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Abstract

Mass sensing using MEMS is crucial for detecting minute changes in mass with high sensitivity, enabling applications in
environmental monitoring, medical diagnostics, and chemical detection. However, fluid damping in these environments is
relatively high and can lead to reduction of the quality factor and sensitivity of these sensors. In this paper, we present a
rotating ring resonator for mass sensing applications and investigate its nonlinear dynamics and bifurcation. The ring is
supported by four slender beams and subjected to rotational base excitation. The shift in the nonlinear bifurcation point on
the frequency response curve is used for mass sensing, which is significant because the device exhibits multiple nonlinear
bifurcation points. The structure is designed and modelled to vibrate in a rotational in-plane mode, to provide lower damp-
ing and higher quality factor compared to cantilever-based mass sensors that operate in a translational out-of-plane mode.
Moreover, the structure exhibits nonlinear resonance zones within the super harmonic regime, enabling mass detection at
a particular fraction of the primary resonance zone. At lower excitation amplitudes, the linear response dominates, and

the device also allows mass detection in the linear regime via resonance frequency shifts.

1 Introduction

Over the past decades, there has been a steadily growing
demand for the application of microelectromechanical sys-
tems (MEMS) (Pasquale and Soma 2010; Azizi et al. 2023;
Zamanzadeh et al. 2020). MEMS sensors and actuators ben-
efit from low weight, low fabrication costs, and high sensi-
tivity, which are critically important in high-tech biomedical
applications (Yaqoob et al. 2022). Among MEMS sensors
and actuators, mass sensors have garnered significant
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attention for their ability to detect the masses of viruses and
biomarkers for disease detection applications (Alneamy and
Ouakad 2023; Jingjing, et al. 2016; Alvarez and Lechuga
2010). Measuring extremely small masses in biomedical
contexts, such as viruses, bacteria, biomolecules, DNA, or
proteins, has always posed significant challenges (Baguet
et al. 2019; Chauhan and Ansari 2021; Mohammad 2011;
Katzis et al. 2022; Hashoul and Haick 2019). Various sens-
ing mechanisms have been utilised so far for the capturing
of the bio masses which include resonance frequency shifts
(Park et al. 2012; Chellasivalingam et al. 2020; Joshi et al.
2019), bifurcation based switching (Azizi et al. 2023; Alne-
amy and Ouakad 2023; Meesala et al. 2020; Nayfeh et al.
2010; Kumar et al. 2011; Yuksel et al. 2019) and symmetry-
breaking (Baguet et al. 2019; Chellasivalingam et al. 2020).
In terms of sensing mechanisms, the most commonly used
ones include piezoelectric (Chellasivalingam et al. 2020;
Joshi et al. 2019; Azizi et al. 2017; Kumar, et al. 2011; Xu
and Yan 2024; Toledo et al. 2019), electrostatic (Baguet
et al. 2019; Elliott et al. 2017; Botamanenko et al. 2023),
and magnetic detection (Jafari et al. 2017; Timurdogan
et al. 2011). Though bifurcation based sensors have been
addressed in the literature to measure mass there are some
complications regarding the application of phase-locked
loops (PLL), to address this issue, Yuksel et al. (2019)
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introduced a trajectory-locked loop (TLL) architecture to
enable stable mass sensing in the nonlinear regime of Duff-
ing resonators. In this method, the system avoids locking to
a fixed phase instead, it continuously circulates within the
hysteresis window, alternating between the jump frequen-
cies fup and fyown. This approach allows for rapid and sen-
sitive tracking of frequency shifts induced by single particle
events, even beyond the linear dynamic range of the sensor.

MEMS mass sensors have been utilized in the diagno-
sis of various diseases to date. Timurdogan et al. applied
resonant microcantilever arrays (Timurdogan et al. 2011),
functionalised with Hepatitis antibodies. They detected both
Hepatitis 4 and Hepatitis C antigens. Shafiee et al. (Shafiee
et al. 2013), detected HIV virus through label-free electri-
cal sensing of viral nano-lysate. Chen et al. (Li et al. 2019)
developed a microcantilever array biosensor for simultane-
ously measuring two biomarkers carcinoembryonic antigen
(CEA) and a-fetoprotein (AFP) by means of an optical read-
out technique. One of the challenges of cantilever beam sen-
sors is that their stiffness is influenced by the thickness and
the position of the mass of the antigen or biomarker depos-
ited on the beam. This absorption-induced stiffness can lead
to errors in mass detection (Jingjing et al. 2016; Alvarez and
Lechuga 2010; Johnson and Mutharasan 2012; Lee et al.
2004). Wang et al. (Jingjing, et al. 2016) developed a cantile-
ver based sensor for the detection of the biomarkers of liver
cancer with various concentrations of AFP. They reported a
huge frequency shift of 830 Hz due to absorption induced
stiffness which was two orders of magnitude larger than the
theoretical calculations. To address the challenge of absorp-
tion induced stiffness, they designed a micro-cavity at the
free end of the cantilever beams for local antibody immobi-
lization and as a result reduced the absorption induced stiff-
ness of the system. A similar approach was taken by Wang
et al. (2015), to reduce the absorption induced stiffness of a
the arrays of cantilever beams. Stachiv al. (2022) reported
on the challenges posed by size and absorption-induced
stiffness in cantilever-based sensors. In another study
Stachiv et al. (2020) demonstrated that for heavy analytes
(>MDa), conventional multimode frequency shift methods
yield inaccurate mass estimates. They proposed a technique
based on monitoring Q-factor changes in air, eliminating the
need to resolve analyte position or stiffness. Their method
showed highest sensitivity using lateral modes and enabled
accurate mass detection of large biomolecules and cells.
Cantilever-based mass sensors have also been used to mea-
sure volatile organic compounds (VOCs) in exhaled breath
(Kurmendra and R. Kumar 2019; Gupta et al. 2018). How-
ever, the challenges of dependency and absorption-induced
stiffness remain significant. Biosensing applications require
the sensor to be used in air and liquid environment (Johnson
and Mutharasan 2012). Another challenge in the application
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of cantilever-based bio medical mass sensors is the high
damping ratio and accordingly low quality factor which
is mainly due to the out of plane motion of the cantilever
beam (Timurdogan et al. 2011; Azizi et al. 2012; Hansen
and Thundat 2005), especially position when it is operated
in liquid; Various methods have been proposed to address
the challenge of high damping ratio involved in bio mass
detection; these include the so called “dip & dry” method
(Timurdogan et al. 2011) which brings about other implica-
tions working with activated microbes, wetting, and change
in stiffness due to surface adhesion (Gfeller et al. 2005).
Lee et al. (2011) designed microchannel inside the canti-
lever beams to allow the liquid to pass through; although
the method was a novel approach but was able to pass very
small sample volumes. Olcum et al. (2014) designed and
fabricated a nano resonator based on cantilever structure to
detect self-assembled DNA nano particles. Some investiga-
tions have been carried out to operate cantilever-based mass
sensors in higher resonant modes to decrease the associated
damping ratio. Higher modes result in increased stiffness,
reduced damping ratios, and, consequently, a higher quality
factor (Johnson and Mutharasan 2012; Maraldo and Mutha-
rasan 2007);

As discussed, despite their popularity in biomass sensing,
cantilever-based biomass sensors face two main challenges:
absorption-induced stiffness and high damping ratios due
to out-of-plane motion. To reduce damping, and increase
Q-factor, it is beneficial to minimize the amount of liquid
that needs to be displaced. To achieve this operation mode,
we propose a rotational ring biomass sensor featuring a
ring-based structure supported by four clamped—clamped
microbeams. This model is expected to benefit from a sig-
nificantly low damping ratio due to the in-plane nature of
the motion. The advantage of the middle ring over the disc
is that it minimizes the impact of position-dependent added
mass on the dynamics of the central disc. The biomass is
assumed to be deposited on the central ring, which is rela-
tively thin in comparison to the overall structure. The model
minimises absorption-induced stiffness and exhibits signifi-
cantly reduced damping due to in-plane motion (Azizi et al.
2012). The frequency response curves are derived using the
continuation technique, and the bifurcation points are iden-
tified. To verify the continuation approach, the frequency
response curves in the vicinity of the first two primary reso-
nances are derived based on multiple time scales method.
The system is designed to operate near the catastrophic
bifurcation points (Nayfeh and Balachandran 2008), such
that biomass deposition triggers the bifurcation, enabling
biomass detection. The designed system targets measuring
bio masses in the order of picograms which is ideal for the
detection of the biomarkers of variety of cancers including
liver (AFP), Prostate (PSA) and Lung cancer (CA-125).
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2 Modelling

The model we have investigated, benefits from in-plane
motion, which helps to address the significant damping typi-
cally observed in cantilever-based mass sensors due to their
out-of-plane motion. The schematics of the model which
consists of a ring-based mass along with the supporting
beams are illustrated in Fig. 1. The supporting beams, which
contribute torsional stiffness to the central ring (as shown in
the first two mode shapes in Fig. 1), are connected at one
end to the central ring and at the other end to the fully fixed
substrate. The outer and inner radii of the central ring are
denoted by R and R; respectively. The supporting beams
have length [, thickness h, and width of ¢5. The substrate
is assumed to be rigid and is mounted on top of a motion-
controlled base, which applies harmonic excitation in the
form of 6 () = fpsin(wt). The coordinate system x5 — ys
is attached to the left end of the support beam. The mate-
rial has a density p and Young’s modulus . The coordinate
system x—y is attached to the centre of the ring and rotates
with it.

Considering inertial coordinate system x—y with unit
vectors (i-j) which is attached to the centre of the ring, the

Fig. 1 Schematics of the ring and
the support beam subjected to base
excitation, with the first two mode
shapes included (by COMSOL)
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Central ring

position vector ﬁp of a point ‘p’ on the support beam can
be expressed in the form of Eq. (1).

Ry = (—Ro + 25) i + wyj (1

Considering the harmonic base excitation 6 (), the velocity
of point ‘p’ is in the following form (Azizi et al. 2012):

ﬁp = —Owsi+ (ws + 0 (—Ro +x5)) j )

Considering Eq. (2) The kinetic energy of the system can be
expressed in the following form (Azizi et al. 2023; Azizi et
al. 2017; Azizi et al. 2022):

T= % (pA), ng fé" ((70'11;5)2 + (u')s +0 (=R, + xs))z) dxg

Y A3)

+3Ip (¢ +96)

Where Ip represents the mass moment of inertia of the disc
and the added mass about the centre of the disc, ¢ denotes
the angular velocity of the disc relative to the base and n is
the number of support beams. Considering the assumption
of the stretching effect and neglecting the longitudinal iner-
tia (Nayfeh and P.F.P., 2004; Azizi et al. 2014), The potential
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energy of the support beams is expressed in the following
form:

2
1 s EA s

U= =(FEI) ns/ wgzdacs + —ny / weldx @)
2 s 0 8[5 0

Where, I and 4 are the second moment of inertia about
the neutral axis and the cross-sectional area of the sup-
port beams. Assuming the solution to be in the form of
ws (z5,t) = D7 q; (t) ¥s, (z5) (Rashidi et al. 2024, 2023),
where ¢; (t) and 1), (z5) are the generalised coordinates
and the mode shapes which satisfy the boundary condi-
tions associated with the support beams, the kinetic and the
potential energies reduce to:

T =3 (pA), ns (92 S Yy 6 (8 a5 () [§7 s (), () da
+ X0y X di (8) 45 (8) S5 o () s, () ds
+62 fé’* (R, — 15)2 dxg
~20 50, 6 () fir (Ro =) s, () d ) 5)

+i1p (21 Zl @ () @5 (£) s, (1) 9ty (L) + 62
i=1j=

1208 (t))

The derivation process of the associated shape functions is
given in appendix 1. In Eq. (5) the angular velocity of the
central ring with respect to the base (), has been approxi-
mated by Y1, o/, (I5) ¢; (t) which is the gradient of the
support beams at x5 = [,.

To account for the effect of the dissipation on the motion
equations, the Rayleigh’s dissipation function is defined as
follows (Mohammad and Y., 2011):

1 L/ owg \ 2
= — s 6
RD QCsns/O ( ot ) dxs ( )

Where, ¢, is the damping coefficient per unit length of
the support beam. Considering the non-dimensionalising
parameters 73, g and O the non-dimensional parameters f,
W, and 0 are defined in the following form.

R ;
= 0= 0= )
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For simplicity the over hats have been removed in the rest
of the paper. Introducing Eq. (7) to the Lagrangian function
(L =T —U) (Azizi et al. 2023; Firoozy et al. 2017), and
considering the contribution of the first two modes in the
solution, the equations of the motion reduce to:

Mig1 + Msgs + Klig1 + Klags + Knlqi)’ + K?’qug’
+K 919143 + Kg292q7 + C141 + Cago = Fy

Moty + Mo  Klor + Klago + Knagi + Knagd )
+K 930145 + K 91263 + Coga + C3g2 = F

Where constants in Eq. (8) have been introduced in Appen-
dix 2.

To apply multiple time scales (MTS) as a well-known
perturbation based method, the bookkeeping parameter ¢ is
introduced to keep track of the order of the nonlinear terms
in the motion equations (Nayfeh 1981); this has been carried
out as follows:

Mgy + Mago + Kliq1 + Klago
+e (Kmg + Knagi + Kg1163 + Kg2q207 + Crdn + 02112) =ch

]Wg(il + ]\/fgqg -+ Klgql + Klg(]g + € (Kngq% + Kn4q§ (9)
+Kg3q195 + K91q2q7 + Cag1 + Caga) = eF

To enable the investigation of primary resonance, the exci-
tation forces must be of an order of magnitude less than
those in the linear problem; otherwise, they will not appear
in the solvability condition of the first order. This does not
imply that primary resonance will not occur otherwise, but
it guarantees that the conditions of the appearance of pri-
mary resonance are met. Assuming the asymptotic solution
for ¢; and ¢ to be in the following form:

q1 (TO,T1> = Ug (To,Tl) + euy (TO,Tl) + 0(62)

g2 (To,Tl) = 1 (To,T1)+61)1 (To,T1)+O(€2) (10)

where, Ty = t, T} = <t are fast and slow time scales respec-
tively. Substituting the asymptotic solutions in Eq. (10),
considering D,, = %, and equating coefficients of like

powers of € we conclude:

60 : Mnguo + M2D§U0 + Kl1u0 + KlQU() =0 (11)

MQD?)UO + Mng’UQ + KZQUO + Klg’l)() =0

el ]WlDSu,l + ]\/lzngl + Kliuy + Klov,
= —2M1DyDyug — 2M>DyDyvg — Kmug — KTLQUS — Kglu,ovg
7Kg27)0u(2) — 01721 — 021.}1 -+ F1
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Mngul + Mng’Ul + Klouy + Klsvg
= —2M2D0D1'LL0 — 2M3D0D1’U0 — Kn3uf’) — an%
—Kgsugug — Kgsvoud — Catiy — Csiy + F

The solution to order €° Eq. (12) is expressed in the follow-
ing form:

To, T 1 —019 ] [ A(T))ewmTo
{ ZSET(?.TH }= { 0.04 098 H BETBEWT“ }+cc (12)

In Eq. (12), the modal matrix is derived from the coupled
linear free vibration problem. A (T7) and B (77) are unde-
termined at this level of approximation; they are determined
at the next level by imposing the solvability condition.
Substituting Eq. (12), in the order £! Eq. (11), and express-
ing the forcing terms in Fy = fi3 (e"*70 4+ ¢=i70),
F, = fg% (emTD + e_iQTO) and seeking a particular solu-

tion free of secular terms in the form of:

ug | _ | Qi(Th) Q2(T1) eiwniTo
{ Vo } o [ P (Ty) P(Th) eiwn2To +CC (13)
Introducing Eq. (13), to Eq. (12), we obtain:

[(—lenf n Kh) 1 + (—J\/[zwnf n Klz) Py eiwn To
n [(,leng n Kll) Qo + (szwng + Kl PQ] eiwna To

— Xlleiwnl To 4 Xlgeiw"?T”

[(—Maz + K1) Qu + (= My + Kls) Py et
n [(71\12% n Kzg) Qo+ (71\13% Kl Pz} eiomaTo (14)
— leﬁiwano + X22€iw”2TO

By equating the coefficients of each of e?“»170 and e?wr27o
on both sides, we derive two sets of two inhomogeneous
algebraic equations for ()1 , P; andQ2,Ps. As the homog-
enous part of the equations have a nontrivial solution, the
solvability condition can be expressed as:

—Mwn >+ Ky x11

—Miwn® + Kl x12 -0
—Mowni® + Kl xo1

= Oand —Mowno? + Kly  x22 (15)

Table 1 Mechanical and geometrical properties of the ring and the sup-

port beams
Parameter Value
L. 150 pm
R, 190 pm
R 40 pm
Rin 20 um
h 20 um
B 112.4 GPa
t 2 um
Ns 4
2330 kg/m®

To describe the closeness of the excitation frequency {2 to the
natural frequencies, the detuning parameter has been defined
as, 2 = w,, + 0 where o represents the deviation of the
excitation frequency from the natural frequency, assuming
A (Tl) = %al(Tl)eibl(Tl) and B (Tl) = %ag(Tl)ein(Tl)
and applying some simplifications the frequency response
curves in the vicinity of the first two primary resonances
are obtained.

3 Results and discussions

The geometric and mechanical properties of the studied
model are given in Table 1.

In this analysis, we consider four distinct scenarios,
each within the underdamped regime for the damping coef-
ficient c,.These scenarios are characterized by four differ-
ent quality factors corresponding to the first two modes, as
illustrated in Fig. 2. Due to the nonlinear stiffness terms,
sweeping the excitation frequency w in the super harmonic
regime reveals various resonance zones. The locations of
these resonance zones on the frequency axis depend on both
the amplitude of the base excitation and the quality factor.
The frequency response curves corresponding to the super
harmonic regime associated with the first two modes are
illustrated below. It is worth mentioning that the amplitude
of the base excitation has been assumed to vary i.e. (%)
such that by increasing the excitation frequency the accel-
eration f amplitude remains constant.

Due to the sources of nonlinearity, prior to the primary
resonance, the system exhibits two super harmoni resona-
ces one in the vicinity of w = 0.2 (equal to {2 = 35.6 kHz)
and another one in the vicinity of w = 0.35 (equal to 2 =
62.4 kHz). It is noteworthy that these resonance zones are
substantial because they exhibit high-amplitude motion,
which is particularly significant in low-frequency resona-
tors. This is crucial in the design of low-frequency MEMS
resonators, as these devices are inherently associated with
high resonance frequencies. While high resonance fre-
quencies offer enhanced sensitivity, they also come with
certain drawbacks that must be considered. In order to
investigate the source of each superharmonic resonance
zone, we have considered two frequencies, ®=0.2 and
®=0.5 (equal to Q2 = 89.12 kHz), both below the primary
resonance. Figure 3 depicts the frequency content of both
modes for each individual case, with the associated steady-
state time response and the phase plane indicated as insets
(g =10"%m, ) = 15 rad).

As illustrated, assuming the excitation frequency in both
cases to be X, the frequency content of the response includes
odd multiples of the excitation frequency, i.e., 3%, 5x, 7X,
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Fig. 2 The frequency response curve in the super harmonic resonance zone, a amplitude of first mode, b amplitude of the second mode

g= IO_Gm, 6o = %Tad

and so on. This means that the system may be assumed as
a function which gives off the odd multiples of the excita-
tion frequency in the response and according any odd frac-
tion i.e. = of the primary resonance can be assummed as
a superharmonic resonance zone. Given that the first pri-
mary resonance is in the vicinity of w = 1.0, the presence
of the term 5 x maps the excitation frequency to the primary
resonance. Consequently, a superharmonic resonance zone
appears in the vicinity of “z, which indirectly excites the
primary resonance and is accordingly known as a super-
harmonic secondary resonance. The same rational can be
applied to justify the presence of the remaining superhar-
monic resonance zones which are due to the 5x, 7 xand so
on.

Figure 4, illustrates the frequency resonances in the vicin-
ity of the first two non-dimensional primary resonances.
Comparing the amplitude of each individual mode with that
of the superharmonic ones depicted in Fig. 2, reveals that
the amplitudes in this zone are considerable higher.

As shown in Fig. 4, sweeping the frequency in for-
ward direction the generalised amplitude associated with
both two modes increase and bend rightward which is due
to the hardening nature of the response in the vicinity of
both modes. The catastrophic cyclic fold bifurcation (CF)
which is immediately followed by a jump, offeres a poten-
tial mechnisim of measuring the added mass to the central
ring. The results have been derived for four different damp-
ing coefficients. As the quality factor increases (indicat-
ing a decrease in the damping coefficient), the generalized
amplitude also increases. Figure 5 illustrates the frequency
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response curves associated with the first two modes
obtained by both continuation and MTS methods. To ensure
that the conditions for the magnitude ordering of the terms
in Eq. (9) are met, we have assumed the nondimensionaliz-

T

100
intended to reduce the order of magnitude of the nonlinear

terms and the excitation terms to the order ofe. The results
are obtained for three different damping coefficients assso-
ciated with three different quality factors (Q) for each of the
modes.

As illustrated in Fig. 5, the increase in the amplitude of
the motion and deviation from the natural frequency no lon-
ger keeps either the nonlinear terms or the detuning param-
eter o in the order of . Consequently, the results of the
two methods deviate; however, given that the perturbation
conditions are satisfied in the vicinity of the frequency wy,,
there exists substantial agreement between the continuation
and MTS methods. Figure 6 shows the force response curve
for associated with both of the modes and for two different
conditions w = 0.2 and w = 0.35.

Associated with both excitation frequencies, as the ampli-
tude of the excitation increases, the generalized amplitude
of both modes also increases. This behavior is independent
of the quality factor. However, as the generalized amplitude
of each mode reaches a particular value, the system under-
goes a local extremum, after which the amplitude relaxes
within a certain range of the force amplitude until the sys-
tem resumes its increasing behavior. Figure 7a, b depict the
frequency response curves with two different masses of the

ing parametersg = 10~°m, © = -T-rad. This adjustment is
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Fig. 3 Frequency contents of the response for two different cases: a, b: w = 0.2¢,d: w = 0.5, g=10"%m ,00 = 1o rad

central ring, differing by 17 pg. As shown, with a mass dif-
ference of 17 pg, the shift of the peak points of the first two
primary resonances are 10 Hz and 7 Hz, for two different
quality factors of the first mode respectively; this frequency
shift is associated with 0.58 pg/Hz. Figure 7c presents the
linear frequency response curves for two different Q factors,
alongside the evaluation of the natural frequencies obtained
through COMSOL simulations.

As shown, the higher quality factor from which the in-
plane resonators benefit leads to better sensitivity of the
device to the mass difference of the central ring. The linear
frequency response curve (neglecting the nonlinear terms)
has been illustrated in Fig. 7c for thwo different Q factors.
Finite element analysis is also carried out in COMSOL to

verify the linear natural frequencies which there is a very
good agreement. Furthermore the frequency shift due to the
added mass both in nonlinear and linear modelling is exam-
ined. In the nonlinear analysis the sensitivity is 0.58 Hz/
pg whereas in linear analysis it was 0.5 Hz/ pg eqivelent to
16% impovement of the sensitivity.

4 Conclusion
In this paper, we investigated the dynamics of a micro-
ring supported by four clamped beams and subjected to

harmonic base excitation. The equations of motion were
derived based on the discretization of the Lagrangian,

@ Springer
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Fig.4 The frequency response curve in the vicinity of the first two natural frequencies, a amplitude of first mode, b amplitude of the second mode
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Fig.5 Frequency response curves in the vicinity of the primary resonance based on continuation method and MTS method as inset, a amplitude of

the first mode, b amplitude of the second mode

resulting in a reduced-order model. Frequency response
curves were obtained using the continuation method and
verified using the Method of Multiple Scales (MTS), ensur-
ing the terms were balanced according to the governing
equations. Our analysis revealed that as the amplitude of
the excitation increases, the results of the perturbation and
continuation methods diverge, attributed to the disruption in
the balancing of the terms' magnitudes. Frequency response
curves were derived for both the super harmonic regime and
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primary resonances. To identify the sources of specific super
harmonic resonances, we examined the frequency content
of the response for two different excitation frequencies. This
analysis revealed that the amplitude contains odd multiples
of the excitation frequency, leading to super harmonic res-
onance in the regions 27‘;’11, where 7 is a natural number.
The effect of the quality factor on the motion amplitudes
and the frequency response curves was also examined. To

investigate the primary resonance based on the perturbation
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Fig.6 Force response curves of 5 0.3
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technique we had to keep the amplitude of the excitation
term small enough so that the harmonic excitation force
appears not in the very first linear equation, as a result we
were unable to compare the two methods for higher ampli-
tudes of the motion. The frequency response curves in
the vicinity of primary resonances exhibited a hardening
response as they bent rightward on the frequency domain;
this was attributed to the type of the supporting beams. It
was concluded that the mass difference 17 pg resulted in
the measurable frequency shift equal to 10 and 7 Hz in the
location of the bifurcation point on the frequency response

curves; Besides the nonlinear analysis we carried out linear
analysis to compare the effect of nonlinearity on the sensi-
tivity; it was concluded that the sensitivity improves 16% in
nonlinear regime. The results of the study are promising in
developing and improving the sensitivity and quality factor
of MEMS resonators particularly for mass detection appli-
cations. Future studies will include the fabrication and test-
ing of the proposed model, during which its mass-sensing
capability will be demonstrated.
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Fig. 7 The frequency response curve in the vicinity of the first two natural frequencies, nonlinear analysis a Q=57.5, b Q=17.3, ¢ linear analysis

Appendix 1

Assuming a disc with radius R, connected to a beam with
length /, (Fig. 8).

density p and young’s modulus E, and deflection w(x,?) in
lateral direction, the kinetic (7)) and the potential (U) ener-
gies will be in the following forms:

T = 221 (£)” fliRlde + L1p (%)°
H 2 EI 2 ; "2 (16)
g (1,6)2,U = 2L (%) [w"ldx
0

Non-dimensionalparametersZ = z /I, % = w/g,t = t/T
have been substituted for x, w, and ¢ respectively. For

@ Springer

simplicity the hats have been dropped. Here /, g and T are
non-dimensionalising parameters. In Eq. A-1, the rotation
of the disc is approximated by the slope of the beam at
the connection point to the disc, i.e.,w, (1,t) = . Apply-
ing integration by parts, the variation of the Hamiltonian,

Fig. 8 Schematics of a disc with a pin at the centre connected to a
clamped beam
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af gH dt = 0 (Nikpourian et al. 2020; Ghavami et al. 2022)
has been set to zero.

t (1 ) ,
Ik {f (—pAl (£)” wéw — Ef%wfvfsw) dx
o Lo

+ (—ID (&) i (1,1) dw, (1,1)

BTy, 0waly + Bl wer, 6wly) b dt
—0

(17)

_ pAl

Assuming T2 = the linear motion equation and the

associated boundary condltlons reduce to:

w+w’V =0
—Ip (& 2 . (1, )5w,( 1) — Bl we, (1,1) Sw, (1,t
+ B wye (L) dw (1, + ET%w,, (0,1) Sw, (0,t) (18)
—El wzm( t)ow (0,t) =

Appendix 2

The coefficients of the terms in Eq. (8) are as follows:

With the assumption 0w (1,t) = —#dw,(1,t), the
boundary condition terms in Eq. (18) reduce to:

(19)

1(9)2" 1oLy mr? 1,t) + EI I
D ﬂ wx()R lguxxx( ) 1*3“)1:3( )R*

U)(O,t) =0, wy (Ovt) :O,U}(l,t) :75

The first two shape functions which satisfy the bound-
ary conditions specified in Eq. (19) have been derived as
follows:

oy () = 2.8743sin (1.8958z) — 2.0588cos (1.8958z)

~9.8743sinh (1.8958z) + 2.0588cosh (1.8958z) (20)

1 () = 1.0015sin (4.8111z) — 1.0177cos (4.8111x)
—1.0015sinh (4.8111z) + 1.0177cosh (1.8958z)

My =2a111 + 20211
Kl =2p1,; —2I'1,,
Kni =4B21111

C1 =2y

C2 =12 + 721

Fi = —F21 - F,l
M3 = 2199 + 20202

Kls = 215, — 2T'1,,
Kns = B21112 + B22111 + B21211 + B21121
C3 = 2722

Fy = —F22 — ng

Mz = a121 + a221 + 112 + @212

Kly = B1gy + P19 — T'1,, = T'1y,

Kna = Bagoa1 + B22912 + B20122 + B21202

Kg1 = 2821291 + 2822112 + 2821212 + 2829011 + 2821190 + 2822121

ng = 3621112 + 3ﬂ22111 + 3/621211 + 3621121

Kna = 4P29999

Kgs; =302 =+ 32 + 332 =+ 32
Kgi = 2»32?55 + 252;3% + 2»32?33 + 252331? + 2821122 + 2822112

where:

Qi = Qns(pA)s T2 fol/)s (@a) s, (@s) dos
Q25 = %IDligﬁwgi (1), (1)

5 1
Briy = o (BD), §5 [42 (20) 9% (25) das

T2, = —na(pA) 05 [ (Ro —

i

lsl's) 1/)51» (l's)dxs

Yij = énscs le fows (xs)wsj (ws)dxs
T1, = ns(pA) 02 L5 [L, (s, (2:)das

F3l —IDeTzl ws ( )

62”;90 = 8 l3 ns fd)& (935)'(/)51 (935) dl‘sfd)sk (:L'S) %0 (:L'S) dzs
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