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1 Introduction

Identifying the nature and properties of dark matter remains a crucial open problem in
fundamental physics, with major implications for astrophysics and for the evolution of the
universe at the cosmological level [1]. By now, the hypothesis of the existence of dark matter
is supported by observational evidence from many effects, on widely separated scales, ranging
from the motion, structure, and evolution of many galaxies, to weak-gravitational-lensing
effects in galaxy clusters, to the cosmic microwave background, to other effects relevant for
cosmology [2–7]. In particular, Big-Bang nucleosynthesis and observations of the cosmic
microwave background indicate that roughly a quarter of the present energy density of the
universe is accounted for by dark matter; in addition, the latter also plays a crucial rôle
in explaining the associated with the existence of structures like galaxies and clusters: if
a matter species decoupled from photons much before baryons did during the evolution of
the early universe, it would have allowed density perturbations to grow sufficiently, before
the baryon recombination time. Even though some of these observations may be explained
by modified theories of gravity [8], others cannot [9–12], leaving a particle interpretation
of dark matter as the most likely option [13–15].

The main features that a particle dark matter should have include, in particular, being
subject to gravitational interaction (as the evidence for dark matter comes from observations
of effects related to gravity) while being “dark”, namely electromagnetically neutral; in fact,
the negative results from experiments aimed at direct detection of dark matter suggest that
dark matter should be neutral under all of the interactions of the Standard Model of particle
physics — both the electroweak and the strong one. Finally, the lifetime of a dark-matter
candidate is expected to be at least of the order of the age of the universe. In addition to
these properties, there are hints that dark matter may be (at least partially) self-interacting,
even though the allowed scattering cross section is constrained by observational bounds
related to structure formation [16–24].
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Among many models that have been proposed (for an overview, see, for example, ref. [25]),
the possibility that dark matter is made of composite states of a novel, strongly coupled
theory is especially appealing, both for theoretical and for phenomenological reasons [26].
Even at a very heuristic level, one should note that already the largest fraction of visible mass
in the universe is generated dynamically by a strongly coupled gauge theory, namely quantum
chromodynamics (QCD), so the same mechanism may be at work for dark matter, too —
and, much like the dynamically generated hadronic scale in quantum chromodynamics, the
mass scale of these composite states would not be affected by the naturalness problem. The
composite states of a strongly coupled sector are “dark” if they are globally neutral under
SM, even if their elementary constituents had non-vanishing SM charges. Moreover, their
stability against decays could be due to some internal symmetry: if the leading operators
that violate the latter have a large dimension, then the induced decay rate can be sufficiently
small to make the lifetime of dark matter comparable with or longer than the age of the
universe; note that this is analogous to the accidental baryon-number U(1) symmetry of
the renormalizable SM Lagrangian, which, being broken only by dimension-6 operators,
explains the very high lower bound on the proton lifetime [27]. In addition, this mechanism
could also explain the (so far) experimentally unobserved interaction between dark and
ordinary matter in terms of the suppression of the corresponding interaction terms by inverse
powers of the dynamically generated dark confinement scale. A dark confining gauge theory
supporting bound states with sufficiently large self-interaction cross section, but negligible
annihilation or dissipation, may be consistent with observational constraints related to
structure formation. Finally, in the literature it has been suggested that an interpretation
of dark matter in terms of a theory akin to QCD could even explain the fact that the
contributions to the total energy density of the universe from visible matter and from dark
matter are of comparable magnitude [28].

A particularly simple realization of this type of dark-matter models is given by a
confining non-Abelian gauge theory, without matter fields — a model similar to the purely
gluonic sector of QCD. While the fundamental degrees of freedom of this model correspond to
massless, “gluon-like” particles not coupled to the Standard Model (SM) fields, the confinement
phenomenon and the dynamical generation of a mass gap implies that the physical states
in the spectrum of the theory are massive “glueball” states, which are neutral under the
fundamental “color-like” charge of the theory and under the SM. In particular, the lightest
such state, which has spin, parity and charge quantum numbers JP C = 0++, can be a dark
matter candidate [29, 30], as it is predicted to be completely neutral under the SM charges,
to be stable on cosmological timescales by virtue of the confining nature of the new gauge
interaction, and to interact with the SM particles only gravitationally, thereby providing a very
secluded type of dark matter. Among the phenomenologically appealing features of this type
of models, it is worth remarking that they naturally lead to a type of dark matter that could
simultaneously be warm and self-interacting, and that would not be ruled out by the absence
of direct experimental detection at colliders. In addition, the model depends only on a very
limited number of free parameters and, therefore, has strong predictive power: once the gauge
group is specified, all dimensionful physical quantities depend on a single energy scale. As we
will discuss in detail below, this means, for example, that the masses of the entire spectrum
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of the theory are proportional to the lightest one, through ratios that are fixed and exactly
computable from the microscopic Lagrangian of the theory — as long as a non-perturbative
calculation tool is available. In turn, the running of the renormalized coupling of the theory
(in a given scheme) is specified by a Λ parameter, which is also proportional to the mass of
the lightest physical state in the spectrum; similarly, the force between a pair of probe sources
in the fundamental representation of the gauge group at asymptotically large distances is
proportional to the square of the mass of the lightest “glueball” of the theory.

Further interesting implications of a glueball dark-matter model can be derived, once one
considers its behavior at a finite temperature T : in particular, at sufficiently high temperatures
the color-singlet states cease to exist and give way to a plasma of gluon-like excitations
interacting with each other through thermally screened long-distance forces. Again, the value
of the critical deconfinement temperature Tc separating these two phases is proportional
to the mass gap of the theory, and, if the confining and the plasma phase are separated
by a first-order transition, the associated latent heat per unit volume is proportional to
the fourth power of the mass gap. Remarkably, the liberation of a large number of light
degrees of freedom at high temperatures would have an impact on the total density of free
energy and other thermodynamic quantities in the early universe, affecting its cosmological
cooling rate.

The simplest formulation of a glueball-like model for dark matter is one in which not
only the “dark glueballs” but also their constituent “dark gluons” are neutral under the SM.
However, it is interesting to note that, if instead the constituents do carry SM charges, when
they are deconfined at the very high temperatures of the early universe they could interact
sufficiently strongly with the SM particles: in principle, this could explain the fact that the
present densities of baryonic matter and dark matter are of the same order of magnitude,
and may also have interesting implications for the baryon asymmetry of the universe [31–34].

In the present work, we study the viability as a dark-matter model of a Yang-Mills
theory based on local invariance under the Sp(2) compact symplectic group, which is the
compact real form of the symplectic group over the field of complex numbers Sp(4,C), and
the intersection of the latter with the unitary group U(4).1 In particular, we focus on the
behavior of this model at temperatures of the order of and above the deconfinement transition,
and determine its equation of state non-perturbatively, by means of numerical calculations
in the lattice regularization [36].

An interesting feature of the model that we consider, is that the dark sector may
have undergone a strong first-order thermal phase transition in the early universe, possibly
producing gravitational waves [37–42]. Given that in the past decade the latter have finally
entered the arena of experimental science [43], it is now particularly timely and important to
understand the features of the gravitational-wave spectrum that new-physics models could
produce. To this purpose, it should be remarked that, in addition to those produced by
non-equilibrium processes at a discontinuous transition, any plasma in thermal equilibrium

1Note that the compact symplectic groups like the one considered in this work are sometimes denoted as
Sp(2N), or, alternatively, as USp(2N), in order to emphasize that, in the defining representation, they are
given by matrices of size 2N × 2N . In this work, we use, instead, the convention in which they are denoted as
Sp(N), as was done, for example, in ref. [35].
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produces gravitational waves, with an emission rate proportional to the shear viscosity [44];
while the latter can become relatively large at weak coupling, this contribution to the
gravitational-wave spectrum remains subdominant with respect to those generated at a
first-order phase transition. Gravitational waves produced in a dark sector contribute to the
total energy density (and to the effective number of massless degrees of freedom), so the
experimental detection of gravitational waves with a characteristic spectrum could provide
useful hints about new physics. For example, a first-order phase transition at temperatures of
the order of hundreds GeV, i.e., the scale characteristic of electroweak physics, could generate
gravitational waves with peak frequencies of the order of 10−3 Hz, which are potentially
within the reach of space-based gravitational-wave observatories [45–51]. Given that the
SM predicts only a smooth crossover at the electroweak scale [52–59], the experimental
detection of gravitational waves in this frequency range could be interpreted as evidence
of physics beyond the Standard Model.

The expectation of a first-order transition in our model is suggested by known results in
theories based on SU(N) gauge groups: while in QCD with physical quark masses there is no
exact global symmetry distinguishing the hadronic from the quark-gluon plasma phase, and
the confinement/deconfinement transition is actually a crossover [60, 61], for sufficiently large
quark masses the change of phase is a first-order transition [62] as in the purely gluonic SU(3)
theory [63, 64] (for a recent discussion, see also ref. [65]). In fact, when fermions are absent (or
sufficiently heavy to be effectively quenched), the change of state between the deconfined and
the confining phase of an SU(N) gauge theory can be defined unambiguously: traditionally,
this has been expressed in terms of the restoration of center symmetry [66, 67] (while a more
modern take on the subject, based on generalized global symmetries, is discussed in ref. [68]
and in the references therein). The transition is known to become more and more strongly
discontinuous when the number of color charges N is increased [69, 70]; this was conjectured
to be due to the larger and larger imbalance between the number of degrees of freedom in the
confining phase, where the thermodynamics can be modeled in terms of a gas of color-singlet
glueballs, and in the deconfined phase, in which the multiplicity of states in the plasma is
expected to scale like the dimension of the Lie algebra of the group [71]. Beside the possibility
of a gravitational-wave signature, it has been pointed out that glueball-like dark matter may
lead to a very rich pattern of phenomenological implications, possibly including the existence
of massive dark stars that could be detected through gravitational lensing [72].

Models featuring dark matter candidates in the form of glueball states have been studied
in several recent articles; a partial list of references includes refs. [72–108]. This family of
models can be thought of as examples of the “hidden valley” paradigm [109–111] (which
admits realizations in various theoretical scenarios [112–117]) and offer phenomenologically
attractive features; in particular, while they evade current bounds from colliders [118], they
could be coupled to SM particles through portal interactions [119–122].

The spectrum and related properties of glueballs in SU(N) gauge theories have been
studied in the lattice regularization in various works [23, 123–133], but the literature on
analogous computations in Sp(N) gauge theories is more limited. In fact, with the exception
of the smallest symplectic group Sp(1) (which is nothing but SU(2), and gauge theories
based on this group — with or without dynamical matter fields — have already been studied
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very extensively in lattice simulations, both for the qualitative similarities with QCD and
for the potential relevance for physics beyond the SM: for a recent review, see ref. [134,
subsection 5.2]), the first lattice study of symplectic gauge theories was reported in ref. [35];
during the past few years, research on this subject has gained significant momentum [135–156].

While the focus of our present work is on its possible viability as a dark-matter model, we
mention that the investigation of gauge theories based on symplectic groups is also interesting
for other, more conceptual, reasons. These include: (i) the possibility of investigating the
dynamics of (de)confinement and the relevant degrees of freedom in a family of gauge groups
having the same center, since the latter is known to play a prominent rôle in the confining
mechanism [157–160], and (ii) the correspondences that are expected to relate gauge theories
based on symplectic and orthogonal gauge groups to each other [161–167].

The structure of this article is as follows. After discussing the formulation of Sp(N)
gauge theories in the lattice regularization and the method to compute the equation of state
in section 2, we present our results for the equilibrium thermodynamic properties of Sp(2)
theory in section 3, while in section 4 we discuss the possible interpretation of these results
in terms of a model for dark matter, and their implications (including, in particular, the
possible generation of primordial gravitational waves at the first-order thermal transition
of the theory), before recapitulating our findings in section 5. Some general properties of
symplectic groups are discussed in appendix A, while appendix B is devoted to technical
details about our Markov-chain Monte Carlo algorithm. Throughout this paper we assume
natural units, whereby the speed of light in vacuum, the reduced Planck’s constant and
Boltzmann’s constant are set to unity.

2 Formulation of the model

Our non-perturbative study of the equation of state of Sp(2) Yang-Mills theory is carried
out through a regularization of the theory on a Euclidean, isotropic, hypercubic lattice Λ
of spacing alat. The physical extent of the system in each of the three spatial directions
(labeled by indices 1, 2 and 3) is denoted as L = alatNs, while the size of the Euclidean-time
direction (labeled by the index 0) is denoted as alatNτ ; furthermore, let V = L3 denote
the spatial volume of the system. Periodic boundary conditions are imposed along the
direction of the four main axes, so that the physical temperature T of the system is given
by T = 1/(alatNτ ). The simulations at finite temperature are performed on lattices with
Ns/Nτ ≳ 4 to suppress finite-volume corrections, while Nτ = Ns for the simulations at
T ≃ 0. For a theory based on a generic Sp(N) gauge group, the fundamental degrees of
freedom of the theory regularized on the lattice are a set of 4N3

s Nτ square matrices in the
defining representation of the Sp(N) group; these matrices have size 2N and are defined on
the oriented bonds between nearest-neighboring lattice sites; in particular, we denote the
matrix on the link from the site x to the site x + alatµ̂ as Uµ(x). The Euclidean action of
the lattice theory is taken to be the Wilson action [36]

S = −β

4
∑
x∈Λ

∑
0≤µ<ν≤3

Tr Uµν(x), (2.1)
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where β = 4N/g2
0, with g0 the bare coupling of the theory, and

Uµν(x) = Uµ(x)Uν (x + alatµ̂) U †
µ (x + alatν̂) U †

ν (x) (2.2)

denotes the “plaquette” constructed from the path-ordered product of link variables along the
sides of the square of vertices x, x+alatµ̂, x+alatµ̂+alatν̂ and x+alatν̂. For later convenience,
we also introduce the normalized trace of the plaquette averaged over the lattice:

P = 1
12NNτ N3

s

∑
x∈Λ

∑
0≤µ<ν≤3

Tr Uµν(x). (2.3)

Note that, if Uµ(x) is interpreted as a parallel transporter in the internal (“color”) space
of the theory along the lattice bond from x to x + alatµ̂,

Uµ(x) = exp
(

i

∫ x+alatµ̂

x
dyAµ (y)

)
, (2.4)

then in the limit of vanishing lattice spacing at fixed physical volume the Wilson action
defined in eq. (2.1) tends to the Euclidean action of the continuum Yang-Mills theory, up to
an irrelevant additive constant, and to corrections that are quadratically suppressed with
the lattice spacing:

lim
alat→0

S = 1
2

∫
d4x Tr (Fµν(x)F µν(x)) + const. (2.5)

In fact, this remains true also at the level of the full quantum theory: in the alat → 0 limit,
the lattice theory correctly reproduces the continuum theory.

The partition function of the lattice theory is given by

Z =
∫ ∏

x∈Λ

3∏
µ=0

dUµ(x) exp [−S(U)] , (2.6)

where dUµ(x) is the Haar measure for the Uµ(x) group element. The expectation value of
a generic quantity O is then defined as

⟨O⟩ = 1
Z

∫ ∏
x∈Λ

3∏
µ=0

dUµ(x)O exp [−S(U)] . (2.7)

The multiple integrals in eq. (2.7) are estimated numerically by the Monte Carlo method;
to this purpose, we adapted the C++ code that was originally used in refs. [70, 168] for the
simulation of Sp(N) theories: it creates ensembles of matrix configurations in a Markov chain
based on a combination of local heat-bath [169, 170] and over-relaxation updates [171, 172],
which, following ref. [173], are applied to a sequence of different blocks of each Sp(N) matrix,
as discussed in the appendix B. To produce a new configuration, these updates are applied
to all link matrices of the lattice. The expectation values ⟨O⟩T are then estimated from
the average over the configurations that remain after discarding those produced during a
thermalization transient at the beginning of the simulations, and the uncertainties on these
estimates are evaluated with the jackknife method [174].

– 6 –
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In order to express the results extracted from lattice simulations (which are dimensionless
numbers, i.e., are measured in units of the appropriate power of the lattice spacing) as physical
quantities, one has to set the scale, namely to establish the correspondence between the
values of the bare coupling of the lattice theory g0 (or, equivalently, the β parameter) and the
lattice spacing. In this work we set the scale non-perturbatively, by determining the critical
β at which the deconfinement transition occurs for different values of Nτ , interpreting the
corresponding values of 1/(alatNτ ) as the deconfinement temperature Tc, and interpolating the
numerical results obtained from this procedure to express the lattice spacing as a continuous
function of β in the range of values that were simulated.2 In turn, the determination of the
β value corresponding to the critical deconfinement temperature is carried out by studying
the fourth-order Binder cumulant [175]

B4 = 1 − ⟨L4⟩
3⟨L2⟩2 (2.8)

constructed from the normalized trace of the Polyakov loop winding around the Euclidean-
time direction

L (x⃗) = 1
4 Tr

Nτ −1∏
k=0

U0
(
x + kalat0̂

)
(2.9)

averaged over the spatial volume

L = 1
N3

s

∑
x⃗

L (x⃗) . (2.10)

The critical β value in the thermodynamic limit is determined through a finite-size scaling
analysis, from the crossing of the curves B4(β) obtained at different values of the linear
spatial size of the system L. An alternative quantity that can be used to identify the β value
corresponding to deconfinement is the susceptibility associated with the spatially-averaged
Polyakov loop:3

χL = N3
s

(
⟨L2⟩ − ⟨|L|⟩2

)
. (2.11)

Once the interpolating function alat(β) is known, the temperature of the system can be
varied continuously, simply by tuning β; the temperature range explored in this work for
the Sp(2) gauge theory is in the interval 0.7 ≤ T/Tc ≤ 2.75.

The numerical determination of the equation of state on the lattice is not a completely
trivial problem; in particular, the free energy F = −T ln Z cannot be directly accessed in a
Monte Carlo simulation. Our approach to compute the equation of state in the present work

2Since the physics of purely gluonic non-Abelian gauge theories in four spacetime dimensions (and without
a topological θ term) depends only on one parameter, setting the scale using a different dimensionful quantity
would lead to the same alat(β) function, up to small corrections due to discretization effects.

3Note that the definition of χL is actually based on the absolute value of L (rather than L itself) because
all simulations are carried out in finite volume and at finite lattice spacing, and thus involve a strictly finite
number of degrees of freedom; as a consequence, any non-vanishing expectation value of L would simply be an
artifact of the finiteness of the sample of configurations. This problem is solved by using |L|, instead of L, in
the definition of χL.
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is based on the “integral method” [176]: starting from the known thermodynamic relation
between the pressure p and the free energy per unit volume f = F/V ,

p = −f = T

V
ln Z, (2.12)

and noting that the derivative of the logarithm of the partition function defined in eq. (2.6)
with respect to β is proportional to the expectation value of the average plaquette trace P ,
the ratio of the pressure over the fourth power of the temperature can be obtained as

p

T 4 = 6N4
τ

∫ β

β0
dβ′ (⟨P ⟩T − ⟨P ⟩0) , (2.13)

where the subscripts indicate that the plaquette expectation values appearing on the right-
hand side are respectively evaluated at the target temperature T and at zero temperature, β

corresponds to the lattice spacing yielding the temperature T , whereas β0 gives a temperature
at which the pressure is approximately coincident with its value in the vacuum.4 Note that
the expectation value of the plaquette at T = 0 is subtracted to remove the contribution of
non-thermal, ultraviolet quantum fluctuations, which is divergent in the alat → 0 limit. The
integral on the right-hand side of eq. (2.13) is computed numerically, dividing the integration
range into n intervals of equal size h and using the formula [177]:∫ xn

x0
f(x)dx = h

{17
48 [f(x0) + f(xn)] + 59

48 [f(x1) + f(xn−1)] + 43
48 [f(x2) + f(xn−2)]

+ 49
48 [f(x3) + f(xn−3)] +

n−4∑
j=4

f(xj)
}

+ O
(
n−4

)
, (2.14)

where xj = x0 + jh.
The trace of the energy-momentum tensor, denoted as ∆, in units of T 4 is given by

∆
T 4 = T

∂

∂T

(
p

T 4

)
= −6N4

τ alat
∂β

∂alat
(⟨P ⟩T − ⟨P ⟩0) . (2.15)

From p and ∆ one can then derive the energy density per unit volume in units of T 4

ϵ

T 4 = 1
V T 2

∂ ln Z

∂T

∣∣∣∣
V

= ∆ + 3p

T 4 (2.16)

and the entropy density per unit volume in units of T 3

s

T 3 = ϵ

T 4 + ln Z

V T 3 = ∆ + 4p

T 4 . (2.17)

Note that, from the pressure and the energy density, it is also possible to derive an estimate
for the square of the speed of sound cs in terms of the stiffness:

c2
s (T ) = ∂p

∂ϵ
. (2.18)

4This means that eq. (2.13) defines the pressure with respect to its value at T = 0.
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Another interesting physical quantity to characterize the deconfining transition of the
theory is the latent heat Lh, which can be defined in terms of the discontinuity in energy
density (or, equivalently, in ∆) across the critical temperature,

Lh = lim
V →∞

6
a4

lat

∂β

∂ ln alat

(
⟨P ⟩T −

c
− ⟨P ⟩T +

c

)
. (2.19)

In particular, the latent heat is non-zero for a first-order phase transition.
It is also interesting to consider the specific heat at fixed volume per unit volume CV ,

which is related to the size of the fluctuations in the density of Euclidean action and can
be defined as

CV (T ) = 1
V

∂

∂T

(
T 2 ∂

∂T
ln Z

)
. (2.20)

CV is maximal at the deconfinement temperature and in the thermodynamic limit is related
to the latent heat through [178]

L2
h = lim

V →∞

4T 2
c

V
CV (Tc). (2.21)

Finally, before presenting our original results for the thermodynamics of the Sp(2) theory,
we review the classification of different glueball states whose masses can be computed on the
lattice; as will be explained in section 3, this is relevant for our discussion of the equation of
state of the theory in the confining phase, which can be modelled in terms of a gas of massive,
and approximately non-interacting, glueballs. On a hypercubic lattice, the symmetry under
spatial rotations is broken down to rotations by integer multiples of π/2 around the three
main spatial axes, so that glueball states are actually classified according to the irreducible
representations of the orientation-preserving octahedral group (the symmetry group of the
cube, with 24 elements falling into five distinct conjugacy classes), which is isomorphic to the
group of permutations of four elements S4. The latter has five conjugacy classes (respectively
containing the identity, the six permutations that can be written as a single cycle of length two,
the three permutations that can be written as the product of two disjoint cycles of length two,
the eight permutations expressed by a cycle of length three, and the six permutations expressed
by a cycle of length four) and hence five irreducible representations; Burnside’s theorem
fixes their dimensions to be 1, 1, 2, 3, and 3: they are the trivial representation, the sign
representation, the two-dimensional irreducible representation, the standard representation,
and the product of the standard and sign representations. When regarded as irreducible
representations of the orientation-preserving octahedral group, they are usually denoted as
A1, A2, E, T1, and T2, respectively. The restriction of irreducible representations of the SO(3)
group to the orientation-preserving octahedral group, i.e., the subduced representations,
can be decomposed into tensor sums of the various irreducible representations A1, A2, E,
T1, and T2 (for a discussion, see, e.g., refs. [129, 179]). In particular, this implies that the
2J + 1 states of a spin-J representation in the continuum get split among different irreducible
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representations of the orientation-preserving octahedral group; for example:

(J = 0) → A1, (2.22)
(J = 1) → T1, (2.23)
(J = 2) → E ⊕ T2, (2.24)
(J = 3) → A2 ⊕ T1 ⊕ T2, (2.25)
(J = 4) → A1 ⊕ E ⊕ T1 ⊕ T2; (2.26)

note that the dimensions on the left- and right-hand sides match.

3 Results

Before presenting the thermodynamic quantities of Sp(2) Yang-Mills theory, we briefly review
some results for this model that are known from previous works [35, 135, 139], and that
are relevant for our discussion.

First of all, at zero temperature the theory is linearly confining with string tension
σ (defined as the strength between probe sources in the fundamental representation, at
asymptotically large distances) and has a finite mass gap. The spectrum of physical states
consists of glueballs, which in the continuum can be classified according to their spin (J) and
parity (P ) quantum numbers.5 As discussed in section 2, the classification of states of different
spin on the lattice can be done according to the theory of subduced representations. In
table 1 we reproduce the continuum-extrapolated results for the glueball masses, in channels
corresponding to different representations of the orientation-preserving octahedral group
and different parities, that were reported in ref. [139] (including also previous results from
ref. [135]): all values are expressed in units of the square root of the string tension. Note,
in particular, that the lightest glueball is the scalar one, and that the observed degeneracy
among the T +

2 and E+ states indicates that the second-lightest glueball is the J+ = 2+

continuum state.
As a side remark, it is interesting to note that in ref. [180], it was conjectured that

the ratio defined as

η(D) = M2

σ

C2(fund)
C2(adj) (3.1)

(where M is the mass of the lightest physical state in the scalar channel in continuum, while
C2(fund) and C2(adj) respectively denote the eigenvalue of the quadratic Casimir operator
for the fundamental and for the adjoint representation of the gauge group, defined in the
appendix A), depends only on the number of spacetime dimensions D, and is universal for
all purely gluonic Yang-Mills theories, taking the value η(4) = 5.41(12) in the case of four
spacetime dimensions. Also, note that for the theory we are considering the C2(fund)/C2(adj)
ratio equals 5/12, which is close to the value it takes for the SU(3) Yang-Mills theory, i.e., 4/9.

As for the behavior of the Sp(2) theory at finite temperature, the study reported in
ref. [35] already revealed the existence of a first-order deconfining phase transition at a

5Note that there is no charge-conjugation quantum number, due to the absence of complex representations.
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channel m√
σ

A+
1 3.577(49)

T +
2 5.050(88)

E+ 5.05(13)
A−

1 5.69(16)
A+⋆

1 6.049(40)
E− 6.65(12)
T −

2 6.879(88)
A−⋆

1 7.809(79)
A+

2 7.91(16)
T +

1 8.67(28)
T −

1 9.24(33)
A−

2 9.30(38)

Table 1. Glueball masses in channels corresponding to different irreducible representations of the
orientation-preserving octahedral group and different parities (denoted by the superscript sign), as
reported in ref. [139] (including also previous calculations presented in ref. [135]), and sorted in
non-decreasing order. All values are extrapolated to the continuum limit, and are expressed in units
of the square root of the string tension; stars denote excited states in a given channel.

finite critical temperature which, when expressed in units of the square root of the string
tension, is Tc/

√
σ = 0.6875(18).

We now present our original results, starting from those to set the scale of the lattice
theory — namely, to establish a relation between the parameter β and the corresponding
value of the lattice spacing alat. While at sufficiently large β one could do this by means of
perturbation theory (leaving only an integration constant to be determined), the range of
parameters of interest for our lattice simulations requires a non-perturbative procedure to set
the scale. While there are different methods to set the scale non-perturbatively in lattice
calculations [181], they can be broadly divided in methods based on unphysical reference
scales and methods based on physical ones. The latter consist in identifying the value of
a dimensionful quantity, that can be accurately estimated in lattice simulations, with its
value in the real world: since every dimensionful quantity extracted from lattice simulations
is always expressed in units of the appropriate power of the lattice spacing, this allows one
to obtain alat, for the value of β at which the calculation was performed. The choice of
different physical quantities leads to small differences in the estimate of alat, which tend
to vanish in the continuum limit, and which can be included in the budget of systematic
uncertainties affecting the calculation. For a theory in which no dimensionful observables
are experimentally known yet, the method allows, nevertheless, to determine the ratios of all
other quantities with respect to the one chosen as the reference scale. In this work we chose
to set the scale with the deconfinement temperature; even though other methods (such as
the one based on the Wilson flow [182]) allow one to obtain a numerically even more precise
scale setting, this has the advantage of relying on a quantity of direct physical interpretation,
making the predictive power of the model clearer.
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Figure 1. Binder cumulant associated with the Polyakov loop, defined in eq. (2.8), extracted from
simulations on lattices with Nτ = 8 sites in the Euclidean-time direction and for different spatial
volumes L3 (displayed by symbols of different shapes and colors), and shown as a function of β = 8/g2

0 .
The continuous curves are splines to guide the eye.

Nτ 3 4 5 6 7 8 9 10
βc 7.1228(4) 7.339(1) 7.496(4) 7.624(5) 7.738(2) 7.848(3) 7.932(2) 8.025(3)

Table 2. β values corresponding to the deconfinement transition (in the thermodynamic limit), for
different values of Nτ . The table also includes the results reported in ref. [35] for Nτ = 3 and Nτ = 4.

Our study of the deconfinement temperature of the Sp(2) theory is based on a finite-size
scaling of Binder cumulants. The plot in figure 1 shows an example of our results for the
behavior of the Binder cumulant associated with the Polyakov loop: the data displayed in the
figure were obtained from simulations on a lattice with Nτ = 8 sites in the Euclidean-time
direction. The data are plotted against β = 8/g2

0 (where g0 is the bare coupling of the theory),
and for different values of the extent of the lattice (in units of the lattice spacing) along the
spatial directions, which are denoted by symbols of different shapes and colors. The critical
value of β corresponding to the deconfinement transition can be estimated from the crossing
of the curves interpolating the data at different spatial volumes.

The estimates of the critical values of β corresponding to the deconfinement temperature
for each Nτ by means of the Binder cumulant are consistent with those determined from
the Polyakov-loop susceptibilities; the results are summarized in table 2, which also includes
the values originally determined in ref. [35] for Nτ = 3 and Nτ = 4.

The data in table 2 can be fitted to

ln Nτ (β) =
3∑

i=0
ki(β − β⋆)i, with β⋆ = 7.7, (3.2)

obtaining

k0 = 1.892(3), k1 = 1.371(8), k2 = −0.21(4), k3 = −0.35(7). (3.3)
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Figure 2. Main plot: fit of the data reported in table 2 to eq. (3.2). Inset plot: comparison of our
non-perturbative scale setting (green points) with the mean-field improved perturbative scale setting
(magenta line) discussed in the text.

This fit, with four degrees of freedom, leads to χ2
red ≃ 2.2, corresponding to p ≃ 0.066. The

resulting curve, which is our non-perturbative scale setting for the theory, is shown in figure 2,
alongside the data. We also studied how the scale setting varies, if the fitting form on the
right-hand side of eq. (3.2) is replaced by a polynomial of different order, and found that
the results remain consistent, as the corresponding systematic deviations are less than the
statistical uncertainties. Note that we chose to express the right-hand side of eq. (3.2) in
terms of an expansion around a β⋆ value close to the center of the β interval covered by
our lattice simulations: this choice is expected to minimize the numerical artifacts affecting
polynomial interpolations.6

While the results in table 2 allow one to set the value of the lattice spacing for a set of
eight values of β from the relation alat(βc) = 1/(Nτ Tc), the interpolation in eq. (3.2) provides
a continuous parameterization for the lattice spacing as a function of β. To extend the
correspondence between values of the coupling and values of alat to finer lattice spacings
(which, in particular, is necessary in order to study high temperatures, as well as the continuum
limit of the lattice theory), we supplement this parameterization with a two-loop perturbative
expression in an improved lattice scheme [184], whereby the lattice spacing can be expressed

6A simple and general argument goes as follows. Consider the approximation of a continuous and
differentiable function f on the real finite [xmin, xmax] interval through a sequence of polynomials pn(x − x⋆)
of degree n. According to Weierstrass’ approximation theorem, the maximum error in the approximation,
supx∈[xmin,xmax] |f(x) − pn(x − x⋆)|, can be made arbitrarily small (by increasing the polynomial degree n),
as long as the [xmin, xmax] interval lies within the radius of convergence of the expansion about x⋆. If that
is not the case, then the maximum error in the approximation can remain finite — and, in fact, may even
become arbitrarily large — regardless of the degree of the polynomial [183]. While approximating an unknown
function f (which may have poles in the complex plane at unknown locations), choosing x⋆ to be the central
point of the [xmin, xmax] interval minimizes the area of the smallest circle in the complex plane of x in which
the real [xmin, xmax] interval is entirely contained, therefore maximizing the probability that such circle does
not contain any complex poles of f and thus it minimizes the chances that the approximation may have
potentially unbounded errors in the considered interval.
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in terms of a mean-field-improved square coupling g2
imp = g2

0/⟨P ⟩ [185] as follows

alat = 1
Λimp

exp
(

− 1
2β0g2

imp

)
·
(

β1
β2

0
+ 1

β0g2
imp

) β1
2β2

0
, (3.4)

where Λimp is an integration constant with the dimensions of an energy, while β0 and β1 are
the scheme-independent one- [186–189] and two-loop [190–192] coefficients of the function
encoding the dependence of the coupling on the momentum scale

µ
dg

dµ
= −β0g3 − β1g5 + O(g7); (3.5)

for a purely gluonic non-Abelian gauge theory, they read

β0 = 1
(4π)2

11
3 C2(adj), β1 = 1

(4π)4
34
3 C2

2(adj), (3.6)

where, as before, C2(adj) denotes the eigenvalue of the quadratic Casimir operator for the
adjoint representation; for a generic Sp(N) group, its value is C2(adj) = N + 1 [193], so that,
for the Sp(2) gauge theory, one has β0 = 11

(4π)2 and β1 = 102
(4π)4 . The integration constant

Λimp is fixed by imposing a continuous matching of the perturbative expression (3.4) with
the non-perturbative one, derived from eq. (3.2).

To compare the mean-field-improved perturbative scale setting with the non-perturbative
one, it is convenient to introduce the parameter βimp = 4N/g2

imp = β⟨P ⟩. Note that the ⟨P ⟩
expectation value is a monotonically increasing function of β, ranging from 0 (at β = 0, i.e.,
in the strong-coupling limit) to 1 (for β → ∞, namely, in the weak-coupling limit). As a
consequence, one always has βimp ≤ β; in particular, for the β values that we considered in
our lattice simulations, βimp is in the ballpark of β/2. Therefore, it is interesting to compare
the non-perturbative scale setting with the mean-field-improved one for values of βimp of the
order of four. An example of such comparison is displayed in the inset plot of figure 2, where
the lattice spacing (in units of the inverse of the critical temperature) is plotted against βimp:
as expected, these two parameterizations of the lattice spacing as a function of the coupling
tend to be in better and better agreement when βimp is increased, while they deviate from
each other at larger values of the coupling. It is interesting to discuss the impact of the
systematic uncertainty induced by combining a scale setting obtained from the interpolation
of simulation results (at intermediate β values), and the fixed-order perturbative expression
in eq. (3.4) (in the β > 8.025 region). In particular, one may suspect that the matching
between a genuinely non-perturbative (and thus, in a sense, “all-order”) scale setting and
a second-order perturbative formula, imposing that they take the same value at the point
where they are matched, could be unjustified, as it corresponds to neglecting the impact of
higher-order perturbative contributions. It should be noted, however, that eq. (3.4) is an
expansion in terms of the improved lattice coupling g2

imp = g2
0/⟨P ⟩, which can be interpreted

as the “effective coupling” experienced by a background field in the lattice theory (in a mean-
field approximation) [185]: since the definition of g2

imp involves the plaquette expectation
value, which we determined non-perturbatively from lattice simulations, the expression in
eq. (3.4) is, in fact, expected to encode some non-perturbative information and to satisfy
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the key properties expected for a “good” coupling for a lattice gauge theory — including,
in particular, satisfactory convergence properties in perturbation theory [194]. For SU(N)
gauge theories, it was shown in ref. [184] that a fixed-order scale setting in terms of gimp is
in remarkably good agreement with a fully non-perturbative scale setting defined in terms
of the Schrödinger functional [195, 196] over a surprisingly wide range of couplings, so that
the matching between the two different parametrizations for the lattice scale as a function
of β is actually smooth. In principle, this should be tested for the Sp(2) gauge theory, too,
by means of a dedicated lattice calculation. We expect that the computational costs for such
study could be comparable with those of analogous calculations that were carried out for the
SU(3) theory (for a recent, high-precision study, see ref. [197]) and for the SU(4) theory [198]:
the dimension of the Lie algebra of the Sp(2) theory (10) is intermediate between those of
these two SU(N) theories (8 and 15), the size of the gauge-group matrices for the Sp(2)
lattice gauge theory (4) is the same as for the SU(4) theory, while the rank of the Lie algebra
of the symplectic theory (2) is the same as that of SU(3) (even though the “fundamental
domain” involved in the formulation of the Schrödinger-functional is, of course, different,
since it depends on the weights of the Lie algebra). For our present purposes, however, we
limit ourselves to a very crude, order-of-magnitude estimate of the systematic uncertainty
on Λimp from the matching procedure. In particular, we note that, at the matching point
(corresponding to β = 8.025, or to βimp ≃ 5.075) the difference in slope of the tangent to
our fully non-perturbative scale setting and to the improved two-loop expression in eq. (3.4)
is tiny, 0.017, suggesting that the effect of residual higher-order corrections (which are
expected to contribute to the slope of the curve) is small; at β values larger than 8.025, such
corrections are expected to be even smaller (as they originate from higher powers of the
coupling). The results for the equation of state that we present in this section are limited
to temperatures relatively close to Tc: in particular, we report continuum results for the
pressure, energy density, and entropy density at temperatures up to T = 2Tc, extrapolating
from simulation results up to Nτ = 7. This means that the finest lattice spacing that we
considered in our calculations of the equation of state is 1/(2 · 7Tc), that is about 70% of the
finest lattice spacing that we determined non-perturbatively (which is the one corresponding
to the critical temperature for Nτ = 10, namely 1/(10Tc)), and corresponds to βimp ≃ 5.48,
i.e., is only slightly out of the range of our non-perturbative scale setting. Assuming (as
a conservative upper bound) that the deviation between the improved perturbative scale
setting and a fully non-perturbative scale setting can be described as a linear function with
slope 0.017 (and considering that at β = 8.025 we have alatTc = 1/10) we arrive at the
crude estimate that the largest relative uncertainty induced by our scale-setting procedure
is of the order of 7%.

As a final comment on the scale-setting procedure, one can also note that the Sp(2) lattice
gauge theory at zero temperature has no bulk phase transition [35], and this is generally
expected to make the scale-setting procedure and the continuum limit both conceptually
and practically more straightforward than, for example, in SU(N) gauge theories with more
than three color charges [199]. In any case, the range of couplings that we investigated in
the present work is far from the strong-coupling regime (corresponding to β → 0), in which
lattice artifacts are expected to be significant.
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Having set the scale, it is then possible to study the thermodynamic quantities in a
continuous range of temperatures across the deconfinement phase transition, and to carry
out their extrapolation to the continuum limit. As an example, figure 3 shows our results for
the dimensionless ratio of the trace of the energy-momentum tensor ∆ to the fourth power
of the temperature, as obtained from eq. (2.15): the plot shows the results of our main set
of simulations at three different values of the lattice spacing, corresponding to simulations
on lattices with Nτ = 5, 6, and 7 sites along the Euclidean-time direction. In addition, in
order to check that the results at these values of the lattice spacing are already reasonably
close to the continuum limit, the plot also includes results obtained from simulations at five
temperatures close to the deconfinement transition (T/Tc = 0.9, 0.95, 1, 1.05, and 1.1) from
simulations on lattices with Nτ = 8 and 9 sites along the Euclidean-time direction, which,
for the sake of clarity, are denoted by larger symbols in the figure. The results obtained
from these finer lattices appear to be consistent with those obtained from the three largest
ensembles (namely, those with Nτ = 5, 6, and 7). It is worth noting that the computational
costs of the simulations grow quite quickly, when Nτ is increased. The reason for this can be
appreciated by looking at eq. (2.15): the trace of the energy-momentum tensor is proportional
to the difference of the plaquette expectation values at finite T and at T = 0 and to the
fourth power of Nτ . This means that the (⟨P ⟩T − ⟨P ⟩0) difference scales (approximately)
as N−4

τ , and if the signal-to-noise ratio in the determination of ∆/T 4 has to be held fixed,
then the uncertainties on ⟨P ⟩T and ⟨P ⟩0 should also be scaled as N−4

τ . In turn, this would
require a number of independent lattice configurations growing as N8

τ . These are not the only
technical challenges that should be faced when Nτ grows. It is known that lattice simulations
on very fine lattices incur severe ergodicity problems, due to the phenomenon of critical
slowing down [200]; these include, in particular, the inability to efficiently probe sectors of
different topological charge [201]. Even though these technical reasons limited the precision
that we could obtain in our simulations of the Sp(2) theory on the finest lattices, we note that
the general consistency of the lattice results for the Nτ values that we considered in this work
has also been observed elsewhere for SU(N) gauge theories [64, 202]. This gives confidence
on the validity of our extrapolations to the continuum limit, within the uncertainties reported
here (which are larger than those of previous SU(3) calculations). Note that the trace of
the energy-momentum tensor is, in some sense, the most basic equilibrium-thermodynamics
quantity that is directly extracted from differences of plaquettes computed in our lattice
simulations, while the pressure is obtained by numerical integration of the former, according
to eq. (2.13), and the densities of energy and entropy are obtained as linear combinations
of ∆ and p, through eq. (2.16) and eq. (2.17), respectively.

The data shown in figure 3 reveal a behavior consistent with what is observed in other
non-Abelian Yang-Mills theories [63, 64, 70, 203, 204], including, in particular, rather mild
discretization effects, which are most clearly visible close to the peak of ∆/T 4.

It is then possible to derive the results for p/T 4, for ϵ/T 4, and for s/T 3, and to proceed to
their extrapolation to the continuum limit alat → 0. We carry out the continuum extrapolation
of the equilibrium-thermodynamics quantities by first interpolating the values of ∆/T 4 at
each Nτ using splines (a choice that is expected to yield optimal bounds on the interpolation
uncertainties [205]), and then extrapolating the values thus obtained at a given temperature as
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Figure 3. Trace of the energy-momentum tensor ∆ in the Sp(2) theory, expressed in units of the
fourth power of the temperature, as obtained from our simulations at finite values of the lattice spacing,
equal to one fifth (black squares), one sixth (red triangles pointing up), and one seventh (green circles)
of the lattice extent in the Euclidean-time direction. In addition, the figure also includes the results
obtained from simulations on lattices with values of the lattice spacing equal to one eighth (blue
triangles pointing down) and one ninth (orange diamonds) of the lattice extent in the Euclidean-time
direction, for a more limited set of temperatures (T/Tc = 0.9, 0.95, 1, 1.05, and 1.1).

a function of 1/N2
τ . Repeating this procedure at a sufficiently large number of temperatures,

one can get an arbitrarily precise approximation of a continuous curve, from which the
pressure is then obtained by numerical integration, according to eq. (2.15); finally, the energy
density and the entropy density are computed from the extrapolated values of ∆/T 4 and
p/T 4 using eq. (2.16) and eq. (2.17).

While the precision of our continuum-extrapolated results is worse than, for example,
the precision that has been achieved in the past few years for the equation of state in the
pure-glue sector of QCD, it may be instructive to consider the quality of the extrapolation
at some reference temperatures. As an example, in figure 4 we show the extrapolation to
the continuum limit of the large-volume extrapolation of our results for ∆/T 4 at T/Tc = 1.5
(denoted by the black circles), at the three values of the lattice spacing for which we could
obtain sufficiently precise simulation results, corresponding to Nτ = 5, Nτ = 6, and Nτ = 7.
As the leading finite-cutoff corrections in the lattice discretization with Wilson’s action are
proportional to a2

lat, the data are fitted to a constant plus a term linear in 1/N2
τ . The fit

(shown by the dashed black line) yields 1.867(12) for the intercept (denoted by the red
square), while the result for the slope, −0.2(4), is compatible with zero. The reduced χ2 of
the fit is 0.21, with one degree of freedom, and the non-diagonal elements of the correlation
matrix of the fit parameters are −0.947.

Similar fit results are obtained at the other temperatures that we studied in this work.
Considering, for example, some selected temperatures in different parts of the T/Tc range
that we considered, namely T/Tc = 0.95 (in the confining phase), T/Tc = 1.15 (in the region
of the peak of ∆/T 4), and T/Tc = 2 (the highest temperature at which we carried out the
continuum extrapolation), we respectively obtain χ2

red = 0.19, χ2
red = 0.18, and χ2

red = 3.81.
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Figure 4. Continuum extrapolation for ∆/T 4 at T/Tc = 1.5: the data obtained from the infinite-
volume extrapolation of the results of simulations at T/Tc = 1.5 on lattices with Nτ = 5, Nτ = 6,
and Nτ = 7 points along the Euclidean-time direction (black circles) are fitted as a function of 1/N2

τ ,
including a constant and linear term. The fit result is denoted by the dashed black line. The red
square denotes the extrapolation to the continuum limit.

The slope of the interpolating straight line as a function of 1/N2
τ is compatible with zero,

with the exception of the T/Tc = 1.15 case (for which it is found to be 14.5(6)).
The results of the extrapolation to the continuum limit are shown in figure 5, while in

tables 3 and 4 we report a breakdown of the error budget for ∆/T 4 and for p/T 4, respectively,
at the selected temperatures we mentioned above (while we omit the corresponding discussion
for ϵ/T 4 and for s/T 3, as the latter quantities were obtained from linear combinations of the
former), which deserves some comments. First of all, the various contributions to the total
uncertainties are somewhat entangled with each other: for example, given the results for
∆/T 4 obtained at a given Nτ from three different lattice volumes, with their own (typically:
similar) uncertainties, it is somewhat ambiguous to state what is the “statistical contribution”
to the final error budget; for this reasons, the quoted figures should be considered as order-of-
magnitude estimates of the various contributions to the total error budget, whose main purpose
is to highlight which are the bottlenecks affecting the precision of the final extrapolated
results. A second observation is that usually the extrapolation to the thermodynamic limit
is quite smooth: the simulations carried out for this work were performed on lattices with
space-time cross-sections characterized by aspect ratios LT ≃ 4, which typically is enough to
guarantee a sufficiently strong suppression of finite-volume corrections. This is a consequence
of the fact that, as table 1 shows, in the confining phase the purely gluonic Sp(2) theory has
a large mass gap: finite-volume corrections are exponentially suppressed with a characteristic
length scale given by the Compton wavelength associated with the lightest physical state,
which, in natural units, is approximately five times smaller than the inverse of the critical
temperature, and thus approximately 20 times smaller than the linear extent of the lattice
in each of the three main spatial directions. In the deconfined phase, on the other hand,
finite-volume corrections are suppressed by the fact that the deconfined plasma has a finite
screening length. For this reason, some of the ∆/T 4 values computed numerically at a fixed
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Nτ and from lattices of different volumes turn out to be fully compatible with each other
within their uncertainties: in this case, carrying out a thermodynamic extrapolation by fitting
those values to a constant plus a term inversely proportional to the volume reveals that the
interpolating straight line is flat, and, in practice, the extrapolated constant is numerically
close to the weighted average of the ∆/T 4 values obtained from the simulations at the different
volumes. Thirdly, the uncertainties associated with the scale setting — which, beside T/Tc,
directly affect the evaluation of ∆/T 4, because the latter is computed according to eq. (2.15),
which involves the relation between the lattice spacing and β — are typically very small:
this is mostly due to the good precision of our determination of the non-perturbative scale
setting according to eq. (3.2), where especially the leading terms k0 and k1 in eqs. (3.3) have
very small uncertainties. Next, we also note that the uncertainties associated with the spline
interpolations are always very small, too: in this case, this is due to the fact that in our
simulations we sampled a very dense set of temperatures in the range of interest, and (except
in the proximity of Tc) the behavior of ∆/T 4 as a function of T/Tc is quite smooth. The
fineness of the grid of temperature values that was used in the numerical integration of p/T 4

implies that also the uncertainties associated with this quantity are rather small. In practice,
it is only close to Tc (i.e., in the narrow temperature range where the variation of ∆/T 4 is
fastest) that the systematics associated with the numerical integration are not completely
negligible. For p/T 4, it should be noted that the uncertainties tend to accumulate (more
precisely: to sum up in quadrature) in the integration process; however, the highly improved
numerical scheme that we used, which is defined in eq. (2.14), allowed us to keep them under
control. Finally, the extrapolation to the continuum limit (carried out fitting the results
extrapolated to the infinite-volume limit for each Nτ to a constant plus a term proportional
to N−2

τ ) was found to have a non-negligible impact on the total uncertainty of ∆/T 4, in
particular for temperatures corresponding to the maximum of this quantity. Attempting to
include also an N−4

τ correction (at least at the very few temperatures for which we also had
results for ∆/T 4 from simulations with Nτ = 8 and Nτ = 9) did not lead to any improvement
in the results, nor on the estimate of the continuum-extrapolation uncertainties.

It is interesting to note that, in the temperature range under consideration, the quantities
plotted in figure 5 are still far from their Stefan-Boltzmann-limit values (which are denoted
by the horizontal bars on the right-hand side of the plot): this can be clearly seen in the
inset plot, displaying s/T 3, ϵ/T 4, and p/T 4 divided by their Stefan-Boltzmann limit values.
This shows that, for temperatures up to a few times Tc, the deconfined state of matter
can hardly be described as an ideal (or nearly ideal) gas of gluon-like particles: instead,
the clearly non-vanishing values for the trace of the energy-momentum tensor reveal that
interactions among the degrees of freedom present in the deconfined phase are non-negligible.
Also, when the temperature is increased, the approach towards the Stefan-Boltzmann limit
is expected to be slow: in particular, if one takes the temperature to be the characteristic
(hard) momentum scale in the deconfined phase, then eq. (3.5) shows that, at leading order,
the coupling depends logarithmically on the temperature, i.e., it decreases very slowly as a
function of T . These features are common to other non-Abelian gauge theories.

A quantity that is of particular interest in the context of the production of gravitational
waves in a thermal medium to be discussed in section 4, and that can be directly derived
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T/Tc notes ∆/T 4 uncertainty on ∆/T 4

0.95 confining phase 0.2115 0.0026



0.002 statistics
0.0005 V → ∞ extrap.
0.0002 scale-setting
< 0.0001 spline interp.
0.001 alat → 0 extrap.

1.15 peak of ∆/T 4 2.715 0.015



0.013 statistics
0.006 V → ∞ extrap.
0.0002 scale-setting
0.0001 spline interp.
0.006 alat → 0 extrap.

1.5 1.867 0.012



0.01 statistics
0.003 V → ∞ extrap.
0.0002 scale-setting
< 0.0001 spline interp.
0.001 alat → 0 extrap.

2 largest T of our cont. extrap. 1.094 0.037



0.028 statistics
0.01 V → ∞ extrap.
0.005 scale-setting
< 0.0001 spline interp.
0.006 alat → 0 extrap.

Table 3. Breakdown of the uncertainty budget on the continuum-extrapolated values of ∆/T 4 at a
selection of temperatures.

T/Tc p/T 4 uncertainty on p/T 4

0.95 0.0139 0.0014
{

0.0014 uncertainties on ∆/T 4

< 0.0001 numerical integ.

1.15 0.327 0.010
{

0.010 uncertainties on ∆/T 4

0.0001 numerical integ.

1.5 0.958 0.017
{

0.017 uncertainties on ∆/T 4

< 0.0001 numerical integ.

2 1.363 0.027
{

0.027 uncertainties on ∆/T 4

< 0.0001 numerical integ.

Table 4. Same as in table 3, but for p/T 4, which, as discussed in the text, is obtained by numerical
integration of the continuum-extrapolated results for ∆/T 4. Note that the uncertainties on ∆/T 4

have a cumulative effect on p/T 4.
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Figure 5. Results for thermodynamic-equilibrium quantities extrapolated to the continuum limit,
and plotted as a function of the T/Tc ratio: the main plot shows the entropy density in units of T 3

(magenta symbols), the energy density (blue symbols), the trace of the energy-momentum tensor
(brown symbols), and the pressure (red symbols) in units of T 4. The horizontal bars on the right-hand
side of the figure show, from top to bottom, the values corresponding to the Stefan-Boltzmann limit
for s/T 3, for ϵ/T 4, and for p/T 4. In the inset plot, the same quantities (except for ∆/T 4, whose value
in the free limit is zero) are normalized by their values in the Stefan-Boltzmann limit, with the same
colors as in the main plot.

from the extrapolated equilibrium quantities, is the squared speed of sound, c2
s . Combining

its definition according to eq. (2.18) with elementary thermodynamic relations, one obtains

c2
s (T ) =

[
T 4

sTc

d(s/T 3)
d(T/Tc)

+ 3
]−1

, (3.7)

which can be immediately evaluated from our extrapolated results for the entropy density.
The results are shown in the main plot of figure 6, where the displayed uncertainty band is
dominated by the systematic uncertainties affecting these data, which we tentatively estimate
to be of the order of 10%. For comparison, in the inset plot of figure 6 we also show the
analogous results (but without their uncertainties) obtained from lattice simulations of SU(3)
Yang-Mills theory [64, 206], and discussed in ref. [207]. One notes that the behavior of the
speed of sound in the two theories is qualitatively, and even quantitatively, very similar.

Another feature of the Sp(2) equation of state, which is shared with gauge theories based
on other non-Abelian groups, is the fact that, at low temperatures in the confining phase, the
equilibrium thermodynamic quantities can be accurately modelled in terms of a gas of massive
and non-interacting glueballs [208–212] (see also ref. [213] for a discussion from a modern
perspective). For example, the pressure can be written as the sum of the contributions from
the different single-particle glueball states, labelled by k, with masses mk:

p(T ) = T 2

2π2

∑
k

dkm2
k

∞∑
l=1

1
l2

K2

(
lmk

T

)
, (3.8)

where Kν(z) denotes the modified Bessel function of the second kind of argument z and
index ν, while dk is the number of physical states for the particle species k. Note that,
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Figure 6. Squared speed of sound in the Sp(2) theory, plotted against T/Tc; the displayed error
band includes both statistical uncertainties and a (crude, and somewhat conservative) estimate of the
systematic uncertainties related to the continuum extrapolation of our results. The horizontal bar on
the right-hand side of the plot denotes the value of squared speed of sound in the Stefan-Boltzmann
limit, which is c2

s, SB = 1/3, and, in order to help visualize the approach to that limit, the right-hand-
side vertical axis shows the values of the c2

s /c2
s, SB ratio. The inset plot (in which, for the sake of clarity,

the uncertainties are not displayed) shows the results for c2
s that can be obtained from the lattice

calculations of SU(3) Yang-Mills theory in the deconfined phase [64] and in the confining phase [206],
as discussed in ref. [207].

for the Sp(2) Yang-Mills theory, the latter reduces to dk = 2Jk + 1, with Jk the spin of
the glueball labelled by k.

Using a known asymptotic expansion of Bessel functions [214], at large mk/T eq. (3.8)
can be rewritten as

p

T 4 ≃
∑

k

dk

(
mk

2πT

) 3
2

Li 5
2

(
e− mk

T

)
+

∞∑
j=1

Li 5
2 +j

(
e− mk

T

)
j!

(
T

8mk

)j j∏
q=1

[
16 − (2q − 1)2

]
(3.9)

(where Liν(z) denotes the polylogarithm of argument z and order ν), that we used in the
numerical evaluation of the glueball-gas prediction for the thermodynamics of the Sp(2) theory.

The comparison of our extrapolated simulation results with the prediction from eq. (3.8)
is shown in figure 7, where the dash-dotted line denotes the dominating contribution, from
the lightest glueball, to the p/T 4 ratio, while the dashed line includes the contributions from
all glueballs below the two-particle threshold. As the plot shows, the continuum-extrapolated
results obtained from our lattice calculations (denoted by the solid red curve) are consistent
with the prediction from the glueball-gas model at low temperatures, but for T ≳ 0.9Tc the
curve obtained from eq. (3.8) underestimates the lattice results. As in SU(3) Yang-Mills
theory [64, 215], this behavior can be interpreted in terms of a continuous, exponentially
growing, Hagedorn-like, density of states. Note that, while in principle the inclusion of
high-precision results obtained from finer lattices (Nτ ≥ 8) would be useful to corroborate
the continuum extrapolation of the equation of state at low temperatures, in practice the
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Figure 7. Comparison of our continuum-extrapolated lattice results for the p/T 4 ratio in the confining
phase (solid red curve) with the predictions from a gas of non-interacting glueballs according to
eq. (3.8), including all glueballs with masses below the two-particle threshold (dashed green curve).
The dash-dotted orange curve denotes the contribution from the lightest glueball only.

computational costs to reach uncertainties comparable with those of the data evaluated
from the other ensembles considered in this work, up to Nτ = 7, would quickly become
prohibitive. The problem is especially severe at T ≤ Tc, since in the confining phase the
thermodynamic quantities take values that are significantly smaller than in the deconfined
phase, and that, furthermore, are exponentially suppressed when the temperature is reduced.
For this reason, in figure 7 we did not include, for example, the results of our simulations
on lattices with Nτ = 8 and Nτ = 9 at T = 0.9Tc and at T = 0.95Tc that are shown in
figure 3: they are compatible with zero within their uncertainties, they would not be sufficient
to obtain any meaningful interpolating curve for the pressure at either of those Nτ values
(for this purpose, the numerical integration would require a much larger number of data
points, at sufficiently close temperatures), and would not add any significant information
to the curve displayed in figure 7.

We now move on to our numerical results in the study of the latent heat Lh and of the
specific heat at fixed volume CV ; as we mentioned in section 2, these two quantities are
directly related with each other via eq. (2.21). In figure 8 we present an example of our results
for the determination of CV : the plot shows CV as a function of β, and as obtained from
simulations on lattices with Nτ = 5 sites in the Euclidean-time direction and for different
values of the linear extent of the three “spatial” sizes of the lattice (in units of the lattice
spacing alat), ranging from Ns = 18 to Ns = 26, which corresponds to a variation in the
lattice volume by a factor larger than three.

For each value of Ns, we determined the maximum of the specific heat per volume from the
lattice results for (CV /V )a6

lat at different values of β, by interpolating the datum corresponding
to the largest value of CV , the two data points at its left, and the two at its right, through
a quadratic fit in β, and extracting the maximum value of the fitted parabola. In figure 9
we show our study of the latent heat of the theory, based on eq. (2.21): the plot shows the
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Figure 8. Values of the specific heat at fixed volume, defined according to eq. (2.20) and in the
appropriate units of the lattice spacing, as obtained from simulations on lattices with Nτ = 5 and for
different values of Ns, denoted by symbols of different shapes and colors.

extrapolation of the peak values for the specific heat to the infinite-volume limit according to

Cmax
V a6

lat

V
= γ0 + γ1

V/a3
lat

+ γ2
(V/a3

lat)2 . (3.10)

For the data extracted from our simulations with Nτ = 5, the fit of the data shown in
figure 9 yields

γ0 = 3.8(7) · 10−5, γ1 = 1.87(15), γ2 = −1.1(7) · 103, (3.11)

with χ2
red = 0.09. The smallness of the reduced χ2 and the fact that the fit result for γ2

is compatible with zero within approximately one standard deviation and a half indicates
that a quadratic fit in 1/(V a3

lat) is an overfitting. For comparison, a two-parameter fit with
γ2 set to zero, leads to

γ0 = 5.0(4) · 10−5, γ1 = 1.62(5), (3.12)

with χ2
red = 0.67. Assuming the extrapolation according to this linear fit, and including its

discrepancy with respect to the quadratic fit as a systematic uncertainty, the latent heat
obtained from our Nτ = 5 simulations (and expressed in units of the fourth power of the
inverse lattice spacing corresponding to the critical temperature for this lattice) is found
to be consistent with the one that can be determined from the discontinuity in the energy
density of the theory across the deconfinement temperature, according to the procedure
described in refs. [69, 216], which in our case leads to Lh/T 4

c = 1.76(9)(11) for Nτ = 5,
to Lh/T 4

c = 1.5(1)(6) for Nτ = 6 (where the first error is statistical, whereas the second
accounts for systematic uncertainties, including, in particular, those associated with varying
the number of data used in the infinite-volume extrapolation, and with performing such
extrapolation including or excluding, beside a correction linear in the inverse volume, also
a quadratic one). Within their uncertainties (which can be summed in quadrature), these
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results are consistent with the approximate continuum-extrapolated value
Lh

T 4
c

≃ 1.69(12). (3.13)

As a consistency check, we also carried out a set of computations on finer lattices, with
Nτ = 7. In this case we run simulations for three volumes only (corresponding to Ns = 24,
Ns = 28, and Ns = 30) and, as a consequence, performed the thermodynamic extrapolation
of the a6

latC
max
V /V ratio considering only the two-parameter fit with γ2 set to zero, obtaining

γ0 = 6.5(3.7) · 10−6 and γ1 = 0.26(7). The corresponding value for the latent heat in units
of the fourth power of the deconfinement temperature is Lh/T 4

c = 1.8(5): even though the
uncertainty is large (due to the fact that, for this Nτ value, the extrapolated γ0 value has
a relative error of the order of 50%), the value is compatible with our continuum estimate
reported in eq. (3.13). It is important to stress that a reliable estimate of the Cmax

V /V ratio
becomes increasingly difficult when Nτ is increased, because this quantity, when evaluated
from a lattice calculation, is expressed as a dimensionless number proportional to a6

lat; given
that the statistical uncertainties in a Monte Carlo calculation scale with the inverse of the
square root of the number of configurations, this implies that the computational costs to
evaluate the Cmax

V /V ratio on the lattice with a fixed relative error are expected to grow
at least as N12

τ .
The continuum estimate for Lh/T 4

c in eq. (3.13) can be compared with analogous re-
sults in SU(N) Yang-Mills theories. Excluding the SU(2) theory, which has a second-
order deconfinement transition [176, 217, 218], and hence a vanishing latent heat, the
SU(3) theory has a relatively weak first-order transition, with Lh/T 4

c ≃ 1.4 [219], while
the values of the latent heat observed in SU(N) gauge theories with more than three
color charges scale well with the dimension of the gauge group and are described by
Lh/(N2T 4

c ) = 0.360(6) − 1.88(17)/N2 [220] (which is consistent with, and significantly
more precise than, the earlier result Lh/(N2T 4

c ) ≃ 0.344(72) [216]). For the Sp(2) theory, the
dimension of the gauge group is ten, i.e., intermediate between those of SU(3) and SU(4),
and a discontinuous deconfinement transition is observed; hence, if one would argue that
this Yang-Mills theory should behave similarly to those based on unitary gauge groups, and
would simply attempt to derive a crude estimate of the Lh/T 4

c ratio by rescaling those found
for the SU(3) and SU(4) theories according to the number of gluon degrees of freedom, one
would get a result in the ballpark between approximately 1.5 and 3. The estimate (3.13)
obtained from our simulation results lies within this interval.

We conclude this section with a few comments on the implications of our results for
the two other reasons of interest for a gauge theory based on a symplectic group (beside
its potential viability as a framework for particle dark matter, which is discussed more
extensively in section 4), that we mentioned in section 1.

One of the reasons why it was interesting for us to study the finite-temperature confining
transition in a symplectic Yang-Mills theory consisted in investigating, whether the center
of the gauge group, which is widely believed to be directly responsible for the emergence of
confinement at large distances in the ground state of non-Abelian gauge theories, via the
formation of center vortices [157–160], also affects the nature of the confinement/deconfinement
transition at finite temperature. In particular, general arguments based on the renormalization
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Figure 9. Extrapolation of our lattice results at Nτ = 5, Nτ = 6, and Nτ = 7 for the maximum value
of the specific heat divided by the volume and expressed in the appropriate units of the lattice spacing
(circles) to their infinite-volume limit. The dashed curves (for the Nτ = 5 and Nτ = 6 ensembles only)
are the result of parabolic fits according to eq. (3.10), while the solid straight lines are obtained by
linear fits of the data (i.e., setting γ2 to zero). The corresponding extrapolated values, respectively
denoted by the triangles and by the squares, lead to the values for the specific heat reported in the
main text, which are compatible with each other.

group indicate that the thermal deconfinement transition for Sp(N) gauge theories could
be of second order, and in the same universality as the three-dimensional Ising model [67].
Our results, which are consistent with previous lattice studies of this issue [35], show that
this is not the case: the transition is of first order, with a finite latent heat that, when
expressed in units of the fourth power of the deconfinement temperature, is of the same order
of magnitude as, and slightly larger than, in the SU(3) Yang-Mills theory. This confirms the
conjecture, that the continuous or discontinuous nature of the confinement/deconfinement
transition is essentially determined by the imbalance in the number of degrees of freedom
in the high- and in the low-temperature phases, i.e., it depends on the size of the gauge
group, not directly on the center symmetry [35]. We also note that, in fact, the discontinuous
nature of the deconfinement transition for the Sp(2) theory is also supported by analytical
arguments, including those based on calculations starting from a supersymmetric version
of the theory on a manifold with a compactified spatial direction [221], and those derived
within the framework of the functional renormalization group [222].

Another reason of interest to study a non-Abelian gauge theory having a Lie algebra
of dimension close to the one of SU(3), but belonging to a different classical series (Cn in
this case) is the set of correspondences that are expected to relate gauge theories based
on symplectic, orthogonal, and unitary groups to each other. In particular, it was shown
long ago that theories based on these different gauge groups have Wilson loops sharing the
same behavior in the large-N limit [163]; even earlier, hints of this correspondence can be
traced back to pioneering work on random matrix theory [223]. More recently, the study of
such dualities between different gauge theories has been generalized and extended beyond
the ’t Hooft limit in various works [164–167], in particular with the inclusion of a coupling
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to matter fields, and with the derivation of detailed correspondences between operators in
different theories (see also ref. [224]). While the numerical simulations that we presented
in this section do not allow us to make any claim on the validity or invalidity of these
correspondences, we note that our results for the equation of state of the Sp(2) theory reveal
remarkable similarities with those found for SU(N) gauge theories [70].

4 Interpretation as a model for dark matter and gravitational-wave
production

In this section we discuss some of the implications predicted from our model for the thermal
evolution of dark matter in the early universe, and the features of the gravitational-wave
power spectrum produced at the confining phase transition. Before doing so, however, an
important remark is in order: if the dark sector is not directly coupled with the SM sector,
then its temperature can be different from the temperature of the latter. In general, a
difference in temperature among the visible and dark sectors could have been generated
during reheating after inflation, if inflatons decay mostly into one of the two sectors, or if
a sector contains a much larger number of heavy particle species than the other: when a
thermalized particle species becomes non-relativistic, its entropy is transferred to the other
particle species in the same sector (heating them up), eventually leading to a significant
temperature imbalance between the two sectors [225].

If the dark sector is subject to reheating in the early stages of the universe, one expects
that it will first be in the deconfined phase at high temperatures, then it will undergo a
cosmological phase transition to the confining phase. Thus, in the model considered in this
work, the non-Abelian gauge theory describing the dark sector will undergo an evolution
qualitatively similar to the one of quantum chromodynamics, from a “hot”, deconfined phase,
to a “cold”, confining phase.

Deconfined phase in the early universe. At sufficiently high temperatures realized
in the early universe, the dark sector that we are studying consists of a plasma of Sp(2)
“dark gluons”, which interact with each other through screened long-range forces. Like in a
generic non-Abelian gauge theory (see, for example, refs. [226, 227] and references therein),
at sufficiently high temperatures a hierarchy of scales

g2T ≪ gT ≪ 2πT (4.1)

develops, so that the “hard” scale, parametrically O(T ), of the thermal excitations in the
plasma becomes well separated from the “soft”, O(gT ), scale, which characterizes the Debye
screening of “chromoelectric” modes; in turn, the latter gets well separated from the “ultrasoft”
scale, O(g2T ), typical of the screening of “chromomagnetic” modes [228–233]. Note that
the screening of “chromomagnetic” modes is a phenomenon which retains intrinsically non-
perturbative effects [234].

Confining transition. As the universe expands and cools down, the equilibrium ther-
modynamic quantities will decrease as discussed in section 3; when its temperature drops
below Tc, the dark sector undergoes a change of state, and the dark gluons confine into
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massive glueballs. This is accompanied by a brisk drop in the equilibrium thermodynamic
quantities. In particular the change in the entropy density across Tc can be interpreted in
terms of the sharp reduction in the number of (effective) degrees of freedom of the theory:
from N(2N + 1) = 10 “gluons”, with two polarizations each, in the high-temperature phase,
to O(1) massive “glueballs”. The finiteness of the latent heat implies that this confining
transition is a discontinuous one.

Generation of gravitational waves at the phase transition. Gravitational-wave as-
tronomy entered the domain of experimental science almost a decade ago [43]: since then,
the Advanced Virgo [235] and the Advanced Laser Interferometer Gravitational-Wave Obser-
vatory [236, 237] have observed a large number of events consistent with gravitational waves
produced by transient astrophysical sources: mergers of binary black holes or coalescence of
binary neutron stars. A more ambitious goal for the future [238] consists in the detection of
gravitational waves produced by cosmological sources [239–241]. In particular, novel ground-
based interferometers of third generation, like the Einstein Telescope [242] and the Cosmic
Explorer [243], or space-based gravitational wave detectors, like the Laser Interferometer
Space Antenna (LISA) [49], the Big Bang Observer (BBO) [244], Taiji [48], TianQin [47], and
DECIGO [245] could detect gravitational waves produced by violent phenomena in the early
universe, among which strong cosmological phase transitions [40, 246, 247]. The discontinuous
nature of a strong first-order phase transition, like the confining phase transition in our
Sp(2) model, implies that the energy-momentum tensor can experience large anisotropic
fluctuations, resulting into the generation of a stochastic, “cosmological” gravitational-wave
background: a phenomenon that was already suggested long ago [248–251].

At this point, however, an important remark is in order: the estimates for the spectrum
of gravitational waves that will be discussed in this section depend on parameters (including,
in particular, the bubble wall velocity and the transition-strength parameter α) for which
we must necessarily rely on — sometimes relatively crude — estimates, that often involve
underlying assumptions. This can be contrasted with the results for the equation of state
and for the other quantities discussed in this work, for which we could derive robust ab initio
predictions. Ultimately, the reason of this discrepancy lies in the very nature of the phenom-
ena they are related to (and in the way they are studied in the numerical calculation). On
the one hand, the pressure, the energy and entropy densities, etc. are equilibrium thermo-
dynamic quantities, which have a natural formulation in terms of Euclidean quantum field
theory, and for which a non-perturbative evaluation on a Euclidean lattice is in principle
straightforward. On the other hand, quantities related to processes such as the formation,
expansion, collision, etc. of bubbles of different phases within a medium encode information
about phenomena beyond thermodynamic equilibrium and intrinsically dynamical. In general,
the non-perturbative numerical evaluation of such quantities for a quantum field theory
regularized on a lattice requires methods that are quite different from those that can be
applied to study equilibrium thermodynamics; these include real-time simulations [252] or
techniques to solve mathematically non-trivial inverse problems [253], which entail their own
peculiar challenges. In cases when the quantum fluctuations of fields are small compared
to the thermal ones, one can resort to classical statistical lattice gauge theory simulations,
whereby the gauge fields are let evolve in a deterministic way, according to the classical
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equations of motion, and the process is repeated many times, starting from initial values
for the fields sampled from a thermal distribution. This approach allows one to estimate
the average value and the variance of various real-time quantities, and has been used in
studies of non-equilibrium processes taking places in the early evolution of the system created
immediately after a “small bang”, namely a heavy-ion collision [254].

A particularly important quantity associated with the bubble expansion is the bubble
wall velocity, denoted by v, according to which one can distinguish among deflagrations (when
the bubble wall velocity is smaller than the speed of sound, and a “sound shell” can form
in front of the wall), detonations (when the bubble wall velocity is larger than the speed of
sound, and the plasma behind the wall can have non-zero velocity), or hybrid cases. The
bubble wall velocity is determined by the competing forces acting on the wall: the latent heat
that is released in the phase transition pushes the bubble outwards, while its interaction with
the plasma creates friction. When the two forces are balanced, the wall ceases to accelerate.
Deriving an accurate estimate for the bubble wall velocity in a certain model, however, is
highly non-trivial, as it cannot be determined only from the effective potential associated
with a first-order transition, and requires instead knowledge of the friction of the plasma near
the bubble wall, which can be determined only if the precise hydrodynamical solution of the
plasma profile is accessible. While lattice studies of this problem do exist (see, for instance,
ref. [255] as a recent example), they typically rely on a setup which is entirely different from
the one of the lattice calculations reported in the present work — which, instead, are based
on the “microscopic” formulation of the theory in terms of fundamental fields. Extending our
work to include this kind of lattice calculations lies beyond the scope of the present study and
would entail significant computational costs, hence we leave it for the future. It is nevertheless
possible to provide at least a rough, order-of-magnitude estimate of v, based on the following
argument [248, 256, 257]: let x denote the fraction of the dark sector in the confining phase.
By the definition of the latent heat, when this fraction increases by an amount dx, this is
accompanied by the release (the confining transition being an exothermic process) of an
amount of energy per volume Lhdx, which corresponds to a temperature variation

dT = Lh
dϵ
dT

dx = 15
2π2geff

⋆

Lh

T 3 dx, (4.2)

where geff
⋆ denotes the effective number of relativistic degrees of freedom in the thermal bath:

for the dark sector, it can be expressed as the product of the number of gluon polarizations
(2) times the multiplicity factor associated with the dimension of the Lie algebra of the
gauge group (which is 10 for the Sp(2) theory, or N(2N + 1) for a generic Sp(N) theory),
times a coefficient of order 1 — encoding the fact that, as our results for the equation of
state show, at temperatures of the order of Tc the energy density in the deconfined phase is
smaller than, albeit comparable with, the energy density of a free gluon plasma, due to the
fact that gluon-gluon interactions are not negligible — times a (1 − x) factor that accounts
for the fraction that is in the deconfined phase. The evolution of the temperature of the
dark sector in the primordial universe is thus determined by the competition between the
heating due to the latent heat conversion into thermal energy and the adiabatic cooling
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induced by the Hubble expansion:

dT

dt
≃ 3R2LhT

8ϵR3
0

v − HT, (4.3)

where R denotes the radius of the bubble, R0 is its value at bubble percolation, which can be
defined by the condition x|R=R0 = 1/2, and we used the fact that in general x is proportional
to the volume of the bubble (which we take to be spherical), so that x = R3

2R3
0
, the bubble wall

velocity is defined as v = dR
dt , and, following the literature, we approximated dϵ

dT as 4ϵ
T , under

the assumption that the ϵ
T 4 ratio has only a relatively mild dependence on the temperature.

Then, the condition that the temperature remains constant as a function of time leads to

v ≃ 8ϵR3
0H

3R2Lh
. (4.4)

Another parameter on which the predictions for the gravitational-wave spectrum depend
is the transition-strength parameter α: it can be defined as the ratio of the trace-anomaly
difference between the two phases to the thermal energy density, evaluated at the nucleation
temperature (that is, at the temperature realized when the volume-averaged bubble nucleation
rate reaches its maximum) [258]. It should be noted, however, that the nucleation of bubbles
is a dynamical process, and the determination of the associated rate is highly non-trivial (for a
detailed discussion see, for instance, refs. [259–266], which describe the general aspects of this
problem as well as some specific details relevant for a possible electroweak phase transition).
Also in this case, our estimate for α, that is discussed below, cannot be regarded as a fully
first-principle prediction; as a consequence, the estimate for the spectrum of gravitational
waves should be considered as a qualitative (or, at best, semi-quantitative) estimate, rather
than a hard quantitative prediction.

Finally, a third parameter entering the determination of the gravitational-wave spectrum
is the interface tension σcd between the confining and deconfined phases. In this case, the
status of the estimate for this quantity is somehow better, given that a dedicated lattice
determination of σcd/T 3

c for the Sp(2) theory was recently published in ref. [153]. Even
though the final result reported therein was obtained from simulations at fixed Nτ = 4 (and
thus may be significantly different from the continuum-extrapolated result), extending the
calculation that in ref. [153] was carried out for a single, relatively coarse lattice spacing —
which deserved a publication on its own — to several finer lattices would require an amount
of computational resources beyond the scope of the present work.

In view of these caveats, the results presented in this section should be considered as
benchmark examples, rather than as genuinely first-principle predictions.

The quantity of interest to characterize the spectrum of gravitational waves is the power
spectrum, defined as the fraction of the total energy density per interval of the logarithm
of the frequency and denoted as h2ΩGW. Note that, for gravitational waves of cosmological
origin, the minimal frequency is simply given by the Hubble rate H at the time of their
production. Due to the expansion of the universe, the frequency f of a gravitational wave
produced at time t gets redshifted by the ratio of the Robertson-Walker scale factor (denoted
by a) at time t to the scale factor at the present time t0, so that the observed frequency
reads fa(t)/a(t0). From this, one can derive an approximate estimate of the frequencies of
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interest for the visible sector: in the case of a first-order phase transition at the electroweak
scale, of the order of 102 GeV, taking place at a time t ≃ 10−11 s after the Big Bang, the
characteristic frequencies of the gravitational waves would be in the ballpark of 10−4 Hz.
For a first-order phase transition at the scale characteristic of the strong interaction, about
102 MeV, and taking place at the end of the so-called “quark epoch”, i.e., at t ≃ 10−6 s, the
resulting observable frequencies today would be even lower, in the range of 10−7 Hz.

The generation of gravitational waves can be described by the (linearized) Einstein
equation for tensor perturbations in a Friedmann background; following the notations and
conventions of ref. [267], and writing the metric as ds2 = a2(t)

(
−dt2 + dx2), one has

ḧ± + 2 ȧ

a
ḣ± + k2h± = 8πGa2ρΠ±, (4.5)

where dots denote derivatives with respect to the conformal time, G is the gravitational
constant, ρ is the background cosmological energy density, Π± are the tensor helicity modes
of the (dimensionless) anisotropic stress sourcing the gravitational waves, and h± represent
the helicity modes of the gravitational waves.

The production of gravitational waves can take place through different mechanisms (see,
for example, ref. [240, section 8] for a review): the simplest of these is the collision of true-
vacuum bubbles [268–273]. Bubbles expanding in a thermal medium, however, are subject to
friction: the latent heat released in the phase transition pushes the bubbles to expand, but
their interaction with the plasma constituents opposes this expansion [246]. When the two
forces are balanced, the bubble walls slow down to an approximately constant speed, and
the energy transferred to the plasma generates sound waves, which can be another source of
gravitational waves [250, 274–279]. In addition, the bubble-merging process can also induce
hydrodynamic turbulence, which is another potential source of gravitational waves [280–287].

After production, the propagation of gravitational waves is essentially free, with the
phenomenologically very interesting implication that their experimental detection could
provide a unique probe of the early universe, given that primordial gravitational waves
decouple much earlier than photons or neutrinos. More precisely, the frequency of gravitational
waves produced at the phase transition decreases as the inverse of the Robertson-Walker
scale factor, while their fraction of the critical energy density decreases as a−4. Following the
discussion in ref. [38], one can then derive that entropy conservation implies that

a⋆

a0
=
(

g0,s

g⋆,s

) 1
3 TCMB

T⋆
, (4.6)

where TCMB = 2.34864(49) · 10−13 GeV denotes the temperature of the cosmic microwave
background, while gs is the effective number of relativistic degrees of freedom, the ⋆ subscript
refers to the time of production, while the 0 subscript refers to the time of observation.

Gravitational waves from bubble collisions. Gravitational waves produced by bubble
collisions are often modelled in the thin-wall and envelope approximations [37, 268–270] (see
also ref. [288]); the power spectrum can be expressed as [267, 272, 289]

Ω(bc)
gw h2 ≃ 2

3π
h2Ωr0Θ(bc)H2

⋆t2
ptΩ2

S⋆v3 (ktpt)3

1 + (ktpt)4 , (4.7)
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where h = 0.6766(42) [7] denotes the dimensionless Hubble parameter today (related to the
dimensionful Hubble parameter today via the formula H0 = h · 100 km·s−1·Mpc−1), k = 2πaf

and H = aH respectively denote the conformal wave number and the conformal Hubble
parameter, Ωr is the radiation energy density, and we also include a phenomenological effective
attenuation factor Θ(bc) (for which we make the conservative Ansatz Θ(bc) ≃ 10−2), in order
to put the contribution to the power spectrum from bubble collisions on a similar footing as
the sound-wave power spectrum in eq. (4.11), for which attenuation effects due to reheating
and those due to the finiteness of the sound-wave lifetime are taken into account. tpt denotes
the duration of the phase transition, ΩS⋆ = ρS⋆/ρ⋆,crit is the relative energy density in the
source, and v is the velocity of bubble walls in their expansion. Note that the determination
of the latter in a first-order phase transition is non-trivial [290]; recently, however, ref. [291]
proposed to constrain it using bounds based on the hypothesis of local thermal equilibrium
and on the ballistic limit (for an example of application in the context of the strong nuclear
interaction, see also ref. [292]). The duration of the phase transition can be defined in terms
of the bubble nucleation rate (per unit time and unit volume) Γ via [293]

1
tpt

= d

dt

( Γ
T 4

)
, (4.8)

and the spectrum of gravitational waves produced by bubble collisions depends on the
temperature of the phase transition through the dependence of H⋆ on T⋆. It should also
be noted that the bubble nucleation rate can be affected by the presence of topological
defects, which act as local impurities triggering the phase transition: a detailed discussion
about this aspect and the related phenomenological implications for gravitational waves
can be found in ref. [294].

Following ref. [38], the peak frequency of the power spectrum associated with gravitational
waves produced through bubble collisions in our model (for a confining transition at a
temperature of the order of 500 GeV) can be estimated to be around 1.8 · 10−4 Hz. Using
the value of the radiation density h2Ωr0 = 2.47 · 10−5 [295], one obtains the contribution to
the gravitational-wave power spectrum displayed in figure 10, alongside those from sound
waves and from hydrodynamic turbulence, that we address next.

Gravitational waves from sound waves. To discuss the spectrum of gravitational waves
produced from sound waves in our Sp(2) theory, one can follow the analysis presented
in ref. [96] for a dark SU(3) Yang-Mills model, which, in turn, relies on the formalism
summarized in ref. [39] (see also refs. [275, 296, 297]).

The bubble generation and growth process involves two characteristic temperatures:
the nucleation temperature and the percolation temperature. The former represents the
temperature at which, on average, one bubble per Hubble time forms within a Hubble volume,
while the latter can be defined as the temperature at which the probability7 of the system
being in the confining vacuum (corresponding to the disappearance of supercooled regions of
deconfined vacuum, that is, to the end of the phase transition) becomes comparable to one. As
will be discussed below, it turns out that both the nucleation temperature and the percolation

7Fixing the precise numerical value of this probability is somewhat arbitrary, and different choices are possi-
ble [298–300], but this ambiguity does not have a large impact on the estimate of the percolation temperature.
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temperature are close to Tc; a heuristic argument suggesting this is based on the observation
that the nucleation rate is exponentially suppressed when the temperature is decreased [301].

Other important parameters relevant for the gravitational-wave spectrum include the
inverse of the product of the phase-transition duration times the Hubble parameter at the
time when the gravitational waves are produced, 1/(tptH⋆), as well as the ratio of the vacuum
energy density released in the confining transition to the energy density of the deconfined
plasma, denoted by α. Note that the 1/(tptH⋆) ratio can be estimated evaluating − d ln Γ

d ln T

at the percolation temperature, where Γ is related to the Euclidean action associated with
a spherically symmetric bubble configuration at finite temperature; the larger the value of
tptH⋆, the stronger the phase transition and the gravitational-wave signal. The α parameter,
on the other hand, encodes the fraction of energy released during the phase transition that
can be converted into fluid motion in the plasma, and can be also interpreted as a parameter
describing the transition strength. It can be defined as

α = 4
3 · θ+ − θ−

w+
, (4.9)

where θ = ∆/4, while w = ϵ + p denotes the enthalpy density, and the + and − subscripts
respectively indicate that the quantity is evaluated just in front or just behind the bubble
wall. In our setup, and under the assumption of small supercooling, one can take the values
in the neighborhood of the transition temperature, in the deconfined (high-temperature) or
in the confining (low-temperature) phase as proxies for these quantities. Note that, using
the continuity of the pressure, eq. (4.9) can be rewritten as

α =
Lh
T 4

c

3
(

s
T 3

)
+

. (4.10)

The results of our lattice simulations indicate that α ≃ 0.62(4) for the Sp(2) Yang-Mills theory.
Even though the error budget of this quantity involves systematic uncertainties that are
non-trivial to quantify, taken at face value, this value would correspond to a transition that, in
the terminology of ref. [302], could be described as “intermediate” to “strong”. For comparison,
the value of the same parameter for the SU(3) gauge theory is approximately 0.343 [96].

Finally, another parameter of relevance for the study of gravitational waves produced
through sound waves generated after bubble collisions is the speed of propagation of the
bubble wall, evaluated in the rest frame of the fluid, at a sufficiently large distance from
the bubble [303], that we denoted as v. For bubbles expanding in a thermal medium, such
speed is expected to be limited by frictional forces and to be associated with non-trivial
effects [255, 290, 304–315].

The power spectrum of gravitational waves produced through sound waves can be
written as

h2Ω(sw)
gw = 2.061h2Fgw,0K2 (HnR⋆) Ω̃gwC(f)Υ(y)Σ, (4.11)

where Fgw,0 is the attenuation factor

Fgw,0 = 3.57(5) · 10−5 ·
(

100
g⋆,s

) 1
3

, (4.12)
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where K is the kinetic-energy fraction of the plasma around the expanding bubbles, which
can be defined from the ratio of the mean value of wγ2

f v2
f (with vf the spatial velocity of

the fluid, and γf the associated relativistic factor) over the mean energy density of the fluid,
and can be estimated from the hydrodynamics of expanding spherical bubbles [270, 274].
K is computed as a function of the HnR⋆ product [316], where Hn represents the Hubble
parameter at the bubble nucleation time, while R⋆ is the mean bubble separation, for which
we use R⋆ = 2 3

√
πvtpt [317]. For the Ω̃gw constant, we use the numerical estimate Ω̃gw = 10−2

from ref. [278], from which we also take the form of the spectral shape function

C(f) =
(

f

fp,0

)3
 7

4 + 3
(

f
fp,0

)2


7
2

, (4.13)

with the peak frequency

fp,0 ≃ 26.2
( 1

HnR⋆

)(
Tn

100 GeV

)(
g⋆,s

100

) 1
6

10−6 Hz. (4.14)

The Υ(y) term in eq. (4.11) is related to the finiteness of the sound-wave lifetime [318]
and is defined as

Υ(y) = 1 − 1√
1 + 2y

; (4.15)

the argument of this function is the sound-wave lifetime in units of the Hubble time, y =
HnR⋆/

√
K; we take this quantity to be of the order of 10−2. The last factor on the right-hand

side of eq. (4.11), Σ, accounts for attenuation effects caused by reheating [302]: it depends
on the wall velocity and α and on v, and, in the most unfavorable cases, can take values
as small as 10−3. For the relatively large value of α for our model, assuming intermediate
values of v ≃ 0.5, we take Σ ≃ 0.3 as a crude estimate of this parameter.

Gravitational waves from turbulence. Finally, the contribution to the spectrum of
gravitational waves due to hydrodynamic turbulence can be estimated as [38, 286]

h2Ω(ht)
GW ≃ 8

π6 h2Ωr0Θ(ht)H⋆tptΩ3/2
S⋆ v4 (ktpt)3(

1 + 4k
H⋆

) (
1 + vktpt

π2

)11/3 , (4.16)

where, as in eq. (4.7), we explicitly included an effective suppression factor, set to Θ(ht) = 10−2.
The gravitational-wave power spectra associated with bubble collisions, with sound waves,

and with hydrodynamic turbulence are shown in figure 10, where they are compared with
the expected peak-integrated sensitivities of the LISA, DECIGO, and BBO observatories,
as estimated in ref. [319]. The plot shows that the dominant contribution is expected
to be the one resulting from sound waves: for the model under consideration (with the
chosen parameters), this contribution to the gravitational-wave background peaks in the mHz
frequency, and is predicted to be experimentally detectable. Conversely, the contributions
from bubble collisions and from turbulence are expected to be subleading: they may evade
detection by LISA, but could be within reach of DECIGO and BBO.
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Figure 10. Power spectrum of gravitational waves produced at the first-order confining phase
transition of the Sp(2) model. The dashed, solid, and dotted concave black curves respectively
represent the contributions from gravitational waves produced through bubble collisions, sound waves,
and hydrodynamic turbulence, as discussed in the text, and using the estimate α ≃ 0.62(4) for the
transition-strength parameter. In turn, the dashed red, dotted green, and dash-dotted purple curves
denote the expected peak-integrated LISA, DECIGO, and BBO sensitivities [319].

Before continuing the discussion of the confining phase of our model, it is appropriate
to make some remarks about the parameters involved in the tentative estimate of the
gravitational-wave power spectra produced at the confining transition of the Sp(2) model.
In general, the non-perturbative determination of quantities related to time-dependent
phenomena and/or beyond thermodynamic equilibrium from lattice simulations is possible,
but it requires techniques beyond those used for the equation of state. While Monte Carlo
simulations of real-time dynamics would be hampered by a numerical sign problem, one can
resort to an alternative method, focused on the study of a low-energy effective field theory
describing the long-wavelength modes only8 through Langevin equations [324]: this approach
was used in refs. [266, 293] to study the bubble nucleation rate (and the duration of the
phase transition, which can be obtained from the latter via eq. (4.8)) at the electroweak
phase transition. As discussed in ref. [38], the value of the gravitational-wave frequency
corresponding to the maximum in signal intensity observable today depends on tpt, as does
the value of the signal-intensity maximum itself.

Cosmological first-order phase transitions and the related bubble-nucleation processes
have been studied extensively since the 1980’s [248, 249, 325–332]. To obtain an approximate
quantitative description of bubble nucleation at the phase transition, one can follow the same
arguments as in ref. [77] (that we reproduce here, for the readers’ convenience), applying
them to the Sp(2) theory. For the SU(3) theory, the latent heat and the interface tension σcd

between the deconfined phase and the confining phase were estimated in ref. [216], where it was
found that Lh/(σcdTc) ≃ 70; one can assume that this ratio takes a similar value in the Sp(2)

8A similar approach was proposed in ref. [320] and later implemented in refs. [321–323] to study the
transverse-momentum broadening associated with the jet quenching phenomenon in the QCD plasma.
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theory, too. This order-of-magnitude assumption is corroborated by the observation that,
combining our result for the latent heat with the result for the σcd/T 3

c ratio in the Sp(2) theory,
as obtained from simulations at a finite lattice spacing corresponding to Nτ = 4, that was
reported in ref. [153], namely (σcd/T 3

c )Nτ =4 = 0.01718(32), one obtains a roughly comparable
estimate for the Lh/(σcdTc) ratio. Even though the result for the σcd/T 3

c reported in ref. [153]
is not extrapolated to the continuum limit, and corrections due to the finiteness of the lattice
spacing in simulations with Nτ = 4 may be non-negligible, we take this as an indication of
the validity of our assumption about the value of the Lh/(σcdTc) ratio in the Sp(2) theory.

Assume that, while the temperature decreases, the deconfined phase supercools down
to a dark-sector temperature T = (1 − δ)Tc, with δ a small, positive real number.9 Then,
if the confining phase sets in within a small region of space (a bubble), this region can
start growing, as long as the force due to the difference in pressure overcomes the force
due to the interface tension between the two phases. For a spherically symmetric bubble,
this occurs when its radius r exceeds a critical value rc = 2σcd/(∆p), where ∆p denotes
the difference between the pressure pc(T ) of the confining phase at temperature T and the
pressure of the deconfined phase pd(T ), at the same temperature. Note that, since δ is
small, ∆p can be approximated by working out the Taylor expansions of pc(T ) and pd(T )
around Tc at the leading non-trivial order:

∆p = pc(T ) − pd(T ) = pc(Tc − δTc) − pd(Tc − δTc)

= pc(Tc) − δTc
∂pc

∂T

∣∣∣∣
T =Tc

− pd(Tc) + δTc
∂pd

∂T

∣∣∣∣
T =Tc

+ O
(
δ2
)

= δTc [sd(Tc) − sc(Tc)] + O
(
δ2
)

= δLh + O
(
δ2
)

, (4.17)

in which sc and sd respectively denote the entropy densities in the confining and in the
deconfined phases, and where we used the thermodynamic definition of the entropy S in
the canonical ensemble as S = −∂F

∂T , the identity (2.12), which holds in the thermodynamic
limit, the continuity of the pressure at the critical temperature, and the fact that the latent
heat per unit volume equals the product of Tc times the discontinuity in entropy density at
criticality. Accordingly, the free-energy cost of a bubble of radius r = rc of confining phase
within a supercooled deconfined phase can be approximated as

∆F = 4πr2
c σcd − 4

3πr3
c ∆p = 4

3πr2
c σcd = 16

3 π
σ3

cd

(∆p)2 ≃ 16
3 π

Lh

T 3
c ξ3δ2 , (4.18)

where we denoted the Lh/(σcdTc) ratio for the Sp(2) theory as ξ. Note that in the denomi-
nator of the last fraction in eq. (4.18) there is a potential competition (or at least partial
compensation) between the third power of the large term ξ and the square of the small
parameter δ. Using our estimate for Lh/T 4

c given in eq. (3.13), and working under the
aforementioned assumption ξ ≃ 70, eq. (4.18) yields

∆F

Tc
≃ 8.3 · 10−5 · 1

δ2 . (4.19)

9A small value of δ was indeed suggested, for example, by early studies modelling the cosmological change
of phase in the strong-interaction sector of the Standard Model as a first-order transition [333, 334].
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Note that the dimensionless numerical prefactor on the right-hand side of eq. (4.19) is larger
than, albeit of the same order of, the estimate of the same quantity reported in ref. [335]
for the case of purely gluonic SU(3) Yang-Mills theory.

Recalling that the bubble nucleation rate per unit time and unit volume can be related
to the free-energy cost of a bubble of critical radius via [336]

Γ ≃ T 4
c exp

(
−∆F

Tc

)
(4.20)

(for a detailed discussion, see also ref. [226, section 9.2]), one finds that Γ ≃ H4 (corresponding,
on average, to one bubble nucleation per Hubble time taking place within one Hubble
volume) when

∆F

Tc
≃ 4 ln

[
Tc

H(Tc)

]
. (4.21)

It is interesting to consider the implications of eq. (4.21) for the (unphysical) case of first-order
transitions in the Standard Model, through a back-of-the-envelope calculation based on the
values for the Hubble radius reported in ref. [335]. If the electroweak crossover were a first-
order transition, then a crude estimate for the logarithm on the right-hand side of eq. (4.21)
would be of the order of 37; similarly, if the QCD crossover were a first-order transition, then
the logarithm on the right-hand side of eq. (4.21) would be of the order of 44. Thus, in both
cases the ∆F

Tc
ratio would be rather large, corresponding to small values of δ, of the order of

O(10−4), implying that even for modest supercooling the heat released by the formation and
expansion of bubbles would increase again the temperature above the critical one, unless the
transition could be completed within a very small fraction of a Hubble time10 [77].

This reasoning, however, cannot be directly extended to our dark Sp(2) glueball model,
given that a priori there is no obvious reason to assume that its temperature coincides
with the one of the visible sector, and thus, in particular, there is no compelling argument
allowing one to derive an estimate for the right-hand side of eq. (4.21). As a consequence, if
supercooling down to temperatures not too close to Tc could take place in our model, then
a non-negligible amount of entropy could be produced during the bubble-growth process,
in which the system is out of thermodynamic equilibrium. This could potentially lead to a
detectable effect on relic densities.11 Note that in this respect our model is different from
the “twin SU(3)” model that was discussed in ref. [77].

Glueballs in the confining phase as dark matter. At temperatures lower than Tc, the
thermodynamics of the Sp(2) gauge theory can be modelled in terms of a gas of massive
glueballs: after confinement, a freeze-out process takes place, leading to a gas dominated by

10For a first-order transition in the strong-interaction sector of the Standard Model, this could happen if the
heat capacity of the quark-gluon plasma was sufficiently large, which would allow the supercooled deconfined
medium to absorb the heat released by a bubble in its expansion.

11The non-equilibrium nature of bubble nucleation and expansion can be related with a wide variety of
interesting phenomenological implications [337]. For example, in refs. [309, 338, 339] it was pointed out that,
when the bubble wall velocity is sufficiently large, a non-thermal dark-matter production mechanism can set
in, which could lead to a large relic abundance of particles with masses much larger than the scale of the
transition, or to a non-trivial baryon-asymmetry generation.
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the contribution of the lightest state in the spectrum, i.e., the scalar glueball. If the dynamics
of the latter can be described in terms of an effective Lagrangian of the form

L = 1
2(∂µϕ)(∂µϕ) − 1

2m2ϕ2 −
∞∑

n=3

1
n!λnϕn, (4.22)

which accounts for number-changing glueball self-interaction processes, like 3 → 2 scatterings,
then the number density of the glueball is expected to decrease as a function of time. While
the λn coefficients appearing in eq. (4.22) are a priori unknown, one can extract information
about them by simple arguments. In particular, from naïve dimensional analysis follows
that the energy dimension of the generic λn coefficient is 4 − n. A slightly less trivial
observation is that, since ϕ represents a glueball state in a Yang-Mills theory in which the
“color” multiplicity of the dark gluons is 10, one could invoke large-N arguments [340] (see
also ref. [341, section 2.2]) to argue that λn = O(N2−n), so that the dominant glueball
self-interaction processes are encoded in the cubic term appearing in eq. (4.22). As long
as the self-interaction rate is larger than the expansion rate of the universe, the comoving
entropy density of the gas of dark glueballs is conserved. Noting that the results for the
glueball masses in table 1 and the value of the Tc√

σ
ratio reported in ref. [35] indicate that in

the confining phase one can use a non-relativistic approximation for the equation of state,
and including only the leading contribution for the lightest glueball (denoting its mass as
m), the entropy density reduces to

s ≃ m2

√
mT

8π3 exp
(

−m

T

)
. (4.23)

As a consequence, entropy conservation in a comoving volume a3 implies that the temperature
of dark matter decreases only logarithmically with a:

T ≃ m

3 ln(a/a0) , (4.24)

where a0 is a constant [29]. Note that this can lead to a difference in temperature between
the dark and the visible sectors.

Kinetic equilibrium implies that, for a generic glueball of mass m at temperature T and
for chemical potential µ, the particle density is expected to be

n = Tm2

2π2

∞∑
l=1

1
l

exp
(

lµ

T

)
K2

(
lm

T

)
. (4.25)

In the non-relativistic limit eq. (4.25) reduces to

n ≃
(

mT

2π

)3/2
exp

(
−m − µ

T

)
. (4.26)

Depending on phase space and kinematics, at this stage heavier dark glueballs may decay
to lighter ones, until a freeze-out condition is reached. In addition, even in the absence of direct
couplings to SM fields (a particularly intriguing scenario, in which the characteristic mass scale
of dark matter could evade current lower bounds from collider experiments [118, 342]), the dark
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sector can be connected to the visible sector via non-renormalizable operators [73, 74], which
can transfer energy and possibly allow dark glueballs (at least those in some channels) to decay.
The existence of such “connector operators” is generic, as some degree of mixing between the
visible and dark sectors is expected to be induced at least by quantum-gravity effects, but in
this case the mixing between sectors would be suppressed by some power of the ratio of the
dark confinement scale to the Planck scale [343]. In particular, dark glueballs are expected
to decay to gravitons, with a decay to two gravitons being the dominant channel, but the
corresponding decay rate would scale proportionally to the inverse of the fourth power of the
Planck scale and like the fifth power of the glueball mass. Following the arguments of ref. [72],
this would imply a glueball lifetime exceeding the age of the universe for glueball masses below
107 GeV. By contrast, a stronger mixing could appear in the presence of additional fields,
directly coupled to both sectors. Depending on the strength of the couplings of the connector
operators, dark glueballs decaying to the visible sector could then yield potentially observable
contributions to the electromagnetic radiation emitted by astrophysical sources [344], to the
cosmic microwave background [345], and to Big-Bang nucleosynthesis [346–348].

If the mixing between the visible and dark sectors due to connector operators is negligible,
then the two sectors can evolve with different temperatures. In particular, the relic dark
matter abundance may have been determined by asymmetric reheating, whereby the same
mechanism that sets the SM abundances in the early universe is at play for the dark sector,
too, but at a different temperature [349]. Generalizing the discussion for a dark SU(N)
Yang-Mills theory presented in ref. [83] to the Sp(2) model, the ratio R of the entropy density
of the dark sector to the entropy density of the SM (whose value is determined by the
details of the reheating process) is then expected to remain constant during the evolution
immediately after reheating; its value is related to the temperatures of the two sectors via

R = 20
g⋆S

(
Tdark

TSM

)3
, (4.27)

where Tdark and TSM respectively denote the temperature of the dark sector and the temperature
of the visible sector, g⋆S is the (effective) number of SM degrees of freedom, while 20 = 2 × 10
arises from the product of the number of “color” degrees of freedom for the dark Sp(2) gluons
times two transverse polarizations.

Equation (4.27) is expected to hold at temperatures Tdark, that are sufficiently high, and
well above the temperature of the confinement/deconfinement transition of the dark sector.
However, as we discussed, when the temperature of the dark sector is reduced to Tc, the
entropy density has a discontinuity, s|T =T −

c
= s|T =T +

c
− Lh/Tc, and the system enters the

confining phase, in which its equilibrium-thermodynamics can be described in terms of a
gas of glueballs, according to eq. (3.8).

As the system evolves further, the temperature continues to decrease, with dark glueball
interactions taking place; these interactions, in particular, include the annihilation of heavier
glueballs, which occurs primarily through 2 → 2 decays [78, 350], as well as the self-annihilation
of the lightest glueball, e.g., via 3 → 2 processes. Such interactions continue until freeze-out,
which takes place when the rate of 3 → 2 self-annihilation processes becomes too small
compared to the Hubble expansion rate. From that point, the densities of the various dark
glueball species remain fixed and simply dilute with the expansion of the universe, and 2 → 2
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elastic scatterings (which, from general arguments based on effective field theory, are expected
to be parametrically favored with respect to 3 → 2 decays) maintain kinetic equilibrium,
so that stable relic densities are obtained.

For a dark SU(N) Yang-Mills theory (with N > 2), in ref. [80] it was shown that the
time evolution of the densities of the lightest glueball species in the spectrum, corresponding
to lowest-mass states in the JP C = 0++ and JP C = 1+− channels, can be approximated
well by two coupled equations, relating them to each other via the thermally averaged cross
sections for glueball interactions. For our Sp(2) model, however, the discussion has to be
modified, as the theory features no C = −1 states. Restricting, for simplicity, the analysis
to the lightest glueball state only, the associated particle density n0+ is expected to evolve
in time according to

dn0+

dt
+ 3Hn0+ = −⟨σ3→2v2⟩n2

0+(n0+ − n̄0+), (4.28)

where n̄0+ denotes the average value of the number density for vanishing glueball chemical
potential, and an order-of-magnitude estimate for the thermally averaged cross section of
3 → 2 self-annihilation processes ⟨σ3→2v2⟩ can be obtained from the effective description
in terms of eq. (4.22) and from large-N arguments:

⟨σ3→2v2⟩ ≃
( 4π

N2

)3 1
m5 , (4.29)

where we neglected coefficients that are expected to be of order one, and where the N2 term
can be traded for the “color” multiplicity of the dark gluons, which is 10 in the Sp(2) theory.

The temperature at which the rate for 3 → 2 decays becomes less than the fractional
rate of change of n0+a3 defines the freeze-out temperature for the lightest glueball [29]:

Tf-o ≃ m0+

3H
⟨σ3→2v2⟩n̄2

0+ . (4.30)

In turn, eq. (4.30) can be related to the temperature of the visible sector, by combining it
with the R ratio introduced in eq. (4.27). In particular, if one assumes that at the time of
dark-matter freeze-out the largest contribution to the total energy density comes from visible
radiation, and uses the expression of n̄0+ in its non-relativistic limit from eq. (4.26) as well as
the ratio of entropy densities in the dark and visible sectors denoted as R, one can follow the
same reasoning that in ref. [80] was applied to a dark SU(3) glueball model to compute the
mass-weighted relic yield. Note that the latter is a monotonically increasing function of R and
of the dark-glueball mass, both of which can in principle vary over several orders of magnitude;
however, their combination (or, equivalently, the RTf-o product) can be constrained using the
updated experimental value reported in ref. [7] for the dark-matter density parameter:

Ωdmh2 = 0.1200(12) ·
(
2.314 · 109

) RTf-o

GeV . (4.31)

In passing, it is worth noting that refs. [351, 352] discussed the spectrum of gravitational
waves that one can obtain in a theory with a Hagedorn-like spectrum. This may be of relevance
for our model, too, since our results for the equation of state in the confining phase do provide
evidence for an exponential growth of the density of states at temperatures close to Tc.
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Comments on the parameter space of the model. Finally, we point out some comments
on the parameter space of the theory, including, in particular, on the possible values of the
temperature of the dark sector, which is directly relevant for the existence of a phase transition,
for the details of the spectrum of gravitational waves that the latter can produce, as well as
for the freeze-out yields of candidate dark-matter states. The issue was discussed in ref. [100],
which pointed out various important aspects. Firstly, the very definition of a “temperature”
for the dark sector implicitly assumes that thermodynamic equilibrium can be reached; for
a non-Abelian gauge theory, the equilibration rate is expected to be parametrically of the
form g2T , and this quantity should be larger than the Hubble rate. In turn, the latter is
determined by the square of the largest, between the temperature of the visible sector and
the temperature of the dark sector, divided by the Planck mass, so that the dark sector can
reach thermal equilibrium for temperatures up to g2mPlanck, with mPlanck being the Planck
mass. Secondly, it was shown that more constraining bounds on the allowed temperatures for
the dark sector can be obtained, by assuming a “natural inflation” scenario [353], whereby
an axion-like inflaton (with a simple cosine potential with parameters determined from
experimental constraints [354]) directly couples to the dark sector: the reasoning starts
from the observation that the smallness of equilibrium thermodynamic functions in the
confining phase implies that even a modest energy transfer from the inflaton field can lead to
a significant increase of the dark-sector temperature. By solving the equations determining
the time evolution of the plasma temperature and of the average value of the inflaton, the
authors of ref. [100] found that if the ratio of the confining scale of the dark sector to mPlanck

is O(10−8) or larger, then the deconfinement temperature may not be accessible to the dark
sector. Thirdly, they found that, for sufficiently high temperatures, the thermal, monotonically
increasing intermediate-frequency contribution to the gravitational-wave background discussed
in ref. [355] may be close to the detectability range of forthcoming experiments. Finally,
they also discussed the gravitational waves produced at the confinement/deconfinement
phase transition, finding that the peak frequencies predicted by their calculations could be
observable by the Einstein Telescope and/or DECIGO.12 While the discussion of ref. [100]
was carried out for a dark SU(3) Yang-Mills theory, in view of the many similarities with
the Sp(2) theory, one may argue that their results can be expected to be qualitatively (and
probably also semi-quantitatively) relevant for our model, too.

Further implications of a dark SU(N) theory coupled to an axion-like inflaton, resulting
in the excitation of the Yang-Mills fields already in the slow-roll inflationary phase (the
“minimal warm inflation” scenario [357, 358]), were later analyzed in ref. [106]. In particular,
this work studied in detail the cosmological evolution, from inflation to SM nucleosynthesis,
of a dark sector that gets populated first by inflaton decays, and then, in turn, leads to
production of particles of the Standard Model through portal interactions [359–361]. For an
SU(N ≥ 3) theory, the authors of ref. [106] demonstrated that the lightest glueball state with
charge-conjugation quantum number C = −1 could be a viable dark-matter candidate, with
appropriate relic abundance, and with a correct reheating temperature. A key insight leading
to these findings is that, while the lightest C-even state can couple to the Standard Model
Higgs field through a dimension-six operator, the lightest C-odd state can only decay via

12A further, detailed discussion about this subject was later presented in ref. [356].
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operators of dimension at least equal to eight (for related work, see also refs. [107, 362, 363]).
This implies that the decay width of the axial-vector C = −1 glueball to a dark JP C = 0++

glueball and to electroweak bosons is strongly suppressed, thus the lightest C-odd state can
have a lifetime longer than the age of the universe. This mechanism, whereby the stability of
the dark-matter candidate on cosmological time scales is protected by charge conjugation,
is very appealing, and, as discussed in ref. [106], leads to very interesting phenomenology,
reconciling the requirements for dark matter with those from Standard-Model nucleosynthesis.
It should be noted that, unfortunately, this mechanism cannot be at work in our model,
which, being based on an Sp(N) group, cannot accommodate any C-odd state.

A different situation can be realized under the hypothesis that the dark sector is not re-
heated by the decay of the inflaton, and is instead populated only by gravitational interactions
with the visible sector at very high temperatures, deep in the deconfined phase [364, 365].
In particular, it was shown in ref. [362, section 3] that in this scenario the problem of
dark-matter overproduction can be evaded.

In general, understanding whether the parameter space of a certain theory is consistent
with observational constraints (in particular those from Big-Bang nucleosynthesis and from the
cosmic microwave background) is a central question of any particle dark matter model. For the
gauge theory that we considered, we can distinguish the relevant parameters into two groups:

• parameters related to general, “static” or “equilibrium” properties of the theory: these
include, in particular, the masses of physical states in the confining phase, the decon-
finement temperature, the latent heat, etc.;

• parameters related to “dynamical” phenomena: examples of these include, for instance,
glueball decay and/or annihilation rates.

While the lattice calculations that we presented in this work allow one to determine unam-
biguously, in a gauge-invariant, fully non-perturbative and systematically improvable way
all of the parameters within the first group (except one, which has to be used to set the
scale), they do not give us direct access to those in the second group, for which we have to
rely on general arguments or on crude tentative estimates.

As we remarked above, dark matter contributes to the total energy density of the universe,
and thus may affect, in particular, the primordial deuterium and helium-4 yields; at the same
time, it may also affect the cosmic microwave background, since it can modify the tail of
temperature-polarization spectra. It should be noted that relativistic particle species dominate
the early-Universe expansion, as their contribution to the energy density is proportional to
the fourth power of the temperature. This case is relevant in the high-temperature regime
of the Sp(2) model that we discussed here, in which our lattice results for the equation
of state show that the energy density scales approximately like the fourth power of the
temperature (up to a further, mild dependence on the temperature, which accounts for
the fact that, for temperatures not much higher than the deconfinement temperature, the
“gluon-like” quasiparticles in the deconfined phase are not completely free; rather, the coupling
describing their mutual interactions is expected to scale with the inverse of the logarithm of
the temperature). Conversely, the contribution to the energy density from massive species is
exponentially suppressed: when the temperature drops below the particle mass, the particle
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becomes non-relativistic, and the kinetic energy can be neglected with respect to the rest-
mass energy: this implies that the particle’s contribution to the energy density becomes
proportional to the exponential of the ratio of the particle mass to the temperature, times
a power of the temperature — see also the expression for the number density in eq. (4.26).
As we discussed at the beginning of section 3, for the Sp(2) gauge theory the masses of all
physical states in the spectrum are significantly larger than the critical temperature at which
the theory enters its confining phase and develops a mass gap: this implies that, as soon as
the temperature of the theory drops below Tc, the mass-to-temperature ratio is quite large
(larger than 5 for the lightest glueball species), and thus the energy-density contribution
from the dark sector becomes strongly suppressed.

A concrete example of a confining dark sector, in which the problem of dark-matter
overproduction can be evaded, was presented in ref. [362]: while the focus of that work
was on a dark SU(3) Yang-Mills theory, we note that most of their arguments apply in the
case of a dark Sp(2) gauge theory, too, up to small quantitative changes: for example, the
central charge of the theory in the plasma phase is simply rescaled by a factor equal to the
ratio of the number of gluon degrees of freedom in the two theories, i.e., 10/8 = 1.25, and
similar changes can be applied for the quantities relevant for the glueball phase, like the
value of the mass of the lightest glueball and the latent heat in the appropriate units of the
deconfinement temperature. In particular, it is interesting to discuss two different situations,
namely the case in which the number density of glueballs produced at the confining transition
is not significantly modified by subsequent number-changing processes, and the case in which,
instead, 3 → 2 processes alter it: since in this case dark matter particles gain energy “by
eating each other”, this latter scenario is often referred to as “cannibalism” [29].

If dark glueball interactions are sufficiently weak and one can neglect processes that
change the glueball number density, the latter can be estimated from energy conservation at
the phase transition (under the assumption used above, that the nucleation temperature is
very close to the critical temperature). Note that, as we mentioned above, the assumption
of negligible glueball interactions in a gauge theory without elementary matter fields in the
fundamental representation is at least qualitatively supported by large-N arguments [340], and
the most recent lattice results suggest that even the purely geometric cross-section of glueballs
may be small [366]. Comparison with experimental results from the strong-interaction sector
of the Standard Model, on the other hand, is of little guidance, since in QCD glueballs
are affected by significant mixing with flavor-singlet mesons, and, in fact, even the proper
identification of glueball states in QCD remains somewhat elusive [367–370]. In any case,
if one neglects glueball interactions, then, following the discussion in ref. [362, section 3]
and noting how the parameters of the Sp(2) theory are related to those of the SU(3) theory,
one obtains a tentative estimate for the yield:

Y ≃ 2 · 10−3
(

Treh

mPlanck

)9/4
, (4.32)

where Treh denotes the reheating temperature, and a corresponding crude estimate for the
dark matter abundance:

Ωh2

0.12 ≃ m0+

10 GeV

(
Treh

1015 GeV

)9/4
. (4.33)
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It should be stressed that, in view of the inherent uncertainties on the assumption of negligible
glueball interactions, eq. (4.32) and eq. (4.33) should be considered as order-of-magnitude
estimates only.

On the other hand, if the glueball interactions are to be taken into account, one can
estimate the yield by considering the effect of 3 → 2 interactions, which are expected to be
those responsible for the leading glueball number density changing processes. Note that,
parametrically, the cross-section associated with these interactions is inversely proportional
to the fifth power of the glueball mass, hence it is strongly suppressed if the dynamically
generated scale of the dark sector is large. Nevertheless, 3 → 2 processes can be sufficiently
frequent (as compared to the expansion rate of the universe) if the coefficient encoding
the quantitative magnitude of these interactions and the ratio of the energy density of the
dark sector to the one of the visible sector are not too small, and the glueball mass is not
too large. In this case, cannibalism allows glueballs to remain in thermal equilibrium, and
the temperature of the dark sector varies slowly, with the logarithm of the cosmological
scale factor [29, 83], and, as discussed in detail in ref. [362], the dark matter equilibrium
yield is then linear in the temperature of the dark sector. As the temperature continues to
decrease, the rate of 3 → 2 processes eventually drops below the Hubble rate, at which point
cannibalism stops, leaving a dark matter yield directly related to the ratio of the entropy
densities of the dark and visible sectors. In order to make precise quantitative predictions
about this type of dynamics, it would be crucial to know exactly the value of the cross-section
of 3 → 2 interactions. Unfortunately, however, studying this type of processes on the lattice
is particularly challenging [371–373]. At best, we can only make semiqualitative arguments,
and/or rely on the expectation that estimates obtained in the case of a dark SU(3) theory
could approximately hold also for the Sp(2) model. In particular, for the SU(3) theory, the
matrix elements associated to the decay of the lightest glueball were studied in refs. [126, 128];
the relative uncertainties affecting this type of computations are in the ballpark of 20%,
i.e., significantly larger than those of the glueball spectrum. We expect that the systematic
uncertainty in the assumption that the decay matrix elements of the Sp(2) theory take values
similar to those of the SU(3) does not exceed such uncertainties.

In short, the similarities between the model that we considered herein and a dark SU(3)
Yang-Mills theory suggest that the conclusions reached in ref. [362] are relevant for our
model, too, and that, for example, a plot of the viable values for the confining temperature of
gravitationally produced Sp(2) glueball dark matter as a function of the reheating temperature
of the visible sector would be quantitatively very similar to the one shown in ref. [362, figure 1].

A different, and more involved, discussion would be necessary, instead, if one were to
explicitly consider also the variety of scenarios by which dark glueballs can eventually decay
to the Standard Model via connector operators. For a dark SU(3) Yang-Mills theory, these
possibilities were discussed in detail in ref. [83], considering, in particular, operators of
different dimensions (and with broken or unbroken discrete charge-conjugation symmetry,
which is not present in our model). In particular, if the lifetimes of dark glueballs are
sufficiently short, their decays can induce changes in the primordial yields of light elements
produced through Big Bang nucleosynthesis [347, 374], they can modify the cosmic microwave
background [345, 375], and alter the spectrum of cosmic rays [344]. In the absence of an
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accurate, quantitative estimate for the parameters relevant for such decays in the Sp(2)
model, however, we do not make any comments on this possibility, except that, once again,
we expect the overall picture to be roughly similar to the SU(3) case, except for the absence
of states with negative charge-conjugation quantum number.

To summarize, while in the present work we addressed the explicit lattice calculation
of a number of physical quantities for the Sp(2) theory, and could therefore derive ro-
bust predictions for the equation of state and for (at least certain aspects related to) the
gravitational-wave production at the confining transition of this dark Yang-Mills model,
for observables that depend on physical quantities that were not addressed in the present
lattice calculation, we necessarily have to rely on qualitative or semi-quantitative estimates
only, based on theoretical arguments (the large-N limit and effective field theory) or from
some empirical numerical evidence (including, in particular, the similar values of quantities
computed from lattice simulations of the Sp(2) theory and of the SU(3) theory). While this
implies that, as we discussed above, some of the expectations derived from the Sp(2) model at
present remain at the level of educated guesses, and/or are meant to be more qualitative than
quantitative, in principle the analysis could still be refined through a sequence of dedicated
studies in a longer-term plan. Examples of quantities for which this would be in principle
possible include, for instance, the matrix elements associated with glueball decays, for which
one could repeat a study similar to those that were carried out for the pure-glue sector of QCD
in refs. [126, 128]. Even this small step, however, would require significant computational
time and resources, and we postpone it to the future.

5 Conclusions

The possibility that dark matter consists of bound states of a confining non-Abelian gauge
theory is theoretically appealing. Beside the fact that in the Standard Model this is the same
mechanism that explains the existence of the largest fraction of visible matter, in addition
to the other aspects that we discussed in section 1, we would like to stress that a “purely
gluonic” dark Yang-Mills theory, like the one that we considered in the present paper, can be
regarded as a particularly “economic” model, depending on a single dimensionful parameter.
As such, it has potentially strong predictive power.

Note that an interpretation of dark matter in terms of bound states of a strongly coupled
gauge theory is complementary with respect to models, in which dark matter is explained
by extensions of the Standard Model through a minimal set of additional fundamental
multiplets, coupled to SM particles only through gauge interactions, and with spin, isospin and
hypercharge quantum numbers allowing the stability and neutrality of the lightest multiplet
component, and the consistency with experimental bounds; for a systematic discussion of
such models, we recommend ref. [376].

While in the past several works have already considered the study of a “dark SU(N)
theory”, and discussed its potential implications for the evolution of the early universe,
much less attention has been devoted to dark-matter models based on confining theories
constructed from other non-Abelian gauge groups. This motivated us to consider, in this
work, the thermal evolution of a dark-matter model based on the Sp(2) theory: the latter
shares many qualitative (and, in part, quantitative) features with those based on a special

– 45 –



J
C
A
P
0
1
(
2
0
2
6
)
0
4
9

unitary group, but also differs from them under some aspects. For the purposes of this
work, the most interesting differences between Sp(2) and SU(N) (for N ≥ 3) Yang-Mills
theories are probably the absence of states with a negative quantum number under charge
conjugation, and the fact that the center of the group is Z2. In particular, the non-existence
of C = −1 glueball states precludes the viability of the scenario discussed in ref. [106], which
can simultaneously account for correct values of dark matter abundance and for a sufficiently
high reheating temperature, and which has the attractive feature of “protecting” the existence
of the lightest C = −1 state by a discrete symmetry. This mechanism allows the dark matter
candidate to survive and be cosmologically stable, even if all other dark glueball states,
including the C = 1 glueballs, decay before primordial nucleosynthesis.

The study of the equation of state of the dark Sp(2) theory that we presented in section 3 is
entirely non-perturbative, and was carried out in a completely gauge-invariant approach based
on first principles, in the lattice regularization [36]. We stress that this approach provides
a mathematically rigorous definition of the theory, which, in contrast to phenomenological
models, is free from uncontrolled approximations and is systematically improvable; in the
thermodynamic and continuum limits, all discretization artifacts (including, in particular,
those related to the explicit breaking of Lorentz-Poincaré invariance by the regularization on
a grid) vanish. The motivation for carrying out the present study of the Sp(2) equation of
state on the lattice is that, at the temperatures close to Tc that we considered, the physics of
non-Abelian gauge theories involves non-trivial non-perturbative aspects, which cannot be
captured by weak-coupling expansions. While perturbative predictions in high-temperature
gauge theories can be improved by combining them with effective field theories [377–380]
constructed via dimensional reduction [381, 382], and this approach is indeed actively pursued
in the study of cosmological phase transitions [300], our present study does not rely on any
weak- (nor strong-) coupling approximation.

The results for the equilibrium thermodynamic quantities of the Sp(2) theory that we
presented in section 3 show remarkable similarities with those obtained in SU(N) gauge
theories [70], and especially with those from the SU(3) theory [63, 64]. In both cases, the
confinement/deconfinement transition is of first order, with a finite, but not excessively large
latent heat: in the symplectic theory, the dimensionless ratio Lh/T 4

c takes a value that is
larger than, but of the same order of, the one it has in the SU(3) theory. These similarities
between the theories may be interpreted invoking large-N arguments, and/or the quite similar
dimensions of the underlying Lie algebras (10 versus 8).

In section 4 we then discussed some topics relevant for the interpretation of our model
as a framework for a dark-matter candidate, focusing on its evolution in the early universe.
In particular, we concentrated on aspects related to phenomena beyond thermodynamic
equilibrium, including some that may be of relevance for the production of gravitational
waves. It is important to remark that gravitational waves generated by cosmological processes
in the early universe will appear today as randomly distributed in all directions, with many
unresolved sources. As a matter of fact, the number of Hubble patches at a given redshift z

that fit the current universe scales as (1 + z)3: this is a huge number for gravitational waves
generated at large z, so the superposition of all incoming unresolved primordial gravitational
waves results into a stochastic gravitational-wave background [383], and, depending on
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the temperature of the universe at the time of the gravitational wave production, the
corresponding peak frequencies can be in the range accessible to different detectors. As we
discussed, gravitational waves can be sourced by bubble collisions, by sound waves, or by
hydrodynamic fluctuations of a plasma of particles at high temperature. The latter mechanism
has been studied in detail and extended, in an approach directly based on the “microscopic”
formulation of the Standard Model, in ref. [44], where it was found that the energy density
carried by thermally produced gravitational radiation is maximal for gravitational waves with
frequencies of the order of 1011 Hz. Such frequencies are very far from the optimal operational
range of present experiments, and, while this may change with future detectors [384–387],
reaching the necessary sensitivity would likely remain a challenge. As was pointed out in
ref. [388], however, the situation may be quite different in the presence of a new dark sector,
like the one that we considered in the present work.

Albeit a more systematic lattice study of several physical quantities mentioned in section 4
for the Sp(2) theory remains beyond the scope of the present work (as it would require
simulations based on non-trivial generalizations of those that we performed for the equation
of state, and demanding a substantial amount of CPU time on supercomputers), so, as we
already mentioned, the results presented in section 4 should be interpreted as benchmark
examples, we remark that our approach followed the main arguments that had already been
put forward for dark SU(N) theories, trying to highlight analogies and differences relevant
for the Sp(2) model. Our results can also be compared with those obtained using different
techniques to study strongly coupled gauge theories, like the gauge/gravity duality [389–391]:
examples of such studies, with a particular focus on the spectrum of gravitational waves,
include those reported in refs. [90, 392]. All in all, our findings can be summarized by
stating that the Sp(2) theory considered in this work is a viable and potentially interesting
dark-matter model, and that, depending on the value of the energy scale characterizing the
model, the gravitational-wave spectrum produced at its first-order deconfinement/confinement
phase transition could have a potentially observable signature, which could reveal important
information on the early stages of the universe evolution.

While we tried to make our numerical study as complete as was feasible, and the
discussion in this paper as exhaustive as possible, there are several directions in which the
present work could be generalized. Our lattice determination of equilibrium thermodynamic
quantities could be refined with simulations on larger lattices (to improve the extrapolations
to the thermodynamic limit) and at finer spacings (to improve the extrapolations to the
continuum limit); in addition, the temperature range that was probed could be expanded.
These extensions of the numerical calculations presented herein would reduce the systematic
and statistical uncertainties of our results for the equation of state of the Sp(2) theory, but
would require a non-negligible amount of computational resources. Even though the lattice
study of systems featuring a first-order transition involves its own challenges, the technology
to tackle them is now available [153]. A different type of generalization of this work would
consist in trying to carry out a non-perturbative computation of quantities beyond equilibrium
thermodynamics, like the bubble nucleation rate [266] or the interface tension between the
confining and deconfined phases [393]. While such calculations have already been performed
for SU(N) gauge theories (for recent work, see refs. [394–396]), their extension to a symplectic
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Yang-Mills theory would be new. Then, it would also be interesting to repeat calculations
such as those that we discussed in section 4 using the parameters that can be extracted (or,
at least, estimated) from dedicated lattice simulations of the Sp(2) theory. Finally, other
possible generalizations of this work could be to investigate other Sp(N > 2) theories, or
theories based on different gauge groups, and/or coupling the theory with dynamical matter
fields. We leave all of these interesting possibilities for future research.
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A Generalities about the compact symplectic group

Given the 2N × 2N skew-symmetric matrix

Ω =
(

0N 1N

−1N 0N

)
= iσ2 ⊗ 1N (A.1)

(where 0N and 1N denote the N × N null matrix and the N × N identity matrix, respectively,
and σ2 is the purely imaginary Pauli matrix), the symplectic group over a generic field
F, denoted as Sp(2N,F), can be defined13 as the set of linear transformations of the 2N -
dimensional vector space over F preserving Ω, with matrix multiplication as the group product:

Sp(2N,F) =
{

M ∈ Mat(2N,F) : MT ΩM = Ω
}

. (A.2)

Note that the definition implies that every matrix of Sp(2N,F) has unit determinant, and
that Sp(2N,F) is non-compact. Typically, the field F is taken to be the field of real or
the field of complex numbers; accordingly, Sp(2N,F) is a Lie group of real or complex
dimension N(2N + 1), respectively, and its center is {12N , −12N } ∼= Z2, so that Sp(2N,F)
is a simple Lie group.

13Strictly speaking, the group is defined by abstraction from the set of matrices defined here.
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The compact symplectic group Sp(N) can be defined as

Sp(N) = Sp(2N,C) ∩ U(2N). (A.3)

Note that Ω itself is both an element of Sp(2N,C) and a unitary matrix, and hence an
element of Sp(N). Since Ω−1 = −Ω = ΩT = Ω†, it is easy to show that a generic U ∈ Sp(N)
satisfies the condition

U⋆ = ΩUΩ†, (A.4)

which means that in an Sp(N) gauge theory charge conjugation is nothing but a global
gauge transform.

Writing a generic element U ∈ Sp(N) in terms of N × N blocks

U =
(

A B

C D

)
, (A.5)

from the requirement U ∈ Sp(2N,C) follows that AT C and BT D must be symmetric
matrices, and that AT D − CT B = 1N . On the other hand, the unitarity condition implies
AA† + BB† = CC† + DD† = 1N and AC† = −BD†. Combining these constraints, eq. (A.5)
can be rewritten as

U =
(

A B

−B⋆ A⋆

)
, (A.6)

with AA† + BB† = 1N and ABT symmetric. Note that Sp(1) = SU(2), and indeed for N = 1
eq. (A.6) reduces to a familiar parameterization for SU(2) matrices in terms of a three-sphere.

For every N , the compact symplectic group Sp(N) is a simply connected Lie group
(and, hence, is its own universal covering group). Locally, the Sp(N) group manifold can
be written as the product of spheres:

Sp(N) =
N∏

k=1
S4k−1, (A.7)

so that, in particular, Sp(1) = S3 = SU(2), whereas the local structure of the Sp(2) manifold
can be described as the S3 × S7 product. Other interesting properties include the fact that
the center of the Sp(N) group is always Z2; the fundamental group and the second homotopy
group are trivial, π1(Sp(N)) = π2(Sp(N)) = Z1, while the third homotopy group is the
group of integers: π3(Sp(N)) = Z [399, 400].

Writing a generic element of the Sp(N) group as U = exp(iX), with X an Hermitian and
traceless 2N × 2N matrix (so that U ∈ SU(2N)), the condition (A.4) implies the additional
requirement X⋆ = −ΩXΩT . Equivalently, the Lie algebra sp(N) of the compact symplectic
group can be thought of as the set of quaternion-valued N × N matrices satisfying X = −X†

(where the dagger denotes the transpose of the quaternion-conjugate matrix).
The sp(N) algebra has dimension N(2N + 1) and rank N ; it can be encoded in the

Dynkin diagram y y y y i.
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For every sp(N), each irreducible representation R is either real (when the sum of the
components ai of the Dynkin label of R with an odd index i is even) or pseudo-real (when the
sum of the odd-index components of the Dynkin label is odd). The dimension of a generic
representation R is given by the Weyl formula

dim R =
[

N∏
k=1

k∏
i=1

(
1 +

∑k
j=i aj

k − i + 1

)]
·

N−2∏
k=0

N−1∏
i=k+1

1 +
2
(∑k

j=0 aN−j

)
+
(∑i

j=k+1 aN−j

)
k + i + 2


(A.8)

(which, for sp(1) = su(2), reduces to the well-known relation dim R = a1 + 1 = 2J + 1 for a
spin-J irreducible representation associated with a Young diagram of a1 boxes).

Focusing on the N = 2 case, which is the one of relevance for our present work, one
notes that the sp(2) Lie algebra is isomorphic to the so(5) algebra. In the conventions of
ref. [401], the Cartan matrix of the sp(2) algebra is

A =
(

2 −1
−2 2

)
(A.9)

and the roots are (±1, 0), (0, ±1), ±
(

1
2 , 1

2

)
, ±

(
1
2 , −1

2

)
; the simple roots are α1 =

(
1
2 , −1

2

)
and α2 = (0, 1), and their coroots are α1∨ = (2, −2) and α2∨ = (0, 2). Correspondingly, the
highest-weight vectors of the two fundamental representations, with Dynkin labels (1 0) and
(0 1), are µ1 =

(
1
2 , 0
)

and µ2 =
(

1
2 , 1

2

)
, respectively. Denoting reflections with respect to

the straight line orthogonal to the simple root αi and going through the origin as σi, and
noting that r+ = σ1σ2 is a rotation by π/2 (with r−1

+ = r− = σ2σ1), it is easy to see that
the Weyl group W is the dihedral group D4.

Recalling Kostant’s formula [402]

mµ(ν) =
∑

σ∈W

sgn(σ)P [σ (ρ + µ) − (ρ + ν)] , (A.10)

which expresses the multiplicity of a weight ν in an irreducible representation with highest-
weight vector µ in terms of a sum over the elements of the Weyl group, with sgn(σ) denoting
the signature of σ (which is 1 when σ can be written as the product of an even number
of σ1 and σ2 factors, while it is −1 when σ is given by the product of an odd number of
σ1 and σ2 factors), ρ denoting half of the sum of the positive roots, and P(ζ) the Kostant
partition function, defined as the number of ways to express ζ as a linear combination of the
positive roots with natural coefficients, it is straightforward to derive the weight multiplicities
of any irreducible representation.

The smallest irreducible representations of the sp(2) algebra are listed in table 5, where
C2(R) denotes the eigenvalue of the quadratic Casimir operator (namely, the sum of the
squares of the generators in a generic representation R is equal to C2(R)1) and λR is the
Dynkin index (defined as the trace of the square of each generator in the representation R —
with the products of two different generators being traceless). For a more extensive list of
irreducible representations of this algebra (up to dimension 94605), see ref. [193].
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Dynkin label dimension C2(R) λR notes
(0 0) 1 0 0 trivial, real
(1 0) 4 5

4
1
2 defining, fundamental, pseudo-real

(0 1) 5 2 1 fundamental, real
(2 0) 10 3 3 adjoint, real
(0 2) 14 5 7 real
(1 1) 16 15

4 6 pseudo-real
(3 0) 20 21

4
21
2 pseudo-real

(0 3) 30 9 27 real
(2 1) 35 6 21 real
(4 0) 35′ 8 28 real
(1 2) 40 29

4 29 pseudo-real
(0 4) 55 14 77 real
(5 0) 56 45

4 63 pseudo-real
(3 1) 64 35

4 56 pseudo-real
(1 3) 80 47

4 94 pseudo-real
(2 2) 81 10 81 real
(6 0) 84 15 126 real
(0 5) 91 20 182 real
(4 1) 105 12 126 real
(7 0) 120 77

4 231 pseudo-real
(3 2) 140 53

4
371
2 pseudo-real

(1 4) 140′ 69
4

483
2 pseudo-real

(0 6) 140′′ 27 378 real
(2 3) 154 15 231 real
(5 1) 160 63

4 252 pseudo-real

Table 5. The smallest irreducible representations of the sp(2) algebra and their main properties;
C2(R) denotes the eigenvalue of the quadratic Casimir operator, while λR denotes the Dynkin index
(with the conventional normalization to 1

2 for the defining representation).

Some examples of decomposition of tensor products of irreducible representations of the
sp(2) algebra (denoted by their Dynkin labels) include:

(1 0) ⊗ (1 0) = (2 0) ⊕ (0 1) ⊕ (0 0), (A.11)
(0 1) ⊗ (0 1) = (0 2) ⊕ (2 0) ⊕ (0 0), (A.12)
(1 0) ⊗ (0 1) = (1 1) ⊕ (1 0), (A.13)
(2 0) ⊗ (2 0) = (4 0) ⊕ (2 1) ⊕ (0 2) ⊕ (2 0) ⊕ (1 0) ⊕ 2(0 0), (A.14)

showing that the singlet can be obtained from the product of any even number of copies
of the defining representation, or of the fundamental representation of dimension 5; it can
also be obtained by multiplying the latter with any even, positive number of copies of the
defining representation, but not from its product with just one fundamental representation
of dimension 4. Similarly, the singlet can also be obtained from the product of at least

– 51 –



J
C
A
P
0
1
(
2
0
2
6
)
0
4
9

two copies of the adjoint representation. For an alternative method to work out the tensor
products of irreducible representations, see also refs. [403–405].

B Details of the simulation updates

Our Markov-chain Monte Carlo algorithm is based on local updates of the Uµ(x) link matrices;
more precisely, the matrices are updated through a combination of one heat-bath [169, 170]
followed by several overrelaxation steps [171, 172] on all of the link variables of the lattice:
this defines one “sweep”. In turn, the heat-bath and overrelaxation updates are implemented
by applying them to a set of SU(2) subgroups of the Sp(N) matrices, according to method
first proposed in ref. [173] for SU(N) lattice gauge theories. To ensure ergodicity and to
reduce autocorrelation times, these updates are applied to a sufficiently large number of
SU(2) subgroups for each Sp(N) matrix. In practice, the procedure involves multiplying the
original Uµ(x) matrices by SU(2) elements embedded in Sp(N) matrices. Given a generic
SU(2) element

u =
(

α β

−β⋆ α⋆

)
, α, β ∈ C, |α|2 + |β|2 = 1, (B.1)

there exist different, unitarily inequivalent ways to embed it into an Sp(N) matrix, which
are determined by the two indices (i, j) specifying the rows and columns where the SU(2)
element appears:

1. if the SU(2) element appears in the top-left block (and, as a consequence, its complex
conjugate appears in the same location, in the bottom-right block), i.e., if 1 ≤ i < j ≤ N ,
one obtains Sp(N) matrices M with elements:

Mk,l =



α when k = l = i or k = l = j + N

α⋆ when k = l = j or k = l = i + N

β when k = i and l = j

−β⋆ when k = j and l = i

β⋆ when k = i + N and l = j + N

−β when k = j + N and l = i + N

1 when k = l, with k different from i, j, i + N and j + N

0 otherwise

; (B.2)

there exist N(N − 1)/2 families of matrices of this type, which is the number of ways
to choose the strictly ordered pair of indices between 1 and N ;

2. if 1 ≤ i ≤ N , while N + 1 ≤ j ≤ 2N , with j − i ≠ N , one obtains Sp(N) matrices N
with elements:

Nk,l =



α when k = l = i, or when k = l = j − N

α⋆ when k = l = j, or when k = l = i + N

β when k = i and l = j, or when k = j − N and l = i + N

−β⋆ when k = j and l = i, or when k = i + N and l = j − N

1 when k = l, with k different from i, j − N , i + N and j

0 otherwise

; (B.3)
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again, there exist N(N − 1)/2 families of matrices of this type: this results from the
product of the number of ways to choose the index i between 1 and N , times the number
of ways to choose the index j between N + 1 and 2N , with the constraint j − i ̸= N ,
divided by two, to account for the fact that the resulting matrix is invariant under the
interchange of i with j − N ;

3. finally, for 1 ≤ i ≤ N and j = i + N , one obtains Sp(N) matrices R with elements:

Rk,l =



α when k = l = i

β when k = i and l = i + N

α⋆ when k = l = i + N

−β⋆ when k = i + N and l = i

1 when k = l, with k different from i and i + N

0 otherwise

; (B.4)

there exist N families of matrices of this type (the number of ways to choose the index
i between 1 and N).

Specifically, our simulation code combines updates through matrices of type M and R.
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