for tensor polarizations, it is
nonzero for scalar polarizations and can therefore lead to a
distinctive observational handle on such signals. It is
straightforward to show that, for the same reasons, three-
point correlations to vector polarizations vanish.

D. Overlap reduction functions for pulsar timing arrays
and astrometry

We now compute the three-point correlators relevant for
PTA and astrometry measurements, including the pos-
sibility of cross-correlating PTA and astrometry signals.
Interestingly, the resulting overlap reduction functions
exhibit a remarkably simple structure, enabling novel
and direct tests of scalar polarizations with these experi-
ments. In what follows we focus on tensor and breathing
scalar polarizations, since the case of vector modes is
straightforward.

A large body of work has already investigated the
response of PTAs and astrometry to GWs, see, e.g., [8]
for a review. Our results extend these efforts by introducing
three-point correlation functions into PTA and astrometry
analyses, with the aim to extract effects of GW scalar
polarization.

1. Pulsar timing arrays

For PTAs, we compute correlators of the GW-induced
redshift in the pulse arrival rate, given by (see, e.g., [2] fora
textbook discussion)

n'n’

Ty

[hij(tvx_ ) hlj(t Ta> X a)]’

(2.24)

where 7, is the light travel time between Earth and pulsar a,
n,, is the unit vector pointing toward pulsar a, and n is the
unit vector indicating the GW propagation direction.

We begin by recalling (without derivation) the known
results for two-point correlators, following the approach of
[2]. Denoting again by I;(f) and I,(f) the intensities
associated with tensor and breathing scalar polarizations,
the ensemble average of two PTA measurements is

(atl0) =5 [ AU IR Ou) + 1 O]
(2.25)

where the overlap reduction functions x*" and x* are
obtained by integrating over all GW directions. Neglecting
pulsar terms, the tensor overlap function reduces to the
Hellings-Downs curve [56],

tens

Kab (eab) = Xab log Xab — (226)

xab+_7

6 3

with

(1 —cosby,,),

N —

Xab =

where 6, = arccos (71, - f1,) is the angular separation
between pulsars a and b. The scalar overlap function
instead reads (see, e.g., [8])

1

K.zcbal(eab) = 6 (227)

(2 - xab)'

We now extend this construction to higher-order corre-
lators. The three-point correlator of PTA measurements is

Cata(020) = [ aflBr (et )

+ B, (f)iii (ng, my,m, )], (2.28)

where By and B, are the tensor and scalar bispectra [see
Eq. (2.8)], and n,;, . denote the pulsar directions. The
overlap functions are

tens
Kabe (na »p, M

=5 dw/dzAZFﬂ

A=+,%x

)Fi(n,)FA(m,). (2.29)

chbacl' (nu’ nb’ nc)

1

=5 /.  dy / PaF(n,)FP(n,)FP(n,),  (2.30)

with antenna response functions

i
1y
— e, 2.31
2(1+n-ny) (231)

Fo(ny) =
for 6 = {+, %, b}, where k labels the pulsar.
Exploiting rotational freedom, we fix Earth at the origin,
place pulsar a on the z-axis, pulsar b in the xz plane, and
pulsar ¢ at generic angles (y;,x»), see Fig. 2,
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>N

« &y Pulsara
£ 3

Pulsar c

3
@ 3

Pulsar b |

T

FIG. 2. Geometry used to compute three-point overlap func-
tions from pulsars a, b, and c. Earth is at the origin, pulsar a is
placed on the z-axis, pulsar b lies in the xz plane, and pulsar c is at
a generic position.

n, = (0,0,1), n, = (sin¢,0,cos¢),

n, = (siny, cos y,, siny; siny,,cosy;). (2.32)

With this configuration, x5 = 0 after integration over the
polarization angle y, consistent with the arguments of
Sec. IT A. The scalar overlap function reduces to

34n,-n,+n,-n.+n,-n.).

1
il mym ) = o

Kabe

(2.33)

This remarkably simple expression generalizes in an
intuitive way the two-point result of Eq. (2.16). In fact,
it maintains the monopolar structure of a response function
(in contrast with the typical quadrupolar ones found in
Einstein gravity).

2. Astrometry
Astrometry provides a complementary probe of GW
effects (see, e.g., [57-81]). Following the notation of [61],
the GW induces an apparent angular deflection

on;(ng, t) = Rjr(ng,m)h(t,0),

(2.34)
in the direction of a star n,,, where n is the GW propagation
direction. The response tensor is

E (nai + ni)nak

—O0ir |- 2.
D) 1+na'n 5lk ( 35)

Rijk(nav n) =

The equal-time three-point correlation of stellar deflections
is then

<5ni(na)5”j(nb)5”k(nc)>

where A encodes integrals over the GW background, and

= AHijk(na’nbanc)’ (2.36)

Hyp(ng.myom,) = / PAK(0,) K, (my)Ke(n).  (237)
with

Ki(n,) = Rijk(na)ef‘k’ (2-38)
with 4 the polarization index. We find that performing the
angular integral yields H,; =0 for all polarizations,
scalars included. Hence, astrometry alone possesses no
nontrivial three-point overlap function and can instead

serve as a null channel for noise characterization.

3. Cross-correlations between PTA and astrometry

The situation changes when pulsars and stars are cross-
correlated. In this case, three-point overlap functions for
scalar polarizations are generically nonvanishing and might
be exploited to detect GW signals. In fact, cross-correla-
tions are especially useful to calibrate measurements and
reduce systematics.

For the correlation of two stars and one pulsar, with n;,
the direction of the ith star and n,, the pulsar direction, we
obtain
(on(ny , t)on

(ng,, 7)z(m,, f)) = A(f)Ho(ny . my,,mp),

(2.39)

with
Hy(n, .ng,.n,) = /dZQIC( )K;(ng)F°(n,), (2.40)

where K; is given in Eq. (2.38) with 1 = b, and F® is the
PTA breathing-mode response defined in Eq. (2.31). The
angular integral evaluates to the following matrix compo-
nents

/3
HOij(nsl s nsz) = 6

+ (- n%)n;'n?],

S8 Sy Sy
[6;; — n;'n' —n;*n;

(2.41)

which coincides with the two-point astrometry correlation
of [27] and is independent of the PTA position. Curiously,
the combination of scalar spin-0 polarization tensors in the
previous three-point expression manages to mimic the
effect of tensor spin-2 in the two-point reduction function.
It would be interesting to find a physical interpretation for
this fact. Figure 3 illustrates Tr[HyHj)].
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0.274156 Tr[HoHo] 0.548073

FIG. 3. Mollweide projection of Tr[HyH,] which correlates
two stars with a pulsar position, see Eq. (2.41). The result
depends only on the star positions. For illustrative reasons, we fix
one star at the center of the plot, and we allow the direction of the
second to vary across the sky.

Similarly, the correlation of two pulsars and one star is
nonvanishing only for scalar polarizations. Restricting
again to the breathing scalar mode, we find

<Z(np1>z(npz)5n(ns)> = A(f)KO(npp n,, ns>’ (242)
with the vector K given by
Ko(ng,mn, .n, )= /dzﬁIC,-(ns)Fb(npl)Fb(npz),

(2.43)

which evaluates to

Ky(n,, n npz):

sy Mpo [(npl X ns) xXng + (np2 X ns) X ns]'

ol N

(2.44)

Hence, again, a mathematically simple expression—which
this time depends on the position of all three objects
involved. The associated structure K- K7 is shown
in Fig. 4.

4. Summary

In summary, we have obtained the three-point overlap
reduction functions for PTA and astrometry. Overlap
functions vanish for tensor and vector polarizations but
are generically nonvanishing for scalar polarizations. We
discussed their geometrical interpretation, if any, in terms of
properties of scalar-polarization tensors. We point out that
mixed correlators (tensor-tensor-scalar or vector-vector-
scalar) can also be nonzero, but a scalar mode must always
be present. Thus, any nonvanishing detection of a three-
point correlation function would provide a clear and
distinctive signature of scalar GW polarizations.

III. DETECTING A GRAVITATIONAL WAVE
THREE-POINT FUNCTION

In the previous section we discussed the response
of gravitational wave detectors to the GW three-point
function—mostly focusing on pulsar timing arrays and
astrometry—and pointed out their potential use as a
smoking gun for scalar polarizations. We now examine a
convenient estimator for this observable. We correspond-
ingly design a simple likelihood function, and we develop
preliminary Fisher forecasts in an idealized situation, so to
explore the detectability of GW three-point function with
pulsar timing array measurements.

A. Building an optimal estimator

We construct an optimal estimator for the GW three-
point function, following the approach of [38], but adapting
it to the case of scalar modes. For building such estimator,
in this section we keep our discussion general, and we do
not need to specify the GW detector we focus on. Let

(3.1)

denote the time-domain output of a single GW detector,
where s(¢) is the gravitational wave signal and n(t)
represents the instrumental noise. We consider the cross-
correlation of rhree such measurements X(7), assuming that
the noise n(¢) is stationary, Gaussian, and uncorrelated

2(t) = s(t) + n(t)

9.39278¢-05 KoK] 0274156

0.0001706 KoK] 100116

FIG. 4. Mollweide projection of K - K from Eq. (2.44), for different pulsar-star configurations. In both panels, the first pulsar is
fixed at the center. Left: the case where the second pulsar is far from the first. Right: the case where the two pulsars are close to each
other. Correspondingly, in both plots we vary the position of the star.
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between different detectors.® We focus on the noise-
dominated regime, in which the variance is set by the
noise, while the expectation value of the statistic is
determined entirely by the signal s(r). Signals from differ-
ent detectors may exhibit non-Gaussian correlations with
nonvanishing three-point functions (s3), assumed to be
stationary as in the hypothesis outlined in Sec. II.

A combination of three copies of X(¢) provides the
estimator we are interested to study, which we use to test
the presence of scalar polarizations in GW. We build the
quantity

7/2 /2
Sabe :/ dtl/ dt,
-T/2 -T/2

/2
x/mmﬁmmumzmmm—mgﬂm

(3.2)

where T is the time duration of our measurement, and Q is a
filter function—to be determined—depending only on the
time differences given we work on the hypothesis of
stationarity. It vanishes for large separations |¢; —#;|. The
goal is to choose the filter function Q to maximize the
response to the signal. For the moment, we focus on a
single triplet of measurements (abc) with three different
GW detectors.
We Fourier transform the time series as

20 = [ afes(p) (3.3)
which yields
Supe = / dfrdfadfs50(f + fo+ f3)
X ia(fl)ib<f2>ic(f3>Q*<f2’f3)’ (3-4)

where we have introduced the finite-time 6 function (and
T the measurement duration)

/2 2rift
@mz/ drei,

/2

5:(0)=T. (3.5

In the noise-dominated regime, the mean and variance of
Sape are

H= <Sabc>’ (36)

o = (S2,) — k2 (3.7)

®A Gaussian noise hypothesis allows us—by measuring signal
three-point functions—to avoid systematic uncertainties on
pulsar timing and Solar System ephemeris which can affect
measurements of two-point correlation functions. We point out
though that recent interesting analyses are taking into account
more general possibilities for noise statistics—see, e.g., [82—86].

Since the noise is Gaussian, u is determined solely by the
signal, while ¢> is determined by the noise [which we
assume much larger in amplitude than the signal—hence
we can neglect the contribution proportional to x? in
Eq. (3.6)]. The signal-to-noise ratio (SNR) reads

SNR =¥
(o2

(3.8)

and constitutes the quantity to maximize by appropriately
choosing the filter function.
A direct calculation gives

# = Thape / df1dfBy(fr for f)O (frofo)s (3.9)

where «,;,. is the three-detector overlap reduction func-
tion and B,(f1,f2,f3) is the breathing-mode bispec-

trum defined in Eq. (2.8), satisfying7 the condition
f1+ f> + f3 = 0. Indicating with ¢2(f,) the noise spec-
trum, the noise two-point function is defined as

(na(f1)np(f2)) = 8(f1 + f2)8a05(f1):

leading to the total variance (recall that we work under
the hypothesis that the noise has Gaussian distribution)

(3.10)

52:T/dfldszahc(f]vf2)|Q(flﬂf2)|2v (3.11)

where

Nave(f1.f2) = 62(f1)03(f2)0%(f1 + f2) + perms.

(3.12)
Thus, the SNR becomes
SNR — /T Kape [ df1df2By(f1. f2) 0" (f1. f2) ‘
([ df1dfaNape(f1. f2)1Q(f1. f2) [PV
(3.13)

Adopting the Wiener filtering technique (see, e.g., [54]
for a clear discussion in a similar context), we introduce the
positive-definite inner product

(amz/ﬁmmanhwwymmmnhx

(3.14)
so that
(Kachb/Nahcv Q)
SNR = VT X (3.15)
"Since f3 =—f1—f>, in what follows we understand the

dependence of f3 on B,,.
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The optimal filter we are searching for is then

o Kachb(flva)
Q(fl’fZ) B Nabc(fl’fZ) ’

which yields the maximum achievable SNR in our context,

(Kape By (f1, f2))* ]2
SNR,,... = VT dfd .
e \/_[/ Srdfz N ape(f1.f2)

A further simplification occurs for frequency-independent

(3.16)

(3.17)

noise, (n,(f1)n,(f2)) = 6(f1 + f2)8a045, in which case
Nubc(flva) = 3636%63 (318)
and
271/2
SNR iy = \ﬁ /dfldfz (KascBy (/1. /2)) (3.19)
3 2040

for measurements from a single triplet of detectors. If
multiple GW detector triplets are, in principle, available—
as in the case of PTAs—we can increase the total SNR by
summing over all possible combinations.

In summary, we have constructed an optimal estimator
for detecting the scalar bispectrum B;, which serves as a
direct diagnostic of scalar polarizations in the SGWB
signal. The procedure consists of forming a suitable
combination of three measurements X(z) and integrating
over time, see Eq. (3.2). After Fourier transforming and
applying the optimal filter defined in Eq. (3.16), we obtain
the best possible measurement of B;,. On this basis, we next
develop a simple forecast for the detectability of scalar
polarizations with idealized future PTA measurements,
employing the Fisher formalism.

B. Fisher forecasts for detecting scalar polarizations
with PTA

Based on the results we derived above and under a set of
simplifying assumptions we are going to describe, we
construct a likelihood for our estimator of scalar polar-
izations in GW experiments. Such likelihood might serve as
the basis for deriving idealized Fisher forecasts for the
detectability of scalar modes with PTA by taking signal
three-point functions.

We focus on measuring the scalar bispectrum B, see
Eq. (2.8), as a diagnostic of the presence of scalar polar-
izations. For simplicity, in this section we assume a “power-
law” behavior for this quantity,® with an ansatz

P}

(fl’fz) f3 ’11;3 —n, (320)
1

®In Sec. IV we discuss a more realistic cosmological setup
leading to a richer structure for the scalar-polarization bispec-
trum. Our analysis can be straightforwardly extended to that case,
as well as to other theoretically motivated setups.

parametrized by two spectral indexes n; , in Eq. (3.22). We
indicate the bispectrum amplitude as cube P(3) to indicate it
originates from a three-point function—an explicit example
is developed in Sec. IV.

We would like to quantify the bispectrum amplitude P,
which can, in principle, be measured with PTA data, under
the simple ansatz above. We assume that the likelihood for
B, follows a Gaussian distribution, with variance deter-
mined by the experimental noise properties described
earlier. Hence our approach extends that of [87-91], which
considered Gaussian likelihoods for the intensity and
polarization of the SGWB in the context of PTAs. We
write the logarithm of the likelihood £ as

—21n£—const+zz Ra — k4 - By)
fi.fa AB
X Coh(Ry — 5 By). (321)

where R, is the Fourier transform of time-integrated three-
point functions of GW measurements, and the sums are
over pulsar triplets, denoted by A = (abc). The dot denotes
the integrated quantity

N RINTE
Ky - Bs = POKA
1—Af/2

A2 dfdf,

2 (322)
foaf2 fi ‘f3 :

generalizing [90,91] to the case of the bispectrum. Each
integration runs over a small frequency interval Af, and the
sum in Eq. (3.21) covers all such intervals. The quantity k,
denotes the PTA response to scalar polarizations in three-
point measurements, as in Eq. (2.33).

The inverse covariance matrix is deduced from the
results of Sec. III A. Assuming, for simplicity, that all
pulsars are monitored over the same observation time 7,
we have

_ 2TAf?
Cit = = 6up 3.23
BT 3RNRY AB ( )
where A, B denote pulsar triplets. This quantity also
depends on the frequency interval Af used to bin the
frequency bands, over which we sum. The factors RY in the
previous equation encode the intrinsic pulsar noise and in
the weak-signal limit we obtain
RY ~ (626262)"/2, (3.24)
with ¢, the band-integrated noise variance of pulsar a.
Starting from the likelihood (3.21), we compute the Fisher
matrix associated with the parameters of interest. In this
initial study, we focus on the single parameter, the amplitude
P, of the bispectrum with structure as in Eq. (3.22). We keep
the spectral indexes n;, fixed, and we estimate the sensi-
tivity of measurements to P,. The (single) Fisher matrix
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Analysis with 100 pulsars

Analysis with 200 pulsars

— 5 =0.03
— PRy=5t8x 107V M )
— . —
— PRy =518 x 10777 v )
— nyo=—0.03

— Py=5702x 10717

— R=598x 1017 — Me= 2’03
— =
— R=53 <1077 v
§ — nip=-0.03

- _ =40071 —17
Py = 55507 x 10

Py x 107

FIG. 5.

4.5 5.0 5.5
Py x 107

Constraints on the parameter P, of Eq. (3.22) at 3-¢ confidence level from the Fisher forecast described in Sec. III B. In the two

plots we represent results for two pulsar populations and different choices of spectral indices. We take n; = n, in the cases shown. The
confidence intervals are displayed in the left box of each panel. In all cases, the fiducial value is fixed to Py =5 x 107!,

component for each frequency bin Af is summed over all
bins and all pulsar triplets,

*InL Z Z 2TAf? (6Ptkakpdap
ofo 0P} RYRY

—~ f?—2n]fg—2nz
(3.25)

For the forecast, we adopt a frequency binning of
Af = 1/T, with a common observation time of 7 = 15 yr.
As representative experimental setup, we take the noise
amplitude associated with pulsar J1012-4235 from the NG15
results [92] as the common noise model for all pulsars. For
simplicity we assume pulsars are randomly distributed on the
sky, and we consider two ensembles of 100 and 200 pulsars
as representative of forthcoming PTA experiments. We find
that the results are very sensitive to the spectral indices n, 5,
indicating that the frequency dependence of the bispectrum
plays an important role in determining its observability.
Hence, the results of measurements will depend on the
theoretical models one considers. The forecasts are summa-
rized in Fig. 5 obtained using the GetDist package [93], where
we learn that values of P, of order 5x 1077 are, in
principle, detectable, with variations in the error bar size
of order unity depending on the number of pulsars and on the
spectral indices n;, n, in Eq. (3.22).

Although this simple Fisher analysis can be improved in
several directions, it provides a concrete illustration that, in
principle, measuring the GW three-point function can serve
as a useful diagnostic of scalar polarizations, provided the
bispectrum amplitude is sufficiently large to be detectable.

IV. A COSMOLOGICAL SOURCE FOR
THREE-POINT FUNCTIONS

After outlining in general terms how measurements of
the GW three-point function can reveal the presence of
scalar polarizations, in this section we develop an explicit
cosmological example that can generate an enhanced three-
point function for scalar GW modes. Such setup might be
used as benchmark cosmological scenario to search for
additional polarizations in the SGWB implementing our
method. Cosmological sources of the SGWB (see [9] for a
comprehensive review) may account for at least part of the
PTA-detected SGWB signal—see, e.g., the early studies
[94,95]. If this were the case, it may be, of course,
unfeasible to apply methods that rely on assumptions about
black hole merger waveforms (see, e.g., the recent [96] and
references therein) in order to extract information on
additional polarizations. The possibility of cosmological
sources contributing to the SGWB then further motivates
the new approach introduced in this work.

A. Second-order perturbations and gravitational waves

We expect that any nonlinear source of a stochastic
gravitational wave background produces non-Gaussianities
in the signal. If detectable, such non-Gaussian features can
yield valuable insights into the physical origin of the SGWB,
as well as important information about the underlying theory
of gravitational interactions. Indeed, a variety of theoretical
studies have quantified GW non-Gaussianity from both
cosmological and astrophysical sources and explored its
possible observational signatures—see Sec. 11 B.
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In this work we investigate, for the first time, tensor non-
Gaussianities in a cosmological setup based on GW
induced at second-order fluctuations, a framework which
leads to a particularly transparent and instructive calcu-
lation. Our aim here is twofold:

(1) Apply the theoretical approach of second-order
induced GWs to the case of extra GW polarizations,
with the aim of testing the existence of additional
polarizations in GW measurements through the
methods discussed in the previous sections.”

(2) Clarify the importance of stationary three-point func-
tions for obtaining a measurable signal, explicitly
addressing in this context arguments first developed
in [42].

If gravitational waves carry extra polarizations—beyond
the spin-2 modes of general relativity—they are sourced at
second order by fluctuations of a Gaussian field in the early
Universe, in complete analogy with the standard generation
of spin-2 polarizations. Instead of the more commonly
considered scalar perturbations, we focus on a spectator
vector source, which will turn out to be easier to handle for
our purposes. Schematically, the GW tensor perturbation
h;; is sourced by an operator quadratic in a vector field v;,

hi

~ ;U (4.1)

J 7
so that the GW two- and three-point functions are propor-
tional to the vector four- and six-point functions, respec-
tively. Applying Wick’s theorem, a 2n-point function of a
Gaussian vector field decomposes into products of n two-
point functions. In addition to the case n = 2 (yielding the
GW power spectrum), for our purposes we also examine

the bispectrum case with n = 3.

1. Primordial magnetic fields as GW source

We illustrate this mechanism in a context motivated by
primordial magnetogenesis. This framework postulates that
cosmological magnetic fields—capable of explaining the
observed large-scale magnetic fields in the Universe—were
generated during cosmic inflation. See, e.g., [98] for a
review. We assume that some early-Universe process
produces a large-scale magnetic field B, which in turn
sources the physical GW polarizations at second order in
perturbations. To compute the resulting GW signal, we
adapt the methods already developed for scalar-induced
GW scenarios, where enhanced curvature perturbations
source GWs after inflation. This line of research has a long
history; see [99] for a review and [100,101] for recent
techniques for reconstructing the signal. Here we apply the
formalism to the nonadiabatic case of magnetic-field
sources, as studied in several earlier works [102—-110],
and initiate the calculation of the GW bispectrum for the

°See also the study [97] which explores scalar-induced
gravitational waves in alternative theories of gravity.

scalar (breathing) polarization in this context. We expand
the breathing-mode contribution to the GW in Fourier
space as'’

3
hij(T’X) = / (26711)1;/2 e"k"‘eg?) (K)hy (7), (4.2)

where we retain only the scalar breathing mode, which
is the focus of our analysis since only the presence of
scalar polarization can lead to nonvanishing detector-
response functions in the case of three-point functions
(recall Sec. II).

Since the magnetic field is governed by the Maxwell
action in curved spacetime—quadratic in the vector fields
—we assume that it obeys Gaussian statistics, with a two-
point function satisfying the relation [104]

(BL(K)B; (@) g0 = Bom, ()f(H).  (43)
where the prime indicates that the momentum-conserving &
function has been omitted. We place as overall factor a
constant By—which characterizes the magnetic spectrum
amplitude at large scales in appropriate units—and we
denote as 7;; the symmetric tensor

”U(k) :511— k2 s (44)

with k = vk - k. We indicate with f(k) a (model-depen-
dent) dimensionless function controlling the scale depend-
ence of the magnetic spectrum, normalizing it by imposing
it has unit value at large, cosmic microwave background
scales: f(kcyg) = 1. While often a simple power-law
scaling is assumed for f(k), one can also consider richer
scenarios, as, e.g., [111].

The magnetic field acts as a source term for the scalar

polarization in the GW evolution equation in Fourier space
[recall the Fourier mode definition of Eq. (4.2)],

Sk
a(z)’

hy + 2Hhj + kK*hy, = (4.5)

where Sy = egj-’) TE;D, and the magnetic-field energy-

momentum tensor is (see, e.g., [104])

00 = [ S8 [mwsk-p)

5
s @Ek-p)| 49

O this section, in order to align with the literature on field-
theoretic treatments of second-order GW sources, we perform a
Fourier transform over the three spatial dimensions, rather than
the four-dimensional transform employed in Sec. II.
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Notice that the scalar polarization tensor el(.;’) (k) = =, j(lAc)
projects the magnetic-field energy moment tensor along the
components of the breathing scalar mode. The source term
becomes

Su(0) = ——— [P Bk Bk 4.7
(0=~ | Gy 1 BB =D)L (47
Equation (4.5) can be solved formally as
b))
) = [ s, 6

where g, is the Green’s function for the system under
consideration. In what follows, we focus on radiation
domination, and 7, denotes the time of instantaneous
reheating at the end of inflation. Equation (4.8) makes
precise the schematic relation (4.1), showing that the GW
signal is indeed sourced by the quadratic combination of
vector modes. During radiation domination,

g (r,7) = % [sin(kz) cos(k7’) — sin(k7’) cos(kz)].  (4.9)
On this basis, we now proceed to compute explicitly the
two- and three-point functions of the GW solution in
Eq. (4.8). We expect that these correlators depend on the
square and the cube of the magnetic vector source, hence—
according to Eq. (4.3)—they are proportional to Bj and B},
respectively.

B. The gravitational wave two-point function

The GW two-point function is a key observable, as it is
directly related to the GW energy density. Several works
[102-110] have investigated how primordial magnetic
fields can act as a source for this quantity. As a warm-
up, we extend here the discussion of [111] to the compu-
tation of two-point correlators involving scalar polariza-
tions, as induced by primordial magnetic fields. This case
provides a useful starting point, since it will be straight-
forwardly generalized to the three-point function in
Sec. IV C.

We write the GW scalar-polarization power spectrum as

Py (k) = (i (7)hg(7) V=g

1 E) b
= /dTldT2 gk(T Tl)gq(T 7:2) <SkSq>/

a(7) a(r)  a(n)
_ a21(7) Ty (0) (SiSao- (4.10)
with
_ " e g(7.71)\?
Toytko) = </7R @ a(ry) ) 0

We evaluate the result at late times, 7/|zg| > 1, during
radiation domination. These expressions are structurally
similar to the formulas obtained for spin-2 polarizations,
differing only by overall coefficients arising from distinct
polarization tensors.

Equation (4.10) shows that the time and momentum
integrals factorize: all the time dependence is contained in
7 (5), while the momentum dependence resides in the source
two-point function (SkSq)jq—o- This separation is espe-
cially convenient, since the two quantities can be computed
independently—a property which will be especially useful
in Sec. IV C when discussing the detectability of the signal
three-point correlators.

1. The time integral

We begin with the time integral in Eq. (4.11), evaluated
in the limit of large conformal time z, well within the
radiation-dominated era. This expression produces contri-
butions involving sin(kz), cos(kt), and their squares. Terms
linear in these oscillatory functions vanish upon averaging
over rapid oscillations, whereas quadratic terms average to
1/2. The result is

(k) = gy |Gtk + (5 =SiCkz)) |
(4.12)

where Ci(x) and Si(x) denote the cosine and sine integral
functions, respectively. This expression exhibits a loga-
rithmic divergence for small |kzg|, since Ci(x) ~ In(x)
as x = 0.

2. Contributions from the source

We now turn to the source two-point function, which
takes the form of a convolution integral,

S kakbkckd/ d*py
S Sy )t =
< k q>k+q:0 (47[)2k4 (27'[)3

X/(d;;i (B,(p1)By(k —py)

X B.(p2)Ba(k + p2)) (4.13)
:8B—7§2F(k) (4.14)
with
P = [ G200k = pi ALK ki)
x Ak, —k: Kk — p;), (4.15)

where
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. ki -k, (k;-u)(k; u)
Alky kasw) === = %

(4.16)

Hence, the scale dependence of the source correlator is set
by the magnetic-field power spectrum Pg(k) proportional
to the function f(k) [recall Eq. (4.3)].

3. The energy density

Collecting these results, and retaining only the loga-
rithmically enhanced contribution from Eq. (4.12), the
GW scalar-polarization power spectrum can be written as

aH\2 BZIn? (k*t%)
P,=(— ) 22— R F(k). 4.17
-
This representation is particularly convenient for express-
ing all results in terms of energy densities, defined for a
species A as

1 dpy
— 4.1
A= eding (4.18)

The energy density in the scalar polarization is related to its
power spectrum through (we use the conventions of [112])

w1 [ k)2
QN =—(—) P,
¢ 24(aH) "

[The overall factor scaling as k?/(aH)? is due to the fact
that the GW energy depends on (conformal) time deriva-
tives of the GW mode #;; squared.] The magnetic-field
energy density on large scales is given by Qz = B/ (3H,)
(see, e.g., [103]). Parametrizing the scale factor during
radiation domination as [103]

Cl(T) = H, V 47,

and multiplying the final result by €4 to account for the
redshifting of quantities evaluated during radiation domi-
nation (RD), we obtain

(4.19)

(4.20)

3 Q2
12872 Qg

ol = ln|kez|2F (k).  (4.21)

The amplitude is consistent with [103], up to numerical
coefficients reflecting our focus here on contributions from
scalar polarizations only. Hence in a setup based on scalar
tensor theory we can expect two contributions to the
GW energy density Qgw—one contribution Qg’&, due to
scalar modes, see Eq. (4.21)—the other controlled by
tensors, with the same overall coefficient Q3/Q, 4 but
different numerical coefficients and distinct dependence on
momentum k.

The methods developed in this preparatory section—
which computed for the first time the energy density in GW
scalar polarization as induced by magnetic-field source—
set the stage for the computation of the three-point function,
which we now turn to.

C. The gravitational wave three-point function

We now compute the three-point function of the Fourier
modes of the scalar polarization of gravitational waves,
Eq. (4.8), sourced at second order by the primordial
magnetic field. As we learned, such three-point function
can constitute a particular transparent quantity to measure,
being not contaminated by spin-2 and spin-1 polarizations.
The computation is conceptually similar to the two-point
function studied in the previous section. However, the new
and interesting result we aim to highlight is that only folded
configurations in momentum space—corresponding to
stationary signals in real space—lead to observable effects.
See Fig. 1 for a representation of folded triangles. All other
shapes of non-Gaussianity are washed out by time inte-
grations involving highly oscillatory functions [42]. This
illustrates the central role played by the stationary condition
on the SGWB statistics in determining the measurability of
the signal.

The computation of the tensor three-point function
depends on the kind of interactions we wish to consider
in the third-order action for tensor modes. As representative
of modified gravity setup, we consider cubic terms involv-
ing time derivatives of /;;, proportional to h; jhjkhki, which
can arise in theories containing Horndeski interactions and
are absent in general relativity (see, e.g., [113] for a
cosmological application of such terms). Passing to con-
formal time and to Fourier modes, and normalizing to make
the quantities dimensionless, we consider the following
expression for the bispectrum'" of the scalar polarization as

kikaks

By(ky. ks k3) = (e, () P, () P, (7)) 1, 4 =0

(aZH)S I(’i) (T) <Skl Skzsk3>;(1+k2+k3:0’
(4.22)

where the prime indicates that the overall momentum-
conserving ¢ function has been factored out, and

Ik, (T7 1) gkz(T’ 7,) iy (z,73)
a(z) a(z,) a(z3)
(4.23)

I(3)(T)E/d’l'1d1'2d’l'3

"We indicate with a hat the bispectrum, to differentiate this
definition with Eq. (2.8) where the three-point function for
quantities without time derivatives is considered.
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1. Time integral

The first main ingredient of Eq. (4.22) is the time integral of Eq. (4.23), subject to the momentum-conservation condition
k; + Kk, + k3 = 0. As in the two-point function analysis of Sec. IV B, the integrand is highly oscillatory. However, in this
case the oscillations always involve odd combinations of sine and cosine terms, such as cos[(k; + k, + k3)7],
cos[(k; + k, — k3)7], and so on. These average to zero unless the argument of the cosine vanishes. This occurs precisely
for folded triangles, e.g., when k3 = k; + k,. See Fig. 1 for a graphical representation.

For such configurations, the integral develops a logarithmic enhancement at late times. In the case k; + k, = k3, we
obtain

/2 1
Toy(t) = —2
@) (T) 8klk2k3 H3a6
. 1
o k1k2k3(a2H)3

In(ky7g) In(k37g) + In(ky7g) In(ks7g) — In(ky7g) In(ky7g)]
Gy (ky, k), (4.24)

where we introduced the function G, of ky, k,, k3 = k; + k, to keep track of the log-enhanced contributions. The other two
cases, k; + k3 = k, and k, + k3 = ky, can be treated analogously.

2. Source contribution

The last coefficient in Eq. (4.22)—the source three-point function—can be obtained by carefully performing the
convolution integrals. The result is

ey kKoo koghs
(Sk, Sk, Sk;)" = 1 1hk22k2]z; X (B (p1)By(ky — P1)Be(p2)Ba(ks - 12)B.(p3)Bs(ks —p3))’
3
&3
=2 [ SR PPk = 2D {Palli + 2D T (ki katpy) + Pa(lks + pi) Tk ki py )
where

Tk, kyspr) = A(ky, ko pr)A(ky, ks ky — pp)A(ky, ks ky +py),
T3(ki kospy) = A(ky k3 pi)A(k ko kK —py)A(Ks, K3 ks +py).

The function A appearing above is defined in Eq. (4.16).

3. Folded configurations

As we learned above, the physically interesting limit is that of “folded triangles,” in which the three momenta are
collinear. See Fig. 1. One example is

k, = ka, k, = kya, k3 = —k;a, (4.25)
with the condition k; + k, = ks, for a certain side direction a. In this case it is convenient to define
- 2

a-u)

Tu)=1- ( : (4.26)

luf?
so that the source correlator reduces to

(eSSl =288 [ 528 £k = D3 s + 01D T (00T (s =T s+ 1)

+ f([ks +pi)7 (p1)7 (k; —p1)7 (k3 +p1)},
EBSGl(kl,kQ,&)
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where the function G; in the last line of the previous
formula depends on ki, k,, k3 = k; + k,, as well as on the
direction a of the folded triangle sides in momentum space.

Substituting the results of Egs. (4.3) and (4.24) in the
definition of the bispectrum (4.22), using the expressions
for Qp and a(r) introduced in Sec. IV B, and multiplying
the result by Q.4 to take into account of redshifting during
RD, we obtain

2793
QZ

rad

By(ky, k. k3) = (G (k1. ky,@)G,(ky, k) + perms]

(4.27)

and, due to considerations above, the previous quantity has
support only in the folded limit, where the momenta k; are
all aligned.

D. Summary of this section

Our analysis shows that cosmological magnetic fields
can source a nontrivial three-point function of scalar
polarizations, which, in principle, constitutes a measurable
signal. Such a detection would provide a powerful probe of
alternative theories of gravity predicting extra polarizations
beyond the tensorial modes of general relativity.

We find that the amplitude of the GW three-point
function in Eq. (4.27) scales as Bj, ~ Q}/Q2 | o BjQuq,
in contrast to the magnetic-field contribution to the GW
energy density, whose amplitude scales as Q(C?v)v o
Q2 / Qg o B3Q,,q [recall that By is the parameter control-
ling the magnetic field amplitude—see Eq. (4.3)]. The
bispectrum can be further enhanced by specific forms of the
magnetic-field spectrum Pg(k), which enters the convolu-
tion integrals and may preferentially amplify the three-
point signal on certain scales relative to the power spec-
trum. In addition, the two- and three-point functions
acquire distinct logarithmic contributions from time inte-
grals, which in some regions of parameter space can
increase non-Gaussian effects. A particularly illustrative
case is provided by folded configurations, with momenta
satisfying k; < ky, k3 and k| + k, = k5. In this limit, the
logarithmic term In(k,zg) enhances the bispectrum ampli-
tude relative to the logarithmic factors that govern the
power spectrum. These considerations suggest that one
may evade existing bounds on Qp derived from the GW
energy density of two-point correlators discussed in
Sec. IV B, while still obtaining a sizable three-point signal
on selected scales. Exploring these possibilities in detail,
both analytically and numerically, represents an interesting
direction for future work, which we plan to pursue in
forthcoming publications. Nevertheless, in order to obtain a
very preliminary sense of how the results of this section
might compare with those of Sec. III, one may tentatively
regard the bispectrum shape derived from Eq. (4.27) as
broadly comparable to the simple representative template of

Eq. (3.20). Within this rough approximation, detectability
would require the cubic root of the bispectrum amplitude to
reach values of order (B,)!/3 ~ 10~'7. Under these assump-
tions, and disregarding overall numerical factors, this
would suggest that magnetic-field amplitudes of at least
By ~ 10715 could be needed for the bispectrum to become
observable. These estimates are only indicative, and a more
refined analysis is left for future work.

A key outcome of our computation is that, due to time-
averaging over rapid oscillations, only bispectrum shapes
corresponding to “folded configurations”—which describe
stationary processes in real space—yield nonvanishing
contributions. All other configurations are suppressed:
their contributions average to zero because of decorrelation
effects, as first emphasized in [42].

The results of this section provide a concrete demon-
stration of the central role of the stationary condition for the
feasibility of detecting scalar polarizations with our
method. If scalar polarizations exist, they can be generated
at second order in perturbations by sources as primordial
magnetic fields, as examined here. They can contribute to
the total GW two-point function—as studied in Sec. IV B
—hence contaminating measurements of the GW energy
density. More interesting to us, they can source three-point
functions with support in folded limits, which if measured
provide a unique footprint of modified gravity. More in
general, we expect similar effects to occur in systems where
amplified fluctuations—in scalar or vector sectors—source
GW at second order in perturbations.

V. CONCLUSIONS

In this work we have proposed a novel method to detect
scalar polarizations in the stochastic GW background, as
predicted in theories beyond general relativity. Our
approach is based on measuring three-point correlation
functions of the GW signal. After averaging over the
polarization angle—which accounts for the ambiguity in
the definition of polarization tensors—we have shown that
the detector response to three-point correlations vanishes
for spin-2 and spin-1 modes, but remains nonvanishing for
scalar modes. Therefore, the detection of a nonzero GW
three-point correlator would provide direct evidence for the
existence of scalar polarizations.

We derived analytical expressions for the response
functions to GW three-point correlators for coincident
ground-based detectors, for PTAs, and for astrometric
measurements. Our analysis included the possibility of
cross-correlating different observables, and we character-
ized the geometrical properties of the corresponding
response functions. Furthermore, we constructed an opti-
mal estimator for the GW three-point function and devel-
oped simple Fisher forecasts to assess the detectability of its
amplitude with PTA experiments. As an illustration, we
presented a concrete cosmological scenario in which GWs
are induced at second order in a primordial magnetogenesis
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setup, showing that such a mechanism can, in principle,
generate a sizable three-point signal.

Future work will involve refining and extending the
early-Universe model we introduced, as well as applying
our formalism to current and forthcoming GW datasets.
This will allow us to place explicit bounds on the amplitude
of GW three-point correlations and, crucially, to constrain
or discover the presence of scalar polarizations in the
GW background.
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