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Abstract

In this thesis, the AdS/CFT correspondence is used as a tool to explore novel AdSs Super-
gravity backgrounds (containing five-dimensional Anti-de Sitter spacetime) and their dual
(four dimensional) Conformal Field Theory descriptions. In order to obtain precise results,
both conformal symmetry and supersymmetry play an important role. However, in order
to align with experimental observation, supersymmetry must be broken at low energies. In
the absence of supersymmetry, finding deformations of a CFT which are marginal in na-
ture (preserving conformal symmetry) is currently not well understood. Nevertheless, the

solutions presented in this work may offer the best evidence to date of such deformations.

Multi-parameter families of non-supersymmetric type ITA and type IIB AdSs solutions
are presented, promoting to AN/ = 1 supersymmetry in some special cases. Contained
within these solutions is an existing class of A = 2 type IIA solutions, recovered in one
example when both deformation parameters are fixed to zero. The supersymmetry is
studied using the method of G-structures, with the boundaries of the solutions carefully
investigated - uncovering orbifold singularities within some solutions. In the type ITA
backgrounds, both the spindle and its higher dimensional analogue play an important role,
giving rise to rational quantization of charge. All parameters drop out of a quantity called
the holographic central charge, pointing to marginal deformations of the existing d = 4
N = 2 long linear quiver CFT. These marginal deformations are proposed to correspond

to soft-SUSY breaking, with the Lagrangian nature of the CF'T broken in some cases.
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Introduction

Over the past two centuries, historical developments in physics have largely followed the
theme of unification - in which seemingly diverse phenomena were recognised to be related
to one another by some underlying principle. In 1865, the Maxwell equations of Electro-
magnetism were constructed [1], unifying electricity and magnetism (along with optics, by
predicting electromagnetic waves) [2]. This led to Einstein’s Special theory of relativity
(SR) in 1905 [3] (unifying Electromagnetism with Newtonian mechanics), which he further
unified with gravity in 1915 [4] to develop the general theory of relativity (GR)- which,

according to the curvature of ‘space-time’, describes physics of the macroscopic scale.

Then came along the development of Quantum Mechanics (QM) in the mid 1920s,
describing physics of the microscopic scale. QM was then unified with SR in the 1940s,
forming Quantum Field Theory (QFT), in which physics is described according to the
exchange of fundamental field quanta. By the 1960s, it was shown that this framework
could describe three of the four fundamental forces of nature: the electromagnetic force,
the strong nuclear force, and the weak nuclear force. The Standard Model (SM) of particle
physics was then constructed, which is the best experimentally tested theory to date.

However, there is one fundamental force missing from this framework- gravity.

Unfortunately, the usual quantization procedure of QFT does not work in the case of
gravity, rendering the two great pillars of physics, GR and the SM, somewhat incompatible.
The unification into one ‘Quantum Theory of Gravity’ has since become one of the biggest
problems of modern physics. Many attempts at unification have been made, but the most

dominant approach has become ‘String Theory’.

String Theory The primary concept of string theory is that all the elementary ‘point’
particles which we observe in nature are not point-like at all, but instead equivalent to
different resonant patterns (or musical notes) of some tiny one dimensional elementary
vibrating string. Collectively, these vibrating strings then form one huge orchestra, com-
posing and performing the elaborate symphony which we call the ‘universe’. These strings

extend on the order of the Planck length, 1073°m, requiring experiments to reach the
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Planck energy, 10°GeV, to actually ‘see’ the string directly. Hence, from our our feeble
low energy ‘zoomed out’ perspective, these strings would simply appear point like. This
very simple and elegant idea has proven very powerful, with the new extended objects

evading the usual quantization troubles of the point particle.

The theory already has a rich history of developments, originating in the 1960s as
an attempt to explain the experimentally observed properties of the strong nuclear force.
However, it was shown in 1974 by Schwarz and Scherk [5] that the theory includes as
part of the spectrum of string excitations a massless spin-2 particle - corresponding to
the hypothesized graviton (the messenger particle for gravity). Subsequent work then
demonstrated that string theory had scope to not just include all four fundamental forces,
but all of matter too. This sparked the ‘first superstring revolution’, between 1984 and 1994,
during which time numerous properties of the standard model were shown to completely
drop out naturally from the theory [6]. However, in order for the theory to include both
bosons (force carrying particles) and fermions (matter particles), ‘supersymmetry’ needed

to be incorporated.

Supersymmetry Supersymmetry (or ‘SUSY’) is a symmetry relating bosons (of integer
spin) and fermions (of half-integer spin) of the same mass, in which each boson (e.g.
the photon) comes with a fermionic superpartner (the ‘photino’), and vice versa. These
are then related via supersymmetry transformations. Supersymmetric theories come with
‘supercharge’, and are classified in terms of the number of supersymmetries, A, the theory
has. For N > 1, the supercharges are rotated amongst themselves by an ‘R-symmetry’. In
the case of an N/ = 1 theory, the R-symmetry is simply U(1), which extends to SU(2) xU(1)
in the case of an N = 2 theory [7].

As it turns out, there are multiple ways in which supersymmetry can be incorporated
into string theory, leading to five alternative versions: Type I, two ‘Heterotic’ theories,
and two type II String theories (Type ITA and Type IIB). These theories are however
forced to live in ten space-time dimensions, with the additional directions to our usual
four space-time dimensions considered to be ‘compactified’ to a very small size (evading
our detection). The existence of five alternative theories was considered a major hurdle up
until 1995, when Edward Witten [8] sparked what is now called the ‘second superstring
revolution’ - outlining how all five theories are related to one another via a web of ‘dualities’,

and regarded as special cases of a single eleven-dimensional theory, called ‘M-Theory’.

Duality  The concept of a duality is very important in physics, equating two seemingly
disconnected theories via an Isomorphism - allowing the same phenomena to be viewed

in multiple ways. Examples include: T-duality, S-duality, dimensional reductions from
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M-theory to type ITA (in which the size of the additional eleventh dimension is reduced
to zero), and the AdS/CFT correspondence - which is an important example of the Holo-
graphic Principle, stating that the amount of information which can be stored within a
volume V1 is actually encoded on the boundary of that volume, with area Ag. All of
these dualities will play an important role throughout this thesis. Most notable however is
the AdS/CFT correspondence, which we will use as a tool to explore novel ‘Supergravity’
backgrounds and their dual Conformal Field Theory (CFT) descriptions - field theories
which are invariant under conformal transformations, meaning the physics is independent

of length scale.

Supergravity Supergravity (or ‘SUGRA’) is a low energy approximation of string theory,
where one has effectively ‘zoomed out’ of the theory. Here, the extended nature of the string
becomes less significant, allowing them to be approximated as point particles. The theory
still contains supersymmetry and gravity, hence the name, but corresponds to a low energy
effective theory - now considered a special type of supersymmetric field theory. See e.g. [9)].

These theories prove very useful, and play a pivotal role in the AdS/CFT correspondence.

The AdS/CFT Correspondence The AdS/CFT correspondence, introduced by Mal-
dacena in 1997 [10], elegantly relates gravitational theories in Anti-de Sitter (AdS) space-
time (of negative curvature) to non-gravitational Conformal Field Theories in one fewer
dimension. This groundbreaking idea enables insights into the high energy (or ultra-violet,
‘UV’) regime of dual field theories via supergravity, especially in theories with conformal

and supersymmetry - symmetries essential for obtaining precise results.

Since its inception, the AdS/CFT correspondence has proven very fruitful in the study
of supergravity backgrounds (with an AdS,y; factor) and their dual CFTs (of d spatial
dimensions). Some examples include, for d = 1 [11-13], for d = 2 [14-19], and for d = 3
[20-24]. In the case of d = 4, which will be the focus of this thesis, many different types of
dual CFTs have been studied, but those of particular relevance include [25-31]. For d = 5,
dual AdSg geometries were constructed in [32-37], with d = 6 studied in [38-42]. All these
cases preserve supersymmetry. For d = 7, CFTs are not compatible with supersymmetry,

however non-supersymmetric AdSg backgrounds were found in [43].

Naturally, given that we see d = 4 spacetime dimensions in our universe, AdS;/CFTy
solutions are potentially the most phenomenologically interesting - offering insights into
high energy regimes of four dimensional field theories, with gravity naturally included
in the dual framework. These field theories in general include both supersymmetry and
conformal symmetry (with the latter stemming from the AdS space of the dual description).

However, it is possible to consider non-AdS /non-CFT correspondence, see for example [44].
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Supersymmetry breaking Given that we haven’t yet observed supersymmetric part-
ners in particle physics experiments (such as the Large Hadron Collider), in order for string
theory to be an accurate description of high energy physics, supersymmetry must be bro-
ken at an energy somewhere between the electroweak energy and the Planck energy. This
then raises the natural question of supersymmetry breaking, of which there are a number
of theoretical mechanisms - see [45] for a nice review. Once supersymmetry is broken, the
masses of the superpartners can differ from the particles we observe, and must be higher

than the energies of our current particle physics experiments (to avoid our detection).

A simple method of breaking supersymmetry is called ‘soft-SUSY breaking’, in which
supersymmetry breaking terms are added to the effective Lagrangian (terms which avoid
quadratic divergences). If supersymmetry is then broken spontaneously at some high en-
ergy scale, the effective Lagrangian below such a scale would be considered a ‘softly’ broken

supersymmetric theory. This method would then provide a natural extension to the SM.

From a supergravity perspective, supersymmetry is very useful in deriving solutions to
the equations of motion. Work has been conducted into supersymmetry breaking solutions,
the most notable for this thesis are [46-51]. Unfortunately, when supersymmetry is broken
within supergravity, the stability of the solution is no longer guaranteed. Various mecha-
nisms of instability must be considered, including among others, the stability of D-brane
probes - see [52-54] for useful discussions. Unstable solutions are then considered as part of
the ‘Swampland’ of supergravity solutions. Breaking supersymmetry is then not so simple,
and considered by some to be necessarily unstable for AdS vacua supported by fluxes - fol-
lowing a conjecture by Ooguri and Vafa in [55] . However, more recent investigations have
been refined by the techniques of Exceptional field theory, with stable non-supersymmetric
AdS vacua presented in the works of [56-58]- see also [59, 60].

Hence, investigating supersymmetry breaking within the context of the AdS/CFT cor-
respondence is still a natural and interesting line of research, particularly in the case of
AdS5/CFTy solutions. We will attempt to shed some new light on this within this work.

Overview of thesis Given that CFTs are independent of length scale, they form a fixed
point of the renormalization group (RG). Operators then control the RG flow away from
the conformal fixed point, and are classified as irrelevant, relevant or marginal. Marginal
deformations do not break the conformality of a theory, and give rise to a family of CFTs.
However, finding such deformations without the presence of supersymmetry is currently

not very well understood.

The AdSs supergravity backgrounds which are presented in this work may well be the
best evidence to date of such solutions - finding supersymmetry breaking deformations of a

supersymmetric solution (in both type ITA and type IIB) which are marginal in the dual d =
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4 CFT description! We will propose that these marginal deformations correspond to ‘soft-
SUSY’ breaking of the CFT (adding supersymmetry breaking terms to the Lagrangian).

We will find that these deformations fall into two main categories:

1. Some deformations preserve the Lagrangian nature of the original CFT, and are con-
sidered as marginal Lagrangian deformations - corresponding to integer quantization

of charge in the dual supergravity description.

2. Other deformations break the Lagrangian nature of the original theory altogether,
and are considered marginal non-Lagrangian deformations - corresponding to rational

quantization of charge in the dual supergravity description.

Interestingly, this rational quantization of charge is a consequence of additional orbifold
singularities in the supergravity background - introduced into the solution by the marginal
non-Lagrangian deformations. The most general solutions in fact contain both types of
deformation, with the original N' = 2 supersymmetry completely broken in general. In
a particular type ITA subset, we find solutions containing varies stacks of branes, each
orthogonal to its own spindle, labelled W(CP[lnﬂmr]. These spaces have the topology of
a two-sphere with additional orbifold singularities at the poles R?/ Zp_ m, (producing a
‘lemon-like’ object), with n_ # n, and ged(n_,n4) = 1. It is important to note however,
when supersymmetry is completely broken, the stability of source D-branes is no longer
guaranteed. There is no sign of instability as yet, but a more thorough investigation should

one day be carried out.

Additionally, fine-tuning the deformations appropriately gives rise to N' = 1 preserv-
ing Lagrangian, and non-Lagrangian deformations (dual to both type IIA and type IIB
supergravity). In the ITA supergravity description, this non-Lagrangian deformation is a
consequence of a four-dimensional analogue of the spindle. These spaces then become more

complicated under T-duality to type IIB.

In recent years, spindles have been the subject of much study within the context of
supergravity - involving the near horizon limits of D-branes wrapping spindles. Examples
in which spindles play a central role in the holographic duals include [61-80]. In the
solutions presented within this thesis however, we find branes which are instead orthogonal
to the spindle - and in fact find multiple neighbouring spindles within the same solutions.

In addition, our solutions include multiple versions of higher dimensional analogues of the
2
[lk—lvlkzg(lk—lflk)]

of other explicit examples appearing in [29, 86], namely WCIF’[ZM 9] To our knowledge, the

spindle, labelled in one example WCP . These spaces are a generalization

generalized forms we uncover in this work are the first to appear in solutions of supergravity.

In summary, for the examples presented throughout this thesis, we find marginal defor-

mations which both preserve and break the Lagrangian nature of the original CFT - corre-
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sponding to additional orbifold singularities in the dual supergravity description, with the
latter giving rise to rational quantization of charge. In general, these deformations break
the original AV = 2 supersymmetry altogether, and are interpreted as soft-SUSY breaking
in the dual CFT - with special subclasses enhancing to N = 1.

Plan of thesis: This work is split into two parts: Part I focuses on some preliminary

background material, while Part II contains new results.

The content of Part I is as follows:

e In Chapter 1, we review some relevant aspects of eleven dimensional and ten di-
mensional (type II) supergravity, CF'Ts and the AdS/CFT correspondence. We then
review in some depth the Gaiotto-Maldacena (GM) background [26], which is an AdSs
N = 2 solution in d = 11. This is the ‘parent’ solution to the results presented in
Part II, and a primary focus of the chapter. We then note some existing deformations

of the class, before concluding the chapter with some comments on spindles.

e In Chapter 2, we review some material on the method of G-structures, which recasts
the usual supersymmetry conditions (in terms of a spinor and a metric) into a more
elegant and easier to use approach (in terms of non spinorial and geometrical objects
- forms). This framework is what facilitates the supersymmetry analysis presented
throughout Part II.

Part II begins with a brief overview, and contains the following content:

e In Chapter 3, we provide further analysis on the GM class of solutions. We derive
the appropriate G-Structure forms for the d = 11 GM solution (written in terms
of complex vielbeins), following an appropriate coordinate transformation (known
as the ‘Bécklund’ transformation) on the results given in [31] for the Lin-Lunin-
Maldacena (LLM) [25] solutions. This allows us to identify the U(1)r component of
the original SU(2)g x U(1)r R-symmetry of the GM solution in d = 11, allowing us
to keep track of the supersymmetry under dimensional reduction and subsequent T-
duality. We then perform an SL(3,R) transformation amongst three U(1) directions
of the solution, requiring the G-structure forms to be rotated to a frame which takes
into account both the SL(3,R) transformation and the specific U(1) direction being
reduced. A straightforward technique to do this is developed, noticing that the G-
Structure conditions require a particular real two-form, J, to remain intact under
the frame rotation. Using results from the literature, we then derive the type ITA

G-Structure forms for the ten-dimensional N/ = 2 GM solution. Analysis at the
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boundary for this solution is then provided. The chapter then concludes with a brief

discussion on supersymmetry breaking reductions to type ITA.

e In Chapter 4, following the SL(3,R) transformation, we perform dimensional re-
ductions along each of the three U(1) directions of d = 11 GM - leading to three
two-parameter families of type IIA solutions, which are in general N' = 0. Each
solution is presented, with the reduction along the 8 coordinate forming the primary
focus of the chapter (as this solution recovers the zero-parameter family of N' = 2
GM). In all three solutions, the parameters introduce orbifold singularities into the
supergravity background (including in some cases a set of neighbouring spindles),
which then lead to rational quantization of D-brane charge. Fixing the two param-
eters appropriately, the backgrounds enhance to one-parameter families of N' = 1
solutions. G-structure analysis is then provided, including a more general discussion
on the supersymmetry breaking backgrounds - which are the first examples explicitly
shown to break all three supersymmetry conditions, including the ‘gauge BPSness’

condition (along with the solutions presented in Chapters 5 and 6).

The method of G-Structures also allows the higher form fluxes for the supersymmetric
solutions to be derived very easily (such as C5 and C7). After some work, the results
for the non-supersymmetric solutions were derived too, allowing the stability of a
probe D6 brane to be studied - which was conducted for the S? preserved 3 reduction

case, showing no sign of instability.

Various mappings between the three general solutions can be performed. However,
due to an integer condition on the parameters, these mathematically equivalent solu-
tions are proposed to describe different physical backgrounds (with different rational
charge). These solutions are interesting in their own right, allowing one to pick the

supersymmetry of a background by fine-tuning the parameters appropriately.

We then discuss some aspects of the CFTs dual to our supergravity backgrounds.
Calculating the holographic central charge (which is an effective weighted volume of
the internal manifold of the supergravity, corresponding to the number of degrees of
freedom of the dual CFT description), one finds that all parameters drop out com-
pletely. We conclude that the deformation parameters (introduced via an SL(3,R)
transformation in d = 11), which in general break the supersymmetry, correspond to
marginal deformations in the dual CFT description. We propose that these deforma-
tions then correspond to soft-SUSY breaking of the CFT.

Interestingly, dimensionally reducing in a more general fashion allows one to force
integer quantization upon the system, which has the effect of changing the holographic
central charge. However, given the preservation of AdSs (and hence conformality in

the dual CFT), we propose that integer quantization is simply too much to ask of
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the system. We instead interpret the deformations which effect the quantization as
marginal non-Lagrangian deformations - which then break the Lagrangian nature of
the dual theory.

e In Chapter 5, we perform an abelian T-duality on the three type IIA solutions -
deriving multiple three-parameter families of type IIB backgrounds. These solutions
are again N’ = 0 in general, but enhance to a one-parameter family of N' = 1 solutions
by an appropriate choice of parameters. These multiple (infinite) families have a
zero five form flux, which could be of particular interest given that not many SUSY
solutions are known with this property. The first two examples of such backgrounds
were found in [87], evading the prior classification of AdSs solutions considered in
[88] (which had a non-vanishing five-form flux). This led to the work of [89], where
the classification was completed. In type IIB, we find no N’ = 2 backgrounds present.

In order to verify that the one-parameter families of N' = 1 type IIB solutions indeed
preserve some supersymmetry, the IIB G-Structure forms and conditions needed to
be derived from the ITA solution (via T-duality). This then becomes the focus of
the opening section of the chapter. The G-structure description is then derived, with

more general supersymmetry breaking G-structure forms included for one example.

Peculiarities arise within these type IIB solutions, stemming from T-dualising within
the orbifold structure, including backgrounds with rational quantization without the

presence of orbifold singularities.

e In Chapter 6, we provide the G-structure description for the y-deformed GM so-
lutions, first derived by Nunez, Roychowdhury, Speziali and Zacarfas (NRSZ) [90].
These deformations are also marginal in the dual CF'T, but until now, it was unclear
whether supersymmetry was preserved in these backgrounds. Here we shed light on
this question, demonstrating that the deformations in both the M-theory and type
ITA solutions break supersymmetry completely in all cases. The type IIB solution
however contains a special zero-parameter family of A/ = 1 solutions, derived by
fixing v = —1. This solution is actually a sub-class of the more general type IIB
solutions derived in Chapter 5, where we re-derive the solution. Interestingly, the
v = —1 deformation of NRSZ is the only A/ = 1 solution which preserves the La-
grangian nature of the dual CFT (due to integer charge). All other N/ = 1 solutions
derived in this work break the Lagrangian nature due to rational quantization in the
supergravity description. Hence, this type IIB solution seems the most likely dual
description for the A/ =1 CFT presented in the NRSZ paper.

We conclude with a summary of results, and outline some future directions. Most calcu-
lations are included within the text, but complimented with additional Appendices where

required. A general d-dimensional form of the holographic central charge is included.



Part 1

Preliminaries



Chapter 1

The AdS/CFT correspondence

1.1 Introduction to Supergravity

For further information on the topics reviewed in this section, see for example [91-93].

1.1.1 Supergravity in Eleven Dimensions

In eleven dimensions, supergravity contains the metric, gysn, a three form potential, Az =
Apnp, with four form field strength G4 = dAs, and a single gravitino, {7, where M =

0,...,10. The bosonic action reads

1 1

1
_ 11 — - m2) 2
Si1 = 725%1 <d T/ —g11 (R11 2(4!)G4> 6A3 NGy A G4) . (1.1.1)

Varying this action derives the following two equations of motion, which must be solved

along with the Bianchi identity dG4 = 0, namely
L o 1 2
RMN_E(G4>MN+@9MNG4:0; (1.1.2)

and
1 1
d*G4—|—§G4/\G4:0, = d(*G4—|—§A3/\G4> =0, (1.1.3)

with the last condition defining a six-form potential, Ag, as follows
1
dAg = xG4 + 5143 A Gy, (1.1.4)

which is a magnetic potential when Aj is electric, and vice versa.

Note the x notation means taking the ‘Hodge dual’, which maps a k- form to a (d — k)-

form
*dzt A A da = (—1)PER @A A da?, (1.1.5)

10
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with d = 11 in the present case. Note also that the wedge product is antisymmetric, with

the properties

kk

o N\ o = (*1) /Ozk/ N g, d(ak A Oék/) =dayp N\ ap + (*1)kak Aday, (1.1.6)

with the latter called the ‘Leibniz identity’.

Eleven dimensional supergravity contains extended objects called membranes, a pri-
mary inspiration for the name ‘M-theory’. These objects are classified as elementary or
solitonic, depending on whether they correspond to singular or non singular solutions, re-
spectively. The potentials A3 and Ag then act as sources for M2- and Mb5- branes, with

two and five spatial dimensions, respectively.

A supergravity solution is supersymmetric if the supersymmetry variations vanish, ren-
dering the fields invariant under supersymmetry transformations. BPS branes are a special
class of supersymmetric solutions in which the mass density and charge of the brane are
equal. This property is known as the Bogomol'nyi-Prasad-Sommerfield (BPS) bound, and
shields the branes from quantum corrections - allowing classical results to be extrapolated

to the quantum level of string theory. See for example [94].

1.1.2 Type II Supergravity in Ten Dimensions

We will now review both type ITA and type IIB supergravity. Here ‘type II’ refers to the
supersymmetry parameter, which is a ten dimensional Majorana spinor, ¢, splitting into
two 16 dimensional Majorana-Weyl Killing spinors, 2. These then generate a maximum

of 32 supercharges, and have (4, —) and (4, +) chirality in ITA and IIB, respectively
e=cl+ 52,
F(lo)sl =¢l, F(lo)eQ = —¢2 Type ITA
T’ =&, Toe” =¢?,  TypelIB (1.1.7)

noting I'y are ten dimensional gamma matrices with I'(g) = %9 and M =0,...,9.

The matter fields of these theories are given by the fermions, made up of two gravitini
and two dilatini

}/’[2 (gravitino), A2 (dilatino). (1.1.8)

In ITA, (¢3,, A1) and (¥3,, A\?) have positive and negative chiralities, respectively, and in
IIB they all have positive chirality.

The bosonic fields consist of: a Neveu-Schwarz-Neveu-Schwarz (NSNS) sector, com-
prising of the metric gysn (of signature (—, +, .., +)), the dilaton ® and two-form potential
Byn; and a Ramond-Ramond (RR) sector, with RR fields defined in terms of differential
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forms, C), of degree p. The RR forms are restricted to odd and even degrees in type ITA

and IIB respectively, whereas the NSNS content is common to both. One can then define

1 1
B= 5BMch:cM Adz?, Cp = —'CMI.,,Mpdach Ao Ada™Mp, (1.1.9)
p:

which allows for the following RR poly-forms to be built in each case

Ci+Cs+C5+Cr+Cy (I1A
oo QTG GGt (14) (1.1.10)

Co+Co+Cys+ Cg+ Cg (IIB)

The field strengths are then defined in the following manner

m 0
AxM’

This describes the ‘democratic formalism’ of [95], in which the number of RR fields has

been doubled. To compensate, using ten-dimensional Hodge-duality, the ‘twisted field

H =dB, F,=dCy,_1 — HANCp_3, where d=dx (1.1.11)

strengths’, F,, have the following duality condition
Iy = (_1)[g]*F10—p7 (1.1.12)

with [§] the integer part of p, and noting the special self-dual condition F5 = xF5. Typically
then, the ‘electric basis’ is used to define the fundamental fields as the fields with the
smallest indices, namely (Fy, Fa, Fy) in IIA and (F}, F3, F5) in 1IB. In a similar manner,
the dual NSNS potential, Bg, is defined as follows

dBg = — x H. (1.1.13)
One can then build a poly-form for the RR field strength

Fo+ Fy+ Fy+ Fy+ Fs+ Fyy (IIA
po ottt btFo (I14) (1.1.14)

Fy + F5+ F5 + F7 + Fy (IIB)
with
F=dC—-HNC =dgC, where dy=d— HA, (1.1.15)

where dg is known as the ‘twisted exterior derivative’. Type ITA can have a field of zero-
form, Fj, which has no corresponding potential, and is called the ‘Romans mass’. When

Fy # 0, one has ‘massive’ type IIA supergravity, for which (1.1.15) must be modified to
F =dyC + P Ry, (1.1.16)

where Fy, = dCy + FyB, Fy = dC3 — H AN Ci + %B A B and so on. For the type ITA
backgrounds discussed in this thesis, Fy = 0, allowing us to ignore this additional term. In

massless ITA, as a consequence of (1.1.12), one has Fig = dCy — H3 A C7 = 0.
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We can now re-write (1.1.12) in terms of the polyform by introducing an operator A in

the following manner

ya
2

F =x\F =\« F, where Ay, = (=D, (1.1.17)

for some differential form «y, of degree k.

We note that By/y and C), are antisymmetric gauge potentials, generalising the Ajs
potential from Electromagnetism to more dimensions, with the field strengths H and F),
playing a similar role to Fjsny. We observe from (1.1.11) that one has the freedom to

introduce the following gauge transformations
B=B+d\, Cp,=Cy+dh, 1 —HAA, 3, (1.1.18)

with A; a 1-form and Ay some k- form. As an example, one can perform the following
gauge transformations for Fy: Coy — Co + d1~\1, Cy—Cy— HAA.

The action for the democratic formalism in ‘string frame’ (and without sources) [96]

reads

1

1 1
S = 22/dl%\/—glo [em (R +4dP.dd — 2H.H> - 4F.F], (1.1.19)
K10

which when written in the usual formalism, take two alternative forms for (massive) type
ITA and type IIB backgrounds [97][98],

1 1 1 1 1
Sprra = —5 | d2/=g10|e*®( R+ 4(0®)? — —H? | — —( F? + -F + —F?
HA=g2 )¢ glo[e A0 - 13 AT
1 1 3 1 2 b
— =[dC3ANdC3 AN B+ =FydC3 N B -l-fFOB ,
2 3 20
Siip = 1 APz =g10|e*®( R+ 4(0®)* - 1) Ypeylp Lp
2k2, 10 12 2\ 3173 T o
1
. 5(04 ANH /\ng), (1.1.20)

where F,? = FMl.,_MkFMl"'M’f, B¥ = BA...AB and 2/{%0 = (2m)7I8

s

with s the string
length. For our purposes, we will fix Fy = 0. These two actions include additional ‘Chern-
Simons’ terms compared to (1.1.19), however both forms lead to the same equations of
motion. In the case of (1.1.19), one must impose the duality condition (1.1.12) by hand.
Given that this condition doesn’t follow from the action, (1.1.19) is known a pseudo-action
- first discussed in [95]. With localized sources added to the background, such as Dp-branes
for example, one must include additional contributions to these actions - we will review
the Dp-brane contribution in (1.1.36).

The results above are written in string frame, signifying that the scalar curvature, R,

includes an e~2® factor. To recover the standard Einstein-Hilbert term in the action, one
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must use the alternative metric 911\54 N= e~ 3 gvn- This is then referred to as the ‘Einstein

frame’.

By varying the action, one derives the equations of motion to be satisfied (see [96-99]

for useful summaries). One then finds the ‘dilaton equation’

1
R+ 4D*® — 4(09)? — EH2 =0, (1.1.21)
the ‘Einstein equations’
Uy e [3FD N+ SFDwy — houn (RS + 5B+ 4 F2) 114
RMN+2DMDN@_1HMN - 152 2 12 1 2, 12 ’
s(F)mn + 3(F) MmN + 95 (F5 ) MmN — ZQMN(Fl + gFg) IIB
(1.1.22)

the equations of motion for H,

—FyxF+ s AxFy+ i, ANFy IIA
a2 aqr) = { IO R EAR HA )
Fy ANxF3+ F5 A\ F3 IIB

along with the following (source-free) Bianchi identities
dH =0, dyF =dF,— HAF,_y=0. (1.1.24)

It is this Bianchi identity for H which allows for the twisted exterior derivative, dg. Fields
satisfying these Bianchi identities (with no sources) are known as a ‘flux’. Additional
contributions to these equations then arise from localized sources. For the equations of

motion written in the democratic formalism, including the source terms, see [96].

The supersymmetry conditions for type II supergravity take the following approximate
form

0y = Ve + (flux) e

0z(Bosons) ~ Fermions = 0, s (Fermions) =

A =TMV e + (lux) e
= S.ba =0, 5.\ =0, (1.1.25)

which must be satisfied, along with the Bianchi identities, to find supersymmetric solu-
tions. The variation of the Bosonic fields are satisfied automatically due to the fermions
vanishing, namely 9, = A* = 0, as a consequence of the isometries of the backgrounds
- see for example [91]. More concretely, the supersymmetry variations which must vanish
for supersymmetry to be preserved, have the following forms [96]

1 @ 1 1
syl = (vM n ZHM)SI i %F rule, oAl = (FMan> n Qﬂ)gl + e TPy T,

1 e?® 1 1
2 - 2 1 2 _ M - 2 M 1
(51/JM— (VM 4HM)5 716)\(F)PMP5 s oA (P 8]\/[(1) QH)E 7166 r )\(F)FMFE y
(1.1.26)
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with the ‘modified dilatino equation’

Mgyl — oAl = (erM —TM9yd + iﬂ)el, TM g2, — 5A2 = (erM Moy D — i

(1.1.27)

independent of any RR fields. Here Vj; is the spin covariant derivative and the slash

notation denotes that these fluxes come with gamma matrices in the following manner

1 1
P = HFML,_M,CFM%.FM’“, My =-HynpeTV?, W= _HyypI™NF. (1.1.28)

6

N

Comparisons with the forms given in (1.1.9

~—

leads to the following ‘Clifford map’

1 . . 1 .
k k

where the k-form ¢ has two spinorial indices, (o, ), and hence called a ‘bispinor’. A
further discussion on supersymmetry is given in Section 2, where a reformulation into the

language of forms is reviewed.

Branes

Supergravity in ten dimensions contains a wider array of objects compared to its eleven
dimensional counterpart, the most famous being ‘D-branes’. The ‘D’ stands for ‘Dirichlet’,
and refers to the boundary conditions of open strings ending on the brane. This is in
contrast to the M-branes of the eleven dimensional theory, which don’t play the same role

- as there are no open strings present in the theory.

A Dp-brane, of spatial dimension, p, is charged under C,1, and acts as a source for
the RR potential. Given that the RR potentials have odd and even degree in ITA and IIB
respectively, see (1.1.10), one finds only p even D-branes in ITA and p odd D-branes in IIB.

Due to the condition (1.1.12), if a Dp-brane is electrically charged under Cpiq, it is
magnetically charged under C7_,, and vice versa. Given that F5 = xF5, one finds a self-
dual D3 brane in type IIB.

The smallest objects in the two theories are then a DO-brane in ITA, which is a point
like object moving through time, and a D(—1)-brane in IIB, which is a point like object
localized to only a single instant in time - consequently named the ‘Instanton’. The largest
objects are a D8-brane in IIA, charged under Fig = *Fp, and a space filling D9-brane in
IIB (with a pure gauge potential).

From the NSNS sector, one concludes that the fundamental string, F1, must be electri-
cally charged under Bs and magnetically charged under Bg. The magnetic dual of F1 must

then be some five-brane which is electrically charged under Bg and magnetically charged

4

)
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under Bs - this object is then called the ‘NS5-brane’. In ITA, these branes can be derived
from dimensional reduction from the M5 brane of eleven dimensions, and in IIB can be

derived from a D5 brane via an ‘S-duality’. This duality also relates the F1 with D1 branes.

An important characteristic of a brane is that it can end on another brane. This
follows, via a chain of dualities, directly from the defining property of a D-brane - that
a fundamental string, F1, ends on it. In the case of an F1 ending on a D3, performing
an S-duality leads to a configuration in which a D1- brane ends on the D3-brane. Then,
T-dualising along (p — 1) directions which are transverse to both branes, one derives a
configuration in which a Dp- brane ends on a D(p+ 2)- brane. Then, applying an S-duality
to the configuration in which a D3-brane ends on a D5-brane, one finds a D3-brane which
ends on an NS5- brane. Finally, performing a further T-duality along the worldvolume of
the NS5 brane will lead to a D(p < 6)- brane ending on the NS5-brane. A very nice review
is given in [100].

It is worth noting that there are additional (non-dynamical) extended objects called
‘Orientifold’ (O)-planes, with an opposite tension to the D-brane (and hence seen as a
source for anti-gravity). These objects will not be relevant to the solutions presented in
this work, so we refrain from discussing them further here. See for example the discussion

given in [93] for further details.

Brane solutions

The presence of p-branes in the theory, extended along (p + 1)- dimensions and localised
in (9 — p)- dimensions, are said to be ‘back-reacted’ - as they have the effect of distorting
flat space (and the flat space metric). The solution then has (p + 1)- dimensional Poincaré
symmetry and (9 — p)- dimensional rotational symmetry, allowing one to use polar coor-
dinates for the transverse directions - with an S8 sphere and radial coordinate, . The
p-brane solution is then derived using the symmetries of the brane, ISO(p+1) x SO(d—p),

along with the equations of motion for the closed string.

For N superimposed Dp-branes (carrying N units of RR charge T},) extended along (or
‘wrapping’) a flat manifold, M|1|’p , transverse to Mifp , the solution reads

3—p

dsh, = h(r)"2ds* (M ?) + h(r)2 ds*(M]7), e =g h(r)' T, F = fs_pvol($*7P),

p 9
ds*(M") = —dt* +) " (da”)?, ds* (M) = Y (da')? = dr® + 12ds*(S57P),
a=1 i=p+1

_ N(27l,)™P

27.‘.(d+1)/2
fs» = <rgsr) V() =& (1.1.30)

((d+1)/2)°
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with all remaining fields equal to zero, including H = dB. Here V(S®~P) is the volume of
the S8~P sphere (of unit radius), vol(S8~P) is its volume form and h(r) is a function of the
radial direction, r, which for p < 7, reads

7—p 7—
r 7— gs(2mls)"P

h(r)=14+ N-2— P =

=N 0= vy

(1.1.31)

with ro the region of strong gravitational field. Considering the appropriate h(r) for p > 7
then leads to the conclusion that parallel Dp-branes do not exert forces on one another.

The p = 7 case also requires more care - see [91] for details.

As one would expect, the solution tends to flat space as r — oo, where h(r) ~ 1.
One can then approach the Dp-brane stack by sending r — 0, where h(r) ~ r~"*P to
first order, which in most cases (with p # 3) gives rise to singularities, with the horizon
at r = 0 singular - which is expected to be resolved in the full string theory description.
The behaviour in this limit was made more precise in [14], where for a Dp-brane wrapping
some M 1P manifold, the metric and dilaton should be diffeomorphic to one of the following

forms (to leading order)
B=p)(=7+p)
4

Dp brane: ds* ~ TPTpdSQ(Ml’p) yrEt (dr2 + T2ds2(Bg_p)), e~ ,

Dp smeared Cpes _ s .
A o AR (M) (dr2 +ds?(B%) + r2d52(38_p_s)>, e® mp
on B?

B=p)(=T+p+s)
1

(1.1.32)

where B8? is a compact base one integrates over to get the D-brane charge and B* is
some manifold the brane is smeared over (i.e. where it is not localized). The authors of

[14] also include analogous results for O-planes, which we omit here.

Notice that when p = 3, the dilaton is constant, and the D3 solution describes an

AdSs x S® geometry

D3 brane: ds? ~ ds*(AdSs) + ds*(S%), e~ 1, Fs = fsvol(S°) (1.1.33)
ds?(AdSs) = 72 (ds2(M1’p) + de), "

with the D3 brane wrapping five-dimensional Anti-de Sitter space, AdSs (which has con-
stant negative curvature). In this case, the horizon has a finite size. This example is then

particularly pertinent in the AdS/CFT correspondence.

In the case of NS5 branes, one can use S-duality to deduce the correct solution from
(1.1.30), given by

2
dsss = ds*(M°) + h(r) (ML), €® =g, h(r)2, H=2Nvol(S®), h(r)=1 +Nl—32.

(1.1.34)
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As in the D-brane case, the solution tends to flat space in the » — oo limit. Approaching the
NS5 brane stack, taking » — 0, one finds h(r) ~ =2 to first order. One can then propose
the NS5 branes have analogous behaviour to (1.1.32), wrapping some M %5 manifold in the

following manner,
NS5 brane:  ds* ~ ds*(M'°) 4 r~2 <d7"2 + 7"2d32(B3)>, e® ~ ol (1.1.35)

NS5 smeared

on B?

s—2

ds? ~ ds*(M'P) 41572 (dr2 + ds*(B®) + r2ds2(B3_S)>, e~

with B3 the compact base integrated over to find the NS5 charge and B3~* some manifold
over which the brane is smeared. Comparing these results explicitly with the D5 brane,
governed by (1.1.32), one can observe that the dilaton in each description behaves inversely,
and the D5 brane has an additional multiplicative factor of r%3° ~ e® out the front of the
whole metric with respect to the NS5 case. This demonstrates explicitly that NS5 branes

are not D-branes, we will see further evidence of this shortly.

Effective action

Dp-branes are dynamical objects, with a mass per unit volume, feeling the force of gravity
and responding to the various background fields present in the theory. The shape and
location of the D-brane then change accordingly. One can view such dynamics as being
controlled by the open strings that end on the D-brane, whose dynamics are themselves
dependent on the background fields. One can then derive an action on the world-volume

of the Dp-brane which describe these dynamics (and added to (1.1.20) as a source term).

The bosonic part for the effective world-volume action of a Dp-brane has two compo-
nents, the ‘Dirac-Born-Infeld’ (DBI) term, Spgr, and the ‘Wess-Zumino’ (WZ) (or ‘Chern-
Simons’) term, Sy z, [91, 92, 101-103]

Spp = Spsi + Swz, SDBI = Tp/e_(bg/det(gh)p +F) dp+1w,

_ ~ 1
Swz = F1 Clp, Ne 7, F = Ba|p, + 27 f2, T, =

where fs is the fields strength of a U (1) gauge field living on the D-brane world-volume, T},
is the p volume tension (controlling the D-branes response to influences trying to change
its shape, energy etc), and C is the poly-form potential (1.1.10). Following the notation
used in [91], the operation |p, is included to make clear that the metric, gasn, and all
forms in space-time have a ‘pull back’ (a restriction) to the (p + 1)- dimensional Dp-brane

world volume (labelled w*). This involves contracting each index M with 9,2, where
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u=0,...,p runs over the Dp world-volume. In the case of the metric, we have
9lp, = Guv = gMNB#a:M&,a:N. (1.1.37)

Fixing all fields to zero, except the background metric, gy, the action reduces to

Spp = Tp/e_¢1/det(g\Dp)dp+1w, (1.1.38)

which measures the Dp- brane volume in spacetime.

The DBI action describes the coupling of the Dp-brane to the NSNS fields. It requires
the additional component, F, describing the Electromagnetic fields on the fluctuating Dp-
brane. The need for this additional term becomes clear when considering T-duality, under
which the By potential mixes with the metric. One then requires a richer action to (1.1.38)
in order to account for the dependence on By when T-dualising to either a D(p + 1)-
or D(p — 1)- brane. The preservation of spacetime gauge invariance then requires the F
component to be a gauge invariant field strength on the Dp world-volume, with dF =
H|p,. Because one has the freedom to perform the gauge transformation (1.1.18), B
is not itself gauge invariant. Hence, F requires an additional world-volume gauge field,
fg = —%d/\ﬂ D, in order to account for this gauge transformation. The exact form of the
DBI action can be derived either by considering the o- model (as it was originally derived),
where it is essentially fixed by the Dp-branes behaving like relativistic particles (see [103]),
or by using T-duality to build up the action (see for example [92][101]). The full DBI
action then obeys the rules of T-duality, as it should.

The WZ term describes the coupling of the Dp-brane to the RR poly-form potentials.
When F = 0, the only relevant potential is C)41, where

Swyz = :FTp C|Dp = :FTp/ Cp-l-l’Dp = ZFTp/CMO._MP({“)().%'MO...({“)I).%'MP, (1.1.39)
Dp Wp+1

which is simply the integral over the components of Cp41 which span the (p+1)- dimensional
world-volume, w11, of the Dp-brane. This term then calculates the charge of the Dp brane,
with the brane tension, 7T}, corresponding to a charge density. Hence, the elementary charge
of the RR Cp41 field is the Dp-brane - analogous to the electron for the electric field.

When F # 0 (with Fy = 0), the Dp brane couples to additional RR potentials, Cj,
with k < p, as follows

p+1

T \k
Swz = F1 C|Dp/\€_]::q:TpZ( )
Dp k=0

1
k!

/ Cpy1_or A FF. (1.1.40)
Wp+1

For example, for a D2- and D4- brane, one finds the following WZ actions

(C5—]-"/\C'3+%]-"/\J-“/\Cl>.
(1.1.41)

Swz,p2 = :FTp/

. (Cs —FA C'1>, Swz,p4 = :FTp/

Dy
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In the D2 case, since C; couples to a D0 brane, the additional term should be interpreted
as the presence of some D0-brane distribution on the D2. In fact, the DO-brane cannot
be localized to a particular position within the D2, due to the integral over the whole D2
world-volume - the DO-brane is then said to be ‘smeared’ over the worldvolume of the D2.
This is a manifestation of the ‘Myers effect’. Consequently, the D2 charge contains a D0
charge - referred to as a ‘D2/D0 bound state’. The same arguments hold for the second
example, where the D4 charge includes in general D2 and DO charge. For the purposes of
solutions considered in this work, where F A F = 0, the WZ actions clearly simplify. We

will discuss the Dp-brane charge in more detail in the next subsection.

It is worth noting that when Fy # 0, one must use an alternative form for the WZ
action. This will not be necessary for our purposes, so the interested reader is directed to

the discussion given in Section 1.3.3 of [91].

The = factor out the front of the WZ action refers to the freedom to embed the Dp world-
volume differently, by either flipping the sign of one of the coordinates or by exchanging
the order of two coordinates in the wedge product - this is then related to the orientation
of the Dp-brane. Since the sign of the overall charge density is swapped, one interprets

this as an anti-Dp-brane. By convention, one uses — for branes and + for anti-branes.

One can include the Sp, action in the full ten-dimensional supergravity actions (1.1.20),

by introducing delta functions via the form

6p, = 0(x1)...8(z"P)dat A .. A da® P, (1.1.42)

P

such that, for example

Clp, :/ Cp+1lp, = /Cp—H Ndpgy_,- (1.1.43)
Dp Wp+1

Varying the full action with respect to Cpy1, the Bianchi identity gains an additional source
term on the right-hand side. In the F = 0 case, this reads

diFs—p = F26350T,6p,_, (1.1.44)
and for the NS5 brane, one has a similar effective action, with

1
dH = —2k*TNs50NS5. Tngs = ( (1.1.45)

27)516°

The right hand side of these Bianchi identities then correspond to the hodge duals of
brane source currents, which lead to deriving the charge of a Dp-brane. This is where our

attention will now turn.
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Flux quantization and the Page charge

In field configurations with only one non-trivial potential, which we will denote with a
tilde, one has
Fpio = dCpiy, dFy_, =0, (1.1.46)

in which the Bianchi identity, in the presence of a source, is dual to some current
dFs_p = *jp,, = d(xjp,) =0. (1.1.47)

From (1.1.12), one finds that the field strengths which couple to a Dp- and D(6 — p)- brane

are dual to one another in the following manner

p+2

Foo= ()% Tx Ry, (1.1.48)

With the conservation law given in (1.1.47), and using Stoke’s theorem,

dog_1 = / Qf—1, (1.1.49)
Sk 9Sk

the electric (and magnetic) charges associated with the Dp- and D(6 — p)- brane then read,

M . n
Tp = Tﬁfp = / *ij = / *Fp+27
Vo-p S8—p

— M _ ; — n
Tﬁ_p = Tp = /Vp+2 *]D(G—p) = /SP+2 *Fg_p, (1.1.50)

with the right hand side of each relation equivalent to the usual definition of charge, defined
using a generalization of Gauss’ law - surrounding the Dp- and D(6 — p)- branes by an S%~P

and SP*2 sphere, respectively.

One can check that the Dp-brane charge is consistent with the generalization of the
Dirac quantization argument of Electromagnetism. The wave function 1 of an electrically

charged Dp-brane in the field of the magnetic D(6 — p)- brane, takes the form

Y = eXp(i T6—p/EC7_p>w, (1.1.51)

where F is the equator of the S8~P sphere, and topologically equivalent to the S”~P sphere.
The S87 is divided into two semi-spheres, U]%fp , Ugfp , with the integral over each defined

by Stoke’s theorem, and in fact differing by an integral over the full S%7,

p+2

/ C7_p = / Fg_p, Wlth Fg_p—/ Fg_p = Fg_p — (_1>[T]Tp
E UJS\T,_éo Uﬁ;_p Ug_p S8—p

(1.1.52)
Using two different C'7_,, for each semi-sphere, which differ by a large gauge transformation,

Ts—
Cr—p = Cr_p+ A7_p, g—ﬂ” /7 A€, (1.1.53)
S7—p
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the inconsistency between the two semi-spheres vanish. With a well defined wave function,

expi Tﬁ_p/ Cryp) =1, = TG_,,/ Crp=2rn  neZ,  (1154)
E E
one then finds
- 1 .
—1[”21T_T=T_/ Fy =9 - :/ Fy , cZ
( ) 2 6—pLp 6—p g5—p 8—p ™n, QDF (27Tl5)77p S8-p 8—p € 4,

(1.1.55)
which gives the quantization condition for a p-brane charge, first presented in [104]. Al-
though the above arguments were presented using spheres, one is free to use a more general
Yg—p subspace. Of course, as we are surrounding the Dp- brane with ¥g_, and using a

generalization of Gauss’ law, this subspace needs to be closed. For further discussions, see
[91, 92, 105-108].

In the case of a general field configuration, the twisted field strengths, F},, and its
‘modified’ Bianchi identity, dF,, — H A\ F},_o = 0, complicate the usual notion of charge -
giving rise to the three alternative options, outlined in [109]. One can define: a ‘brane source
charge’, which is gauge invariant, localized but not quantized or conserved; a ‘Maxwell
charge’, which is gauge invariant, conserved but not quantized or localized; and a ‘Page
Charge’, which is conserved, localized and quantized, but not large gauge invariant. This
third option will become the most important, first considered by Page in [110], before being
introduced to type ITA in [109] (see also [111]) and to type IIB in [112]. Let us review these

different notions of charge a little further.

The first option is the ‘Brane source charge’, in which the Bianchi identity (1.1.44) is

the dual to some current *jgg

duFs—p = dFs_p — H A\ Fs_p = %jBy, QP ~ / . by (1.1.56)
V9-p

each associated with a brane. The left hand side tells us that the current is both gauge
invariant and localized (as it vanishes away from a source), so is associated with the external
brane sources of the supergravity. However, this charge is expected to be non-quantized -

as it is not conserved. That is, taking the external derivative using (1.1.6),
A(xjBy) = ~dHNFopt HAAFy— = —%jR35AFo -yt HA (%550 1) HHAFy-p), (1.157)
means that both NS5 branes and D(p + 2)-branes are sources for the charge, with
dH = +j83. (1.1.58)

The second option is the ‘Maxwell charge’, which is defined to be simply the exterior

derivative of F},

dFs—p = %jpp* = xjp° — H A Foy, QP ~ /V b= /Z Py (1159)
-p -p
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in which the H A Fs_,, component from the Bianchi identity is considered as a source for
the field strength (so carries charge). This current is both gauge invariant and conserved.

However, as it is carried by bulk fields, it is not localized to a brane.

The final option is the ‘Page Charge’, defined through writing the Bianchi identity as

an exterior derivative. First, in the simple cases of a D4- and NS5- brane, one can write
P .P .
d(Fy — B A F) = xjp3%, dH = jnel = xR, (1.1.60)

which is identified as a current in the presence of a source, and otherwise corresponds to

the source free Bianchi identities

dFy—HAF,=0, dFy=0 and dH =0, (1.1.61)
with
b~ [ osib= [ m-Ban), o~ [ e[ w
V9-p »8-p V9-p »8—p
(1.1.62)

Notice from (1.1.60), one could have replaced B A Fy with H A Cy. It was shown that both
options lead to the same Page charge in [109], as long as ¥¥P does not intersect any NS5-

or D6- branes.

This approach needs to be generalized a little further. In the case of a D2-brane for
instance, in order to reproduce the source free Bianchi identities, the left hand side requires

an additional component
d<F6—B/\F4—|—%B/\B/\F2) - (dFG—H/\F4) —“BA (dF4—H/\F2) —|—%B/\B/\dF2,
with each term corresponding to a different Bianchi identity, leading to

d(Fs A e B) = (dpFe) A e P = «jh39e, with  FgAe B =d(CsneB), (1.1.63)

where the second relation is easy to show. These results now naturally extend to a general

Dp-brane, defining the ‘Page flux’, FPage in the following manner

PP — pae P =d(Cne?), (1.1.64)
with
P — - Page
d(FS_aZg;e) = (dHFg_p) ANe B = *ijg , (1.1.65)

reproducing (1.1.60) and (1.1.63) for p = 4 and p = 2, respectively. It then follows that

the Page current is conserved and localized, however it is not gauge invariant.

Due to the Maxwell current defined in (1.1.59), one can now associate the twisted field
strength Fg_,, defined in (1.1.11), as a ‘Maxwell flux’, where

Rl = Fy_py = dCr_y — Hy A Cs5_p. (1.1.66)
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In summary then, in terms of the Maxwell flux, the three currents read

* by = dgFRt, * JHax = dFRx, *Jped® = (dg FY") ne ™, (1.1.67)

where one can observe
* jLa9e = (xjBS) ne P, (1.1.68)

which reproduces the various relations given in [111] [112] in a more general manner.

It is this Page charge which will become important when deriving the charge of Dp-
branes, as it is both localized and conserved. Actually, the Page charge is conserved only
in the absence of B field sources, namely in the absence of NS5- branes (where the B field
is ‘topologically trivial’ and can be smoothly contracted to zero throughout space). To

calculate the quantized Page Charge, one must integrate over the Page current,
Qpp = _t / K l19¢ = _t / Eroee (1.1.69)
P (27T ls)7—p Voo, p (27r lg)?—p S 8—p 1.

with the overall factor giving integer quantization, as in (1.1.55). The quantized Page
charge for a Dp- and NSb5- brane is then defined by

1 -B 1
W/Egp d(Cr—p Ne "), QRnss = CLIAE /23 aB, (1.1.70)

which will then identify the number of each brane appearing in the solution.

QDp -

In the presence of NS5 brane sources (with a ‘topologically non-trivial’ B-field), the
Page charge is no longer conserved throughout the entire space due to the large gauge
transformation of B. In [112], a D3- brane probe was inserted into the region of N coinci-
dent NS5 branes, defined by (1.1.34). The action for this D3 is then given by (1.1.36) for
p =3 and F AF = 0, which include D1-branes living on the D3 probe. One can then vary
the action to derive the equations of motion. A D3 brane initially located to the left of
the NS5 brane stack, has (n — N) D1-branes connecting the D3 brane to the N coincident
NS5 branes. When the D3 brane is moved across the NS5 branes however, one finds n D1-
branes connecting the NS5 stack with the D3 brane. That is, N D1 branes are created by
passing the D3 across the stack of N NS5 branes. Hence, the D3 Page charge defined in two
neighbouring regions, separated by NS5 branes, exhibits a jump in charge corresponding
to the creation of D1 branes. This set of arguments then reproduce the ‘Hanany-Witten
effect’, first described in [113]. Further details are given in [112] - see also [114, 115].

One is then able to construct a pictorial representation of the various branes present in
the solution, with NS5 branes splitting the space into regions of varying D-brane charge.
These set-ups are known as a ‘Hanany-Witten diagram’, and play an important role in the
AdS/CFT correspondence.
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1.1.3 Dimensional reduction of M-Theory to Type ITA

Let us now discuss dimensional reductions of M-Theory to type ITA, which is only possible
if the M-Theory contains a compact U(1) direction, S!, of period 27. One can ignore any
dependence on this circle by taking it to be small, allowing the theory to be described by
ten dimensional fields. This procedure gives rise to a massless type IIA theory, as one is

unable to switch on Fy under the reduction.

The eleven dimensional metric, g]lvl[ n» generates under the reduction a ten dimensional
metric, g]l\?N, a vector field, gyr10 = Cp (identified with C1), and a scalar, gip10 = ®
(identified with the dilaton). The eleven-dimensional three-form potential, Ay/nvp, then
generates a three-form potential, Cp;yp (identified with C3), and a two-form potential,
Apni10 = Byn (identified with Bg). The eleven dimensional gravitino, ¥ys,, generates
a pair of spinors with both chiralities in ten dimensions, ¥y, = w}w, Ve = w%@ V10 =
A 106 = A? (identified with the ITA gravitinos and dilatinos). A summary of this discus-

sion is as follows

10 ¢Ma = 1;[)]1\/[

IMN 2

" Cunp Ve = Vi
9uN = gm0 =Cum Amnp — Unta = 1
Amnio = Bun V10a = A

gioio =P )
Yioa = A

(1.1.71)

For a dimensional reduction along a U(1) direction, 9 (which is not to be confused with

the spinor notation), the formula reads
e*%q)d:s%m = ds* —e§¢(dw+C1)2, Az = O3+ By AN dp. (1.1.72)

Under these identifications, the eleven dimensional action (1.1.1) becomes the massless ITA
action given in (1.1.20) (with Fy = 0). In addition, one needs to make the identification
K3 = K3gLy, with Ly is the size of the S direction coming from the integral over d.

For a constant g; = e®, the tension of the action (1.1.36) effectively becomes Tp = e“DTp =
g5 1Tp. Hence, as gs becomes small, the D-branes become heavy. We then see that the

mass of DO-branes follow from the form of Tp, where for £ DO-branes

mpo = ; = Ly =2mlsg,, (1.1.73)

sGs
which implies the size of the eleventh U(1) dimension, L. For a constant dilaton, the

1
Planck length becomes Ip = g4 ls, with
Ly <lp (95 < 1), Ly > 1p (s> 1), (1.1.74)

hence, for weak coupling the size of the S' is sub-Planckian (with an unclear meaning

physically) and for strong coupling the S* size becomes macroscopic. Hence, one should
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view these eleven- and ten- dimensional effective actions as useful in the strong coupling
(gs > 1) and weak coupling (gs < 1) regimes, respectively. Given that the string coupling,
gs, is dynamically generated by the string, one can conclude from L, that the dimension

of spacetime itself is dynamically generated.

The concept of compactifying a theory on some S! was first considered by Kaluza [116]
(and refined by Klein [117]) decades before string theory, in an attempt to unify gravity with
Electromagnetism, by adding an additional U(1) dimension to the usual four-dimensional
GR. In that case, in an analogous manner to (1.1.71), the five-dimensional metric, with
topology Minks x S', became the usual four-dimensional metric, g, (describing gravity),
a vector field, g4 (proportional to the A, of Electromagnetism in four dimensions) and
an additional scalar, g44 (giving rise to massive spin two fields). The spin two fields are
known as Kaluza-Klein (KK) modes and have a tower of masses,

_ 2rk
 Lg’

my (1.1.75)

with Lgi the size of the S'. Due to the analogous behaviour between mpg (1.1.73) and
the masses (1.1.75), the DO-branes are interpreted as KK modes.

One can generalise the reduction formula (1.1.72), introducing a constant, X € Z

(preserving periodicity), in the following manner
1o

e 382, , = ds? — % (d(X o) + XC’I)Q, Az =Cy+ %32 ANd(X ), (1.1.76)
where one reduces with respect to (X ), with C; — X Cf, e3® %e%q) and By — %Bg.
Branes Recall that M-theory contains M2 branes (charged under As) and M5 branes
(charged under Ag). Using the reduction formula (1.1.72), we see that As contains within
it both C5 and By. Hence, performing the dimensional reduction on an M2 brane extended
along the S' direction, 1/, one derives a one-brane which is charged under B,. The only
object in type IIA with this dimension is the fundamental string, F'1, with T = LyTas2.
In addition, when the M2 brane is extended along a transverse direction to 1, the D2-
brane is recovered which is charged under Cs, with Tpo = Thso. In a similar manner, we
see the Ag contains a Bg and Cs. Hence, an M5-brane extended along the S! derives a five-
brane charged under Bg, which must be the NS5, with Twngs = Ths5. For an M5 extended
transversely to 9, one recovers the D4-brane charged under Cs, with Tpy = LyT)s.

F1 D4
M2 — M5 — . (1.1.77)

D2 NS5
The D6 branes of type ITA are magnetically charged under C7, which from the reduction

formula (1.1.72), is pure geometry - forming part of the eleven dimensional metric.
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1.1.4 T-Duality

A string theory containing at least one S! direction (with abelian isometry group U(1))
contains a duality called (abelian) T-duality (ATD)- which in the case of type II super-
gravity, exchanges IIA and IIB theories. Under such a duality, both theories contain an
S1 direction but the radii of each is inversely proportional. The natural extension is to
consider non-abelian T-duality (NATD), which generalises ATD to non-abelian isometries

of the background, however things aren’t so nice in these cases.

Abelian T-Duality (ATD) The rules for abelian T-Duality, often called the ‘Buscher
rules’ were first presented by Buscher in [118]. In this work however, we will utilise the
form of the T-Dual rules presented in [119] (see also [93]), corresponding to an abelian
T-duality along a U(1) direction, y, with the following Type ITA decomposition (denoted
by A)

dslou=dsa+e 7 (dy+ ALY, BA=Bi'+ Bt ady,
N (1.1.78)
C
FA=F{+ FANEY, EY = e (dy + A,
with the RR fluxes split into parallel, ||, and orthogonal, L, components with respect to

the one-form Effl Consequently, the rank of F' f is one higher than F|“|4 Performing a
T-duality along y then defines the type IIB solution (denoted by B) in terms of the type

ITA components, by the following identifications

dsj g =ds§ 4, P =04 —C4 CB = —c4,
BS = Bs' + A{* A B, AB = _B{, BB = —Af, (1.1.79)
B cA B cA
FE=cFf B =T,

with the IIB solution built using the analogue of (1.1.78), namely

dsty 5 =ds3 g+ e (dy + AP)2,  BP =BS+ BF nay,
(1.1.80)
FB=FB 4+ FP A E, EY% = e (dy + AD).
Of course, to derive the ITA T-dual of a type IIB theory, one must simply switch A <> B in
the steps above. One can then show that performing the T-duality for a second time will
simply re-derive the original theory, and hence corresponds to a symmetry of string theory
- for instance, Ff = eCBFﬁ3 = eCBecAFJ_4 = e_CAeCAFf = Ff One can perform a ‘TsT
transformation’ by T-dualising once, followed by an appropriate SL(2, R) transformation in
the new solution, before T-dualising again. This has the effect of introducing an additional

parameter into the original theory.

From the identifications (1.1.79), one can see that the parallel and orthogonal RR flux

components are switched under the T-duality, resulting in the rank of the two components,
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F|| and F'| , increasing and decreasing by one, respectively. This property is associated with
the behaviour of Dp-branes under T-duality, which become D(p—1)- (or D(p+1)- ) branes
when the T-duality is performed on a direction along (or orthogonal to) the Dp-brane
world-volume. In fact, there is a deeper explanation in terms of Dirichlet and Neumann

boundary conditions of the open string, which are exchanged under T-duality.

Non-Abelian T-Duality (NATD) The obvious extension to ATD is to generalize T-
duality to non-abelian isometries of the background (isometries with the structure of a
non-abelian group). Historically, NATD was first developed for pure NSNS fields by de la
Ossa and Quevedo [120], before being extended to non-vanishing RR fields with an SU(2)
isometry subgroup (and put on a similar footing to the Buscher rules for ATD) by Sfetsos
and Thompson [121]. Extensions beyond SU(2) isometries were then studied in [119, 122].

Under a NATD, the symmetries of the compact manifold over which the transformations
are made are not preserved under the transformation. That is, performing a NATD on a
theory with an SU(2) isometry derives a new solution which no longer preserves the original
SU(2) isometry. This means, unlike in the ATD case, one cannot transform back to the
original theory by performing a second NATD. Hence, NATD should not be interpreted as
a symmetry of string theory, but as a solution generating method. Natural questions then

arise regarding the dual field theories of NATD backgrounds - see for example [123].

1.2 Conformal Field Theory (CFT)

Conformal Field Theories (CFTs) are an important class of quantum field theories, giving
rise to exact results which would be difficult to obtain for massive theories. A CFT is
a field theory which is invariant under conformal transformations, which is a coordinate

change 0 — 6%(o) such that the metric remains invariant up to an overall scale

Jap = 2%(0)gap(0)- (1.2.1)

Hence, the physics of a CFT is invariant of length scale, and concerned only with angles
(not distances). We only focus on giving a brief review of 4d N' = 2 SCFTs, for further
details see for example [92, 106, 124].

1.2.1 RG flow and the S-function

Given that CFTs are independent of length scale, they form a fixed point of the renormal-
ization group. One can then perturb the CFT by adding deformations to the action, which
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then controls the RG-flow away from the fixed point,
S =Scrr + g/ddm O, (1.2.2)

with ¢ the coupling (of dimension A,) and O a scalar primary field (of dimension A =
d — Ay). This gives rise to three classes of deformation [124, 125]:

e Relevant (A < d): deformations relevant at low energies, with the IR physics flowing
away from the CFT fixed point - changing the CFT dynamics. This flow is named

the ‘renormalised trajectory’, and only stops when it hits a new CFT. Here, A, > 0.

e Irrelevant (A > d): deformations irrelevant at low energies, with the IR physics
converging to the CF'T fixed point - retaining the CF'T dynamics. These deformations

form a ‘critical surface’ surrounding the fixed point. Here, A, < 0.

e Marginal (A = d): In this case, g is dimensionless, A, = 0. This case is more subtle
and can be sub-divided into further categories - as once the theory is perturbed
under marginal deformations, the dimension of A, can change under the RG due to

quantum corrections (which induces a beta-function for the coupling g) [126]:

— Exactly Marginal: the coupling A, = 0 is unaffected by the RG. These
deformations simply define a new CFT, flowing along a more extended fixed

point region, such as a fixed line.

— Marginally relevant: the coupling A,, along with the perturbation, grows

stronger under the flow to IR, A, > 0, behaving similarly to relevant operators.

— Marginally irrelevant: the coupling A,, along with the perturbation, grows

weaker under the flow to IR, A, < 0, behaving similarly to irrelevant operators.

Hence, one finds that a perturbation by an exactly marginal operator O gives rise to a
family of CFTs close to the original fixed point. If more than one of these operators exist,
one can have a conformal manifold, which requires the beta function to vanish for all
couplings, g;, in (1.2.2),

B(gi) = 0. (1.2.3)

Such solutions are difficult to come by without supersymmetry. In the d = 4 N = 1
case, Leigh and Strassler [127] explained how beta functions for gauge and superpotential
coupling are related, therefore implying the existence of marginal operators and a conformal
manifold. A more powerful approach was then given in [128]. Within the context of the
AdS/CFT correspondence, conformal manifolds are mapped to AdS supergravity vacua -
see for instance [129, 130].

The flow on a renormalized trajectory is highly converging, with distinct physical sys-

tems starting from different points in the theory space all flowing towards the same region.
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As a result, UV physics becomes very challenging from an IR perspective, as there is little
hope of extracting any details [125]. This is natural as one would expect information loss
flowing from the UV to the IR. The ¢ theorem makes these ideas more precise. The ¢
function is a quantity defined at conformal fixed points, and corresponds to the central
charge of the CFT [124]. It was proven by Zamolodchikov [131] in two-dimensions, that
with reasonable assumptions, d‘;—(tt) < 0 under an RG flow. Here, ¢(t) is the central charge
and t = —log (%) Hence, the ¢(t) function is a monotonically decreasing function which
goes between the central charges of UV and IR CFTs. This proves that the RG flow is
irreversible here, and consequently, that the ¢(t) function can be used as a measure of the

number of degrees of freedom of the CFT at fixed points - see [132].

1.2.2 N =2 SCFTs

In 1994, the work of Seiberg and Witten [133] made an important contribution to the study
into N' = 2 dynamics, in which field theory information was encoded by the ‘Seiberg-
Witten curve’. In 2009, using the knowledge that many N = 2 CFTs are obtained by
compactifications of six dimensional A" = (0,2) theories on a Riemann surface containing
punctures, Gaiotto generalised these ideas to the conformal case in [134] - in which an

N =2 SCFT can be studied using the moduli space of punctured Riemann surfaces [90].

In the case of an N’ = 2 CFT4 with the product gauge group SU(N1) X ... x SU(Np_1),
with k € [1, P — 1], the theory is made up of

e (P —1) N =2 vector multiplets - with gauge group SU(Ny).

e (P — 2) hypermultiplets - which transform in the fundamental of SU(Ny) and the

anti-fundamental of SU(Nj41), known as ‘bifundamental matter’.

e [} hypermultiplets - which transform in the fundamental of each gauge group SU (Ny),

with flavour groups represented by SU(F}) (noting flavour symmetries are global not

gauge).

One can construct a linear quiver diagram, given in Figure 1.1, which defines the Lagrangian
of the field theory. Here, the lines connecting the nodes represent the bi-fundamental
matter, the circular nodes represent the colour symmetry (the gauge nodes) and the square

nodes the flavour symmetries (which are global).
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Fy F Fp_

Figure 1.1: Linear Quiver of N' =2 SCFT

For a linear quiver to be conformal with 8 supercharges, the beta function must vanish

for some loop factor, A, namely
= (2N, — Np)X =0, (1.2.4)

which then imposes the condition that the number of colours, N., must be double the

number of flavours, Ny, for each gauge node
2NC:Nf = 2Ny = Fi, + Ngg1 + Ng—1, ke [1,P—1], (1.2.5)

with Fj the number of fundamentals. So the rank of each gauge node, Ng, is half the
number of fields that transform in the fundamental of N (and act as fundamental fields

for N), namely Fj, Nyy1 and Ni_q.

Hence, for a conformal field theory, the quiver diagrams must be finely tuned in order
to satisfy (1.2.5). Quivers satisfying this condition are called ‘balanced’. In cases where
2N. > Ny and 2N, < Ny, the quivers are referred to as ‘underbalanced’ and ‘overbalanced’,

respectively (see for instance [24] for some examples of overbalanced quivers).

Following the arguments outlined in [38] (see also [90]), one can define forward and
backward discrete ‘lattice derivatives’, 0+ N; and O_N; (as in lattice QFT),

O+ Ny, = Ngi1 — Ni, O_Np = N — Ng_1, (1.2.6)
which, from the condition above, leads to
Fk = 2Nk - Nk+1 - Nk—l = 8_Nk - 8+Nk = —8+8_Nk = —8+8k y (1.2.7)

where the number of flavours, Fj, are a kind of discrete double derivative of the number
of colours, N, with the discrete first derivative describing some discrete slope s = 0_ Ng.
Given that Fj, is positive, it follows from basic calculus that a plot of the various values of

N must be convex, with the slope decreasing with increasing k.

One can actually extend this discussion by encoding the information about the colour
and flavour nodes into the definition of a ‘rank function’, R(n), which then describes the

physics of the CFT. Here 7 is a parametrization of the ‘theory space’, with n € [0, P], and



CHAPTER 1. THE ADS/CFT CORRESPONDENCE 32

e R is a continuous, linear by pieces function.
e The discontinuities of the slope s = R’ occur at integer values of 7.

e R is a convex function for which the gradient (or slope) between each discontinuity

must be integer valued, and decrease in magnitude with increasing k.

e R(0) =R(P) =0.

The number of fundamentals is then the double derivative, F' = —R”, and one has

Nin ne [071]
R(U) = q N + (Nk+1 — Nk:)(n_ k) n e [k:,k+ 1] ,
Np_1(P —n) nepP—10P]

P F Fp_s| |Fp_1

R/(ﬁ) = (Nk+1 — Nk) ne [k,]f—F 1] )
—Np_1 ne[P-LP]  R'(n)=—(2N1 — N2)d(n—1) = (2N2 — N1 — N3)d(n — 2)...

(1.2.8)
R'(n) R”(n)

=
|

[ 1]
|

0 : : . : : —> S 2N; — No |- -~
12 p—1p " T T

—Np_1 S 0 1 2 P-1P7

Figure 1.2: The generic continuous, linear by pieces and convex rank function, R(n), and

its first and second derivatives - encoding the linear quiver and Young diagram.

Clearly the rank function, R(n), encodes the rank of each gauge node, Nj (hence
the name); the double derivative, R”(n) = —F, encodes the number of fundamentals for a
balanced quiver, F; = 2N7— N, Fy = 2N;— Nj — N3 ete; and the slope, R'(n), is a stepwise
decreasing function. The position of each flavour in the quiver diagram corresponds to a
change in slope of the rank function. Hence, if a flavour node is missing from the quiver

diagram, the slope remains the same as the previous value.
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The stepwise nature of the slope R'(n) then visually defines two Young diagrams,
constructed from the positive slope terms on the left and the negative slope terms on the

right. A depiction of this is included in Figure 1.2.

Central charges In the case of 4d supersymmetric field theories, there are two possible
c-functions, labelled a and c. In the case of 4d N' = 2 SCFTs with long linear quivers,
which contain N, vector multiplets and N}, hypermultiplets, one has (see [135] [136])

5N, + N, 2N, + N,

“ 2udr 0 T T 12

(1.2.9)

In the work of Komargodsky and Schwimmer [132], they demonstrated that (under reason-

d((li(tt) <0. As a

result, the quantity a can be used to measure the number of degrees of freedom of the CFT.

able assumptions) a is monotonically decreasing towards the IR - namely,

In the holographic limit, in which the generic gauge rank, N, and linear quiver length, P,

tend to infinity (corresponding to the supergravity approximation), it was shown that
a=c as N,P — oo, (1.2.10)

due to the corrections being suppressed by 1/N and 1/P contributions (see for example
[137]). In the holographic limit, this quantity has been shown to match a string theory
quantity called the ‘holographic central charge’. This was done using localisation and

matrix model techniques in [138]. We will return to this discussion in the next section.

Generalized quivers It is worth noting the discussion on generalized quiver field the-
ories provided in [26], which look like ordinary quivers but with additional T factors
(drawn as a triangular node). Here they interpret (1.2.9) as either a computation of (a, c)
as above, or alternatively as the definitions of N, and N}, for some arbitrary theory. Here,
the theory still remains an A/ = 2 SCFT, however the integer nature of N;, and N, can be
broken more generally. These no longer correspond to the number of fields, and are simply

viewed as a way to parametrize a and c. See [139] for continuous quivers.

Marginal deformations to N' =1 SCFTs Finally, we comment on the work of [90]
where they investigate the marginal deformation of an N’ = 2 SCFT. It proved useful here to
express the theory in terms of A/ = 1 multiplets. They use the idea of R-symmetry mixing
with flavour symmetries, and find the marginal deformation which breaks N =2 — A =1
is due to different interactions between the fields and different global symmetries. They

then present the R-charge and superpotential term.

Note, see the work of [140] for exactly marginal deformations of the SCFT3 case.
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1.2.3 Soft-SUSY breaking

Soft-SUSY breaking involves adding SUSY breaking terms to the effective Lagrangian.
If supersymmetry is then broken spontaneously at some high energy scale, the effective
Lagrangian below such a scale would be considered a ‘softly’ broken supersymmetric theory.
See for example [45] for further details. The soft-SUSY breaking of 4d N' = 2 SCFTs
was analysed in [141], where the representation theory of the superconformal algebra was
employed (see [142]). The (bosonic) global symmetries of 4d A/ = 2 SCFTs take the form

SO(2,4) x SU(2)r x U(1)r x Gp,

with SO(2,4) the 4d conformal group, the SU(2)r x U(1)r component is the R-symmetry
of the theory, and G represents other global symmetries, such as the flavour symmetries.
A highest weight state is given by |A, R, r,j1,j2), with A the scaling dimension, R the
SU(2)gr charge, r the U(1)gr charge, and (ji,j2) left and right spin for SO(1,3)~SO(4)~
SU(2)x SU(2). The short representations were classified in [143], [144].

For our purposes, we are only interested in the Coulomb branch operators, & ),
which have the following component fields: a scalar, A; a spinor, ¥*, in the fundamental
of SU(2)g; scalars, BU) | in the adjoint of SU(2)Rr; an anti-self-dual two form, Fig3; a
spinor, A’, in the fundamental of SU(2)g; and a scalar, C. Here we are interested in the
[A,SU(2)r, U(1) ] values of the scalar components, (A, B%), (), as they can give rise to

deformations of the theory. From [141], one has

e
A r r+1 r+2
SU(2)r | O 1 0

Ul)g |7 r—1 r—2

with deformations in (1.2.2) taking the form

SUSY  Global Symmetry A
O1: B tecc | N=0 SU(2)r r+1
Oy: BMtee | N=1 20MWr+(2-2)L r+1
O3: B® tec | N=1 2U)p—(2-32); r+1

5S = gi/d4:n 0;.

S IN 3N

In the case of marginal operators, one should pick r = 3 such that A = d = 4.
Deformations with @ breaks the supersymmetry completely to N' = 0, but inherits a
preserved SU(2) global symmetry from the R-symmetry. Deformations with Oz and O3
preserve N/ = 1 SUSY, and in the case of marginal deformations (with » = 3), inherits
U(1) = 2 (U(1)g + 2I3) R-symmetry.
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1.3 The AdS/CFT correspondence

The original example of the AdS/CFT correspondence was constructed in 1997 by Mal-
dacena [10], stating an equivalence between type IIB string theory on AdSs x S° and 4d
N = 4 super Yang-Mills. Here the same physics is described using the two different lan-
guages, with the dynamics and Hilbert spaces agreeing on both sides. Notably, AdS;11
has an isometry group which is isomorphic to the conformal group of flat Minkowski space,

Mink; 4_;. See for example [145-147] for more detailed discussions on the topic.

1.3.1 Duality Toolbox

We now list some key methods used within Part II to gain insight into the dual CFTs.

Hanany-Witten & Linear Quivers

e On the CFT side: the physics is encoded by linear quiver diagrams which are
encapsulated by the rank function, with R(n) defining the rank of each colour sym-
metry (the circular nodes) and R”(n) defining the rank of each flavour symmetry

(the square nodes).

e On the Supergravity side: One can build Hanany-Witten diagrams from the brane
set-up of the solution, with the number of each brane encoded in the rank function of
the dual CFT. Here, R(n) defines the number of colour D-branes and R”(n) defines

the number of each stack of flavour branes.

The Holographic Central charge

e On the CFT side: it is a key characteristic quantity - the Free Energy of the CFT

on S*, counting the number of degrees of freedom.

e On the Supergravity side: it measures a weighted effective volume of the internal
manifold - see [87, 137, 148-150] for further details.

Given a supergravity solution, to calculate this internal volume, one can use the method-

ology outlined in [87]. Given a metric of the form

ds = a(p, @) (da? s+ Blp)dp?) + gis(p, F)d0"at?, (1.3.1)

Vint = /dé)\/ det[gij]€_4q>acz, H = Vi%t, (1.3.2)

one defines



CHAPTER 1. THE ADS/CFT CORRESPONDENCE 36

for which the corresponding holographic central charge, cpo, is given by

2d+1

d a2

= — — 1.3.3
Chol GNB () (1.3.3)
where Gy = 87%a¢? = 8% (in the units o/ = g, = 1). This supergravity calculation
will then correspond to the central charge of the dual CFT in the holographic limit (in
which, from the rank function, (N, P) — oc). In the case of the N' = 2 SCFTs, there
are two central charges (1.2.9), a and ¢, which tend to the same value in this limit, and is

reproduced by the above calculation in the dual supergravity.

Interestingly, it was demonstrated in [87] that the volume form of the holographic

central charge remains invariant under an ATD. Using the Biischer rules [118], they show

) 1 ~ 1 0d S~ e—2<I>+1n(gzz) op
Jazz = —, b= — 5111(91,93), = e \ Qpey = ——— =¢€ uz- (1.3.4)

Txr gazm

This result which becomes clear in this work, where we find the holographic central charge
remains intact in ATDs from type IIA to type IIB. Note that the NATD case was also

considered, see [87] for further details.

In the literature, various results for the holographic central charge have been calculated
for diverse Minkp dimensions (with D = d+ 1). These results are written in terms
of R,, which is related to the rank function of the dual quiver, R(n) - see for example
(1.4.17). In these backgrounds, the solutions depend on a partial differential equation
(along with boundary conditions), which when solved using separation of variables, leads
to solutions which depend on the rank function. We will review this explicitly for the

Gaiotto-Maldacena class of solutions in the next section. Summarising some literature, we
find

e Minkg: In [150], they found

2 P ) o (n) > o (km
chOl(;D = _387.(6/0' Oé(n)a”(n)dn7 Wlth 817T2 = R(T]) == ZRTL Sin ?'I/] s
n=1
P3 IR
T el T T 2
n=1
(1.3.5)
where o/ (n) = —16273 Fy. Integrating twice leads to the final result for cpe,, -
e Minks: In [32], they found
1 & , P
Cholsp = ot Znai, with an = %Rn,
n=1
P2 (1.3.6)
J— n
T el TR 2y

n=1
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e Minky: In [90], combining equations appropriately leads to
Prd . 5
Cholsp = 57~ Zan (1.3.7)
n=

e Minks: In [20], combining equations in a totally analogous way to the Minks case

above, one gets

o
T
Cholsp = 57 > nR2. (1.3.8)
n=1

These results then inspire a proposed general expression for the holographic central charge
in Minkp-dimensions, which we derive in Appendix A.1, namely (with No = Np = 0)

o PD—3

Chol, = coeff(D) Z

n=1
_ P _ A
— coeff(D)zPD 1 > biby Re [Lip (e%u—z)) ~ Lip (elgmz))],

a4
Jil=1

R2

npP—4

(1.3.9)

with the Polylogarithm Function, Lis(%), and the Riemann Zeta Function, ((s), defined as

follows
Lis(2) = > ;—n with Lis(1) =((s) = ) _ ni Lis(-1) =% (—nls)" _ C(S)<2H_1)'
n=1 n=1 n=1

(1.3.10)
For the full expression including off-sets (namley, including Ny, Np # 0), see (A.1.15). This
expression proves useful in calculations, which we will see explicitly in the next section

within the context of the Giatto-Maldacena class of solutions.

Spin 2 fluctuations

e On the Supergravity side: One can study particular (and consistent) excitations

of the supergravity metric, along the directions of the AdS.

e On the CFT side: This simple fluctuation is associated with states of spin two in
the dual CFT.

These excitations have been investigated for SCFTs of various dimension, with [151] a

precursor to this work.

In the case of an AdSs geometry, following the work of [152-154], written in Einstein

frame,

ds% = 24845 (AdS;) + ds*(Ms), (1.3.11)
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with spin-two fluctuations only along the AdS5; component of the metric, where the d = 10

coordinates are labelled XM = (2, y%),

dsp; = e*1 [(guy(w by () ) dada” + Gap (y)dydy” | (1.3.12)

with the condition that the fluctuation h,, is written in terms of a tensor that is both

transverse and traceless, namely
hyw (2, y) = Wi (2) F (y), VERl = 0, " hlt =0, (1.3.13)

As is discussed in [152, 154], the fluctuation of the Maxwell and Dilaton equations are

satisfied trivially. However, the Einstein equations lead to the following condition,
0= VoVohu + 2hu + VN ohu + 8V AV, h,
= V7V o by + 2y + €SV AT Ry | (1.3.14)
:= VN ol + 2hu + L(h,),

with h,, acting like a scalar for V.. This is then the equation of motion for a graviton

(with mass M) propagating on AdSs, given by the ‘Pauli-Fierz’ equation

VoVohu = (M? = 2)h,,, (1.3.15)
meaning
L(hy) = —M?hy,. (1.3.16)
For some scalar fluctuation F, using (1.3.14)-(1.3.16), we have
e84k 1

L(F) = =0a (" /5t 50 F ) = —==00(V/G0a3" 0T ) + 85 0u A O,
gMS g./\/l5 ( )
1.3.17

We will investigate explicit AdSs examples in Section 4.1.7, where we rely on these results
- given in [152-155].

1.4 The Gaiotto-Maldacena (GM) Class

In order to construct a holographic dual description to the 4d N' = 2 SCFTs reviewed in
Section 1.2.2, the supergravity solution must contain an AdS; factor with an SU(2)g x
U(1)r R-symmetry and eight Poincaré supercharges. Hence, the solution should contain
an S? and S!, giving rise to an SO(2,4) x SU(2)r x U(1)g bosonic isometry group. The
most generic eleven-dimensional candidate was found by Lin-Lunin-Maldacena (LLM) in

[25], which we now briefly review.
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1.4.1 Lin-Lunin-Maldacena (LLM)

The class of N' =2 AdSj5 solutions found by Lin-Lunin-Maldacena (LLM) in [25], read

2 4 D
ds—;l = 2 [4 ds?(AdSs) + y2e A ds?(S?) + —————(dx + Audi®)? — 9D (dy2 +eP(di? + d:@%)ﬂ ,
K3 1 —yo,D y
8, D
Ay = epds D, e =——__¥Z 1.4.1
b Z/(l - ?JayD) ( )

and has a purely magnetic four-form G4

Gy =2k [(df(JrAadfc“) Ad(yPe™ ) +y(1 —yPe ) dA, N d2® — %83/ ePdit /\dch] Avol(S?),

(1.4.2)
noting that the AdSs and S? metrics have a unit radius, Y € [0,2n], and the quan-
tity k indicates the size of the space. The bosonic isometry group of this solution is
SO(2,4)xSU(2)gxU(1)g, with the latter two factors realising the N' = 2 R-symmetry
of the solution. The LLM class of backgrounds then depend on a single function and its

derivatives, D = D(y, &1, Z2), which satisfies the Toda equation

Vi an)D + 05e” = 0. (1.4.3)

(Z1,82

This equation is supplemented with boundary conditions - specified at y = 0 and y = .,
where the S2 and the circle (dy + A,d2%) shrink smoothly, respectively. Using the two sub-
manifolds, ¥4 = (y,2',22, %) and 24 = (52, 4!,42), the number of ‘colour’ and ‘flavour’
M5 branes are defined from the flux Gy, see [90].

An additional U(1) isometry

One can transform (&1, 22) to a new pair of coordinates (r, 3) via the following definitions
&1 =1 cosf, #9 =1 sinf, (1.4.4)

and imposing that 3 is a U(1) isometry of the background, with 5 € [0,2n]. The LLM
class then takes the form
=

R

4
1 —ydy,D

winN

~\ 2 ~
= 2 [4 ds*(AdSs) + y2e~5ds2(S?) + (d;z - gadeﬁ) _ 9D (dy2 +eP(dr? + r%w?))] ,
Yy

2 .
Gy=k [ —d2yPe M A dy + <d (e_ﬁAyr&,D> — 9y(e®)rdr +10,D dy> A dﬁ] A vol(S?),

8,D
(1.4.5)

with D = D(r,y) now satisfying

%ar(raTD) +02eP =0, %= —9,D (1.4.6)

~ y(1-y9,D)’
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The new isometry is generated by a special distribution of punctures (leading to D6 branes
in Type ITA), due to a smearing of M5 branes [90], and moves the cohomogeneity-three

backgrounds into backgrounds of cohomogeneity-two.

1.4.2 Gaiotto-Maldacena (GM)

From the AdS; N = 2 solutions of Lin-Lunin-Maldacena (LLM) [25], one can derive the
Gaiotto-Maldacena (GM)[26] electrostatic form of the solution from (1.4.5), with bosonic
isometry group SO(2,4) x SU(2)r x U(1) g and magnetic four-form, G4, via what is called

the ‘Backlund transformation’
r2eP =02 y=V, log(r)=V, (1.4.7)

which replaces (r,y) with (o,7). Hence, the resulting class of electrostatic GM solutions
which we will now review is only a special case of the more general LLM class given in
(1.4.1). The transformation from (1.4.5) is given explicitly in Appendix B.1, where we
show that the U(1) directions (x, 3) of the GM class are not exactly equivalent to the U(1)

directions (¥, ) of the LLM solutions. They are in fact related in the following manner

(x.B8) = (x+ 8. —B), (1.4.8)

which is a subtlety first pointed out in [27, 28, 61].

Following this transformation, the resulting /' = 2 AdS5 metric and potential A3 (with

magnetic four form G4 = dA3) are then defined as follows

ds%l =h

4ds*(AdSs) + fods*(S?) + fadx® + fa(do® + dn?) + f5 (dﬁ + f6dX) 2] ;
(1.4.9)

Ag = (frdx + fydB) Avol(s?),

and an SU(2)r x U(1)r R-symmetry, realised by the U(1) isometries and the presence of
the S? (with SU(2) isometry), where we use

ds?(S%) = db? + sin? 0d¢?,  vol(S?) = sin b df A dep, (1.4.10)

with 0 € [0, 7], ¢ € [0,27]. With this parametrization, it is easy to see this class of solutions
have three U(1) directions, (0g, 0y, 04). This will become important in our analysis given
in Part II. The GM metric has an AdSs component, realising the SO(2,4) isometries of the
background and suggesting a 4d N’ =2 SCFT dual. The warp factors f; = fi(n, o) are all
functions of (1, o) alone, allowing the isometries of the background to be respected. The
range of these coordinates are n € [0, P] (with P finite) and o € [0,00). As it turns out, by

imposing the preservation of eight Poincaré supersymmetries [25], these eight warp factors
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can all be written in terms of a single potential V(n, o) and its derivatives (along with a

constant k), as follows

o o~ 1 .

2 (VAN3 V"V 402 21" 2AV"
f1:/§3<2vﬁ> ) fZZTa f3:Ta f4: V y f5:VT7
2V V! 4kV2V" Vv’
f6:W’ f?Z—Ta f8:2/<5< A _77>7
. . oV —V
A=AV +(V) A=

(1.4.11)
where
V =0d,V, V' =09,V (1.4.12)

This was a very powerful realisation, as it allows the complicated BPS system of eight non-
linear coupled PDEs (corresponding to the eight warp factors) to be simplified down to a
single linear PDE, namely the following cylindrically symmetric d = 3 Laplace equation

for V(n, o)
1 .
—05(00,V)+0; = V+o*V"=0. (1.4.13)
(o

This plays the analogous role to the Toda equation in the LLM class. In order for the metric
to remain regular as the S? shrinks (up to some Z;, orbifold singularities), the appropriate
boundary conditions were found in [26] (see also [90])

V P =0, V o R(n). (1.4.14)
Due to this Laplace equation, one now has an Electrostatic description of the background
(1.4.9), where a line of charge, with charge density, R(n), is positioned at ¢ = 0 and

extended along n (with two parallel plates at n = 0, P). See Figure 1.3 for a depiction.

o o

Figure 1.3: Electrostatic problem with a line of charge positioned at ¢ = 0 and extended
along n € [0, P], with two parallel conducting plates at n = 0, P. The charge density is
defined by the function R(n).

The charge density, R(n), is then highly constrained by the boundary conditions and
the quantisation of flux. To this end, one finds that R must be a continuous, linear by

pieces and convex function, with R(0) = R(P) = 0. In addition, the discontinuities of
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R’ must occur at integer values of 7, and the gradient between each discontinuity must
be integer valued. These conditions then match the description of the rank function given
above (1.2.8), with

R(n);\
Nin n € [0,1] Naf=mmmmog | i :
R() = N+ (New1 = N —k) nelek+1] . M= 0000
Np_1(P —n) nelpP—1,P] : : : : : >
0 1 2 P—-1 P 7N

where the n axis has been divided into P unit cells, with £k = 0,.., P — 1. Hence, the
charge density of the supergravity description is related to the rank function of the dual
quiver, R(n) (which encodes the physics of the dual CFT). This is a non-trivial result, as
it relates the supergravity coordinate, n, with the ‘field theory space’. We will discuss this
relationship a little further for the case of the type IIA reduction.

Approaching o = 0 for some generic 1, and making use of the laplace equation (1.4.13),
one finds V = 0 to leading order. Consequently, one finds that the sub manifold (0,%)
will vanish as R? in polar coordinates. Using the boundary conditions (1.4.14), the metric
component then becomes

2

2V
fado® + fsdx? —

R0 <d02+02d><2>, with V| =R(»). (1.4.15)

o=0

Approaching the loci of the R’ discontinuity, with = k and o = 0, the sub-manifold
(o,m, %, B) tends to a R*/Z;, orbifold singularity, where

b = R'(k — 1) — R'(k) = 2Ny, — Nit1 — Njp_1, (1.4.16)

which is the difference in gradient between either side of the discontinuity. We will discuss
orbifolds more in Section 1.5. In order to investigate the remaining boundaries of the
space, one needs to define a specific solution of the Laplace equation. We will return to

this analysis more thoroughly in Part II for type IIA and type IIB daughter solutions.

Particular solutions

Solutions to the Laplace equation (1.4.13) include a recursive solution presented in [90] (an
extension to the approach of [156][157]) as well as three interesting potentials presented in
[61]. However, in this work we adopt the the solution discussed in [158, 159], which defines
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a potential over the whole range of ¢ by using the separation of variables

Vio,n) =— Z R, sin (TZW) Ko <7?0> ,

(1.4.17)
where K is a modified Bessel function of the second kind. This solution indeed satisfies
the necessary boundary conditions (1.4.14). In general, the rank function can be written

as a Fourier series, as follows

> nm
=3 Rasin (22p). 1.4.1
n:1R sin ( 5 77> ( 8)

Using the integral representation of the Bessel function, one can rewrite the potential

(1.4.17) in the following way

=

using (1.4.18) and u = n + o t, with full details given in Appendix A of [90]. This is now

(1.4.19)

the form of an electric potential for an odd-extended density of charge, R, at a point (o,7)
along the n axis. This demonstrates the interpretation as an electrostatic problem, with R

a density of charge.

It will prove useful to us later, when investigating the boundary of daughter Type ITA

solutions, to introduce an alternative form for V, shown to be equivalent in [158]

= 25 o (S0 (). a0

0o P
> Zbk(\/a2 (1 —2mP + k)2 — \/o? + —2mP—k)2>,

m=—o00 k=1

where by, = 2N — Ni+1 — Ni—1. Along the ¢ = 0 boundary, the m = 0 contribution gives
rise to the odd extension of R, defined in the interval n € [-P, P]. Due to the remaining

values of m, it then becomes 2P periodic for n € R.

1.4.3 N =2 preserving reduction to Type ITA

Using the reduction formula (1.1.72), one can dimensionally reduce the d = 11 GM solution
(1.4.9) along one of the three U(1) directions, (8, x,¢). As it turns out, one can only
preserve the full ' = 2 supersymmetry under a 3 reduction. This will be made more clear

in Chapter 3, where we also consider new parametric deformations of the following class
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of solutions, which break some or all of the supersymmetry. For now, we review the (8

reduction case, which derives the following N' = 2 solution

3 1
ds? = f2 [2 |4ds*(AdSs) + f2ds*(S?) + fa(do? + dn?) + fzdx?|,
(1.4.21)

e%(b = f1f5’ H = dfg VAN VOI(SQ), Cl = f6dX7 CS = f7dX A VOI(S2)7

with @ the dilaton and the gauge invariant (Maxwell) fluxes Fy, = dCy, Fy = dCs5— H AC}
and H = dBs. The equations of motion and Bianchi identities (1.1.21)-(1.1.24) (with Fy =
0) are implied by their d = 11 equivalents. The warp factors f; are defined in (1.4.11), and
will remain consistent with this definition throughout this work (unless specified otherwise).
For a positive metric, one has the requirement % > 0 (except at the boundaries) - see for
example [158][159]. It was proven in [31] that (1.4.21) is the most general type IIA AdSs
solution to admit an SU(2) R-symmetry, associated with the S2.

From the flux content and the discussions around (1.1.77), the solution contains D6-,
D4- and NS5- branes, magnetically charged under C, Cs5 and Bs, respectively. Recall
from Section 1.1.2, to calculate the quantized charges for these branes, one requires the
Page flux and Page charge, given in (1.1.64) and (1.1.70) respectively. Re-written here for
clarity, they read

. 1 - 1
FPage — paeB=qCnrne ), Qp,= / EPee  OQngs = / dB
( ) i (27T 18)7_p Eg_p 8 P (27T l8)2 23

One can define Bs in terms of an integration constant, k,
1.
By = (fs + 26 k)vol(S?) = 2/<;<1Vf5f6 — (- k))vol(82), (1.4.22)

where k can shift according to large gauge transformations of By, so need not be fixed
globally. In other words, k is able to change as one traverses the internal space. This will
become important when investigating the charge of D6 branes on the ¢ = 0 boundary. The

Page charges then read

~ - 2
FP° = d(f5) A dx, Fleee = 2md<f6(n k) — Vﬂf) Ady Avol(S?),  (1.4.23)
5
which are clearly closed locally. To derive the higher form Page fluxes (such as Fy etc), it
proves easier to use the method of G-structures. We will present them clearly in Section

3.4.1, following the review of G-structures given in Section 2.

Recall that the d = 11 solution contained R*/ Zy, orbifold singularities, positioned at
the loci of the discontinuities of R'. Following the reduction to ITA, in which the M-theory
circle spanned by [ vanishes, one finds stacks of by D6 branes at these loci. In other
words, the D6- branes live at special (integer) points along the 7 direction, corresponding

to the different kinks of the rank function. Calculating the charge of the D6 branes leads
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to the requirement that the integration constant takes integer values, k € Z, and hence
corresponds to the position of the kinks. A schematic diagram is given in Figure 1.4, with

the location of the D6-branes represented by red dots.

o0

0 k—1k k+1 P
R(n)

Figure 1.4: An electrostatic problem with a line of charge positioned at ¢ = 0 and extended
along n € [0, P], with two parallel conducting plates at n = 0, P. The charge density is
defined by the rank function R(n), which has now been schematically overlaid in grey. The
red dots correspond to the position of the D6 branes, which lay along the o = 0 at the
positions of the kinks of the rank function, k € Z.

This can be seen from the Bianchi identity for the Fy given in (1.4.21),
duFy = (0,0, — 0y0s) fs do A dn A dx, (1.4.24)

which is of course zero in general, with 0,0, fs = 0,0,fs. However, one needs to be a
little more careful here. Approaching the ¢ = 0 boundary, and using the laplace equation

(1.4.13), V — 0 to leading order. Then, using the boundary condition R(n) = V and

the warp factors (1.4.11), one finds in this limit

Cy = f6

o—0

dx =V’ dx = R'(n)dy, (1.4.25)
o—0 o—0

which we recall is a discontinuous function along 7. Taking the derivative carefully, and
noting the form of R”(n) given in (1.2.8), one can calculate F5 along this boundary

P-1

P-1
k=1

o—0

which one could integrate appropriately to derive the D6 charge, with by = (2N, — Np41 —
Ni.—1). Hence, it is the discontinuities in R’(n) which lead to source terms for D6 branes in
the Fy Bianchi identity, with 0,0, fs # 0,0, f6 at these loci. In contrast, one finds C3 and
B are independent of fg, and consequently the rank function, so the Bianchi identities for

F; and H contain no source terms,
dH = (0,0, — 0y05) fs do A dn A vol(S?) = 0,

dHF4:dF4—H/\FQ:d(Cg—H/\Cl)—H/\FQZd(dC;J,)
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= (0y0y — 0y0s) fda A dn A dx Avol(S?) =0, (1.4.27)

where we note that in the latter case, the contribution from F5 is eliminated using the
Leibniz identity (1.1.6) (and using dH = 0). Hence, the only dynamical (physical) objects
in the background are D6 branes, with the NS5 and D4 branes considered pure flux.

Calculating the page charges of these branes carefully, leads to

_ 1 _ k 1 ~Page
QNS5 - _(27T)2 /S3H_P7 QD4_ _(27T)3 /82xS2 F4 _Nk_Nk—17
B 1 Frase —p — 9N, — N, N, 4
QDG__% e A k = 2Nj, — N1 — Ny—1, (1.4.28)

which match the results given in [90]. We will derive these results in a more careful manner
in Section 3.4.2, where we investigate the (o,7) boundary of the solution and provide the
exact definitions of these cycles. However, it is worth noting here that the stack of NS5

charges live at the ¢ — oo boundary, whereas the D6 and D4 branes lie along ¢ = 0.

The total charge of the D6 and D4 branes then obey

P—1 P—1
Qps= > Qhs=Np_1+N, Qpi=Y Qhs=Np_1. (1.4.29)

k=1 k=1
In the case of the D4 branes however, this total charge includes both the ‘true’ colour D4-
branes present in the background, and the charge of the D4-branes induced on the D6 and
NS5 branes via the Myers effect. There is in fact only Ny ‘true’ D4 charge in the [k, k + 1]
interval, and the total charge of D4-branes which avoids this over-counting, proven in [90],

then read P
rlr)rile,k‘ — N, Total _ / R(n)dn. (1.4.30)
0

The Holographic description

Important field theory results can be obtained by constructing Hanany-Witten diagrams
for the brane content. The solutions at hand have NS5, D4 and D6 branes, which all
extend along the Minky directions. The NS5 branes span two additional directions, which
following the conventions of [90], we will generically call (x4,25). These directions then
realise SO(2) ~ U(1)g rotations. When conformality is broken, these NS5 branes bend
in this plane, breaking the U(1)r component. The NS5 branes are placed along an xg
direction (corresponding to the 7 coordinate) at fixed integer locations, and are connected
by extended D4 branes along this direction. At low energies, this leads to an effective
field theory in four dimensions. In addition, there are D6 branes which extend along three
additional directions, (x7,xs,x9), which then realise the SO(3) ~ SU(2)g invariance. The
SU(2)rxU(1) g R-symmetry of the dual CFT is thus realised. A summary of this discussion
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is given in the following table, with the dual CFT spanning the Mink, components (and

separated with a bar).

o T1 X2 T3 | T4 X5 Te L7 Tg X9

D6: x x x x| - — — X X X
NS5: X X X X | x x = = = =

SO(1,3) SO(2) SO(3)

Constructing the corresponding Hanany-Witten diagram for this supergravity brane de-
scription allows for direct comparison with the dual CF'T linear quiver description. This
is shown in Figure 1.5. Here, the integer quantization of charge clearly relates to the rank
of the colour and flavour nodes of the linear quiver. It is then clear that D6 branes should
be interpreted as ‘flavour branes’ with NS5- and D4- branes considered ‘colour branes’.
Hence, in these examples, the integer quantization of charge is related to the Lagrangian
nature of the dual field theory. The quiver structure correspond to strings connecting the
various D-branes - see for example [139]. Hence, for a given conformal quiver field theory,
one can construct the dual supergravity solution, with potential (1.4.17) and warp factors
(1.4.11), directly from the rank function of the dual quiver. This will satisfy the laplace
equation and associated boundary conditions, which will automatically solve the equations

of motion and Bianchi identities.

In fact, the holographic description is not trustable close to the D6 and NS5 branes,
which are singular points along the manifold defined by V(o,n), with the curvature be-
coming very large close to these points. The idea of [159] was to take P (the range of )
very large, to force these regions to only very small patches of the manifold, with the holo-
graphic description well defined otherwise. This corresponds to dealing with long linear
quiver diagrams in the dual CFT. In addition, the rank function can be scaled such that
the number of D4 and D6 branes increase independent of the number of NS5 branes. One
may wonder if large N CFTs are still conformal following % corrections, in other words, if
going beyond supergravity the isometries of AdS5 (or S2xS!) are preserved. The SO(2,4)

symmetry was shown to survive % corrections in [160], using a bottom-up perspective.
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F, D6 F, D6 Fp_s D6 Fp_; D6 T4
® ® ® ® jj
78,9
N, D4 Ny D4 S Np_o D4 | Np_j D4
1 2 3 P_9 P-1 P

Fp_» Fp_1
N, AN) . @ @

Figure 1.5: The Hanany-Witten brane set-up of the supergravity description and the linear
quiver diagram of the dual 4d N/ = 2 SCFT. Here the vertical lines in the Hanany-Witten
diagram denote individual NS5 branes (of which there are P in total), the horizontal lines
denote D4 branes extended between NS5 branes and the crossed circles denote D6 branes
going into the page, with Fy = by = 2N, — Npi1 — Nig_1. All branes share the Minky

directions on which the dual field theory lives.

To calculate the holographic central charge, one should follow the methodology outlined
in (4.1.90), with d = 3 for the case at hand. Following through the calculation, which is
given in more detail in Appendix A.2, one finds

00
I€3

2%3 P
Chol = 7T4/ R(n)*dn = (1.4.31)
0

n=1

which then matches the results of [90] (up to an appropriate change of variables). The cen-
tral charge is clearly proportional to the area under R(n)2. Notice also that this expression
fits into the formalism of (1.3.9), with D =4 (for a Mink, solution) and

/€3

coeff(4) = vy (1.4.32)

On the CFT side, one had two central charges, a and ¢, with expressions given in (1.2.9).
These central charges are defined in terms of the number of vector multiplets and hypermul-
tiplets in the dual quiver, NV, and Np. As was just discussed, the holographic comparison
is only trustable for (N, P) — oo, which also gives a = ¢. See the two example quivers

given in Appendix A.1.1.



CHAPTER 1. THE ADS/CFT CORRESPONDENCE 49

1.4.4 The vy-deformations of NRSZ

In the work of Nunez, Roychowdhury, Speziali and Zacarias (NRSZ) [90], marginally de-
formed backgrounds to the GM class of solutions were constructed in M-Theory, type I[TA
and type IIB, containing a parameter, v, which recovers the original N' = 2 solutions (in
the first two cases) when fixed to zero. These solutions were then proposed as holographic
duals to the N' =1 SCFTs mentioned in Section 1.2.2. The supersymmetry of these so-
lutions were not explicitly checked in that work, however some light will be shed on this
matter in Chapter 6, using the method of G-structures. We postpone the presentation
of these solutions until then. Further analysis of these solutions was also conducted in
[161-163).

1.5 Spindles & Weighted Projective Spaces

Following the discussion given in Appendix B of [16] (which the reader is directed towards
for more details), an odd dimensional sphere, S?"*1 (for n > 0) can always be parametrized

as a U(1) bundle over the complex projective space, CP", where
ds? (ST = ds*(CP™) + (dp + nn)?, ds?(S?) = da® + cos? adyp? + sin® a ds?(8972),
dsQ(CIP”) = dﬁi + sin? HndSQ((DIP”_l) + sin? 6, cos® O (dipp—1 + nn_1)2,
with ds*(CPY) = 1ds2(52) = %(d@f +sin? 01dp?),  m = cosbidpy, (1.5.1)

4
for 1, a U(1) isometry and 7,, = sin® 0,,(d,—1 + 1,—1) (spanning only the base). Note,

ds*(CP?) = db3 + sin? fyds® (CPY) + sin? Oy cos® O (dipy + cos 01 dp)? (1.5.2)

1
= db3 + 1 sin? 0 (dO? 4 sin® 01dp?) + sin? O cos? O (dipy + cos O de )>.

Orbifolds These are manifolds which have been obtained from flat space, following some
identification of points under a discrete group of symmetries. Generally, this leads to sin-
gularities in the manifold, but remarkably the resulting string theory remains well behaved.
The simplest example, called R!/Zy, involves identifying points on the real line, R', under
a reflection X ~ —X, with the half line X > 0 the fundamental region and X = 0 the
boundary (which is a fixed point). This orbifold has the property that applying the trans-
formation X — — X twice, returns the original coordinate, labelled using Zs. Alternatively,
one can obtain a two-dimensional cone as orbifolds in a similar fashion, labelled C/Zy, by
identifying points in the 2d (complex) plane, C, by images obtained by a rotation of 27 /N-
leading to fundamental domain which describes the surface of a cone, with the fixed point

(the origin) forming the tip of the cone. See for example [2, 108, 164] for more details.
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Spindles Another example of an orbifold is the ‘spindle’, WCP[n ]’ which describes a

‘weighted complex projective space’ - with weights (n_,ny).

These manifolds have the topology of a 2-sphere with addi- "+ W(CIP’[n ]
tional R?/Z,,_ orbifold singularities at the south/north poles,

with! n_ # n, and (n_,n.) relatively prime (or ‘coprime’)

positive integers - with? ged(n_,ny) = 1 [79]. These integers

define the ‘conical deficit angles’, ¢+, at each pole of the spin- V

dle, with the sphere recovered for ¢+ = 0 (and ne = 1)3. -

The conical deficit angle, ¢, describes the size of a sector removed from a 2d disc, with

the two leftover edges identified to form a cone. The bigger the value of pi, the more

narrow the cone becomes -with the conical singularity vanishing for ¢4 = 0, see Figure 1.6

2

Figure 1.6: The conical deficit angle, p1 € [0, 27), which can be written o1 = 27r<1 — —)

ni
for ny € [1,00). With ¢+ =0 (and ny = 1), there is no conical (orbifold) singularity.

In recent years, spindles have received a lot of attention within the context of the near
horizon limit of D branes wrapping them and their dual CFTs. Examples include [61-80].
As a consequence of the spindle within these solutions, they find rational quantization of
D-brane charge! This is a consequence of the rational nature of the Euler characteristic,

X E, of the spindle, calculated using the Chern-Gauss-Bonnet theorem, for ¥ = WCIP’[lnﬂM]

1
Q= /F— A ., AETZ, /Rgvol == +n+’ (1.5.4)
o n_ng n_n4

where Ry is the Ricci scalar of the spindle, with a general formula given in [165]. Note

g =2forn_ =n, = 1, recovering the CP'. The discussions in [62] and appendix A of [79]
are particularly interesting. Two new mechanisms for the preservation of supersymmetry
were classified in [62, 63], called ‘twist’ (a topological topological twist) and ‘anti-twist’.

Mathematics literature, such as [81-85] (and references within), proves very useful.

Higher dimensional analogues exist, with the four dimensional version, WCIP’[Ql 1,2]’ also
appearing in the literature - see [29, 86]. Both WCP! and WCP? play a role in Part II.

'n_ # ny describes a ‘bad’ orbifold (not covered by a manifold) with xz > 0 [81, 82]. Examples
requiring n— > n4 are discussed in [65, 66] - describing a ‘Besse’ spindle, see [81].
2Here ‘ged’ stands for ‘greatest common divisor’. Note some literature uses ‘hef’ for ‘highest common

factor’ - these are interchangeable terms. This condition leads to n— # ny for the spindle.
3If only n_ = 1, the spindle becomes the n-‘teardrop’, with only one orbifold singularity - see [82, 83]



Chapter 2

The Method Of G-Structures

Supersymmetric solutions of M-Theory or Type II supergravity must satisfy the necessary
supersymmetry conditions, usually given in terms of a spinor and metric, see for example
(1.1.26), as well as the Bianchi identities in each case. The technique of G-structures allows
one to recast these supersymmetry conditions in terms of non-spinorial and geometrical
objects - forms. In the G-structure analysis, we are interested in the internal space, so one

decomposes the metric into a ‘warp product’ of the external and internal components
ds? = e2Ad82(MinkD) +ds*(My), d=d- D, (2.0.1)

in which A is a function of the internal space, M g We will follow the convention of
using A= Aford= 11, and A = A for d = 10. This internal manifold, M j» 1s covered by
several coordinate systems (or ‘frames’), related to one another by coordinate changes called
‘Transition functions’ - generally in the group GL(J, R) of invertible matrices. One can then
define a subset of these transition functions, which now form a subgroup G C GL(dN, R),
as a ‘G-structure’ on M;. Hence, we are picking out a subset of frames, which are now
related to one another by the subgroup G. A G-structure is typically equivalent to a set of
invariant forms (J,2), but is also naturally defined by the stabilizer group of the spinor,
n, namely G = Stab(n) - the group of rotations that keep 7 invariant. This allows the

supersymmetry equations involving 1 to be recast in terms of these invariant forms [91].

As we have reviewed in the previous chapter, many supergravity solutions are known
with various AdSp1 factors (of D spatial dimensions). One can utilise the Poincaré patch

to express these solutions within this warped product formalism, as follows
ds*(AdSpy1) = €*Pds*(Minkp) + dp°. (2.0.2)

In the case of type Il supergravity, solutions with a general Mink p factor can be decomposed

into a ‘warped product’ geometry, which following the conventions of [99], takes the form

o1
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ds?y = e**ds?(Minkp) + ds®(My), (2.0.3)
F = g + e*vol(Minkp) A+ A(g'D), H = eP4Hs_p Avol(Minkp) + Hs,
with d = 10 — D. In order for the isometries of Minkp to be respected, the functions
(e24, H, g9, Hs_ p) and dilaton, ®, must only depend on the internal space M; coordi-

nates, y™ (with 4 =0, ..., D—1and m = D, ...,d). The only non trivial Hs_p is D = 1,2, 3.

We will focus our attention on the supersymmetry conditions of solutions with a Minky
factor. This presentation will be primarily aimed towards setting up the G-structure anal-
ysis for the d = 11 AdSs GM solution (1.4.9), derived in Part II. This class of solutions
describe a Minky x M7 background, with an SU(3) structure on My, and dimensionally
reduces to Minky x Mg backgrounds, with an SU(2) structure on Mg. We will review this
G-structure analysis more generally, before discussing the G-structure description of the
LLM solution explicitly. These are the results which derive the GM G-structure analysis
presented throughout Part II. The interested reader is directed to [29, 30, 91, 166—-170] for

more detailed and insightful discussions on the topic.

2.1 Mink,

In an M-Theory with Minky x M7, one has the following warp product
ds?, = A ds?(Minky) + ds?(Ms), (2.1.1)

where A is a function of the internal space, M7y, coordinates. We decompose the spinors on
the external/internal parts of the space, as € = ¥4 ® 04 + ¥_ ® _ (following the notation

of [30]) where 6 are 7 dimensional spinors, with 6, = 6*.
In the case of Mink, x Mg supergravity, one would have the warp product
ds?y = e2ds?(Minky) + ds?(Ms), (2.1.2)

with the function, A, and the field strengths depending only on the internal space coordi-

nates, Mg, where

F = g+ e*Vol(Minky) A xsA(g), H = Hs
Type IIA: g=Fy+ Fo + F, + Fg, )\(g) = Fy — F» + Fy — Fg, (213)
Type 1IB: g=F + F3 4+ F5, Mg) = Fy — F3 + F5.

The ten dimensional (real) gamma matrices, I'js, can now be decomposed in the following
manner

r,= eAfyu ®1, Tn=9%m, V5 = i70123, (2.1.4)
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such that v, are four dimensional and real, and ~,, are six dimensional and imaginary
(giving four Lorentzian and six Euclidean dimensions).

One can now decompose the spinors, (e!,2), on the internal and external components

of the warped product geometry. We recall from (1.1.7) that these spinors have (+,—)
and (+,+) chirality in ITA and IIB, respectively. The decomposition will take the general
form ¢ ® n, with ¢ living on Minks and 7 living on Mg. Here we are interested in N = 1

solutions in four dimensions, requiring four independent Killing spinors, leading to

Type ITA: e'(y) = @ni(y) + - @n(y), e(y) = @0 (y) + (- @0t (y),
Type IIB: d(y) = ¢ on(y) + ¢ @), (2.1.5)

for some generic constant (and automatically Weyl), (4, with the Majorana condition
e = ¢* satisfied for (_ = ({4)*, n(f) = ( f))* Hence, the N' = 1 solution is associated to

two internal spinors (nl,7n%). These will in general describe an SU(3) x SU(3) structure.

When plugging these decompositions back into the SUSY conditions given in (1.1.26),
one can factor out ¢ from the equations. This then leads to six fairly ugly equations in terms
of n2, given in [171]. Hence, the original supersymmetry conditions then split into two

parts: an algebraic part and a differential part (see for example [166] for a nice discussion)

e Algebraic part: This condition corresponds to the existence of a non-vanishing

and globally well defined Spinor, 7.

e Differential part: This corresponds to differential conditions on the spinor. In the

absence of flux, the six differential equations reduce to
Vune =0, (2.1.6)

with Vs the Levi-Civita connection. This is the Killing Spinor equation, and deter-
mines the amount of supersymmetry a solution has by the number of spinors which
satisfy the equation. The more supersymmetry, the more structure is required on
the manifold. The Killing spinors which satisfy the Killing spinor equation are then
rotated into each other by the R-symmetry of the theory.

One can now re-write these conditions in a more elegant manner, in the language of gen-
eralized complex geometry and differential forms. The algebraic and differential parts of

the supersymmetry conditions become
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e Algebraic part: This is a topological requirement on the manifold', and now implies
the existence of two nowhere vanishing, globally defined Clifford(6,6) pure spinors,
U, U

U, 577_1,_(2)773[, U_ Eni@?ﬁr. (2.1.7)

Using the Clifford map (1.1.29), these are equivalent to the sum of forms
V=) Uy, (2.1.8)
k

with k& even and odd for ¥, and W_, respectively.

e Differential part: The preservation of supersymmetry then imposes differential
conditions on the metric, derived from the Killing conditions via the Clifford map in

[166], for which the two pure spinors should satisfy

e AT (2470 0,) = 0, e AT (AT = dAAT + F, (2.1.9)
with an additional normalization requirement

dlal* = [b?dA, d]b]* = |a*dA,  where |a* =l"[]%, [b* = |[p*|]*. (2.1.10)

These equations are proven to be equivalent to the supersymmetric Killing condi-
tions, see [166, 171] for details, meaning they are considered necessary and sufficient
conditions for a supersymmetric solution. These conditions then contain the same
information as the supersymmetry variations given in (1.1.26) (and (2.1.6) in the ab-
sence of flux), and must be supplemented with the Bianchi identities and equations
of motion for the fluxes. The more supersymmetry a solution has, the more structure
is required on the manifold.

Writing this more schematically as in [98], we have

dg¥s =0, dpV, = Frp, (2.1.11)

Type [TA: U =0_, Uy =V, Type IIB: U =V, Uy =V_, (2.1.12)
with the conditions identical in form for type IIA and type IIB, under the exchange
Uy« W, Fi < Fp, (2.1.13)

which follows from Frp having an even form in ITA and an odd form in IIB. Clearly
the pure spinors must transform in essentially the same manner under T-Duality as

the Ramond fields (1.1.78), this will become important to us later.

!That T ® T* must have an SU(3) x SU(3) structure.
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2.2 Example Structures
We now summarise some key (and relevant) examples. See [91, 166, 169] for further details.

Having two spinors on Mg, n'2, describes an SU(3) x SU(3) structure. When n' and
n? are parallel, they describe an SU(3) structure - now defined by a single nowhere van-
ishing spinor 7 (which is covariantly constant in the case of a Calabi-Yau 3-fold). When

they are nowhere parallel, they define what is called a static SU(2) structure.

SU(3) Structure

An SU(3) structure on an Mg can be defined in three ways: via a metric and spinor
(9,m); a metric and a complex, decomposable and non-degenerate three-form (g,(2); or a
real two-form and the complex three-form (J,2). Hence there is a bijection between the

descriptions, notably (g,n) < (J, ).

In terms of the metric and the spinor, the differential condition (2.1.6) now read in
general (for non-zero flux)
Vi = 1qm¥7 1 + @ Gmn" 1, V7= g emmparsy (2.2.1)

defining some real valued ¢, and g, - see for example [166, 172, 173].
Using the ‘Fierz identities’, one gets the mapping
Qnp = =1 Vmnpl n- = (n4)" T = =i} Y-
The following conditions are necessary
JAQ =0, JAJ/\J:%'Q/\Q, (2.2.2)

with the positive definite metric defined as g = —JIq, and vol(Mg) = —5;J% = —ZQ A Q.

Here I, is an ‘Almost Complex Structure’ - that is, a tensor I with I? = —1. This
allows one to embed the GL(d/2,C) € GL(d,R). The stabilizer group is given as
follows

Stabgrar) (1) = GL(d/2,C), Stab(I) = O(d) N GL(d/2,C) = U(d/2),

so adding a metric on Mg means the stabilizer group of I is U(3). One then defines
J = glI, or alternatively, ¢ = —JI. To move to an SU(3) one requires a nowhere
vanishing holomorphic three-form Q, with Q — det(U)$ and det(U) = 1. See [91]

for further details.
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One can then build the normalized pure spinors, as follows
1 _, i
U, = @) = 3° i V_=n 0 = —§Q- (2.2.3)
The differential conditions then take the form

3
dJ = §Im(W19) + Wy NJ+ W3,
(2.2.4)

dQ=W1J? + Wy A J + W5 AQ,

where
(Qma an) <« Wi, (2.2.5)

that is, the exterior derivatives of (J,2) given in (2.2.4) contains the same information
as the covariant derivative of the spinor, 7, given in (2.2.1). Hence, in the SU(3) on Mg
case, the existence of the real two-form and complex three-form, (J, ), corresponds to
the algebraic condition (2.1.7), with the exterior derivative (2.2.4) corresponding to the
differential condition (2.1.9).

In (2.2.4), W; correspond to five ‘torsion classes’, which classify the geometry of the
manifold based on the ‘intrinsic torsion’ - see Table 3.1 of [167]. The intrinsic torsion is
then intimately linked with the flux. In the zero torsion case, for which all torsion classes

(and flux) are fixed to zero, one defines a Calabi-Yau 3-fold.

Finally, to generalize this discussion to an SU(3) structure on an M7, one must add a

real one-form, K, where
ds*(M7) = ds*(Mg) + K2, vol(My7) = vol(Ms) A K, (2.2.6)

so an SU(3) structure on an My is described by (J,Q, K). As we will soon discuss, this is
the case for both the d = 11 LLM and GM solutions.

SU(d) in d = even Structure

More generally, this is extended to SU(d/2) in d = even dimensions. Here the structure is
specified by a real 2-form J and a complex d/2 form, €2
d)2
ol d B 7 —
Q=FE'A..ANE2, J_2z:1E“/\E“, (2.2.7)
a=

a+d/2

where E“ is a holomorphic vielbein E* = e¢® + i e , and the metric is defined by

d/2
g=)Y E'E" (2.2.8)
a=1
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Hence, for an SU(3) structure on Mg, one has

3 .
ds*(Mg) = S E°E, O =E'ANE2AEP, J = %(ElAfl+E2/\EZ+E3AE3),
a=1
(2.2.9)
which then satisfies (2.2.2).

Another noteworthy example is an SU(2) structure on My, which by (2.2.7), is defined
by a real two-form, j, and complex two-form, w. The following necessary conditions are
then met

jANw=wAw=0, wAw=2jAj. (2.2.10)

To generalize to an SU(2) structure on an Mg, one must gain two additional dimensions.

Extending the approach of (2.2.6) by adding now a complex one-form, z, one has
ds*(Mg) = ds*(My) + 2%, z=u+iv, (2.2.11)

with v and v real one-forms.

The pure spinors are then constructed as follows

—_

U, = e AW, W= ée_ij Az (2.2.12)

oo

SU(3) x SU(3) Structure
In general, having two spinors, n''2, describing an SU(3) x SU(3) structure, we have
1 i} g 1 .
U, = 77_1|- ® niT = ge%mz A (ce™™ —iw), U_ = 77_1|r (X)n?f = —g(e_” +icw) A z.
(2.2.13)

The generalisations to (2.2.1) and (2.2.4) for an SU(3) x SU(3) structure can be found
in [166]. The differential conditions given in (2.1.11), written in the form outlined in [174],

now become

4A
dyUs =0,  dy(e *Re¥;) =0, dp(eATm¥y) = % w6 A9),
e3A—<I> "
3] = 9] = =, F = g+ e*Vol(Minky) A x6A(9), (2.2.14)

which, in a more schematic form, read

Nzl (RR#O): dH\IJQZO, dH\I/leRR,
(2.2.15)
N=2RR=0): dyUy=0, dg¥, =0,

with A/ = 2 vacua given when Frr = 0. See the discussion given in [166].
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In the case of type II backgrounds with an SU(3) x SU(3) structure, the (2.2.14)
conditions with the relation (2.1.13) can be seen as a ‘generalised mirror symmetry’. This

was first discussed in [171].

In [174], the (2.2.14) conditions were reformulated in the language of generalized com-
plex geometry, improving the formalism by eliminating the dependence on the Hodge star
(and hence the metric). For the purposes of the analysis conducted in this work however,
(2.2.14) will be sufficient.

To then specialise the pure spinors (2.2.13) to the SU(3) (2.2.3) and static SU(2)
(2.2.12) cases, one requires

J:j+%z/\2, Q=wAz, (2.2.16)

in the SU(3) case and ¢ = 0 (with ¥ — ¢ ¥) in the static SU(2) case. Using the SU(3)
pure spinors (2.2.3) reduces the pure spinor conditions (2.2.14) to differential conditions of
(J,€) more directly, as in (2.2.4).

2.2.1 An SU(3) structure on M;

We will now discuss the case of a Minky solution describing an SU(3) structure on an Mz,
for which

3
ds? = e2Ads?(Minky) + ds*(My), ds*(My) = Y E°E® + K>,
a=1
The necessary N’ = 1 G-Structure conditions were derived in [30] (see also [29]), defined
by a real two-form, J, a holomorphic three-form, €2, (giving an SU(3) structure on d = 6),
with an additional (orthogonal and unit normed) real one-form, K (to move to d = 7), as
follows X X X
d(e*'K) =0, d(e*J) = e %7 Gy,

) ) ) (2.2.17)
d(e*1Q) =0, AT N J) = 224G, A K,

where ¢4 and G4 live on M7, with (2.2.2). In a case without flux, they would clearly reduce
to three conditions, one for each of the three forms (J, 2, K). In addition to (2.2.17), one
must impose the Bianchi identities separately. The conditions (2.2.2) allow (J,2) to be

written in the manner outlined in (2.2.9), namely
O=FE'AE2AES, J:%(EIAE1+E2/\E2+E3/\F3),
where the complex vielbein, E“, is orthogonal to K (with a = 1,2, 3).

One can then utilise the Poincaré patch (2.0.2) to express an AdSs solution within

this formalism. Alternatively, one could use the AdSs G-structure conditions given in [29].
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However, the Minky conditions will be more convenient for the cases discussed in this work,
allowing for supersymmetric embeddings for objects extended along Mink, and orthogonal

to p.

Lin-Lunin-Maldacena (LLM)

A nice example of an SU(3) structure on an My is the LLM background (1.4.1), for which

we will now discuss the G-Structure formalism explicitly.

Using the Poincaré patch (2.0.2) along with (2.2.6) and (2.2.9), one can re-write the
LLM metric in the appropriate form

ds® = eQAdSQ(Mink4) + ds*(My), 24 _ y RgeZ(pH\)’
3
ds*(My) = E°E* + K* (2.2.18)
a=1

d,D
)i e [4 dp® + y’e~ds?(S%) + (dX + Aqdz®)® — —@; (dy2 +eP(ddf + d:f;%))] :

1 —y0,D

The complex vielbeins for this background were then presented in [31] (and typo corrected
in [175]), and read

[ —0y,D
K = kse 2040)g (eryyg) , FEi1= K3y | YT At3D <d§:1 —|—Z'di’2>,
Yy

By = k3 2040) g (ezpy(lh + iy2)) )

. 2 1
By= —mseX 2 A (dp + 50, Ddy +i(d + Aad:ea)>, (2.2.19)

/1 —=1y0,D

where y; are a set of embedding coordinates for a 2-sphere of unit radius, such that
ds*(S%) = dyf + dy3 + dy3, viF s+ ys =1,
where  y1 = cos¢sind, Yo = sin ¢ sin 6, y3 = cos . (2.2.20)

Hence, the coordinates on My are (p,y,Z1,%2,x) along with either (yi,y2,y3) or (0,¢)
(which define the S?).

The complex vielbeins given in (2.2.19) now define the G-structure forms (J,Q, K),
using (2.2.9), which are clearly charged under an SU(2)r x U(1)g R-symmetry. The
three-form has an overall phase of X coming from the form of E3, and charged under
X which spans the U(1)g component. One can then check the supersymmetry conditions

given in (2.2.17) are satisfied.
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A Mink, solution has minimal supersymmetry with four real supercharges, which gets
doubled by the SU(2)g R-symmetry, and doubled again by the U(1)g R-symmetry. This
then realises the 16 real supercharges of the N/ = 2 AdS; solution of LLM.

Making the coordinate transformations (1.4.4), such that an additional U(1) isometry
)

is imposed, the following modifications to (2.2.19) are required

) = [—8,D
V= —g& Ddj, B, =rsef |[—%
Y

T3P (dr+ z‘rdB), (2.2.21)

with diy A dio = 7dr A df and (1.4.6). The metric (1.4.5) is then built in the analogous
manner to (2.2.18) following this modification. One can now observe, from the results of E
and Fj3, the Q three-form defined in (2.2.9) now depends on the overall phase ¢ix+8) . One
can then conclude that it is in fact x + 5 = 1/; which corresponds to the U(1)r component
of the U(1)g x SU(2)r R-symmetry. Hence, in order to dimensionally reduce along /3
in a supersymmetry preserving manner, one must first transform y — y = 1/; — 3. The
solution now contains the two U(1) components, ¥ and 3, with ¢ corresponding to the U (1)
component of the R-symmetry - remaining unaffected by a B reduction. This line of analysis
will be extended to the GM solution in Part II, following an SL(3,R) transformation, and
will play a crucial role in keeping track of supersymmetry under dimensional reduction.
See [31] for further details.

2.2.2 An SU(2) structure on Mg - via dimensional reduction

When a solution with an SU(3) structure on M7 is dimensionally reduced along a U(1)
living along K (such that K — 0 under the reduction), the resulting theory will simply
describe an SU(3) structure on an Mg.

However, when the dimensional reduction is performed along a U(1) which lies strictly

outside K, the Mg of the resulting theory will now have an SU(2) structure, where

ds?, = e2Ads?(Minky) + ds?(Ms),

2 —
ds*(Mg) = Y E"E* + 2, z=u+iv. (2.2.22)

a=1

The G-structure analysis is then defined by a real two-form, j, and a holomorphic two-form,
w (defining an SU(2) structure on d = 4),

~1 9 . 7 1 —1 o =2
w=FE" NE* g:i(E ANE +E°ANE), (2.2.23)

satisfying (2.2.10), with an additional complex one-form, z (to move to d = 6).



CHAPTER 2. THE METHOD OF G-STRUCTURES 61

For a ITA solution, these forms can then be derived directly from the d = 11 G-structures

by the analogue of the reduction formula (1.1.72), given in [176], where

J=je 3% +e3PuA (dy + Cy), K=ve 32
(2.2.24)
Q:w/\(e_@u—i—i(d@b%-C’l)), z=u+1iv,

with e4 = eA+5® and ® the dilaton. This reduction formula is very useful, allowing one
to build the SU(2) pure spinors given in (2.2.12). However, it is worthwhile deriving the
G-structure description at the level of the complex vielbeins, which then allows one to
build both the d = 10 metric (2.2.22) and the forms (2.2.23). To do this, we can re-write
(2.2.24) using the analysis given in [176], in which the d = 10 metric takes the form

3 2
dsiy = > ds®(Minky) + Y (2)* + ) (¢)?, (2.2.25)
=1 7=1
with the definitions
j=h'ARZ et né?, w= (At +ik®) A (&' +ie?), z=h>+ie>,  (2.2.26)
leading to
Q = e (R + ih?) A (&1 +ie2) A (e*‘biﬁ + i(dyp + Cl)>, K = &% 3%, ( |
2.2.27
J=e 3R ARZ 461 A6%) + e3%R3 A (dyp + CY).

One can now directly compare (2.2.9) and (2.2.27). In the following result, we pick Es to
include the overall phase (including contributions from E; and E3), along with ¢+ and

any overall sign of F3. We then find

E' = e*%q}(ﬁl +ih?) = e 3R, E? = e*%@eié*(é1 +ié?) = e*%q)eiéJFEQ,
, . (2.2.28)
E? =e3® (e*q}h?’ +i(dy + Cl)).

Finally, we can now derive the IIA complex vielbeins directly from their d = 11 equivalent

~ ~

Bl= iRl B =eite B = (T EPEi(dy+ C1)) +ieiUK, (22.29)

from which one can build the metric and G-structure forms. Of course, in practice, the

reduction formula (2.2.24) is the easiest and most direct approach to derive (j,w, 2).

Once the G-structure forms are calculated, for a solution with an SU(2) structure on

Mg, one is free to construct the SU(2) pure spinors from (2.2.12), namely
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which when expanded, take the more practically convenient form

1 1
\I/+:§(1+§z/\2>/\w,

] 1 1 1 ] 1
w,:ém (1—ij—§j/\j) zg[u/\jv/\ (12j/\j)} +§ [u/\ (1—§j/\j) +u/\g},
(2.2.30)
with the real and imaginary parts of ¥_ made clear. Now, for the preservation of N' =1
SUSY, the differential conditions on the metric (2.2.14) must be satisfied, which can be

re-written as follows

dp (347%W,) =0, (2.2.31a)

dpr (24 PRel;) = 0, (2.2.31b)
e4A

dp (e~ %Imv,) = —~ 6 A9), (2.2.31c)

where (A, ®, H,g) are all functions of the Mg coordinates exclusively, with g the total
internal RR flux.

In the case of a type IIA solution, ¥; = ¥_, Wy = WU, and \(g) = Fy — F» + Fy — Fg.
From (2.1.3), one has e*4voly A 6A(g) = Fg + Fy + Fio, allowing (2.2.31c) to be rewritten

in the following way
Fo + Fs + Fip = 8vol(Minky) A dp, (e*4~*Tm¥_),
=03+ Cr+Cy=38 e4A_¢vol(Mink4) ANImW_,
= Oy = 8~ %vol(Minky) AIm¥_,_,, (2.2.32)

which then derives the potential for the higher form fluxes directly from the G-structure

analysis, where W _ is the (m — 4)-form part of ¥_. We will see in Section 2.3 that this

m—4
result also becomes very useful in investigating the supersymmetry of D-brane sources.

In Appendix B.4.1, we demonstrate that under an ATD to type IIB, the differential
conditions (2.2.31) remain intact. In the IIB case however, recalling the arguments given
in (2.1.12) and (2.1.13), one now requires ¥; = ¥, Wy = W_ to account for the opposite
dimensionality of the total RR flux.

We now write the higher form fluxes in general

Cyn = 8447 24/8v0l(Minky) A Im¥y (2.2.33)

m—47?

4 1s the (m — 4)-form part of Wy, with ¥; = W_ in ITA (with ® 4 the dilaton)
and Uy = ¥, in IIB (with ®5 the dilaton).

where Wy
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2.3 Calibrations

In addition to determining the level of supersymmetry preservation of a solution, G struc-
tures provide tools to establish whether there is a supersymmetric embedding of the back-
ground sources. The sources of interest are D-branes, which have the action, Sp,, given in
(1.1.36). It was shown in [171] that the A" = 1 supersymmetry conditions given in (2.2.31)
can be interpreted as a calibration condition for a D-brane, which then provides important
information into both the stability and geometry of the brane. Such an interpretation then

allows for stability investigations into both SUSY and non-SUSY solutions.

2.3.1 Supersymmetric D-branes

In this subsection, we will review supersymmetric D-brane configurations living on /' = 1

backgrounds of Minky x Mg warped product geometry with general NSNS and RR fields.

The supersymmetry conditions for a D-brane are obtained from k-symmetry con-
straints, and were re-written in terms of generalised calibrations in [177, 178], which were in

turn elegantly expressed in terms of the pure spinors W4 in [171]. See also [168, 179-181].

The notion of a ‘generalised calibration’ is that it should minimise the energy of the Dp-
brane, which may not necessarily match the volume which the brane wraps. A generalised

calibration is defined as a sum of forms of varying degree, satisfying
@=) b, (2.3.1)
k

such that, for some Dp-brane with energy density (3, F), characterised by the cycle over
which it wraps, 3, and the worldvolume field strength, 7, defined in (1.1.36), one has?

Ols Aet < EZ,F). (2.3.2)
The Dp-brane is then considered ‘calibrated’ by w if
Oy ne = E(2, F), (2.3.3)

which is a minimum energy bound, and under continuous deformations, can be viewed as
a stability condition. The energy density then corresponds to the contribution from the
DBI action [171],

(X, F) =et72/det(g + F)|s. (2.3.4)

One can consider a static supersymmetric Dp-branes which span four, three or two of

the external Mink, directions - corresponding to a space-filling, domain wall or string

2noting that some referenced literature use LD\E A e’ due to their alternative definition of the twisted

exterior derivative dg =d + HA.
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configuration in the external space. The D-branes then must wrap some ¥,,1_4 cycle in
the internal manifold, Mg, with ¢ = 4, 3,2, in the three cases respectively. This cycle must
then be a calibrated generalised sub-manifold for the D-brane to be supersymmetric (BPS).

The generalised calibration in each case takes the form

GPW — geBA-ty, (2.3.5a)
3ring — ge?A~PRew (2.3.5b)
o = £8e42Imy, (2.3.5¢)

with the following differential conditions

dp (P =0, domain-wall BPSness (2.3.6a)
dp (5trn9) = 0, D-string BPSness (2.3.6b)
d (@) = e*F,  gauge BPSness (2.3.6¢)

where £ differentiates between branes and anti-branes. See [171] for further details. These
results are in fact equivalent to the supersymmetry conditions (2.2.31), which should now
be physically interpreted as generalised calibration conditions for each of the allowed con-
figurations of a supersymmetric D-brane. Hence, following [46], the three supersymmetry

conditions correspond to domain-wall, D-string and gauge BPSness.

In the case of a Dp-brane extended in Minky, such that it wraps some X,_3 cycle, the

calibration condition (2.3.3) reads

= tA-2 det(g + F)

Y3

(cal)

cal
wge (cal)

dP3w, Uy, = +8¢* P ImWy e, (2.3.7)
Spos

which recalling the result for the higher form fluxes (2.2.32), one has the relation

vol (Minky) A W52 — 48~ Pvol(Minky) AlmWy Ae |5y, = +C|p, Ae™7, (2.3.8)

Spo3

which is equivalent to the integrand of the (negative) Wess-Zumino action given in (1.1.36).

In addition, from the calibration condition (2.3.7), one has

=P\ /det(g + F)|  vol(Minky) AdP 3w = e~® /det(g|p, +F) d"w,
p—3 Yp-3
! (2.3.9)

which in turn is equivalent to the integrand of the DBI action. Hence, from the form of

vol (Mink ) AW

D-brane action (1.1.36), one can see that the calibration condition leads to

e ®, /det(g|p,+F) APty = +C|p, A e 7, = Spp = Sper + Swz =0, (2.3.10)

which then corresponds to a minimum energy D-brane. Hence, a supersymmetric embed-

ding of a D-brane implies that it has minimum energy - but the converse is not true.
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2.3.2 Supersymmetry Breaking

The N = 1 G-structure approach can be extended to consider more general N’ = 0 Type
IT supergravity solutions, for which the supersymmetry is broken in a controllable manner
by switching on some parameter (which can lead to ‘no-scale’ supersymmetry breaking -
see [182]). In practice, this approach proves very useful as finding non-supersymmetric
solutions directly is a very difficult task. The N' = 1 supersymmetry conditions (2.2.31)
should then be modified by additional terms which include this SUSY-breaking parameter
as an overall factor - hence recovering the original N' = 1 conditions when the parameter is
switched off. As we have just reviewed however, these N'= 1 conditions have the physical
interpretation as calibration conditions for a supersymmetric D-brane - with a domain-
wall, string or space-filling configuration in the external space, respectively. Hence, the
additional terms will then be referred to as domain-wall (DWSB), string-like (SSB) or
space-filling (SFSB) supersymmetry breaking, depending on which of the three conditions
(2.3.6) they effect. This will only be a very brief summary of some key results, the reader

is pointed towards [46-51, 96] for more detailed and rigorous analysis.

DWSB

In DWSB, the differential conditions (2.3.6) and (2.2.31) will now have the following mod-

ification
dpr (OPV) = dp (8¢*4~®Wy) = {SUSY-breaking terms}. domain-wall (non)-BPSness

An example of a DWSB solution with a single supersymmetry-breaking parameter was
studied in [46], along with a more general deformation which they include in an appendix.
They present the SUSY-breaking modification to the Killing spinor equation, along with
corresponding DWSB modification to the pure spinor conditions. After some manipulation,

the supersymmetry conditions (2.2.31) have the following modification®,

dp (420, = %j, (2.3.11a)
dp(e*A~PReW)) = 0, (2.3.11b)
€4A
dp (e~ 2Imv,) = — *6 A9), (2.3.11c)
where r is a supersymmetry-breaking parameter, and
v/det
j=4(—1)¥lg3A-2 ctgls e’ A A(dvol ), (2.3.12)
det (g2 + F)

where volg = voly A vol |, with vol; the volume form of the space orthogonal to the X

cycle. Here j is interpreted geometrically as a (smeared) generalised current associated

Swith U — %W and H — —H to match their convention
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with the sources of the background, and r has been chosen such that the right hand side

is dg closed.

SSB

In the SSB case, the modification will now take the form
dp (1 9) = dp; (8e*A~®*ReW;) = {SUSY-breaking terms}. D-string (non)-BPSness

An example of a SSB solution was given in [47] for type ITA, where they claim that imposing
the Bianchi identities and a particular consistency condition on H, only (2.2.31a) and
(2.2.31c) are required to satisfy the equations of motion. As an example, (2.2.31) can be

modified in the following way

dp(e3472W,) = 0, (2.3.13a)

dp (e ~PRel) = geGA_M’vol(MG), (2.3.13b)
64A

dp (e*~Imv,) = — *6 A9); (2.3.13¢)

which includes a supersymmetry-breaking parameter, ¢, in (2.3.13b). This example can
stem from a non-supersymmetric modification to the Imamura class [183] (describing a
D6-D8-NS5 system) via two T-dualities, and involves adding new supersymmetry-breaking
terms to H. The analogue of (2.3.13) is also given for the non-supersymmetric Imamura
class in [47], for which e8472%vol(Mg) — 34~2Pvol(My).

In [48], a similar approach was taken as the DWSB analysis of [46], which then leads
to the following modification to (2.3.13)

- Am o - e omy . Qm
dp (24~ PReW;) = ?m[,y j+ (=1)bljym) = dey A 7, (2.3.14)

where a,, are real supersymmetry-breaking parameters.

The case in which both the DWSB and SSB conditions are broken was studied in [48]
for which (2.3.11) is combined with (2.3.14).

SFSB

In Part II of this work, we will derive multiple-parameter families of N’ = 0 type ITA and
type IIB solutions, which enhance to N' = 2 and N’ = 1 via appropriate choice of SUSY-
breaking parameters. These new solutions will in fact break all three supersymmetry
conditions, and provide the first explicit example of solutions which have SFSB controlled

by a parameter.
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Overview

Our attention will now turn to deriving new multi-parameter families of NV = 0 type
ITA and type IIB AdSs solutions, which enhance to one-parameter A/ = 1 backgrounds
(with four Poincaré SUSYs) in some special cases. In the type IIA backgrounds, there
is an additional N/ = 2 solution (with eight Poincaré SUSYs), which corresponds to the
Gaiotto-Maldacena class [26] (reviewed in Section 1.4.3). The full (two-parameter) type IIA
solution then represents SUSY breaking deformations of GM, reducing to the background
when both parameters are fixed to zero. The derivation of these solution stem from a -
dimensional reduction of the d = 11 GM solutions (reviewed in Section 1.4.2), following an
SL(3,R) transformation amongst the three U(1) directions of the background. Performing
dimensional reductions along the two alternative U(1) directions then lead to additional
two-parameter N' = 0 solutions, which at best enhance to N/ = 1. A subsequent ATD to
type IIB can then be performed in all cases, deriving new three-parameter solutions, for

which the N/ = 2 supersymmetry is necessarily broken under the ATD.

Following careful investigations at the boundary, we find that the spindle (along with
its higher dimensional analogue) plays a central role in the type ITA analysis - giving rise to
rational quantization of D-brane charge. In type IIB, some solutions also contain orbifold
singularities, but with a less clear physical interpretation. In fact, as a consequence of
T-dualising within the spindle-like orbifold, the quantization of charge simply becomes a
remnant of the ITA solution, and is now disconnected from the orbifold nature of the metric
(which can be broken under T-duality). Consequently, for certain type IIB solutions, one

finds integer (and rational) quantization with (and without) an orbifold structure.

Central to our supersymmetry analysis is the method of G-structures, with the AV =1
analysis presented explicitly in both ITA and IIB. We also include some discussion on the
breaking of the G-structure conditions, and include the explicit G-structure forms for both

the two-parameter type IIA and three-parameter type I1IB solutions.

Calculations of the holographic central charge, in both the type IIA and type IIB, then
demonstrate that all SUSY-breaking parameters drop out neatly - reproducing (1.4.31).
One can then consider these multi-parameter families as dual descriptions of marginal
deformations of the ‘parent’ N =2 CFT (holographically dual to the original GM class).
A field theory discussion of the dual CFTs is then included.

These backgrounds have similarities with the - deformed solutions of Nunez, Roy-
chowdhury, Speziali and Zacarfas (NRSZ) [90], re-deriving their IIB solution as a sub-class
of our results. This thesis then closes by presenting G-structure analysis for these solutions
- uncovering that the IIB solution preserves N/ = 1 supersymmetry when v = —1, whilst

in M-Theory and type ITA, the supersymmetry is broken completely for all values of ~.



Chapter 3
Set-up

In this chapter, we return to the N' = 2 Gaiotto-Maldacena system, presenting the G-
structure and calibration forms as new results (in both M-Theory and type IIA). In ad-
dition, SUSY preserving probes are studied, along with careful investigation of the Page
charges and the behaviour at the boundaries. This sets up the analysis presented in the
remaining chapters - dedicated to the type IIA, type IIB and M-theory deformations.
Throughout our investigations, the definitions of the eight warp factors f;, given in (1.4.11),

will remain consistent.

3.1 G-Structure description of GM in d = 11

In order to keep track of SUSY under the various deformations uncovered in the upcoming

chapters, it proves fruitful to derive the G-structure description of the original GM class.

We begin by recalling the form of the GM class (1.4.9), namely
2 2(A 2/aq2 2 2 2 2 o
dsi; = f1|4ds*(AdSs) + fods®(S) + fsdx® + fa(do® + dn®) + f5(dB + fedx) |, fi = filn,0),

Ay = ( Fady + fgdﬁ) Avol(S?),  ds*(S?) = d? +sin®0d¢?,  vol(S?) = sin 0dO A de.

The three U(1) directions, (8, x, ¢), will give rise to the SUSY breaking deformations,

following an SL(3,R) transformation. We will return to this in the next section.

As in the LLM class of solutions, reviewed in sections 1.4.1 and 2.2.1, the GM back-
grounds describe an SU(3) structure on an My7. Hence, the description will be analogous
to the LLM case, in which the N/ = 1 G-Structure conditions are defined in terms of a real
two-form, J, a holomorphic three-form, Q (giving an SU(3) structure on d = 6), with an

additional (orthogonal and unit normed) real one-form, K (to move to d = 7). We recall

69
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from Section 2.2.1, the G-Structure conditions then read

A K) =0, dA0) =0, dA) = s Gy, AT AT) = —282AG N K,
where Q=FE'AE?AE?, J:%(El/\E1+E2/\F2+E3/\F3),

with the complex vielbein, £, orthogonal to K (with a = 1,2, 3), and recalling eA and Gy
span M7. The Bianchi identities are then imposed separately.

In order to express the GM background in this formalism, we utilise the Poincaré patch
(2.0.2), leading to

ds® = eQAdSQ(Minlq) + ds?*(My), e2A = 4f1e%, (3.1.1)
3
ds*(My) =Y E°E° + K* = f1|4dp® + fods*(S?) + fadx® + fa(do® + dn?) + f5(dB + fodx)?|,
a=1

where we now need to derive the appropriate K and complex vielbein E* which satisfies
these conditions. To do this, we simply utilise the Backlund transformation to derive the
GM G-Structure forms from the LLM results reviewed in (2.2.19) and (2.2.21), giving

x reduction frame

Ke 2P : fif: / .
K = T d(cos 0e*PV), E, = /fg:_?’}cg <d(V)—zd6),

i . 3 1 ~2p .
E, = ef— |:/€ e~ 2Pd(sin 0e*PV) +i f2 f7 sin 0d¢} = %d(esze“z’ sin 0), (3.1.2)
1 1

Es = —eiX\/f1f5(f62 + jzi)

which are in a frame corresponding to a dimensional reduction along y - which can be seen
directly from E3 using the reduction formula (1.1.72), where ¢» = x, C1 = fs ( fe+ %)_ldﬁ
and e3%114 = fifs(f3 + %)

B V// . ) f6
dp 7(‘.//)2 - VV”d(V) +1 <dx + 7 ;;dﬁ)] ,

As in the LLM solutions, we can now read off the U(1)g component of the SU(2)r X
U(1)r R-symmetry directly from the overall phase of 2, namely

Ulr=x+0¢. (3.1.3)
This is a significant advantage of deriving the G-Structure description, and will allow us

to keep track of supersymmetry under dimensional reduction and T-duality.

Given that the background has three U(1) directions (3, x, ¢) one could dimensionally
reduce along each direction in turn. However, as it stands, a dimensional reduction along

either x or ¢ would break the U(1)r component of the R-symmetry, and consequently break
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the supersymmetry. Hence, the only KK reduction which will preserve any supersymmetry

is a dimensional reduction along (3, which derives the A/ = 2 GM solution of Section 1.4.3.

As it stands, the complex vielbeins given in (3.1.2) correspond to a x reduction frame.
In order to derive the G-Structure description of the N/ = 2 Type ITA solution, we must
first perform an appropriate frame rotation to a new set of vielbeins which corresponds to

a [ reduction frame. We discuss this in a more general fashion following the next section.

As we will now discuss, further possibilities emerge by performing an SL(3,R) trans-
formation prior to reduction, including additional A' = 1 Type ITA and Type IIB solutions

(however no other N' = 2 solutions can be derived by this approach).

3.2 SL(3,R) Transformation

The GM class of solutions can be dimensionally reduced to Type IIA in a more general man-
ner to reduction of Section 1.4.3, by first performing the following SL(3,R) transformation
amongst the three U(1) directions of the background (3, x, ¢),

dBg — adx +bdp + cdo, dx = pdx +qdB +mde, d¢ — sdx +vdp + udo,
p g m
a b ¢ |=plbu—wvec)—qlau — sc) +m(av — sb) = 1.
s v ow

(3.2.1)
We restrict the GL(3,R) transformation to SL(3,R) (with determinant equal to one) in
order to preserve the scale of the background. The nine transformation parameters can then
be reduced, without loss of generality, to three free parameters (corresponding to the three
U(1) directions being mixed). The choice of these remaining parameters provide options
when reducing to Type ITA. However, in order to preserve the periodicity of (8, x, ¢), these
parameters must be integer valued - hence describing an SL(3,7Z) transformation. For our
purposes, we fix (p,b,u) = 1 by trivially absorbing them into the definitions of (x, 3, ¢),
respectively. This avoids re-defining the three U(1) directions amongst themselves, and
immediately eliminates three of the nine parameters. There can be some utility in choosing
different values for these parameters however, which is briefly discussed in sections 3.3.1

and 5.2 - hence, it can be beneficial to perform the analysis in full generality first.

The U(1) component of the SU(2)r x U(1)r R-symmetry now generalises to

UbDr=x+¢—=>@+s)x+(+v)8+(m+u)e, (3.2.2)
which, after fixing (p, b, u) = 1, becomes

UDr=0+s)x+(qg+v)f+ (m+1)o, (3.2.3)
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opening up additional possibilities to preserve supersymmetry under reduction.

In the case of the  reduction, one can now preserve the U(1)r component by fixing
v = —q. It is clear however, from (1.4.10) and (3.2.1), that the S? (and hence the SU(2)r
component of the R-symmetry) will be broken under reduction for v # 0. Hence, when v =
—q = 0, one re-derives the N' = 2 TIA solution with a U(1)g x SU(2)r R-symmetry, when
v = —q # 0, one derives a family of N’ = 1 ITA solutions with a U(1)z R-symmetry, and

for all other values of (v, q), one derives N’ = 0 IIA solutions, with broken supersymmetry.

In the case of the x and ¢ reductions, in order to preserve the U(1)r component given
in (3.2.3), things are a little less general. This is a consequence of the U(1)g being x + ¢
prior to transformation. Nevertheless, the SL(3,R) transformation has opened up the
possibility to preserve the U(1)g under x and ¢ reductions, by fixing s = —1 and m = —1,
respectively. Once again, from (1.4.10) and (3.2.1), it is clear that these two conditions in
fact break the S? (and the SU(2)r component of the R-symmetry) in each case. That is,
in the case of a x and ¢ reduction, the condition to preserve the U(1)z component of the
R-symmetry necessarily breaks the SU(2)r component, so the most supersymmetry one

can preserve under these reductions is NV = 1.

The U(1)g in (3.2.3) also provides vital insight into the preservation of supersymmetry
under a subsequent abelian T-duality to Type IIB. For example, in the 8 reduction case,
fixing v = —q will preserve the U(1)r component under dimensional reduction - with either
Ulr=(14s)x+¢orU(l)g =x+ (m+1)¢ (depending on the third free parameter we
choose). For instance, in this first example, we can preserve the U(1)r R-symmetry under
an ATD along x by fixing s = —1. As in the y reduction case, fixing s = —1 necessarily
breaks the S? (and the SU(2)z component), so we would derive an ' = 1 IIB solution with
aU(1)gr = ¢ R-symmetry. Analogous arguments indeed hold for the second example, along
with the x and ¢ reductions. This means that the most supersymmetry we can preserve
for a IIB solution is N' = 1, as the SU(2)g component of the R-symmetry is necessarily
broken either by the dimensional reduction to ITA or by the abelian T-duality to I1B.

When deriving the these IIA and IIB daughter solutions, we will require the new form
for As (1.4.9), which when expanded in full generality, reads

As = siné ((up — sm) fr + (ua — sc)f8>dx Adb A d (3.2.4)

+ siné <<(vp —sq)fr+ (va — sb)f8>dx + ((vm —uq) fr+ (ve — ub)fg) dqﬁ) AdO A dS.

We will investigate all these backgrounds in further detail in the next chapter, but in
order to derive the ITA G-structure descriptions for each of the SUSY preserved (and SUSY
broken) backgrounds, we will first need to rotate our complex vielbeins in (3.1.2) to the

appropriate reduction frames in each case. This is the focus of the next section.
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3.3 Frame rotation of G-Structure forms

In Section 3.1, the G-Structure description for the GM class of solutions was presented,
in a form corresponding to the y reduction frame. We now need to rotate these forms to
a reduction frame which accounts for the SL(3,R) transformations being performed. It
proves useful to do this in the most general fashion, in terms of all nine transformation
parameters, allowing one to easily restrict to the particular reduction frames of interest by

simply fixing these parameters appropriately.

We begin by performing the SL(3, R) transformations (3.2.1) on the GM metric (1.4.9)

before re-writing it in the following manner (for a dimensional reduction along ¢3)

ds?, = f1|4ds*(AdSs) + fodb® + f4(do® + dnﬂ n ffe—%q’mds; + e%%m(dgbg + C.g,dd1 + Cy g,db2)?,

1h 2 1h2
ds3 = hg,dp? + hg,dds + hy,s,ddrdds = hy, <d<;51 + QIZ@dqu) + <h¢2 - 42;@) dé2,
1 1

Cl,dh’ - Cl,¢i(77707 6)7 h¢i - h¢i (77707 9)7 h’¢1¢2 - h¢>1¢2 (777 g, 6)7 (3'3'1)

with (¢1, @2, ¢3) representing any arrangement of (5, x, ¢) as required. This then derives
the corresponding (hg,, gy, R pss C1,e15 Cl,g,) in each case. The G-Structure forms for the
GM background then read in general

Ke 2P

K=

d(cos 0e*V),

1h
Er = fie 3%/ [blda + bodn + bydp + badf — i(dqﬁl + 22’1‘1’%@)] :
¢1

- 1 h?
By = ¢ [bg)da + bgdn + brdp + bgdf + i fre~ 5y [ hy, — 4;:1¢2d¢2] :
b1

2
eﬁcb

Vi

bi = b;(n,0,0), p=sx+vB+ug, X=px+qB+mg, (3.3.2)

E3 = —+/ f1e'X |byda + biodn + b11dp + biadf + i

(dg3 + Crg,dep1 + C1,¢2d¢2)] ,

where (b1, .., bi2) are functions which must be derived.

We will now outline a method to derive these twelve functions for each reduction frame.
This approach is motivated by observing in (3.3.1) that K remains untouched under the
rotation of frames, as it is independent of (53, x,¢). Hence, in order to satisfy all four
G-structure conditions in (2.2.17), there is a requirement on J to remain intact under a
frame rotation. By performing the SL(3,R) transformation (3.2.1) on the original forms

for the x reduction frame (3.1.2), and enforcing that this J matches the one defined by
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(3.3.2), expressions for (by,.., bi2) are easily derived using Mathematica. This procedure
must be repeated for each arrangement of (¢1, @2, ¢3), giving a separate set of functions
for each. Hence, there are two sets of equivalent vielbeins for each U(1) being reduced -
which should both define the same (J, 2) and metric. These sets of functions, in their most

general form, then depend on the nine SL(3,R) parameters and the derivatives of V'(n, o).

This framework is general enough to easily derive the G-Structure forms for all reduc-
tion frames of interest, including those leading to N’ = 1 Type ITA and Type IIB solutions,
by simply picking the transformation parameters appropriately. We can then verify the
preservation of supersymmetry in the daughter solutions by deriving the IIA G-Structure
results directly from the d = 11 description, as outlined in Section 2.2.2. For the IIB
solutions, the G-Structure description will be derived in turn from the ITA description, fol-
lowing an appropriate T-duality of the results. If the corresponding G-Structure conditions
are satisfied in each case, supersymmetry is of course preserved. In the cases where the
conditions are broken, interesting insight can be gained into the breaking of supersymme-
try, as we outlined in Section 2.3.2. Hence, the G structure analysis can be of interest even

when supersymmetry is broken!

As we go through the remaining chapters, we will require multiple sets of the complex
vielbeins, corresponding to the different solutions being investigated. These can be quite
cumbersome, including some non-zero transformation parameters, so we will refrain from
presenting them until they are required. We will however move onto to discuss the non-
deformed reduction frames, with no SL(3,R) transformations taking place. In these cases,

only the 8 reduction will preserve any SUSY, deriving the GM solution of Section 1.4.3.

3.3.1 The non-deformed reduction frames

To derive the G-structure forms corresponding to the S reduction frame, we could choose
(f1,02,03) = (X, P, ). One must then specify the relevant values of the nine SL(3,R)
parameters. In the case of a simple frame rotation, with no SL(3,R) transformation, we
simply fix (p, b, u) = 1 with all other parameters set to zero. The resulting set of complex

vielbeins then correspond to the 8 reduction frame, deriving the IIA N = 2 solution,

8 reduction frame

—2p . 1
K=" d(cos 8e*PV), Er=—\Vfifs (da—l—dp—l—idx),
1 o
ei¢ . 3 1 ,Lq/e_Qp .o
Ey = = [m e~ 2d(sin 0e* V) +i f2 f7 sin Gdgb} = Td(e2pVeZ¢ sin 9), (3.3.3)
1 1

)

. 1.V .
By = —X\/fifs [ — Jfado = V"dn + fodp+i(dB + fodx)
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where, using this new form of Fs3 along with (1.1.72), we now have ¢ = 8, C; = fgdx and
e3%r1a — f1fs (which matches the background of Section 1.4.3). Notice that K and Fs
are the same for both (3.1.2) and (3.3.3). This is because they are independent of (53, x)
and so remain untouched by the frame rotation. In addition, from the conditions given in

(2.2.9) and (3.1.1), it is easy to verify that the following necessary relations indeed hold

ElAEl+E3AE3 :El/\él—l-Eg/\E:’g,
FEi1 A Es = Ej A Es, (3.3.4)
E\E\ + E3Fs = E\By + Esézs,

where E; and E; are the vielbeins given in (3.1.2) and (3.3.3), respectively.

For a rotation to the ¢ reduction frame, K is of course independent of ¢, but the Fs
(in (3.1.2) and (3.3.3)) does indeed depend on ¢. However, as it turns out, this E has the
appropriate form for the E3 of the ¢ reduction (with C; = 0). Hence, by simply relabelling
the vielbeins, our Fy now becomes the E3 of the ¢ reduction frame. The (E1, E2) are then
simply the (Ep, E3) from either (3.1.2) or (3.3.3) (satisfying the conditions in (3.3.4)). In
this case, we then find ¢ = ¢, C7 = 0 and e3P — fif2sin? 6. Alternatively, one can re-
derive these vielbeins directly from (3.3.2) (with (p,b,u) = 1 and all other parameters set
to zero). Picking (¢1, ¢2, ¢3) = (X, 5, ¢) and (o1, ¢2, ¢3) = (5, X, ¢) re-derives (3.1.2) and
(3.3.3), respectively (up to re-labelling). From (3.3.4), both sets of vielbeins are equivalent

- defining the same metric and forms, (J,Q) .

In the case of the x reduction frame, to re-derive (3.1.2), we simply pick (¢1, ¢2, ¢3) =
(B, ¢,x) with (p,b,u) = 1 and all other parameters zero. Alternatively, one can in fact
derive the x reduction forms (up to EFy — —E5) from the general § reduction results
by utilising the SL(3,R) transformation appropriately, fixing (a,q) = 1,u = —1 with all
others set to zero. From the determinant in (3.2.1), this now requires gau = —1. Hence,
in this case, we have made the transformations f — x, x — 5, ¢ — —¢. This is an
additional advantage of performing the frame rotations in full generality, in terms of all

nine parameters.

Before moving onto study the numerous IIA and IIB solutions derived following an
SL(3,R) transformation, it will prove instructive to first investigate the G-structure de-
scription for the daughter ITA solutions using the set of non-deformed reduction vielbeins
just presented. As we have already discussed, in the S reduction case of (3.3.3), one de-
rives the N' = 2 Type IIA GM solution. In the case of the y and ¢ reduction frames, we
instead derive N' = 0 solutions - we will refrain from presenting these result here, but the

calculation follows in an identical manner to the following sub-section.
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3.4 Returning to the Type ITA N = 2 solution

Armed with the knowledge of the previous section, where the G-structure description for
the GM class in d = 11 was derived, we can perform some preliminary investigations into
the non-deformed dimensional reductions (prior to an SL(3,R) transformation). Recall
the GM solution from Section 1.4.3

3 1
dsiy = f7 f2 |4ds*(AdSs) + fods®(S?) + fa(do? + dn®) + fzdx?|,

e3® = fifs, Hs=dfs Avol(S?), Cy= fedy, Cs= frdy Avol(S?).

We begin by deriving the G-structure description of this ITA solution, before performing
investigations into the boundary of this background. This analysis will lay the foundations
for later discussions into the more general multi-parameter families of solutions, following
an SL(3,R) transformation.

3.4.1 G-Structure description

Using the d = 11 G-structure forms defined by (2.2.9) and (3.3.3), along with the reduction
formula (2.2.24), it is straightforward to derive the following SU(2) structure forms for this
background

f3V’
4o

13 :
v= me_2pf54 fi*d (erV coS 0) , u = (f1f5)% ( do +V"dn — fﬁdp> ,

_3 o ,
w = —2r%f] 26_3pd<62”V€Z¢ sined(e’Xe”U)),

3 1 1
243 ~3,—4p .
j= me_pal (ePo) Ndx + mw?ii;d(e‘lp sin OV2) A dop, (3.4.1)
o
which are charged under SU(2)r x U(1)g. In addition, we can construct the complex
vielbeins from (2.2.29), (3.3.3) and e3® = f1fs, leading to

1

R 3 1 1/1
E' = es®E' = — i fa 2 <Uda +dp + z’dx),

1 A _3
E2 — €§¢€—29+E2 = _k fl 4

1 . o
I3 e_zpelxd<62pVe’¢ sin 9) ) (3.4.2)
which re-derive the above (j,w) via (2.2.23), and define the metric in the following manner

aq X ey & A 3 1
ds%o = eZAdsz(Mink4) + E'E' 4+ E?E? + u? + 2, e2A — 2A+5® _ Af2f2 e,

By constructing the pure spinors (2.2.12), one can now verify the SUSY conditions (2.2.31)
are indeed satisfied. In addition, using (2.2.30), (2.2.32) and (3.4.1), one can easily derive
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the higher form fluxes directly from the G-structure description:

1
Cs = e~ Pyvol(Minky) Au, C7 = e*~Pvol(Minky) AvAj, Co= —§e4A_¢Vol(Mink4) ANuNgAJg,
(3.4.3)
which we write explicitly
Y4

1747
_ 952
C5——2/€ v

vol(AdSs) 4 24k2e*vol(Minky) A <0V'da + 2V — V)dn),

Cr = 230 (Vol(Ang,) A <3V cosfdo — d(oV cos 9)) + e*vol(Minky) A d(V cos ) A da) A dx

p
— 2 3 fs fq <vol(AdS5) + ;—Vd(V) A vol(Mink4)> A vol(S?),
7.4 : ¥ .2 oV / 2
Cy = —27k4o(2V — V) <vol(AdS5) A <sm 0y A do N do — 2 cos D (V") A vol(S ))
vy
+ et R oo 0 vol(Minky) A vol(S?) A dn A da> A dx. (3.4.4)
Calibrations

The type ITA GM solution has stacks of D6 branes along the ¢ = 0 boundary, located
at the various kinks of the rank function (where V is discontinuous). These branes are
charged under C1, so descend from pure geometry in d = 11. Hence, one expects them to

be supersymmetric - which we will now confirm.

For branes extended in Minky with zero world-volume flux (fo = 0), we have from
(2.3.7) and (2.3.8) the following calibration forms

vol(Mink,) A T8 = 8¢44-Pyol(Mink,) A Tm®; = Cs,

vol(Mink,) A W) — 8¢44=%yo](Mink,) A (ImWs — B A TmW,) = Cy — B A Cs,

vol(Mink,) A (%) = 8¢44-%yol(Mink,) A (ImW5 — BS A TmWs) = Co — BY A Cy, (3.4.5)

where
1
Uy = Mt ) =M - B Aw), O =M~ Zungai— B Avag),

with the SU(2)-structure forms defined in (3.4.1) and By given in (1.4.22), with BaABy = 0.
In the case of the D6 branes, in order for them to preserve AdSsxS? symmetry, we should
take X, 3 = (p, S?) at 0 = 0. We note from above

72

1 2V
(07 — By A 05) = 5 (4n)’ { T

vol(AdSs) A vol(S?) — e Vvol(Minky) A vol(S?) A (odo)
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+204v0l(AdSs) A dx A d(o2V cos ) — 20e*vol(Minky) A dx A do A d(V cos )

40” fs 4 . rt 2 27 2
(- k)( 5 vol(AdSs) — ¢vol(Mink) A (V do — 020,(c V)dn) ) Avol(S )],

with only the first term relevant for the D6 branes, leading to
2

= (4&)364”%0@ A vol(S?), (3.4.6)
(0%

cal
Ui

M= /det(g + Ba)dP 3w

72 211 \V& v
= (45)3e4pw\/1 + UZV \/1 —2(n — k:)v —4k(n — k:)zf—dp A vol(S?),
7

(p,S?)

which satisfies (2.3.7) at (o = 0,7 = k). Recall that k originally appeared as an integration
constant in Bg, and can change due to a large gauge transformation (with ﬁ fsg By
shifting by an integer). Hence, we find that the D6 branes are restricted to lie along o = 0,

and at integer values of 7, by the unbroken supersymmetry - with k integer for consistency.

Let us consider the supersymmetry of other probe branes which extend along the AdSs.
Performing the computation tells us that this is not possible for the D4 branes. For
the D8 brane, every term in \I'](DCSD is charged under SU(2)g, so D8s cannot be added
without breaking supersymmetry. We do find however, from the first term in Cy (3.4.4)

and X5 = (p, ¢, 0,1, ), that

1 . ..
etm? det(g + Bo) ¢ = 5(4&)464’)0(2‘/ — V) sinfdp Ado Ndo Adn Ndyx, (3.4.7)
35
ca. 1 . . .
\III(DSI) - = 5(4%)464’)0(2‘/ -V) sin? Odp A dé A do A dn A dy,
5

allowing half BPS D8 branes to be placed at sinf = 1.

3.4.2 Investigations at the boundary

The laplace equation given in (1.4.13) is an elliptical PDE, for which the extrema of the
solutions lie only at the boundaries. Hence, we know the solutions are regular in the
interior of the Riemann surface, which as we recall, is bounded by o € [0,00),7n € [0, P].
We therefore need to conduct investigations into the behaviour along these boundaries.
The behaviour of the warp factors (1.4.11) along each boundary are presented in Appendix

B.2, which are very useful in the following analysis.

The ¢ — co boundary

Let us first consider the boundary at ¢ — oo (depicted in red in the following diagram).
In this limit, as  — oo, the Bessel function becomes K(x) — ﬁ(Qx)_%e_x. Hence, the

leading term in (1.4.17) is simply the n = 1 contribution,
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o
Ly
B _WU\/F . (2w
V=-Rie P 55 5in <P77) +.. . (3.4.8) j[ j}
0 P

We then find, to leading order, the solution reduces to

ds®> = k [40 (dsQ(AdS5) + dx2> + % <d (%O‘)2 +d (%77)2 + sin? (%n) ds2(82)>] ,
e™? = ;;;jﬁe_;“ (WO')_; , Hs= —4I:TP sin? (%7]) d (%n) A vol(S?), (3.4.9)

where we can observe (57, S?) span a round (unit radius) 3-sphere, and we note the RR

R(n)

fluxes have vanished at leading order.

This is very similar to the metric found in section 3.9.2 of [37], where they parametrise
ds*(AdSs) = e*n,,datdz” + dp? then redefine (z#,p,x) = (4&0)7%(:?3“,[), X). This then
yields 4ko (dsQ(AdS5) + dXQ) = Nudi*dz” + dp® + dx* to leading order in o, which is
Minke. Hence, 4ko (ds*(AdSs) + dx?) — ds*(Minkg) up to sub-leading terms in o. Intro-

ducing the new coordinate 7 = 6_%0(%0)_%, we then find to leading order

2P 4k P
ds? — dSQ(MinkG) + ~: <d772 4 772d52(S3)>7 H; = — K Vol(S3)7 e — . r,
- m 2P2.\/k
(3.4.10)

corresponding to the near horizon limit of a spherically symmetric stack of NS5 branes in

flat space, see (1.1.35). Fixing 2x = 7, gives an appropriate quantization for the charge for

these NS5 branes, namely
1
=——— Hs;=P. 3.4.11
@Nss )2 /53 3 ( )

Hence, in this limit, we find a stack of P NS5 branes!

The n = 0 boundary, with ¢ # 0

At n =0 for o0 # 0 (in red), we find to leading order
00

g
Vo V= fa V= otV =nf, L.

2 oo
where f(o0) = % ZRnUHQKl (%U) . (34.12) 0 R(n) P
n=1 n

Here f is a positive monotonically decreasing function which has a finite maximum at



CHAPTER 3. SET-UP 80

o = 0. This then means that \f| — —f, and the metric tends to
ds? = | 2L 1] [ J(ds (AdS5)+m.dx2> L2l (d 4 dn? 4 2ds?(S ))}
/] 2f + /] of

(3.4.13)
It is clear to see that (1,5%) now vanishes as R? in polar coordinates, so we know the
solution is regular away from the bounds of . In a similar fashion, we now look at the
1n = P boundary for ¢ # 0.

o0 o
The n = P boundary, with ¢ # 0 This boundary is L "
qualitatively equivalent to the n = 0 boundary above.
O R@m P

The o0 =0 boundary, with n € (k,k+1)

Along the entire o = 0 boundary, one can show V = 0 to leading order (using (A.2.12) and
the Laplace equation (1.4.13)). Hence, along this boundary, the solution tends to

s’ _ |2V 2V V" g SV 0 9.9
N3 vavdl 71\2\2 Va vl
25K2V 2VV 4 (V)2
. V2V//
C1=V'dy, C3=—4k|—"|dyAvol(S?). 3.4.14
1 X 3 <2VV”—|—(V/)2> X A vol(S7) ( )

At 0 = 0 and non-integer values of 0 < n < P, from the boundary conditions (1.4.14), we
have V' is a constant and V is non vanishing by definition. Provided V" neither blows up
or vanishes as ¢ — 0, we would find the (o, ) sub-manifold vanishes as R2. Let us now
investigate the V”. Choosing 7 € (k,k + 1) (depicted in red) and using the double series

parametrisation given in (1.4.20), one finds

V" =Py (3.4.15)

() () o () (152)).

where 1) is the digamma function. Indeed, within the bounds of 7, V" neither blows up

or vanishes. Hence, along o = 0,7 ¢ Z, the solution is regular.
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The 0 =0, n =0 boundary

In order to approach the boundary at ¢ = n = 0, we make the coordinate change (n =

r cosa, o =r sina) for small . We then find, to leading order

00 o
V = Nircosa, VI=N, V"=rQ cosa, L»n
1 & j jm
Q=-— by, <21/)1 <> — 72 csc? <>> , (3.4.16) = =
4p2? ; 2P 2P 0 R(n) P

with ! the trigamma function. The metric and dilaton then become

2 [2N 2 N
ds” = ?1 [4d52(AdS5) + FQ (dr2 + 72da® 4 12 cos® a ds*(S?) 4 12 sin? ad;f)] . e =L @

K 1

(3.4.17)

where we see that the internal metric vanishes as R® in polar coordinates. The dilaton and
AdSs5 warp factor remain constant in the limit of small r, so again, the solution remains

regular here.
00

The ¢ = 0, n = P boundary This boundary is

qualitatively the same as the (o,n) = 0 above.

The ¢ = 0 boundary, with n =%

Finally, at 0 = 0,1 = k, for 0 < k < P (depicted as red dots), we now use the coordinate

change (n =k —rcosa,o = rsina) for small r, with

: be o, b
V=N, V'= i V= 5’“(1+cosa)+Nk+1—Nk, (3.4.18)

at leading order, the solution then tends to

by 1

ds? 1 s <9 Npb3 \ 1
_ Ads2(A 2/q2 2,252 —® _ k

VI - ( ds*(AdSs) + ds“(S )> + N, (dr +7rds“(S7) |, e 56,23 )

T

b
By =0, C)= <2k(1 + cosa) + Np1 — Nk) dx, C3= —2kNydx A vol(S?), (3.4.19)
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using (1.1.32), this is the near horizon limit of a D6 brane stack wrapping AdSsxS?, with
§2 spanned by (o, x). In addition, the D6 branes have appropriate quantization of charge

1

F2:—§

bvol(SY) = Qb= —% /52 Fy=bp =2Ns — Ny — Nej1,  (3.4.20)

recovering the results of Section 1.4.3, with D6s located at the kinks of the rank function.
A Page Charge for D4 branes can also be defined, using (1.4.23). For k <n < k + 1,

Ey = 25R" (n — k)dn A dx A vol(S?), (3.4.21)

which is zero in this range due to R”(n), see (1.2.8), which consists of delta functions at
the loci of the kinks, namely at n = k. Likewise, for the same reason, we cannot define a
non-trivial Page flux at n = 0 or n = P. Things work better at the position of the kinks,
close to n = k with (3.4.18). Here, we can integrate on (, S?) and the semi-circular contour
defined by (n = k—rcosa,o = rsina), with 0 < o < 7 and infinitesimal r. It is important
to note here that Fj given in (1.4.23) is the Page flux for the k’th unit cell, however the
semi-circular contour we are following actually starts in the (kK — 1)’th cell (when a = 0)

and crosses into the k’th unit cell at a« = 7/2 - see Figure 3.1.

2

Ly

v —$ /Ti;\ & — -

Q:O o =T
0 k—1 k k+1 P

Figure 3.1: Semi-circular contour with 0 < o < 7 and infinitesimal radius, r.

The calculation then requires a bit of care when performing the integration, leading to

1 ~
k —
QD4 (2 )3/8 5 4 k k—1, ( )

2xS
which we recall are interpreted as colour branes - not flavour branes.

We can now repeat the calibration calculation conducted in (3.4.6), using (3.4.4),
(3.4.5), (3.4.18), (3.4.19) and (B.2.8), finding

(cal) 4¢3 4p 2 27”3]\[13 4p 2
Uhe = =27 fsfre*Pdp N vol(S*) = ——= e” rdp A vol(S?),
(p.S?) k
1
3 1 2/ N.b3 \ 4 Ny 2
4= [det(g + By)dP > = (4ff f2e* ok 42r)3 (=) " sinfdp A dI A d
e et(g + Bo) w ) <f1 ce ) 56,23 (2K) ( b > sin Odp 0)
27 3N2
= IZ k¢4 dp A vol(S?), (3.4.23)
k

which clearly satisfies (2.3.7).



Chapter 4

Type ITIA - via Dimensional

Reduction

In this chapter we will investigate dimensional reductions along each of the three U(1)
directions of the d = 11 GM class in turn, with the full solutions (including all nine
GL(3,R) transformation parameters) provided in Appendix B.3. These results are of course
too general, as for an SL(3,R) transformation, one can reduce these nine parameters to
just three free parameters in each case, without loss of generality. They will however prove
very useful to us, allowing one to simply plug in the desired values of the parameters in each
unique example, with all of the calculation already in place. These solutions are derived
using the generalised reduction formula
ig 5
e 3042, = ds? — % (d(X b) + Xcl) , A3 =Cs+ %Bg A d(X ),
which will provide options when considering the quantization of charge.

The solutions presented in this chapter, which in general depend on two parameters,
break the AN/ = 2 supersymmetry either partially or completely. Our main focus is the
solution generated following a ( reduction, as this background is a direct supersymmetry-
breaking deformation of the GM class. In this case, investigations at the boundary were
performed, demonstrating that NS5 and D6 branes are present in all backgrounds - with D4
branes appearing only for a preserved S2. In addition, we find that the D6 brane sources
of the N' = 2 solution are mapped to sources backreated onto spindles - in fact, there is a
different spindle for each stack of D6 branes (located at each kink of the rank function). The
conical deficit angles of each spindle is then governed by the slope of the rank function at
each stack, along with one of the SUSY-breaking parameters (which recovers the S? when
fixed to zero). This leads to a peculiar quantization condition for these sources, giving
rise to rational charge (with the conical deficit angles of the spindle as a denominator).

In the case of the D4 brane, the effect of the spindle can be eliminated by introducing a

83
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new term to the large gauge transformation of B, restoring integer quantization. This
is not possible for the D6 branes, however interestingly they take the same rational form
for all solutions. Stability of some D6 probes is then studied, with a discussion of some
aspects of the corresponding dual CFTs provided. Given that the holographic central
charge (identified with a-central charge) remains untouched by the parameters, we propose
the solutions are dual to marginal deformations of the ‘parent’ N'= 2 CFTs. A proposal
for the operators which deform this parent theory is then given, within the context of
soft-SUSY breaking. Recall that in the holographic limit (with long linear quivers of large
ranks), both central charges of the CFT become equal, a = ¢. Comments on a mirror-
like symmetry relation between two different quivers is then included. Lastly, equations
describing spin-two fluctuations in the CF'T are presented, with simple universal solutions

included, and a bound on the dimension (mass) for these operators provided.

We then move on to investigate the backgrounds derived via dimensional reductions
along the remaining two U(1) directions (namely, y and ¢). These reductions lead to further
new and unique solutions, including a one-parameter family of NV = 1 backgrounds. This
solution can be mapped to the 5 reduction solution, via transforming one of the parameters
into its reciprocal (which is not trivial given that they are integer valued), but does contain
a new and unique zero-parameter N’ = 1 sub-class (when fixing this parameter to zero).

The G-Structure description of this background is also given.

From here on in, we will begin to relabel the three free parameters as (£, ¢, 7). In most
cases, ¢ will keep track of the SUSY under dimensional reduction to Type IIA, v will keep
track of the SUSY under an abelian T-duality to Type IIB, and the remaining parameter,
&, will be left over as a free parameter in the resulting backgrounds. In fact, v plays only

a trivial role in the type IIA solutions.

We will now present the 8 reduction case, before turning to the y and ¢ reductions in

turn, where the analysis will be largely analogous.
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4.1 S Reduction

The full solution, with all GL(3,R) transformation parameters intact, is given in (B.3.1).

4.1.1 Two-Parameter Family

Motivated by the form of the U(1)g given in (3.2.3), we first investigate keeping (¢, v) free.

Fixing (¢ =&,v = ()

We will now relabel ¢ = £ and v = (, and use  for the third free parameter. From the
determinant in (3.2.1), fixing (¢ = &,v = () as free parameters requires (a,c) = 0. The
determinant then becomes

pu—ms =1, (4.1.1)

which reduces to ms = 0 after enforcing (p,b,u) = 1. This condition then gives the third
free parameter as either m = v (with s = 0) or s =« (with m = 0). In the solution which
we will now present, v is in fact carried through the calculation trivially, and can be fixed
to zero without loss of generality. More specifically, when m = v (or s = +), one simply
derives (4.1.3) but with the redefinition x — x + v¢ (or ¢ — ¢ + vx). Later, we will see
that this v will in fact play a vital role when performing an abelian T-duality to Type IIB,
allowing for the preservation of N’ = 1 supersymmetry! We will return to this in the next
chapter, but for now we fix v = 0. Hence, in d = 11, we have performed the following

transformations prior to a S reduction
dp — dg, dx — dx + &dg, do — do + ( dg, (4.1.2)

which when using (B.3.1), derives the following two-parameter family of solutions

1 2 1
dsio = 1 5 VE [4d32(AdS5) + fa(do® + dn?) + dSQ(Mg)} ,

ds*(Ms) = fo <d62 + ésnﬁ 9D¢2> + %d;ﬁ = f (d62 + %snﬁ 9d¢>2> + gf:),DX?,
B = g sind |~ (s + €F7)d6 | A0, 4P = S, (113)
C1 = é <(f6(1 +&fe) + éé)dx + Cé sin” 9d¢>7 Cz = frdx Avol(S?),
= I5 f5
s_arlane A—ref?rel mo1yepllithge,
I5 I5 f3fs

2<f6(1 +&f6) + §f3> dx, Dx =dx — Sh <f6(1 +&f6) + §f3> sin? 0 dob,

Do =de— f5 I f3 fs
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with
H =dB,, Fy, =dCh, F,=dCs — HANCq, (414)

where we have rewritten the solution in a form which will become useful when investigating
the boundary. This solution is clearly a parametric deformation of (1.4.21), reducing to it
exactly when £ = (=0 (and X = 1).

Following the N' = 2 analysis, we consider approaching the & = 0 boundary and use the
laplace equation (1.4.13), where we find V' — 0 to leading order. Then, using the boundary
condition R(n) = V‘ and the warp factors (1.4.11), we now find the relation

R'(1+ RNy + 2¢V"R sin? 6d ¢/ sin =0 R
S LTI 12C S.lnz ¢7 = O :Xi(n/) dy,
o0 (14 ER/)? + 5¢2V"Rsin” 0 o0 14 &R/ (n)

(4.1.5)

which reduces for ¢ = 0 or sin = 0 (corresponding to a pole of the deformed S?). Recalling

from (1.2.8) that R'(n) is discontinuous in 7, which leads to source terms for the D6 branes

in the Bianchi identity. Calculating the derivative carefully, we find

¢/sin0=0 R'(k)  R(k—1) B X(R'(k) —R'(k—1))
2 s =% (1 TeR(R) 1+ ERk - 1))‘”’ N R ) (L er G 1) X
¢/ sin =0 Pl 2Nk — Npy1 — N1
F =-X o(n—k)o(o)d d
R F) ; (1+ (N1 — Ni)) (1 + (N — Ni—1) (n=k)o(e)dn A dx;

(4.1.6)

which would now lead to rational D6 charge under integration, due to the additional
parameter £ in the denominator. To investigate this more thoroughly, we will need to
perform careful analysis at the boundary - which we return to in the next sub-section.
Note that the Bianchi identities for the Fy and H fluxes still read,

dH =0, dyFy=0. (4.1.7)

Hence we find that this more general solution still contains D6 branes as sources, with NS5

and D4 branes considered pure flux.

It is worth noting, one can satisfy (4.1.1) by instead fixing pu = 0 and ms = —1. We
will still derive the solution given in (4.1.3), but now we have trivially re-defined the U(1)
directions amongst themselves. This is clear from the SL(3, R) transformation. Specifically,
when (p =0,u =+,s = —1,m = 1) we require (x — ¢, ¢ - —x + Y¢) to map to (4.1.3),
and when (p =y,u=0,s = —1,m = 1) we require the mapping (x — ¢ +vx, ¢ — X).

From the transformation (4.1.2) and parametrization (1.4.10), it is clear that ¢ # 0
breaks the S? of the ITA background under 3 reduction (and hence the SU(2)r component
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of the R-Symmetry). We can see this directly from (4.1.3) using the forms of ds?(M3),
II and Dy, which recover the S? for ¢ = 0 (when II = 1 and Dy = dx). Consequently,
from the U(1)g component in (3.2.2), choosing ¢ = —¢ # 0 defines a background which
preserves N = 1 supersymmetry (with a U(1)g R-symmetry). When both parameters are
zero, we preserve the full SU(2)r x U(1)g R-Symmetry, recovering the N' = 2 solution
(1.4.21). In all other cases, the supersymmetry is completely broken. A summary of this

discussion is given in Figure 4.1.

B- Reduction | NV U(1)r  SU(2)r
E=C=0 |2 v
E=—C#0 | 1 v X
€£0,¢=01]0  x v
E=0,C#01] 0 X X
E#£0,C#01] 0 X X

== N =1U(1)g Preserving @ N’ =2 == N =0 SU(2) Preserving

Figure 4.1: In the general case, for arbitrary (£, () (in green dashed lines), the background
breaks all SUSY. Along the ¢ = —¢ line (in blue), the U(1)g-symmetry is preserved,
leading to N/ = 1 solutions. Along the ¢ = 0 line (in red), the background preserves SU(2)
isometry (descending from the original R-symmetry) with the SUSY completely broken in
general. At the point where the red and blue lines cross, with ({,£) = (0,0) (in purple),
the background preserves SU(2)r x U(1)g R-symmetry - leading to an N/ = 2 solution.

Alternative free parameters

We now make a brief aside and investigate what solutions we find if we relax the condition
that both ¢ and v are free. We will in fact demonstrate that all roads lead back to the

two-parameter family given in (4.1.3), as follows:

e Keeping (q,c) free
With (p,b,u) = 1, to keep ¢ as a free parameter, one must fix (a,s) = 0. This
condition comes from the determinant (3.2.1), which now becomes ve = 0. To avoid

the previous case, we fix v = 0 with (¢ = £, m = «). The solution derived can be
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mapped to the ¢ = 0 solution of (4.1.3), via

C1 — C1 + cdo, X—>X+(’Y—C€)¢. (4.1.8)

e Keeping (v, s) free
The other possibility to keep v a free parameter is to fix (¢,m) = 0, leaving the
determinant qa = 0. We of course should fix ¢ = 0 with (v = ¢, s = ). This now
derives the £ = 0 solution of (4.1.3), following

C1 — C1 + ady, C3 — C3+ady N By, d—=> o+ (y—al)o. (4.1.9)

e Keeping (a,c) free
The final possibility is to enforce that neither ¢ or v are free parameters by fixing
both to zero. This then makes (a,c) free, with the determinant becoming ms = 0.
This solution re-derives the N' = 2 background (i.e. (4.1.3) with (&,{) = 0), with the

gauge transformations
C1 — C1 + (adx + cdo), C3 — C3 + (adx + cd¢) N Ba, (4.1.10)

and ¢ — ¢ + sy or x — x + m¢ (depending on which choice of parameter is made).

Let us now return to our two parameter family of solutions and perform investigations at

the boundary.

4.1.2 Investigations at the boundary

We now investigate the two-parameter solution (4.1.3) along the (¢, n) boundary, using the
same approach as Section 3.4.2 for the A/ = 2 solution, with the limits of the warp factors

given in Appendix B.2.

Before we begin, we see for general values of (1, o, 0), that (Z,II) are non-zero and finite.
The deformed S? given by (6, ¢) has IT — 1 at the poles, which given the expression for M3
in (4.1.3), means it still behaves topologically as an S?. To demonstrate this, consider the
parametrisation sin @ = x, for x small at the poles. This leads to Dy — dx + q(n, o)z2d¢,
with ¢ easily determined. To leading order in x, Dxy — dx through x — x — %qmg’,
demonstrating that the fibration is topologically trivial at the poles.

We now turn to the behaviour at the boundaries.
The ¢ — co boundary

At the 0 — oo boundary, using (3.4.8) to leading order, we find all parameters neatly drop

out of the calculation. Hence, the behaviour remains the same as the N’ = 2 solution,
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re-deriving (3.4.9) but now with X switched on, namely

ds? = % [40 <ds2(Ads5) + dx2> + % (d (%0)2 +d (%n)Q + sin? (%n) d32(82)>} ,
R (o) o= (B () Aot

X
with the new coordinate 7 = e~ PU(%U)_%, we then find to leading order

e =

=

2Pk

4kP o 3 Ram?
e
X2

<df2+f2ds2(s3)), H3 = —X—vol(s?’), = X2

ds* = ds*(Minkg) + —
& 2Pz /K

In order to recover the NS5 charge, we simply fix 2k = 7k X (with K € Z). Repeating the
procedure in (3.4.10), leads to

1
= Hs =RKP, 4.1.11

with a stack of KP NS5 branes at the 0 = oo boundary (we will return to the quantization,

but for now we keep things general).

The n = 0 boundary, with o # 0

At n =0 with o # 0, using (3.4.12) and (B.2.3), one finds using the second form for M3 in
(4.1.3) that (1,6, ¢) vanish as R? in polar coordinates, namely

21/
o2 f

which once again matches the N' = 2 case, given in (3.4.13).

1
fadn® + fa <d02 +4q sin® 9d¢2> = <dn2 + 772ds2(52)), (4.1.12)

The n = P boundary, with ¢ # 0 This boundary is qualitatively equivalent to the
n = 0 boundary.

The o = 0 boundary, with n € (k,k+ 1)

At o =0, n€ (k,k+1), we recall that along the o = 0 boundary, V' = 0 to leading order.
Following the N' = 2 procedure, and using (B.2.6), we now find

CWkt1 — Ni)

1
E=10+ 5<272v” sin?0, A =12, D¢=dop— A

dx, lx=1+E&Npr1 — Ni),

where R = V from the boundary conditions (1.4.14), and hence V! = R’ = Nj1 — Ny.

Note also that = is a nowhere vanishing and finite function of (n,#), with the connection
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of D¢ topologically trivial. In addition, from the form of Ms in (4.1.3), we find an R?/Z,

orbifold singularity in (o, x), as follows

f3

2V
- <d +12dx> (4.1.13)

Fixing & = 0 recovers the N’ = 2 case and the discussion given below (3.4.14)- as it should.
Hence, this deformation parameter, which was introduced by the SL(3,R) transformation

in d = 11, has introduced an orbifold singularity to the ¢ = 0 boundary!

The 0 =0, n =0 boundary

As in the N/ = 2 case, to approach ¢ = 0, n = 0, we make the coordinate change

(n=rcosa, o =rsina), expanding about r = 0. Using (3.4.16) and (B.2.7), we now find
(N1

2 A2 lo=14&Ny, D¢ = do — —dx, (4.1.14)
2 2Q) 2 2 2. o dX?

fa(do? + dn?) + ds? (M3)—>F dr® 4+ r*da® + 1% cos® o d6? + sin? 0 D¢? ) + 7% sin )
1 0

where we say that the internal space vanishes as R’/ 7., with the external space finite.

Again, £ has introduced an orbifold singularity compared to the N' = 2 case in (3.4.17).

The 0 =0, n = P boundary This boundary is qualitatively equivalent to the (o,7) =0

boundary.

The ¢ = 0 boundary, with n =k

At the 0 = 0 boundary with n = k, we will again follow the A/ = 2 approach by making
the coordinate change (n =k —rcosa, o = rsina) for r ~ 0, using (3.4.18) and (B.2.8).
We now find for the forms of =Z and C given in (4.1.3) that the fo/f5 terms will dominate,
unless we either fix ¢ = 0, or we are at a pole of the deformed S? (where sin @ = 0). Hence,
we first investigate the S? preserved case, with ¢ = 0. We then switch on ¢ and investigate

this boundary both away from the pole and approaching it.

e ( =0: Let us first investigate the S? preserved (¢ = 0) case, which corresponds to

the SU(2)xU(1) preserving N' = 0 deformations (which will be presented explicitly
in the next section). We postpone performing a gauge transformation on the By for

the moment, leading to

ds® 1 1 r sin? o
= —/A 4ds®(AdSs)+ds?(S? YT ar? d dx?
o X\/k[ ﬁbk<s< spst(s) )+ L0 (a2 (a2 + T ) ).
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2

e%q) = ‘4 Hglr Ak:7 Cl = X %§k2b% Sing @ +Ag(a)(1 + é-g(a))dX;
X2N3 b, g
2
O3 = —26Nydy A Vol(S?), By = —%(k + ENR,)Vol(S2), (4.1.15)

with

A= &8 sinat(1+£9(0)*, g(a) = cos” () (N N1 4sin? () (Nea— Vi),
(4.1.16)

At the poles of the deformed 2-sphere spanned by («, x), we have
Apla=0)=1_1, Ayla=n) =1, Ik =1+ &Nk — Ni),  (4.1.17)
/

[k k+1]"
When I, = I;_1 = 1, the deformed 2-sphere becomes a round one. However, from

with Ay finite and non zero between these bounds, and observing I, = 1+ &R

the definition of I, above, we see
I —lk:fbk, by, :2Nk—Nk+1 — Ni_1q, (4.1.18)

with b, the N/ = 2 D6 brane charge at n = k (and £ = 0). Given that k is the
position of a kink, we have by # 0 here. Hence, we necessarily have [, # [;_q for
€ # 0, which leads to R? /7y, and R? /Zy, _, conical singularities at the north and

south poles, respectively. This is then the behaviour of the “spindle”, reviewed in

1
le—1,lk]"

With the behaviour of Ay at the poles, which only depends on (l,%i17 l%), the metric

Section 1.5, which in the case at hand, is the weighted projective space WCP

of the spindle reads

|k 1
W(C]P)[lk—lalk]

sin? o

dx* ~ (4.1.19)

2 1 _ 2
ds?(WCP}, ) = da® + :

|lk—1]

with (\lk,ll, ]lk\) defining the conical deficit angles, (pr—1, k) € [0,27), at the south
and north poles, respectively. The definitions read (see Figure 1.6)

1 1
Oro1 = 27r(1 - ’lk_”), on = 27r<1 - W) (4.1.20)
with (=1l |lk]) € [1, 00),

recalling that (|l;_1|,|lx|) are considered coprime (or ‘relatively prime’) positive in-
tegers with ged([lx—1],lk|) = 1 and |lp_1] # |lk-
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These conditions on the conical deficit angles are not trivial, and provide fairly strong
constraints on the possible rank functions which give rise to a nice spindle description.
Given the values of Ay at the poles depend only on the square of [ (and l;_1), and
the requirement that conical deficit angles depend on positive integers (greater or
equal to one), we conclude the conical deficit angles depend only on the absolute
value of l; (not I itself). Recall from the form of R’ in Figure 1.2 that (N1 — Ng)
is a step-wise decreasing function, but the value of |lx| = |1 4+ &(Nky11 — Ng)| is more
subtle. For instance, we can now have situations where e.g. |lx_1| = |a| = | —a| = |Ix]
for some a € Z. These values of (Ix_1,[x) are perfectly allowed from the perspective
of the rank function, but would not satisfy the spindle constraints - firstly because
la| = 1 would recover the S?, and secondly because one requires |l_1| # |lx]. The
ged(|lg—1], |lk]) = 1 condition further constrains the values of Ny for a given . In
addition, we can find examples of the ‘tear-drop’ within these solutions (with either
|lx—1| or |lx| equal to one). It would be nice to consider further whether these tear-
drop orbifolds are also ‘allowed’ within our solutions. We will take a closer look at

the Triangular rank function example in the next section.

Now, using the form of the metric and dilaton given in (4.1.15), along with the result
for a generic Dp-brane (1.1.32), we can easily see the metric describes D6 branes
extended in (AdSs, S?) and back-reacted on a cone whose base is WCP[llk_hlk} - see
Figure 4.2. Note that this is different to the cases discussed in Section 1.5, where the
D branes actually wrap the spindle.

|k |
AdS5 X 52
|lk—1]
1
W(C]P)[lk—lalk]
D6*

Figure 4.2: At each kink of the rank function, n = k, one finds a stack of D6 branes
extended in (AdSs, S?) and orthogonal to a cone whose base is the WCIP’[llk_l 1,,) spindle -
with conical deficit angles defined by the slope of the rank function at that kink.
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Calculating the charge of each stack of D6 branes, we find

1 1 [x=2r
Qs = Fy =

Cor |
WCP[lk—lvlk]

Q=T X

weo el

1 (2N — Npy1 — Ni—1),

—o -

(4.1.21)
yielding precisely the rational quantisation condition one should get when integrating
over the spindle. Using analogous arguments to (1.1.52) (see [62]), this follows because

the Euler characteristic on the spindle is itself rational, namely

1 U] + |Ix| < 1 > ( 1 >
- Rvolg = WA=l o (2 ) (1o 2
XE= on WCPL ? |lie—11k] |1k lk—1]

-1kl
(4.1.22)
where vols is the volume form on WCP[Ilk_l,lk}' For a CP! the Euler characteristic is
XE = 2, which is clearly recovered when [ = l;_1 = 1 (and £ = 0), as it should be.
The total charge of the D6 branes then read

P-1
X

Qps = Z Qbs = 77-(Np-1+ M), lo=14+&N1,  lp=1—-ENp_y. (4.1.23)
k=1 lolp

It is important to observe from (4.1.21) that each D6 brane stack, located at each
of the different kinks of the rank function, has a different multiplicate factor for its
rational charge - given by 1/(lglx—1). This is because each stack of D6 branes is
orthogonal to a different spindle - i.e the D6 brane stack at 7 = k — 1 is orthogonal
to WCP[llk,z,lk,l]v whereas the stack at 7 = k is orthogonal to W(CIP’%ZFLM (with
different conical deficit angles). This is once again different to the cases reviewed in
Section 1.5. Instinctively, the conical deficit angle at the north pole of the n =k — 1
spindle matches the south pole conical deficit angle of the n = k spindle (defined
by |lk—1]), and so on. See Figure 4.3. Note, imposing the condition |lz_1| > |lx| (as
in [65, 66]) for a ‘Besse’ spindle (see [81]), would imply further restrictions onto the
allowed rank functions. Consequently, the & = 1 spindle (on the far left of Figure
4.3) would require a narrow peak at the south pole, becoming ever more broad for
increasing 7. However, such restrictions could be loosened by considering flipping the
orientation of neighbouring spindles, such that the conical deficit angle at the north
pole of the n = k spindle matches the north pole conical deficit angle of the (flipped)
17 = k + 1 spindle (defined by lj). Hence, we simply leave things more general here,

considering cases for which |lx_1| # |lx]-
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R(n)

N1

N

0 1 k—1 k k+1 c P-1 P
AdSs x S? AdSs x S? AdSs5 x S? AdSs5 x S? AdSs x S?
D6] Dﬁk’fl Dﬁk DGI\'+1 D61’7l

|lo] [ k-2l [Z5—1] [le+1l |lp—2l llp-1]

WCP!

[l slic1]

WCP},

(lk—1,lk]

WCP}

[l—2,lk—1]

WCP!

1
[lo,l1] ch[lpfmlpf]]

Figure 4.3: The stack of D6 branes located at each kink of the rank function are orthogonal

to a different spindle, with conical deficit angles defined by that kink. The conical deficit

angle at the north pole of the k — 1 spindle, |lx_1|, matches that of the south pole of the k
spindle. One is then led to the depicted set up, with ged(|lx—1], |lx|) =1 and |lx—1] # [I]-

Given that our solutions stem from a d = 11 origin, it should not be surprising that
we find the behaviour of D6 branes back-reacted on a spindle. Indeed, beginning
with the following embedding of the Taub-Nut metric into d = 11

1 M
ds* = ds*(RY®) + h (dr? + r*(da® + sin® adx?)) + E(dﬁ—i—Ncos ady)?, h=1+ -

and transforming 8 — S+ %(Nk+1 — Ni_1)x followed by x — x+£8, before reducing
to IIA along f3, the resulting metric and 2-form are very similar to (4.1.15) (but
for D6 branes extended on R™®). The singular behaviour of (4.1.15) close to r = 0
is reproduced, but with AdS; — Minks and M = b;. This solution also breaks
supersymmetry for £ # 0.

We now investigate the Page charge for D4 branes at n = k (and the loci of the D6
branes). Naively adopting the large gauge transformation used in the ' = 2 analysis
for the By given in (4.1.3), we find for the k’th cell

2 1
BEF - BE 4+ %kvol(SQ), B} = < (fs + &7 + 2nk) vol(S?),
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(Fo(1+Efe) + € ) (fs + & fr + 2nk)

Fy=d| fr— A

Adx Avol(S?).  (4.1.24)

Using (B.2.8) for this boundary, we find B = —%(—ﬁgNkVol(S2). Calculating the limit
of Fy and integrating carefully, recalling the semi-circular contour discussion given
below (3.4.21), we find (using 2k = 7R X)

1 A N, Ny _
k . & k-1
= - Fi=rX|— — 4.1.25
@i (2m)3 /32ch1?1 = ( I, e )7 ( )

lg—1-lk]

with total charge
kX
Qps = Z QkD4 = TNP_L (4.1.26)

These colour branes now have a rational charge due to the spindle. However, if we

add an additional term to the gauge transformation, noting (£, Ny) € Z,
2 1
B - B+ §(k + ENR)Vol(S2), Bf = — (fg &7 + 26(k + ENy) ) vol(8?),

(Fo1+€fo)+ €42) (s + &fr + 260+ €N )
A

Fy=d| fr— A dx A vol(S?),

(4.1.27)

we instead find B§ = 0 at this boundary. Taking the limit of this new Fy, and

integrating carefully, we derive

1 A
Qb = —3/ Fy =KX (N, — Nig-1), (4.1.28)
@27m)% Jorsewery, |
k—1"k
eliminating the rational charge and recovering the N' = 2 quantization. Hence, we
have eliminated the rational D4 charge by an appropriate gauge transformation of
BE. The total D4 charge now becomes

pP-1

Qpi= Y  Qbhy=RXNp_1. (4.1.29)
k=1

This is potentially allowed due to the non-dynamical (pure flux) nature of the D4s.
e ( # 0: switching on (, we find that in general, the fo/f5 term dominates in the Z and

C) given in (4.1.3) - unless we are at a pole of the deformed S? (where sin6 = 0).

Let us first assume that we are indeed away from one of the poles.
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Away from a pole: in this case, we once again expand (n = k—rcosa, 0 = rsina)
in small r, finding to leading order
bp(? N sin®
5 k’C k S111 97
4r

[1]

2
A — Ay, A = %5213% sin? o + (1 + §g(a)) ,

Ap(a=0)=1_1, Apla=m) =13, (4.1.30)

with Ay the smooth and nowhere zero function given in (4.1.16). Using r = 22,

ds? — ‘g‘(’f sin 0| N (452 (AdS5) + d6*) + by (d2* + 22 (B3) )|

1 sin? o A k20
2 _ - 2 2 k 2 49 _ 2 ;6
ds”(Bs) = 4(da + . dx ) + 202 (do + Ag)~, e 5 N sin” 0,
_ ¢ §12 2 _ X
A = AL [g(a) (1 + §g(a)) + 4bk sin 04] dy, Cy = c do, (4.1.31)

By = —%""Nk sin(Cdx — €do) A d9,  Cy = ~2kNysin0d A do A dx.

We see here that the (z,B3) sub-manifold describes a cone of base Bg, and the rest
of the space has a constant warping (ignoring the overall sin#). In addition, the
sub-manifold B3 is itself clearly a U(1) fibration over WCP[llk_l 1) With

1 a? 2_ C(Nk — Ni—1) 5 \?
ds?(Bs = (da?® + —d\?) + =1L <d¢ — dX> ,
( ) a~0 4< lz_l > Csz‘ lk—l
1 (r —a)? i C(Nietr — Ni) )
2 _ 2 2 k +
ds*(Bs)| = 4(d HE ) + g (40— T )
i dA == Cbk 5 bk = 2Nk - Nk+1 - Nk*l? (4132)
21 Jwee, -1l

le—1-lk]
which is consistent with this claim (see for example [62]). Hence, the sub-manifold
(z,B3) describes a cone whose base is a U(1) fibration over W(CP[llk_h - In the recent
work of [76], similar three- dimensional orbifolds were considered within the context
of supersymmetric localisation. Note that the deformed Taub-Nut space discussed
above (4.1.24) reproduces the cone over B3 precisely, meaning it is the the orbifold

singularity associated with this generalised space.

We note for ¢ # 0, at this boundary, the limit of C5 — C; A Bs = 0. Consequently,
there are no D4 branes present (for ¢ # 0), as Fy = d(C3 A e~52). This is in contrast
to the S? preserved case presented above (with ¢ = 0), where D4 branes are indeed
recovered. It is worth noting that one could recover a D4 charge for the ¢ # 0 case
by adding an additional 2k Ny sinfdx A df term to the By gauge transformation.
However, although this make sense locally, it may not be well defined globally - it is

not clear that this additional term is a 2-cycle.

We now study this limit when approaching the pole of the deformed S2.
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Approaching the pole: here we study the behaviour when approaching (o = 0,

17 = k,sinf = 0), which motivates the following coordinate change

bor
n=k—Fcosasin’u, o = Fsinasin® 4, sinf = 2 Nchos,u, (4.1.33)
V k
with r = #sin? o (for small 7), such that

1
Fa(do? +dn?) + fo(d6? +sin® 0d¢?) = fy (er +72 (d;ﬂ +cos? judg? + 7 sin® da2)> :
(4.1.34)
which then closes nicely as an R* (noting that fy = by/(7Nj) and fo = 1 in this

limit). This then gives rise to the function Zj, which is nowhere zero and smooth,

given by
- 4% k by, cos?
sin? uE — Sp = Agsin? ju + 202 cos? g1, By — Ba + %dr A do,
k
(4.1.35)
for the gauge transformation in (4.1.24), leading to
2 1 = 4 B o [ XOBN,\i
— /& ds?(AdS 42 + 472ds>(By) ) |, —o _ (2 0Tk )T
4
By = %bk cos? u(ﬁdqﬁ - Cdx> A dF, Oy = —4r by, cos? pdi A de A d,
X 1
Cy == {b%{ cos? pude + <g(a) (1 + §g(a)> + Z§bz sin? a) sin? udx] , (4.1.36)
Ek

with the 4 manifold defined as

(do + Ax)*. (4.1.37)

1 ) .2 2, A

ds®(By) = dp® + = sin? u( do® + Md}f g S HCOS B Ak
This By is topologically a CP?, see (1.5.2), but with additional orbifold singularities
arising from the («, x) spindle - namely, at R*/Z;,  and R*/Z;,_, along with a further
orbifold singularity as sin u — 0 (where By approaches a cone over the Bs defined in

(4.1.31)), arising from the =, contribution.
Calculating the Euler Characteristic, using

1

XE = 3272

/ (Rapea R — 4R, R® + R?)Vol(By), (4.1.38)
By

from the Chern-Gauss-Bonnet theorem, leads to

B =3 <1 _ ”:10 _ <1 _ M) - (1 - |l1k|> (4.1.39)
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where |((lx—1 —lx) /€| = |¢ b| € Z, which is the contribution from the Zj. For a round

CP?, xg = 3 - hence, By is the weighted projective space WCP? ¢ . This
(15l g (le—1—1i)]

is then a four dimensional analogue of the spindle!

By analogous arguments to the spindles in the ( = 0 example, because the orbifold

singularities depend on the values of both R’ and R” at each kink, we appear to have

multiple neighbouring WCP? manifolds along the 1 direction- one for each k. We can

then imagine a similar set up to Figure 4.3 for these higher dimensional analogues.

Distinct examples of restricted forms of this orbifold appear in the literature [29, 86],
specifically W(C}P’[QLM], however we have here a generalization. To our knowledge, this
is the first time it has appeared in a solution of supergravity! While a W(CIP’[Q,CL oz ]
embedding into supergravity probably does exists (for truly independent k;), it is
hard to see how it would be consistent with supersymmetry - it isn’t for the case of
WC}P’[QLM] = CP? (see [184]), which such a solution would accommodate.

Note in the & = 0 case, the only orbifold singularity arises from the ¢ by, term in =,
(as Ag =l = 1), we now find

sin? " cos? w
sin? p + (2b? cos?

1 2
ds*(By) = du® + 1 sin? ,u(doz2 + sin? o dx2> + (dgf) - Cg(oz)dx) ,
1

with  ym=3— (1 - 1), (€=0,¢ #0). (4.1.40)
| br|

We have already considered the { = 0 case above.

s
2

the calculation, re-deriving the D6 charge given in (4.1.21)

Now calculating the charge at © = %, we notice that all ( dependence drops out of

1 1 (=2

B = P = ai|
- T 5_ 2 — T 5 1
QD6 2T WCPL 2 x=0
(lre—1-l%]

a=T7 X
a=0 N lklk,’—l

(2N, — N1 — Ni—1),

(4.1.41)
where the rational charge is a consequence of the spindle, see for example [62]. Note
the orbifold singularity due to (b does not effect the charge. The boundary analysis
then agrees with the discussion around (4.1.5), where we had nice D6 sources for
¢(=0orsinf =0.

It is known that reducing R"® x TNj; on the Hopf fiber of the Taub-Nut space derives
a stack of M D6 branes in flat space, described by the d = 7 KK monopole geometry.
In (4.1.36), we appear to have the singularity associated to a d = 5 KK monopole
extended in AdSs, descending (via dimensional reduction) from the embedding of
a conical Calabi-Yau 3-fold (with orbifold singularities) into d = 11. We refer the
reader to appendix C of [175], where the flat space analogue of the above singular

behaviour is shown to be realised by the dimensional reduction of d = 11 supergravity
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on an R xRS orbifold. As for the D6 branes in the previous deformation, the charge

of this KK monopole is found by integrating Fy at = 5, namely

1 1
Fy

(2Nj, — Niy1 — Ni_1), (4.1.42)

21 Jwcpr ikl

lg—1-tk]

in this case however, supersymmetry is not broken.

Summary

For all values of (£, (), we have a stack of colour NS5 branes at the 0 — oo boundary. In
addition, we find stacks of D6 branes along the 0 = 0 boundary, and located at each kink
of the rank function. In the ¢ = 0 case (along the red line in Figure 4.1), with a preserved
52 the D6 branes are extended in (AdSs, S?) and orthogonal to a different spindle at each
kink, with conical deficit angles defined by that kink - giving rise to a different rational
charge for each D6 stack. This is the only solution with D4 (colour) branes. In that case,
the rational charge of the D4 branes, derived from integrating over the spindle, can be
eliminated by an additional term in the gauge transformation of Bs. In the { # 0 case,
the spindle at each kink is now replaced by its higher dimensional analogue, giving rise to
the same rational quantization of charge. When £ = 0 (along the dark green line in Figure
4.1), integer quantization is recovered. The D6 branes are the only physical objects in the

background. Hence, in summary

. X . 0 (C#0)
QNSS = HP7 Q’BG = ﬁbka Q’B4 =krX )
Rkt (Ng — Np—1) ((=0)
P-1 P—1
X . 0 (¢#0)
Qps = > Qs = 1 Wpo1+ N1, Qpa= Y Qb =rX ;
k=1 0P k=1 Np_1 (¢=0)
I =14 &(Ngy1 — Ni), lo=1+&N, lp=1-&Np_y, b = (2Ng — Niy1 — Ni—1).

(4.1.43)

Calculating the holographic central charge, and using 2k = 7k X, one finds

RIX?2 &
Chol — St ZP'R%
n=1

Given that the D6 branes are physical, it is worthwhile using the parameters (k, X) to
investigate quantizing their charge. Following this discussion, we will return to the S?
preserved N = 0 solution, before investigating further the one-parameter N’ = 1 solutions
defined by ¢ = —¢.
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4.1.3 Quantization & the Holographic Central Charge

Let us now turn to quantization, keeping in mind any effects on the holographic central

charge. We have a few options:

e In the usual case, with K = X = 1, we simply get

2N — Npy1 — Ny_ =
Qg = = o bl Qnss = P, ]Bgf 0 — (N — Ni—1),
lelp—1
P-1 P-1
Np_1+ N - =
Qpo= Y Qe = LN glen SR Qe
k=1 0P k=1
1 o0
with  cpor = > PR}, I =14 &(Nps1 — Np),
n=1
(4.1.44)

which gives nice results for the holographic central charge and the NS5- and D4-
charges, however the D6 brane charge has rational quantization due to the spindle.
This simply recovers the GM charges when & = 0 - where the spindle orbifold singu-
larities vanish (returning to an S? for ¢ = 0), recovering the integer quantization. In
the £ = 0 solution, the remaining { # 0 parameter breaks the supersymmetry from
N =2to N =0 (along with the S?), corresponding to the vertical axis in Figure 4.1.
Of course, there may exist example rank functions (such as certain triangular rank
functions) which give rise to integer charges (as well as satisfying all the requirements
imposed by the spindle). After cycling through hundreds of triangular rank function
examples, when (|ls_1[,|ls|) > 1, no such case has yet been found (see Figure 4.8).
We note, in the limit N — oo, we find Qps ~ N (for { = 0) and Qpe ~ 1/N (for
££0).

e Alternatively, the additional parameter, X, allows us to impose the quantization of

each and every D6 brane stack, where we require

P
X = l;, =1+ f(Nj_H — Nj), (4.1.45)
j=0
leading to
P P-1 P—1
Qbs =[] 12Nk = Nepa — Ni—n), Qos =Y Qbs = (Npa+N) [ 4,
j=0 k=1 j=1
J#(k,k—1)

(4.1.46)
with Q) pg and Q’f)ﬁ integer, for all k. Alternatively, one could focus on quantizing only
the total D6 charge, in which case this condition could be lessened to just X = lplp

- with the charge of each D6 stack (which is now rational in general) summing to
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an integer overall. In practice however, either choice lead to similar consequences on
the remaining charges - which we now investigate. From here there are two notable

options

— Imposing k = X —%7 we can recover the GM holographic central charge,
1 o
_ } : 2
Chol = St nil PRn, (4.1.47)

however, as a consequence, the NS5 and D4 charges now read

OJ\H

1

( =Np_4 H )3,
(4.1. 48)
Of course, in order to quantize the D4 here, we could simply redefine X — X3

P
2 =
QNS5:PH(ZJ)_§a IBEE V= (N, = Nis H

J=0

(which would still give integer D6 quantization). However, the quantization of
NS5 is necessarily broken in general. Hence, we have quantized the D6 charge
and kept the N/ = 2 holographic central charge, but as a consequence, broken
the quantization of the NS5 branes. Again, many Triangular rank functions have
been tested. When (|ls—1], |ls]) > 1, no integer NS5 examples have been found as
yet. However, loosening this condition, leads to special teardrop examples with
integer quantization (see Figure 4.6). Perhaps rational NS5 charge is physically
superior to rational D6 charge, given that the D6 branes are in fact dynamical
(unlike the NSbs).

— Finally, let us impose the quantization of all charges by fixing ¥ = 1, hence

P

P

Qnss = P, ’BSf:O) = (N — Ni—1) H lj, %4:0) = Np_; H lj.
=0 =0

(4.1.49)

Note here that this approach would still quantize the D4 branes even without
the additional gauge transformation, namely for (4.1.25) and (4.1.26).

However, as a consequence of quantizing all three charges, we find

P o]
1
Chot = 5 Ho(zj)a leng, l; =1+ ¢&(Njp1 — N;), (4.1.50)
J= n=

where it is clear that £ has now been introduced into the holographic central
charge. Hence, in this case, the parameter £ would change the number of de-
grees of freedom of the dual field theory. This could suggest that in order to
quantize all charges, the parameter £ must not correspond to a marginal defor-
mation. However, given that the isometries of the AdSs are untouched by &, the
conformality of the dual field theory should also remain unaffected by this pa-

rameter. Hence, it is most likely that & does correspond to a marginal operator,



CHAPTER 4. TYPE IIA - VIA DIMENSIONAL REDUCTION 102

but perhaps requiring the quantization of all charges is simply too much to ask
here. The most likely interpretation is that £ corresponds to a marginal, but
non-Lagrangian, deformation of the field theory. Perhaps the generalized quiver

theories discussed in [26] may be of particular interest here.

Moving forward we will leave the parameters (X, k) totally general, but we will consider £
as a marginal non-Lagrangian deformation - intuitively fixing X = 1 and x = 7/2. Given
¢ does not effect quantization, we can consider it as a marginal Lagrangian deformation.
We will return to this discussion in Section 4.1.7, where we make some comments on the

dual field theories to our backgrounds.

4.1.4 SU(2)xU(1) preserving N = 0 deformations

In this section we study in more detail the { = 0 solution of the more general two pa-
rameter family given in (4.1.3), which is the only S? preserving deformation of the N = 2
solution reviewed in Section 1.4.2. This solution then retains the SU(2)xU(1) isometry,
but preserves none of the supersymmetry - this solution corresponds to the horizontal red
line in Figure 4.1. Whilst the SU(2) isometry descends from the SU(2) g part of the N' = 2
R-symmetry in d = 11, the U(1) isometry does not - the U(1)g R symmetry component is

broken under the reduction.

Fixing ¢ =0 in (4.1.3), we find

ds? — % fEfEVA [4d32(AdS5) + fods*(S%) + fa(do® + di?) + %dﬁ , e?= %fl]%Aa
A=(1+&f6)?2+ 52}? Hy = %d(fs + &f7) Avol(S?), (4.1.51)
O =23 (FolL+ 6f0) + €22)ax = frax A vol(s?).
A I5

As we uncovered in the previous section, this solution has some very interesting properties.
As depicted in Figure 4.3, the background contains stacks of D6 branes at each kink of the
rank function, each wrapping AdSsxS? and orthogonal to a spindle whose conical deficit
angle is defined by the kink (specifically, the slope of the rank function at the kink). In
addition to D6 branes, which are the only physical objects, the solution has a stack of NS5
branes at ¢ — oo as well as colour D4 branes. These D4 branes can have integer charge,
recovered via an appropriate gauge transformation in By. The charges from the previous

section (5.2.38) are summarised below,

N X N
Qnss =k P, Qs = m<2Nk‘ — Npp1— Ni—1), Qb = RX(Np — Ni_1).

We postpone any non-SUSY G-structure discussion until section (4.1.6), where we

investigate the full two-parameter solution. We will however turn to checking the stability
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of probe D6 branes for this background. We will close the subsection by investigating
an example rank function - demonstrating the spindle characteristics and quantization

conditions explicitly.

Probe Stability

Now that supersymmetry is broken, it is no longer guaranteed that the D6 branes are
stable. A stable D brane configuration should have minimal energy [171, 185], for an
action defined in (1.1.36), with the WZ action requiring the pull back of C7 — B§ A Cj
onto AdS;xS? (the world volume of the D6 branes). Hence, to investigate the solution
at hand, we need to derive the higher form fluxes C5 and C7. In the £ = 0 case, we can
use G-structures to derive these forms, which are given in (3.4.4). As supersymmetry is
now broken by &, this method is no longer an option for us. However, after a bit of work,
using the higher form fluxes for £ = 0 (3.4.4), we can derive the appropriate parametric
deformations via direct integration. For the purposes of D6 branes, we are particularly
interested in (Cs, C7), which read in full

2452 . N
~ e vol(Mink,) A (JV’da + (2V — V)dn),

4
Cs = 2 FH (s o + 4€)vol(AdS5) +

26H3

Cr; = ng((d(av cosf) — 3V cos 6 do) A vol(AdSs) + e**d(V cos8) A do A Vol(Mink4)) A dx

vol(AdSs) + e4p2¥/ (1 — &2 WA) d(V) A vol(Minky)

24 4
~xalifssr AV

1 o2 1 ” 2(V’)2 1 *t
w151 G g+ (1) )

(V2(3(V)2 =5V V") +2(V"2(V)? 4V 1 oV’
(R G )

da} A vol(Mink4)] A vol(S?),

(4.1.52)
recovering (3.4.4) for £ = 0 (noting f3 f5fs = 2K> ‘{/‘//,,) From (4.1.52) and the form of By
given in (4.1.3), the (AdSs, S?) components read

4 3
Cr =By ACs = —%ff’ (f5f7 — (fsfo +46)(fs +Ef7 + 2“k)>V01(AdS5) A vol(S?) + ;(il(? Zr
1(26)3 , 5 o _
_ (07—B§AC5) 6:0+2( )’2 (Zr + X7 + €2Y7) (4.1.53)

where

4
(07 — Bk A 05) ‘ - —%ff’fg) (f7 ~ fo(fs + 2mk))vol(AdS5) A vol(S2)

£=0
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_ (il;;g?’ (V2 — (77‘/; ]{J)VV/)VOI(AdS5) A vol(S?), (4.1.54)

with Z; some gauge transformation containing terms of any order in &, and decomposed

in terms of an arbitrary function p = p(n, o) as
_ 1
Zy = <pvol(AdS5) A vol(S?) + Ze4pv01(Mink4) A vol(S?) A dp) , (4.1.55)

such that it is manifestly closed, with dZ; = 0, and contains only forms on the external

space whose exterior derivatives respect the isometries of Minky,.

We can absorb all additional (AdSs, S?) components into a single function p(n, o) in

the following manner

_ _ _ 1
Z7 + X7 + Y7 = (p+ Epx + &€ py) vol(AdS5) A vol(S?) + Ze4pvol(1\4mk4) A vol(S?) A dp
1
= pvol(AdSs) A vol(S?) + Ze4pvol(Mink4) Avol(SH) Ad(p — Epx — E2 py)
= Zr + £X7 + £°Y7,

_ 22 04 )
p=p+Epx +Epy, px = ?ff <f5f6f7 +4(fs + 2/<c/~€)>, Py = Efff? = -2°V3,

with

Y7 = e*vol(Minky) A vol(S?) A d(V?),

1
X; = §e4pvol(Mink4) A vol(S?) A

(- (d (VVV _ vv) AV (Vi aV”da)) ] |

The WZ action for a D6 brane of world volume (AdSs5,S?) then reads

(4r) V2 op
Swz =5 To ity vol(AdSs) A vol(S?). (4.1.56)
We find to leading order about (¢ = 0,7 = k) that
4k)3 VQ -
e~ ®y/det(g + B) = ( 52) sin—-&\/2VV"Ay. (4.1.57)
(AdSs, S2) X 4

Hence, we can fix p such that S = Sppr + Swz = 0 for a D6 brane at (o0 = 0,7 = k),

p= 2512\/2Vv"(1 +&V) = 4§V2\/fz, (4.1.58)
5

V// V//

which achieves the desired goal (noting that VV” dominates in this limit), but so does the

sum of p and any function tending to zero at the loci of the D6 branes.
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The Triangle Rank Function

Let us now investigate a simple example, using the Triangular rank function given in
(A.1.15). These solutions contain a single stack of D6 branes orthogonal to a spindle,
positioned at n =k =5, with
NS NP
ls=1-¢{5— Qpe =X NE
(1+EN)(1—E52%) (P —9)

lg—1 =14+EN
S—1 +€ ) P_ Su
Assuming X = k = 1, we should simply update the D6 charge in the Hanany-Witten set-up

. (4.1.59)

of Figure A.1 to include £. In this case, the holographic central charge equals the N' = 2
solution, meaning the holographic limit discussed in Appendix A.1.1 still holds. Of course,
the linear quiver diagram of the dual CFT, given in Figure A.1, will no longer be valid (as
the rank of the square flavour node should be integer). Possibly the linear quiver should be
replaced by a generalized quiver diagram, for which the value of the central charge (1.2.9)

remains the same, but the requirement that (N, N,) are integer is loosened.

Along the 0 = 0 boundary, we find from (4.2.19) an IR2/Z|1571| and ]RQ/Z“S‘ orbifold
singularity, for n < § and 5 > S, respectively. Recall the conditions on the conical deficit
angles on the spindle, require |lg_1| # |Is| and ged(|ls—1], |ls|) = 1. We know both N and
PN—_SS are positive valued, but £ can be either positive or negative. Replacing £ with +[¢],

leads to the two plots in Figure 4.4.

134 ‘1+\§|R’ \
EIN 1+ [¢|N .
= 1
- S 1
0 S PN ‘1_ |5|PN7*5‘ ! :
— €175 : N
0 S P17
(a) £>0
—[¢I” 1 leIR!|
161255
. = I :
N o P 1 1+ |¢] 2L : .
0 S PN
(b) £<0

Figure 4.4: Plots of conical deficit angles, (|ls—1],|ls|), for a generic Triangular rank func-
tion - for both £ > 0 and £ < 0. Here we assume |ls_1| # |lg| > 1 - which of course is only
satisfied by a subset of (N, S, P, &) values, further restricted by ged(|ls—1l, |ls]) = 1.

One can use Mathematica to cycle through various examples. For instance, the code

given in Figure 4.5 seems sufficient for small values. We can then easily restrict further
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to [ls—1] > |lg| cases if required. Here we ignored the teardrop solutions by assuming

(ls—1,ls) > 1, but some examples are given separately in Figure 4.6.

1= integerQ[x ] := x = Round [x]
mzp= listl = {};
In[3]:= Do[

ENNS ENNS

P-s

Abs[(1+ ENN)]
I'F[ integerQ[Abs[ (1+ &NN)]] && integerQ [Abs [1 - ” 8&AbS[ (1+ £NN)] > 18& Abs [1 - ] >188&! integerQ[W]
Abs|1- ——=
P_s

P-s

Abs [1 - £MS Abs[1- £Ms
[! integerq[w] 11! integerq[%]] && ! [integerq[w] && integerq[%]] ],

ENNSy .
o S]' Qos=",

AppendTo [listl, {"P=", P, " S=", 5, M ON=, NN, 82T, 6, [ 1sa] =", Abs[ (14 ENN)T, T [1s] =", AbS[l-

NN P
- Hoa]s pa23, 00, 65,1, P22, 13, (W, 1, 3, 1), (6, -2, 2, 1)
(1+ ENN) (1_%) (P-5)

inap= listl

4 -
-2, [lsal=,3, [1ls[=,5, Qo= 150

N
w
I
.~
[
=
|
N
™
"
"

Out4]= { {P: >

. ) 4 6 1
P=,2, $=,1, N=,2, &=,2, |lsal=,5, |1s|=,3, Q= -/ {PZ; 2, S=,1, N=,3, £=,-2, [lsal= 5, [lsl=,7, Q=) 35

- ) | 9
P=,2, 5,1, N=,3, &=,2, [lsal= 7, 11515, 5, Qe=s —_ /> {P:: 3, S=,1, N=,3, &5,-2, |lsal=, 5, [1sl=,4, Q= 20)°

35

) ] 9. - 9
P=,3, 5=,2, N=,3, &=,-2, |lsal=,5, |ls[=,13,Qus= —Z (s {P:; 3, S=,2, N=,3, &=,-1, |lsal=,2, [lsl=,7, Qos=> al

- . - 6 5
P23, 55,1, N=,3, £5,2, |1sal=, 7, [1s1=, 2, Qo) 25’ {P=23, 55,2, N=, 2, 5,2, |lsal=, 5 [1s]=, 7, Q= oo )
{ 65 )

P=,3, S=,2, N-,3, £5,1, Iloql=, 4, [ls=, 5, Qu-, 236 [Per3, se2, N3, o2, 1Laal=, 7, I3s)=, 11, Qe 7—97
Figure 4.5: Some simple Triangular rank function examples which satisfy the spindle con-
straints (assuming X =1, lg_1 # lg > 1). One can find more examples by increasing the
range of each variable - note that one would need to include the final condition (which
checks whether both numbers are divisible by 3) for each odd number. For instance, check-
ing whether both numbers are divisible by 5 would be required to eliminate examples such
as ged(15,10) # 1. The sign of Qpg is chosen to be positive.

{{P=22, S=,1, N5, 1, £5,-2, [lsal=,1, I1sl=,3, Q= < [s {P=5 2, S=,1, N5, 2, £5,-1, Ilsal=, 1, |lsl=, 3, Qus=,

{PZ; 3, S=,1, N=,1, £=,-2, [lsal=,1, [1s]=,2, Qps=s P=,3, S=,1, N=,2, &=,-1, [|lsal=,1, |lsl=, 2, Qus=»

wmiwapalww|in
~ .
——

P=23, $=,2, N=, 1, &=, -2, Ilsal= 1, |1s1=, 5, Q= ¢ [ (P52 3, S5, 2, N=, 2, €5, -1, [lsal=, 1, |1s/=, 5, Qus=,

Figure 4.6: Some examples of ‘teardrop’ orbifold solutions.

As we noted below (4.1.44), taking N — oo leads to Qpg — 0 (for £ # 0). Recall
that the holographic limit is only trustable for P — oo, hence we test some examples for
high values of P in Figure 4.7. We find the conical deficit angles and D6 charge remain

unaffected in this limit.

vl miwwl b

>
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: 4
(P2, 55,1, N2 6,2, (lsals, Sy sl 3, ey o)

e 4 - 7
[P=, 10002, 5=, 5601, N=, 2, 5,2, (1ol 5, (1si=, 3, Quem, o[, (Pe, 10003, 5=, 4287, N=, 2, 5,2, (Laalss S, Ilsl=, 2, Qs o )

79 4
{P:; leeee2, S=, 42858, N=,2, <=, 2, [lsal=,5, [ls|= 2, Qos=s P {F:; leee@e2, S-, 58001, N=,2, <=,2, |lsal=,5, [ls|=,3, Qs=, =/

Figure 4.7: Testing large values of P and S for small N, for which the values (|ls_1], |ls|)

and ()pe remain consistent. Note, for large N, Qpg — 0.

We can extend this approach to search for examples which either have integer D6 charge
(from the (4.1.44) quantization) or integer NS5 charge (from the (4.1.48) quantization for
X — X3). Using the code in Figure 4.8 (and extending the ranges of each parameter), we
find no such examples. Of course, this is not an exhaustive check. If we include teardrop
solutions as a possibility, we do find examples - see Figure 4.9. In these examples, the
holographic central charge can be preserved along with the integer quantization - using
(4.1.48) with X — X3. In the first example of Figure 4.9, we have

(Is_1ls)3>NP
(L+EN)(1—E55) (P —9)

Qnss = (Is_1ls) 2P, Qps = (Is—1ls)N, Qpe =

(P=12,S=4,N =1,{ = -2): Qnss = 3, — Qps =2, Qpe = 6.

nsr= list2 = {};
Inf6]:= Do[

. . ENNS ENNS . Abs[(1+ £NN)]

If[ integerQ[Abs[ (1 + §NN)]]&&1nteger‘Q[Abs[1—ﬁ]] 8R&Abs[ (1+ £NN)] > 1&&Abs[1— ﬁ] >18&1 mtegerq[W
- - Abs|1- —
P-s

£NNS

= ]] . [intewq[w] & integerg]

Abs[l-%]] e
3

Abs[ (1+ £NN)] Abs [1 -

3 ] | integerQ[

! :i.ntegerQ[
2
NN P

P
Il int Q )
(1+ ENN) (1-%) (p-s)] Fnreser [(1+ ENN)2 (1-%)2]]]

integerQ[

ENNS
P-s

AppendTo[listz, {"p:", P, " S=",5, " N=", NN, " £=", &, " |ls4|=", Abs[(1+ ENN)], " |1s]=", Abs[l- ], "Qos="

NN P wss P
== Hoa]s e, 2, 110,23, 15, 1, P -1, 13, (W, 1, 50, 1}, (€, -3, 30, 1) ]

_(1+§NN) (1-%) (p-s) x ’(1+§NN):(1—%)2

In7p= list2

oufrl= {}

Figure 4.8: Checking examples for integer quantization of charge, with (|ls—1|,|ls]) > 1

(for either @pg or Qns5 quantization), finding no examples within these ranges.

o . 3¢ Qs L) . 3¢ Quss
[Ptz s Nt e 2y heals L 135, 2, @y = S0 3 (P12, S5 4 NS 2, B L (sl Ll 2, Qe s ST 3
- 2% Quss 1 - 4% Quss 1
(P18, S5,08, N1, £, o2, (lsals 1 (sl 3 Qs 1, SE 20 (P18, 55,9, N2, Sl sl (dsls 3 Qe s B 20
. 3% Quss 1 - 3% Quss
[Pra28, 55,8, N1, 5,2, (Ll L (lsl, 2, Qeny e, S B0, 60, (P, 24 S5, 8 N5 2, £, o (leals l (sl 2 Qe s S 6

Figure 4.9: Checking integer quantization of charge for teardrop solutions.



CHAPTER 4. TYPE IIA - VIA DIMENSIONAL REDUCTION 108

4.1.5 U(1)xU(1) preserving N =1 deformations

We now investigate a little further the { = —¢ case of (4.1.3), which is the only N' =1
preserving deformation of the N = 2 solution reviewed in Section 1.4.2, and retains a

U(1)xU(1) isometry. This solution now takes the following form
2 _ 1305 =42 2 2 2 19 _ 1 =
s° = ffl f2VE|4ds*(AdSs) + fa(do® + dn®) + ds*(M3) |, e3® = ﬁflj%:
A 1 II
ds?(Ms) = fo <d92 + = sin’ 9D<z>2> + E dX = f (d92 + 35 sin? 9d¢2> + = f3Dx?,

H; (dfg Avol(S2) + € sin 0df A df A (do + dx)> (4.1.60)

m\>< ><\

(fG _|_§ (fﬁ f3) — fé sin 6d¢> y CB = f7dX/\V01(82)7
f 5

where for this solution

E=A+ §2f2sm9 A= (1+Ef)? +€2f3 H:1+§2ff3+f5f6 29
f5 f5’ f3fs
B 2y (4.1.61)
— I— 1+ L2/
D¢ = dg+ 2 84y, Dx=dx+ R do.

A I

This is a one-parameter family of N' = 1 solutions, recovering the N' = 2 solution for
& = 0. This solution corresponds to the diagonal blue line in Figure 4.1. Investigations
at the boundary of this solution are given in full in Section 4.1.2 (fixing ( = —¢). There
we found the background again has P NS5 branes at the ¢ = oo boundary. The most
interesting modifications to the N = 2 solution, of Sections 1.4.2 and 3.4, occur along
the o = 0 boundary - where we find D6 brane stacks positioned at each kink of the rank
function. Approaching each kink, away from the pole of the deformed S?, we find a sub
manifold (z,B3) which describes a cone of base B3 - where this B3 is a U(1) fibration over
a spindle. See the (4.1.31) and the discussion given there (for ( = —¢). Approaching each
kink at one of the poles, we find a 4-manifold By which described a W(C]P)[lk —
- a higher dimensional analogue of the spindle. See (4.1.37) and the discussion there.
This background does not have D4 colour charges, as the limit of F} vanishes for ¢ #0.

Summarising the charges (5.2.38), we have

X

Qnss =K P, Qs =
Il

——— (2N = Npy1 — Ni—1).

Let us now investigate the G-structure description of this background.
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G-structure description

We now present the G-structure that this N/ = 1 preserving deformation preserves. We
include in these results the third parameter, v, purely for the purposes of the next chapter,
where it plays an important non-trivial role in deriving the G structure description for a
IIB N = 1 solution (following a T-duality along x with v = —1). For the purposes of this
N =1 IIA solution (4.1.60), we should simply fix v = 0. Using the approach outlined in
sections 3.1 - 3.4.1, the d = 11 G-structure forms corresponding to the N’ = 1 preserving

reduction frame can be derived. In d = 11, the vielbein frame of (3.1.2) gets modified to
—2p

bt

K=- d(e*V cos0),

1 .
By = —ﬁ ~do +dp+i(Sydx + T sin? 0do) + d(V') &V sin® 0.
Y |o 202

-2 _ .
+ 62‘; (Eg d(e*V sin? 0) + (Eg + {;z (’yf()- — 41+ 7)?2)) sin? 0d(e*V)
A0+ f2 2 pvr 0 2 )}
+ i sin” 0 Vd(e*") ||,
E, = e il e~ 2°d(e2V sin §) —Vsin@({( + 1)d(V') + <ld +d ))] + i/ f1fosinOdo
SRS b L 15 +dp) ) |+ /T Fosin o)
L Vi 2,—4 .
E; = _%ezx 224/ f1f5 [)E( (—fiz do —V"dn + fedp + fi(,ﬁ;ff’ pd(64pv2(0082 0—3))+ 4dp>>
+z’<d(XB) + 01)], (4.1.62)
where we define
S =14 22 <(7 e+ o)t + (1L + 7)2]03> sin2f = 1
f3 f5 fsfs’
B 2 (e (v ean) +€ae ) = e
f3 B 2f3f5sin* 6’

X
E=(1+ §f6)2 + 52é + 522 sin’ 6, Ci=—= I:(fﬁ + §(f§ + fs ’yé sin? 9)>dx — §é sin? 6d | .
5 5 E fs ' fs 5
(4.1.63)
It is worth making clear that these results still describe the N = 2 solution in d = 11,
because at this stage, the SL(3,R) transformation and rotation of frames play a somewhat

trivial role - it is only under reduction that the N' = 2 is broken by these parameters.

In Type IIA, the SU(2) structure forms for (4.1.60) can be extracted from these results

following the reduction formulae in (2.2.24), we then find
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v= L6_2pfif_25ial <€2pVC089)

VX ’

1 s__1 [ 3V ” £ (R o o

= — = d V%dn — fedp — — d(e**V 0—3 4d
s g e ( o 4V~ o (S (VA eost 0 3) ) |
2k2 _3 . , . ,
w= _%ﬁ 2673”d(62’JV@*§V 917 gin 0 d(eXePet” a)), (4.1.64)
f%f%f

. 1 1J5J3 —p —£V/ p EV’ % 2 %
g_X\@[ BB d(e oe )/\dx—i—/if2f3X1/\((7+1)dx—|—d¢)+X2/\(d¢+7dX) ,

where we have defined

R 71 ,—4p . M) 712\, —6p . . 1
X = 62 S D (et sin? 0V2) + @V (V) e d(e% sin® OV?) 4 €7V sin® 0<V”da —~ Kdn),
WV 20V V" o
N —4p . 1 . 9 y d ) )
Xy = w 221 4 epoyd(et sin 0V?) — §f2f32 sin2@ | V' [ do — —V,,dp + 4 <2V - v) ,
12 V2 2 oV o

(4.1.65)

with z = u + iv. The Pure Spinors are then constructed using (2.2.12), and one can show

that the supersymmetry conditions in (2.2.31) are indeed satisfied.

It is worth observing that we have simply defined ¢ — ¢ + ~vx in these results, which
will correspond to a SUSY preserving T-duality along x. Hence, because v and v are
independent of ¢, they are consequently independent of . For a SUSY preserving T-
duality along ¢, one should instead define x — x + v¢. We will return to this in the
next chapter, where we will show that the T-duality along both U(1) directions will in fact

derive mathematically equivalent IIB N = 1 solutions.

We now fix v = 0, and write the complex vielbeins explicitly

A1 Llo 1__1 37 prmd —%l . .2 /
Bl = iB = A Uda+dp+z<21dx+22 sin 9d¢)+§d(V)
e—2f’< . f2 . 4€2 fo .
+ ——( 2o d(e*’V sin? 0) + <2 —4 22) sin? 0d(e*°V) + sin? 0 Vd(e? ﬂ
av \ 72 ( ) 2 5,}”3,}% ( ) I3f5 ()

B2 — p3®p—i04s g2 — _

¢t (fifs2)i | &
VX VEL A

(e*%d(e?/)f/ sin @) — £V sin 9d(V’)> +iy/ f1fasin qub] ,
(4.1.66)

which re-derive the above (j,w) via (2.2.23), and define the metric in the following manner

Ay noy F a 4 3 1
ds?, = eAds®(Minky) + E'E* + E2E? + u? + 02, 24 = 24432 </t 2E2e%
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In addition, we construct the higher form fluxes (Cs, C7), as follows
C5 = e*~®vol(Mink,) A u

2 _—4p
do+ V" — fodp— S (8 412 (cos? 6 — 3)) + 4d
o+ V7dn — fedp f5< o (e (cos )>+ ol

V' f3
40

1 2
= %A e vol(Minky4) A {

Cr = M= %vol(Mink,) Av A j

3 1
24 3 1 . 5 r3 ) ,
_ )Ts €2 2 f2vol(Mink,) A d(e2°V cos 0) A (Wepegv p (epoe,gv ) ndy

+/{f2f3%f(1 A (dx+d¢) + X /\d¢>. (4.1.67)

In the next section, we will generalise the G-structure discussion to the full two-parameter
non-SUSY solution.

4.1.6 Supersymmetry breaking

We now generalise the G-structure description of the A/ = 1 solution discussed in the previ-
ous section, and investigate what insight can be gained into the breaking of supersymmetry
for the general two-parameter N' = 0 solution. As in the previous section, we first present
the complex vielbeins in d = 11, including all three parameters - as v becomes important
when moving to type IIB. We then derive the ITA G-structure description from there. We

follow the approach outlined in sections 3.1 - 3.4.1.

Following the review of supersymmetry breaking given in Section 2.3.2, by deriving
the ITA G-structure forms for the general two-parameter solution, we will gain insight into
how supersymmetry is broken from the three G-structure conditions given in (2.2.31). In
the general solution, we know that supersymmetry is preserved when { = —¢. Hence, we
expect the right hand side of these conditions to contain supersymmetry breaking terms
with an overall (£ + () multiplicative factor out the front. It will be interesting to see which

of the three conditions are broken.

The original motivation for extending the G-structure analysis to the full two-parameter
family of A/ = 0 solutions actually occurred when investigating the stability of probe
D6 branes for this general background, where one requires calculating the appropriate
parametric deformation for the higher form fluxes C5 and C7 - extending the stability
discussion of the N' = 0 solution given in Section 4.1.4. However, assuming the third
supersymmetry condition (2.2.31c) is broken, we could no longer derive these higher form
fluxes directly from the G-structure description. This raises an interesting question into
possible parametric deformations of the Pure spinors, for which this third condition would

be automatically satisfied by construction, and consequently, the higher form fluxes derived
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directly from these new Pure Spinors. If this approach proves fruitful, one could potentially
extend this method to derive new sets of Pure spinors for each of the three SUSY conditions

- satisfying them by construction. We will return to this discussion later in this section.

d =11 forms

We now present the appropriate modification to the vielbein frame of (3.1.2), deriving

(4.1.3) following a dimensional reduction along /3

—2p .
K=-" d(e*V cos ),

fi
E = flgj’ —do +dp+z<21dx+ ¥, sin 9d¢) — AV + LCvSm 20dn + (¢ + €)d(V')
-2
+ 62‘; (Egd(eQ”V sin? 0) + (Eg - Cjzz (’ny —4(v€ — C)?)) sin 0d(e?°V)
A= o 20
C7f3f5 sin“ 0V d(e ))],
i( ) ) .
9= ed}j;gw [Z e 2Pd(e*’V sin @) — Vsin@((’yﬁ —O)d(V") + ’y(%da + dp))) +iv/ f1fosin quﬁ] ,
i+e8) x/{ v 4 '
Jo ~ =V [E ( — 453 —V"dn + fedp + — 7 ( g;fj d(e4”V2(c0529 — 3)) +4§dp>
—4
-+ f)eApd(V2e4p)> +i(d(XB)+Ch)|, (4.1.68)
where
- f2 _ ? _ 2f3) I
Zi= 1+ 2 ( (v 6= Ofs) 4 06 - O st = 2%
Bo= 2t eh(n+ - Oh) +ebs -0 R ) = e (11.69)
I3 f5 2 f3 f5sin? 6’

0 = )f[(f6<1+5f6>+§f3 ¢ sin? 9)d><+<f?sm 0d¢], == (14 efe)? + 8 1 2R gn2g,
5 ARy f AR

One then re-derives the N' = 1 case given in (4.1.62) by fixing ( = —¢, noting that the
(C+ &) terms in (4.1.68) totally vanish in that case. Hence, these terms should contribute

to the breaking of supersymmetry under the reduction!
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ITA initial forms

Using the reduction formulae in (2.2.24) and recalling e3® = % f1fsE, we find

1 3 .
v=2¢=e3%K = %6—2;71?54 fi 4Eid(e2pV cos 0), (4.1.70)
~ 1 s__1[V'fs 1 [ —(r2e™ .
=h=—— = do +V"dn — fedp — — [ ———a—d(e*V?(cos? 0 — 3)) + 4&d
w= i = (= [ vy o~ (a0 - 3)

4
HCHO i ew)].

with E}IA = e3®E! and E%IA = —eilH+EB) 52 2 given in terms of the d = 11 vielbeins
(4.1.68) (where the multiplicative factor of E® has been included in the definition of E?%, ,
with  — 0). Using the Poincaré patch (2.0.2), one can now check that indeed we re-derive
the (4.1.3) metric (with ¢ — ¢ + 7 x) in the following manner

4 3 1
ds%o,st — 24 dsZ(Mink4) + ds%7 e2A = YeQPff 12 VE, (4.1.71)
dst = Bl aEiga+ EaBors + 0 + 0% = — 7 f2VE | 4dp? + f1(do? + di?) + ds* (M
Se = Errala+ EfpaEra+u” +v —Xf1f5 2 |4dp” + fa(do™ +dn~) + ds*(Ms3) |,

noting 2z = u? +v?%, with z = u+iv. We can now derive the corresponding j and w, using
(2.2.24), or directly from the vielbeins

.t —1 =2
w = Efra A Efpa, J= §(E111A ANEja+ Efra NEra), (4.1.72)
where we can check the following relations still hold
jANw=wAw=0, WAW=2jAj, (4.1.73)

which they do. The results for w and j then read
2k% _3 . ;o ) ,
w= _Tfl 2 [e_3pd<62"Ve<V 7 sin g d(eXePeSV a))

+ (C+ &)eXe %o d(e2pVei(¢+7X) sin 6 d(V’))] ,

3 1
1 2 f2 / / 1 N R
j= NG [fl‘ffﬁ)’e_pegv d(e?ae V") Ndx + K faf3 ((X1 — (X)) Adx 4 (X1 +EX7) A (dp + vdx))
+ Xo A (dop + v d )—<<+5)W(X A (dd +~vdx) + X3 Ad )]
2 Yyax A\/K 3 yax 3 X1
71 ,—4p . R VAV, 71\2Y ., —6p .
X, = —C(V.e d(e4psin2 9V2) —1—5( VoV +.(V) Je al(e("“’sin2 9V2)>,
2VV'a 20V V"
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71
X1 = —(V sin? 0<V”d0 - Kdn), (4.1.74)
g

de) L Doy V))),

oV o

<
2

Xo =k (Uf%e_Llp (1 — Cfe)d(e* sin® OV?) +

1 .
1 faf3 sin® @ <v’ (da ~
f32 V2

) ) . ) . 2A S .
Xy = =20 sine(zv’ + g((v’)2 - v”v))d(e2p singV), Xj= %d(v’) + (sin?0 V((V’)2 - V”V) dp.

One can see by observation that the N' = 1 result (3.4.1) is recovered when ¢ = —¢.

Notice, by naively following the derivation for the ITA forms, we would get an overall
{8 multiplicative factor in the result for w - which is the remnant of the broken U(1)g
component in the general N = 0 case, vanishing in the SUSY preserved backgrounds. Of
course, following the reduction, 3 is no longer a coordinate of the background - so we must

send 8 — 0 and eliminate this overall factor.

We are now free to build the Pure spinors for the two-parameter background, using
their definition (2.2.12), and check the corresponding supersymmetry conditions (2.2.31).
For the remainder of this section, we fix v = 0. We can switch it on again by simply

sending ¢ — ¢ + 7y x in the results. After some effort, we find

dpy (24704 ) = (C+€)(Y3 + Y5), (4.1.75a)
dp, (247 PReW_) = (C + €)Y, (4.1.75b)
44 ~
dy, (e ImW_) — % 56 M(g) = (C+€)Ya, (4.1.75¢)
where it is clear that the right hand side vanishes for { = —¢, with
212 . . . y
Y3 = —%e’xepa d(aepe”‘d<6pe’(¢><) sin HZd(V'))> , (4.1.76)
4K3 . . .
Vs = —%e’(¢+X)epV Ce2PVV" sin2 Ody A do A dp A dO A d

+ [(V/ +E((V')? - VV”)> <2e2pdn Ado Adp Adf + i sin 9( VA sin§ d(e*o*d(V")) A df

g
"

/8% :
+ 2¢% cos 0 dn A do A d,o) A d¢> +1 CU X sin’ 6 d(eQPVd(V’)) A df N dgb} Ady

I

and (Y1,Y3) cumbersome poly-forms of even dimension.

Deriving the higher form fluxes

Following the discussion given in Section 4.1.4, in order to investigate the stability of probe

D branes, we will need to derive the higher form fluxes for the general two-parameter
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family. In the SUSY preserved solutions, one can use the third G-structure condition to
derive the higher form fluxes directly from (2.2.32). Of course, in the general non-SUSY
case, this final condition is broken by (¢ + &) terms on the right hand side of (4.1.75c¢).
This would suggest that, in general, the higher form fluxes one would derive using (2.2.32)
(which we will label C5 and C+7) should be parametric deformations of the true forms (Cs
and C7) - recovering the SUSY preserved case for (( + &) = 0. That is,

Cs=Cs5+(C+6CL,  Cr=Cr+(C+C, (4.1.77)

with C% and C} the appropriate deformations, which can be derived via the Maxwell

equations (where Hz A C3 = 0)
F6 = —*F4:d05, Fg :*FQ :dC7—H3/\C5, (4.1.78)

up to some gauge transformation of C%7. We should then be able to split the higher form

fluxes into a SUSY preserved part plus some SUSY-breaking parametric deformation

Cs = C +(+HCE,  Cr=0C +(C+ &L, 4.1.79
5 5‘(C+§):0 (C+£)C5 "= oo (C+¢C; ( )

Following through the lengthy calculation, and writing each result in the manner given in
(4.1.77) and (4.1.79) in turn, we find

oo

Cs = e*~®Vol(Mink,) A < i) (f1f5)

TN Lle—4P '24p>
ETIAT e Pd(Vie
~ ( )

16/-@

f5 2f1
+2(¢C+ €)d(V264p)} : (4.1.80)

where we can see that the additional term vanishes in Fg, because d(d(V264p)) =0, and

~ XVE AVA
B <02VAd( o gV((V’)2 _ V”V)tane d9> /\dx>]

3 1

2 2
(fl I5 Js e*pecv/d(epae*aﬂ) Ady

o

Cr = e*=®Vol(Mink,) A v A I:j (C+8) 4nV ((X — e 2 sin OV’ d(e* sin (9V)> A dg

—
—
—

3 1 . 1
= —e’ff f5QE%Vol(Mink4) A d(e*V cos 0) A [

+ K fof3 ((Xl — (X1) Adx + (X1 +EX7) A d¢> + Xo A d¢)

(C+¢) ilf@V (

(2X3 — e 2 sin AV'd(e? sin GV)) Adep

<X3 - j/Ad( V) — gv(( 2 - V”V)tane d9> /\dx>], (4.1.81)

—— Vol (Minky) A [4pA( Vit V" dn — fedp — 1( (r2e d( P72 (c0s2  — 3))+4§dp>)
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using the definitions given in (4.1.70) and (4.1.74), observing that v remains undeformed.

Now that we have the higher form fluxes, we could investigate the probe stability of
the general two-parameter family, generalising the analysis given in Section 4.1.4 for the

S? preserved solution. However, this is left for future study.

Let us now comment on an alternative set of pure spinors, inspired by the above analysis.

Imposing the calibration condition

From the results of the higher form fluxes given in (4.1.80) and (4.1.81), we have
Cs = =P Vol (Mink,) A 4, Cr7 = M =2Vol(Mink,) A0 A J, (4.1.82)
where

G=u+(C+ O, b=v+(C+E, J=i+C+8)5,

1 31 .
v = — 127 1A eV 2, v =0,
\/X(flff)) ( )
., 1 Akl (4.1.83)

Jj = PV A\/VK <(X3 — e 2P sinOV'd(e* sin 9V)> N dg

o?A / . N2 Iy
— (Frao +<v<(v> v V)tan@d& Ady ),
which then motivates the possibility of building a new set of parametrically deformed pure

spinors from these new hatted forms, as follows

. 1 1. . .
b, = ge%W Ao, b= ée_” A2, 5=d+id, (4.1.84)

with some & = w 4 (¢ + §)w’. The final G-structure condition (2.2.31c) would then be

automatically satisfied by this new pure spinor (by construction), namely

dy (42 Im ¥ _ A 4.1
H(e mV_) = g %6 (9)- (4.1.85)

In other words, using this more general set of (parametrically deformed) pure spinors,
one could derive the higher form fluxes directly from the G-structure conditions for all
backgrounds (no matter the SUSY). Obvious questions then arise regarding the meaning

of such spinors, and whether they would make any sense physically.

In order to preserve the SU(2) description, and the conditions given in (4.1.73), we are
motivated to generalise the definitions (4.1.72) by defining a new set of deformed complex

vielbeins (Et; 4, E%; ) given by

Elia=Ela+ (+EN4, EXa=Eh + (+OEF4, (4.1.86)
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such that

N . A —1 . -2
O =EpanEia,  J= 5 (EIIA/\EIIA+E11A/\E11A) 9= BlaBat B aEppa+i® +0%.
(4.1.87)
Hence, the new set of vielbeins should re-derive the j given in (4.1.83), whilst still defining

the original metric, where

S r2 B 22 ol El 2 72 2

Erala+ EfaEra+ 0" = EfpaErpa+ EfpaEpa +u, (4.1.88)
with ¥ = v dropping out. These vielbeins would then define the corresponding w.

Using (4.1.72), (4.1.86), (4.1.87) and (4.1.83), we find from the conditions on j, along

with the metric condition (4.1.88), the following requirements

1 i 9 72 9
EfaElia+ EfaEfia + EfaEf A + EfaEfa + 2w + ((+ 5)( TrAEf A+ EfAEfs + 4/ ) =0,

L _ _ _ ,
=3 <E311A NEira+EraNEfia+ Biia NEfia+ Eia A Efiy (4.1.89)

+ (¢ + f)( TraNEfra+ Efia A EIIA))

where the second condition is a consequence of j’, given in (4.1.83), having no (¢ + &)
terms. It is now a case of cranking the Mathematica handle and seeing whether such a set

of vielbeins exist. Again, this is left for future analysis.

4.1.7 Comments on dual CFTs

In this sub-section, we propose that the CFT deformations we encountered in the dual
supergravity description (4.1.3) represents marginal deformations. In Section 4.1.3, we
analysed the holographic central charge within the context of the quantization of charge.
There we concluded that forcing integer quantization onto the system is simply too much
to ask, giving rise to the same holographic central charge for the whole family of solutions.
Here we comment on a mirror-like relation that our CFTs satisfy, and study spin-two

fluctuations for both the S? preserved A/ = 0 background as well as the A/ = 1 solutions.

The CFT dual to our two-parameter family of solutions should admit a large N ex-
pansion, and all single trace operators with spin greater than two must have a very large

dimension. CFTs with these characteristics were studied in [160].

Considering the reduction to five dimensional gravity of the S? preserved (¢ = 0) case
of (4.1.3), we find the scalars in the AdS-bulk (which correspond to marginal operators)
have mass m? = A(A — 4) = 0. The non-normalisable mode of these scalars is then dual
to the g coupling of the perturbed CFT (1.2.2), with the conformal manifold associated

with the moduli space of AdSs vacua in the reduced theory.
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Holographic Central Charge Following the calculation of Appendix A.2 and the dis-

cussion given in Section 4.1.3, one arrives at the result
= S / R( )2d = S g PR? 4.1.90
Chol = = L.
hol 4 0 n n ] ] k> ( )

where all dependence on the dilaton drops out neatly, matching the N' = 2 result of [90]
(up to appropriate conversion of notation). It would be interesting to calculate (4.1.90)
for more rank function examples, comparing with the results of (1.2.9). Various examples

along these lines are given in [90, 123, 138].

The dual to our backgrounds Let us now go into more detail about the marginal
deformations represented in (4.1.3), focusing our attention on the U(1)g preserving N =1
case (for £ = —(¢) and in the SU(2) preserving N' = 0 case (with ( = 0). We recall from the
soft-SUSY breaking discussion given in Section 1.2.3, there are N/ = 0 deformations with
operator 01, with a preserved SU(2) global symmetry inherited from the R-symmetry. We
then associate this deformation with the CFTs described by the parameter £ (with ¢ = 0),
corresponding to the red line in Figure 4.1. Similarly, the operators Oy and O3 preserve
N =1, with R-symmetry U(1) = 2 (U(1)g & 2I3). We then associate these deformations
with the CFTs described by £ = —( in (4.1.3), corresponding to the blue line in Figure 4.1.
The discussion into the quantization of D6 branes given in Section 4.1.3, which is inherited
from the presence of spindles and the parameter £, suggest that these deformations are non-
Lagrangian. When ¢ = 0, the integer D6 quantization is recovered (with an S? recovered
for ¢ = 0). This suggests that the parameters ¢ and £ give rise to Lagrangian and non-
Lagrangian deformations, respectively. The arguments presented above are not air tight,

and a more careful analysis of these exactly marginal deformations is required.

A mirror-like relation It is worth noting a mirror symmetry relation between the linear
quiver R(n) (of length P — 1) (1.2.8) and R(7) (of length F — 1),

Nlﬁ ﬁ S [07 %]
R =S Ny + Ny — M) (A — k) 7 € k5, (k+1)5]
Np_1(F —7) heF(l—5),Fl,

with (%,Nk = %Nk) € Z, identical Fourier coefficients, R,, = R, and equivalent ‘holo-
graphic central charge per unit length’, “el = % See [175] for further details. It would
be interesting to test whether the preservation of the spindle conditions survive under such
a mirror symmetry - i.e. for a given rank function, R(n), satisfying all conditions, would
its mirror, R(7), still satisfy these conditions? As an example, the triangular rank func-
tion defined by P = 5,5 = 1, N = 4,§ = —2 leads to a mirror rank function defined by
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P=F=10,8= STF =2, N = % = 2,& = —2. Indeed, both rank functions satisfy the

spindle conditions, see Figure 4.10, but a more thorough investigation could be conducted

for a wider range of examples.

, 5 7 5
[P Sy S5 1, N4y fn, o2 [lsal=, 7, (1s)5, 3, Qosns or s (P18, 55,2 N2y fs, 2, (1l 3, (15,2, Qs o

Figure 4.10: Mirror relation between two (spindle appropriate) Triangular rank functions

Spin 2 fluctuations For our two example solutions (4.1.51) and (4.1.60), we now study
particular excitations of the metric (along the AdSs directions), using the results of [152—
155]. This simple fluctuation is consistent and can be associated with states of spin two in
the CFT. See Section 1.3.1 for a brief review.

e N =0 Reduction: Using the form of the SU(2) preserving N' = 0 metrics presented

in (4.1.51), after moving to Einstein Frame, one finds
1
ds2, = 4(f9 fsA)s {dsQ(AdS5) +3 (fgds2(82) + fa(do® + dn*) + fd;ﬁ)] . (4.1.91)
Using (1.3.12), we have

1 ~ 1 ] _ 9 1 1 ]
e = 4(f?f5A)87 IMs = Mf%fff?) sin® 0, egAE\/ IMs = 23f12f32f52f2f4 sin 0.

(4.1.92)
Then using (1.3.17) along with the definitions of f; (1.4.11), we find
2(@V = V)" + (7?) oV — ¥
2 2
\VeAVa VS2]: + a2\ A@X}"
2 72 2 21 _
e [a,, (oV20,) + 0, (oV a(,>] F+ M2F =0, (4.1.93)
noting the Laplacian on the two sphere reads
1
2 _ . 2
VSQ = Sineag(SHl 989) + Sin2 06¢ (4194)

This result only differs from the N'= 2 GM result by A, which goes to 1 for £ = 0.
In that case, universal spin-two modes were already considered in [153]. We therefore

follow the same procedure and expand the mass eigenfunction as

F= Z ¢lmnY2meinX’ v§2}/lm = _l(l + 1)Ylm7 (4195)

Ilmn
where [,m,n € Z and [ > 1. Note here that F and ¢;,,,, are complex in general. This

leads to

2 ((QV -V + (V’)2> L oV _ 17

V//V 0-2 v A"F

—11+1)
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2
+—
V'V

which is in fact a version of the Sturm-Liouville problem, fitting into the ‘universal

{an (oV20,) + 0, (W%)} F+ M2F =0, (4.1.96)

form’ given in [155] by the following identification

Oa(PO™Y) + qp = —m*wy,  with ¢ =¢;, . and (4.1.97)
. 1 . . A 77 1 AZAA
p=oV? w=-oV"V, m*=M? q=-oVV’ l.(l +1) Lz ,
2 \Vav 202

By redefining ¢y, the N' = 2 analogue of (4.1.96) was mapped to a more useful

form in [153]. We follow the same procedure, defining
Gtmn = €V " (V) ftmm,  M? = 1% + (20 +n)(2l +n +4), (4.1.98)

upon which (4.1.96) becomes

nysl eV’ 2e~ V" 4172420 2nEV’ o T 2
oc"V'e 19) <J VeTote 8a¢lmn) —u” | =0, (4.1.99)

- < - e a
O.2n—1Vzl+1V

where a € (n,0). This can then be solved by (;Nﬁlmn = constant and p = 0, for all n,

which then leads to the universal solution
G = "V 0" (V) g,  M? = —4+ (2+ 2 +n)?, (4.1.100)

where ¢¢ = constant.

For the V defined in (1.4.17), this solution remains finite at all points on the Riemann

surface - just as they were shown to be for the N' = 2 case in [153].

In order to define the norm of fluctuations, we can derive an integration measure by

computing the quadratic fluctuation of S = 2,32 J /= det g Rdz'0. In general, we
10

find

1
5285 = o daddy® e \/— det gaas, v/det Mshy, (Vias, +2 — M?) b,
10
(4.1.101)

Hence, when integrating over y, we find the appropriate integration measure is
e34,/det M. We can now use this to derive a bound on M?2.

Returning to (4.1.99), contracting with ¢;,,,, and integrating with respect to the

above measure, we find

~ . ’ ~ 1 ’ . ~
—/dnd0¢zmn <3a (0_2n+1v2+2l62n£\/ 8a¢zmn> 4 §u2e2”5‘/ J2n+1V21+1V//¢lmn> —0.
(4.1.102)
Integrating by parts, and assuming no boundary contributions (which is the case for

regular fluctuations - finite everywhere on the Riemann surface), leads to

. ’ ~ 1 ’ . ~
/dnda <02n+1v2+2l€2n§V ‘8a¢lmn‘2 o §M262n§V 0_2n+1v2l+1vll|¢lmn‘2> — 0’
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where the first term is positive definite and the second term is negative definite. We
then see that the minimal value p? can take is u? = 0, for which Gimn is a constant.
We then conclude that

M? > (21 +n)(2l +n +4), (4.1.103)

just as the N' = 2 case of [153][154]. As a bound on the scaling dimension of operators,
this then becomes A > 4 + 2] + n.

e N =1 Reduction: Using the N’ = 1 metric presented in (4.1.60), after moving to

Einstein Frame,
1
ds% = A(f) f52)% | ds®(AdSs) + hyydatda” + 1 ( fa(do? + dn®) + dsz(Mg)>] :
and using (1.3.12), gives

— 1 - 1 . — g 11 .
A=A BT, Gms = fififssin® 0, Gy = 2 F7 5 £ Fafasing,

(4.1.104)
leading to
2((2V - Vv + (7)) 1 g2 Efs + fofo(1+ £ o)
: v2f+<42< +6)82+8 3 T J5J6 63@)?
174474 52 ¢ f5 f3 ¢ ¢ f3f5 X%
oW -V . Y ,2 Ve
g AR+ [3,7(0'1/ Oy) + 05 (oV a,)}erM F=0,  (4.1.105)

which actually behaves remarkably similar to the equation defining the mass of spin
2 fluctuations in the N' = 0 deformation. Once again, we redefine F in terms of
(4.1.95), and now further redefine

Gt = "V G (V) G, M? =P 4+ 2L+ n)(2L+n+4). (4.1.106)

We again make use of V§2Ylm = —Il(l + 1)Y}y, and 0yYiy, = imYy,, where we find
the resulting PDE for g?)lmn takes an almost identical form to (4.1.99), but with eV’

replaced with e(n="m)&V’

everywhere it appears. The remaining arguments of the
previous N/ = 0 example then follow through the same. That is, a universal regular

fluctuation, valid when u? = 0, is given by
G = TV G (VYo M? = —4 4 (2+ 20 + n)?, (4.1.107)

with ¢¢ a constant. Again, this solution saturates the bound on the mass on can
derive, which is again
M? > (21 +n)(20 +n +4), (4.1.108)

which once more matches the N’ = 2 result.
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4.2 x Reduction

The full solution, with all GL(3,R) transformation parameters intact, is given in (B.3.2).

4.2.1 Two-Parameter Family

Given that we are now performing a dimensional reduction along y, in order to preserve
the U(1)r component (3.2.3) under reduction, we must now fix s = —1. Recall from
Section 3.2 that the maximum supersymmetry which can be achieved under this reduction
is N = 1, because the very condition required to preserve the U(1)gr component is what
breaks the SU(2)r component - a consequence of the U(1)r component being x + ¢ prior
to the SL(3,R) transformation, given in (3.1.3).

We will first investigate keeping the parameter s free, allowing us to turn the NV = 1

supersymmetry on and off at will.

Fixing s =(

With s = ¢ and (p,b,u) = 1, from the determinant given in (3.2.1), we must fix m = 0 -
with either ¢ = 0 (where a = &) or ¢ = 0 (where v = ). The remaining free parameter will

be labelled v in each case. We will now investigate both options in turn.

e Fixing (a =¢&,v="7)
With (m,q) = 0, the determinant (3.2.1) reduces to vc = 0. Hence, the third free
parameter will be v = v (with ¢ = 0) or ¢ = « (with v = 0). In the solution we
will now present, as in the 8 reduction case, the parameter ~ will in fact play a
trivial role and can be fixed to zero without loss of generality. More specifically,
when ¢ = v (or v = 7), one derives (4.2.2) but with the redefinition g = 8 + v ¢ (or
¢ = ¢+ ~v3). Notice from the U(1)r component (3.2.3), v = ~ plays an important
role when performing an ATD to IIB, we will return to this discussion in the next

chapter.

Hence, in d = 11 , we have the following transformations being performed
dp — dp + &dx, dx — dx, dp — do + ( dx. (4.2.1)
Utilising (B.3.2), we now derive the following two-parameter family of solutions

3
2

1 3 /=
dsfose = 5 I7 (F56 + f5)*V/Zs [4d52(Ads5) + fa(do® + d) + ds*(M3) |,

9 _ 2 & .2 2> LA 2
a5ty = o+ Z2antondt) + 1 Galz+ 19"
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I f3fs

_ 2, L .9 2 1z 2
_f2<d0 +H2 sin 9d¢>+52(f5f62+f3)D/8’

32 = )1(sin9|:(:f8dﬁ — <f7 +£f8)d¢:| VAN de, e%‘l) — %fl(f?}fg + fS)EZa

C, = m <f5(f6 +&)dB +(f2 Sin29d¢>, Cs = fgdfB A vol(5?),
; =
- _ 2 P . 9 _ f5(2f6 +§) _ 2f2 . o
HQ—A2+C7(f5fg+f3)sm 0, A2_1+£7(f5f§+f3)7 H2—1+Cf381n 0,
_ _i f5(f6+£) o _ié .92
D¢ = do A, 7(1,51}? n f3)d6, Dp =dp 0 fs (fe + &) sin” 0 do, (4.2.2)
with

H =dB,, Fy, =dCh, Fy,=dCs— HANCq, dH =0, dgFy =0, (4.2.3)

where we have rewritten the solution in a manner which becomes useful when per-
forming analysis at the boundaries. Notice the roles of (f7, fs) in the definitions of

(B2, C3) have swapped with respect to the 8 reduction case (4.1.3).

Following previous analysis, we consider approaching the ¢ = 0 boundary where
V = 0 to leading order. With the boundary condition R(n) = 1% . and warp
factors (1.4.11), we find -

+ RNdB + L¢V"R sin? 6d ¢/ sin =0 X
o :X(£ )dp 34 s1{12 ¢7 ) _
o—0 (£+R/)2+§C2V”RSID 0 o—0 £+R/

dp, (4.2.4)

which reduces for ¢ = 0 or sinf = 0, as shown. We recall from (1.2.8) that R'(n) is
discontinuous in 7. Hence, following a reduction along y, we still have a source term

for D6 branes in the F5 Bianchi identity. Taking the derivative carefully leads to

¢/ sin =0

X 1 1 X(R'(k—1)—R'(k))
0=k (5 +RI(k) E+R(k—1)

E+RI(k)(E+R(k—1))

2 dn Ndp

>dn/\dﬁ:(

¢/sinb=0 _ ¥ = 2N — Nit1 — Ni—1

o0 P (E + (Niy1 — Nk)) (5 + (Nk, — Nk—l))

= R 6(n — k)o(o)dn A dp,

(4.2.5)

where we now have a different denominator compared to the 3 reduction case (5.2.10).
We can see immediately, following an integrating to find the D6 charge, fixing £ =0
no longer lead to integer quantization. The forms of By and (5 are still independent
of fg, leading to source free Bianchi identities for H and F} - given in (4.2.3). We
will return to this discussion more thoroughly in the next sub-section, where we

investigate the boundary.
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As in the B reduction case, we once again find that ( # 0 breaks the S? of this
background. We can see this from (4.2.2) using the forms of ds?(Ms3), I3 and DB. In
addition, ¢ is now the only parameter which determines the supersymmetry of the
solution, which is in general N' = 0 and enhances to N' = 1 when ¢ = —1. This
condition then preserves the U(1)r component of the R-symmetry, but necessarily
breaks the SU(2)g component - this can be seen graphically in Figure 4.11, where
the U(1)g preserving AN/ = 1 line (given in blue) never crosses the SU(2) preserving
line (given in red). This is in contrast to Figure 4.1, where they cross at the origin,

giving rise to an N = 2 solution there.

¢
A
N =0
X- Reduction ‘ N UQ1Q)r SU@2)r S
(=-1 1 x
(=0 0 X v — > ¢
¢eZ/{0,-1} | O X X -
(=1
== N\ =1 U(1)Rr Preserving == N =0 SU(2) Preserving

Figure 4.11: In the general case, for arbitrary (¢, () (in green dashed lines), the background
breaks all SUSY. Along the ¢ = —1 line (in blue), the U(1) g-symmetry is preserved, leading
to N = 1 solutions. Along the ¢ = 0 line (in red), the background preserves SU (2) isometry
(descending from the original R-symmetry) with the SUSY completely broken in general.
Given the red and blue lines do not intersect (as they are now parallel), there are no N’ = 2

solutions here - as no background preserves the necessary SU(2)r x U(1)g R-symmetry.

We can actually map this solution to (4.1.3), using the following transformations

1: F, — k:lan, e ® = k%e_q), guN — kigun, Hs — k1 Hs,
2: F, — koF), e S ke, (4.2.6)
with k1 = €71, ky = €2, giving

1 1
IMN — =gMN, By — = Bo, Cy — &0, C3 — Cs, e:

1
§ § £2
(4.
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followed (in order from left to right) by

Cy — Cy — dg, C3 — C3 — df A Ba, ¢ — &G,
6 d—CEX, B —£x, £—>é

Notice that we require & — 1/, despite the requirement that £ € Z (which stems
from the preservation of U(1) peridocity in the d = 11 solution - see the discussion
below (3.2.1)). This transformation is then a non-trivial one. Mathematically, the
two solutions can be mapped to one another (for arbitrary £ € R); however, given the
physical (integer) requirements on ¢, this is no longer true. Hence, the two solutions
should describe different physics. Of course, fixing £ = 0 will derive a unique solution

which can not be mathematically mapped to the 5 reduction case.

e Fixing (¢ =¢&,v=")
The determinant (3.2.1) now reduces to ga = 0. To avoid repeating the previous
case, we must fix a = 0 with ¢ = £. After re-labelling (s = (,q = &, v =), we derive

a solution which maps to the £ = 0 solution of (4.2.2), with

C1 — Oy +&dp, C3 — U3+ &§df A By, ¢ — ¢ — (5P (4.2.8)

We now investigate the case where s is not a free parameter, breaking supersymmetry in

all cases.

Fixing s = 0 (with m free)

The other possibility is to ensure s is not a free parameter by fixing it to zero. In these

cases, m is now the free parameter.

e (s,a) =0 with (m,q) free parameters
Here the determinant reduces to ve = 0. We now look at each case in turn. These
cases can be derived from the (£,{) = 0 solution of (4.2.2), by the following trans-

formations.
— ¢ =0 (with v free): Re-defining ¢ — ¢ + v followed by
Cy — Cy+qdB+mdo, C3 = C5+ (qdB +mdp) AN By.  (4.2.9)
— v =0 (with ¢ free): Re-defining f — (3 + c¢ followed by

C1 — Ci+qdB +mdg, C3 — Cs3+ (qdB +mdp) AN By, (4.2.10)
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e (s,0,q) =0 with (m,c,a) free parameters
The remaining case can be derived from the ¢ = 0 solution of (4.2.2) by re-defining
¢ =a then 8 — [+ (¢ — am)¢, followed by

C1 — C1+mdo, C3s — Cs+mdo N Bo. (4.2.11)

4.2.2 Investigations at the boundary

We begin by observing that (Z9,1l2) are non-zero and finite for general values of (7,0, 8).
As in the 3 reduction case, the deformed S? given by (6, ¢) has II; — 1 at the poles. Hence,
given the expression for M3 in (4.2.2), we conclude that the deformed sphere still behaves

as an S? topologically.

The ¢ — oo boundary
At the 0 — oo boundary, where we use (3.4.8) to leading order, we find Il = 1 and

Sy=2" —— (£40), Ey=1 (£=0), (4.2.12)

hence, we need to investigate this boundary for both cases independently.

e £ #0: We begin with the £ # 0 case, where

ds® = %’“ [40 <d32(Ad85) + 1d62) + % <d (%0)2 +d (%n)Z + sin? (%n) d82(82)>] :

¢z
2= Xgmég/ge;" (;a)_; , Hs= —%:f sin 6 sin? <%77> d (%n) AdO N <dq§ — édﬂ),

noting that C; = %dﬂ and C3 — C1 A Bs = 0 (up to a gauge transformation in By).

Introducing the new coordinate 7 = 67%0(%0)7%, we then find to leading order

26k P 4¢RP 2
&r <df2+f2d32(83)), Hy = — i,“ vol(§3), e = xi_ T
T

ds® = ds?(Mink
s s7( 1n6)+X7rf2

following analogous arguments to those presented below (3.4.8), with dB = (457”0)7% dB
to leading order in o (and B = % B). As in the § reductions, this clearly describes a
stack of NS5 branes, with the results matching the form given in (1.1.35).

To calculate the NS5 charge, we simply fix 2k = kX as before (with ¥ € Z), giving

QNss = —(2;)2 /SS Hs = (R P, (4.2.13)

with a the stack of ¢ KP NS5 branes at the 0 = co boundary.

2(6P)? /R

T,
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o £ =0: When £ = 0, things become a little less clean

o

ds? = %[w(dﬁ(msg P;; d62> :<d (%a)2+d(%n)2+sm2( n) ds? (82)>],
(

o Xieso (”(I)_é 5 SE (sin (%) —2(%))sin0dsnds (¢ #0)
=T - 1\p ; = 3 : y
2 (kR1)7 2R R (£0) E sin® (Ba) vol(5?) (¢ =0)
V2PX ag (T \"3 ™ Pk ( . /2mm ™ 9
@R (o) Teos(F)as. Cs= w<sm<p) ‘2(p>>d“"01<5 )
N V2 PX ng (T -3 . T T T T
Fy=— W%Rl er (FU) <Sln (Fn) d (ﬁn> — oS (ﬁn> d (FU> ) A dp. (4.2.14)
When (¢ # 0)
4Ck P
Hs = g(,jr sin @ sin’ (%n) d (%77) ANdO A dB,
Fy=d(C5— By ACy) = _dxP sin? (117> d (117) A dB A vol(S?)
4 3 2 1 - P P ,
however, (7,6, 3) no longer appears to be a valid cycle - so we restrict to D4 charge,
1 - 2K
=——— F,=—P=XEKP. 4.2.1
Qb4 hE /ng[;i 1= R (4.2.15)

For (¢ = 0), with By — Bg + Avol(S?)

Hy = 22:;1;731 % <;a>_5 sin? (Zn) (3 cos (5n) d (5n) —sin (5n) d (5o) > A vol(S?)

|- sin? (Bn) d (£n) AdB A vol(S?) (A=0)
F4 = _ 1
MBS () (sin () d (Fa) —cos () d (Bo) ) A3 Avol(S?) (1 £0)
m 1
giving
Opi= " / P2 p_xap (4.2.16)
PEZT0 S P w0 o

hence, we find D4 charge in this limit for £ =0 .

The n = 0 boundary, with ¢ # 0

At n =0 with o # 0, using (3.4.12) and (B.2.3), one finds using the second form for M3 in
(4.2.2) that (1,0, $) vanish as R3 in polar coordinates, namely

1
fadn® + fo <d92 + m sin? 0d¢2> ’f} (dn + n?ds? (52)) (4.2.17)

which matches the 8 reduction solutions.
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The n = P boundary, with ¢ # 0 This boundary is qualitatively equivalent to the
7 = 0 boundary.

The o = 0 boundary, with n € (k,k+1)

In the case of 0 = 0, n € (k,k + 1), we recall that along the ¢ = 0 boundary, V = 0
to leading order. Following the [ reduction procedure, and using (B.2.6), we find (with
V =R and V' =R’ = Nj;, — N at this boundary)

I+ 3CPRV" sin* 0 12

¢
b % )
(Ng41 — Ng)? 27 (N1 — Ni)2

Iy

Ep = D¢ = dp——-dp, U = &+(Npt1—Ni),

(4.2.18)
which, assuming Nyi1 — N # 0 (for ¢ # 0), makes =2 a nowhere vanishing and finite
function of (n,0). From the form of M3 in (4.2.2), we find an R?/Z,;, orbifold singularity

in (o, ), as follows

o 1 f3fs o 2V ([ 5, o° 2)
e + 3o s = (da + ). (4.2.19)

The 0 =0, n =0 boundary

To approach ¢ = 0, n = 0, we make the coordinate change (n = rcosa, o = rsina),
expanding about 7 = 0. Using (3.4.16) and (B.2.7), we now find

2
o — Ay — LOQ lo =&+ Ny, D¢ = deo — ﬁdx, (4.2.20)
N} lo
2 2 2 2Q( 9 2,92, 2 2 2 2 2 2. o dp?
fa(do® + dn*) + ds (Mg)*)ﬁ dr® + r<da” 4 r° cos” a( df° + sin”“ 0 D¢* | + r* sin a ),
1 0

where we say that the internal space vanishes as R®/ Zy,,, with the external space finite.

The 0 =0, n = P boundary This boundary is qualitatively equivalent to the (o,7) =0
boundary, with IR5/ZZP71.

The 0 = 0 boundary, with n =%

At the ¢ = 0 boundary with n = k, we will again follow the § reduction approach by
making the coordinate change (n = k — rcosa, o = rsina) for r ~ 0, using (3.4.18)
and (B.2.8). Here we find for the forms of =9 and Iy given in (4.2.2) that the fo/fs and
f2/(fsf2 + f3) terms will dominate, unless we either fix ( = 0, or we are at a pole of the
deformed S? (where sin@ = 0). Hence, in a similar manner to the 8 reduction solutions,
we first investigate the S? preserved case, with ¢ = 0. We then switch on ¢ and investigate

this boundary both away from the pole and approaching it.
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e ( = 0: We first investigate the S? preserved case. Postponing the By gauge transfor-

mation, we find

2 by )
ds ! Ak[ ! <4d52(Ads5) 4 d52(82)> + \NF (dﬁ e <da2 + md52> )]

2k+/ Ny, X by, k Ay
2
3 X
ehw — ARET o @Zf’(a))dﬁ, Cs = —2k k dB A vol(S?),
X2N2 by, k
p
By = —2(§k + Ni)vol($?), (4.2.21)
with

Ay = (§+g(a)>2+ibz sina,  g(a) = cos? (%) (Ng—Nj—1)+sin? (%) (Ni+1—Np),

where we observe that the metric and dilaton take the identical form to the 5 reduc-
tion case (4.1.15) (up to the definition of Ay and sending 5 <+ x). The potentials
are different however, observing that the roles of k£ and N, have swapped in By and
C3 compared to the 8 reduction case. It is worth reiterating that this is due to the
mapping between the two solutions, which mathematically involves sending £ — 1/€.

Because we require £ € Z however, we are dealing with a different physical system.

At the poles of the deformed 2-sphere spanned by («, 3), we have
Ak(a:O) :l]%,_l, Ak(a:ﬂ') :l]%, Iy =£+(Nk+1 —Nk), (4.2.22)

with Ay, finite and non zero between these bounds. So we once again find the presence

of spindles, but with different conical deficit angles compared to the 8 reduction case

/
[kk+1]°

given next to (4.1.19). When [ = 1 = 1, the deformed 2-sphere becomes a round

- where we now observe that Iy = ¢ + R Recall the pictorial representation
one. In the § reduction case, this simply required fixing & = 0 (recovering the N = 2
solution). In the present case however, there is no finite value of £ which will recover a
round 2-sphere for all values of & (other than in a Sfetsos-Thompson potential where
the slope of the rank function is constant - with no D6 brane sources). Taking the
¢ — oo limit, one would find I ~ £. By absorbing ¢ into the definition of 3, one
could recover a round S? - however, this would just correspond to the £ = 0 case of
the 8 reduction (a consequence of £ — 1/¢ in the mapping). Hence, the fact that
there is no finite value of £ which gives a round 2-sphere (for a generic rank function)

is then a reflection of the breaking of ' = 2 supersymmetry for all £ (and vice versa).

Given the form of the metric and dilaton, and using (1.1.32), we once again find D6
branes extended in (AdSs, S?) and orthogonal to a cone whose base is WCP[llk,l,lk] -

see Figure 4.2. Given that the conical deficit angles of the spindle once again depend



CHAPTER 4. TYPE IIA - VIA DIMENSIONAL REDUCTION 130

on the slope of the rank function at each kink, we again find that each stack of D6
branes (located at k € Z intervals along 1) are orthogonal to a different spindle. See

Figure 4.3 for a pictorial representation.

Calculating the charge of each stack of D6 branes, we find

1 Y N X
Qs = / k= / 1 = (2N — Ni1 — Ni—1),
2 Jweel, 21 Jp=0 a0 lklk—1
P-1 X
Qos = Y _ Qs = 7 e+ V), lo=E+Ni, Ip=¢£—Np_q, (4.2.23)
k=1

yielding the rational quantisation condition one should get when integrating over
the spindle - following from the rational nature of the Euler characteristic on the
spindle, given in (4.1.22)- with the new values of [}, defined in (4.2.22). Notice that
in this case, for a general rank function, fixing & = 0 no longer eliminates the orbifold
singularity (as I, = Nj41 — Ny # 1 in general). Hence the CP! (with yz = 2) is not

recovered for & = 0.

We now turn to the D4 branes, noting

2K 1
BY = B + S Avol(s?), Bf = — (f7+€fs + 260 vol(S?),
bl PO (fr+&fs+262) s o
4 = — VAN A\ VO 5 L.
’ (fs/E + fa)AA
with A\ = N + £ k and integrating carefully, recalling the discussion in Figure 3.1, we
find
1 - 2K
Qk, = _/ Fy = — =kX, 4.2.25
b (27)3 J g2 wep m ( )

1
Uk —1lk]

which is a constant in each interval.

e ( # 0: switching on ¢, we find that in general, the fo/fs and fo/(f5f3 + f3) terms
dominates in the Zy and Il - unless we are at a pole of the deformed S? (where

sin@ = 0). Let us first assume that we are indeed away from one of the poles.

Away from a pole: in this case, we once again expand (n = k—rcosa, 0 = rsina)

in small r, finding to leading order

2bi N}, sin? A 2N, gin?
(“by N, sin” 0 Ay s k H2—>C ksn;ﬁ

Ar(g(a)? + b2 sin? o)’ g(a)? + $b2sin®a’ by sin?a

—
=2
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Using 7 = 22, we find

ds? = 1<% " sin 0Ny (4ds%(AdSs) + d6?) + abe (4% + 2ds?(By) )|, et = R N2 sin® 6,
X & s k| dz® + 2°ds” (B3 e =6 Nk in

9 1 2, sin? o 9 _ _i

ds*(B3) = 4<da s ) i k(e + Ar)?, Ay = =3 (£+g(a))d5,
2k . X .

By=-= sm@((kdﬂ (N +§k)dq§> Ndb,  Cy="rd6,  Cy=—2nk sinbdd \do A df.

(4.2.26)

We see once again the form of the metric and dilaton remain the same as the 3
reduction - up to a change in Ag, Ay and switching S for x. Hence, we again find
that the (z,B3) sub-manifold describes a cone of base B3, and the rest of the space
has a constant warping (ignoring the overall sin 6). In addition, the sub-manifold Bj
is itself clearly a U(1) fibration over chhk,l,lk]v with

1 ¢
2B _ (.2 2 _
ds*(B3) . 4<da +z? dﬁ) CQbQ a6~ 7> 1d6
1 (m - a)? < ?
2 _ L9 2
A (By) = 1 (do?+ 7 )+ CQbQ( 6= 1df)
1 b
- A= O b = 2Ny — Njp1 — N1, (4.2.27)
2 Jwery, |, le—1lk

which is consistent with this claim (see for example [62]). We note for ¢ # 0, at this
boundary, the limit of (C3 — Cy A Ba) ~ 22 — 0, so we say there are no D4 branes
here - given that Fy = d(C3 — Cy A By).

Approaching the pole: we now study the behaviour when approaching (o = 0,

n = k,sinf = 0), making use of the coordinate change

b
n=k—rcosasin?y, o =Fsinasin’®y, sinf = 24/ Fr COs [, (4.2.28)
k

with 7 = 7sin? i, and expanding about 7 = 0. We now find

(9(a)® + bksm a)sin? u = — =5, = sin? u Ay, + 202 cos? (4.2.29)
leading to
s> 1 /= B o [ XSBINL \7
o /N, =¥ Ek[ﬁds (AdSs) + N, (dr + 47ds (IB%4)>], e ® = (Wé%ﬁ) ,

(d¢ + Ak)27

1 ? peos? p A
ds*(By) = dp® + 1 sin? u(daQ + sin ad62> sin BOO8 BTk

A =
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4I€bk _ 4k k bk

_ 2 _ _ _ 2
By = Sy, o8 u((Nk +Ek)d deﬁ) NdF, Cy N cos” wdr A do A,
X 2 2 s 2
Cr = = |Cbj cos” pdop + (§+g(a)) sin” pdp|. (4.2.30)
Sk

Calculating the Euler Characteristic of the the four-manifold, By, using the Chern-
Gauss-Bonnet theorem (4.1.38) leads to

XE:3—<1—U:1|>—<1—M>—<1—‘;’>, (4.2.31)

with |((lg—1 — lx)| = |Cbx| € Z. Hence, By is the weighted projective space

chﬁk—lylk((lk—l*lk)}' This is similar to the 8 reduction case (4.1.39), but varies
in the forms of 1/|l;_1| and 1/|l;| (which no longer equal one for £ = 0). Hence,
fixing £ = 0 does not simplify things much, and the above form of xg remains (with
lp. = Niky1 — Ni). As in the § reduction case, we again find neighbouring WCP?
manifolds, one at each n = k, and when sin y — 0, we find B4 approaches a cone over

the B3 given in (4.2.26).

We now calculate the D6 charge at u = 7, noticing that all ¢ dependence drops out

of the calculation,

Q} : / L[ o

- F=

D6 2 1
27 WCPL 21 Jp=0

a=m X
a=0 N lk’lk—l

(2N, — N1 — Ni—1),

(4.2.32)
with the rational charge a consequence of the spindle. This charge takes the same
form as the 8 reduction result (up to the definitions of l;). The boundary analysis
then agrees with the discussion around (4.2.4), where we have nice D6 sources for
¢(=0orsinf =0.

Summary

For & # 0, we have a stack of colour NS5 branes at the 0 — oo boundary, analogous to
the S reduction case. When ¢ = 0, things now differ, as we instead find D4 charge at this
limit. Along the o = 0 boundary, we still find stacks of D6 branes located at each kink of
the rank function. In the ¢ = 0 case (along the red line in Figure 4.11), with a preserved
52 the D6 branes are extended in (AdSs, S?) and orthogonal to a different spindle at each
kink, with conical deficit angles defined by that kink - giving rise to a different rational
charge for each D6 stack. The conical deficit angles now take a different form compared
to the 5 reduction case. Again, this is the only solution with D4 (colour) branes. In the
¢ # 0 case, the spindle at each kink is now replaced by its higher dimensional analogue,

giving rise to the same rational quantization of charge. Due to the new form of I, when
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& = 0, integer quantization is no longer recovered. This then differs from the § reduction

case. The D6 branes are the only physical objects in the background. Hence, in summary

kP 0

Qbe = #bk, QRpe = Z Qe = NP 1+ M), Qnss = SEPEA0) ;
ktk—1 0 (&=0)

oo _ 0 (5#0)7 =0k _ 0 (C#O)’ o0 _ (p_1)Qr=0mt,

XREP (£=0) kX ((=0)

lp =&+ (Ngy1 — Ny), lo=¢+ Ny, lp=&6—Np_1, by = (2Ng — Nis1 — Ni_1).

Calculating the holographic central charge, and using 2k = 7k X, one finds

R3X?
Chol = > PR}

N = 0 deformations: One could now repeat the analysis of Section 4.1.4, however this

is left to future study. We instead move straight on to the N' = 1 solutions.

4.2.3 U(1)xU(1) preserving N =1 deformations

Let us look closer at the one parameter family of NV = 1 solutions, derived following a x

reduction with ¢ = —1. The solution reads

1 3 1
dsfo = 5 I7 (f515 + F3)*V/Zs [4d52<Ads5> + faldo® + dn®) + ds*(Ms) |,

By = _% sinﬁ[fgdﬁ + (f7 +£fg)d¢] A df, e3?® = %fl(ﬁfg + f3) s,

Cr = M(ﬁ(fﬁ +&)dB — [ sin29d¢>, C3 = fs dB A vol(S?),
52:A2+mfimsin29, A2:1+5m, H2—1+j;sm9
D¢ = do + 1mdﬁ DB =dp + Hl:f(fﬁ + &) sin® 0 do, (4.2.33)

with the form of ds?(Ms3) given in (4.2.2). One can map this solution to the N' = 1
background given in (4.1.60) via the transformations outlined in (4.2.7) followed by
C1 — Cy— dg, C3 — C3— dB N Bs,
1

Hence, we will focus on the G-structure description for the (unique) zero parameter so-
lution, derived by fixing £ = 0 (and more specifically (p,b,u) = 1, (m,q,c) = 0,v = v =
0,a=¢=0,s=(=-1).
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G-structure description

We now derive the ( = —1,£ = 0 G-structure description for the zero parameter N' = 1

solution. We begin with the appropriate d = 11 vielbeins, which read
—2p

d(e*V cos )
fi

K=-

5
2,72 -1 .
2675 °fs [va sin? 0dn + 202 (1 + %f2 sin’ 9) (V')

b= VIV f3+ fasin6

. | y
= ST (e (Y sin0) s 0a(V)) = 55 A+ fosin) (a8 + A )]

f3+ fa2sin® 6

Ey = ¢® [ r (6_3”d(63pV sinf) + v sin@da) + i Lf‘g? sin 9d¢] ,
fiJ10+ ) fasin? 041 o \ ot fosin®

- _i XM(fE’Z)ii } in0) — 3 -2 201/ (sin?
B3 = X[(1+ff(sin29_4))i [dp+8f2(d(s 0) e Pd(e2V (s 9+2))>}

+iVRRE (4000 + 1),
X
Y =f3+ ‘J’Zi + ;zsiﬁ 0, Gr=5 (fﬁdﬁ — ;zsiHQ 9d¢>. (4.2.34)

As in the 3 reduction case, these results still describe the N' = 2 solution in d = 11, because

at this stage the supersymmetry has not been broken by the reduction to type ITA.

The G-structure forms for the SU(2) structure in ITA is then derived from the usual

formula (2.2.24), and read

3

Z .
ut = \1ﬁ 2vV2fi T [dp+ éfg <al(sin2 0) — 26_2pd(e2pV(sin29+2)))],

X (1+%(sin26—4))4 v
_3 i .
oA = —%\/ﬁfl 4 (1 + %(sirﬁ@ - 4))46_2”d(e2”V6059), A =ut 4 ivt
1
A= i 1— f2)(d(2V sin® 0) + e~ sin® 0d(2¢5V) ) — 2fosin 0d(V) ) A d
jo = || (1= f2)(d(2V sin”0) + e’ sin” 0d(2e”V') ) — 2fasin“0d(V') | A de
2

2X(1 + L2 (sin2 0 — 4))

+ [ fsfe (e—3pd(sin2 03PV ) — %d(sin2 V) + sin? ed(V)) — Avﬁ’d(v’) — 2sin? Hdn] A dﬁ] :

9 ) , _ .
wh = —;\/f <0V63pd(V/) A d(e3p sin 9@”5) + A (1 — gfg) ¢'? sin Odo A dn

+ie 3P d(oV e3Pt sin 0) A dﬁ) , (4.2.35)
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where we can verify the preservation of N’ = 1 supersymmetry by building the pure spinors
(2.2.12) and testing the conditions (2.2.31). In addition, one can derive E};, = e3®E! and
E2,, = —e3®E? from the d = 11 vielbeins (4.2.34).

A comment on Supersymmetry breaking: We leave the G-structure analysis of the
full solution to future work, however repeating the procedures outlined in the 8 reduction
case, we expect analogous equations to (4.1.75) - with the ({ + &) terms replaced by (¢ +1)

analogues.

4.3 ¢ Reduction

We finally consider a dimensional reduction along ¢. The full solution, with all GL(3,R)

transformation parameters intact, is given in (B.3.3).

4.3.1 Two-Parameter Family

Now that we are performing a dimensional reduction along ¢, in order to preserve the U(1)g
component (3.2.3) under reduction, we must fix m = —1. As in the y reduction case, the
maximum supersymmetry which can be achieved under this reduction is N/ = 1 - this is
a consequence of the U(1)r component being y 4 ¢ prior to the SL(3,R) transformation,
given in (3.1.3).

We will first investigate keeping the parameter m free, allowing us to turn the N’ =1

supersymmetry on and off at will.

Fixing m = (

With m = ¢ and (p,b,u) = 1, from the determinant given in (3.2.1), we must fix s = 0 -

with either a = 0 or v = 0. We will investigate both options in turn.

e Fixing (c=¢,q=7)

With (s,a) = 0, the determinant in (3.2.1) reduces to vec = 0, meaning we can
either fix v = 0 or ¢ = 0. We first look at the v = 0 case, with the following 11D
transformations

df =dpB +£dg, dx =dx +vydB + (do, do = do, (43.1)

Ul)r=x+v6+((+1)o,

where we would need to fix v = 0 in order to T-Dualise in a SUSY preserving manner

(along ). Following the dimensional reduction to type IIA, this v only plays a trivial
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role, and derives the following background with xy — x +~ 5. We are then free to fix

~v = 0 without loss of generality, deriving the following two-parameter solution

2 L35 = 2 2 2 2
dsiy st = Yfl f5 sinf/E3|4ds”(AdSs) + fa(do” + dn”) + ds*(M3) |,

o~

2 _ 2 & 2 ﬁ 2 _ 2 & 2 2, 1 f3fs 2
dS (M3) o f2d0 + 53 f5 DB + A3dX f2d9 + ES (f5f6 * f3)DX * 83 (f5f62 + f3)dl3 ’
By = %sin0<f7dx + fsdﬂ) A do, es? = %flf? sin® 6 =,

O = (o + CU R + ) dx + (& + Codad] Gy =10
1 fgsin2953 5J6 5J6 3))ax 5 6 ) 3 )
L BEH ) L (DA AT, 2 2
E3=1+ Fysin20 =1+ 7 [f5f6[1—A3+33H3]+f3{1—A3+£3H,
_ L ~ _ 2 f3fs . f3
M=t Care TG e 0T T e
115 I3 fs5fe
DB =d — fed Dy =d — 3.

B B+A3f6 X X X+A3(f5f62+f3) B, (4.3.2)

with

H =dB>, Fy, =dCh, Fy,=dCs— HANCq, dH =0, dgFy =0, (433)

where we have written the solution in an analogous manner to the 8 and y reduction
cases - in terms of functions which reduce to one when (£, () = 0. Given that we are
reducing along ¢, we clearly no longer have a preserved S? in any case. As in the y
reduction, the only parameter which determines the supersymmetry of this N' = 0
background is ¢, enhancing the solution to A" =1 when ¢ = —1. See Figure 4.12 for

a summary.

Following previous analysis, we consider approaching the ¢ = 0 boundary where
V — 0 to leading order. With the boundary condition R(n) = V . and warp
o=
factors (1.4.11), we find
RN(dB +R'd sin §=0 dg+R'd
(E+CRN@B+RAY) 00 df+Ridx

1

C = = 5
Homo ~ T (€ + CR)? + VIR sin? 6’ -0 £+ (R

(4.3.4)

which reduces for sinf = 0 (which is no longer a pole of the two-sphere given that
the S2 has been broken under the reduction). Notice also, in contrast to the 3 and
x reduction cases, fixing ¢ = 0 no longer reduces the Ci. In addition, the C1 now

includes both df and dx contributions, but still depends on the discontinuous R’(n).
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¢
A
N =0
¢- Reduction | N U(L)z  SU2)z R
¢(=-1 1 v X 1 ¢
CEZ/{-1} | 0 x x A VA —

== N =1 U(1)g Preserving

Figure 4.12: In the general case, for arbitrary (£, () (in green dashed lines), the background
breaks all SUSY. Along the ( = —1 line (in blue), the U(1) g-symmetry is preserved, leading
to N = 1 solutions. No backgrounds preserve an SU(2) isometry, hence there are no N' = 2

solutions here - as no backgrounds preserve SU(2)r x U(1)r R-symmetry.

Hence, following a reduction along ¢, we now find two source terms for D6 branes in
the Bianchi identity (picking up an additional contribution compared to the 8 and y
reduction cases)! Taking the derivative carefully (assuming (¢, () # 0), leads to

sinf=0 dB+R'(k)dx dB+TR'(k—1)dx
E X( EXCR(K)  E+(R(k—1) )Ad

cr—>0,7]:k:

__ X(R'() -R(k—1))
o (5 4 CR'([C)) (5 + (R (k — 1)) (C ap — ng) A dn (4.3.5)
sin 8=0 pP-1 2Nk _ Nk+1 _ Nk—l
= 2 o—0 le §_|_< Npt1 — k)) (E"’_C(Nk_Nkfl)) 6(n —k)d(o)dn A <Cd5*de),

where again, the denominator has changed compared to the 8 and x reduction cases.
The forms of By and C'5 are still independent of fg, leading to source free Bianchi
identities for H and Fy - given in (4.3.3). We will return to this discussion more

thoroughly in the next sub-section, where we investigate the boundary.

To map to (4.1.3), one requires the transformations of (4.2.6) with ky = 71, ky = &2,
giving

1 1
EQMN; By — 532, C1 — £Cy, C3 — (s, e3?®

gMN —



CHAPTER 4. TYPE IIA - VIA DIMENSIONAL REDUCTION 138

followed by (in order)

C 1
CimCiv€ds,  CamCov€donBa, (o Eor
(4.3.7)

~ 5 1
C_>§7 X_>X_7¢7 B_>_7¢~

¢ ¢

To map to (4.2.2), one requires
IMN — GMN, By — Bo, C1 — ¢20n, e3® - 2263’@,
C1 — Cy — (dy, C3 — (3 — (dx N B, (438)
1 3

<—>Ea 5—>Zv X—>_¢a B%CB_é'QS,

which does not appear to fit into the conditions of (4.2.6). Fixing ( = —1 in (4.3.2)
defines the ' = 1 background, which re-derives (4.2.33) via the following set of gauge

and coordinate transformations,

C1 — —(C1 + dy), By — —Bo, C3 — C3 — dx A Ba,
(4.3.9)
B — B =&, X = ¢, §— =€
Notice that the mapping to (4.1.3) requires both 1/¢ and 1/(, which again is non-
trivial as both parameters are integers from the SL(3,R) transformation. Never-
theless, fixing ( = 0 and & = 0 derives two new and unique solutions. The £ = 0
solution is then a one-parameter family of N' = 0 solutions which enhances to the
zero-parameter N' = 1 background discussed in Section 4.2.3 when ¢ = —1, and

following the above gauge transformations.

e Fixing (v=¢,q=7)
In this case, one re-derives the & = 0 solution of (4.3.2) with

C1 — O +£dp, C3 = C3+&§dB N By, X = x —¢€6. (4.3.10)

e Fixing c=¢
The determinant in (3.2.1) now becomes ga = 0. Of course, fixing a = 0 corresponds
to the case just studied, and taking ¢ = 0 with a free re-derives (4.3.2) as well (with
B = B + ay, allowing one to set a = 0 without loss of generality).

Fixing m = 0 (with s free)

The alternative possibility is to ensure m is not a free parameter by fixing it to zero. In

these cases, s is now the free parameter.
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e (m,c) =0 with (s,v) free parameters
Here the determinant reduces to qa = 0. These cases can be derived from the

(&,¢) = 0 solution of (4.3.2) by the following transformations
— a =0 (with ¢ free): Re-defining x — x + ¢ 0 followed by
Cy = Cy+vdp + sdy, C3 — Cs3+ (vdB + sdx) N Ba. (4.3.11)
— ¢ =0 (with a free): Re-defining  — 5 + a x followed by

C1 — Cy +vdf + sdy, O3 — O3+ (vdB +sdx) A Ba.  (4.3.12)

e (m,q,v) =0 with (s,a,c) free parameters
The remaining case can be derived from the ¢ = 0 solution of (4.3.2) after re-defining

E=cand 8 — B+ (a— sc)y, followed by

C1 — Cy + sdy, Cs — C3+ sdx N Bs. (4.3.13)

4.3.2 Investigations at the boundary

We begin by observing that for general values of (7, o, ), the components of the background

are non-zero and finite. In this case, we have no S? as it was broken under reduction.

The 0 — oo boundary

At the o — oo boundary, where we use (3.4.8) to leading order, we find

270
Z(40) _ jer) _  28Poes Z(=0) _ (20 _  21C0
3 3 m2R? sin?(72) sin? 0’ 3 3 Psin®(%2)sin? 6’

- VPR, sin?(7pt) cos( ) sin? 0’

3 mo

hence we need to investigate this boundary for multiple cases independently. Given that

By is parameter independent, we find in all cases (using 2x = 7Rk X)

4k P

H: = —
3 X

sin 0 sin? (%n) d (%n) AdB A do, (4.3.14)
and we note C's = 0.
When £ # 0, we find in all cases

Rim? _mg (T \"3 X
2(¢ P)3 /R (77)

— 3
e (b:XQ
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when ( # 0, the metric takes the form

2 _ Qf 2 2P K 2 2
ds? = = [40<ds (AdSs) 4 (gdﬁ gdx) ) (d (Po—) +d( ) fsin? (P )da )]
(4.3.15)
where naively (n,6) appear to close as an S2, however H3 doesn’t take the appropriate
form. Hence, (1, 3, 60) doesn’t seem like a valid cycle to integrate over, so we conclude there

are no NS5 branes in this case. However, when ¢ = 0, the metric now becomes

ds® = % [40 <d32(AdS5)—i—dX2>—1—2;D <d (%0)2+d <% ) +sin? <P ) (d02 52 sin 9dﬂ2>>}

which has a very similar form to the 8 reduction metric in this limit (up to an additional
¢ factor out front and d3?/&? replacing d¢? in the S?), hence describing a stack of NS5
branes by analogous arguments to those leading to (3.4.10). Thus

1
=—— Hs = KP. 4.3.1
Q@nss e Jou 3 =R (4.3.16)

When £ = 0, we find for ( # 0

3 o 27'ro'
2 CKWERIQ_T 2 P2 2 2P ™ 2 E 2
ds? = [40(615 (AdSs) + = dﬁ) d(Pa) +d<Pn>

PX m
in? (L 24
+ sin (Pn> (dH CQ sin? Odx ))]
3 ™
Xz2e2r? /7w N3 £ X P? Jer
—-® 2 270
e~ ® = g , Cy = P df, 4.3.17
2miC3 (WR1)? (5°) 'V wmyt 347

in this case, (1,6, x) close as an S3, and would form a nice cycle - however, Hs does not

d/j?)

span this cycle. For ( =0

R ()i (o) e o () (aas ot T

X
+d (%a)Q +d (%nr + sin? (P )d92]

e X%eT7(Fo) _ AXPF (Fo)
 2mK2R? sin®(%n) sin® 9’ ~ 3R?sin?(%n) sin? 0

o‘

ds® =

(4.3.18)

e

so again the cycle doesn’t seem appropriate. Hence, we conclude there exists a stack of

NS5 branes in this limit for £ # 0, = 0 only.

The n = 0 boundary, with ¢ # 0

At n =0 with o # 0, using (3.4.12), (B.2.3) and the second form for M3z in (4.3.2), we find

¢

Faldn? + do?) + ds(Ms) = ‘f| (dn +2d6% + do? + d52)+4(d>< —fdﬁ) (4.3.19)

f2

where (1, 0) vanish as R? in polar coordinates.
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The n = P boundary, with ¢ # 0 This boundary is qualitatively equivalent to the
7 = 0 boundary.

The 0 = 0 boundary, with n € (k,k+1)

In the case of 0 = 0, n € (k,k + 1), we recall that along the ¢ = 0 boundary, V = 0
to leading order. Following the usual procedure, and (B.2.6), we find (with V = R and

V' =R’ = N1 — Ni at this boundary)

- li A
B3 =14 15,5 Az3=A3=1II3=1, Ik =&+ (N1 — Ni),
3RV sin” ¢ : (4.3.20)
DB =dfB + (Npy1 — Ni) dx, Dx =dx + w——db,
Niy1 — N
leading to

f4(d02 + d772) + dSQ(M;;)

2V R2 sin? 6
— dn® + (do? + o?dy? de? DpB?
R [” + (d0? 4o X>+(Nk+1—Nk)2+2V”R TRz’
V" o? R? (Ngi1 — Ni)?
_ d 2 d 2 I | 2 d02 . 20 + D 2
R [ 7+ (o + N =2 )+ (Nk+1—Nk)2+2v"R( T TR X )|

where we find two alternative forms, with (o,x) closing as R?, or (o, 3) closing as an
]RQ/Z(NkH—Nk) orbifold.

The ¢ =0, n =0 boundary

To approach 0 = 0, n = 0, we make the coordinate change (n = rcosa, o = rsina),
expanding about r = 0, using (3.4.16) and (B.2.7).

In the general case, we can write two equivalent forms for the metric component

fa(do? + dn?) + ds*(Ms) (4.3.21)

2Q1, 9, of ;2 2 2, Lo . o 2,2 9 sin® a )
-~ |? d do? + = (N 0+ &2t D d

N, [ re4r ( a” 4+ cos a( + lg( { sin” 6 + £“tan a) X ) + NZ + Etan’a cosec?d B
_2Q]. 9, o 2 2 5  sin?6 _ . dx? 2
=N {dr +r <da + cos a(dﬂ + l% Dp ) + sin” « 1+ C2tan2a cosecd + l% Dg ) ,

Ny — 2 2 N ) )

lo =&+ CNy, DB = df + —! ¢ & tan“a cosec de, Dy = dy + L § (tan“a cosec edﬁ,

1 + (2tan®« cosec?6 N2 + £2tan’a cosec26

where we can observe that the space closes nicely in 7. When we fix either £ =0 or ( =0,

using the top and bottom lines receptively (with i = (N} and [y = £), the internal space
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closes as an R® with additional orbifold singularities. Due to the form of [y, it is clear that

we need to consider the special case of £ = ( = 0 separately, where we find

fa(do® +dn?)+ds* (Mz) — ?\TQ

4
(dr2 +r? (da2 +-cos? o df* +sin? a dxz)) + N (dB+Nidx)?,
1 1

with the r components closing nicely as an R*.
The 0 =0, n = P boundary This is qualitatively equivalent to the (o, 7) = 0 boundary.

The ¢ = 0 boundary, with n =%

At the ¢ = 0 boundary with n = k, we will follow the usual approach by making the
coordinate change (n = k —rcosa, o = rsina) for r ~ 0, using (3.4.18) and (B.2.8), we
find to leading order (with r = 22)

K KJ2
ds? = < sin [Nk (4d32(AdS5) + d92> + dby (dz2 + deSQ(Bg))}, 1 = SN sin® 0,

1 . 1 2 2k
ds*(B3) = 1 (da2 + sin? de) + —i (dﬁ +g(a )dx) , By= < Slne(Nk dx + kd[i’) A db,
(4.3.22)

with B3 now a U(1) fibration over an S2.

Inspired by the discussion around (4.3.4), where we had two nice D6 brane sources at
sinf = 0, let us now approach this point using the same coordinate change as before -

namely,

b
n=k—7cosasin’y, o =TFsinasin’®y, sinf = 24 | FT COS [, (4.3.23)
k

with 7 = 7sin? u, and expanding about 7 = 0. We find
- 1 2
bicot’ B3 — 5 = &+ Cg(a))2 + b2 (cotz,u + ZQ‘Q sin? a), As = A =1+ %tanQM sin? a,

tan? ,u sin? o

1
(g(a)? + bksm a)As = Ay = g(a)? +Zsin2a<bi+§2tan2u), Iy - =1-¢¢

4g(a) 7
Apla=0)=Apa=7)=1, Apla=0)=(Np—Ne1)? Apla=7)= (N1 — Np)?,
(4.3.24)
leading to
ds? %
\VE 2(AdS " di? + 47%ds* (B
T Xsm,u [ :k 5) + Nk<r+r s(4)>],
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1 in? A 1I 2
ds?(By) = du? + ~ sin? u( do? + e O[clx2 + cos? MN—k (dﬂ + ig(a)dx)
4 Ak Ek Ak

1 in? A II 2
=dp® + 1 sin? u(doz2 + Slgad62> + cos? u;—k (dx + z—kg(a)dﬁ) ,

k =k k
4kbr, o _ 40 26&2%2 =3 56
B = — ( N ) ) = ) = ’
2 XN, cos“ ulkdp + Ny dx ) Adr C3=0 e XORN, 72 8in®
X L. o .2
Ci == (5 + (g(a)) (dﬁ + g(a)dx) + ZC by sin“ ady |, (4.3.25)
=k

where the four-manifold, By, has an orbifold singularity coming from the Zj contribution
- unique to each position 7 = k. Calculating the Euler Characteristic using the Chern-

Gauss-Bonnet theorem (4.1.38) gives

=3 (1) - (“M) () (45:20)

with |%(lk_1 — )| = |bk| € Z. When £ = 0, we find I = ((Nkt+1 — Ng), and for ¢ =0, we

have I, = l;_1 = £. In both cases, we still have the by contribution arising from the ék.

We now calculate the D6 charge at u = 7. Integrating over (a, x) gives

1 1 [x=m

Qb = —5- Fy =
27 J(a)

a=m é‘X
= (2N — Nj1 — Nj—1). (4.3.27)
a=0 lklk,1

2T x=0

Alternatively, integrating over (a, ) leads to

1 1 [P
Q% :/ = —
7021 Jiap) 21 Jp—=o

We clearly need to consider the £ = ( = 0 case separately (due to the form of lj), where

a=m CX
! a=0 N lklk,1

(2N — Nis1 — Ni_1). (4.3.28)

. 2

- b
B = bicot%u, A =11, =1, AL = g(Oz)2 + Zk sin? o, (4.3.29)

with

ds? b 4 %
PN — Yk cos’u[ dSQ(AdS5) + NT <df2 + 4f2d82(B4)>

by k
-
b 96 .23
By = _XKNIZ cos? u(k dg + Ny dx) Adr, C1=0C3=0, = XI;N: 7 cos® p,
(4.3.30)

where there are no D6 branes. In a similar manner to both the § and x reduction cases,
when sin . — 0, we find B, approaches a cone over the B3 given in (4.3.22). The Euler
characteristic of B4 now becomes

1 1
= —=1—-(1—-—. 4.3.31
XE = ] ( \bk!) (4.3.31)

, ds*(By) = dp® + sin? i ds*(B3)
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Summary

At the ¢ — oo limit, the form of Hj is parameter independent, but the integration cycle
only appears valid in the £ # 0, = 0 case - for which the form of the metric describes NS5
branes. Hence, we conclude a stack of NS5 branes only exist at ¢ — oo for £ # 0,{ = 0.
Along the ¢ = 0 boundary (at sinf = 0) for (¢,¢) # 0, we find two stacks of D6 branes at
each kink of the rank function (orthogonal to either x or /). These branes have rational
quantization due to orbifold singularities. However, when ¢ = £ = 0, we find no D6 branes.
Note, when ¢ = 0, an S? is no longer recovered. No backgrounds contain D4 branes. Hence,

in summary

kP £#0,(=0
QnNss = s =&+ ((Ngg1 — Ng), by = (2N — Npg1 — Ni—1),
0 otherwise

e X )0 (=£6=0 sk X )OO (=£=0
QDG = 11 L D6 — 1.1 L)
k'k=1 1 £by  otherwise E'k=1 | (b otherwise
1 X 0 (=¢£=0 ) X 0 (=¢=0
QRps = . ) QRpe = I :
0P | &(Np_1 + Np) otherwise 0P | ((Np—1 + Ny) otherwise

Calculating the holographic central charge, and using 2k = 7k X, one finds

kX
Chol = g §jPRi
n=1

N = 1 Solution Fixing ¢ = —1 in (4.3.2) defines a one-parameter family of N = 1
backgrounds, which simply re-derives (4.2.33) via the set of gauge and coordinate trans-

formations given in (4.3.9).

A comment on Supersymmetry breaking: We leave this analysis for future work,
however repeating the procedures outlined in the 8 reduction case, we expect analogous
equations to (4.1.75) - with the (¢ 4 £) terms replaced by (¢ + 1) analogues.
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4.4 Summary so far

e Following an SL(3,R) transformation in d = 11, we constructed new two-parameter
families of type ITA solutions, each labelled by a potential V (o, n). We studied super-
symmetry preservation using the method of G-structures, and studied the quantiza-
tion of charges - leading to the discovery of D6 branes orthogonal to spindles. Most

solutions contain colour NS5 branes, with D4 branes present for a preserved S2.

e Analysis for the dual SCFTs was provided for the 8 reduction, proposing the opera-
tors which give rise to marginal deformations of N' = 2 SCFTs. A mirror-like relation

between quivers was discussed, along with spin-two fluctuations in the CFT.
e Reductions along x and ¢ lead to additional families, including an N = 1 background.
e In the 8 reduction case:

— when £ = 0: the N/ = 2 is broken by the { parameter (corresponding to a
marginal Lagrangian deformation) which physically breaks the S? and intro-

duces a (b orbifold singularity into the four manifold Bj.

— when ¢ = 0: the N/ = 2 is broken by the ¢ parameter (corresponding to a
marginal non-Lagrangian deformation) which physically introduces orbifold sin-

gularities to the poles of the S? - defining spindles.
— when ¢ # 0, £ # 0: the N = 2 is broken by both parameters in general, with

the broken S? gaining orbifold singularities, leading to a higher dimensional

analogue of the spindle.

e The y reduction case behaves analogously, but now the A/ = 2 is broken in all cases -

containing orbifold singularities for all finite values of £ (for a generic rank function).

e The ¢ reduction case necessarily breaks the S2, but still includes orbifold singularities
with rational quantization. Two alternative cycles for D6 charge can now be used.

The solutions contain no D4 branes, and at the o — oo, the NS5 charge is only valid

for £ #0,¢ = 0.



Chapter 5

Type IIB - via Abelian T-Duality
(ATD)

In this chapter we will investigate the abelian T-Duality (ATD) of our various two-parameter
families of Type IIA solutions, deriving new three-parameter families of Type IIB solutions
- with the additional non-trivial parameter picked up in the T-Duality. These solutions
are in general A" = 0, but under two separate conditions on the parameters, can enhance
to new one-parameter families of N’ = 1 backgrounds. Performing boundary analysis then
leads to the discovery of orbifold singularities in some cases, however the physical interpre-
tation is more complicated than the spindles in ITA. In fact, as an artefact of T-dualising
within this spindle-like orbifold, we find solutions for which the orbifold structure has been
completely broken, but the rational charge still inherited. In all backgrounds investigated,

we find NS5 and D7 branes, with D5s present for a preserved S2.

Following the methodology of the previous two chapters, the supersymmetry is kept
track of using the method of G-structures. An ATD of the G-structure forms and conditions
are performed, deriving new expressions for the pure spinors in IIB, written in terms of
their type IIA ancestors. Explicit results are then presented for multiple infinite families
of N' =1 solutions. Notably, these N' = 1 solutions have a zero five-form flux, which is
an interesting result given that very few supersymmetric solutions are known with this
property. The first two examples of such backgrounds were found in [87], evading the work

of [88], and leading to [89] - where the classification was completed.

The one-parameter background presented in [90] is re-derived as a sub-class of our more
general solution. The original holographic central charge of the GM class is still preserved
for the IIB solutions, suggesting that these backgrounds are once again dual to marginal
deformations of the ‘parent’ N’ = 2 SCFT. However, switching these parameters off in the

supergravity does not recover an A’ = 2 background.

146
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5.1 General ATD Transformation

We now turn to the abelian T-Duality (ATD) calculations performed in this work. We
utilise the T-Dual rules presented in [119], and given in (1.1.78) and (1.1.79), corresponding
to an abelian T-duality along a U(1) direction, y. For convenience, we re-write the rules

here. With a Type ITA decomposition
dsiy = ds§ 4 + € (dy + A1)?, B =B, + B Ady,
F=FL+FABY, B =dy+ Ay,

the type IIB T-dual solution is then defined by

dsgp=dsj 4, OF =4 —C4, CB = —_c4,
BY = Bs* + A{' A B{, A} = -B{., BY = —Af,
A A
FP =" R/, FP =" L

We begin by utilising these rules to derive general type IIB formulae, specific to the ITA
backgrounds studied in the previous section, making life easy when considering the various

multi-parameter families in question.

5.1.1 General IIB Backgrounds

Let us begin with the following general form for the ITA backgrounds in question (with
(1, P2, ¢3) representing three U(1) directions)

I1A
ds%(]’st = ds% + dsg, Dy,
dsi = he, (1,0,0)dd7 + h, (1,0, 0)dd3 + ho (1, 0,0)d0” + ho, 5, (1, 0, 0)dr depy -
+ heo(n, 0,0)dp1d0 + hg,e(n, o, 0)dpadb, h
By = By ¢,9d¢1 N df + Bs g,0dpa A dO + By, s, dpr A depa,
C1 = C4,dp1 + C1 g,dd2 + C pd0, C3 = C3.4,0¢,dP1 A dO A doa.

In order to T-dualise such a solution, the first step is to re-write the metric in the following

manner (for an ATD along ¢1)

1 2 4h9h¢ — h2
s} = hoy (61 + 3 (honoad + hoyodt) )+ ———22d0”

h 4h
Ahy h " B2 o hoo — he oh ) (5.12)
¢1l2 = Mgy 9 2R Rpoo — Dgi0hg 6,
d dod
i, o5 + 2y, ®2,
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noting

Fy=dC; = d017¢1 ANdor + d017¢2 A doo + dCLg A db,
Fy=dCs — H3 N\ C1 (5.1.3)
= <d037¢19¢2 + Cl,¢1 dBQ7¢26 + 0179d327¢1¢2 — 017(752(1327(1519) ANdpr N dO N dps.

We are now free to use the rules in (1.1.78) and (1.1.79) (presented again at the start of

this section) to derive the following IIB result

IIB (ATD along ¢;)

ds?y = dsy + — n (d¢1 + B g,0d0 + By ¢1¢2d¢2> ,
1

dhohg, — h2 , 4hg hg, — h3 2h, hpno — hgroh
dst = ds? + (1¢1>d9 + ( 2 ¢1¢2)d¢2 ( $1"0¢2 b1 ¢1¢2>d9dq§2,
? ! 4h¢>1 4h¢>1 2h¢>1
2
1o, _ 1 N\5 1, _
¢’ (hqsl) € Co = Crg,,
1
By = <32,¢29 + 55— (oo B2.g100 — h¢1¢232,¢19)>d¢2 Ndf = 57— (ho14,d02 + hg,0db) A ddr,
1 é1
1hg e 1h
= [03 6106 T B2.61 60 (C’1 03 h(: C1,¢1> — B3¢0 (01@2 -3 ]‘j;@ le)] dO N dos
1 1
1h 1h
+ <C17¢2 -5 2’1@ Cl,¢1>d¢2 Ndpr + ( 1,0 — 2h¢1901’¢1>d0 A dopy. (5.1.4)
1

One is now free to plug in the functions corresponding to the specific IIA example in
question, deriving the IIB ATD solution without the need to perform the calculation each

time.

We can extend this approach to a TsT transformation, performing the coordinate
change ¢2 — ¢2 + 1161 in (5.1.4), before performing the ATD along ¢; for a second
time (to return to a ITA theory)

TsT

hcbl (1 - 71041)

h h
dsio.a = ds§ + [debl + A% gy + 210 g

L+ 7182414, 2hg, 2hg,
1 2 4(I>TST ]. - 71a1 3 ééA
+ 7 {32 $20 T 57— 2hy, (h¢>1932¢1¢>2 h¢1¢232,¢10)}d9 ) €s = m €37,
yP1P2
1 1 hghgy — 1h3
d 2 — d 2 - 32 h h _ 7h2 _ 2 d92 ¢1¢2 d
59 s7 + g, ( 2,610 T 1olg, 110 — 303 + h¢1a3 b
1 1
+ o (L +71B2,0162) | ho1hoao = Shorohongs | — 211 Brgne | hoihey — G4, | |d0de2,
$1 X3
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1—ma h he,
By = | By + 1000 (hos0Basiis = horon Baono) + 02502 = ( 52 + 1 Bao ) |deba A df
2hs, 2h, 2hs,

— (a1dpa + adf) N dopy,

C1 = Chg,dg2 + C1,g,dp1 + Crpdd + 1 (03,¢16¢2 + C1,0B2,¢165 + C1,91 B2,600 — Cl7¢232,¢19)d9»

Ci
Cs = [(1 —mai) (03,¢10¢2 +CLoB2¢16: — Clige 2he, <h¢1¢232 910 — hg0B2, ¢1¢2)>

he h
+ oy <Cl’¢12h -] 9) — Q9 <Cl b1 o 162 Cly¢2>:|d9/\d¢2/\d¢1, (5.1.5)

2hg,
with

1
o= [Bz o162(1 + 1 B2gi0s) + M (hmh@ - hm@ﬂ

1 ga! 1
az=— {Bg 6:10(1 + 11 B2g10,) + 5<h¢1h¢>29 - §h¢19h¢1¢2)}’

2 2 Lo

az = (1+ 71 Bag6,)” + 11 (h¢1h¢2 - thm)- (5.1.6)

In doing such a calculation, we have picked up the transformation parameter ;. One can

see by observation that setting v; = 0 in (5.1.5) reproduces (5.1.1), as required.

Following this TsT transformation along ¢, and given that there are multiple U(1)
directions in these backgrounds, we could in fact perform a second TsT transformation
along ¢9 (with transformation parameter 7,). However, this turns out to be simply a

trivial re-definition of the TsT parameter, for instance v; — 1 + 2.

The formulae we have just presented are in fact a little too general for the GM back-
grounds themselves, where hg 9 = hg,g = 0. These results are then unnecessarily cumber-

some for our purposes.

Less general forms

The Type IIA backgrounds presented in this chapter all fit into the following form, where
(1, 2) are the two U(1) directions

ITA
dS%O,st = ds% + r dsg, q>A> d82 h¢1 ("7’ g, g)dd)l + h¢2 (’I’], g, 9)d¢2 + h¢1¢2 (777 g, 0)d¢1d¢2’
By = (Bopydon + Bogyddn) Nd0,  C1 = Cry,dér + Crpdés,  Cy = Cagypnddy Ad A do,

(5.1.7)
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where specifically, we have

ds = ds2 + fpd6?, ds2 = e3%4 1 |4ds*(AdSs) + fa(do? + dn?)],
(5.1.8)
T = f2e 3%, fo= €3 f1fo,
noting that in this case,
Fy=dC = dCL¢>1 Adoy + d017¢2 A doa,
(5.1.9)

Fy=dCs — H3NC1 = <d037¢1¢2 + 017¢1dB27¢2 — Cl7¢2d327¢1> ANdpr N dO A doo.

We play the same game as before, re-writing the metric as follows

1h 2 17
ds3 = h, A3 + h,dd3 + hyy g, ddrdes = hy, | dor + = =2%dgs | + ( hg, — - 222 ) dg3,
2 hg, 4 hg,
(5.1.10)
before using the ATD rules given in (1.1.78) and (1.1.79). Of course, one could instead use

the more general forms above. Now, performing a T-Duality along ¢; on (5.1.7), one gets

IIB (ATD along ¢,)

2 2
1h 1
dsio p = dsg + 01 dg3 + 62 <d¢1 + BQ,%de) , 5 = P<h¢2 - ;j;@ ) 5y = BT
1 1
2 1h 1h
¢3® = §ei%, By = (Bz,¢2 -3 Bz,¢1>d¢2 Ndf - 5T dby A1, Co= i
1 1
1 h¢>1¢2 1 h¢1¢2
Cy = 037¢1¢2 — B2,¢1 <Cl7¢2 — 5?01’%) df A doo + 017(1,2 — EKCL@ dpa A do.
1 1

(5.1.11)

Once again, we now write the TsT solution by making the coordinate transformation
¢2 — ¢2 + 11¢1 in (5.1.11), before performing the ATD along ¢; for a second time (to
return to a ITA theory)

TsT

dsiy o = dsg +

1h 1h 2
[5162(d¢2 — 1 Ba.g,d0)? + <d¢1 N 2L A (Bgm _ e Bzm)de) ]

0o + ’)/%51 2 h¢1 2 h¢1
T (2 N dea B— 2 (B, dbs + Bygddr) Add— — 1% _dgy A d
. (52 +7§51> o 2= 5y ey a2t Bagddn) 5, 1 420,02 1 40
C1 = Crg,dd2 + C16,dd1 + 71(Cs.9105 + Crg, Bo.gy — Crg, Bag, )db, (5.1.12)
02 1 hi & 1
C3 = ———C df N dps A d 01 =T hg, — ——222 5y =
8T ey om0 02 N, ! < 2" 4 hy, ) 27 hg T
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One can see by observation that fixing 3 = 0 in (5.1.12) reproduces (5.1.7).

We will return to the TsT discussion in the next section, where we will utilise (5.1.12) to
re-derive the NRSZ supersymmetry breaking deformation of the d = 11 GM background -

via a dimensional reduction to IIA, a subsequent TsT transformation and finally uplifting.

Later in this section, we will utilise (5.1.11) to derive Type IIB theories, keeping track
of the supersymmetry under the transformation. We will see that one can indeed get N' = 1
IIB theories using this method, but one must be careful in order to preserve the U(1)g
R-Symmetry component. To investigate the supersymmetry properly, we must investigate
the G-structure description of these IIB solutions, following the ATD. This is where we

now turn.

5.1.2 G-Structure ATD Transformation

We will now discuss the abelian T-Duality of the type IIA G-Structure description, with
the detailed derivations given in Appendix B.4.

Motivated by the G-Structure condition given in (2.2.32), quoted again here for conve-
nience

Voly A dpa(e*4~*AImWA) = é(Fﬁ + Fy + Fu), (5.1.13)

along with the more schematic form given in (2.1.11), one can see that under T-duality,

the pure spinors will transform in the same manner as the Ramond fields. We then use the

T-dual rules (1.1.79) to make the following decomposition of the pure spinors defined by

(2.2.12) and (2.2.30)

CcA
wA:wf—i—wf/\Ey, jA:jf—i—jﬂA/\Ey, zA:zf—}—zﬂA/\Ey,
zf:uf+ivf, z|“|4:u|“|4+iv‘“|4,
(5.1.14)
which then leads to the following IIB pure spinors
B YB = ¢~ [ech,ﬁH UL A (dy — B{‘)]. (5.1.15)

The factors of ® 4 and ®; were introduced to derive the IIB G-Structure conditions written

solely in terms of IIB quantities, namely

dys(*47*EWE) = 0, (5.1.16a)

dps (24~ "5ReWE) = 0, (5.1.16b)
64A
ngB(eZLA*q’BIm\IJE) =g %6 A(g)- (5.1.16¢)
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Notice that the roles of W1 have switched when moving from type ITA to type IIB. This is
because the Ramond fields are even in ITA and odd in IIB, so the roles of the pure spinors
must swap in the G-structure conditions to account for this - allowing (5.1.16¢) to have
matching dimensionality on both sides of the equation. This third condition of course leads

to the IIB analogue of (5.1.13)
1
Voly A dpgs (e Imw%) = 5 (Fs + Fr + F). (5.1.17)

We can now derive the IIB pure spinors written in terms of the ITA G-structure forms

1 - 1
W — e (B (- BEO) + e (AT -t n ) A

ob = ze%_%‘e_”f Azt 4 2 A (dy — B{') +i CHG A 2 (5.1.18)
+73 || T*L Y 1 g AR -1
with
_ 1 y 1
ez N = 1 ¢ §zf ANzt =1 —iul Ao A §jjf‘ At (5.1.19)

giving explicitly

1
ReW? = ge‘bl‘*q’f\ [jf A (ec'Au‘“‘4 +ul' A (dy — BfY) — eCAjn4 A vf) - (ecAvﬁ4 + ecAjn4 At
1. . A .
vt A (dy = BY) + 5t A dd A (¢ ot 4+ uf A (dy — B + it A Uf)] :

1 , . .
Im\I!f_ = ge%_@f‘ jf A <ecAv‘“‘4 + vf A (dy — Bf\) + eCAjﬁ‘l A uf) + (e(“mzq‘4 - ecAyﬁ‘l A Uf

Ay = B) = it i (it Ay - B - i o),

(5.1.20)

where (j1',w7) are two-forms, (j‘“l“,wﬁl,uf,vf) are one-forms and (uﬁ‘,v““) are zero-forms.

For the IIB solutions under consideration in this chapter, we find uﬁ‘ = vﬂ“ = 0 (with

z|“|4 = Zﬁ“ = 0) and v = uA, v = vA (with uw# and v the ITA one forms). This reduces

the pure spinors to

B = %e%f‘l’f‘e%zf/@f A (eCAwﬁ4 +wit A (dy — Bf‘)),
i
8
Comparing these results with (2.2.12) (and (2.2.13) more generally), from the form of

(5.1.21)

W = Lot Paciil p A ((dy - B — e i)

\Ilf, this would suggest the following relations for an SU(2) structure (noting %ZB AZB =
ivB A uB)
Baul = i B =i A A ((dy -~ B - z‘eC““jﬂ“>. (5.1.22)

The U5 comparison is less clear but the dimensions of the Polyform match as they should.
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Higher form fluxes & Calibrations

From the fully expanded pure spinor expressions given in (5.1.20), we find in general

_ A
8Im\11§0 = P57 P4C uﬁl,

SIrn\IL?2 = P50 (ecAvn‘ljf - eCAjl“rl A vf + uf A (dy — Bfl)),

‘ , 1 .
8Im\11§4 = P Pa A A (vf A (dy — BfY) + ecf‘]“zl Aut — iecAuﬁjf),

1
BImW, = ——e®s Py A A (uj‘ A (dy — Bf) — et A uj‘), (5.1.23)

where we recall from (2.2.33) that we can now build the higher form fluxes

Crn = 8447 P5y0l(Minky) A TmW, (5.1.24)
namely (Cy, Cq,Cs, C1g). For our purposes however, with u““‘ = v|“|4 =0, we find \I/fo =0
(and hence Cy = 0).

Recalling from the discussions in sections 2.3.1, 3.4.1 and 4.1.5, the calibrations will

take the following form

vol(Mink,) A \I’](;zl) = 8¢~ % yo](Mink,) A (ImW¥,_, — BE A Im¥, .)=Cpi1— BEACpy,

with By = BS + BP A dy using (1.1.79) (or the By defined in (5.1.4)). In the case of a D7
brane (with uﬂ“ = v‘““‘ = 0), we find

ol — ged4-®5(ImW, , — BE ATmU ),

— AA-Du [jf/\ (vf/\ (dy — B{‘) +ec*“j‘«‘4/\uf) — Bg/\ (— ecAjrl“/\vf-i-uf/\ (dy — Bf‘))]

(5.1.25)

We have now built the necessary framework to derive multi-parameter type IIB solu-
tions and their corresponding G-structure description via an abelian T-duality of the ITA
analysis presented in the previous section. We will now be able to verify the preservation
of supersymmetry using the IIB G-structure conditions, in an analogous manner to the ITA

solutions. This is the focus of the next few section.
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5.2 Following the ITA 5 Reduction

One could now use (5.1.11) to calculate the T-dual solution to the nine-parameter back-

ground given in (B.3.1), but here we restrict to the two-parameter solution of (4.1.3).

Recall that the most general 11D G-structure forms must preserve the U(1)g R-

Symmetry component given in (3.2.2) under dimensional reduction, in order to preserve
supersymmetry. In the case of the 8 reduction, this corresponds to the condition { = —¢
(with c=a =0 and ¢ =&, v= ). This derives NV = 1 solutions for ¢ # 0, promoting to
N =2 for £ =0 (where the SU(2)r component is recovered). The U(1)g component now
becomes in general (p + s)x + (m + u)¢, which in turn must be preserved under T-Duality
to preserve the supersymmetry in Type IIB. Thus, for a T-duality along y, we must fix
p+ s = 0; and for a T-duality along ¢, we must fix m 4+ u = 0. Recalling that the deter-
minant given in (3.2.1) becomes pu — ms = 1, we must either have (pu = 1, ms = 0) or
(pu =0, ms = —1).
We look first at the case where pu = 1 and ms = 0 (where m or s is a free parameter and
can be set to zero in the ITA case without loss of generality). Following our conventions,
we will use v for this free parameter. Hence, we now have the following possibilities (using
the SL(3,R) transformation given in (3.2.1))

1. (p=1, s=~, u=1, m=0) with a T-duality along y

dx = dx +&£dp, d¢ = do +ydx +Cdp, (5.2.1)

with v = =1, ( = =€ for N =1 (noting p = —1, 7 = 1 corresponds to the same
background after x — —y and ¢ — —¢).

2. (u=1, m=+~, p=1, s =0) with a T-duality along ¢

dx = dx +dé + € dp, dp = d + ¢ dB, (5.2.2)

with vy = —1, ( = = for N =1 (noting as above, u = —1, v = 1 corresponds to the
same background after y — —x and ¢ — —¢).

We now instead fix pu = 0 and ms = —1 (where in this case 7y = 1 corresponds to

supersymmetry preservation), giving
3. (s=1,m=—1,p=0,u =) with a T-duality along ¢
dx = —d¢ +£dp, d¢ = dx + vde¢ + ¢dp. (5.2.3)
4. (m=1,s=—1,u=0,p =) with a T-duality along x

dy = d¢ + ydx + £ dB, dé = —dy + ¢ dB. (5.2.4)
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We now see that (5.2.3) maps to (5.2.1) by v = —v, ¢ — —x, x — ¢ and (5.2.4) maps
to (5.2.2) by v = —v, x = —¢, ¢ — x. The consequence of this is that the coordinate
transformations of (5.2.2) followed by a T-duality along ¢ is equivalent to the coordinate
transformations of (5.2.4) followed by a T-duality along x. Thus, calculating the most
general form for a T-duality along x will automatically contain within it the T-duality
along ¢, and vice versa. Analogous arguments should of course hold for the x and ¢

reductions, with ATDs along (3, ¢) and (S, x), respectively.

5.2.1 Three-Parameter Families

We will now perform an ATD on the two-parameter family of solutions given in (4.1.3),
where we have already fixed (p,b,u) = 1. For this discussion we will need to switch on the
SUSY parameter v (which plays a trivial role in the Type ITA background and set to zero)
as it will become vital in the following analysis. Of course, there are many N = 0 solutions
contained within the mathematics, but we will focus here on deriving an A/ = 1 background.

The type ITA background in question now have the following U(1)r component
Ulr=1+s)x+ (1+m)e, with ms = 0. (5.2.5)

Hence, to preserve the R-Symmetry under ATD, one must either fix (s =y = —1,m = 0)
and T-dualise along , or fix (m =~y = —1,s = 0) and T-Dualise along ¢. We will see in
fact that both approaches lead to the same N = 1 IIB background, following appropriate

transformations.

Fixing s =~

We begin with fixing s = v (with m = 0). From the U(1)g component given in (3.2.2),
ﬁXil’lg (pa b,U) = 17 (a,c,m) = 07 q= 571) = C?S =7, we have

Ulp=0+y)x+(+)B+ ¢ (5.2.6)

We then perform a dimensional reduction along 3, followed by an ATD to IIB. We will
start with the ATD which will give rise to an N' = 1 background, which in this case is
along y. We then T-dualise along the other U(1) direction, which is along ¢ in this case.

e Performing an ATD along x
Using the T-dual formula (5.1.11), we derive the following three-parameter family of
type IIB solutions
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ds?y 5 = % f1 f5 V= l4ds2(AdS5) + fa(do® + dn®) + ds2(M3)] : e??5 = —f—i
, X2 f3 10
2 _ 2 1 .9 2 X? 2 = _ 2 f2
ds (Mg)—f2<d9 —I—ﬁsm 0d¢>+fff3f5HDX’ E=A+C f5sm9
aw=§<ka+fﬁ>+§f+7§?ﬁne>, Dx = dx—E%W£ Q)fr +7fs) sin6db,
B, — 1 f2 f3 ) .
s = i (s +&0 = 5 (06 = QT fs = Ur = Jofs) (v + (1€ = Q) f) ) sin® 0 ) sin .
R (08 = O 4 (L eho) 0+ (66 = ) ) sin 60 A .
i (fr =7 (06 = OR oot ofs = 10+ (06 = Of)) s 0 s 1 o
TR (06 = OF + 1o+ (66 = O ) sin 00 . (527
_ 2 c2f3 fa(f3 B 2\ . o
A= (1+Efe)"+¢& A H—1+f3 I L2y =) + (v+ (6= ¢)fe)” | sin® 6,

with F5 =dCy — H AN Cy =0, and
H = dBy, P = dCo, Fy = dCy — CyH. (5.2.8)

Following the ITA analysis, we consider approaching the ¢ = 0 boundary where

V — 0 to leading order. With the boundary condition R(n) = and warp
factors (1.4.11), we find
. R+ ER) + 57V Rsin? 6 ¢/sinf=0 R/
Yloso T T (14 €R)?2 4+ L2V R sin20 Oloo — T14ERV
(5.2.9)

which reduces for ¢ = 0 or sinf = 0, and depends the discontinuous R’(n). Hence,

we find a source term for D7 branes in the F} Bianchi identity. Taking the derivative,

we then find
¢/sin6=0 _ X( 'R,/(k) B R/(k — 1) >d o (R/(k) — R/(k )) d
Hosomer ~ "1+ eR(E)  1+eRE-1))" T T+ eR0)) 0+ R (K- 1))
¢/sinf=0 - 2N — Ngq1 — N1
= F -X o(n —k)o(o)dn.
Moo Zl (1+ &(Ngs1 — Ni)) (1 + E(Ng — Ni—1)) ( o)
(5.2.10)
In addition, when (¢,~) # 0, we find
2k( R-nR . 1+ &R .9
B =— sinfdfd Adp — ————————sin“0do A dy,
o0 T TX G+ (E-OR) P Fe—gr AN
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R—nR R/

— T _Sinfdd Adp — X in20do A d
T (e — om0 N Ao = X e ey S e A

Co = —2Kk7y

c—0

(5.2.11)

which appear to lead to source terms for both D4 and NS5 branes. However, when
(¢,v) # 0, the (6,¢) sphere is broken, so it is unclear whether these terms will
lead to valid integration cycles for the corresponding charges. We will return to
this discussion more thoroughly in the next sub-section, where we investigate the

boundary.

We can preserve the U(1)g component given in (5.2.12) by first fixing ( = —¢ (as
in the ITA case), followed by fixing v = —1 under the T-Duality. These conditions
together mean v¢ —( = 0. Due to the transformation given in (3.2.1), such conditions
break the SU(2)r component of the R-Symmetry - leading to an N' = 1 background.
All other solutions are of course N' = 0 backgrounds. One can recover the S? by
enforcing v = ¢ = 0, giving a one-parameter family of S? preserved solutions (cor-
responding to the ATD of (4.1.51) - the S? preserved A/ = 0 solution studied in the
previous chapter). Unlike in the ITA case however, this is N/ = 0 for all values of ¢
(including ¢ = 0) - see Figure 5.1. We present the N = 1 solution explicitly in a later

subsection.

N=0
Y
B-Red, x- ATD | N U()r SU@)r ¢ ¢
y=-1,£(==(C#0|1 X \T:><:f]
F=C=0,£6£0 |0 % v S
X X

otherwise 0

== N\ =1 U(1)g Preserving == N\ =0 SU(2) Preserving

Figure 5.1: In the general case, for arbitrary (£, () (in green), the background breaks all
SUSY. Along the (¢ = —§,y = —1) line (in blue), the U (1) g-symmetry is preserved, leading
to N' = 1 solutions. Along the v = ¢ = 0 line (in red), the background preserves SU(2)
isometry (descending from the original R-symmetry) with the SUSY completely broken in
general. Given the red and blue lines do not intersect (as they are now separated in the
v axis), there are no N' = 2 solutions here - as no background preserves the necessary

SU(2)r x U(1)r R-symmetry.

One could split (5.2.7) into two categories of 2-parameter families, each promoting
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to the N/ = 1 solution in a different manner

— Case 1: with ¢ = —¢ (or ¢ =€) and v € Z (enhancing to ' = 1 for v = —1)
— Case 2: with v = —1 and ((,€) € Z (enhancing to N' =1 for {( = —¢).

We will however focus on a more general discussion of the full three parameter family,
investigating the boundary by the same procedure as the ITA solutions. We will return

to this in the next section.

It may prove useful to relabel v = 4 — 1 such that the N’ = 1 solution is recovered for
4 = 0. However, given that v = 0 can lead to a recovered S?, we leave our notation

as it is.
¢ Performing an ATD along ¢
Performing the ATD along ¢ leads to a two parameter N' = 0 family of solutions.

This background will be re-derived as the v = 0 solution of the upcoming solution

given in (5.2.13) (up to appropriate gauge transformation).

Fixing m = v

We now investigate the solutions with m = ~ (and s = 0). From the U(1)r component

given in (3.2.2), fixing (p,b,u) =1, (a,c,s) =0, ¢ =&,v =, m =, we have

Ulr=x+(E+B+(1+7)0. (5.2.12)

We then perform a dimensional reduction along 3, followed by an ATD to IIB. Once again,
we begin with the case which will derive a SUSY background, which is now an ATD along

¢. We then once again T-Dualise along the other U(1) direction in question, now x.

e Performing an ATD along ¢
Using the T-dual formula (5.1.11), we now derive the following three-parameter family

of type IIB solutions (noting that Cs 4, = —Cs3 )

1 8 1 1 =2
dsty 5 = /7 f2VE|4ds*(AdSs) + fa(do? + dn?) + dSZ(Mg)]7 8 = ngzsﬁzgﬂv
1 X? f2
ds®(Ms) = fod0? + = f3dx? D2>, 2E=A+¢%2Zsin%0,

s*(M3) = fa +H<f3 % +fff2f5sin2«9 ¢ +¢ 7, i

Cp = é <7<f6(1 +&fe) + gf‘°’> + gé sin2 9), D¢ =do — i(fg + (& = () fr) sin 68,
f5 f5 X

—

1

Bz—X[Cf7— !

(s + (€ =160 (¢(fa1-+ (€ 200 + (€ = 161 )

s
f2 sin2 0

=]

)} sin @dyx A df
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1 [ f3
+ H(c(f6(1 HE=000) + €007 ) =g Sing(,)dm o,
Co= = (U= R (1 €= 1008e) = (€ =0 B o2 BE Y g nax
A (e - )2y nd 5.2.13
i (fo(1H (€ =10f0) + (€ =70 Jdx A do, (5.2.13)

_ 2 2& _ _ 2 _ 2& s Jf3
A=(1+Efs)"+¢ I = (1+(—70)fs) +(E—70) AR FyoinZ0

By the discussion at the start of this section, one can derive this result by fixing
p=v,u=0m=1,s=—-1,b=1,c=a=0,q9g=¢&,v=_, performing an ATD along
x and then redefining v = —v with ¢ — x, x — —¢.

One can map this solution to (5.2.7) via the set of transformations given in (4.2.6),
with kl = 1,]{22 == %

1 1 1
e?®B _y 42e2%8, Co — =Cb, Coy — —Cl, By — By — =d¢ A dy,
Y Y o

¢ =X X = =79, 7%;
(5.2.14)
Given that the mapping requires v — 1/7, with the knowledge from the original
SL(3,R) transformation that v € Z, these steps are a little non-trivial. Nonetheless,

we can now say that the v = 0 case is a new and unique family of A' = 0 solutions.

As before, when v = —1 and ¢ = —¢ (where £ — v¢ = 0), one derives an N = 1
background. This solution re-derives the N' = 1 case of (5.2.7), via the following

transformations
Co — —Cy, Cy — —(Cs, By — By +do Ady,
b= =X X = ¢
Noting that now, for v = —1, the transformation v — 1/ is of course integer on both

sides. An analogous T-Duality along the U(1) of the S? can generate singularities in

the dual description, which is worth keeping in mind here - see the discussion in [97].

¢ Performing an ATD along x
Finally, by T-dualising along y, one derives a background which corresponds to the

v = 0 solution of (5.2.7) (up to a gauge transformation in Bs).

Re-deriving the 7- deformation of NRSZ We note here that by fixing ( = —£ =0
in (5.2.7), we have re-derived the TsT background presented in [90]. We will return to this

discussion in Section 6.3.
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5.2.2 Investigations at the boundary

We will now investigate the solution given in (5.2.7) along the (o,7) boundary, using the
same approach as the ITA solutions. We leave the (5.2.13) solution for future study. Recall
that we give the limits of the warp factors in Appendix B.2.

Solution 1

We now investigate the solution given in (5.2.7). Here, for general values of (n,0,0),
(Z,1I) are non-zero and finite. The deformed S? given by (6, $) has II — 1 at the poles,
which given the expression for Mz in (5.2.7), means it still behaves topologically as an S2.
This follows the argument given in Section 4.1.2. We now turn to the behaviour at the

boundaries, keeping all three parameters non-zero.

The ¢ — oo boundary

At the 0 — oo boundary, we use utilise (B.2.1) and (B.2.2) to find

2 B 4pds? 2P (N L a(Tn) 4 sin? (™) (462 + sin? 0 do?
dsio,p = X [4Ud5 (AdS5) + - <d<PU) +d<P77) + sin Iz (dO* + sin” 0 do”)
X2 kP (2m . r2m N\ . 2
# garg (25, (F—sin () smows) ] 7
P2 2no 4/‘€P 7T >
20 Fuses - 2 .
et = 7X27T3'R,%6 P, Hs =— xSt <F77) S1n9d<ﬁn) Ndf A de.

(5.2.15)
It is immediately clear that v plays a special role here, as it is the only parameter of the
three which remains in this limit - breaking the S2. However, (6, ¢) still behaves like an S?
topologically for v # 0. When v = 0, the S? is recovered, along with the S spanned by
(n,$%). This makes sense given that the A= 1 solution (with a broken SU(2)) is derived
when v = —1. The background tends to a stack of NS5 branes. The S' shrinks in this
limit, in contrast to the ITA cases where it grows alongside the AdSs - this makes intuitive
sense following the T-Duality. Again we find kK P NS5 branes, as follows (with 2k = 7k X)

1

QnNss = e /(n0¢) H3; =& P. (5.2.16)

When v = 0 (or v # 0 close to one of the poles of the deformed S?), we can redefine (z*, p) =
(%0)_%(53“,/3) and x = (%0)%2, which to leading order in o, gives £ods?(AdSs) +
ﬁ%d}f — NudiPdT + dp* + dx* = ds?(Minkg). Introducing the coordinate 7 = e PO,

we find to leading order

2P
ds? = ds?(Minke) + r

(df2 + f2d52(53)), 25

= 7l (5.2.17)
T



CHAPTER 5. TYPE IIB - VIA ABELIAN T-DUALITY (ATD) 161

corresponding to the near horizon limit of a spherically symmetric stack of NS5 branes in
flat space, see (1.1.35). When v # 0, and away from the poles of the deformed S2, the

behaviour is not so clean - and the % contribution to df now dominates.

The n = 0 boundary, with ¢ # 0

At n =0 with o # 0, using the warp factor limits in (B.2.3), gives

2 2 2 _ 1 M 2 2, 20002 | 2012 Xi 2
fa(do® + dn?) + ds*(Ms) = —; do” + dn” +1°(d6” + sin” 0d¢”) | + —Dx”|,
o?| f 4K
\ .
Dy = dy + 2’?’(;'2“'0' [2(% O+ ;(2 + |§|>] sin 0d6. (5.2.18)

In this limit we notice that the R? of (1, 5?) is recovered only when all three parameters

are zero.

The n = P boundary, with ¢ # 0 This boundary is qualitatively equivalent to the
1n = 0 boundary.

The 0 = 0 boundary, with n € (k,k+1)

At o =0, n € (k,k+1), recall that along the 0 = 0 boundary, V' = 0 to leading order. We

now see

1 11 R
— 2 2 : 2 72 2
= — lk + §C RVN Sin 9, E — Wlk Sin 9,
e =1+ &(Ngv1 — Ni), e =7+ (€ = OWNi1 — Ni) = vl — (N1 — Nip),
(5.2.19)
where
D) " 2
fa(do® + dn?) + 2 2 0 d¢* — El dn® + (da2 + ‘T—d&) . (5.2.20)
1I R l;%

So there is a ]RQ/ZZk orbifold singularity in (o, ¢), with lr. Recall, in the ITA case, this
orbifold singularity was over (o, x), with [j - see (4.2.19). So in moving from IIA to IIB, x
has been replaced by ¢, and the orbifold singularity made a little more general (I, — Zk) It
is worth noting that the case of (v, () = 0 must be treated separately because =0 (this

is the S? preserving condition). Now we turn to the remaining internal metric component

X2 2RV

3 Dx*
f 1 f 3 f 511

2K R " / :

d02 N QRV// + (R/)2 X2 9

d6? e . D
f2db”+ RV 1 (R)? IPRT P’y N

(5.2.21)
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Notice that for the A/ = 1 condition, v¢ — ¢ = 0, we have 2 = ~2 = 1. It is worth
pointing out that although (v — ¢) = 0 is satisfied by the N/ = 1 solution, the reverse
isn’t always true - for instance, v = 0, { = 0 would satisfy the condition without preserving

supersymmetry.

The 0 = 0,7 = 0 boundary

At o0 =0, n =0, we again adopt the coordinate change (B.2.7), where
= 12, T — 1412 cot®asin? 6, lp = 14+&N, lo =~1ly—CNy. (5.2.22)

We note in general

2 2 2
f4(d‘72 + d772) + dSQ(M?,) — —Q (dr2 +r2da® 4+ r?cos’ a <d02 + ?m 0d¢ >>
M 1+ 2 cot?asin? 0

X2Dy?

4k2r2 sin? a(1 4 I3 cot2a sin? §)

4
Dx =dx + %(’y{ — 0)Qr3 cos® asin Ad.
(5.2.23)

So we see, as one would expect following a T-Duality, the internal space no longer vanishes
as R®/Zy,. The orbifold singularity here is also less clean. Note that for the N' =1 case,
Dx — dx and again, l?) =1.

The 0 =0, n = P boundary This boundary is qualitatively equivalent to the (o,7) =0
boundary, with IR5/Z1P71.

The ¢ = 0 boundary, with n =%

At the 0 = 0 boundary with n = k, we use the coordinate change (n = k —rcosa, o =
rsina) for r ~ 0 (where 0 < k < P and k € Z) and (B.2.8), as in the ITA case. We recall
in this limit that the fo/fs term dominates away from the pole of the deformed S? (in the
expressions for = and C given in (5.2.7)), unless we fix ( = 0. Let us first investigate the
¢ = 0 case, before switching on ¢ and investigating the boundary both away from the pole

and approaching it.

e ( =0: Let us first investigate the ( = 0 case. We first look at the case where v = 0,

which corresponds to the S? preserved case, before switching v on. We use (B.2.8)

with r = 22.

— 4 = 0: In this case, we have a preserved S?, with

2 1
= Ay, - 1, Aj = (1 n £g(a)) - sinta,  (5.224)
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which, postponing the gauge transformation in By for the moment, leads to

Nk
ds? \/ k2
10,B X 4/‘%2 2’4 sin

b X2 1
4ds*(AdSs) + ds*(S?) + J\Z; <4d22 - zzdoz2> t 0 A d;f] ,

2A X
o5 _ 2D, _X
© T Xbysina’ Co Ay <9(0‘) (1 + 59(04)) + fbk sin a>
B2 = 2H (k’ + {Nk)VOI(;SQ) C2 — _2/€NkV01(52), (5225)

Calculating the D7 charge, we find
a=m X
Qpr = — / Fy =Cy =

a=0 N lklk,1
which gives a rational charge analogous to the D6 case in ITA. However, it is

(2N}, — Niy1 — Njp_1), (5.2.26)

worth observing from the form of the above metric that there is no orbifold
singularity in this case. The rational quantization comes from the A,:l factor in
Cy, which is inherited from the IIA solution - even in the absence of an orbifold.
We will return to this observation later in this section. Let us first investigate
the D5 charge here, and the effects of the gauge transformations of Bs. We first
take (using 2k = TRX)

2 2
By — Bo + — kVol(S?), Bs = — “Z ¢ Njvol(S2),
X X
1 Pp=27 =7 =1 Ny Ny
= Cy — CoB —x(k
s (2m)? /(a,s2) #=0 Jo=0 [ 2 0 2L:o ( Uy lp—1 )’

(5.2.27)

which again gives a rational charge (analogous to the D4 branes). As in the ITA

case, we can include an additional term in the gauge transformation

By — By + %“(k + EN,)Vol(5?), By =0,
1 n
e e

which then leads to integer quantization. Given we are using the semi-circular

contour given in Figure 3.1, we assume (o, S2) to be a valid closed cycle.

— v #0: Let us switch on v, where we now have II;, — v2A, hence

Ny, sin? 6
2EE A A = <1+§9(04)> + f bj,sin” av,

= — Ak, I — Y -
by sin® «
we then see (again postponing the gauge transformation for Bs)

v2X2b, Nj,sin? 0’

ds? = X N’“\/ [4ds (AdSs) + ds (135)} e
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4by, 1 sin? X2 (dy+ Ag)?
ds?(Bs) = db? + dz* da? + d
5" (Bs) Nk< + 1° ( @ d)) 22 1672k2Asin26 )’

X

By = —flyd¢ A dx, Co= A—}g(g(a) (1 + §g(a)) + b 2¢ sin? a)

O, = Alk {2,{(1 + gg(a)) (k;g(a) - Nk) + ibﬁ{k sin? a) sin 0 A dep

X 1
— ; (g(a) (1 + fg(a)) + 1()%5 sin? a) de N dx} ,

2Ky

Ap = e

(k + &Ny sin 0do. (5.2.29)

In a similar manner to the IIA case, we find the presence of a spindle here.
The form of Cj remains the same as above, so calculating the D7 charge re-
derives (5.2.26). We could calculate D5 charge by integrating over (a0, ),
which depending on the gauge transformation of Bs, would derive either rational
or integer charge (equal to the D4 counterparts in ITA, given in (4.1.25) and
(4.1.28)). However, although («, ¢) describes a spindle, there is no siné factor
out front - hence, this does not appear to be a valid (closed) cycle. We therefore

conclude there is no D5 charge here.

e ( # 0: we now switch on ¢, where the fa/f5 term dominates unless we are at a pole

of the deformed S? (where sin@ = 0). We first assume then that we are indeed away

from the poles.

Away from a pole: In this case, we once again expand (n = k —rcosa, o =
rsin«) in small r, finding to leading order

b2 Ny, sin? 6 N, sin? 6
o (* Ny sin o, Ve in

e 1| (o =0) =} (o = 7) = 2
4r 7 by sin® o kla), wla=0) =1, Ko=) )

[1]

2 2
e = (36— O Esin?a + (5 + (4 ~ Og(e) (5.2.30)

We make the same coordinate transformation as the IIA case, r = 22, giving

dS%O’B = K)|:Nk sin0<4d82(Ad35) + als2(IB5))7

2 2
05> (Bs) = do® + 2k (d +Z (d s 222 ag?) + X* (dx + Ar) >

Ny 11, 22sin?6 16 k211,
4 c 2
20 _ G N sin”0 = 28 (€ — VN, + k) sin 06 _Tx
€ 4X222Hk y Ak X ((75 C) K+ ) s 3 CO C.

By = &k <(1 + ég(a)> (7 + (v — C)g(a)> + i&bi(vﬁ — () sin’ a>
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X G’; (’y k+ (7€ — C)Nk> sin0d6 A dé — do A dx>, (5.2.31)

Cy = TL <X((7§ - C)ibi sin® a + g(a) (y + (v€ — C)g(a)))dx A dg

+ 2&7((75 C) k sin® o + (kg(a) — Nk)(’y + (v¢ - C)g(a))) sin 0d6 A dqb).

We note that Bs corresponds to the ATD of the (0, z, Bs) components of (4.1.31)

(using the appropriate gauge transformation for Bs). Now, we find
by X2 (dx + Ap)?
ds?(B ) — 4% + <d do® + - oy - :
5" (1Bs) a~0 Nk Sy ( an lk: ¢ ) 22sin%60 16 52113_1
(5.2.32)
2

22 sin?f 16 ,L;QZ%

4b
_ 2 *0k
S <d += (da +

Note the presence of a sin § out the front of the whole metric! We observe that («, ¢)

form a W(DIP[ll L with Euler characteristic
k—15'k

1 1 1
XE = — RVoly =2 — <1— - ) - <1—A>. (5.2.33)

21 Jwerr l_1] Iy
Ug—1:0k]

d82 (IB5>

In this limit, Co — CyBy = %dgb/\dx— %BVO](S 2), following the gauge transformation,
By — By + 2kBVol(S?). 1t is reasonable to conclude that there are no D5 branes
present for ¢ # 0, noting F3 = d(CyNeB2). Note, due to the semi-circular contour we
are using, which begins in the (k — 1)th cell and crosses into the kth cell at a = /2,
one could rescue the charge by fixing B = %Nk. However, as in the previous case,

the (a, 0, @) cycle does not appear to be a valid one, and we conclude no D5 charge.

Approaching the pole: As in the ITA case, we approach the pole (o = 0,n =
k,sinf = 0) using

b
n=k—Fcosasin’ u, o = Fsinasin® 4, sinf = 2 FT COS (4, (5.2.34)
\/ k

recalling that r = 7sin? y1, and expanding about 7 = 0. Now

sin? aesin? p IT — sin? acsin? o + 4 cos? p Iy, sin? n 2 — 2, = Ay sin® p + ¢2b2 cos?
4kby, cos® _
Ap = (1 i fg(a)) n g b2 sin? By — By + ——e b (ke + ENy)dr A do,
k
(5.2.35)

giving
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ds? = b 2=
=k 2 T 1.2 P =k
= ds*(AdSs) + ds“(Bs)|, €8 = )
2K/ Ny, X [ bi ( ) Ny X by, sin py/sin? acsin? p 4 4 cos? p 11,
T
ds*(Bs) = di® + 47 | dp? + ~ sin? o[ da® + sin” a d¢?
4 IT; + % sin® avtan?
1 XN (dx + Ayp)?
T 4k2by sin? p (sin? acsin? o + 4 cos? pIl)’
4kb
A = w(vk + (v¢ — C)Nk) (cos,udf - 2Fsinpd,u>,
X Ny,
4 cos? i 1
By = (1+€9(0)) (3 + (26 = (@) + 33 = ) sia?
= et (14 60(@) (14 (06 = Qala) + 16206~ Osin®a

4kb
X <XKNZ cos2u<'yk + (v€ — Q)Nk)df/\ dop — do N dx),

X 1
Co == <g(oz)<1 +€g(a)) sin? p + Zbi (47{ cos® p + € sin? asin? ,u)),
Sk
C 4 bklfCoS2,u ka( £ () 2 ysin? o 4 4 k(v€ — O)gl )2 9
— — () cos” psin® « — a)® cos
2 sin? asin® pu + 4 cos? p Iy, Ni TOREY H N 9 K

— Nj(sin? asin? pu 4 492 cos? ) + 47 g(a) cos? ,u(’yk - (v¢ - ()Nk>)dr A do

— X cos® (ibi sin (7€ = ¢) + gla) (7 + (6 - og(a))) d A dx} . (5.2.36)

So again, we see that the S? has inherited orbifold singularities. On first sight, these
appear more complicated than the spindle found in ITA (in the general case at least).
This is because Bs in (5.2.36) is the ATD of the (p, B4) components of (4.1.37)
(using the appropriate gauge transformation in Bz). One can then conclude that z
and p, in (5.2.31) and (5.2.36) respectively, aren’t a part of the orbifolds themselves
but the cones over them. It would be nice to understand this further topologically
in the future. Now we calculate the charge of the D7 branes at y = § on one of the
components of the ‘spindle like’ space, «, as follows

a=m X
a=0  lplp_1

Opr = _/ Fi =G (2Ng — Nir1 — Ni_1). (5.2.37)

This is the result for all values of (v,(¢) - including the N' = 1 background. The
boundary analysis then agrees with the discussion around (5.2.9), where we had
nice D7 sources for ( = 0 or sinf = 0. It is important to note that this rational
quantization of charge is due to the = (and hence Ayp) in the denominator of Cj,

and not II; which is what gives rise to singularities in the internal manifold. In other
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words, the charge still depends on [ and not fk, see (5.2.19). It appears then that
this breaking of quantization is simply a remnant of the ITA orbifold singularity. As
a result of this, one can find situations where the background has the above rational
charge (with I # 1) without having orbifold singularities in its metric (i.e. with
|Zk| = 1). In other words, by T-dualising within the spindle like orbifold in Type IIA,
we can break the orbifold structure completely in Type IIB whilst still inheriting
the rational charge. The A/ = 1 and S? preserved N/ = 0 cases are two example.
Conversely, fixing & = 0 recovers the integer quantization of charge (with [ = 1) but

does not necessarily eliminate orbifold singularities, as [, = v — C(Ngy1 — Ng).

Summary

For all values of (v, (, ), we find NS5 charge at the 0 — oo boundary. In these solutions,
(6, #) behaves only topologically as an S? in general, recovering it when v = 0 (which is
the only parameter to remain in this limit). At this boundary, for either v = 0 (with a
preserved S?) or sinf — 0 (close to a pole of the deformed S?), the background describes
the near horizon limit of a spherically symmetric stack of NS5 branes. Along the ¢ = 0
boundary, we find stacks of D7 branes at each kink of the rank function. These charges
have rational quantization in all £ # 0 cases, however some backgrounds do not contain
orbifold singularities in the metric! In these cases, the rational quantization is a remnant
of the IIA orbifold singularities, which can be broken by T-dualising within the orbifold
structure. Additionally, one can find solutions which contain orbifold singularities, due to
the parameters (v, (), which contain integer quantization of charge (for £ = 0). Naively,
one can find D5 charge for all cases, however it is not clear that the integration cycles are
always closed. We propose the D5 branes are present only for the preserved S? case (with
v = ¢ = 0), by considering (a, S?) a valid cycle - with integer quantization recoverable via

an appropriate gauge transformation. In summary, we find

. X oo J (N = Ng—1) (v=¢=0)
QNSS = '%Pa QI€D7 = ﬁbka QkD5 =kX )
ktk—1 0 otherwise
P-1 P—1
X o JNp—1 (v=(=0)
Qpr=> Q= 1, Np-1+ N1, Qps = > Qb =rX ;
k=1 0P k=1 0  otherwise
Ik =14+ &(Niy1 — Ni), lo=1+&Ny, lp=1-¢Np_y, b = (2Nk — Ngg1 — Ni—1),
(5.2.38)
with the holographic central charge given by
RX2 &
ol = PR?
Chol 8 Z "
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The quantization discussion is then identical to the one given in Section 4.1.3. One could
possibly introduce an extra parameter, A, by T-dualising along Ay. If so, this could possibly

aid quantization, but this would need investigating further.

In solutions without orbifold singularities (such as the N' = 1 and SU(2) preserved
N = 0 cases), rank functions such as those given in Figure 4.9 seem the most valid (as they
will lead to integer quantization). A potential interpretation in terms of rotating branes is

also a possibility, and offered in Appendix E of [186], but is omitted from this thesis.

5.2.3 U(1)xU(1) preserving N = 1 solution

We now investigate a little further the ( = —§, v = —1 case of (5.2.7), which leads to a
one-parameter family of A/ = 1 solutions (corresponding to the blue line in Figure 5.1),

given by

1 3 1
dsiop = e fRf2vV=E [4d32(AdS5) + fa(do? + dn?) + dsQ(Mg)] ,

1 X2 1 2
2 _ 2, 4.2 2 :
ds“(Ms) = f2 <d9 + o Sin 0do ) + P fol (dx—}— fs Sln9d0) ,

Co = X(f6(1+€f6)+§;3 +5§281ﬂ 9) e* = ;2 jccz

By = —(fs +§f7+§jz (f1 — fofs)sin® 9) Siﬂ9d¢Ad9+§2( + & fs) sin® 0dp A dy
Cy = I1[<f — ?(fog—ﬁ)sm 0) sin@d@Ad¢+A;[(L‘ZfGSi&@d(f)/\an
E:A+§2@sin29, A:(1+§f6)2+§2é H_1+f sin? 6. (5.2.39)

f5 f5’ f3

Investigations at the boundary were conducted in the previous sub-section, with charges
given in (5.2.38) for ( = —¢, v = —1.

G-Structure description

We have performed an ATD along X, meaning dy = dy, with (u A vA WA, j'A) given in

(4.1.64). Here we have u‘““‘ H =0 and u{ = u?, v = v*4, namely
. Ko _
zfzuf%—ﬂ]f, Uf Te 2pf5 f1 = (QPVCOSQ>
A s__1 [ 3V § (K™Y iy o
= \/T(f1f5)4: O e £< 2 f3 d(e**V*(cos 0—3))+4dp) ,
i
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and recall the following relations (see (5.1.10) with ¢1 = x, ¢2 = ¢)

AA _ 1h"¢’d¢ Thye o1 +&fe)

.2
- S2RHEI6) n2g, (5.2.40
LT 2 h, 2 Syt fosinzg o™ O (9:2:40)

B = e (dy+ A7),
now using (B.3.1) to calculate Af' (with (p,b,u) = 1,(a,c;m) = 0, = —v =§&,5 =7 =
—1). Then to derive the remaining elements we re-write the forms given in (4.1.64), with
v = —1, as follows

. . . . Lhye . _CA .
5 = A dx st nde = (35— 7L ) Ao+ e A B,
* (5.2.41)

1h
wh =wit Adx 4wt = <w§4 - 5%(%)14 A d¢> +e Cuf A EX,
X

where the slight difference in expression between the j and w is because j is made of only

dx and d¢ components, whereas w is a little more general. Hence

. . . . . 1hyg . . _COA
A=t ataBy = (8- 32 e, it = e
hX (5.2.42)
1
wh = wf + wﬁ‘ A Effl, wf = w§4 — 5%(,014 A do, wﬁ“ = e_CAwft,
X
leading to
—_CA 3 1
jA _ ¢ fifs fs e PeV'q (epaegv/) — XQ ,

A [@ fsd s ) 4 20D <fff52f3€—pe—§v'd(epaeaﬂ) B X2> i 9] N do

XVE f3+ fasin?0 o
2k2 _3 o
w‘“l“ = —q %e_CAfl 2 e_3pd(e3pVeZ¢a sin @),
2K% 3 : ’ ) 1 in2 6 .
wf = —%fl 2730 {d <e2pV67£V ' sin 0 d(epeév a)) + ifz;g 1 f”fizr?;n& d(eg’pVezd’a sin @) A dqﬁ} ,

(5.2.43)
with (X1, X») defined in (4.1.65). Using (5.1.21), and noting

1 1 f522
BA:—YfgsiHOdQ, qu)B——f5—

1
4y 3 £33
_XQEH’ € A—ﬁfl 5=

we can now build the IIB pure spinors as follows
1 - 1
o8B = ge‘DB"I’Ae%Zf/\Zf A (ecAwn‘l + wf A (dx + st sin 6 dG)),
i

g 1
86‘:1)8_{)“46_2]14 A zf A ((dx + ffg sin@d@) — iecAj‘T‘),

B
vy =

with the e terms cancelling out of the expressions. These spinors then satisfy the super-

symmetry conditions given in (5.1.16).
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Higher form fluxes

Now that we have derived the pure spinors for the IIB solution, we can now easily derive
the higher form fluxes for the solution. We use the expression given in (5.1.25) (noting
that ClO = 0)

1
Cs = M=% Ayol(Mink,) A < - eCAjI“‘4 Avlt +ul A (dx + ng sin ¢ d9>>,

1
Cg = e~ PAyol(Mink,) A j1 A <vf A (dX + Yfg sin 0 d0> + eCAjrf A uf),

3 1
with e?4 = L f2 f2 Z2¢2° from the ITA solution. One can verify these results using (1.1.11)

and (1.1.12) as follows
= —xF3=dCg, Fy=%xF; =dCs — H N Cg, (5244)

with F3 = dCQ — C()H, F1 = dC(), H = dBQ (and 04 = 0) given in (5.2.39).

5.2.4 Supersymmetry breaking

We now derive the G-structure description of the three parameter family given in (5.2.7).
Using the approach discussed in Section 5.1.2, we have dy = dy, with u*,v4 given in
(4.1.70) and w?, j* given in (4.1.74). We notice, as u and v are independent of ¢, they are

independent of . In addition, we recall that un“ = vn4 =0 and uf = uA, vf = A, namely

A_ A A A K 9y p—im) 20 2p7
z1 =ul +ivy, v = ——e Z1d(e“PV cos ),
1 i L 1 VX [ h ( )
1 s_ 1 [V'fs 1 [ —(r%e™ :
A — " 4pY72 2
= — = do +V"dn — fedp — — | ———d[ ™V 0 — + 4&d
w) X(f1f5)4 1 [ o do n — fedp f5< o <e (cos 3)) Edp

e~ .
+ (C+§)Ad(V264p)}

Using (1.1.78) and (5.1.10), with ¢1 = x, ¢2 = ¢, we find

By = oo af), A = 550 S = B (GE-O TR (1400 ) ) sin® 0
(5.2.45)
with II defined in (5.2.7). In the N' =1 case (with ( = —¢ and v = —1), this reduces to
(5.2.40). This result can be derived using (B.3.1) (with (p,b,u) =1, (a,c,m) =0, ¢ =
&,v=(,s =), or alternatively by inspection, using the forms of (5.2.7) and (5.1.11). We

can now derive the remaining elements, but to do so we must first split up the forms given
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in (4.1.74) using (5.2.42) and (5.2.41), leading to

jf‘ = Xi/g [ff “252 fs efpecvld(epaefcv/) + Iifgfg% ((’y + )X+ (v§ — C)X1> +vXo

4KV [ 4
—(C+&)= Xs+vX3)|,
1 1 N 4kV
- A 2
= X1+ X)) + Xo — (C+ &) =X,
== [F&fzfg( 1+6X1) + Xo— (€ é)A\/K 3]
2 s . , . s
wit = —i Q%fl 2720 ()X [e—CV o d(Ve2peCV €' sin 9)

- PPV sin 0 (ecv’d(epe—CV’a) + (C + g)e”a d(V/))} ’

2k% 3 . " , o
w§4 = —TK( 1 2 e3Pl H)X [d(eQ”VeCV e'? Sined(epe_cv U)) + ((+&)elo d(erVe’¢ Sined(V/))]a
with
4 _ (4 Lhyg 4 A _CA A A_ A Lhy 4 A_ —CA A
Jl:(]g—* ]1>/\d¢, Jjp=e" g, wi=wy - 55wl Ade, W =e Wi,
2 hy 2 hy

which we can substitute into (5.1.21) to build the IIB pure spinors, noting the definitions
in (4.1.3) and (5.2.7), we have

1 = 1
UB = §e<1>3—<I>Ae%Zf/\zf A [ecAwﬂ“ + wf A <dx ~ % ((’yf - Q) fr+ ’}/fg) sin 9d9>] ,

; - 1
\IJE _ %6<I>57<I>A€*Uf A 214 A |:<dX — Y ((fyf — g)f7 + ’yfg) sin 0d9> — ieCAjﬂzl :

with the eC”* terms cancelling out of the expressions. We are now in a position to investigate

the supersymmetry conditions given in (5.1.16).

Checking (5.1.16a) leads to (£ 4+ ¢) and (v + 1) terms on the right hand side - which
is no surprise given that both conditions are separately required for supersymmetry. In
addition, there are (7§ — () terms included, which also vanish when supersymmetry is
preserved. However, these terms can vanish even in the absence of supersymmetry (e.g.
for v = ¢ = 0), so must be supplemented with (£ + ) and/or (y+1) terms. The remaining
two conditions need to be investigated further (as these equations take much computer
time and power), but judging by the { = £ = 0 case that we will study in Section 6.3, they
are likely to include (¢ + &) terms only (as in the ITA case (4.1.75)) with no requirements

from . A more thorough investigation is left for future work.
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5.3 Following the ITA y Reduction

We now investigate performing an abelian T-duality following a dimensional reduction
along y, using the same procedure as the previous section. Once again, in order to preserve

supersymmetry, we must leave the U(1)g component of the R-symmetry intact.

5.3.1 Three-Parameter Families

Here we will perform an ATD on the two-parameter family of solutions given in (4.2.2).
As we will discover, only an ATD along 8 (with ( = —1 and v = 0) will lead to a SUSY
preserved solution. This is a little different to the 8 reduction case, where one could perform
an ATD along both y and ¢ to derive an N' = 1 background. This is a remnant of the GM
U(1)r component being x + ¢ prior to the SL(3,R) transformation. We now investigate
the ATD for the x reduction with a = & and ¢ = &, in turn.

Fixing a = ¢

We begin with the case where (p,b,u) = 1, (¢,¢,m) =0, a = §{,s = (,v = 7, meaning
(3.2.2) becomes
ULr=QQ+Ox+v8+ 9. (5.3.1)

We then perform a dimensional reduction along y, followed by an ATD to IIB. We will
investigate an ATD along 8 and ¢ in turn, beginning with the case which will give rise to

an N = 1 solution.

e Performing an ATD long
Using the T-dual formula (5.1.11), we get the following three-parameter family of

solutions
1 3 1 =
dsiy o = fff (fsfe + f3)2/Eo [4d82(Ad35) + fa(do® + dn?) + ds*(Ms) |,

1 X2
ds?(Ms3) = <d02+sin20d 2) + ———Dp?,
(M3) = fo i o FINAT B

X o 205 _ (f5fe + f2)* 53
S T FWAES (f5(fo +©) +7C fosin®0), €25 = e
in g
By = Si% [f’, <(f6 +&)(vfo + 7€ =€) +7§§) sin ¢ df3

+ ;((ﬁ +&fs) + C? <(f6f8 —f)(vfe +7E—C) + ryf?'fg> sin’ 0> d@} A do,
3 f5
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in 6
e =" ¥R afo 2 - Osinas
# (et (Gt = 026 = 042 B ) s )ao] s
- _ 2 f2 .2 _ _i _ i
Eo=As+( fZ+5) sin®60, DB =dj X((Vf Q) fs + v fr) sinfdo,
. é Y 2f$> .. 2 _ f5(2f6+£)
Iy =1+ T <( fo+vE—¢) "+~ I sin® 6 Ay 1+§7(f5f62+f3). (5.3.2)
We can preserve the U(1)r component given in (5.3.1) by first fixing ( = —1 (to

derive the N/ =1 IIA solution) followed by fixing v = 0 under the T-duality. Due to
the transformations (3.2.1), we find the S? is recovered for (7, () = 0 - see Figure 5.2.

We find once again that one can map this solution to (5.2.7) via the transformations
given in (4.2.6) (with k; = %,k:g = fg)

1 1 1
JMN — ggMN7 e?*e 5*462%, Co — £2Co, Cy — €0, By — 532,
By — —Bs, Co — —Cp + &, Cy — Oy — £Bo,
1
6= —9, B = —x; ¢— 8, 1o 6o
(5.3.3)

However, it does not appear possible to map this to (5.2.13). The above mapping re-
quires 1/£ terms, which again is non-trivial given that £ is an integer. We nonetheless

find that the £ = 0 solution is new and unique.

We derive the N' = 1 solution by fixing (( = —1,v = 0), which after using the

transformations given in (4.2.6), with k; = ¢71, kg = fg
1 1 2 26 L 99
QMN—>59MN, Bz—>g32 Co — & Co, Co—=ECy e —>£*46 )
(5.3.4)

followed by
1

Co = —Co + &, Cy = —Cy + EBy, §— 3 B— —x, (5.3.5)

one maps to (5.2.39). Again, we argue that this is non-trivial, with the £ = 0 case

new and unique. We will return to this A" = 1 solution later in this section.
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N=0
y
x-Red, p-ATD | N U(L)r SU@)z S ¢
=0, C=-1,£640]| 1 X
7v=0,(=0,£0 | 0 X v ¢(=-1
otherwise 0 X X /
== N =1 U(1)g Preserving == N =0 SU(2) Preserving

Figure 5.2: In the general case, for arbitrary (£, () (in green), the background breaks all
SUSY. Along the (¢ = —1,v = 0) line (in blue), the U(1)g-symmetry is preserved, leading
to N' = 1 solutions. Along the v = ¢ = 0 line (in red), the background preserves SU(2)
isometry (descending from the original R-symmetry) with the SUSY completely broken
in general. Given the red and blue lines do not intersect (as they are parallel in the

¢ axis), there are no N/ = 2 solutions here - as no background preserves the necessary
SU(2)r x U(1)gr R-symmetry.

e Performing an ATD long ¢
Performing an ATD along ¢ leads to the following N = 0 family of solutions

1 3 —
ds%[),st = fff (fsfs + f3)é V=2 [4d52(AdS5) + fa(do® + dn®) + dSQ(M:a)] ;

2
As2(My) = fod0° + (Fafsds? + 5 aD?), Do = o= L (fr-+ €fs)sinb

1
(f5J8 + f3) A2

fi 25”0
ng—%ngb/\dﬂ, COZgX(J%fgfﬁ,)EQSiHQG_?’ 227 = mi
By =~y oy (s 00+ (A St = )G+ sn 0 ) 1.5+ 1 .
= Ay + 42%%1]%) sin? 6, Ay =1+ gm, (5.3.6)

where we see that v only emerges as a large gauge transformation of By. Here we
have introduced a gauge transformation into Cy to simplify C5. Once again, we note
that analogous T-Duals along a U(1) of an S? can lead to singularities in the dual

description (see the discussion in [97]).
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Fixing ¢ =¢

We now investigate the solutions with (p,b,u) = 1, (a,e,m) =0, ¢ =&, = (,v = 7,

where the U(1)r component (3.2.2) now becomes

U)r =1+ Ox+ (E+7)B+9, (5.3.7)

where we again perform a dimensional reduction along , followed by an ATD along 5 and

¢ in turn.

e Performing an ATD long
In this case we calculate a background which can be derived from (5.3.2), by fixing

& — 0,7 = v — (& before applying the following gauge transformations

Co— Co+ &, Cy — Oy + £Bo. (5.3.8)

One then re-derives the existing A/ = 1 solution.

¢ Performing an ATD long ¢
In this final case, one derives a solution which matches (5.3.6) with £ = 0, followed

by the following gauge transformations

Cy — Cy — Edop A dB, By — By — CEdo A dB. (5.3.9)

5.3.2 U(1)xU(1) preserving N = 1 solution

Fixing (( = —1,7 = 0) in (5.3.2) derives the following one parameter family of N' = 1

solutions

dsto . = ff% (fs/2 + f3)2V/Es [4dsQ<Adss> + faldo® + dn?) + ds%Mgﬂ :

1 X? 1
ds®(Ms) = fo d6? + — sin®6d 2)+D 2 DB =dS— —fssinbde,
(M3) f2< i, ¢ FINAT B B =dp st

X fs(fe+ &) B sm&[ é ] oy (506 +f3)° 25
Co = —(fsfg )5 Cy = T, Ty sinfdp + fsdf| A do, e = 7X2f3f5 o,
B = | 2+ 9sinas + £ (Gr-+ 60— Zsass = ysin?o)ao|
- f2 . 9 f5(2f6 + &) f2
== A — 0 Ay = R A . = 0,

2 2+(f5f62+f3)sm , 9 1+£(f5f62+f3)’ 11, 1+f351n

(5.3.10)
which maps to (5.2.39) following the transformations in (5.3.5) (with & — 1/£). We then

focus on the G-structures for the (unique) & = 0 case, corresponding to the supersymmetry

preserving ATD along /3 of the unique ITA N = 1 solution discussed in Section 4.2.3.
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G-structure description

Here we follow the same approach as we did in Section 5.2.3, this time with dy = dg and
(u?, v, j4, wA) given in (4.2.35) - with uH = vH =0 and uf = u?, v{ = v Recall the
following relations (see (5.1.10) with ¢1 = 3, p2 = @)

1h f2f6 Sin2 0
EP = C(dB + AA AA = ZDB% gy — J2I6ET 7 4 5.3.11
A € ( /6+ 1 )7 1 2 hﬁ ¢ f3 +f2 sin20 ¢)7 ( )

using (B.3.2) as appropriate. Then to derive the remaining elements we use the decompo-

sitions given in (5.2.42), leading to leading to

Afs

e_CAFaf5 [ . 1 . )
jit = 2 s f [e*SPd(sirP 0eV) = Jd(sin O) + sin’ 9d(V)} -

= - d(V') — 2sin? Hdn] ,
2(1+ £2(sin?0 —4))2 L

= nf : <(1 — f2)(d2V sin? 0) + 7 sin? 6d(2657V7) ) — 25 sin’ 0d(V)>
2(1+ £2(sin?0 — 4))? |

f2 fﬁ Sin2 0

_ _fafesin®0 Afs
f3+ fasin®6 /

[fg,fﬁ (e*3pd(sin2 he> V) — %d(sin2 V) + sin? 9d(V)> - d(V') — 2sin? GdnH A do,

wﬁ‘l = -2 e_CA/f\/.fe_3p d(oVe3re? sin ),

. - 3 A
wf — \/E <UV6_3pd(V') A d(e3p sin Hew’) + A (1 — §f2> e sin Odo A dn

— f2f6 sin2 9

= — e P d(oVe¥ e sin b /\d)
f3—i—fgsin206 (cVefe?sinf) Ado |,

and we note (dy — Bf') = (df — fssin0df). Notice that the C* dependence drops out of
the expressions. We then build the pure spinors
1 _
oB = geég_q’f‘e%zf/\zf A ( c4 wl““l + Wit A (dB - fs sianG)),

,L' _ _isA . - A
et (00 ) ).

which satisfy the supersymmetry conditions given in (5.1.16).

5.4 Following the ITA ¢ Reduction

We now investigate performing an abelian T-duality following a dimensional reduction
along ¢, using the same procedure as the previous sections. This case largely mirrors the

x reduction procedure.
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5.4.1 Three-Parameter Families

Here we will perform an ATD on the two-parameter family of solutions given in (4.3.2).
As in the x reduction case, only an ATD along S will lead to a SUSY preserved solution.
We now investigate the ATD for the ¢ reduction with ¢ = ¢ and v = ¢, in turn.

Fixing c=¢

We begin with the case where (p,b,u) = 1, (s,a,v) =0, ¢ = &, m = (,q = vy, meaning
(3.2.2) becomes

Ul r=x+v8+(C+1)o. (5.4.1)
We then perform a dimensional reduction along ¢, followed by an ATD to IIB. We will

investigate an ATD along 8 and x in turn, beginning with the case which will give rise to

an N = 1 solution.

e Performing an ATD along S
Using the T-dual formula (5.1.11), we get the following three-parameter family of

solutions

2 L 3.5 = 2 2 2 2
dsio st = ffl [5 sin0v/E3 |4ds*(AdSs) + fa(do* + dn”) + ds*(Ms) |,

1 2 1 )
d52(M3) = f2d92 + ﬁg (deX2 + ]WD62)7 Dp =dp+ }(fs + v.f7) sin 6 d#,
Co= 5= (B0 (o +6) +2C3) LR L P
0 f2 sin2053 5 YJe6 6 YGJ3 ), X2 f5 H3 )
B —1[(f (14 7fo) + 722 4 ety — ()2 )dﬂ
2T [ \° T fosin? 6
—Sin91((f7—f6f8)(1+7f6)—7'}%fg—(vf—C)(Cf7+€fs) E )de]mzx
X fs f2sin? ’
Cy = (7§ - C)Jm@’em (Xdﬂ + (fs + v f7) sin 0d0> Ady,
oL B+ s (A3t Ay) 2< 2 ) < 2 )]
E3=1+ Ty sin? 0 =1+ 7s [f5f6 1_A3+33H3 + f3 1_A3+83 ;
_ P ~ 2 fafs
Ag=14¢ fo sin?6’ Ay =1+¢ (f5fg—H%)fgsi]a297
My = 1 +v<f6<2+vf6> +v§§> +C-r97 5 (5.42)

As in the y reduction case discussed in the previous section, we can preserve the
U(1)g component given in (5.3.1) by fixing ¢ = —1 (to derive the N’ = 1 IIA solu-
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tion) followed by fixing v = 0 under the T-duality. Of course, given that we have

dimensionally reduced along ¢, we have no S2 preserved solutions - see Figure 5.3.

¢-Red, f-ATD | N U()r SU@)r ¢
’7:07<:_17£7é0 1 v X C:—]_

otherwise 0 X X /

== N =1 U(1)g Preserving

Figure 5.3: In the general case, for arbitrary (&,() (in green), the background breaks all
SUSY. Along the (¢ = —1,v = 0) line (in blue), the U(1)g-symmetry is preserved, leading
to N =1 solutions. No backgrounds preserves SU(2) isometry, hence there are no N' = 2

solutions here - as no solutions preserves the necessary SU(2)g x U(1)r R-symmetry.

As in previous cases, we once again find that we can map this solution to (5.2.7) via

5
the transformations given in (4.2.6) (with k; = %, ky = ~2o7)

- ¢—v¢
)2 2
gMN — ngN, P8 (ngf)emB’ Co — CE%CO,
CQ — CEW§C2, B2 — éBg, (5.4.3)
Co—>—C'o+C_§7£, Cy = —Co + <57£B27 )
1 1 - _
X —(C—166 B —(C— )X, cﬁg e (]

Here we see that 1/£,1/(,1/v and 1/(¢ — 7€) terms are all required in the mapping.
We therefore argue that fixing each of these denominators to zero, in turn, derives
four separate new and unique solutions. It does not appear possible to map this
solution to (5.2.13) or (5.3.2).

To derive the A/ = 1 solution we must fix (y = 0,{ = —1), which re-derives (5.3.10)

via the following transformations
Cy — Cy—dB Ndy, By — —By + &dB A dy, Co — —C,

X = ¢, B — =5, §— =&
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e Performing an ATD long x
In this case we find the following N = 0 solution

2 L35 = 2 2 2 2
dsiost = Yfl [5 sinf /23 |4ds”(AdSs) + fa(do” + dn?) + ds*(M3) |,

2
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2 _ 2 1 2
008) = ol o, (P

X pop _ 1 fosin®0 E
CO_ f281n2053 (f5f6(<-f6+£)+<f3)7 _X2 (f3+f5f62) H37

_ s _ /3
b= (fs+ f5/2) 3 [(f6 C£f2 sin29>dx

f3fs f
f5 +‘£f2 si

- )1{<f6(f6f8 - fr)+

B f3fs :
Cy = — m(de+f7s1n9d9>/\dﬁ,
B s (Ds A, o, 2 B
e M e SR (- igm) (- 5iw))
B 9 f3 ~ 2 f3fs5 _ 2 f3fs5
R e N Ty ) et AL A Y gy 2y -y
(5.4.4)

where, in a similar manner to (5.3.6), we see that v only emerges as a large gauge

transformation of Bs.

Fixing v =¢

We now investigate the solutions with (p,b,u) = 1, (s,a,¢) =0, v = §,m = (,q = 7,

where the U(1)g component (3.2.2) now becomes

Ulpr=x+0O+EB+((+1)o,

ig Q(Cf7 + §f8)> Sin9d9] NdB +ydx Ndp,

1
X2>, szdx—l—}f7sin9d9,

(5.4.5)

performing a dimensional reduction along ¢, followed by an ATD along 8 and y in turn.

¢ Performing an ATD along

In this case we compute a background which is derived via (5.4.2) by fixing { —

0,7 — v — (&, before applying the following gauge transformations

Co— Co+E&, Cy — Cy+ EBs.

Then, fixing (y = —¢, ¢ = —1) we derive another N/ = 1 solution which once again

(5.4.6)
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maps to the solutions already given, via

Cy — Cy—dp A dx, By — —Bs, Co — —Cy,
(5.4.7)

¢_>X7 X_>¢> B_>_/8a £—>_£

e Performing an ATD along x
This final case derives a solution where v and £ are carried through the calculation
as gauge transformations of By and Cjy. The background can be derived from (5.4.4)

by fixing £ = 0 before applying the following gauge transformations

By — By — (&dx NdB, Co — Co + EdB N dx. (5.4.8)

5.5 Summary so far

e Following an ATD from type ITA, we constructed new three-parameter families of
type IIB solutions. These solutions are in general A” = 0 but contain one parameter
families of N' = 1 solutions, as well as a one-parameter family of S? preserved N = 0
backgrounds. Both families of N' = 1 IIB solutions presented in this work have
the interesting property of a zero five-form flux. We studied the supersymmetry
preservation using the method of G-structures and investigated the boundary in an
analogous manner to the ITA solutions, finding the presence of orbifold singularities in
some cases. In fact, T-dualising within the spindle-like orbifold can lead to solutions
for which the orbifold structure is completely broken, but the rational charge is still

inherited.

e The preservation of the holographic central charge under the deformation parameters
leads to the conclusion that these solutions are dual to marginal deformations of the
‘parent’ N = 2 SCFTs (dual to the GM class).



Chapter 6

The y-deformations of NRSZ

6.1 M-Theory

In this chapter we discuss a one parameter supersymmetry breaking deformation of the
GM background in d = 11, which was first derived in [90] (and later [186]). As we recall,
this solution has three U(1) directions which we will for the moment label generically as
(¢1, P2, ¢3). The approach here is to dimensionally reduce along one of the U(1) directions,
¢3, before performing a TsT transformation down in type IIA by utilising the two remaining
U(1) directions (¢1, ¢2) and the formulas given in (5.1.5), (5.1.12), before uplifting along
¢3. See Figure 6.1 for a graphical representation of these steps. This transformation will
then pick up a non-trivial free parameter, which recovers the original GM background when

fixed to zero, and breaks the N' = 2 supersymmetry of the background to N/ = 0.

GM TsT deformed GM
®3 ®3
T s T
IIA 14 IIB 14 IIB 14 ITA
ATD ¢, P2 — P2 + YP1 ATD ¢,

Figure 6.1: Perform a dimensional reduction along ¢3, followed by a TsT along ¢ and

subsequent uplift along ¢s.
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Using the reduction formula given in (1.1.72) (with ¢ = ¢3), we uplift (5.1.12) as follows

ds? +

[5152(d¢>2 — 41 By 4,d0)?

02 52 + 7261

1h¢¢ 1h¢¢ 2
dér + =—2dge + B - -——"22B do
—|—< o1 > g, 02 ’y1< 2027 57 ; 2,¢1)

2
1) 3 4 2
+ <2> e3%4 (d¢3 + CI,¢2d¢2 + Cl7¢1 dpr + (037(#1(]52 + CL¢1 B27¢2 — CL@BQ,qgl)dQ) s

52 + 261
C 2 o 0 A doy A doy + o2 (Ba.g,dds + Bo.p,ddr) A dO A do
3 Oy + 7%51 3,012 2 1 0y + 7%51 2,92 092 2,01 4¥1 3
2
Y101 1 h¢1¢2 > 1
— ———=—dpa Ndp1 N dos, 0 =Thg, ———], 09 = .
52 + 20, P2 Nddr N dos 1 < 7 1 hy, 2= T
This result is sufficient for the GM background, which we will now investigate. Of course,
the more general form given in (5.1.5) follows in the same manner.
One-Parameter deformation of GM
For the GM background, we have six iterations corresponding to (¢1, ¢2,¢3) = (X, ¢, 5)
etc. This is the choice which we will use in the following analysis, which in fact is sufficient,
as it seems each of the six alternatives will lead to the same background (up to relabelling
v — —v). Using (6.1.1) for the specific case in question, where
ds2 = f1e3®4 |4ds2(AdSs) + f2d6? + fi(do? +dn2)},

20, _ _ 2, _ _ — —
es” 4 = fifs, I'= fies™4, Crg, = Cix = Je, Crp, = Cr =0,
BQ’¢1 = BQ’X = 0, B27¢2 = B2:¢ = —fg sin (9, Cg,¢1¢2 = Cg,xqg = f7 sin 9,
hoy = hy = f3, hgy = hy = f2sin?6), Rgrgs = hyo =0, (6.1.1)
we re-derive the following one-parameter deformation of the GM background

ds? = f1723 |4ds®(AdSs) + fa(do? + dn?) + ds2(M4)] ,

ds*(My) = f2 <d92 + %Sin2 9d¢2) + ;(fs(dx — 7 fgsin 0d6)* + f (dﬁ + fodx +v(fr — fefs) Sin9d9)2>7

1
As = Z<f7sin0dx/\d9+fgsinﬁdﬁ/\d0+7fff2f3f5sin29d6/\dx> A do,

(6.1.2)
where we have defined
Z =14~} fafsfssin> 0. (6.1.3)
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It is easy to see that Z — 1 when v = 0, recovering the GM background (1.4.9). When
keeping track of the U(1)r component through this calculation shows that, at best, it is
necessarily broken by the TsT transformation prior to the uplift. In addition, it is clear
to see from (6.1.2) and (6.1.3) that the SU(2)r component is broken by ~. Hence, v # 0
breaks the N = 2 solution to A/ = 0. We will now demonstrate this more explicitly by

investigating the G-structure description of this background.

Supersymmetry breaking We now investigate the G-structure description of this back-

ground. We find a simple deformation to the GM description, where

ds* = eQAds2(Mink4) + ds?, 24 = 4f1Z%e2p,

3
ds? =" BB+ K = (125 |4dp® + f2d6° + fu(do® + di?)

a=1

1 2
+2 (f2 sin® 0d¢* + f3(dx — v fssin0df)* + fs (dﬁ + fedx +(fr — fefs) Sin9d9> )] 7

which then leads to a simple deformation of the vielbeins (3.3.3), which become

5 reduction frame

Ke 2P

K= Z%d(COSGeQ”V),

1

1 1 1
Ei=—-Z75% —do +dp + —(dx — sin6df) |,
1 \/f1f3(a p ﬁ( X —fs ))

ke 2Pei® 1( . i

Fy=———75(d(sinfe*V) + — Ve*sinf d ),
=T ( 'tz ¢

Es3 = _eixzév fifs [— ifs%dg —V"dn + fedp + (dﬁ + fedx +(f7 — fof3) sin0d0) .

(6.1.4)

One could now use the methods outlined in Section 3.3, or otherwise, to perform a rotation

NG

to an alternative reduction frame.
We can build the real two-form and complex three-form (.J, §2)
Q= E'AE? A BB, J:%(El/\E1+E2AE2+E3/\E3),
and check the G-structure conditions given in (2.2.17). We find
d(eQAK) = 2 Wy, d(e4AJ) — et x7 Gy = YW,
) ) ) (6.1.5)
d(e34Q) = AWy, (AT N T) +2e*AGy N K = AW,

demonstrating that « does indeed break supersymmetry, with Wy some k-form.
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Investigating the boundary of this solution, we find the v does not lead to orbifold
singularities but it does break the S? along the o = 0,1 € (0, P) boundary (excluding the
end points of 7).

6.2 Type IIA
Dimensionally reducing (6.1.2), using the reduction formula (1.1.72) leads to

3 1
ds® = f2 f2 |4ds®(AdSs) + fa(do? + dn?) + fo <d62 Zsm 9d¢2> I3 (dx ~fs smede) ]

ip

C1 = fodx +(fr — fofs) sin 0df, e3® = fifs 273, Z=1+f}fafsfs5n°0,

1 1
= Zf7sin9dx A db A do, By = Z(fgsinﬁde +’yff’f2f3f5sin29dx) A do,
(6.2.1)
where one can map to the form derived in [90] by the following mappings (which we label

with a bar for clarity),

A,k B, h
fz3= 7 fo 7 f5= 7 f4 7 (62.2)
fs = fs, fo = fe, fr=fr, fEf2 — ?A2 = K21y,

with (0 = ¥, x = 3, ¢ = &) and appropriate rescaling.

Supersymmetry breaking We are now in a position to derive the G-structure descrip-
tion for this background, using (6.1.4) and the reduction formula (2.2.24)

J: 3V' dp) ’

_3 1 .
v=re 2 f 4 fid(cos 0e¥T), u=(ff)i (2
o
1 ; ) .
w = ke Xt (f3f5)% (Uda +dp + \%(dx — v fgsin 9d9)> A <d(sin 0e%°V) + é Ve?r Sin9d¢> ,

3 1 _1
. 1 f12f52f3 —p . Uf2f3 24 4o - 2 arr2 >
= — | —==2"e"Pd(e’o) A (dx — sin 0df) + k————d(e*’sin* V) A do |,
i= (PR i ypusinoas) 4 TP o ) Ado
with
. 1 ;
Bl eb®El = _fipip (Uda—l—dp+ \}Z(dx—yfgsined@),

~

E? = e5%e 0 B2 = g ei(#H0) R 4f < (sin 0V + Ve Sin0d¢>, (6.2.3)
VZ
which re-derive the above (j,w) via (2.2.23), and define the metric in the following manner

dsiy = e2Ad82(Mink4) + BB + E2E? +u? 4 0%, 2 = 2450 = 4f1 2 e?.
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By constructing the pure spinors (2.2.12), we can check the conditions (2.2.31),

dp (470 ) = v (Y3 + Y3),

di (e~ PReW_) =~ (Yo + Y3 + 7 Y5), (6.2.4)
4A B 5 B
A (€W ) — “ #6 Mg) = 7 (v ¥ + Vi + 7 ¥o),

with the appropriate k-forms, (Yk,ffk). We have now verified explicitly that v breaks

supersymmetry by breaking all three conditions.

6.3 Type lIB

Let us now fix ( = —¢ in (5.2.7), recalling that this is the first of the two necessary
conditions to preserve N' = 1 in the IIB theory (along with v = —1). This of course
derives a two parameter family of A = 0 backgrounds, enhancing to the A/ = 1 solution
for v = —1. However, let us for the moment keep ~ free and instead fix £ = 0 (with X = 1),

one then finds

fof3sin? 0dg? (dx — 7vfs sin 6d0)?
fa+72fasin® 0 f3(fafs +2sin*Ofafs))

3 1
sty = f2 [2 |4ds*(AdSs) + fod6® + fu(do® + dn®) +

v fo

o207 _ f5 ——, By = %sin@d&/\dqﬁ—i— — sin? 0dx A do,
f3+72f2sin” 0 f3+72fasin” 0 f3+~2sin?0fy
2 . 22
Co = f, Oy = BIFTRUT = Jof)sin™0 4y gy A6 g n g,
f3+72fasin” 0 f3+ 7% f2sin” 0 ( :
6.3.1

Because £ = 0, the quantization of charge is automatically restored, allowing for X = 1.
We have in fact re-derived the TsT background presented in [90]. Rewriting the GM warp

factors in terms of the definitions of [90], by using (6.2.2), one arrives at

dsio p = K°|4fids*(AdSs) + f3d6® + fa(do® + dn?)

_ 1 _
- s 2 2 - o . 2
+ f4+72f3sin20<f3f4sm Odo” + /<c4(dx v f5sin 6dh) )],

205 fs B v f3sin? @ o _

= — il , B° = = = dy — 0do) A d 0do A do,
‘ fa+ 2 f3sin® 0 f4+72f3sin26( X = f5sinfd0) A dg + fs sin ¢

o

Co = Jo, Co = Fosin0dd pdg+ 90535004 5 Gngdo) ndg,  (63.2)

fi+~2f3sin*0
with (0§ = x, x = B, ¢ = ). Here, we have jumped in at the ‘s’ stage of their TsT
transformation, making a coordinate transformation in ITA before T-Dualising to IIB. We

can now say that the TsT solution of [90] is in fact an N' = 1 background when v = —1,
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and SUSY broken otherwise. It is also a specific example of the three parameter family of

solutions given in (5.2.7) (with { = = = 0).

It is interesting to note this v = —1 IIB solution of NRSZ [90] (corresponding to the
¢ =-¢£=0,7=—1 case of (5.2.7)) appears to be the only N' = 1 solution presented in
this work (and the work of [90]) which preserves integer quantization (and hence a dual
Lagrangian description) in either ITA or IIB. This solution is then the most likely candidate
for the holographic dual to the A/ = 1 marginal deformation of [90]. Hence, it would be
additionally interesting to consider this N’ = 1 solution within the context of the soft-SUSY

deformations reviewed in Section 1.2.3.

Supersymmetry breaking The G-Structure analysis is a particular case of the more

general results given in Section 5.2.4 (after fixing ( = —¢ = 0), where
dH33 (€3A_<I>B\I/§) =(v+1) (UQ + Uy + U6>, (6.3.3a)
dys (45 Re¥s) = 0, (6.3.3b)
64A
dpgs (e PBIm0s) — — 6 M9) =0, (6.3.3¢)

for some k-form, Uj. Interestingly, only the domain-wall BPSness condition is broken by

v (in a similar fashion to [46]), with A/ = 1 supersymmetry clearly recovered for v = —1.



Conclusions & Future directions

We now give a brief summary of the results presented throughout this thesis.

e In Chapter 3, we derived the G-structure forms for the A = 2 GM class of solutions,
for both ten and eleven dimensions. We perform an SL(3,R) transformation of the
d = 11 solution, and devise a method to rotate the G-structure forms in general.
In addition, we analyse the ten-dimensional A/ = 2 solution at the boundary. We
recover (the already known) brane set-up, consisting of stacks of D6 brane sources
along the 0 = 0 boundary, at the positions of the kinks of the rank function (at
n =k € Z with k € (0, P)). In addition, there are P NS5 branes at ¢ — oo, and Ny,
D4 branes at 0 = 0 in each n € [k, k + 1] interval, both considered pure flux.

e In Chapter 4, we present three separate two-parameter families of type IIA solutions,

corresponding to dimensional reductions along each of the three U(1) directions,
(ﬁ? X7 ¢)7 in turn'

— In Section 4.1, the 8 reduction is considered. This solution recovers the N’ = 2
GM solution when both parameters are fixed to zero. Investigations at the
boundary demonstrate the existence of orbifold singularities due to the addi-
tional parameters. In the ¢ = 0 case, we find multiple neighbouring stacks of D6
branes, each orthogonal to its own spindle - with conical deficit angles defined by
the slope of the rank function at that point. In the more general ¢ # 0 case, we
find higher dimensional analogues of the spindle, which take a more generalized
form to previous examples found within supergravity. The relevant Euler char-
acteristics are derived. These orbifolds then give rise to rational quantization
of D6 charge (as a consequence of the rational form of the Euler characteris-
tic of the corresponding spindle-like manifolds). Investigating the quantization
further, along with the holographic central charge, leads to the conclusion that
the two parameters (£, () correspond to marginal deformations of the CFT. Be-
cause & gives rise to rational quantization, we interpret these deformations as
non-Lagrangian in the dual CFT description - breaking the Lagrangian nature

of the theory. The { parameter appears to preserve the Lagrangian nature of the

187
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dual CFT, as integer quantization is unaffected. The D4 branes are only present
for a preserved S? (with ¢ = 0), however P NS5 branes at ¢ — oo remain in all
solutions.

We derive the G-structure forms for these solutions, finding the solutions are
in general N' = 0 - with a special N' = 1 subclass for ( = —¢. We find all
three G-structure conditions are broken in general, the first explicit examples
of the gauge BPSness condition being broken. This leads to the consideration
of a new pair of pure spinors for which this condition is imposed. We interpret
the supersymmetry breaking deformations as soft-SUSY breaking in the CFT
description, and suggest the corresponding operators from the literature.

The stability of D6 probes are considered in the ¢ = 0 case, showing no sign
of instability. Spin-2 analysis is also included for a subset of solutions, with a

lower bound provided for the spectrum of dimensions.

— In Section 4.2, the x reduction is considered. We demonstrate mappings to the 3
reduction solutions, but due to the requirement that the parameters are integer,
we propose that these solutions are physically different. We repeat the boundary
analysis, showing very similar results to before - with neighbouring spindles and
higher dimensional versions as in the 8 reduction case, but defined by different
conical deficit angles. The relevant Euler characteristics are derived. Switching
both parameters off no longer recovers the GM solution, and in general, rational
quantization seems a necessity for all solutions. A special A/ = 1 subclass is
found, when ¢ = —1, with the G-structure forms provided. We again only find
D4 branes for a preserved S2, with P NS5 branes at ¢ — oo - although this

limit is now a little more subtle, with D4 charge present for some solutions.

— In Section 4.3, the ¢ reduction is considered. In these solutions, the S? is
broken in all cases. Again certain mappings to other solutions exist, but again
we interpret these solutions as physically different. A special N' = 1 subclass
is again found for ( = —1. Investigations at the boundary are again repeated,
however things behave differently to the previous two solutions. We no longer
find the spindle (due to the broken S?) but we do still find higher dimensional
manifolds which include orbifold singularities - with the corresponding Euler
characteristic derived. We still find rational quantization of D6 brane charge,
however there now exists two separate integration cycles for D6 branes. NS5
branes are still found along the ¢ — oo boundary, but no D4 branes exist along

c=0.

e In Chapter 5, abelian T-duality from type IIA to type IIB is considered, with the
G-structure forms and conditions presented. The three type ITA solutions are then T-

dualised to type IIB along both remaining U(1) directions, deriving three-parameter
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families of solutions. These solutions contain special A" = 1 classes, which contain
zero five-form flux. These infinite classes of solutions are potentially interesting in

their own right.

— In Section 5.2, the 8 reduction solution of Section 4.1 is T-dualised along both x
and ¢ (with a special N/ = 1 subclass existing in the first of these two solutions).
The preservation of SUSY now requires two conditions, ( = —¢ and v = —1. We
investigate the boundary of T-duality along y, finding stacks of P NS5 branes
at 0 — 0o as in the ITA solution. This time, we find stacks of D7 branes at each
kink of the rank function, with rational charge stemming from the ITA solution.
The manifolds still contain orbifolds (in most cases), but are more complicated
than in the ITA solutions due to T-dualising within the orbifold structure. As
an additional consequence of this, we find solutions which contain no orbifold
singularities but retain the rational quantization of charge. The general three-
parameter G-structure forms are then derived, with explicit investigations into
the breaking of supersymmetry conditions left for future study. Due to the
integration cycles, we conclude that D5 branes are only present for a preserved
S2.

— In Section 5.3, the x reduction solution of Section 4.2 is T-dualised along both 3
and ¢ (with a special N/ = 1 subclass existing in the first of these two solutions).
Mappings exist between these solutions, but as in the ITA cases, it is likely that
these solutions are still physically different. A more in depth study of these
solutions is left for the future (such as analysis of the boundary), but some

G-structure results are presented.

— In Section 5.4, the ¢ reduction solution of Section 4.2 is T-dualised along both
B and y (with a special N/ = 1 subclass existing in the first of these two solu-
tions). Mappings once again exist between these solutions, but again it is likely
they describe physically different backgrounds. A more in depth study of these

solutions is left for the future.

e In Chapter 6, we provide the G-structure forms for the NRSZ «-deformations of the
GM class, for the M-Theory, ITA and IIB deformations in turn. The IIB solution is a
subclass of the more general solution derived in Section 5.2. We demonstrate that the
only N' = 1 preserved deformation is the IIB solution with v = —1, which is in fact the
only A/ = 1 solution to preserve integer quantization of charge - and hence the best
candidate for the dual description of the A/ = 1 CFT presented in the NRSZ paper
[90]. All other deformations are N' = 0, and provide additional examples of non-
supersymmetric solutions which break all three supersymmetry conditions (including

the gauge BPSness condition).
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Future directions
This work remains unfinished - we outline further analysis which should be conducted.

e Further derive and analyse the full N/ = 0 G-structure results within the context of
generalized complex geometry and the formalism of [46-51] - including the ~ defor-

mations of NRSZ given in Chapter 6.

e Finish the investigation into an alternative set of pure spinors, for which the final
supersymmetry condition is imposed. It remains to be seen whether such spinors

exist. The language of generalized complex geometry may become useful.

e Complete the analysis at the boundary for the remaining type IIB solutions within

this work, investigating further their brane set-ups and charge quantization.

e Perform a more in-depth investigation into explicit rank function examples of our
solutions, including triangular, trapezium and Sfetsos-Thompson cases - in addition
to the three potentials (Vi,Va, V3) given in [61]. The stringent constraints imposed
by the spindle on the allowed rank functions should definitely be investigated further.

e Conduct the spin-2 analysis more generally, for all the multi-parameter type ITA and

type IIB solutions presented.

e Gain a better understanding of the operators which trigger the marginal deformation
and the soft-SUSY breaking.

e Take a more in-depth look into the Lagrangian and non-Lagrangian deformations of
the CFT, along the lines of [26, 134].

¢ Investigate the rational quantization of D7 charge inherited purely from the ITA
solution (without orbifold singularities present in the IIB metric). Do these general
solutions have a physical interpretation (such as the rotating D-branes in Appendix

E of [186]), or should the system be restricted to rank functions such as Figure 4.9.

e Further stability analysis should be conducted on the various N = 0 solutions pre-
sented throughout this work, with analysis along the lines of the paper [53] particu-
larly pertinent for our backgrounds. In addition, the recent studies on the stability of
non-SUSY backgrounds have been refined thanks to the application of Exceptional
field theory techniques, see for example [57-59]. It would be interesting to apply this
technology to our family of A/ = 0 backgrounds.

e Study the SUSY probe-dynamics we encountered in the N’ =2 and N/ = 1 systems.

e Calculate more holographic observables for our multi-parameter families of solutions,
including the calculations of [157, 161-163].
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e Place the N/ =1 families of solutions within the context of the work [187, 188].

e Perform an S-duality on the three-parameter families of type IIB solutions, following
the G-structure analysis through the calculation (the discussion in [93] may prove
useful here). This should derive further N' = 0 families, and potentially new N = 1

solutions - for which this whole story could be repeated.

e Further investigate the dual CFTs of the infinite families of N' = 1 type IIB solutions
(with zero five form flux) presented throughout this work, within the context of

[87—-89] and possible five-brane webs.
e Consider non-abelian T-duality on the backgrounds with a preserved SU(2) isometry.

e Investigate these solutions in the context of non-AdS/non-CFT correspondence, such
as the work of [44]. One could break the conformality of the dual field theories (as
well as the supersymmetry for our N' = 0 solutions), by replacing the AdS5 factor
with an asymptotically AdSs factor - introducing a non-zero temperature into the
field theory description. Perhaps the effects of including a Black Hole within the

solutions could also be investigated.

e Consider whether soft-SUSY deformations of this type could one day have more
phenomenological applications, for example within the context of a Minimally Su-
persymmetric Standard Model (MSSM). Particularly noteworthy are the naturally
imposed and stringent restrains on the rank function (and hence the makeup of the

dual field theory) coming from the presence of spindles in the supergravity.
Additionally, this work opens up some interesting topics to study:

e Investigate whether the two generalized forms of WCP? which we uncover during
our analysis of the type ITA solutions can appear in more standard wrapped brane

scenarios, namely compactifications of AdS,,+4 to AdS,, for n = 2, 3.

e Repeat the analysis of this thesis for two qualitatively different but related systems:
the Lin-Maldacena family [189] dual to different vacua of the BMN matrix model (see
also [190-193]); and the system describing the 4d defect inside the (0,2) 6d SCFT -

see for example [194].

e Consider whether these multi-parameter families could be applied within the context
of 5d Minimal Gauged Supergravity, along the lines of [195, 196]. See also [197].

e Similar analysis to this work could be conducted on any supersymmetric M-Theory

solution involving at least two U(1) directions.

I hope that at least some of this work will one day be conducted.



Appendix A

Holographic Central Charge

A.1 A General d-dimensional form (with off-sets)

The following expression can be constructed from the results quoted in the literature for
the holographic central charge in diverse Minkp dimensions

S PD—S )
Ctzmﬁﬂ»sz%Rw (A.1.1)

n=1

Using the following Fourier decomposition for the rank function of a generic balanced quiver
2 P . (nmn 9 P1
Rn = P/o R(n) sin <P)dn =5 Z/
j=0"7
P-1 . .
2 nm nm(j+1
22 Z [mr [Nj cos (PJ> — Nj41cos (UP))}
§=0
L .
+ P(Nj41 — Nj) [sin (mr(jp—i- )) — sin (Tl;‘])}

P
2 P nm 2P nmw
= (N, 4“%@1fff nr ——Ebﬂ(f)
mr( o+ (=1) P P Jr(7177)2j:1]8m p’)
with bj :2Nj—Nj+1—Nj_1 (fOI‘ N():Np:())
(A.1.2)

The first term includes off-sets (namely, No, Np # 0) while the second term (including b;)
is defined with the requirement that Ng = Np = 0.

Jj+1

[Nj + (Nj41 — Nj)(n — j)] sin (T)dn

=R,

+Rn

No, Np No=Np=0

Without Off-sets

We will first consider Ry, |n,=Np=0, corresponding to the rank function given in (1.2.8), for

which we recover the R,, given in (1.4.17) (now replacing the variable k with j). It then
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follows,
4p2 L& nm nmw
R2 = PSS by sin <J) sin (z)
n 4.4 J
nim o P P AL
P2 P P ) ) ( o )
= > S (e";;f GH) 4 o= B GH) _ "G _ o (J—l)>_
n=m
j=11=1

Hence, the final result for cje,, can be written as

et PD—3 )
Chol = coeff(D g R
olp No.p=0 ( )n_l nD—4 """

coeff Zb . 12 [( (J+l)) (e—%(m))” (e%(j—z)>” (6_%(j_l)>n
! +

nP nP
j,l=1

= coeff(D )2PD 1 Z bib; Re |:L1D (eP(J l)) — Lip (eg(jﬂ))}

7,l=1
(A.1.4)

With Off-sets

Including off-sets, we use the full expression in (A.1.2), recalling b; is defined with Ny =
Np = 0. Hence,

[e.e]
PDfS

Chol = coeff(D) Z WRZ- = Cholp ‘N + coeff(D) (T + T3), (A.1.5)

n=1 0.P=
with
gpp—2 & =1 11 P . (nm . [ nmj
Ty = = > bj z_:l py o (NO + (=" Np) [1 — Esm <P>] sin (P)’
=t n= (A.1.6)

o0

4pDb-3 1 )2 P . (nr\]?
Ty = — ZnD_2<No+(—1) Np) {l—msm<P>].

n=1
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Now, evaluating Tb gives
spp-2 L =1 nmwj P nmw nmwj
. +1 . . .
TQ—T ' b Z Yo 1<N0—|—( I Np)[SID <P>—msm (P) sin <P>]
j=1 n:l
[e.e]

8PD 2 1 e%j ! ef%j "
Zb nz (No + (- ”+1Np){ —5i [(nD2 - <nD1)
(eﬁ(m))n (e p(1+y)) (e%(l—j))” (S—E(l—j))””

+ — —_
nP nP nP nP

P

47

_ 8P722 ébj [No Tm [LiD_l(e’%j)} n %No Re [LiD (e%ml)) —Lip (e%—l))]

~ Nptm [Lip 1 (¢ 7)] = Np Re [Lip( _ RO i (- e?(j—n)H |

(A.1.7)
To evaluate T3, we further sub-divide it
4pP-322 1 2 P nt\1* - - -
— +1 : —
T3— 2 nz::l’le2 (N0+(—1)n Np) |:1—n7r81n <P>:| —T1+T2+T3,
(A.1.8)
with -
_ 4pb-t 1 nm
1= 7T4 Z (NO +( 1)n+1Np) belnz <P>,
n=1
_ 4pPP3 2 1
Ty = — Z (No + (—1)n+1Np) D2 (A.1.9)
n=1
- §pP—2 & 11 2 nm
5= -3 n1<N0+( " Np) Dlsm<p)
The first term gives
P () (@ F)
N, -1 n—i—lN ) =
4 ;( o+ (=1) P nP * nD nb
ppr-1. X (eF)" (7)) 2pP1 & 2 1
+1 +1
— (Mo + (=1 Np) ( 7+ . (No + (=1)™'Np)
n=1 n=1
2ph-1 9 A2 . 2 , 2ir > o2
—=—— (V3 + V) Re[Lip(e¥)] — 2NoNp Re[Lip(—eF)] = 3 (No+ (-1)"™*'Np) =5
n=1
(A.1.10)
where
= 1)+ 21 2 2\ v 1 — ()"
Z(N0+ NP) 773:<N0+NP)Z”T)—2NONPZ "
n=1 n=1 n=1 (A.1.11)

= )] (N8 + N3) ~ 2021 - )N |
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making use of the Riemann Zeta Function

()= — D=2 -]
n=1 n=1
Hence,
— 2PD_1 2 2 . 2im . 24w
Ty = —=—— | (N3 + N}) Re[Lip(eF)] — 2NoN,, Re[Lip(—¥)]
—¢(D) [(Ng + N]%) —2(2'P - 1)N0NPH : (A.1.12)
Now, for Th
_ 4pP3 & 2 1 4pP-3 = 1 - 1
_ +1 _ 2 2
Th=—p> (NO +(=1)" NP) D3T3 (No +NP) > 55— 2NoNp Y (1" 55
n=1 n=1 n=1
ApPP—3 2 2 3-D
= (D -2) (NO +NP) —2(25°2 — 1) NoNp |,
(A.1.13)
and for T3
- gpb-2 = 2 1 . nm
b=——jy Z (No + (—1)”+1Np) —p=1 Sin (P)
n=1
APPT (o oy S ((eF) () o~ (e (e
T3 (NO +NP> Z (nD—l T D1 > _QNONPnZl ( nD—1 D1 >
8PD_2 i 17
= — 3 Im|:<N02 + N}%) LiD_1<€?) — 2NgNp LiD_l(—eP):| .

(A.1.14)

So, putting it all together, T3 reads

D-1 . |
_2pr (N(? + N123> Re[LiD(emTﬂ)] — 2Ny, Re[LiD( _ 62%)]

T3 =
T4

D—-3
+ 4P7r2 ¢(D — 2)< (Ng + N,%) —2(2% D l)Nng)

—¢(D) <<N3 + NJ%) —2(2t P — 1)N0Np>

8PD—2

Im
3

(Ng + Nf;) Lip_1(eF) — 2NoNp LiDl(—e?)] .



APPENDIX A. HOLOGRAPHIC CENTRAL CHARGE 196

Hence, the final result for the holographic central charge with off-sets reads

S0 (o) -5

7j=11=1
+ 2;:@ [NO (LiD (e%(1+1)> ~ Lip (ﬁ(j—l))) ~ Np (LiD( _ e%’(jﬂ)) B L1D< B eg(j_l))ﬂ

2im

+ 2NgNp LiD( — 6’%) - <N§ + N123> LiD(eP)]

2PD73
Chol = ———coeff(D {P2 Re
0

+ 47 PIm Z [N()LID 1 PJ)—NpLiD_l(—eWPJ):|

- [(Ng n N,%) Lip_1(eF) — 2NoNp LiDl(e?)H

+ P%¢(D) <(N§ + N}%) —2 (21D - 1)N0Np) +272¢(D — 2)< (Ng + NI%) — (23D 1)N0Np) }
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A.1.1 Example rank functions

Triangle Rank Function

R(n) p
Nn  nelos] A :
R =1 o : |
Pos(P—n) nelS P |
0 é P \77
N e|0,8 NP
R'(n) = Vs ne0.5] , R"(n) = —ﬁé(n—S). (A.1.15)
—p5 NEI[S P B
NP
P-5
03¢
NS(P—S—1) o NS
N 2N NS — P-5 P—S
1 2 3 S—1 S S+1 P-1 P

Figure A.1: The Generic Triangular Rank Function

In this case, one finds the following charges (following the conventions of [20])

NP Total P 1

To calculate the holographic central charge, one finds using (1.4.17) and integration by

parts
1 [P 2 [P
Rn=5 /_P R(n) sin <7;;Tn> dn = P/o R(n) sin <Tgn) dn

2 (8 nm 2 (P NS nmw 2 NP2 knS
/0 nsm( 77> n + : S(P n)sm( 77) n 2 2( S) sm( ),

(A.1.17)
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which then leads to

o0

o s 9 4/<; N2P5 nﬂ'S ONZPY K[ (e P (e P ) 2
Chol = 72 Rn= 2Zn4 :_ﬁ(p_s)zz ey s
k= n=1
k> N2P5 i2x5 _ 2x% N2P° ;2r8 _
= —ﬁm |:L14(€ P ) + L14( ) - 2Ll4(1):| = —Fm Re |:L14( P ) - Ll4(1):|
1 N2p5 ., 4218 . T rd
= Rm(g(él) — Re[Ll4(€ P )])7 with &k = 5, C(4) = %
(A.1.18)
One can now use (1.3.9) for a more convenient method of deriving this result. Here we

have one D6 brane with charge given by bg = ]iv—_%. In this case, j =1 =9, giving

2P32 : . 95 1 N?P° . 95
Cholr‘”eff(@MSR‘?[M‘*(”‘LM(“’ >]_47r5(p_5)2 <C(4)‘R6[L14(€” )D’

(A.1.19)
matching (A.1.18). We now investigate the holographic limit (P — oo) to leading order,
as in [20]!

e sopo
chot|, =AM S=% . (A.1.20)
NP Sez

One can easily check that Ny = 2N, at each node of the above linear quiver. The N, and

Ny, were calculated in section F.2 of [90], and read

1
M= m<252P2N2 + SP(N? +6) — 283PN? — 6P(P — 1) — 65),
N2S (A.1.21)
Ny = —— P — 2 P P2 pP_
h 3(P—S)<5 S*(P+3)+5(P"+3 3)>,
which from (1.2.9), with P — oo, gives
2 p3
N1217: S=P-1
~ e N2P3 . E
¢ ’P—wo a‘P—mo 487 S = 3 ) (A.1.22)
N252p
Tom S e

for large NS in the last case, which matches the cpy given in (A.1.20).

'noting in the S = P/2 case

((4) = Re[Lia(~=1)] = ¢(4) = > n14 S —C@E -1 = %g(@ = %

n=1

B 4 2 p3
= Chol = o Py (C(4)_Re[Li4(e”)]) _ iNQPSL __N°P

) 48 12w’
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Trapezium Rank Function

R(n) p
N n € [0, M], NMp----- :
R(n) = NM  ne[M,M+58], ;
NEL(P—n) ne[M+5, P :
0 M
N nelo,M]
/ " NM
R'(n) = 0 nel[M,M+5], R(W):—N5(77—M)—75(77—M—S).
M ne[M+S, P
(A.1.23)
NM
N Q
X X
N 2N NM-1)| NMm NM NM NM(QQ_I) B
2 3 M —2 M -1 M M+1 M+S—-1 M+S M+S+1 P-1
N(M —1)

Figure A.2: The Generic Trapezium Rank Function, with Q = P — M — S.

S times

In this case, one finds the following charges (follow the conventions of [20])

Qnss = P, Qps = N+

NM  N(P-25) Total _ /P _NM
(A.1.24)

We now have

2 (P nwn 2NP
Rn=— [ Rmsin|{— |dn=——=

M sin (W) + @sin (merM> )

(A.1.25)
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One can then calculate cpp, either by performing the calculation long hand or by using
(1.3.9). Both approaches give the same result. Here we will demonstrate the the second
approach (with xk = 7/2 again). In this case, we have two D6 branes, with charge given by

by = N and byyig = % Here, (j,1) will take the values S and M + S over the double

sum, giving

2P3 d i i
Chol, = coeff(4) [bM Z b Re [LLL (ef(M71)> — Liy (ep(MH))]

T4
=1

P
+brrts Z b; Re [Li4 (e%(M"‘S_l)) — Liy <ei}§(M+S+l)>:|]
=1

32p3 ) . [ in . im_ . [ in
= % o bM <bM Re |:L14(1) — L14 (GP (ZM))] + bMJrS Re |:L14 (eP( S)) — L14 (eP (2M+S)) )
+ bMJrS <b]\/[ Re |:Li4 (6%(5)) — Li4 (61.12(2M+S)>:| + bM+S Re |:Li4( ) - L14 (6117;(2(M+S))>:| )]
N2p3
= 02 <(M2 +Q%)¢(4)

—Re [M 2Lig(¢ 7 ) + QLig(¢"F) + 2MQ (Li4(eiw) - Li4(ei%))]

(A.1.26)
As before, investigating the holographic limit (P — o),
N2M?P
Chol = S, M € Z. (A.1.27)
P—o0 127

From the linear quiver, using the results given in Section F.3 of [90], one has (after correcting

typos)
1 M
Ny = ¢ <6 +2P(M?*N? - 3) + MN2(1 +4MS + Q)) ,
9 (A.1.28)
MN 2 2 2
Ny = 30 (MP?+ P(5—M?+ MS) — S(5+2M*+2M5)) .
Using (1.2.9), one then finds (for large M N)
N2M?P
~ = A1.2
C’P%oo a‘P%oo 12 ( 9)

matching the cpy given in (A.1.27).
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A.2 Parametric deformations of GM

To calculate the general holographic central charge, ¢y, for a given background, one has

as = alp, §)(dz? ; + B(p)dp?) + gis(p, §)db'dbY

PR (A2.1)
_ Y pd/2 _ 2 A 7./ p—4® d
Chol GNIB (H/)(i’ H V;nta ‘/mt /da det[gz]]e as,

with Gy = 87%a/4g2 = 870, In the cases discussed in this work, d = 3.

A.2.1 Type ITA

All of the type ITA backgrounds encountered throughout the thesis have a metric which
can be expressed in the same manner, with all dependence on the parameters dropping out

of the following calculation. We have

1
ds2y 4 = 4p2e3 A f1 (o, 7) (dwig + p4dp2> + €44 fi(0,1) [f4<a, n)(do? + di?) + ds?(MzY) .
(A.2.2)

It is now a straight forward calculation to derive

Vetlgsle 10108 = S0 £ £2 £ Vol (S Vo(S?), (A2.3)

with all dilaton dependence, ® 4, dropping out neatly, meaning that all the backgrounds

take the above form for the holographic central charge!

Inserting the forms of the warp factors (1.4.11), gives

25 3 . i
Ving = 7’<°\/<>1(Sl)\/<>1(82),)5 / oVV"dodn, (A.2.4)

leading to (with Vol(S') = 27, Vol(S?) = 47)

3 1\ v, ARBL8 [ .
S = VV"dod A.25
=) bty =z [ oYV ot (8.29)
where (V2,)" is the derivative of V.2, with respect to p,
2 v _ 69

One can calculate this via two slightly different approaches. First, we can integrate directly

S B P oo . B 1 P 91®
oVV'dodn = — dn Vs (V)do = — V= dn. (A.2.7)
0 0 2 0 0

in o
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From the boundary conditions (1.4.14), it is now easy to see the following result

C = L.
hol X 4 0 n 7,
where Clearly the Central Charge iS proportional to the area under R(T/)Q

Now, using the following

Zn’R O'SlIl< )Kl<mT >, hm xKi(x \/>fe_x: , lima Ky (x) =1,
P z—0

leads to
2 (o.9) o o=00
ol T nm mm . (nm . (mm
V )0 2;7”2_17177272 R [U 1<P0>] [U 1( D a)] SID<P’I7> sm( D 7]) .
= — nmwo nmw mmno mm . (nm . (mm \|77™
=3 S (o) [ (%) [ (B (%5)]
= — Z Z Ry R sin <ngn> sin <Tr;37777)’ (A.2.9)
n=1m=1
and using
P
P
/0 sin <T;T77> sin <n;37rn> dn = §5nm, (A.2.10)
one finds
43 " 2% [T S — mm
Chol = X 4/0'VV dodn = 7r4/0 ;;R nRom sin sin ?77 dn
o s 9
=% > PR} (A.2.11)
n=1

Alternatively, one can insert the following definitions into the initial form, [ oVV"dadn,

> . (nm nm
— Z Ry, sin (Pn) Ky <PJ> ,

. nmw . n nm
Vo~ zpmm(ﬂ)m(lo >,

n=1

(A.2.12)

using the following results

P oo 3
. nmw . mm P nmw nm P
[ sn ()i (F)an= G [" oo} (Fo )i = i

(A.2.13)
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which leads to the same result as the first approach
4K3 . K e
k=1

A.2.2 Type IIB

We now calculate this quantity for the form of the IIB metrics given throughout this thesis,

which reads in general

2 1 2
dsio p = 4p°e3®A f1(o,m) <d“f'i3 + p4dp2> +es A fi(o,n) [f4(ov n)(do? + dn?) + ds*(M5) |,

2/ 2B 2 1 .2 ) X? : 2 20 2€§¢A
ds*(M3) = fod0” + = | fofafssin®0dor + i (dqbg + h(n,o)sin 9d9) , e =X"——r,
= 1 =9
(A.2.15)
for some functions (Z, h). We now calculate the following quantities
e3P 2
detlgi;] = X*——f{ f{ f3 f3 f5 sin® 6, a=dp’esAf,
= (A.2.16)

9 1 1
= \/det[gij]e_4q’5a3 = %,;3 f2 £ £2 faf2Vol(ST)Vol(S?),

with all dilaton and = dependence dropping out neatly. This matches exactly the IIA
result (A.2.3), and hence leads to the same holographic central charge. Here we note that
det(MEB) = 62 det(Mz'), and hence det(gfgj) = 62 det(g{?), with e?®8 = §2¢®4 and §;
defined in (5.1.11). Consequently, all do contributions simply cancel, recovering the ITA
result. This is as expected, as these arguments match those summarised in (1.3.4), from

the original presentation in Section 4.3 of [87].
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Deformations of GM

B.1 Transformation from LLM to GM

We present below a step-by-step transformation from the LLM class of backgrounds to
the GM class, via the ‘Backlund’ transformation, demonstrating explicitly the following
relation (as described in [27, 28, 61])

X=ox+8, B -8 (B.1.1)

We begin with the LLM background with the additional U(1) isometry, 8, picked up via
the coordinate transformation (1.4.4), and given in (1.4.5). We re-write the solution here

for convenience

4

d52_2>\ 2 2 —6X3.2/a2 - T N2 OyD 2 Dy 3.2 2 132
e [4ds (AdS5) + y2e s (S)+1_gﬁy1)<dx—28TDdﬂ> —T(dy + P (dr? + r2df ))}

2
K3

2 ~
Gy = I{,|: —d(2ye M) Ndy + (d (6_6/\ ayDT('“)TD> — 9y (ePYrdr 418D dy) A dﬁ] A vol(S?),
y

with D(r,y) satisfying
__ —9D
y(1—y0yD)

By direct comparison with the GM case (1.4.9), re-written below for clarity

%amarp) L2l =0, O (B.1.2)

ds’ = fi [4dsQ<Ads5> + fads*($) + fad® + fa(do® +dn?) + f5 (45 + f6dx)2] ,

Ag = (frdx + fsdB) A vol(s?),
it is immediately clear that

Kie = f1,  yle = fo (B.1.3)
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After the ‘Bécklund’ transformation, which replaces (r,y) with (o, n)
r?eP =62, y=V, log(r)=V, (B.1.4)

along with the given relation for A,

—-0,D 2V —0,D

—6X Y Y

= —, = = = s B15
‘ y(l - yﬁyD) A (1 - y(?yD) ( )

one arrives at

2" 21"
YT v — A Vv — (V)2
which matches the form given in [158] after inserting the Laplace equation (1.4.13).

(B.1.6)

Using r = ¢ and 02 = r2e? from the Bécklund transformation, one finds
exPdr = oV"dn +V'do. (B.1.7)
Hence,
dy* + ePdr? = (do? + dn?) < V"V + (V’)2>, (B.1.8)
meaning, from the LLM metric, we see
—6@’—D(dy2 +ePar?) = —iL( — V"V + (V')?)(do? + dn?)

vV (VV" —(V")?2)
= fu(do® + dn?). (B.1.9)

Thus, the only part of the LLM metric still left to transform is

4

- T N2 0D p ooz
1_y8yD<dx—28deﬁ) - PP (B.1.10)

Before doing so, we note the following relation from the transformation o(r,y) (as in [158])

do Qo Or 0oy

— =+ 7 = 0,00 OypOny = 0, B.1.11
dn  Oron + Oy On roOnT + OypOny ( )
giving
OyoOpy
Opo = ——L 1=, B.1.12
r0 anr ( )
Now we use the forms of the transformation to get (assuming o = re%)
1 o g 1 "
Oro = 5¢* (2+70.D), Oyo = §8yD, Oy =V',  Oyr=V"r (B.1.13)
Then, by substituting these forms into the previous equation, we find
0,DV’
6%(2 +r0.D) = = Xi//
. " . (B.1.14)
o0 PV _y_ 2V 2=-2 1
> D= e 2= 2 )
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Inserting this result into the remaining part of the LLM metric, it becomes clear that this
additional (plus one) contribution to g(n,o) introduces a § term into the definition of x
for the GM class

4 r N2 9,D _ 4 > 9,D
—— (dvy-=8,.D _y=. D252 __ = _ Yl D, 2102
l—yByD(dX 28 dﬁ) ; e redp 1= y9,D dx—g(n,o)dg e redp*,

(B.1.15)
where )
_ _ V!
=% + B, = -8, )= . B.1.16
X=X+0, B==5 gno) = )2 ( )
Let us now we re-arrange this metric component such that the roles of xy and S are switched

4 > 9D 4r2eP9, D
— |dy— d _ ¥ Dr25% — Y dy2
1 —y0,D ( x—4(n.0) ﬂ) erdp 4y g(n,0)2 — ¢Pr29,D(1 — yd,D)

L (Yy9(n,0)* ~ r2eP9,D(1 — y0,D) 5 4y g(n, o) ik
y(1 = y9,D) 4y g(n,)” = ePr29,D(1 —y9,D)
(B.1.17)
Noting the following relations
20V VA
4 .0)2 —r2ePo,D(1 — yd,D) = —————, 1-y0,D)= —+———+—,
yg(n,0) y D=0y D) = =5 )2 y(1=y0yD) =~ )2
(B.1.18)
we now transform each of the above elements
dyg(n,o)? — TQeDayD(l —yo,D) 20V _
y(1 —yoyD) VA >
4y g(n,o) vV g
4y g(n,o)? —ePr29,D(1 —yo,D) AV’ 6
4 2,D D 4 2
ree 9, Y (B.1.19)
4y g(n,0)? — ePr20,D(1 — yd,D) A

Hence, our metric component transforms as follows

4
1 —yd,D

2
(dx —g(n, 0)d6> - %feDTZdﬁQ = f5(dB + fodx)* + fadx®.  (B.1.20)

For the transformation of A3, we first note the relations

) e )
_ —6x Y 2VV —61_Y
26y’e N = —fr, ke L _(290,D—2g(n,0)) = — fr—k——, H<2€ ——+2y | = —fr,
o,D """ A oyD

and
— 9y(eP)rdr + (24 r0,D) dy = 2dn, (B.1.21)

and after taking the positive square-root for o = :treg, we find

Gy =r| —d2yPe ) Adx — d(2y3e ) A dB
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+ <d <e6)‘8y2D(2y6yD + TB,,D)> — 9y (ePYrdr +18,D dy) A dﬁ} A vol(S?)
Y
= [t nai+ i) nas

2 ~
+ /@(d <e_6’\yD(2y0yD —2¢9(n,o0) — 2)) — 9y (ePYrdr +1r0,D dy> A dﬂ} A vol(S?)

Iy
_ [d(ﬁ) Adx 4 d(f7) A dB + (d( — fr— nszVI> + 2k dn — nd<26_6)‘8§; + 2y)> A dﬁ] A vol(S?)
= [t A @i+ d5) () ndB| o)
= (atin A+ () nds ) A v(s?) (.1.22)

We finally arrive at the form of the GM solution written in (1.4.9). We have demonstrated
explicitly that the x in the GM class has the form y = x + 3 when written in terms of the

LLM form (as stated in [27, 28, 61]), and 5 = —f.

B.2 Behaviour of f; at the boundaries

Here we simply quote the values of the functions f; (1.4.11) at each o € [0,00),7n € [0, P]

boundary appearing in our various deformed GM solutions.

At 0 — ©

To leading order

. [P
V= —Rie Py sin <;n> - (B.2.1)
with

32,2 2 z 2
1 = 7’7‘- RIK e 6_2?770' ’ , 2 e E Sin2 LT/ s 3 e 4’ 4 = 2i 5 oy 4P 62%0"
4p2 P

(B.2.2)

/2 n [2P _ = P 2
fe = P—JTrRle_?U coS (%) , fr=-2kRy 76_F” sin® (%) , fs=k <27] + ;sin (g)) .

At n=0 with ¢ #0

. . . .o . 7r2 i n’fr
Vi=f V=fn V'==Z%f V=nf f)=125Y Ruon’ki(Fa).
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Lz""lz(’“””%?"dg)é o= 2L g A A 2 )

= T fo? 7
(B.2.3)
212 Apnd F : . ' |
f6: 2ff—f, f7: K;:éf, f8:2:"i7’]3f'£—2<2—;), where |f’:_f

At o =0, ne (k,k+1)

Along the o0 = 0 boundary, V = 0 to leading order, hence (using the boundary condition
given in (1.4.14) in the final step), we first note
é B V2V//
fsloso 2V -V
and using (1.4.20), in this limit

e $ e (5) () o5 (e (1552) o (552

1. 1
=-VV"'= 572(77)V”, (B.2.4)

U—>O_ 2

j=k+1
(B.2.5)
with v the digamma function. This doesn’t vanish or blow up between these bounds. One
finds
1
K*R(2RP, + (R)?)\ 3 2R P, 202 P, 2P,
fl: ) f2:—,27 f3: ) f4:77
2P 2RP; + (R) R R
4 4KR* Py RR’
= = R/ = - = 2 —_ _—
f5 2RP]€+(R/)27 fG y f7 2RP]€+(R/)2’ f8 H’< 77+2RP]€+(R/)2)7
(B.2.6)

recalling R = N + (Ng+1 — Ni)(n — k).

Ato=0, n=0

To approach this boundary, adopt the coordinate change (n = rcosa, o = rsina), ex-

panding about r = 0. To leading order

P . )
. . 1 J JnT
V=N V' =N V= _— E | ot 2 2
17 CoS @, 1 4P2rcosozj—1 b; < Y <2P> mreset | op ,

1
K2NP\? 2r2Q cos® « 2r2Q sin® « 2Q
h < 50 > , e N, f3 N, Ja N, ( )
4 3.3
f5:W, fe = N1, fr=—-4rQr’°cos’a, fs=0,
i
where @ is extracted via V" = rQ cosa. Notice that f5, fg remain finite whereas f3 and

fo vanish.
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At c=0, n=k

Now one should make the following coordinate change (n = k—rcos«, o = rsina) (where
0 <k < P and k € Z). To leading order

r2 sin? o by, 1 b
L A

B 4o
Nk 7“’ _NkT7 5_Nkbk’

wn

fi=(kNy)3, fo=1 fz= fr1 = —2kNL, fs= —2kk.

b « . «
fe = Ek(l + cos @) + Njy1 — Ny = cos” (5) (Nk — Ni—1) + sin® (§>(Nkz+1 — Ni) = g(),
(B.2.8)

noting the use of by, = 2Ny — Niy1 — Nig_1 to re-write fg.

B.3 GL(3,R) Reductions

8 reduction

Here we present the full type ITA solution, with all nine GL(3, R) transformation parame-

ters intact, following a dimensional reduction along 3

1
sty = 3% fr [4ds2(Ang,) + f2db? + fo(do® + an)} + % f2e73%4s2,

4 1 . 1
es? = ﬁfl [QQ(fza + f513) + b2 f5 + 2bq f5 f + v* sin® 9f2} , By = e <BQ,XdX + Bz,¢d¢) A db,
1
C1 = = (Cuadx + C14d0), Cy = Ci pdx A df A dg,
By, = sin0<(vp —sq) fr + (va — sb)fg), By = sin@((vm —uq) f7 + (ve — ub)fg),

Cro = fre 3% (bfs(a+ pfe) +pafs + afsfola+ pfe) + svsin? 6f),
Crg=fre3® (bf5(0 +mfs) + mafs + qfsfe(c+mfs) + uvsin® 9f2>,
C3x¢ = sinf {U(pﬁ +afs) —s(mfr + Cfs)] :
ds3 = hy(1,0,0)dx* + hg(n,0,0)d¢* + hyg(n, 0,0)dxdé
hy(n,0,0) = f3f5(bp — aq)® + sin” 0 f [b252f5 + (pv — q8)2f3 — 2bs f5((pv — gs) fo + av)
+ f5((pv — gs)fo + au)ﬂ :
he(n,0,0) = f3f5(bm — cq)® + sin® 0 f [c2v2f5 + (qu — mv)? fs — 2cv f5 ((qu — mw) fs + bu)

+ f((qu — mv) fs + bu)
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hyg(n,0,0) =2 |:f3f5(bp —aq)(bm —cq) + sin? 0 faha(n, O'):| ,
ha(n,0) = cvfs ((pv —qs) fe + av) + b2 sufs — (qu — mo) [(PU —qs)fs + f5f6((pv —qs) fo + av)]
—bfs (sv(c +mfg) + u(av + (pv — 2qs)f6)> , (B.3.1)

with X the generalised reduction parameter, from (1.1.76).

x reduction

The full type IIA solution corresponding to a dimensional reduction along x, with all nine

GL(3,R) transformation parameters intact, reads

1
dsiy o = e3?f) [4ds2(AdS5) + f2d6? + fu(do® + dnﬂ + %2 ff(%‘l’dsg,

4 1 .
AT = SR [P Us + f5S2) + P fs 4 2apfs fo + s*sin? 0], Cs = CypdB A dO A do,

X2
1 1
G, = X(Cl,,@dﬂ + C,¢dd), By = y(BZBd/B + By ¢d¢) A db,
By g = sin@((sq —op) fr + (sb— va)fg), By g = sin9<(sm —up) fr+ (sc — ua)fg),

Cus = fre™3% (bfs(a+pfe) +pafs +afsfola+pfe) + svsin® 6f2),

Cro= fre 3% (af5(c +mfe) + mpfs + pfsfo(c+mfs) + ussin’ Hfg) ,

Cs.0 = sin@[u(Qf7 L bfs) — v(mfr + cfs)},

ds3 = hs(1,0,0)d5* + he(n, 0,0)d¢” + hsy(n, o, 0)dBde

hi(1,0,0) = fafs(bp — aq)® + sin® 0fs 252 f5 + (pv — q5)2fs — 2bs 5 ((pv — 45) fs + av)
+ f5((pv — qs) f6 + av)ﬂ,

ho(n,0,0) = f3fs(pc — am)? + sin® O f, [c%? F5 + (pu — ms)2fs — 2cs fs ((pu — ms) fi + av)
+ 5 (o = ms) fo + au)”

oo 1, 7,0) = 2 [f3f5<bp — ag)(pe — am) +sin 0 foha(n, a>] ,

ha(n, o) = —sbfs ((pu = ms) fo — cs) + aPvufs + (po — g5) | (pu — ms) f

+ f5f6<(pu —ms)fe — cs)} —afs (sv(c+ mfe) + u(bs + (gs — 2pv)f6>>, (B.3.2)
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with X the reduction parameter from (1.1.76).

¢ reduction

The dimensional reduction along ¢, with all all nine GL(3,R) transformation parameters

intact, reads

1
dsty = 5% f [4d52(AdS5) + fodb? + f4(do® + an)} + % f2e73%4s2,

1 . 1
3T = i [mA(Fs + foff) + P fs+ 2emfifo +utsin?0f| . Bo= S (Bayx + BosdB) N,
1
Ci = Y(CLXdX + Clﬁdﬂ), Cy = Cg’X@dX AdO N dﬁ,
By, = sin@((up —sm) fr + (ua — SC)fg), By g = sin@((uq —om) fr + (ub — vc)fg),

Ciy = fre5® (af5(c +mfs) + pmfs + pfsfo(c+mfs) + s usin? 9f2>,

Cup = f1e7 3 (bfs(c+mfo) +mafs + afs fole+mfo) +uvsin®0fy ).

C3xp = sint {U(Pﬁ +afs) —s(afr + bfs)} ,

dsy = hy(1,0,0)dx* + hg(n, 0,0)dB% + hys (1, 0, 0)dxdp,

hy(n,0,0) = fsfs(am — pe)® + sin 0.f [0232 fs + (pu — ms)fs — 2cs fs ((pu — ms) fo + au)
+ 5 ((pu = ms) fo + au)°),

hs(n,0,0) = ffs(bm — cq)? + sin® 0., [c2v2f5 + (qu — mw)? fs — 2evfs ((qu — mv) fi + bu)
+ fo((qu = mo) fy + bu),

o (1, 7,0) = 2 [f3f5<am — pe)(bm — cg) + sin® 0 foha(n, aﬂ ,

ha(n, o) = ubfs ((pu — ms) fo + au) + cZsufs + (qu = mv) [ (pu — ms) fs + fo.fo (pu = ms) fo + au) |

Y (uv(a—l—pﬁ;) +s(ub+ (qu — 2mv)f6>>, (B.3.3)

with X the reduction parameter from (1.1.76).
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B.4 T-dualising the G-structure description

Here we present in full detail the derivation of the IIB G-Structure description, following
an ATD from ITA. Note that in this calculation the convention dy, = d+ H3A is required -
in order to use the minus sign convention (used throughout the rest of the thesis) we would
need to appropriately flip the sign of the B field in the T-Dual rules given in (1.1.79) (such
that EY = e~ (dy + BA)).

As discussed in Section 2.1 and 5.1.2, the pure spinors transform in the same manner
as the Ramond fields under the T-duality. We can then use the T-dual rules (1.1.79) to
make the following decomposition

Wi =g+ W AEY,
with the following initial ansatz
A
W8 =T 0 A (dy - BYY, (B.4.1)
where EY = e (dy + Af) and B}, = e (dy + AR = e~ (dy — B{'). We will see shortly
that this ansatz for \I/g will need some minor adjusting.

We recall that the roles of W1 need to swap for the type IIB G-structure description,
to account for the condition (5.1.13) and the fact the Ramond fields switch from even in
ITA to odd in IIB.

B.4.1 The G-structure conditions

We begin by transforming the G-Structure condition under abelian T-Duality from IIA to
IIB. For convenience, we will summarise the left-hand side of the following ITA G-Structure

conditions simply as d (e*A=Pawd),

dp (€4~ *4ReW?) = 0,

A
dH;\(eM_(DAIm‘I’i‘) =g 6 A9g),

with the choice of a € (2,3,4) depending on the specific condition. Now, the condition

which will transform in the same manner as the Ramond fields is
Voly A dpa(e*4=*Ad) = Volg A [d(e* 4~ PAU) + dBA A 424w | (B.4.2)
From the T-Dual rules (1.1.79), we have
dBA = dB3' + dB{* A dy
= dBf + e B A €@ (dy + ALY — dB{ A AP (B.4.3)
— (dBs — dB{* A Af) + e B A EY,
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and using the decomposition for ¥4, we get

_ _CA _ _
dBA A AP AWY = [(dBs' — dBf' A A7) + e”CTdB{ A Y A [N PATE et Aud A EY]
= (dBg' — dB{* A At A e*APawg

+ [(dB;‘ —dB{ A A A e AmPApY e AT PAagd A e—CAdBﬂ A EY.
(B.4.4)

In addition,

(e PATY) = d(e A PATE 4 AP Aud A EY)
= (AP ) d(eATPATL ) A EY + et AmPATE A (d(ecA) A dy + d(eCAA“l“)>
= d(e*A=Pawg ) 4 e A7Paud A eCMd(A)

_ _ _ (A A
+ [d(eo‘A Pagf ) et Paud e Ca(ed )} NEY,.
(B.4.5)

Hence, we have

Voly A dpa(e*4=AW) = Voly A (D7 + T A EY),

Pf = d(e = Aud ) 4 et 47aud A e d(A) + (dBs' — dBf A AT A e*A=Pawd |
Fﬁ‘ = d(eaA_q)A \I/“j:‘ )+ A=A \Ifﬁ A e_CAd(eCA)
I Il

+H(dBg' — dB{ A A n e A= Pawd — eoAmPawd e @aBi,

(B.4.6)
Now, applying the T-Dual rules, one gets for the IIB equations
Vol A (eC*‘rﬁ‘ F TN (dy — Bf‘)). (B.4.7)
Before proceeding, from the transformation rules
BB = BS + BB Ady = Bf* — A{' A (dy — BY), (B.4.8)
the following result will be required
dBs' — dB{* A A = dBP 4+ dA? A (dy — BYY), (B.4.9)

which we substitute directly into (B.4.6), giving

P4 = d(eA=PAud )+ dBP N e A7 Pauy 4 A Pawd A eCd(Af) — dAT A A Tawd A (dy — BYY),
F|“|4 = d(e"A—q’A\IIﬁH) + eaA_q)A\I/“j:lH A e_CAd(eCA)

+ (dBB +dAA N (dy — Bf‘)) Rt ATRag —aAmtagd p OB
(B.4.10)
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hence
ecAI’ﬁ‘ + Ff A (dy — Bf‘) = ecAd(eO‘A—@A‘I’ﬁH) + eo‘A_q)A\llﬁH A d(eCA) + eCdBB A eO‘A—@A\I’ﬁH
— A N e AmPawd A (dy — BY) — 247 PAud A dBY
+ [d(eaA‘I’A\IfﬁL) +dBE At AmPATA | 4 AP Aue A e d(AM) | A (dy — BY
A— A _ A
=d(e” aeC \Ilﬁu) + dBB A e2A%4C \IJﬁ:‘H
+ d(eaf‘*‘%lljgL A (dy — Bf‘)) +dBB A *APAud A (dy — B
= dps [eaA—‘PA (eC““\IJﬁH UL A (dy — B{‘))}
(B.4.11)

The IIB G-Structure equations now read
s (€A-2408) o,
dHBB(eZA_(DARe\Iff) =0,
1A B et
dHf(e AImVY) = 5 %6 A(g).
Of course, by adjusting the transformation as follows
e 05 \I’i = e P4 [ecA\Ilﬁu + \If“ji_& A (dy — Bfl)],
one can re-write the above G-Structure conditions in terms of ®p,
ngB (6314_(1)8\1]?) = 01

dpys (4~ EReV) = 0,
4A

_ e
ng(e4A %Im\Ilf) =g 6 A(g)-

B.4.2 The G-structure forms

Now we wish to calculate the IIB pure spinors which we need for the G-Structure conditions
just derived. The SU(2) pure spinors for ITA are given in (2.2.12), and re-written here for
clarity

\Ifil = 1e%ZA/\EA A wh, oA = éefijA A 24
In what follows, it will prove useful to make the following decompositions

wA:wf—i—wHA/\Ey, jA:jf—}—j‘“ﬁ/\Ey, ZA:Zf—}—Z“A/\Ey,
zfzu“f%—iuf, z|“|4:u|“|4+iv‘“|4.
(B.4.12)
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We then note

S i 1ZA AZA
2 (B.4.13)

1 1
= (1+§zf/\zj‘> —|—§(zf/\2|“|4—z|“|4/\2f)/\Ei,

as (ZANZA A (2AANZA) =0, and

e =14 (—igh) + %(—ijA) A (—igh) + %(—ij““) A (=g A (=g + ...
:1—ij“4—%jAAjA+%jAAjAAjA+....
= 1—i<jf+j((‘AEi)—%(jfwfwjfwﬁ‘wi)+%(ijijjf+3ijijjrr‘AEi>+--
- <1—ijf—%jf/\jf+%jf/\jf/\jf+...) + (—ijf-ijj,ﬁ+%ijijjﬁJr...) A EY,
= eI A (1 — gt A EY).
(B.4.14)
Hence, we get
Vi =0+ AEY,
e (R YT é[(lJr;zf/\zf) N+ R AT ot az) Ao,
\IfftL = ée‘ijf A 21, \Ifle = ée_ijf A (z|“|4 + ij‘“ﬁ Az,

(B.4.15)
Now, recalling
_ A
U8 = (54 [ec Wy e A (dy - B{‘)},

we finally arrive at the following results for the IIB pure spinors, written in terms of the

ITA G-structure forms

. i 1
we — Looees [e;zfm«f A (e +wt A ldy = BY) + e St Az — o nzt) nwt,
‘I’i _ ée<1>3—<I>Ae—ijf A [(ecAzﬂ“ + zf A (dy — 314)) + ieCAjn4 A zf].

(B.4.16)
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