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Abstract

In this thesis, the AdS/CFT correspondence is used as a tool to explore novel AdS5 Super-

gravity backgrounds (containing five-dimensional Anti-de Sitter spacetime) and their dual

(four dimensional) Conformal Field Theory descriptions. In order to obtain precise results,

both conformal symmetry and supersymmetry play an important role. However, in order

to align with experimental observation, supersymmetry must be broken at low energies. In

the absence of supersymmetry, finding deformations of a CFT which are marginal in na-

ture (preserving conformal symmetry) is currently not well understood. Nevertheless, the

solutions presented in this work may offer the best evidence to date of such deformations.

Multi-parameter families of non-supersymmetric type IIA and type IIB AdS5 solutions

are presented, promoting to N = 1 supersymmetry in some special cases. Contained

within these solutions is an existing class of N = 2 type IIA solutions, recovered in one

example when both deformation parameters are fixed to zero. The supersymmetry is

studied using the method of G-structures, with the boundaries of the solutions carefully

investigated - uncovering orbifold singularities within some solutions. In the type IIA

backgrounds, both the spindle and its higher dimensional analogue play an important role,

giving rise to rational quantization of charge. All parameters drop out of a quantity called

the holographic central charge, pointing to marginal deformations of the existing d = 4

N = 2 long linear quiver CFT. These marginal deformations are proposed to correspond

to soft-SUSY breaking, with the Lagrangian nature of the CFT broken in some cases.
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Introduction

Over the past two centuries, historical developments in physics have largely followed the

theme of unification - in which seemingly diverse phenomena were recognised to be related

to one another by some underlying principle. In 1865, the Maxwell equations of Electro-

magnetism were constructed [1], unifying electricity and magnetism (along with optics, by

predicting electromagnetic waves) [2]. This led to Einstein’s Special theory of relativity

(SR) in 1905 [3] (unifying Electromagnetism with Newtonian mechanics), which he further

unified with gravity in 1915 [4] to develop the general theory of relativity (GR)- which,

according to the curvature of ‘space-time’, describes physics of the macroscopic scale.

Then came along the development of Quantum Mechanics (QM) in the mid 1920s,

describing physics of the microscopic scale. QM was then unified with SR in the 1940s,

forming Quantum Field Theory (QFT), in which physics is described according to the

exchange of fundamental field quanta. By the 1960s, it was shown that this framework

could describe three of the four fundamental forces of nature: the electromagnetic force,

the strong nuclear force, and the weak nuclear force. The Standard Model (SM) of particle

physics was then constructed, which is the best experimentally tested theory to date.

However, there is one fundamental force missing from this framework- gravity.

Unfortunately, the usual quantization procedure of QFT does not work in the case of

gravity, rendering the two great pillars of physics, GR and the SM, somewhat incompatible.

The unification into one ‘Quantum Theory of Gravity’ has since become one of the biggest

problems of modern physics. Many attempts at unification have been made, but the most

dominant approach has become ‘String Theory’.

String Theory The primary concept of string theory is that all the elementary ‘point’

particles which we observe in nature are not point-like at all, but instead equivalent to

different resonant patterns (or musical notes) of some tiny one dimensional elementary

vibrating string. Collectively, these vibrating strings then form one huge orchestra, com-

posing and performing the elaborate symphony which we call the ‘universe’. These strings

extend on the order of the Planck length, 10−35m, requiring experiments to reach the

1
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Planck energy, 1019GeV, to actually ‘see’ the string directly. Hence, from our our feeble

low energy ‘zoomed out’ perspective, these strings would simply appear point like. This

very simple and elegant idea has proven very powerful, with the new extended objects

evading the usual quantization troubles of the point particle.

The theory already has a rich history of developments, originating in the 1960s as

an attempt to explain the experimentally observed properties of the strong nuclear force.

However, it was shown in 1974 by Schwarz and Scherk [5] that the theory includes as

part of the spectrum of string excitations a massless spin-2 particle - corresponding to

the hypothesized graviton (the messenger particle for gravity). Subsequent work then

demonstrated that string theory had scope to not just include all four fundamental forces,

but all of matter too. This sparked the ‘first superstring revolution’, between 1984 and 1994,

during which time numerous properties of the standard model were shown to completely

drop out naturally from the theory [6]. However, in order for the theory to include both

bosons (force carrying particles) and fermions (matter particles), ‘supersymmetry’ needed

to be incorporated.

Supersymmetry Supersymmetry (or ‘SUSY’) is a symmetry relating bosons (of integer

spin) and fermions (of half-integer spin) of the same mass, in which each boson (e.g.

the photon) comes with a fermionic superpartner (the ‘photino’), and vice versa. These

are then related via supersymmetry transformations. Supersymmetric theories come with

‘supercharge’, and are classified in terms of the number of supersymmetries, N , the theory

has. For N > 1, the supercharges are rotated amongst themselves by an ‘R-symmetry’. In

the case of anN = 1 theory, the R-symmetry is simply U(1), which extends to SU(2)×U(1)

in the case of an N = 2 theory [7].

As it turns out, there are multiple ways in which supersymmetry can be incorporated

into string theory, leading to five alternative versions: Type I, two ‘Heterotic’ theories,

and two type II String theories (Type IIA and Type IIB). These theories are however

forced to live in ten space-time dimensions, with the additional directions to our usual

four space-time dimensions considered to be ‘compactified’ to a very small size (evading

our detection). The existence of five alternative theories was considered a major hurdle up

until 1995, when Edward Witten [8] sparked what is now called the ‘second superstring

revolution’ - outlining how all five theories are related to one another via a web of ‘dualities’,

and regarded as special cases of a single eleven-dimensional theory, called ‘M-Theory’.

Duality The concept of a duality is very important in physics, equating two seemingly

disconnected theories via an Isomorphism - allowing the same phenomena to be viewed

in multiple ways. Examples include: T-duality, S-duality, dimensional reductions from
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M-theory to type IIA (in which the size of the additional eleventh dimension is reduced

to zero), and the AdS/CFT correspondence - which is an important example of the Holo-

graphic Principle, stating that the amount of information which can be stored within a

volume Vd+1 is actually encoded on the boundary of that volume, with area Ad. All of

these dualities will play an important role throughout this thesis. Most notable however is

the AdS/CFT correspondence, which we will use as a tool to explore novel ‘Supergravity’

backgrounds and their dual Conformal Field Theory (CFT) descriptions - field theories

which are invariant under conformal transformations, meaning the physics is independent

of length scale.

Supergravity Supergravity (or ‘SUGRA’) is a low energy approximation of string theory,

where one has effectively ‘zoomed out’ of the theory. Here, the extended nature of the string

becomes less significant, allowing them to be approximated as point particles. The theory

still contains supersymmetry and gravity, hence the name, but corresponds to a low energy

effective theory - now considered a special type of supersymmetric field theory. See e.g. [9].

These theories prove very useful, and play a pivotal role in the AdS/CFT correspondence.

The AdS/CFT Correspondence The AdS/CFT correspondence, introduced by Mal-

dacena in 1997 [10], elegantly relates gravitational theories in Anti-de Sitter (AdS) space-

time (of negative curvature) to non-gravitational Conformal Field Theories in one fewer

dimension. This groundbreaking idea enables insights into the high energy (or ultra-violet,

‘UV’) regime of dual field theories via supergravity, especially in theories with conformal

and supersymmetry - symmetries essential for obtaining precise results.

Since its inception, the AdS/CFT correspondence has proven very fruitful in the study

of supergravity backgrounds (with an AdSd+1 factor) and their dual CFTs (of d spatial

dimensions). Some examples include, for d = 1 [11–13], for d = 2 [14–19], and for d = 3

[20–24]. In the case of d = 4, which will be the focus of this thesis, many different types of

dual CFTs have been studied, but those of particular relevance include [25–31]. For d = 5,

dual AdS6 geometries were constructed in [32–37], with d = 6 studied in [38–42]. All these

cases preserve supersymmetry. For d = 7, CFTs are not compatible with supersymmetry,

however non-supersymmetric AdS8 backgrounds were found in [43].

Naturally, given that we see d = 4 spacetime dimensions in our universe, AdS5/CFT4

solutions are potentially the most phenomenologically interesting - offering insights into

high energy regimes of four dimensional field theories, with gravity naturally included

in the dual framework. These field theories in general include both supersymmetry and

conformal symmetry (with the latter stemming from the AdS space of the dual description).

However, it is possible to consider non-AdS/non-CFT correspondence, see for example [44].
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Supersymmetry breaking Given that we haven’t yet observed supersymmetric part-

ners in particle physics experiments (such as the Large Hadron Collider), in order for string

theory to be an accurate description of high energy physics, supersymmetry must be bro-

ken at an energy somewhere between the electroweak energy and the Planck energy. This

then raises the natural question of supersymmetry breaking, of which there are a number

of theoretical mechanisms - see [45] for a nice review. Once supersymmetry is broken, the

masses of the superpartners can differ from the particles we observe, and must be higher

than the energies of our current particle physics experiments (to avoid our detection).

A simple method of breaking supersymmetry is called ‘soft-SUSY breaking’, in which

supersymmetry breaking terms are added to the effective Lagrangian (terms which avoid

quadratic divergences). If supersymmetry is then broken spontaneously at some high en-

ergy scale, the effective Lagrangian below such a scale would be considered a ‘softly’ broken

supersymmetric theory. This method would then provide a natural extension to the SM.

From a supergravity perspective, supersymmetry is very useful in deriving solutions to

the equations of motion. Work has been conducted into supersymmetry breaking solutions,

the most notable for this thesis are [46–51]. Unfortunately, when supersymmetry is broken

within supergravity, the stability of the solution is no longer guaranteed. Various mecha-

nisms of instability must be considered, including among others, the stability of D-brane

probes - see [52–54] for useful discussions. Unstable solutions are then considered as part of

the ‘Swampland’ of supergravity solutions. Breaking supersymmetry is then not so simple,

and considered by some to be necessarily unstable for AdS vacua supported by fluxes - fol-

lowing a conjecture by Ooguri and Vafa in [55] . However, more recent investigations have

been refined by the techniques of Exceptional field theory, with stable non-supersymmetric

AdS vacua presented in the works of [56–58]- see also [59, 60].

Hence, investigating supersymmetry breaking within the context of the AdS/CFT cor-

respondence is still a natural and interesting line of research, particularly in the case of

AdS5/CFT4 solutions. We will attempt to shed some new light on this within this work.

Overview of thesis Given that CFTs are independent of length scale, they form a fixed

point of the renormalization group (RG). Operators then control the RG flow away from

the conformal fixed point, and are classified as irrelevant, relevant or marginal. Marginal

deformations do not break the conformality of a theory, and give rise to a family of CFTs.

However, finding such deformations without the presence of supersymmetry is currently

not very well understood.

The AdS5 supergravity backgrounds which are presented in this work may well be the

best evidence to date of such solutions - finding supersymmetry breaking deformations of a

supersymmetric solution (in both type IIA and type IIB) which are marginal in the dual d =
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4 CFT description! We will propose that these marginal deformations correspond to ‘soft-

SUSY’ breaking of the CFT (adding supersymmetry breaking terms to the Lagrangian).

We will find that these deformations fall into two main categories:

1. Some deformations preserve the Lagrangian nature of the original CFT, and are con-

sidered as marginal Lagrangian deformations - corresponding to integer quantization

of charge in the dual supergravity description.

2. Other deformations break the Lagrangian nature of the original theory altogether,

and are considered marginal non-Lagrangian deformations - corresponding to rational

quantization of charge in the dual supergravity description.

Interestingly, this rational quantization of charge is a consequence of additional orbifold

singularities in the supergravity background - introduced into the solution by the marginal

non-Lagrangian deformations. The most general solutions in fact contain both types of

deformation, with the original N = 2 supersymmetry completely broken in general. In

a particular type IIA subset, we find solutions containing varies stacks of branes, each

orthogonal to its own spindle, labelled WCP1
[n−,n+]. These spaces have the topology of

a two-sphere with additional orbifold singularities at the poles R2/Zn−,n+ (producing a

‘lemon-like’ object), with n− ̸= n+ and gcd(n−, n+) = 1. It is important to note however,

when supersymmetry is completely broken, the stability of source D-branes is no longer

guaranteed. There is no sign of instability as yet, but a more thorough investigation should

one day be carried out.

Additionally, fine-tuning the deformations appropriately gives rise to N = 1 preserv-

ing Lagrangian, and non-Lagrangian deformations (dual to both type IIA and type IIB

supergravity). In the IIA supergravity description, this non-Lagrangian deformation is a

consequence of a four-dimensional analogue of the spindle. These spaces then become more

complicated under T-duality to type IIB.

In recent years, spindles have been the subject of much study within the context of

supergravity - involving the near horizon limits of D-branes wrapping spindles. Examples

in which spindles play a central role in the holographic duals include [61–80]. In the

solutions presented within this thesis however, we find branes which are instead orthogonal

to the spindle - and in fact find multiple neighbouring spindles within the same solutions.

In addition, our solutions include multiple versions of higher dimensional analogues of the

spindle, labelled in one example WCP2
[lk−1,lk,

ζ
ξ
(lk−1−lk)]

. These spaces are a generalization

of other explicit examples appearing in [29, 86], namely WCP2
[1,1,2]. To our knowledge, the

generalized forms we uncover in this work are the first to appear in solutions of supergravity.

In summary, for the examples presented throughout this thesis, we find marginal defor-

mations which both preserve and break the Lagrangian nature of the original CFT - corre-
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sponding to additional orbifold singularities in the dual supergravity description, with the

latter giving rise to rational quantization of charge. In general, these deformations break

the original N = 2 supersymmetry altogether, and are interpreted as soft-SUSY breaking

in the dual CFT - with special subclasses enhancing to N = 1.

Plan of thesis: This work is split into two parts: Part I focuses on some preliminary

background material, while Part II contains new results.

The content of Part I is as follows:

� In Chapter 1, we review some relevant aspects of eleven dimensional and ten di-

mensional (type II) supergravity, CFTs and the AdS/CFT correspondence. We then

review in some depth the Gaiotto-Maldacena (GM) background [26], which is an AdS5

N = 2 solution in d = 11. This is the ‘parent’ solution to the results presented in

Part II, and a primary focus of the chapter. We then note some existing deformations

of the class, before concluding the chapter with some comments on spindles.

� In Chapter 2, we review some material on the method of G-structures, which recasts

the usual supersymmetry conditions (in terms of a spinor and a metric) into a more

elegant and easier to use approach (in terms of non spinorial and geometrical objects

- forms). This framework is what facilitates the supersymmetry analysis presented

throughout Part II.

Part II begins with a brief overview, and contains the following content:

� In Chapter 3, we provide further analysis on the GM class of solutions. We derive

the appropriate G-Structure forms for the d = 11 GM solution (written in terms

of complex vielbeins), following an appropriate coordinate transformation (known

as the ‘Bäcklund’ transformation) on the results given in [31] for the Lin-Lunin-

Maldacena (LLM) [25] solutions. This allows us to identify the U(1)R component of

the original SU(2)R × U(1)R R-symmetry of the GM solution in d = 11, allowing us

to keep track of the supersymmetry under dimensional reduction and subsequent T-

duality. We then perform an SL(3,R) transformation amongst three U(1) directions

of the solution, requiring the G-structure forms to be rotated to a frame which takes

into account both the SL(3,R) transformation and the specific U(1) direction being

reduced. A straightforward technique to do this is developed, noticing that the G-

Structure conditions require a particular real two-form, J , to remain intact under

the frame rotation. Using results from the literature, we then derive the type IIA

G-Structure forms for the ten-dimensional N = 2 GM solution. Analysis at the
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boundary for this solution is then provided. The chapter then concludes with a brief

discussion on supersymmetry breaking reductions to type IIA.

� In Chapter 4, following the SL(3,R) transformation, we perform dimensional re-

ductions along each of the three U(1) directions of d = 11 GM - leading to three

two-parameter families of type IIA solutions, which are in general N = 0. Each

solution is presented, with the reduction along the β coordinate forming the primary

focus of the chapter (as this solution recovers the zero-parameter family of N = 2

GM). In all three solutions, the parameters introduce orbifold singularities into the

supergravity background (including in some cases a set of neighbouring spindles),

which then lead to rational quantization of D-brane charge. Fixing the two param-

eters appropriately, the backgrounds enhance to one-parameter families of N = 1

solutions. G-structure analysis is then provided, including a more general discussion

on the supersymmetry breaking backgrounds - which are the first examples explicitly

shown to break all three supersymmetry conditions, including the ‘gauge BPSness’

condition (along with the solutions presented in Chapters 5 and 6).

The method of G-Structures also allows the higher form fluxes for the supersymmetric

solutions to be derived very easily (such as C5 and C7). After some work, the results

for the non-supersymmetric solutions were derived too, allowing the stability of a

probe D6 brane to be studied - which was conducted for the S2 preserved β reduction

case, showing no sign of instability.

Various mappings between the three general solutions can be performed. However,

due to an integer condition on the parameters, these mathematically equivalent solu-

tions are proposed to describe different physical backgrounds (with different rational

charge). These solutions are interesting in their own right, allowing one to pick the

supersymmetry of a background by fine-tuning the parameters appropriately.

We then discuss some aspects of the CFTs dual to our supergravity backgrounds.

Calculating the holographic central charge (which is an effective weighted volume of

the internal manifold of the supergravity, corresponding to the number of degrees of

freedom of the dual CFT description), one finds that all parameters drop out com-

pletely. We conclude that the deformation parameters (introduced via an SL(3,R)

transformation in d = 11), which in general break the supersymmetry, correspond to

marginal deformations in the dual CFT description. We propose that these deforma-

tions then correspond to soft-SUSY breaking of the CFT.

Interestingly, dimensionally reducing in a more general fashion allows one to force

integer quantization upon the system, which has the effect of changing the holographic

central charge. However, given the preservation of AdS5 (and hence conformality in

the dual CFT), we propose that integer quantization is simply too much to ask of
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the system. We instead interpret the deformations which effect the quantization as

marginal non-Lagrangian deformations - which then break the Lagrangian nature of

the dual theory.

� In Chapter 5, we perform an abelian T-duality on the three type IIA solutions -

deriving multiple three-parameter families of type IIB backgrounds. These solutions

are again N = 0 in general, but enhance to a one-parameter family of N = 1 solutions

by an appropriate choice of parameters. These multiple (infinite) families have a

zero five form flux, which could be of particular interest given that not many SUSY

solutions are known with this property. The first two examples of such backgrounds

were found in [87], evading the prior classification of AdS5 solutions considered in

[88] (which had a non-vanishing five-form flux). This led to the work of [89], where

the classification was completed. In type IIB, we find no N = 2 backgrounds present.

In order to verify that the one-parameter families of N = 1 type IIB solutions indeed

preserve some supersymmetry, the IIB G-Structure forms and conditions needed to

be derived from the IIA solution (via T-duality). This then becomes the focus of

the opening section of the chapter. The G-structure description is then derived, with

more general supersymmetry breaking G-structure forms included for one example.

Peculiarities arise within these type IIB solutions, stemming from T-dualising within

the orbifold structure, including backgrounds with rational quantization without the

presence of orbifold singularities.

� In Chapter 6, we provide the G-structure description for the γ-deformed GM so-

lutions, first derived by Núñez, Roychowdhury, Speziali and Zacaŕıas (NRSZ) [90].

These deformations are also marginal in the dual CFT, but until now, it was unclear

whether supersymmetry was preserved in these backgrounds. Here we shed light on

this question, demonstrating that the deformations in both the M-theory and type

IIA solutions break supersymmetry completely in all cases. The type IIB solution

however contains a special zero-parameter family of N = 1 solutions, derived by

fixing γ = −1. This solution is actually a sub-class of the more general type IIB

solutions derived in Chapter 5, where we re-derive the solution. Interestingly, the

γ = −1 deformation of NRSZ is the only N = 1 solution which preserves the La-

grangian nature of the dual CFT (due to integer charge). All other N = 1 solutions

derived in this work break the Lagrangian nature due to rational quantization in the

supergravity description. Hence, this type IIB solution seems the most likely dual

description for the N = 1 CFT presented in the NRSZ paper.

We conclude with a summary of results, and outline some future directions. Most calcu-

lations are included within the text, but complimented with additional Appendices where

required. A general d-dimensional form of the holographic central charge is included.
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Chapter 1

The AdS/CFT correspondence

1.1 Introduction to Supergravity

For further information on the topics reviewed in this section, see for example [91–93].

1.1.1 Supergravity in Eleven Dimensions

In eleven dimensions, supergravity contains the metric, gMN , a three form potential, A3 =

AMNP , with four form field strength G4 = dA3, and a single gravitino, ψM , where M =

0, ..., 10. The bosonic action reads

S11 =
1

2κ211

∫ (
d11x

√
−g11

(
R11 −

1

2(4!)
G2

4

)
− 1

6
A3 ∧G4 ∧G4

)
. (1.1.1)

Varying this action derives the following two equations of motion, which must be solved

along with the Bianchi identity dG4 = 0, namely

RMN − 1

12
(G2

4)MN +
1

122
gMNG

2
4 = 0, (1.1.2)

and

d ⋆ G4 +
1

2
G4 ∧G4 = 0, ⇒ d

(
⋆ G4 +

1

2
A3 ∧G4

)
= 0, (1.1.3)

with the last condition defining a six-form potential, A6, as follows

dA6 = ⋆G4 +
1

2
A3 ∧G4, (1.1.4)

which is a magnetic potential when A3 is electric, and vice versa.

Note the ⋆ notation means taking the ‘Hodge dual’, which maps a k- form to a (d− k)-
form

⋆ dx1 ∧ ... ∧ dxk → (−1)k(d−k)dxk+1 ∧ ... ∧ dxd, (1.1.5)

10
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with d = 11 in the present case. Note also that the wedge product is antisymmetric, with

the properties

αk ∧ αk′ = (−1)kk
′
αk′ ∧ αk, d(αk ∧ αk′) = dαk ∧ αk′ + (−1)kαk ∧ dαk′ , (1.1.6)

with the latter called the ‘Leibniz identity’.

Eleven dimensional supergravity contains extended objects called membranes, a pri-

mary inspiration for the name ‘M-theory’. These objects are classified as elementary or

solitonic, depending on whether they correspond to singular or non singular solutions, re-

spectively. The potentials A3 and A6 then act as sources for M2- and M5- branes, with

two and five spatial dimensions, respectively.

A supergravity solution is supersymmetric if the supersymmetry variations vanish, ren-

dering the fields invariant under supersymmetry transformations. BPS branes are a special

class of supersymmetric solutions in which the mass density and charge of the brane are

equal. This property is known as the Bogomol’nyi-Prasad-Sommerfield (BPS) bound, and

shields the branes from quantum corrections - allowing classical results to be extrapolated

to the quantum level of string theory. See for example [94].

1.1.2 Type II Supergravity in Ten Dimensions

We will now review both type IIA and type IIB supergravity. Here ‘type II’ refers to the

supersymmetry parameter, which is a ten dimensional Majorana spinor, ε, splitting into

two 16 dimensional Majorana-Weyl Killing spinors, ε1,2. These then generate a maximum

of 32 supercharges, and have (+,−) and (+,+) chirality in IIA and IIB, respectively

ε = ε1 + ε2,

Γ(10)ε
1 = ε1, Γ(10)ε

2 = −ε2, Type IIA

Γ(10)ε
1 = ε1, Γ(10)ε

2 = ε2, Type IIB (1.1.7)

noting ΓM are ten dimensional gamma matrices with Γ(10) = Γ0...9 and M = 0, ..., 9.

The matter fields of these theories are given by the fermions, made up of two gravitini

and two dilatini

ψ1,2
M (gravitino), λ1,2 (dilatino). (1.1.8)

In IIA, (ψ1
M , λ

1) and (ψ2
M , λ

2) have positive and negative chiralities, respectively, and in

IIB they all have positive chirality.

The bosonic fields consist of: a Neveu-Schwarz-Neveu-Schwarz (NSNS) sector, com-

prising of the metric gMN (of signature (−,+, ..,+)), the dilaton Φ and two-form potential

BMN ; and a Ramond-Ramond (RR) sector, with RR fields defined in terms of differential
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forms, Cp, of degree p. The RR forms are restricted to odd and even degrees in type IIA

and IIB respectively, whereas the NSNS content is common to both. One can then define

B =
1

2
BMNdx

M ∧ dxN , Cp =
1

p!
CM1...Mpdx

M1 ∧ ... ∧ dxMp , (1.1.9)

which allows for the following RR poly-forms to be built in each case

C =

C1 + C3 + C5 + C7 + C9 (IIA)

C0 + C2 + C4 + C6 + C8 (IIB)
. (1.1.10)

The field strengths are then defined in the following manner

H = dB, Fp = dCp−1 −H ∧ Cp−3, where d ≡ dxM
∂

∂xM
. (1.1.11)

This describes the ‘democratic formalism’ of [95], in which the number of RR fields has

been doubled. To compensate, using ten-dimensional Hodge-duality, the ‘twisted field

strengths’, Fp, have the following duality condition

Fp = (−1)[
p
2
] ⋆ F10−p, (1.1.12)

with [p2 ] the integer part of p, and noting the special self-dual condition F5 = ⋆F5. Typically

then, the ‘electric basis’ is used to define the fundamental fields as the fields with the

smallest indices, namely (F0, F2, F4) in IIA and (F1, F3, F5) in IIB. In a similar manner,

the dual NSNS potential, B6, is defined as follows

dB6 = − ⋆ H. (1.1.13)

One can then build a poly-form for the RR field strength

F =

F0 + F2 + F4 + F6 + F8 + F10 (IIA)

F1 + F3 + F5 + F7 + F9 (IIB)
, (1.1.14)

with

F = dC −H ∧ C ≡ dHC, where dH ≡ d−H∧, (1.1.15)

where dH is known as the ‘twisted exterior derivative’. Type IIA can have a field of zero-

form, F0, which has no corresponding potential, and is called the ‘Romans mass’. When

F0 ̸= 0, one has ‘massive’ type IIA supergravity, for which (1.1.15) must be modified to

F = dHC + eB∧F0, (1.1.16)

where F2 = dC1 + F0B, F4 = dC3 − H ∧ C1 + F0
2 B ∧ B and so on. For the type IIA

backgrounds discussed in this thesis, F0 = 0, allowing us to ignore this additional term. In

massless IIA, as a consequence of (1.1.12), one has F10 = dC9 −H3 ∧ C7 = 0.
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We can now re-write (1.1.12) in terms of the polyform by introducing an operator λ in

the following manner

F = ⋆λF = λ ∗ F, where λαk = (−1)[
p
2
]αk, (1.1.17)

for some differential form αk, of degree k.

We note that BMN and Cp are antisymmetric gauge potentials, generalising the AM

potential from Electromagnetism to more dimensions, with the field strengths H and Fp

playing a similar role to FMN . We observe from (1.1.11) that one has the freedom to

introduce the following gauge transformations

B = B + dΛ1, Cp = Cp + dΛ̃p−1 −H ∧ Λ̃p−3, (1.1.18)

with Λ1 a 1-form and Λ̃k some k- form. As an example, one can perform the following

gauge transformations for F5: C2 → C2 + dΛ̃1, C4 → C4 −H ∧ Λ̃1.

The action for the democratic formalism in ‘string frame’ (and without sources) [96]

reads

S =
1

2κ210

∫
d10x

√
−g10

[
e−2Φ

(
R+ 4 dΦ.dΦ− 1

2
H.H

)
− 1

4
F.F

]
, (1.1.19)

which when written in the usual formalism, take two alternative forms for (massive) type

IIA and type IIB backgrounds [97][98],

SmIIA =
1

2κ210

∫
d10x

√
−g10

[
e−2Φ

(
R+ 4(∂Φ)2 − 1

12
H2

)
− 1

2

(
F 2
0 +

1

2
F 2
2 +

1

4!
F 2
4

)]

− 1

2

(
dC3 ∧ dC3 ∧B +

1

3
F0dC3 ∧B3 +

1

20
F 2
0B

5

)
,

SIIB =
1

2κ210

∫
d10x

√
−g10

[
e−2Φ

(
R+ 4(∂Φ)2 − 1

12
H2

)
− 1

2

(
F 2
1 +

1

3!
F 2
3 +

1

2(5!)
F 2
5

)]
− 1

2

(
C4 ∧H ∧ dC2

)
, (1.1.20)

where F 2
k = FM1...Mk

FM1...Mk , Bk ≡ B ∧ ... ∧ B and 2κ210 = (2π)7l8s , with ls the string

length. For our purposes, we will fix F0 = 0. These two actions include additional ‘Chern-

Simons’ terms compared to (1.1.19), however both forms lead to the same equations of

motion. In the case of (1.1.19), one must impose the duality condition (1.1.12) by hand.

Given that this condition doesn’t follow from the action, (1.1.19) is known a pseudo-action

- first discussed in [95]. With localized sources added to the background, such as Dp-branes

for example, one must include additional contributions to these actions - we will review

the Dp-brane contribution in (1.1.36).

The results above are written in string frame, signifying that the scalar curvature, R,

includes an e−2Φ factor. To recover the standard Einstein-Hilbert term in the action, one
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must use the alternative metric gEMN ≡ e−
Φ
2 gMN . This is then referred to as the ‘Einstein

frame’.

By varying the action, one derives the equations of motion to be satisfied (see [96–99]

for useful summaries). One then finds the ‘dilaton equation’

R+ 4D2Φ− 4(∂Φ)2 − 1

12
H2 = 0, (1.1.21)

the ‘Einstein equations’

RMN+2DMDNΦ−
1

4
H2
MN = e2Φ


1
2(F

2
2 )MN + 1

12(F
2
4 )MN − 1

4gMN

(
F 2
0 + 1

2F
2
2 + 1

4!F
2
4

)
IIA

1
2(F

2
1 )MN + 1

4(F
2
3 )MN + 1

96(F
2
5 )MN − 1

4gMN

(
F 2
1 + 1

3!F
2
3

)
IIB

,

(1.1.22)

the equations of motion for H,

d
(
e−2Φ ⋆ H

)
=

−F0 ⋆ F2 + F2 ∧ ⋆F4 +
1
2F4 ∧ F4 IIA

F1 ∧ ⋆F3 + F5 ∧ F3 IIB
, (1.1.23)

along with the following (source-free) Bianchi identities

dH = 0, dHF = dFp −H ∧ Fp−2 = 0. (1.1.24)

It is this Bianchi identity for H which allows for the twisted exterior derivative, dH . Fields

satisfying these Bianchi identities (with no sources) are known as a ‘flux’. Additional

contributions to these equations then arise from localized sources. For the equations of

motion written in the democratic formalism, including the source terms, see [96].

The supersymmetry conditions for type II supergravity take the following approximate

form

δε(Bosons) ∼ Fermions = 0, δε(Fermions) =

δψM = ∇Mε+ (flux) ε

δλ = ΓM∇Mε+ (flux) ε
,

⇒ δεψM = 0, δελ = 0, (1.1.25)

which must be satisfied, along with the Bianchi identities, to find supersymmetric solu-

tions. The variation of the Bosonic fields are satisfied automatically due to the fermions

vanishing, namely ψaM = λa = 0, as a consequence of the isometries of the backgrounds

- see for example [91]. More concretely, the supersymmetry variations which must vanish

for supersymmetry to be preserved, have the following forms [96]

δψ1
M =

(
∇M +

1

4
/HM

)
ε1 +

eΦ

16
/F ΓMΓε2, δλ1 =

(
ΓM∂MΦ+

1

2
/H
)
ε1 +

1

16
eΦΓM /F ΓM Γ ε2,

δψ2
M =

(
∇M − 1

4
/HM

)
ε2 − eΦ

16
λ(/F ) ΓMΓε1, δλ2 =

(
ΓM∂MΦ− 1

2
/H
)
ε2 − 1

16
eΦΓMλ(/F ) ΓM Γ ε1,

(1.1.26)
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with the ‘modified dilatino equation’

ΓMδψ1
M − δλ1 =

(
ΓM∇M − ΓM∂MΦ+

1

4
/H
)
ε1, ΓMδψ2

M − δλ2 =
(
ΓM∇M − ΓM∂MΦ− 1

4
/H
)
ε2,

(1.1.27)

independent of any RR fields. Here ∇M is the spin covariant derivative and the slash

notation denotes that these fluxes come with gamma matrices in the following manner

/F k ≡
1

k!
FM1...Mk

ΓM1 ...ΓMk , /HM ≡ 1

2
HMNPΓ

NP , /H ≡ 1

6
HMNPΓ

MNP . (1.1.28)

Comparisons with the forms given in (1.1.9) leads to the following ‘Clifford map’

α ≡
∑
k

1

k!
αi1...ikdx

i1 ∧ ... ∧ dxik ↔ /α ≡
∑
k

1

k!
αi1...ikγ

i1...ik
αβ , (1.1.29)

where the k-form /α has two spinorial indices, (α, β), and hence called a ‘bispinor’. A

further discussion on supersymmetry is given in Section 2, where a reformulation into the

language of forms is reviewed.

Branes

Supergravity in ten dimensions contains a wider array of objects compared to its eleven

dimensional counterpart, the most famous being ‘D-branes’. The ‘D’ stands for ‘Dirichlet’,

and refers to the boundary conditions of open strings ending on the brane. This is in

contrast to the M-branes of the eleven dimensional theory, which don’t play the same role

- as there are no open strings present in the theory.

A Dp-brane, of spatial dimension, p, is charged under Cp+1, and acts as a source for

the RR potential. Given that the RR potentials have odd and even degree in IIA and IIB

respectively, see (1.1.10), one finds only p even D-branes in IIA and p odd D-branes in IIB.

Due to the condition (1.1.12), if a Dp-brane is electrically charged under Cp+1, it is

magnetically charged under C7−p, and vice versa. Given that F5 = ⋆F5, one finds a self-

dual D3 brane in type IIB.

The smallest objects in the two theories are then a D0-brane in IIA, which is a point

like object moving through time, and a D(−1)-brane in IIB, which is a point like object

localized to only a single instant in time - consequently named the ‘Instanton’. The largest

objects are a D8-brane in IIA, charged under F10 = ⋆F0, and a space filling D9-brane in

IIB (with a pure gauge potential).

From the NSNS sector, one concludes that the fundamental string, F1, must be electri-

cally charged under B2 and magnetically charged under B6. The magnetic dual of F1 must

then be some five-brane which is electrically charged under B6 and magnetically charged
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under B2 - this object is then called the ‘NS5-brane’. In IIA, these branes can be derived

from dimensional reduction from the M5 brane of eleven dimensions, and in IIB can be

derived from a D5 brane via an ‘S-duality’. This duality also relates the F1 with D1 branes.

An important characteristic of a brane is that it can end on another brane. This

follows, via a chain of dualities, directly from the defining property of a D-brane - that

a fundamental string, F1, ends on it. In the case of an F1 ending on a D3, performing

an S-duality leads to a configuration in which a D1- brane ends on the D3-brane. Then,

T-dualising along (p − 1) directions which are transverse to both branes, one derives a

configuration in which a Dp- brane ends on a D(p+2)- brane. Then, applying an S-duality

to the configuration in which a D3-brane ends on a D5-brane, one finds a D3-brane which

ends on an NS5- brane. Finally, performing a further T-duality along the worldvolume of

the NS5 brane will lead to a D(p ≤ 6)- brane ending on the NS5-brane. A very nice review

is given in [100].

It is worth noting that there are additional (non-dynamical) extended objects called

‘Orientifold’ (O)-planes, with an opposite tension to the D-brane (and hence seen as a

source for anti-gravity). These objects will not be relevant to the solutions presented in

this work, so we refrain from discussing them further here. See for example the discussion

given in [93] for further details.

Brane solutions

The presence of p-branes in the theory, extended along (p + 1)- dimensions and localised

in (9− p)- dimensions, are said to be ‘back-reacted’ - as they have the effect of distorting

flat space (and the flat space metric). The solution then has (p+1)- dimensional Poincaré

symmetry and (9 − p)- dimensional rotational symmetry, allowing one to use polar coor-

dinates for the transverse directions - with an S8−p sphere and radial coordinate, r. The

p-brane solution is then derived using the symmetries of the brane, ISO(p+1)×SO(d−p),
along with the equations of motion for the closed string.

For N superimposed Dp-branes (carrying N units of RR charge Tp) extended along (or

‘wrapping’) a flat manifold, M1,p
|| , transverse to M9−p

⊥ , the solution reads

ds2Dp = h(r)−
1
2ds2(M1,p

|| ) + h(r)
1
2 ds2(M9−p

⊥ ), eΦ = gs h(r)
3−p
4 , F = f8−pvol(S

8−p),

ds2(M1,p
|| ) = −dt2 +

p∑
a=1

(dxa)2, ds2(M9−p
⊥ ) =

9∑
i=p+1

(dxi)2 = dr2 + r2ds2(S8−p),

f8−p ≡
N(2πls)

7−p

V(S8−p)
, V(Sd) =

2π(d+1)/2

Γ((d+ 1)/2)
, r =

√√√√ 9∑
i=p+1

(xi)2, (1.1.30)
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with all remaining fields equal to zero, including H = dB. Here V(S8−p) is the volume of

the S8−p sphere (of unit radius), vol(S8−p) is its volume form and h(r) is a function of the

radial direction, r, which for p < 7, reads

h(r) = 1 +N
r7−p0

r7−p
, r7−p0 ≡ gs(2π ls)

7−p

(7− p)V(S8−p)
, (1.1.31)

with r0 the region of strong gravitational field. Considering the appropriate h(r) for p > 7

then leads to the conclusion that parallel Dp-branes do not exert forces on one another.

The p = 7 case also requires more care - see [91] for details.

As one would expect, the solution tends to flat space as r → ∞, where h(r) ∼ 1.

One can then approach the Dp-brane stack by sending r → 0, where h(r) ∼ r−7+p to

first order, which in most cases (with p ̸= 3) gives rise to singularities, with the horizon

at r = 0 singular - which is expected to be resolved in the full string theory description.

The behaviour in this limit was made more precise in [14], where for a Dp-brane wrapping

someM1,p manifold, the metric and dilaton should be diffeomorphic to one of the following

forms (to leading order)

Dp brane: ds2 ∼ r
7−p
2 ds2(M1,p) + r

−7+p
2

(
dr2 + r2ds2(B8−p)

)
, eΦ ∼ r

(3−p)(−7+p)
4 ,

Dp smeared

on B̃s
: ds2 ∼ r

7−p−s
2 ds2(M1,p) + r

−7+p+s
2

(
dr2 + ds2(B̃s) + r2ds2(B8−p−s)

)
, eΦ ∼ r

(3−p)(−7+p+s)
4

(1.1.32)

where B8−p is a compact base one integrates over to get the D-brane charge and B̃s is

some manifold the brane is smeared over (i.e. where it is not localized). The authors of

[14] also include analogous results for O-planes, which we omit here.

Notice that when p = 3, the dilaton is constant, and the D3 solution describes an

AdS5 × S5 geometry

D3 brane: ds2 ∼ ds2(AdS5) + ds2(S5), eΦ ∼ 1, F5 = f5vol(S
5) (1.1.33)

ds2(AdS5) = r̃−2
(
ds2(M1,p) + dr̃2

)
, r̃ = r−1,

with the D3 brane wrapping five-dimensional Anti-de Sitter space, AdS5 (which has con-

stant negative curvature). In this case, the horizon has a finite size. This example is then

particularly pertinent in the AdS/CFT correspondence.

In the case of NS5 branes, one can use S-duality to deduce the correct solution from

(1.1.30), given by

ds2NS5 = ds2(M1,5
|| )+ h(r) (M4

⊥), eΦ = gs h(r)
1
2 , H = 2Nvol(S3), h(r) = 1+N

l2s
r2
.

(1.1.34)
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As in the D-brane case, the solution tends to flat space in the r → ∞ limit. Approaching the

NS5 brane stack, taking r → 0, one finds h(r) ∼ r−2 to first order. One can then propose

the NS5 branes have analogous behaviour to (1.1.32), wrapping some M1,5 manifold in the

following manner,

NS5 brane: ds2 ∼ ds2(M1,5) + r−2
(
dr2 + r2ds2(B3)

)
, eΦ ∼ r−1, (1.1.35)

NS5 smeared

on B̃s
: ds2 ∼ ds2(M1,p) + rs−2

(
dr2 + ds2(B̃s) + r2ds2(B3−s)

)
, eΦ ∼ r

s−2
2 ,

with B3 the compact base integrated over to find the NS5 charge and B̃3−s some manifold

over which the brane is smeared. Comparing these results explicitly with the D5 brane,

governed by (1.1.32), one can observe that the dilaton in each description behaves inversely,

and the D5 brane has an additional multiplicative factor of r
2−s
2 ∼ eΦ out the front of the

whole metric with respect to the NS5 case. This demonstrates explicitly that NS5 branes

are not D-branes, we will see further evidence of this shortly.

Effective action

Dp-branes are dynamical objects, with a mass per unit volume, feeling the force of gravity

and responding to the various background fields present in the theory. The shape and

location of the D-brane then change accordingly. One can view such dynamics as being

controlled by the open strings that end on the D-brane, whose dynamics are themselves

dependent on the background fields. One can then derive an action on the world-volume

of the Dp-brane which describe these dynamics (and added to (1.1.20) as a source term).

The bosonic part for the effective world-volume action of a Dp-brane has two compo-

nents, the ‘Dirac-Born-Infeld’ (DBI) term, SDBI , and the ‘Wess-Zumino’ (WZ) (or ‘Chern-

Simons’) term, SWZ , [91, 92, 101–103]

SDp = SDBI + SWZ, SDBI = Tp

∫
e−Φ

√
det(g|Dp + F) dp+1w,

SWZ = ∓Tp
∫
Dp
C|Dp ∧ e−F , F = B2|Dp + 2πf̃2, Tp =

1

(2π)plp+1
s

, (1.1.36)

where f̃2 is the fields strength of a U(1) gauge field living on the D-brane world-volume, Tp

is the p volume tension (controlling the D-branes response to influences trying to change

its shape, energy etc), and C is the poly-form potential (1.1.10). Following the notation

used in [91], the operation |Dp is included to make clear that the metric, gMN , and all

forms in space-time have a ‘pull back’ (a restriction) to the (p+ 1)- dimensional Dp-brane

world volume (labelled wµ). This involves contracting each index M with ∂µx
M , where
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µ = 0, ..., p runs over the Dp world-volume. In the case of the metric, we have

g|Dp = gµν = gMN∂µx
M∂νx

N . (1.1.37)

Fixing all fields to zero, except the background metric, gMN , the action reduces to

SDp = Tp

∫
e−Φ

√
det(g|Dp) d

p+1w, (1.1.38)

which measures the Dp- brane volume in spacetime.

The DBI action describes the coupling of the Dp-brane to the NSNS fields. It requires

the additional component, F , describing the Electromagnetic fields on the fluctuating Dp-

brane. The need for this additional term becomes clear when considering T-duality, under

which the B2 potential mixes with the metric. One then requires a richer action to (1.1.38)

in order to account for the dependence on B2 when T-dualising to either a D(p + 1)-

or D(p − 1)- brane. The preservation of spacetime gauge invariance then requires the F
component to be a gauge invariant field strength on the Dp world-volume, with dF =

H|Dp . Because one has the freedom to perform the gauge transformation (1.1.18), B2

is not itself gauge invariant. Hence, F requires an additional world-volume gauge field,

f̃2 = − 1
2πdΛ1|Dp in order to account for this gauge transformation. The exact form of the

DBI action can be derived either by considering the σ- model (as it was originally derived),

where it is essentially fixed by the Dp-branes behaving like relativistic particles (see [103]),

or by using T-duality to build up the action (see for example [92][101]). The full DBI

action then obeys the rules of T-duality, as it should.

The WZ term describes the coupling of the Dp-brane to the RR poly-form potentials.

When F = 0, the only relevant potential is Cp+1, where

SWZ = ∓Tp
∫
Dp
C|Dp = ∓Tp

∫
wp+1

Cp+1|Dp = ∓Tp
∫
CM0..Mp∂0x

M0 ...∂px
Mp , (1.1.39)

which is simply the integral over the components of Cp+1 which span the (p+1)- dimensional

world-volume, wp+1, of the Dp-brane. This term then calculates the charge of the Dp brane,

with the brane tension, Tp, corresponding to a charge density. Hence, the elementary charge

of the RR Cp+1 field is the Dp-brane - analogous to the electron for the electric field.

When F ̸= 0 (with F0 = 0), the Dp brane couples to additional RR potentials, Ck,

with k < p, as follows

SWZ = ∓Tp
∫
Dp
C|Dp ∧ e−F = ∓Tp

p+1
2∑

k=0

(−1)k

k!

∫
wp+1

Cp+1−2k ∧ Fk. (1.1.40)

For example, for a D2- and D4- brane, one finds the following WZ actions

SWZ,D2 = ∓Tp
∫
D2

(
C3−F ∧C1

)
, SWZ,D4 = ∓Tp

∫
D4

(
C5−F ∧C3+

1

2
F ∧F ∧C1

)
.

(1.1.41)
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In the D2 case, since C1 couples to a D0 brane, the additional term should be interpreted

as the presence of some D0-brane distribution on the D2. In fact, the D0-brane cannot

be localized to a particular position within the D2, due to the integral over the whole D2

world-volume - the D0-brane is then said to be ‘smeared’ over the worldvolume of the D2.

This is a manifestation of the ‘Myers effect’. Consequently, the D2 charge contains a D0

charge - referred to as a ‘D2/D0 bound state’. The same arguments hold for the second

example, where the D4 charge includes in general D2 and D0 charge. For the purposes of

solutions considered in this work, where F ∧ F = 0, the WZ actions clearly simplify. We

will discuss the Dp-brane charge in more detail in the next subsection.

It is worth noting that when F0 ̸= 0, one must use an alternative form for the WZ

action. This will not be necessary for our purposes, so the interested reader is directed to

the discussion given in Section 1.3.3 of [91].

The∓ factor out the front of theWZ action refers to the freedom to embed the Dp world-

volume differently, by either flipping the sign of one of the coordinates or by exchanging

the order of two coordinates in the wedge product - this is then related to the orientation

of the Dp-brane. Since the sign of the overall charge density is swapped, one interprets

this as an anti-Dp-brane. By convention, one uses − for branes and + for anti-branes.

One can include the SDp action in the full ten-dimensional supergravity actions (1.1.20),

by introducing delta functions via the form

δDp ≡ δ(x1)...δ(x9−p)dx1 ∧ ... ∧ dx9−p, (1.1.42)

such that, for example∫
Dp
C|Dp =

∫
wp+1

Cp+1|Dp =

∫
Cp+1 ∧ δD9−p . (1.1.43)

Varying the full action with respect to Cp+1, the Bianchi identity gains an additional source

term on the right-hand side. In the F = 0 case, this reads

dHF8−p = ∓2κ210TpδD9−p , (1.1.44)

and for the NS5 brane, one has a similar effective action, with

dH = −2κ2TNS5δNS5, TNS5 =
1

(2π)5l6s
. (1.1.45)

The right hand side of these Bianchi identities then correspond to the hodge duals of

brane source currents, which lead to deriving the charge of a Dp-brane. This is where our

attention will now turn.
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Flux quantization and the Page charge

In field configurations with only one non-trivial potential, which we will denote with a

tilde, one has

F̃p+2 = dCp+1, dF̃8−p = 0, (1.1.46)

in which the Bianchi identity, in the presence of a source, is dual to some current

dF̃8−p = ⋆jDp , ⇒ d(⋆jDp) = 0. (1.1.47)

From (1.1.12), one finds that the field strengths which couple to a Dp- and D(6−p)- brane
are dual to one another in the following manner

Fp+2 = (−1)[
p+2
2

] ⋆ F8−p. (1.1.48)

With the conservation law given in (1.1.47), and using Stoke’s theorem,∫
Sk

dαk−1 =

∫
∂Sk

αk−1, (1.1.49)

the electric (and magnetic) charges associated with the Dp- and D(6−p)- brane then read,

Tp = TM6−p =

∫
V 9−p

⋆jDp =

∫
S8−p

⋆F̃p+2,

T6−p = TMp =

∫
V p+2

⋆jD(6−p)
=

∫
Sp+2

⋆F̃8−p, (1.1.50)

with the right hand side of each relation equivalent to the usual definition of charge, defined

using a generalization of Gauss’ law - surrounding the Dp- and D(6−p)- branes by an S8−p

and Sp+2 sphere, respectively.

One can check that the Dp-brane charge is consistent with the generalization of the

Dirac quantization argument of Electromagnetism. The wave function ψ of an electrically

charged Dp-brane in the field of the magnetic D(6− p)- brane, takes the form

ψ = exp
(
i T6−p

∫
E
C7−p

)
ψ, (1.1.51)

where E is the equator of the S8−p sphere, and topologically equivalent to the S7−p sphere.

The S8−p is divided into two semi-spheres, U8−p
N , U8−p

S , with the integral over each defined

by Stoke’s theorem, and in fact differing by an integral over the full S8−p,∫
E
C7−p =

∫
U8−p
N,S

F̃8−p, with

∫
U8−p
N

F̃8−p−
∫
U8−p
S

F̃8−p =

∫
S8−p

F̃8−p = (−1)[
p+2
2

]Tp.

(1.1.52)

Using two different C7−p for each semi-sphere, which differ by a large gauge transformation,

C7−p → C7−p + Λ7−p,
T6−p
2π

∫
S7−p

Λ7−p ∈ Z, (1.1.53)
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the inconsistency between the two semi-spheres vanish. With a well defined wave function,

exp
(
i T6−p

∫
E
C7−p

)
= 1, ⇒ T6−p

∫
E
C7−p = 2π n n ∈ Z, (1.1.54)

one then finds

(−1)[
p+2
2

]T6−pTp = T6−p

∫
S8−p

F̃8−p = 2π n, ⇒ QDp =
1

(2π ls)7−p

∫
S8−p

F̃8−p ∈ Z,

(1.1.55)

which gives the quantization condition for a p-brane charge, first presented in [104]. Al-

though the above arguments were presented using spheres, one is free to use a more general

Σ8−p subspace. Of course, as we are surrounding the Dp- brane with Σ8−p and using a

generalization of Gauss’ law, this subspace needs to be closed. For further discussions, see

[91, 92, 105–108].

In the case of a general field configuration, the twisted field strengths, Fp, and its

‘modified’ Bianchi identity, dFp − H ∧ Fp−2 = 0, complicate the usual notion of charge -

giving rise to the three alternative options, outlined in [109]. One can define: a ‘brane source

charge’, which is gauge invariant, localized but not quantized or conserved; a ‘Maxwell

charge’, which is gauge invariant, conserved but not quantized or localized; and a ‘Page

Charge’, which is conserved, localized and quantized, but not large gauge invariant. This

third option will become the most important, first considered by Page in [110], before being

introduced to type IIA in [109] (see also [111]) and to type IIB in [112]. Let us review these

different notions of charge a little further.

The first option is the ‘Brane source charge’, in which the Bianchi identity (1.1.44) is

the dual to some current ⋆jBSDp

dHF8−p = dF8−p −H ∧ F6−p = ⋆jBSDp , QBSDp ∼
∫
V 9−p

⋆jBSDp , (1.1.56)

each associated with a brane. The left hand side tells us that the current is both gauge

invariant and localized (as it vanishes away from a source), so is associated with the external

brane sources of the supergravity. However, this charge is expected to be non-quantized -

as it is not conserved. That is, taking the external derivative using (1.1.6),

d(⋆jBSDp ) = −dH∧F6−p+H∧dF6−p = −⋆jBSNS5∧F6−p+H∧
(
⋆jBSD(p+2)+H∧F4−p

)
, (1.1.57)

means that both NS5 branes and D(p+ 2)-branes are sources for the charge, with

dH = ⋆jBSNS5. (1.1.58)

The second option is the ‘Maxwell charge’, which is defined to be simply the exterior

derivative of Fp

dF8−p = ⋆jMax
Dp = ⋆jBSp −H ∧ F6−p, QMax

Dp ∼
∫
V 9−p

⋆jMax
Dp =

∫
Σ8−p

F8−p, (1.1.59)
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in which the H ∧ F6−p component from the Bianchi identity is considered as a source for

the field strength (so carries charge). This current is both gauge invariant and conserved.

However, as it is carried by bulk fields, it is not localized to a brane.

The final option is the ‘Page Charge’, defined through writing the Bianchi identity as

an exterior derivative. First, in the simple cases of a D4- and NS5- brane, one can write

d(F4 −B ∧ F2) = ⋆jPageD4 , dH = ⋆jPageNS5 ≡ ⋆jBSNS5, (1.1.60)

which is identified as a current in the presence of a source, and otherwise corresponds to

the source free Bianchi identities

dF4 −H ∧ F2 = 0, dF2 = 0 and dH = 0, (1.1.61)

with

QPageD4 ∼
∫
V 9−p

⋆jPageD4 =

∫
Σ8−p

(F4 −B ∧ F2), QPageNS5 ∼
∫
V 9−p

⋆jPageNS5 =

∫
Σ8−p

H.

(1.1.62)

Notice from (1.1.60), one could have replaced B ∧F2 with H ∧C1. It was shown that both

options lead to the same Page charge in [109], as long as Σ8−p does not intersect any NS5-

or D6- branes.

This approach needs to be generalized a little further. In the case of a D2-brane for

instance, in order to reproduce the source free Bianchi identities, the left hand side requires

an additional component

d
(
F6 −B ∧ F4 +

1

2
B ∧B ∧ F2

)
=
(
dF6 −H ∧ F4

)
−B ∧

(
dF4 −H ∧ F2

)
+

1

2
B ∧B ∧ dF2,

with each term corresponding to a different Bianchi identity, leading to

d(F6 ∧ e−B) = (dHF6) ∧ e−B = ⋆jPageD2 , with F6 ∧ e−B = d(C5 ∧ e−B), (1.1.63)

where the second relation is easy to show. These results now naturally extend to a general

Dp-brane, defining the ‘Page flux’, F̂Page, in the following manner

F̂Page = F ∧ e−B = d(C ∧ e−B), (1.1.64)

with

d
(
F̂Page
8−p

)
=
(
dHF8−p

)
∧ e−B = ⋆jPageDp , (1.1.65)

reproducing (1.1.60) and (1.1.63) for p = 4 and p = 2, respectively. It then follows that

the Page current is conserved and localized, however it is not gauge invariant.

Due to the Maxwell current defined in (1.1.59), one can now associate the twisted field

strength F8−p, defined in (1.1.11), as a ‘Maxwell flux’, where

FMax
8−p ≡ F8−p = dC7−p −H3 ∧ C5−p. (1.1.66)
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In summary then, in terms of the Maxwell flux, the three currents read

⋆ jBSDp = dHF
Max
8−p , ⋆ jMax

Dp = dFMax
8−p , ⋆ jPageDp =

(
dHF

Max
8−p

)
∧ e−B, (1.1.67)

where one can observe

⋆ jPagep = (⋆jBSp ) ∧ e−B, (1.1.68)

which reproduces the various relations given in [111] [112] in a more general manner.

It is this Page charge which will become important when deriving the charge of Dp-

branes, as it is both localized and conserved. Actually, the Page charge is conserved only

in the absence of B field sources, namely in the absence of NS5- branes (where the B field

is ‘topologically trivial’ and can be smoothly contracted to zero throughout space). To

calculate the quantized Page Charge, one must integrate over the Page current,

QDp =
1

(2π ls)7−p

∫
V9−p

⋆jPagep =
1

(2π ls)7−p

∫
Σ8−p

F̂Page
8−p , (1.1.69)

with the overall factor giving integer quantization, as in (1.1.55). The quantized Page

charge for a Dp- and NS5- brane is then defined by

QDp =
1

(2π ls)7−p

∫
Σ8−p

d(C7−p ∧ e−B), QNS5 =
1

(2π ls)2

∫
Σ3

dB, (1.1.70)

which will then identify the number of each brane appearing in the solution.

In the presence of NS5 brane sources (with a ‘topologically non-trivial’ B-field), the

Page charge is no longer conserved throughout the entire space due to the large gauge

transformation of B. In [112], a D3- brane probe was inserted into the region of N coinci-

dent NS5 branes, defined by (1.1.34). The action for this D3 is then given by (1.1.36) for

p = 3 and F ∧F = 0, which include D1-branes living on the D3 probe. One can then vary

the action to derive the equations of motion. A D3 brane initially located to the left of

the NS5 brane stack, has (n−N) D1-branes connecting the D3 brane to the N coincident

NS5 branes. When the D3 brane is moved across the NS5 branes however, one finds n D1-

branes connecting the NS5 stack with the D3 brane. That is, N D1 branes are created by

passing the D3 across the stack of N NS5 branes. Hence, the D3 Page charge defined in two

neighbouring regions, separated by NS5 branes, exhibits a jump in charge corresponding

to the creation of D1 branes. This set of arguments then reproduce the ‘Hanany-Witten

effect’, first described in [113]. Further details are given in [112] - see also [114, 115].

One is then able to construct a pictorial representation of the various branes present in

the solution, with NS5 branes splitting the space into regions of varying D-brane charge.

These set-ups are known as a ‘Hanany-Witten diagram’, and play an important role in the

AdS/CFT correspondence.
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1.1.3 Dimensional reduction of M-Theory to Type IIA

Let us now discuss dimensional reductions of M-Theory to type IIA, which is only possible

if the M-Theory contains a compact U(1) direction, S1, of period 2π. One can ignore any

dependence on this circle by taking it to be small, allowing the theory to be described by

ten dimensional fields. This procedure gives rise to a massless type IIA theory, as one is

unable to switch on F0 under the reduction.

The eleven dimensional metric, g11MN , generates under the reduction a ten dimensional

metric, g10MN , a vector field, gM 10 = CM (identified with C1), and a scalar, g10 10 = Φ

(identified with the dilaton). The eleven-dimensional three-form potential, AMNP , then

generates a three-form potential, CMNP (identified with C3), and a two-form potential,

AMN 10 = BMN (identified with B2). The eleven dimensional gravitino, ψMα, generates

a pair of spinors with both chiralities in ten dimensions, ψMα = ψ1
M , ψMα̇ = ψ2

M , ψ10α =

λ1, ψ10α̇ = λ2 (identified with the IIA gravitinos and dilatinos). A summary of this discus-

sion is as follows

g11MN →


g10MN

gM 10 = CM

g10 10 = Φ

AMNP →

CMNP

AMN 10 = BMN

ψMα →



ψMα = ψ1
M

ψMα̇ = ψ2
M

ψ10α = λ1

ψ10α̇ = λ2

.

(1.1.71)

For a dimensional reduction along a U(1) direction, ψ (which is not to be confused with

the spinor notation), the formula reads

e−
2
3
Φds2IIA = ds2 − e

4
3
Φ(dψ + C1)

2, A3 = C3 +B2 ∧ dψ. (1.1.72)

Under these identifications, the eleven dimensional action (1.1.1) becomes the massless IIA

action given in (1.1.20) (with F0 = 0). In addition, one needs to make the identification

κ211 = κ210Lψ, with Lψ is the size of the S1 direction coming from the integral over dψ.

For a constant gs = eΦ, the tension of the action (1.1.36) effectively becomes T̃p = e−ΦTp =

g−1
s Tp. Hence, as gs becomes small, the D-branes become heavy. We then see that the

mass of D0-branes follow from the form of T̃p, where for k D0-branes

mD0 =
k

lsgs
⇒ Lψ = 2π lsgs, (1.1.73)

which implies the size of the eleventh U(1) dimension, Lψ. For a constant dilaton, the

Planck length becomes lP = g
1
4
s ls, with

Lψ ≪ lP (gs ≪ 1), Lψ ≫ lP (gs ≫ 1), (1.1.74)

hence, for weak coupling the size of the S1 is sub-Planckian (with an unclear meaning

physically) and for strong coupling the S1 size becomes macroscopic. Hence, one should
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view these eleven- and ten- dimensional effective actions as useful in the strong coupling

(gs ≫ 1) and weak coupling (gs ≪ 1) regimes, respectively. Given that the string coupling,

gs, is dynamically generated by the string, one can conclude from Lψ that the dimension

of spacetime itself is dynamically generated.

The concept of compactifying a theory on some S1 was first considered by Kaluza [116]

(and refined by Klein [117]) decades before string theory, in an attempt to unify gravity with

Electromagnetism, by adding an additional U(1) dimension to the usual four-dimensional

GR. In that case, in an analogous manner to (1.1.71), the five-dimensional metric, with

topology Mink4 × S1, became the usual four-dimensional metric, gµν (describing gravity),

a vector field, gµ4 (proportional to the Aµ of Electromagnetism in four dimensions) and

an additional scalar, g4 4 (giving rise to massive spin two fields). The spin two fields are

known as Kaluza-Klein (KK) modes and have a tower of masses,

mk =
2π k

LS1

, (1.1.75)

with LS1 the size of the S1. Due to the analogous behaviour between mD0 (1.1.73) and

the masses (1.1.75), the D0-branes are interpreted as KK modes.

One can generalise the reduction formula (1.1.72), introducing a constant, X ∈ Z

(preserving periodicity), in the following manner

e−
2
3
Φds2IIA = ds2 − e

4
3
Φ

X2

(
d(X ψ) +X C1

)2
, A3 = C3 +

1

X
B2 ∧ d(X ψ), (1.1.76)

where one reduces with respect to (X ψ), with C1 → X C1, e
4
3
Φ → 1

X2 e
4
3
Φ and B2 → 1

XB2.

Branes Recall that M-theory contains M2 branes (charged under A3) and M5 branes

(charged under A6). Using the reduction formula (1.1.72), we see that A3 contains within

it both C3 and B2. Hence, performing the dimensional reduction on an M2 brane extended

along the S1 direction, ψ, one derives a one-brane which is charged under B2. The only

object in type IIA with this dimension is the fundamental string, F1, with TF1 = LψTM2.

In addition, when the M2 brane is extended along a transverse direction to ψ, the D2-

brane is recovered which is charged under C3, with TD2 = TM2. In a similar manner, we

see the A6 contains a B6 and C5. Hence, an M5-brane extended along the S1 derives a five-

brane charged under B6, which must be the NS5, with TNS5 = TM5. For an M5 extended

transversely to ψ, one recovers the D4-brane charged under C5, with TD4 = LψTM5.

M2 →

F1D2
M5 →

D4

NS5
. (1.1.77)

The D6 branes of type IIA are magnetically charged under C1, which from the reduction

formula (1.1.72), is pure geometry - forming part of the eleven dimensional metric.
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1.1.4 T-Duality

A string theory containing at least one S1 direction (with abelian isometry group U(1))

contains a duality called (abelian) T-duality (ATD)- which in the case of type II super-

gravity, exchanges IIA and IIB theories. Under such a duality, both theories contain an

S1 direction but the radii of each is inversely proportional. The natural extension is to

consider non-abelian T-duality (NATD), which generalises ATD to non-abelian isometries

of the background, however things aren’t so nice in these cases.

Abelian T-Duality (ATD) The rules for abelian T-Duality, often called the ‘Buscher

rules’ were first presented by Buscher in [118]. In this work however, we will utilise the

form of the T-Dual rules presented in [119] (see also [93]), corresponding to an abelian

T-duality along a U(1) direction, y, with the following Type IIA decomposition (denoted

by A)

ds210,A = ds29,A + e2C
A
(dy +AA

1 )
2, BA = BA

2 +BA
1 ∧ dy,

FA = FA
⊥ + FA

|| ∧ EyA, EyA = eC
A
(dy +AA

1 ),
(1.1.78)

with the RR fluxes split into parallel, ||, and orthogonal, ⊥, components with respect to

the one-form EyA. Consequently, the rank of FA
⊥ is one higher than FA

|| . Performing a

T-duality along y then defines the type IIB solution (denoted by B) in terms of the type

IIA components, by the following identifications

ds29,B = ds29,A, ΦB = ΦA − CA, CB = −CA,

BB
2 = BA

2 +AA
1 ∧BA

1 , AB
1 = −BA

1 , BB
1 = −AA

1 ,

FB
⊥ = eC

A
FA
|| , FB

|| = eC
A
FA
⊥ ,

(1.1.79)

with the IIB solution built using the analogue of (1.1.78), namely

ds210,B = ds29,B + e2C
B
(dy +AB

1 )
2, BB = BB

2 +BB
1 ∧ dy,

FB = FB
⊥ + FB

|| ∧ EyB, EyB = eC
B
(dy +AB

1 ).
(1.1.80)

Of course, to derive the IIA T-dual of a type IIB theory, one must simply switch A ↔ B in

the steps above. One can then show that performing the T-duality for a second time will

simply re-derive the original theory, and hence corresponds to a symmetry of string theory

- for instance, FA
⊥ = eC

B
FB
|| = eC

B
eC

A
FA
⊥ = e−C

A
eC

A
FA
⊥ = FA

⊥ . One can perform a ‘TsT

transformation’ by T-dualising once, followed by an appropriate SL(2,R) transformation in

the new solution, before T-dualising again. This has the effect of introducing an additional

parameter into the original theory.

From the identifications (1.1.79), one can see that the parallel and orthogonal RR flux

components are switched under the T-duality, resulting in the rank of the two components,
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F|| and F⊥, increasing and decreasing by one, respectively. This property is associated with

the behaviour of Dp-branes under T-duality, which become D(p−1)- (or D(p+1)- ) branes

when the T-duality is performed on a direction along (or orthogonal to) the Dp-brane

world-volume. In fact, there is a deeper explanation in terms of Dirichlet and Neumann

boundary conditions of the open string, which are exchanged under T-duality.

Non-Abelian T-Duality (NATD) The obvious extension to ATD is to generalize T-

duality to non-abelian isometries of the background (isometries with the structure of a

non-abelian group). Historically, NATD was first developed for pure NSNS fields by de la

Ossa and Quevedo [120], before being extended to non-vanishing RR fields with an SU(2)

isometry subgroup (and put on a similar footing to the Buscher rules for ATD) by Sfetsos

and Thompson [121]. Extensions beyond SU(2) isometries were then studied in [119, 122].

Under a NATD, the symmetries of the compact manifold over which the transformations

are made are not preserved under the transformation. That is, performing a NATD on a

theory with an SU(2) isometry derives a new solution which no longer preserves the original

SU(2) isometry. This means, unlike in the ATD case, one cannot transform back to the

original theory by performing a second NATD. Hence, NATD should not be interpreted as

a symmetry of string theory, but as a solution generating method. Natural questions then

arise regarding the dual field theories of NATD backgrounds - see for example [123].

1.2 Conformal Field Theory (CFT)

Conformal Field Theories (CFTs) are an important class of quantum field theories, giving

rise to exact results which would be difficult to obtain for massive theories. A CFT is

a field theory which is invariant under conformal transformations, which is a coordinate

change σα → σ̃α(σ) such that the metric remains invariant up to an overall scale

gαβ → Ω2(σ)gαβ(σ). (1.2.1)

Hence, the physics of a CFT is invariant of length scale, and concerned only with angles

(not distances). We only focus on giving a brief review of 4d N = 2 SCFTs, for further

details see for example [92, 106, 124].

1.2.1 RG flow and the β-function

Given that CFTs are independent of length scale, they form a fixed point of the renormal-

ization group. One can then perturb the CFT by adding deformations to the action, which
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then controls the RG-flow away from the fixed point,

S = SCFT + g

∫
ddx O, (1.2.2)

with g the coupling (of dimension ∆g) and O a scalar primary field (of dimension ∆ =

d−∆g). This gives rise to three classes of deformation [124, 125]:

� Relevant (∆ < d): deformations relevant at low energies, with the IR physics flowing

away from the CFT fixed point - changing the CFT dynamics. This flow is named

the ‘renormalised trajectory’, and only stops when it hits a new CFT. Here, ∆g > 0.

� Irrelevant (∆ > d): deformations irrelevant at low energies, with the IR physics

converging to the CFT fixed point - retaining the CFT dynamics. These deformations

form a ‘critical surface’ surrounding the fixed point. Here, ∆g < 0.

� Marginal (∆ = d): In this case, g is dimensionless, ∆g = 0. This case is more subtle

and can be sub-divided into further categories - as once the theory is perturbed

under marginal deformations, the dimension of ∆g can change under the RG due to

quantum corrections (which induces a beta-function for the coupling g) [126]:

– Exactly Marginal: the coupling ∆g = 0 is unaffected by the RG. These

deformations simply define a new CFT, flowing along a more extended fixed

point region, such as a fixed line.

– Marginally relevant: the coupling ∆g, along with the perturbation, grows

stronger under the flow to IR, ∆g > 0, behaving similarly to relevant operators.

– Marginally irrelevant: the coupling ∆g, along with the perturbation, grows

weaker under the flow to IR, ∆g < 0, behaving similarly to irrelevant operators.

Hence, one finds that a perturbation by an exactly marginal operator O gives rise to a

family of CFTs close to the original fixed point. If more than one of these operators exist,

one can have a conformal manifold, which requires the beta function to vanish for all

couplings, gi, in (1.2.2),

β(gi) = 0. (1.2.3)

Such solutions are difficult to come by without supersymmetry. In the d = 4 N = 1

case, Leigh and Strassler [127] explained how beta functions for gauge and superpotential

coupling are related, therefore implying the existence of marginal operators and a conformal

manifold. A more powerful approach was then given in [128]. Within the context of the

AdS/CFT correspondence, conformal manifolds are mapped to AdS supergravity vacua -

see for instance [129, 130].

The flow on a renormalized trajectory is highly converging, with distinct physical sys-

tems starting from different points in the theory space all flowing towards the same region.
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As a result, UV physics becomes very challenging from an IR perspective, as there is little

hope of extracting any details [125]. This is natural as one would expect information loss

flowing from the UV to the IR. The c theorem makes these ideas more precise. The c

function is a quantity defined at conformal fixed points, and corresponds to the central

charge of the CFT [124]. It was proven by Zamolodchikov [131] in two-dimensions, that

with reasonable assumptions, dc(t)dt ≤ 0 under an RG flow. Here, c(t) is the central charge

and t = − log
( µ
Λ

)
. Hence, the c(t) function is a monotonically decreasing function which

goes between the central charges of UV and IR CFTs. This proves that the RG flow is

irreversible here, and consequently, that the c(t) function can be used as a measure of the

number of degrees of freedom of the CFT at fixed points - see [132].

1.2.2 N = 2 SCFTs

In 1994, the work of Seiberg and Witten [133] made an important contribution to the study

into N = 2 dynamics, in which field theory information was encoded by the ‘Seiberg-

Witten curve’. In 2009, using the knowledge that many N = 2 CFTs are obtained by

compactifications of six dimensional N = (0, 2) theories on a Riemann surface containing

punctures, Gaiotto generalised these ideas to the conformal case in [134] - in which an

N = 2 SCFT can be studied using the moduli space of punctured Riemann surfaces [90].

In the case of an N = 2 CFT4 with the product gauge group SU(N1)× ...×SU(NP−1),

with k ∈ [1, P − 1], the theory is made up of

� (P − 1) N = 2 vector multiplets - with gauge group SU(Nk).

� (P − 2) hypermultiplets - which transform in the fundamental of SU(Nk) and the

anti-fundamental of SU(Nk+1), known as ‘bifundamental matter’.

� Fk hypermultiplets - which transform in the fundamental of each gauge group SU(Nk),

with flavour groups represented by SU(Fk) (noting flavour symmetries are global not

gauge).

One can construct a linear quiver diagram, given in Figure 1.1, which defines the Lagrangian

of the field theory. Here, the lines connecting the nodes represent the bi-fundamental

matter, the circular nodes represent the colour symmetry (the gauge nodes) and the square

nodes the flavour symmetries (which are global).
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F1 F2 FP−1

N1 N2 NP−1. . .

Figure 1.1: Linear Quiver of N = 2 SCFT

For a linear quiver to be conformal with 8 supercharges, the beta function must vanish

for some loop factor, λ, namely

β = (2Nc −Nf )λ = 0, (1.2.4)

which then imposes the condition that the number of colours, Nc, must be double the

number of flavours, Nf , for each gauge node

2Nc = Nf ⇒ 2Nk = Fk +Nk+1 +Nk−1, k ∈ [1, P − 1], (1.2.5)

with Fk the number of fundamentals. So the rank of each gauge node, Nk, is half the

number of fields that transform in the fundamental of Nk (and act as fundamental fields

for Nk), namely Fk, Nk+1 and Nk−1.

Hence, for a conformal field theory, the quiver diagrams must be finely tuned in order

to satisfy (1.2.5). Quivers satisfying this condition are called ‘balanced’. In cases where

2Nc > Nf and 2Nc < Nf , the quivers are referred to as ‘underbalanced’ and ‘overbalanced’,

respectively (see for instance [24] for some examples of overbalanced quivers).

Following the arguments outlined in [38] (see also [90]), one can define forward and

backward discrete ‘lattice derivatives’, ∂+Ni and ∂−Ni (as in lattice QFT),

∂+Nk = Nk+1 −Nk, ∂−Nk = Nk −Nk−1, (1.2.6)

which, from the condition above, leads to

Fk = 2Nk −Nk+1 −Nk−1 = ∂−Nk − ∂+Nk = −∂+∂−Nk = −∂+sk , (1.2.7)

where the number of flavours, Fk, are a kind of discrete double derivative of the number

of colours, Nk, with the discrete first derivative describing some discrete slope sk = ∂−Nk.

Given that Fk is positive, it follows from basic calculus that a plot of the various values of

Nk must be convex, with the slope decreasing with increasing k.

One can actually extend this discussion by encoding the information about the colour

and flavour nodes into the definition of a ‘rank function’, R(η), which then describes the

physics of the CFT. Here η is a parametrization of the ‘theory space’, with η ∈ [0, P ], and
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� R is a continuous, linear by pieces function.

� The discontinuities of the slope s = R′ occur at integer values of η.

� R is a convex function for which the gradient (or slope) between each discontinuity

must be integer valued, and decrease in magnitude with increasing k.

� R(0) = R(P ) = 0.

The number of fundamentals is then the double derivative, F = −R′′, and one has

R(η) =


N1η η ∈ [0, 1]

Nk + (Nk+1 −Nk)(η − k) η ∈ [k, k + 1] ,

NP−1(P − η) η ∈ [P − 1, P ] 0 1 2 . . . P − 2 P − 1 P

N1

N2

R(η)

η

F1 F2 FP−2 FP−1

N1 N2 NP−2 NP−1. . .

R′(η) =


N1 η ∈ [0, 1]

(Nk+1 −Nk) η ∈ [k, k + 1]

−NP−1 η ∈ [P − 1, P ]

,

R′′(η) = −(2N1 −N2)δ(η − 1)− (2N2 −N1 −N3)δ(η − 2)...

(1.2.8)

0
1 2 P − 1 P

N1
N2 −N1

NP−1 −NP−2

−NP−1

...

R′(η)

η

0 1 2 . . . P − 1 P

2N1 −N2

R′′(η)

η

Figure 1.2: The generic continuous, linear by pieces and convex rank function, R(η), and

its first and second derivatives - encoding the linear quiver and Young diagram.

Clearly the rank function, R(η), encodes the rank of each gauge node, Nk (hence

the name); the double derivative, R′′(η) = −F , encodes the number of fundamentals for a

balanced quiver, F1 = 2N1−N2, F2 = 2N2−N1−N3 etc; and the slope, R′(η), is a stepwise

decreasing function. The position of each flavour in the quiver diagram corresponds to a

change in slope of the rank function. Hence, if a flavour node is missing from the quiver

diagram, the slope remains the same as the previous value.
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The stepwise nature of the slope R′(η) then visually defines two Young diagrams,

constructed from the positive slope terms on the left and the negative slope terms on the

right. A depiction of this is included in Figure 1.2.

Central charges In the case of 4d supersymmetric field theories, there are two possible

c-functions, labelled a and c. In the case of 4d N = 2 SCFTs with long linear quivers,

which contain Nv vector multiplets and Nh hypermultiplets, one has (see [135] [136])

a =
5Nv +Nh

24π
, c =

2Nv +Nh

12π
. (1.2.9)

In the work of Komargodsky and Schwimmer [132], they demonstrated that (under reason-

able assumptions) a is monotonically decreasing towards the IR - namely, da(t)dt ≤ 0. As a

result, the quantity a can be used to measure the number of degrees of freedom of the CFT.

In the holographic limit, in which the generic gauge rank, N , and linear quiver length, P ,

tend to infinity (corresponding to the supergravity approximation), it was shown that

a = c as N,P → ∞, (1.2.10)

due to the corrections being suppressed by 1/N and 1/P contributions (see for example

[137]). In the holographic limit, this quantity has been shown to match a string theory

quantity called the ‘holographic central charge’. This was done using localisation and

matrix model techniques in [138]. We will return to this discussion in the next section.

Generalized quivers It is worth noting the discussion on generalized quiver field the-

ories provided in [26], which look like ordinary quivers but with additional TN factors

(drawn as a triangular node). Here they interpret (1.2.9) as either a computation of (a, c)

as above, or alternatively as the definitions of Nv and Nh for some arbitrary theory. Here,

the theory still remains an N = 2 SCFT, however the integer nature of Nh and Nv can be

broken more generally. These no longer correspond to the number of fields, and are simply

viewed as a way to parametrize a and c. See [139] for continuous quivers.

Marginal deformations to N = 1 SCFTs Finally, we comment on the work of [90]

where they investigate the marginal deformation of anN = 2 SCFT. It proved useful here to

express the theory in terms of N = 1 multiplets. They use the idea of R-symmetry mixing

with flavour symmetries, and find the marginal deformation which breaks N = 2 → N = 1

is due to different interactions between the fields and different global symmetries. They

then present the R-charge and superpotential term.

Note, see the work of [140] for exactly marginal deformations of the SCFT3 case.
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1.2.3 Soft-SUSY breaking

Soft-SUSY breaking involves adding SUSY breaking terms to the effective Lagrangian.

If supersymmetry is then broken spontaneously at some high energy scale, the effective

Lagrangian below such a scale would be considered a ‘softly’ broken supersymmetric theory.

See for example [45] for further details. The soft-SUSY breaking of 4d N = 2 SCFTs

was analysed in [141], where the representation theory of the superconformal algebra was

employed (see [142]). The (bosonic) global symmetries of 4d N = 2 SCFTs take the form

SO(2, 4)× SU(2)R ×U(1)R ×GF ,

with SO(2,4) the 4d conformal group, the SU(2)R ×U(1)R component is the R-symmetry

of the theory, and GF represents other global symmetries, such as the flavour symmetries.

A highest weight state is given by |∆, R, r, j1, j2⟩, with ∆ the scaling dimension, R the

SU(2)R charge, r the U(1)R charge, and (j1, j2) left and right spin for SO(1,3)∼SO(4)∼
SU(2)× SU(2). The short representations were classified in [143], [144].

For our purposes, we are only interested in the Coulomb branch operators, E(r,0,0),
which have the following component fields: a scalar, A; a spinor, Ψi, in the fundamental

of SU(2)R; scalars, B(ij), in the adjoint of SU(2)R; an anti-self-dual two form, Fαβ; a

spinor, Λi, in the fundamental of SU(2)R; and a scalar, C. Here we are interested in the

[∆, SU(2)R,U(1)R] values of the scalar components, (A,B(ij), C), as they can give rise to

deformations of the theory. From [141], one has

A B(ij) C

∆ r r + 1 r + 2

SU(2)R 0 1 0

U(1)R r r − 1 r − 2

with deformations in (1.2.2) taking the form

δS = gi

∫
d4x Oi.

SUSY Global Symmetry ∆

O1 : B(12) + cc N = 0 SU(2)R r + 1

O2 : B(11) + cc N = 1 2
rU(1)R + (2− 2

r )I3 r + 1

O3 : B(22) + cc N = 1 2
rU(1)R − (2− 2

r )I3 r + 1

In the case of marginal operators, one should pick r = 3 such that ∆ = d = 4.

Deformations with O1 breaks the supersymmetry completely to N = 0, but inherits a

preserved SU(2) global symmetry from the R-symmetry. Deformations with O2 and O3

preserve N = 1 SUSY, and in the case of marginal deformations (with r = 3), inherits

U(1) = 2
3 (U(1)R ± 2I3) R-symmetry.
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1.3 The AdS/CFT correspondence

The original example of the AdS/CFT correspondence was constructed in 1997 by Mal-

dacena [10], stating an equivalence between type IIB string theory on AdS5 × S5 and 4d

N = 4 super Yang-Mills. Here the same physics is described using the two different lan-

guages, with the dynamics and Hilbert spaces agreeing on both sides. Notably, AdSd+1

has an isometry group which is isomorphic to the conformal group of flat Minkowski space,

Mink1,d−1. See for example [145–147] for more detailed discussions on the topic.

1.3.1 Duality Toolbox

We now list some key methods used within Part II to gain insight into the dual CFTs.

Hanany-Witten & Linear Quivers

� On the CFT side: the physics is encoded by linear quiver diagrams which are

encapsulated by the rank function, with R(η) defining the rank of each colour sym-

metry (the circular nodes) and R′′(η) defining the rank of each flavour symmetry

(the square nodes).

� On the Supergravity side: One can build Hanany-Witten diagrams from the brane

set-up of the solution, with the number of each brane encoded in the rank function of

the dual CFT. Here, R(η) defines the number of colour D-branes and R′′(η) defines

the number of each stack of flavour branes.

The Holographic Central charge

� On the CFT side: it is a key characteristic quantity - the Free Energy of the CFT

on S4, counting the number of degrees of freedom.

� On the Supergravity side: it measures a weighted effective volume of the internal

manifold - see [87, 137, 148–150] for further details.

Given a supergravity solution, to calculate this internal volume, one can use the method-

ology outlined in [87]. Given a metric of the form

ds2 = α(ρ,
#»

θ )
(
dx2

1,d̂
+ β(ρ)dρ2

)
+ gij(ρ,

#»

θ )dθidθj , (1.3.1)

one defines

Vint =

∫
d

#»

θ

√
det[gij ]e−4Φαd̂, H = V 2

int, (1.3.2)
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for which the corresponding holographic central charge, chol, is given by

chol =
d̂d̂

GN
βd̂/2

H
2d̂+1

2

(H ′)d̂
, (1.3.3)

where GN = 8π6α′4g2s = 8π6 (in the units α′ = gs = 1). This supergravity calculation

will then correspond to the central charge of the dual CFT in the holographic limit (in

which, from the rank function, (N,P ) → ∞). In the case of the N = 2 SCFTs, there

are two central charges (1.2.9), a and c, which tend to the same value in this limit, and is

reproduced by the above calculation in the dual supergravity.

Interestingly, it was demonstrated in [87] that the volume form of the holographic

central charge remains invariant under an ATD. Using the Büscher rules [118], they show

g̃xx =
1

gxx
, Φ̃ = Φ− 1

2
ln(gxx), ⇒ e−2Φ̃

√
g̃xx =

e−2Φ+ln(gxx)

√
gxx

= e−2Φ√gxx. (1.3.4)

This result which becomes clear in this work, where we find the holographic central charge

remains intact in ATDs from type IIA to type IIB. Note that the NATD case was also

considered, see [87] for further details.

In the literature, various results for the holographic central charge have been calculated

for diverse MinkD dimensions (with D = d̂ + 1). These results are written in terms

of Rn which is related to the rank function of the dual quiver, R(η) - see for example

(1.4.17). In these backgrounds, the solutions depend on a partial differential equation

(along with boundary conditions), which when solved using separation of variables, leads

to solutions which depend on the rank function. We will review this explicitly for the

Gaiotto-Maldacena class of solutions in the next section. Summarising some literature, we

find

� Mink6: In [150], they found

chol6D = − 2

38π6

∫ P

0
α(η)α′′(η)dη, with

α′′(η)

81π2
= R(η) =

∞∑
n=1

Rn sin

(
kπ

P
η

)
,

⇒ chol6D =
P 3

π4

∞∑
n=1

R2
n

n2
,

(1.3.5)

where α′′′(η) = −162π3F0. Integrating twice leads to the final result for chol6D .

� Mink5: In [32], they found

chol5D =
1

2π4

∞∑
n=1

na2n, with an =
P

2πn
Rn,

⇒ chol5D =
P 2

8π6

∞∑
n=1

R2
n

n
.

(1.3.6)
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� Mink4: In [90], combining equations appropriately leads to

chol4D =
Pπ3

27

∞∑
n=1

R2
n. (1.3.7)

� Mink3: In [20], combining equations in a totally analogous way to the Mink5 case

above, one gets

chol3D =
π

27

∞∑
n=1

nR2
n. (1.3.8)

These results then inspire a proposed general expression for the holographic central charge

in MinkD-dimensions, which we derive in Appendix A.1, namely (with N0 = NP = 0)

cholD = coeff(D)

∞∑
n=1

PD−3

nD−4
R2
n

= coeff(D)
2PD−1

π4

P∑
j,l=1

bjbl Re

[
LiD

(
e

iπ
P
(j−l)

)
− LiD

(
e

iπ
P
(j+l)

)]
,

(1.3.9)

with the Polylogarithm Function, Lis(z), and the Riemann Zeta Function, ζ(s), defined as

follows

Lis(z) =
∞∑
n=1

zn

ns
, with Lis(1) = ζ(s) =

∞∑
n=1

1

ns
, Lis(−1) =

∞∑
n=1

(−1)n

ns
= ζ(s)

(
21−s−1

)
.

(1.3.10)

For the full expression including off-sets (namley, including N0, NP ̸= 0), see (A.1.15). This

expression proves useful in calculations, which we will see explicitly in the next section

within the context of the Giatto-Maldacena class of solutions.

Spin 2 fluctuations

� On the Supergravity side: One can study particular (and consistent) excitations

of the supergravity metric, along the directions of the AdS.

� On the CFT side: This simple fluctuation is associated with states of spin two in

the dual CFT.

These excitations have been investigated for SCFTs of various dimension, with [151] a

precursor to this work.

In the case of an AdS5 geometry, following the work of [152–154], written in Einstein

frame,

ds2E = e2AEds2(AdS5) + ds2(M5), (1.3.11)
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with spin-two fluctuations only along the AdS5 component of the metric, where the d = 10

coordinates are labelled XM = (xµ, ya),

ds2E = e2AE

[(
g̃µν(x) + hµν(x, y)

)
dxµdxν + g̃ab(y)dy

adyb
]
, (1.3.12)

with the condition that the fluctuation hµν is written in terms of a tensor that is both

transverse and traceless, namely

hµν(x, y) = h[tt]µν (x)F(y), ∇̃µh[tt]µν = 0, g̃µνh[tt]µν = 0. (1.3.13)

As is discussed in [152, 154], the fluctuation of the Maxwell and Dilaton equations are

satisfied trivially. However, the Einstein equations lead to the following condition,

0 = ∇̃σ∇̃σhµν + 2hµν + ∇̃a∇̃ahµν + 8∇̃aA∇̃ahµν

= ∇̃σ∇̃σhµν + 2hµν + e−8AE∇̃a
[
e8AE∇̃ahµν

]
:= ∇̃σ∇̃σhµν + 2hµν + L(hµν),

(1.3.14)

with hµν acting like a scalar for ∇̃a. This is then the equation of motion for a graviton

(with mass M) propagating on AdS5, given by the ‘Pauli-Fierz’ equation

∇̃σ∇̃σhµν = (M2 − 2)hµν , (1.3.15)

meaning

L(hµν) = −M2hµν . (1.3.16)

For some scalar fluctuation F , using (1.3.14)-(1.3.16), we have

L(F) =
e−8AE√
g̃M5

∂a

(
e8AE

√
g̃M5 g̃

ab∂bF
)
=

1√
g̃M5

∂a

(√
g̃M5 g̃

ab∂bF
)
+ 8g̃ab∂aA∂bF .

(1.3.17)

We will investigate explicit AdS5 examples in Section 4.1.7, where we rely on these results

- given in [152–155].

1.4 The Gaiotto-Maldacena (GM) Class

In order to construct a holographic dual description to the 4d N = 2 SCFTs reviewed in

Section 1.2.2, the supergravity solution must contain an AdS5 factor with an SU(2)R ×
U(1)R R-symmetry and eight Poincaré supercharges. Hence, the solution should contain

an S2 and S1, giving rise to an SO(2, 4)× SU(2)R × U(1)R bosonic isometry group. The

most generic eleven-dimensional candidate was found by Lin-Lunin-Maldacena (LLM) in

[25], which we now briefly review.
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1.4.1 Lin-Lunin-Maldacena (LLM)

The class of N = 2 AdS5 solutions found by Lin-Lunin-Maldacena (LLM) in [25], read

ds211

κ
2
3

= e2λ
[
4 ds2(AdS5) + y2e−6λds2(S2) +

4

1− y∂yD
(dχ̃+Aadx̂

a)2 − ∂yD

y

(
dy2 + eD(dx̂21 + dx̂22)

)]
,

Aa = ϵab∂x̂bD, e−6λ = − ∂yD

y(1− y∂yD)
, (1.4.1)

and has a purely magnetic four-form G4

G4 = 2κ

[
(dχ̃+Aadx̂

a)∧d(y3e−6λ)+ y(1− y2e−6λ)dAa∧dx̂a−
1

2
∂y eDdx̂1∧dx̂2

]
∧vol(S2),

(1.4.2)

noting that the AdS5 and S2 metrics have a unit radius, χ̃ ∈ [0, 2π], and the quan-

tity κ indicates the size of the space. The bosonic isometry group of this solution is

SO(2, 4)×SU(2)R×U(1)R, with the latter two factors realising the N = 2 R-symmetry

of the solution. The LLM class of backgrounds then depend on a single function and its

derivatives, D = D(y, x̂1, x̂2), which satisfies the Toda equation

∇2
(x̂1,x̂2)

D + ∂2ye
D = 0. (1.4.3)

This equation is supplemented with boundary conditions - specified at y = 0 and y = yc,

where the S2 and the circle (dχ̃+Aadx̂
a) shrink smoothly, respectively. Using the two sub-

manifolds, Σ4 = (y, x̂1, x̂2, χ̃) and Σ̂4 = (S2, x̂1, x̂2), the number of ‘colour’ and ‘flavour’

M5 branes are defined from the flux G4, see [90].

An additional U(1) isometry

One can transform (x̂1, x̂2) to a new pair of coordinates (r, β) via the following definitions

x̂1 = r cos β̃, x̂2 = r sin β̃, (1.4.4)

and imposing that β̃ is a U(1) isometry of the background, with β̃ ∈ [0, 2π]. The LLM

class then takes the form

ds2

κ
2
3

= e2λ
[
4 ds2(AdS5) + y2e−6λds2(S2) +

4

1− y∂yD

(
dχ̃− r

2
∂rDdβ̃

)2
− ∂yD

y

(
dy2 + eD(dr2 + r2dβ̃2)

)]
,

G4 = κ

[
− d(2y3e−6λ) ∧ dχ̃+

(
d

(
e−6λ y2

∂yD
r∂rD

)
− ∂y(e

D)r dr + r∂rDdy

)
∧ dβ̃

]
∧ vol(S2),

(1.4.5)

with D = D(r, y) now satisfying

1

r
∂r(r∂rD) + ∂2ye

D = 0, e−6λ =
−∂yD

y(1− y∂yD)
. (1.4.6)
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The new isometry is generated by a special distribution of punctures (leading to D6 branes

in Type IIA), due to a smearing of M5 branes [90], and moves the cohomogeneity-three

backgrounds into backgrounds of cohomogeneity-two.

1.4.2 Gaiotto-Maldacena (GM)

From the AdS5 N = 2 solutions of Lin-Lunin-Maldacena (LLM) [25], one can derive the

Gaiotto-Maldacena (GM)[26] electrostatic form of the solution from (1.4.5), with bosonic

isometry group SO(2, 4)×SU(2)R×U(1)R and magnetic four-form, G4, via what is called

the ‘Bäcklund transformation’

r2eD = σ2, y = V̇ , log(r) = V ′, (1.4.7)

which replaces (r, y) with (σ, η). Hence, the resulting class of electrostatic GM solutions

which we will now review is only a special case of the more general LLM class given in

(1.4.1). The transformation from (1.4.5) is given explicitly in Appendix B.1, where we

show that the U(1) directions (χ, β) of the GM class are not exactly equivalent to the U(1)

directions (χ̄, β̄) of the LLM solutions. They are in fact related in the following manner

(χ, β) → (χ̃+ β̃, − β̃), (1.4.8)

which is a subtlety first pointed out in [27, 28, 61].

Following this transformation, the resulting N = 2 AdS5 metric and potential A3 (with

magnetic four form G4 = dA3) are then defined as follows

ds211 = f1

[
4ds2(AdS5) + f2ds

2(S2) + f3dχ
2 + f4

(
dσ2 + dη2

)
+ f5

(
dβ + f6dχ

)2]
,

A3 =
(
f7dχ+ f8dβ

)
∧ vol(S2),

(1.4.9)

and an SU(2)R × U(1)R R-symmetry, realised by the U(1) isometries and the presence of

the S2 (with SU(2) isometry), where we use

ds2(S2) = dθ2 + sin2 θdϕ2, vol(S2) = sin θ dθ ∧ dϕ, (1.4.10)

with θ ∈ [0, π], ϕ ∈ [0, 2π]. With this parametrization, it is easy to see this class of solutions

have three U(1) directions, (∂β, ∂χ, ∂ϕ). This will become important in our analysis given

in Part II. The GM metric has an AdS5 component, realising the SO(2, 4) isometries of the

background and suggesting a 4d N = 2 SCFT dual. The warp factors fi = fi(η, σ) are all

functions of (η, σ) alone, allowing the isometries of the background to be respected. The

range of these coordinates are η ∈ [0, P ] (with P finite) and σ ∈ [0,∞). As it turns out, by

imposing the preservation of eight Poincaré supersymmetries [25], these eight warp factors
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can all be written in terms of a single potential V (η, σ) and its derivatives (along with a

constant κ), as follows

f1 = κ
2
3

(
V̇ ∆̃

2V ′′

) 1
3

, f2 =
2V ′′V̇

∆̃
, f3 =

4σ2

Λ
, f4 =

2V ′′

V̇
, f5 =

2ΛV ′′

V̇ ∆̃
,

f6 =
2V̇ V̇ ′

V ′′Λ
, f7 = −4κV̇ 2V ′′

∆̃
, f8 = 2κ

(
V̇ V̇ ′

∆̃
− η

)
,

∆̃ = Λ(V ′′)2 + (V̇ ′)2, Λ =
2V̇ − V̈

V ′′ ,

(1.4.11)

where

V̇ ≡ σ∂σV, V ′ ≡ ∂ηV. (1.4.12)

This was a very powerful realisation, as it allows the complicated BPS system of eight non-

linear coupled PDEs (corresponding to the eight warp factors) to be simplified down to a

single linear PDE, namely the following cylindrically symmetric d = 3 Laplace equation

for V (η, σ)
1

σ
∂σ(σ∂σV ) + ∂2η ≡ V̈ + σ2V ′′ = 0. (1.4.13)

This plays the analogous role to the Toda equation in the LLM class. In order for the metric

to remain regular as the S2 shrinks (up to some Zk orbifold singularities), the appropriate

boundary conditions were found in [26] (see also [90])

V̇
∣∣∣
η=0,P

= 0, V̇
∣∣∣
σ=0

= R(η). (1.4.14)

Due to this Laplace equation, one now has an Electrostatic description of the background

(1.4.9), where a line of charge, with charge density, R(η), is positioned at σ = 0 and

extended along η (with two parallel plates at η = 0, P ). See Figure 1.3 for a depiction.

σ

η

0

∞

PR(η)

Figure 1.3: Electrostatic problem with a line of charge positioned at σ = 0 and extended

along η ∈ [0, P ], with two parallel conducting plates at η = 0, P . The charge density is

defined by the function R(η).

The charge density, R(η), is then highly constrained by the boundary conditions and

the quantisation of flux. To this end, one finds that R must be a continuous, linear by

pieces and convex function, with R(0) = R(P ) = 0. In addition, the discontinuities of
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R′ must occur at integer values of η, and the gradient between each discontinuity must

be integer valued. These conditions then match the description of the rank function given

above (1.2.8), with

R(η) =


N1η η ∈ [0, 1]

Nk + (Nk+1 −Nk)(η − k) η ∈ [k, k + 1]

NP−1(P − η) η ∈ [P − 1, P ]

,

0 1 2 . . . P − 1 P

N1

N2

R(η)

η

where the η axis has been divided into P unit cells, with k = 0, .., P − 1. Hence, the

charge density of the supergravity description is related to the rank function of the dual

quiver, R(η) (which encodes the physics of the dual CFT). This is a non-trivial result, as

it relates the supergravity coordinate, η, with the ‘field theory space’. We will discuss this

relationship a little further for the case of the type IIA reduction.

Approaching σ = 0 for some generic η, and making use of the laplace equation (1.4.13),

one finds V̈ = 0 to leading order. Consequently, one finds that the sub manifold (σ, χ)

will vanish as R2 in polar coordinates. Using the boundary conditions (1.4.14), the metric

component then becomes

f4dσ
2 + f3dχ

2 → 2V ′′

R(η)

(
dσ2 + σ2dχ2

)
, with V̇

∣∣∣
σ=0

= R(η). (1.4.15)

Approaching the loci of the R′ discontinuity, with η = k and σ = 0, the sub-manifold

(σ, η, χ, β) tends to a R4/Zbk orbifold singularity, where

bk = R′(k − 1)−R′(k) = 2Nk −Nk+1 −Nk−1, (1.4.16)

which is the difference in gradient between either side of the discontinuity. We will discuss

orbifolds more in Section 1.5. In order to investigate the remaining boundaries of the

space, one needs to define a specific solution of the Laplace equation. We will return to

this analysis more thoroughly in Part II for type IIA and type IIB daughter solutions.

Particular solutions

Solutions to the Laplace equation (1.4.13) include a recursive solution presented in [90] (an

extension to the approach of [156][157]) as well as three interesting potentials presented in

[61]. However, in this work we adopt the the solution discussed in [158, 159], which defines
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a potential over the whole range of σ by using the separation of variables

V (σ, η) = −
∞∑
n=1

Rn sin

(
nπ

P
η

)
K0

(
nπ

P
σ

)
,

Rn =
2

P

∫ P

0
R(η) sin

(
nπ

P
η

)
dη =

2P

(nπ)2

P∑
k=1

bk sin
(nπ k
P

)
, bk = 2Nk −Nk+1 −Nk−1,

(1.4.17)

where K0 is a modified Bessel function of the second kind. This solution indeed satisfies

the necessary boundary conditions (1.4.14). In general, the rank function can be written

as a Fourier series, as follows

R(η) =
∞∑
n=1

Rn sin

(
nπ

P
η

)
. (1.4.18)

Using the integral representation of the Bessel function, one can rewrite the potential

(1.4.17) in the following way

K0

(
nπ

P
σ

)
=

∫ ∞

0

cos(nπP σ t)√
t2 + 1

dt ⇒ V (σ, η) = −
∫ ∞

0

R(u)√
(u− η)2 + σ2

du, (1.4.19)

using (1.4.18) and u = η + σ t, with full details given in Appendix A of [90]. This is now

the form of an electric potential for an odd-extended density of charge, R, at a point (σ, η)

along the η axis. This demonstrates the interpretation as an electrostatic problem, with R
a density of charge.

It will prove useful to us later, when investigating the boundary of daughter Type IIA

solutions, to introduce an alternative form for V̇ , shown to be equivalent in [158]

V̇ =
π

P

∞∑
n=1

nRnσ sin

(
nπ

P
η

)
K1

(
nπ

P
σ

)
, (1.4.20)

=
1

2

∞∑
m=−∞

P∑
k=1

bk

(√
σ2 + (η − 2mP + k)2 −

√
σ2 + (η − 2mP − k)2

)
,

where bk = 2Nk −Nk+1 −Nk−1. Along the σ = 0 boundary, the m = 0 contribution gives

rise to the odd extension of R, defined in the interval η ∈ [−P, P ]. Due to the remaining

values of m, it then becomes 2P periodic for η ∈ R.

1.4.3 N = 2 preserving reduction to Type IIA

Using the reduction formula (1.1.72), one can dimensionally reduce the d = 11 GM solution

(1.4.9) along one of the three U(1) directions, (β, χ, ϕ). As it turns out, one can only

preserve the full N = 2 supersymmetry under a β reduction. This will be made more clear

in Chapter 3, where we also consider new parametric deformations of the following class
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of solutions, which break some or all of the supersymmetry. For now, we review the β

reduction case, which derives the following N = 2 solution

ds2 = f
3
2
1 f

1
2
5

[
4ds2(AdS5) + f2ds

2(S2) + f4(dσ
2 + dη2) + f3dχ

2

]
,

e
4
3
Φ = f1f5, H = df8 ∧ vol(S2), C1 = f6dχ, C3 = f7dχ ∧ vol(S2),

(1.4.21)

with Φ the dilaton and the gauge invariant (Maxwell) fluxes F2 = dC1, F4 = dC3−H ∧C1

and H = dB2. The equations of motion and Bianchi identities (1.1.21)-(1.1.24) (with F0 =

0) are implied by their d = 11 equivalents. The warp factors fi are defined in (1.4.11), and

will remain consistent with this definition throughout this work (unless specified otherwise).

For a positive metric, one has the requirement V̇
V ′′ > 0 (except at the boundaries) - see for

example [158][159]. It was proven in [31] that (1.4.21) is the most general type IIA AdS5

solution to admit an SU(2) R-symmetry, associated with the S2.

From the flux content and the discussions around (1.1.77), the solution contains D6-,

D4- and NS5- branes, magnetically charged under C1, C3 and B2, respectively. Recall

from Section 1.1.2, to calculate the quantized charges for these branes, one requires the

Page flux and Page charge, given in (1.1.64) and (1.1.70) respectively. Re-written here for

clarity, they read

F̂Page = F ∧ e−B = d(C ∧ e−B), QDp =
1

(2π ls)7−p

∫
Σ8−p

F̂Page
8−p , QNS5 =

1

(2π ls)2

∫
Σ3

dB.

One can define B2 in terms of an integration constant, k,

B2 = (f8 + 2κ k)vol(S2) = 2κ
(1
4
V̇ f5f6 − (η − k)

)
vol(S2), (1.4.22)

where k can shift according to large gauge transformations of B2, so need not be fixed

globally. In other words, k is able to change as one traverses the internal space. This will

become important when investigating the charge of D6 branes on the σ = 0 boundary. The

Page charges then read

F̂Page
2 = d(f6) ∧ dχ, F̂Page

4 = 2κ d
(
f6(η − k)− 2

V ′′
f2
f5

)
∧ dχ ∧ vol(S2), (1.4.23)

which are clearly closed locally. To derive the higher form Page fluxes (such as F̂6 etc), it

proves easier to use the method of G-structures. We will present them clearly in Section

3.4.1, following the review of G-structures given in Section 2.

Recall that the d = 11 solution contained R4/Zbk orbifold singularities, positioned at

the loci of the discontinuities of R′. Following the reduction to IIA, in which the M-theory

circle spanned by β vanishes, one finds stacks of bk D6 branes at these loci. In other

words, the D6- branes live at special (integer) points along the η direction, corresponding

to the different kinks of the rank function. Calculating the charge of the D6 branes leads
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to the requirement that the integration constant takes integer values, k ∈ Z, and hence

corresponds to the position of the kinks. A schematic diagram is given in Figure 1.4, with

the location of the D6-branes represented by red dots.

σ

η

0 k − 1 k k + 1

∞

P

R(η)

Figure 1.4: An electrostatic problem with a line of charge positioned at σ = 0 and extended

along η ∈ [0, P ], with two parallel conducting plates at η = 0, P . The charge density is

defined by the rank function R(η), which has now been schematically overlaid in grey. The

red dots correspond to the position of the D6 branes, which lay along the σ = 0 at the

positions of the kinks of the rank function, k ∈ Z.

This can be seen from the Bianchi identity for the F2 given in (1.4.21),

dHF2 = (∂σ∂η − ∂η∂σ)f6 dσ ∧ dη ∧ dχ, (1.4.24)

which is of course zero in general, with ∂σ∂ηf6 = ∂η∂σf6. However, one needs to be a

little more careful here. Approaching the σ = 0 boundary, and using the laplace equation

(1.4.13), V̈ → 0 to leading order. Then, using the boundary condition R(η) = V̇
∣∣∣
σ=0

and

the warp factors (1.4.11), one finds in this limit

C1

∣∣∣
σ→0

= f6

∣∣∣
σ→0

dχ = V̇ ′
∣∣∣
σ→0

dχ = R′(η)dχ, (1.4.25)

which we recall is a discontinuous function along η. Taking the derivative carefully, and

noting the form of R′′(η) given in (1.2.8), one can calculate F2 along this boundary

F2

∣∣∣
σ→0

=

P−1∑
k=1

(
R′(k)−R′(k − 1)

)
dη ∧ dχ = −

P−1∑
k=1

bk δ(η − k)δ(σ)dη ∧ dχ, (1.4.26)

which one could integrate appropriately to derive the D6 charge, with bk = (2Nk−Nk+1−
Nk−1). Hence, it is the discontinuities in R′(η) which lead to source terms for D6 branes in

the F2 Bianchi identity, with ∂σ∂ηf6 ̸= ∂η∂σf6 at these loci. In contrast, one finds C3 and

B2 are independent of f6, and consequently the rank function, so the Bianchi identities for

F4 and H contain no source terms,

dH = (∂σ∂η − ∂η∂σ)f8 dσ ∧ dη ∧ vol(S2) = 0,

dHF4 = dF4 −H ∧ F2 = d(C3 −H ∧ C1)−H ∧ F2 = d(dC3)
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= (∂σ∂η − ∂η∂σ)f7 dσ ∧ dη ∧ dχ ∧ vol(S2) = 0, (1.4.27)

where we note that in the latter case, the contribution from F2 is eliminated using the

Leibniz identity (1.1.6) (and using dH = 0). Hence, the only dynamical (physical) objects

in the background are D6 branes, with the NS5 and D4 branes considered pure flux.

Calculating the page charges of these branes carefully, leads to

QNS5 = − 1

(2π)2

∫
S3

H = P, QkD4 = − 1

(2π)3

∫
S2×S̃

2
F̂Page
4 = Nk −Nk−1,

QkD6 = − 1

2π

∫
S̃2

F̂Page
2 = bk = 2Nk −Nk+1 −Nk−1, (1.4.28)

which match the results given in [90]. We will derive these results in a more careful manner

in Section 3.4.2, where we investigate the (σ, η) boundary of the solution and provide the

exact definitions of these cycles. However, it is worth noting here that the stack of NS5

charges live at the σ → ∞ boundary, whereas the D6 and D4 branes lie along σ = 0.

The total charge of the D6 and D4 branes then obey

QD6 =
P−1∑
k=1

QkD6 = NP−1 +N1, QD4 =
P−1∑
k=1

QkD4 = NP−1. (1.4.29)

In the case of the D4 branes however, this total charge includes both the ‘true’ colour D4-

branes present in the background, and the charge of the D4-branes induced on the D6 and

NS5 branes via the Myers effect. There is in fact only Nk ‘true’ D4 charge in the [k, k+1]

interval, and the total charge of D4-branes which avoids this over-counting, proven in [90],

then read

QTrue,k
D4 = Nk, QTotal

D4 =

∫ P

0
R(η)dη. (1.4.30)

The Holographic description

Important field theory results can be obtained by constructing Hanany-Witten diagrams

for the brane content. The solutions at hand have NS5, D4 and D6 branes, which all

extend along the Mink4 directions. The NS5 branes span two additional directions, which

following the conventions of [90], we will generically call (x4, x5). These directions then

realise SO(2) ∼ U(1)R rotations. When conformality is broken, these NS5 branes bend

in this plane, breaking the U(1)R component. The NS5 branes are placed along an x6

direction (corresponding to the η coordinate) at fixed integer locations, and are connected

by extended D4 branes along this direction. At low energies, this leads to an effective

field theory in four dimensions. In addition, there are D6 branes which extend along three

additional directions, (x7, x8, x9), which then realise the SO(3) ∼ SU(2)R invariance. The

SU(2)R×U(1)R R-symmetry of the dual CFT is thus realised. A summary of this discussion
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is given in the following table, with the dual CFT spanning the Mink4 components (and

separated with a bar).

x0 x1 x2 x3 x4 x5 x6 x7 x8 x9

D4: × × × × − − × − − −
D6: × × × × − − − × × ×
NS5: × × × × × × − − − −︸ ︷︷ ︸ ︸ ︷︷ ︸ ︸ ︷︷ ︸

SO(1, 3) SO(2) SO(3)

Constructing the corresponding Hanany-Witten diagram for this supergravity brane de-

scription allows for direct comparison with the dual CFT linear quiver description. This

is shown in Figure 1.5. Here, the integer quantization of charge clearly relates to the rank

of the colour and flavour nodes of the linear quiver. It is then clear that D6 branes should

be interpreted as ‘flavour branes’ with NS5- and D4- branes considered ‘colour branes’.

Hence, in these examples, the integer quantization of charge is related to the Lagrangian

nature of the dual field theory. The quiver structure correspond to strings connecting the

various D-branes - see for example [139]. Hence, for a given conformal quiver field theory,

one can construct the dual supergravity solution, with potential (1.4.17) and warp factors

(1.4.11), directly from the rank function of the dual quiver. This will satisfy the laplace

equation and associated boundary conditions, which will automatically solve the equations

of motion and Bianchi identities.

In fact, the holographic description is not trustable close to the D6 and NS5 branes,

which are singular points along the manifold defined by V (σ, η), with the curvature be-

coming very large close to these points. The idea of [159] was to take P (the range of η)

very large, to force these regions to only very small patches of the manifold, with the holo-

graphic description well defined otherwise. This corresponds to dealing with long linear

quiver diagrams in the dual CFT. In addition, the rank function can be scaled such that

the number of D4 and D6 branes increase independent of the number of NS5 branes. One

may wonder if large N CFTs are still conformal following 1
N corrections, in other words, if

going beyond supergravity the isometries of AdS5 (or S2×S1) are preserved. The SO(2,4)

symmetry was shown to survive 1
N corrections in [160], using a bottom-up perspective.
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⊗
F1 D6

⊗
F2 D6

⊗
FP−2 D6

⊗
FP−1 D6

1 2 3 P − 2 P − 1 P

x4,5

x6
x7,8,9

. . .
N1 D4 N2 D4 NP−2 D4 NP−1 D4

F1 F2 FP−2 FP−1

N1 N2 NP−2 NP−1. . .

Figure 1.5: The Hanany-Witten brane set-up of the supergravity description and the linear

quiver diagram of the dual 4d N = 2 SCFT. Here the vertical lines in the Hanany-Witten

diagram denote individual NS5 branes (of which there are P in total), the horizontal lines

denote D4 branes extended between NS5 branes and the crossed circles denote D6 branes

going into the page, with Fk = bk = 2Nk − Nk+1 − Nk−1. All branes share the Mink4

directions on which the dual field theory lives.

To calculate the holographic central charge, one should follow the methodology outlined

in (4.1.90), with d = 3 for the case at hand. Following through the calculation, which is

given in more detail in Appendix A.2, one finds

chol =
2κ3

π4

∫ P

0
R(η)2dη =

κ3

π4

∞∑
n=1

P R2
n, (1.4.31)

which then matches the results of [90] (up to an appropriate change of variables). The cen-

tral charge is clearly proportional to the area under R(η)2. Notice also that this expression

fits into the formalism of (1.3.9), with D = 4 (for a Mink4 solution) and

coeff(4) =
κ3

π4
. (1.4.32)

On the CFT side, one had two central charges, a and c, with expressions given in (1.2.9).

These central charges are defined in terms of the number of vector multiplets and hypermul-

tiplets in the dual quiver, Nv and Nh. As was just discussed, the holographic comparison

is only trustable for (N,P ) → ∞, which also gives a = c. See the two example quivers

given in Appendix A.1.1.
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1.4.4 The γ-deformations of NRSZ

In the work of Núñez, Roychowdhury, Speziali and Zacaŕıas (NRSZ) [90], marginally de-

formed backgrounds to the GM class of solutions were constructed in M-Theory, type IIA

and type IIB, containing a parameter, γ, which recovers the original N = 2 solutions (in

the first two cases) when fixed to zero. These solutions were then proposed as holographic

duals to the N = 1 SCFTs mentioned in Section 1.2.2. The supersymmetry of these so-

lutions were not explicitly checked in that work, however some light will be shed on this

matter in Chapter 6, using the method of G-structures. We postpone the presentation

of these solutions until then. Further analysis of these solutions was also conducted in

[161–163].

1.5 Spindles & Weighted Projective Spaces

Following the discussion given in Appendix B of [16] (which the reader is directed towards

for more details), an odd dimensional sphere, S2n+1 (for n > 0) can always be parametrized

as a U(1) bundle over the complex projective space, CPn, where

ds2(S2n+1) = ds2(CPn) + (dψn + ηn)
2, ds2(Sd) = dα2 + cos2 αdψ2 + sin2 αds2(Sd−2),

ds2(CPn) = dθ2n + sin2 θnds
2(CPn−1) + sin2 θn cos

2 θn(dψn−1 + ηn−1)
2,

with ds2(CP1) =
1

4
ds2(S2) =

1

4
(dθ21 + sin2 θ1dϕ

2
1), η1 = cos θ1dϕ1, (1.5.1)

for ψn a U(1) isometry and ηn = sin2 θn(dψn−1 + ηn−1) (spanning only the base). Note,

ds2(CP2) = dθ22 + sin2 θ2ds
2(CP1) + sin2 θ2 cos

2 θ2(dψ1 + cos θ1 dϕ1)
2 (1.5.2)

= dθ22 +
1

4
sin2 θ2(dθ

2
1 + sin2 θ1dϕ

2
1) + sin2 θ2 cos

2 θ2(dψ1 + cos θ1 dϕ1)
2.

Orbifolds These are manifolds which have been obtained from flat space, following some

identification of points under a discrete group of symmetries. Generally, this leads to sin-

gularities in the manifold, but remarkably the resulting string theory remains well behaved.

The simplest example, called R1/Z2, involves identifying points on the real line, R1, under

a reflection X ∼ −X, with the half line X ≥ 0 the fundamental region and X = 0 the

boundary (which is a fixed point). This orbifold has the property that applying the trans-

formation X → −X twice, returns the original coordinate, labelled using Z2. Alternatively,

one can obtain a two-dimensional cone as orbifolds in a similar fashion, labelled C/ZN , by
identifying points in the 2d (complex) plane, C, by images obtained by a rotation of 2π/N -

leading to fundamental domain which describes the surface of a cone, with the fixed point

(the origin) forming the tip of the cone. See for example [2, 108, 164] for more details.
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Spindles Another example of an orbifold is the ‘spindle’, WCP1
[n−,n+], which describes a

‘weighted complex projective space’ - with weights (n−, n+).
n+

n−

WCP1
[n−,n+]These manifolds have the topology of a 2-sphere with addi-

tional R2/Zn∓ orbifold singularities at the south/north poles,

with1 n− ̸= n+ and (n−, n+) relatively prime (or ‘coprime’)

positive integers - with2 gcd(n−, n+) = 1 [79]. These integers

define the ‘conical deficit angles’, φ∓, at each pole of the spin-

dle, with the sphere recovered for φ∓ = 0 (and n∓ = 1)3.

The conical deficit angle, φ±, describes the size of a sector removed from a 2d disc, with

the two leftover edges identified to form a cone. The bigger the value of φ±, the more

narrow the cone becomes -with the conical singularity vanishing for φ± = 0, see Figure 1.6

φ± = 2π
(
1− 1

n±

)
. (1.5.3) o

φ±

o

Figure 1.6: The conical deficit angle, φ± ∈ [0, 2π), which can be written φ± = 2π
(
1− 1

n±

)
for n± ∈ [1,∞). With φ± = 0 (and n± = 1), there is no conical (orbifold) singularity.

In recent years, spindles have received a lot of attention within the context of the near

horizon limit of D branes wrapping them and their dual CFTs. Examples include [61–80].

As a consequence of the spindle within these solutions, they find rational quantization of

D-brane charge! This is a consequence of the rational nature of the Euler characteristic,

χE , of the spindle, calculated using the Chern-Gauss-Bonnet theorem, for Σ = WCP1
[n−,n+]

Q =
1

2π

∫
Σ
F =

λ

n−n+
, λ ∈ Z, χE =

1

4π

∫
Σ
RΣ vol(Σ) =

n− + n+
n−n+

, (1.5.4)

where RΣ is the Ricci scalar of the spindle, with a general formula given in [165]. Note

χE = 2 for n− = n+ = 1, recovering the CP1. The discussions in [62] and appendix A of [79]

are particularly interesting. Two new mechanisms for the preservation of supersymmetry

were classified in [62, 63], called ‘twist’ (a topological topological twist) and ‘anti-twist’.

Mathematics literature, such as [81–85] (and references within), proves very useful.

Higher dimensional analogues exist, with the four dimensional version, WCP2
[1,1,2], also

appearing in the literature - see [29, 86]. Both WCP1 and WCP2 play a role in Part II.
1n− ̸= n+ describes a ‘bad’ orbifold (not covered by a manifold) with χE > 0 [81, 82]. Examples

requiring n− > n+ are discussed in [65, 66] - describing a ‘Besse’ spindle, see [81].
2Here ‘gcd’ stands for ‘greatest common divisor’. Note some literature uses ‘hcf’ for ‘highest common

factor’ - these are interchangeable terms. This condition leads to n− ̸= n+ for the spindle.
3If only n− = 1, the spindle becomes the n+-‘teardrop’, with only one orbifold singularity - see [82, 83]
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The Method Of G-Structures

Supersymmetric solutions of M-Theory or Type II supergravity must satisfy the necessary

supersymmetry conditions, usually given in terms of a spinor and metric, see for example

(1.1.26), as well as the Bianchi identities in each case. The technique of G-structures allows

one to recast these supersymmetry conditions in terms of non-spinorial and geometrical

objects - forms. In the G-structure analysis, we are interested in the internal space, so one

decomposes the metric into a ‘warp product’ of the external and internal components

ds2d = e2Ãds2(MinkD) + ds2(Md̃), d̃ = d−D, (2.0.1)

in which Ã is a function of the internal space, Md̃. We will follow the convention of

using Â ≡ Ã for d = 11, and A ≡ Ã for d = 10. This internal manifold, Md̃, is covered by

several coordinate systems (or ‘frames’), related to one another by coordinate changes called

‘Transition functions’ - generally in the groupGL(d̃,R) of invertible matrices. One can then

define a subset of these transition functions, which now form a subgroup G ⊂ GL(d̃,R),

as a ‘G-structure’ on Md̃. Hence, we are picking out a subset of frames, which are now

related to one another by the subgroup G. A G-structure is typically equivalent to a set of

invariant forms (J,Ω), but is also naturally defined by the stabilizer group of the spinor,

η, namely G = Stab(η) - the group of rotations that keep η invariant. This allows the

supersymmetry equations involving η to be recast in terms of these invariant forms [91].

As we have reviewed in the previous chapter, many supergravity solutions are known

with various AdSD+1 factors (of D spatial dimensions). One can utilise the Poincaré patch

to express these solutions within this warped product formalism, as follows

ds2(AdSD+1) = e2ρds2(MinkD) + dρ2. (2.0.2)

In the case of type II supergravity, solutions with a general MinkD factor can be decomposed

into a ‘warped product’ geometry, which following the conventions of [99], takes the form

51
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ds210 = e2Ads2(MinkD) + ds2(Md̃), (2.0.3)

F = g(d̃) + e4Avol(MinkD) ∧ ⋆d̃λ(g
(d̃)), H = eDAH3−D ∧ vol(MinkD) +H3,

with d̃ = 10 − D. In order for the isometries of MinkD to be respected, the functions

(e2A, H3, g
(d̃), H3−D) and dilaton, Φ, must only depend on the internal space Md̃ coordi-

nates, ym (with µ = 0, ..., D−1 andm = D, ..., d̃). The only non trivial H3−D is D = 1, 2, 3.

We will focus our attention on the supersymmetry conditions of solutions with a Mink4

factor. This presentation will be primarily aimed towards setting up the G-structure anal-

ysis for the d = 11 AdS5 GM solution (1.4.9), derived in Part II. This class of solutions

describe a Mink4 ×M7 background, with an SU(3) structure on M7, and dimensionally

reduces to Mink4 ×M6 backgrounds, with an SU(2) structure on M6. We will review this

G-structure analysis more generally, before discussing the G-structure description of the

LLM solution explicitly. These are the results which derive the GM G-structure analysis

presented throughout Part II. The interested reader is directed to [29, 30, 91, 166–170] for

more detailed and insightful discussions on the topic.

2.1 Mink4

In an M-Theory with Mink4 ×M7, one has the following warp product

ds211 = e2Âds2(Mink4) + ds2(M7), (2.1.1)

where Â is a function of the internal space, M7, coordinates. We decompose the spinors on

the external/internal parts of the space, as ϵ = ψ+ ⊗ θ+ +ψ− ⊗ θ− (following the notation

of [30]) where θ are 7 dimensional spinors, with θ+ = θ∗−.

In the case of Mink4 ×M6 supergravity, one would have the warp product

ds210 = e2Ads2(Mink4) + ds2(M6), (2.1.2)

with the function, A, and the field strengths depending only on the internal space coordi-

nates, M6, where

F = g + e4AVol(Mink4) ∧ ∗6λ(g), H = H3

Type IIA: g = F0 + F2 + F4 + F6, λ(g) = F0 − F2 + F4 − F6, (2.1.3)

Type IIB: g = F1 + F3 + F5, λ(g) = F1 − F3 + F5.

The ten dimensional (real) gamma matrices, ΓM , can now be decomposed in the following

manner

Γµ = eAγµ ⊗ 1, Γm = γ5 ⊗ γm, γ5 = i γ0123, (2.1.4)
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such that γµ are four dimensional and real, and γm are six dimensional and imaginary

(giving four Lorentzian and six Euclidean dimensions).

One can now decompose the spinors, (ε1, ε2), on the internal and external components

of the warped product geometry. We recall from (1.1.7) that these spinors have (+,−)

and (+,+) chirality in IIA and IIB, respectively. The decomposition will take the general

form ζ ⊗ η, with ζ living on Mink4 and η living on M6. Here we are interested in N = 1

solutions in four dimensions, requiring four independent Killing spinors, leading to

Type IIA: ϵ1(y) = ζ+ ⊗ η1+(y) + ζ− ⊗ η1−(y), ϵ2(y) = ζ+ ⊗ η2−(y) + ζ− ⊗ η2+(y),

Type IIB: ϵ(a)(y) = ζ+ ⊗ η
(a)
+ (y) + ζ− ⊗ η

(a)
− (y), (2.1.5)

for some generic constant (and automatically Weyl), ζ+, with the Majorana condition

ε = ε∗ satisfied for ζ− = (ζ+)
∗, η

(a)
− = (η

(a)
+ )∗. Hence, the N = 1 solution is associated to

two internal spinors (η1+, η
2
+). These will in general describe an SU(3)× SU(3) structure.

When plugging these decompositions back into the SUSY conditions given in (1.1.26),

one can factor out ζ from the equations. This then leads to six fairly ugly equations in terms

of η1,2, given in [171]. Hence, the original supersymmetry conditions then split into two

parts: an algebraic part and a differential part (see for example [166] for a nice discussion)

� Algebraic part: This condition corresponds to the existence of a non-vanishing

and globally well defined Spinor, η.

� Differential part: This corresponds to differential conditions on the spinor. In the

absence of flux, the six differential equations reduce to

∇Mη± = 0, (2.1.6)

with ∇M the Levi-Civita connection. This is the Killing Spinor equation, and deter-

mines the amount of supersymmetry a solution has by the number of spinors which

satisfy the equation. The more supersymmetry, the more structure is required on

the manifold. The Killing spinors which satisfy the Killing spinor equation are then

rotated into each other by the R-symmetry of the theory.

One can now re-write these conditions in a more elegant manner, in the language of gen-

eralized complex geometry and differential forms. The algebraic and differential parts of

the supersymmetry conditions become
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� Algebraic part: This is a topological requirement on the manifold1, and now implies

the existence of two nowhere vanishing, globally defined Clifford(6, 6) pure spinors,

Ψ+,Ψ−

Ψ+ ≡ η1+ ⊗ η2†+ , Ψ− ≡ η1+ ⊗ η2†− . (2.1.7)

Using the Clifford map (1.1.29), these are equivalent to the sum of forms

Ψ± =
∑
k

Ψ±k
, (2.1.8)

with k even and odd for Ψ+ and Ψ−, respectively.

� Differential part: The preservation of supersymmetry then imposes differential

conditions on the metric, derived from the Killing conditions via the Clifford map in

[166], for which the two pure spinors should satisfy

e−2A+ΦdH(e
2A−ΦΨ2) = 0, e−2A+ΦdH(e

2A−ΦΨ1) = dA∧ Ψ̄1+F, (2.1.9)

with an additional normalization requirement

d|a|2 = |b|2dA, d|b|2 = |a|2dA, where |a|2 = ||η1||2, |b|2 = ||η2||2. (2.1.10)

These equations are proven to be equivalent to the supersymmetric Killing condi-

tions, see [166, 171] for details, meaning they are considered necessary and sufficient

conditions for a supersymmetric solution. These conditions then contain the same

information as the supersymmetry variations given in (1.1.26) (and (2.1.6) in the ab-

sence of flux), and must be supplemented with the Bianchi identities and equations

of motion for the fluxes. The more supersymmetry a solution has, the more structure

is required on the manifold.

Writing this more schematically as in [98], we have

dHΨ2 = 0, dHΨ1 = FRR, (2.1.11)

Type IIA: Ψ1 = Ψ−, Ψ2 = Ψ+, Type IIB: Ψ1 = Ψ+, Ψ2 = Ψ−, (2.1.12)

with the conditions identical in form for type IIA and type IIB, under the exchange

Ψ± ↔ Ψ∓, FA ↔ FB, (2.1.13)

which follows from FRR having an even form in IIA and an odd form in IIB. Clearly

the pure spinors must transform in essentially the same manner under T-Duality as

the Ramond fields (1.1.78), this will become important to us later.

1That T ⊗ T ∗ must have an SU(3)× SU(3) structure.
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2.2 Example Structures

We now summarise some key (and relevant) examples. See [91, 166, 169] for further details.

Having two spinors on M6, η
1,2, describes an SU(3) × SU(3) structure. When η1 and

η2 are parallel, they describe an SU(3) structure - now defined by a single nowhere van-

ishing spinor η (which is covariantly constant in the case of a Calabi-Yau 3-fold). When

they are nowhere parallel, they define what is called a static SU(2) structure.

SU(3) Structure

An SU(3) structure on an M6 can be defined in three ways: via a metric and spinor

(g, η); a metric and a complex, decomposable and non-degenerate three-form (g,Ω); or a

real two-form and the complex three-form (J,Ω). Hence there is a bijection between the

descriptions, notably (g, η) ↔ (J,Ω).

In terms of the metric and the spinor, the differential condition (2.1.6) now read in

general (for non-zero flux)

∇mη = i qmγ7 η + i qmnγ
n η, γ7 = − i

6!
ϵmnpqrsγ

mnpqrs, (2.2.1)

defining some real valued qm and qmn - see for example [166, 172, 173].

Using the ‘Fierz identities’, one gets the mapping

Ωmnp = −η†−γmnpη+, η− = (η+)
c, Jmn = −i η†+γmnη+.

The following conditions are necessary

J ∧ Ω = 0, J ∧ J ∧ J =
3

4
iΩ ∧ Ω̄, (2.2.2)

with the positive definite metric defined as g = −JIΩ, and vol(M6) = − 1
3!J

3 = − i
8Ω ∧ Ω̄.

Here IΩ is an ‘Almost Complex Structure’ - that is, a tensor Imn with I2 = −1. This

allows one to embed the GL(d/2,C) ∈ GL(d,R). The stabilizer group is given as

follows

StabGL(d,R)(I) = GL(d/2,C), Stab(I) = O(d) ∩ GL(d/2,C) ∼= U(d/2),

so adding a metric on M6 means the stabilizer group of I is U(3). One then defines

J ≡ gI, or alternatively, g = −JI. To move to an SU(3) one requires a nowhere

vanishing holomorphic three-form Ω, with Ω → det(U)Ω and det(U) = 1. See [91]

for further details.
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One can then build the normalized pure spinors, as follows

Ψ+ = η+ ⊗ η†+ =
1

8
e−iJ , Ψ− = η+ ⊗ η†− = − i

8
Ω. (2.2.3)

The differential conditions then take the form

dJ =
3

2
Im(W̄1Ω) +W4 ∧ J +W3,

dΩ =W1J
2 +W2 ∧ J + W̄5 ∧ Ω,

(2.2.4)

where

(qm, qmn) ↔Wi, (2.2.5)

that is, the exterior derivatives of (J,Ω) given in (2.2.4) contains the same information

as the covariant derivative of the spinor, η, given in (2.2.1). Hence, in the SU(3) on M6

case, the existence of the real two-form and complex three-form, (J,Ω), corresponds to

the algebraic condition (2.1.7), with the exterior derivative (2.2.4) corresponding to the

differential condition (2.1.9).

In (2.2.4), Wi correspond to five ‘torsion classes’, which classify the geometry of the

manifold based on the ‘intrinsic torsion’ - see Table 3.1 of [167]. The intrinsic torsion is

then intimately linked with the flux. In the zero torsion case, for which all torsion classes

(and flux) are fixed to zero, one defines a Calabi-Yau 3-fold.

Finally, to generalize this discussion to an SU(3) structure on an M7, one must add a

real one-form, K, where

ds2(M7) = ds2(M6) +K2, vol(M7) = vol(M6) ∧K, (2.2.6)

so an SU(3) structure on an M7 is described by (J,Ω,K). As we will soon discuss, this is

the case for both the d = 11 LLM and GM solutions.

SU(d) in d = even Structure

More generally, this is extended to SU(d/2) in d = even dimensions. Here the structure is

specified by a real 2-form J and a complex d/2 form, Ω

Ω = E1 ∧ ... ∧ E
d
2 , J =

i

2

d/2∑
a=1

Ea ∧ Ēa, (2.2.7)

where Ea is a holomorphic vielbein Ea = ea + i ea+d/2, and the metric is defined by

g =

d/2∑
a=1

EaĒa. (2.2.8)
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Hence, for an SU(3) structure on M6, one has

ds2(M6) =
3∑

a=1

EaĒa, Ω = E1∧E2∧E3, J =
i

2
(E1∧E1

+E2∧E2
+E3∧E3

),

(2.2.9)

which then satisfies (2.2.2).

Another noteworthy example is an SU(2) structure on M4, which by (2.2.7), is defined

by a real two-form, j, and complex two-form, ω. The following necessary conditions are

then met

j ∧ ω = ω ∧ ω = 0, ω ∧ ω̄ = 2j ∧ j. (2.2.10)

To generalize to an SU(2) structure on anM6, one must gain two additional dimensions.

Extending the approach of (2.2.6) by adding now a complex one-form, z, one has

ds2(M6) = ds2(M4) + zz̄, z ≡ u+ i v, (2.2.11)

with u and v real one-forms.

The pure spinors are then constructed as follows

Ψ+ =
1

8
e

1
2
z∧z ∧ ω, Ψ− =

i

8
e−ij ∧ z. (2.2.12)

SU(3)× SU(3) Structure

In general, having two spinors, η1,2, describing an SU(3)× SU(3) structure, we have

Ψ+ = η1+ ⊗ η2†+ =
1

8
e

1
2
z∧z̄ ∧ (c̄e−ij − iω), Ψ− = η1+ ⊗ η2†− = −1

8
(e−ij + ic ω)∧ z.

(2.2.13)

The generalisations to (2.2.1) and (2.2.4) for an SU(3)×SU(3) structure can be found

in [166]. The differential conditions given in (2.1.11), written in the form outlined in [174],

now become

dHΨ2 = 0, dH(e
−AReΨ1) = 0, dH(e

AImΨ1) =
e4A

8
⋆6 λ(g),

||Ψ1|| = ||Ψ2|| =
e3A−Φ

√
8
, F = g + e4AVol(Mink4) ∧ ∗6λ(g), (2.2.14)

which, in a more schematic form, read

N = 1 (RR ̸= 0) : dHΨ2 = 0, dHΨ1 = FRR,

N = 2 (RR = 0) : dHΨ2 = 0, dHΨ1 = 0,
(2.2.15)

with N = 2 vacua given when FRR = 0. See the discussion given in [166].
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In the case of type II backgrounds with an SU(3) × SU(3) structure, the (2.2.14)

conditions with the relation (2.1.13) can be seen as a ‘generalised mirror symmetry’. This

was first discussed in [171].

In [174], the (2.2.14) conditions were reformulated in the language of generalized com-

plex geometry, improving the formalism by eliminating the dependence on the Hodge star

(and hence the metric). For the purposes of the analysis conducted in this work however,

(2.2.14) will be sufficient.

To then specialise the pure spinors (2.2.13) to the SU(3) (2.2.3) and static SU(2)

(2.2.12) cases, one requires

J = j +
i

2
z ∧ z̄, Ω = ω ∧ z, (2.2.16)

in the SU(3) case and c = 0 (with Ψ → iΨ) in the static SU(2) case. Using the SU(3)

pure spinors (2.2.3) reduces the pure spinor conditions (2.2.14) to differential conditions of

(J,Ω) more directly, as in (2.2.4).

2.2.1 An SU(3) structure on M7

We will now discuss the case of a Mink4 solution describing an SU(3) structure on an M7,

for which

ds2 = e2Âds2(Mink4) + ds2(M7), ds2(M7) =
3∑

a=1

EaĒā +K2.

The necessary N = 1 G-Structure conditions were derived in [30] (see also [29]), defined

by a real two-form, J , a holomorphic three-form, Ω, (giving an SU(3) structure on d = 6),

with an additional (orthogonal and unit normed) real one-form, K (to move to d = 7), as

follows
d(e2ÂK) = 0, d(e4ÂJ) = e4Â ∗7 G4,

d(e3ÂΩ) = 0, d(e2ÂJ ∧ J) = −2e2ÂG4 ∧K,
(2.2.17)

where eÂ and G4 live onM7, with (2.2.2). In a case without flux, they would clearly reduce

to three conditions, one for each of the three forms (J,Ω,K). In addition to (2.2.17), one

must impose the Bianchi identities separately. The conditions (2.2.2) allow (J,Ω) to be

written in the manner outlined in (2.2.9), namely

Ω = E1 ∧ E2 ∧ E3, J =
i

2
(E1 ∧ E1

+ E2 ∧ E2
+ E3 ∧ E3

),

where the complex vielbein, Ea, is orthogonal to K (with a = 1, 2, 3).

One can then utilise the Poincaré patch (2.0.2) to express an AdS5 solution within

this formalism. Alternatively, one could use the AdS5 G-structure conditions given in [29].
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However, the Mink4 conditions will be more convenient for the cases discussed in this work,

allowing for supersymmetric embeddings for objects extended along Mink4 and orthogonal

to ρ.

Lin-Lunin-Maldacena (LLM)

A nice example of an SU(3) structure on an M7 is the LLM background (1.4.1), for which

we will now discuss the G-Structure formalism explicitly.

Using the Poincaré patch (2.0.2) along with (2.2.6) and (2.2.9), one can re-write the

LLM metric in the appropriate form

ds2 = e2Âds2(Mink4) + ds2(M7), e2Â = 4κ
2
3 e2(ρ+λ),

ds2(M7) =
3∑

a=1

EaĒa +K2 (2.2.18)

= κ
2
3 e2λ

[
4 dρ2 + y2e−6λds2(S2) +

4

1− y∂yD
(dχ̃+Aadx̂

a)2 − ∂yD

y

(
dy2 + eD(dx̂21 + dx̂22)

)]
.

The complex vielbeins for this background were then presented in [31] (and typo corrected

in [175]), and read

K = κ
1
3 e−2(λ+ρ)d

(
e2ρyy3

)
, E1 = κ

1
3

√
−∂yD
y

eλ+
1
2
D

(
dx̂1 + i dx̂2

)
,

E2 = κ
1
3 e−2(λ+ρ)d

(
e2ρy(y1 + iy2)

)
,

E3 = −κ
1
3 eiχ̃

2√
1− y∂yD

eλ
(
dρ+

1

2
∂yDdy + i(dχ̃+Aadx̂

a)

)
, (2.2.19)

where yi are a set of embedding coordinates for a 2-sphere of unit radius, such that

ds2(S2) = dy21 + dy22 + dy23, y21 + y22 + y23 = 1,

where y1 ≡ cosϕ sin θ, y2 ≡ sinϕ sin θ, y3 ≡ cos θ. (2.2.20)

Hence, the coordinates on M7 are (ρ, y, x̂1, x̂2, χ̃) along with either (y1, y2, y3) or (θ, ϕ)

(which define the S2).

The complex vielbeins given in (2.2.19) now define the G-structure forms (J,Ω,K),

using (2.2.9), which are clearly charged under an SU(2)R × U(1)R R-symmetry. The Ω

three-form has an overall phase of eiχ̃ coming from the form of E3, and charged under

χ̃ which spans the U(1)R component. One can then check the supersymmetry conditions

given in (2.2.17) are satisfied.
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A Mink4 solution has minimal supersymmetry with four real supercharges, which gets

doubled by the SU(2)R R-symmetry, and doubled again by the U(1)R R-symmetry. This

then realises the 16 real supercharges of the N = 2 AdS5 solution of LLM.

Making the coordinate transformations (1.4.4), such that an additional U(1) isometry

is imposed, the following modifications to (2.2.19) are required

V = −r
2
∂rDdβ̃, E1 = κ

1
3 eiβ̃

√
−∂yD
y

eλ+
1
2
D
(
dr + i r dβ̃

)
, (2.2.21)

with dx̂1 ∧ dx̂2 = r dr ∧ dβ̃ and (1.4.6). The metric (1.4.5) is then built in the analogous

manner to (2.2.18) following this modification. One can now observe, from the results of E1

and E3, the Ω three-form defined in (2.2.9) now depends on the overall phase ei(χ̃+β̃). One

can then conclude that it is in fact χ̃+ β̃ ≡ ψ̃ which corresponds to the U(1)R component

of the U(1)R × SU(2)R R-symmetry. Hence, in order to dimensionally reduce along β̃

in a supersymmetry preserving manner, one must first transform χ̃ → χ̃ = ψ̃ − β̃. The

solution now contains the two U(1) components, ψ̃ and β̃, with ψ̃ corresponding to the U(1)

component of the R-symmetry - remaining unaffected by a β̃ reduction. This line of analysis

will be extended to the GM solution in Part II, following an SL(3,R) transformation, and

will play a crucial role in keeping track of supersymmetry under dimensional reduction.

See [31] for further details.

2.2.2 An SU(2) structure on M6 - via dimensional reduction

When a solution with an SU(3) structure on M7 is dimensionally reduced along a U(1)

living along K (such that K → 0 under the reduction), the resulting theory will simply

describe an SU(3) structure on an M6.

However, when the dimensional reduction is performed along a U(1) which lies strictly

outside K, the M6 of the resulting theory will now have an SU(2) structure, where

ds210 = e2Ads2(Mink4) + ds2(M6),

ds2(M6) =
2∑

a=1

Êa
¯̂
Ea + zz̄, z ≡ u+ i v. (2.2.22)

The G-structure analysis is then defined by a real two-form, j, and a holomorphic two-form,

ω (defining an SU(2) structure on d = 4),

ω = Ê1 ∧ Ê2, j =
i

2
(Ê1 ∧ Ê

1
+ Ê2 ∧ Ê

2
), (2.2.23)

satisfying (2.2.10), with an additional complex one-form, z (to move to d = 6).
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For a IIA solution, these forms can then be derived directly from the d = 11 G-structures

by the analogue of the reduction formula (1.1.72), given in [176], where

J = j e−
2
3
Φ + e

1
3
Φu ∧ (dψ + C1), K = v e−

1
3
Φ,

Ω = ω ∧
(
e−Φu+ i(dψ + C1)

)
, z = u+ i v,

(2.2.24)

with eA = eÂ+
1
3
Φ and Φ the dilaton. This reduction formula is very useful, allowing one

to build the SU(2) pure spinors given in (2.2.12). However, it is worthwhile deriving the

G-structure description at the level of the complex vielbeins, which then allows one to

build both the d = 10 metric (2.2.22) and the forms (2.2.23). To do this, we can re-write

(2.2.24) using the analysis given in [176], in which the d = 10 metric takes the form

ds210 = e2Ads2(Mink4) +
3∑
i=1

(ĥi)2 +
2∑
j=1

(êj)2, (2.2.25)

with the definitions

j = ĥ1 ∧ ĥ2 + ê1 ∧ ê2, ω = (ĥ1 + iĥ2) ∧ (ê1 + iê2), z = ĥ3 + iê3, (2.2.26)

leading to

Ω = eiθ̂+(ĥ1 + iĥ2) ∧ (ê1 + iê2) ∧
(
e−Φĥ3 + i(dψ + C1)

)
, K = ê3e−

1
3
Φ,

J = e−
2
3
Φ(ĥ1 ∧ ĥ2 + ê1 ∧ ê2) + e

1
3
Φĥ3 ∧ (dψ + C1).

(2.2.27)

One can now directly compare (2.2.9) and (2.2.27). In the following result, we pick E2 to

include the overall phase (including contributions from E1 and E3), along with eiθ̂+ and

any overall sign of E3. We then find

E1 = e−
1
3
Φ(ĥ1 + iĥ2) = e−

1
3
ΦÊ1, E2 = e−

1
3
Φeiθ̂+(ê1 + iê2) = e−

1
3
Φeiθ̂+Ê2,

E3 = e
2
3
Φ
(
e−Φĥ3 + i(dψ + C1)

)
.

(2.2.28)

Finally, we can now derive the IIA complex vielbeins directly from their d = 11 equivalent

Ê1 = e
1
3
ΦE1, Ê2 = e

1
3
Φe−iθ̂+E2, z = eΦ

(
e−

2
3
ΦE3− i(dψ+C1)

)
+ i e

1
3
ΦK, (2.2.29)

from which one can build the metric and G-structure forms. Of course, in practice, the

reduction formula (2.2.24) is the easiest and most direct approach to derive (j, ω, z).

Once the G-structure forms are calculated, for a solution with an SU(2) structure on

M6, one is free to construct the SU(2) pure spinors from (2.2.12), namely

Ψ+ =
1

8
e

1
2
z∧z ∧ ω, Ψ− =

i

8
e−ij ∧ z,
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which when expanded, take the more practically convenient form

Ψ+ =
1

8

(
1 +

1

2
z ∧ z̄

)
∧ ω,

Ψ− =
i

8
z ∧

(
1− i j − 1

2
j ∧ j

)
=

1

8

[
u ∧ j − v ∧

(
1− 1

2
j ∧ j

)]
+
i

8

[
u ∧

(
1− 1

2
j ∧ j

)
+ v ∧ j

]
,

(2.2.30)

with the real and imaginary parts of Ψ− made clear. Now, for the preservation of N = 1

SUSY, the differential conditions on the metric (2.2.14) must be satisfied, which can be

re-written as follows

dH(e
3A−ΦΨ2) = 0, (2.2.31a)

dH(e
2A−ΦReΨ1) = 0, (2.2.31b)

dH(e
4A−ΦImΨ1) =

e4A

8
∗6 λ(g), (2.2.31c)

where (A,Φ, H, g) are all functions of the M6 coordinates exclusively, with g the total

internal RR flux.

In the case of a type IIA solution, Ψ1 = Ψ−, Ψ2 = Ψ+ and λ(g) = F0 − F2 + F4 − F6.

From (2.1.3), one has e4Avol4 ∧ ∗6λ(g) = F6 + F8 + F10, allowing (2.2.31c) to be rewritten

in the following way

F6 + F8 + F10 = 8vol(Mink4) ∧ dH3(e
4A−ΦImΨ−),

⇒ C5 + C7 + C9 = 8 e4A−Φvol(Mink4) ∧ ImΨ−,

⇒ Cm = 8 e4A−Φvol(Mink4) ∧ ImΨ−m−4 , (2.2.32)

which then derives the potential for the higher form fluxes directly from the G-structure

analysis, where Ψ−m−4 is the (m− 4)-form part of Ψ−. We will see in Section 2.3 that this

result also becomes very useful in investigating the supersymmetry of D-brane sources.

In Appendix B.4.1, we demonstrate that under an ATD to type IIB, the differential

conditions (2.2.31) remain intact. In the IIB case however, recalling the arguments given

in (2.1.12) and (2.1.13), one now requires Ψ1 = Ψ+, Ψ2 = Ψ− to account for the opposite

dimensionality of the total RR flux.

We now write the higher form fluxes in general

Cm = 8 e4A−ΦA/Bvol(Mink4) ∧ ImΨ1m−4 , (2.2.33)

where Ψ1m−4 is the (m− 4)-form part of Ψ1, with Ψ1 = Ψ− in IIA (with ΦA the dilaton)

and Ψ1 = Ψ+ in IIB (with ΦB the dilaton).
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2.3 Calibrations

In addition to determining the level of supersymmetry preservation of a solution, G struc-

tures provide tools to establish whether there is a supersymmetric embedding of the back-

ground sources. The sources of interest are D-branes, which have the action, SDp , given in

(1.1.36). It was shown in [171] that the N = 1 supersymmetry conditions given in (2.2.31)

can be interpreted as a calibration condition for a D-brane, which then provides important

information into both the stability and geometry of the brane. Such an interpretation then

allows for stability investigations into both SUSY and non-SUSY solutions.

2.3.1 Supersymmetric D-branes

In this subsection, we will review supersymmetric D-brane configurations living on N = 1

backgrounds of Mink4 ×M6 warped product geometry with general NSNS and RR fields.

The supersymmetry conditions for a D-brane are obtained from κ-symmetry con-

straints, and were re-written in terms of generalised calibrations in [177, 178], which were in

turn elegantly expressed in terms of the pure spinors Ψ± in [171]. See also [168, 179–181].

The notion of a ‘generalised calibration’ is that it should minimise the energy of the Dp-

brane, which may not necessarily match the volume which the brane wraps. A generalised

calibration is defined as a sum of forms of varying degree, satisfying

ω̂ =
∑
k

ω̂k, (2.3.1)

such that, for some Dp-brane with energy density E(Σ,F), characterised by the cycle over

which it wraps, Σ, and the worldvolume field strength, F , defined in (1.1.36), one has2

ω̂|Σ ∧ e−F ≤ E(Σ,F). (2.3.2)

The Dp-brane is then considered ‘calibrated’ by ω̂ if

ω̂|Σ ∧ e−F = E(Σ,F), (2.3.3)

which is a minimum energy bound, and under continuous deformations, can be viewed as

a stability condition. The energy density then corresponds to the contribution from the

DBI action [171],

E(Σ,F) = eqA−Φ
√

det(g + F)|Σ. (2.3.4)

One can consider a static supersymmetric Dp-branes which span four, three or two of

the external Mink4 directions - corresponding to a space-filling, domain wall or string

2noting that some referenced literature use ω̂|Σ ∧ eF due to their alternative definition of the twisted

exterior derivative dH = d+H∧.
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configuration in the external space. The D-branes then must wrap some Σp+1−q cycle in

the internal manifold, M6, with q = 4, 3, 2, in the three cases respectively. This cycle must

then be a calibrated generalised sub-manifold for the D-brane to be supersymmetric (BPS).

The generalised calibration in each case takes the form

ω̂DW = 8e3A−ΦΨ2, (2.3.5a)

ω̂String = 8e2A−ΦReΨ1, (2.3.5b)

ω̂sf = ±8e4A−ΦImΨ1, (2.3.5c)

with the following differential conditions

dH(ω̂
DW ) = 0, domain-wall BPSness (2.3.6a)

dH(ω̂
String) = 0, D-string BPSness (2.3.6b)

dH(ω̂
sf ) = e4AF̃ , gauge BPSness (2.3.6c)

where ± differentiates between branes and anti-branes. See [171] for further details. These

results are in fact equivalent to the supersymmetry conditions (2.2.31), which should now

be physically interpreted as generalised calibration conditions for each of the allowed con-

figurations of a supersymmetric D-brane. Hence, following [46], the three supersymmetry

conditions correspond to domain-wall, D-string and gauge BPSness.

In the case of a Dp-brane extended in Mink4, such that it wraps some Σp−3 cycle, the

calibration condition (2.3.3) reads

Ψ
(cal)
Dp

∣∣∣∣
Σp−3

= e4A−Φ
√
det(g + F)

∣∣∣∣
Σp−3

dp−3w, Ψ
(cal)
Dp ≡ ±8e4A−ΦImΨ1 ∧ e−F , (2.3.7)

which recalling the result for the higher form fluxes (2.2.32), one has the relation

vol(Mink4)∧Ψ
(cal)
Dp

∣∣∣
Σp−3

= ±8 e4A−Φvol(Mink4)∧ImΨ1∧e−F |Σp−3 = ±C|Dp∧e−F , (2.3.8)

which is equivalent to the integrand of the (negative) Wess-Zumino action given in (1.1.36).

In addition, from the calibration condition (2.3.7), one has

vol(Mink4)∧Ψ(cal)
Dp

∣∣∣
Σp−3

= e4A−Φ
√

det(g + F)

∣∣∣∣
Σp−3

vol(Mink4)∧ dp−3w = e−Φ
√
det(g|Dp+F) dp+1w,

(2.3.9)

which in turn is equivalent to the integrand of the DBI action. Hence, from the form of

D-brane action (1.1.36), one can see that the calibration condition leads to

e−Φ
√
det(g|Dp+F) dp+1w = ±C|Dp ∧ e−F , ⇒ SDp = SDBI + SWZ = 0, (2.3.10)

which then corresponds to a minimum energy D-brane. Hence, a supersymmetric embed-

ding of a D-brane implies that it has minimum energy - but the converse is not true.
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2.3.2 Supersymmetry Breaking

The N = 1 G-structure approach can be extended to consider more general N = 0 Type

II supergravity solutions, for which the supersymmetry is broken in a controllable manner

by switching on some parameter (which can lead to ‘no-scale’ supersymmetry breaking -

see [182]). In practice, this approach proves very useful as finding non-supersymmetric

solutions directly is a very difficult task. The N = 1 supersymmetry conditions (2.2.31)

should then be modified by additional terms which include this SUSY-breaking parameter

as an overall factor - hence recovering the original N = 1 conditions when the parameter is

switched off. As we have just reviewed however, these N = 1 conditions have the physical

interpretation as calibration conditions for a supersymmetric D-brane - with a domain-

wall, string or space-filling configuration in the external space, respectively. Hence, the

additional terms will then be referred to as domain-wall (DWSB), string-like (SSB) or

space-filling (SFSB) supersymmetry breaking, depending on which of the three conditions

(2.3.6) they effect. This will only be a very brief summary of some key results, the reader

is pointed towards [46–51, 96] for more detailed and rigorous analysis.

DWSB

In DWSB, the differential conditions (2.3.6) and (2.2.31) will now have the following mod-

ification

dH(ω̂
DW ) = dH(8e

3A−ΦΨ2) = {SUSY-breaking terms}. domain-wall (non)-BPSness

An example of a DWSB solution with a single supersymmetry-breaking parameter was

studied in [46], along with a more general deformation which they include in an appendix.

They present the SUSY-breaking modification to the Killing spinor equation, along with

corresponding DWSB modification to the pure spinor conditions. After some manipulation,

the supersymmetry conditions (2.2.31) have the following modification3,

dH(e
3A−ΦΨ2) =

i r

8
j, (2.3.11a)

dH(e
2A−ΦReΨ1) = 0, (2.3.11b)

dH(e
4A−ΦImΨ1) =

e4A

8
∗6 λ(g), (2.3.11c)

where r is a supersymmetry-breaking parameter, and

j = 4(−1)|Ψ2|e3A−Φ

√
det g|Σ√

det (g|Σ + F)
eF ∧ λ(dvol⊥), (2.3.12)

where vol6 = volΣ ∧ vol⊥, with vol⊥ the volume form of the space orthogonal to the Σ

cycle. Here j is interpreted geometrically as a (smeared) generalised current associated

3with Ψ → i
8
Ψ and H → −H to match their convention
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with the sources of the background, and r has been chosen such that the right hand side

is dH closed.

SSB

In the SSB case, the modification will now take the form

dH(ω̂
string) = dH(8e

2A−ΦReΨ1) = {SUSY-breaking terms}. D-string (non)-BPSness

An example of a SSB solution was given in [47] for type IIA, where they claim that imposing

the Bianchi identities and a particular consistency condition on H, only (2.2.31a) and

(2.2.31c) are required to satisfy the equations of motion. As an example, (2.2.31) can be

modified in the following way

dH(e
3A−ΦΨ2) = 0, (2.3.13a)

dH(e
2A−ΦReΨ1) =

c

8
e6A−2Φvol(M6), (2.3.13b)

dH(e
4A−ΦImΨ1) =

e4A

8
∗6 λ(g), (2.3.13c)

which includes a supersymmetry-breaking parameter, c, in (2.3.13b). This example can

stem from a non-supersymmetric modification to the Imamura class [183] (describing a

D6-D8-NS5 system) via two T-dualities, and involves adding new supersymmetry-breaking

terms to H. The analogue of (2.3.13) is also given for the non-supersymmetric Imamura

class in [47], for which e6A−2Φvol(M6) → e8A−2Φvol(M4).

In [48], a similar approach was taken as the DWSB analysis of [46], which then leads

to the following modification to (2.3.13)

dH(e
2A−ΦReΨ1) =

αm
8

[γm j + (−1)|j|j γm] =
αm
4
dym ∧ j, (2.3.14)

where αm are real supersymmetry-breaking parameters.

The case in which both the DWSB and SSB conditions are broken was studied in [48]

for which (2.3.11) is combined with (2.3.14).

SFSB

In Part II of this work, we will derive multiple-parameter families of N = 0 type IIA and

type IIB solutions, which enhance to N = 2 and N = 1 via appropriate choice of SUSY-

breaking parameters. These new solutions will in fact break all three supersymmetry

conditions, and provide the first explicit example of solutions which have SFSB controlled

by a parameter.
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Overview

Our attention will now turn to deriving new multi-parameter families of N = 0 type

IIA and type IIB AdS5 solutions, which enhance to one-parameter N = 1 backgrounds

(with four Poincaré SUSYs) in some special cases. In the type IIA backgrounds, there

is an additional N = 2 solution (with eight Poincaré SUSYs), which corresponds to the

Gaiotto-Maldacena class [26] (reviewed in Section 1.4.3). The full (two-parameter) type IIA

solution then represents SUSY breaking deformations of GM, reducing to the background

when both parameters are fixed to zero. The derivation of these solution stem from a β-

dimensional reduction of the d = 11 GM solutions (reviewed in Section 1.4.2), following an

SL(3,R) transformation amongst the three U(1) directions of the background. Performing

dimensional reductions along the two alternative U(1) directions then lead to additional

two-parameter N = 0 solutions, which at best enhance to N = 1. A subsequent ATD to

type IIB can then be performed in all cases, deriving new three-parameter solutions, for

which the N = 2 supersymmetry is necessarily broken under the ATD.

Following careful investigations at the boundary, we find that the spindle (along with

its higher dimensional analogue) plays a central role in the type IIA analysis - giving rise to

rational quantization of D-brane charge. In type IIB, some solutions also contain orbifold

singularities, but with a less clear physical interpretation. In fact, as a consequence of

T-dualising within the spindle-like orbifold, the quantization of charge simply becomes a

remnant of the IIA solution, and is now disconnected from the orbifold nature of the metric

(which can be broken under T-duality). Consequently, for certain type IIB solutions, one

finds integer (and rational) quantization with (and without) an orbifold structure.

Central to our supersymmetry analysis is the method of G-structures, with the N = 1

analysis presented explicitly in both IIA and IIB. We also include some discussion on the

breaking of the G-structure conditions, and include the explicit G-structure forms for both

the two-parameter type IIA and three-parameter type IIB solutions.

Calculations of the holographic central charge, in both the type IIA and type IIB, then

demonstrate that all SUSY-breaking parameters drop out neatly - reproducing (1.4.31).

One can then consider these multi-parameter families as dual descriptions of marginal

deformations of the ‘parent’ N = 2 CFT (holographically dual to the original GM class).

A field theory discussion of the dual CFTs is then included.

These backgrounds have similarities with the γ- deformed solutions of Núñez, Roy-

chowdhury, Speziali and Zacaŕıas (NRSZ) [90], re-deriving their IIB solution as a sub-class

of our results. This thesis then closes by presenting G-structure analysis for these solutions

- uncovering that the IIB solution preserves N = 1 supersymmetry when γ = −1, whilst

in M-Theory and type IIA, the supersymmetry is broken completely for all values of γ.



Chapter 3

Set-up

In this chapter, we return to the N = 2 Gaiotto-Maldacena system, presenting the G-

structure and calibration forms as new results (in both M-Theory and type IIA). In ad-

dition, SUSY preserving probes are studied, along with careful investigation of the Page

charges and the behaviour at the boundaries. This sets up the analysis presented in the

remaining chapters - dedicated to the type IIA, type IIB and M-theory deformations.

Throughout our investigations, the definitions of the eight warp factors fi, given in (1.4.11),

will remain consistent.

3.1 G-Structure description of GM in d = 11

In order to keep track of SUSY under the various deformations uncovered in the upcoming

chapters, it proves fruitful to derive the G-structure description of the original GM class.

We begin by recalling the form of the GM class (1.4.9), namely

ds211 = f1

[
4ds2(AdS5) + f2ds

2(S2) + f3dχ
2 + f4

(
dσ2 + dη2

)
+ f5

(
dβ + f6dχ

)2]
, fi = fi(η, σ),

A3 =
(
f7dχ+ f8dβ

)
∧ vol(S2), ds2(S2) = dθ2 + sin2 θdϕ2, vol(S2) = sin θdθ ∧ dϕ.

The three U(1) directions, (β, χ, ϕ), will give rise to the SUSY breaking deformations,

following an SL(3,R) transformation. We will return to this in the next section.

As in the LLM class of solutions, reviewed in sections 1.4.1 and 2.2.1, the GM back-

grounds describe an SU(3) structure on an M7. Hence, the description will be analogous

to the LLM case, in which the N = 1 G-Structure conditions are defined in terms of a real

two-form, J , a holomorphic three-form, Ω (giving an SU(3) structure on d = 6), with an

additional (orthogonal and unit normed) real one-form, K (to move to d = 7). We recall

69
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from Section 2.2.1, the G-Structure conditions then read

d(e2ÂK) = 0, d(e3ÂΩ) = 0, d(e4ÂJ) = e4Â ∗7 G4, d(e2ÂJ ∧ J) = −2e2ÂG4 ∧K,

where Ω = E1 ∧ E2 ∧ E3, J =
i

2
(E1 ∧ E1

+ E2 ∧ E2
+ E3 ∧ E3

),

with the complex vielbein, Ea, orthogonal to K (with a = 1, 2, 3), and recalling eÂ and G4

span M7. The Bianchi identities are then imposed separately.

In order to express the GM background in this formalism, we utilise the Poincaré patch

(2.0.2), leading to

ds2 = e2Âds2(Mink4) + ds2(M7), e2Â = 4f1e
2ρ, (3.1.1)

ds2(M7) =
3∑

a=1

EaĒā +K2 = f1

[
4dρ2 + f2ds

2(S2) + f3dχ
2 + f4(dσ

2 + dη2) + f5
(
dβ + f6dχ

)2]
,

where we now need to derive the appropriate K and complex vielbein Ea which satisfies

these conditions. To do this, we simply utilise the Bäcklund transformation to derive the

GM G-Structure forms from the LLM results reviewed in (2.2.19) and (2.2.21), giving

χ reduction frame

K =
κ e−2ρ

f1
d(cos θe2ρV̇ ), E1 =

√
f1f3

f26 + f3
f5

(
d(V ′)− i dβ

)
,

E2 =
eiϕ

f1

[
κ e−2ρd(sin θe2ρV̇ ) + i f

3
2
1 f

1
2
2 sin θdϕ

]
=
κ e−2ρ

f1
d
(
e2ρV̇ eiϕ sin θ

)
, (3.1.2)

E3 = −eiχ
√
f1f5

(
f26 +

f3
f5

)[
dρ− V ′′

(V̇ ′)2 − V̈ V ′′
d(V̇ ) + i

(
dχ+

f6

f26 + f3
f5

dβ

)]
,

which are in a frame corresponding to a dimensional reduction along χ - which can be seen

directly from E3 using the reduction formula (1.1.72), where ψ = χ, C1 = f6
(
f26 +

f3
f5

)−1
dβ

and e
4
3
ΦIIA = f1f5

(
f26 + f3

f5

)
.

As in the LLM solutions, we can now read off the U(1)R component of the SU(2)R ×
U(1)R R-symmetry directly from the overall phase of Ω, namely

U(1)R = χ+ ϕ. (3.1.3)

This is a significant advantage of deriving the G-Structure description, and will allow us

to keep track of supersymmetry under dimensional reduction and T-duality.

Given that the background has three U(1) directions (β, χ, ϕ) one could dimensionally

reduce along each direction in turn. However, as it stands, a dimensional reduction along

either χ or ϕ would break the U(1)R component of the R-symmetry, and consequently break
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the supersymmetry. Hence, the only KK reduction which will preserve any supersymmetry

is a dimensional reduction along β, which derives the N = 2 GM solution of Section 1.4.3.

As it stands, the complex vielbeins given in (3.1.2) correspond to a χ reduction frame.

In order to derive the G-Structure description of the N = 2 Type IIA solution, we must

first perform an appropriate frame rotation to a new set of vielbeins which corresponds to

a β reduction frame. We discuss this in a more general fashion following the next section.

As we will now discuss, further possibilities emerge by performing an SL(3,R) trans-

formation prior to reduction, including additional N = 1 Type IIA and Type IIB solutions

(however no other N = 2 solutions can be derived by this approach).

3.2 SL(3,R) Transformation

The GM class of solutions can be dimensionally reduced to Type IIA in a more general man-

ner to reduction of Section 1.4.3, by first performing the following SL(3,R) transformation

amongst the three U(1) directions of the background (β, χ, ϕ),

dβ → a dχ+ b dβ + c dϕ, dχ→ p dχ+ q dβ +mdϕ, dϕ→ s dχ+ v dβ + u dϕ,∣∣∣∣∣∣∣∣
p q m

a b c

s v u

∣∣∣∣∣∣∣∣ = p(bu− vc)− q(au− sc) +m(av − sb) = 1.

(3.2.1)

We restrict the GL(3,R) transformation to SL(3,R) (with determinant equal to one) in

order to preserve the scale of the background. The nine transformation parameters can then

be reduced, without loss of generality, to three free parameters (corresponding to the three

U(1) directions being mixed). The choice of these remaining parameters provide options

when reducing to Type IIA. However, in order to preserve the periodicity of (β, χ, ϕ), these

parameters must be integer valued - hence describing an SL(3,Z) transformation. For our

purposes, we fix (p, b, u) = 1 by trivially absorbing them into the definitions of (χ, β, ϕ),

respectively. This avoids re-defining the three U(1) directions amongst themselves, and

immediately eliminates three of the nine parameters. There can be some utility in choosing

different values for these parameters however, which is briefly discussed in sections 3.3.1

and 5.2 - hence, it can be beneficial to perform the analysis in full generality first.

The U(1) component of the SU(2)R × U(1)R R-symmetry now generalises to

U(1)R = χ+ ϕ→ (p+ s)χ+ (q + v)β + (m+ u)ϕ, (3.2.2)

which, after fixing (p, b, u) = 1, becomes

U(1)R = (1 + s)χ+ (q + v)β + (m+ 1)ϕ, (3.2.3)
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opening up additional possibilities to preserve supersymmetry under reduction.

In the case of the β reduction, one can now preserve the U(1)R component by fixing

v = −q. It is clear however, from (1.4.10) and (3.2.1), that the S2 (and hence the SU(2)R

component of the R-symmetry) will be broken under reduction for v ̸= 0. Hence, when v =

−q = 0, one re-derives the N = 2 IIA solution with a U(1)R × SU(2)R R-symmetry, when

v = −q ̸= 0, one derives a family of N = 1 IIA solutions with a U(1)R R-symmetry, and

for all other values of (v, q), one derives N = 0 IIA solutions, with broken supersymmetry.

In the case of the χ and ϕ reductions, in order to preserve the U(1)R component given

in (3.2.3), things are a little less general. This is a consequence of the U(1)R being χ+ ϕ

prior to transformation. Nevertheless, the SL(3,R) transformation has opened up the

possibility to preserve the U(1)R under χ and ϕ reductions, by fixing s = −1 and m = −1,

respectively. Once again, from (1.4.10) and (3.2.1), it is clear that these two conditions in

fact break the S2 (and the SU(2)R component of the R-symmetry) in each case. That is,

in the case of a χ and ϕ reduction, the condition to preserve the U(1)R component of the

R-symmetry necessarily breaks the SU(2)R component, so the most supersymmetry one

can preserve under these reductions is N = 1.

The U(1)R in (3.2.3) also provides vital insight into the preservation of supersymmetry

under a subsequent abelian T-duality to Type IIB. For example, in the β reduction case,

fixing v = −q will preserve the U(1)R component under dimensional reduction - with either

U(1)R = (1+ s)χ+ϕ or U(1)R = χ+ (m+1)ϕ (depending on the third free parameter we

choose). For instance, in this first example, we can preserve the U(1)R R-symmetry under

an ATD along χ by fixing s = −1. As in the χ reduction case, fixing s = −1 necessarily

breaks the S2 (and the SU(2)R component), so we would derive an N = 1 IIB solution with

a U(1)R = ϕ R-symmetry. Analogous arguments indeed hold for the second example, along

with the χ and ϕ reductions. This means that the most supersymmetry we can preserve

for a IIB solution is N = 1, as the SU(2)R component of the R-symmetry is necessarily

broken either by the dimensional reduction to IIA or by the abelian T-duality to IIB.

When deriving the these IIA and IIB daughter solutions, we will require the new form

for A3 (1.4.9), which when expanded in full generality, reads

A3 = sin θ
(
(up− sm)f7 + (ua− sc)f8

)
dχ ∧ dθ ∧ dϕ (3.2.4)

+ sin θ

((
(vp− sq)f7 + (va− sb)f8

)
dχ+

(
(vm− uq)f7 + (vc− ub)f8

)
dϕ

)
∧ dθ ∧ dβ.

We will investigate all these backgrounds in further detail in the next chapter, but in

order to derive the IIA G-structure descriptions for each of the SUSY preserved (and SUSY

broken) backgrounds, we will first need to rotate our complex vielbeins in (3.1.2) to the

appropriate reduction frames in each case. This is the focus of the next section.
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3.3 Frame rotation of G-Structure forms

In Section 3.1, the G-Structure description for the GM class of solutions was presented,

in a form corresponding to the χ reduction frame. We now need to rotate these forms to

a reduction frame which accounts for the SL(3,R) transformations being performed. It

proves useful to do this in the most general fashion, in terms of all nine transformation

parameters, allowing one to easily restrict to the particular reduction frames of interest by

simply fixing these parameters appropriately.

We begin by performing the SL(3,R) transformations (3.2.1) on the GM metric (1.4.9)

before re-writing it in the following manner (for a dimensional reduction along ϕ3)

ds211 = f1

[
4ds2(AdS5) + f2dθ

2 + f4(dσ
2 + dη2)

]
+ f21 e

− 4
3
ΦIIAds22 + e

4
3
ΦIIA(dϕ3 + C1,ϕ1dϕ1 + C1,ϕ2dϕ2)

2,

ds22 = hϕ1dϕ
2
1 + hϕ2dϕ

2
2 + hϕ1ϕ2dϕ1dϕ2 = hϕ1

(
dϕ1 +

1

2

hϕ1ϕ2
hϕ1

dϕ2

)2

+

(
hϕ2 −

1

4

h2ϕ1ϕ2
hϕ1

)
dϕ22,

C1,ϕi = C1,ϕi(η, σ, θ), hϕi = hϕi(η, σ, θ), hϕ1ϕ2 = hϕ1ϕ2(η, σ, θ), (3.3.1)

with (ϕ1, ϕ2, ϕ3) representing any arrangement of (β, χ, ϕ) as required. This then derives

the corresponding (hϕ1 , hϕ2 , hϕ1ϕ2 , C1,ϕ1 , C1,ϕ2) in each case. The G-Structure forms for the

GM background then read in general

K =
κ e−2ρ

f1
d(cos θe2ρV̇ ),

E1 = f1e
− 2

3
Φ
√
h1

[
b1dσ + b2dη + b3dρ+ b4dθ − i

(
dϕ1 +

1

2

hϕ1ϕ2
hϕ1

dϕ2

)]
,

E2 = eiϕ̄
[
b5dσ + b6dη + b7dρ+ b8dθ + i f1e

− 2
3
Φ

√
hϕ2 −

1

4

h2ϕ1ϕ2
hϕ1

dϕ2

]
,

E3 = −
√
f1e

iχ̄

[
b9dσ + b10dη + b11dρ+ b12dθ + i

e
2
3
Φ

√
f1

(
dϕ3 + C1,ϕ1dϕ1 + C1,ϕ2dϕ2

)]
,

bi = bi(η, σ, θ), ϕ̄ = s χ+ v β + uϕ, χ̄ = pχ+ q β +mϕ, (3.3.2)

where (b1, .., b12) are functions which must be derived.

We will now outline a method to derive these twelve functions for each reduction frame.

This approach is motivated by observing in (3.3.1) that K remains untouched under the

rotation of frames, as it is independent of (β, χ, ϕ). Hence, in order to satisfy all four

G-structure conditions in (2.2.17), there is a requirement on J to remain intact under a

frame rotation. By performing the SL(3,R) transformation (3.2.1) on the original forms

for the χ reduction frame (3.1.2), and enforcing that this J matches the one defined by
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(3.3.2), expressions for (b1, .., b12) are easily derived using Mathematica. This procedure

must be repeated for each arrangement of (ϕ1, ϕ2, ϕ3), giving a separate set of functions

for each. Hence, there are two sets of equivalent vielbeins for each U(1) being reduced -

which should both define the same (J,Ω) and metric. These sets of functions, in their most

general form, then depend on the nine SL(3,R) parameters and the derivatives of V (η, σ).

This framework is general enough to easily derive the G-Structure forms for all reduc-

tion frames of interest, including those leading to N = 1 Type IIA and Type IIB solutions,

by simply picking the transformation parameters appropriately. We can then verify the

preservation of supersymmetry in the daughter solutions by deriving the IIA G-Structure

results directly from the d = 11 description, as outlined in Section 2.2.2. For the IIB

solutions, the G-Structure description will be derived in turn from the IIA description, fol-

lowing an appropriate T-duality of the results. If the corresponding G-Structure conditions

are satisfied in each case, supersymmetry is of course preserved. In the cases where the

conditions are broken, interesting insight can be gained into the breaking of supersymme-

try, as we outlined in Section 2.3.2. Hence, the G structure analysis can be of interest even

when supersymmetry is broken!

As we go through the remaining chapters, we will require multiple sets of the complex

vielbeins, corresponding to the different solutions being investigated. These can be quite

cumbersome, including some non-zero transformation parameters, so we will refrain from

presenting them until they are required. We will however move onto to discuss the non-

deformed reduction frames, with no SL(3,R) transformations taking place. In these cases,

only the β reduction will preserve any SUSY, deriving the GM solution of Section 1.4.3.

3.3.1 The non-deformed reduction frames

To derive the G-structure forms corresponding to the β reduction frame, we could choose

(ϕ1, ϕ2, ϕ3) = (χ, ϕ, β). One must then specify the relevant values of the nine SL(3,R)

parameters. In the case of a simple frame rotation, with no SL(3,R) transformation, we

simply fix (p, b, u) = 1 with all other parameters set to zero. The resulting set of complex

vielbeins then correspond to the β reduction frame, deriving the IIA N = 2 solution,

β reduction frame

K =
κ e−2ρ

f1
d(cos θe2ρV̇ ), E1 = −

√
f1f3

(
1

σ
dσ + dρ+ idχ

)
,

E2 =
eiϕ

f1

[
κ e−2ρd(sin θe2ρV̇ ) + i f

3
2
1 f

1
2
2 sin θdϕ

]
=
κ e−2ρ

f1
d
(
e2ρV̇ eiϕ sin θ

)
, (3.3.3)

E3 = −eiχ
√
f1f5

[
− 1

4
f3
V̇ ′

σ
dσ − V ′′dη + f6dρ+ i

(
dβ + f6dχ

)]
,



CHAPTER 3. SET-UP 75

where, using this new form of E3 along with (1.1.72), we now have ψ = β, C1 = f6dχ and

e
4
3
ΦIIA = f1f5 (which matches the background of Section 1.4.3). Notice that K and E2

are the same for both (3.1.2) and (3.3.3). This is because they are independent of (β, χ)

and so remain untouched by the frame rotation. In addition, from the conditions given in

(2.2.9) and (3.1.1), it is easy to verify that the following necessary relations indeed hold

E1 ∧ Ē1 + E3 ∧ Ē3 = Ẽ1 ∧ ¯̃E1 + Ẽ3 ∧ ¯̃E3,

E1 ∧ E3 = Ẽ1 ∧ Ẽ3,

E1Ē1 + E3Ē3 = Ẽ1
¯̃E1 + Ẽ3

¯̃E3,

(3.3.4)

where Ei and Ẽi are the vielbeins given in (3.1.2) and (3.3.3), respectively.

For a rotation to the ϕ reduction frame, K is of course independent of ϕ, but the E2

(in (3.1.2) and (3.3.3)) does indeed depend on ϕ. However, as it turns out, this E2 has the

appropriate form for the E3 of the ϕ reduction (with C1 = 0). Hence, by simply relabelling

the vielbeins, our E2 now becomes the E3 of the ϕ reduction frame. The (E1, E2) are then

simply the (E1, E3) from either (3.1.2) or (3.3.3) (satisfying the conditions in (3.3.4)). In

this case, we then find ψ = ϕ, C1 = 0 and e
4
3
ΦIIA = f1f2 sin

2 θ. Alternatively, one can re-

derive these vielbeins directly from (3.3.2) (with (p, b, u) = 1 and all other parameters set

to zero). Picking (ϕ1, ϕ2, ϕ3) = (χ, β, ϕ) and (ϕ1, ϕ2, ϕ3) = (β, χ, ϕ) re-derives (3.1.2) and

(3.3.3), respectively (up to re-labelling). From (3.3.4), both sets of vielbeins are equivalent

- defining the same metric and forms, (J,Ω) .

In the case of the χ reduction frame, to re-derive (3.1.2), we simply pick (ϕ1, ϕ2, ϕ3) =

(β, ϕ, χ) with (p, b, u) = 1 and all other parameters zero. Alternatively, one can in fact

derive the χ reduction forms (up to E2 → −E2) from the general β reduction results

by utilising the SL(3,R) transformation appropriately, fixing (a, q) = 1, u = −1 with all

others set to zero. From the determinant in (3.2.1), this now requires qau = −1. Hence,

in this case, we have made the transformations β → χ, χ → β, ϕ → −ϕ. This is an

additional advantage of performing the frame rotations in full generality, in terms of all

nine parameters.

Before moving onto study the numerous IIA and IIB solutions derived following an

SL(3,R) transformation, it will prove instructive to first investigate the G-structure de-

scription for the daughter IIA solutions using the set of non-deformed reduction vielbeins

just presented. As we have already discussed, in the β reduction case of (3.3.3), one de-

rives the N = 2 Type IIA GM solution. In the case of the χ and ϕ reduction frames, we

instead derive N = 0 solutions - we will refrain from presenting these result here, but the

calculation follows in an identical manner to the following sub-section.
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3.4 Returning to the Type IIA N = 2 solution

Armed with the knowledge of the previous section, where the G-structure description for

the GM class in d = 11 was derived, we can perform some preliminary investigations into

the non-deformed dimensional reductions (prior to an SL(3,R) transformation). Recall

the GM solution from Section 1.4.3

ds210 = f
3
2
1 f

1
2
5

[
4ds2(AdS5) + f2ds

2(S2) + f4(dσ
2 + dη2) + f3dχ

2

]
,

e
4
3
Φ = f1f5, H3 = df8 ∧ vol(S2), C1 = f6dχ, C3 = f7dχ ∧ vol(S2).

We begin by deriving the G-structure description of this IIA solution, before performing

investigations into the boundary of this background. This analysis will lay the foundations

for later discussions into the more general multi-parameter families of solutions, following

an SL(3,R) transformation.

3.4.1 G-Structure description

Using the d = 11 G-structure forms defined by (2.2.9) and (3.3.3), along with the reduction

formula (2.2.24), it is straightforward to derive the following SU(2) structure forms for this

background

v = κe−2ρf
1
4
5 f

− 3
4

1 d
(
e2ρV̇ cos θ

)
, u = (f1f5)

3
4

(
f3V̇

′

4σ
dσ + V ′′dη − f6dρ

)
,

ω = −2κ2f
− 3

2
1 e−3ρd

(
e2ρV̇ eiϕ sin θ d(eiχeρσ)

)
,

j =
f

3
2
1 f

1
2
5 f3
σ

e−ρd (eρσ) ∧ dχ+ κ
σf2f

− 1
2

3 e−4ρ

V̇ 2
d(e4ρ sin2 θV̇ 2) ∧ dϕ, (3.4.1)

which are charged under SU(2)R × U(1)R. In addition, we can construct the complex

vielbeins from (2.2.29), (3.3.3) and e
4
3
Φ = f1f5, leading to

Ê1 = e
1
3
ΦE1 = −f

3
4
1 f

1
4
5 f

1
2
3

(
1

σ
dσ + dρ+ idχ

)
,

Ê2 = e
1
3
Φe−iθ̂+E2 = −κ f−

3
4

1 f
1
4
5 e

−2ρeiχd
(
e2ρV̇ eiϕ sin θ

)
, (3.4.2)

which re-derive the above (j, ω) via (2.2.23), and define the metric in the following manner

ds210 = e2Ads2(Mink4) + Ê1 ¯̂E1 + Ê2 ¯̂E2 + u2 + v2, e2A = e2Â+
2
3
Φ = 4f

3
2
1 f

1
2
5 e

2ρ.

By constructing the pure spinors (2.2.12), one can now verify the SUSY conditions (2.2.31)

are indeed satisfied. In addition, using (2.2.30), (2.2.32) and (3.4.1), one can easily derive
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the higher form fluxes directly from the G-structure description:

C5 = e4A−Φvol(Mink4) ∧ u, C7 = e4A−Φvol(Mink4) ∧ v ∧ j, C9 = −1

2
e4A−Φvol(Mink4) ∧ u ∧ j ∧ j,

(3.4.3)

which we write explicitly

C5 = −25κ2
V̇ V̇ ′

V ′′ vol(AdS5) + 24κ2e4ρvol(Mink4) ∧
(
σV̇ ′dσ + (2V̇ − V̈ )dη

)
,

C7 = 26κ3σ

(
vol(AdS5) ∧

(
3V̇ cos θ dσ − d(σV̇ cos θ)

)
+ e4ρvol(Mink4) ∧ d(V̇ cos θ) ∧ dσ

)
∧ dχ

− 24f31 f5f7

(
vol(AdS5) +

e4ρ

2V̇
d(V̇ ) ∧ vol(Mink4)

)
∧ vol(S2),

C9 = −27κ4σ(2V̇ − V̈ )

(
vol(AdS5) ∧

(
sin2 θ dη ∧ dσ ∧ dϕ− σV̇

∆̃
cos θ d(V ′) ∧ vol(S2)

)
+ e4ρ

V̇ V ′′

∆̃
cos θ vol(Mink4) ∧ vol(S2) ∧ dη ∧ dσ

)
∧ dχ. (3.4.4)

Calibrations

The type IIA GM solution has stacks of D6 branes along the σ = 0 boundary, located

at the various kinks of the rank function (where V̇ is discontinuous). These branes are

charged under C1, so descend from pure geometry in d = 11. Hence, one expects them to

be supersymmetric - which we will now confirm.

For branes extended in Mink4 with zero world-volume flux (f̃2 = 0), we have from

(2.3.7) and (2.3.8) the following calibration forms

vol(Mink4) ∧Ψ
(cal)
D4 = 8e4A−Φvol(Mink4) ∧ ImΨ1 = C5,

vol(Mink4) ∧Ψ
(cal)
D6 = 8e4A−Φvol(Mink4) ∧ (ImΨ3 −Bk

2 ∧ ImΨ1) = C7 −Bk
2 ∧ C5,

vol(Mink4) ∧Ψ
(cal)
D8 = 8e4A−Φvol(Mink4) ∧ (ImΨ5 −Bk

2 ∧ ImΨ3) = C9 −Bk
2 ∧ C7, (3.4.5)

where

Ψ
(cal)
D4 = e4A−Φu, Ψ

(cal)
D6 = e4A−Φ(v ∧ j −Bk

2 ∧ u), Ψ
(cal)
D8 = e4A−Φ

(
− 1

2
u ∧ j ∧ j −Bk

2 ∧ v ∧ j
)
,

with the SU(2)-structure forms defined in (3.4.1) and B2 given in (1.4.22), with B2∧B2 = 0.

In the case of the D6 branes, in order for them to preserve AdS5×S2 symmetry, we should

take Σp−3 = (ρ, S2) at σ = 0. We note from above

(
C7 −Bk

2 ∧ C5

)
=

1

2
(4κ)3

[
2V̇ 2

V ′′ vol(AdS5) ∧ vol(S2)− e4ρV̇ vol(Mink4) ∧ vol(S2) ∧ (σdσ)
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+2σ4vol(AdS5) ∧ dχ ∧ d(σ−2V̇ cos θ)− 2σe4ρvol(Mink4) ∧ dχ ∧ dσ ∧ d(V̇ cos θ)

−(η − k)

(
4σ2f6
f3

vol(AdS5)− e4ρvol(Mink4) ∧
(
V̇ ′dσ − σ2∂σ(σ

2V̇ )dη
))

∧ vol(S2)

]
,

with only the first term relevant for the D6 branes, leading to

Ψ
(cal)
D6

∣∣∣∣
(ρ,S2)

= (4κ)3e4ρ
V̇ 2

V ′′dρ ∧ vol(S2), (3.4.6)

e4A−Φ
√
det(g +B2)d

p−3w

∣∣∣∣
(ρ,S2)

= (4κ)3e4ρ
V̇ 2

V ′′

√
1 +

σ2V ′′

2V̇

√
1− 2(η − k)

V̇ ′

V̇
− 4κ(η − k)2

V ′′

f7
dρ ∧ vol(S2),

which satisfies (2.3.7) at (σ = 0, η = k). Recall that k originally appeared as an integration

constant in B2, and can change due to a large gauge transformation (with 1
(2π)2

∫
S2 B2

shifting by an integer). Hence, we find that the D6 branes are restricted to lie along σ = 0,

and at integer values of η, by the unbroken supersymmetry - with k integer for consistency.

Let us consider the supersymmetry of other probe branes which extend along the AdS5.

Performing the computation tells us that this is not possible for the D4 branes. For

the D8 brane, every term in Ψ
(cal)
D8 is charged under SU(2)R, so D8s cannot be added

without breaking supersymmetry. We do find however, from the first term in C9 (3.4.4)

and Σ5 = (ρ, ϕ, σ, η, χ), that

e4A−Φ
√

det(g +B2)

∣∣∣∣
Σ5

d5ξ =
1

2
(4κ)4e4ρσ(2V̇ − V̈ ) sin θdρ ∧ dϕ ∧ dσ ∧ dη ∧ dχ, (3.4.7)

Ψ
(cal)
D8

∣∣∣∣
Σ5

=
1

2
(4κ)4e4ρσ(2V̇ − V̈ ) sin2 θdρ ∧ dϕ ∧ dσ ∧ dη ∧ dχ,

allowing half BPS D8 branes to be placed at sin θ = 1.

3.4.2 Investigations at the boundary

The laplace equation given in (1.4.13) is an elliptical PDE, for which the extrema of the

solutions lie only at the boundaries. Hence, we know the solutions are regular in the

interior of the Riemann surface, which as we recall, is bounded by σ ∈ [0,∞), η ∈ [0, P ].

We therefore need to conduct investigations into the behaviour along these boundaries.

The behaviour of the warp factors (1.4.11) along each boundary are presented in Appendix

B.2, which are very useful in the following analysis.

The σ → ∞ boundary

Let us first consider the boundary at σ → ∞ (depicted in red in the following diagram).

In this limit, as x → ∞, the Bessel function becomes K0(x) →
√
π(2x)−

1
2 e−x. Hence, the

leading term in (1.4.17) is simply the n = 1 contribution,
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V = −R1e
− π

P
σ

√
P

2σ
sin

(
2π

P
η

)
+ ... . (3.4.8)

σ

η

0

∞

PR(η)

We then find, to leading order, the solution reduces to

ds2 = κ

[
4σ

(
ds2(AdS5) + dχ2

)
+

2P

π

(
d
( π
P
σ
)2

+ d
( π
P
η
)2

+ sin2
( π
P
η
)
ds2(S2)

)]
,

e−Φ =
R1π

2

2P
3
2
√
κ
e−

π
P
σ
( π
P
σ
)− 1

2
, H3 = −4κP

π
sin2

( π
P
η
)
d
( π
P
η
)
∧ vol(S2), (3.4.9)

where we can observe ( πP η, S
2) span a round (unit radius) 3-sphere, and we note the RR

fluxes have vanished at leading order.

This is very similar to the metric found in section 3.9.2 of [37], where they parametrise

ds2(AdS5) = e2ρηµνdx
µdxν + dρ2 then redefine (xµ, ρ, χ) = (4κσ)−

1
2 (x̃µ, ρ̃, χ̃). This then

yields 4κσ
(
ds2(AdS5) + dχ2

)
= ηµνdx̃

µdx̃ν + dρ̃2 + dχ̃2 to leading order in σ, which is

Mink6. Hence, 4κσ
(
ds2(AdS5) + dχ2

)
→ ds2(Mink6) up to sub-leading terms in σ. Intro-

ducing the new coordinate r̃ = e−
π
P
σ( πP σ)

− 1
2 , we then find to leading order

ds2 = ds2(Mink6) +
2Pκ

πr̃2

(
dr̃2 + r̃2ds2(S3)

)
, H3 = −4κP

π
vol(S3), e−Φ =

R1π
2

2P
3
2
√
κ
r̃,

(3.4.10)

corresponding to the near horizon limit of a spherically symmetric stack of NS5 branes in

flat space, see (1.1.35). Fixing 2κ = π, gives an appropriate quantization for the charge for

these NS5 branes, namely

QNS5 = − 1

(2π)2

∫
S3

H3 = P. (3.4.11)

Hence, in this limit, we find a stack of P NS5 branes!

The η = 0 boundary, with σ ̸= 0

At η = 0 for σ ̸= 0 (in red), we find to leading order

V̇ ′ = f, V̇ = fη, V ′′ = −ησ−2ḟ , V̈ = ηḟ ,

where f(σ) =
π2

P 2

∞∑
n=1

Rnσn
2K1

(nπ
P
σ
)
. (3.4.12)

σ

η

0

∞

PR(η)

Here f is a positive monotonically decreasing function which has a finite maximum at
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σ = 0. This then means that |ḟ | = −ḟ , and the metric tends to

ds2 = κ

√
2f + |ḟ |

|ḟ |

[
4σ

(
ds2(AdS5) +

|ḟ |
2f + |ḟ |

dχ2

)
+

2|ḟ |
σf

(
dσ2 + dη2 + η2ds2(S2)

)]
.

(3.4.13)

It is clear to see that (η, S2) now vanishes as R3 in polar coordinates, so we know the

solution is regular away from the bounds of σ. In a similar fashion, we now look at the

η = P boundary for σ ̸= 0.

The η = P boundary, with σ ̸= 0 This boundary is

qualitatively equivalent to the η = 0 boundary above.

σ

η

0

∞

PR(η)

The σ = 0 boundary, with η ∈ (k, k + 1)

Along the entire σ = 0 boundary, one can show V̈ = 0 to leading order (using (A.2.12) and

the Laplace equation (1.4.13)). Hence, along this boundary, the solution tends to

ds2

κ
=

√
2V̇

V ′′

[
4ds2(AdS5) +

2V̇ V ′′

2V̇ V ′′ + (V̇ ′)2
ds2(S2) + 2

V ′′

V̇

(
dη2 + dσ2 + σ2dχ2

)]
,

e−4Φ =
V ′′(2V̇ V ′′ + (V̇ ′)2)2

25κ2V̇
, H3 = 2κd

(
−η + V̇ V̇ ′

2V̇ V ′′ + (V̇ ′)2

)
∧ vol(S2),

C1 = V̇ ′dχ, C3 = −4κ

(
V̇ 2V ′′

2V̇ V ′′ + (V̇ ′)2

)
dχ ∧ vol(S2). (3.4.14)

At σ = 0 and non-integer values of 0 < η < P , from the boundary conditions (1.4.14), we

have V̇ ′ is a constant and V̇ is non vanishing by definition. Provided V ′′ neither blows up

or vanishes as σ → 0, we would find the (σ, χ) sub-manifold vanishes as R2. Let us now

investigate the V ′′. Choosing η ∈ (k, k + 1) (depicted in red) and using the double series

parametrisation given in (1.4.20), one finds

V ′′ = Pk (3.4.15)

σ

η

0

∞

PR(η)

Pk =
P∑

j=k+1

bj
j − η

+
1

2P

P∑
j=1

bj

(
ψ

(
η + j

2P

)
− ψ

(
η − j

2P

)
+
π

2

(
cot

(
π(η + j)

2P

)
− cot

(
π(η − j)

2P

)))
,

where ψ is the digamma function. Indeed, within the bounds of η, V ′′ neither blows up

or vanishes. Hence, along σ = 0, η /∈ Z, the solution is regular.
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The σ = 0, η = 0 boundary

In order to approach the boundary at σ = η = 0, we make the coordinate change (η =

r cosα, σ = r sinα) for small r. We then find, to leading order

V̇ = N1r cosα, V̇ ′ = N1, V ′′ = r Q cosα,

Q =
1

4P 2

P∑
j=1

bk

(
2ψ1

(
j

2P

)
− π2 csc2

(
jπ

2P

))
, (3.4.16)

σ

η

0

∞

PR(η)

with ψ1 the trigamma function. The metric and dilaton then become

ds2

κ
=

√
2N1

Q

[
4ds2(AdS5) +

2Q

N1

(
dr2 + r2dα2 + r2 cos2 αds2(S2) + r2 sin2 αdχ2

)]
, e−4Φ =

N3
1 Q

25κ2
,

(3.4.17)

where we see that the internal metric vanishes as R5 in polar coordinates. The dilaton and

AdS5 warp factor remain constant in the limit of small r, so again, the solution remains

regular here.

The σ = 0, η = P boundary This boundary is

qualitatively the same as the (σ, η) = 0 above.

σ

η

0

∞

PR(η)

The σ = 0 boundary, with η = k

Finally, at σ = 0, η = k, for 0 < k < P (depicted as red dots), we now use the coordinate

change (η = k − r cosα, σ = r sinα) for small r, with

V̇ = Nk, V ′′ =
bk
2r
, V̇ ′ =

bk
2
(1+cosα)+Nk+1−Nk, (3.4.18)

σ

η

0

∞

PR(η)

at leading order, the solution then tends to

ds2

2κ
√
Nk

=
1√
bk
r

(
4ds2(AdS5) + ds2(S2)

)
+

√
bk
r

Nk

(
dr2 + r2ds2(S̃

2
)

)
, e−Φ =

(
Nkb

3
k

26κ2r3

) 1
4

,

B2 = 0, C1 =

(
bk
2
(1 + cosα) +Nk+1 −Nk

)
dχ, C3 = −2κNkdχ ∧ vol(S2), (3.4.19)
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using (1.1.32), this is the near horizon limit of a D6 brane stack wrapping AdS5×S2, with

S̃
2
spanned by (α, χ). In addition, the D6 branes have appropriate quantization of charge

F2 = −1

2
bkvol(S̃

2
) ⇒ QkD6 = − 1

2π

∫
S̃2

F2 = bk = 2Nk −Nk−1 −Nk+1, (3.4.20)

recovering the results of Section 1.4.3, with D6s located at the kinks of the rank function.

A Page Charge for D4 branes can also be defined, using (1.4.23). For k < η < k + 1,

F̂4 = 2κR′′(η − k)dη ∧ dχ ∧ vol(S2), (3.4.21)

which is zero in this range due to R′′(η), see (1.2.8), which consists of delta functions at

the loci of the kinks, namely at η = k. Likewise, for the same reason, we cannot define a

non-trivial Page flux at η = 0 or η = P . Things work better at the position of the kinks,

close to η = k with (3.4.18). Here, we can integrate on (χ,S2) and the semi-circular contour

defined by (η = k−r cosα, σ = r sinα), with 0 ≤ α ≤ π and infinitesimal r. It is important

to note here that F̂4 given in (1.4.23) is the Page flux for the k’th unit cell, however the

semi-circular contour we are following actually starts in the (k − 1)’th cell (when α = 0)

and crosses into the k’th unit cell at α = π/2 - see Figure 3.1.

σ

η
r

k − 1 k k + 1
α = 0 α = π

0 P

Figure 3.1: Semi-circular contour with 0 ≤ α ≤ π and infinitesimal radius, r.

The calculation then requires a bit of care when performing the integration, leading to

QkD4 = − 1

(2π)3

∫
S2×S̃

2
F̂4 = Nk −Nk−1, (3.4.22)

which we recall are interpreted as colour branes - not flavour branes.

We can now repeat the calibration calculation conducted in (3.4.6), using (3.4.4),

(3.4.5), (3.4.18), (3.4.19) and (B.2.8), finding

Ψ
(cal)
D6

∣∣∣∣
(ρ,S2)

= −24f31 f5f7e
4ρdρ ∧ vol(S2) =

27κ3N2
k

bk
e4ρ r dρ ∧ vol(S2),

e4A−Φ
√

det(g +B2)d
p−3w

∣∣∣∣
(ρ,S2)

=
(
4f

3
2
1 f

1
2
5 e

2ρ
)2( Nkb

3
k

26κ2r3

) 1
4

√
4(2κ)3

(Nk r

bk

) 3
2
sin θdρ ∧ dθ ∧ dϕ

=
27κ3N2

k

bk
e4ρ r dρ ∧ vol(S2), (3.4.23)

which clearly satisfies (2.3.7).



Chapter 4

Type IIA - via Dimensional

Reduction

In this chapter we will investigate dimensional reductions along each of the three U(1)

directions of the d = 11 GM class in turn, with the full solutions (including all nine

GL(3,R) transformation parameters) provided in Appendix B.3. These results are of course

too general, as for an SL(3,R) transformation, one can reduce these nine parameters to

just three free parameters in each case, without loss of generality. They will however prove

very useful to us, allowing one to simply plug in the desired values of the parameters in each

unique example, with all of the calculation already in place. These solutions are derived

using the generalised reduction formula

e−
2
3
Φds2IIA = ds2 − e

4
3
Φ

X2

(
d(X ψ) +X C1

)2
, A3 = C3 +

1

X
B2 ∧ d(X ψ),

which will provide options when considering the quantization of charge.

The solutions presented in this chapter, which in general depend on two parameters,

break the N = 2 supersymmetry either partially or completely. Our main focus is the

solution generated following a β reduction, as this background is a direct supersymmetry-

breaking deformation of the GM class. In this case, investigations at the boundary were

performed, demonstrating that NS5 and D6 branes are present in all backgrounds - with D4

branes appearing only for a preserved S2. In addition, we find that the D6 brane sources

of the N = 2 solution are mapped to sources backreated onto spindles - in fact, there is a

different spindle for each stack of D6 branes (located at each kink of the rank function). The

conical deficit angles of each spindle is then governed by the slope of the rank function at

each stack, along with one of the SUSY-breaking parameters (which recovers the S2 when

fixed to zero). This leads to a peculiar quantization condition for these sources, giving

rise to rational charge (with the conical deficit angles of the spindle as a denominator).

In the case of the D4 brane, the effect of the spindle can be eliminated by introducing a

83
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new term to the large gauge transformation of B2, restoring integer quantization. This

is not possible for the D6 branes, however interestingly they take the same rational form

for all solutions. Stability of some D6 probes is then studied, with a discussion of some

aspects of the corresponding dual CFTs provided. Given that the holographic central

charge (identified with a-central charge) remains untouched by the parameters, we propose

the solutions are dual to marginal deformations of the ‘parent’ N = 2 CFTs. A proposal

for the operators which deform this parent theory is then given, within the context of

soft-SUSY breaking. Recall that in the holographic limit (with long linear quivers of large

ranks), both central charges of the CFT become equal, a = c. Comments on a mirror-

like symmetry relation between two different quivers is then included. Lastly, equations

describing spin-two fluctuations in the CFT are presented, with simple universal solutions

included, and a bound on the dimension (mass) for these operators provided.

We then move on to investigate the backgrounds derived via dimensional reductions

along the remaining two U(1) directions (namely, χ and ϕ). These reductions lead to further

new and unique solutions, including a one-parameter family of N = 1 backgrounds. This

solution can be mapped to the β reduction solution, via transforming one of the parameters

into its reciprocal (which is not trivial given that they are integer valued), but does contain

a new and unique zero-parameter N = 1 sub-class (when fixing this parameter to zero).

The G-Structure description of this background is also given.

From here on in, we will begin to relabel the three free parameters as (ξ, ζ, γ). In most

cases, ζ will keep track of the SUSY under dimensional reduction to Type IIA, γ will keep

track of the SUSY under an abelian T-duality to Type IIB, and the remaining parameter,

ξ, will be left over as a free parameter in the resulting backgrounds. In fact, γ plays only

a trivial role in the type IIA solutions.

We will now present the β reduction case, before turning to the χ and ϕ reductions in

turn, where the analysis will be largely analogous.
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4.1 β Reduction

The full solution, with all GL(3,R) transformation parameters intact, is given in (B.3.1).

4.1.1 Two-Parameter Family

Motivated by the form of the U(1)R given in (3.2.3), we first investigate keeping (q, v) free.

Fixing (q ≡ ξ, v ≡ ζ)

We will now relabel q ≡ ξ and v ≡ ζ, and use γ for the third free parameter. From the

determinant in (3.2.1), fixing (q ≡ ξ, v ≡ ζ) as free parameters requires (a, c) = 0. The

determinant then becomes

pu−ms = 1, (4.1.1)

which reduces to ms = 0 after enforcing (p, b, u) = 1. This condition then gives the third

free parameter as either m ≡ γ (with s = 0) or s ≡ γ (with m = 0). In the solution which

we will now present, γ is in fact carried through the calculation trivially, and can be fixed

to zero without loss of generality. More specifically, when m ≡ γ (or s ≡ γ), one simply

derives (4.1.3) but with the redefinition χ → χ + γϕ (or ϕ → ϕ + γχ). Later, we will see

that this γ will in fact play a vital role when performing an abelian T-duality to Type IIB,

allowing for the preservation of N = 1 supersymmetry! We will return to this in the next

chapter, but for now we fix γ = 0. Hence, in d = 11, we have performed the following

transformations prior to a β reduction

dβ → dβ, dχ→ dχ+ ξ dβ, dϕ→ dϕ+ ζ dβ, (4.1.2)

which when using (B.3.1), derives the following two-parameter family of solutions

ds210,st =
1

X
f

3
2
1 f

1
2
5

√
Ξ

[
4ds2(AdS5) + f4(dσ

2 + dη2) + ds2(M3)

]
,

ds2(M3) = f2

(
dθ2 +

∆

Ξ
sin2 θDϕ2

)
+
f3
∆
dχ2 = f2

(
dθ2 +

1

Π
sin2 θdϕ2

)
+

Π

Ξ
f3Dχ

2,

B2 =
1

X
sin θ

[
ζf7dχ− (f8 + ξf7)dϕ

]
∧ dθ, e

4
3
Φ =

1

X2
f1f5Ξ, (4.1.3)

C1 =
X

Ξ

((
f6(1 + ξf6) + ξ

f3
f5

)
dχ+ ζ

f2
f5

sin2 θdϕ

)
, C3 = f7 dχ ∧ vol(S2),

Ξ = ∆+ ζ2
f2
f5

sin2 θ, ∆ = (1 + ξf6)
2 + ξ2

f3
f5
, Π = 1 + ζ2f2

f5f
2
6 + f3
f3f5

sin2 θ,

Dϕ = dϕ− ζ

∆

(
f6(1 + ξf6) + ξ

f3
f5

)
dχ, Dχ = dχ− ζ

Π

f2
f3

(
f6(1 + ξf6) + ξ

f3
f5

)
sin2 θ dϕ,
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with

H = dB2, F2 = dC1, F4 = dC3 −H ∧ C1, (4.1.4)

where we have rewritten the solution in a form which will become useful when investigating

the boundary. This solution is clearly a parametric deformation of (1.4.21), reducing to it

exactly when ξ = ζ = 0 (and X = 1).

Following the N = 2 analysis, we consider approaching the σ = 0 boundary and use the

laplace equation (1.4.13), where we find V̈ → 0 to leading order. Then, using the boundary

condition R(η) = V̇
∣∣∣
σ=0

and the warp factors (1.4.11), we now find the relation

C1

∣∣∣
σ→0

= X
R′(1 + ξR′)dχ+ 1

2ζV
′′R sin2 θdϕ

(1 + ξR′)2 + 1
2ζ

2V ′′R sin2 θ
, ⇒ C1

∣∣∣ζ/ sin θ=0

σ→0
= X

R′(η)

1 + ξR′(η)
dχ,

(4.1.5)

which reduces for ζ = 0 or sin θ = 0 (corresponding to a pole of the deformed S2). Recalling

from (1.2.8) that R′(η) is discontinuous in η, which leads to source terms for the D6 branes

in the Bianchi identity. Calculating the derivative carefully, we find

F2

∣∣∣ζ/ sin θ=0

σ→0,η=k
= X

(
R′(k)

1 + ξR′(k)
− R′(k − 1)

1 + ξR′(k − 1)

)
dη ∧ dχ =

X
(
R′(k)−R′(k − 1)

)(
1 + ξR′(k)

)(
1 + ξR′(k − 1)

)dη ∧ dχ
⇒ F2

∣∣∣ζ/ sin θ=0

σ→0
= −X

P−1∑
k=1

2Nk −Nk+1 −Nk−1(
1 + ξ(Nk+1 −Nk)

)(
1 + ξ(Nk −Nk−1)

)δ(η − k)δ(σ)dη ∧ dχ,

(4.1.6)

which would now lead to rational D6 charge under integration, due to the additional

parameter ξ in the denominator. To investigate this more thoroughly, we will need to

perform careful analysis at the boundary - which we return to in the next sub-section.

Note that the Bianchi identities for the F4 and H fluxes still read,

dH = 0, dHF4 = 0. (4.1.7)

Hence we find that this more general solution still contains D6 branes as sources, with NS5

and D4 branes considered pure flux.

It is worth noting, one can satisfy (4.1.1) by instead fixing pu = 0 and ms = −1. We

will still derive the solution given in (4.1.3), but now we have trivially re-defined the U(1)

directions amongst themselves. This is clear from the SL(3,R) transformation. Specifically,

when (p = 0, u ≡ γ, s = −1,m = 1) we require (χ → ϕ, ϕ → −χ+ γϕ) to map to (4.1.3),

and when (p ≡ γ, u = 0, s = −1,m = 1) we require the mapping (χ→ ϕ+ γχ, ϕ→ χ).

From the transformation (4.1.2) and parametrization (1.4.10), it is clear that ζ ̸= 0

breaks the S2 of the IIA background under β reduction (and hence the SU(2)R component
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of the R-Symmetry). We can see this directly from (4.1.3) using the forms of ds2(M3),

Π and Dχ, which recover the S2 for ζ = 0 (when Π = 1 and Dχ = dχ). Consequently,

from the U(1)R component in (3.2.2), choosing ζ = −ξ ̸= 0 defines a background which

preserves N = 1 supersymmetry (with a U(1)R R-symmetry). When both parameters are

zero, we preserve the full SU(2)R × U(1)R R-Symmetry, recovering the N = 2 solution

(1.4.21). In all other cases, the supersymmetry is completely broken. A summary of this

discussion is given in Figure 4.1.

β- Reduction N U(1)R SU(2)R

ξ = ζ = 0 2 ✓ ✓

ξ = −ζ ̸= 0 1 ✓ ×
ξ ̸= 0, ζ = 0 0 × ✓

ξ = 0, ζ ̸= 0 0 × ×
ξ ̸= 0, ζ ̸= 0 0 × ×

ξ

ζ

N = 0

ζ
=
−
ξ

N = 1 U(1)R Preserving N = 0 SU(2) PreservingN = 2

Figure 4.1: In the general case, for arbitrary (ξ, ζ) (in green dashed lines), the background

breaks all SUSY. Along the ζ = −ξ line (in blue), the U(1)R-symmetry is preserved,

leading to N = 1 solutions. Along the ζ = 0 line (in red), the background preserves SU(2)

isometry (descending from the original R-symmetry) with the SUSY completely broken in

general. At the point where the red and blue lines cross, with (ζ, ξ) = (0, 0) (in purple),

the background preserves SU(2)R × U(1)R R-symmetry - leading to an N = 2 solution.

Alternative free parameters

We now make a brief aside and investigate what solutions we find if we relax the condition

that both q and v are free. We will in fact demonstrate that all roads lead back to the

two-parameter family given in (4.1.3), as follows:

� Keeping (q, c) free

With (p, b, u) = 1, to keep q as a free parameter, one must fix (a, s) = 0. This

condition comes from the determinant (3.2.1), which now becomes vc = 0. To avoid

the previous case, we fix v = 0 with (q ≡ ξ,m ≡ γ). The solution derived can be
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mapped to the ζ = 0 solution of (4.1.3), via

C1 → C1 + c dϕ, χ→ χ+ (γ − c ξ)ϕ. (4.1.8)

� Keeping (v, s) free

The other possibility to keep v a free parameter is to fix (c,m) = 0, leaving the

determinant qa = 0. We of course should fix q = 0 with (v ≡ ζ, s ≡ γ). This now

derives the ξ = 0 solution of (4.1.3), following

C1 → C1 + a dχ, C3 → C3 + a dχ ∧B2, ϕ→ ϕ+ (γ − a ζ)ϕ. (4.1.9)

� Keeping (a, c) free

The final possibility is to enforce that neither q or v are free parameters by fixing

both to zero. This then makes (a, c) free, with the determinant becoming ms = 0.

This solution re-derives the N = 2 background (i.e. (4.1.3) with (ξ, ζ) = 0), with the

gauge transformations

C1 → C1 + (adχ+ cdϕ), C3 → C3 + (adχ+ cdϕ) ∧B2, (4.1.10)

and ϕ→ ϕ+ sχ or χ→ χ+mϕ (depending on which choice of parameter is made).

Let us now return to our two parameter family of solutions and perform investigations at

the boundary.

4.1.2 Investigations at the boundary

We now investigate the two-parameter solution (4.1.3) along the (σ, η) boundary, using the

same approach as Section 3.4.2 for the N = 2 solution, with the limits of the warp factors

given in Appendix B.2.

Before we begin, we see for general values of (η, σ, θ), that (Ξ,Π) are non-zero and finite.

The deformed S2 given by (θ, ϕ) has Π → 1 at the poles, which given the expression forM3

in (4.1.3), means it still behaves topologically as an S2. To demonstrate this, consider the

parametrisation sin θ = x, for x small at the poles. This leads to Dχ→ dχ+ q(η, σ)x2dϕ,

with q easily determined. To leading order in x, Dχ → dχ through χ → χ − 1
3qx

3,

demonstrating that the fibration is topologically trivial at the poles.

We now turn to the behaviour at the boundaries.

The σ → ∞ boundary

At the σ → ∞ boundary, using (3.4.8) to leading order, we find all parameters neatly drop

out of the calculation. Hence, the behaviour remains the same as the N = 2 solution,
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re-deriving (3.4.9) but now with X switched on, namely

ds2 =
κ

X

[
4σ

(
ds2(AdS5) + dχ2

)
+

2P

π

(
d
( π
P
σ
)2

+ d
( π
P
η
)2

+ sin2
( π
P
η
)
ds2(S2)

)]
,

e−Φ = X
3
2

R1π
2

2P
3
2
√
κ
e−

π
P
σ
( π
P
σ
)− 1

2
, H3 = − 1

X

4κP

π
sin2

( π
P
η
)
d
( π
P
η
)
∧ vol(S2),

with the new coordinate r̃ = e−
π
P
σ( πP σ)

− 1
2 , we then find to leading order

ds2 = ds2(Mink6)+
2Pκ

Xπ r̃2

(
dr̃2+ r̃2ds2(S3)

)
, H3 = −4κP

Xπ
vol(S3), e−Φ = X

3
2

R1π
2

2P
3
2
√
κ
r̃.

In order to recover the NS5 charge, we simply fix 2κ = πκ̂X (with κ̂ ∈ Z). Repeating the

procedure in (3.4.10), leads to

QNS5 = − 1

(2π)2

∫
S3

H3 = κ̂ P, (4.1.11)

with a stack of κ̂P NS5 branes at the σ = ∞ boundary (we will return to the quantization,

but for now we keep things general).

The η = 0 boundary, with σ ̸= 0

At η = 0 with σ ̸= 0, using (3.4.12) and (B.2.3), one finds using the second form for M3 in

(4.1.3) that (η, θ, ϕ) vanish as R3 in polar coordinates, namely

f4dη
2 + f2

(
dθ2 +

1

Π
sin2 θdϕ2

)
=

2|ḟ |
σ2 f

(
dη2 + η2ds2(S2)

)
, (4.1.12)

which once again matches the N = 2 case, given in (3.4.13).

The η = P boundary, with σ ̸= 0 This boundary is qualitatively equivalent to the

η = 0 boundary.

The σ = 0 boundary, with η ∈ (k, k + 1)

At σ = 0, η ∈ (k, k + 1), we recall that along the σ = 0 boundary, V̈ = 0 to leading order.

Following the N = 2 procedure, and using (B.2.6), we now find

Ξ = l2k +
1

2
ζ2RV ′′ sin2 θ, ∆ → l2k, Dϕ = dϕ− ζ(Nk+1 −Nk)

lk
dχ, lk = 1 + ξ(Nk+1 −Nk),

where R = V̇ from the boundary conditions (1.4.14), and hence V̇ ′ = R′ = Nk+1 − Nk.

Note also that Ξ is a nowhere vanishing and finite function of (η, θ), with the connection
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of Dϕ topologically trivial. In addition, from the form of M3 in (4.1.3), we find an R2/Zlk

orbifold singularity in (σ, χ), as follows

f4dσ
2 +

f3
∆
dχ2 → 2V ′′

R

(
dσ2 +

σ2

l2k
dχ2

)
. (4.1.13)

Fixing ξ = 0 recovers the N = 2 case and the discussion given below (3.4.14)- as it should.

Hence, this deformation parameter, which was introduced by the SL(3,R) transformation

in d = 11, has introduced an orbifold singularity to the σ = 0 boundary!

The σ = 0, η = 0 boundary

As in the N = 2 case, to approach σ = 0, η = 0, we make the coordinate change

(η = r cosα, σ = r sinα), expanding about r = 0. Using (3.4.16) and (B.2.7), we now find

Ξ → ∆ → l20, l0 = 1 + ξN1, Dϕ = dϕ− ζN1

l0
dχ, (4.1.14)

f4(dσ
2 + dη2) + ds2(M3) →

2Q

N1

(
dr2 + r2dα2 + r2 cos2 α

(
dθ2 + sin2 θ Dϕ2

)
+ r2 sin2 α

dχ2

l20

)
,

where we say that the internal space vanishes as R5/Zl0 , with the external space finite.

Again, ξ has introduced an orbifold singularity compared to the N = 2 case in (3.4.17).

The σ = 0, η = P boundary This boundary is qualitatively equivalent to the (σ, η) = 0

boundary.

The σ = 0 boundary, with η = k

At the σ = 0 boundary with η = k, we will again follow the N = 2 approach by making

the coordinate change (η = k − r cosα, σ = r sinα) for r ∼ 0, using (3.4.18) and (B.2.8).

We now find for the forms of Ξ and C1 given in (4.1.3) that the f2/f5 terms will dominate,

unless we either fix ζ = 0, or we are at a pole of the deformed S2 (where sin θ = 0). Hence,

we first investigate the S2 preserved case, with ζ = 0. We then switch on ζ and investigate

this boundary both away from the pole and approaching it.

� ζ = 0: Let us first investigate the S2 preserved (ζ = 0) case, which corresponds to

the SU(2)×U(1) preserving N = 0 deformations (which will be presented explicitly

in the next section). We postpone performing a gauge transformation on the B2 for

the moment, leading to

ds2

2κ
√
Nk

=
1

X

√
∆k

[
1√
bk
r

(
4ds2(AdS5)+ds

2(S2)

)
+

√
bk
r

Nk

(
dr2+r2

(
dα2 +

sin2 α

∆k
dχ2

))]
,
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e
4
3
Φ =

4κ
2
3 r

X2N
1
3
k bk

∆k, C1 = X
1
4ξk

2b2k sin
2 α+ g(α)(1 + ξg(α))

∆k
dχ,

C3 = −2κNkdχ ∧Vol(S2), B2 = −2κ

X
(k + ξNk)Vol(S

2), (4.1.15)

with

∆k =
1

4
ξ2b2k sin

2 α+(1 + ξg(α))2 , g(α) = cos2
(α
2

)
(Nk−Nk−1)+sin2

(α
2

)
(Nk+1−Nk).

(4.1.16)

At the poles of the deformed 2-sphere spanned by (α, χ), we have

∆k(α = 0) = l2k−1, ∆k(α = π) = l2k, lk = 1 + ξ(Nk+1 −Nk), (4.1.17)

with ∆k finite and non zero between these bounds, and observing lk = 1+ ξR′
[k,k+1].

When lk = lk−1 = 1, the deformed 2-sphere becomes a round one. However, from

the definition of lk above, we see

lk−1 − lk = ξ bk, bk = 2Nk −Nk+1 −Nk−1, (4.1.18)

with bk the N = 2 D6 brane charge at η = k (and ξ = 0). Given that k is the

position of a kink, we have bk ̸= 0 here. Hence, we necessarily have lk ̸= lk−1 for

ξ ̸= 0, which leads to R2/Zlk and R2/Zlk−1
conical singularities at the north and

south poles, respectively. This is then the behaviour of the “spindle”, reviewed in

Section 1.5, which in the case at hand, is the weighted projective space WCP1
[lk−1,lk]

.

With the behaviour of ∆k at the poles, which only depends on (l2k−1, l
2
k), the metric

of the spindle reads

ds2
(
WCP1

[lk−1,lk]

)
= dα2 +

sin2 α

∆k
dχ2, (4.1.19)

|lk|

|lk−1|

WCP1
[lk−1,lk]

with
(
|lk−1|, |lk|

)
defining the conical deficit angles, (φk−1, φk) ∈ [0, 2π), at the south

and north poles, respectively. The definitions read (see Figure 1.6)

φk−1 = 2π
(
1− 1

|lk−1|

)
, φk = 2π

(
1− 1

|lk|

)
, (4.1.20)

with (|lk−1|, |lk|) ∈ [1,∞),

recalling that
(
|lk−1|, |lk|

)
are considered coprime (or ‘relatively prime’) positive in-

tegers with gcd
(
|lk−1|, |lk|

)
= 1 and |lk−1| ≠ |lk|.
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These conditions on the conical deficit angles are not trivial, and provide fairly strong

constraints on the possible rank functions which give rise to a nice spindle description.

Given the values of ∆k at the poles depend only on the square of lk (and lk−1), and

the requirement that conical deficit angles depend on positive integers (greater or

equal to one), we conclude the conical deficit angles depend only on the absolute

value of lk (not lk itself). Recall from the form of R′ in Figure 1.2 that (Nk+1 −Nk)

is a step-wise decreasing function, but the value of |lk| = |1 + ξ(Nk+1 −Nk)| is more

subtle. For instance, we can now have situations where e.g. |lk−1| = |a| = |−a| = |lk|
for some a ∈ Z. These values of (lk−1, lk) are perfectly allowed from the perspective

of the rank function, but would not satisfy the spindle constraints - firstly because

|a| = 1 would recover the S2, and secondly because one requires |lk−1| ̸= |lk|. The

gcd
(
|lk−1|, |lk|

)
= 1 condition further constrains the values of Nk for a given ξ. In

addition, we can find examples of the ‘tear-drop’ within these solutions (with either

|lk−1| or |lk| equal to one). It would be nice to consider further whether these tear-

drop orbifolds are also ‘allowed’ within our solutions. We will take a closer look at

the Triangular rank function example in the next section.

Now, using the form of the metric and dilaton given in (4.1.15), along with the result

for a generic Dp-brane (1.1.32), we can easily see the metric describes D6 branes

extended in (AdS5, S
2) and back-reacted on a cone whose base is WCP1

[lk−1,lk]
- see

Figure 4.2. Note that this is different to the cases discussed in Section 1.5, where the

D branes actually wrap the spindle.

|lk|

|lk−1|

WCP1
[lk−1,lk]

AdS5 × S2

D6k

Figure 4.2: At each kink of the rank function, η = k, one finds a stack of D6 branes

extended in (AdS5, S
2) and orthogonal to a cone whose base is the WCP1

[lk−1,lk]
spindle -

with conical deficit angles defined by the slope of the rank function at that kink.
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Calculating the charge of each stack of D6 branes, we find

Qk6 = − 1

2π

∫
WCP1

[lk−1,lk]

F2 = − 1

2π

∫ χ=2π

χ=0
C1

∣∣∣∣α=π
α=0

=
X

lklk−1
(2Nk −Nk+1 −Nk−1),

(4.1.21)

yielding precisely the rational quantisation condition one should get when integrating

over the spindle. Using analogous arguments to (1.1.52) (see [62]), this follows because

the Euler characteristic on the spindle is itself rational, namely

χE =
1

2π

∫
WCP1

[lk−1,lk]

R vol2 =
|lk−1|+ |lk|
|lk−1lk|

= 2−
(
1− 1

|lk|

)
−
(
1− 1

|lk−1|

)
,

(4.1.22)

where vol2 is the volume form on WCP1
[lk−1,lk]

. For a CP1 the Euler characteristic is

χE = 2, which is clearly recovered when lk = lk−1 = 1 (and ξ = 0), as it should be.

The total charge of the D6 branes then read

QD6 =
P−1∑
k=1

QkD6 =
X

l0lP
(NP−1 +N1), l0 = 1+ ξN1, lP = 1− ξNP−1. (4.1.23)

It is important to observe from (4.1.21) that each D6 brane stack, located at each

of the different kinks of the rank function, has a different multiplicate factor for its

rational charge - given by 1/(lklk−1). This is because each stack of D6 branes is

orthogonal to a different spindle - i.e the D6 brane stack at η = k − 1 is orthogonal

to WCP1
[lk−2,lk−1]

, whereas the stack at η = k is orthogonal to WCP1
[lk−1,lk]

(with

different conical deficit angles). This is once again different to the cases reviewed in

Section 1.5. Instinctively, the conical deficit angle at the north pole of the η = k − 1

spindle matches the south pole conical deficit angle of the η = k spindle (defined

by |lk−1|), and so on. See Figure 4.3. Note, imposing the condition |lk−1| > |lk| (as
in [65, 66]) for a ‘Besse’ spindle (see [81]), would imply further restrictions onto the

allowed rank functions. Consequently, the k = 1 spindle (on the far left of Figure

4.3) would require a narrow peak at the south pole, becoming ever more broad for

increasing η. However, such restrictions could be loosened by considering flipping the

orientation of neighbouring spindles, such that the conical deficit angle at the north

pole of the η = k spindle matches the north pole conical deficit angle of the (flipped)

η = k + 1 spindle (defined by lk). Hence, we simply leave things more general here,

considering cases for which |lk−1| ≠ |lk|.
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0 1 k − 1 k. . . k + 1 P − 1 P. . .

N1

Nk−1

R(η)

η

|l1||l0|

WCP1
[l0,l1]

AdS5 × S2

D61
. . .

. . .

|lk−1||lk−2|

WCP1
[lk−2,lk−1]

AdS5 × S2

D6k−1

|lk|

WCP1
[lk−1,lk]

AdS5 × S2

D6k

|lk+1|

WCP1
[lk,lk+1]

AdS5 × S2

D6k+1

|lP−1||lP−2|

WCP1
[lP−2,lP−1]

AdS5 × S2

D6P−1
. . .

. . .

Figure 4.3: The stack of D6 branes located at each kink of the rank function are orthogonal

to a different spindle, with conical deficit angles defined by that kink. The conical deficit

angle at the north pole of the k− 1 spindle, |lk−1|, matches that of the south pole of the k

spindle. One is then led to the depicted set up, with gcd
(
|lk−1|, |lk|

)
= 1 and |lk−1| ≠ |lk|.

Given that our solutions stem from a d = 11 origin, it should not be surprising that

we find the behaviour of D6 branes back-reacted on a spindle. Indeed, beginning

with the following embedding of the Taub-Nut metric into d = 11

ds2 = ds2(R1,6)+h
(
dr2 + r2(dα2 + sin2 αdχ2)

)
+

1

h
(dβ+N cosαdχ)2, h = 1+

M

r
,

and transforming β → β+ 1
2(Nk+1−Nk−1)χ followed by χ→ χ+ξβ, before reducing

to IIA along β, the resulting metric and 2-form are very similar to (4.1.15) (but

for D6 branes extended on R1,6). The singular behaviour of (4.1.15) close to r = 0

is reproduced, but with AdS5 → Mink5 and M = bk. This solution also breaks

supersymmetry for ξ ̸= 0.

We now investigate the Page charge for D4 branes at η = k (and the loci of the D6

branes). Naively adopting the large gauge transformation used in the N = 2 analysis

for the B2 given in (4.1.3), we find for the k’th cell

Bk
2 → Bk

2 +
2κ

X
kvol(S2), Bk

2 =
1

X
(f8 + ξf7 + 2κk) vol(S2),
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F̂4 = d

f7 −
(
f6(1 + ξf6) + ξ f3f5

)
(f8 + ξf7 + 2κk)

∆

 ∧ dχ ∧ vol(S2). (4.1.24)

Using (B.2.8) for this boundary, we find Bk
2 = −2κ

X ξNkVol(S
2). Calculating the limit

of F̂4 and integrating carefully, recalling the semi-circular contour discussion given

below (3.4.21), we find (using 2κ = πκ̂X)

QkD4 = − 1

(2π)3

∫
S2×WCP1

[lk−1,lk]

F̂4 = κ̂X

(
Nk

lk
− Nk−1

lk−1

)
, (4.1.25)

with total charge

QD4 =
P−1∑
k=1

QkD4 =
κ̂X

lP
NP−1. (4.1.26)

These colour branes now have a rational charge due to the spindle. However, if we

add an additional term to the gauge transformation, noting (ξ,Nk) ∈ Z,

Bk
2 → Bk

2 +
2κ

X
(k + ξNk)Vol(S

2), Bk
2 =

1

X

(
f8 + ξf7 + 2κ(k + ξNk)

)
vol(S2),

F̂4 = d

f7 −
(
f6(1 + ξf6) + ξ f3f5

)(
f8 + ξf7 + 2κ(k + ξNk)

)
∆

 ∧ dχ ∧ vol(S2),

(4.1.27)

we instead find Bk
2 = 0 at this boundary. Taking the limit of this new F̂4, and

integrating carefully, we derive

QkD4 = − 1

(2π)3

∫
S2×WCP1

[lk−1,lk]

F̂4 = κ̂X(Nk −Nk−1), (4.1.28)

eliminating the rational charge and recovering the N = 2 quantization. Hence, we

have eliminated the rational D4 charge by an appropriate gauge transformation of

Bk
2 . The total D4 charge now becomes

QD4 =

P−1∑
k=1

QkD4 = κ̂XNP−1. (4.1.29)

This is potentially allowed due to the non-dynamical (pure flux) nature of the D4s.

� ζ ̸= 0: switching on ζ, we find that in general, the f2/f5 term dominates in the Ξ and

C1 given in (4.1.3) - unless we are at a pole of the deformed S2 (where sin θ = 0).

Let us first assume that we are indeed away from one of the poles.
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Away from a pole: in this case, we once again expand (η = k−r cosα, σ = r sinα)

in small r, finding to leading order

Ξ → bkζ
2Nk sin

2 θ

4r
, ∆ → ∆k, ∆k ≡

1

4
ξ2b2k sin

2 α+
(
1 + ξg(α)

)2
,

∆k(α = 0) = l2k−1, ∆k(α = π) = l2k, (4.1.30)

with ∆k the smooth and nowhere zero function given in (4.1.16). Using r = z2,

ds2 =
|ζ|κ
X

sin θ
[
Nk

(
4ds2(AdS5) + dθ2

)
+ 4bk

(
dz2 + z2ds2(B3)

)]
,

ds2(B3) =
1

4

(
dα2 +

sin2 α

∆k
dχ2
)
+

∆k

ζ2b2k
(dϕ+Ak)

2, e4Φ =
κ2ζ6

X6
N2
k sin

6 θ,

Ak = − ζ

∆k

[
g(α)

(
1 + ξg(α)

)
+
ξ

4
b2k sin

2 α
]
dχ, C1 =

X

ζ
dϕ, (4.1.31)

B2 = −2κ

X
Nk sin θ

(
ζdχ− ξdϕ

)
∧ dθ, C3 = −2κNk sin θdθ ∧ dϕ ∧ dχ.

We see here that the (z,B3) sub-manifold describes a cone of base B3, and the rest

of the space has a constant warping (ignoring the overall sin θ). In addition, the

sub-manifold B3 is itself clearly a U(1) fibration over WCP1
[lk−1,lk]

, with

ds2(B3)

∣∣∣∣
α∼0

=
1

4

(
dα2 +

α2

l2k−1

dχ2
)
+
l2k−1

ζ2b2k

(
dϕ− ζ(Nk −Nk−1)

lk−1
dχ

)2

,

ds2(B3)

∣∣∣∣
α∼π

=
1

4

(
dα2 +

(π − α)2

l2k
dχ2
)
+

l2k
ζ2b2k

(
dϕ− ζ(Nk+1 −Nk)

lk
dχ

)2

,

1

2π

∫
WCP[lk−1,lk]

dA =
ζbk
lk−1lk

, bk = 2Nk −Nk+1 −Nk−1, (4.1.32)

which is consistent with this claim (see for example [62]). Hence, the sub-manifold

(z,B3) describes a cone whose base is a U(1) fibration over WCP1
[lk−1,lk]

. In the recent

work of [76], similar three- dimensional orbifolds were considered within the context

of supersymmetric localisation. Note that the deformed Taub-Nut space discussed

above (4.1.24) reproduces the cone over B3 precisely, meaning it is the the orbifold

singularity associated with this generalised space.

We note for ζ ̸= 0, at this boundary, the limit of C3 − C1 ∧ B2 = 0. Consequently,

there are no D4 branes present (for ζ ̸= 0), as F̂4 = d(C3 ∧ e−B2). This is in contrast

to the S2 preserved case presented above (with ζ = 0), where D4 branes are indeed

recovered. It is worth noting that one could recover a D4 charge for the ζ ̸= 0 case

by adding an additional 2κζNk sin θdχ ∧ dθ term to the B2 gauge transformation.

However, although this make sense locally, it may not be well defined globally - it is

not clear that this additional term is a 2-cycle.

We now study this limit when approaching the pole of the deformed S2.
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Approaching the pole: here we study the behaviour when approaching (σ = 0,

η = k, sin θ = 0), which motivates the following coordinate change

η = k − r̄ cosα sin2 µ, σ = r̄ sinα sin2 µ, sin θ = 2

√
bkr̄

Nk
cosµ, (4.1.33)

with r = r̄ sin2 µ (for small r̄), such that

f4(dσ
2+ dη2)+ f2(dθ

2+sin2 θdϕ2) = f4

(
dr̄2+ r̄2

(
dµ2+cos2 µdϕ2+

1

4
sin2 µdα2

))
,

(4.1.34)

which then closes nicely as an R4 (noting that f4 = bk/(r̄Nk) and f2 = 1 in this

limit). This then gives rise to the function Ξ̃k, which is nowhere zero and smooth,

given by

sin2 µΞ → Ξ̃k = ∆k sin
2 µ+ ζ2b2k cos

2 µ, B2 → B2 +
4κ k bk cos

2 µ

XNk
dr̄ ∧ dϕ,
(4.1.35)

for the gauge transformation in (4.1.24), leading to

ds2

2κ
√
Nk

=
1

X

√
Ξ̃k

[
4√
bk
r̄

ds2(AdS5) +

√
bk
r̄

Nk

(
dr̄2 + 4r̄2ds2(B4)

)]
, e−Φ =

(
X6b3kNk

26κ2Ξ̃3
kr̄

3

) 1
4

,

B2 =
4κ

X
bk cos

2 µ
(
ξdϕ− ζdχ

)
∧ dr̄, C3 = −4κ bk cos

2 µdr̄ ∧ dϕ ∧ dχ,

C1 =
X

Ξ̃k

[
b2kζ cos

2 µdϕ+

(
g(α)

(
1 + ξg(α)

)
+

1

4
ξb2k sin

2 α

)
sin2 µdχ

]
, (4.1.36)

with the 4 manifold defined as

ds2(B4) = dµ2 +
1

4
sin2 µ

(
dα2 +

sin2 α

∆k
dχ2

)
+

sin2 µ cos2 µ∆k

Ξ̃k
(dϕ+Ak)

2. (4.1.37)

This B4 is topologically a CP2, see (1.5.2), but with additional orbifold singularities

arising from the (α, χ) spindle - namely, at R4/Zlk−1
and R4/Zlk , along with a further

orbifold singularity as sinµ→ 0 (where B4 approaches a cone over the B3 defined in

(4.1.31)), arising from the Ξ̃k contribution.

Calculating the Euler Characteristic, using

χE =
1

32π2

∫
B4

(RabcdR
abcd − 4RabR

ab +R2)Vol(B4), (4.1.38)

from the Chern-Gauss-Bonnet theorem, leads to

χE = 3−
(
1− 1

|lk−1|

)
−
(
1− 1

| ζξ (lk−1 − lk)|

)
−
(
1− 1

|lk|

)
, (4.1.39)
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where |ζ(lk−1−lk)/ξ| = |ζ bk| ∈ Z, which is the contribution from the Ξ̃k. For a round

CP2, χE = 3 - hence, B4 is the weighted projective space WCP2
[lk−1,lk,

ζ
ξ
(lk−1−lk)]

. This

is then a four dimensional analogue of the spindle!

By analogous arguments to the spindles in the ζ = 0 example, because the orbifold

singularities depend on the values of both R′ and R′′ at each kink, we appear to have

multiple neighbouring WCP2 manifolds along the η direction- one for each k. We can

then imagine a similar set up to Figure 4.3 for these higher dimensional analogues.

Distinct examples of restricted forms of this orbifold appear in the literature [29, 86],

specifically WCP2
[1,1,2], however we have here a generalization. To our knowledge, this

is the first time it has appeared in a solution of supergravity! While a WCP2
[k1,k2,k3]

embedding into supergravity probably does exists (for truly independent ki), it is

hard to see how it would be consistent with supersymmetry - it isn’t for the case of

WCP2
[1,1,1] = CP2 (see [184]), which such a solution would accommodate.

Note in the ξ = 0 case, the only orbifold singularity arises from the ζ bk term in Ξ̃k

(as ∆k = lk = 1), we now find

ds2(B4) = dµ2 +
1

4
sin2 µ

(
dα2 + sin2 αdχ2

)
+

sin2 µ cos2 µ

sin2 µ+ ζ2b2k cos
2 µ

(
dϕ− ζg(α)dχ

)2
,

with χE = 3−
(
1− 1

|ζ bk|

)
, (ξ = 0, ζ ̸= 0). (4.1.40)

We have already considered the ζ = 0 case above.

Now calculating the charge at µ = π
2 , we notice that all ζ dependence drops out of

the calculation, re-deriving the D6 charge given in (4.1.21)

QkD6 = − 1

2π

∫
WCP1

[lk−1,lk]

F2 = − 1

2π

∫ χ=2π

χ=0
C1

∣∣∣α=π
α=0

=
X

lklk−1
(2Nk −Nk+1 −Nk−1),

(4.1.41)

where the rational charge is a consequence of the spindle, see for example [62]. Note

the orbifold singularity due to ζbk does not effect the charge. The boundary analysis

then agrees with the discussion around (4.1.5), where we had nice D6 sources for

ζ = 0 or sin θ = 0.

It is known that reducing R1,5×TNM on the Hopf fiber of the Taub-Nut space derives

a stack ofM D6 branes in flat space, described by the d = 7 KK monopole geometry.

In (4.1.36), we appear to have the singularity associated to a d = 5 KK monopole

extended in AdS5, descending (via dimensional reduction) from the embedding of

a conical Calabi-Yau 3-fold (with orbifold singularities) into d = 11. We refer the

reader to appendix C of [175], where the flat space analogue of the above singular

behaviour is shown to be realised by the dimensional reduction of d = 11 supergravity
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on an R1,4×R6 orbifold. As for the D6 branes in the previous deformation, the charge

of this KK monopole is found by integrating F2 at µ = π
2 , namely

− 1

2π

∫
WCP1

[lk−1,lk]

F2 =
1

lklk−1
(2Nk −Nk+1 −Nk−1), (4.1.42)

in this case however, supersymmetry is not broken.

Summary

For all values of (ξ, ζ), we have a stack of colour NS5 branes at the σ → ∞ boundary. In

addition, we find stacks of D6 branes along the σ = 0 boundary, and located at each kink

of the rank function. In the ζ = 0 case (along the red line in Figure 4.1), with a preserved

S2, the D6 branes are extended in (AdS5, S
2) and orthogonal to a different spindle at each

kink, with conical deficit angles defined by that kink - giving rise to a different rational

charge for each D6 stack. This is the only solution with D4 (colour) branes. In that case,

the rational charge of the D4 branes, derived from integrating over the spindle, can be

eliminated by an additional term in the gauge transformation of B2. In the ζ ̸= 0 case,

the spindle at each kink is now replaced by its higher dimensional analogue, giving rise to

the same rational quantization of charge. When ξ = 0 (along the dark green line in Figure

4.1), integer quantization is recovered. The D6 branes are the only physical objects in the

background. Hence, in summary

QNS5 = κ̂ P, QkD6 =
X

lklk−1
bk, QkD4 = κ̂X

 0 (ζ ̸= 0)

(Nk −Nk−1) (ζ = 0)
,

QD6 =

P−1∑
k=1

QkD6 =
X

l0lP
(NP−1 +N1), QD4 =

P−1∑
k=1

QkD4 = κ̂X

 0 (ζ ̸= 0)

NP−1 (ζ = 0)
,

lk = 1 + ξ(Nk+1 −Nk), l0 = 1 + ξN1, lP = 1− ξNP−1, bk = (2Nk −Nk+1 −Nk−1).

(4.1.43)

Calculating the holographic central charge, and using 2κ = πκ̂X, one finds

chol =
κ̂3X2

8π

∞∑
n=1

P R2
n.

Given that the D6 branes are physical, it is worthwhile using the parameters (κ̂, X) to

investigate quantizing their charge. Following this discussion, we will return to the S2

preserved N = 0 solution, before investigating further the one-parameter N = 1 solutions

defined by ζ = −ξ.
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4.1.3 Quantization & the Holographic Central Charge

Let us now turn to quantization, keeping in mind any effects on the holographic central

charge. We have a few options:

� In the usual case, with κ̂ = X = 1, we simply get

QkD6 =
2Nk −Nk+1 −Nk−1

lklk−1
, QNS5 = P, Q

k,(ζ=0)
D4 = (Nk −Nk−1),

QD6 =
P−1∑
k=1

QkD6 =
(NP−1 +N1)

l0lP
, Q

(ζ=0)
D4 =

P−1∑
k=1

Q
k,(ζ=0)
D4 = NP−1,

with chol =
1

8π

∞∑
n=1

P R2
n, lk = 1 + ξ(Nk+1 −Nk),

(4.1.44)

which gives nice results for the holographic central charge and the NS5- and D4-

charges, however the D6 brane charge has rational quantization due to the spindle.

This simply recovers the GM charges when ξ = 0 - where the spindle orbifold singu-

larities vanish (returning to an S2 for ζ = 0), recovering the integer quantization. In

the ξ = 0 solution, the remaining ζ ̸= 0 parameter breaks the supersymmetry from

N = 2 to N = 0 (along with the S2), corresponding to the vertical axis in Figure 4.1.

Of course, there may exist example rank functions (such as certain triangular rank

functions) which give rise to integer charges (as well as satisfying all the requirements

imposed by the spindle). After cycling through hundreds of triangular rank function

examples, when (|lS−1|, |lS |) > 1, no such case has yet been found (see Figure 4.8).

We note, in the limit N → ∞, we find QD6 ∼ N (for ξ = 0) and QD6 ∼ 1/N (for

ξ ̸= 0).

� Alternatively, the additional parameter, X, allows us to impose the quantization of

each and every D6 brane stack, where we require

X ≡
P∏
j=0

lj , lj = 1 + ξ(Nj+1 −Nj), (4.1.45)

leading to

QkD6 =
P∏
j=0

j ̸=(k,k−1)

lj(2Nk −Nk+1 −Nk−1), QD6 =
P−1∑
k=1

QkD6 = (NP−1 +N1)
P−1∏
j=1

lj ,

(4.1.46)

with QD6 and Q
k
D6 integer, for all k. Alternatively, one could focus on quantizing only

the total D6 charge, in which case this condition could be lessened to just X ≡ l0lP

- with the charge of each D6 stack (which is now rational in general) summing to



CHAPTER 4. TYPE IIA - VIA DIMENSIONAL REDUCTION 101

an integer overall. In practice however, either choice lead to similar consequences on

the remaining charges - which we now investigate. From here there are two notable

options

– Imposing κ̂ = X− 2
3 , we can recover the GM holographic central charge,

chol =
1

8π

∞∑
n=1

P R2
n, (4.1.47)

however, as a consequence, the NS5 and D4 charges now read

QNS5 = P

P∏
j=0

(lj)
− 2

3 , Q
k,(ζ=0)
D4 = (Nk −Nk−1)

P∏
j=0

(lj)
1
3 , Q

(ζ=0)
D4 = NP−1

P∏
j=0

(lj)
1
3 .

(4.1.48)

Of course, in order to quantize the D4 here, we could simply redefine X → X3

(which would still give integer D6 quantization). However, the quantization of

NS5 is necessarily broken in general. Hence, we have quantized the D6 charge

and kept the N = 2 holographic central charge, but as a consequence, broken

the quantization of the NS5 branes. Again, many Triangular rank functions have

been tested. When (|lS−1|, |lS |) > 1, no integer NS5 examples have been found as

yet. However, loosening this condition, leads to special teardrop examples with

integer quantization (see Figure 4.6). Perhaps rational NS5 charge is physically

superior to rational D6 charge, given that the D6 branes are in fact dynamical

(unlike the NS5s).

– Finally, let us impose the quantization of all charges by fixing κ̂ = 1, hence

QNS5 = P, Q
k,(ζ=0)
D4 = (Nk −Nk−1)

P∏
j=0

lj , Q
(ζ=0)
D4 = NP−1

P∏
j=0

lj .

(4.1.49)

Note here that this approach would still quantize the D4 branes even without

the additional gauge transformation, namely for (4.1.25) and (4.1.26).

However, as a consequence of quantizing all three charges, we find

chol =
1

8π

P∏
j=0

(lj)
2

∞∑
n=1

P R2
n, lj = 1 + ξ(Nj+1 −Nj), (4.1.50)

where it is clear that ξ has now been introduced into the holographic central

charge. Hence, in this case, the parameter ξ would change the number of de-

grees of freedom of the dual field theory. This could suggest that in order to

quantize all charges, the parameter ξ must not correspond to a marginal defor-

mation. However, given that the isometries of the AdS5 are untouched by ξ, the

conformality of the dual field theory should also remain unaffected by this pa-

rameter. Hence, it is most likely that ξ does correspond to a marginal operator,
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but perhaps requiring the quantization of all charges is simply too much to ask

here. The most likely interpretation is that ξ corresponds to a marginal, but

non-Lagrangian, deformation of the field theory. Perhaps the generalized quiver

theories discussed in [26] may be of particular interest here.

Moving forward we will leave the parameters (X,κ) totally general, but we will consider ξ

as a marginal non-Lagrangian deformation - intuitively fixing X = 1 and κ = π/2. Given

ζ does not effect quantization, we can consider it as a marginal Lagrangian deformation.

We will return to this discussion in Section 4.1.7, where we make some comments on the

dual field theories to our backgrounds.

4.1.4 SU(2)×U(1) preserving N = 0 deformations

In this section we study in more detail the ζ = 0 solution of the more general two pa-

rameter family given in (4.1.3), which is the only S2 preserving deformation of the N = 2

solution reviewed in Section 1.4.2. This solution then retains the SU(2)×U(1) isometry,

but preserves none of the supersymmetry - this solution corresponds to the horizontal red

line in Figure 4.1. Whilst the SU(2) isometry descends from the SU(2)R part of the N = 2

R-symmetry in d = 11, the U(1) isometry does not - the U(1)R R symmetry component is

broken under the reduction.

Fixing ζ = 0 in (4.1.3), we find

ds2 =
1

X
f

3
2
1 f

1
2
5

√
∆

[
4ds2(AdS5) + f2ds

2(S2) + f4(dσ
2 + dη2) +

f3
∆
dχ2

]
, e

4
3
Φ =

1

X2
f1f5∆,

∆ = (1 + ξf6)
2 + ξ2

f3
f5
, H3 =

1

X
d(f8 + ξf7) ∧ vol(S2), (4.1.51)

C1 =
X

∆

(
f6(1 + ξf6) + ξ

f3
f5

)
dχ C3 = f7dχ ∧ vol(S2).

As we uncovered in the previous section, this solution has some very interesting properties.

As depicted in Figure 4.3, the background contains stacks of D6 branes at each kink of the

rank function, each wrapping AdS5×S2 and orthogonal to a spindle whose conical deficit

angle is defined by the kink (specifically, the slope of the rank function at the kink). In

addition to D6 branes, which are the only physical objects, the solution has a stack of NS5

branes at σ → ∞ as well as colour D4 branes. These D4 branes can have integer charge,

recovered via an appropriate gauge transformation in B2. The charges from the previous

section (5.2.38) are summarised below,

QNS5 = κ̂ P, QkD6 =
X

lklk−1
(2Nk −Nk+1 −Nk−1), QkD4 = κ̂X(Nk −Nk−1).

We postpone any non-SUSY G-structure discussion until section (4.1.6), where we

investigate the full two-parameter solution. We will however turn to checking the stability
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of probe D6 branes for this background. We will close the subsection by investigating

an example rank function - demonstrating the spindle characteristics and quantization

conditions explicitly.

Probe Stability

Now that supersymmetry is broken, it is no longer guaranteed that the D6 branes are

stable. A stable D brane configuration should have minimal energy [171, 185], for an

action defined in (1.1.36), with the WZ action requiring the pull back of C7 − Bk
2 ∧ C5

onto AdS5×S2 (the world volume of the D6 branes). Hence, to investigate the solution

at hand, we need to derive the higher form fluxes C5 and C7. In the ξ = 0 case, we can

use G-structures to derive these forms, which are given in (3.4.4). As supersymmetry is

now broken by ξ, this method is no longer an option for us. However, after a bit of work,

using the higher form fluxes for ξ = 0 (3.4.4), we can derive the appropriate parametric

deformations via direct integration. For the purposes of D6 branes, we are particularly

interested in (C5, C7), which read in full

C5 = −24

X
f31 (f5f6 + 4ξ)vol(AdS5) +

24κ2

X
e4ρvol(Mink4) ∧

(
σV̇ ′dσ + (2V̇ − V̈ )dη

)
,

C7 =
26κ3

X2
σ

((
d(σV̇ cos θ)− 3V̇ cos θ dσ

)
∧ vol(AdS5) + e4ρd(V̇ cos θ) ∧ dσ ∧ vol(Mink4)

)
∧ dχ

− 24

X2
f31 f5f7

[
vol(AdS5) + e4ρ

1

2V̇

(
1− ξ2

2V̇ ∆̃

ΛV ′′

)
d(V̇ ) ∧ vol(Mink4)

+ ξe4ρ
[
1

4
f6

(
f2

(
1 +

σ2

2
f4

) 1

V ′′d(V
′′) +

(2(V̇ ′)2

∆̃
− 1
) 1

V̇ ′
d(V̇ ′)

)

−
(
(V̇ ′)2(3(V̇ ′)2 − 5V̈ V ′′) + 2(V ′′)2(V̈ )2

2V ′′Λ∆̃
+

4V̇

Λ

(
1− 1

2
f2

))
dη +

σV̇ ′

2Λ
dσ

]
∧ vol(Mink4)

]
∧ vol(S2),

(4.1.52)

recovering (3.4.4) for ξ = 0 (noting f31 f5f6 = 2κ2 V̇ V̇
′

V ′′ ). From (4.1.52) and the form of B2

given in (4.1.3), the (AdS5, S
2) components read

C7 −Bk
2 ∧ C5 = − 24

X2
f31

(
f5f7 − (f5f6 + 4ξ)(f8 + ξf7 + 2κk)

)
vol(AdS5) ∧ vol(S2) +

1

2

(2κ)3

X2
Z̄7

=
(
C7 −Bk

2 ∧ C5

) ∣∣∣∣
ξ=0

+
1

2

(2κ)3

X2

(
Z̄7 + ξX̄7 + ξ2Ȳ7

)
, (4.1.53)

where (
C7 −Bk

2 ∧ C5

) ∣∣∣∣
ξ=0

= − 24

X2
f31 f5

(
f7 − f6(f8 + 2κk)

)
vol(AdS5) ∧ vol(S2)



CHAPTER 4. TYPE IIA - VIA DIMENSIONAL REDUCTION 104

=
(4κ)3

X2

(V̇ 2 − (η − k)V̇ V̇ ′)

V ′′ vol(AdS5) ∧ vol(S2), (4.1.54)

with Z̄7 some gauge transformation containing terms of any order in ξ, and decomposed

in terms of an arbitrary function p̄ = p̄(η, σ) as

Z̄7 =

(
p̄ vol(AdS5) ∧ vol(S2) +

1

4
e4ρvol(Mink4) ∧ vol(S2) ∧ dp̄

)
, (4.1.55)

such that it is manifestly closed, with dZ̄7 = 0, and contains only forms on the external

space whose exterior derivatives respect the isometries of Mink4.

We can absorb all additional (AdS5, S
2) components into a single function p(η, σ) in

the following manner

Z̄7 + ξX̄7 + ξ2Ȳ7 = (p̄+ ξ pX + ξ2 pY ) vol(AdS5) ∧ vol(S2) +
1

4
e4ρvol(Mink4) ∧ vol(S2) ∧ dp̄

= p vol(AdS5) ∧ vol(S2) +
1

4
e4ρvol(Mink4) ∧ vol(S2) ∧ d(p− ξ pX − ξ2 pY )

≡ Z7 + ξX7 + ξ2Y7,

p ≡ p̄+ ξ pX + ξ2 pY , pX ≡ 22

κ3
f31

(
f5f6f7 + 4(f8 + 2κk)

)
, pY ≡ 24

κ3
f31 f7 = −25V̇ 3,

with

Y7 = e4ρvol(Mink4) ∧ vol(S2) ∧ d(V̇ 3),

X7 =
1

2
e4ρvol(Mink4) ∧ vol(S2) ∧

[
d

(
V̇ 2V̇ ′

V ′′

)
− 2V̇ 2

f2
dη

+ (η − k)

(
d

(
V̇ V̇ ′

V ′′ − V̈ V̇

)
+ 4V̇ (V̇ ′dη − σV ′′dσ)

)]
.

The WZ action for a D6 brane of world volume (AdS5,S
2) then reads

SWZ =
(4κ)3

X2
T6

∫ (
V̇ 2

V ′′ +
p

2

)
vol(AdS5) ∧ vol(S2). (4.1.56)

We find to leading order about (σ = 0, η = k) that

e−Φ
√
det(g +B2)

∣∣∣∣
(AdS5, S

2)

=
(4κ)3

X2
sin θ

V̇ 2

V ′′ ξ

√
2V̇ V ′′∆k. (4.1.57)

Hence, we can fix p such that S = SDBI + SWZ = 0 for a D6 brane at (σ = 0, η = k),

p = 2ξ
V̇ 2

V ′′

√
2V̇ V ′′(1 + ξV̇ ′) = 4ξ

V̇ 2

V ′′

√
∆

f5
, (4.1.58)

which achieves the desired goal (noting that V̇ V ′′ dominates in this limit), but so does the

sum of p and any function tending to zero at the loci of the D6 branes.
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The Triangle Rank Function

Let us now investigate a simple example, using the Triangular rank function given in

(A.1.15). These solutions contain a single stack of D6 branes orthogonal to a spindle,

positioned at η = k = S , with

lS−1 = 1+ξN, lS = 1−ξ NS

P − S
, QD6 = X

NP

(1 + ξN)
(
1− ξ NS

P−S
)
(P − S)

. (4.1.59)

Assuming X = κ̂ = 1, we should simply update the D6 charge in the Hanany-Witten set-up

of Figure A.1 to include ξ. In this case, the holographic central charge equals the N = 2

solution, meaning the holographic limit discussed in Appendix A.1.1 still holds. Of course,

the linear quiver diagram of the dual CFT, given in Figure A.1, will no longer be valid (as

the rank of the square flavour node should be integer). Possibly the linear quiver should be

replaced by a generalized quiver diagram, for which the value of the central charge (1.2.9)

remains the same, but the requirement that (Nh, Nv) are integer is loosened.

Along the σ = 0 boundary, we find from (4.2.19) an R2/Z|lS−1| and R
2/Z|lS | orbifold

singularity, for η < S and η > S, respectively. Recall the conditions on the conical deficit

angles on the spindle, require |lS−1| ≠ |lS | and gcd
(
|lS−1|, |lS |

)
= 1. We know both N and

NS
P−S are positive valued, but ξ can be either positive or negative. Replacing ξ with ±|ξ|,
leads to the two plots in Figure 4.4.

0
S P

|ξ|N

−|ξ| NSP−S

|ξ|R′

η

⇒

0 S P

1 + |ξ|N∣∣∣1− |ξ| NSP−S

∣∣∣

∣∣∣1 + |ξ|R′
∣∣∣

η

(a) ξ > 0

0
S P

−|ξ|N

|ξ| NSP−S

−|ξ|R′

η

⇒

0 S P

∣∣∣1− |ξ|N
∣∣∣

1 + |ξ| NSP−S

∣∣∣1− |ξ|R′
∣∣∣

η

(b) ξ < 0

Figure 4.4: Plots of conical deficit angles, (|lS−1|, |lS |), for a generic Triangular rank func-

tion - for both ξ > 0 and ξ < 0. Here we assume |lS−1| ≠ |lS | ≥ 1 - which of course is only

satisfied by a subset of (N,S, P, ξ) values, further restricted by gcd
(
|lS−1|, |lS |

)
= 1.

One can use Mathematica to cycle through various examples. For instance, the code

given in Figure 4.5 seems sufficient for small values. We can then easily restrict further
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to |lS−1| > |lS | cases if required. Here we ignored the teardrop solutions by assuming

(lS−1, lS) > 1, but some examples are given separately in Figure 4.6.

Figure 4.5: Some simple Triangular rank function examples which satisfy the spindle con-

straints (assuming X = 1, lS−1 ̸= lS > 1). One can find more examples by increasing the

range of each variable - note that one would need to include the final condition (which

checks whether both numbers are divisible by 3) for each odd number. For instance, check-

ing whether both numbers are divisible by 5 would be required to eliminate examples such

as gcd(15, 10) ̸= 1. The sign of QD6 is chosen to be positive.

Figure 4.6: Some examples of ‘teardrop’ orbifold solutions.

As we noted below (4.1.44), taking N → ∞ leads to QD6 → 0 (for ξ ̸= 0). Recall

that the holographic limit is only trustable for P → ∞, hence we test some examples for

high values of P in Figure 4.7. We find the conical deficit angles and D6 charge remain

unaffected in this limit.



CHAPTER 4. TYPE IIA - VIA DIMENSIONAL REDUCTION 107

Figure 4.7: Testing large values of P and S for small N , for which the values (|lS−1|, |lS |)
and QD6 remain consistent. Note, for large N , QD6 → 0.

We can extend this approach to search for examples which either have integer D6 charge

(from the (4.1.44) quantization) or integer NS5 charge (from the (4.1.48) quantization for

X → X3). Using the code in Figure 4.8 (and extending the ranges of each parameter), we

find no such examples. Of course, this is not an exhaustive check. If we include teardrop

solutions as a possibility, we do find examples - see Figure 4.9. In these examples, the

holographic central charge can be preserved along with the integer quantization - using

(4.1.48) with X → X3. In the first example of Figure 4.9, we have

QNS5 = (lS−1lS)
−2P, QD4 = (lS−1lS)N, QD6 =

(lS−1lS)
3NP

(1 + ξN)
(
1− ξ NS

P−S
)
(P − S)

(P = 12, S = 4, N = 1, ξ = −2) : QNS5 = 3, −QD4 = 2, QD6 = 6.

Figure 4.8: Checking examples for integer quantization of charge, with (|lS−1|, |lS |) > 1

(for either QD6 or QNS5 quantization), finding no examples within these ranges.

Figure 4.9: Checking integer quantization of charge for teardrop solutions.
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4.1.5 U(1)×U(1) preserving N = 1 deformations

We now investigate a little further the ζ = −ξ case of (4.1.3), which is the only N = 1

preserving deformation of the N = 2 solution reviewed in Section 1.4.2, and retains a

U(1)×U(1) isometry. This solution now takes the following form

ds2 =
1

X
f

3
2
1 f

1
2
5

√
Ξ

[
4ds2(AdS5) + f4(dσ

2 + dη2) + ds2(M3)

]
, e

4
3
Φ =

1

X2
f1f5Ξ

ds2(M3) = f2

(
dθ2 +

∆

Ξ
sin2 θDϕ2

)
+
f3
∆
dχ2 = f2

(
dθ2 +

1

Π
sin2 θdϕ2

)
+

Π

Ξ
f3Dχ

2,

H3 =
1

X

(
df8 ∧ vol(S2) + ξ sin θdf7 ∧ dθ ∧ (dϕ+ dχ)

)
, (4.1.60)

C1 =
X

Ξ

(
f6 + ξ

(
f26 +

f3
f5

)
dχ− ξ

f2
f5

sin2 θdϕ

)
, C3 = f7dχ ∧ vol(S2),

where for this solution

Ξ = ∆+ ξ2
f2
f5

sin2 θ, ∆ = (1 + ξf6)
2 + ξ2

f3
f5
, Π = 1 + ξ2f2

f3 + f5f
2
6

f3f5
sin2 θ,

Dϕ = dϕ+
∆− 1− ξf6

∆
dχ, Dχ = dχ+

Π− 1 + f2f6
f3

sin2 θ

Π
dϕ.

(4.1.61)

This is a one-parameter family of N = 1 solutions, recovering the N = 2 solution for

ξ = 0. This solution corresponds to the diagonal blue line in Figure 4.1. Investigations

at the boundary of this solution are given in full in Section 4.1.2 (fixing ζ = −ξ). There

we found the background again has P NS5 branes at the σ = ∞ boundary. The most

interesting modifications to the N = 2 solution, of Sections 1.4.2 and 3.4, occur along

the σ = 0 boundary - where we find D6 brane stacks positioned at each kink of the rank

function. Approaching each kink, away from the pole of the deformed S2, we find a sub

manifold (z,B3) which describes a cone of base B3 - where this B3 is a U(1) fibration over

a spindle. See the (4.1.31) and the discussion given there (for ζ = −ξ). Approaching each

kink at one of the poles, we find a 4-manifold B4 which described a WCP2
[lk−1,lk,lk−1−lk]

- a higher dimensional analogue of the spindle. See (4.1.37) and the discussion there.

This background does not have D4 colour charges, as the limit of F̂4 vanishes for ζ ̸= 0.

Summarising the charges (5.2.38), we have

QNS5 = κ̂ P, QkD6 =
X

lklk−1
(2Nk −Nk+1 −Nk−1).

Let us now investigate the G-structure description of this background.



CHAPTER 4. TYPE IIA - VIA DIMENSIONAL REDUCTION 109

G-structure description

We now present the G-structure that this N = 1 preserving deformation preserves. We

include in these results the third parameter, γ, purely for the purposes of the next chapter,

where it plays an important non-trivial role in deriving the G structure description for a

IIB N = 1 solution (following a T-duality along χ with γ = −1). For the purposes of this

N = 1 IIA solution (4.1.60), we should simply fix γ = 0. Using the approach outlined in

sections 3.1 - 3.4.1, the d = 11 G-structure forms corresponding to the N = 1 preserving

reduction frame can be derived. In d = 11, the vielbein frame of (3.1.2) gets modified to

K = −κe
−2ρ

f1
d(e2ρV̇ cos θ),

E1 = −
√
f1f3
ΞΣ1

[
1

σ
dσ + dρ+ i

(
Σ1 dχ+Σ2 sin2 θdϕ

)
+ ξ d(V ′)− γξ

2σ2
V̇ sin2 θ dη

+
e−2ρ

2V̇

(
Σ2 d(e

2ρV̇ sin2 θ) +

(
Σ2 + ξ

f2
f3

(
γf6 − 4ξ(1 + γ)

f2
f5

))
sin2 θd(e2ρV̇ )

+
4ξ2(1 + γ)f2

f3f5
sin2 θ V̇ d(e2ρ)

)]
,

E2 =
ei(ϕ+γχ)√

Σ1

[
κ

f1

[
e−2ρd(e2ρV̇ sin θ)− V̇ sin θ

(
ξ(γ + 1)d(V ′) + γ

( 1
σ
dσ + dρ

))]
+ i
√
f1f2 sin θdϕ

]
,

E3 = − 1

X
eiχ Ξ

1
2

√
f1f5

[
X

Ξ

(
−f3V̇

′

4σ
dσ − V ′′dη + f6dρ+

ξ

f5

(κ2e−4ρ

2f31
d(e4ρV̇ 2(cos2 θ − 3)) + 4dρ

))

+ i
(
d(Xβ) + C1

)]
, (4.1.62)

where we define

Σ1 = 1 +
f2
f3

((
γ + ξ(1 + γ)f6

)2
+ ξ2(1 + γ)2

f3
f5

)
sin2 θ ≡ hχ

f3f5
,

Σ2 =
f2
f3

(
(1 + ξf6)

(
γ + ξ(1 + γ)f6

)
+ ξ2(1 + γ)

f3
f5

)
≡

hχϕ

2f3f5 sin
2 θ
,

Ξ = (1 + ξf6)
2 + ξ2

f3
f5

+ ξ2
f2
f5

sin2 θ, C1 =
X

Ξ

[(
f6 + ξ

(
f26 +

f3
f5

− γ
f2
f5

sin2 θ
))

dχ− ξ
f2
f5

sin2 θdϕ

]
.

(4.1.63)

It is worth making clear that these results still describe the N = 2 solution in d = 11,

because at this stage, the SL(3,R) transformation and rotation of frames play a somewhat

trivial role - it is only under reduction that the N = 2 is broken by these parameters.

In Type IIA, the SU(2) structure forms for (4.1.60) can be extracted from these results

following the reduction formulae in (2.2.24), we then find
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v =
κ√
X
e−2ρf

1
4
5 f

− 3
4

1 Ξ
1
4d
(
e2ρV̇ cos θ

)
,

u =
1√
X

(f1f5)
3
4Ξ− 1

4

(
f3V̇

′

4σ
dσ + V ′′dη − f6dρ−

ξ

f5

(κ2e−4ρ

2f31
d(e4ρV̇ 2(cos2 θ − 3)) + 4dρ

))
,

ω = −2κ2

X
f
− 3

2
1 e−3ρd

(
e2ρV̇ e−ξV

′
ei(ϕ+γχ) sin θ d(eiχeρeξV

′
σ)
)
, (4.1.64)

j =
1

X
√
Ξ

[
f

3
2
1 f

1
2
5 f3
σ

e−ρe−ξV
′
d
(
eρσeξV

′
)
∧ dχ+ κf2f

1
2
3 X̂1 ∧

(
(γ + 1)dχ+ dϕ

)
+ X̂2 ∧ (dϕ+ γ dχ)

]
,

where we have defined

X̂1 = ξ
V̇ ′e−4ρ

2V̇ V ′′σ
d(e4ρ sin2 θV̇ 2) + ξ2

(−V ′′V̈ + (V̇ ′)2)e−6ρ

2σV̇ V ′′
d(e6ρ sin2 θV̇ 2) + ξ2V̇ sin2 θ

(
V ′′dσ − V̇ ′

σ
dη
)
,

X̂2 = κ

(
σf2e

−4ρ

f
1
2
3 V̇

2
(1 + ξf6)d(e

4ρ sin2 θV̇ 2)− ξ

2
f2f

1
2
3 sin2 θ

(
V̇ ′

(
dσ − 2V̇

σV ′′dρ

)
+
dη

σ

(
2V̇ − V̈

)))
,

(4.1.65)

with z = u+ iv. The Pure Spinors are then constructed using (2.2.12), and one can show

that the supersymmetry conditions in (2.2.31) are indeed satisfied.

It is worth observing that we have simply defined ϕ → ϕ + γχ in these results, which

will correspond to a SUSY preserving T-duality along χ. Hence, because u and v are

independent of ϕ, they are consequently independent of γ. For a SUSY preserving T-

duality along ϕ, one should instead define χ → χ + γϕ. We will return to this in the

next chapter, where we will show that the T-duality along both U(1) directions will in fact

derive mathematically equivalent IIB N = 1 solutions.

We now fix γ = 0, and write the complex vielbeins explicitly

Ê1 = e
1
3
ΦE1 = − 1√

X
f

3
4
1 f

1
4
5 f

1
2
3 Ξ

− 1
4Σ

− 1
2

1

[
1

σ
dσ + dρ+ i

(
Σ1 dχ+Σ2 sin2 θdϕ

)
+ ξ d(V ′)

+
e−2ρ

2V̇

(
Σ2 d(e

2ρV̇ sin2 θ) +

(
Σ2 − 4ξ2

f22
f3f5

)
sin2 θd(e2ρV̇ ) +

4ξ2f2
f3f5

sin2 θ V̇ d(e2ρ)

)]
,

Ê2 = e
1
3
Φe−iθ̂+E2 = −e

i(ϕ+χ)

√
X

(f1f5Ξ)
1
4

√
Σ1

[
κ

f1

(
e−2ρd(e2ρV̇ sin θ)− ξV̇ sin θd(V ′)

)
+ i
√
f1f2 sin θdϕ

]
,

(4.1.66)

which re-derive the above (j, ω) via (2.2.23), and define the metric in the following manner

ds210 = e2Ads2(Mink4) + Ê1 ¯̂E1 + Ê2 ¯̂E2 + u2 + v2, e2A = e2Â+
2
3
Φ =

4

X
f

3
2
1 f

1
2
5 Ξ

1
2 e2ρ.
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In addition, we construct the higher form fluxes (C5, C7), as follows

C5 = e4A−Φvol(Mink4) ∧ u

=
16κ2

X
Λ e4ρ vol(Mink4) ∧

[
V̇ ′f3
4σ

dσ + V ′′dη − f6dρ−
ξ

f5

(
κ2e−4ρ

2f31
d
(
e4ρV̇ 2(cos2 θ − 3)

)
+ 4dρ

)]
,

C7 = e4A−Φvol(Mink4) ∧ v ∧ j

=
24κ

X2
e2ρf

3
2
1 f

1
2
5 vol(Mink4) ∧ d(e

2ρV̇ cos θ) ∧
(
f

3
2
1 f

1
2
5 f3
σ

e−ρe−ξV
′
d
(
eρσeξV

′
)
∧ dχ

+ κf2f
1
2
3 X̂1 ∧

(
dχ+ dϕ

)
+ X̂2 ∧ dϕ

)
. (4.1.67)

In the next section, we will generalise the G-structure discussion to the full two-parameter

non-SUSY solution.

4.1.6 Supersymmetry breaking

We now generalise the G-structure description of the N = 1 solution discussed in the previ-

ous section, and investigate what insight can be gained into the breaking of supersymmetry

for the general two-parameter N = 0 solution. As in the previous section, we first present

the complex vielbeins in d = 11, including all three parameters - as γ becomes important

when moving to type IIB. We then derive the IIA G-structure description from there. We

follow the approach outlined in sections 3.1 - 3.4.1.

Following the review of supersymmetry breaking given in Section 2.3.2, by deriving

the IIA G-structure forms for the general two-parameter solution, we will gain insight into

how supersymmetry is broken from the three G-structure conditions given in (2.2.31). In

the general solution, we know that supersymmetry is preserved when ζ = −ξ. Hence, we

expect the right hand side of these conditions to contain supersymmetry breaking terms

with an overall (ξ+ζ) multiplicative factor out the front. It will be interesting to see which

of the three conditions are broken.

The original motivation for extending the G-structure analysis to the full two-parameter

family of N = 0 solutions actually occurred when investigating the stability of probe

D6 branes for this general background, where one requires calculating the appropriate

parametric deformation for the higher form fluxes C5 and C7 - extending the stability

discussion of the N = 0 solution given in Section 4.1.4. However, assuming the third

supersymmetry condition (2.2.31c) is broken, we could no longer derive these higher form

fluxes directly from the G-structure description. This raises an interesting question into

possible parametric deformations of the Pure spinors, for which this third condition would

be automatically satisfied by construction, and consequently, the higher form fluxes derived
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directly from these new Pure Spinors. If this approach proves fruitful, one could potentially

extend this method to derive new sets of Pure spinors for each of the three SUSY conditions

- satisfying them by construction. We will return to this discussion later in this section.

d = 11 forms

We now present the appropriate modification to the vielbein frame of (3.1.2), deriving

(4.1.3) following a dimensional reduction along β

K = −κe
−2ρ

f1
d(e2ρV̇ cos θ),

E1 = −
√
f1f3
ΞΣ1

[
1

σ
dσ + dρ+ i

(
Σ1dχ+Σ2 sin

2 θdϕ
)
− ζd(V ′) +

γζ

2σ2
V̇ sin2 θdη + (ζ + ξ)d(V ′)

+
e−2ρ

2V̇

(
Σ2d(e

2ρV̇ sin2 θ) +

(
Σ2 − ζ

f2
f3

(
γf6 − 4(γξ − ζ)

f2
f5

))
sin2 θd(e2ρV̇ )

− ζ
4(γξ − ζ)f2

f3f5
sin2 θV̇ d(e2ρ)

)]
,

E2 =
ei(ϕ+ζβ+γχ)√

Σ1

[
κ

f1

(
e−2ρd(e2ρV̇ sin θ)− V̇ sin θ

(
(γξ − ζ)d(V ′) + γ

( 1
σ
dσ + dρ

)))
+ i
√
f1f2 sin θdϕ

]
,

E3 = −e
i(χ+ξβ)

X
Ξ

1
2

√
f1f5

[
X

Ξ

(
− V̇ ′f3

4σ
dσ − V ′′dη + f6dρ+

1

f5

(
−ζκ2e−4ρ

2f31
d
(
e4ρV̇ 2(cos2 θ − 3)

)
+ 4ξdρ

)

− (ζ + ξ)
e−4ρ

Λ
d(V̇ 2e4ρ)

)
+ i
(
d(Xβ) + C1

)]
, (4.1.68)

where

Σ1 = 1 +
f2
f3

((
γ + (γξ − ζ)f6

)2
+ (γξ − ζ)2

f3
f5

)
sin2 θ ≡ hχ

f3f5
,

Σ2 =
f2
f3

(
(1 + ξf6)

(
γ + (γξ − ζ)f6

)
+ ξ(γξ − ζ)

f3
f5

)
≡

hχϕ

2f3f5 sin
2 θ
, (4.1.69)

C1 =
X

Ξ

[(
f6(1 + ξf6) + ξ

f3
f5

+ γζ
f2
f5

sin2 θ

)
dχ+ ζ

f2
f5

sin2 θdϕ

]
, Ξ = (1 + ξf6)

2 + ξ2
f3
f5

+ ζ2
f2
f5

sin2 θ.

One then re-derives the N = 1 case given in (4.1.62) by fixing ζ = −ξ, noting that the

(ζ + ξ) terms in (4.1.68) totally vanish in that case. Hence, these terms should contribute

to the breaking of supersymmetry under the reduction!
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IIA initial forms

Using the reduction formulae in (2.2.24) and recalling e
4
3
Φ = 1

X2 f1f5Ξ, we find

v = ê3 = e
1
3
ΦK =

κ√
X
e−2ρf

1
4
5 f

− 3
4

1 Ξ
1
4d(e2ρV̇ cos θ), (4.1.70)

u = ĥ3 =
1√
X

(f1f5)
3
4Ξ− 1

4

[
V̇ ′f3
4σ

dσ + V ′′dη − f6dρ−
1

f5

(
−ζκ2e−4ρ

2f31
d
(
e4ρV̇ 2(cos2 θ − 3)

)
+ 4ξdρ

)

+ (ζ + ξ)
e−4ρ

Λ
d(V̇ 2e4ρ)

]
,

with E1
IIA = e

1
3
ΦE1 and E2

IIA = −ei(χ+ξβ)e
1
3
ΦE2 given in terms of the d = 11 vielbeins

(4.1.68) (where the multiplicative factor of E3 has been included in the definition of E2
IIA

with β → 0). Using the Poincaré patch (2.0.2), one can now check that indeed we re-derive

the (4.1.3) metric (with ϕ→ ϕ+ γ χ) in the following manner

ds210,st = e2A ds2(Mink4) + ds26, e2A =
4

X
e2ρf

3
2
1 f

1
2
5

√
Ξ, (4.1.71)

ds26 = E1
IIAE

1
IIA + E2

IIAE
2
IIA + u2 + v2 =

1

X
f

3
2
1 f

1
2
5

√
Ξ

[
4dρ2 + f4(dσ

2 + dη2) + ds2(M3)

]
,

noting zz̄ = u2+ v2, with z = u+ i v. We can now derive the corresponding j and ω, using

(2.2.24), or directly from the vielbeins

ω = E1
IIA ∧ E2

IIA, j =
i

2
(E1

IIA ∧ E1
IIA + E2

IIA ∧ E2
IIA), (4.1.72)

where we can check the following relations still hold

j ∧ ω = ω ∧ ω = 0, ω ∧ ω̄ = 2 j ∧ j, (4.1.73)

which they do. The results for ω and j then read

ω = −2κ2

X
f
− 3

2
1

[
e−3ρd

(
e2ρV̇ eζV

′
ei(ϕ+γ χ) sin θ d(eiχeρe−ζV

′
σ)
)

+ (ζ + ξ)eiχe−2ρσ d
(
e2ρV̇ ei(ϕ+γ χ) sin θ d(V ′)

)]
,

j =
1

X
√
Ξ

[
f

3
2
1 f

1
2
5 f3
σ

e−ρeζV
′
d
(
eρσe−ζV

′) ∧ dχ+ κf2f
1
2
3

(
(X1 − ζX̂1) ∧ dχ+ (X1 + ξX̂1) ∧ (dϕ+ γ dχ)

)
+X2 ∧ (dϕ+ γ dχ)− (ζ + ξ)

4κV̇

∆̃
√
Λ

(
X3 ∧ (dϕ+ γ dχ) + X̂3 ∧ dχ

)]
,

X1 = −ζ
(
V̇ ′e−4ρ

2V̇ V ′′σ
d
(
e4ρ sin2 θV̇ 2

)
+ ξ

(−V ′′V̈ + (V̇ ′)2)e−6ρ

2σV̇ V ′′
d
(
e6ρ sin2 θV̇ 2

))
,
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X̂1 = −ζV̇ sin2 θ
(
V ′′dσ − V̇ ′

σ
dη
)
, (4.1.74)

X2 = κ

(
σf2e

−4ρ

f
1
2
3 V̇

2
(1− ζf6)d(e

4ρ sin2 θV̇ 2) +
ζ

2
f2f

1
2
3 sin2 θ

(
V̇ ′
(
dσ − 2V̇

σV ′′dρ
)
+
dη

σ
(2V̇ − V̈ )

))
,

X3 = e−2ρ sin θ

(
2V̇ ′ + ξ

(
(V̇ ′)2 − V ′′V̈

))
d(e2ρ sin θV̇ ), X̂3 =

σ2∆̃

V̇
d(V ′) + ζ sin2 θ V̇

(
(V̇ ′)2 − V ′′V̈

)
dρ.

One can see by observation that the N = 1 result (3.4.1) is recovered when ζ = −ξ.

Notice, by naively following the derivation for the IIA forms, we would get an overall

ei(ζ+ξ)β multiplicative factor in the result for ω - which is the remnant of the broken U(1)R

component in the general N = 0 case, vanishing in the SUSY preserved backgrounds. Of

course, following the reduction, β is no longer a coordinate of the background - so we must

send β → 0 and eliminate this overall factor.

We are now free to build the Pure spinors for the two-parameter background, using

their definition (2.2.12), and check the corresponding supersymmetry conditions (2.2.31).

For the remainder of this section, we fix γ = 0. We can switch it on again by simply

sending ϕ→ ϕ+ γ χ in the results. After some effort, we find

dH3(e
3A−ΦΨ+) = (ζ + ξ)(Y3 + Y5), (4.1.75a)

dH3(e
2A−ΦReΨ−) = (ζ + ξ)Ỹ1, (4.1.75b)

dH3(e
4A−ΦImΨ−)−

e4A

8
∗6 λ(g) = (ζ + ξ)Ỹ2, (4.1.75c)

where it is clear that the right hand side vanishes for ζ = −ξ, with

Y3 = −2κ2

X
eiχeρσ d

(
σeρeiχd

(
eρei(ϕ−χ) sin θ

V̇

σ
d(V ′)

))
, (4.1.76)

Y5 = −4κ3

X2
ei(ϕ+χ)eρV̇

[
ζe2ρV̇ V ′′ sin2 θdη ∧ dσ ∧ dρ ∧ dθ ∧ dϕ

+

[(
V̇ ′ + ξ

(
(V̇ ′)2 − V̈ V ′′))(2e2ρdη ∧ dσ ∧ dρ ∧ dθ + i sin θ

( V̇

σ∆̃
sin θ d

(
e2ρσ2d(V ′)

)
∧ dθ

+ 2e2ρ cos θ dη ∧ dσ ∧ dρ
)
∧ dϕ

)
+ i ζ

σV̇ V ′′

∆̃
sin2 θ d

(
e2ρV̇ d(V ′)

)
∧ dθ ∧ dϕ

]
∧ dχ

]
,

and (Ỹ1, Ỹ2) cumbersome poly-forms of even dimension.

Deriving the higher form fluxes

Following the discussion given in Section 4.1.4, in order to investigate the stability of probe

D branes, we will need to derive the higher form fluxes for the general two-parameter
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family. In the SUSY preserved solutions, one can use the third G-structure condition to

derive the higher form fluxes directly from (2.2.32). Of course, in the general non-SUSY

case, this final condition is broken by (ζ + ξ) terms on the right hand side of (4.1.75c).

This would suggest that, in general, the higher form fluxes one would derive using (2.2.32)

(which we will label C̃5 and C̃7) should be parametric deformations of the true forms (C5

and C7) - recovering the SUSY preserved case for (ζ + ξ) = 0. That is,

C5 = C̃5 + (ζ + ξ)C̃ ′
5, C7 = C̃7 + (ζ + ξ)C̃ ′

7, (4.1.77)

with C̃ ′
5 and C̃ ′

7 the appropriate deformations, which can be derived via the Maxwell

equations (where H3 ∧ C3 = 0)

F6 = − ⋆ F4 = dC5, F8 = ⋆F2 = dC7 −H3 ∧ C5, (4.1.78)

up to some gauge transformation of C7. We should then be able to split the higher form

fluxes into a SUSY preserved part plus some SUSY-breaking parametric deformation

C5 = C5

∣∣∣
(ζ+ξ)=0

+ (ζ + ξ)C ′
5, C7 = C7

∣∣∣
(ζ+ξ)=0

+ (ζ + ξ)C ′
7. (4.1.79)

Following through the lengthy calculation, and writing each result in the manner given in

(4.1.77) and (4.1.79) in turn, we find

C5 = e4A−ΦVol(Mink4) ∧
(
u+

(ζ + ξ)√
X

(f1f5)
3
4Ξ− 1

4Λ−1e−4ρd(V̇ 2e4ρ)

)

=
16κ2

X
Vol(Mink4) ∧

[
e4ρΛ

(
V̇ ′f3
4σ

dσ + V ′′dη − f6dρ−
1

f5

(
−ζκ2e−4ρ

2f31
d
(
e4ρV̇ 2(cos2 θ − 3)

)
+ 4ξdρ

))
+ 2(ζ + ξ)d(V̇ 2e4ρ)

]
, (4.1.80)

where we can see that the additional term vanishes in F6, because d
(
d(V̇ 2e4ρ)

)
= 0, and

C7 = e4A−ΦVol(Mink4) ∧ v ∧
[
j − (ζ + ξ)

X
√
Ξ

4κV̇

∆̃
√
Λ

((
X3 − e−2ρ sin θV̇ ′d(e2ρ sin θV̇ )

)
∧ dϕ

−
(
σ2∆̃

V̇
d(V ′) + ζV̇

(
(V̇ ′)2 − V ′′V̈

)
tanθ dθ

)
∧ dχ

)]

=
24κ

X2
e2ρf

3
2
1 f

1
2
5 Ξ

1
2Vol(Mink4) ∧ d(e

2ρV̇ cos θ) ∧

[
1√
Ξ

(
f

3
2
1 f

1
2
5 f3
σ

e−ρeζV
′
d
(
eρσe−ζV

′) ∧ dχ
+ κf2f

1
2
3

(
(X1 − ζX̂1) ∧ dχ+ (X1 + ξX̂1) ∧ dϕ

)
+X2 ∧ dϕ

)
− (ζ + ξ)√

Ξ

4κV̇

∆̃
√
Λ

((
2X3 − e−2ρ sin θV̇ ′d(e2ρ sin θV̇ )

)
∧ dϕ

+

(
X̂3 −

σ2∆̃

V̇
d(V ′)− ζV̇

(
(V̇ ′)2 − V ′′V̈

)
tanθ dθ

)
∧ dχ

)]
, (4.1.81)
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using the definitions given in (4.1.70) and (4.1.74), observing that v remains undeformed.

Now that we have the higher form fluxes, we could investigate the probe stability of

the general two-parameter family, generalising the analysis given in Section 4.1.4 for the

S2 preserved solution. However, this is left for future study.

Let us now comment on an alternative set of pure spinors, inspired by the above analysis.

Imposing the calibration condition

From the results of the higher form fluxes given in (4.1.80) and (4.1.81), we have

C5 = e4A−ΦVol(Mink4) ∧ û, C7 = e4A−ΦVol(Mink4) ∧ v̂ ∧ ĵ, (4.1.82)

where

û = u+ (ζ + ξ)u′, v̂ = v + (ζ + ξ)v′, ĵ = j + (ζ + ξ)j′,

u′ =
1√
X

(f1f5)
3
4Ξ− 1

4Λ−1e−4ρd(V̇ 2e4ρ), v′ = 0,

j′ = − 1

X
√
Ξ

4κV̇

∆̃
√
Λ

((
X3 − e−2ρ sin θV̇ ′d(e2ρ sin θV̇ )

)
∧ dϕ

−
(
σ2∆̃

V̇
d(V ′) + ζV̇

(
(V̇ ′)2 − V ′′V̈

)
tanθ dθ

)
∧ dχ

)
,

(4.1.83)

which then motivates the possibility of building a new set of parametrically deformed pure

spinors from these new hatted forms, as follows

Ψ̂+ =
1

8
e

1
2
ẑ∧ẑ ∧ ω̂, Ψ̂− =

i

8
e−i ĵ ∧ ẑ, ẑ = û+ i v̂, (4.1.84)

with some ω̂ = ω + (ζ + ξ)ω′. The final G-structure condition (2.2.31c) would then be

automatically satisfied by this new pure spinor (by construction), namely

dH(e
4A−ΦImΨ̂−) =

e4A

8
⋆6 λ(g). (4.1.85)

In other words, using this more general set of (parametrically deformed) pure spinors,

one could derive the higher form fluxes directly from the G-structure conditions for all

backgrounds (no matter the SUSY). Obvious questions then arise regarding the meaning

of such spinors, and whether they would make any sense physically.

In order to preserve the SU(2) description, and the conditions given in (4.1.73), we are

motivated to generalise the definitions (4.1.72) by defining a new set of deformed complex

vielbeins (Ê1
IIA, Ê

2
IIA) given by

Ê1
IIA = E1

IIA + (ζ + ξ)E′1
IIA, Ê2

IIA = E2
IIA + (ζ + ξ)E′2

IIA, (4.1.86)
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such that

ω̂ = Ê1
IIA∧Ê2

IIA, ĵ =
i

2
(Ê1

IIA∧Ê
1

IIA+Ê
2
IIA∧Ê

2

IIA), g = Ê1
IIAÊ

1

IIA+Ê
2
IIAÊ

2

IIA+û
2+v̂2.

(4.1.87)

Hence, the new set of vielbeins should re-derive the ĵ given in (4.1.83), whilst still defining

the original metric, where

Ê1
IIAÊ

1

IIA + Ê2
IIAÊ

2

IIA + û2 ≡ E1
IIAE

1
IIA + E2

IIAE
2
IIA + u2, (4.1.88)

with v̂ ≡ v dropping out. These vielbeins would then define the corresponding ω̂.

Using (4.1.72), (4.1.86), (4.1.87) and (4.1.83), we find from the conditions on ĵ, along

with the metric condition (4.1.88), the following requirements

E′1
IIAĒ

1
IIA + E1

IIAĒ
′1
IIA + E′2

IIAĒ
2
IIA + E2

IIAĒ
′2
IIA + 2uu′ + (ζ + ξ)

(
E′1
IIAĒ

′1
IIA + E′2

IIAĒ
′2
IIA + u′2

)
= 0,

j′ =
i

2

(
E′1
IIA ∧ Ē1

IIA + E1
IIA ∧ Ē′1

IIA + E′2
IIA ∧ Ē2

IIA + E2
IIA ∧ Ē′2

IIA (4.1.89)

+ (ζ + ξ)
(
E′1
IIA ∧ Ē′1

IIA + E′2
IIA ∧ Ē′2

IIA

))
,

where the second condition is a consequence of j′, given in (4.1.83), having no (ζ + ξ)

terms. It is now a case of cranking the Mathematica handle and seeing whether such a set

of vielbeins exist. Again, this is left for future analysis.

4.1.7 Comments on dual CFTs

In this sub-section, we propose that the CFT deformations we encountered in the dual

supergravity description (4.1.3) represents marginal deformations. In Section 4.1.3, we

analysed the holographic central charge within the context of the quantization of charge.

There we concluded that forcing integer quantization onto the system is simply too much

to ask, giving rise to the same holographic central charge for the whole family of solutions.

Here we comment on a mirror-like relation that our CFTs satisfy, and study spin-two

fluctuations for both the S2 preserved N = 0 background as well as the N = 1 solutions.

The CFT dual to our two-parameter family of solutions should admit a large N ex-

pansion, and all single trace operators with spin greater than two must have a very large

dimension. CFTs with these characteristics were studied in [160].

Considering the reduction to five dimensional gravity of the S2 preserved (ζ = 0) case

of (4.1.3), we find the scalars in the AdS-bulk (which correspond to marginal operators)

have mass m2 = ∆(∆ − 4) = 0. The non-normalisable mode of these scalars is then dual

to the g coupling of the perturbed CFT (1.2.2), with the conformal manifold associated

with the moduli space of AdS5 vacua in the reduced theory.
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Holographic Central Charge Following the calculation of Appendix A.2 and the dis-

cussion given in Section 4.1.3, one arrives at the result

chol =
1

4π

∫ P

0
R(η)2dη =

1

8π

∞∑
k=1

P R2
k, (4.1.90)

where all dependence on the dilaton drops out neatly, matching the N = 2 result of [90]

(up to appropriate conversion of notation). It would be interesting to calculate (4.1.90)

for more rank function examples, comparing with the results of (1.2.9). Various examples

along these lines are given in [90, 123, 138].

The dual to our backgrounds Let us now go into more detail about the marginal

deformations represented in (4.1.3), focusing our attention on the U(1)R preserving N = 1

case (for ξ = −ζ) and in the SU(2) preserving N = 0 case (with ζ = 0). We recall from the

soft-SUSY breaking discussion given in Section 1.2.3, there are N = 0 deformations with

operator O1, with a preserved SU(2) global symmetry inherited from the R-symmetry. We

then associate this deformation with the CFTs described by the parameter ξ (with ζ = 0),

corresponding to the red line in Figure 4.1. Similarly, the operators O2 and O3 preserve

N = 1, with R-symmetry U(1) = 2
3 (U(1)R ± 2I3). We then associate these deformations

with the CFTs described by ξ = −ζ in (4.1.3), corresponding to the blue line in Figure 4.1.

The discussion into the quantization of D6 branes given in Section 4.1.3, which is inherited

from the presence of spindles and the parameter ξ, suggest that these deformations are non-

Lagrangian. When ξ = 0, the integer D6 quantization is recovered (with an S2 recovered

for ζ = 0). This suggests that the parameters ζ and ξ give rise to Lagrangian and non-

Lagrangian deformations, respectively. The arguments presented above are not air tight,

and a more careful analysis of these exactly marginal deformations is required.

A mirror-like relation It is worth noting a mirror symmetry relation between the linear

quiver R(η) (of length P − 1) (1.2.8) and R̂(η̂) (of length F − 1),

R̂(η̂) =


N̂1η̂ η̂ ∈ [0, FP ]

N̂k + (N̂k+1 − N̂k)(η̂ − k) η̂ ∈ [kFP , (k + 1)FP ]

N̂F−1(F − η̂) η̂ ∈ [F (1− 1
P ), F ],

with (FP , N̂k = P
FNk) ∈ Z, identical Fourier coefficients, Rn = R̂n, and equivalent ‘holo-

graphic central charge per unit length’, cholP = ĉhol
F . See [175] for further details. It would

be interesting to test whether the preservation of the spindle conditions survive under such

a mirror symmetry - i.e. for a given rank function, R(η), satisfying all conditions, would

its mirror, R̂(η̂), still satisfy these conditions? As an example, the triangular rank func-

tion defined by P = 5, S = 1, N = 4, ξ = −2 leads to a mirror rank function defined by
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P̂ = F = 10, Ŝ = SF
P = 2, N̂ = PN

F = 2, ξ = −2. Indeed, both rank functions satisfy the

spindle conditions, see Figure 4.10, but a more thorough investigation could be conducted

for a wider range of examples.

Figure 4.10: Mirror relation between two (spindle appropriate) Triangular rank functions

Spin 2 fluctuations For our two example solutions (4.1.51) and (4.1.60), we now study

particular excitations of the metric (along the AdS5 directions), using the results of [152–

155]. This simple fluctuation is consistent and can be associated with states of spin two in

the CFT. See Section 1.3.1 for a brief review.

� N = 0 Reduction: Using the form of the SU(2) preserving N = 0 metrics presented

in (4.1.51), after moving to Einstein Frame, one finds

ds2E = 4(f91 f5∆)
1
8

[
ds2(AdS5) +

1

4

(
f2ds

2(S2) + f4(dσ
2 + dη2) +

f3
∆
dχ2

)]
. (4.1.91)

Using (1.3.12), we have

e2AE = 4(f91 f5∆)
1
8 , g̃M5 =

1

45∆
f22 f

2
4 f3 sin

2 θ, e8AE
√
g̃M5 = 23f

9
2
1 f

1
2
3 f

1
2
5 f2f4 sin θ.

(4.1.92)

Then using (1.3.17) along with the definitions of fi (1.4.11), we find

2
(
(2V̇ − V̈ )V ′′ + (V̇ ′)2

)
V ′′V̇

∇2
S2
F +

2V̇ − V̈

σ2V ′′ ∆∂2χF

+
2

V ′′V̇ σ

[
∂η

(
σV̇ 2∂η

)
+ ∂σ

(
σV̇ 2∂σ

)]
F +M2F = 0, (4.1.93)

noting the Laplacian on the two sphere reads

∇2
S2

≡ 1

sin θ
∂θ(sin θ∂θ) +

1

sin2 θ
∂2ϕ. (4.1.94)

This result only differs from the N = 2 GM result by ∆, which goes to 1 for ξ = 0.

In that case, universal spin-two modes were already considered in [153]. We therefore

follow the same procedure and expand the mass eigenfunction as

F =
∑
lmn

ϕlmnYlme
inχ, ∇2

S2
Ylm = −l(l + 1)Ylm, (4.1.95)

where l,m, n ∈ Z and l ≥ 1. Note here that F and ϕlmn are complex in general. This

leads to

− l(l + 1)
2
(
(2V̇ − V̈ )V ′′ + (V̇ ′)2

)
V ′′V̇

F − n2
2V̇ − V̈

σ2V ′′ ∆F
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+
2

V ′′V̇ σ

[
∂η

(
σV̇ 2∂η

)
+ ∂σ

(
σV̇ 2∂σ

)]
F +M2F = 0, (4.1.96)

which is in fact a version of the Sturm-Liouville problem, fitting into the ‘universal

form’ given in [155] by the following identification

∂a(p̄∂
aψ) + q̄ψ = −m̄2w̄ψ, with ψ = ϕl̂m̂n̂ and (4.1.97)

p̄ = σV̇ 2, w̄ =
1

2
σV ′′V̇ , m̄2 =M2, q̄ = −σV̇ V ′′

(
∆̃ l̂(l̂ + 1)

V̇ V ′′
+
n̂2Λ∆

2σ2

)
.

By redefining ϕlmn, the N = 2 analogue of (4.1.96) was mapped to a more useful

form in [153]. We follow the same procedure, defining

ϕlmn = enξV
′
σn(V̇ )lϕ̃lmn, M2 = µ2 + (2l + n)(2l + n+ 4), (4.1.98)

upon which (4.1.96) becomes

σnV̇ lenξV
′

(
2e−2nξV ′

σ2n−1V̇ 2l+1V̈
∂a

(
σ2n+1V̇ 2+2le2nξV

′
∂aϕ̃lmn

)
− µ2

)
= 0, (4.1.99)

where a ∈ (η, σ). This can then be solved by ϕ̃lmn = constant and µ = 0, for all n,

which then leads to the universal solution

ϕrlmn = enξV
′
σn(V̇ )lϕ0, M2 = −4 + (2 + 2l + n)2, (4.1.100)

where ϕ0 = constant.

For the V defined in (1.4.17), this solution remains finite at all points on the Riemann

surface - just as they were shown to be for the N = 2 case in [153].

In order to define the norm of fluctuations, we can derive an integration measure by

computing the quadratic fluctuation of S = 1
2κ210

∫ √
−det g R dx10. In general, we

find

δ(2)S =
1

2κ210

∫
dx5dy5e3A

√
−det gAdS5

√
detM5hµν

(
∇2

AdS5 + 2−M2
)
hµν .

(4.1.101)

Hence, when integrating over y, we find the appropriate integration measure is

e3A
√
detM5. We can now use this to derive a bound on M2.

Returning to (4.1.99), contracting with ϕlmn and integrating with respect to the

above measure, we find

−
∫
dηdσ

¯̃
ϕlmn

(
∂a

(
σ2n+1V̇ 2+2le2nξV

′
∂aϕ̃lmn

)
+

1

2
µ2e2nξV

′
σ2n+1V̇ 2l+1V ′′ϕ̃lmn

)
= 0.

(4.1.102)

Integrating by parts, and assuming no boundary contributions (which is the case for

regular fluctuations - finite everywhere on the Riemann surface), leads to∫
dηdσ

(
σ2n+1V̇ 2+2le2nξV

′ |∂aϕ̃lmn|2 −
1

2
µ2e2nξV

′
σ2n+1V̇ 2l+1V ′′|ϕ̃lmn|2

)
= 0,
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where the first term is positive definite and the second term is negative definite. We

then see that the minimal value µ2 can take is µ2 = 0, for which ϕ̃lmn is a constant.

We then conclude that

M2 ≥ (2l + n)(2l + n+ 4), (4.1.103)

just as theN = 2 case of [153][154]. As a bound on the scaling dimension of operators,

this then becomes ∆ ≥ 4 + 2l + n.

� N = 1 Reduction: Using the N = 1 metric presented in (4.1.60), after moving to

Einstein Frame,

ds2E = 4(f91 f5Ξ)
1
8

[
ds2(AdS5) + hµνdx

µdxν +
1

4

(
f4(dσ

2 + dη2) + ds2(M3)

)]
,

and using (1.3.12), gives

e2AE = 4(f91 f5Ξ)
1
8 , g̃M5 =

1

45Ξ
f22 f

2
4 f3 sin

2 θ, e8AE
√
g̃M5 = 23f

9
2
1 f

1
2
3 f

1
2
5 f2f4 sin θ,

(4.1.104)

leading to

2
(
(2V̇ − V̈ )V ′′ + (V̇ ′)2

)
V ′′V̇

∇2
S2
F +

(
4ξ2

(
1

f5
+
f26
f3

)
∂2ϕ + 8ξ

ξf3 + f5f6(1 + ξf6)

f3f5
∂χ∂ϕ

)
F

+
2V̇ − V̈

σ2V ′′ ∆ ∂2χF +
2

V ′′V̇ σ

[
∂η

(
σV̇ 2∂η

)
+ ∂σ

(
σV̇ 2∂σ

)]
F +M2F = 0, (4.1.105)

which actually behaves remarkably similar to the equation defining the mass of spin

2 fluctuations in the N = 0 deformation. Once again, we redefine F in terms of

(4.1.95), and now further redefine

ϕlmn = e(n−m)ξV ′
σn(V̇ )lϕ̃lmn, M2 = µ2 + (2l + n)(2l + n+ 4). (4.1.106)

We again make use of ∇2
S2
Ylm = −l(l + 1)Ylm and ∂ϕYlm = imYlm, where we find

the resulting PDE for ϕ̃lmn takes an almost identical form to (4.1.99), but with enξV
′

replaced with e(n−m)ξV ′
everywhere it appears. The remaining arguments of the

previous N = 0 example then follow through the same. That is, a universal regular

fluctuation, valid when µ2 = 0, is given by

ϕrlmn = e(n−m)ξV ′
σn(V̇ )lϕ0, M2 = −4 + (2 + 2l + n)2, (4.1.107)

with ϕ0 a constant. Again, this solution saturates the bound on the mass on can

derive, which is again

M2 ≥ (2l + n)(2l + n+ 4), (4.1.108)

which once more matches the N = 2 result.
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4.2 χ Reduction

The full solution, with all GL(3,R) transformation parameters intact, is given in (B.3.2).

4.2.1 Two-Parameter Family

Given that we are now performing a dimensional reduction along χ, in order to preserve

the U(1)R component (3.2.3) under reduction, we must now fix s = −1. Recall from

Section 3.2 that the maximum supersymmetry which can be achieved under this reduction

is N = 1, because the very condition required to preserve the U(1)R component is what

breaks the SU(2)R component - a consequence of the U(1)R component being χ+ ϕ prior

to the SL(3,R) transformation, given in (3.1.3).

We will first investigate keeping the parameter s free, allowing us to turn the N = 1

supersymmetry on and off at will.

Fixing s ≡ ζ

With s ≡ ζ and (p, b, u) = 1, from the determinant given in (3.2.1), we must fix m = 0 -

with either q = 0 (where a ≡ ξ) or c = 0 (where v ≡ ξ). The remaining free parameter will

be labelled γ in each case. We will now investigate both options in turn.

� Fixing (a ≡ ξ, v ≡ γ)

With (m, q) = 0, the determinant (3.2.1) reduces to vc = 0. Hence, the third free

parameter will be v ≡ γ (with c = 0) or c ≡ γ (with v = 0). In the solution we

will now present, as in the β reduction case, the parameter γ will in fact play a

trivial role and can be fixed to zero without loss of generality. More specifically,

when c ≡ γ (or v ≡ γ), one derives (4.2.2) but with the redefinition β = β + γ ϕ (or

ϕ = ϕ + γ β). Notice from the U(1)R component (3.2.3), v ≡ γ plays an important

role when performing an ATD to IIB, we will return to this discussion in the next

chapter.

Hence, in d = 11 , we have the following transformations being performed

dβ → dβ + ξ dχ, dχ→ dχ, dϕ→ dϕ+ ζ dχ. (4.2.1)

Utilising (B.3.2), we now derive the following two-parameter family of solutions

ds210,st =
1

X
f

3
2
1

(
f5f

2
6 + f3

) 1
2
√

Ξ2

[
4ds2(AdS5) + f4(dσ

2 + dη2) + ds2(M3)

]
,

ds2(M3) = f2

(
dθ2 +

∆2

Ξ2
sin2 θ Dϕ2

)
+

1

∆2

f3f5
(f5f26 + f3)

dβ2
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= f2

(
dθ2 +

1

Π2
sin2 θ dϕ2

)
+

Π2

Ξ2

f3f5
(f5f26 + f3)

Dβ2,

B2 =
1

X
sin θ

[
ζf8dβ −

(
f7 + ξf8

)
dϕ

]
∧ dθ, e

4
3
Φ =

1

X2
f1
(
f5f

2
6 + f3

)
Ξ2,

C1 =
X(

f5f26 + f3
)
Ξ2

(
f5(f6 + ξ)dβ + ζf2 sin

2 θ dϕ

)
, C3 = f8 dβ ∧ vol(S2),

Ξ2 = ∆2 + ζ2
f2(

f5f26 + f3
) sin2 θ, ∆2 = 1 + ξ

f5(2f6 + ξ)(
f5f26 + f3

) , Π2 = 1 + ζ2
f2
f3

sin2 θ,

Dϕ = dϕ− ζ

∆2

f5(f6 + ξ)

(f5f26 + f3)
dβ, Dβ = dβ − ζ

Π2

f2
f3

(f6 + ξ) sin2 θ dϕ, (4.2.2)

with

H = dB2, F2 = dC1, F4 = dC3 −H ∧C1, dH = 0, dHF4 = 0, (4.2.3)

where we have rewritten the solution in a manner which becomes useful when per-

forming analysis at the boundaries. Notice the roles of (f7, f8) in the definitions of

(B2, C3) have swapped with respect to the β reduction case (4.1.3).

Following previous analysis, we consider approaching the σ = 0 boundary where

V̈ → 0 to leading order. With the boundary condition R(η) = V̇
∣∣∣
σ=0

and warp

factors (1.4.11), we find

C1

∣∣∣
σ→0

= X
(ξ +R′)dβ + 1

2ζV
′′R sin2 θdϕ

(ξ +R′)2 + 1
2ζ

2V ′′R sin2 θ
, ⇒ C1

∣∣∣ζ/ sin θ=0

σ→0
=

X

ξ +R′dβ, (4.2.4)

which reduces for ζ = 0 or sin θ = 0, as shown. We recall from (1.2.8) that R′(η) is

discontinuous in η. Hence, following a reduction along χ, we still have a source term

for D6 branes in the F2 Bianchi identity. Taking the derivative carefully leads to

F2

∣∣∣ζ/ sin θ=0

σ→0,η=k
= X

(
1

ξ +R′(k)
− 1

ξ +R′(k − 1)

)
dη ∧ dβ =

X
(
R′(k − 1)−R′(k)

)(
ξ +R′(k)

)(
ξ +R′(k − 1)

)dη ∧ dβ
⇒ F2

∣∣∣ζ/ sin θ=0

σ→0
= X

P−1∑
k=1

2Nk −Nk+1 −Nk−1(
ξ + (Nk+1 −Nk)

)(
ξ + (Nk −Nk−1)

)δ(η − k)δ(σ)dη ∧ dβ,

(4.2.5)

where we now have a different denominator compared to the β reduction case (5.2.10).

We can see immediately, following an integrating to find the D6 charge, fixing ξ = 0

no longer lead to integer quantization. The forms of B2 and C3 are still independent

of f6, leading to source free Bianchi identities for H and F4 - given in (4.2.3). We

will return to this discussion more thoroughly in the next sub-section, where we

investigate the boundary.
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As in the β reduction case, we once again find that ζ ̸= 0 breaks the S2 of this

background. We can see this from (4.2.2) using the forms of ds2(M3),Π2 and Dβ. In

addition, ζ is now the only parameter which determines the supersymmetry of the

solution, which is in general N = 0 and enhances to N = 1 when ζ = −1. This

condition then preserves the U(1)R component of the R-symmetry, but necessarily

breaks the SU(2)R component - this can be seen graphically in Figure 4.11, where

the U(1)R preserving N = 1 line (given in blue) never crosses the SU(2) preserving

line (given in red). This is in contrast to Figure 4.1, where they cross at the origin,

giving rise to an N = 2 solution there.

χ- Reduction N U(1)R SU(2)R

ζ = −1 1 ✓ ×
ζ = 0 0 × ✓

ζ ∈ Z/{0,−1} 0 × ×
ξ

ζ

N = 0

ζ = −1

N = 1 U(1)R Preserving N = 0 SU(2) Preserving

Figure 4.11: In the general case, for arbitrary (ξ, ζ) (in green dashed lines), the background

breaks all SUSY. Along the ζ = −1 line (in blue), the U(1)R-symmetry is preserved, leading

to N = 1 solutions. Along the ζ = 0 line (in red), the background preserves SU(2) isometry

(descending from the original R-symmetry) with the SUSY completely broken in general.

Given the red and blue lines do not intersect (as they are now parallel), there are no N = 2

solutions here - as no background preserves the necessary SU(2)R × U(1)R R-symmetry.

We can actually map this solution to (4.1.3), using the following transformations

1 : Fn → k
n
2
1 Fn, e−Φ → k

1
2
1 e

−Φ, gMN → k1gMN , H3 → k1H3,

2 : Fn → k2Fn, e−Φ → k2 e
−Φ, (4.2.6)

with k1 = ξ−1, k2 = ξ2, giving

gMN → 1

ξ
gMN , B2 →

1

ξ
B2, C1 → ξ C1, C3 → C3, e

4
3
Φ → 1

ξ2
e

4
3
Φ,

(4.2.7)
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followed (in order from left to right) by

C1 → C1 − dβ, C3 → C3 − dβ ∧B2, ζ → ξ ζ,

ϕ→ ϕ− ζ ξ χ, β → −ξ χ, ξ → 1

ξ
.

Notice that we require ξ → 1/ξ, despite the requirement that ξ ∈ Z (which stems

from the preservation of U(1) peridocity in the d = 11 solution - see the discussion

below (3.2.1)). This transformation is then a non-trivial one. Mathematically, the

two solutions can be mapped to one another (for arbitrary ξ ∈ R); however, given the

physical (integer) requirements on ξ, this is no longer true. Hence, the two solutions

should describe different physics. Of course, fixing ξ = 0 will derive a unique solution

which can not be mathematically mapped to the β reduction case.

� Fixing (q ≡ ξ, v ≡ γ)

The determinant (3.2.1) now reduces to qa = 0. To avoid repeating the previous

case, we must fix a = 0 with q ≡ ξ. After re-labelling (s ≡ ζ, q ≡ ξ, v ≡ γ), we derive

a solution which maps to the ξ = 0 solution of (4.2.2), with

C1 → C1 + ξdβ, C3 → C3 + ξdβ ∧B2, ϕ→ ϕ− ζξβ. (4.2.8)

We now investigate the case where s is not a free parameter, breaking supersymmetry in

all cases.

Fixing s = 0 (with m free)

The other possibility is to ensure s is not a free parameter by fixing it to zero. In these

cases, m is now the free parameter.

� (s, a) = 0 with (m, q) free parameters

Here the determinant reduces to vc = 0. We now look at each case in turn. These

cases can be derived from the (ξ, ζ) = 0 solution of (4.2.2), by the following trans-

formations.

– c = 0 (with v free): Re-defining ϕ→ ϕ+ vβ followed by

C1 → C1 + q dβ +mdϕ, C3 → C3 + (q dβ +mdϕ) ∧B2. (4.2.9)

– v = 0 (with c free): Re-defining β → β + cϕ followed by

C1 → C1 + q dβ +mdϕ, C3 → C3 + (q dβ +mdϕ) ∧B2. (4.2.10)
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� (s, v, q) = 0 with (m, c, a) free parameters

The remaining case can be derived from the ζ = 0 solution of (4.2.2) by re-defining

ξ ≡ a then β → β + (c− am)ϕ, followed by

C1 → C1 +mdϕ, C3 → C3 +mdϕ ∧B2. (4.2.11)

4.2.2 Investigations at the boundary

We begin by observing that (Ξ2,Π2) are non-zero and finite for general values of (η, σ, θ).

As in the β reduction case, the deformed S2 given by (θ, ϕ) has Π2 → 1 at the poles. Hence,

given the expression for M3 in (4.2.2), we conclude that the deformed sphere still behaves

as an S2 topologically.

The σ → ∞ boundary

At the σ → ∞ boundary, where we use (3.4.8) to leading order, we find Π2 = 1 and

Ξ2 =
ξ2P 2e

2πσ
P

π3R2
1

(ξ ̸= 0), Ξ2 = 1 (ξ = 0), (4.2.12)

hence, we need to investigate this boundary for both cases independently.

� ξ ̸= 0: We begin with the ξ ̸= 0 case, where

ds2 =
ξ κ

X

[
4σ

(
ds2(AdS5) +

1

ξ2
dβ2
)
+

2P

π

(
d
( π
P
σ
)2

+ d
( π
P
η
)2

+ sin2
( π
P
η
)
ds2(S2)

)]
,

e−Φ = X
3
2

R1π
2

2(ξ P )
3
2
√
κ
e−

π
P
σ
( π
P
σ
)− 1

2
, H3 = −4ξκP

Xπ
sin θ sin2

( π
P
η
)
d
( π
P
η
)
∧ dθ ∧

(
dϕ− ζ

ξ
dβ
)
,

noting that C1 = X
ξ dβ and C3 − C1 ∧B2 = 0 (up to a gauge transformation in B2).

Introducing the new coordinate r̃ = e−
π
P
σ( πP σ)

− 1
2 , we then find to leading order

ds2 = ds2(Mink6)+
2ξκP

Xπ r̃2

(
dr̃2+r̃2ds2(S3)

)
, H3 = −4ξκP

Xπ
vol(S3), e−Φ = X

3
2

R1π
2

2(ξP )
3
2
√
κ
r̃,

following analogous arguments to those presented below (3.4.8), with dβ̂ = (4ξ κX σ)−
1
2d

˜̂
β

to leading order in σ (and β̂ ≡ 1
ξβ). As in the β reductions, this clearly describes a

stack of NS5 branes, with the results matching the form given in (1.1.35).

To calculate the NS5 charge, we simply fix 2κ = πκ̂X as before (with κ̂ ∈ Z), giving

QNS5 = − 1

(2π)2

∫
S3

H3 = ξ κ̂ P, (4.2.13)

with a the stack of ξ κ̂P NS5 branes at the σ = ∞ boundary.
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� ξ = 0: When ξ = 0, things become a little less clean

ds2 =
κπ

3
2R1e

−πσ
P

PX

[
4σ

(
ds2(AdS5) +

P 2e
2πσ
P

π3R2
1

dβ2
)
+

2P

π

(
d
( π
P
σ
)2

+ d
( π
P
η
)2

+ sin2
( π
P
η
)
ds2(S2)

)]
,

e−Φ =
X

3
2 e

π
2P
σ

2π
1
4 (κR1)

1
2

( π
P
σ
)− 1

2
, B2 =


ζκP
Xπ

(
sin
(
2πη
P

)
− 2
(
πη
P

))
sin θ dβ ∧ dθ (ζ ̸= 0)

−2
3
2
√
π κR1

X e−
π
P
σ
(
π
P σ
)− 1

2 sin3
(
π
P η
)
vol(S2) (ζ = 0)

C1 =

√
2PX

π
3
2R1

e
π
P
σ
( π
P
σ
)− 1

2
cos
(πη
P

)
dβ, C3 =

Pκ

π

(
sin
(2πη
P

)
− 2
(πη
P

))
dβ ∧ vol(S2),

F̂2 = −
√
2PX

π
3
2R1

e
π
P
σ
( π
P
σ
)− 1

2

(
sin
( π
P
η
)
d
( π
P
η
)
− cos

( π
P
η
)
d
( π
P
σ
))

∧ dβ. (4.2.14)

When (ζ ̸= 0)

H3 =
4ζκP

Xπ
sin θ sin2

( π
P
η
)
d
( π
P
η
)
∧ dθ ∧ dβ,

F̂4 = d(C3 −B2 ∧ C1) = −4κP

π
sin2

( π
P
η
)
d
( π
P
η
)
∧ dβ ∧ vol(S2),

however, (η, θ, β) no longer appears to be a valid cycle - so we restrict to D4 charge,

QD4 = − 1

(2π)3

∫
S3×β

F̂4 =
2κ

π
P = X κ̂P. (4.2.15)

For (ζ = 0), with B2 → B2 + λ vol(S2)

H3 = −2
3
2κ2PR1

π
1
2X2

e−
πσ
P

( π
P
σ
)− 1

2
sin2

( π
P
η
)(

3 cos
( π
P
η
)
d
( π
P
η
)
− sin

( π
P
η
)
d
( π
P
σ
))

∧ vol(S2)

F̂4 =


−4κP

π sin2
(
π
P η
)
d
(
π
P η
)
∧ dβ ∧ vol(S2) (λ = 0)

λ
√
2PX

π
3
2R1

e
π
P
σ
(
π
P σ
)− 1

2

(
sin
(
π
P η
)
d
(
π
P η
)
− cos

(
π
P η
)
d
(
π
P σ
))

∧ dβ ∧ vol(S2) (λ ̸= 0)

giving

QD4 = − 1

(2π)3

∫
S3×β

F̂4 =
2κ

π
P = X κ̂P, (4.2.16)

hence, we find D4 charge in this limit for ξ = 0 .

The η = 0 boundary, with σ ̸= 0

At η = 0 with σ ̸= 0, using (3.4.12) and (B.2.3), one finds using the second form for M3 in

(4.2.2) that (η, θ, ϕ) vanish as R3 in polar coordinates, namely

f4dη
2 + f2

(
dθ2 +

1

Π2
sin2 θdϕ2

)
=

2|ḟ |
σ2 f

(
dη2 + η2ds2(S2)

)
, (4.2.17)

which matches the β reduction solutions.
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The η = P boundary, with σ ̸= 0 This boundary is qualitatively equivalent to the

η = 0 boundary.

The σ = 0 boundary, with η ∈ (k, k + 1)

In the case of σ = 0, η ∈ (k, k + 1), we recall that along the σ = 0 boundary, V̈ = 0

to leading order. Following the β reduction procedure, and using (B.2.6), we find (with

V̇ = R and V̇ ′ = R′ = Nk+1 −Nk at this boundary)

Ξ2 =
l2k +

1
2ζ

2RV ′′ sin2 θ

(Nk+1 −Nk)2
, ∆2 →

l2k
(Nk+1 −Nk)2

, Dϕ = dϕ− ζ

lk
dβ, lk = ξ+(Nk+1−Nk),

(4.2.18)

which, assuming Nk+1 − Nk ̸= 0 (for ζ ̸= 0), makes Ξ2 a nowhere vanishing and finite

function of (η, θ). From the form of M3 in (4.2.2), we find an R2/Zlk orbifold singularity

in (σ, β), as follows

f4dσ
2 +

1

∆2

f3f5
(f5f26 + f3)

dβ2 → 2V ′′

R

(
dσ2 +

σ2

l2k
dβ2
)
. (4.2.19)

The σ = 0, η = 0 boundary

To approach σ = 0, η = 0, we make the coordinate change (η = r cosα, σ = r sinα),

expanding about r = 0. Using (3.4.16) and (B.2.7), we now find

Ξ2 → ∆2 →
l20
N2

1

, l0 = ξ +N1, Dϕ = dϕ− ζ

l0
dχ, (4.2.20)

f4(dσ
2 + dη2) + ds2(M3) →

2Q

N1

(
dr2 + r2dα2 + r2 cos2 α

(
dθ2 + sin2 θ Dϕ2

)
+ r2 sin2 α

dβ2

l20

)
,

where we say that the internal space vanishes as R5/Zl0 , with the external space finite.

The σ = 0, η = P boundary This boundary is qualitatively equivalent to the (σ, η) = 0

boundary, with R5/ZlP−1
.

The σ = 0 boundary, with η = k

At the σ = 0 boundary with η = k, we will again follow the β reduction approach by

making the coordinate change (η = k − r cosα, σ = r sinα) for r ∼ 0, using (3.4.18)

and (B.2.8). Here we find for the forms of Ξ2 and Π2 given in (4.2.2) that the f2/f3 and

f2/(f5f
2
6 + f3) terms will dominate, unless we either fix ζ = 0, or we are at a pole of the

deformed S2 (where sin θ = 0). Hence, in a similar manner to the β reduction solutions,

we first investigate the S2 preserved case, with ζ = 0. We then switch on ζ and investigate

this boundary both away from the pole and approaching it.
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� ζ = 0: We first investigate the S2 preserved case. Postponing the B2 gauge transfor-

mation, we find

ds2

2κ
√
Nk

=
1

X

√
∆k

[
1√
bk
r

(
4ds2(AdS5) + ds2(S2)

)
+

√
bk
r

Nk

(
dr2 + r2

(
dα2 +

sin2 α

∆k
dβ2
))]

,

e
4
3
Φ =

4κ
2
3 r

X2N
1
3
k bk

∆k, C1 =
X
(
ξ + g(α)

)
∆k

dβ, C3 = −2κ k dβ ∧ vol(S2),

B2 = −2κ

X
(ξ k +Nk)vol(S

2), (4.2.21)

with

∆k =
(
ξ+g(α)

)2
+
1

4
b2k sin

2 α, g(α) = cos2
(α
2

)
(Nk−Nk−1)+sin2

(α
2

)
(Nk+1−Nk),

where we observe that the metric and dilaton take the identical form to the β reduc-

tion case (4.1.15) (up to the definition of ∆k and sending β ↔ χ). The potentials

are different however, observing that the roles of k and Nk have swapped in B2 and

C3 compared to the β reduction case. It is worth reiterating that this is due to the

mapping between the two solutions, which mathematically involves sending ξ → 1/ξ.

Because we require ξ ∈ Z however, we are dealing with a different physical system.

At the poles of the deformed 2-sphere spanned by (α, β), we have

∆k(α = 0) = l2k−1, ∆k(α = π) = l2k, lk = ξ + (Nk+1 −Nk), (4.2.22)

with ∆k finite and non zero between these bounds. So we once again find the presence

of spindles, but with different conical deficit angles compared to the β reduction case

- where we now observe that lk = ξ + R′
[k,k+1]. Recall the pictorial representation

given next to (4.1.19). When lk = lk−1 = 1, the deformed 2-sphere becomes a round

one. In the β reduction case, this simply required fixing ξ = 0 (recovering the N = 2

solution). In the present case however, there is no finite value of ξ which will recover a

round 2-sphere for all values of k (other than in a Sfetsos-Thompson potential where

the slope of the rank function is constant - with no D6 brane sources). Taking the

ξ → ∞ limit, one would find lk ∼ ξ. By absorbing ξ into the definition of β, one

could recover a round S2 - however, this would just correspond to the ξ = 0 case of

the β reduction (a consequence of ξ → 1/ξ in the mapping). Hence, the fact that

there is no finite value of ξ which gives a round 2-sphere (for a generic rank function)

is then a reflection of the breaking of N = 2 supersymmetry for all ξ (and vice versa).

Given the form of the metric and dilaton, and using (1.1.32), we once again find D6

branes extended in (AdS5, S
2) and orthogonal to a cone whose base is WCP1

[lk−1,lk]
-

see Figure 4.2. Given that the conical deficit angles of the spindle once again depend
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on the slope of the rank function at each kink, we again find that each stack of D6

branes (located at k ∈ Z intervals along η) are orthogonal to a different spindle. See

Figure 4.3 for a pictorial representation.

Calculating the charge of each stack of D6 branes, we find

Qk6 =
1

2π

∫
WCP1

[lk−1,lk]

F2 =
1

2π

∫ β=2π

β=0
C1

∣∣∣∣α=π
α=0

=
X

lklk−1
(2Nk −Nk+1 −Nk−1),

QD6 =

P−1∑
k=1

QkD6 =
X

l0lP
(NP−1 +N1), l0 = ξ +N1, lP = ξ −NP−1, (4.2.23)

yielding the rational quantisation condition one should get when integrating over

the spindle - following from the rational nature of the Euler characteristic on the

spindle, given in (4.1.22)- with the new values of lk defined in (4.2.22). Notice that

in this case, for a general rank function, fixing ξ = 0 no longer eliminates the orbifold

singularity (as lk = Nk+1 −Nk ̸= 1 in general). Hence the CP1 (with χE = 2) is not

recovered for ξ = 0.

We now turn to the D4 branes, noting

Bk
2 → Bk

2 +
2κ

X
λvol(S2), Bk

2 =
1

X

(
f7 + ξf8 + 2κλ

)
vol(S2),

F̂4 = d

f8 − f5(f6 + ξ)
(
f7 + ξf8 + 2κλ

)
(f5f26 + f3)∆

 ∧ dβ ∧ vol(S2), (4.2.24)

with λ = Nk+ ξ k and integrating carefully, recalling the discussion in Figure 3.1, we

find

QkD4 = − 1

(2π)3

∫
S2×WCP1

[lk−1,lk]

F̂4 =
2κ

π
= κ̂X, (4.2.25)

which is a constant in each interval.

� ζ ̸= 0: switching on ζ, we find that in general, the f2/f3 and f2/(f5f
2
6 + f3) terms

dominates in the Ξ2 and Π2 - unless we are at a pole of the deformed S2 (where

sin θ = 0). Let us first assume that we are indeed away from one of the poles.

Away from a pole: in this case, we once again expand (η = k−r cosα, σ = r sinα)

in small r, finding to leading order

Ξ2 →
ζ2bkNk sin

2 θ

4r
(
g(α)2 + 1

4b
2
k sin

2 α
) , ∆2 →

∆k

g(α)2 + 1
4b

2
k sin

2 α
, Π2 →

ζ2Nk sin
2 θ

r bk sin2 α
.
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Using r = z2, we find

ds2 =
|ζ|κ
X

sin θ
[
Nk

(
4ds2(AdS5) + dθ2

)
+ 4bk

(
dz2 + z2ds2(B3)

)]
, e4Φ =

κ2ζ6

X6
N2
k sin

6 θ,

ds2(B3) =
1

4

(
dα2 +

sin2 α

∆k
dβ2
)
+

∆k

ζ2b2k
(dϕ+Ak)

2, Ak = − ζ

∆k

(
ξ + g(α)

)
dβ,

B2 = −2κ

X
sin θ

(
ζ k dβ − (Nk + ξ k)dϕ

)
∧ dθ, C1 =

X

ζ
dϕ, C3 = −2κ k sin θdθ ∧ dϕ ∧ dβ.

(4.2.26)

We see once again the form of the metric and dilaton remain the same as the β

reduction - up to a change in Ak, ∆k and switching β for χ. Hence, we again find

that the (z,B3) sub-manifold describes a cone of base B3, and the rest of the space

has a constant warping (ignoring the overall sin θ). In addition, the sub-manifold B3

is itself clearly a U(1) fibration over WCP1
[lk−1,lk]

, with

ds2(B3)

∣∣∣∣
α∼0

=
1

4

(
dα2 +

α2

l2k−1

dβ2
)
+
l2k−1

ζ2b2k

(
dϕ− ζ

lk−1
dβ

)2

,

ds2(B3)

∣∣∣∣
α∼π

=
1

4

(
dα2 +

(π − α)2

l2k
dβ2
)
+

l2k
ζ2b2k

(
dϕ− ζ

lk
dβ

)2

,

− 1

2π

∫
WCP[lk−1,lk]

dA =
ζbk
lk−1lk

, bk = 2Nk −Nk+1 −Nk−1, (4.2.27)

which is consistent with this claim (see for example [62]). We note for ζ ̸= 0, at this

boundary, the limit of (C3 − C1 ∧ B2) ∼ z2 → 0, so we say there are no D4 branes

here - given that F̂4 = d(C3 − C1 ∧B2).

Approaching the pole: we now study the behaviour when approaching (σ = 0,

η = k, sin θ = 0), making use of the coordinate change

η = k − r̄ cosα sin2 µ, σ = r̄ sinα sin2 µ, sin θ = 2

√
bkr̄

Nk
cosµ, (4.2.28)

with r = r̄ sin2 µ, and expanding about r̄ = 0. We now find

(g(α)2 +
1

4
b2k sin

2 α) sin2 µΞ → Ξ̃k = sin2 µ∆k + ζ2b2k cos
2 µ, (4.2.29)

leading to

ds2

2κ
√
Nk

=
1

X

√
Ξ̃k

[
4√
bk
r̄

ds2(AdS5) +

√
bk
r̄

Nk

(
dr̄2 + 4r̄2ds2(B4)

)]
, e−Φ =

(
X6b3kNk

26κ2Ξ̃3
kr̄

3

) 1
4

,

ds2(B4) = dµ2 +
1

4
sin2 µ

(
dα2 +

sin2 α

∆k
dβ2
)
+

sin2 µ cos2 µ∆k

Ξ̃k
(dϕ+Ak)

2,



CHAPTER 4. TYPE IIA - VIA DIMENSIONAL REDUCTION 132

B2 =
4κbk
XNk

cos2 µ
(
(Nk + ξ k)dϕ− ζ k dβ

)
∧ dr̄, C3 = −4κ k bk

Nk
cos2 µdr̄ ∧ dϕ ∧ dβ,

C1 =
X

Ξ̃k

[
ζ b2k cos

2 µdϕ+
(
ξ + g(α)

)
sin2 µdβ

]
. (4.2.30)

Calculating the Euler Characteristic of the the four-manifold, B4, using the Chern-

Gauss-Bonnet theorem (4.1.38) leads to

χE = 3−
(
1− 1

|lk−1|

)
−
(
1− 1

|ζ(lk−1 − lk)|

)
−
(
1− 1

|lk|

)
, (4.2.31)

with |ζ(lk−1 − lk)| = |ζbk| ∈ Z. Hence, B4 is the weighted projective space

WCP2
[lk−1,lk,ζ(lk−1−lk)]. This is similar to the β reduction case (4.1.39), but varies

in the forms of 1/|lk−1| and 1/|lk| (which no longer equal one for ξ = 0). Hence,

fixing ξ = 0 does not simplify things much, and the above form of χE remains (with

lk = Nk+1 − Nk). As in the β reduction case, we again find neighbouring WCP2

manifolds, one at each η = k, and when sinµ→ 0, we find B4 approaches a cone over

the B3 given in (4.2.26).

We now calculate the D6 charge at µ = π
2 , noticing that all ζ dependence drops out

of the calculation,

QkD6 = − 1

2π

∫
WCP1

[lk−1,lk]

F2 = − 1

2π

∫ β=2π

β=0
C1

∣∣∣α=π
α=0

=
X

lklk−1
(2Nk −Nk+1 −Nk−1),

(4.2.32)

with the rational charge a consequence of the spindle. This charge takes the same

form as the β reduction result (up to the definitions of lk). The boundary analysis

then agrees with the discussion around (4.2.4), where we have nice D6 sources for

ζ = 0 or sin θ = 0.

Summary

For ξ ̸= 0, we have a stack of colour NS5 branes at the σ → ∞ boundary, analogous to

the β reduction case. When ξ = 0, things now differ, as we instead find D4 charge at this

limit. Along the σ = 0 boundary, we still find stacks of D6 branes located at each kink of

the rank function. In the ζ = 0 case (along the red line in Figure 4.11), with a preserved

S2, the D6 branes are extended in (AdS5, S
2) and orthogonal to a different spindle at each

kink, with conical deficit angles defined by that kink - giving rise to a different rational

charge for each D6 stack. The conical deficit angles now take a different form compared

to the β reduction case. Again, this is the only solution with D4 (colour) branes. In the

ζ ̸= 0 case, the spindle at each kink is now replaced by its higher dimensional analogue,

giving rise to the same rational quantization of charge. Due to the new form of lk, when
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ξ = 0, integer quantization is no longer recovered. This then differs from the β reduction

case. The D6 branes are the only physical objects in the background. Hence, in summary

QkD6 =
X

lklk−1
bk, QD6 =

P−1∑
k=1

QkD6 =
X

l0lP
(NP−1 +N1), QNS5 =

ξ κ̂P (ξ ̸= 0)

0 (ξ = 0)
,

Qσ→∞
D4 =

0 (ξ ̸= 0)

X κ̂P (ξ = 0)
, Qσ=0,η=k

D4 =

 0 (ζ ̸= 0)

κ̂X (ζ = 0)
, Qσ=0

D4 = (P − 1)Qσ=0,η=k
D4 ,

lk = ξ + (Nk+1 −Nk), l0 = ξ +N1, lP = ξ −NP−1, bk = (2Nk −Nk+1 −Nk−1).

Calculating the holographic central charge, and using 2κ = πκ̂X, one finds

chol =
κ̂3X2

8π

∞∑
n=1

P R2
n.

N = 0 deformations: One could now repeat the analysis of Section 4.1.4, however this

is left to future study. We instead move straight on to the N = 1 solutions.

4.2.3 U(1)×U(1) preserving N = 1 deformations

Let us look closer at the one parameter family of N = 1 solutions, derived following a χ

reduction with ζ = −1. The solution reads

ds210,st =
1

X
f

3
2
1

(
f5f

2
6 + f3

) 1
2
√
Ξ2

[
4ds2(AdS5) + f4(dσ

2 + dη2) + ds2(M3)

]
,

B2 = − 1

X
sin θ

[
f8dβ +

(
f7 + ξf8

)
dϕ

]
∧ dθ, e

4
3
Φ =

1

X2
f1
(
f5f

2
6 + f3

)
Ξ2,

C1 =
X(

f5f26 + f3
)
Ξ2

(
f5(f6 + ξ)dβ − f2 sin

2 θ dϕ

)
, C3 = f8 dβ ∧ vol(S2),

Ξ2 = ∆2 +
f2(

f5f26 + f3
) sin2 θ, ∆2 = 1 + ξ

f5(2f6 + ξ)(
f5f26 + f3

) , Π2 = 1 +
f2
f3

sin2 θ,

Dϕ = dϕ+
1

∆2

f5(f6 + ξ)

(f5f26 + f3)
dβ, Dβ = dβ +

1

Π2

f2
f3

(f6 + ξ) sin2 θ dϕ, (4.2.33)

with the form of ds2(M3) given in (4.2.2). One can map this solution to the N = 1

background given in (4.1.60) via the transformations outlined in (4.2.7) followed by

C1 → C1 − dβ, C3 → C3 − dβ ∧B2,

ϕ→ ϕ+ χ, β → −ξ χ, ξ → 1

ξ
.

Hence, we will focus on the G-structure description for the (unique) zero parameter so-

lution, derived by fixing ξ = 0 (and more specifically (p, b, u) = 1, (m, q, c) = 0, v ≡ γ =

0, a ≡ ξ = 0, s ≡ ζ = −1).
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G-structure description

We now derive the ζ = −1, ξ = 0 G-structure description for the zero parameter N = 1

solution. We begin with the appropriate d = 11 vielbeins, which read

K = −κe
−2ρ

f1
d(e2ρV̇ cos θ)

E1 =
2κ2f

− 5
2

1 f−1
5√

Σ
√
f3 + f2 sin

2 θ

[
V̇ f2 sin

2 θdη + 2σ2
(
1 +

1

4
f2 sin

2 θ
)
d(V ′)

− V̇

4
f5f6

(
e−6ρd(e6ρV̇ sin2 θ) + sin2 θd(V̇ )

)
− i

2κ2
f31 f5(f3 + f2 sin

2 θ)
(
dβ +

f2f6 sin
2 θ

f3 + f2 sin
2 θ
dϕ
)]
,

E2 = eiϕ

[
κ

f1
√

1
4

(
1 + 4

σ2f4

)
f2 sin

2 θ + 1

(
e−3ρd(e3ρV̇ sin θ) +

V̇

σ
sin θ dσ

)
+ i

√
f1f2f3

f3 + f2 sin
2 θ

sin θdϕ

]
,

E3 = − 1

X

[
X
√
8f1(f5Σ)

− 1
4(

1 + f2
4 (sin

2 θ − 4)
) 1

4

[
dρ+

1

8
f2

(
d(sin2 θ)− 2

V̇
e−2ρd

(
e2ρV̇ (sin2 θ + 2)

))]

+ i
√
f1f5Σ

(
d(Xχ) + C1

)]
,

Σ = f26 +
f3
f5

+
f2
f5

sin2 θ, C1 =
X

Σ

(
f6dβ − f2

f5
sin2 θdϕ

)
. (4.2.34)

As in the β reduction case, these results still describe the N = 2 solution in d = 11, because

at this stage the supersymmetry has not been broken by the reduction to type IIA.

The G-structure forms for the SU(2) structure in IIA is then derived from the usual

formula (2.2.24), and read

uA =
1√
X

2
√
2f

3
4
1(

1 + f2
4 (sin

2 θ − 4)
) 1

4

[
dρ+

1

8
f2

(
d(sin2 θ)− 2

V̇
e−2ρd

(
e2ρV̇ (sin2 θ + 2)

))]
,

vA = − κ√
X

√
2f

− 3
4

1

(
1 +

f2
4
(sin2 θ − 4)

) 1
4
e−2ρd(e2ρV̇ cos θ), zA = uA + i vA,

jA =
κf

1
2
2

2X
(
1 + f2

4 (sin
2 θ − 4)

) 1
2

[(
(1− f2)

(
d(2V̇ sin2 θ) + e−6ρ sin2 θd(2e6ρV̇ )

)
− 2f2 sin

2 θd(V̇ )

)
∧ dϕ

+

[
f5f6

(
e−3ρd(sin2 θe3ρV̇ )− 1

2
d(sin2 θV̇ ) + sin2 θd(V̇ )

)
− Λf3

V̇
d(V ′)− 2 sin2 θdη

]
∧ dβ

]
,

ωA = −2κ

X

√
f2

V̇

(
σV̇ e−3ρd(V ′) ∧ d(e3ρ sin θeiϕ) + ∆̃

(
1− 3

2
f2

)
eiϕ sin θdσ ∧ dη

+ ie−3ρ d(σV̇ e3ρeiϕ sin θ) ∧ dβ
)
, (4.2.35)
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where we can verify the preservation of N = 1 supersymmetry by building the pure spinors

(2.2.12) and testing the conditions (2.2.31). In addition, one can derive E1
IIA = e

1
3
ΦE1 and

E2
IIA = −e

1
3
ΦE2 from the d = 11 vielbeins (4.2.34).

A comment on Supersymmetry breaking: We leave the G-structure analysis of the

full solution to future work, however repeating the procedures outlined in the β reduction

case, we expect analogous equations to (4.1.75) - with the (ζ+ ξ) terms replaced by (ζ+1)

analogues.

4.3 ϕ Reduction

We finally consider a dimensional reduction along ϕ. The full solution, with all GL(3,R)

transformation parameters intact, is given in (B.3.3).

4.3.1 Two-Parameter Family

Now that we are performing a dimensional reduction along ϕ, in order to preserve the U(1)R

component (3.2.3) under reduction, we must fix m = −1. As in the χ reduction case, the

maximum supersymmetry which can be achieved under this reduction is N = 1 - this is

a consequence of the U(1)R component being χ+ ϕ prior to the SL(3,R) transformation,

given in (3.1.3).

We will first investigate keeping the parameter m free, allowing us to turn the N = 1

supersymmetry on and off at will.

Fixing m ≡ ζ

With m ≡ ζ and (p, b, u) = 1, from the determinant given in (3.2.1), we must fix s = 0 -

with either a = 0 or v = 0. We will investigate both options in turn.

� Fixing (c ≡ ξ, q ≡ γ)

With (s, a) = 0, the determinant in (3.2.1) reduces to vc = 0, meaning we can

either fix v = 0 or c = 0. We first look at the v = 0 case, with the following 11D

transformations

dβ = dβ + ξ dϕ, dχ = dχ+ γ dβ + ζ dϕ, dϕ = dϕ,

U(1)R = χ+ γβ + (ζ + 1)ϕ,
(4.3.1)

where we would need to fix γ = 0 in order to T-Dualise in a SUSY preserving manner

(along β). Following the dimensional reduction to type IIA, this γ only plays a trivial
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role, and derives the following background with χ→ χ+ γ β. We are then free to fix

γ = 0 without loss of generality, deriving the following two-parameter solution

ds210,st =
1

X
f

3
2
1 f

1
2
2 sin θ

√
Ξ3

[
4ds2(AdS5) + f4(dσ

2 + dη2) + ds2(M3)

]
,

ds2(M3) = f2dθ
2 +

∆3

Ξ3
f5Dβ

2 +
f3
∆3

dχ2 = f2dθ
2 +

∆̂3

Ξ3
(f5f

2
6 + f3)Dχ

2 +
1

∆̂3

f3f5
(f5f26 + f3)

dβ2,

B2 =
1

X
sin θ

(
f7dχ+ f8dβ

)
∧ dθ, e

4
3
Φ =

1

X2
f1f2 sin

2 θΞ3,

C1 =
X

f2 sin
2 θΞ3

[(
ξf5f6 + ζ(f5f

2
6 + f3)

)
dχ+ f5(ξ + ζf6)dβ

]
, C3 = 0,

Ξ3 = 1 +
f5(ξ + ζf6)

2 + ζ2f3

f2 sin
2 θ

≡ 1 +
(∆3 + ∆̂3)

f3

[
f5f

2
6

[
1− 2

∆3 + ∆̂3

Π3

]
+ f3

[
1− 2

∆3 + ∆̂3

]]
,

∆3 = 1 + ζ2
f3

f2 sin2 θ
, ∆̂3 = 1 + ξ2

f3f5

(f5f26 + f3)f2 sin
2 θ
, Π3 = 1− ξζ

f3

f6f2 sin
2 θ
,

Dβ = dβ +
Π3

∆3
f6 dχ, Dχ = dχ+

Π3

∆̂3

f5f6
(f5f26 + f3)

dβ, (4.3.2)

with

H = dB2, F2 = dC1, F4 = dC3 −H ∧C1, dH = 0, dHF4 = 0, (4.3.3)

where we have written the solution in an analogous manner to the β and χ reduction

cases - in terms of functions which reduce to one when (ξ, ζ) = 0. Given that we are

reducing along ϕ, we clearly no longer have a preserved S2 in any case. As in the χ

reduction, the only parameter which determines the supersymmetry of this N = 0

background is ζ, enhancing the solution to N = 1 when ζ = −1. See Figure 4.12 for

a summary.

Following previous analysis, we consider approaching the σ = 0 boundary where

V̈ → 0 to leading order. With the boundary condition R(η) = V̇
∣∣∣
σ=0

and warp

factors (1.4.11), we find

C1

∣∣∣
σ→0

= X
(ξ + ζR′)(dβ +R′dχ)

(ξ + ζR′)2 + 1
2V

′′R sin2 θ
, ⇒ C1

∣∣∣sin θ=0

σ→0
= X

dβ +R′dχ

ξ + ζR′ , (4.3.4)

which reduces for sin θ = 0 (which is no longer a pole of the two-sphere given that

the S2 has been broken under the reduction). Notice also, in contrast to the β and

χ reduction cases, fixing ζ = 0 no longer reduces the C1. In addition, the C1 now

includes both dβ and dχ contributions, but still depends on the discontinuous R′(η).
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ϕ- Reduction N U(1)R SU(2)R

ζ = −1 1 ✓ ×
ζ ∈ Z/{−1} 0 × ×

ξ

ζ

N = 1 U(1)R Preserving

N = 0

ζ = −1

Figure 4.12: In the general case, for arbitrary (ξ, ζ) (in green dashed lines), the background

breaks all SUSY. Along the ζ = −1 line (in blue), the U(1)R-symmetry is preserved, leading

to N = 1 solutions. No backgrounds preserve an SU(2) isometry, hence there are no N = 2

solutions here - as no backgrounds preserve SU(2)R × U(1)R R-symmetry.

Hence, following a reduction along ϕ, we now find two source terms for D6 branes in

the Bianchi identity (picking up an additional contribution compared to the β and χ

reduction cases)! Taking the derivative carefully (assuming (ξ, ζ) ̸= 0), leads to

F2

∣∣∣sin θ=0

σ→0,η=k
= −X

(
dβ +R′(k)dχ

ξ + ζR′(k)
− dβ +R′(k − 1)dχ

ξ + ζR′(k − 1)

)
∧ dη

=
X
(
R′(k)−R′(k − 1)

)(
ξ + ζR′(k)

)(
ξ + ζR′(k − 1)

)(ζ dβ − ξ dχ
)
∧ dη (4.3.5)

⇒ F2

∣∣∣sin θ=0

σ→0
= X

P−1∑
k=1

2Nk −Nk+1 −Nk−1(
ξ + ζ(Nk+1 −Nk)

)(
ξ + ζ(Nk −Nk−1)

)δ(η − k)δ(σ) dη ∧
(
ζ dβ − ξ dχ

)
,

where again, the denominator has changed compared to the β and χ reduction cases.

The forms of B2 and C3 are still independent of f6, leading to source free Bianchi

identities for H and F4 - given in (4.3.3). We will return to this discussion more

thoroughly in the next sub-section, where we investigate the boundary.

To map to (4.1.3), one requires the transformations of (4.2.6) with k1 = ξ−1, k2 = ξ2,

giving

gMN → 1

ξ
gMN , B2 →

1

ξ
B2, C1 → ξ C1, C3 → C3, e

4
3
Φ → 1

ξ2
e

4
3
Φ,

(4.3.6)
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followed by (in order)

C1 → C1 + ξ dϕ, C3 → C3 + ξ dϕ ∧B2, ζ → ζ̃

ζ
, ξ → 1

ζ
,

ζ̃ → ξ, χ→ χ− ξ

ζ
ϕ, β → −1

ζ
ϕ.

(4.3.7)

To map to (4.2.2), one requires

gMN → gMN , B2 → B2, C1 → ζ2C1, e
4
3
Φ → 1

ζ2
e

4
3
Φ,

C1 → C1 − ζdχ, C3 → C3 − ζdχ ∧B2,

ζ → 1

ζ
, ξ → ξ

ζ
, χ→ −ϕ, β → ζβ − ξϕ,

(4.3.8)

which does not appear to fit into the conditions of (4.2.6). Fixing ζ = −1 in (4.3.2)

defines the N = 1 background, which re-derives (4.2.33) via the following set of gauge

and coordinate transformations,

C1 → −(C1 + dχ), B2 → −B2, C3 → C3 − dχ ∧B2,

β → β − ξϕ, χ→ ϕ, ξ → −ξ.
(4.3.9)

Notice that the mapping to (4.1.3) requires both 1/ξ and 1/ζ, which again is non-

trivial as both parameters are integers from the SL(3,R) transformation. Never-

theless, fixing ζ = 0 and ξ = 0 derives two new and unique solutions. The ξ = 0

solution is then a one-parameter family of N = 0 solutions which enhances to the

zero-parameter N = 1 background discussed in Section 4.2.3 when ζ = −1, and

following the above gauge transformations.

� Fixing (v ≡ ξ, q ≡ γ)

In this case, one re-derives the ξ = 0 solution of (4.3.2) with

C1 → C1 + ξ dβ, C3 → C3 + ξ dβ ∧B2, χ→ χ− ζξ β. (4.3.10)

� Fixing c ≡ ξ

The determinant in (3.2.1) now becomes qa = 0. Of course, fixing a = 0 corresponds

to the case just studied, and taking q = 0 with a free re-derives (4.3.2) as well (with

β = β + aχ, allowing one to set a = 0 without loss of generality).

Fixing m = 0 (with s free)

The alternative possibility is to ensure m is not a free parameter by fixing it to zero. In

these cases, s is now the free parameter.
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� (m, c) = 0 with (s, v) free parameters

Here the determinant reduces to qa = 0. These cases can be derived from the

(ξ, ζ) = 0 solution of (4.3.2) by the following transformations

– a = 0 (with q free): Re-defining χ→ χ+ q β followed by

C1 → C1 + v dβ + s dχ, C3 → C3 + (v dβ + s dχ) ∧B2. (4.3.11)

– q = 0 (with a free): Re-defining β → β + aχ followed by

C1 → C1 + v dβ + s dχ, C3 → C3 + (v dβ + s dχ) ∧B2. (4.3.12)

� (m, q, v) = 0 with (s, a, c) free parameters

The remaining case can be derived from the ζ = 0 solution of (4.3.2) after re-defining

ξ ≡ c and β → β + (a− s c)χ, followed by

C1 → C1 + s dχ, C3 → C3 + s dχ ∧B2. (4.3.13)

4.3.2 Investigations at the boundary

We begin by observing that for general values of (η, σ, θ), the components of the background

are non-zero and finite. In this case, we have no S2 as it was broken under reduction.

The σ → ∞ boundary

At the σ → ∞ boundary, where we use (3.4.8) to leading order, we find

Ξ
(ξ ̸=0)
3 = ∆̂

(ξ ̸=0)
3 =

2ξ2P σe
2πσ
P

π2R2
1 sin

2(πηP ) sin2 θ
, Ξ

(ξ=0)
3 = ∆

(ζ ̸=0)
3 =

2πζ2σ

P sin2(πηP ) sin2 θ
,

Π
(ξ,ζ ̸=0)
3 =

ζ ξ
√
2σ

3
2 e

πσ
P

√
PR1 sin

2(πηP ) cos(πηP ) sin2 θ
,

(
Ξ
(ξ,ζ=0)
3 ,∆

(ζ=0)
3 , ∆̂

(ξ=0)
3 ,Π

(ζ=0)
3 ,Π

(ξ=0)
3

)
= 1,

hence we need to investigate this boundary for multiple cases independently. Given that

B2 is parameter independent, we find in all cases (using 2κ = πκ̂X)

H3 = −4κP

Xπ
sin θ sin2

( π
P
η
)
d
( π
P
η
)
∧ dβ ∧ dθ, (4.3.14)

and we note C3 = 0.

When ξ ̸= 0, we find in all cases

e−Φ = X
3
2

R1π
2

2(ξ P )
3
2
√
κ
e−

π
P
σ
( π
P
σ
)− 1

2
, C1 =

X

ξ
dβ,
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when ζ ̸= 0, the metric takes the form

ds2 =
ξ κ

X

[
4σ

(
ds2(AdS5)+

1

ξ2

(
ζdβ−ξdχ

)2)
+
2P

π

(
d
( π
P
σ
)2

+d
( π
P
η
)2

+sin2
( π
P
η
)
dθ2
)]
,

(4.3.15)

where naively (η, θ) appear to close as an S2, however H3 doesn’t take the appropriate

form. Hence, (η, β, θ) doesn’t seem like a valid cycle to integrate over, so we conclude there

are no NS5 branes in this case. However, when ζ = 0, the metric now becomes

ds2 =
ξ κ

X

[
4σ

(
ds2(AdS5)+dχ

2

)
+
2P

π

(
d
( π
P
σ
)2

+d
( π
P
η
)2

+sin2
( π
P
η
)(

dθ2+
1

ξ2
sin2 θ dβ2

))]
,

which has a very similar form to the β reduction metric in this limit (up to an additional

ξ factor out front and dβ2/ξ2 replacing dϕ2 in the S2), hence describing a stack of NS5

branes by analogous arguments to those leading to (3.4.10). Thus

QNS5 = − 1

(2π)2

∫
S3

H3 = κ̂P. (4.3.16)

When ξ = 0, we find for ζ ̸= 0

ds2 =
ζ κ π

3
2R1e

−πσ
P

PX

[
4σ

(
ds2(AdS5) +

P 2e
2πσ
P

π3R2
1

dβ2
)
+

2P

π

(
d
( π
P
σ
)2

+ d
( π
P
η
)2

+ sin2
( π
P
η
)(

dθ2 +
1

ζ2
sin2 θdχ2

))]
,

e−Φ =
X

3
2 e

π
2P
σ

2π
1
4 ζ

3
2 (κR1)

1
2

( π
P
σ
)− 1

2
, C1 =

ξ XP 2

ζ2π3R2
1

e
2πσ
P dβ, (4.3.17)

in this case, (η, θ, χ) close as an S3, and would form a nice cycle - however, H3 does not

span this cycle. For ζ = 0

ds2 =

√
2πκR1

X
sin
( π
P
η
)
sin θ

( π
P
σ
)− 1

2
e−

πσ
P

[
2
( π
P
σ
)(

ds2(AdS5) + dχ2 +
P 2e

2πσ
P

π3R2
1

dβ2
)

+ d
( π
P
σ
)2

+ d
( π
P
η
)2

+ sin2
( π
P
η
)
dθ2
]
,

e−4Φ =
X6e

2π
P
σ
(
π
P σ
)

2πκ2R2
1 sin

6( πP η) sin
6 θ
, C1 =

2ξ XP 2e
2πσ
P

(
π
P σ
)

π3R2
1 sin

2( πP η) sin
2 θ
dβ, (4.3.18)

so again the cycle doesn’t seem appropriate. Hence, we conclude there exists a stack of

NS5 branes in this limit for ξ ̸= 0, ζ = 0 only.

The η = 0 boundary, with σ ̸= 0

At η = 0 with σ ̸= 0, using (3.4.12), (B.2.3) and the second form for M3 in (4.3.2), we find

f4(dη
2 + dσ2)+ ds2(M3) =

2|ḟ |
σ2 f

(
dη2 + η2dθ2 + dσ2 +

σ2

f2
dβ2
)
+4
(
dχ2 − ζ

ξ
dβ
)2
, (4.3.19)

where (η, θ) vanish as R2 in polar coordinates.
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The η = P boundary, with σ ̸= 0 This boundary is qualitatively equivalent to the

η = 0 boundary.

The σ = 0 boundary, with η ∈ (k, k + 1)

In the case of σ = 0, η ∈ (k, k + 1), we recall that along the σ = 0 boundary, V̈ = 0

to leading order. Following the usual procedure, and (B.2.6), we find (with V̇ = R and

V̇ ′ = R′ = Nk+1 −Nk at this boundary)

Ξ3 = 1 +
l2k

1
2RV ′′ sin2 θ

, ∆3 = ∆̂3 = Π3 = 1, lk = ξ + ζ(Nk+1 −Nk),

Dβ = dβ + (Nk+1 −Nk) dχ, Dχ = dχ+
1

Nk+1 −Nk
dβ,

(4.3.20)

leading to

f4(dσ
2 + dη2) + ds2(M3)

→ 2V ′′

R

[
dη2 +

(
dσ2 + σ2dχ2

)
+

R2

(Nk+1 −Nk)2 + 2V ′′R

(
dθ2 +

sin2 θ

l2k +
1
2V

′′R sin2 θ
Dβ2

)]

=
2V ′′

R

[
dη2 +

(
dσ2 +

σ2

(Nk+1 −Nk)2
dβ2
)
+

R2

(Nk+1 −Nk)2 + 2V ′′R

(
dθ2 + sin2 θ

(Nk+1 −Nk)
2

l2k +
1
2V

′′R sin2 θ
Dχ2

)]
,

where we find two alternative forms, with (σ, χ) closing as R2, or (σ, β) closing as an

R2/Z(Nk+1−Nk) orbifold.

The σ = 0, η = 0 boundary

To approach σ = 0, η = 0, we make the coordinate change (η = r cosα, σ = r sinα),

expanding about r = 0, using (3.4.16) and (B.2.7).

In the general case, we can write two equivalent forms for the metric component

f4(dσ
2 + dη2) + ds2(M3) (4.3.21)

→ 2Q

N1

[
dr2 + r2

(
dα2 + cos2 α

(
dθ2 +

1

l20

(
N2

1 sin
2 θ + ξ2tan2α

)
Dχ2

)
+

sin2 α

N2
1 + ξ2tan2α cosec2θ

dβ2
)]

=
2Q

N1

[
dr2 + r2

(
dα2 + cos2 α

(
dθ2 +

sin2 θ

l20
Dβ2

)
+ sin2 α

(
dχ2

1 + ζ2tan2α cosec2θ
+
ζ2

l20
Dβ2

))]
,

l0 = ξ + ζN1, Dβ = dβ +
N1 − ζ ξ tan2α cosec2θ

1 + ζ2tan2α cosec2θ
dχ, Dχ = dχ+

N1 − ξ ζ tan2α cosec2θ

N2
1 + ξ2tan2α cosec2θ

dβ,

where we can observe that the space closes nicely in r. When we fix either ξ = 0 or ζ = 0,

using the top and bottom lines receptively (with l0 = ζN1 and l0 = ξ), the internal space
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closes as an R5 with additional orbifold singularities. Due to the form of l0, it is clear that

we need to consider the special case of ξ = ζ = 0 separately, where we find

f4(dσ
2+dη2)+ds2(M3) →

2Q

N1

(
dr2+r2

(
dα2+cos2 αdθ2+sin2 αdχ2

))
+

4

N1
(dβ+N1dχ)

2,

with the r components closing nicely as an R4.

The σ = 0, η = P boundary This is qualitatively equivalent to the (σ, η) = 0 boundary.

The σ = 0 boundary, with η = k

At the σ = 0 boundary with η = k, we will follow the usual approach by making the

coordinate change (η = k − r cosα, σ = r sinα) for r ∼ 0, using (3.4.18) and (B.2.8), we

find to leading order (with r = z2)

ds2 =
κ

X
sin θ

[
Nk

(
4ds2(AdS5) + dθ2

)
+ 4bk

(
dz2 + z2ds2(B3)

)]
, e4Φ =

κ2

X6
N2
k sin

6 θ,

ds2(B3) =
1

4

(
dα2 + sin2 αdχ2

)
+

1

b2k

(
dβ + g(α)dχ

)2
, B2 = −2κ

X
sin θ

(
Nk dχ+ k dβ

)
∧ dθ,

(4.3.22)

with B3 now a U(1) fibration over an S2.

Inspired by the discussion around (4.3.4), where we had two nice D6 brane sources at

sin θ = 0, let us now approach this point using the same coordinate change as before -

namely,

η = k − r̄ cosα sin2 µ, σ = r̄ sinα sin2 µ, sin θ = 2

√
bkr̄

Nk
cosµ, (4.3.23)

with r = r̄ sin2 µ, and expanding about r̄ = 0. We find

b2kcot
2µΞ3 → Ξ̃k =

(
ξ + ζg(α)

)2
+ b2k

(
cot2µ+

1

4
ζ2 sin2 α

)
, ∆3 → ∆k = 1 +

ζ2

4
tan2µ sin2 α,

(g(α)2 +
1

4
b2k sin

2 α)∆̂3 → ∆̂k = g(α)2 +
1

4
sin2 α

(
b2k + ξ2tan2µ

)
, Π3 → Πk = 1− ζ ξ

tan2µ sin2 α

4 g(α)
,

∆k(α = 0) = ∆k(α = π) = 1, ∆̂k(α = 0) = (Nk −Nk−1)
2, ∆̂k(α = π) = (Nk+1 −Nk)

2,

(4.3.24)

leading to

ds2

2κ
√
Nk

=
1

X
sinµ

√
Ξ̃k

[
4√
bk
r̄

ds2(AdS5) +

√
bk
r̄

Nk

(
dr̄2 + 4r̄2ds2(B4)

)]
,
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ds2(B4) = dµ2 +
1

4
sin2 µ

(
dα2 +

sin2 α

∆k
dχ2

)
+ cos2 µ

∆k

Ξ̃k

(
dβ +

Πk
∆k

g(α)dχ
)2

= dµ2 +
1

4
sin2 µ

(
dα2 +

sin2 α

∆̂k

dβ2
)
+ cos2 µ

∆̂k

Ξ̃k

(
dχ+

Πk

∆̂k

g(α)dβ
)2
,

B2 = − 4κbk
XNk

cos2 µ
(
k dβ +Nk dχ

)
∧ dr̄, C3 = 0, e4Φ =

26κ2Ξ̃3
k

X6b3kNk
r̄3 sin6 µ,

C1 =
X

Ξ̃k

((
ξ + ζ g(α)

)(
dβ + g(α)dχ

)
+

1

4
ζ b2k sin2 αdχ

)
, (4.3.25)

where the four-manifold, B4, has an orbifold singularity coming from the Ξ̃k contribution

- unique to each position η = k. Calculating the Euler Characteristic using the Chern-

Gauss-Bonnet theorem (4.1.38) gives

χE = 3−
(
1− 1

|lk−1|

)
−
(
1− 1

|1ζ (lk−1 − lk)|

)
−
(
1− 1

|lk|

)
, (4.3.26)

with |1ζ (lk−1 − lk)| = |bk| ∈ Z. When ξ = 0, we find lk = ζ(Nk+1 −Nk), and for ζ = 0, we

have lk = lk−1 = ξ. In both cases, we still have the bk contribution arising from the Ξ̃k.

We now calculate the D6 charge at µ = π
2 . Integrating over (α, χ) gives

QkD6 = − 1

2π

∫
(α,χ)

F2 = − 1

2π

∫ χ=2π

χ=0
C1

∣∣∣α=π
α=0

=
ξ X

lklk−1
(2Nk −Nk+1 −Nk−1). (4.3.27)

Alternatively, integrating over (α, β) leads to

QkD6 =
1

2π

∫
(α,β)

F2 =
1

2π

∫ β=2π

β=0
C1

∣∣∣α=π
α=0

=
ζ X

lklk−1
(2Nk −Nk+1 −Nk−1). (4.3.28)

We clearly need to consider the ξ = ζ = 0 case separately (due to the form of lk), where

Ξ̃k = b2kcot
2µ, ∆k = Πk = 1, ∆̂k = g(α)2 +

b2k
4
sin2 α, (4.3.29)

with

ds2

2κ
√
Nk

=
bk
X

cosµ

[
4√
bk
r̄

ds2(AdS5) +

√
bk
r̄

Nk

(
dr̄2 + 4r̄2ds2(B4)

)]
, ds2(B4) = dµ2 + sin2 µds2(B3)

B2 = − 4κbk
XNk

cos2 µ
(
k dβ +Nk dχ

)
∧ dr̄, C1 = C3 = 0, e4Φ =

26κ2b3k
X6Nk

r̄3 cos6 µ,

(4.3.30)

where there are no D6 branes. In a similar manner to both the β and χ reduction cases,

when sinµ → 0, we find B4 approaches a cone over the B3 given in (4.3.22). The Euler

characteristic of B4 now becomes

χE =
1

|bk|
= 1−

(
1− 1

|bk|

)
. (4.3.31)
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Summary

At the σ → ∞ limit, the form of H3 is parameter independent, but the integration cycle

only appears valid in the ξ ̸= 0, ζ = 0 case - for which the form of the metric describes NS5

branes. Hence, we conclude a stack of NS5 branes only exist at σ → ∞ for ξ ̸= 0, ζ = 0.

Along the σ = 0 boundary (at sin θ = 0) for (ζ, ξ) ̸= 0, we find two stacks of D6 branes at

each kink of the rank function (orthogonal to either χ or β). These branes have rational

quantization due to orbifold singularities. However, when ζ = ξ = 0, we find no D6 branes.

Note, when ζ = 0, an S2 is no longer recovered. No backgrounds contain D4 branes. Hence,

in summary

QNS5 =

κ̂ P ξ ̸= 0, ζ = 0

0 otherwise
, lk = ξ + ζ(Nk+1 −Nk), bk = (2Nk −Nk+1 −Nk−1),

Q1,k
D6 =

X

lklk−1

0 ζ = ξ = 0

ξ bk otherwise
, Q2,k

D6 =
X

lklk−1

0 ζ = ξ = 0

ζ bk otherwise
,

Q1
D6 =

X

l0lP

 0 ζ = ξ = 0

ξ(NP−1 +N1) otherwise
, Q2

D6 =
X

l0lP

 0 ζ = ξ = 0

ζ(NP−1 +N1) otherwise
.

Calculating the holographic central charge, and using 2κ = πκ̂X, one finds

chol =
κ̂3X2

8π

∞∑
n=1

P R2
n.

N = 1 Solution Fixing ζ = −1 in (4.3.2) defines a one-parameter family of N = 1

backgrounds, which simply re-derives (4.2.33) via the set of gauge and coordinate trans-

formations given in (4.3.9).

A comment on Supersymmetry breaking: We leave this analysis for future work,

however repeating the procedures outlined in the β reduction case, we expect analogous

equations to (4.1.75) - with the (ζ + ξ) terms replaced by (ζ + 1) analogues.
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4.4 Summary so far

� Following an SL(3,R) transformation in d = 11, we constructed new two-parameter

families of type IIA solutions, each labelled by a potential V (σ, η). We studied super-

symmetry preservation using the method of G-structures, and studied the quantiza-

tion of charges - leading to the discovery of D6 branes orthogonal to spindles. Most

solutions contain colour NS5 branes, with D4 branes present for a preserved S2.

� Analysis for the dual SCFTs was provided for the β reduction, proposing the opera-

tors which give rise to marginal deformations of N = 2 SCFTs. A mirror-like relation

between quivers was discussed, along with spin-two fluctuations in the CFT.

� Reductions along χ and ϕ lead to additional families, including anN = 1 background.

� In the β reduction case:

– when ξ = 0: the N = 2 is broken by the ζ parameter (corresponding to a

marginal Lagrangian deformation) which physically breaks the S2 and intro-

duces a ζbk orbifold singularity into the four manifold B4.

– when ζ = 0: the N = 2 is broken by the ξ parameter (corresponding to a

marginal non-Lagrangian deformation) which physically introduces orbifold sin-

gularities to the poles of the S2 - defining spindles.

– when ζ ̸= 0, ξ ̸= 0: the N = 2 is broken by both parameters in general, with

the broken S2 gaining orbifold singularities, leading to a higher dimensional

analogue of the spindle.

� The χ reduction case behaves analogously, but now the N = 2 is broken in all cases -

containing orbifold singularities for all finite values of ξ (for a generic rank function).

� The ϕ reduction case necessarily breaks the S2, but still includes orbifold singularities

with rational quantization. Two alternative cycles for D6 charge can now be used.

The solutions contain no D4 branes, and at the σ → ∞, the NS5 charge is only valid

for ξ ̸= 0, ζ = 0.



Chapter 5

Type IIB - via Abelian T-Duality

(ATD)

In this chapter we will investigate the abelian T-Duality (ATD) of our various two-parameter

families of Type IIA solutions, deriving new three-parameter families of Type IIB solutions

- with the additional non-trivial parameter picked up in the T-Duality. These solutions

are in general N = 0, but under two separate conditions on the parameters, can enhance

to new one-parameter families of N = 1 backgrounds. Performing boundary analysis then

leads to the discovery of orbifold singularities in some cases, however the physical interpre-

tation is more complicated than the spindles in IIA. In fact, as an artefact of T-dualising

within this spindle-like orbifold, we find solutions for which the orbifold structure has been

completely broken, but the rational charge still inherited. In all backgrounds investigated,

we find NS5 and D7 branes, with D5s present for a preserved S2.

Following the methodology of the previous two chapters, the supersymmetry is kept

track of using the method of G-structures. An ATD of the G-structure forms and conditions

are performed, deriving new expressions for the pure spinors in IIB, written in terms of

their type IIA ancestors. Explicit results are then presented for multiple infinite families

of N = 1 solutions. Notably, these N = 1 solutions have a zero five-form flux, which is

an interesting result given that very few supersymmetric solutions are known with this

property. The first two examples of such backgrounds were found in [87], evading the work

of [88], and leading to [89] - where the classification was completed.

The one-parameter background presented in [90] is re-derived as a sub-class of our more

general solution. The original holographic central charge of the GM class is still preserved

for the IIB solutions, suggesting that these backgrounds are once again dual to marginal

deformations of the ‘parent’ N = 2 SCFT. However, switching these parameters off in the

supergravity does not recover an N = 2 background.

146
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5.1 General ATD Transformation

We now turn to the abelian T-Duality (ATD) calculations performed in this work. We

utilise the T-Dual rules presented in [119], and given in (1.1.78) and (1.1.79), corresponding

to an abelian T-duality along a U(1) direction, y. For convenience, we re-write the rules

here. With a Type IIA decomposition

ds210 = ds29,A + e2C(dy +A1)
2, B = B2 +B1 ∧ dy,

F = F⊥ + F|| ∧ Ey, Ey = eC(dy +A1),

the type IIB T-dual solution is then defined by

ds29,B = ds29,A, ΦB = ΦA − CA, CB = −CA,

BB
2 = BA

2 +AA
1 ∧BA

1 , AB
1 = −BA

1 , BB
1 = −AA

1 ,

FB
⊥ = eC

A
FA
|| , FB

|| = eC
A
FA
⊥ .

We begin by utilising these rules to derive general type IIB formulae, specific to the IIA

backgrounds studied in the previous section, making life easy when considering the various

multi-parameter families in question.

5.1.1 General IIB Backgrounds

Let us begin with the following general form for the IIA backgrounds in question (with

(ϕ1, ϕ2, ϕ3) representing three U(1) directions)

IIA

ds210,st = ds27 + ds23, ΦA,

ds23 = hϕ1(η, σ, θ)dϕ
2
1 + hϕ2(η, σ, θ)dϕ

2
2 + hθ(η, σ, θ)dθ

2 + hϕ1ϕ2(η, σ, θ)dϕ1dϕ2

+ hϕ1θ(η, σ, θ)dϕ1dθ + hϕ2θ(η, σ, θ)dϕ2dθ,

B2 = B2,ϕ1θdϕ1 ∧ dθ +B2,ϕ2θdϕ2 ∧ dθ +Bϕ1,ϕ2dϕ1 ∧ dϕ2,

C1 = C1,ϕ1dϕ1 + C1,ϕ2dϕ2 + C1,θdθ, C3 = C3,ϕ1θϕ2dϕ1 ∧ dθ ∧ dϕ2.

(5.1.1)

In order to T-dualise such a solution, the first step is to re-write the metric in the following

manner (for an ATD along ϕ1)

ds23 = hϕ1

(
dϕ1 +

1

2hϕ1
(hϕ1ϕ2dϕ2 + hϕ1θdθ)

)2
+

4hθhϕ1 − h2ϕ1θ
4hϕ1

dθ2

+
4hϕ1hϕ2 − h2ϕ1ϕ2

4hϕ1
dϕ22 +

2hϕ1hϕ2θ − hϕ1θhϕ1ϕ2
2hϕ1

dθdϕ2,

(5.1.2)
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noting

F2 = dC1 = dC1,ϕ1 ∧ dϕ1 + dC1,ϕ2 ∧ dϕ2 + dC1,θ ∧ dθ,

F4 = dC3 −H3 ∧ C1

=
(
dC3,ϕ1θϕ2 + C1,ϕ1dB2,ϕ2θ + C1,θdB2,ϕ1ϕ2 − C1,ϕ2dB2,ϕ1θ

)
∧ dϕ1 ∧ dθ ∧ dϕ2.

(5.1.3)

We are now free to use the rules in (1.1.78) and (1.1.79) (presented again at the start of

this section) to derive the following IIB result

IIB (ATD along ϕ1)

ds210,B = ds29 +
1

hϕ1

(
dϕ1 +B2,ϕ1θdθ +B2,ϕ1ϕ2dϕ2

)2
,

ds29 = ds27 +

(
4hθhϕ1 − h2ϕ1θ

4hϕ1

)
dθ2 +

(
4hϕ1hϕ2 − h2ϕ1ϕ2

4hϕ1

)
dϕ22 +

(
2hϕ1hϕ2θ − hϕ1θhϕ1ϕ2

2hϕ1

)
dθdϕ2,

e
4
3
ΦB =

( 1

hϕ1

) 2
3
e

4
3
ΦA , C0 = C1,ϕ1 ,

B2 =

(
B2,ϕ2θ +

1

2hϕ1
(hϕ1θB2,ϕ1ϕ2 − hϕ1ϕ2B2,ϕ1θ)

)
dϕ2 ∧ dθ −

1

2hϕ1
(hϕ1ϕ2dϕ2 + hϕ1θdθ) ∧ dϕ1,

C2 =

[
C3,ϕ1θϕ2 +B2,ϕ1ϕ2

(
C1,θ −

1

2

hϕ1θ
hϕ1

C1,ϕ1

)
−B2,ϕ1θ

(
C1,ϕ2 −

1

2

hϕ1ϕ2
hϕ1

C1,ϕ1

)]
dθ ∧ dϕ2

+

(
C1,ϕ2 −

1

2

hϕ1ϕ2
hϕ1

C1,ϕ1

)
dϕ2 ∧ dϕ1 +

(
C1,θ −

1

2

hϕ1θ
hϕ1

C1,ϕ1

)
dθ ∧ dϕ1. (5.1.4)

One is now free to plug in the functions corresponding to the specific IIA example in

question, deriving the IIB ATD solution without the need to perform the calculation each

time.

We can extend this approach to a TsT transformation, performing the coordinate

change ϕ2 → ϕ2 + γ1ϕ1 in (5.1.4), before performing the ATD along ϕ1 for a second

time (to return to a IIA theory)

TsT

ds210,A = ds29 +
hϕ1(1− γ1α1)

1 + γ1B2,ϕ1ϕ2

[
dϕ1 +

hϕ1ϕ2
2hϕ1

dϕ2 +
hϕ1θ
2hϕ1

dθ

+ γ1

[
B2,ϕ2θ +

1

2hϕ1
(hϕ1θB2ϕ1ϕ2 − hϕ1ϕ2B2,ϕ1θ)

]
dθ

]2
, e

4
3
ΦTsT

A =

(
1− γ1α1

1 + γ1B2,ϕ1ϕ2

) 2
3

e
4
3
ΦA ,

ds29 = ds27 +
1

hϕ1

(
B2

2,ϕ1θ + hθhϕ1 −
1

4
h2ϕ1θ − α3α

2
2

)
dθ2 +

(
hϕ1hϕ2 − 1

4h
2
ϕ1ϕ2

hϕ1α3

)
dϕ22

+
1

hϕ1α3

[
(1 + γ1B2,ϕ1ϕ2)

(
hϕ1hϕ2θ −

1

2
hϕ1θhϕ1ϕ2

)
− 2γ1B2,ϕ1θ

(
hϕ1hϕ2 −

1

4
h2ϕ1ϕ2

)]
dθdϕ2,
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B2 =

[
B2,ϕ2θ +

(1− γ1α1)

2hϕ1

(
hϕ1θB2,ϕ1ϕ2 − hϕ1ϕ2B2,ϕ1θ

)
+ α2

hϕ1ϕ2
2hϕ1

− α1

(
hϕ1θ
2hϕ1

+ γ1B2,ϕ2θ

)]
dϕ2 ∧ dθ

− (α1dϕ2 + α2dθ) ∧ dϕ1,

C1 = C1,ϕ2dϕ2 + C1,ϕ1dϕ1 + C1,θdθ + γ1

(
C3,ϕ1θϕ2 + C1,θB2,ϕ1ϕ2 + C1,ϕ1B2,ϕ2θ − C1,ϕ2B2,ϕ1θ

)
dθ,

C3 =

[
(1− γ1α1)

(
C3,ϕ1θϕ2 + C1,θB2,ϕ1ϕ2 − C1,ϕ2B2,ϕ1θ +

C1,ϕ1

2hϕ1

(
hϕ1ϕ2B2,ϕ1θ − hϕ1θB2,ϕ1ϕ2

))

+ α1

(
C1,ϕ1

hϕ1θ
2hϕ1

− C1,θ

)
− α2

(
C1,ϕ1

hϕ1ϕ2
2hϕ1

− C1,ϕ2

)]
dθ ∧ dϕ2 ∧ dϕ1, (5.1.5)

with

α1 =
1

α3

[
B2,ϕ1ϕ2(1 + γ1B2,ϕ1ϕ2) + γ1

(
hϕ1hϕ2 −

1

4
h2ϕ1ϕ2

)]
,

α2 =
1

α3

[
B2,ϕ1θ(1 + γ1B2,ϕ1ϕ2) +

γ1
2

(
hϕ1hϕ2θ −

1

2
hϕ1θhϕ1ϕ2

)]
,

α3 = (1 + γ1B2,ϕ1ϕ2)
2 + γ21

(
hϕ1hϕ2 −

1

4
h2ϕ1ϕ2

)
. (5.1.6)

In doing such a calculation, we have picked up the transformation parameter γ1. One can

see by observation that setting γ1 = 0 in (5.1.5) reproduces (5.1.1), as required.

Following this TsT transformation along ϕ1, and given that there are multiple U(1)

directions in these backgrounds, we could in fact perform a second TsT transformation

along ϕ2 (with transformation parameter γ2). However, this turns out to be simply a

trivial re-definition of the TsT parameter, for instance γ1 → γ1 + γ2.

The formulae we have just presented are in fact a little too general for the GM back-

grounds themselves, where hϕ1θ = hϕ2θ = 0. These results are then unnecessarily cumber-

some for our purposes.

Less general forms

The Type IIA backgrounds presented in this chapter all fit into the following form, where

(ϕ1, ϕ2) are the two U(1) directions

IIA

ds210,st = ds28 + Γ ds22, ΦA, ds22 = hϕ1(η, σ, θ)dϕ
2
1 + hϕ2(η, σ, θ)dϕ

2
2 + hϕ1ϕ2(η, σ, θ)dϕ1dϕ2,

B2 =
(
B2,ϕ1dϕ1 +B2,ϕ2dϕ2

)
∧ dθ, C1 = C1,ϕ1dϕ1 + C1,ϕ2dϕ2, C3 = C3,ϕ1ϕ2dϕ1 ∧ dθ ∧ dϕ2,

(5.1.7)
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where specifically, we have

ds28 = ds27 + fθdθ
2, ds27 = e

2
3
ΦAf1

[
4ds2(AdS5) + f4(dσ

2 + dη2)

]
,

Γ = f21 e
− 2

3
ΦA , fθ = e

2
3
ΦAf1f2,

(5.1.8)

noting that in this case,

F2 = dC1 = dC1,ϕ1 ∧ dϕ1 + dC1,ϕ2 ∧ dϕ2,

F4 = dC3 −H3 ∧ C1 =
(
dC3,ϕ1ϕ2 + C1,ϕ1dB2,ϕ2 − C1,ϕ2dB2,ϕ1

)
∧ dϕ1 ∧ dθ ∧ dϕ2.

(5.1.9)

We play the same game as before, re-writing the metric as follows

ds22 = hϕ1dϕ
2
1 + hϕ2dϕ

2
2 + hϕ1ϕ2dϕ1dϕ2 = hϕ1

(
dϕ1 +

1

2

hϕ1ϕ2
hϕ1

dϕ2

)2

+

(
hϕ2 −

1

4

h2ϕ1ϕ2
hϕ1

)
dϕ22,

(5.1.10)

before using the ATD rules given in (1.1.78) and (1.1.79). Of course, one could instead use

the more general forms above. Now, performing a T-Duality along ϕ1 on (5.1.7), one gets

IIB (ATD along ϕ1)

ds210,B = ds28 + δ1 dϕ
2
2 + δ2

(
dϕ1 +B2,ϕ1dθ

)2

, δ1 = Γ

(
hϕ2 −

1

4

h2ϕ1ϕ2
hϕ1

)
, δ2 =

1

hϕ1Γ
,

e
4
3
ΦB = δ

2
3
2 e

4
3
ΦA , B2 =

(
B2,ϕ2 −

1

2

hϕ1ϕ2
hϕ1

B2,ϕ1

)
dϕ2 ∧ dθ −

1

2

hϕ1ϕ2
hϕ1

dϕ2 ∧ dϕ1, C0 = C1,ϕ1 ,

C2 =

(
C3,ϕ1ϕ2 −B2,ϕ1

(
C1,ϕ2 −

1

2

hϕ1ϕ2
hϕ1

C1,ϕ1

))
dθ ∧ dϕ2 +

(
C1,ϕ2 −

1

2

hϕ1ϕ2
hϕ1

C1,ϕ1

)
dϕ2 ∧ dϕ1.

(5.1.11)

Once again, we now write the TsT solution by making the coordinate transformation

ϕ2 → ϕ2 + γ1ϕ1 in (5.1.11), before performing the ATD along ϕ1 for a second time (to

return to a IIA theory)

TsT

ds210,A = ds28 +
1

δ2 + γ21δ1

[
δ1δ2(dϕ2 − γ1B2,ϕ1dθ)

2 +

(
dϕ1 +

1

2

hϕ1ϕ2
hϕ1

dϕ2 + γ1

(
B2,ϕ2 −

1

2

hϕ1ϕ2
hϕ1

B2,ϕ1

)
dθ

)2 ]
,

e
4
3
ΦTsT

A =

(
δ2

δ2 + γ21δ1

) 2
3

e
4
3
ΦA , B2 =

δ2
δ2 + γ21δ1

(B2,ϕ2dϕ2 +B2,ϕ1dϕ1) ∧ dθ −
γ1δ1

δ2 + γ21δ1
dϕ2 ∧ dϕ1,

C1 = C1,ϕ2dϕ2 + C1,ϕ1dϕ1 + γ1(C3,ϕ1ϕ2 + C1,ϕ1B2,ϕ2 − C1,ϕ2B2,ϕ1)dθ, (5.1.12)

C3 =
δ2

δ2 + γ21δ1
C3,ϕ1ϕ2dθ ∧ dϕ2 ∧ dϕ1, δ1 = Γ

(
hϕ2 −

1

4

h2ϕ1ϕ2
hϕ1

)
, δ2 =

1

hϕ1Γ
.
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One can see by observation that fixing γ1 = 0 in (5.1.12) reproduces (5.1.7).

We will return to the TsT discussion in the next section, where we will utilise (5.1.12) to

re-derive the NRSZ supersymmetry breaking deformation of the d = 11 GM background -

via a dimensional reduction to IIA, a subsequent TsT transformation and finally uplifting.

Later in this section, we will utilise (5.1.11) to derive Type IIB theories, keeping track

of the supersymmetry under the transformation. We will see that one can indeed get N = 1

IIB theories using this method, but one must be careful in order to preserve the U(1)R

R-Symmetry component. To investigate the supersymmetry properly, we must investigate

the G-structure description of these IIB solutions, following the ATD. This is where we

now turn.

5.1.2 G-Structure ATD Transformation

We will now discuss the abelian T-Duality of the type IIA G-Structure description, with

the detailed derivations given in Appendix B.4.

Motivated by the G-Structure condition given in (2.2.32), quoted again here for conve-

nience

Vol4 ∧ dHA
3
(e4A−ΦAImΨA

−) =
1

8
(F6 + F8 + F10), (5.1.13)

along with the more schematic form given in (2.1.11), one can see that under T-duality,

the pure spinors will transform in the same manner as the Ramond fields. We then use the

T-dual rules (1.1.79) to make the following decomposition of the pure spinors defined by

(2.2.12) and (2.2.30)

ΨA
± = ΨA

±⊥
+ΨA

±||
∧ EyA, EyA = eC

A
(dy +AA

1 ),

ωA = ωA
⊥ + ωA

|| ∧ E
y
A, jA = jA⊥ + jA|| ∧ EyA, zA = zA⊥ + zA|| ∧ EyA,

zA⊥ = uA⊥ + i vA⊥ , zA|| = uA|| + i vA|| ,

(5.1.14)

which then leads to the following IIB pure spinors

e−ΦBΨB
∓ = e−ΦA

[
eC

A
ΨA

±||
+ΨA

±⊥
∧ (dy −BA

1 )
]
. (5.1.15)

The factors of ΦA and ΦB were introduced to derive the IIB G-Structure conditions written

solely in terms of IIB quantities, namely

dHB
3
(e3A−ΦBΨB

−) = 0, (5.1.16a)

dHB
3
(e2A−ΦBReΨB

+) = 0, (5.1.16b)

dHB
3
(e4A−ΦBImΨB

+) =
e4A

8
∗6 λ(g). (5.1.16c)
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Notice that the roles of Ψ± have switched when moving from type IIA to type IIB. This is

because the Ramond fields are even in IIA and odd in IIB, so the roles of the pure spinors

must swap in the G-structure conditions to account for this - allowing (5.1.16c) to have

matching dimensionality on both sides of the equation. This third condition of course leads

to the IIB analogue of (5.1.13)

Vol4 ∧ dHB
3
(e4A−ΦBImΨB

+) =
1

8
(F5 + F7 + F9). (5.1.17)

We can now derive the IIB pure spinors written in terms of the IIA G-structure forms

ΨB
− =

1

8
eΦB−ΦA

(
e

1
2
zA⊥∧zA⊥ ∧

(
eC

A
ωA
|| + ωA

⊥ ∧ (dy −BA
1 )
)
+

1

2
eC

A
(zA⊥ ∧ zA|| − zA|| ∧ zA⊥) ∧ ωA

⊥

)
,

ΨB
+ =

i

8
eΦB−ΦAe−ij

A
⊥ ∧

(
eC

A
zA|| + zA⊥ ∧ (dy −BA

1 ) + ieC
A
jA|| ∧ zA⊥

)
, (5.1.18)

with

e
1
2
zA⊥∧zA⊥ = 1 +

1

2
zA⊥ ∧ z̄A⊥ = 1− i uA⊥ ∧ vA⊥ , e−ij

A
⊥ = 1− ijA⊥ − 1

2
jA⊥ ∧ jA⊥ , (5.1.19)

giving explicitly

ReΨB
+ =

1

8
eΦB−ΦA

[
jA⊥ ∧

(
eC

A
uA|| + uA⊥ ∧ (dy −BA

1 )− eC
A
jA|| ∧ vA⊥

)
−
(
eC

A
vA|| + eC

A
jA|| ∧ uA⊥

+ vA⊥ ∧ (dy −BA
1 )
)
+

1

2
jA⊥ ∧ jA⊥ ∧

(
eC

A
vA|| + vA⊥ ∧ (dy −BA

1 ) + eC
A
jA|| ∧ uA⊥

)]
,

ImΨB
+ =

1

8
eΦB−ΦA

[
jA⊥ ∧

(
eC

A
vA|| + vA⊥ ∧ (dy −BA

1 ) + eC
A
jA|| ∧ uA⊥

)
+
(
eC

A
uA|| − eC

A
jA|| ∧ vA⊥

+ uA⊥ ∧ (dy −BA
1 )
)
− 1

2
jA⊥ ∧ jA⊥ ∧

(
eC

A
uA|| + uA⊥ ∧ (dy −BA

1 )− eC
A
jA|| ∧ vA⊥

)]
,

(5.1.20)

where (jA⊥ , ω
A
⊥) are two-forms, (jA|| , ω

A
|| , u

A
⊥, v

A
⊥) are one-forms and (uA|| , v

A
|| ) are zero-forms.

For the IIB solutions under consideration in this chapter, we find uA|| = vA|| = 0 (with

zA|| = z̄A|| = 0) and uA⊥ = uA, vA⊥ = vA (with uA and vA the IIA one forms). This reduces

the pure spinors to

ΨB
− =

1

8
eΦB−ΦAe

1
2
zA⊥∧zA⊥ ∧

(
eC

A
ωA
|| + ωA

⊥ ∧ (dy −BA
1 )
)
,

ΨB
+ =

i

8
eΦB−ΦAe−ij

A
⊥ ∧ zA⊥ ∧

(
(dy −BA

1 )− ieC
A
jA||

)
.

(5.1.21)

Comparing these results with (2.2.12) (and (2.2.13) more generally), from the form of

ΨB
+, this would suggest the following relations for an SU(2) structure (noting 1

2z
B ∧ z̄B =

ivB ∧ uB)

vB ∧ uB = −jA⊥ , ωB = i eΦB−ΦA zA⊥ ∧
(
(dy −BA

1 )− ieC
A
jA||

)
. (5.1.22)

The ΨB
− comparison is less clear but the dimensions of the Polyform match as they should.
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Higher form fluxes & Calibrations

From the fully expanded pure spinor expressions given in (5.1.20), we find in general

8 ImΨB
+0

= eΦB−ΦAeC
A
uA|| ,

8 ImΨB
+2

= eΦB−ΦA
(
eC

A
vA|| j

A
⊥ − eC

A
jA|| ∧ vA⊥ + uA⊥ ∧ (dy −BA

1 )
)
,

8 ImΨB
+4

= eΦB−ΦAjA⊥ ∧
(
vA⊥ ∧ (dy −BA

1 ) + eC
A
jA|| ∧ uA⊥ − 1

2
eC

A
uA|| j

A
⊥

)
,

8 ImΨB
+6

= −1

2
eΦB−ΦAjA⊥ ∧ jA⊥ ∧

(
uA⊥ ∧ (dy −BA

1 )− eC
A
jA|| ∧ vA⊥

)
, (5.1.23)

where we recall from (2.2.33) that we can now build the higher form fluxes

Cm = 8 e4A−ΦBvol(Mink4) ∧ ImΨ+m−4 , (5.1.24)

namely (C4, C6, C8, C10). For our purposes however, with uA|| = vA|| = 0, we find ΨB
+0

= 0

(and hence C4 = 0).

Recalling from the discussions in sections 2.3.1, 3.4.1 and 4.1.5, the calibrations will

take the following form

vol(Mink4) ∧Ψ
(cal)
Dp = 8e4A−ΦBvol(Mink4) ∧ (ImΨ+p−3 −Bk

B ∧ ImΨ+p−5) = Cp+1 −Bk
B ∧ Cp−1,

with BB = BB
2 +BB

1 ∧ dy using (1.1.79) (or the B2 defined in (5.1.4)). In the case of a D7

brane (with uA|| = vA|| = 0), we find

Ψ
(cal)
D7 = 8e4A−ΦB(ImΨ+4 −Bk

B ∧ ImΨ+2),

= e4A−ΦA

[
jA⊥ ∧

(
vA⊥ ∧ (dy −BA

1 ) + eC
A
jA|| ∧ uA⊥

)
−Bk

B ∧
(
− eC

A
jA|| ∧ vA⊥ + uA⊥ ∧ (dy −BA

1 )
)]
.

(5.1.25)

We have now built the necessary framework to derive multi-parameter type IIB solu-

tions and their corresponding G-structure description via an abelian T-duality of the IIA

analysis presented in the previous section. We will now be able to verify the preservation

of supersymmetry using the IIB G-structure conditions, in an analogous manner to the IIA

solutions. This is the focus of the next few section.
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5.2 Following the IIA β Reduction

One could now use (5.1.11) to calculate the T-dual solution to the nine-parameter back-

ground given in (B.3.1), but here we restrict to the two-parameter solution of (4.1.3).

Recall that the most general 11D G-structure forms must preserve the U(1)R R-

Symmetry component given in (3.2.2) under dimensional reduction, in order to preserve

supersymmetry. In the case of the β reduction, this corresponds to the condition ζ = −ξ
(with c = a = 0 and q ≡ ξ, v ≡ ζ). This derives N = 1 solutions for ξ ̸= 0, promoting to

N = 2 for ξ = 0 (where the SU(2)R component is recovered). The U(1)R component now

becomes in general (p+ s)χ+ (m+ u)ϕ, which in turn must be preserved under T-Duality

to preserve the supersymmetry in Type IIB. Thus, for a T-duality along χ, we must fix

p + s = 0; and for a T-duality along ϕ, we must fix m + u = 0. Recalling that the deter-

minant given in (3.2.1) becomes pu −ms = 1, we must either have (pu = 1, ms = 0) or

(pu = 0, ms = −1).

We look first at the case where pu = 1 and ms = 0 (where m or s is a free parameter and

can be set to zero in the IIA case without loss of generality). Following our conventions,

we will use γ for this free parameter. Hence, we now have the following possibilities (using

the SL(3,R) transformation given in (3.2.1))

1. (p = 1, s = γ, u = 1, m = 0) with a T-duality along χ

dχ = dχ+ ξ dβ, dϕ = dϕ+ γ dχ+ ζ dβ, (5.2.1)

with γ = −1, ζ = −ξ for N = 1 (noting p = −1, γ = 1 corresponds to the same

background after χ→ −χ and ϕ→ −ϕ).

2. (u = 1, m = γ, p = 1, s = 0) with a T-duality along ϕ

dχ = dχ+ γdϕ+ ξ dβ, dϕ = dϕ+ ζ dβ, (5.2.2)

with γ = −1, ζ = −ξ for N = 1 (noting as above, u = −1, γ = 1 corresponds to the

same background after χ→ −χ and ϕ→ −ϕ).

We now instead fix pu = 0 and ms = −1 (where in this case γ = 1 corresponds to

supersymmetry preservation), giving

3. (s = 1,m = −1, p = 0, u = γ) with a T-duality along ϕ

dχ = −dϕ+ ξ dβ, dϕ = dχ+ γdϕ+ ζdβ. (5.2.3)

4. (m = 1, s = −1, u = 0, p = γ) with a T-duality along χ

dχ = dϕ+ γdχ+ ξ dβ, dϕ = −dχ+ ζ dβ. (5.2.4)
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We now see that (5.2.3) maps to (5.2.1) by γ → −γ, ϕ→ −χ, χ→ ϕ and (5.2.4) maps

to (5.2.2) by γ → −γ, χ → −ϕ, ϕ → χ. The consequence of this is that the coordinate

transformations of (5.2.2) followed by a T-duality along ϕ is equivalent to the coordinate

transformations of (5.2.4) followed by a T-duality along χ. Thus, calculating the most

general form for a T-duality along χ will automatically contain within it the T-duality

along ϕ, and vice versa. Analogous arguments should of course hold for the χ and ϕ

reductions, with ATDs along (β, ϕ) and (β, χ), respectively.

5.2.1 Three-Parameter Families

We will now perform an ATD on the two-parameter family of solutions given in (4.1.3),

where we have already fixed (p, b, u) = 1. For this discussion we will need to switch on the

SUSY parameter γ (which plays a trivial role in the Type IIA background and set to zero)

as it will become vital in the following analysis. Of course, there are many N = 0 solutions

contained within the mathematics, but we will focus here on deriving anN = 1 background.

The type IIA background in question now have the following U(1)R component

U(1)R = (1 + s)χ+ (1 +m)ϕ, with ms = 0. (5.2.5)

Hence, to preserve the R-Symmetry under ATD, one must either fix (s ≡ γ = −1,m = 0)

and T-dualise along χ, or fix (m ≡ γ = −1, s = 0) and T-Dualise along ϕ. We will see in

fact that both approaches lead to the same N = 1 IIB background, following appropriate

transformations.

Fixing s ≡ γ

We begin with fixing s ≡ γ (with m = 0). From the U(1)R component given in (3.2.2),

fixing (p, b, u) = 1, (a, c,m) = 0, q ≡ ξ, v ≡ ζ, s ≡ γ, we have

U(1)R = (1 + γ)χ+ (ξ + ζ)β + ϕ. (5.2.6)

We then perform a dimensional reduction along β, followed by an ATD to IIB. We will

start with the ATD which will give rise to an N = 1 background, which in this case is

along χ. We then T-dualise along the other U(1) direction, which is along ϕ in this case.

� Performing an ATD along χ

Using the T-dual formula (5.1.11), we derive the following three-parameter family of

type IIB solutions
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ds210,B =
1

X
f

3
2
1 f

1
2
5

√
Ξ

[
4ds2(AdS5) + f4(dσ

2 + dη2) + ds2(M3)

]
, e2ΦB =

1

X2

f5
f3

Ξ2

Π
,

ds2(M3) = f2

(
dθ2 +

1

Π
sin2 θ dϕ2

)
+

X2

f31 f3f5Π
Dχ2, Ξ = ∆+ ζ2

f2
f5

sin2 θ,

C0 =
X

Ξ

(
f6(1 + ξf6) + ξ

f3
f5

+ γζ
f2
f5

sin2 θ

)
, Dχ = dχ− 1

X

(
(γξ − ζ)f7 + γf8

)
sin θdθ,

B2 = − 1

XΠ

(
f8 + ξf7 − ζ

f2
f3

(
(γξ − ζ)

f3
f5
f8 − (f7 − f6f8)

(
γ + (γξ − ζ)f6

))
sin2 θ

)
sin θ dϕ ∧ dθ

− 1

Π

f2
f3

(
ξ(γξ − ζ)

f3
f5

+ (1 + ξf6)
(
γ + (γξ − ζ)f6

))
sin2 θdϕ ∧ dχ,

C2 =
1

Π

(
f7 − γ

f2
f3

(
(γξ − ζ)

f3
f5
f8 + (f6f8 − f7)

(
γ + (γξ − ζ)f6

))
sin2 θ

)
sin θdθ ∧ dϕ

− X

Π

f2
f3

(
(γξ − ζ)

f3
f5

+ f6
(
γ + (γξ − ζ)f6

))
sin2 θdϕ ∧ dχ, (5.2.7)

∆ = (1 + ξf6)
2 + ξ2

f3
f5
, Π = 1 +

f2
f3

(
f3
f5

(γξ − ζ)2 +
(
γ + (γξ − ζ)f6

)2)
sin2 θ,

with F5 = dC4 −H ∧ C2 = 0, and

H = dB2, F1 = dC0, F3 = dC2 − C0H. (5.2.8)

Following the IIA analysis, we consider approaching the σ = 0 boundary where

V̈ → 0 to leading order. With the boundary condition R(η) = V̇
∣∣∣
σ=0

and warp

factors (1.4.11), we find

C0

∣∣∣
σ→0

= X
R′(1 + ξR′) + 1

2γ ζ V
′′R sin2 θ

(1 + ξR′)2 + 1
2ζ

2V ′′R sin2 θ
, ⇒ C0

∣∣∣ζ/ sin θ=0

σ→0
= X

R′

1 + ξR′ ,

(5.2.9)

which reduces for ζ = 0 or sin θ = 0, and depends the discontinuous R′(η). Hence,

we find a source term for D7 branes in the F1 Bianchi identity. Taking the derivative,

we then find

F1

∣∣∣ζ/ sin θ=0

σ→0,η=k
= X

(
R′(k)

1 + ξR′(k)
− R′(k − 1)

1 + ξR′(k − 1)

)
dη =

X
(
R′(k)−R′(k − 1)

)(
1 + ξR′(k)

)(
1 + ξR′(k − 1)

)dη
⇒ F1

∣∣∣ζ/ sin θ=0

σ→0
= −X

P−1∑
k=1

2Nk −Nk+1 −Nk−1(
1 + ξ(Nk+1 −Nk)

)(
1 + ξ(Nk −Nk−1)

)δ(η − k)δ(σ)dη.

(5.2.10)

In addition, when (ζ, γ) ̸= 0, we find

B2

∣∣∣
σ→0

= −2κ ζ

X

R− ηR′

(γ + (γξ − ζ)R′)
sin θdθ ∧ dϕ− 1 + ξR′

γ + (γξ − ζ)R′ sin
2 θ dϕ ∧ dχ,
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C2

∣∣∣
σ→0

= −2κ γ
R− ηR′

γ + (γξ − ζ)R′ sin θdθ ∧ dϕ−X
R′

(γ + (γξ − ζ)R′)
sin2 θ dϕ ∧ dχ,

(5.2.11)

which appear to lead to source terms for both D4 and NS5 branes. However, when

(ζ, γ) ̸= 0, the (θ, ϕ) sphere is broken, so it is unclear whether these terms will

lead to valid integration cycles for the corresponding charges. We will return to

this discussion more thoroughly in the next sub-section, where we investigate the

boundary.

We can preserve the U(1)R component given in (5.2.12) by first fixing ζ = −ξ (as

in the IIA case), followed by fixing γ = −1 under the T-Duality. These conditions

together mean γξ−ζ = 0. Due to the transformation given in (3.2.1), such conditions

break the SU(2)R component of the R-Symmetry - leading to an N = 1 background.

All other solutions are of course N = 0 backgrounds. One can recover the S2 by

enforcing γ = ζ = 0, giving a one-parameter family of S2 preserved solutions (cor-

responding to the ATD of (4.1.51) - the S2 preserved N = 0 solution studied in the

previous chapter). Unlike in the IIA case however, this is N = 0 for all values of ξ

(including ξ = 0) - see Figure 5.1. We present the N = 1 solution explicitly in a later

subsection.

β- Red, χ- ATD N U(1)R SU(2)R

γ = −1, ξ = −ζ ̸= 0 1 ✓ ×
γ = ζ = 0, ξ ̸= 0 0 × ✓

otherwise 0 × ×

γ

N = 0

ξ
ζ

ζ = −ξ

γ = −1

N = 1 U(1)R Preserving N = 0 SU(2) Preserving

Figure 5.1: In the general case, for arbitrary (ξ, ζ) (in green), the background breaks all

SUSY. Along the (ζ = −ξ, γ = −1) line (in blue), the U(1)R-symmetry is preserved, leading

to N = 1 solutions. Along the γ = ζ = 0 line (in red), the background preserves SU(2)

isometry (descending from the original R-symmetry) with the SUSY completely broken in

general. Given the red and blue lines do not intersect (as they are now separated in the

γ axis), there are no N = 2 solutions here - as no background preserves the necessary

SU(2)R × U(1)R R-symmetry.

One could split (5.2.7) into two categories of 2-parameter families, each promoting
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to the N = 1 solution in a different manner

– Case 1: with ζ = −ξ (or ζ = γξ) and γ ∈ Z (enhancing to N = 1 for γ = −1)

– Case 2: with γ = −1 and (ζ, ξ) ∈ Z (enhancing to N = 1 for ζ = −ξ).

We will however focus on a more general discussion of the full three parameter family,

investigating the boundary by the same procedure as the IIA solutions. We will return

to this in the next section.

It may prove useful to relabel γ ≡ γ̂−1 such that the N = 1 solution is recovered for

γ̂ = 0. However, given that γ = 0 can lead to a recovered S2, we leave our notation

as it is.

� Performing an ATD along ϕ

Performing the ATD along ϕ leads to a two parameter N = 0 family of solutions.

This background will be re-derived as the γ = 0 solution of the upcoming solution

given in (5.2.13) (up to appropriate gauge transformation).

Fixing m ≡ γ

We now investigate the solutions with m ≡ γ (and s = 0). From the U(1)R component

given in (3.2.2), fixing (p, b, u) = 1, (a, c, s) = 0, q ≡ ξ, v ≡ ζ,m ≡ γ, we have

U(1)R = χ+ (ξ + ζ)β + (1 + γ)ϕ. (5.2.12)

We then perform a dimensional reduction along β, followed by an ATD to IIB. Once again,

we begin with the case which will derive a SUSY background, which is now an ATD along

ϕ. We then once again T-Dualise along the other U(1) direction in question, now χ.

� Performing an ATD along ϕ

Using the T-dual formula (5.1.11), we now derive the following three-parameter family

of type IIB solutions (noting that C3,ϕχ = −C3,χϕ)

ds210,B =
1

X
f

3
2
1 f

1
2
5

√
Ξ

[
4ds2(AdS5) + f4(dσ

2 + dη2) + ds2(M3)

]
, e2ΦB =

1

X2

f5

f2 sin
2 θ

Ξ2

Π
,

ds2(M3) = f2dθ
2 +

1

Π

(
f3 dχ

2 +
X2

f31 f2f5 sin
2 θ

Dϕ2
)
, Ξ = ∆+ ζ2

f2
f5

sin2 θ,

C0 =
X

Ξ

(
γ

(
f6(1 + ξf6) + ξ

f3
f5

)
+ ζ

f2
f5

sin2 θ

)
, Dϕ = dϕ− 1

X

(
f8 + (ξ − ζγ)f7

)
sin θdθ,

B2 =
1

X

[
ζf7 −

1

Π

(
f8 + (ξ − γζ)f7

)(
ζ
(
f6
(
1 + (ξ − γζ)f6

)
+ (ξ − γζ)

f3
f5

)
− γ

f3

f2 sin
2 θ

)]
sin θdχ ∧ dθ
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+
1

Π

(
ζ
(
f6
(
1 + (ξ − γζ)f6

)
+ (ξ − γζ)

f3
f5

)
− γ

f3

f2 sin
2 θ

)
dχ ∧ dϕ,

C2 = − 1

Π

(
(f7 − f6f8)

(
1 + (ξ − γζ)f6

)
− (ξ − γζ)

f3f8
f5

+ γ2
f3f7

f2 sin
2 θ

)
sin θ dθ ∧ dχ

+
X

Π

(
f6
(
1 + (ξ − γζ)f6

)
+ (ξ − γζ)

f3
f5

)
dχ ∧ dϕ, (5.2.13)

∆ = (1 + ξf6)
2 + ξ2

f3
f5
, Π =

(
1 + (ξ − γζ)f6

)2
+ (ξ − γζ)2

f3
f5

+ γ2
f3

f2 sin
2 θ
.

By the discussion at the start of this section, one can derive this result by fixing

p = γ, u = 0,m = 1, s = −1, b = 1, c = a = 0, q = ξ, v = ζ, performing an ATD along

χ and then redefining γ = −γ with ϕ→ χ, χ→ −ϕ.

One can map this solution to (5.2.7) via the set of transformations given in (4.2.6),

with k1 = 1, k2 =
1
γ

e2ΦB → γ2e2ΦB , C0 →
1

γ
C0, C2 →

1

γ
C2, B2 → B2 −

1

γ
dϕ ∧ dχ,

ϕ→ γχ, χ→ −γϕ, γ → 1

γ
.

(5.2.14)

Given that the mapping requires γ → 1/γ, with the knowledge from the original

SL(3,R) transformation that γ ∈ Z, these steps are a little non-trivial. Nonetheless,

we can now say that the γ = 0 case is a new and unique family of N = 0 solutions.

As before, when γ = −1 and ζ = −ξ (where ξ − γζ = 0), one derives an N = 1

background. This solution re-derives the N = 1 case of (5.2.7), via the following

transformations

C0 → −C0, C2 → −C2, B2 → B2 + dϕ ∧ dχ,

ϕ→ −χ, χ→ ϕ.

Noting that now, for γ = −1, the transformation γ → 1/γ is of course integer on both

sides. An analogous T-Duality along the U(1) of the S2 can generate singularities in

the dual description, which is worth keeping in mind here - see the discussion in [97].

� Performing an ATD along χ

Finally, by T-dualising along χ, one derives a background which corresponds to the

γ = 0 solution of (5.2.7) (up to a gauge transformation in B2).

Re-deriving the γ- deformation of NRSZ We note here that by fixing ζ = −ξ = 0

in (5.2.7), we have re-derived the TsT background presented in [90]. We will return to this

discussion in Section 6.3.
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5.2.2 Investigations at the boundary

We will now investigate the solution given in (5.2.7) along the (σ, η) boundary, using the

same approach as the IIA solutions. We leave the (5.2.13) solution for future study. Recall

that we give the limits of the warp factors in Appendix B.2.

Solution 1

We now investigate the solution given in (5.2.7). Here, for general values of (η, σ, θ),

(Ξ,Π) are non-zero and finite. The deformed S2 given by (θ, ϕ) has Π → 1 at the poles,

which given the expression for M3 in (5.2.7), means it still behaves topologically as an S2.

This follows the argument given in Section 4.1.2. We now turn to the behaviour at the

boundaries, keeping all three parameters non-zero.

The σ → ∞ boundary

At the σ → ∞ boundary, we use utilise (B.2.1) and (B.2.2) to find

ds210,B =
κ

X

[
4σds2(AdS5) +

2P

π

(
d
( π
P
σ
)2

+ d
( π
P
η
)2

+ sin2
(
πη

P

)
(dθ2 + sin2 θ dϕ2)

)

+
X2

4κ2σ

(
dχ+ γ

κP

Xπ

(2π
P
η − sin

(2π
P
η
))

sin θdθ

)2
]
,

e2ΦB =
P 2

X2π3R2
1

e
2πσ
P , H3 = −4κP

Xπ
sin2

( π
P
η
)
sin θ d

( π
P
η
)
∧ dθ ∧ dϕ.

(5.2.15)

It is immediately clear that γ plays a special role here, as it is the only parameter of the

three which remains in this limit - breaking the S2. However, (θ, ϕ) still behaves like an S2

topologically for γ ̸= 0. When γ = 0, the S2 is recovered, along with the S3 spanned by

(η, S2). This makes sense given that the N = 1 solution (with a broken SU(2)) is derived

when γ = −1. The background tends to a stack of NS5 branes. The S1 shrinks in this

limit, in contrast to the IIA cases where it grows alongside the AdS5 - this makes intuitive

sense following the T-Duality. Again we find κ̂ P NS5 branes, as follows (with 2κ = πκ̂X)

QNS5 = − 1

(2π)2

∫
(η,θ,ϕ)

H3 = κ̂ P. (5.2.16)

When γ = 0 (or γ ̸= 0 close to one of the poles of the deformed S2), we can redefine (xµ, ρ) =

(4κX σ)
− 1

2 (x̃µ, ρ̃) and χ = (4κX σ)
1
2 χ̃, which to leading order in σ, gives 4κ

X σds
2(AdS5) +

X
4κ

1
σdχ

2 → ηµνdx̃
µdx̃ν + dρ̃2 + dχ̃2 = ds2(Mink6). Introducing the coordinate r̄ = e−

π
P
σ,

we find to leading order

ds2 = ds2(Mink6) +
2Pκ

Xπr̄2

(
dr̄2 + r̄2ds2(S3)

)
, eΦB =

P

Xπ
3
2R1

r̄−1, (5.2.17)
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corresponding to the near horizon limit of a spherically symmetric stack of NS5 branes in

flat space, see (1.1.35). When γ ̸= 0, and away from the poles of the deformed S2, the

behaviour is not so clean - and the 1
σ contribution to dθ now dominates.

The η = 0 boundary, with σ ̸= 0

At η = 0 with σ ̸= 0, using the warp factor limits in (B.2.3), gives

f4(dσ
2 + dη2) + ds2(M3) =

1

σ2

[
2|ḟ |
f

(
dσ2 + dη2 + η2(dθ2 + sin2 θdϕ2)

)
+
X2

4κ2
Dχ2

]
,

Dχ = dχ+
2κ η3|ḟ |
Xσ2

[
2(γξ − ζ) +

γ

f

(
2 +

|ḟ |
f

)]
sin θdθ. (5.2.18)

In this limit we notice that the R3 of (η, S2) is recovered only when all three parameters

are zero.

The η = P boundary, with σ ̸= 0 This boundary is qualitatively equivalent to the

η = 0 boundary.

The σ = 0 boundary, with η ∈ (k, k + 1)

At σ = 0, η ∈ (k, k+1), recall that along the σ = 0 boundary, V̈ = 0 to leading order. We

now see

Ξ → l2k +
1

2
ζ2RV ′′ sin2 θ,

Π

f2
→ R

2σ2V ′′ l̂
2
k sin

2 θ,

lk ≡ 1 + ξ(Nk+1 −Nk), l̂k ≡ γ + (γξ − ζ)(Nk+1 −Nk) = γ lk − ζ(Nk+1 −Nk),

(5.2.19)

where

f4(dσ
2 + dη2) +

f2
Π

sin2 θ dϕ2 → 2V ′′

R

(
dη2 +

(
dσ2 +

σ2

l̂2k
dϕ2
))

. (5.2.20)

So there is a R2/Zl̂k orbifold singularity in (σ, ϕ), with l̂k. Recall, in the IIA case, this

orbifold singularity was over (σ, χ), with lk - see (4.2.19). So in moving from IIA to IIB, χ

has been replaced by ϕ, and the orbifold singularity made a little more general (lk → l̂k). It

is worth noting that the case of (γ, ζ) = 0 must be treated separately because l̂k = 0 (this

is the S2 preserving condition). Now we turn to the remaining internal metric component

f2dθ
2 +

X2

f31 f3f5Π
Dχ2 → 2RV ′′

2RV ′′ + (R′)2
dθ2 +

2RV ′′ + (R′)2

4κ2R2

X2

l̂2k sin
2 θ
Dχ2,

Dχ→ dχ+
2κ

X

(
γ η +

R
2RV ′′ + (R′)2

(
2(γξ − ζ)RV ′′ − γR′

))
sin θdθ.

(5.2.21)
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Notice that for the N = 1 condition, γξ − ζ = 0, we have l̂2k = γ2 = 1. It is worth

pointing out that although (γξ − ζ) = 0 is satisfied by the N = 1 solution, the reverse

isn’t always true - for instance, γ = 0, ζ = 0 would satisfy the condition without preserving

supersymmetry.

The σ = 0, η = 0 boundary

At σ = 0, η = 0, we again adopt the coordinate change (B.2.7), where

Ξ → l20, Π → 1+ l̂20 cot
2α sin2 θ, l0 = 1+ξN1, l̂0 = γ l0−ζN1. (5.2.22)

We note in general

f4(dσ
2 + dη2) + ds2(M3) →

2Q

N1

(
dr2 + r2dα2 + r2 cos2 α

(
dθ2 +

sin2 θ dϕ2

1 + l̂20 cot
2α sin2 θ

))

+
X2Dχ2

4κ2r2 sin2 α(1 + l̂20 cot
2α sin2 θ)

, Dχ = dχ+
4κ

X
(γξ − ζ)Qr3 cos3 α sin θdθ.

(5.2.23)

So we see, as one would expect following a T-Duality, the internal space no longer vanishes

as R5/Zl0 . The orbifold singularity here is also less clean. Note that for the N = 1 case,

Dχ→ dχ and again, l̂20 = 1.

The σ = 0, η = P boundary This boundary is qualitatively equivalent to the (σ, η) = 0

boundary, with R5/ZlP−1
.

The σ = 0 boundary, with η = k

At the σ = 0 boundary with η = k, we use the coordinate change (η = k − r cosα, σ =

r sinα) for r ∼ 0 (where 0 < k < P and k ∈ Z) and (B.2.8), as in the IIA case. We recall

in this limit that the f2/f5 term dominates away from the pole of the deformed S2 (in the

expressions for Ξ and C0 given in (5.2.7)), unless we fix ζ = 0. Let us first investigate the

ζ = 0 case, before switching on ζ and investigating the boundary both away from the pole

and approaching it.

� ζ = 0: Let us first investigate the ζ = 0 case. We first look at the case where γ = 0,

which corresponds to the S2 preserved case, before switching γ on. We use (B.2.8)

with r = z2.

– γ = 0: In this case, we have a preserved S2, with

Ξ → ∆k, Π → 1, ∆k ≡
(
1 + ξg(α)

)2
+

1

4
ξ2b2k sin

2 α, (5.2.24)
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which, postponing the gauge transformation in B2 for the moment, leads to

ds210,B =
2κ

X

√
Nk

bk

√
∆k z

[
4ds2(AdS5) + ds2(S2) +

bk
Nk

(
4dz2 + z2dα2

)
+
X2

4κ2
1

z4 sin2 α
dχ2

]
,

eΦB =
2∆k

Xbk sinα
, C0 =

X

∆k

(
g(α)

(
1 + ξg(α)

)
+

1

4
ξ b2k sin

2 α

)
,

B2 = −2κ

X
(k + ξNk)vol(S

2), C2 = −2κNkvol(S
2). (5.2.25)

Calculating the D7 charge, we find

QD7 = −
∫
α
F1 = C0

∣∣∣α=π
α=0

=
X

lklk−1
(2Nk −Nk+1 −Nk−1), (5.2.26)

which gives a rational charge analogous to the D6 case in IIA. However, it is

worth observing from the form of the above metric that there is no orbifold

singularity in this case. The rational quantization comes from the ∆−1
k factor in

C0, which is inherited from the IIA solution - even in the absence of an orbifold.

We will return to this observation later in this section. Let us first investigate

the D5 charge here, and the effects of the gauge transformations of B2. We first

take (using 2κ = πκ̂X)

B2 → B2 +
2κ

X
kVol(S2), B2 = −2κ

X
ξNkvol(S

2),

QD5 = − 1

(2π)2

∫
(α,S2)

F̂3 = − 1

(2π)2

∫ ϕ=2π

ϕ=0

∫ θ=π

θ=0

[
C2 − C0B2

]α=π
α=0

= X

(
Nk

lk
− Nk−1

lk−1

)
,

(5.2.27)

which again gives a rational charge (analogous to the D4 branes). As in the IIA

case, we can include an additional term in the gauge transformation

B2 → B2 +
2κ

X
(k + ξNk)Vol(S

2), B2 = 0,

QD5 = − 1

(2π)2

∫
(α,S2)

F̂3 = κ̂X(Nk −Nk−1), (5.2.28)

which then leads to integer quantization. Given we are using the semi-circular

contour given in Figure 3.1, we assume (α, S2) to be a valid closed cycle.

– γ ̸= 0: Let us switch on γ, where we now have Πk → γ2∆k, hence

Ξ → ∆k, Π → γ2
Nk sin

2 θ

bkr sin
2 α

∆k, ∆k ≡
(
1 + ξg(α)

)2
+

1

4
ξ2b2k sin

2 α,

we then see (again postponing the gauge transformation for B2)

ds2 =
2κ

X

√
Nk

bk

√
∆k z

[
4ds2(AdS5) + ds2(B5)

]
, e2ΦB =

4z2∆k

γ2X2bkNk sin
2 θ
,
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ds2(B5) = dθ2 +
4bk
Nk

(
dz2 +

1

4
z2
(
dα2 +

sin2 α

γ2∆k
dϕ2
)
+
X2

z2
(dχ+Ak)

2

16γ2κ2∆k sin
2 θ

)
,

B2 = −1

γ
dϕ ∧ dχ, C0 =

X

∆k

(
g(α)

(
1 + ξg(α)

)
+

1

4
b2kξ sin

2 α
)
,

C2 =
1

∆k

[
2κ

((
1 + ξg(α)

)(
kg(α)−Nk

)
+

1

4
b2kξk sin

2 α

)
sin θdθ ∧ dϕ

− X

γ

(
g(α)

(
1 + ξg(α)

)
+

1

4
b2kξ sin

2 α

)
dϕ ∧ dχ

]
,

Ak =
2κ γ

X

(
k + ξNk

)
sin θdθ. (5.2.29)

In a similar manner to the IIA case, we find the presence of a spindle here.

The form of C0 remains the same as above, so calculating the D7 charge re-

derives (5.2.26). We could calculate D5 charge by integrating over (α, θ, ϕ),

which depending on the gauge transformation of B2, would derive either rational

or integer charge (equal to the D4 counterparts in IIA, given in (4.1.25) and

(4.1.28)). However, although (α, ϕ) describes a spindle, there is no sin θ factor

out front - hence, this does not appear to be a valid (closed) cycle. We therefore

conclude there is no D5 charge here.

� ζ ̸= 0: we now switch on ζ, where the f2/f5 term dominates unless we are at a pole

of the deformed S2 (where sin θ = 0). We first assume then that we are indeed away

from the poles.

Away from a pole: In this case, we once again expand (η = k − r cosα, σ =

r sinα) in small r, finding to leading order

Ξ → bkζ
2Nk sin

2 θ

4r
, Π → Nk sin

2 θ

bkr sin
2 α

Πk(α), Πk(α = 0) = l̂2k−1, Πk(α = π) = l̂2k,

Πk ≡ (γξ − ζ)2
b2k
4
sin2 α+

(
γ + (γξ − ζ)g(α)

)2
. (5.2.30)

We make the same coordinate transformation as the IIA case, r = z2, giving

ds210,B =
|ζ|κ
X

Nk sin θ
(
4ds2(AdS5) + ds2(B5)

)
,

ds2(B5) = dθ2 +
4bk
Nk

(
dz2 +

z2

4

(
dα2 +

sin2 α

Πk
dϕ2
)
+

X2

z2 sin2 θ

(dχ+Ak)
2

16κ2Πk

)
,

e2ΦB =
ζ4Nkbk sin

2 θ

4X2z2Πk
, Ak =

2κ

X

(
(γξ − ζ)Nk + γk

)
sin θdθ, C0 =

γ

ζ
X

B2 =
1

Πk

((
1 + ξg(α)

)(
γ + (γξ − ζ)g(α)

)
+

1

4
ξb2k(γξ − ζ) sin2 α

)
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×
(
2κ

X

(
γ k + (γξ − ζ)Nk

)
sin θdθ ∧ dϕ− dϕ ∧ dχ

)
, (5.2.31)

C2 =
1

Πk

(
X
(
(γξ − ζ)

1

4
b2k sin

2 α+ g(α)
(
γ + (γξ − ζ)g(α)

))
dχ ∧ dϕ

+ 2κγ
(
(γξ − ζ)

k

4
b2k sin

2 α+ (k g(α)−Nk)
(
γ + (γξ − ζ)g(α)

))
sin θdθ ∧ dϕ

)
.

We note that B5 corresponds to the ATD of the (θ, z, B3) components of (4.1.31)

(using the appropriate gauge transformation for B2). Now, we find

ds2(B5)
∣∣∣
α∼0

= dθ2 +
4bk
Nk

(
dz2 +

z2

4

(
dα2 +

α2

l̂2k−1

dϕ2
)
+

X2

z2 sin2 θ

(dχ+Ak)
2

16κ2 l̂2k−1

)
,

(5.2.32)

ds2(B5)
∣∣∣
α∼π

= dθ2 +
4bk
Nk

(
dz2 +

z2

4

(
dα2 +

(π − α)2

l̂2k
dϕ2
)
+

X2

z2 sin2 θ

(dχ+Ak)
2

16κ2 l̂2k

)
.

Note the presence of a sin θ out the front of the whole metric! We observe that (α, ϕ)

form a WCP1
[l̂k−1,l̂k]

, with Euler characteristic

χE =
1

2π

∫
WCP1

[l̂k−1,l̂k]

RVol2 = 2−
(
1− 1

|l̂k−1|

)
−
(
1− 1

|l̂k|

)
. (5.2.33)

In this limit, C2−C0B2 =
1
ζ dϕ∧dχ−

γ
ζ B̃Vol(S2), following the gauge transformation,

B2 → B2 + 2κB̃Vol(S2). It is reasonable to conclude that there are no D5 branes

present for ζ ̸= 0, noting F̂3 = d(C2∧e−B2). Note, due to the semi-circular contour we

are using, which begins in the (k− 1)th cell and crosses into the kth cell at α = π/2,

one could rescue the charge by fixing B̃ = ζ
γNk. However, as in the previous case,

the (α, θ, ϕ) cycle does not appear to be a valid one, and we conclude no D5 charge.

Approaching the pole: As in the IIA case, we approach the pole (σ = 0, η =

k, sin θ = 0) using

η = k − r̄ cosα sin2 µ, σ = r̄ sinα sin2 µ, sin θ = 2

√
bkr̄

Nk
cosµ, (5.2.34)

recalling that r = r̄ sin2 µ, and expanding about r̄ = 0. Now

sin2 α sin2 µΠ → sin2 α sin2 µ+ 4 cos2 µΠk, sin2 µΞ → Ξ̃k = ∆k sin
2 µ+ ζ2b2k cos

2 µ,

∆k ≡
(
1 + ξg(α)

)2
+

1

4
ξ2b2k sin

2 α, B2 → B2 +
4κbk cos

2 µ

XNk
(k + ξNk)dr̄ ∧ dϕ,

(5.2.35)

giving
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ds2

2κ
√
Nk

=

√
Ξ̃k
X

[
4√
bk
r̄

ds2(AdS5) +

√
bk
r̄

Nk
ds2(B5)

]
, eΦB =

2 Ξ̃k

Xbk sinµ
√

sin2 α sin2 µ+ 4 cos2 µΠk
,

ds2(B5) = dr̄2 + 4r̄2
[
dµ2 +

1

4
sin2 µ

(
dα2 +

sin2 α

Πk +
1
4 sin

2 α tan2 µ
dϕ2
)]

+
1

r̄

X2Nk

4κ2bk sin
2 µ

(dχ+Ak)
2

(sin2 α sin2 µ+ 4 cos2 µΠk)
,

Ak =
4κbk cosµ

XNk

(
γk + (γξ − ζ)Nk

)(
cosµdr̄ − 2r̄ sinµdµ

)
,

B2 =
4 cos2 µ

sin2 α sin2 µ+ 4 cos2 µΠk

((
1 + ξg(α)

)(
γ + (γξ − ζ)g(α)

)
+

1

4
ξb2k(γξ − ζ) sin2 α

)

×
(
4κbk
XNk

cos2 µ
(
γk + (γξ − ζ)Nk

)
dr̄ ∧ dϕ− dϕ ∧ dχ

)
,

C0 =
X

Ξ̃k

(
g(α)

(
1 + ξg(α)

)
sin2 µ+

1

4
b2k

(
4γζ cos2 µ+ ξ sin2 α sin2 µ

))
,

C2 =
4

sin2 α sin2 µ+ 4 cos2 µΠk

[
bkκ cos

2 µ

Nk

(
γb2kk(γξ − ζ) cos2 µ sin2 α+ 4γk(γξ − ζ)g(α)2 cos2 µ

−Nk(sin
2 α sin2 µ+ 4γ2 cos2 µ) + 4γ g(α) cos2 µ

(
γk − (γξ − ζ)Nk

))
dr̄ ∧ dϕ

−X cos2 µ

(
1

4
b2k sin

2 α(γξ − ζ) + g(α)
(
γ + (γξ − ζ)g(α)

))
dϕ ∧ dχ

]
. (5.2.36)

So again, we see that the S2 has inherited orbifold singularities. On first sight, these

appear more complicated than the spindle found in IIA (in the general case at least).

This is because B5 in (5.2.36) is the ATD of the (ρ, B4) components of (4.1.37)

(using the appropriate gauge transformation in B2). One can then conclude that z

and ρ, in (5.2.31) and (5.2.36) respectively, aren’t a part of the orbifolds themselves

but the cones over them. It would be nice to understand this further topologically

in the future. Now we calculate the charge of the D7 branes at µ = π
2 on one of the

components of the ‘spindle like’ space, α, as follows

QD7 = −
∫
α
F1 = C0

∣∣∣α=π
α=0

=
X

lklk−1
(2Nk −Nk+1 −Nk−1). (5.2.37)

This is the result for all values of (γ, ζ) - including the N = 1 background. The

boundary analysis then agrees with the discussion around (5.2.9), where we had

nice D7 sources for ζ = 0 or sin θ = 0. It is important to note that this rational

quantization of charge is due to the Ξ̃k (and hence ∆k) in the denominator of C0,

and not Πk which is what gives rise to singularities in the internal manifold. In other
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words, the charge still depends on lk and not l̂k, see (5.2.19). It appears then that

this breaking of quantization is simply a remnant of the IIA orbifold singularity. As

a result of this, one can find situations where the background has the above rational

charge (with lk ̸= 1) without having orbifold singularities in its metric (i.e. with

|l̂k| = 1). In other words, by T-dualising within the spindle like orbifold in Type IIA,

we can break the orbifold structure completely in Type IIB whilst still inheriting

the rational charge. The N = 1 and S2 preserved N = 0 cases are two example.

Conversely, fixing ξ = 0 recovers the integer quantization of charge (with lk = 1) but

does not necessarily eliminate orbifold singularities, as l̂k = γ − ζ(Nk+1 −Nk).

Summary

For all values of (γ, ζ, ξ), we find NS5 charge at the σ → ∞ boundary. In these solutions,

(θ, ϕ) behaves only topologically as an S2 in general, recovering it when γ = 0 (which is

the only parameter to remain in this limit). At this boundary, for either γ = 0 (with a

preserved S2) or sin θ → 0 (close to a pole of the deformed S2), the background describes

the near horizon limit of a spherically symmetric stack of NS5 branes. Along the σ = 0

boundary, we find stacks of D7 branes at each kink of the rank function. These charges

have rational quantization in all ξ ̸= 0 cases, however some backgrounds do not contain

orbifold singularities in the metric! In these cases, the rational quantization is a remnant

of the IIA orbifold singularities, which can be broken by T-dualising within the orbifold

structure. Additionally, one can find solutions which contain orbifold singularities, due to

the parameters (γ, ζ), which contain integer quantization of charge (for ξ = 0). Naively,

one can find D5 charge for all cases, however it is not clear that the integration cycles are

always closed. We propose the D5 branes are present only for the preserved S2 case (with

γ = ζ = 0), by considering (α, S2) a valid cycle - with integer quantization recoverable via

an appropriate gauge transformation. In summary, we find

QNS5 = κ̂ P, QkD7 =
X

lklk−1
bk, QkD5 = κ̂X

(Nk −Nk−1) (γ = ζ = 0)

0 otherwise
,

QD7 =

P−1∑
k=1

QkD7 =
X

l0lP
(NP−1 +N1), QD5 =

P−1∑
k=1

QkD5 = κ̂X

NP−1 (γ = ζ = 0)

0 otherwise
,

lk = 1 + ξ(Nk+1 −Nk), l0 = 1 + ξN1, lP = 1− ξNP−1, bk = (2Nk −Nk+1 −Nk−1),

(5.2.38)

with the holographic central charge given by

chol =
κ̂3X2

8π

∞∑
n=1

P R2
n.
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The quantization discussion is then identical to the one given in Section 4.1.3. One could

possibly introduce an extra parameter, λ, by T-dualising along λχ. If so, this could possibly

aid quantization, but this would need investigating further.

In solutions without orbifold singularities (such as the N = 1 and SU(2) preserved

N = 0 cases), rank functions such as those given in Figure 4.9 seem the most valid (as they

will lead to integer quantization). A potential interpretation in terms of rotating branes is

also a possibility, and offered in Appendix E of [186], but is omitted from this thesis.

5.2.3 U(1)×U(1) preserving N = 1 solution

We now investigate a little further the ζ = −ξ, γ = −1 case of (5.2.7), which leads to a

one-parameter family of N = 1 solutions (corresponding to the blue line in Figure 5.1),

given by

ds210,B =
1

X
f

3
2
1 f

1
2
5

√
Ξ

[
4ds2(AdS5) + f4(dσ

2 + dη2) + ds2(M3)

]
,

ds2(M3) = f2

(
dθ2 +

1

Π
sin2 θ dϕ2

)
+

X2

f31 f3f5Π

(
dχ+

1

X
f8 sin θdθ

)2
,

C0 =
X

Ξ

(
f6(1 + ξf6) + ξ

f3
f5

+ ξ
f2
f5

sin2 θ

)
, e2ΦB =

1

X2

f5
f3

Ξ2

Π
,

B2 = − 1

XΠ

(
f8 + ξf7 + ξ

f2
f3

(f7 − f6f8) sin
2 θ

)
sin θ dϕ ∧ dθ + 1

Π

f2
f3

(1 + ξf6) sin
2 θdϕ ∧ dχ,

C2 =
1

Π

(
f7 −

f2
f3

(f6f8 − f7) sin
2 θ

)
sin θdθ ∧ dϕ+

X

Π

f2
f3
f6 sin

2 θdϕ ∧ dχ,

Ξ = ∆+ ξ2
f2
f5

sin2 θ, ∆ = (1 + ξf6)
2 + ξ2

f3
f5
, Π = 1 +

f2
f3

sin2 θ. (5.2.39)

Investigations at the boundary were conducted in the previous sub-section, with charges

given in (5.2.38) for ζ = −ξ, γ = −1.

G-Structure description

We have performed an ATD along χ, meaning dy ≡ dχ, with (uA, vA, ωA, jA) given in

(4.1.64). Here we have uA|| = vA|| = 0 and uA⊥ = uA, vA⊥ = vA, namely

zA⊥ = uA⊥ + i vA⊥ , vA⊥ =
κ√
X
e−2ρf

1
4
5 f

− 3
4

1 Ξ
1
4d
(
e2ρV̇ cos θ

)
,

uA⊥ =
1√
X

(f1f5)
3
4Ξ− 1

4

(
f3V̇

′

4σ
dσ + V ′′dη − f6dρ−

ξ

f5

(κ2e−4ρ

2f31
d(e4ρV̇ 2(cos2 θ − 3)) + 4dρ

))
,
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and recall the following relations (see (5.1.10) with ϕ1 = χ, ϕ2 = ϕ)

EχA = eC
A
(dχ+AA

1 ), AA
1 =

1

2

hχϕ
hχ

dϕ,
1

2

hχϕ
hχ

= − f2(1 + ξf6)

f3 + f2 sin
2 θ

sin2 θ, (5.2.40)

now using (B.3.1) to calculate AA
1 (with (p, b, u) = 1, (a, c,m) = 0, q = −v = ξ, s = γ =

−1). Then to derive the remaining elements we re-write the forms given in (4.1.64), with

γ = −1, as follows

jA = jA1 ∧ dχ+ jA2 ∧ dϕ =
(
jA2 − 1

2

hχϕ
hχ

jA1

)
∧ dϕ+ e−C

A
jA1 ∧ EχA,

ωA = ωA
1 ∧ dχ+ ωA

2 =
(
ωA
2 − 1

2

hχϕ
hχ

ωA
1 ∧ dϕ

)
+ e−C

A
ωA
1 ∧ EχA,

(5.2.41)

where the slight difference in expression between the j and ω is because j is made of only

dχ and dϕ components, whereas ω is a little more general. Hence

jA = jA⊥ + jA|| ∧ EχA, jA⊥ =
(
jA2 − 1

2

hχϕ
hχ

jA1

)
∧ dϕ, jA|| = e−C

A
jA1

ωA = ωA
⊥ + ωA

|| ∧ E
χ
A, ωA

⊥ = ωA
2 − 1

2

hχϕ
hχ

ωA
1 ∧ dϕ, ωA

|| = e−C
A
ωA
1 ,

(5.2.42)

leading to

jA|| =
e−C

A

X
√
Ξ

(
f

3
2
1 f

1
2
5 f3
σ

e−ρe−ξV
′
d
(
eρσeξV

′
)
− X̂2

)
,

jA⊥ =
1

X
√
Ξ

[(
κf2f

1
2
3 X̂1 + X̂2

)
+

f2(1 + ξf6)

f3 + f2 sin
2 θ

(
f

3
2
1 f

1
2
5 f3
σ

e−ρe−ξV
′
d
(
eρσeξV

′
)
− X̂2

)
sin2 θ

]
∧ dϕ

ωA
|| = −i 2κ

2

X
e−C

A
f
− 3

2
1 e−3ρd(e3ρV̇ eiϕσ sin θ),

ωA
⊥ = −2κ2

X
f
− 3

2
1 e−3ρ

[
d
(
e2ρV̇ e−ξV

′
eiϕ sin θ d(eρeξV

′
σ)
)
+ i

f2(1 + ξf6) sin
2 θ

f3 + f2 sin
2 θ

d(e3ρV̇ eiϕσ sin θ) ∧ dϕ
]
,

(5.2.43)

with (X̂1, X̂2) defined in (4.1.65). Using (5.1.21), and noting

BA
1 = − 1

X
f8 sin θ dθ, e2ΦB =

1

X2

f5
f3

Ξ2

Π
, e4ΦA =

1

X6
f31 f

3
5Ξ

3,

we can now build the IIB pure spinors as follows

ΨB
− =

1

8
eΦB−ΦAe

1
2
zA⊥∧zA⊥ ∧

(
eC

A
ωA
|| + ωA

⊥ ∧
(
dχ+

1

X
f8 sin θ dθ

))
,

ΨB
+ =

i

8
eΦB−ΦAe−ij

A
⊥ ∧ zA⊥ ∧

((
dχ+

1

X
f8 sin θ dθ

)
− ieC

A
jA||

)
,

with the eC
A
terms cancelling out of the expressions. These spinors then satisfy the super-

symmetry conditions given in (5.1.16).
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Higher form fluxes

Now that we have derived the pure spinors for the IIB solution, we can now easily derive

the higher form fluxes for the solution. We use the expression given in (5.1.25) (noting

that C10 = 0)

C6 = e4A−ΦAvol(Mink4) ∧
(
− eC

A
jA|| ∧ vA⊥ + uA⊥ ∧

(
dχ+

1

X
f8 sin θ dθ

))
,

C8 = e4A−ΦAvol(Mink4) ∧ j
A
⊥ ∧

(
vA⊥ ∧

(
dχ+

1

X
f8 sin θ dθ

)
+ eC

A
jA|| ∧ uA⊥

)
,

with e2A = 4
X f

3
2
1 f

1
2
5 Ξ

1
2 e2ρ from the IIA solution. One can verify these results using (1.1.11)

and (1.1.12) as follows

F7 = − ⋆ F3 = dC6, F9 = ⋆F1 = dC8 −H ∧ C6, (5.2.44)

with F3 = dC2 − C0H, F1 = dC0, H = dB2 (and C4 = 0) given in (5.2.39).

5.2.4 Supersymmetry breaking

We now derive the G-structure description of the three parameter family given in (5.2.7).

Using the approach discussed in Section 5.1.2, we have dy ≡ dχ, with uA, vA given in

(4.1.70) and ωA, jA given in (4.1.74). We notice, as u and v are independent of ϕ, they are

independent of γ. In addition, we recall that uA|| = vA|| = 0 and uA⊥ = uA, vA⊥ = vA, namely

zA⊥ = uA⊥ + i vA⊥ , vA⊥ =
κ√
X
e−2ρf

1
4
5 f

− 3
4

1 Ξ
1
4d(e2ρV̇ cos θ),

uA⊥ =
1√
X

(f1f5)
3
4Ξ− 1

4

[
V̇ ′f3
4σ

dσ + V ′′dη − f6dρ−
1

f5

(
−ζκ2e−4ρ

2f31
d
(
e4ρV̇ 2(cos2 θ − 3)

)
+ 4ξdρ

)

+ (ζ + ξ)
e−4ρ

Λ
d(V̇ 2e4ρ)

]
.

Using (1.1.78) and (5.1.10), with ϕ1 = χ, ϕ2 = ϕ, we find

EχA = eC
A
(dχ+AA

1 ), AA
1 =

1

2

hχϕ
hχ

dϕ,
1

2

hχϕ
hχ

=
1

Π

f2
f3

(
ξ(γξ−ζ)f3

f5
+(1+ξf6)

(
γ+(γξ−ζ)f6

))
sin2 θ,

(5.2.45)

with Π defined in (5.2.7). In the N = 1 case (with ζ = −ξ and γ = −1), this reduces to

(5.2.40). This result can be derived using (B.3.1) (with (p, b, u) = 1, (a, c,m) = 0, q ≡
ξ, v ≡ ζ, s ≡ γ), or alternatively by inspection, using the forms of (5.2.7) and (5.1.11). We

can now derive the remaining elements, but to do so we must first split up the forms given
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in (4.1.74) using (5.2.42) and (5.2.41), leading to

jA1 =
1

X
√
Ξ

[
f

3
2
1 f

1
2
5 f3
σ

e−ρeζV
′
d
(
eρσe−ζV

′)
+ κf2f

1
2
3

(
(γ + 1)X1 + (γξ − ζ)X̂1

)
+ γ X2

− (ζ + ξ)
4κV̇

∆̃
√
Λ

(
X̂3 + γX3

)]
,

jA2 =
1

X
√
Ξ

[
κf2f

1
2
3 (X1 + ξX̂1) +X2 − (ζ + ξ)

4κV̇

∆̃
√
Λ
X3

]
,

ωA
1 = −i 2κ

2

X
f
− 3

2
1 e−2ρei(γ+1)χ

[
e−ζV

′
σ d
(
V̇ e2ρeζV

′
eiϕ sin θ

)
− γ eiϕeρV̇ sin θ

(
eζV

′
d(eρe−ζV

′
σ) + (ζ + ξ)eρσ d(V ′)

)]
,

ωA
2 = −2κ2

X
f
− 3

2
1 e−3ρei(γ+1)χ

[
d
(
e2ρV̇ eζV

′
eiϕ sin θ d(eρe−ζV

′
σ)
)
+ (ζ + ξ)eρσ d

(
e2ρV̇ eiϕ sin θ d(V ′)

)]
,

with

jA⊥ =
(
jA2 − 1

2

hχϕ
hχ

jA1

)
∧ dϕ, jA|| = e−C

A
jA1 , ωA

⊥ = ωA
2 − 1

2

hχϕ
hχ

ωA
1 ∧ dϕ, ωA

|| = e−C
A
ωA
1 ,

which we can substitute into (5.1.21) to build the IIB pure spinors, noting the definitions

in (4.1.3) and (5.2.7), we have

ΨB
− =

1

8
eΦB−ΦAe

1
2
zA⊥∧zA⊥ ∧

[
eC

A
ωA
|| + ωA

⊥ ∧
(
dχ− 1

X

(
(γξ − ζ)f7 + γf8

)
sin θdθ

)]
,

ΨB
+ =

i

8
eΦB−ΦAe−ij

A
⊥ ∧ zA⊥ ∧

[(
dχ− 1

X

(
(γξ − ζ)f7 + γf8

)
sin θdθ

)
− ieC

A
jA||

]
,

with the eC
A
terms cancelling out of the expressions. We are now in a position to investigate

the supersymmetry conditions given in (5.1.16).

Checking (5.1.16a) leads to (ξ + ζ) and (γ + 1) terms on the right hand side - which

is no surprise given that both conditions are separately required for supersymmetry. In

addition, there are (γξ − ζ) terms included, which also vanish when supersymmetry is

preserved. However, these terms can vanish even in the absence of supersymmetry (e.g.

for γ = ζ = 0), so must be supplemented with (ξ+ ζ) and/or (γ+1) terms. The remaining

two conditions need to be investigated further (as these equations take much computer

time and power), but judging by the ζ = ξ = 0 case that we will study in Section 6.3, they

are likely to include (ζ + ξ) terms only (as in the IIA case (4.1.75)) with no requirements

from γ. A more thorough investigation is left for future work.
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5.3 Following the IIA χ Reduction

We now investigate performing an abelian T-duality following a dimensional reduction

along χ, using the same procedure as the previous section. Once again, in order to preserve

supersymmetry, we must leave the U(1)R component of the R-symmetry intact.

5.3.1 Three-Parameter Families

Here we will perform an ATD on the two-parameter family of solutions given in (4.2.2).

As we will discover, only an ATD along β (with ζ = −1 and γ = 0) will lead to a SUSY

preserved solution. This is a little different to the β reduction case, where one could perform

an ATD along both χ and ϕ to derive an N = 1 background. This is a remnant of the GM

U(1)R component being χ + ϕ prior to the SL(3,R) transformation. We now investigate

the ATD for the χ reduction with a ≡ ξ and q ≡ ξ, in turn.

Fixing a ≡ ξ

We begin with the case where (p, b, u) = 1, (q, c,m) = 0, a ≡ ξ, s ≡ ζ, v ≡ γ, meaning

(3.2.2) becomes

U(1)R = (1 + ζ)χ+ γβ + ϕ. (5.3.1)

We then perform a dimensional reduction along χ, followed by an ATD to IIB. We will

investigate an ATD along β and ϕ in turn, beginning with the case which will give rise to

an N = 1 solution.

� Performing an ATD long β

Using the T-dual formula (5.1.11), we get the following three-parameter family of

solutions

ds210,st =
1

X
f

3
2
1 (f5f

2
6 + f3)

1
2

√
Ξ2

[
4ds2(AdS5) + f4(dσ

2 + dη2) + ds2(M3)

]
,

ds2(M3) = f2

(
dθ2 +

1

Π2
sin2 θdϕ2

)
+

X2

f31 f3f5Π2
Dβ2,

C0 =
X

(f5f26 + f3)Ξ2

(
f5(f6 + ξ) + γζ f2 sin

2 θ
)
, e2ΦB =

(f5f
2
6 + f3)

2

X2f3f5

Ξ2
2

Π2
,

B2 =
sin θ

Π2

[
f2
f3

(
(f6 + ξ)(γf6 + γξ − ζ) + γ

f3
f5

)
sin θ dβ

+
1

X

(
(f7 + ξf8) + ζ

f2
f3

(
(f6f8 − f7)(γf6 + γξ − ζ) + γ

f3f8
f5

)
sin2 θ

)
dθ

]
∧ dϕ,
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C2 =
sin θ

Π2

[
X
f2
f3

(γf6 + γξ − ζ) sin θ dβ

+

(
f8 + γ

f2
f3

(
(f6f8 − f7)(γf6 + γξ − ζ) + γ

f3f8
f5

)
sin2 θ

)
dθ

]
∧ dϕ,

Ξ2 = ∆2 + ζ2
f2(

f5f26 + f3
) sin2 θ, Dβ = dβ − 1

X

(
(γξ − ζ)f8 + γf7

)
sin θ dθ,

Π2 = 1 +
f2
f3

((
γf6 + γξ − ζ

)2
+ γ2

f3
f5

)
sin2 θ ∆2 = 1 + ξ

f5(2f6 + ξ)(
f5f26 + f3

) . (5.3.2)

We can preserve the U(1)R component given in (5.3.1) by first fixing ζ = −1 (to

derive the N = 1 IIA solution) followed by fixing γ = 0 under the T-duality. Due to

the transformations (3.2.1), we find the S2 is recovered for (γ, ζ) = 0 - see Figure 5.2.

We find once again that one can map this solution to (5.2.7) via the transformations

given in (4.2.6) (with k1 =
1
ξ , k2 = ξ

5
2 )

gMN → 1

ξ
gMN , e2ΦB → 1

ξ4
e2ΦB , C0 → ξ2C0, C2 → ξC2, B2 →

1

ξ
B2,

B2 → −B2, C0 → −C0 + ξ, C2 → C2 − ξB2,

ϕ→ −ϕ, β → −χ, ζ → ζ ξ, γ → ζ − γ

ξ
, ξ → 1

ξ
.

(5.3.3)

However, it does not appear possible to map this to (5.2.13). The above mapping re-

quires 1/ξ terms, which again is non-trivial given that ξ is an integer. We nonetheless

find that the ξ = 0 solution is new and unique.

We derive the N = 1 solution by fixing (ζ = −1, γ = 0), which after using the

transformations given in (4.2.6), with k1 = ξ−1, k2 = ξ
5
2

gMN → 1

ξ
gMN , B2 →

1

ξ
B2 C0 → ξ2C0, C2 → ξ C2 e2Φ → 1

ξ4
e2Φ,

(5.3.4)

followed by

C0 → −C0 + ξ, C2 → −C2 + ξB2, ξ → 1

ξ
, β → −χ, (5.3.5)

one maps to (5.2.39). Again, we argue that this is non-trivial, with the ξ = 0 case

new and unique. We will return to this N = 1 solution later in this section.
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χ- Red, β- ATD N U(1)R SU(2)R

γ = 0, ζ = −1, ξ ̸= 0 1 ✓ ×
γ = 0, ζ = 0, ξ ̸= 0 0 × ✓

otherwise 0 × ×

γ

N = 0

ξ
ζ

ζ = −1

N = 1 U(1)R Preserving N = 0 SU(2) Preserving

Figure 5.2: In the general case, for arbitrary (ξ, ζ) (in green), the background breaks all

SUSY. Along the (ζ = −1, γ = 0) line (in blue), the U(1)R-symmetry is preserved, leading

to N = 1 solutions. Along the γ = ζ = 0 line (in red), the background preserves SU(2)

isometry (descending from the original R-symmetry) with the SUSY completely broken

in general. Given the red and blue lines do not intersect (as they are parallel in the

ζ axis), there are no N = 2 solutions here - as no background preserves the necessary

SU(2)R × U(1)R R-symmetry.

� Performing an ATD long ϕ

Performing an ATD along ϕ leads to the following N = 0 family of solutions

ds210,st =
1

X
f

3
2
1 (f5f

2
6 + f3)

1
2

√
Ξ2

[
4ds2(AdS5) + f4(dσ

2 + dη2) + ds2(M3)

]
,

ds2(M3) = f2dθ
2 +

1

(f5f26 + f3)∆2

(
f3f5dβ

2 +
X2

f31 f2 sin
2 θ
Dϕ2

)
, Dϕ = dϕ− 1

X
(f7 + ξf8) sin θ dθ,

C2 = −γ
ζ
Xdϕ ∧ dβ, C0 = ζX

f2
(f5f26 + f3)Ξ2

sin2 θ − X

ζ
, e2Φ

B
=

(f5f
2
6 + f3)

X2f2 sin
2 θ

Ξ2
2

∆2
,

B2 = − ζ

(f5f26 + f3)∆2

(
f5(f6 + ξ)dϕ+

1

X

(
f3f8 + f5(f6f8 − f7)(f6 + ξ)

)
sin θdθ

)
∧ dβ + γ dϕ ∧ dβ,

Ξ2 = ∆2 + ζ2
f2(

f5f26 + f3
) sin2 θ, ∆2 = 1 + ξ

f5(2f6 + ξ)(
f5f26 + f3

) , (5.3.6)

where we see that γ only emerges as a large gauge transformation of B2. Here we

have introduced a gauge transformation into C0 to simplify C2. Once again, we note

that analogous T-Duals along a U(1) of an S2 can lead to singularities in the dual

description (see the discussion in [97]).
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Fixing q ≡ ξ

We now investigate the solutions with (p, b, u) = 1, (a, c,m) = 0, q ≡ ξ, s ≡ ζ, v ≡ γ,

where the U(1)R component (3.2.2) now becomes

U(1)R = (1 + ζ)χ+ (ξ + γ)β + ϕ, (5.3.7)

where we again perform a dimensional reduction along χ, followed by an ATD along β and

ϕ in turn.

� Performing an ATD long β

In this case we calculate a background which can be derived from (5.3.2), by fixing

ξ → 0, γ → γ − ζ ξ before applying the following gauge transformations

C0 → C0 + ξ, C2 → C2 + ξB2. (5.3.8)

One then re-derives the existing N = 1 solution.

� Performing an ATD long ϕ

In this final case, one derives a solution which matches (5.3.6) with ξ = 0, followed

by the following gauge transformations

C2 → C2 − ξdϕ ∧ dβ, B2 → B2 − ζ ξ dϕ ∧ dβ. (5.3.9)

5.3.2 U(1)×U(1) preserving N = 1 solution

Fixing (ζ = −1, γ = 0) in (5.3.2) derives the following one parameter family of N = 1

solutions

ds210,st =
1

X
f

3
2
1 (f5f

2
6 + f3)

1
2

√
Ξ2

[
4ds2(AdS5) + f4(dσ

2 + dη2) + ds2(M3)

]
,

ds2(M3) = f2

(
dθ2 +

1

Π2
sin2 θdϕ2

)
+

X2

f31 f3f5Π2
Dβ2, Dβ = dβ − 1

X
f8 sin θ dθ,

C0 =
Xf5(f6 + ξ)

(f5f26 + f3)Ξ2
, C2 =

sin θ

Π2

[
X
f2
f3

sin θ dβ + f8dθ

]
∧ dϕ, e2ΦB =

(f5f
2
6 + f3)

2

X2f3f5

Ξ2
2

Π2
,

B2 =
sin θ

Π2

[
f2
f3

(f6 + ξ) sin θ dβ +
1

X

(
(f7 + ξf8)−

f2
f3

(f6f8 − f7) sin
2 θ

)
dθ

]
∧ dϕ,

Ξ2 = ∆2 +
f2(

f5f26 + f3
) sin2 θ, ∆2 = 1 + ξ

f5(2f6 + ξ)(
f5f26 + f3

) , Π2 = 1 +
f2
f3

sin2 θ,

(5.3.10)

which maps to (5.2.39) following the transformations in (5.3.5) (with ξ → 1/ξ). We then

focus on the G-structures for the (unique) ξ = 0 case, corresponding to the supersymmetry

preserving ATD along β of the unique IIA N = 1 solution discussed in Section 4.2.3.
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G-structure description

Here we follow the same approach as we did in Section 5.2.3, this time with dy ≡ dβ and

(uA, vA, jA, ωA) given in (4.2.35) - with uA|| = vA|| = 0 and uA⊥ = uA, vA⊥ = vA. Recall the

following relations (see (5.1.10) with ϕ1 = β, ϕ2 = ϕ)

EβA = eC
A
(dβ +AA

1 ), AA
1 =

1

2

hβϕ
hβ

dϕ =
f2f6 sin

2 θ

f3 + f2 sin
2 θ
dϕ, (5.3.11)

using (B.3.2) as appropriate. Then to derive the remaining elements we use the decompo-

sitions given in (5.2.42), leading to leading to

jA|| =
e−C

A
κf

1
2
2

2
(
1 + f2

4 (sin
2 θ − 4)

) 1
2

[
f5f6

[
e−3ρd(sin2 θe3ρV̇ )− 1

2
d(sin2 θV̇ ) + sin2 θd(V̇ )

]
− Λf3

V̇
d(V ′)− 2 sin2 θdη

]
,

jA⊥ =
κf

1
2
2

2
(
1 + f2

4 (sin
2 θ − 4)

) 1
2

[(
(1− f2)

(
d(2V̇ sin2 θ) + e−6ρ sin2 θd(2e6ρV̇ )

)
− 2f2 sin

2 θd(V̇ )

)

− f2f6 sin
2 θ

f3 + f2 sin
2 θ

[
f5f6

(
e−3ρd(sin2 θe3ρV̇ )− 1

2
d(sin2 θV̇ ) + sin2 θd(V̇ )

)
− Λf3

V̇
d(V ′)− 2 sin2 θdη

]]
∧ dϕ,

ωA
|| = −2i e−C

A
κ

√
f2

V̇
e−3ρ d(σV̇ e3ρeiϕ sin θ),

ωA
⊥ = −2κ

√
f2

V̇

(
σV̇ e−3ρd(V ′) ∧ d(e3ρ sin θeiϕ) + ∆̃

(
1− 3

2
f2

)
eiϕ sin θdσ ∧ dη

− i
f2f6 sin

2 θ

f3 + f2 sin
2 θ

e−3ρ d(σV̇ e3ρeiϕ sin θ) ∧ dϕ
)
,

and we note (dy − BA
1 ) = (dβ − f8 sin θdθ). Notice that the CA dependence drops out of

the expressions. We then build the pure spinors

ΨB
− =

1

8
eΦB−ΦAe

1
2
zA⊥∧zA⊥ ∧

(
eC

A
ωA
|| + ωA

⊥ ∧ (dβ − f8 sin θdθ)
)
,

ΨB
+ =

i

8
eΦB−ΦAe−ij

A
⊥ ∧ zA⊥ ∧

(
(dβ − f8 sin θdθ)− ieC

A
jA||

)
,

which satisfy the supersymmetry conditions given in (5.1.16).

5.4 Following the IIA ϕ Reduction

We now investigate performing an abelian T-duality following a dimensional reduction

along ϕ, using the same procedure as the previous sections. This case largely mirrors the

χ reduction procedure.
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5.4.1 Three-Parameter Families

Here we will perform an ATD on the two-parameter family of solutions given in (4.3.2).

As in the χ reduction case, only an ATD along β will lead to a SUSY preserved solution.

We now investigate the ATD for the ϕ reduction with c ≡ ξ and v ≡ ξ, in turn.

Fixing c ≡ ξ

We begin with the case where (p, b, u) = 1, (s, a, v) = 0, c ≡ ξ,m ≡ ζ, q ≡ γ, meaning

(3.2.2) becomes

U(1)R = χ+ γβ + (ζ + 1)ϕ. (5.4.1)

We then perform a dimensional reduction along ϕ, followed by an ATD to IIB. We will

investigate an ATD along β and χ in turn, beginning with the case which will give rise to

an N = 1 solution.

� Performing an ATD along β

Using the T-dual formula (5.1.11), we get the following three-parameter family of

solutions

ds210,st =
1

X
f

3
2
1 f

1
2
2 sin θ

√
Ξ3

[
4ds2(AdS5) + f4(dσ

2 + dη2) + ds2(M3)

]
,

ds2(M3) = f2dθ
2 +

1

Π3

(
f3dχ

2 +
X2

f31 f2f5 sin
2 θ
Dβ2

)
, Dβ = dβ +

1

X
(f8 + γf7) sin θ dθ,

C0 =
X

f2 sin
2 θΞ3

(
f5(1 + γf6)(ζf6 + ξ) + γζf3

)
, e2ΦB =

1

X2

f2
f5

Ξ2
3

Π3
sin2 θ,

B2 =
1

Π3

[(
f6(1 + γf6) + γ

f3
f5

+ ξ(γξ − ζ)
f3

f2 sin
2 θ

)
dβ

− sin θ
1

X

(
(f7 − f6f8)(1 + γf6)− γ

f3f8
f5

− (γξ − ζ)(ζf7 + ξf8)
f3

f2 sin
2 θ

)
dθ

]
∧ dχ,

C2 = (γξ − ζ)
f3

f2 sin
2 θΠ3

(
Xdβ + (f8 + γf7) sin θdθ

)
∧ dχ,

Ξ3 = 1 +
f5(ξ + ζf6)

2 + ζ2f3

f2 sin
2 θ

≡ 1 +
(∆3 + ∆̂3)

f3

[
f5f

2
6

(
1− 2

∆3 + ∆̂3

Π3

)
+ f3

(
1− 2

∆3 + ∆̂3

)]
,

∆3 = 1 + ζ2
f3

f2 sin2 θ
, ∆̂3 = 1 + ξ2

f3f5

(f5f26 + f3)f2 sin
2 θ
,

Π3 = 1 + γ

(
f6(2 + γf6) + γ

f3
f5

)
+ (ζ − γ ξ)2

f3

f2 sin
2 θ
. (5.4.2)

As in the χ reduction case discussed in the previous section, we can preserve the

U(1)R component given in (5.3.1) by fixing ζ = −1 (to derive the N = 1 IIA solu-
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tion) followed by fixing γ = 0 under the T-duality. Of course, given that we have

dimensionally reduced along ϕ, we have no S2 preserved solutions - see Figure 5.3.

ϕ- Red, β- ATD N U(1)R SU(2)R

γ = 0, ζ = −1, ξ ̸= 0 1 ✓ ×
otherwise 0 × ×

γ

N = 0

ξ
ζ

ζ = −1

N = 1 U(1)R Preserving

Figure 5.3: In the general case, for arbitrary (ξ, ζ) (in green), the background breaks all

SUSY. Along the (ζ = −1, γ = 0) line (in blue), the U(1)R-symmetry is preserved, leading

to N = 1 solutions. No backgrounds preserves SU(2) isometry, hence there are no N = 2

solutions here - as no solutions preserves the necessary SU(2)R × U(1)R R-symmetry.

As in previous cases, we once again find that we can map this solution to (5.2.7) via

the transformations given in (4.2.6) (with k1 =
1
ξ , k2 =

ξ
5
2

ζ−γξ )

gMN → 1

ξ
gMN , e2ΦB → (ζ − γξ)2

ξ4
e2ΦB , C0 →

ξ2

ζ − γξ
C0,

C2 →
ξ

ζ − γξ
C2, B2 →

1

ξ
B2, (5.4.3)

C0 → −C0 +
ξ

ζ − γξ
, C2 → −C2 +

ξ

ζ − γξ
B2,

χ→ −(ζ − γξ)ϕ, β → −(ζ − γξ)χ, ζ → ξ̄

ζ̄
, ξ → 1

ζ̄
, γ → −1

γ̄
(ζ̄ − γ̄ξ̄).

Here we see that 1/ξ, 1/ζ, 1/γ and 1/(ζ − γξ) terms are all required in the mapping.

We therefore argue that fixing each of these denominators to zero, in turn, derives

four separate new and unique solutions. It does not appear possible to map this

solution to (5.2.13) or (5.3.2).

To derive the N = 1 solution we must fix (γ = 0, ζ = −1), which re-derives (5.3.10)

via the following transformations

C2 → C2 − dβ ∧ dχ, B2 → −B2 + ξdβ ∧ dχ, C0 → −C0,

χ→ ϕ, β → −β, ξ → −ξ.
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� Performing an ATD long χ

In this case we find the following N = 0 solution

ds210,st =
1

X
f

3
2
1 f

1
2
2 sin θ

√
Ξ3

[
4ds2(AdS5) + f4(dσ

2 + dη2) + ds2(M3)

]
,

ds2(M3) = f2dθ
2 +

1

(f3 + f5f26 )Π3

(
f3f5dβ

2 +
X2

f31 f2 sin
2 θ
Dχ2

)
, Dχ = dχ+

1

X
f7 sin θ dθ,

C0 =
X

f2 sin
2 θΞ3

(
f5f6(ζf6 + ξ) + ζf3

)
, e2Φ

B
=

1

X2

f2 sin
2 θ

(f3 + f5f26 )

Ξ2
3

Π3
,

B2 =
f5

(f3 + f5f26 )Π3

[(
f6 − ζξ

f3

f2 sin
2 θ

)
dχ

− 1

X

(
f6(f6f8 − f7) +

f3f8
f5

+ ξ
f3

f2 sin
2 θ

(ζf7 + ξf8)

)
sin θ dθ

]
∧ dβ + γdχ ∧ dβ,

C2 = −ξ f3f5

f1f2 sin
2 θΞ3

(
Xdχ+ f7 sin θdθ

)
∧ dβ,

Ξ3 = 1 +
f5(ξ + ζf6)

2 + ζ2f3

f2 sin
2 θ

≡ 1 +
(∆3 + ∆̂3)

f3

[
f5f

2
6

(
1− 2

∆3 + ∆̂3

Π3

)
+ f3

(
1− 2

∆3 + ∆̂3

)]
,

∆3 = 1 + ζ2
f3

f2 sin2 θ
, ∆̂3 = 1 + ξ2

f3f5

(f5f26 + f3)f2 sin
2 θ
, Π3 = 1 + ξ2

f3f5

f2(f3 + f5f26 ) sin
2 θ
,

(5.4.4)

where, in a similar manner to (5.3.6), we see that γ only emerges as a large gauge

transformation of B2.

Fixing v ≡ ξ

We now investigate the solutions with (p, b, u) = 1, (s, a, c) = 0, v ≡ ξ,m ≡ ζ, q ≡ γ,

where the U(1)R component (3.2.2) now becomes

U(1)R = χ+ (γ + ξ)β + (ζ + 1)ϕ, (5.4.5)

performing a dimensional reduction along ϕ, followed by an ATD along β and χ in turn.

� Performing an ATD along β

In this case we compute a background which is derived via (5.4.2) by fixing ξ →
0, γ → γ − ζ ξ, before applying the following gauge transformations

C0 → C0 + ξ, C2 → C2 + ξB2. (5.4.6)

Then, fixing (γ = −ξ, ζ = −1) we derive another N = 1 solution which once again
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maps to the solutions already given, via

C2 → C2 − dβ ∧ dχ, B2 → −B2, C0 → −C0,

ϕ→ χ, χ→ ϕ, β → −β, ξ → −ξ.
(5.4.7)

� Performing an ATD along χ

This final case derives a solution where γ and ξ are carried through the calculation

as gauge transformations of B2 and C2. The background can be derived from (5.4.4)

by fixing ξ = 0 before applying the following gauge transformations

B2 → B2 − ζ ξ dχ ∧ dβ, C2 → C2 + ξ dβ ∧ dχ. (5.4.8)

5.5 Summary so far

� Following an ATD from type IIA, we constructed new three-parameter families of

type IIB solutions. These solutions are in general N = 0 but contain one parameter

families of N = 1 solutions, as well as a one-parameter family of S2 preserved N = 0

backgrounds. Both families of N = 1 IIB solutions presented in this work have

the interesting property of a zero five-form flux. We studied the supersymmetry

preservation using the method of G-structures and investigated the boundary in an

analogous manner to the IIA solutions, finding the presence of orbifold singularities in

some cases. In fact, T-dualising within the spindle-like orbifold can lead to solutions

for which the orbifold structure is completely broken, but the rational charge is still

inherited.

� The preservation of the holographic central charge under the deformation parameters

leads to the conclusion that these solutions are dual to marginal deformations of the

‘parent’ N = 2 SCFTs (dual to the GM class).



Chapter 6

The γ-deformations of NRSZ

6.1 M-Theory

In this chapter we discuss a one parameter supersymmetry breaking deformation of the

GM background in d = 11, which was first derived in [90] (and later [186]). As we recall,

this solution has three U(1) directions which we will for the moment label generically as

(ϕ1, ϕ2, ϕ3). The approach here is to dimensionally reduce along one of the U(1) directions,

ϕ3, before performing a TsT transformation down in type IIA by utilising the two remaining

U(1) directions (ϕ1, ϕ2) and the formulas given in (5.1.5), (5.1.12), before uplifting along

ϕ3. See Figure 6.1 for a graphical representation of these steps. This transformation will

then pick up a non-trivial free parameter, which recovers the original GM background when

fixed to zero, and breaks the N = 2 supersymmetry of the background to N = 0.

GM

ϕ3

IIA

T

ATD ϕ1

IIB

s

ϕ2 → ϕ2 + γϕ1

IIB

T

ATD ϕ1

IIA

TsT deformed GM

ϕ3

Figure 6.1: Perform a dimensional reduction along ϕ3, followed by a TsT along ϕ1 and

subsequent uplift along ϕ3.
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Using the reduction formula given in (1.1.72) (with ψ ≡ ϕ3), we uplift (5.1.12) as follows

ds2 =

(
δ2 + γ21δ1

δ2

) 1
3

e−
2
3
ΦA

[
ds28 +

1

δ2 + γ21δ1

[
δ1δ2(dϕ2 − γ1B2,ϕ1dθ)

2

+

(
dϕ1 +

1

2

hϕ1ϕ2
hϕ1

dϕ2 + γ1

(
B2,ϕ2 −

1

2

hϕ1ϕ2
hϕ1

B2,ϕ1

)
dθ

)2 ]]

+

(
δ2

δ2 + γ21δ1

) 2
3

e
4
3
ΦA

(
dϕ3 + C1,ϕ2dϕ2 + C1,ϕ1dϕ1 + γ1(C3,ϕ1ϕ2 + C1,ϕ1B2,ϕ2 − C1,ϕ2B2,ϕ1)dθ

)2

,

C3 =
δ2

δ2 + γ21δ1
C3,ϕ1ϕ2dθ ∧ dϕ2 ∧ dϕ1 +

δ2
δ2 + γ21δ1

(B2,ϕ2dϕ2 +B2,ϕ1dϕ1) ∧ dθ ∧ dϕ3

− γ1δ1
δ2 + γ21δ1

dϕ2 ∧ dϕ1 ∧ dϕ3, δ1 = Γ

(
hϕ2 −

1

4

h2ϕ1ϕ2
hϕ1

)
, δ2 =

1

hϕ1Γ
.

This result is sufficient for the GM background, which we will now investigate. Of course,

the more general form given in (5.1.5) follows in the same manner.

One-Parameter deformation of GM

For the GM background, we have six iterations corresponding to (ϕ1, ϕ2, ϕ3) = (χ, ϕ, β)

etc. This is the choice which we will use in the following analysis, which in fact is sufficient,

as it seems each of the six alternatives will lead to the same background (up to relabelling

γ → −γ). Using (6.1.1) for the specific case in question, where

ds28 = f1e
2
3
ΦA

[
4ds2(AdS5) + f2dθ

2 + f4(dσ
2 + dη2)

]
,

e
4
3
ΦA = f1f5, Γ = f1e

2
3
ΦA , C1,ϕ1 = C1,χ = f6, C1,ϕ2 = C1,ϕ = 0,

B2,ϕ1 = B2,χ = 0, B2,ϕ2 = B2,ϕ = −f8 sin θ, C3,ϕ1ϕ2 = C3,χϕ = f7 sin θ,

hϕ1 = hχ = f3, hϕ2 = hϕ = f2 sin
2 θ, hϕ1ϕ2 = hχϕ = 0, (6.1.1)

we re-derive the following one-parameter deformation of the GM background

ds2 = f1Z
1
3

[
4ds2(AdS5) + f4(dσ

2 + dη2) + ds2(M4)

]
,

ds2(M4) = f2

(
dθ2 +

1

Z
sin2 θdϕ2

)
+

1

Z

(
f3(dχ− γf8 sin θdθ)

2 + f5

(
dβ + f6dχ+ γ(f7 − f6f8) sin θdθ

)2)
,

A3 =
1

Z

(
f7 sin θ dχ ∧ dθ + f8 sin θ dβ ∧ dθ + γf31 f2f3f5 sin

2 θ dβ ∧ dχ
)
∧ dϕ,

(6.1.2)

where we have defined

Z = 1 + γ2f31 f2f3f5 sin
2 θ. (6.1.3)
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It is easy to see that Z → 1 when γ = 0, recovering the GM background (1.4.9). When

keeping track of the U(1)R component through this calculation shows that, at best, it is

necessarily broken by the TsT transformation prior to the uplift. In addition, it is clear

to see from (6.1.2) and (6.1.3) that the SU(2)R component is broken by γ. Hence, γ ̸= 0

breaks the N = 2 solution to N = 0. We will now demonstrate this more explicitly by

investigating the G-structure description of this background.

Supersymmetry breaking We now investigate the G-structure description of this back-

ground. We find a simple deformation to the GM description, where

ds2 = e2Âds2(Mink4) + ds27, e2Â = 4f1Z
1
3 e2ρ,

ds27 =

3∑
a=1

EaĒā +K2 = f1Z
1
3

[
4dρ2 + f2dθ

2 + f4(dσ
2 + dη2)

+
1

Z

(
f2 sin

2 θdϕ2 + f3(dχ− γf8 sin θdθ)
2 + f5

(
dβ + f6dχ+ γ(f7 − f6f8) sin θdθ

)2)]
,

which then leads to a simple deformation of the vielbeins (3.3.3), which become

β reduction frame

K =
κ e−2ρ

f1
Z

1
6d(cos θe2ρV̇ ),

E1 = −Z
1
6

√
f1f3

(
1

σ
dσ + dρ+

i√
Z
(dχ− γf8 sin θdθ)

)
,

E2 =
κ e−2ρeiϕ

f1
Z

1
6

(
d(sin θe2ρV̇ ) +

i√
Z
V̇ e2ρ sin θ dϕ

)
,

E3 = −eiχZ
1
6

√
f1f5

[
− 1

4
f3
V̇ ′

σ
dσ − V ′′dη + f6dρ+

i√
Z

(
dβ + f6dχ+ γ(f7 − f6f8) sin θdθ

)]
.

(6.1.4)

One could now use the methods outlined in Section 3.3, or otherwise, to perform a rotation

to an alternative reduction frame.

We can build the real two-form and complex three-form (J,Ω)

Ω = E1 ∧ E2 ∧ E3, J =
i

2
(E1 ∧ E1

+ E2 ∧ E2
+ E3 ∧ E3

),

and check the G-structure conditions given in (2.2.17). We find

d(e2ÂK) = γ2W2, d(e4ÂJ)− e4Â ∗7 G4 = γW3,

d(e3ÂΩ) = γW4, d(e2ÂJ ∧ J) + 2e2ÂG4 ∧K = γW5,

(6.1.5)

demonstrating that γ does indeed break supersymmetry, with Wk some k-form.
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Investigating the boundary of this solution, we find the γ does not lead to orbifold

singularities but it does break the S2 along the σ = 0, η ∈ (0, P ) boundary (excluding the

end points of η).

6.2 Type IIA

Dimensionally reducing (6.1.2), using the reduction formula (1.1.72) leads to

ds2 = f
3
2
1 f

1
2
5

[
4ds2(AdS5) + f4(dσ

2 + dη2) + f2

(
dθ2 +

1

Z
sin2 θdϕ2

)
+
f3
Z

(
dχ− γf8 sin θdθ

)2]
,

C1 = f6dχ+ γ(f7 − f6f8) sin θdθ, e
4
3
Φ = f1f5Z

− 2
3 , Z = 1 + γ2f31 f2f3f5 sin

2 θ,

C3 =
1

Z
f7 sin θ dχ ∧ dθ ∧ dϕ, B2 =

1

Z

(
f8 sin θ dθ + γf31 f2f3f5 sin

2 θ dχ

)
∧ dϕ,

(6.2.1)

where one can map to the form derived in [90] by the following mappings (which we label

with a bar for clarity),

f3 =
f̄4
f̄1
, f2 =

f̄3
f̄1
, f5 =

f̄8
f̄1
, f4 =

f̄2
f̄1
,

f8 = f̄5, f6 = f̄6, f7 = f̄7, f
3
2
1 f

1
2
5 = κ2Λ

1
2 = κ2f̄1,

(6.2.2)

with (θ = χ̄, χ = β̄, ϕ = ξ̄) and appropriate rescaling.

Supersymmetry breaking We are now in a position to derive the G-structure descrip-

tion for this background, using (6.1.4) and the reduction formula (2.2.24)

v = κ e−2ρf
− 3

4
1 f

1
4
5 d(cos θe

2ρV̇ ), u = (f1f5)
3
4

(f3V̇ ′

4σ
dσ + V ′′dη − f6dρ

)
,

ω = κ ei(χ+ϕ)e−2ρ(f3f5)
1
2

(
1

σ
dσ + dρ+

i√
Z
(dχ− γf8 sin θdθ)

)
∧
(
d(sin θe2ρV̇ ) +

i√
Z
V̇ e2ρ sin θ dϕ

)
,

j =
1√
Z

(
f

3
2
1 f

1
2
5 f3
σ

e−ρd (eρσ) ∧ (dχ− γf8 sin θdθ) + κ
σf2f

− 1
2

3 e−4ρ

V̇ 2
d(e4ρ sin2 θV̇ 2) ∧ dϕ

)
,

with

Ê1 = e
1
3
ΦE1 = −f

3
4
1 f

1
4
5 f

1
2
3

(
1

σ
dσ + dρ+

i√
Z
(dχ− γf8 sin θdθ)

)
,

Ê2 = e
1
3
Φe−iθ̂+E2 = −κ ei(ϕ+χ)e−2ρf

− 3
4

1 f
1
4
5

(
d(sin θe2ρV̇ ) +

i√
Z
V̇ e2ρ sin θ dϕ

)
, (6.2.3)

which re-derive the above (j, ω) via (2.2.23), and define the metric in the following manner

ds210 = e2Ads2(Mink4) + Ê1 ¯̂E1 + Ê2 ¯̂E2 + u2 + v2, e2A = e2Â+
2
3
Φ = 4f

3
2
1 f

1
2
5 e

2ρ.
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By constructing the pure spinors (2.2.12), we can check the conditions (2.2.31),

dH(e
3A−ΦΨ+) = γ (Y3 + Y5),

dH(e
2A−ΦReΨ−) = γ (γ Y2 + Y4 + γ Y6), (6.2.4)

dH(e
4A−ΦImΨ−)−

e4A

8
∗6 λ(g) = γ (γ Ỹ2 + Ỹ4 + γ Ỹ6),

with the appropriate k-forms, (Yk, Ỹk). We have now verified explicitly that γ breaks

supersymmetry by breaking all three conditions.

6.3 Type IIB

Let us now fix ζ = −ξ in (5.2.7), recalling that this is the first of the two necessary

conditions to preserve N = 1 in the IIB theory (along with γ = −1). This of course

derives a two parameter family of N = 0 backgrounds, enhancing to the N = 1 solution

for γ = −1. However, let us for the moment keep γ free and instead fix ξ = 0 (with X = 1),

one then finds

ds210,st = f
3
2
1 f

1
2
5

[
4ds2(AdS5) + f2dθ

2 + f4(dσ
2 + dη2) +

f2f3 sin
2 θdϕ2

f3 + γ2f2 sin
2 θ

+
(dχ− γf8 sin θdθ)

2

f31 (f3f5 + γ2 sin2 θf2f5)

]
,

e2Φ
B
=

f5

f3 + γ2f2 sin
2 θ
, B2 =

f3f8

f3 + γ2f2 sin
2 θ

sin θdθ ∧ dϕ+
γf2

f3 + γ2 sin2 θf2
sin2 θdχ ∧ dϕ,

C0 = f6, C2 =
f3f7 + γ2f2(f7 − f6f8) sin

2 θ

f3 + γ2f2 sin
2 θ

dθ ∧ dϕ+
γf2f6

f3 + γ2f2 sin
2 θ

sin2 θdχ ∧ dϕ.

(6.3.1)

Because ξ = 0, the quantization of charge is automatically restored, allowing for X = 1.

We have in fact re-derived the TsT background presented in [90]. Rewriting the GM warp

factors in terms of the definitions of [90], by using (6.2.2), one arrives at

ds210,B = κ2
[
4f̄1ds

2(AdS5) + f̄3dθ
2 + f̄2(dσ

2 + dη2)

+
1

f̄4 + γ2f̄3 sin
2 θ

(
f̄3f̄4 sin

2 θdϕ2 +
1

κ4
(dχ− γ f̄5 sin θdθ)

2
)]
,

e2Φ
B
=

f̄8

f̄4 + γ2f̄3 sin
2 θ
, BB =

γf̄3 sin
2 θ

f̄4 + γ2f̄3 sin
2 θ

(dχ− γf̄5 sin θdθ) ∧ dϕ+ f̄5 sin θdθ ∧ dϕ,

C0 = f̄6, C2 = f̄7 sin θdθ ∧ dϕ+
γf̄6f̄3 sin

2 θ

f̄4 + γ2f̄3 sin
2 θ

(dχ− γf̄5 sin θdθ) ∧ dϕ, (6.3.2)

with (θ = χ̄, χ = β̄, ϕ = ξ̄). Here, we have jumped in at the ‘s’ stage of their TsT

transformation, making a coordinate transformation in IIA before T-Dualising to IIB. We

can now say that the TsT solution of [90] is in fact an N = 1 background when γ = −1,
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and SUSY broken otherwise. It is also a specific example of the three parameter family of

solutions given in (5.2.7) (with ζ = −ξ = 0).

It is interesting to note this γ = −1 IIB solution of NRSZ [90] (corresponding to the

ζ = −ξ = 0, γ = −1 case of (5.2.7)) appears to be the only N = 1 solution presented in

this work (and the work of [90]) which preserves integer quantization (and hence a dual

Lagrangian description) in either IIA or IIB. This solution is then the most likely candidate

for the holographic dual to the N = 1 marginal deformation of [90]. Hence, it would be

additionally interesting to consider this N = 1 solution within the context of the soft-SUSY

deformations reviewed in Section 1.2.3.

Supersymmetry breaking The G-Structure analysis is a particular case of the more

general results given in Section 5.2.4 (after fixing ζ = −ξ = 0), where

dHB
3
(e3A−ΦBΨB

−) = (γ + 1)
(
U2 + U4 + U6

)
, (6.3.3a)

dHB
3
(e2A−ΦBReΨB

+) = 0, (6.3.3b)

dHB
3
(e4A−ΦBImΨB

+)−
e4A

8
∗6 λ(g) = 0, (6.3.3c)

for some k-form, Uk. Interestingly, only the domain-wall BPSness condition is broken by

γ (in a similar fashion to [46]), with N = 1 supersymmetry clearly recovered for γ = −1.



Conclusions & Future directions

We now give a brief summary of the results presented throughout this thesis.

� In Chapter 3, we derived the G-structure forms for the N = 2 GM class of solutions,

for both ten and eleven dimensions. We perform an SL(3,R) transformation of the

d = 11 solution, and devise a method to rotate the G-structure forms in general.

In addition, we analyse the ten-dimensional N = 2 solution at the boundary. We

recover (the already known) brane set-up, consisting of stacks of D6 brane sources

along the σ = 0 boundary, at the positions of the kinks of the rank function (at

η = k ∈ Z with k ∈ (0, P )). In addition, there are P NS5 branes at σ → ∞, and Nk

D4 branes at σ = 0 in each η ∈ [k, k + 1] interval, both considered pure flux.

� In Chapter 4, we present three separate two-parameter families of type IIA solutions,

corresponding to dimensional reductions along each of the three U(1) directions,

(β, χ, ϕ), in turn.

– In Section 4.1, the β reduction is considered. This solution recovers the N = 2

GM solution when both parameters are fixed to zero. Investigations at the

boundary demonstrate the existence of orbifold singularities due to the addi-

tional parameters. In the ζ = 0 case, we find multiple neighbouring stacks of D6

branes, each orthogonal to its own spindle - with conical deficit angles defined by

the slope of the rank function at that point. In the more general ζ ̸= 0 case, we

find higher dimensional analogues of the spindle, which take a more generalized

form to previous examples found within supergravity. The relevant Euler char-

acteristics are derived. These orbifolds then give rise to rational quantization

of D6 charge (as a consequence of the rational form of the Euler characteris-

tic of the corresponding spindle-like manifolds). Investigating the quantization

further, along with the holographic central charge, leads to the conclusion that

the two parameters (ξ, ζ) correspond to marginal deformations of the CFT. Be-

cause ξ gives rise to rational quantization, we interpret these deformations as

non-Lagrangian in the dual CFT description - breaking the Lagrangian nature

of the theory. The ζ parameter appears to preserve the Lagrangian nature of the

187
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dual CFT, as integer quantization is unaffected. The D4 branes are only present

for a preserved S2 (with ζ = 0), however P NS5 branes at σ → ∞ remain in all

solutions.

We derive the G-structure forms for these solutions, finding the solutions are

in general N = 0 - with a special N = 1 subclass for ζ = −ξ. We find all

three G-structure conditions are broken in general, the first explicit examples

of the gauge BPSness condition being broken. This leads to the consideration

of a new pair of pure spinors for which this condition is imposed. We interpret

the supersymmetry breaking deformations as soft-SUSY breaking in the CFT

description, and suggest the corresponding operators from the literature.

The stability of D6 probes are considered in the ζ = 0 case, showing no sign

of instability. Spin-2 analysis is also included for a subset of solutions, with a

lower bound provided for the spectrum of dimensions.

– In Section 4.2, the χ reduction is considered. We demonstrate mappings to the β

reduction solutions, but due to the requirement that the parameters are integer,

we propose that these solutions are physically different. We repeat the boundary

analysis, showing very similar results to before - with neighbouring spindles and

higher dimensional versions as in the β reduction case, but defined by different

conical deficit angles. The relevant Euler characteristics are derived. Switching

both parameters off no longer recovers the GM solution, and in general, rational

quantization seems a necessity for all solutions. A special N = 1 subclass is

found, when ζ = −1, with the G-structure forms provided. We again only find

D4 branes for a preserved S2, with P NS5 branes at σ → ∞ - although this

limit is now a little more subtle, with D4 charge present for some solutions.

– In Section 4.3, the ϕ reduction is considered. In these solutions, the S2 is

broken in all cases. Again certain mappings to other solutions exist, but again

we interpret these solutions as physically different. A special N = 1 subclass

is again found for ζ = −1. Investigations at the boundary are again repeated,

however things behave differently to the previous two solutions. We no longer

find the spindle (due to the broken S2) but we do still find higher dimensional

manifolds which include orbifold singularities - with the corresponding Euler

characteristic derived. We still find rational quantization of D6 brane charge,

however there now exists two separate integration cycles for D6 branes. NS5

branes are still found along the σ → ∞ boundary, but no D4 branes exist along

σ = 0.

� In Chapter 5, abelian T-duality from type IIA to type IIB is considered, with the

G-structure forms and conditions presented. The three type IIA solutions are then T-

dualised to type IIB along both remaining U(1) directions, deriving three-parameter
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families of solutions. These solutions contain special N = 1 classes, which contain

zero five-form flux. These infinite classes of solutions are potentially interesting in

their own right.

– In Section 5.2, the β reduction solution of Section 4.1 is T-dualised along both χ

and ϕ (with a special N = 1 subclass existing in the first of these two solutions).

The preservation of SUSY now requires two conditions, ζ = −ξ and γ = −1. We

investigate the boundary of T-duality along χ, finding stacks of P NS5 branes

at σ → ∞ as in the IIA solution. This time, we find stacks of D7 branes at each

kink of the rank function, with rational charge stemming from the IIA solution.

The manifolds still contain orbifolds (in most cases), but are more complicated

than in the IIA solutions due to T-dualising within the orbifold structure. As

an additional consequence of this, we find solutions which contain no orbifold

singularities but retain the rational quantization of charge. The general three-

parameter G-structure forms are then derived, with explicit investigations into

the breaking of supersymmetry conditions left for future study. Due to the

integration cycles, we conclude that D5 branes are only present for a preserved

S2.

– In Section 5.3, the χ reduction solution of Section 4.2 is T-dualised along both β

and ϕ (with a special N = 1 subclass existing in the first of these two solutions).

Mappings exist between these solutions, but as in the IIA cases, it is likely that

these solutions are still physically different. A more in depth study of these

solutions is left for the future (such as analysis of the boundary), but some

G-structure results are presented.

– In Section 5.4, the ϕ reduction solution of Section 4.2 is T-dualised along both

β and χ (with a special N = 1 subclass existing in the first of these two solu-

tions). Mappings once again exist between these solutions, but again it is likely

they describe physically different backgrounds. A more in depth study of these

solutions is left for the future.

� In Chapter 6, we provide the G-structure forms for the NRSZ γ-deformations of the

GM class, for the M-Theory, IIA and IIB deformations in turn. The IIB solution is a

subclass of the more general solution derived in Section 5.2. We demonstrate that the

onlyN = 1 preserved deformation is the IIB solution with γ = −1, which is in fact the

only N = 1 solution to preserve integer quantization of charge - and hence the best

candidate for the dual description of the N = 1 CFT presented in the NRSZ paper

[90]. All other deformations are N = 0, and provide additional examples of non-

supersymmetric solutions which break all three supersymmetry conditions (including

the gauge BPSness condition).
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Future directions

This work remains unfinished - we outline further analysis which should be conducted.

� Further derive and analyse the full N = 0 G-structure results within the context of

generalized complex geometry and the formalism of [46–51] - including the γ defor-

mations of NRSZ given in Chapter 6.

� Finish the investigation into an alternative set of pure spinors, for which the final

supersymmetry condition is imposed. It remains to be seen whether such spinors

exist. The language of generalized complex geometry may become useful.

� Complete the analysis at the boundary for the remaining type IIB solutions within

this work, investigating further their brane set-ups and charge quantization.

� Perform a more in-depth investigation into explicit rank function examples of our

solutions, including triangular, trapezium and Sfetsos-Thompson cases - in addition

to the three potentials (V1, V2, V3) given in [61]. The stringent constraints imposed

by the spindle on the allowed rank functions should definitely be investigated further.

� Conduct the spin-2 analysis more generally, for all the multi-parameter type IIA and

type IIB solutions presented.

� Gain a better understanding of the operators which trigger the marginal deformation

and the soft-SUSY breaking.

� Take a more in-depth look into the Lagrangian and non-Lagrangian deformations of

the CFT, along the lines of [26, 134].

� Investigate the rational quantization of D7 charge inherited purely from the IIA

solution (without orbifold singularities present in the IIB metric). Do these general

solutions have a physical interpretation (such as the rotating D-branes in Appendix

E of [186]), or should the system be restricted to rank functions such as Figure 4.9.

� Further stability analysis should be conducted on the various N = 0 solutions pre-

sented throughout this work, with analysis along the lines of the paper [53] particu-

larly pertinent for our backgrounds. In addition, the recent studies on the stability of

non-SUSY backgrounds have been refined thanks to the application of Exceptional

field theory techniques, see for example [57–59]. It would be interesting to apply this

technology to our family of N = 0 backgrounds.

� Study the SUSY probe-dynamics we encountered in the N = 2 and N = 1 systems.

� Calculate more holographic observables for our multi-parameter families of solutions,

including the calculations of [157, 161–163].
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� Place the N = 1 families of solutions within the context of the work [187, 188].

� Perform an S-duality on the three-parameter families of type IIB solutions, following

the G-structure analysis through the calculation (the discussion in [93] may prove

useful here). This should derive further N = 0 families, and potentially new N = 1

solutions - for which this whole story could be repeated.

� Further investigate the dual CFTs of the infinite families of N = 1 type IIB solutions

(with zero five form flux) presented throughout this work, within the context of

[87–89] and possible five-brane webs.

� Consider non-abelian T-duality on the backgrounds with a preserved SU(2) isometry.

� Investigate these solutions in the context of non-AdS/non-CFT correspondence, such

as the work of [44]. One could break the conformality of the dual field theories (as

well as the supersymmetry for our N = 0 solutions), by replacing the AdS5 factor

with an asymptotically AdS5 factor - introducing a non-zero temperature into the

field theory description. Perhaps the effects of including a Black Hole within the

solutions could also be investigated.

� Consider whether soft-SUSY deformations of this type could one day have more

phenomenological applications, for example within the context of a Minimally Su-

persymmetric Standard Model (MSSM). Particularly noteworthy are the naturally

imposed and stringent restrains on the rank function (and hence the makeup of the

dual field theory) coming from the presence of spindles in the supergravity.

Additionally, this work opens up some interesting topics to study:

� Investigate whether the two generalized forms of WCP2 which we uncover during

our analysis of the type IIA solutions can appear in more standard wrapped brane

scenarios, namely compactifications of AdSn+4 to AdSn for n = 2, 3.

� Repeat the analysis of this thesis for two qualitatively different but related systems:

the Lin-Maldacena family [189] dual to different vacua of the BMN matrix model (see

also [190–193]); and the system describing the 4d defect inside the (0, 2) 6d SCFT -

see for example [194].

� Consider whether these multi-parameter families could be applied within the context

of 5d Minimal Gauged Supergravity, along the lines of [195, 196]. See also [197].

� Similar analysis to this work could be conducted on any supersymmetric M-Theory

solution involving at least two U(1) directions.

I hope that at least some of this work will one day be conducted.



Appendix A

Holographic Central Charge

A.1 A General d-dimensional form (with off-sets)

The following expression can be constructed from the results quoted in the literature for

the holographic central charge in diverse MinkD dimensions

cholD = coeff(D)

∞∑
n=1

PD−3

nD−4
R2
n. (A.1.1)

Using the following Fourier decomposition for the rank function of a generic balanced quiver
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∣∣∣
N0, NP

+Rn

∣∣∣
N0=NP=0

, with bj = 2Nj −Nj+1 −Nj−1 (for N0 = NP = 0).

(A.1.2)

The first term includes off-sets (namely, N0, NP ̸= 0) while the second term (including bj)

is defined with the requirement that N0 = NP = 0.

Without Off-sets

We will first consider Rn|N0=NP=0, corresponding to the rank function given in (1.2.8), for

which we recover the Rn given in (1.4.17) (now replacing the variable k with j). It then

192



APPENDIX A. HOLOGRAPHIC CENTRAL CHARGE 193

follows,
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(A.1.3)

Hence, the final result for cholD can be written as
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(A.1.4)

With Off-sets

Including off-sets, we use the full expression in (A.1.2), recalling bj is defined with N0 =

NP = 0. Hence,

chol = coeff(D)
∞∑
n=1

PD−3

nD−4
R2
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(A.1.6)
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Now, evaluating T2 gives
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(A.1.7)

To evaluate T3, we further sub-divide it
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The first term gives
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making use of the Riemann Zeta Function
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Now, for T̄2
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and for T̄3
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So, putting it all together, T3 reads
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Hence, the final result for the holographic central charge with off-sets reads
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A.1.1 Example rank functions

Triangle Rank Function

R(η) =

 Nη η ∈ [0, S]
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,

0 S P
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− NS
P−S η ∈ [S, P ]

, R′′(η) = − NP

P − S
δ(η − S). (A.1.15)
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Figure A.1: The Generic Triangular Rank Function

In this case, one finds the following charges (following the conventions of [20])
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To calculate the holographic central charge, one finds using (1.4.17) and integration by

parts
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(A.1.17)
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which then leads to
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(A.1.18)

One can now use (1.3.9) for a more convenient method of deriving this result. Here we

have one D6 brane with charge given by bS = NP
P−S . In this case, j = l = S, giving
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(A.1.19)

matching (A.1.18). We now investigate the holographic limit (P → ∞) to leading order,

as in [20]1
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One can easily check that Nf = 2Nc at each node of the above linear quiver. The Nv and

Nh were calculated in section F.2 of [90], and read
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(A.1.21)

which from (1.2.9), with P → ∞, gives

c
∣∣∣
P→∞

∼ a
∣∣∣
P→∞

=


N2P 3

12π S = P − 1

N2P 3

48π S = P
2

N2S2P
12π S ∈ Z

, (A.1.22)

for large NS in the last case, which matches the chol given in (A.1.20).

1noting in the S = P/2 case

ζ(4)− Re[Li4(−1)] = ζ(4)−
∞∑

n=1

(−1)n

n4
= ζ(4)− ζ(4)(21−4 − 1) =

15

8
ζ(4) =

π4

48

⇒ chol =
4

π5

N2P 5

(P )2

(
ζ(4)− Re[Li4(e

iπ)]
)
=

4

π5
N2P 3 π

4

48
=

N2P 3

12π
,
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Trapezium Rank Function

R(η) =


Nη η ∈ [0,M ] ,

NM η ∈ [M,M + S]

NM
Q (P − η) η ∈ [M + S, P ]

,

0 M M + S P

NM

R(η)

η

Q ≡ P − S −M

R′(η) =


N η ∈ [0,M ]

0 η ∈ [M,M + S]

−NM
Q η ∈ [M + S, P ]

, R′′(η) = −Nδ(η −M)− NM

Q
δ(η −M − S).

(A.1.23)

N

⊗ ⊗
NM
Q

1 2 3 M − 2 M − 1 M M + 1 M + S − 1 M + S M + S + 1 P − 1 P

. . . . . .. . .

N(M − 1)N 2N NM NM NM
NM
Q

NM(Q−1)
Q

N 2N NM NM NM

N

. . . . . . . . .

N(M − 1)

S times

NM(Q−1)
Q

NM
Q

NM
Q

Figure A.2: The Generic Trapezium Rank Function, with Q ≡ P −M − S.

In this case, one finds the following charges (follow the conventions of [20])

QNS5 = P, QD6 = N+
NM

Q
=

N(P − S)

P − S −M
, QTotal

D4 =

∫ P

0
R(η)dη =

NM

2
(P+S).

(A.1.24)

We now have

Rn =
2

P

∫ P

0
R(η) sin

(
nπη

P

)
dη =

2NP

n2π2Q

[
M sin

(
nπ(M + S)

P

)
+Q sin

(
nπM

P

)]
.

(A.1.25)
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One can then calculate chol, either by performing the calculation long hand or by using

(1.3.9). Both approaches give the same result. Here we will demonstrate the the second

approach (with κ = π/2 again). In this case, we have two D6 branes, with charge given by

bM = N and bM+S = NM
Q . Here, (j, l) will take the values S and M + S over the double

sum, giving

chol4 = coeff(4)
2P 3

π4

[
bM

P∑
l=1

bl Re

[
Li4

(
e

iπ
P
(M−l)

)
− Li4

(
e

iπ
P
(M+l)

)]

+ bM+S

P∑
l=1

bl Re

[
Li4

(
e

iπ
P
(M+S−l)

)
− Li4

(
e

iπ
P
(M+S+l)

)]]

=
κ3

π4
2P 3

π4

[
bM

(
bM Re

[
Li4(1)− Li4

(
e

iπ
P
(2M)

)]
+ bM+S Re

[
Li4

(
e

iπ
P
(−S)

)
− Li4

(
e

iπ
P
(2M+S)

)])

+ bM+S

(
bM Re

[
Li4

(
e

iπ
P
(S)
)
− Li4

(
e

iπ
P
(2M+S)

)]
+ bM+S Re

[
Li4(1)− Li4

(
e

iπ
P
(2(M+S))

)])]

=
N2P 3

4π5Q2

(
(M2 +Q2)ζ(4)

− Re
[
M2Li4(e

i
2π(M+S)

P ) +Q2Li4(e
i 2πM

P ) + 2MQ
(
Li4(e

i
π(2M+S)

P )− Li4(e
iπS
P )
)])

.

(A.1.26)

As before, investigating the holographic limit (P → ∞),

chol

∣∣∣
P→∞

=
N2M2P

12π
S,M ∈ Z. (A.1.27)

From the linear quiver, using the results given in Section F.3 of [90], one has (after correcting

typos)

Nv =
1

6

(
6 + 2P (M2N2 − 3) +MN2

(
1 + 4MS +

M

Q

))
,

Nh =
MN2

3Q

(
MP 2 + P (5−M2 +MS)− S(5 + 2M2 + 2MS)

)
.

(A.1.28)

Using (1.2.9), one then finds (for large MN)

c
∣∣∣
P→∞

∼ a
∣∣∣
P→∞

=
N2M2P

12π
, (A.1.29)

matching the chol given in (A.1.27).
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A.2 Parametric deformations of GM

To calculate the general holographic central charge, chol, for a given background, one has

ds2 = α(ρ,
#»

θ )
(
dx2

1,d̂
+ β(ρ)dρ2

)
+ gij(ρ,

#»

θ )dθidθj ,

chol =
d̂d̂

GN
βd̂/2

H
2d̂+1

2

(H ′)d̂
, H = V 2

int, Vint =

∫
d

#»

θ

√
det[gij ]e−4Φαd̂,

(A.2.1)

with GN = 8π6α′4g2s = 8π6. In the cases discussed in this work, d̂ = 3.

A.2.1 Type IIA

All of the type IIA backgrounds encountered throughout the thesis have a metric which

can be expressed in the same manner, with all dependence on the parameters dropping out

of the following calculation. We have

ds210,A = 4ρ2e
2
3
ΦAf1(σ, η)

(
dx21,3 +

1

ρ4
dρ2
)
+ e

2
3
ΦAf1(σ, η)

[
f4(σ, η)(dσ

2 + dη2) + ds2(MA
3 )

]
.

(A.2.2)

It is now a straight forward calculation to derive√
det[gij ]e−4ΦAα3 =

8

X
ρ3f

9
2
1 f

1
2
3 f

1
2
5 f2f4Vol(S

1)Vol(S2), (A.2.3)

with all dilaton dependence, ΦA, dropping out neatly, meaning that all the backgrounds

take the above form for the holographic central charge!

Inserting the forms of the warp factors (1.4.11), gives

Vint =
25κ3

X
Vol(S1)Vol(S2) ρ3

∫
σV̇ V ′′dσdη, (A.2.4)

leading to (with Vol(S1) = 2π, Vol(S2) = 4π)

chol =
33

8π6

(
1

ρ4

)3/2 V 7
int

[(V 2
int)

′]3
=

4κ3L8

Xπ4

∫
σV̇ V ′′dσdη, (A.2.5)

where (V 2
int)

′ is the derivative of V 2
int with respect to ρ,

(V 2
int)

′ =
6

ρ
V 2
int. (A.2.6)

One can calculate this via two slightly different approaches. First, we can integrate directly

in σ ∫
σV̇ V ′′dσdη = −

∫ P

0
dη

∫ ∞

0
V̇ ∂σ(V̇ )dσ = −1

2

∫ P

0

[
V̇ 2
]∞
0
dη. (A.2.7)
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From the boundary conditions (1.4.14), it is now easy to see the following result

chol =
2κ3

Xπ4

∫ P

0
R(η)2dη, (A.2.8)

where clearly the central charge is proportional to the area under R(η)2.

Now, using the following

V̇ (σ, η) =
π

P

∞∑
n=1

nRn σ sin

(
nπ

P
η

)
K1

(
nπ

P
σ

)
, lim

x→∞
xK1(x) ∼

√
π

2

√
xe−x = 0, lim

x→0
xK1(x) = 1,

leads to

V̇ 2
∣∣∣∞
0

=
π2

P 2

∞∑
n=1

∞∑
m=1

nmRnRm

[
σK1

(
nπ

P
σ

)][
σK1

(
mπ

P
σ

)]
sin

(
nπ

P
η

)
sin

(
mπ

P
η

)∣∣∣∣σ=∞

σ=0

=

∞∑
n=1

∞∑
m=1

RnRm

[
nπσ

P
K1

(
nπ

P
σ

)][
mπσ

P
K1

(
mπ

P
σ

)]
sin

(
nπ

P
η

)
sin

(
mπ

P
η

)∣∣∣∣σ=∞

σ=0

= −
∞∑
n=1

∞∑
m=1

RnRm sin

(
nπ

P
η

)
sin

(
mπ

P
η

)
, (A.2.9)

and using ∫ P

0
sin

(
nπ

P
η

)
sin

(
mπ

P
η

)
dη =

P

2
δnm, (A.2.10)

one finds

chol =
4κ3

Xπ4

∫
σV̇ V ′′dσdη =

2κ3

Xπ4

∫ P

0

∞∑
n=1

∞∑
m=1

RnRm sin

(
nπ

P
η

)
sin

(
mπ

P
η

)
dη

=
κ3

Xπ4

∞∑
n=1

P R2
n. (A.2.11)

Alternatively, one can insert the following definitions into the initial form,
∫
σV̇ V ′′dσdη,

V (σ, η) = −
∞∑
n=1

Rn sin

(
nπ

P
η

)
K0

(
nπ

P
σ

)
,

V̇ (σ, η) =
∞∑
n=1

nπ

P
Rnσ sin

(
nπ

P
η

)
K1

(
nπ

P
σ

)
,

V ′′(σ, η) =

∞∑
n=1

(
nπ

P

)2

Rn sin

(
nπ

P
η

)
K0

(
nπ

P
σ

)
,

σV̇ (σ, η)V ′′(σ, η) =
∞∑
n=1

∞∑
m=1

(
nπ

P

)2mπ

P
RnRm σ

2 sin

(
nπ

P
η

)
sin

(
mπ

P
η

)
K0

(
nπ

P
σ

)
K1

(
mπ

P
σ

)
,

(A.2.12)

using the following results∫ P

0
sin

(
nπ

P
η

)
sin

(
mπ

P
η

)
dη =

P

2
δnm,

∫ ∞

0
σ2K0

(
nπ

P
σ

)
K1

(
nπ

P
σ

)
dσ =

P 3

2π3n3
,

(A.2.13)
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which leads to the same result as the first approach

chol =
4κ3

Xπ4

∫
σV̇ V ′′dσdη =

κ3

Xπ4

∞∑
k=1

P R2
k. (A.2.14)

A.2.2 Type IIB

We now calculate this quantity for the form of the IIB metrics given throughout this thesis,

which reads in general

ds210,B = 4ρ2e
2
3
ΦAf1(σ, η)

(
dx21,3 +

1

ρ4
dρ2
)
+ e

2
3
ΦAf1(σ, η)

[
f4(σ, η)(dσ

2 + dη2) + ds2(MB
3 )

]
,

ds2(MB
3 ) = f2dθ

2 +
1

Ξ̂

(
f2f3f5 sin

2 θ dϕ21 +
X2

f31

(
dϕ2 + h(η, σ) sin θdθ

)2)
, e2ΦB = X2 e

8
3
ΦA

Ξ̂f21
,

(A.2.15)

for some functions (Ξ̂, h). We now calculate the following quantities

det[gij ] = X2 e
10
3
ΦA

Ξ̂2
f21 f

2
4 f

2
2 f3f5 sin

2 θ, α = 4ρ2e
2
3
ΦAf1,

⇒
√

det[gij ]e−4ΦBα3 =
8

X
ρ3f

9
2
1 f

1
2
3 f

1
2
5 f4f2Vol(S

1)Vol(S2),

(A.2.16)

with all dilaton and Ξ̂ dependence dropping out neatly. This matches exactly the IIA

result (A.2.3), and hence leads to the same holographic central charge. Here we note that

det(MB
3 ) = δ22 det(M

A
3 ), and hence det(gBij) = δ22 det(g

A
ij ), with e4ΦB = δ22 e

4ΦA and δ2

defined in (5.1.11). Consequently, all δ2 contributions simply cancel, recovering the IIA

result. This is as expected, as these arguments match those summarised in (1.3.4), from

the original presentation in Section 4.3 of [87].
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Deformations of GM

B.1 Transformation from LLM to GM

We present below a step-by-step transformation from the LLM class of backgrounds to

the GM class, via the ‘Bäcklund’ transformation, demonstrating explicitly the following

relation (as described in [27, 28, 61])

χ̃→ χ+ β, β̃ → −β. (B.1.1)

We begin with the LLM background with the additional U(1) isometry, β̃, picked up via

the coordinate transformation (1.4.4), and given in (1.4.5). We re-write the solution here

for convenience

ds2

κ
2
3

= e2λ
[
4ds2(AdS5) + y2e−6λds2(S2) +

4

1− y∂yD

(
dχ̃− r

2
∂rDdβ̃

)2
− ∂yD

y

(
dy2 + eD(dr2 + r2dβ̃2)

)]
,

G4 = κ

[
− d(2y3e−6λ) ∧ dχ̃+

(
d

(
e−6λ y2

∂yD
r∂rD

)
− ∂y(e

D)r dr + r∂rDdy

)
∧ dβ̃

]
∧ vol(S2),

with D(r, y) satisfying

1

r
∂r(r∂rD) + ∂2ye

D = 0, e−6λ =
−∂yD

y(1− y∂yD)
. (B.1.2)

By direct comparison with the GM case (1.4.9), re-written below for clarity

ds2 = f1

[
4ds2(AdS5) + f2ds

2(S2) + f3dχ
2 + f4

(
dσ2 + dη2

)
+ f5

(
dβ + f6dχ

)2]
,

A3 =
(
f7dχ+ f8dβ

)
∧ vol(S2),

it is immediately clear that

κ
2
3 e2λ = f1, y2e−6λ = f2. (B.1.3)

204
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After the ‘Bäcklund’ transformation, which replaces (r, y) with (σ, η)

r2eD = σ2, y = V̇ , log(r) = V ′, (B.1.4)

along with the given relation for λ,

e−6λ =
−∂yD

y(1− y∂yD)
, ⇒ 2V ′′

∆̃
=

−∂yD
(1− y∂yD)

, (B.1.5)

one arrives at

∂yD =
2V ′′

2V ′′V̇ − ∆̃
=

2V ′′

V̈ V ′′ − (V̇ ′)2
, (B.1.6)

which matches the form given in [158] after inserting the Laplace equation (1.4.13).

Using r = eV
′
and σ2 = r2eD from the Bäcklund transformation, one finds

e
1
2
Ddr = σV ′′dη + V̇ ′dσ. (B.1.7)

Hence,

dy2 + eDdr2 = (dσ2 + dη2)

(
− V ′′V̈ + (V̇ ′)2

)
, (B.1.8)

meaning, from the LLM metric, we see

−∂yD
y

(dy2 + eDdr2) = − 1

V̇

2V ′′

(V̈ V ′′ − (V̇ ′)2)

(
− V ′′V̈ + (V̇ ′)2

)
(dσ2 + dη2)

= f4(dσ
2 + dη2). (B.1.9)

Thus, the only part of the LLM metric still left to transform is

4

1− y∂yD

(
dχ̃− r

2
∂rDdβ̃

)2
− ∂yD

y
eDr2dβ̃2. (B.1.10)

Before doing so, we note the following relation from the transformation σ(r, y) (as in [158])

dσ

dη
=
∂σ

∂r

∂r

∂η
+
∂σ

∂y

∂y

∂η
= ∂rσ∂ηr + ∂yρ∂ηy = 0, (B.1.11)

giving

∂rσ = −∂yσ∂ηy
∂ηr

. (B.1.12)

Now we use the forms of the transformation to get (assuming σ = re
D
2 )

∂rσ =
1

2
e

D
2 (2 + r∂rD), ∂yσ =

σ

2
∂yD, ∂ηy = V̇ ′, ∂ηr = V ′′r. (B.1.13)

Then, by substituting these forms into the previous equation, we find

e
D
2 (2 + r∂rD) = −σ∂yDV̇

′

V ′′r

⇒ r∂rD = −∂yDV̇
′

V ′′ − 2 = − 2V̇ ′

V̈ V ′′ − (V̇ ′)2
− 2 = −2

(
g(η, σ) + 1

)
.

(B.1.14)



APPENDIX B. DEFORMATIONS OF GM 206

Inserting this result into the remaining part of the LLM metric, it becomes clear that this

additional (plus one) contribution to g(η, σ) introduces a β̃ term into the definition of χ

for the GM class

4

1− y∂yD

(
dχ̃− r

2
∂rDdβ̃

)2
− ∂yD

y
eDr2dβ̃2 =

4

1− y∂yD

(
dχ−g(η, σ)dβ

)2

− ∂yD

y
eDr2dβ2,

(B.1.15)

where

χ = χ̃+ β̃, β = −β̃, g(η, σ) =
V̇ ′

V̈ V ′′ − (V̇ ′)2
. (B.1.16)

Let us now we re-arrange this metric component such that the roles of χ and β are switched

4

1− y∂yD

(
dχ− g(η, σ)dβ

)2

− ∂yD

y
eDr2dβ2 = − 4r2eD∂yD

4y g(η, σ)2 − eDr2∂yD(1− y∂yD)
dχ2

+

(
4yg(η, σ)2 − r2eD∂yD(1− y∂yD)

y(1− y∂yD)

)[
dβ − 4y g(η, σ)

4y g(η, σ)2 − eDr2∂yD(1− y∂yD)
dχ

]2
.

(B.1.17)

Noting the following relations

4yg(η, σ)2 − r2eD∂yD(1− y∂yD) = − 2ΛV ′′

V̈ V ′′ − (V̇ ′)2
, y(1− y∂yD) = − V̇ ∆̃

V̈ V ′′ − (V̇ ′)2
,

(B.1.18)

we now transform each of the above elements

4yg(η, σ)2 − r2eD∂yD(1− y∂yD)

y(1− y∂yD)
=

2ΛV ′′

V̇ ∆̃
= f5,

4y g(η, σ)

4y g(η, σ)2 − eDr2∂yD(1− y∂yD)
= −2V̇ V̇ ′

ΛV ′′ = −f6,

4r2eD∂yD

4y g(η, σ)2 − eDr2∂yD(1− y∂yD)
= −4σ2

Λ
= −f3. (B.1.19)

Hence, our metric component transforms as follows

4

1− y∂yD

(
dχ− g(η, σ)dβ

)2

− ∂yD

y
eDr2dβ2 = f5

(
dβ + f6dχ

)2
+ f3dχ

2. (B.1.20)

For the transformation of A3, we first note the relations

2κ y3e−6λ = −f7, κ e−6λ y2

∂yD
(2y∂yD−2g(η, σ)) = −f7−κ

2V̇ V̇ ′

∆̃
, κ

(
2e−6λ y2

∂yD
+2y

)
= −f7,

and

− ∂y(e
D)r dr + (2 + r∂rD) dy = 2dη, (B.1.21)

and after taking the positive square-root for σ = ±re
D
2 , we find

G4 = κ

[
− d(2y3e−6λ) ∧ dχ̃− d(2y3e−6λ) ∧ dβ̃



APPENDIX B. DEFORMATIONS OF GM 207

+

(
d

(
e−6λ y2

∂yD
(2y∂yD + r∂rD)

)
− ∂y(e

D)r dr + r∂rDdy

)
∧ dβ̃

]
∧ vol(S2)

=

[
d(f7) ∧ dχ̃+ d(f7) ∧ dβ̃

+ κ

(
d

(
e−6λ y2

∂yD
(2y∂yD − 2g(η, σ)− 2)

)
− ∂y(e

D)r dr + r∂rDdy

)
∧ dβ̃

]
∧ vol(S2)

=

[
d(f7) ∧ dχ̃+ d(f7) ∧ dβ̃ +

(
d

(
− f7 − κ

2V̇ V̇ ′

∆̃

)
+ 2κ dη − κ d

(
2e−6λ y2

∂yD
+ 2y

))
∧ dβ̃

]
∧ vol(S2)

=

[
d(f7) ∧ (dχ̃+ dβ̃)− d(f8) ∧ dβ̃

]
∧ vol(S2)

=

(
d(f7) ∧ dχ+ d(f8) ∧ dβ

)
∧ vol(S2). (B.1.22)

We finally arrive at the form of the GM solution written in (1.4.9). We have demonstrated

explicitly that the χ in the GM class has the form χ = χ̃+ β̃ when written in terms of the

LLM form (as stated in [27, 28, 61]), and β = −β̃.

B.2 Behaviour of fi at the boundaries

Here we simply quote the values of the functions fi (1.4.11) at each σ ∈ [0,∞), η ∈ [0, P ]

boundary appearing in our various deformed GM solutions.

At σ → ∞

To leading order

V = −R1e
− π

P
σ

√
P

2σ
sin

(
π

P
η

)
+ ..., (B.2.1)

with

f1 =

(
π3R2

1κ
2σ2

4P 2
e−

2π
P
σ

) 1
3

, f2 =
2P

πσ
sin2

(πη
P

)
, f3 = 4, f4 =

2π

Pσ
, f5 =

4P 2

π3R2
1

e
2π
P
σ,

(B.2.2)

f6 =

√
2

Pσ
πR1e

− π
P
σ cos

(πη
P

)
, f7 = −2κR1

√
2P

σ
e−

π
P
σ sin3

(πη
P

)
, f8 = κ

(
−2η +

P

π
sin

(
2πη

P

))
.

At η = 0 with σ ̸= 0

V̇ ′ = f, V̇ = fη, V ′′ = − η

σ2
ḟ , V̈ = ηḟ , f(σ) =

π2

P 2

∞∑
n=1

Rn σ n
2K1

(nπ
P
σ
)
,
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f1 =

(
κ2σ2f3

−2ḟ

) 1
3

, f2 =
−2η2ḟ

σ2f
, f3 =

−4ḟ

2f − ḟ
, f4 = − 2ḟ

fσ2
, f5 =

2(2f − ḟ)

f3
,

(B.2.3)

f6 =
2f2

2f − ḟ
, f7 =

4κη3ḟ

σ2
, f8 = 2κη3

ḟ

fσ2

(
2− ḟ

f

)
, where |ḟ | = −ḟ .

At σ = 0, η ∈ (k, k + 1)

Along the σ = 0 boundary, V̈ = 0 to leading order, hence (using the boundary condition

given in (1.4.14) in the final step), we first note

f2
f5

∣∣∣
σ→0

=
V̇ 2V ′′

2V̇ − V̈

∣∣∣
σ→0

=
1

2
V̇ V ′′ =

1

2
R(η)V ′′, (B.2.4)

and using (1.4.20), in this limit

V ′′ = Pk =

P∑
j=k+1

bj
j − η

+
1

2P

P∑
j=1

bj

[
ψ

(
η + j

2P

)
− ψ

(
η − j

2P

)
+
π

2

(
cot

(
π(η + j)

2P

)
− cot

(
π(η − j)

2P

))]
,

(B.2.5)

with ψ the digamma function. This doesn’t vanish or blow up between these bounds. One

finds

f1 =

(
κ2R(2RPk + (R′)2)

2Pk

) 1
3

, f2 =
2RPk

2RPk + (R′)2
, f3 =

2σ2Pk
R

, f4 =
2Pk
R

,

f5 =
4

2RPk + (R′)2
, f6 = R′, f7 = − 4κR2Pk

2RPk + (R′)2
, f8 = 2κ

(
−η + RR′

2RPk + (R′)2

)
,

(B.2.6)

recalling R = Nk + (Nk+1 −Nk)(η − k).

At σ = 0, η = 0

To approach this boundary, adopt the coordinate change (η = r cosα, σ = r sinα), ex-

panding about r = 0. To leading order

V̇ = N1r cosα, V̇ ′ = N1, V ′′ =
1

4P 2
r cosα

P∑
j=1

bj

(
2ψ1

(
j

2P

)
− π2 csc2

(
jπ

2P

))
,

f1 =

(
κ2N3

1

2Q

) 1
3

, f2 =
2r2Q cos2 α

N1
, f3 =

2r2Q sin2 α

N1
, f4 =

2Q

N1
, (B.2.7)

f5 =
4

N2
1

, f6 = N1, f7 = −4κQr3 cos3 α, f8 = 0,

where Q is extracted via V ′′ = rQ cosα. Notice that f5, f6 remain finite whereas f3 and

f2 vanish.
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At σ = 0, η = k

Now one should make the following coordinate change (η = k−r cosα, σ = r sinα) (where

0 < k < P and k ∈ Z). To leading order

f1 = (κNk)
2
3 , f2 = 1, f3 =

r2 sin2 α

Nk

bk
r
, f4 =

1

Nk

bk
r
, f5 =

4

Nk

r

bk
, f7 = −2κNk, f8 = −2κk.

f6 =
bk
2
(1 + cosα) +Nk+1 −Nk = cos2

(α
2

)
(Nk −Nk−1) + sin2

(α
2

)
(Nk+1 −Nk) ≡ g(α),

(B.2.8)

noting the use of bk = 2Nk −Nk+1 −Nk−1 to re-write f6.

B.3 GL(3,R) Reductions

β reduction

Here we present the full type IIA solution, with all nine GL(3,R) transformation parame-

ters intact, following a dimensional reduction along β

ds210,st = e
2
3
Φf1

[
4ds2(AdS5) + f2dθ

2 + f4(dσ
2 + dη2)

]
+

1

X2
f21 e

− 2
3
Φds22,

e
4
3
Φ =

1

X2
f1

[
q2(f3 + f5f

2
6 ) + b2f5 + 2bqf5f6 + v2 sin2 θf2

]
, B2 =

1

X

(
B2,χdχ+B2,ϕdϕ

)
∧ dθ,

C1 =
1

X

(
C1,χdχ+ C1,ϕdϕ

)
, C3 = C3,χϕdχ ∧ dθ ∧ dϕ,

B2,χ = sin θ
(
(vp− sq)f7 + (va− sb)f8

)
, B2,ϕ = sin θ

(
(vm− uq)f7 + (vc− ub)f8

)
,

C1,χ = f1e
− 4

3
Φ
(
bf5(a+ pf6) + p qf3 + qf5f6(a+ pf6) + s v sin2 θf2

)
,

C1,ϕ = f1e
− 4

3
Φ
(
bf5(c+mf6) +mqf3 + qf5f6(c+mf6) + u v sin2 θf2

)
,

C3,χϕ = sin θ

[
u(pf7 + af8)− s(mf7 + cf8)

]
,

ds22 = hχ(η, σ, θ)dχ
2 + hϕ(η, σ, θ)dϕ

2 + hχϕ(η, σ, θ)dχdϕ

hχ(η, σ, θ) = f3f5(bp− aq)2 + sin2 θf2

[
b2s2f5 + (pv − qs)2f3 − 2bsf5

(
(pv − qs)f6 + av

)
+ f5

(
(pv − qs)f6 + av

)2]
,

hϕ(η, σ, θ) = f3f5(bm− cq)2 + sin2 θf2

[
c2v2f5 + (qu−mv)2f3 − 2cvf5

(
(qu−mv)f6 + bu

)
+ f5

(
(qu−mv)f6 + bu

)2]
,
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hχϕ(η, σ, θ) = 2

[
f3f5(bp− aq)(bm− cq) + sin2 θf2h4(η, σ)

]
,

h4(η, σ) = cvf5

(
(pv − qs)f6 + av

)
+ b2suf5 − (qu−mv)

[
(pv − qs)f3 + f5f6

(
(pv − qs)f6 + av

)]
− bf5

(
sv(c+mf6) + u

(
av + (pv − 2qs)f6

))
, (B.3.1)

with X the generalised reduction parameter, from (1.1.76).

χ reduction

The full type IIA solution corresponding to a dimensional reduction along χ, with all nine

GL(3,R) transformation parameters intact, reads

ds210,st = e
2
3
Φf1

[
4ds2(AdS5) + f2dθ

2 + f4(dσ
2 + dη2)

]
+

1

X2
f21 e

− 2
3
Φds22,

e
4
3
Φ =

1

X2
f1

[
p2(f3 + f5f

2
6 ) + a2f5 + 2apf5f6 + s2 sin2 θf2

]
, C3 = C3,βϕdβ ∧ dθ ∧ dϕ,

C1 =
1

X
(C1,βdβ + C1,ϕdϕ), B2 =

1

X
(B2,βdβ +B2,ϕdϕ) ∧ dθ,

B2,β = sin θ
(
(sq − vp)f7 + (sb− va)f8

)
, B2,ϕ = sin θ

(
(sm− up)f7 + (sc− ua)f8

)
,

C1,β = f1e
− 4

3
Φ
(
bf5(a+ pf6) + p qf3 + qf5f6(a+ pf6) + s v sin2 θf2

)
,

C1,ϕ = f1e
− 4

3
Φ
(
af5(c+mf6) +mpf3 + pf5f6(c+mf6) + u s sin2 θf2

)
,

C3,βϕ = sin θ
[
u(qf7 + bf8)− v(mf7 + cf8)

]
,

ds22 = hβ(η, σ, θ)dβ
2 + hϕ(η, σ, θ)dϕ

2 + hβϕ(η, σ, θ)dβdϕ

hβ(η, σ, θ) = f3f5(bp− aq)2 + sin2 θf2

[
b2s2f5 + (pv − qs)2f3 − 2bsf5

(
(pv − qs)f6 + av

)
+ f5

(
(pv − qs)f6 + av

)2]
,

hϕ(η, σ, θ) = f3f5(pc− am)2 + sin2 θf2

[
c2s2f5 + (pu−ms)2f3 − 2csf5

(
(pu−ms)f6 + au

)
+ f5

(
(pu−ms)f6 + au

)2]
,

hβϕ(η, σ, θ) = 2

[
f3f5(bp− aq)(pc− am) + sin2 θf2h4(η, σ)

]
,

h4(η, σ) = −sbf5
(
(pu−ms)f6 − cs

)
+ a2vuf5 + (pv − qs)

[
(pu−ms)f3

+ f5f6

(
(pu−ms)f6 − cs

)]
− af5

(
sv(c+mf6) + u

(
bs+ (qs− 2pv)f6

))
, (B.3.2)
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with X the reduction parameter from (1.1.76).

ϕ reduction

The dimensional reduction along ϕ, with all all nine GL(3,R) transformation parameters

intact, reads

ds210,st = e
2
3
Φf1

[
4ds2(AdS5) + f2dθ

2 + f4(dσ
2 + dη2)

]
+

1

X2
f21 e

− 2
3
Φds22,

e
4
3
Φ =

1

X2
f1

[
m2(f3 + f5f

2
6 ) + c2f5 + 2cmf5f6 + u2 sin2 θf2

]
, B2 =

1

X
(B2,χdχ+B2,βdβ) ∧ dθ,

C1 =
1

X
(C1,χdχ+ C1,βdβ), C3 = C3,χβdχ ∧ dθ ∧ dβ,

B2,χ = sin θ
(
(up− sm)f7 + (ua− sc)f8

)
, B2,β = sin θ

(
(uq − vm)f7 + (ub− vc)f8

)
,

C1,χ = f1e
− 4

3
Φ
(
af5(c+mf6) + pmf3 + pf5f6(c+mf6) + s u sin2 θf2

)
,

C1,β = f1e
− 4

3
Φ
(
bf5(c+mf6) +mqf3 + qf5f6(c+mf6) + u v sin2 θf2

)
,

C3,χβ = sin θ

[
v(pf7 + af8)− s(qf7 + bf8)

]
,

ds22 = hχ(η, σ, θ)dχ
2 + hβ(η, σ, θ)dβ

2 + hχβ(η, σ, θ)dχdβ,

hχ(η, σ, θ) = f3f5(am− pc)2 + sin2 θf2

[
c2s2f5 + (pu−ms)2f3 − 2csf5

(
(pu−ms)f6 + au

)
+ f5

(
(pu−ms)f6 + au

)2]
,

hβ(η, σ, θ) = f3f5(bm− cq)2 + sin2 θf2

[
c2v2f5 + (qu−mv)2f3 − 2cvf5

(
(qu−mv)f6 + bu

)
+ f5

(
(qu−mv)f6 + bu

)2]
,

hχβ(η, σ, θ) = 2

[
f3f5(am− pc)(bm− cq) + sin2 θf2h4(η, σ)

]
,

h4(η, σ) = ubf5

(
(pu−ms)f6 + au

)
+ c2svf5 + (qu−mv)

[
(pu−ms)f3 + f5f6

(
(pu−ms)f6 + au

)]
− cf5

(
uv(a+ pf6) + s

(
ub+ (qu− 2mv)f6

))
, (B.3.3)

with X the reduction parameter from (1.1.76).
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B.4 T-dualising the G-structure description

Here we present in full detail the derivation of the IIB G-Structure description, following

an ATD from IIA. Note that in this calculation the convention dH3 = d+H3∧ is required -

in order to use the minus sign convention (used throughout the rest of the thesis) we would

need to appropriately flip the sign of the B field in the T-Dual rules given in (1.1.79) (such

that EyB = e−C
A
(dy +BA

1 )).

As discussed in Section 2.1 and 5.1.2, the pure spinors transform in the same manner

as the Ramond fields under the T-duality. We can then use the T-dual rules (1.1.79) to

make the following decomposition

ΨA
± = ΨA

±⊥
+ΨA

±||
∧ EyA,

with the following initial ansatz

ΨB
∓ = eC

A
ΨA

±||
+ΨA

±⊥
∧ (dy −BA

1 ), (B.4.1)

where EyA = eC
A
(dy+AA

1 ) and E
y
B = eC

B
(dy+AB

1 ) = e−C
A
(dy−BA

1 ). We will see shortly

that this ansatz for ΨB
∓ will need some minor adjusting.

We recall that the roles of Ψ± need to swap for the type IIB G-structure description,

to account for the condition (5.1.13) and the fact the Ramond fields switch from even in

IIA to odd in IIB.

B.4.1 The G-structure conditions

We begin by transforming the G-Structure condition under abelian T-Duality from IIA to

IIB. For convenience, we will summarise the left-hand side of the following IIA G-Structure

conditions simply as dHA
3
(eαA−ΦAΨA

±),

dHA
3
(e3A−ΦAΨA

+) = 0,

dHA
3
(e2A−ΦAReΨA

−) = 0,

dHA
3
(e4A−ΦAImΨA

−) =
e4A

8
∗6 λ(g),

with the choice of α ∈ (2, 3, 4) depending on the specific condition. Now, the condition

which will transform in the same manner as the Ramond fields is

Vol4 ∧ dHA
3
(eαA−ΦAΨA

±) = Vol4 ∧
[
d(eαA−ΦAΨA

±) + dBA ∧ eαA−ΦAΨA
±

]
. (B.4.2)

From the T-Dual rules (1.1.79), we have

dBA = dBA
2 + dBA

1 ∧ dy

= dBA
2 + e−C

A
dBA

1 ∧ eCA
(dy +AA

1 )− dBA
1 ∧AA

1

= (dBA
2 − dBA

1 ∧AA
1 ) + e−C

A
dBA

1 ∧ EyA,

(B.4.3)
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and using the decomposition for ΨA
±, we get

dBA ∧ eαA−ΦAΨA
± = [(dBA

2 − dBA
1 ∧AA

1 ) + e−C
A
dBA

1 ∧ EyA] ∧ [eαA−ΦAΨA
±⊥

+ eαA−ΦAΨA
±||

∧ EyA]

= (dBA
2 − dBA

1 ∧AA
1 ) ∧ eαA−ΦAΨA

±⊥

+
[
(dBA

2 − dBA
1 ∧AA

1 ) ∧ eαA−ΦAΨA
±||

− eαA−ΦAΨA
±⊥

∧ e−CA
dBA

1

]
∧ EyA.

(B.4.4)

In addition,

d(eαA−ΦAΨA
±) = d(eαA−ΦAΨA

±⊥
+ eαA−ΦAΨA

±||
∧ EyA)

= d(eαA−ΦAΨA
±⊥

) + d(eαA−ΦAΨA
±||

) ∧ EyA + eαA−ΦAΨA
±||

∧
(
d(eC

A
) ∧ dy + d(eC

A
AA

1 )
)

= d(eαA−ΦAΨA
±⊥

) + eαA−ΦAΨA
±||

∧ eCA
d(AA

1 )

+
[
d(eαA−ΦAΨA

±||
) + eαA−ΦAΨA

±||
∧ e−CA

d(eC
A
)
]
∧ EyA.

(B.4.5)

Hence, we have

Vol4 ∧ dHA
3
(eαA−ΦAΨA

±) = Vol4 ∧ (ΓA
⊥ + ΓA

|| ∧ E
y
A),

ΓA
⊥ = d(eαA−ΦAΨA

±⊥
) + eαA−ΦAΨA

±||
∧ eCA

d(AA
1 ) + (dBA

2 − dBA
1 ∧AA

1 ) ∧ eαA−ΦAΨA
±⊥
,

ΓA
|| = d(eαA−ΦAΨA

±||
) + eαA−ΦAΨA

±||
∧ e−CA

d(eC
A
)

+(dBA
2 − dBA

1 ∧AA
1 ) ∧ eαA−ΦAΨA

±||
− eαA−ΦAΨA

±⊥
∧ e−CA

dBA
1 .

(B.4.6)

Now, applying the T-Dual rules, one gets for the IIB equations

Vol4 ∧
(
eC

A
ΓA
|| + ΓA

⊥ ∧ (dy −BA
1 )
)
. (B.4.7)

Before proceeding, from the transformation rules

BB = BB
2 +BB

1 ∧ dy = BA
2 −AA

1 ∧ (dy −BA
1 ), (B.4.8)

the following result will be required

dBA
2 − dBA

1 ∧AA
1 = dBB + dAA

1 ∧ (dy −BA
1 ), (B.4.9)

which we substitute directly into (B.4.6), giving

ΓA
⊥ = d(eαA−ΦAΨA

±⊥
) + dBB ∧ eαA−ΦAΨA

±⊥
+ eαA−ΦAΨA

±||
∧ eCA

d(AA
1 )− dAA

1 ∧ eαA−ΦAΨA
±⊥

∧ (dy −BA
1 ),

ΓA
|| = d(eαA−ΦAΨA

±||
) + eαA−ΦAΨA

±||
∧ e−CA

d(eC
A
)

+
(
dBB + dAA

1 ∧ (dy −BA
1 )
)
∧ eαA−ΦAΨA

±||
− eαA−ΦAΨA

±⊥
∧ e−CA

dBA
1 ,

(B.4.10)
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hence

eC
A
ΓA
|| + ΓA

⊥ ∧ (dy −BA
1 ) = eC

A
d(eαA−ΦAΨA

±||
) + eαA−ΦAΨA

±||
∧ d(eCA

) + eC
A
dBB ∧ eαA−ΦAΨA

±||

− eC
A
dAA

1 ∧ eαA−ΦAΨA
±||

∧ (dy −BA
1 )− eαA−ΦAΨA

±⊥
∧ dBA

1

+

[
d(eαA−ΦAΨA

±⊥
) + dBB ∧ eαA−ΦAΨA

±⊥
+ eαA−ΦAΨA

±||
∧ eCA

d(AA
1 )

]
∧ (dy −BA

1 )

= d(eαA−ΦAeC
A
ΨA

±||
) + dBB ∧ eαA−ΦAeC

A
ΨA

±||

+ d
(
eαA−ΦAΨA

±⊥
∧ (dy −BA

1 )
)
+ dBB ∧ eαA−ΦAΨA

±⊥
∧ (dy −BA

1 )

= dHB
3

[
eαA−ΦA

(
eC

A
ΨA

±||
+ΨA

±⊥
∧ (dy −BA

1 )
)]

= dHB
3
(eαA−ΦAΨB

∓).

(B.4.11)

The IIB G-Structure equations now read

dHB
3
(e3A−ΦAΨB

−) = 0,

dHB
3
(e2A−ΦAReΨB

+) = 0,

dHB
3
(e4A−ΦAImΨB

+) =
e4A

8
∗6 λ(g).

Of course, by adjusting the transformation as follows

e−ΦBΨB
∓ = e−ΦA

[
eC

A
ΨA

±||
+ΨA

±⊥
∧ (dy −BA

1 )
]
,

one can re-write the above G-Structure conditions in terms of ΦB,

dHB
3
(e3A−ΦBΨB

−) = 0,

dHB
3
(e2A−ΦBReΨB

+) = 0,

dHB
3
(e4A−ΦBImΨB

+) =
e4A

8
∗6 λ(g).

B.4.2 The G-structure forms

Now we wish to calculate the IIB pure spinors which we need for the G-Structure conditions

just derived. The SU(2) pure spinors for IIA are given in (2.2.12), and re-written here for

clarity

ΨA
+ =

1

8
e

1
2
zA∧zA ∧ ωA, ΨA

− =
i

8
e−ij

A ∧ zA.

In what follows, it will prove useful to make the following decompositions

ωA = ωA
⊥ + ωA

|| ∧ E
y
A, jA = jA⊥ + jA|| ∧ EyA, zA = zA⊥ + zA|| ∧ EyA,

zA⊥ = uA⊥ + i vA⊥ , zA|| = uA|| + i vA|| .

(B.4.12)



APPENDIX B. DEFORMATIONS OF GM 215

We then note

e
1
2
zA∧zA = 1 +

1

2
zA ∧ zA

=
(
1 +

1

2
zA⊥ ∧ zA⊥

)
+

1

2
(zA⊥ ∧ zA|| − zA|| ∧ zA⊥) ∧ E

y
A,

(B.4.13)

as (zA ∧ zA) ∧ (zA ∧ zA) = 0, and

e−ij
A
= 1 + (−ijA) + 1

2
(−ijA) ∧ (−ijA) + 1

3!
(−ijA) ∧ (−ijA) ∧ (−ijA) + ....

= 1− ijA − 1

2
jA ∧ jA +

i

3!
jA ∧ jA ∧ jA + ....

= 1− i(jA⊥ + jA|| ∧ EyA)−
1

2
(jA⊥ ∧ jA⊥ + 2jA⊥ ∧ jA|| ∧ EyA) +

i

3!
(jA⊥ ∧ jA⊥ ∧ jA⊥ + 3jA⊥ ∧ jA⊥ ∧ jA|| ∧ EyA) + ..

=
(
1− ijA⊥ − 1

2
jA⊥ ∧ jA⊥ +

i

3!
jA⊥ ∧ jA⊥ ∧ jA⊥ + ...

)
+
(
− ijA|| − jA⊥ ∧ jA|| +

i

2
jA⊥ ∧ jA⊥ ∧ jA|| + ...

)
∧ EyA

= e−ij
A
⊥ ∧ (1− ijA|| ∧ EyA).

(B.4.14)

Hence, we get

ΨA
± = ΨA

±⊥
+ΨA

±||
∧ EyA,

ΨA
+⊥

=
1

8

(
1 +

1

2
zA⊥ ∧ zA⊥

)
∧ ωA

⊥ , ΨA
+||

=
1

8

[(
1 +

1

2
zA⊥ ∧ zA⊥

)
∧ ωA

|| +
1

2
(zA⊥ ∧ zA|| − zA|| ∧ zA⊥) ∧ ωA

⊥

]
,

ΨA
−⊥

=
i

8
e−ij

A
⊥ ∧ zA⊥ , ΨA

−||
=
i

8
e−ij

A
⊥ ∧ (zA|| + ijA|| ∧ zA⊥).

(B.4.15)

Now, recalling

ΨB
∓ = eΦB−ΦA

[
eC

A
ΨA

±||
+ΨA

±⊥
∧ (dy −BA

1 )
]
,

we finally arrive at the following results for the IIB pure spinors, written in terms of the

IIA G-structure forms

ΨB
− =

1

8
eΦB−ΦA

[
e

1
2
zA⊥∧zA⊥ ∧

(
eC

A
ωA
|| + ωA

⊥ ∧ (dy −BA
1 )
)
+ eC

A 1

2
(zA⊥ ∧ zA|| − zA|| ∧ zA⊥) ∧ ωA

⊥

]
,

ΨB
+ =

i

8
eΦB−ΦAe−ij

A
⊥ ∧

[
(eC

A
zA|| + zA⊥ ∧ (dy −BA

1 )) + ieC
A
jA|| ∧ zA⊥

]
.
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