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We study entanglement entropy for slablike regions in quantum field theories, using their holographic
duals. We focus on the transition between spacelike and timelike separations. By considering boosted
subsystems in conformal and confining holographic backgrounds, we identify two classes of extremal
surfaces; real ones (Type I) and complex surfaces (Type II). These interpolate between the usual Ryu-
Takayanagi prescription and its timelike generalizations. We derive explicit expressions for the entangle-
ment entropy in both conformal and confining cases and discuss their behavior across phase transitions, and
null limits. The interpolation between Type I and Type II surfaces reveals an analytic continuation of the
extremal surface across the light cone. Our analysis also finds the existence of a Ryu-Takayanagi surface

(Type I) even for timelike separations in the confining field theory case.

DOI: 10.1103/x3zd-llsx

Introduction and general idea. The AdS/CFT conjecture
[1] introduced the idea that space may emerge from the
strongly coupled dynamics of a quantum field theory
(QFT). One route to understanding this emergence is
through entanglement entropy (EE), which can be com-
puted holographically via the proposal of Ryu and
Takayanagi [2—4]. Further developments in [5,6] suggested
that spatial directions might themselves emerge from
entanglement in the QFT.

Beyond standard EE, alternative entanglement measures
have been proposed, such as pseudoentropy; a generaliza-
tion involving postselection and depending on both initial
and final states [7,8]. This concept has its correlate in the
area of tensor networks. For sample papers see [9—12]. The
cross-fertilization between tensor network ideas and holog-
raphy is promising.

Building on these ideas, the concept of timelike entan-
glement entropy (tEE) was introduced in [13,14]. This
quantity can be understood as an analytic continuation of
canonical EE (for example, as computed via the replica
trick). Indeed, in two-dimensional conformal field theories,
tEE can be calculated through the analytic continuation of
correlation functions of twist operators.

This topic has recently attracted significant attention,
particularly in the holographic context. Several works that
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have informed and influenced the present study include
[15-27].

Most holographic studies of EE have focused on space-
like separations (with some attention to null separations
in [28]). The extension to timelike separations (and hence
to tEE) opens new directions, such as the computation of
Liu-Mezei-type central charges, the study of entanglement
phase transitions, dimensional dependence, applications to
confining or anisotropic theories, and the role of dual-
ities [26,27].

The analytic continuation in the field-theoretic
definition of tEE has a gravitational counterpart.
However, identifying the corresponding minimal surfaces
in Lorentzian (timelike) settings is subtler than in the
spacelike case. A recurring conclusion from recent studies
is that the bulk extremal surfaces—or their turning points—
must be complex to account for timelike separations
[15,17].

In this work, we propose a method to interpolate between
spacelike and timelike entanglement entropies (for slablike
regions) by computing the EE for boosted subsystems. Our
approach accommodates spacelike, timelike, and null
separations. The above mentioned interpolation is subtle
as the EE diverges for null separations as we discuss. We
avoid this divergence by going into the complex plane. This
provides a new perspective on the transition between spatial
and temporal entanglement. We find two qualitatively
distinct classes of extremal surface embeddings. For space-
like (Type I) embeddings, the turning point is real, much
like in the standard Ryu-Takayanagi prescription. In con-
trast, for timelike separations (Type II), the turning point
generically becomes complex, and the radial variable also
acquires a complex value, implementing the mechanism
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FIG. 1. The red hyperplane (¢, > c,) corresponds to spacelike
separation in a boosted frame of reference. The black dotted
hyperplane (¢, < c¢,) represents timelike separation in a boosted
coordinate system.

proposed in [15,17] in general d-dimensional conformal
field theories.

In fact, we compute EE for a slab region as a function of
the invariant interval A> = Y2 — T2, In Fig. 1 we see the two
types of embeddings; Type I (for which the space separation
is bigger than the time separation Y > T and hence are
spacelike) and Type II (with T > Y). We derive expressions
for generic conformal field theories in d-dimensional
Minkowski space (which admit a holographic dual).
These reduce to the standard Ryu-Takayanagi result [3]
for spacelike separations, and to the analytically continued
expressions of [14] for timelike separations. Special cases—
including AdS; and the null limit—are treated explicitly and
emerge naturally from our formalism.

We also apply our method to a background interpolating
between a four-dimensional CFT and a three-dimensional
gapped and confining field theory [29]. We obtain the EE in
terms of the slab interval, with both quantities expressed
implicitly via the turning point of the extremal surface.
Consistent with previous studies [26,30,31], we find a
phase transition in the EE as a function of the slab interval,
regardless of whether the separation is spacelike or time-
like. In this case, the confinement scale plays the role of a
regulator, allowing real-valued extremal surfaces even for
timelike intervals. This is a nontrivial feature of the
confining backgrounds we consider. It is similar to
what occurs for black hole backgrounds, see Appendix
in [28].

Calculation for a generic CFT,. Let us consider a generic
holographic dual to a CFT in d space-time dimensions. In
string frame, the ten-dimensional metric and the dilaton ®
read,

ds?, = f1(V)AdS 1 + g;;(V)dvidv/, D = d(v),
u? . 2
AdS,,, = l—z(/ldt2 +dy* +dx2_,) + ;duz. (1)

The metric g;;(7) refers to the internal space of dimension
(9 —d). We introduced the parameter A= +1. When
A = —1 we are working in the Lorentzian metric, otherwise,
we are working in an Euclidean situation. The background
is complemented by Ramond and Neveu-Schwarz
fields, that we do not quote. To calculate the EE we
consider an eight surface parametrized by the coordinates
g = [X4o0,u, Vo_g], with t(u), y(u). We calculate the
induced metric on Xg and the entanglement entropy. The
results are

2 r 2 u' ” ” u’ =
dszg,sr:fl(ﬁ) ;du 1+l—4(y +A1"%) -f—l—za'xd_2
+g,»j,(9_d)d11idvj,

4G10SEE:./\//00 \/Gz(u)+F2(u)(y’2—|—/1t’2)du,
U

d-3 d—1
where G = (?) , F= (?) , and

N=182 [ d\[e 0 dergy (@11 (@)

The quantity % is related to the central charge of the dual

CFT. The important parameter i is the turning point of the
eight-surface, the lowest value of the coordinate u reached
by Xg. The equations of motion of the variables 7(u), y(u)
are

F2/
VG* + FX (1% +y?)
F2 !
Y = Cy.
VG + F2(A% +y7?)

pry Ct’

Here ¢, and ¢, are constants of motion. The solution to
these equations read

P10 = F ) )
0 Ry O
where we denote the turning point
F?(uy) = C% + Ac?. (4)

We can express the lengths of the subsystems (in the
coordinates ¢ and Yy, respectively)
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e G(u)
=2¢, du ,
r=2 | ONGOEED
e [ au G(u)
r=2 %0 ¢ F(u)\/F2(u) — F2(up) ®)

The entanglement entropy after regularization is
4G10 / /
F 2 MO

(6)
The turning point is given by F2(ug) = ¢5 — ¢f (we focus
on the Lorentzian A = —1 case in the following). The point
u, denotes the end of the space, being u, = 0 for AdS-

Poincaré coordinates. We now evaluate these expressions in

Fz(u

the specific case F = (4)~!, G = (4)* [see Eq. (2)]. This
implies  F(up) = (“9)*", hence ul™' =1""\/ci—c},

which yields

T =2c, ld+1/ du

Y = 2c, zd+1/ du

/ d‘3du} :

(8)

At this point we observe that there are two qualitatively
different situations. We refer to them as Type I and Type II
embeddings. These are characterized by the value of

()

For the EE we find,

4G10
Sep = =3 {/ du———es 242

1

up = l(c3 — cf)™n. 9)

The Type I embeddings have (¢ — ¢7) > 0. The turning
point occurs for a real value of the coordinate u = u; in
Eq. (9). In contrast, for Type Il embeddings (when ¢? > cy)
we have

— 17 [ = AT = Uiy (10)

The turning point is at a complex value of the u-coordinate,

note that itg = y/|c} — ¢}| is real. In the case in which

¢; = 0 we are calculating the usual Ryu-Takayanagi EE,
and this is always a Type I embedding. For the case ¢, = 0
we are considering the timelike EE of [13,14] and we have

a Type Il embedding. Turning on both ¢, and ¢, we are
describing a situation that interpolates between the usual
Euclidean Ryu-Takayanagi and the timelike case. Based on
the above arguments, one should therefore think of (6) as in
general the entanglement entropy of an “interpolating slab”
(SEE = Sinterpolating) that interpolates between a pure space-
like slab (¢, =0) and a pure timelike slab (¢, = 0)
depending on the choice of the parameters c, and c,.
We refer the reader to Fig. 1.

It is nice to make contact with the ideas of [15,17]. To
deal with the integrals in Egs. (7) and (8), we introduce a
new variable r = “°. Notice that the coordinate r is real for
Type I embeddings and complex for Type II ones (assum-
ing that u is real-valued). For Type Il embeddings we must
give a prescription to deal with the branch-cut in the square-
root as done in [17]. Conversely, one may think that u is
complex whilst r is real and we are in the situation
described by [15]. The expressions for the T-separation
and Y-separation are

2¢, 1911 2¢, 1%
T = = 1> Y = I, where
Uy ”0
1 rd=1 ﬁr(z%z)
]l = r Z(d l) = . . (1 1)
1-r F(Z(d—l))
For the EE in Eq. (8) we find
2G o 1973
Nng_ZSEE:Iz_I} (12)

The quantities /,, I3 explicitly read,

1 dr
12:/€ pd=1,/] — j2d=2
B 1 (1 2-d d
T T d-2)2 N\ 2 2d—22(d - 1)

I _/°° dr _ 1
S ré=t T (d = 2)et?

We introduced the small parameter ¢ — 0 to UV-regulate
the quantities /,, 5. One can check that the divergence (for
€ — 0)in I, is precisely equal to the divergence in /5. This
is the logic of the UV regulation in Eq. (6). The result is

’

1
r2d—2>

€

1 1 2-d d
= Fiz—i——31). (1
(2-d)? 1(2’2d—2’2d—2’> (13)

It is useful to write the entanglement entropy in terms of the
physical quantities in the field theory, namely the separa-
tions Y and 7. To do this we find the integration constants
(¢y.c,) from Eq. (11) and put this together with Eq. (9) to
obtain,

L -1
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r d Y d
€ = 2ld+111 o> ¢ = 2ld+111 o>
Zld'HI
Uy =~ (14)
y?-1?
Using Eq. (12) gives,
N (I — 13)2473 11417 42 1
SEE = ( 2 3)G l X (d-2) (15)
10 (Y2 -T?)=

If the interval A> = Y2 — T? is positive we are considering
Type I embeddings (as ¢, > c,), we find a real result (see
Fig. 1). For the case of negative A? (that corresponds to
¢y < ¢,), we are considering Type Il embeddings and the
result is

N(I, - Ig)2d‘3l(d—l)21d—2 e""’@
Gio

(16)

@2 *

- 72

Two special cases are of interest. In the case ¢, = 0, we are
in the pure Ryu-Takayanagi case with Sgp Yd —. On the
other hand, for ¢, =0, we are in the case of a Type II
ald=2)
‘Tld—z b
result in [14,26]. Notice that the result of (16) is imaginary
for odd d. The expressions in Egs. (15) and (16) precisely
match those in [14,26] after setting ¥ = 0. Let us analyze a
couple of interesting cases.

embedding and we find Spp « ¢ reproducing the

The case of AdS;: AdS; (that is d =2) is specially
interesting. Using Egs. (7) and (8) we have

T Y 00 1 1 (17)
—_— = y————— = —
2,0 2eP Juy iR —u] g
4G
s / / (18)
\/M —MO

The integrals in Eq. (17) yield the result in Eq. (11). The
integral in Eq. (18) is more delicate and the result in
Eq. (12) cannot be used (one could expect a logarithm of
ug). In fact, to analyze the integral in (18), it is convenient
to introduce a UV cutoff A(— oo) and an IR cutoff + (= 0).
We find

—log[A?]

/ \/ruo /A@_log[u—F\/M —uo} “

—o[ T o (1),

AP A?

(19)

This reproduces the field theory result (derived using the
replica trick) in [14],

The null-separation case: In this case, ¥Y> —T? =0, we
encounter a divergent result. We now ask how this
divergence manifests. We consider the result in Egs. (15)
and (16) and write Y> — T2 = AYTAY~. The null case
takes AY™ — 0. We scale the coordinates with a parameter
n according to [28],

u u
u——,du - —,

dy™ = nPdy~,
n n

dyt — dy*,
dfd—z - ’Idfd—z, (20)

where we defined y* = y + ¢. The background in Eq. (1) is
invariant and we have that Sgg scales as

_ d=3(d=1)? 7d—-2
N(I =121 1 o)
2

SEE,null =

The null limit is # — 0. In this way we observe that the
entanglement entropy diverges as Sgg n“%’ see also [28].

If we are to interpolate between the results in
Egs. (15) and (16) we should prescribe how to deal with
the divergence in Eq. (21). One possibility is to set

+—ci=ie (for some small number ¢), this moves u,

into the complex plane, avoiding the divergence and
connecting the results in Eqgs. (15)—(16).

The analytic continuation of the turning point (1) along
the imaginary axis is equivalent to consider a complex
extremal surface in a complex manifold where the radial
direction u is complex [15]. This has the advantage of
constructing the usual Ryu-Takayanagi (RT) surface for
pure timelike entanglement (which is complex for the
present case) and checking the strong subadditivity of
tEE in a holographic setup. There is a turning point ()
along the complex radial axis and the extremal surface ends
on the (real) timelike slab at the boundary. On the other
hand, in the disconnected picture of two spacelike geo-
desics ending on a timelike geodesic [13,14], there is no
turning point (as one is considering the AdS with real u
axis), and the RT surface is the union of spacelike and
timelike surfaces. The junction conditions (the point where
the spacelike geodesic meets the timelike one) are impor-
tant and need to be imposed in those points. This makes the
holographic proof of strong subadditivity nontrivial. Let us
now analyze the same type of calculation in a simple
confining model.

c

Calculation in a confining system. We now consider the
same observable calculated for the holographic dual to a
field theory that is conformal and four-dimensional at
high energies, which spontaneously compactifies to a
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three-dimensional theory, confining at long distances. The
background is written in [29]. Similar models were further
analyzed in [32—44]. It would be interesting to perform the
calculation in those models.

The background consists of a metric, a constant dilaton
and a Ramond five form (not quoted here). The metric
reads,

270
flu)u?
dQ3 = d6” + sin*Ody” + sin*@sin’y (dg, — A, )?
—A})? +cos?0(dps —Ay)?,

AI:Q<1—E>d¢ f(u)_1—<%l>6. (22)

As above A= +1, with our focus being mostly on the
Lorentzian case A= —1. The u-coordinate ranges in
[y, o0), the space ending smoothly at u, = QI, for a
particular period L, = of the ¢-coordinate. Consider the

embedding of the elght manifold Xg = [x, ¢, Qs, u] with
t = t(u) and y = y(u). The induced metric on X is

2
ds?, :’;—2 Ad + dy? +dx + f(u)dgp?] + 1A,

+ sin?@cos’y (do,

12
dsi = Lz (A% + %) + uzf} du? + 2 dx + 2 f( Yd¢p?
+ 12dG2. (23)

The entanglement entropy reads,

N =BLLNOI(S),  Ly=— (24)

Here, /(/ is related to the four-dimensional UV-CFT central
charge. In what follows we focus on the Lorentzian case
(4 = —1). Using the generic expressions in Egs. (3)—(6) we
write

T Y /00 udu
I . (25)
20P¢, 2Pc¢y  Ju, \/u6 _ uf\\/lﬁ —uf
The regularized entanglement entropy reads
210G uy/u® — ub
06— / du—d " / udu.  (26)
U

We remind that u, = QI is the IR end of the space and u, is
the turning point defined as

ug = 1(Q° + ¢2 = c})V/e. (27)
It is instructive to compare the expressions above with those
for CFTs in the previous section. In fact, for d = 4 and
up = 0 (the parameter u, = QI controls the presence of
confinement), one finds that Eq. (25) reduces to Eq. (7),
Eq. (26) boils-down to Eq. (8), and Eq. (27) to Eq. (9). As
above, we have two types of embedding depending on the
sign of (Q°+ ¢? —¢7). Notice that in contrast with the
conformal case, we can set ¢, > ¢, and still have a real-
valued turning point u, (a Type I embedding), by virtue of
the parameter Q > (¢ —¢2)"/6. This is an important

observation of this work. Of course, for ¢, > 1/Q6 + c%,

we have an imaginary value for uy = le's|Q° + ¢} — 7 26
and a Type II embedding for Xg.
Following similar steps as in the conformal case, we

define,

ar(l 2
e
2
PR R

Using these definitions and the change of variables in
Eq. (28), we find

Tug Y ug
“Tor B YT
1 1
216
0 Spp = Jy = Js. (29)
“0

Which should be compared with the analog expressions for
CFT in four dimensions, keeping in mind that /4, J,, and J;3
do depend on uy.

It would be natural to find an expression for Sgg in terms
of the squared-interval (Y2 —T?) as we did in the con-
formal case in Eqs. (14)—(16). This is not simple in this case
as the parameter y does depend on u, and so do the
quantities Jy, J,, J3. We can only express the result
implicitly as
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FIG. 2. Plot of the interval A and the entanglement in terms of
Uy, with uy = Q = 1.

Stee
So

FIG. 3. Parametric plot of S,zr vs. A. We fix uy = Q = 1.
4142
A= (=1 = (1= /) =L,
0
N
Sgr = =———(Jy = J3)uj. 30
EE ZlGN(2 3)Up (30)

Plots of A and Sgg in terms of u, are shown in Fig. 2. In
Fig. 3 we find a parametric plot of Sgg in terms of A. The
nonmonotonicity in the interval (A) is indicative of phase
transition in the EE (Fig. 2). This is further ensured in
Fig. 3, which reveals a double value in EE for a given
separation A, which is typical of confining models and is
indicative of a first-order phase transition [30,31,45-47].

Summary and conclusions. In this work, we have inves-
tigated entanglement entropy in strongly coupled quantum
field theories with holographic duals, focusing on configu-
rations that interpolate between spacelike and timelike
subsystem separations via Lorentz boosts. By studying
boosted slablike regions in both conformal and confining
geometries, we identified two distinct classes of extremal
surfaces; real (Type I) and complex (Type II), that together
enable a unified treatment of entanglement across the full
causal structure. These surfaces interpolate between the
Ryu-Takayanagi prescription and its timelike generaliza-
tions, providing a controlled setting to probe the interface
between geometric and causal features of holographic EE.
The interpolation between Type I and Type II embeddings
is subtle and requires an analytic continuation to avoid the
divergence in the case of null separation.

In fact, a salient outcome of our analysis is the emergence
of complex extremal surfaces as a natural continuation of the
entanglement functional into regimes that lie beyond the RT
domain, particularly in the vicinity of the light cone. In
conformal backgrounds, the EE exhibits a subtle interpolation

across causal boundaries. In confining geometries, we
observe first-order phase transitions. Another important
observation made in the confining case is that we can have
Type I surfaces, even for timelike separations in the dual QFT
(c? > cf). The appearance of these transitions signals non-
trivial reorganization of the entanglement structure, which we
interpret as a geometric manifestation of underlying confine-
ment effects in the dual field theory.

Importantly, our results underscore the necessity of includ-
ing complex-valued extremal surfaces when extending the
holographic EE framework to timelike or null-separated
regions. Although their physical interpretation remains
subtle, particularly in the absence of a direct replica-trick
derivation, these saddles play a central role in ensuring
analytic continuity of the EE functional. Their inclusion
suggests that the causal structure of the boundary theory is
encoded not only in the real geometry of the bulk but alsoin a
more intricate analytic landscape of complex saddles that
mediate entanglement beyond traditional kinematic regimes.

Several directions merit further exploration. One natural
extension involves examining boosted entanglement in
more general bulk backgrounds, including finite temper-
ature black branes, geometries associated with charged and
rotating branes, including higher-derivative corrections, or
backgrounds dual to phenomenologically interesting
QFTs [48-50]. This might link with interesting physics.
Additionally, a deeper field-theoretic understanding of the
role of complex saddles (perhaps via an analytically con-
tinued replica method or nonunitary deformations) could
offer insight into the precise encoding of causality in
entanglement data. More broadly, our work points toward
a unified framework in which entanglement serves not only
as a probe of spatial geometry but also as a dynamical bridge
across distinct causal domains in holography. These results
offer new insights into the nature of timelike entanglement
and provide a controlled setting to study analytic continu-
ations of extremal surfaces in holography.

Note added. We learned that Michal Heller, Fabio Ori, and
Alexandre Serantes are working on similar ideas [51]. We
coordinated the submission to appear on the same day
in arXiv.
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