A Cronfa

Swansea University's Research Repository

"o ) Swansea

A2 University

Prifysgol
Abertawe

Swansea University

Faculty of Science and Engineering

New Time Integration Schemes for
Computational Fluid and Structural Dynamics
and Their Application in Staggered
Fluid—Structure Interaction Solvers

Eman Alhayki

A thesis submitted to Swansea University in fulfilment of the requirements

for the degree of Doctor of Philosophy

March 2025

Copyright: the author, Eman Alhayki, 2025


r.t.lloyd
Cronfa banner


Declarations

This work has not previously been accepted in substance for any degree and is

not being concurrently submitted in candidature for any degree.
Signed: Eman Alhayki .......... ... ... ... .

Date: 10 November 2025 ... ..t

This thesis is the result of my own investigations, except where otherwise
stated. Other sources are acknowledged by footnotes giving explicit references.

A bibliography is appended.
Signed: Eman Alhayki .......... .. ..

Date: 10 November 2025 ... ..o

I hereby give consent for my thesis, if accepted, to be available for photocopying
and for interlibrary loan, and for the title and summary to be made available

to outside organisations.
Signed: Eman Alhayki .......... .. ..

Date: 10 November 2025 .. ..o

The University’s ethical procedures have been followed and, where appropriate,

that ethical approval has been granted.
Signed: Eman Alhayki .......... .. ..

Date: 10 November 2025 ... ..o



Acknowledgements

I would like to express my sincere gratitude to my supervisor, Prof. Wulf
Dettmer, for his consistent support, thoughtful feedback, and kind guidance
throughout every stage of this journey. I was truly fortunate to have such an

inspiring supervisor, who made this experience immensely enjoyable.

I am endlessly grateful to my family for their boundless love and support
throughout this journey. Their encouragement, understanding, and unwavering
belief in me gave me the strength to persevere, even during the most challenging
times. None of this would have been possible without their constant presence

in my life.

ii



Abstract

Implicit time integration schemes are widely used in computational science
and engineering, yet improving their accuracy and high-frequency damping
characteristics remains an active area of research. This thesis introduces a
novel family of implicit time integration schemes suitable for both first order
and second order systems. The schemes are constructed as linear combinations
of the well-known generalised-a method and its higher order extensions. The
weighting of each component is determined using the Jury stability criterion,
ensuring that the resulting methods are unconditionally stable. In addition
to stability, the proposed methods offer improved second order accuracy and

enhanced control over high-frequency numerical dissipation.

Subsequently, the newly formulated implicit schemes are applied in the
context of computational fluid structure interaction and a family of staggered
Dirichlet-Neumann coupling schemes is presented. The methods incorporate
an enhanced second order predictor, developed using a strategy analogous
to that employed in the formulation of the implicit schemes, and include a
relaxation step to improve stability. Furthermore, a non-iterative n-cycle
version of the staggered scheme is introduced, in which a predefined number of
computational cycles is performed at each time step. The stability and accuracy
of the proposed methods are analysed using a linear model problem involving a
thin-walled elastic tube conveying fluid. Further validation is provided through
a number of benchmark examples, demonstrating that the schemes are suitable

for a wide range of added-mass cases.
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Chapter 1

Introduction

On 7 November 1940, the Tacoma Narrows Bridge suffered a catastrophic
structural failure, widely regarded as one of the most significant events in the
history of civil engineering. The collapse was caused by aeroelastic flutter, a
dynamic instability arising from the interaction between aerodynamic forces
and the structural motion of the bridge [1, 14].

Figure 1.1.: Oscillations and collapse of the Tacoma Narrows Bridge [98].

This event showed that an insufficient understanding of fluid-structure
interactions can lead to serious failures, highlighting the need for reliable
mathematical and computational frameworks to simulate such coupled dynam-
ics. Accurately modelling and interpreting these systems often requires the
development of time-dependent mathematical models, typically expressed in

the form of ordinary or partial differential equations (ODEs or PDEs). In
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most practical cases, these equations are highly complex and cannot be solved
analytically, and must therefore be approximated using numerical methods.
Time integration schemes play a crucial role in these numerical approaches, as

they capture the temporal evolution of the system.

Time integration schemes are typically classified as either explicit or im-
plicit. Explicit methods calculate the future state of a system directly from
its current state. These schemes are relatively straightforward to implement
and computationally inexpensive per time step. However, they are condition-
ally stable, meaning the time step At must be sufficiently small to maintain
numerical stability [83, 99, 115]. As a result, explicit methods become compu-
tationally inefficient for systems exhibiting stiffness, strong coupling, or fine

spatial discretisation.

In contrast, implicit methods determine the future state by solving equa-
tions that involve both the current and future states. This approach requires
solving a system of equations at each step, thereby increasing the computational
cost. However, it offers unconditional stability for many classes of problems,
allowing substantially larger time steps without compromising numerical ro-
bustness. These characteristics make implicit methods particularly well suited
to stiff systems, coupled multiphysics simulations, and long-term integration
(23, 117].

Despite their robust stability, the accuracy of implicit methods is inherently
constrained by the second Dahlquist barrier, which states that the maximum
order of accuracy for a linear A-stable implicit method is two. Moreover, for
second order methods, the best possible error constant is 1—12 The trapezoidal
rule achieves this optimal error constant, making it the most accurate A-stable
method of order two [5, 57]. However, the trapezoidal rule is known to provide
insufficient numerical damping, which may result in non-physical oscillations,

particularly in dynamic analyses involving high-frequency responses.

Extensive research has resulted in the development of several time inte-
gration schemes, including but not limited to the Newmark-£ method [93], the
Wilson-6 method [118], the WBZ-a method [118], the HHT-a method [63],
and the generalised-a method [27]. Among these, the generalised-o method
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is widely recognised for its effective combination of second order accuracy,
numerical stability, and its ability to dampen high-frequency numerical noise
while preserving low-frequency response characteristics. Although the method
was initially developed for structural dynamics [27], the generalised-o method
has since been applied across a wide range of disciplines. These include com-
putational fluid dynamics [10, 36, 68, 77, 78], fluid—structure interaction [37,
62, 70, 74, 108], and biomechanics [79, 101}, among others.

Despite recent progress, there is still a need for new time integration
schemes that retain the strengths of existing methods while introducing im-
provements such as enhanced second order accuracy and reduced numerical
dissipation, particularly for coupled problems where numerical formulations

significantly affect stability and solution accuracy.

Fluid-structure interaction (FSI) refers to a class of coupled problems
involving the dynamic interaction between a fluid domain and a solid or
structural domain, where the motion of one directly influences the behaviour of
the other. Such interactions are commonly observed in nature and are widely
utilised across various engineering disciplines. Examples include aerofoils and
engine blades in aerospace engineering [87]; prosthetic heart valves and drug
delivery systems in biomedical engineering [48]; bridges and skyscrapers in civil
engineering [107]; risers and offshore platforms in ocean engineering [123]; and

piezoelectric devices and wind turbines in energy systems [58].

Numerical solution strategies in computational fluid-structure interaction
are typically categorised as either monolithic or partitioned. Monolithic schemes
solve the coupled fluid-structure system as a unified set of equations, which
often results in improved numerical stability and convergence, particularly in
cases involving strong coupling. However, the implementation of monolithic
methods can be complex and computationally expensive, due to the need to
formulate and solve large, coupled systems of equations. In contrast, partitioned
schemes decouple the fluid and structural solvers, allowing each subdomain
to be solved separately. The interaction between the fluid and structure is
enforced through boundary conditions at their interface. This approach offers
greater adaptability, as it enables the reuse of existing solvers with minimal

modification and improves computational efficiency by avoiding large, fully
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coupled systems. However, partitioned methods are more prone to numerical
instabilities, particularly in cases involving incompressible flows and lightweight

structures [12].

Partitioned methods can be further classified into weakly coupled (stag-
gered) and strongly coupled schemes, as illustrated in Figure 1.2. Staggered
schemes are favored for their ease of implementation and computational ef-
ficiency, as they typically solve the fluid and structural subproblems only
once per time step. Coupling at the interface is commonly achieved using
Dirichlet—Neumann boundary conditions, where one subproblem imposes dis-
placement or velocity (Dirichlet), and the other returns forces (Neumann).
This approach is widely adopted in commercial and industrial codes due to its

simplicity and compatibility with existing solvers.

Solution algorithms

[
[ 1

Monolithic Partitioned

[
I 1

Strongly coupled Weakly coupled Strongly coupled

Figure 1.2.: Classification of different solution algorithms.

Despite ongoing progress in the field of computational fluid—structure
interaction, staggered schemes based on Dirichlet—Neumann coupling continue
to exhibit significant challenges related to stability and accuracy, which be-
come particularly evident in the presence of strong added-mass effects, where
the inertia of the surrounding fluid imposes significant dynamic loads on the
structure [102]. Nevertheless, staggered schemes remain of interest due to
their robustness, simplicity, and ease of integration with existing solvers. This
motivates continued research into the development of new staggered methods
aimed at improving their stability and accuracy without compromising compu-
tational efficiency. Achieving this would significantly enhance their suitability

for simulating a broader class of complex FSI problems.
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1.1. Objectives

The primary objective of this thesis is to develop a novel family of implicit
time integration schemes that retain the key features of the generalised-«
method, including second order accuracy, unconditional stability, and user-
controlled high-frequency damping through the parameter p.,, while also
offering improved numerical dissipation and enhanced second order accuracy.
The proposed schemes aim to address both first order problems common in fluid
dynamics and second order problems encountered in structural dynamics, which
makes them suitable for a wide range of applications. The second main objective
is to utilise the proposed time integration schemes to develop new staggered
methods for fluid-structure interaction problems based on Dirichlet-Neumann
coupling. The aim is to present a practical and robust staggered solution
strategy that remains stable and effective across a wide range of applications,

offering a simpler alternative to fully coupled monolithic solvers.

1.2. Thesis Layout

This thesis is organised into five main chapters following the introduction,

each addressing a key component of the research objectives.

Chapter 2 formulates a new family of implicit time integration schemes for
first order problems by using a weighted linear combination of the generalised-a
method and a new variant of the generalised-a method that achieves higher
order accuracy. The chapter includes a detailed analysis of their stability, show-
ing that the methods are unconditionally stable; accuracy, demonstrating that
the schemes are second order accurate; and numerical damping characteristics.
Several numerical examples are presented to illustrate the performance and

robustness of the schemes.

Chapter 3 extends the time integration schemes formulated in Chapter 2
to second order problems. A comprehensive analysis is conducted to demon-

strate that the schemes retain key properties, including unconditional stability,
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second order accuracy, and controllable numerical damping. Several numerical
benchmark problems are included to illustrate the effectiveness of the schemes

in structural dynamics applications.

Chapter 4 discusses preliminary FSI concepts and introduces three stag-
gered solution schemes, formulated using the time integration methods proposed
in Chapters 2 and 3 for the fluid and solid subproblems, respectively. A theo-
retical analysis is carried out based on a linear model problem to assess the
stability of the staggered schemes. The results show that the schemes are
unconditionally stable up to a critical amount of added mass. In terms of
accuracy, the schemes are shown to be second order accurate. The concept
of multi-cycling is also introduced, and the advantages of multi-cycling are

demonstrated.

Chapter 5 evaluates the proposed staggered schemes introduced in Chap-
ter 4 by applying them to several benchmark problems in fluid-structure
interaction, in both two-dimensional and three-dimensional settings. The prob-
lems are designed to challenge the schemes at their stability limits, allowing for
a thorough assessment of their performance under strongly coupled interaction

conditions.

Chapter 6 summarises the main contributions of the thesis, presents the

concluding remarks, and outlines directions for future research.



Chapter 2

Time Integration Schemes for First
Order Problems

Implicit time integration schemes are widely used in numerical simulations
of dynamic systems, particularly when explicit methods become impractical due
to stability constraints. In computational fluid dynamics, they are extensively
used in a broad range of applications, including but not limited to simulat-
ing incompressible flows, modelling turbulence, and analysing compressible
aerodynamics [9, 26, 41, 28, 78]. Likewise, in computational solid dynamics,
these methods are applied across various problems, such as analysing nonlinear
material properties, assessing structural deformations, and modelling contact

mechanics, among other applications [2, 40, 43].

Since unconditional stability is a fundamental requirement for an implicit
time integration scheme, its performance is evaluated based on two key factors,
the accuracy with which it approximates the solution and its ability to control
high frequency numerical oscillations [60]. However, while implicit methods
guarantee stability, their accuracy is restricted to first or second order due to
the second Dahlquist barrier and cannot exceed the accuracy of the trapezoidal
rule [30, 66]. Yet, the trapezoidal rule lacks numerical damping, which can
be problematic in fluid and solid dynamics, where unresolved high frequency
responses must be suppressed. Hence, an optimal implicit scheme should
achieve second order accuracy with small absolute error values while introducing

moderate numerical damping in the high frequency regime.
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The generalised-a method is particularly well suited for this, as it provides
second order accuracy and user-controlled high frequency damping via the
parameter p, [27, 68]. For specific values of p.,, the method recovers several
well-known time integration schemes. For p,, = 1, it reduces to the trapezoidal
rule, which is also equivalent to the Crank-Nicolson method [29]. For p,, = 0,
it coincides with the second order backward difference formula BDF-2 [54] and

aligns with the Wilson #-method [118] and the Houbolt method [64].

This chapter introduces new implicit time integration schemes developed
based on the generalised-a method for first order problems. These schemes
maintain second order accuracy, unconditional stability, and user-controlled
high frequency damping through p.., while offering improved accuracy and
enhanced numerical damping. For p,, = 0, the new methods reduce to new,
more accurate second order backward difference formulae, while for p,, = 1,

they recover the trapezoidal rule.

2.1. Time Integration Schemes of Order p

Consider the first order initial value problem of the form
u(t) — f(u(t),t) = 0, with u(0) = uy, (2.1)

where u is the solution variable, ¢ represents time, and @ = du/d¢. To simplify
the analysis of numerical time integration schemes, it is common practice to

consider the special case of the scalar linear problem

u(t) — Au(t) = 0, with u(0) = wuy, (2.2)

where A = —& + iw. The exact solution can be expressed as
u(t) = uger. (2.3)
By introducing a sequence of discrete time instants ¢, for n =0,1,2,... and

defining the step size as At = t,,,1 — t,,, the evolution of the numerical solution

can be expressed in discrete form, giving rise to the exact amplification factor
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A .
gexact = eA t7 with Up+1 = Cexact Up,- (24)

A general family of implicit time integration schemes can be formulated as

un+3 - )\'LLn+a =0 (25)
Upta = QUpt1 + (1—(1) Un (26)
p—1 N ‘
Untp = Botngr + > B ul® At (2.7)
=1
ully = ul + At (yulT + (1= ) ul) (2.8)

with p > 2 defining the number of terms in the formulation, the term u(®’
represents the i-th derivative of u at the discrete time instant t,, where
1 = 0,1,2,...,p — 2. The numerical properties of these schemes and the
conditions for the scalar parameters «, (;, and v are determined as follows.
First, the associated amplification matrix A®) of the schemes is introduced. It

is defined as

Un41 Un
dpy At N
dAR V=A@ A2 (2.9)
uglp_’jll)/ Atp_l u%p—l)' Atp—l

The matrix A® is of size p x p and can be determined using symbolic mathe-

matical software. For p = 4, it is explicitly written as

0 +YAAL Bon — By — By — B3
. AAL an\At — —Bs — [
@) _
AV=51 xar axar- Bo—PBr  dn+f B (2.10)
7y gl g g
AAt aAAt — By — [y 0+ Pa von + B3
L 92 o o ]
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where § = By — ayAAt and = 1 — 4. The amplification matrices A® and
A® correspond to the top left submatrices of A® with dimensions 2 x 2 and

3 x 3, respectively.

To analyse numerical accuracy, it is convenient to first examine the high
frequency damping behaviour of the schemes. The spectral radius of the matrix
AP is given by

p(AP)) = max (/) (2.11)

where (; with ¢« = 1,2,...,p are the eigenvalues of AP For an infinite

time step, the spectral radius p., is expressed as

l—a| |1-
T )y _ i
Poo Altlgnoop(A ) = max <‘ - ’ , ’ 5 ) . (2.12)
Setting .
Lt v (2.13)

ensures that the absolute values of all eigenvalues converge to p,, as At tends

to infinity.

To evaluate the accuracy of the family of schemes defined by Equations
(2.5) to (2.8), the amplification factor (exact is substituted into the characteristic
polynomial of A®) . The resulting expression is then expanded as a power series
in At. By equating the first p terms of series the to zero, an accuracy of order
p is achieved, and a set of equations is obtained to solve for the coefficients
Bi, where 1 = 0,1,2,...,p — 1. This procedure is implemented using symbolic
mathematical software, and the resulting expressions for ; are summarised in
Box 1.

Hence, by using Equation (2.13) and the coefficients defined in Box 1, the
resulting schemes achieve an accuracy of order p and are referred to as the
generalised-a method of order p, or GA-p. The formulated schemes allow for
user-controlled high frequency damping, with p., being the only free parameter,

constrained within the range 0 < p, < 1.

10
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For p = 2:
= et T )
For p = 3:
2p% — 5poe + 11 —2p3, + 1ps =5 P53+ oo — 1
BO - Bl - 62 -
6(poo + 1) 6(poc + 1) 3(poc + 1)

For p = 4:

_ =3p3, + TpE, — 13pas + 25

3p2. — TP, + 25ps — 13
Bo = =

b=

12(poo + 1) 12(poo + 1)
3p3 = TPae + Tpoo = T oo = Pao t Poo — 1
Be = B3 = 5
12(pos + 1) 4(pos + 1)

Box 1: Coefficients 3; for the family of time integration schemes GA-p.

Remark 2.1.1: As presented in Equations (2.5) to (2.8), the scheme is
not suitable for p = 1. However, an alternative unconditionally stable first
order scheme, known as the generalised midpoint rule (GM), can be obtained
by setting p = 1 and v = 1 (see [36]). For py = 0, it recovers the first order
backward Euler method. For p,, = 1, it recovers the second order trapezoidal
rule, which is known for its minimal truncation error and lack of numerical

dissipation [31]. For convenience, the GM scheme is summarised in Box 2.

Remark 2.1.2: The family of time integration schemes defined by Equa-
tions (2.5) to (2.8) is unconditionally stable only for p = 2. This is illustrated
in Figure 2.1, which presents the spectral radii p(A®)) of GM, GA-2, GA-3,
and GA-4. For the method to achieve unconditional stability, the spectral

radius must not exceed 1 for all values of At.

Remark 2.1.3: For p,, = 0, the proposed family of schemes is identical
to the well-known backward difference formulae of order p. This is further

elaborated in Section 2.4.

11



2. Time Integration Schemes for First Order Problems

Remark 2.1.4: For p = 2, the formulated scheme coincides with the
well-known generalised-ov method proposed in [68]. By replacing the parameters
a, By, and B; with ay, auy, and 1 — a,, respectively, the formulation presented
in [68] is recovered. For convenience, the GA-2 scheme is summarised in
Box 3.

Unya — f(un+cw tm—a) =0
Uppa = QUpyr + (I —a)uy
. Un+1 — Un
Upta = —Ar
1
RN

Box 2: Summary of the generalised midpoint rule method GM.

Uptp — f(un-l-aa tn—&-Oz) =0
Upra = QUpp; + (1 —a)u,
unJr,B = BO unJrl + 61 Up,

B — —1 4+ 3pso
P21+ pa)

1 3_p<>o
) 60_2(1+p00)7

Box 3: Summary of method GA-2 (equivalent to the generalised-a method).

2.2. Ensuring Unconditional Stability

The GA-p method, introduced in Section 2.1, is unconditionally stable
only for p = 2. However, to improve accuracy while maintaining unconditional

stability, the following variation of Equation (2.5) is considered

o5y + (L=05)ully — Mupa = 0, (2.14)

12
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1.2] ‘ ‘
LN\

0.8} — GM
— — GA-2
2 0.6
S 0.4 — GA-3

0.9 — GA14

ot

0.2 ‘ ‘ ‘

1072 10! 100 10! 102

At)T

Figure 2.1.: Spectral radii of GM, GA-2, GA-3, and GA-4 for po, =0 and £ = 0.

where uif}rﬁ is defined by Equation (2.7) with p = j. The coefficients f; in

Equation (2.7) are provided in Box 1 and must also be selected for p = j.

Equation (2.14) represents the linear combination of the GA-2 and GA-3
schemes. For d3 = 0, the scheme reduces to GA-2 which is unconditionally
stable. For 03 = 1, the scheme recovers GA-3, which offers higher accuracy but
is only conditionally stable. Clearly, it is desirable to find the largest possible

value for 93 > 0 that ensures unconditional stability.

The Jury Stability Criterion [71, 72, 105] is a method used to determine
the stability of discrete-time linear systems. It assesses the coefficients of the
characteristic equation by systematically arranging them in a structured table,
known as the Jury table. Specific mathematical conditions are then applied to
check whether all poles of the system lie within the unit circle in the complex
plane. The criterion serves as a suitable tool for this investigation. However,
the analytical procedure is tedious and results in lengthy algebraic expressions.
To simplify the process, symbolic mathematical software was employed to carry
out the derivations. The detailed analytical steps are presented in Appendix

A. The resulting optimal d3 is

(1- p<>0>2
2(1 = poo + %)

J5 = (2.15)

13
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For po, = 0, one obtains d3 = %, which corresponds to an equal weighting of
the second and third order accurate terms. As p,, increases and approaches the
value of 1, the weighting of GA-3 decreases, and the method eventually recovers
the trapezoidal rule. The time integration scheme described by Equations (2.14),
(2.6), (2.7), (2.8), (2.13), and (2.15), together with the relevant expressions
from Box 1, is referred to as GA-23. The full set of equations describing GA-23

is summarised in Box 4.

Uptp — f(un+om tn+a) =0
Unta = QUppr + (1 —a)uy,
un—‘rﬂ - /80 un+1 + Bl un + 62 un At

ully = u + (yal + (=) ufY) At for i =0, 1

1 10 — 5po0 + P2 —4 4+ 11pe — p2,
=v=" BU: 5 61: )
1+ poo 6(1+ poo) 6 (1+ poo)
62 — _(1 _p00)2
6 (14 poo)

Box 4: Summary of method GA-23.

Linear combinations of higher order terms can also be investigated. Con-

sider
oatltl g+ (1= 60) (05 + (1= 03) 0l ) = Ntnya = 0, (2.16)

which represents a linear combination of the GA-23 and GA-4 schemes. The
Jury Table is again employed to determine the critical value of d4. The resulting
expression is obtained as
(1 = poc)’
0y = ——— . 2.17

AT R 247
For p,, = 1, one obtains 6, = d3 = 0, and the scheme reduces to the trapezoidal
rule. For p,, = 0, the weighting factors for GA-2, GA-3, and GA-4 are %, %,
and %, respectively. Thus, while GA-4 contributes to the overall accuracy of

14
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the method, its influence is less significant compared to GA-3. The scheme
based on Equation (2.16) is referred to as GA-234. The full set of equations

describing GA-234 is summarised in Box 5.

The investigation of unconditionally stable linear combinations of GA-p
schemes with p > 4 is omitted, as such schemes, if they exist, are expected to

offer little benefit due to the small weighting of higher-order terms.

Untp — f(Um-a, tn—l-a) =0
Unta = QUpp1 + (1 —a)uy,
Unsp = Boltns1 + Bty + Boiiy At + B3, At?

ully = u? + (yulT + Q=) )AL for =0, 1,2

1 5 35 — 21poo + Tp2, — p2,
o = = s = s
T T s ’ 20 (1 + oc)
5 = —15 + 41po — Tp% + P, 5, = (Poo = 5)(pos — 1)*
! 20 (1 + poo) ’ 2 20(1+poo)
T20(1+ pao)?

Box 5: Summary of method GA-234.

2.3. Analysis of the Methods GA-23 and GA-234

o Stability: As described in Section 2.2, the schemes GA-23 and GA-234
have been derived based on the Jury table and are provably uncondition-
ally stable. The stability regions are shown in Figure 2.2, as p, increases
from zero to one. A scheme is considered unconditionally stable if its
stability region (gray area) completely encompasses the left half of the

complex plane for all values of pu.
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In anticipation of Section 2.4, it is noted that for p,, = 0, the schemes
GA-p coincide with the BDF-p methods, and therefore render the well-
known stability regions shown in the first row of the figure for GA-2,
GA-3, and GA-4. The eigenvalues of the amplification matrices are shown
in the complex plane in Figure 2.3. These figures illustrate the evolution

of the methods as higher order terms are included or as p., changes.

GA-2 GA-3 GA-4 GA-23 GA-234

5 5 5 5
0 Q 0 O 0 0 Q 0 Q
-5 -5 -5 R

poo =10

Poo =
&
&
&

[alllae}

Poo =

Il
8
x

0 5 10 0 5 10 0 5 10 0 5 10 0 5 10

Figure 2.2.: Stability regions (grey), uniform scaling, Im(AAt) displayed over
Re(AAt).

« High Frequency Damping: Figure 2.4 shows the spectral radius
as a function of the normalised time step for different values of p.
Compared to the original generalised-o method (GA-2), the proposed
schemes GA-23 and GA-234 delay the onset of noticeable numerical
damping to larger time steps, around At/T = 0.1. This reduces artificial
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dissipation and improves the preservation of dynamic response accuracy.
The transition from GA-2 to GA-234 is nearly as significant as the shift
from the generalised midpoint rule (GM) to the generalised-a method
(GA-2). Thus, GA-23 and GA-234 exhibit significantly less numerical
damping than GA-2 in the regime of large time steps while still accurately

resolving temporal features of the solution.

1 s iy 1 s iy 1 s iy 1 .
S~ N S~ N\ S~ S~
/ AN / /
050 / \ 050 / f&%\\ 050 / % o5t/ M\
g 0 ’ E 0 S g 0 ! B0 !
050\ 050\ 050\ 05 \\ /
\\ // \\ /// \\ // AN //
-1 + -1 — -1 + 1 |
105 0 05 1 105 0 05 1 105 0 05 1 1 05 0 05 1
e Re Re Re
1 1 1 L 1 i — 1 boe,
e . i . %
/ N\ / /
05| / fé’wﬂ(‘*‘%\ 05| / {f %\\ 05/ g X 0.5 /g \
g 0| g 01— g o]l 2 0
= T =0 ! = TN / = 0 /
05p N / 05p N\ / 05\ / 05) N y
-1 + -1 — -1 + 1 +
105 0 05 1 105 0 05 1 105 0 05 1 105 0 05 1
Re Re Re Re
1 T 1 JIRCC N 1 peegangy 1 0090006,
// 900000055 //
051 / f \\ 051 /] 051 05
E ot r E o\ ! E oo ! 0 !
05p N / 05\ / 05N / 05\ y
1 1 1 1 1 1 1 1
105 0 05 1 105 0 05 1 105 0 05 1 105 0 05 1
Re Re Re Re
1 0009006, 1 asdasa, 1 R 1 oodo00n,
05 / \ 05 f/f \\ 0.5 f‘f X 0.5 f \%
g o4t f g 0 i E o ' £ o-% !
051\ // 051\ // 0.5 \\ / 050\ /
1 1 1 — 1 1 1 1
105 0 05 1 105 0 05 1 105 0 05 1 105 0 05 1
Re Re Re Re

Figure 2.3.: Eigenvalues of the amplification matrices for £ = 0, displayed in the
complex plane for a range of time step sizes At.
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—GM — GA-2 — GA-23 — GA-234

1.2+
1

0.8+

—

<06
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0.4+

102 10° 10! 102

10?

At/T At)T
12] 1.2f
1 1
0.8} 0.8}
< 06! <06l
0.4} 0.45
0.2¢ _ 2 0.2} _
Poo = 3 Poo = 1
ol ‘ ‘ ‘ ] ok ‘ ‘ ‘ ]
102 10-! 100 10! 102 10-2 10-! 100 10! 102
AT At/T

Figure 2.4.: Spectral radii of GM, GA-2, GA-23, and GA-234 for w =1 and £ = 0.

e Accuracy: To evaluate the accuracy of GA-23 and GA-234 in terms

of dispersion and damping, the numerical counterparts w” and £", of,

respectively, w and &, are considered and expressed as

h

1
w = ——— In(|Cmax|),

and &" A7

arg(Cmax) (2.18)

T At

where (.« is the maximum eigenvalue of the amplification matrix. Fig-
ure 2.5 illustrate the evolution of w” and &" with respect to the time step
size At. It is observed that GA-23 exhibits smaller approximation errors
compared to GA-2; however, it is less accurate than GA-234. Moreover,
GA-234 shows noticeably improved damping performance compared to
GA-2 and the trapezoidal rule (TR).
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— GA-2 — GA-23 — GA-234 — TR
. 0.04
0.03
0.99}
= 0.02
0.98|
0.01
0.97 ‘ ‘ ‘ 0 ‘ ] ‘ ‘ ‘
0 0.02 0.04 0.06 0.08 0 005 01 0I5 02 025 03
At)T At/T

Figure 2.5.: Frequency w” and damping coefficient ¢ of GA-2, GA-23, GA-234,
and TR for poo =0, w =1, and £ = 0.

o Computational cost: In comparison to the generalised-a method GA-
2, the schemes GA-23 and GA-234 require the allocation of one or two
additional history data arrays, respectively, to store i, and . However,
these additional memory requirements are minimal, especially when com-
pared to the storage needed for the global system solver. The additional
computational time is also negligible, as the additional operations are

limited to updating the global arrays i, and .

2.4. Backward Difference Formulae

For p,, = 0, the time integration schemes GA-p described by Equations
(2.5) to (2.8) are equivalent to the well-known backward difference formulae
BDF-p, described for instance in [16, 103]. To show this, Equation (2.8) is

reformulated as

LY 1 (U(i)’ _ ug)’) _ uugﬂ)' (2.19)
where v =1 for p,, = 0.
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This formula can be applied recursively to each term on the right-hand
side, thereby reducing the order of the derivatives and involving terms from
earlier time instants. Eventually, all derivatives on the right side of Equation
(2.7) can be reformulated using the historical values of the primary variable u,

thus resulting in the backward difference formula.

The BDF-p schemes are given by

ﬂn+1 - )\un—H =0 (220)
. JR
Un+1 = At Z Bittn 14, (2-21)
i=0

the coefficients [3; are given in Table 2.1. This procedure can also be applied
to the methods GA-23 and GA-234, resulting in linear combinations of BDF-2,
BDEF-3, and BDF-4. The formulated methods are denoted as BDF-23 and
BDF-234 and are summarised in Boxes 6 and 7, respectively. As opposed to
GA-23 and GA-234, the schemes BDF-23 and BDF-234 do not allow for varying
time step sizes or for user-controlled high frequency damping. However, their
implementation in any existing computer code based on BDF-1 (backward
Euler) or BDF-2 is trivial and renders an immediate benefit in terms of improved

accuracy.

Table 2.1.: Coefficients g; for backward difference formulae BDF-p.

p Bo A o B3 Ba
1 1 —1

2 3/2 -2 L/

3 11/6 -3 3/2 —1/3

4 25/12 —4 3 —4f3 1/4

The numerical properties of BDF-23 and BDF-234 are identical to those
of GA-23 and GA-234 for p,, = 0 and are thus represented in Figures 2.3 to 2.5
by their GA counterparts. For convenience, the stability regions of the BDF
schemes are presented together in Figure 2.6. For linear problems with correct
initial conditions, BDF-23 and BDF-234 yield identical numerical results to
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those of GA-23 and GA-234 for p,, = 0. Therefore, to avoid redundancy
BDF-23 and BDF-234 are represented by GA-23 and GA-234 with p,, = 0 in
sections 2.5 to 2.7.

U1 — f(Uny1,tngr) = 0

. 10 Up+1 — 15 Uy + 6Un_1 — Up—2
et = 6 At

Box 6: Summary of method BDF-23 (equivalent to Park’s method).

Upr — f(Upgr,tnpr) = 0

3D Upr1 — 96U, + 28Up—1 — 8Up_o + Up_3

et = 20 At
Box 7: Summary of method BDF-234.

— BDF-1 == BDF-3 — BDF-23

— BDF-2 = e BDF-4 — BDF-234
8 ‘ ‘ ‘ 15
6F

- 1r

4+ 5

0.5F

7Y

ok
oL
-0.5+
4L
\ -1t
6L
-8 . . . 15 o . ;
-5 0 5 10 15 -0.6 -0.4 -0.2 0 0.2 0.4 0.6
Re Re
(a) (b)

Figure 2.6.: Stability regions for BDF methods; overview of stability regions (a),
close-up view near the origin (b).
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Remark 2.4.5: The BDF-23 method (GA-23 for p,, = 0) is equivalent
to both Park’s method and the BDF20OPT(4) scheme, proposed in [66, 100]
and [113], respectively. Hence, GA-23 can be seen as an interpolation between
Park’s method and the trapezoidal rule, as illustrated in Figure 2.7. Park’s
method is regarded as advantageous for stiff problems in structural dynamics,

as discussed in [100].

Accuracy

| ___second order accuracy limit ' p

BDF-234 4
BDF-23 4

—-o—GM

BDF-2 {
—— GA-2
—— GA-23
BE ¢ - GA-234 Poc

T U O

0

Figure 2.7.: Overview of unconditionally stable implicit time integration schemes.
The methods GM, GA-2, GA-23, and GA-234 are viewed as interpolations between
various BDF methods and the trapezoidal rule.

Remark 2.4.6: The BDF-234 method achieves higher accuracy than
BDF-23 while maintaining unconditional stability. The BDF20PT(5) scheme,
introduced in [113], is defined as

1 ) BDF4 + (2\/' — ;) BDF3 + (5\/5_6> BDF2.

BDF20PT(5) = (1 -5 e

The stability region of BDF20PT(5) is non-convex and intersects the
imaginary axis at three distinct points, as shown in Figure 2.8. As reported

in [113], this behaviour may compromise the long-term stability of numerical
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simulations, particularly for stiff or oscillatory problems. By contrast, the BDF-
234 method exhibits a more desirable stability behaviour, with its stability
region intersecting the imaginary axis only at the origin, as illustrated in
Figure 2.6. This property makes BDF-234 potentially more dependable for

long-term integrations.

..... BDF20PT(4) BDF20PT(5)

Im
(==}

\ J/ /, A -
AN e b 051 L i
N e S/ : | I
S p 5 T e 4
\\\ ,_/ 7
______________ I/
I\\
L -1 Lt~ L
2 0 2 4 6 8 10 -3 2 1 0 1 2 3
Re Re x1073
(a) (b)

Figure 2.8.: Stability regions for the BDF20PT schemes; overview of stability
regions (a), close-up view near the origin (b).

2.5. Example 1: Linear Model Problem

The standard scalar linear initial-value problem, as defined by Equa-
tion (2.2), is used to evaluate and compare the performance of the numerical
methods presented in Sections 2.2 to 2.4. The exact analytical solution is given
in Equation (2.3). For a comprehensive assessment, two cases are considered;
one with & = 0, representing the undamped case, and the other with & = 0.1,
representing the damped case. The frequency parameter is set to w = 1 rad/s,
giving an oscillation period of T" = 27 s. The initial condition is specified as
u(0) = w + €.
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The numerical results obtained using the GA-2, GA-23, and GA-234
schemes for various time-step sizes At and values of p., are presented in
Figures 2.9 and 2.10 for £ = 0 and & = 0.1, respectively. The figures illustrate
the real part of the numerical solutions. The imaginary part, although phase-
shifted, exhibits qualitatively and quantitatively similar behaviour to the real

part and is therefore omitted for brevity.

— BExact — GA-2 — GA-23 — GA-234

0 5 10 15 0 5 10 15
t t

(a)PoozoandAt:% (b)poozoamdAt:?’Z2

Re(u)

Re(u)

0 5 10 15 0 5 10 15
t t

(c)poo:%andAt:% (d)poozéandAt:%

Figure 2.9.: Linear model problem; system response obtained for w = 1 rads™!
and & = 0.0.

The following observations are made from Figures 2.9 and 2.10:

1. Subfigures (c) and (d) show that all three numerical solutions align more
closely with the exact solution than those in subfigures (a) and (b),
respectively. This indicates that the deviation is smaller for p,, = % than
for ps = 0, which is expected, since all the considered schemes reduce to

the trapezoidal rule when p,, = 1.
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o
T

— GA-2

— Exact

0 5 10 15
t

_ _T
(a) poo =0 and At = 3

0 5 10 15
t

(c) poo = 5 and At =T

— GA-23 — GA-234

1

Re(u)

5 10 15
t

T
(b);)oc,:OaundAt:3—2

=]

0 5 10 15
t

(d) poo = 5 and At = L

Figure 2.10.: Linear model problem; system response obtained for w = 1 rads~!

and £ = 0.1.

2. Both GA-23 and GA-234 exhibit less numerical damping and smaller
frequency errors than GA-2. This is evident in all subfigures, where GA-2

shows faster amplitude decay than the other methods.

3. For small time steps, At = T'/32, all methods improve and converge
towards the exact solution, with the differences between GA-2, GA-23,

and GA-234 becoming minimal.

4. For large time steps, At = T'/8, GA-23 and GA-234 demonstrate higher

accuracy, maintaining better agreement with the exact solution than the

generalised-a method, GA-2. Furthermore, GA-234 performs slightly

better than GA-23.

Figure 2.11 shows the convergence of the numerical solution as At decreases
for GM, GA-2, GA-23, and GA-234 for different values of p,,. The error is

computed by comparing the exact solution from Equation (2.3), denoted by ,
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to the numerical solution obtained from each method, i.e.,

1 N
=\ Xl P (2.22)

where N is the number of time steps used in the respective computation to

reach ty = 35.

(C) Poo =1

—o-GM

—o— GA-2
——GA-23
—o— GA-234
——TR

100

w 107!

-2
10 T T T
64 32 16

At

Figure 2.11.: Linear model problem; convergence rates.

The following observations are made from Figure 2.11:

1. The differences between the subfigures for GA-2, GA-23, and GA-234

reduce as po, increases. For p,, = 1, all methods coincide with the

trapezoidal rule (TR).

2. GA-23 and GA-234 consistently produce smaller approximation errors
than GA-2 across all cases. Notably, the accuracy level of GA-234 is
closer to that of the trapezoidal rule (TR) than to GA-2.
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3. For po, = 0, the improvement in accuracy from GA-2 to GA-234 in the
regime of time steps around At = T'/32 is similar to that from the first
order accurate method GM to the second order accurate scheme GA-2.
This is also reflected in Figure 2.9, where, for p,, = 0, GA-234 renders

significantly more accurate results than GA-2.

Importantly, Observation 3 indicates that within the time step range
of T/50 < At < T/25, which is crucial for industrial applications involving
implicit time integration, GA-234 offers substantial performance gains over the
standard generalised-a method GA-2. Additionally, since BDF-2 is equivalent
to GA-2, and BDF-234 to GA-234 for p,, = 0, this also demonstrates the
advantages of BDF-234 over the standard method, BDF-2.

2.6. Example 2: Flow Around Cylinder

The following benchmark example examines the flow of an incompressible
fluid around a stationary circular cylinder. The flow is governed by the
incompressible Navier—Stokes equations. Figure 2.12 shows the geometry and
boundary conditions, while Figure 2.13 illustrates the finite element mesh

employed, consisting of 12,258 elements.

v=>0
3
15y d=1
R
O I
15
v=>0
«— 10 20

Figure 2.12.: Flow around cylinder; geometry and boundary conditions.
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Figure 2.13.: Flow around cylinder; finite element mesh (a), mesh refinement
around the cylinder (b).

The spatial discretisation is based on P2/P1 Taylor-Hood velocity—pressure
elements (quadratic interpolation for velocity and linear interpolation for
pressure); see, for example, [124]. The convective velocity is approximated
with second order accuracy, as described in [76], which results in a linear
global system of equations that is solved at each time step for the velocity

and pressure degrees of freedom. The total number of degrees of freedom is
55,138.

The vertical velocity component v is set to zero at the upper and lower
boundaries, while the horizontal velocity component u remains unconstrained.
At the outlet boundary, the pressure is set to zero, and at the inlet boundary,
the horizontal velocity is prescribed uniformly as u,, = 1.0 m/s. The cylinder
diameter is d = 1.0 m, while the fluid density and dynamic viscosity are given

by p = 1.0 kg/m? and u = 0.01 Pas, respectively. Hence, the Reynolds number

is defined as
_ plUsd

1

Re =100 (2.23)

The Strouhal number is defined as St = %7 where f is the frequency of

vortex shedding, i.e., the frequency of oscillation of the lift force on the cylinder.
The flow is simulated using the schemes GM, GA-2, GA-23, and GA-234.
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Figure 2.14 illustrates the evolution of the drag (Cp) and lift (Cf) coeffi-
cients over time. Figure 2.15 shows the convergence of the Strouhal number as

the time step size At is reduced.

04+ _

0.2+

-0.4 4

1.6 -

1.5

Cp

1.3+

0 50 100 150
t

Figure 2.14.: Flow around cylinder; Typical evolution of the lift and drag coeffi-
cients.

Clearly, as At is reduced, all methods converge to the Strouhal number
St = 0.1728. This value depends on several factors, including the Reynolds
number, the size of the computational domain, and the mesh resolution em-
ployed in the simulation. The obtained value agrees well with results reported
in the literature, such as those in [36, 76] and references therein. The con-
vergence pattern observed here is consistent with that noted for the linear
model problem in Section 2.6. Among the methods tested, GA-23 and GA-234
demonstrate superior performance compared to GA-2, particularly for smaller
values of p,, and within the range of physically relevant time step sizes. It is
also worth noting that the TR scheme fails to produce results in the small time
step regime due to insufficient numerical damping, which results in instability

of the solution.
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0.175
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Figure 2.15.: Flow around cylinder; St convergence.

2.7. Example 3: Pulsatile Flow Through a Cavity

The following example presents a two-dimensional cavity with inflow and

outflow channels, as shown in Figure 2.16. The fluid flow is governed by

the incompressible Navier—Stokes equations. The fluid density and dynamic

viscosity are given by p = 1.0 kg/m?® and u = 0.01 Pas, respectively. A no-slip

boundary condition is applied to all channel and cavity walls.

u=v=0

A\
:>>uin

=

‘ 4

Figure 2.16.: Flow through a cavity; geometry and boundary conditions.
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The fluid domain is discretised using 7,890 P2/P1 Taylor-Hood velocity—
pressure elements, yielding a total of 35,010 degrees of freedom. The corre-

sponding finite element mesh is depicted in Figure 2.17.

5N

K/ (\YAVAVAVAVAVAVAVAVAVAYAY X
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Figure 2.17.: Flow through a cavity; finite element mesh.

The inflow velocity is prescribed with a quadratic profile, where the peak

velocity 4y, oscillates between 0 and 8.0 m/s, and is defined as
2mt
un(t) =4 (1 — cos (g)) : (2.24)

The simulation is conducted using the GA-2, GA-23, and GA-234 methods
for po, = 0 with different time-step sizes At. For the given finite element mesh
and time-step sizes, the simulation can also be performed using the trapezoidal

rule (TR). All simulations are terminated at t = 15 s.

A mesh-dependent reference solution is obtained using the numerical
method GA-234 with a time step of At = 0.001 s. This reference solution is

used to approximate the error €, defined as

€= /Hu—auz‘da, (2.25)

where 1 denotes the velocity field of the reference solution, and u is the velocity
field computed by other numerical methods at ¢ = 15 s. Figure 2.18 presents
the convergence of the error estimate against this mesh-dependent reference
solution. The observed convergence pattern confirms that GA-23 surpasses the

accuracy of GA-2, while GA-234 demonstrates greater accuracy than GA-23
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and produces errors nearly as small as those achieved by the TR scheme.
Figure 2.19 illustrates typical velocity and vorticity distributions, highlighting

the vortex formation within the cavity.

100 S SRR
- ¢ —-—GA-2 |
10—155 fffffffffffffffff —-GA-23 -
E —-o— GA-234 E
i —-o— TR 8
1072 ‘
10_2 10—1

At

Figure 2.18.: Flow through a cavity; temporal convergence.

t=12.5 t=15

velocity

magnitude

vorticity

Figure 2.19.: Flow through a cavity; typical velocity magnitude (0 [blue] to 8 [red])
and vorticity (-10 [blue] to 4+10 [red]) contour plots.
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Chapter 3

Time Integration Schemes for

Second Order Problems

This chapter builds upon the GA-23 and GA-234 time integration
schemes, initially developed in Chapter 2 for first order problems, by extending
their application to second order structural dynamics problems. For clarity
of the context, it is important to distinguish between the various versions of
the generalised-a method. The original version was introduced for second
order structural dynamics problems in [27]. Later, a related scheme was
developed in [68] specifically for first order problems in time, which was
primarily applied in computational fluid dynamics. In subsequent work, [73]
highlighted the advantages of using the first order generalised-« scheme from [68]
for second order structural dynamic problems. By applying a standard order
reduction procedure combined with auxiliary solution variables, this approach
successfully adapted the first order method for second order equations. This
adaptation resulted in a scheme that differed from the original second order
formulation in [27], yet it maintained comparable efficiency and offered enhanced

approximation properties.

The GA-23 and GA-234 schemes are extended to second order problems
by employing a similar procedure to the one outlined in [73]. The resulting
schemes outperform the methods presented in [27] and [73] while retaining
the key properties of the original first order formulation schemes presented

in Chapter 2, including enhanced accuracy and reduced numerical dispersion.
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3. Time Integration Schemes for Second Order Problems

Notably, they achieve these advantages with minimal additional computational
cost, making them a competitive alternative to multi-sub-step or composite
methods, which divide a single time step into multiple sub-steps and apply
different numerical schemes within each sub-step, thereby requiring additional

computations for each time step (see [82, 116, 122]).

3.1. Application to Second Order Problems

The methodology outlined in this section follows the procedure and no-
tation adopted in [73] for applying first order time integration schemes to
structural dynamics. The governing equation for linear structural dynamics is

expressed in matrix form as
Md + Cd + Kd = F, (3.1)

where M, C, and K denote the mass, damping, and stiffness matrices re-
spectively, and F is the vector of external forces. The vector d denotes the
displacements, while d and d represent the velocity and acceleration vectors
respectively. The initial conditions are given as d(0) = dy and d(0) = dy. The

initial acceleration is calculated from Equation (3.1) as
do =M (F(0) — Cdy — Kdy) . (3.2)

The second order Equation (3.1) is converted into a system of first order

equations by introducing the velocities v as auxiliary variables
v=d, (3.3)

resulting in
Mv+Cv+Kd=F. (3.4)

Equations (3.3) and (3.4) represent a first order system in terms of d and
v. Any of the time integration schemes GM, GA-2, GA-23, and GA-234
proposed in Chapter 2 can be applied for temporal discretisation. Each method

requires the implicit solution of a single set of variables. The application of the
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generalised midpoint rule GM is straightforward, and the resulting equations are
summarised in Box 8. Applying GA-2, GA-23, or GA-234 requires storing one,
two, or three instances of the velocity vectors d and v, respectively. Deriving
the required equations for GA-23 and GA-234 is tedious and lengthy, yet the
process is straightforward and follows a procedure analogous to that used for
GA-2, which is therefore described in the following. The resulting schemes for
GA-2, GA-23, and GA-234 are summarised respectively in Boxes 9, 10, and 11.
Note that the scheme in Box 9, is equivalent to the method described in [73].
The schemes presented in Boxes 10 and 11 are newly developed and are the
primary focus of this chapter. For nonlinear problems, the stiffness matrix K
has to be evaluated in the configuration defined by the displacements d,, .
Applying GA-2 to Equations (3.3) and (3.4) yields the following

Vita = duig (3.5)
M¥Vpis + CVisa + Kdra = Fopa, (3.6)
where

F..o.. = aF, s + (1 — a)F,, (3.7)

dpio = adpy + (1 — a)d,, (3.8)

dn+ﬂ = Bo dn+1 + Bid,, (3.9)

dopr = dp + A (ydosr + (1 = 9)dy), (3.10)

Vita = QVpir + (1 — a) vy, (3.11)

Vo = BoVarr + B1Va, (3.12)

Vo1 = Vo + At (7V + (1 — ) v,). (3.13)

For convenience, Equations (3.10) and (3.13) are rewritten as,

dt1 = ——(dpy1 —dy) — d 14
n+1 At( n+1 n) v n (3 )
1 1 — v

Vil = —— (Va1 — Vi) — V- 3.15
Vn+t1 yAt(V“ Vi) v ( )
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By equating d,;s and v, from Equations (3.9) and (3.11), v,.1 can be

reformulated as

Bo - B . -«

Voir = 2+ 2, - —— 2, (3.16)
a « a
Next, by substituting Equation (3.14) into Equation (3.16), v, 41 is obtained
as
Bo v(Bo + B1) — Bo - l -«
Vi1 TvAt( +1 ) + an a V (3.17)

Subsequently, substituting Equation (3.17) into Equation (3.15), ¥, 41 be-

comes
) Bo v (Bo + B1) — Bo - 1 I — 7,
Mias a’y2At2< H )+ ay? At owyAtV y M
(3.18)
Finally, Equation (3.1) can be solved for d,, 41 from
Kd, =F, (3.19)
where K is the effective stiffness matrix
o 33 Bo
K=—F——"M —C K 3.20
a2 At? + v At ook, (3.20)
and F is the effective force vector
F=F,a — 1MV, — 1—a)Cv, — (1-a)Kd,
_ . 1 —
—l—aCl o g 2Bt B) =By “vnl
ay At ay Q@
Bo v(Bo + B1) — Po - 1 -7,
M|————d, — d, —— Vn n| -
+ 5o [ 2 At? ay? At + osztV + v M
(3.21)

Once d,,;; is obtained, fln+1, Vni1, and v,y can be computed using
Equations (3.14), (3.17), and (3.18), respectively.
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ManJroz + CdnJra + Kdn+a = FnJroz

Fn+a = OéFn+1 -+ (1—0[) Fn

dn+a = Oédn+1 -+ (1—Oé) dn

duo = =5

. dpyr — d

dn—l—a = n+1At -

. dn+1 — dn l—a .

dpr = . d
n+1 OéAt o n

Box 8: Summary of GM for second order problems. The coefficient « is given in
Box 2.

Mvn—&—/)’ + Cvn+a + Kdn+a = Fn+a

Fn+a = O{Fn+1 -+ (1—06) Fn

dn+a = C(dn+1 -+ (1—06) dn

Vita = aVp + (1—a)vy,
Vn—i—ﬂ - ﬁ(}vn—l—l + 51 ‘./n

. BOan+1 + 61 dn l—a
Vpt1 = o - o Vn
v _ Vatl — Ve 1 — fy\'/'
n+1 At’)/ ~y n
: dpoy —d, 1 — -
dn+1 = = - ’ydn

Aty v

Box 9: Summary of GA-2 for second order problems. The coefficients «, £y, 81 and
~ are given in Box 3.
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Mvn+[3’ + CVnJra + Kdn+a = Fn+a

Fn+a = Fn+1 -+ (1 — Oé) Fn
dn+a = dn+1 —+ (]_ — Oé) dn
Vita = aVpp + (1—a)vy

Vitg = BoVps1 + Bivp + Ba¥,, At

50dn+1+51dn+52dnAt 1—-a

V'n,—l—l = o - o Vn
o, O () L o,
vl = VnHAt T 7 vt for 1=0,1
Y Y
gy dY —dY 1y
d,° = n+At —+ ai+ for 1=0,1
Y Y

Box 10: Summary of GA-23 for second order problems. The coefficients «, By, B1,
B2 and y are given in Box 4.

3.2. Analysis of the Methods GA-23 and GA-234

This section investigates the numerical properties of the new GA-23 and
GA-234 formulations for second order problems. The coupled equations of
motion are applied to a single-degree-of-freedom system for analysis. The

governing equation of the unforced system is given by
d+26wd+w?d=0, (3.22)

where w denotes the natural frequency of the system, and £ represents the
damping ratio. The corresponding oscillation period is defined as T' = %’r The

solutions at t,,; can be expressed as

Xpi1 = AX,, (3.23)
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Mvn+[3’ + CVnJra + Kdn+a = Fn+a

Fn+a = « Fn+1 + (]. — Oé) Fn
dn+a = « dn+1 + (]. — Oé) dn
Vita = Ve + (1—a) v,

‘.,"H‘B = 60‘."!14-1 + 61 Vn +62VnAt + 63 VnAtQ

_ Bodpsr + Bid, + Body At + B d AP 1—a

V41 - Vn
(0] (6
(i+1)' V(i?ijl v 1= Gy
Vol = B vi+D for i=0,1,2
At~y v
(i+1) d(i)ll —dl 1y
dy ) = -t B di+h for  i=0,1,2
Atry gl

Box 11: Summary of GA-234 for second order problems. The coefficients «, Sy, S1,
B2, B3 and v are given in Box 5.

where

T
GA-2: = { dpy, va AL, dy AL, 0, AE2 }

Xn

. . T

GA-23: X, {dn, v AL, d,At, vnAtQ,dnAtZ,i;nAt?’}
Xn

GA-234: = { A, VAL, dyAE, D, A2, dy AL, 5, A, 0 A, 0, A }T
and A denotes the corresponding amplification matrix. The coefficients
of the amplification matrices depend on w, &, At, and the parameters «, 3;,
and . These matrices can be derived using symbolic mathematical software.
The amplification matrix of GA-2 with p,, = 0 is presented in Equation (3.24).
The corresponding matrices for GA-23 and GA-234 are comparatively lengthy

and are therefore omitted for brevity.
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[ 12Atwé+9 4Atwé+3 6 27
n 77 n "
4(Atw)? AAtwE+3 6 2

A = ! ! ! ! (3.24)

6(Atw)? 2(At w)? 9 3
o " "
6(Atw)? 2(Atw)? Atw (3¢ + 4Atw) 3

i n o N n n

where n = 4 At? w? +12£ Atw+9. The spectral radius, p(A), is defined as
p = max(|\1], [Aa], ..., |[Aa]), where \; is the i-th eigenvalue of A and d = 4, 6,8
for GA-2, GA-23 and GA-234, respectively. A scheme is unconditionally stable
if p(A) <1 for any At > 0.

Figures 3.1 and 3.2 show the eigenvalues of the amplification matrices
in the complex plane and the spectral radii as a function of time step size
for different values of p.., respectively. Figure 3.1 confirms the unconditional
stability of all methods, as the eigenvalues remain within or on the unit circle
across all tested cases, ensuring no numerical instability for any time step size.
Similarly, Figure 3.2 demonstrates that the spectral radius p(A) remains at
or below one for all time step sizes, further reinforcing stability. Moreover,
Figure 3.2 indicates that GA-23 and GA-234 shift the onset of significant
numerical damping to larger time steps, reducing artificial dissipation in the

low-frequency regime compared to GA-2.

To evaluate numerical dissipation and dispersion, the algorithmic damping

ratio and the relative period error are defined as follows

In |\ T-T
g and er = ———, (3.25)

=774 T

where

T= Q = arg(\). (3.26)

2 _
-, W =
w
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Figures 3.3 and 3.4 display the relative period errors and algorithmic

damping ratios over the time step size, respectively. Notably, GA-23 and

GA-234 exhibit smaller approximation errors compared to GA-2. Additionally,
GA-234 is more accurate than GA-23.
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Figure 3.1.: Eigenvalues of the amplification matrices for £ = 0, displayed in the

complex plane for a range of time step sizes At.
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Figure 3.2.: Spectral radii of GM, GA-2, GA-23 and GA-234 for £ = 0.

3.3. Backward Difference Formulae

For p,, = 0, the GA-23 and GA-234 schemes can be reformulated as
backward difference formulae, as discussed in Section 2.4. Boxes 12 and 13
present the BDF-23 and BDF-234 formulations for second order problems.

For linear problems with correct initial conditions, the numerical properties
of the BDF methods are equivalent to those of their GA counterparts, resulting
in identical solutions. Since GA-23 and GA-234 demonstrate improved accuracy
over GA-2, this advantage also applies to BDF-23 and BDF-234 in comparison
with the standard BDF-2 scheme. As a result, integrating these schemes into

any existing codes based on BDF-2 is both straightforward and advantageous,
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Figure 3.3.: Relative period error of GA-2, GA-23 and GA-234 £ = 0.
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Figure 3.4.: Algorithmic damping ratios of GA-2, GA-23 and GA-234 for £ = 0.

yielding greater accuracy with negligible additional storage cost. In the nu-
merical examples presented in Sections 3.5 to 3.9, BDF-23 and BDF-234 are
represented by GA-23 and GA-234 with p,, = 0.
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Man—i—l + Can—‘,—l + Kdy1 = Fopa

10d,s1 — 15d, + 6dpq — dpy_s
6 At

10d,s1 — 15d, + 6dpq — dpy_s
6 At

dn+1 -

dn+1 =

Box 12: Summary of method BDF-23 for structural dynamics.

Md,s1 + Cdpsy + Kdpyr = Fopy

35d,41 — 56d, +28d,_1 — 8d,_o +dp_3
20 At

35d,1 — 56d, +28d,_; — 8d,_o + d,_3
20 At

dn+1 =

dn+1 —

Box 13: Summary of method BDF-234 for structural dynamics.

3.4. Comparison with the Bathe Method

The Bathe method is a well-known composite or multi-sub-step scheme.
The original Bathe method [7, 8] combines the trapezoidal rule, which improves
accuracy, with the BDF-2 method, which enhances stability. This combination
ensures unconditional stability while controlling numerical dissipation, mak-
ing it highly effective for structural dynamics and fluid-structure interaction
problems [61, 94].

Note that the GA-23 and GA-234 schemes are developed based on a
completely different approach compared to the Bathe method. While the latter
divides each time step into two substeps and applies different time integration
schemes to each, GA-23 and GA-234 are single-step methods that use a linear

combination of second and higher order schemes.
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Several variations of the Bathe method have been proposed. These include
the energy-conserving Bathe method, which modifies the original scheme to
conserve energy over long simulations [6]. The (;/f2-Bathe method introduces
two adjustable parameters that allow users to control numerical damping
[89]. The controllable p.-Bathe method provides tunable parameters for more
precise control of stability and accuracy [96]. In addition, the modified Bathe
method for nonlinear problems improves convergence and efficiency in large-
scale nonlinear systems [90], and the adaptive Bathe method incorporates
adaptive time-stepping to dynamically adjust step sizes based on system
behaviour [86]. The analysis and numerical results in the following sections
refer to the original Bathe method with v = 2 — /2 [7].

The following remarks comment on computational cost and implemen-
tation, accuracy and suitability for modelling wave propagation of the two

strategies.

« Computational cost and implementation: Due to its multi-sub-
step nature, the implementation of the Bathe method is more intrusive.
It requires solving two global systems. In many cases, the stiffness
matrices involved are either identical or differ only by scalar factors,
allowing the matrix factorisation to be reused, which keeps the additional
computational cost relatively low. However, in nonlinear problems, the
two stiffness matrices depend on different configurations, making the

computational cost per time step significantly higher.

e Accuracy: Figure 3.5 shows the spectral radii for GA-2, GA-23, GA-234,
and the Bathe method, while Figure 3.6 presents the algorithmic damping
ratio and the relative period error. Due to its higher computational cost,
the Bathe method is evaluated with time step sizes of At and 2At, referred
to as B-At and B-2At, respectively. These serve as upper and lower
bounds for comparison with GA-2, GA-23, and GA-234. In Figure 3.5,
for poo = 0, GA-23 and B-2At exhibit similar performance, while GA-234
lies between B-2At and B-At. Numerical results obtained with B-At and
B-2At are provided in Section 3.6.
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e Modelling wave propagation: The Bathe method has been shown
to be highly effective in solving wave propagation problems in elastic
solid materials [80, 85|, particularly in accurately capturing velocity
discontinuities. For GA-23 and GA-234, the combination of second order
and higher order schemes results in improved accuracy for smooth wave
propagation but also introduces a requirement for more smoothness. As
a result, they dissipate shock wave discontinuities more quickly than the
Bathe method. However, for smoothly propagating waves, GA-23 and

GA-234 demonstrate exceptional accuracy, as shown in Section 3.9.
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Figure 3.5.: Spectral radii of the GA methods with po, = 0 and the Bathe method.
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Figure 3.6.: Algorithmic damping ratios and relative period errors of the GA
methods with po, = 0 and the Bathe method.
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3.5. Example 1: Linear Single Degree of Freedom

Oscillator

To evaluate the performance and accuracy of the new GA-23 and GA-234
formulations, the single-degree-of-freedom system defined by Equation (3.22) is
used. The frequency is set to w = 1 rad/s, which corresponds to an oscillation
period of T' = 27 s. The initial displacement and velocity are specified as
d(0) = 1 m and d(0) = 0 m/s, respectively. Figures 3.7 and 3.8 present the
responses obtained using the exact solution, alongside results computed with
the GA-2, GA-23, and GA-234 schemes for & = 0.0 and & = 0.1, across a
range of time step sizes and values of p,,. Based on these results, the following

observations are made

o GA-2 exhibits the greatest deviation from the exact solution across all

tested cases.

o GA-23 demonstrates improved accuracy in comparison with GA-2, but
still shows a noticeable loss of accuracy at larger time step sizes, particu-

larly when po = 0.

o GA-234 is the most accurate method, consistently producing results that

closely align with the exact solution across all cases.

Figure 3.9 displays the convergence of the numerical solutions for different
values of po,. The error € is determined by comparing the exact displacement

d with the numerical displacement d from each method, as given by

2

, (3.27)

N o |5 -
i=1
where N is the number of time steps used in the respective computation
to reach t5 = 35.

As po increases towards 1, the differences between GA-2, GA-23, and
GA-234 become less pronounced, and eventually, all methods converge to the

trapezoidal rule for p,, = 1. For p,, = 0, the improvement from GA-2 to
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— Exact — GA-2 — GA-23 — GA-234
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Figure 3.7.: Linear single degree of freedom oscillator; response obtained for & = 0.0.

GA-234 is substantial, particularly for time steps around At = 7'/32. The
accuracy gain from GA-2 to GA-234 is comparable to that observed in the
transition from GM (a first order method) to GA-2 (a second order method).
This trend is also evident in Figures 3.7 and 3.8 for p,, = 0. This observation
is crucial, as the time step range 7'/50 < At < T'/25 is particularly relevant in

industrial applications.

3.6. Example 2: Linear Stiff-Soft Spring System,

Free Oscillation

To further evaluate the numerical damping properties of GA-23 and
GA-234, the two-degree-of-freedom system depicted in Figure 3.10 is considered.
This system is simple enough for theoretical analysis, yet sufficiently complex
to highlight differences in numerical damping behaviour, making it a standard

test case for assessing time integration methods. The setup consists of two
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— Exact — GA-2 — GA-23 — GA-234
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Figure 3.8.: Linear single degree of freedom oscillator; response obtained for £ = 0.1.
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Figure 3.9.: Linear single degree of freedom oscillator; convergence rates.
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equal masses, m; = mg = 1 kg, connected by two springs with stiffness values
k1 =1 N/m and ko = 100 N/m. The governing equations can be expressed in

matrix form as

my 0 dl k’l + k’g _kQ d1 0
n - _ (3.28)
0 mo CzQ _kQ k2 d2 0

The initial conditions are specified as d;(0) = 0 m and d;(0) = 0 m/s
for mass 1, and dy(0) = 1 m and dy(0) = 0 m/s for mass 2. Due to the large
stiffness ratio, the oscillation associated with the high-frequency mode is not
of interest and is therefore not resolved in the analysis. The lower-frequency

mode dominates the system response, resulting in an oscillation period of
T = 8.897 s.

dl d2

Figure 3.10.: Linear stiff-soft spring system, free oscillation; two-degree-of-freedom
system.

The simulation is performed with GA-2, GA-23, and GA-234 for various
values of p., along with B-2At and B-A for At = 0.5. Figure 3.11 shows
the responses obtained from the different schemes. The observed oscillation
frequencies are summarised in Table 3.1. The following observations are made

from Figure 3.11

o The initial conditions cause artificial numerical oscillations for p,, = 1
(trapezoidal rule), which are effectively damped out when smaller values

of ps are used.
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o For p,, = 0, GA-23, GA-234, and the Bathe method demonstrate sig-
nificantly better dissipation and frequency accuracy compared to GA-2.
GA-23 closely matches B-2At, while GA-234 achieves results that lie
between B-At and B-2At.

o For p,, > 0, the accuracy of GA-2, GA-23, and GA-234 improves signifi-
cantly. Notably, GA-2 outperforms B-2At for p,, = 1/3.

Method Frequency | Error (%)
Analytical 0.1125 -
GA-234 (pse = 0) 0.1111 1.27
GA-23 (poe = 0) 0.1108 1.54
GA-2  (po =0) 0.1081 3.94
GA-234 (pos = 3) 0.1113 1.13
GA-23 (poo = 1) 0.1112 1.19
GA-2  (po=1) | 0.1104 1.91
B-At 0.1116 0.86
B-2At 0.1103 1.95

Table 3.1.: Linear stiff-soft spring system, free oscillation; comparison of frequencies
and error.

3.7. Example 3: Linear Elastic Cantilever Beam

In this example, a linear elastic cantilever beam with a length of L =4 m,
a height of H = 0.2 m, Young’s modulus £ = 1.5 x 10! Pa, Poisson’s ratio
v = 0.35, and density p = 1000 kg/m? is considered. The thickness in the

third direction is w = 1 m.
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— GA-2 — GA-23 — GA-234

B-2At

0.5

-0.5 1 1 1 1

0.5

dy
7

-0.5 1 1 1 1

-1 I ! !

0 5 10 15 20
t

(C) Poo =1

Figure 3.11.: Linear stiff-soft spring system, free oscillation; response obtained

with At = 0.5.

The beam is fully fixed on the left-hand side and free at the other end.
The employed mesh consists of 160 nine-noded plane stress elements, as shown
in Figure 3.12. Initially, a point load of P = 0.2 kN is applied at the central
node of the free end. A steady-state analysis is then carried out to obtain the
static response, which is used as the initial condition for the dynamic analysis.

Figure 3.13 shows a typical deformed configuration. Figure 3.14 presents the
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vertical displacement at the central node of the free end against time, obtained
using GA-234 with p,, = 0 and a time step of At = 0.1 s. Figures 3.15 and 3.16

respectively show the shear force and bending moment at the clamped end.

P

e e e e e e e U

7
7 |
2 d
74

L

Figure 3.12.: Linear elastic cantilever beam; finite element mesh.

0 0.2 0.4
Displacement Magnitude

Figure 3.13.: Linear elastic cantilever beam; deformed and undeformed configura-
tions.

05 | | | | | | | | |
0 5 10 15 20 25 30 35 40 45 50

t

Figure 3.14.: Linear elastic cantilever beam; displacement over time obtained using
GA-234, with po = 0 and At = 0.1.

A mesh-dependent reference solution is computed using GA-234 with a
time step of At = 0.0005 s and p, = 0. This solution yields a frequency of
f =0.24531 Hz, which deviates slightly from the lowest analytical frequency.
Table 3.2 presents the frequency errors obtained with the different methods
relative to the mesh-dependent reference solution. Figure 3.17 illustrates the

frequency convergence for various values of ps..
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205 ! ! ! ! ! ! ! ! !
0 5 10 15 20 2 30 35 40 45 50

t

ot

Figure 3.15.: Linear elastic cantilever beam; shear force over time obtained using
GA-234, with ps, = 0 and At =0.1.

0.5 i

M
=)
I

-0.5 Hi

Figure 3.16.: Linear elastic cantilever beam; bending moment over time obtained
using GA-234, with po, = 0 and At = 0.1.
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Figure 3.17.: Linear elastic cantilever beam; frequency convergence.
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Method | Frequency | Error (%)

Reference 0.2453 -

GA-234 0.2448 0.21
GA-23 0.2431 0.90
GA-2 0.2397 2.29

Table 3.2.: Linear elastic cantilever beam; frequency comparison obtained with
Poo = 0 and At =0.2.

The results indicate that increasing p., enhances frequency accuracy across
all methods, as expected. GA-2 exhibits the weakest frequency convergence,
especially at larger time steps. GA-23 shows improved accuracy relative to
GA-2, though notable discrepancies persist for large At. In contrast, GA-234

consistently yields the most accurate frequency estimates across all cases.

3.8. Example 4: Nonlinear Two Degree of

Freedom Oscillator

This example assesses the performance of GA-2, GA-23, and GA-234 in a
nonlinear setting by analysing the spring pendulum illustrated in Figure 3.18.
The pendulum has an initial length of [y = 10 m, a point mass of m = 1 kg, and
a spring stiffness of k = 25 N/m. The initial conditions are defined such that,
in the z-direction, the displacement is z = 0 m and the velocity is £ = 1 m/s.
In the y-direction, the displacement is y = —12 m and the velocity is = 0 m/s.

The governing equations of the system can be written as

jém—f—N%:O, ym+N%:0, (3.29)

where N = ek is the elastic normal force in the spring, expressed in newtons
(N), and the strain is calculated as ¢ = In(\), with A = [/l and [ being the
current length in metres (m). Figure 3.19 presents the evolution of the elastic

force over time, obtained using p,, = 0.
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Figure 3.18.: Nonlinear two degree of freedom oscillator.

— GA-2 — GA-23 — GA-234

5F T T T ]

Figure 3.19.: Nonlinear two degree of freedom oscillator; evolution of the elastic
normal force obtained using p.o = 0.

Figure 3.20 illustrates the evolution of displacement, velocity, and accel-
eration in the z-direction, while Figure 3.21 shows phase space trajectories.
Both figures depict the results for two time step sizes, At = 0.1 and At = 0.3,
alongside a reference solution obtained using GA-234 with At = 0.001. Re-
sponses in the y-direction resemble those in Figure 3.20 and have thus been

omitted. The total energy of the system is given by

1
Euoal = 5m (&% +4) + K (AIn(A) = A+ 1) Iy (3.30)
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Figure 3.22 shows the total energy for GA-2, GA-23, and GA-234, obtained
using po. = 0 and time step sizes At = 0.1 and At = 0.3. The figure shows that
GA-23 and GA-234 conserve the total energy in the system far more accurately
than GA-2.

Ref — GA-2 — GA-23 — GA-234
(a) At =0.1

0 20 40 60 80 100 0 20 40 60 80 100

ot
T
ot

0 20 40 60 80 100 0 20 40 60 80 100

0 20 40 60 80 100 0 20 40 60 80 100

Figure 3.20.: Nonlinear two degree of freedom oscillator; solution obtained in
z-direction with poo =0 .

3.9. Example 5: Wave Propagation on a String

A string of length L = 20 m, cross-sectional area A = 2.0 x 104 m?, density
p=1.14x 103 kg/m?’, and Young’s modulus £ = 2.7 GPa is considered. It is
fixed at one end, while a constant horizontal force of 540N and a prescribed

vertical displacement are applied at the other end. The string is linear elastic,
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Ref — GA-2 — GA-23 — GA-234

15 : : : : : 15

(a) At =0.1 (b) At = 0.3

Figure 3.21.: Nonlinear two-degree-of-freedom oscillator; displacement, velocity,
and acceleration trajectories obtained with poo = 0.
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— GA-2 — GA-23 — GA-234
6 6 : : :
=g 4r 1 | 4
<, <,
At =0.1 At =0.3
00 g 1‘0 1‘5 20 25 00 ‘ lb 1‘5
¢

20 25
¢
Figure 3.22.: Nonlinear two degree of freedom oscillator; evolution of the total
energy over time obtained using po, = 0.

and the horizontal force causes a strain of 0.1%. The string is represented by
1000 two-noded linear elements using mass lumping. The resolution of the
displacements is geometrically exact, and a global Newton-Raphson procedure
is employed to obtain the solutions at each time step. The prescribed vertical
displacement is

dt) = 2

for

27t

(3.31)
where the time must be given in milliseconds. Two values of D are considered,
respectively.

namely, D = 1 mm and D = 1 m, which result in linear and nonlinear responses,

Figure 3.23 captures snapshots of the string at different times. For the small

initial displacement D = 1 mm, the wave propagates smoothly along the string,
clearly demonstrating typical linear wave motion. The large displacement,

D =1 m, results in chaotic and highly nonlinear oscillatory behaviour following
the wave reflection at the fixed end.

Figure 3.24 shows the vertical displacement at the midpoint of the string,
obtained using GA-2, GA-23, and GA-234 with p,, = 0 and At =4 ms. A

reference solution using GA-234 with a time step of At = 0.01 ms is also
provided. The results of the simulations are consistent with previous findings,

confirming that GA-23 and GA-234 outperform GA-2 in terms of numerical
accuracy and reduced numerical dissipation.
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Figure 3.23.: Wave propagation on a string; snapshots of the wave travelling along

the string.
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Figure 3.24.: Wave propagation on a string; vertical displacement at the midpoint

of the string obtained using poo = 0 and At = 4 ms.
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Chapter 4

Staggered Schemes for

Fluid—Structure Interaction

Fluid-structure interaction (FSI) is a complex multiphysics phenomenon
observed in various engineering and biomedical fields, including aerospace,
biomedical, civil, and energy engineering [45, 46, 81, 110, 111]. Extensive
experimental and computational investigations have been carried out to enhance
the understanding of FSI problems. However, due to the inherent complexity
of FSI, there still remains a need for advanced numerical methods that ensure

robust, accurate, and efficient solutions.

4.1. Coupling Strategies

A key aspect of FSI modelling is the coupling strategy, which governs
the interaction between the fluid and solid solvers. The two predominant

approaches in the literature are the monolithic and partitioned methods.

e Monolithic Approach: In the monolithic approach, the governing
equations for both fluid and solid domains are combined into a single
system and solved simultaneously. This strong coupling ensures accu-
rate interaction between the two domains at each time step, improving

numerical stability and accuracy.
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However, solving a fully coupled system is computationally demanding, as
it involves managing a large set of interdependent equations. Additionally,
integrating existing single-physics solvers into a monolithic framework can
be challenging. It typically necessitates substantial modifications or the
development of entirely new computational frameworks to accommodate
the coupled nature of the problem. [11, 35, 55, 67].

e Partitioned Approach: The partitioned approach solves the fluid and
solid domains separately and enforces interface conditions asynchronously
[34]. This approach is widely used due to its flexibility and compatibility
with existing, reliable, and optimised computational fluid dynamics
and structural mechanics solvers. However, partitioned methods can
encounter stability and convergence issues, particularly in problems
involving strong fluid-structure coupling [44, 51, 92, 119]. Partitioned

approaches are generally classified into two categories

— Explicit coupling: Also known as loosely or weakly coupled
schemes, or staggered schemes, this approach executes the fluid
and solid solvers once per time step without iteration, making it
computationally efficient [47, 51]. However, this method does not
fully enforce equilibrium conditions at the fluid-structure interface,
leading to potential instability. This instability can arise under
certain physical parameter choices, particularly when the fluid and
structure densities are comparable or when the domain has a slender

shape, irrespective of the chosen time step [24, 51].

— Implicit coupling: Also known as strongly coupled, this approach
ensures equilibrium of traction and velocity or displacement at the
fluid-structure interface in each time step. This is achieved by
iterating between solvers until convergence [65, 112]. While this
improves numerical stability and is well-suited for strongly coupled
interactions, it is computationally demanding. Additionally, con-
vergence can be slow or even fail, particularly when dealing with
an incompressible fluid [18]. To improve convergence in such proce-
dures, adaptive relaxation strategies such as the Aitken acceleration

method have been widely adopted, as described in [84].
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Remark 4.1.1: Figure 4.1 illustrates the different coupling strategies for
solving fluid-structure interaction problems, highlighting their computational
structures. Monolithic coupling solves the fluid and solid equations as a
unified system at each time step, ensuring strong coupling but at a high
computational cost. Partitioned explicit coupling solves the solid and fluid
equations sequentially without iteration, making it computationally efficient
but potentially unstable. Partitioned implicit coupling iterates between solvers
until convergence is achieved, enhancing stability at the expense of increased

computational effort.

Monolithic Partitioned Partitioned
(Explicit Coupling) (Implicit Coupling)
S ! !
Fluid + Solid Solid | Fluid Fluid Solid
no
Converged?
yes
thrl
Fluid + Solid Solid 4 Fluid Fluid Solid
)
no

Converged?

yes
|

Figure 4.1.: FSI coupling strategies.

4.2. Interface Boundary Conditions

The interaction between the fluid and solid domains must satisfy two
coupling conditions: kinematic continuity and traction equilibrium across
the interface at all times. Kinematic continuity ensures that velocity and
displacement remain equal at the interface, while traction equilibrium ensures
a balance of forces between the fluid and solid. These conditions are typically

enforced using the following strategies:
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o Dirichlet—Neumann (D-N): Dirichlet—Neumann coupling is the most
traditional and widely implemented approach, known for its straightfor-
ward implementation and computational efficiency. In this approach, the
structural solver determines the interface displacement, which is then
imposed as a Dirichlet boundary condition in the fluid solver. After
solving for the fluid dynamics, the fluid solver computes the interface
forces and returns them to the structural solver as a Neumann boundary
condition [32, 33].

Dirichlet-Neumann coupling is extensively used in both commercial and
open-source software. As discussed in Section 4.1, the partitioned ap-
proach allows different solvers to be used for fluid and solid domains,
with coupling libraries facilitating their interaction. One of the most
widely used open-source libraries for multi-physics simulations is PreCICE
[19], which natively supports Dirichlet~-Neumann coupling as a standard
interface condition. Another notable library is MpCCI [52], primarily
designed for industry-standard fluid-structure interaction applications,
where Dirichlet-Neumann coupling is the default approach. Addition-
ally, CWIPI, mainly used in aerospace applications, also employs Dirich-
let—Neumann coupling as a common interface condition. Note that while
Dirichlet—Neumann coupling is standard, these libraries also support

alternative strategies.

Despite its merits, Dirichlet—-Neumann coupling (see, for instance, [24, 51,
56, 69]) is well known to suffer from severe instabilities due to the added-
mass effect. To address this, [35] introduced a quasi-Newton technique
that significantly improves convergence and has been successfully applied
to a wide range of problems involving strong added-mass effects. However,
the approach remains inherently iterative. In addition, [38] proposed
a staggered scheme that improves stability while avoiding the need for

iterative coupling procedures.

 Robin-type interface conditions: The Robin boundary condition,
which is a weighted, linear combination of Dirichlet and Neumann bound-
ary conditions, has been extensively explored in the literature in the

context of fluid-structure interaction (see, for instance, [3, 17, 49, 95]).
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A notable contribution was made in [4], where a general Robin—Robin
algorithm was introduced, generating an entire family of partitioned pro-
cedures. This includes the classical Dirichlet~Neumann (D-N) scheme, as
well as novel approaches such as Robin-Dirichlet (R-D), Robin-Neumann
(R-N), Dirichlet—Robin (D-R), and Neumann—Robin (N-R) coupling
methods.

The analysis in [4] shows that among all the investigated methods, the
Robin—Neumann algorithm exhibits excellent convergence properties,
making it highly appealing. It consistently converges without the need
for relaxation and remains unaffected by the added-mass effect. This
robustness explains its frequent use in the literature. However, it is
noteworthy that its implementation is more complex than the traditional
Dirichlet—Neumann approach, as it requires modifications to the fluid
solver to properly enforce the Robin boundary condition and careful

tuning of the interface weighting parameter.

Other strategies include the Nitsche method [20, 21, 22], though it is not
as widely adopted as Robin or Dirichlet—Neumann schemes. This is mainly
due to the complexity associated with its implementation and its sensitivity to

interface parameter selection.

4.3. Staggered Scheme Framework

The following sections present the formulation and analysis of three stag-
gered schemes based on Dirichlet—Neumann coupling. To evaluate the stability
and accuracy of the proposed methods, a linear model problem originally
introduced in [24] is employed. These approaches incorporate newly developed
time integration schemes. Specifically, the fluid subproblem is advanced using
the methods described in Chapter 2, while the solid subproblem is solved using
those from Chapter 3. As a result, three distinct schemes are formulated: one
based on GA-2, another based on GA-23, and a third employing GA-234.
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The staggered scheme framework implemented in this work follows the
approach originally proposed in [38]. The process begins by predicting the
interface traction force using the history of the previous time step, followed
by solving the solid problem. The fluid mesh is then updated accordingly
before solving the fluid problem. Once the fluid solution is obtained, the force
exerted by the fluid on the solid is computed, and a correction step is applied,
updating the force using a weighted average of the predicted and computed
values, regulated by a relaxation parameter 5. Finally, the time step advances,
and the procedure repeats. Figure 4.2 outlines the main steps of the proposed

staggered scheme.

s N
Predict the force f2,, on the solid <
. J
Y
s N

Solve the solid problem

A
Update the fluid mesh
Y

Solve the fluid problem

A

Compute the force f, ; from the fluid

Y

Correct the force on the solid:
forr = =Bfn + (1= 08) fin

A

Update time step —

= J

Figure 4.2.: Overview of the staggered scheme steps.
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In [38], the first order generalised-a method from [68] was employed for
the fluid problem, while the second order generalised-o scheme from [27] was
used for the solid problem. A similar approach, following the same steps,
was later implemented in [75], where the same scheme was adopted for the
fluid problem, and the second order scheme from [73] was applied to the solid
problem. Notably, the scheme based on GA-2 is equivalent to that presented
in [75], whereas the methods based on GA-23 and GA-234 represent newly
developed.

4.4. Model Problem

The simplified fluid-structure interaction model problem introduced in
[24] is adopted to assess the performance and analyse the proposed staggered
schemes. The problem consists of a thin-walled elastic tube with a circular
cross-section containing fluid. The fluid flow is governed by the Navier-Stokes
equations, while the tube wall is assumed to be linearly elastic. The radius R,
length L, interface 3, and the fluid and solid domains 2r and g are defined

as shown in Figure 4.3.

Qg l hs

1
o)
|

[ ¢—=—

v

N
3

Figure 4.3.: Thin-walled elastic tube.

In accordance with [24], the fluid is assumed to be incompressible and
inviscid, with negligible convection effects. Structural displacements are consid-
ered small, and the axial stiffness of the tube wall is assumed to be insignificant.

Hence, the conservation of momentum and mass for the fluid are given by
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pra+ Vp=0 (4.1a)
in QF
V-u=0 (4.1b)

where u is the fluid velocity, p is the pressure, and py is the fluid density. The

radial displacement 7 of the elastic tube wall is governed by
pshsii+an=f in Qg (4.2)

where p; is the wall density, hg is the wall thickness, a represents the stiffness
of the wall, and f is the external traction force acting at the interface. The

coupling between the fluid and structure at the interface ¥ is governed by

u-n=r1 ' (4.3a)
f=p (4.3b)

where Equation (4.3a) represents the kinematic continuity condition, Equation
(4.3b) represents the equilibrium of traction forces, and n = {1,0}" is the

outward unit normal vector on X.

The solution to the coupled problem, governed by Equations (4.1), (4.2),
and (4.3), can be expressed as a superposition of fundamental solutions, as

presented in [39]

n=>m u=>w, p=pp f=3 fu k=12... (44)

where the displacement field is given by
N . [Tk
ne(x,t) = fi(t) sin <L> : (4.5)

the velocity field is expressed as
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the pressure field is given by

x>

7rk9:> I (%)

L .
pr(r,x,t) = —py %Uk sin )7 ka)7
1\~

/N

the traction force at the interface is defined as

7rk::v> I

kR
L
L) (nlzR

N—— [ N—

L. .
uant) = =y s

The modified Bessel functions Iy(e) and I;(e) are expressed as

o= s ()

Using Equations (4.4) to (4.8) and defining

_ L h()
Nk.—%h(%}%)

(4.8)

(4.10)

the problem described by Equations (4.1) to (4.3) reduces to a set of differential

equations governing the scalar amplitudes of the wall displacement 7j

Ps hsﬁk +af, = fk,

Pf Mk ﬁk = — [

By defining

(4.11)

(4.12)

o= 7psh$ w = S d:=1, [:= 7]?]6
pshs + pru’ \/ pshs + prin’ ’ pshs + pypx

Equations (4.11) and (4.12) are reformulated as

ad+wrd=f,

(1—-—a)d=—f.
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Introducing a viscous term with a damping coefficient £ in Equation (4.14)

renders

ad+w?d=f  (solid) (4.15)
(1-a)d+2¢wd =—f (fluid) (4.16)
This formulation represents a system consisting of an elastic spring, a dashpot,

and two point masses, as illustrated in Figure 4.4. It also recovers the model

problem used by [38].

c (1—a)m

Figure 4.4.: One-dimensional linear model problem.

The parameter a represents the ratio of solid mass to total mass, including

added fluid mass, and is bounded between 0 and 1.
o A strong added mass effect is associated with values of « close to 0.
e A small added mass effect is associated with values of a close to 1.

Many applications, including the modelling of components of the vascular

system, are associated with very small values of a.

By discretising Equations (4.15) and (4.16) using the time integration

schemes presented in Chapters 2 and 3, the following formulation is derived

O{?.}n+6 + CUQ dn+a = fn+a (417)

(1 _a) Dn-&-ﬂ + 28WUnta = —futa (418)
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4.5. Single-Cycle Schemes

To ensure that the staggered schemes maintain second order accuracy and
remain unconditionally stable up to a critical added-mass limit, the traction

force predictor must not exceed the second order predictor given by

frs1 =2fn — fa-1. (4.19)

Using higher order predictors can improve the accuracy of the staggered scheme.
However, their stability limits become significantly more restrictive [75]. A
linear combination of the second order predictor and higher order predictors

can provide an enhanced second order predictor with improved accuracy.

Following the same methodology used in the development of GA-23 and

GA-234 in Chapter 2, the following linear combination is considered

D=0 8+ (1—83) 12 (4.20)

where f,(fgl = 3fn — 3fn_1 + fn_o is the third order predictor, and fﬁzl is the

second order predictor given in Equation (4.19).

Using Jury stability analysis, the largest possible d3 is

(1 - p00)2
02 = 4.21
5= 30—t ) (4.21)

where p., is a user-defined parameter in the time integration scheme that
represents the spectral radius at an infinitely large time step and governs
numerical damping. In the following analysis, p. is set to zero, which leads to

03 = %, resulting in
» 5 1
n+1:§fn_2fnfl+§fn72- (422)

A linear combination of the second, third, and fourth order predictors can

also be formulated as

b1 =104 fr(ju)1 + (1 —64) (53 frg,‘i}l + (1 —03) fé?l) ) (4.23)
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where the fourth order predictor is given by ffli)l =4f, —6fn_1+4fn_o— fr_3.
Using Jury stability analysis, the largest possible d, is obtained as
(1- Poo)’

R st (4.24)

For po, =0, 04 = %, resulting in

14

14 6 1
/4 _ _ _ —
n+1 — 5 fn 5 fn—l + 5 fn—2

— fn_3. 4.25

- (1.25)
The second order predictor given in Equation (4.19) will be used for the method
based on GA-2. The predictor in Equation (4.22) will be used in schemes based
on GA-23, and the predictor in Equation (4.25) will be used in the method

based on GA-234.

Setting po, = 0 in the equation sets from Boxes 3 and 9, and substituting
them into Equations (4.17) and (4.18) for GA-2, yields

AN P+ 9ad, +3aAtd, +6aAtv, +2a At b,

dni1 = 4.2

s 4A2w? + 9o o (42)
3. 1.

for1=— ((1 —a) (2vn+1 + 21)") — wfvn+1> ) (4.27)

Equation (4.26) represents the solid solver, which is formulated in terms of
the variables (f2,,, d,, dy, Un, 0y). Similarly, Equation (4.27) defines the fluid

solver, which is expressed using the variables (v, 11, Oni1, Un)-

A similar procedure can be applied to GA-23 and GA-234 but is omitted
for brevity. Boxes 14 to 16 provide a summary of the staggered schemes for
GA-2, GA-23, and GA-234 with p,, = 0 in the context of the model problem.
Each box presents the predictor expressions, details the execution steps of
the solid and fluid solvers, and outlines the auxiliary terms required for each

scheme.

The system of equations presented in Boxes 14 to 16 can be expressed in

matrix form as
Xn+1 = Astag Xna (428)
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1. set traction force predictor =2 = fu
2. execute solid solver dp1 = solid(fr,,, d,, dpy, Un, Un)

dn-i—l = i (dn+1 - dn)

Unt1 = %dnﬂ - %dn

Upy1 = ﬁ (Vng1 — vn)
3. execute fluid solver [y = fuid(vig1, Onsa, On)
4. compute traction force for1 =1 = B)fha + B o
5. proceed to next time step n<n+1

Box 14: Summary of the staggered scheme formulated using GA-2 with po, = 0.

1. set traction force predictor — f¥. , = %fn —2fn1 + %fnfg

2. execute solid solver dpi1 = solid(fp+1,dn,dn,czn,vn,bn,i)n)

n

dit = & (dY, —d)  for i=0,1

n

vot = Zdoss — 2d, — Ld, At
ot = & (il —ol)  for i=0,1

3. execute fluid solver Joir = fuid(vngr, Ony, On, Un)

4. compute traction force foy1 =1 = B)fhy + B

5. proceed to next time step n<n+1

Box 15: Summary of the staggered scheme formulated using GA-23 with p, = 0.
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P

1. set traction force predictor il

2. execute solid solver dni1 = s

n+1

Un+1

(i+1)’
vn+1

*

I

3. execute fluid solver 41

4. compute traction force fnt1

5. proceed to next time step

4D

=YY+ faoa—F fas
Old(f2. 1, dns dny Ay d s Vs Oy By V)
= L@, —d?y  for i=0,1,2
= Tdpsr — 3d, — Ld, At — &4, AP
= A%(Ur(jll — Ufli)/) for i=0,1,2
= fluid(vns1, Ony1s Ons U, T
=1 = B) iy + Bl

n<—n+1

Box 16: Summary of the staggered scheme formulated using GA-234 with ps = 0.

where Agae denotes the amplification matrix associated with each scheme.

The amplification matrix for the GA-

2 scheme with ¢ = 0 is given in Equa-

tion (4.29). The matrices for GA-23 and GA-234 are considerably larger and

are therefore omitted, although they
mathematics software. The coefficients

eters At, w, and &, which govern the t

can be derived easily using symbolic
of these matrices depend on the param-

emporal and dynamic behaviour of the

system.
[ 9a 3a 6a 2% 8 —4 |
—4 At? w? 3o 6o 200 8 —4
1 —6 A2 wW? =2 A% W? 9« 3¢ 12 —6
Astag = - (429)
1l S6A2W? —2A2wW? —4AL2W? 3o 12 —6
-9z -3z —6z —2z 2z —«x
I 0 0 0 0 1 0 |
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where e = 4A?w? + 9a, z = AP W (a — 1), and * = 9(a — ) +
4 At?w? (1 — ). Tt should be noted that, in this chapter, the parameter a
represents the added-mass effect, and 3 serves as the relaxation factor; these

are not the time-integration parameters introduced in Chapters 2 and 3.

4.6. Stability Analysis

For stability in the time domain, the spectral radius p(Astag), defined
as p(Astag) = max(|A1], |Xa], -+ ,|\i]), where \; are the eigenvalues of the
amplification matrix, must not exceed one. To investigate the performance
of the scheme, it is convenient to consider the spectral radius in the limiting

cases of small (At — 0) and large (At — o) time steps.

For GA-2

a—B—VBVB—a

) , (4.30)

: 1
Alglop(Astag) = max <37 L,

Altiinoop(AStag) = max (O, V31— 6) . (4.31)

Equation (4.30) states that for the scheme based on GA-2 to be unconditionally
stable, 5 must satisfy the following condition

0<p< 4306. (4.32)
which indicates that smaller g values are needed for smaller o«. The expression
for numerical damping is derived from Equation (4.31) and shows that as
decreases, the spectral radius approaches one. The same limit case evaluations
have been conducted for the staggered schemes based on GA-23 and GA-234.
However, the expressions are lengthy and omitted for brevity. The critical

conditions for [ are obtained as

For GA-23: 0<p< 6;, (4.33)
S
For GA-234: 0<p< = (4.34)
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The expression for lima;_,,, which characterises the numerical damping be-
haviour of the schemes based on GA-23 and GA-234, is excessively complex
to derive analytically. However, the results presented in the following section

demonstrate that it exhibits a similar trend to GA-2.

4.7. Multi-Cycle Schemes

Section 4.5 introduced a conventional staggered scheme in which the solid
and fluid solvers are executed once per time step. While this approach is com-
putationally efficient, its accuracy can be limited. To improve accuracy without
sacrificing efficiency, a non-iterative n-cycle variant of the three staggered
schemes based on GA-2, GA-23, and GA-234 is proposed. In this formulation,
a predefined number of computational cycles is performed within each time
step. Unlike classical iterative methods that require an unpredictable and often
large number of iterations to reach convergence, the n-cycle approach retains
efficiency by using a fixed number of updates. This controlled cycling not only
enhances solution accuracy but also significantly reduces computational cost

compared to fully iterative schemes.

The stability analysis presented in Section 4.6 has been carried out for the
n-cycle schemes. However, the resulting expressions are highly complex and
not suitable for direct analytical evaluation. Therefore, the stability criteria
were assessed through numerical experiments. These investigations indicate
that, for n > 1, the critical value of the relaxation parameter g in all three
schemes based on GA-2, GA-23, and GA-234 deviates from the expressions
given in Equations (4.32), (4.33), and (4.34), and instead tends toward [ ~ a.
Therefore, in the following analysis, the critical value of g is set as § = « for
n > 1, whereas for n = 1, the expressions derived in Equations (4.32), (4.33),
and (4.34) are used.

Figure 4.5 shows the spectral radius of the amplification matrix for the
three staggered schemes as a function of At, evaluated for various values of n

and a. As the number of computational cycles increases, the spectral radius
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generally decreases, indicating enhanced damping characteristics. However, in
the presence of a strong added-mass effect (a«« — 0), the spectral radius remains

close to 1, reflecting weak damping.

Figure 4.6 presents the response of the model problem obtained using the
three staggered schemes with different computational cycles for At = 0.1 and
various values of «, alongside the exact solution. The exact solution can be

expressed in compact form as

dy, 0 1
U, =exp(MAtHu,, with uw,=1]_ 1|, M= . (4.35)

d, —w? 2w

Figure 4.6 shows that for n = 1, significant phase and amplitude discrep-
ancies are observed between the staggered methods and the exact solution,
particularly for smaller o, where the added-mass effect is more pronounced.
This effect is most evident in GA-2, while GA-23 and GA-234 exhibit smaller
discrepancies. As n increases, the discrepancies diminish, leading to a closer
agreement with the exact solution. For larger «, the influence of the added-
mass effect is less significant, resulting in improved agreement with the exact
solution even for n = 1. For this case, five computational cycles (n = 5) appear
to be sufficient to achieve satisfactory accuracy, as further increasing n to 10
yields only marginal improvements. This suggests that beyond a certain point,
increasing n provides minimal accuracy improvement, making excessively large

values unnecessary.

Figures 4.7 to 4.10 illustrate the convergence of the staggered solutions
based on GA-2, GA-23, and GA-234 for different values of a and various
computational cycles n. A monolithic approach using GA-2, GA-23, and
GA-234 is also included. Since the monolithic solution remains unaffected by
added-mass effects, it serves as a reference for assessing accuracy. The error
e is calculated by comparing the exact displacement d with the numerical

displacement d obtained from each method

2

e(tn) = \thj\fv Z: ’J(ti) —d(t)| (4.36)
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Figure 4.5.: Model problem; spectral radii of the three proposed staggered schemes
based on GA-2 (red), GA-23 (green), and GA-234 (blue) for different computational

cycles.
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Figure 4.6.: Model problem; displacement response obtained with At = 0.1.
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where N denotes the total number of time steps in the computation.

The following observations are made from Figures 4.7 to 4.11:

e For small values of «, the discrepancy between the monolithic and
staggered schemes is more pronounced, particularly in the staggered

schemes with fewer computational cycles.

o As « increases, the influence of the added-mass effect diminishes, leading
to improved accuracy of the staggered schemes and reducing the gap

between the monolithic and staggered solutions.

o Increasing the number of computational cycles enhances the accuracy
of the staggered schemes, as additional iterations improve the coupling

consistency between the structural and fluid fields.

o Among the staggered approaches, the scheme based on GA-234 exhibits

a substantial reduction in numerical errors compared with GA-2.

- GA-2 (mono) ——GA-23 (mono) —-GA-234 (mono)
—-GA-2 (n=1) ——GA-23 (n=1) ——GA-234 (n=1)

(a) a = 0.001 (b) @ = 0.01 (c) a=0.1

10° ‘ ‘ ‘
1072 : I
1074 | ; >

-6
10 T i 7‘“ T T i i T T T T T

128 64 32 16 128 64 32 16 128 64 32 16
At At At

Figure 4.7.: Model problem; convergence rates obtained using the monolithic
solution and the staggered schemes with n = 1.
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-~ GA-2 (mono) —- GA-23 (mono) —8- GA-234 (mono)
——GA-23 (n=2) ——GA-234 (n = 2)

(b) @ =0.01 () a=0.1
100 E T E T E
1072 : - E
-6
10 T T T T T T T T
128 128 64 32 16 128 64 32 16
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Figure 4.8.: Model problem; convergence rates obtained using the monolithic
solution and the staggered schemes with n = 2.
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Figure 4.9.: Model problem; convergence rates obtained using the monolithic
solution and the staggered schemes with n = 3.

81



4. Staggered Schemes for Fluid-Structure Interaction

-~ GA-2 (mono) —- GA-23 (mono) —8- GA-234 (mono)
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Figure 4.10.: Model problem; convergence rates obtained using the monolithic
solution and the staggered schemes with n = 4.
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Figure 4.11.: Model problem; convergence rates obtained using the monolithic
solution and the staggered schemes with n = 5.
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Chapter 5

Numerical Examples for

Fluid-Structure Interaction

This chapter evaluates the proposed staggered scheme strategies, intro-
duced in Chapter 4, by applying them to a range of numerical examples in
fluid—structure interaction to assess their accuracy, stability, and efficiency. The
examples include flow around a flexibly supported rigid cylinder, flow-induced

vibrations of a flexible beam, and flow through a flexible tube.

5.1. Example 1: Flow Around a Flexibly Supported
Rigid Cylinder

This section validates the model problem analysis presented in Sections 4.4
and 4.5 by applying it to a two-dimensional fluid—structure interaction system.
The system consists of a rigid cylinder submerged in a square domain and
attached to a spring. The fluid is incompressible, with a density of p; = 1 kg/m?
and a dynamic viscosity of uy = 0.01 Pas. The cylinder has a diameter of
d = 1 m and is mounted on a spring with a stiffness of £k = 15 N/m. It is
subjected to an inflow velocity u;, that gradually increases to a maximum of
Umax = 1.4334 m/s before decreasing smoothly back to zero. At peak inflow,

the Reynolds number is approximately Re = 143.34.
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The fluid domain is discretised using linear triangular elements within a
stabilised finite element framework for incompressible flow. The formulation
includes SUPG and PSPG stabilisation. The geometry and boundary conditions
are illustrated in Figure 5.1. The employed mesh, shown in Figure 5.2, consists
of 6,205 nodes, 12,258 elements, and 18,412 degrees of freedom.

N Uy =0
15 —

U d=

uin ~[ ]~ _

W I

15 —

- Uy =0

— 10 20

Figure 5.1.: Flow around flexibly supported rigid cylinder; geometry and boundary
conditions.
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Figure 5.2.: Flow around flexibly supported rigid cylinder; finite element mesh (a),
mesh refinement around the cylinder (b).
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For such problems, it is well-known that the added fluid mass is equivalent
to the mass of the displaced fluid [15, 39]. Assuming the system can be modeled

by a single mode, a representative value for the parameter « is obtained as

Ps

a = .
Ps T Py

(5.1)

Different values of « are investigated by changing the solid density p;.

To determine the critical values for the relaxation parameter 3, simulations
were conducted for various combinations of & and 5. Simulations are considered
stable if no spurious oscillations occur within the time domain 0 < ¢t < 12.
The largest values of 8 that result in stable simulations for different values of
«, obtained with At = 0.1, are shown in Figure 5.3. A sufficient number of
simulations were performed to accurately determine the first two significant
digits of the critical relaxation parameter. It can be observed that for all three
staggered schemes based on GA-2, GA-23, and GA-234, with computational
cycles n = 1 and n = 2, the largest obtained values align well with the
analytical expressions derived from the model problem analysis, confirming

both the relevance of the model problem and the validity of the analysis.

The diagrams in Figures 5.4, 5.5, and 5.6 illustrate the evolution of the
interface traction force and cylinder velocity for the three staggered schemes
with computational cycles n = 1 and n = 2 for a = 0.05, obtained using time
steps At = 0.01, At = 0.05, and At = 0.1. The figures also include reference
solutions obtained using the iterative method, where each reference solution
is based on the same time integration scheme as the corresponding staggered

solution.

For At = 0.01, all staggered schemes accurately recover the reference
solution. For At = 0.05 and n = 1, all staggered solutions closely follow the
reference solution throughout the time evolution. However, phase shifts and
amplitude discrepancies become more noticeable in the single-cycle (n = 1)
solutions, particularly in the GA-2 scheme. For At = 0.05 and n = 2, the
additional computational cycle helps mitigate phase errors and oscillations,

leading to improved accuracy. For At = 0.1 and n = 1, errors become more
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Figure 5.3.: Flow around a flexibly supported rigid cylinder; The dots represent
the largest values of 5 that result in stable simulations for the time step At = 0.1.
The solid lines denote the critical values obtained from the model problem analysis.
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prominent in all single-cycle solutions. For n = 2, the solutions based on
GA-23 and GA-234 maintain better agreement with the reference solution, but
some discrepancies are still observed, suggesting that additional computational

cycles may be required to further improve accuracy.

5.2. Example 2: Flow Induced Vibrations of a

Flexible Beam

This problem, originally introduced in [114], has been widely utilised as a
benchmark for validating the accuracy and stability of numerical methods in

computational fluid-structure interaction [13, 37, 65, 91, 120].

The setup consists of an elastic beam attached to a rigid square, both
immersed in an incompressible fluid flow. As the fluid moves past the rigid
square, vortex shedding occurs in its wake, generating unsteady forces that
induce large-amplitude oscillations in the beam. The inlet velocity is maintained
at a uniform value of u = uy = 51.3 m/s with v = 0 m/s, while the top and
bottom walls function as slip boundaries, enforcing v = 0 m/s. The rigid
square remains fixed, while the beam is clamped at its left end and is free
to oscillate under the influence of fluid forces. The detailed geometry and

boundary conditions are illustrated in Figure 5.7.

The material parameters for both the fluid and solid are taken from [114].
The fluid has a dynamic viscosity of u/ = 1.82 x 10™* Pas and a density of
p’ = 1.18 x 1073 kg/m?. The solid is characterised by a shear modulus of
1 = 9.2593 x 10° Pa, a bulk modulus of K* = 2.78 x 10° Pa, and a density
of p* = 0.1 kg/m3. These parameters correspond to a Young’s modulus of
E = 2.5 x 10° Pa and a Poisson’s ratio of v = 0.35. The Reynolds number,
calculated using the inlet velocity, the side length of the square, and the fluid
viscosity, is obtained as Re = '”fﬁ% = 333. The beam is modelled using 20

nine-noded quadratic continuum elements under plane-stress conditions, with
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Figure 5.4.: Flow around flexibly supported rigid cylinder; evolution of traction
force and velocity for o« = 0.05 and At = 0.01.
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Figure 5.5.: Flow around flexibly supported rigid cylinder; evolution of traction
force and velocity for o« = 0.05 and At = 0.05.
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Figure 5.6.: Flow around flexibly supported rigid cylinder; evolution of traction
force and velocity for e = 0.05 and At = 0.1.
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an incompressible Neo-Hookean material model. The fluid domain is discretised
using 4,336 linear triangular elements with SUPG and PSPG stabilisation. The

employed mesh is shown in Figure 5.8.

4.5 — 4 10

Figure 5.7.: Flow induced vibrations of a flexible beam; geometry and boundary
conditions.

The vertical displacement of the beam tip is presented for At = 0.01
and At = 0.005 in Figures 5.9 and 5.10, respectively. The figures show the
results obtained from the three staggered schemes based on GA-2, GA-23,
and GA-234 for two computational cycles, n = 1 and n = 2. The relaxation
factor 8 is set to 8 = 0.7, f = 0.63, and 5 = 0.6 for the schemes based on
GA-2, GA-23, and GA-234, respectively. The results are compared with a
reference solution computed using an iterative solution strategy, where each
reference solution follows the same time integration scheme as its corresponding

staggered solution.

The results demonstrate that all three staggered schemes, across both time
steps and computational cycles, accurately align with the reference solution
and effectively capture the oscillations. The oscillations remain stable and

consistent in all cases, with no visible phase shifts or amplitude deviations.
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(b)

Figure 5.8.: Flow induced vibrations of a flexible beam; finite element mesh (a),
mesh refinement around the beam (b).

Additionally, there is no significant difference between the solutions obtained
with n = 1 and n = 2, suggesting that a single computational cycle may already
be sufficient for accurate results in this case. Figure 5.11 shows the vorticity

and velocity magnitude distributions during stable long-term oscillations.

92



5. Numerical Examples for Fluid-Structure Interaction

Table 5.1 presents a comparison of the amplitude and frequency results
obtained from the three staggered schemes for At = 0.01 and n = 1 with values
reported in the literature. The results are consistent with previous studies and
fall within the range of reported values. For the schemes based on GA-23 and
GA-234, the obtained frequency is 3.26, with an amplitude of 1.26. The scheme
based on GA-2 produces a slightly lower frequency of 3.18 and a slightly higher
amplitude of 1.30.

Method Amplitude | Frequency
GA-234 1.26 3.26
GA-23 1.26 3.26
GA-2 1.30 3.18
Wood et al. [120] 1.15 2.94
Habchi et al. [59] 1.02 3.25

Garg et al. [53] 1.01 - 1.23 3.14 - 3.32

Dettmer et al. [37] | 1.10 - 1.40 2.96 - 3.31

Table 5.1.: Flow induced vibrations of a flexible beam; vertical tip displacement
amplitude and frequency response obtained with At = 0.01.
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Figure 5.9.: Flow induced vibrations of a flexible beam; vertical tip displacement
obtained with At = 0.01.
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Figure 5.10.: Flow induced vibrations of a flexible beam; vertical tip displacement
obtained with At = 0.005.
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Figure 5.11.: Flow induced vibrations of a flexible beam; typical vorticity (right)
and velocity magnitude (left) distribution during stable long-term oscillations.
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5.3. Example 3: Flow Through a Flexible Tube

The following benchmark problem examines fluid flow through a flexible
tube. The problem was originally introduced in [50] and has since been widely
examined in the literature (see, for instance, [42, 88, 106, 121]). In the original
setup, excitation was applied through a pressure boundary condition. A modi-
fied version of the problem was later proposed in [109], where the excitation
is introduced by prescribing an inflow velocity at the inlet instead of using a
pressure condition. The following presents a preliminary analysis, in which
excitation is introduced via an imposed inflow velocity. The geometric dimen-
sions and physical parameters remain consistent with the original configuration.
The fluid domain consists of a straight tube with a radius of R = 0.5cm. The
study considers three tube lengths: L = 1.5cm, L = 3cm, and L = 5cm.
Figure 5.12 presents the computational mesh used for each case. The tube wall
has a uniform thickness of h = 0.1 cm. The boundary conditions for the fluid
domain consist of a prescribed axial velocity with a parabolic profile applied
at the inlet, while the transverse velocity components are fixed. At the outlet,
the pressure is set to zero. The solid is clamped at the inlet and free at the

outlet.

The fluid is assumed to be incompressible, with a density py = 1g/ cm® and
a dynamic viscosity g = 0.3 g/(cm - s). The fluid flow is solved using a stabilised
finite element method based on the SUPG/PSPG formulation. The solid tube
wall has a density p, = 1.2 g/cmg, a Young’s modulus £ = 3 x 10° dyn/cm2,
and a Poisson’s ratio v = 0.3. The solid is modelled using a Neo-Hookean
formulation. All quantities are expressed in CGS units unless otherwise specified.

The inflow velocity is prescribed as

500 (1 — cos(bnt)), fort < 0.4
uin(t) = (5.2)
0, otherwise

The added mass can be approximated as

pshm®R
o =
pshm®R + 2p;L?

(5.3)
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L=50 L=3.0 L=15

Figure 5.12.: Flow through a flexible tube; finite element meshes for the three
different tube lengths. The red region represents the solid domain, and the blue
region represents the fluid domain.

For the considered tube lengths, the corresponding values of a are o ~ 0.012
for L =5cm, a =~ 0.032 for L = 3cm, and a = 0.12 for L = 1.5cm.

Figure 5.13 presents the displacement magnitude at the midpoint for the
three cases, computed using staggered schemes based on GA-2, GA-23, and
GA-234 with n = 1. Results were obtained using time steps of At = 0.001
and At = 0.002, and are compared against a reference solution computed with
At = 0.0005.

The results demonstrate that the proposed staggered methods are capable
of capturing a wide range of added-mass effects. As the time step increases,
numerical errors become more pronounced, particularly for the GA-2 scheme.
Additionally, for larger values of « , all methods closely follow the reference
solution, exhibiting only minor deviations. As expected, increasing a leads to

a notable reduction in the overall displacement magnitude.
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Figure 5.13.: Flow through a flexible tube; displacement magnitude at the midpoint
for three tube lengths using staggered schemes with n = 1.
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Chapter 6

Conclusions

The primary objectives of this thesis, as outlined in Section 1.1, have
been successfully achieved. The research has focused on the development of
a new family of time integration schemes for dynamic systems, ranging from
first order to second order problems, and the development of new staggered
methods for fluid—structure interaction based on Dirichlet-Neumann coupling.
The following section outlines the main contributions and conclusions of the

work presented in this thesis.

6.1. Achievements and Conclusions

This thesis presents the formulation of a novel family of implicit time
integration schemes that retain the desirable properties of the generalised-a
method, namely second order accuracy, unconditional stability, and user-
controlled high-frequency numerical damping via the parameter p.,, while
offering enhanced numerical dissipation and improved accuracy characteristics.
These schemes were constructed using a linearly weighted combination of the
standard second order generalised-a method and its higher order extensions.
The weighting factors were systematically determined using the Jury stability

criterion, ensuring that the resulting methods remain unconditionally stable.
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The schemes were initially formulated for first order systems typically
encountered in fluid dynamics, and were later extended to second order problems
commonly found in structural dynamics, using a standard order reduction
approach in which auxiliary solution variables were introduced to recast the
system into first order form. This extension enabled the schemes to retain their
theoretical properties while adapting naturally to the second order differential

formulation.

A wide range of numerical tests, covering both first order and second order
problems, was conducted to evaluate the performance of the proposed methods.
The results consistently demonstrated the robustness, enhanced accuracy, and

broad applicability of the schemes.

Next, three new staggered partitioned schemes for fluid—structure interac-
tion problems were developed based on the newly formulated time integration
methods. These schemes employ Dirichlet—Neumann boundary conditions and
were designed to address the well-known stability limitations of conventional
staggered approaches. The proposed methods incorporate a force predictor in
the initial step, along with a relaxation step in which the final interface force

is computed as a weighted average of the predicted and computed values.

In these staggered schemes, the fluid subproblem used the time integration
method from Chapter 2, while the solid subproblem followed the approach from
Chapter 3. Furthermore, an enhanced second order predictor was developed
using a strategy analogous to that employed in the formulation of the time
integrators; namely, by linearly combining a standard second order predictor
with higher order predictors. A non-iterative n-cycle version of the staggered
schemes was also introduced and evaluated. This approach improves accuracy
by performing a fixed number of computational cycles. In contrast to classical
iterative schemes, which enforce coupling through repeated convergence checks,
the n-cycle approach avoids the high and unpredictable computational cost
typically associated with this process, offering a more efficient alternative with
fixed computational effort per time step. A comprehensive theoretical and

numerical investigation of the stability and accuracy of these schemes, for
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both n = 1 and n > 1, was conducted using a benchmark fluid-structure
interaction problem involving a thin-walled elastic tube with a circular cross-

section conveying fluid.

The proposed single-cycle and multi-cycle versions of the staggered schemes
were evaluated in two-dimensional and three-dimensional fluid-structure in-
teraction problems. The results from these simulations demonstrate that the
proposed schemes are capable of handling a wide range of FSI problems. No-
tably, the methods were shown to remain stable and accurate even under

critical added-mass conditions.

6.2. Future Work

The following suggestions are made for future research

e The proposed staggered methods should be tested on more complex
problems, and a more in-depth analysis should be conducted to evaluate
their scalability, robustness, and practical relevance. The flow through a
flexible tube problem presented in Section 5.3 represents a benchmark
case in the field of fluid—structure interaction. In this work, it has only
been addressed at a preliminary level, and a more detailed investigation
is required to fully assess the performance and limitations of the proposed

schemes in a strongly coupled setting.

« Replacing the current finite element framework with a finite volume
approach, particularly one that uses pressure—velocity segregation, could
lead to significant performance gains. Such strategies are common in
industrial CFD software and may provide more efficient handling of

incompressible flow problems.

e Due to their computational efficiency, the staggered schemes developed in
this thesis are well suited for use in optimisation and control applications.

This potential should be further investigated.
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Appendix A.The Jury Stability

Criterion

The root distribution of the characteristic polynomial with respect to the
unit circle is a fundamental indicator of stability in discrete-time systems. To
examine the root distribution and evaluate system stability, several analytical
methods can be employed, including the Schur—Cohn stability criterion, the
Jury stability criterion, and the bilinear transformation combined with the
Routh-Hurwitz criterion [97].

A.1. Constructing the Jury Table

The Jury stability criterion offers an algebraic method for determining
the stability of discrete-time systems by applying a sequence of numerical tests
to the coefficients of the characteristic polynomial [25, 104]. These tests are
organised into what is known as the Jury table, where each subsequent row is
systematically derived from the previous one. By evaluating specific conditions
from this table, the criterion determines whether the system’s poles lie within

the unit circle, thus establishing stability or instability.

Consider the characteristic polynomial
F(2) = ap2" + ap_12" '+ + a1z + ay. (A.1)

A system is said to be stable if all roots of F'(z) lie within the unit circle, that
is, |z| < 1. To evaluate this, the coefficients of F'(z) are arranged to form the
Jury table (Table A.1), from which the stability conditions are derived.
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Table A.1.: Formation of the Jury Table.

a, Ap—1 Ap—2 e ay a ag ka

bo by by e br—2 br—1 - Ky

Co &1 Ca T Cn—2 - - k.

CO Cl kc

Wo

where
Qg bn—1 Cn—2 G1
k, = —, ky = , k; = Y A2

Qp, ’ bo Co ¢ o ( )

and the coefficients are calculated recursively as

bn—i = An—iy1 — kea;—1, fori=1,2,...,n,
Cn—i = bn—iy1 — kubi2, fori=2,3,...,n,
(A.3)
wo = Co — ke

Note that this procedure applies to real polynomials. A minor modification

is required to implement the Jury stability criterion for complex polynomials
(see [25]).

A.2. Formulation of GA-23 Using the Jury Test

The characteristic polynomial of GA-23 is obtained from the first order
initial value problem presented in Chapter 2, which is defined by

630’23—&)—5 + (1_63) uf—})-ﬂ - Aun—s—cx = O, <A4)

and is expressed as follows
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(653(pgo 1) 4 9p(2AEA — 1) +3 2 (po — 6) + 12) 2
3 poo(2 — poo) + 205(1+ p2) —GALA L9

p(z) = 2" —

<6(53(p‘;’0+1)—9p§o(2At)\+1)+6poo(2p§O—3)+3>z

* 3000(2 — poo) + 205(1 4+ p3) —6 ALA+9

_253(,020—1—1) + 303 (2AtA+3) +3p(2p0 — 1)
3000(2 — poo) + 205(1+ p3) —6AEATO

The following stability conditions are obtained from the Jury table:

e Condition 1: 1 > 0,

(s12 — 6 Atwpl) (6 Atw p3, + s12)

Condition 2: 1 — >0,
I (s11 — 6 Atw) (s11 + 6 Atw)
e Condition 3: 1 — s9 + (87 — 8356 59) (S8 — 5485 S10) -0,
S9 — 1
1 — _
e Condition 4: s; — — (310 + (57 — 535659) (89 — $45557) _ 533658>
S1 So— 1
X (39 + (53 = 8485810)(810 ~ 535655) — 84S5S7>] > 0.
S9 —

The parameters used in the above conditions are defined as:

(57— 5356 S9) (S — S4 55 510)
S9 — 1

(—6 Atw pd + s12) (6 Atw p2. + s19)

s1=1—-82+

2= (s11 — 6 Atw) (511 + 6 Atw)

1 1
® 7 (su—6Atw) M7 (su + 6Atw)
55:512—6Atw/)i’o 362512+6Atwp‘20
s7 = s3(s13 — 18 Atw p?) sg = 84 (513 + 18 Atw p2)
Sg = 84 (814 — 18 Atw pso) S10 = S3 (S14 + 18 At w poo)
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511 = 0320 + poo 61 + 03 p°_ 20 — p2 3i + At £6i + 9i

S19 = 0320 — pog 31 + 03 p>_ 20 + p> 6i 4+ p>_ 9 — At p3_£6i

513 = 3(03 20 — oo 61 + 03 p> 20 — p2 3i + p, 4i + At p2 €61+ 14)

514 = 3(03 20 — poo 31 + 03 p> 20 — p2 61 + p2 15 — At pog € 67 + 44)
To ensure physical consistency, the following constraints are imposed:

At>0, €20, w>0, 0<pe<Ll.

The stability analysis yields the following criteria for the parameter d3:

o Condition 1 is always satisfied.

902 — 6ps + 9
e Condition 2 is satisfied if d3 > Pos Poc + )
dpoo — 4p2, — 4
302, — 6pss + 3
o Condition 3 is satisfied if o3 > Poo = OPoc F )
2000 — 2p%, — 2
2 — 200 +1
o Condition 4 is satisfied if 3 > Poc Poo T )
202 — 2poo + 2
The expression
2
P2 — 2pee + 1
03 = —= A5
ST 2p2 —2p +2 (4.5)

satisfies all four stability requirements and therefore guarantees a stable
GA-23 formulation. The same methodology is applied to GA-234 to determine
the value of d4; however, the algebraic manipulation is extensive, and the

resulting expressions are omitted here for brevity.
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