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ARTICLE INFO ABSTRACT

Keywords: We propose and apply a novel parametrized physics-augmented neural network (PANN) constitutive model to
Parametrized materials experimental data of rubber-like materials whose behavior depends on manufacturing parameters. For this, we
3D printing conduct experimental investigations on a 3D printed digital material at different mix ratios and consider several
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Hyperelasticity

Monotonicity

Relaxed ellipticity

datasets from literature, including Ecoflex at different Shore hardness, a photocured 3D printing material at
different grayscale values, and a EPDM rubber synthesized with different amounts of curatives. We introduce
a parametrized hyperelastic PANN model which can represent material behavior at different manufacturing
parameters. The proposed model fulfills common mechanical conditions of hyperelasticity. In addition, the
hyperelastic potential of the proposed model is monotonic in isotropic isochoric strain invariants of the right
Cauchy-Green tensor. In incompressible hyperelasticity, this is a relaxed version of the ellipticity (or rank-
one convexity) condition. Using this relaxed ellipticity condition, the monotonic PANN model provides more
flexibility than comparable approaches from literature that are elliptic by construction by formulating the
PANN model to be both monotonic and convex. The monotonic PANN yields excellent results for a variety
of different materials with largely varying qualitative and quantitative stress behavior. Although calibrated
on uniaxial tensile data only, it leads to a stable numerical behavior of 3D finite element simulations. The
findings of our work suggest that monotonicity could be a promising alternative to more constrained PANN
models that include both convexity and monotonicity, in particular, when considering highly nonlinear and
parametrized materials.

This paper has three key novelties: (1) We propose a novel parametrized hyperelastic PANN model that is
monotonic in both strain invariants and additional parameters. (2) We apply parametrized hyperelastic PANN
models to experimental data of rubber-like materials whose behavior depends on manufacturing parameters.
(3) With these highly nonlinear datasets, we benchmark the monotonic PANN model against existing PANN
model formulations from literature. Furthermore, we compare the performance of different PANN models in
terms of material stability and performance in finite element simulations.

1. Introduction a promising alternative to create artificial systems mimicking living
creatures (Bartlett et al., 2015; Gu et al., 2016; Wang et al., 2023).

Most living organisms act as unified systems where various por- In additive manufacturing, the properties of a single material can be
tions have different stiffnesses (Miserez et al., 2008), e.g., muscles  varied, notably within one manufactured part (Slesarenko and Rudykh,

and bones. Considering the efficiency of living organisms, engineering 2018; Zhang et al., 2024). Using various 3D printing techniques, soft
applications such as soft robotics (Pelrine et al., 2002; Chen and Wang,

2020; Guo et al., 2021; Stano and Percoco, 2021) and actuators (Athi-
narayanarao et al.,, 2023; O’Halloran et al., 2008; Gu et al., 2017)
can also benefit from the combination of multiple different material
properties within a device (Nguyen et al., 2023). This goes along with
challenges (Lipson, 2014) such as ensuring cohesion between the differ-
ent applied materials. Recent advantages in material fabrication offer

materials with spatially varied stiffness can be manufactured where
resins with different properties can be combined in the printing pro-
cess (Slesarenko and Rudykh, 2018; Arora et al., 2022), or the degree
of cure of a single photoactive base resin can be varied by applying
different light intensities during the manufacturing process (Zhang
et al., 2024; Valizadeh et al., 2021; Brighenti et al., 2024). Apart from

* Corresponding author.
E-mail address: klein@cps.tu-darmstadt.de (D.K. Klein).

https://doi.org/10.1016/j.euromechsol.2025.105900

Received 14 May 2025; Received in revised form 1 September 2025; Accepted 28 September 2025

Available online 10 October 2025

0997-7538/© 2025 The Authors. Published by Elsevier Masson SAS. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).


https://www.elsevier.com/locate/ejmsol
https://www.elsevier.com/locate/ejmsol
https://orcid.org/0000-0002-1722-8330
https://orcid.org/0000-0002-4616-1104
https://orcid.org/0000-0001-9342-0802
https://orcid.org/0000-0002-4568-8326
https://orcid.org/0000-0001-7753-1414
mailto:klein@cps.tu-darmstadt.de
https://doi.org/10.1016/j.euromechsol.2025.105900
https://doi.org/10.1016/j.euromechsol.2025.105900
http://crossmark.crossref.org/dialog/?doi=10.1016/j.euromechsol.2025.105900&domain=pdf
http://creativecommons.org/licenses/by/4.0/

D.K. Klein et al.

3D printing, several commercially available soft materials (e.g., Ecoflex,
Dragon skin, Sylgard) applicable for mold manufacturing appeared,
which can be synthesized with base resins (Liao et al., 2020) of various
portions to create complex systems with varied stiffness. Overall, these
materials offer promising applications in soft robotics (Yue et al., 2023;
Chen and Wang, 2020; Bartlett et al., 2015), metamaterials (Li and
Rudykh, 2019; Zheng et al., 2024b; Slesarenko and Rudykh, 2016),
soft actuators (Athinarayanarao et al., 2023; Moreno-Mateos et al.,
2022), or energy harvesters (Collins et al.,, 2021), to mention but a
few. Finally, the dependency of material properties on manufacturing
parameters was also reported for different material classes, e.g., hydro-
gels (Wang et al., 2024), liquid crystal elastomers (Wei et al., 2025),
stiff 3D printed thermoplastics (Garzon-Hernandez et al., 2020), and
ceramics (Westbeek et al., 2018).

To fully exploit the capabilities of such architected materials, effi-
cient and accurate simulation tools are required. In particular, con-
stitutive models that represent their mechanical behavior. For this,
conventional constitutive models such as the hyperelastic Mooney—
Rivlin model with parametrized material parameters have been ap-
plied (Zhang et al., 2024; Valizadeh et al., 2021; Liao et al., 2020).
By parametrizing the material parameters in quantities such as the
grayscale value in digital light processing 3D printing (Valizadeh et al.,
2021), one single constitutive model can represent the material be-
havior for different manufacturing parameters (Zhang et al., 2024;
Valizadeh et al., 2021). These conventional models have one major
drawback. Even for materials without parametric dependencies, the
choice and calibration of a suitable constitutive models out of the
multitude available is challenging and requires a lot of expert knowl-
edge (Hossain and Steinmann, 2013; Steinmann et al., 2012; Ricker
and Wriggers, 2023). This gets even more complicated for architected
materials due to their nonlinear dependency on manufacturing param-
eters (Valizadeh et al., 2023). Since different architected materials can
exhibit vastly different mechanical behavior, for conventional consti-
tutive models, the challenging process of material modeling has to be
repeated for each new type of material.

This is where machine learning comes into play. Recently, consti-
tutive models based on physics-augmented neural networks (PANNSs)
have become well-established (Rosenkranz et al., 2024; Tac et al., 2023;
Zlati¢ and Canadija, 2023; Linka and Kuhl, 2023; Fuhg et al., 2024b).
These models combine the flexibility that neural networks (NNs) of-
fer (Hornik, 1991) with a sound mechanical basis (Linden et al., 2023).
The paradigm of combining machine learning methods with scientific
knowledge is not restricted to material modeling but widespread in
many scientific fields (Von Rueden et al., 2021; Peng et al., 2021;
Karniadakis et al., 2021; Kumar and Kochmann, 2022; Kannapinn et al.,
2024). Due to their flexibility, PANN constitutive models do not have to
be tailored to a specific material response. Rather, within a given class
of material behavior such as hyperelasticity, they can represent a lot
of different material responses with one unified approach (Tac et al.,
2023; Kalina et al., 2025). In hyperelastic PANN constitutive modeling,
NNs are applied to represent strain energy potentials (Linka et al.,
2020). NN potentials can be formulated using strain invariants (Kalina
et al., 2023; Linka et al., 2020), components of strain tensors (Fernan-
dez et al., 2021; Klein et al., 2022a; Vlassis et al., 2022), or principal
stretches (St. Pierre et al., 2023; Geuken et al., 2025). By complement-
ing the NN potential by additional growth (Klein et al., 2022a) and
normalization terms (Linden et al., 2023), all mechanical conditions of
hyperelasticity can be fulfilled by construction (Linden et al., 2023).
Several PANN models with convexity properties were proposed, which
was shown to improve the model’s stability and generalization (Klein
et al., 2022a; Kalina et al., 2024; As’ad et al., 2022). Based on convex
neural network architectures (Amos et al., 2017), PANN models can be
formulated to be polyconvex (Klein et al., 2022a) which ensures stabil-
ity properties by construction. Convex neural networks were applied
in a variety of fields, including inelastic PANN constitutive model-
ing (Rosenkranz et al., 2024), convex optimization (Calafiore et al.,
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2020), and the representation of stable dynamical systems (Roth et al.,
2025). In Kalina et al. (2024), a relaxed version of polyconvexity is
applied by approximately fulfilling polyconvexity through loss terms.
In As’ad et al. (2022) and Zheng et al. (2024a), a heuristically moti-
vated convexity condition in the right Cauchy-Green tensor is applied.
Furthermore, a variety of parametrized PANN constitutive models has
been proposed (Linka et al., 2020; Fernandez et al., 2022; Schommartz
et al., 2025; Klein et al., 2023; Le Clézio et al., 2024; Vijayakumaran
et al.,, 2024), and PANN constitutive models were combined with
advanced simulation methods such as phase-field fracture (Dammalf3
et al., 2025) and mixed finite element methods (Franke et al., 2023).
PANN constitutive models were successfully applied to soft biological
tissues (Tag et al., 2023; Linka et al., 2023) including materials with
parametric dependencies (Linka et al., 2022), rubber-like materials (Tac
et al.,, 2023), and synthetic homogenization data of microstructured
materials (Kalina et al., 2023; Klein et al., 2022a; Linka et al., 2020).
However, to the best of the authors’ knowledge, they have not yet been
applied to architected rubber-like materials, particularly concerning
real experimental data obtained from a wide range of soft polymeric
materials synthesized under different manufacturing conditions.

In this work, we apply parametrized hyperelastic PANN constitu-
tive models to experimental data of architected rubber-like materials
whose behavior depends on manufacturing parameters. We consider
different materials with highly varying qualitative and quantitative
stress behavior. This includes new experimental investigations on a
3D printed digital material and several datasets from the literature.
We introduce a PANN model for which the hyperelastic potential is
monotonic’ in isotropic isochoric strain invariants of the right Cauchy—
Green tensor. We show that, in incompressible hyperelasticity, this
monotonicity condition is a relaxed version of the ellipticity (or rank-
one convexity) condition. Using this relaxed ellipticity condition, the
monotonic PANN model provides more flexibility than comparable
approaches that are elliptic by construction by formulating the PANN
model to be both monotonic and convex (Klein et al., 2022a). The
monotonic PANN yields excellent results for a variety of different
materials with largely varying qualitative and quantitative stress be-
havior. Although calibrated on uniaxial tensile data only, it leads to
a stable numerical behavior of 3D finite element simulations. The
findings of our work suggest that monotonicity could be a promis-
ing alternative to more constrained PANN models that include both
convexity and monotonicity, in particular, when considering highly
nonlinear and parametrized materials. The outline of the work is as
follows. In Section 2, we introduce the fundamentals of hyperelasticity.
In Section 3, we introduce the PANN constitutive models applied
in this work. In Section 4, we apply the models to experimental
datasets and conduct finite element analysis. This is followed by the
conclusion in Section 5 and a derivation of the ellipticity condition for
incompressible hyperelasticity in Appendix.

2. Fundamentals of finite elasticity theory

In this section, we introduce the kinematics and balance equations
of finite elasticity theory in Section 2.1, the constitutive conditions of
parametrized hyperelasticity in Section 2.2, and the basics of elliptic
invariant-based modeling in Section 2.3. In Section 2.4, we demonstrate
how, in invariant-based incompressible hyperelasticity, monotonicity
can be applied as a relaxed ellipticity (or rank-one convexity) condition.

! In this work, if not stated otherwise, “monotonic” refers to component-
wise monotonically increasing functions, i.e., 9, f(x) > 0.
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2.1. Kinematics and balance equations

Consider a body in its reference configuration 53, c R3 at time f, € R
and its current configuration B C R® at timer € 7 := {r € R|7 > #,}.
The mapping ¢ : By x 7 — B links material particles X € B, to
x = @(X, t) € B. Associated with ¢, the deformation gradient is defined
as F = dye € GL*(3). Then, its determinant J € R, and cofactor
H e GL*(3) are defined as®

J=detF=éF'.(FXF), H=c0fF=JF_T=%FXF. (9]

Applying the decomposition proposed by Flory (1961), the isochoric
deformation gradient F € SL(3) and the corresponding cofactor H €
SL(3) are defined as

F=J"'F, H=cof F. 2)

Here, the general linear group and the special linear group in R> are
denoted by GL*(3) := {A € R¥?| det A > 0} and SL(3) := {A € R¥3|
det A = 1}, respectively. The behavior of a solid body can be described
by

DivP =pyi—f, inB,, =9 on 0By, 3
PF" = FP" in By, PN=t, ondBy,
where Div denotes the divergence operator and * = 0,% denotes

the time derivative. The left hand side in Eq. (3) corresponds to the
balance of linear momentum (top equation) and balance of angular
momentum (bottom equation). Here, the first Piola—Kirchhoff stress,
the force exerted per unit volume, and the mass density of the reference
configuration are denoted as P, f, and p, respectively. The right hand
side in Eq. (3) corresponds to the boundary conditions. Dirichlet and
Neumann boundary conditions are applied on the boundaries Bg and
BON, respectively, with 053, = Bg‘ U BON and @ = BOD n BON. Here, N
denotes the outward normal vector at X € Bg‘, while ¢, represents a
force applied per unit undeformed area.

2.2. Constitutive conditions of hyperelasticity

In finite elasticity theory, a constitutive model is required which
connects the deformation gradient F with the first Piola—Kirchhoff
stress P. This can be done by introducing the hyperelastic potential

W SLOXR"XR >R, (Fit; pp WFE; H—plJ—1), 4)

which corresponds to the strain energy density stored in the body
(Holzapfel, 2000). In this work, we consider parametrized, perfect
incompressible bodies. The parameter vector characterizing material
properties is denoted by ¢t € R™, while p € R is a Lagrange multiplier
ensuring J = 1. As a consequence of the Flory split (cf. Eq. (2)),
the additive decomposition of the potential into an isochoric and a
volumetric part (cf. Eq. (4)), and the isotropic invariants introduced
later on to represent W (cf. Eq. (15)), the Lagrange multiplier p equals
the hydrostatic pressure (Sansour, 2008). Note that the constitutive
model only represents W, while p is received from boundary conditions
and balance equations. With the first Piola—Kirchhoff stress defined as
the gradient field

P =0 W(F; 1)-pH, (5)

thermodynamic consistency is ensured by construction. The potential
is subject to the stress normalization condition

AW (F; 1) F=I=0 VteR", (6)

2 Throughout this work, tensor compositions and contractions are denoted
by (AB),; = AyB;;, A: B=A;B;,and A : A : B = A;A,,, By, respectively,
with second order tensors A and B and fourth order tensors A. The tensor
cross product operator X is defined as (A X B);; = &€y Ay Big, and &

denote the components of the third-order permutation tensor.
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which is automatically fulfilled as W depends on the isochoric deforma-
tion gradient F (Sansour, 2008). Assuming isotropic material behavior,
material symmetry and objectivity are formalized as

W(F; ty=W(Q,FQY; t) V(F,t)eSLB)xR", 0,,0, € S03), (7)

where SO(3) := {A € R¥3|ATA = I, detA = 1} is the special
orthogonal group in R3. Note that in hyperelasticity, objectivity im-
plies fulfillment of the balance of angular momentum (Silhavy, 2014,
Proposition 8.3.2). Thus, the latter does not have to be introduced as
an additional constitutive condition in this work. Further conditions
are grounded in the concept of convexity (Horédk et al., 2023; Kruzik
and Roubicek, 2019). To foster understanding of convexity conditions
in finite elasticity theory, we consider potentials of the form

W :GL*(3)x GL*(3) xR, xR" - R,
(F,H,J;t)» W(F(F,J), HH, J); 1), €)

with W (F; t) = W(F(F, J), H(H, J); t). For sufficiently smooth con-
vex functions, the Hessian is p.s.d. Silhavy (2014), which yields the
general convexity condition

A A
A:di WA= |(AXF):|[Hyl|: (AXF) ©
A H A H

+(0gW+09;WF) : (AXA) >0,

with the Hessian operator [H,y] defined as

2 2 2
RpgW W W
— 172 2 2
[Hyl =03, W 4, W 3, W|. 10)
2 2 2
AW R RwW

A convexity condition commonly applied in constitutive modeling
is polyconvexity (Ebbing, 2010; Neff et al., 2015). In compressible
hyperelasticity, polyconvex potentials allow for a (non-unique) repre-
sentation of the potential as a convex function in (F, H, J) (Ghiba
et al., 2018; Mielke, 2005). In incompressible hyperelasticity, which
is considered in the present work, polyconvex potentials allow for a
(non-unique) representation of the potential as a convex function in
(F, H) (Ball, 1976, 1977). Notably, in incompressible hyperelasticity,
the polyconvexity condition does not pose restrictions on the potential’s
functional dependency on J. In both cases, polyconvexity is linked to
existence theorems in finite elasticity theory (Ball, 1976, 1977). These
existence theorems make assumptions on the hyperelastic potential far
outside a practically relevant deformation range (Kruzik and Roubicek,
2019), raising questions about their practical relevance in engineering
applications (Klein et al., 2022a). However, besides its relevance in
existence theorems, polyconvexity has been recognized as the most
straightforward way of ensuring ellipticity by construction (Neff et al.,
2015). The ellipticity (or rank-one convexity) condition is linked to the
concept of material stability, which ensures stability when applying
the constitutive model in numerical simulations (Neff et al., 2015;
Schroder et al., 2005). In incompressible hyperelasticity, the ellipticity
condition is given by

(a®B):diW:@®B)>0

1n
Va,BeR> with F+a® BeSL@3).

As we consider incompressible bodies, the test vectors a, B must satisfy
F + a® B € SL(3). This means the hyperelastic potential must only be
convex along rank-one directions contained in the SL(3), which can be

expressed as (Neff et al., 2015, Sec. 5.2)
F+a®BeSL@) <« a®BeTg ) F), 12

where Tg; 3,(F) := {A € R®>3|A : FT =0} is the tangent space to
SL(3) at F (Dunn et al., 2003). As a consequence of Eq. (12), it holds
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that (a® B) : H = 0, which simplifies Eq. (9) and (10) for ellipticity to®
(a®B) : d2, W : (a® B)

:[ (a® B) : ][ﬁ][ :(a® B)
(@®@B)XF):| " |: (a®B)XF)

Va,BER’, a® B € Tg 3)(F),

] >0 13)

with the reduced Hessian operator

2 2
0% W aFHw] . as

[H,y] := [
0L W 0L W

This means that for incompressible hyperelasticity, ellipticity is inde-
pendent of the hyperelastic potential’s functional relationship in J,
and polyconvexity implies ellipticity in incompressible hyperelasticity.
For the convenience of the reader, we briefly derive the equations for
ellipticity in incompressible hyperelasticity in Appendix.

2.3. Elliptic invariant-based modeling
By formulating the hyperelastic potential in terms of strain invari-

ants of the isochoric right Cauchy-Green tensor C = F'F,ie, W(F; 1)
=y(I; t) with

wiRIXR", (L ey, (15)
and
1=, L), I =|F=uC, L=|H| =tucfC, (16)

material symmetry and objectivity (cf. Eq. (7)) can be fulfilled. Con-
sidering the ellipticity condition Eq. (13) and (14), in incompressible
hyperelasticity, both I, and I, are clearly elliptic due to the p.s.d. of
0% 11121 = 0% ol y=y = 21, with the fourth-order identity tensor I

Remark 2.1. In compressible hyperelasticity, I; is polyconvex (and
thus elliptic), while I, is not elliptic (and thus not polyconvex) (Hart-
mann and Neff, 2003). To address the non-ellipticity of I,, in com-
pressible hyperelasticity, the slightly adapted invariant I_z* = 1_21‘5 can be
applied, which is polyconvex (and thus elliptic) (Hartmann and Neff,
2003). This difference in the convexity properties of I, between com-
pressible and incompressible hyperelasticity is caused by the condition
in Eq. (12), which is only present in incompressible hyperelasticity and
reduces the Hessian operator in the ellipticity condition from Eq. (10)
to Eq. (14).

2.4. Monotonicity as a relaxed ellipticity condition

For the invariant-based potential Eq. (15), the Hessian operator
Eq. (14) for the ellipticity condition Eq. (13) can be expressed as

2 2
2 wFQF & yF@H +2[a,11,/11 0 ]

af,lisz@F a?ZBWH@H 0 opwl
- RIS S—

geometric type term

(Hy 1 I=1 4

constitutive type term
a7

ie., [ﬁw] = [ﬁw] in Eq. (13). Since the invariants I, I, are nonlinear
functions of (F, H), the Hessian operator [ﬁv] consists of two terms.
The first term includes second derivatives of the potential with respect
to the invariants, which suggests to phrase it as a “constitutive type
term”. The second term in Eq. (17) includes first derivatives of the
potential with respect to the invariants, which suggests to phrase it
as a “geometric type term”. For the invariant-based potential Eq. (15)
to preserve the ellipticity of the invariants I; and I,, the Hessian

3 Note that the first-order derivatives in Eq. (9) vanish for ellipticity due to
(@a® B)X (a® B) =0 (Bonet et al., 2015).
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operator [ﬁw] must be p.s.d. In theory, negative eigenvalues of the
constitutive type term can be compensated by positive eigenvalues of
the geometric type term and vice versa, resulting in an overall p.s.d.
Hessian operator [ﬁw]. In constitutive modeling practice, however, it
is infeasible to allow for negative eigenvalues in one of the two terms
and still ensure by construction that [ﬁw] is p.s.d. for all deformation
scenarios. Rather, p.s.d. of both the constitutive type term and the
geometric type term is applied by formulating the potential y as a
convex and monotonic function in the invariants (Schroder and Neff,
2003; Klein et al., 2022a). Clearly, this is a sufficient, but not necessary
condition for [ﬁw] to be p.s.d., and more restrictive than it would have
to be.

To arrive at less restrictive model formulations while still including
rank-one convexity to some extent, we propose using hyperelastic
potentials for which the geometric type term is p.s.d., while the consti-
tutive type term remains generic. This is achieved by monotonicity in
the invariants:

o w(l; D=0 V(i I,1) €N, xR XR". (18)

For potentials fulfilling Eq. (18), the geometric type term in Eq. (17)
is p.s.d. Similarly, hyperelastic potentials for which the constitutive
type term is p.s.d. while the geometric type term remains generic
could be formulated, by considering potentials which are convex in
I. To anticipate the model application in Section 4, monotonicity
of the potential in the invariants seems to be more reasonable than
convexity of the potential in the invariants. Note that neither approach
ensures ellipticity of the hyperelastic potential by construction. How-
ever, in case of a loss of ellipticity, the Hessian operator Eq. (17) can
be stabilized. For this, different methods have been proposed. E.g.,
in Stomakhin et al. (2012), the eigenvalues of the full Hessian operator
are numerically calculated, and the negative ones are set to zero, while
in Poya et al. (2025), closed-form representations for the eigenvalues
of the constitutive and geometric type term are introduced, with which
again the negative eigenvalues can be pruned. Finally, in a heuristic
fashion, we also consider monotonicity in the parameters:

ow(; =0 V(i It €N, xR xR", 19

which seems to be a reasonable assumption for some material classes
(Klein et al., 2023). Note that Eq. (19) does not imply monotonicity of
the stress in the parameters, for which every component of the mixed
second derivative BZFIW(F; t) would have to be nonnegative. Model
formulations fulfilling the latter could quickly become overly restrictive
by resulting in potentials which are convex in the deformation gradient
alone instead of the extended set of arguments of the polyconvexity
condition (cf. Section 2.2).

Remark 2.2. Besides its relevance in the Hessian operator Eq. (17),
monotonicity of the potential in isochoric isotropic invariants of the
right Cauchy-Green tensor also ensures fulfillment of the Baker-
Ericksen (B-E) inequalities (Baker and Ericksen, 1954)

(0; = 0)) (A = 4;) 2 0, (20)

with i # j, and where o, are the principal values of the Cauchy stress
6 = FT P and ), are the corresponding principal values of the deforma-
tion gradient F. The B-E inequalities are one of the weakest constitutive
inequalities in hyperelasticity and state that, for each deformation state,
the larger principal Cauchy stress occurs in the direction of the larger
principal stretch. While it seems reasonable, even intuitive, that the
larger stress occurs in the direction of the larger strain, the question
in which stress measure and which strain measure this condition is
formulated is fundamental (Neff et al., 2015). Corresponding conditions
in different stress and strain measures have been shown to easily lead to
unphysical models (Neff et al., 2015; Rivlin, 2004). In contrast, the B-E
inequalities allow for a physically reasonable material behavior. The
B-E inequalities are fulfilled if the inequality dr v + /1,.261-21// >0,i€
{1,2,3} holds (Baker and Ericksen, 1954; Zee and Sternberg, 1983).
Thus, monotonicity in the invariants (cf. Eq. (18)) is a sufficient but
not necessary condition for the B-E inequalities.
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Remark 2.3. Similar constitutive models can be formulated by con-
sidering hyperelastic potentials which are monotonic in different sets
of isotropic invariants such as (tr C, tr C?), or even for anisotropic
invariants (Kalina et al., 2025). This would go along with a different
structure of the Hessian operator (cf. Eq. (17)) regarding its constitutive
and geometric type term (Poya et al., 2025). Furthermore, depending
on the considered invariants, the B-E inequalities might not be fulfilled
by construction. If the invariant-based potential Eq. (15) takes J as an
additional argument, no monotonicity conditions should be posed on
the functional relationship of the potential in J. E.g., in the case of
isotropic hyperelasticity, requiring monotonically increasing potentials
in I, =trC, I, = trcof C and J would be unphysical as this generally
does not allow for unstressed reference states (Linden et al., 2023,
Sec. 3.3.1), while monotonically increasing potentials in I, 1, which
are monotonically decreasing in J would be unphysical as this would
imply unphysical ordered-force inequalities (Neff et al., 2015, Sec. 2.2).

3. Physics-augmented neural network constitutive models

In this section, we discuss different parametrized hyperelastic con-
stitutive models based on physics-augmented neural networks (PANNs)
in Section 3.2, which are based on monotonic and convex neural
networks introduced in Section 3.1.

3.1. Monotonic and convex neural networks

In this work, monotonic neural networks (MNNs) (Klein et al.,
2023) and convex-monotonic neural networks (CMNNs) (Amos et al.,
2017) based on fully-connected feed-forward neural networks (FFNNs)
are applied (Kollmannsberger et al., 2021) to represent hyperelastic
potentials. In a nutshell, FFNNs are multiple compositions of vector-
valued functions, where the components are referred to as nodes or
neurons, and the function acting in each node is referred to as activa-
tion function. With input x(© € R, output x(#+D € R, and H hidden
layers, we consider FFNNs given as the mapping

x® = gD @M=D L pMy e R p=1, . H+1. 1)

Here, w™ and b” denote weights and bias of the NN, which together
form the set of parameters P that are optimized to fit the model to
a given dataset. The component-wise applied activation functions are
denoted by ™. A FFNN is called a MNN if its output x#+D € R is
monotonic in its input x(© € R". A FFNN is called a CMNN if its output
x#+D € R is convex and monotonic in its input x® € R™. To lay the
foundational intuition for the construction of MNNs, we consider the
univariate composite function

fiR-R, x- f(x) = (goh)(x), (22)

with g2 : R - R, and assume sufficient differentiability of g and .
Here, we apply the compact notation (goh)(x) = g(h(x)). The function
f is monotonic when its first derivative

f'(x) = [g'oh()1 1 (x) 2 0 (23)

is non-negative, which is fulfilled if both f and g are monotonic
functions (g’ > 0, A’ > 0), cf. Klein et al. (2023, Sec. 2) for a visual
example. Recursive application of this provides conditions for arbitrary
many function compositions. When all functions are monotonic, the
overall function is monotonic. This can be extended to monotonicity
of vector-valued function compositions, where each function must be
monotonic, cf. Klein et al. (2022a) for an explicit proof. Essentially,
FFNNs are composite functions, and these conditions can readily be
applied to construct the mapping Eq. (21) to be monotonic, i.e., to
be a MNN (Klein et al., 2023): (i) all weights w are non-negative
and (ii) all activation functions ¢/” are monotonic. If at least one
activation function ¢ is not convex, the mapping Eq. (21) is not
convex. In a similar fashion, conditions for the univariate composite
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function Eq. (22) to be convex can be derived. The function f is convex
when its second derivative

F"00) = [g"oh()I W' (x)* + [¢'0h(x)] ' (x) 2 0 (24)

is non-negative. A sufficient (albeit not necessary) condition for this
is that g is a convex and monotonic function (g’ > 0, g’ > 0) and
h is a convex function (h” > 0). Generalization of this to convexity
of vector-valued function compositions provides sufficient conditions
for the mapping Eq. (21) to be convex (Amos et al., 2017): (i) the
weights w® are non-negative in all layers besides the first one, (ii) the
activation functions ¢ in the first hidden layer are convex, and (iii)
the activation functions ¢® in every following layer are convex and
monotonic. Combining these conditions with the ones obtained for the
construction of MNNs provides conditions for the construction of NNs
which are both convex and monotonic, i.e., CMNNS: (i) the weights w®
are non-negative in all layers, and (ii) the activation functions ¢ are
convex and monotonic in all hidden layers.

3.2. PANN models based on different NN architectures

We consider hyperelastic potentials which depend on the invariants
I = (;.I) € R? and an additional parameter vector t € R",
cf. Section 2.3. The overall PANN model given by

v =y SN 1 -y (T - 1) (25)

consists of a NN potential y/gN, where []J € {cm, m,u} denotes different
NN architectures, and an additional term with the Lagrange multiplier
y ensuring incompressibility (cf. Section 2.2). With this general PANN
structure, the model ensures thermodynamic consistency by defining
the stress as a gradient field (cf. Eq. (5)), while stress normalization,
material symmetry, and objectivity are ensured by formulating the
potential in terms of isochoric invariants (cf. Section 2.3). In this work,
we consider three different NN architectures with different convexity
and monotonicity properties. We apply a convex and monotonic NN
potential which is denoted by N, a monotonic NN potential which is
denoted by wN, and an unrestricted NN potential which is denoted by
y/ﬁm. The overall flow and structure of the PANN constitutive model
is visualized in Fig. 1, as well as an overview over the constitutive

conditions the different models fulfill.

Convex and monotonic PANN model: By formulating the hyperelastic
potential as a convex and monotonic function of the invariants I =
(I,, I,), polyconvexity (and thus ellipticity) is fulfilled by construction
(cf. Section 2.4). At the same time, the potentials functional depen-
dency in the parameter vector ¢t should be monotonic but not convex
in order to avoid an overly restrictive model formulation (cf. Eq. (19)).
Both can be achieved by partially-input convex NNs (Amos et al.,
2017). We apply the NN architecture

O =THwWwV -t +bD) eR"
x® =sP@® . (I, -3,I, -3, x0T +b?) eR", (26)
yW=w®. x? eR,

with two hidden layers as proposed by Klein et al. (2023), where the
number of nodes in each hidden layer is n. Here, T H(x) = (e**—1)/(e**+
1) denotes the hyperbolic tangent activation function, SP(x) = log(l +
e*) denotes the softplus activation function, and a linear activation
function LIN(x) = x is applied in the output layer. The hyperbolic
tangent function is monotonic, while the softplus function is monotonic
and convex. Given that all weights w” in Eq. (26) are non-negative,
the potential is convex in the invariants 7 and monotonic in (Z, t)
(cf. Section 3.1).



D.K. Klein et al.

2= (k) —

NN |— [08Y] (7 - 1) = g

(a) General PANN structure.

(Z}—{oMNN}—— [Z— [Z—
[FENN)— ]

_1

o (o) —[wa]
(E}—[uNN) B—

(b) NN architectures based on convex-monotonic neural networks (CMNNs),
monotonic neural networks (MNNSs), and feed-forward neural networks (FFNNs). L

23

European Journal of Mechanics / A Solids 116 (2026) 105900

,PANN | PANN | PANN
Pem Vi P

stress is a gradient field

thermodynamic
consistency

objectivity,
isotropy, stress
normalisation

isochoric invariants

ic]
7
Z,
Z,
=

incompressibility

Lagrange multiplier

monotonicity in
the parameters

monotonicity in
the invariants

convexity in
the invariants

(c) Constitutive conditions. Shaded conditions
are not included in the model formulation, while
the rest is fulfilled by construction.

Fig. 1. Illustration of the PANN constitutive models. The convex and monotonic PANN is denoted by y?ANN, the monotonic PANN is denoted by y?ANN, and

the unrestricted PANN is denoted by y?ANN,

Monotonic PANN model: In Section 2.4, we demonstrate how mono-
tonicity can be applied as a relaxed ellipticity condition. For this,
we consider hyperelastic potentials which are monotonic functions in
(I,, I, t), and apply the NN architecture

D =TH@Y (I, -3,1,-3,0T +b) eR",
x? =sPw? . xV +p?) eR", 27)

u/nl\iN =w®.x® ¢ R,
with two hidden layers, where the number of nodes in each hidden

layer is n. Given that all weights w® in Eq. (27) are non-negative, the
resulting potential is monotonic in (I, I,; ) (cf. Section 3.1).

Unrestricted PANN model: When the potential is not subject to convex-
ity or monotonicity conditions, the choice of FFNN is generic. In this
case, we apply NN architectures with one and two hidden layers and
unrestricted weights, i.e.,

W =TH@Y (I, -3, -3.0T +bV) eR",
yIN = w® xR, @8
and
W =TH@Y . (1, -3,I,-3,0" +bV) eR",
x@ =sP@? . xV +p?) eRr", (29)

l[ILI:H;_I =w®.x® ¢ R,

where the number of nodes in each hidden layer is n. The NN potentials
in Eq. (26), (27) and (29) have n? + n(m + 5) parameters, while the NN
potential in Eq. (28) has n(m + 4) parameters.

Remark 3.1. Setting aside the nomenclature of machine learning,
Eq. (26)-(29) are nothing more but mathematical functions suitable to
be used for the representation of hyperelastic potentials. First of all,
the NN potentials allow for a strong interrelation of the potential’s
input (I}, I,,1), which is in contrast to many classical constitutive
models which often consider additively decomposed functions in 7, and
I, (Steinmann et al., 2012), or even only consider I, (Khajehsaeid et al.,
2013). Furthermore, the flexibility of the NN potentials can be im-
mediately increased, basically to an arbitrary amount (Hornik, 1991).
This can be done by increasing the number of nodes or hidden layers.
Note that for the convex and monotonic NN architectures introduced
in Eq. (26) and (27), the number of nodes and hidden layers could
be increased by an arbitrary amount while still preserving convexity
and monotonicity properties, given that the conditions introduced in

Section 3.1 are fulfilled (Klein et al., 2022a). In general, conventional
constitutive models can also be formulated to be very flexible, e.g., by
using a polynomial Mooney-Rivlin or Ogden models with a very large
number of terms. However, the calibration of polynomials with a large
number of terms eventually becomes infeasible, e.g., when very large or
very small exponents are considered. In contrast to that, the calibration
of PANN potentials has proven to be very stable, even for a large
number of parameters (Klein et al., 2022a, 2024). Finally, for shallow
NN architectures as used in the present work, it is actually feasible to
calculate the derivatives of the potential required for mechanical ap-
plications very efficiently in an analytical fashion (Franke et al., 2023,
Sec. 3.3). Note that for both the calibration of the constitutive models
conducted in TensorFlow and the finite element analysis conducted
in COMSOL, the PANN derivatives are computed using the automatic
differentiation tools provided by the respective software

4 Application to experimental data

In this section, we apply the PANN constitutive models discussed
in Section 3 to a wide range of experimental data obtained from
various soft polymers. In Section 4.1, we introduce details on the
model calibration and the considered datasets. This is followed by a NN
hyperparameter study in Section 4.2. In Section 4.3, we apply the PANN
models to the experimental datasets. In Section 4.4, we investigate the
PANN model performance in multiaxial deformation scenarios, which
is followed by a discussion of the results in Section 4.5.

4.1 Model calibration and considered datasets

All materials considered in this work are characterized by a single
parameter normalized to be in a unit interval for the calibration data,
i.e., 1 € [0,1] € R. For the application of the parametrized constitutive
model, a choice for ¢ has to be made — in the following examples,
it is linked to manufacturing parameters. We consider four materials
that are experimentally investigated by uniaxial tensile tests, and one
material that is experimentally investigated by uniaxial tensile tests,
biaxial tensile tests, and pure shear tests. This results in datasets of the
form

D={("4'P.11),..."2 P, ") |, (30)

consisting of m stretch-stress-parameter tuples. Here, 4 and P denote
stretch and first Piola—Kirchhoff stress in tensile direction. The overall
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Table 1

Number of calibration datapoints and calibration epochs for the different studies.
Study ©) (08} an (II1) av) W) n (VID (Vi) (IX) X)
# of calibration datapoints 62 /87 87 56 51 42 40 30 67 147 42-87 72
# of calibration epochs 2e4 / 4e4 3e4 3e4 2e4 2e4 2e4 4e4 S5e4 5e4 3e3 3e4

dataset is split into a calibration dataset consisting of m. datapoints
and a test dataset consisting of m; = m —m_ datapoints. To calibrate the
parameters P of the PANN model, the loss function

£(p) = £StrESS(P) + a£C0nV(p) (31)

is minimized, where £5® is the stress contribution to the loss, £°°" is
a convexity contribution to the loss as proposed by Kalina et al. (2024),
and the parameter a weights the importance of both contributions in
the training process. The stress contribution of the loss is given as
the mean squared error

ostress(py — 1 i ”iP _ ,‘Pmodel(ii’ i, P)”2 ) (32)
Me i3

and fits the model to the given dataset D (cf. Eq. (30)). Depending
on the deformation mode under consideration, the stress prediction
of the model for uniaxial tension, biaxial tension, and pure shear are
calculated as (Steinmann et al., 2012)

Potel =2 (0 N + 3705w ) (3= 472)
Potel =2 (0 N + 2opwdN ) (3-47) 33)
ppodel _ 5 (ail v+ a,—zng> (A=173) .

As we assume incompressibility, the corresponding deformation gradi-
ents are given by

Fuyx = diag(a, A7/2, 27172y,
Fpy = diag(4, 4, 172),
Fpg = diag(4, 1, 71).

(34)

Following Kalina et al. (2024), for some materials, we consider an
additional convexity contribution to the loss as*

Meony 18

3 S Re [4,0r ]

conv =] j=1

L

m,

Sconv

(35)

where 1, are the eigenvalues of the Hessian operator (cf. Eq. (17)), and
RL(x) = max(0, x). The loss term Eq. (35) is evaluated on the dataset

peonv — {(IF, lt) seun, (Meonv F, mconvt)} ) (36)

which clearly can be different from the calibration dataset used in the
stress contribution of the loss (cf. Eq. (32)). In particular, the convexity
loss does not rely on stress—strain data, thus, it can be evaluated for
general deformation modes, independent on the experimentally avail-
able data. Basically, the loss term Eq. (35) aims to promote convexity
of PANN constitutive models, which is done by penalizing negative
eigenvalues of the Hessian operator Eq. (17). Clearly, for ellipticity,
the Hessian operator does not have to be positive definite, but only
fulfill Eq. (13), for which positive definiteness is a sufficient, but
not necessary condition. However, including convexity of the Hessian
operator instead of the ellipticity condition is computationally more
efficient. Applying a loss that directly promotes fulfillment of the el-
lipticity condition (cf. Eq. (11)) is computationally more expensive
as multiple test vectors would have to be sampled to evaluate the
associated acoustic tensor (cf. Eq. (A.10)). Furthermore, in Kalina et al.
(2024) it was observed that using the loss acting on eigenvalues of the

4 In a similar fashion, negative eigenvalues of the Hessian operator could
be pruned after the model calibration, see e.g. Stomakhin et al. (2012), Poya
et al. (2025).

Hessian operator (cf. Eq. (35)) improves the model performance more
than a loss using the ellipticity condition. The PANN model is calibrated
through its gradients, i.e., the stresses and eigenvalues of its Hessian,
which is referred to as higher-order Sobolev training (Vlassis and Sun,
2021). The PANN models and the Mooney-Rivlin models employed in
study (IX) are implemented and calibrated in TensorFlow 2.10.0 using
Python 3.9.13. For the parameter optimization, the stochastic ADAM
optimizer with a learning rate of 2-103 is applied, with the full batch of
training data, TensorFlow’s default batch size, and no loss weighting. In
the first step, in all cases, the convexity loss is not considered, i.e., « = 0
in Eq. (31). For some investigations, this initial calibration is followed
by a fine-calibration including both terms of the loss function Eq. (31),
with « = 30, which is within the range proposed by Kalina et al.
(2024). Note that we employ the convexity-promoting loss only for the
monotonic PANN model. When not explicitly mentioned, no convexity
loss is applied. The number of calibration datapoints and calibration
epochs varies between the different studies, see Table 1. In each study,
the models are calibrated multiple times for each dataset to account
for the randomly initialized parameters of the NN and the stochastic
nature of the ADAM optimizer. The calibration of a single PANN model
typically requires around five minutes on a standard desktop computer.
The considered materials are now briefly introduced case by case. Note
that all of the materials and manufacturing processes are commercially
available.

Digital Material (DM): In polyjet 3D printing, small droplets of pho-
toactive resins are applied on a printing platform and then cured by
applying ultraviolet light. Multiple inkjet printing heads with different
base resins can be combined to vary the final material behavior. For
instance, when mixing soft TangoPlus polymer or soft Elastico polymer
with stiff VeroWhite polymer, the so-called digital materials (DMs) that
have mechanical stiffness of varied scales can be received. Thereby,
different instances of DMs are characterized by their Shore A hardness
scale. We conducted experimental investigations on a DM printed with
Elastico and VeroWhite. For this, we manufactured uniaxial tensile
samples of type D412 at three different mix ratios using a Stratasys
J35 3D printer. The material for different mix ratios is denoted by
DM[], where [J € {50,85,95} is the Shore A hardness value of the
material. The specimens showed no significant dependence on the
printing orientation in preliminary studies. We conducted quasi-static
uniaxial tensile tests with a strain rate of 1.2-10~3 using an Instron 68SC-
5 testing system, and determined tensile strain and strain rate in the
gauge part of the samples with the help of a video-extensometer. Three
specimens are used for each material type to ensure the reproducibility
of the experiments. The stress curves for the different material types are
visualized in Fig. 2.° The DM50 material behaves mostly linear, while
the DMs with larger Shore A hardness become increasingly nonlinear.
With increasing Shore A value, the material’s stiffness increases and its
stretchability decreases. Apparently, the stress curves for each respec-
tive material type lie close to each other, suggesting reproducibility
of the experimental setup. Thus, one single stress curve for each DM
type is chosen. Note that the stress curve of the base material Elastico
is not considered in the following investigations, and for the DM50
material, data until a stretch of 4 = 2 is considered. In addition, we
consider experimental data for DMs manufactured with TangoPlus and
VeroWhite from Slesarenko and Rudykh (2018), presented in Fig. 2

5 Throughout this work, the first Piola-Kirchhhoff stress is used for
visualizations.
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Fig. 2. Experimental investigations on a 3D printed digital material (DM)
using soft Elastico polymer and stiff VeroWhite polymer as base materials.
The DM material is manufactured for three different mix ratios.

therein (strain rate 1.2-1073). We denote this material by DM-L[], where
[0 € {40, 50, 60, 70, 85} is the Shore A hardness value of the material for
different mix ratios. For these materials, we consider uniaxial tensile
tests.

Digital Light Processing material (DLP): In grayscale DLP 3D printing, a
photoactive resin is cured by exposing it to ultraviolet light. By varying
the grayscale value G, i.e., the light intensity, the curing degree of the
final material can be varied. This means that the light intensity and
its duration influence the mechanical properties of the finally cured
material. We consider recent experimental data for DLP materials from
Zhang et al. (2024), which is presented in Sec. S.1 therein. We denote
this material as DLP[], where [] € {0.1,0.2,0.3,0.4,0.5,0.7} is the
grayscale value used in the 3D printing process. For this material, we
consider uniaxial tensile tests.

Ecoflex: Ecoflex is a silicone elastomer that is synthesized by com-
bining two base resins, which, after curing, form a soft rubber-like
material. In most cases, they are cured at room temperature. By using
different base resins with varied fractions, the material properties
(e.g. stiffness) of the fully cured polymers can be varied. It means
polymers of varied stiffness can be manufactured with a unified syn-
thesis technique (e.g. with a two-part approach) for various appli-
cations. Thereby, different instances of Ecoflex are characterized by
their Shore 00 hardness. We consider experimental data for Ecoflex
polymer from Liao et al. (2020) with different base resins, which is
presented in Fig. 2(a) therein. We denote this material by ECO[], where
O € {10,20, 30,50} is the Shore 00 hardness value of the material for
different base resins. For this material, we consider uniaxial tensile
tests.

Ethylene propylene diene rubber (EPDM): EPDM is an elastomer that
can be synthesized using different fillers and curatives. By varying
fillers and curatives in the manufacturing process, the properties of
the cured material can be varied. We consider experimental data for
EPDM from Plagge and Kliippel (2017), where the amount of sulfur
used for curing is varied. We denote this material by EPDM[], where
e {04,0.9, 1.4, 1.9, 2.4} denotes the sulfur content in phr (parts per
hundred rubber). For this material, we consider uniaxial tensile tests,
biaxial tensile tests, and pure shear tests.

Remark 4.1. While in this work, we consider hyperelastic constitutive
models, it is important to note that rubber-like materials typically
also exhibit inelastic and rate-dependent effects. For instance, both the
Ecoflex and EPDM materials show a pronounced stress softening, as
discussed in the respective publications where the materials are exper-
imentally investigated (Plagge and Kliippel, 2017; Liao et al., 2020).
Furthermore, for the DM and DLP materials, experimental investiga-
tions were conducted only at a single strain rate and without unloading.
Thus, possible inelastic and rate-dependent effects may be present
in the data but cannot be identified from the available experiments.
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Such effects cannot be represented within the hyperelastic modeling
framework we consider, which clearly constitutes a limitation of our
approach. Nevertheless, by reducing the model complexity to purely
hyperelastic material behavior, we aim to gain insights into appropriate
monotonicity and convexity constraints on the PANN energy poten-
tial. Ultimately, such investigations on simplified constitutive models
provide the foundation for developing more sophisticated constitutive
models including inelastic and rate-dependent effects.

4.2 NN hyperparameter study

We conduct preliminary hyperparameter studies to find suitable
numbers of hidden layers and nodes for the NN architecture. We
investigate a convex and monotonic PANN with two hidden layers, a
monotonic PANN with two hidden layers, an unrestricted PANN with
a single hidden layer, and an unrestricted PANN with two hidden
layers, with the activation functions and architectures as introduced
in Egs. (26)-(29). The number of nodes in each hidden layer is varied
between 2 and 64. We conduct two separate hyperparameter studies,
where in the first, we calibrate the PANN models to the Ecoflex data,
and in the second, we calibrate the PANN models to the DM data.
These materials are representative examples of the different materials
investigated in this work (cf. Section 4.5). In each case, the respective
PANN models are calibrated five times to the full dataset, and the model
instance with the lowest calibration loss is used for the following inves-
tigations. The remaining calibration details are provided in Section 4.1
and Table 1(0).

The MSE values for the different calibrated PANN architectures are
visualized in Fig. 3(a). For the following investigations, NN architec-
tures with two hidden layers and eight nodes per layer are employed
for all PANN models. To motivate this choice of hyperparameters, it
is important to note that the performance of a PANN model cannot
be evaluated solely on the basis of loss values. In particular, the stress
predictions must also be examined, for instance, by investigating stress—
strain curves. When considering the stress response of the PANN models
calibrated to the Ecoflex data, it becomes evident that with the chosen
hyperparameters the models achieve a practically perfect interpolation
of the dataset (see the model performance on the calibration data in
studies (III) and (VI), Section 4.3). Thus, although Fig. 3(a,top) shows
that increasing the number of nodes beyond eight can further reduce
the loss values, this reduction is of no practical relevance. For the
DM material, the monotonic and unrestricted PANN models with two
hidden layers and eight nodes show low loss values an excellent per-
formance in predicting the stress values (see study (I) in Section 4.3).
In contrast, the convex and monotonic PANN model calibrated to the
DM data has a considerably higher loss value than the other models,
which is likewise reflected in a poorer performance in its stress—strain
curves (see study (I) in Section 4.3). Notably, NN architectures with
eight and 64 nodes result in nearly identical loss values, despite the
latter having 40 times more trainable parameters than the former. This
suggests that the reduced performance of the convex and monotonic
PANN model for the DM data does not stem from a lack of model
parameters. Rather, as discussed in study (I) of Section 4.3, it is caused
by the structural restrictions the model is subject to, in particular, the
convexity and monotonicity constraints. Thus, further increasing the
NN architecture of the convex and monotonic PANN model would not
improve its performance when being applied to the DM material.

Furthermore, we investigate the influence of monotonicity on the
PANN model’s sparsity, i.e., the number of parameters that take zero-
values (McCulloch et al., 2024). For the PANN with a single hidden
layer, the overall number of parameters depends linearly on the number
of nodes, while for the PANNs with two hidden layers, the overall
number of parameters depends quadratically on the number of nodes
(cf. Section 3.2). The number of non-zero parameters for the different
architectures are visualized in Fig. 3(c). For the unrestricted PANN, all
weights and biases take non-zero values in every investigated model



D.K. Klein et al.

European Journal of Mechanics / A Solids 116 (2026) 105900

(b) (c)

4096

1024

Ecoflex

# of non-zero NN parameters

non-zero NN parameters in %

# of nodes per layer

| | I I
202 4 8 16 32 64

# of nodes per layer

» °
£ 4006 =
g A
g g
£ 102 z
s 8 c
= Z 256 g
(=9
[=] n% o -
S SR z.
: 2
o 8
S 16 ]

5 | | | | = | | | = 9 | | | |
2 4 8 16 32 64 2 4 16 32 64 2 4 8 16 32 64

# of nodes per layer

# of nodes per layer

# of nodes per layer

‘ convex and monotonic 2HL

= monotonic 2HL

===-unrestricted 2HL - = unrestricted 1HL

Fig. 3. Hyperparameter study for the PANN constitutive models with different numbers of nodes and hidden layers (HL), applied to the Ecoflex data (top) and
to the DM data (bottom). (a): Calibration MSE. (b): Number of non-zero NN parameters. (c): Percentage of non-zero NN parameters related to the maximum
possible number of parameters for each architecture. For each setting, five PANN models are calibrated, and the results for the model instance with the lowest

calibration MSE are visualized.

instance. Consequently, the number of non-zero NN parameters grows
linearly for the single-layered models and quadratically for the double-
layered models. In contrast to that, for the monotonic models, a lot
of weights take zero values, given that the overall NN architecture
is sufficiently large. For example, for the monotonic PANN with 16
nodes in the hidden layers, only around 66% of the parameters are
non-zero, while for 64 nodes, only around 30% of the parameters are
non-zero. Indeed, for our application, a very small NN architecture
consisting of two hidden layers with eight nodes is sufficiently flexible,
for which the sparsity effect might have no influence, cf. Fig. 3(b-c). It
is well known that, in most applications, very small NN architectures
are sufficiently flexible for hyperelastic PANNs (Klein et al., 2024; Tac
et al., 2023). However, even when increasing the number of nodes only
by one “step” and using two hidden layers with sixteen nodes, already
around 34% of the parameters take zero-values. Clearly, the monotonic
PANN promotes sparsity even for NN architectures that are slightly
larger than they would have to be, reducing the risk of overparametri-
sation and thus facilitating the choice of a suitable NN architecture.
This sparsity has potential benefits in an efficient implementation of
the PANN constitutive models, e.g., for finite element simulations, as
multiplications with zero values do not have to be evaluated. Note that
sparsity could be further promoted by including regularization terms in
the loss function (Linka and Kuhl, 2024; Anantha Padmanabha et al.,
2024).

4.3 Model performance on experimental data

We investigate the performance of different PANN constitutive mod-
els for the experimental data introduced in Section 4.1. We apply a
convex and monotonic PANN, a monotonic PANN, and an unrestricted
PANN (cf. Section 3). In each investigation, the PANN models are
calibrated 30 times, and the 5 models with the lowest calibration loss
are used for evaluation. The remaining calibration details are provided
in Section 4.1.

(D - Interpolation of the DM data: We apply all three PANN models
to the DM data. All datapoints are used for calibration, meaning we
investigate interpolation in the deformation and parameter space. In
Fig. 4(1), the stress prediction of the calibrated PANN models for dif-
ferent mix ratios are visualized. Note that there is almost no deviation
in the interpolation of the calibration data for the different calibrated
PANN model instances, apparently reducing them to a single curve
for each parameter value. For the DM50 case, the stress behavior
is mostly linear. When transitioning to DM85 and DM95, the DM
material shows large quantitative and qualitative changes in the stress
response and becomes increasingly nonlinear. Both the monotonic and
the unrestricted PANN show excellent performance and have a close
to perfect fit of the stress for all parameter values. The convex and
monotonic PANN has an excellent interpolation for the DM50 case,
while its performance decreases for DM85 and DM95.

This can be explained by investigating the stress coefficients, i.e., the
partial derivatives of the NN potential with respect to the strain
invariants, which are also visualized in Fig. 4(I). For the unrestricted
PANN, the functional relationship of the NN potential is generic. Thus,
the stress coefficients can also take generic forms. For the monotonic
PANN, the stress coefficients are non-negative (cf. Eq. (19)). While this
is a restriction on the function space the model can represent, it is
apparently an admissible restriction, as the stress prediction remains ex-
cellent. The convex and monotonic PANN further restricts the function
space the model can represent. For this model, the stress coefficients
are non-negative and seem to be monotonic.® Apparently, this is overly
restrictive for the investigated DM material, and consequently, the
convex and monotonic PANN has a poor fit of the stress.

6 Note that the stress coefficients d; y of the convex and monotonic model
must not necessarily be monotonic functions, which would mean that 0% 34 >
0. Rather, for the convex and monotonic PANN, the second derivatives of
the potential are restricted by the constitutive type term in Eq. (17), i.e, a

convexity condition in (I, I,).
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(ID) - Interpolation of the DLP data: We apply the convex and mono-
tonic PANN, the monotonic PANN, and a conventional constitutive
model from literature to the DLP data. In particular, we consider the
Mooney-Rivlin model

yMR = ¢, (G)U | = 3) + ¢ (G)Iy = 3) + ¢, (G)U; = 3)U, — 3) (37)

applied in Zhang et al. (2024) to represent data for the DLP material.
In Zhang et al. (2024), a parametrization of the material parameters
in the grayscale value G is applied, e.g., ¢;o(G) = (114.3G> — 207.3G* +
23.99G — 1.143) MPa. Note that this Mooney-Rivlin model is not mono-
tonic or convex in the strain invariants. For instance, the parameter
¢y takes negative values, and consequently, Eq. (37) is neither convex
nor monotonically increasing in I; (Schroder and Neff, 2003). All data-
points for the DLP{0.1,0.3,0.5,0.7} data are used for calibration of the
PANN models, which were also included in the calibration of Eq. (37)
by Zhang et al. (2024). The DLP{0.2, 0.4} data is used as test dataset.
This study is an interpolation in the deformation and parameter space.
In Fig. 5(II), the stress prediction of the calibrated models for different
grayscale values are visualized. For small grayscale values, the DLP
material behaves mostly linear. For increasing grayscale values, the
DLP material shows large quantitative and qualitative changes in the
stress response. For large grayscale values, this includes a pronounced
change of slope of the stress response around small stretch values.
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While the convex and monotonic PANN and the Mooney-Rivlin model
have good predictions for DLPO.1, their performance gets worse for in-
creasing grayscale values. Apparently, these models are not sufficiently
flexible to represent the pronounced nonlinearity of the DLP material.
Since these models fail even in interpolating the calibration data, the
test data is not further investigated. In contrast to that, the monotonic
PANN model shows excellent performance for all grayscale values, even
for the ones not included in the calibration process. In this case, the
unrestricted PANN (for which no results are visualized) performs as
well as the monotonic PANN model.

(IIl) - Extrapolation in the deformation space for the Ecoflex data: We
apply both the convex and monotonic PANN and the monotonic PANN
to the Ecoflex data. The ECO{10, 30, 50} data for stretches of up to
5 is used for calibration, while the data for stretch values between 5
and 7 is used as test dataset. This study investigates extrapolation in
the deformation space and interpolation in the parameter space. For
the monotonic PANN, we consider both models without convexity loss
(cf. Eq. (35)) and models that are re-calibrated with a convexity loss.
For the convexity loss, datapoints are sampled for uniaxial tension for
a stretch between 1 and 7 which are combined with ¢ € [0, 0.5, 1], with
the same number of datapoints as used for the stress loss (cf. Eq. (36)).
In Fig. 6(III), the stress prediction of the calibrated models for different



D.K. Klein et al.

convex and monotonic PANN

monotonic PANN with g£eonv

European Journal of Mechanics / A Solids 116 (2026) 105900

monotonic PANN

1.4 1.4 1.4
| | | ]
E
& & £ £ -
<) 2 | 2 n 2 ]
<Q |
R = " = A 8
' ] wn 0w X
= £ s 3 \
= = % % \
0 0 0
1 stretch 7 1 stretch 7 1 stretch 7
1.4 1.4 1.4
| ] | | n
- L]
¥ = @ @
< & & &
g = > = =
B g i é 8
1 [} w w
~ & 8 P, 8
> £ 4 £ £
- 2] 1] 1]
N— u -
a
a
0 v 0 0
1 stretch 7 1 stretch 7 1 stretch 7

Fig. 6. PANN model performance in uniaxial tension. Points denote the calibration data, squares denote the test data, and lines denote the PANN models. (III):
Extrapolation in the deformation space for Exoflex with different base resins, (IV): Extrapolation in the parameter space for Ecoflex with different base resins.

base resins are visualized. On the calibration dataset, all models per-
form excellent. The convex and monotonic PANN performs very well
for the test dataset, with only moderate deviations from the test data
even for extrapolations of 200% stretch. The monotonic PANN with
convexity loss has a similar performance. For the monotonic PANN,
some model instances perform decent for moderate extrapolations.
However, for more pronounced extrapolations, almost all model in-
stances fail to predict the ground truth data and show a pronounced
decrease in stress for an increase in stretch, which does not seem
mechanically reasonable.

(IV) — Extrapolation in the parameter space for the Ecoflex data: We
apply the convex and monotonic PANN and the monotonic PANN to
the Ecoflex data. The ECO{10, 20, 30} data is used for calibration,
while ECO50 data is used as test dataset. Stretch values of up to 7 are
used for calibration and testing. This study investigates interpolation
in the deformation space and extrapolation in the parameter space. For
the monotonic PANN, we consider both models without convexity loss
(cf. Eq. (35)) and models that are re-calibrated with a convexity loss.
For the convexity loss, datapoints are sampled for uniaxial tension for
a stretch between 1 and 7 which are combined with ¢ € [0, 1, 2], with
the same number of datapoints as used for the stress loss (cf. Eq. (36)).
In Fig. 6(IV), the stress prediction of the calibrated models for different
base resins are visualized. On the calibration dataset, all models per-
form excellent. The convex and monotonic PANN performs very well
for the test dataset, with moderate deviations from the test data for
larger stretch values. The monotonic PANN with convexity loss slightly
outperforms the convex and monotonic PANN. The monotonic PANN
shows an excellent performance for the test data for up to moderate
stretch values but has bad predictions for larger stretch values.

(V) — Interpolation of the DM-L data: We apply all three PANN models
to the DM-L data. The DM-L{40, 50, 70, 85} data is used for calibration,
while the DM-L60 data is used as test data. This study investigates in-
terpolation in the deformation and parameter space. For the monotonic
PANN, we consider both models without convexity loss (cf. Eq. (35))
and models that are re-calibrated with a convexity loss. For the con-
vexity loss, datapoints are sampled for uniaxial tension for a stretch
between 1 and 1.5 which are combined with ¢ € [0, 0.25, 0.5, 1], with
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the same number of datapoints as used for the stress loss (cf. Eq. (36)).
In Fig. 7(V), the stress prediction of the calibrated models for different
mix ratios are visualized. The convex and monotonic PANN as well as
the monotonic PANN calibrated with a convexity loss perform excellent
for most parameter values, but for the largest parameter value fails to
represent the pronounced concave bending in the stress curve. Both the
monotonic PANN and the unrestricted PANN model performs excellent
for both the calibration and test datasets.

(VD) — Extrapolation in the deformation space for the DM data: We apply
all three PANN models to the DM data. The DM data for stretches of
up to 1.3 are used for calibration, while the remaining stretch values
are used as test dataset. This study investigates extrapolation in the
deformation space and interpolation in the parameter space. For the
monotonic PANN, we consider both models without convexity loss
(cf. Eq. (35)) and models that are re-calibrated with a convexity loss.
For the convexity loss, datapoints are sampled for uniaxial tension for a
stretch between 1 and 2 which are combined with ¢ € [0, 0.778, 1], with
the same number of datapoints as used for the stress loss (cf. Eq. (36)).
In Fig. 8(VI), the stress prediction of the calibrated models for different
mix ratios are visualized. On the calibration dataset, the convex and
monotonic PANN fails to represent the pronounced concave bending
in the stress curve for the largest parameter value, while both the
monotonic PANN and the unrestricted PANN perform excellent for all
parameter values. For the test dataset, the prediction of the convex
and monotonic PANN and the monotonic PANN is decent. This is
in contrast to the unrestricted PANN, which shows bad prediction
qualities even for moderate extrapolations. When the monotonic PANN
is re-calibrated with the convexity loss, its interpolation quality on the
calibration data decreases, but its prediction of the test data improves.
The deviation between the different calibrated model instances is prac-
tically invisible for the convex and monotonic PANN, moderate for the
monotonic PANN, and very pronounced for the unrestricted PANN.

(VII) — Extrapolation in the deformation space for the EPDM data: We ap-
ply all three PANN models to the EPDM data. The uniaxial tensile tests
for EPDM{0.4,0.9,1.4,2.4} are used for calibration, while the remaining
data is used for testing, including pure shear and equibiaxial tensile
data. This study investigates extrapolation in the deformation space
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and interpolation in the parameter space. For the monotonic PANN, we
consider both models without convexity loss (cf. Eq. (35)) and models
that are re-calibrated with a convexity loss. For the convexity loss,
datapoints are sampled for equibiaxial tension for a stretch between 1
and 1.7 which are combined with ¢ € [0, 0.5, 1], with the same number
of datapoints as used for the stress loss (cf. Eq. (36)). In Fig. 9(VII), the
stress prediction of the calibrated models for different amounts of cu-
ratives are visualized. For the uniaxial tensile data, all models perform
excellent. On the test dataset, all PANN models tend to overestimate
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the expected stress response. That hyperelastic constitutive models
calibrated on uniaxial tensile data only overestimate the pure shear and
biaxial stress response is well-known, both for conventional (Steinmann
et al.,, 2012; Ricker and Wriggers, 2023) and neural network-based
constitutive models (Tac et al., 2023; Dammal? et al., 2025). For larger
stretch values in the test dataset, the monotonic PANN shows a decrease
in stress, which does not seem mechanically reasonable. On the test
data, the unrestricted PANN shows an unphysical oscillating stress
behavior for most model instances.
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Fig. 9. PANN model performance for multiaxial deformation. Points denote the calibration data, squares denote the test data, and lines denote the PANN models.
(VID): Extrapolation in the deformation space for EPDM with different amounts of curatives.

(VIII) — Interpolation in the deformation space for the EPDM data: We
apply all three PANN models to the EPDM data. The uniaxial tensile
tests for EPDM{0.4,0.9,1.4,2.4} and the equibiaxial tensile tests for
EPDM{0.4,0.9,1.9,2.4} are used for calibration, while the remaining
data is used for testing. This study investigates interpolation in the
deformation space and interpolation in the parameter space. This is due
to the fact that in the invariant plane, the pure shear data lies between
uniaxial tension and equibiaxial tension, see the invariant plane in the
top left figure of Fig. 10(VIII). For the monotonic PANN, we consider
both models without convexity loss (cf. Eq. (35)) and models that are
re-calibrated with a convexity loss. For the convexity loss, datapoints
are sampled for pure shear for a stretch between 1 and 3 which are
combined with ¢+ € [0, 0.5, 1], with the same number of datapoints
as used for the stress loss (cf. Eq. (36)). In Fig. 10(VII), the stress
prediction of the calibrated models for different amounts of curatives
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are visualized. The convex and monotonic PANN performs excellent on
the uniaxial tensile data. On the equibiaxial tensile data, the convex
and monotonic PANN performs excellent for most parameter values,
but fails to represent the pronounced concave bending in the stress
curve for the smallest parameter value. The monotonic PANN with and
without convexity loss and the unrestricted PANN perform excellent
on both the uniaxial tensile data and the equibiaxial tensile data. On
the pure shear test data, the convex and monotonic PANN and the
monotonic PANN with and without convexity loss perform excellent,
with only a moderate overestimation of the expected stress response.
The unrestricted PANN fails to interpolate the pure shear test data.

(IX) — Conventional Mooney—Rivlin model: We apply the conventional
Mooney-Rivlin model

YR = [e)(" =3%) 4 ey (I =3") 4y (I =3%2)(1)> ~3%)] MPa, (38)



D.K. Klein et al.

uniaxial tension

(VIII) - EPDM
pure shear

European Journal of Mechanics / A Solids 116 (2026) 105900

equibiaxial tension

% 26 11 6
£
2 of calb 2 = <
3 = & & .
s = " = = ol
= =1 R =] =]
=} o~ calib. o o n
g 7 @ 7]
[ [ [
g E = ke s
Eﬂ @ @ 1 [] @ 00 o0
>< L]
13)
>
g
0 0 0
8 1 stretch 3.8 1 stretch 3 1 stretch 1.7
E 26 11 6
o
]
<
e}
3 Q’f . Qtf L) [ ] gﬁj [ ]
= L = [} " = L}
Z = ¢ = E 4 = .
»
:<Zt g g " . k= u
n %) L) (] n ]
g 5 2 S 2
§ = " = e ©
=}
=]
5]
0 0 0
g 1 stretch 3.8 1 stretch 3 1 stretch 1.7
26 11 6
Z
Z
2 g - g g .
D= = = s
2 F i g w
7] 7] 7] n
o ) 5] s 5]
s} = = =
S % % %
g . ]
0 0 0
1 stretch 3.8 1 stretch 3 1 stretch 1.7
26 11 6
| ]
Z
Z
< = . @ ]
A& & & "
5 = = =1 =
& g = = o
ey B o— o= L
] 7] ] n
] 8 8 8
+ = = =}
3 = 7 A7
-
=i
=]
0 0 0
1 stretch 3.8 1 stretch 3 1 stretch 1.7

Fig. 10. PANN model performance for multiaxial deformation. Points denote the calibration data, squares denote the test data, and lines denote the PANN models.
(VII): Interpolation in the strain and parameter space for EPDM with different amounts of curatives.

to the DM, DM-L, and Ecoflex materials, using data for all manufac-
turing conditions for calibration. Importantly, the potential in Eq. (38)
does not include parametric dependencies. Consequently, unlike in our
previous studies, it cannot be calibrated across multiple manufacturing
conditions simultaneously. Instead, we calibrate the material parame-
ters PMR = {¢,0.¢o1,€115a1, by, a0, by} separately for each parameter ¢
representing different manufacturing conditions. Thus, for every ¢ in
the calibration dataset, we obtain one distinct set of parameters PMR,
The corresponding stress predictions and calibrated parameters are
visualized in Fig. 11. The model shows an excellent stress prediction
for the all considered materials, with only moderate deviations for the
largest parameter value of the DM-L material.

However, this model can represent the material response only at
the discrete parameter values ¢ used for calibration, not at arbitrary
manufacturing conditions. In principle, the material parameters in PM&
could be expressed as functions of 7, for example by interpolating
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the parameter values in Fig. 11(bottom). As demonstrated in Zhang
et al. (2024), this yields a parametrized constitutive model capable
of representing material behavior across arbitrary manufacturing con-
ditions (cf. Eq. (37)). However, expressing PMR 55 a function of the
manufacturing parameters ¢ entails several challenges. First of all, the
qualitative behavior of the parameters differs between the investi-
gated materials, which becomes evident when comparing the param-
eters calibrated to the DM and Ecoflex materials. Furthermore, several
parameters exhibit large quantitative variations across ¢, e.g. ¢y €
[0.05,38] for the DM-L material. Capturing all of this would necessitate
different functional forms for the various materials and parameters,
entailing considerable effort and expert knowledge. This highlights
the advantage of PANN constitutive models: their parametrization is
straightforward, and they are immediately applicable to a wide range
of different material behaviors.
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4.4 Influence of monotonicity on the model’s material stability

Most of the experimental data used in this work only contains uniax-
ial tension tests. However, the aim of constitutive modeling is to find a
model that represents the behavior of a material for general deformation
modes, which is not restricted to uniaxial tension. With most of the
data at hand, we cannot assess the prediction quality of our models for
general deformation scenarios. However, even if we cannot assess the
prediction quality of our models for general deformation modes, we
can still assess if their predictions are mechanically reasonable, i.e., if
they incline with the constitutive conditions introduced in Section 2.2.
The monotonic PANN model fulfills most of these conditions such
as thermodynamic consistency by construction (cf. Section 3). The
only relevant condition that our monotonic PANN does not fulfill by
construction is ellipticity (cf. Eq. (11)). This condition ensures material
stability, i.e., a good convergence behavior when applying the constitu-
tive model in numerical simulation methods such as the finite element
method (Schroder et al., 2005; Ebbing, 2010).

In this section, it is demonstrated that, compared to an unrestricted
model, monotonicity can improve the model’s material stability and,
thus, its applicability in multiaxial finite element analysis (FEA). For
the following investigations, we calibrate all three models to the DM
data for all mix ratios and for stretch values of up to 1.7. The models
are calibrated 30 times, and the 5 models with the best calibration
loss are investigated. The remaining calibration details are provided
in Section 4.1 and Table 1(X).

For the FEA, the PANN models were implemented in COMSOL
Multiphysics. Throughout the considered simulation scenarios, a single
FEA with a PANN model typically requires five to ten minutes of
computation time on a standard desktop computer. Compared to FEA
conducted with a conventional Mooney-Rivlin model, the PANN mod-
els require approximately 50%-100% more computation time. Note
that the computation time depends on the specific implementation and
available computer hardware.
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Finite-element analysis of a cylinder: At first, we investigate the applica-
bility of the PANN constitutive models in FEA including numerically
challenging buckling phenomena. For that, we simulate torsion of a
cylinder with a linear grading between DM54.5 and DM90.5 (cf. Fig.
12). The cylinder is clamped on one end, while a torsional displacement
is applied on the other. On the end where the torsional displacement
is applied, the cylinder can move freely along its length direction.
The cylinder has an inner and outer radius of r;;, = 0.48 cm and
Fmax = 0.5 cm, respectively, and a length of /| = 2r_ ... We do not
consider self-contact. The cylinder is discretized with 1129 elements
with quadratic Lagrange ansatz functions, and a mixed formulation for
the pressure is applied to alleviate locking phenomena. The simula-
tion result for the best monotonic PANN is visualized in Fig. 12(a).
The cylinder experiences a pronounced buckling, which is numerically
challenging and demonstrates stability of the monotonic PANN when
applied in complex FEA. Furthermore, in Fig. 13(a), the L? norm of
the displacement for the simulations with all three PANN models are
visualized up to the point where the simulation does not converge
anymore. Four of the five simulations using the monotonic PANNs
converge for torsions up to over 40°. The simulations with the convex
and monotonic PANN converge for even slightly larger angles. For
the unrestricted PANN, the simulations only converge for moderate
torsions, where most simulations stop converging at around 6° and are
not able to simulate pronounced buckling.

Finite-element analysis of a biaxial tensile test: Next, we investigate
the applicability of the PANN models in FEA including very general
deformation modes. For that, we simulate a biaxial tensile test with
an inhomogeneous specimen with a linear grading between DM50
and DM95 (cf. Fig. 14(a)). Due to the holes within the specimen,
the applied displacement results in very general deformation modes.
The specimen is discretized with 4114 elements that are adaptively
refined around the holes, linear Lagrange ansatz functions, and a mixed
formulation for the pressure is applied to alleviate locking phenomena.
The simulation result for the best monotonic PANN is visualized in Fig.
14(b) for a biaxial stretch of two. Due to the grading of the structure,
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there is a pronounced change of shape of the holes within the specimen.
In Fig. 13(a, Bottom), the resulting tensile force is visualized up to
the point where the simulation does not converge anymore. For the
simulations using the convex and monotonic PANN, the monotonic
PANN, and the unrestricted PANN, the simulations converge until a
biaxial stretch of approximately [4,2,1.2]. For the simulations using
the monotonic PANN, the tensile force shows a similar qualitative
behavior as the uniaxial tensile tests of the DM material (cf. Fig. 4),
with a distinct change of slope around small displacement values. The
simulations using the convex and monotonic PANN have a slightly
different qualitative behavior, and produce a generally larger stress.

Numerical investigation of the acoustic tensor: Finally, we investigate the
material stability of the PANN constitutive models by numerically eval-
uating the ellipticity condition Eq. (A.10). For the test vector, we chose
a spherical parametrization according to Klein et al. (2024, Eq. (68)).
Note that the convex and monotonic PANN is materially stable by
construction for all deformation and parameter scenarios, and thus
not considered for the following investigations. At first, we investigate
material stability of the PANN models calibrated to the DM data. Since
for this material, only uniaxial tensile data is available, we have to
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sample more general deformation modes. Since the constitutive models
depend on two strain invariants rather than the deformation gradient
directly, it is sufficient to sample deformation modes in the invariant
plane of I, and I,. In this invariant plane, all deformation modes
fulfilling det F = 1 form a cone (Baaser et al., 2013). The calibration
data only contains uniaxial tension, which forms the lower bound of
this cone. We investigate material stability within two areas in the
invariant plane (cf. Fig. 13(b)), with one area containing deformations
relatively close to the calibration data, and the other area containing
larger extrapolations away from the calibration data. The models are
evaluated for five equidistant parameter values between the minimum
and the maximum value of the parameter. In Fig. 13(b), the number of
elliptic (or materially stable) points is visualized for the different PANN
models. For the area close to the calibration data, all monotonic PANN
models are elliptic, while some unrestricted PANN models already lose
ellipticity. For the area further away from the calibration data, some of
the monotonic PANN models partially lose ellipticity, while most of the
unrestricted PANN models show a very pronounced loss of ellipticity.
As a consequence of this, the FEA conducted with the monotonic
PANN were considerably more stable than the ones conducted with the
unrestricted PANN.
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Fig. 14. Simulation of a biaxial tensile test with an inhomogeneous specimen. (a): Within the specimen plane, the displacement u is applied, while the specimen
can deform freely in the orthogonal direction. The specimen has a length of /; = 1 cm and a thickness of 0.04 cm. (b): Simulation result for a monotonic PANN

calibrated to the DM data.

Next, we investigate material stability of the PANN models cali-
brated to the EPDM data in Section 4.3 for study (VII) and (VIII),
cf. Figs. 9 and 10. For this, we consider the deformation modes
included in the experimental dataset of the EPDM material, i.e., uni-
axial tension, equibiaxial tension, and pure shear. They form the lower
bound, the upper bound, and the middle of the physically admissible
deformation modes in the invariant plane, see the top left figure of Fig.
10(VIID). We investigate ellipticity for increasing stretches for each
respective deformation mode, where x := 4-1/i,..-1 indicates up to
which stretch the PANN model remains elliptic. Here, 4 denotes the
stretch up to which the PANN model is elliptic, while A,y (ux pspx; =
{3.8, 3, 1.7} are the maximum stretches of each load case in the dataset.
The models are evaluated for five equidistant parameter values be-
tween the minimum and the maximum value of the parameter, which
corresponds to the values of the experimental dataset. In Fig. 13(c,
Top), the results for the PANN models calibrated to uniaxial tension
are visualized. The unrestricted PANN models experience an early loss
of ellipticity for all deformation modes. The monotonic PANN models
have an improved stability, but at some point also lose ellipticity.
Only the monotonic PANN calibrated with an additional convexity loss
remains stable throughout all deformation paths. In Fig. 13(c, Bottom),
the results for the PANN models calibrated to uniaxial and equibiaxial
tension are visualized. While most of the unrestricted PANN models are
elliptic for equibiaxial tension, they lose ellipticity for the remaining
deformation modes. In contrast, the monotonic PANN is elliptic for all
investigated deformations.

Remark 4.2. When developing new constitutive models, investigating
ellipticity can yield valuable insights into suitable formulations and
their implications for material stability. In contrast, when employing
an existing model that is not elliptic by construction, it is not always
necessary to examine its ellipticity. Instead, such an analysis becomes
relevant once numerical simulations conducted with this model exhibit
difficulties, such as non-converging solutions or mesh dependency, as
these issues may originate from a loss of ellipticity. If a pronounced loss
of ellipticity is then identified, the model architecture can be adapted,
for instance, by using a convex and monotonic model that is elliptic by
construction.

4.5. Discussion

Overall, the considered materials depend highly nonlinear on both
the deformation and the manufacturing parameters. The stress magni-
tude between the lowest and the largest stress path of each material
is highly different. For instance, for the DLP material, the maximum
stress value for DLP0.7 is almost eight times as high as for DLPO.1.
Furthermore, for materials such as DLP and DM, a large change of
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both the stress magnitude and the shape of the stress curve occurs for
varying parameter values. Clearly, representing such material behavior
is very challenging for constitutive models. The investigated materials
can largely be divided into two types characterized by their qualitative
stress response under uniaxial tension. The first type resembles a “S-
shape”, which includes the Ecoflex and EPDM materials, while the
second type resembles a “reversed L-shape”, which includes the DM,
DM-L, and DLP materials. The “S-shape” is well-known from classical
rubber-like materials (Steinmann et al., 2012), while the “reversed
L-shape” seems to occur for 3D printing materials (Slesarenko and
Rudykh, 2018; Zhang et al., 2024).

For all considered materials, the unrestricted PANN model shows
an excellent performance in the interpolation of the calibration data.
However, it fails to extrapolate away from the calibration data, and
for the multiaxial EPDM data, it even fails to interpolate in the de-
formation space. Application in FEA leads to numerical convergence
issues, caused by a pronounced loss of ellipticity of the unrestricted
PANN model.

For all considered materials, the monotonic PANN model shows
an excellent performance in the interpolation of the calibration data.
For the DM material (a “reversed L-shape” material), even when only
calibrated on uniaxial tensile data, the monotonic PANN is applicable in
complex FEA. This includes numerically challenging buckling phenom-
ena and very general deformation modes. This is possible as for this
material, the monotonic PANN learns to be materially stable in a wide
range of deformations outside the calibration data. This demonstrates
how, compared to an unrestricted model, monotonicity can improve
the model performance in terms of material stability in multiaxial
deformation scenarios. However, for EPDM (a “S-shape” material),
the monotonic PANN model loses ellipticity for larger extrapolations
away from the calibration data. In this case, the model performance
can be improved by including a convexity-promoting loss term in the
model calibration. While the convexity-promoting loss term improves
the model quality when applied to “S-shape” materials, for “L-shape”
materials, it can also reduce the prediction quality of the model on the
calibration dataset.

The convex and monotonic PANN model generally performs well
for “S-shape” materials, but has a moderate (e.g., for DM) to bad
(e.g., for DLP) performance for “reversed L-shape” materials, even
on the calibration data. In particular, for the considered deformation
paths, when the first Piola—Kirchhoff stress curves experience a pro-
nounced concave stress bending, the performance of the convex and
monotonic PANN is not satisfying. When applied in FEA, the convex
and monotonic PANN outperforms the other two PANN models, as it is
materially stable by construction.

The different models showcase a trade-off between structure and
flexibility. Including more structure in terms of monotonicity and con-
vexity in the model generally improves their generalization capabilities
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and their material stability, see e.g. Kalina et al. (2024), As’ad et al.
(2022), Kalina et al. (2025) and Dammal} et al. (2025) for similar
observations. At the same time, inclusion of more structures in the
model can also limit its flexibility and thus its performance in repre-
senting the material behavior, which becomes apparent when applying
the convex and monotonic PANN model to the “reversed L-shape”
materials. Such convex and monotonic PANN models can be overly
restrictive for some materials was also reported by Klein et al. (2024),
Kalina et al. (2024). Thus, depending on the considered material —
and in particular, the available data — either the monotonic PANN
model or the convex and monotonic PANN model might be beneficial.
The monotonic PANN model can have benefits due to its increased
flexibility, while the convex and monotonic PANN model can have
benefits due to its increased structure.

5. Conclusion

In the present work, we apply physics-augmented neural network
(PANN) constitutive models to experimental data of different rubber-
like materials whose behavior depends on manufacturing parameters.
For this, we conduct experimental investigations on a 3D printed digital
material at different mix ratios and consider several datasets from
literature (Liao et al., 2020; Zhang et al., 2024; Slesarenko and Rudykh,
2018; Plagge and Kliippel, 2017). We introduce a parametrized hy-
perelastic PANN model which can represent the material behavior
at different manufacturing parameters. The proposed model fulfills
common mechanical conditions of hyperelasticity. In addition, the
strain energy potential of the proposed model is a monotonic func-
tion in isotropic isochoric strain invariants of the right Cauchy-Green
tensor. We show that, in incompressible hyperelasticity, this is a re-
laxed version of the ellipticity (or rank-one convexity) condition. Using
this relaxed ellipticity condition, the monotonic PANN model remains
more flexibility than comparable approaches that are elliptic by con-
struction by formulating the PANN model to be both monotonic and
convex (Klein et al., 2022a).

The investigated materials can largely be divided into two types
characterized by their qualitative stress response under uniaxial ten-
sion. The first type resembles a “S-shape”, while the second type
resembles a “reversed L-shape”. The “S-shape” is well-known from clas-
sical rubber-like materials (Steinmann et al., 2012), while the “reversed
L-shape” seems to occur for 3D printing materials (Slesarenko and
Rudykh, 2018; Zhang et al., 2024). For “reversed L-shaped” materials,
the proposed model shows an excellent performance. Notably, one sin-
gle constitutive modeling approach performs excellently on a variety of
datasets, although they show a largely varying qualitative and quanti-
tative stress behavior. We demonstrate how monotonicity can improve
the model performance outside the calibration data. Although only
calibrated on uniaxial tensile data, the monotonic PANN is applicable in
complex FEA including numerically challenging buckling phenomena
and very general deformation modes. For “S-shaped” materials, the
monotonic PANN model has an excellent interpolation of the calibra-
tion data, but only a moderate performance in extrapolation scenarios.
In such cases, the model can be improved by including convexity either
in a soft way through suitable loss functions (Kalina et al., 2024), or by
using a convex and monotonic PANN model. However, for “reversed
L-shaped” materials, applying convex and monotonic PANN models
resulted in a moderate to bad representation of the material behavior,
as the additional convexity constraint proved to be overly restrictive.
Thus, for several investigated materials, the monotonic PANN model
clearly outperforms convex and monotonic PANN models.

The findings of our work suggest that monotonicity could be a
promising alternative to more constrained PANN models that include
both convexity and monotonicity, in particular, when considering
highly nonlinear and parametrized materials. Thus, our modeling
framework could serve as a basis for the formulation of more so-
phisticated models including rate-dependent (Abdolazizi et al., 2024;
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Rosenkranz et al., 2024), inelastic (Wollner et al., 2023; Zlati¢ and
Canadija, 2024; Meyer and Ekre, 2023; Boes et al., 2024), and mul-
tiphysical effects (Klein et al., 2022b; Fuhg et al., 2024a; Kalina et al.,
2024).
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Appendix. Ellipticity in incompressible hyperelasticity

In this section, we derive the equations for ellipticity in incompress-
ible hyperelasticity. In parts, this is a reproduction of Zee and Sternberg
(1983) in a modern notation. At first, consider the homogeneous equi-
librium state x, := X + u,, where F and p, designate the associated
equilibrium deformation gradient and pressure fields with det F, = 1.
The linearization of the stress at the equilibrium state is given by

Lin P = Py + A : AF — ApF;" — pyAF X F), (A1)

with the stress at the equilibrium state Py = dpW (F; t) pep pOFaT
=Io

and the tangent operator A(F; t) = ai.FW(F Np=F,- In the absence of
body forces, this leads to the linearized balance of linear momentum

Div[P, + A : AF — ApFT] = py(iiy + Ait)

= Div[A : AF — ApF ;"] = pydii, (A.2)

where we made use of Div[AF X F] = 0. We now seek solutions in the
form of traveling waves

Au=af(X-N—ct), Ap=pf(X-N—ct), (A.3)

where N € R3,||N| = 1 denotes the direction of wave propagation,
@ € R3\{0} and p € R denote the eigenmodes of the deformation, and
¢ € R is the wave speed. The corresponding deformation gradient is
given by AF = f’a ® N. Combining the linearized balance of linear
momentum and the wave ansatz yields

[@-poc?I]af" —F;"Npf' =0 & [Q-pyc’T|a-xl=0, (A4)
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where (Q(F; t; N)),; = A
f"k, and with

iajp(Fo; DN, N, is the acoustic tensor, pf’ =

-2
L=FIN|FIN| 7, k=00 (RN o), (A5)
where the latter can be derived by applying - F; TN on Eq. (A.4),. Next,
we take incompressibility into account, which requires that
det(F + AF) = det(Fo)(1 + FyT : AF) + det(4F)(1 + AF™T : F) A6)
=1 = F,7:AF=0, ’

where we made use of det(AF) = det(f'a ® N) = 0 and det(F,) = 1.
This means that # @ N € Tg 3,(Fy), where Tg; 3,(Fy) 1= {A € R3]
A FET = 0} is the tangent space to SL(3) at F, (Dunn et al., 2003).
Combining Eq. (A.4), and the incompressibility condition, we arrive at
a homogeneous linear equation system in (&, k)

[Q—poczl]ﬂ—ld=0
l-a=0

) (A7)

which has non-trivial solutions if and only if the characteristic equation

0y — poc? Op O3 -1
det 0y 0y - l’oCz 03 =)
03 03 03— ppc* -1

I I I 0

=pgc4—(QXI):(l®l)pcz+%(QXQ):(l®l)=0, (A.8)
is fulfilled. This is a quadratic equation in pyc*> which has the solutions

poc* = %(QXI) S(A®D

1%\/((QXI):(l®l))2—2(QxQ):(l®l). (A.9)

For the body to be dynamically stable, it must only admit displacement—
pressure waves of the form Eq. (A.3) with real wave speeds ¢ € R (Zee
and Sternberg, 1983). With the discriminant of Eq. (A.3) always being
non-negative (Zee and Sternberg, 1983, Eq. (1.46)), this is equivalent
to Zee and Sternberg (1983, Eq. (1.49))

(Q(Fy; t; NYXQ(Fy: t; N)) : (F;"N®F;"N) >0 ;
VN e R’.
(Q(Fp: t; N)XT) : (F;TN®F;"N) >0

(A.10)
If the body fulfills Eq. (A.10), it is said to be elliptic at the point F

for the parameter t. Next, we show that Eq. (A.10) can equivalently be

expressed as

AQN):A:@@®N)=0:@®u)>0

@®N) @QN)=Q:uQu = (A11)
va, N eR® with (F;"N)-a=0.

Instead of using the orthogonality condition for & that stems from the
incompressibility constraint (cf. Eq. (A.6)), gve introduce the projection
tensor J =1 — (FSTN ® FaTN)HFETN“ to reformulate Eq. (A.11)
as

Q:(Jd @Jay=JQJ : @ @id')>0 vi',N e R?, (A.12)

which is fulfilled if JQJ is positive semi-definite. After some algebraic

manipulations, this is equivalent to Eq. (A.10).

Remark A.1. In compressible hyperelasticity, ellipticity requires pos-
itive semi-definiteness of the acoustic tensor, which is equivalent to

(Q(Fg; t; NYXQ(Fy; t; N)) : Q(F; t; N) > 0
(Q(Fy: t: NYXQ(Fy: t: N)) : 120
(Q(Fyp; t; N)XI) : 120

VN e R3, (A.13)

Thus, the two conditions obtained for incompressible hyperelasticity
(cf. Eq. (A.10)) are a relaxed version of the three conditions obtained
for compressible hyperelasticity (cf. Eq. (A.13)).
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