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1 Introduction

Let T > 0 be a given real number. We are concerned with the following stochastic differential
equation (SDE for short) in R%:

dXs; = b(t, X ,)dt + o(t)dW,, t € (5,T), Xyyli—s = 2 € RY, (1.1)

where {W;}tocier = {(Wis, ..., Was) " octer is a d-dimensional standard Wiener process
defined on a given stochastic basis (Q, F, P, {F; }oct<r) and b: [0, T] x R — R4, o : [0,T] —
R4 are Borel measurable functions.

*Corresponding author.



When b and o are bounded, Veretennikov [40] first proved the unique strong solvability
for SDE (1.1). Since then, Veretennikov’s result was strengthened in different forms, see
(7, 29, 44]. When o = I;x4 and b is more regular, i.e., b € L>(0,T;C(R%RY)) with
a € (0,1), Flandoli, Gubinelli and Priola [11] proved that the unique strong solution forms
a Ch (o’ € (0,a)) stochastic flow of diffeomorphisms. This result was then generalized by
Wei, Duan, Gao and Lv [43] to the case of b € L9(0,T;C¢(R% R?)) with ¢ > 2/, and by
Wang and Zhang [41] to a class of degenerate SDEs.

When o = I;44 and b is not bounded but only integrable, which is in the Krylov—Rockner
class:

b L90,T; LP(R%: RY)) (1.2)

with some p, g € [2,4+00] such that
g (1.3)

the unique strong solvability for (1.1) was first obtained by Krylov and Rockner [25]. Recently,
by using the It6-Tanaka trick, Fedrizzi and Flandoli [9] proved that the unique strong solution
forms a C* (o/ € (0,1)) stochastic flow of homeomorphisms. Some further extensions for
nonconstant diffusion coefficients can be found in Zhang [49, 50], Zhang and Yuan [48]. More
recently, Xia, Xie, Zhang and Zhao [47] studied the weak differentiability of the unique strong
solution with respect to the starting point, and proved the Bismut—Elworthy—Li derivative
formula for the strong solution.

It is known that solutions of Navier—Stokes equations can be analysed by probabilistic
representations based on SDEs with irregular coefficient b, see e.g., Rezakhanlou [32], Con-
stantin and Iyer [6]. From the viewpoint of Navier—Stokes equations b can be taken in the
critical case, i.e. the greater-than sign in (1.3) is replaced by the following equal sign:

— =L (1.4)

Therefore, the study of the unique solvability for (1.1), (1.2) and (1.4) is of very high im-
portance. When o = ;44 and p < +00, the unique strong solvability for the critical case
has been established by Rockner and Zhao [33]. When o = I4x4, ¢ = 2 and p = 400, the
local well-posedness was derived by Beck, Flandoli, Gubinelli and Maurell [3]. This result
was later extended globally by Wei, Wang, Lv, and Duan [46] under the assumption that b
is locally Dini continuous in the spatial variables. More recently, Krylov [23] proved strong
uniqueness for Morrey drift and VMO diffusion coefficients, notably covering cases such as
0 = Iy4xq, ¢ = 2 and p = +o0o. However, the problem of strong existence remains open. We
also refer to [16, 18, 19, 20, 21, 22, 30, 34, 45] for more details in this direction.

In the following, we shall interpret the above critical condition by using a different phi-
losophy through the scaling transformation. Firstly, let us introduce some notions.



1.1 Lebesgue—-Holder spaces

Let a € (0,1). We define the Holder space C*(R?) as the set consisting of all continuous
functions h : R? — R for which
h(x) —h
Mo = sup |h(z) (y)] < +oo.
z,yeRe,z#y |I - y|a

The set C*(R?) becomes a Banach space with respect to the norm

|h(2)]
| A oo (ra sup
(R ) zER4 1 + |x|a

+ Ao =1L+ 1) A0 o + [Pl

We then define CZ(R?) as the subset of C*(RY) consisting of all bounded elements, and for
h € C2(RY), we define

h(x) —h
||h”C°‘(Rd) = sup |h(z)|+ sup M

rcRd z,y€R Ay | - y|a

= [|2llo + [A]a-

For g € [1,+0c], we denote by L4(0, T; C*(R?)) (or L(0, T;Cs(R?))) the set consisting all ele-
ments belong to L4(0,T) as C*(R?) (or C&(R?))-valued functions. When f € L4(0, T'; C*(R?))
and g € L9(0,T;Cs(R?)), we set

1
1f oo rcony = [Jo 17 e dt]

1
HgHLq(O,T;Cg‘(Rd [fo Hg Hca R%) dﬂ 7,

where the integrals are interpreted as the essential supremum when ¢ = +00. These norms
also have equivalent forms. For example, when g € L7(0,T;C2(R?)), the equivalent norms
can be given by

l .
{ g1l oo 7oy = (19150 + [9)a] 7, if ¢ < +oo,
HgHLOO(O,T;Cg“(Rd)) = [|glloc,0 + [9]oo,as

where .
lgllee = [ Nlg(t,)ladt and [g)2, = [} [g(t, )]edt, if q < +o0,

[9lloc,0 = esssup [|g(t, )]0 and [gloo,a = esssuplg(t, -)]a,
te[0,T7] t€[0,T]

and for simplicity we write ||g(t,-)||o as ||g(¢)]|o (and similarly for other terms) throughout
this paper.

For h € L>(R?), we define its Poisson integral
)
RS

I(

Peh(z) =

Shiz = 2) dz, V R,. 1.5
Jormms veeR )

By [36, Proposition 7, p.142], h € C&(R?) if and only if h € Cy(R?) and there exists a positive
constant A such that

||65P§h||0 = sup |65P§h(l‘)| < A£_1+a, VEeER,.

z€R4



Moreover, if h € C;'(R?), then ||hllg + supe.o[£'~(|0c Pehllo] and | lloray are equivalent
norms. Thus, for g € LI(0, T;C¢(R?)), we can define

( 1

T —a q
lollzoomepay = |lollso+ &y sup € 0cPeg (0]

1

T o 7.

= [lollso +Ji  swp | dPg(t, )], i g < oo, (16)
(&w)ERy xR

190l Lo 0 7o @ay) = l1glloo0 +esssup  sup £ 0Peg(t, 7).
te€[0,T] (¢,2)ER4 xRe

\

1.2 Scaling transformations

Suppose k € Ny and p € [1, +o0]. Let W*P(R?) be the Sobolev space consisting of all locally
integrable functions A : R? — R such that for every 0 < i < k, V'h exists in the weak sense
and belongs to LP(R?) (:= WOP(R?)). For hy € WFP(R?) and hy € C*(RY),a € (0, 1), by the
scaling transformation, it yields that

d

IV (ha (I ogray = I [V [l pogray and [hao(1)]a = 1%[ho]a, ¥ 1> 0.

Thus, the scaling indexes of h; and hy can be defined by Index(hy) = k—d/p and Index(hy) =

a (Index by I,4 for short), respectively. By the localization, we also regard the scaling index
of hy as k —d/p if hy € W'ZIZ’CP(RCI). Notice that for a second order parabolic equation we
can ‘trade’ the spatial regularity against the temperal regularity at a cost of one temperal
derivative for two spatial derivatives, the scaling indexes of f; and f are given by k—2/q—d/p
and o« — 2/q if f; € L0, T; WEP(R)) and f, € LI(0, T;C*(R%)), respectively.

From the scaling transformations, the critical condition (1.4) on the drift b for SDE (1.1)
can be restated as I,4(b) = —1. On the other hand, by the Cauchy-Lipschitz theorem, if
b e L'(0,T; Lip(RERY) € L0, T; WES(R%RY)) (0 € L2(0,T) is enough), Tto [15] proved
that there exists a unique strong solution to (1.1), and when b € L(0,T; Lip(R% R%)) we
also have I,4(b) = —1. Hence, we give a unified view for SDEs between the classical 1t6
theory and the modern Krylov—Rockner theory. However, from the viewpoint of 1t0’s theory,
the drift can be taken in a low regularity Banach space for the temporal variable (such as
L') if it has ‘good’ regularity in the spatial variables (such as Lipschitz continuity), and thus
we could establish the unique strong solvability for (1.1) if the drift is in this low regularity
space. This motivates our study, and our main result can make a theoretical bridge between
[to’s framework and the Krylov—Rdéckner approach. Due to the technical difficulties inherent
in the critical case, we restrict our analysis to the subcritical regime, i.e. I,4(b) > —1.

Recently, for the sub-critical drift which is square-integrable in the temperal variable, and
bounded and Holder continuous in the spatial variables, Tian, Ding and Wei [39] proved the
unique strong solvability for SDE (1.1) for Sobolev differentiable diffusion. More recently,
Galeati and Gerencsér [13] studied (1.1) for a general fractional Brownian noise with the Hurst
index H € R, \N in which the drift is in L7(0, T'; C¢(R%; R?)) such that ¢ € (1,2] and o € (1—
(¢g—1)/(qH),1), by developing some new stochastic sewing lemmas, they proved the unique
strong solvability as well as some other properties for solutions, such as stability, continuous
differentiability of the flow and its inverse and Malliavin differentiability. In particular, these

results are true for the Wiener process (H = 1/2) with b € L9(0, T; C¢(R%; R?)) for o € (0, 1)

4



and ¢ € (2/(1 + «),2) (I,q4(b) > —1). However, from It6’s theory, the drift does not need
to be bounded for the spatial variables, and this problem has been studied by Flandoli,
Gubinelli and Priola in [12] for the time-independent case. There are relatively few works
to discuss (1.1) when the drift is only ¢-th integrable in the temperal variable. It is still
unknown whether (1.1) is well-posed or not when b € L(0,T;C*(R% R?)) for a € (0,1) and
q € (1,2) such that I,4(b) > —1. In this paper, by applying [t6—Tanaka’s trick and combining
the regularity estimates of solutions for Kolmorogov equations, we will establish the strong
well-posedness to (1.1) for a class of low regularity growing drifts. Before giving the main
result, we need a definition.

Definition 1.1. (27, p.114]) A stochastic flow of homeomorphisms on the stochastic basis
(Q, F, P, {F:}o<t<r) associated to SDE (1.1) is a map (s,t,z,w) — Xsi(x,w), defined for
0<s<t<T, 2R, weQ with values in R, such that

(1) the process {X;.(x)} = {Xs1(x), t € [s,T]} is a continuous {Fs+}s<i<r-adapted solu-
tion of (1.1) for every s € [0,T] and v € RY;

(11) P-a.s., Xs4(+) is a homeomorphism, for all 0 < s <t < T, and the functions X (z)
and X,/ (x) are continuous in (s,t,z), where X () is the inverse of X, (-);

(i1i) P-a.s., X4(x) = X;4(Xs,(2)) for al0 < s <7<t < T, 2 € RY and X, 4(z) = .

Now, let us give our main result.

1.3 Main result

Theorem 1.2. Let b € L9(0,T;C*(R% R?)) with a € (0,1) and q € (2/(1 + «),2), and let
o € L>*(0,T;R™). We assume further that (a;;)ixa = (0ix0jk)dxa 1S uniformly elliptic,
i.e. for every t € [0,T], there is a constant © > 1 such that

O I <VTa(t)y < OI?, VI =(9,0,...,9,) € R (1.7)

Then it holds that:

(i) (Stochastic flow of homeomorphisms) There ezists a unique stochastic flow of
homeomorphisms {X;(z), t € [s,T]|} to SDE (1.1).

(ii) (Gradient and Holder estimates) X, ,(z) and X (z) are differentiable in x for
every 0 < s <t < T, and for every p > 2,

sup sup E[ sup [|[VX,,(2)|[’] + sup sup E[ sup VX, (2)|"] < +oo. (1.8)

reR4 0<s<T s<t<T zeRd 0<t<T 0<s<t

Moreover, VX,,(z) and VX (z) have continuous realizations (denoted by themselves),
which are locally (71,71, v2)-Holder continuous in (s,t,x) with0 < v < (1-1/q)(1+a—2/q)
and 0 < v < 1+ o —2/q. Furthermore, for every f € (0,1 + o —2/q), every p = 2 and
every R > 0,

sup E[ sup ( Sup VX4 (x) — VXsyt(y)H)p]

0<s<T Ls<t<T \z,y€Bpr,a#y ‘ZU - y‘ﬂ (1 9)
VXS () = VX (9)ll\? '
+ sup E[ sup < sup : : ) } < +00,
0<t<T  L0<s<t \z,yeBr.aty |z —y|?



here a random field VXS,t(-) is called a realization of VX (-) if there exists Qp C Q such
that P(Q) = 1 and for each w € Qy, VX, (z,w) = VX, (x,w) for all s € [0,T], t € [s,T]
and v € R?,

(111) (Stability) Let p be a symmetric reqularizing kernel, that is

p(z) = p(—x) with 0< peCP(RY), supp(p) C By and /Rd p(x)dx = 1. (1.10)

Forn € N, we set p,(x) = np(nz) and

by(t,z) = /Rd b(t,z — y)pn(y)dy =: b* p,(t,x). (1.11)

Let X™ be the stochastic flow corresponding to the vector field b, and (X™)~' be its inverse.
Then for every p > 2,

lim sup sup ]E[ sup \X;"”t( )—Xsyt(x)\p]
N—=+00 . crd 0<s<T s<t<T

+ lim sup sup E[ sup |<X;lt)_ (z )_Xs_,tl(x)m = 0.

n—=>+00 crd s<t<T 0<s<t

(1.12)

Remark 1.3. By (5.111), (3.156) and the Kolmogorov—Chentsov continuity criterion, the
random field Ys.(y) has a continuous realization (denoted by itself), which is (f1, B1)-Holder
continuous in (s,t) with p; € (0,1/2) and continuously differentiable in y. Let U be the
unique strong solution of the Cauchy problem (3.9/). We set ®(t,x) = x + U(t,x) and
U(t,) = ®71(t,-). Observe that X, (x) = U(t, Y, (P(s,x))), then for every s < s, t <t
and a.s. w € Q, by (3.100) we have

[ Xoa(2) = Xorw (@) <[ (E, Yau(B(s, 2))) — V(T Y (D(s, 7))l
+ W, Yor(D(s, ) — W(H, You (B(s', )|
Ot =t + s — &P + |t = ') + |D(s, ) — B, )]
<Cllt—t" 0+ s — |7,
where the last inequality follows from the Sobolev imbedding W9(0, T; C(R?)) < ¢l ([0, T); C(R?)),

with the parameter By choosen in the interval (1 —1/q,1/2). Therefore, X,.(x) is (Ba, Ba)-
Hdélder continuous in (s,t) for every B € (0,1 —1/¢].

1.4 Key insights into the proof of Theorem 1.2

We now give a concise overview of the proof methodology for our main result. For simplicity,
we focus on the case of ¢ = I;q and s = 0. We employ [t6-Tanaka’s trick (or Zvonkin’s
transformation) to address this issue and the core of the analysis, therefore, involves ob-
taining suitable a priori estimates for solutions of the following backward nonhomogeneous
Kolmogorov equation:

oU(t,x) + %AU(t, z) +b(t,x) - VU(t,x) — AU (t,x) = —b(t,x), (t,z) €[0,T) x R?,



with U(T,z) = 0. For a sufficiently regular drift b, assume the solution U possesses adequate
regularity and satisfies supy,<p [[VU(t)]lo < 1/2. Then ®(t,z) = = + U(t,z) forms a C!
diffeomorphism uniformly in ¢t € [0,7]. If X;(x) satisfies SDE (1.1), then applying Ito’s
formula to the process Y;(y) := Xi(x) + U(t, X¢(z)), we find that Y;(y) satisfies

dY, = AU(t, (1, Yy)dt + [I + VU(t, U (1Y) dW,, t € (0,T], Yilio=y.  (1.13)

and vice versa, where W(¢,-) = ®~1(¢,-). Thus, it suffices to prove conclusions for Y;.

When b € L>=(0,T;C3(R%RY)) with a > 0, the classical Schauder theory implies that
VU € L=(0,T;C *(R%: R4)). By Kunita’s results (see [26, Chap. 2]), {Yi(y),t € [0,T]}
satisfies colclusions (i) and (ii) in Theorem 1.2. In [26], Kunita first differentiated (1.13) with
respect to y, to get

AVY, = AVU(t, W(t,Y,))VU(t, Y,)VY,dt + VU (1, U(t, Y;)) VU (t, V) VYid W,

and then estimated ||VY;||? for every p > 2 by

H/ WU(T>‘I’(TYT))V‘P(T,K)VYTOZTJF/t V2U (7, U(r, Y, ) VU(r, Y,)

< 2p—1H /t AU, W(T’Y;_))V\IJ(T,YT)VyrdTHp

+ 20!

/ VU Y))VU(r,Y;)

The calculations for the first integral are straightforward, whereas for the second one, Kunita
applied the Burkholder-Davis—-Gundy (BDG for short) inequality and the Holder inequality

]EH /t VQU(T,\I/(T,YT)>V\I/<T7YT)

(1.14)
<ce] [ Ivu@givviar]’ < orw'e [ IvUegvy s

So he imposed the condition that || V2U(7)||o is bounded with respect to 7. At the same time,
by the first inequality in (1.14), [|[V2U(7)|lo € LP(0,T) for some p > 2 is proper. Moreover,
when p > 2, it is enough to get the Holder continuity of the solution in ¢ if one modifies the
estimate in (1.14) by

/IIVQU BIVY, 2ar] " <175 g / IV2U@EIVY, 2], ¥ p > 2.

This is our key point. Besides, we also need the Holder continuity of V2U in the spatial
variables to get the same type regularity for VY;(:). In conclusion, for some a; > 0 and
p>2, VU € LP(0,T;Co™ (R%: R%)) may be optimal. However, if b € L9(0, T; C*(R% RY))
which is stated in Theorem 1.2, the classical PDEs techniques may fail to get the ideal
regularity. Indeed, if we treat the right hand side —b - VU — b as generated by a smooth
function U for the following Kolmogorov equation

Ot 7) + %AU(t, ) = —b(t,z) - VUt 2) — bt,2), (t,2) € [0,T) x RY,



with zero terminal data, the Schauder estimate yields U € L>(C?) for 8 = a + 2 — 2/q,
leading to b- VU € L(C*+1~2/9). Since a4+ 1 — 2/q < «a, an iterative procedure gradually
degrades the spatial regularity of U, eventually rendering the product b- VU ill-defined within
finitely many steps. New techniques should be introduced.

On the other hand, if b is space independent, i.e. b(t,z) = b(t), along the characteristic
lines — ftT b(T)dr + constant =: c¢(t), U(t,x + c(t)) satisfies a standard nonhomogeneous
heat equation and the desired regularity for U can be derived [17]. Thus, we may get the
required estimates through a perturbative approach. This idea comes from [4, 35] directly.
Precisely, if one lets 2, be a solution of &, = b(t, 2o+ ), Zi|s—r = 0, Ty € R%, then U(t, z) :=
U(t,z + xo + x;) satisfies

~

0,0 (1, 2) + %AU(t,x) — bt 2) - V() — bt 7).

where b(t, z) = b(t, z + xo + x1) — b(t, 2o + x;) and b(t, z) = b(t,x + zo + 7).
Observe that 2y € R? is arbitrary and

b(t, ) - VU (t,2)| < [b(0)]alz|*|VU (@)l and [b(t, ) = b(t,0)| < [b(t)]a—ol|* ",
the heat kernel estimate implies

sup [[VU(#)[lo < Clblga sup [[VU(E)]lo + Clblg.a-o; (1.15)
0<t<T 0<t<T

where 6 € [0,1+« —2/q). If [b], is sufficiently small, one obtains the gradient estimate for
U. Similarly, the L2(0,T; L*=(R%)) estimate for V2U can be calculated as well. For general b,
to overcome the difficulties arising from the non-smallness, we add a dissipation term —AU
for large enough A.

However, since these regularity properties are insufficient for our purposes, more refined
estimates are required. We note that the Holder norm of a Borel function can be characterised
via the Poisson integral, which inherently regularises local singularities emerging in pointwise
descriptions. This global approach significantly simplifies problem analysis by transforming
intricate pointwise examinations into unified integral frameworks, thereby avoiding cum-
bersome local estimations and mitigating technical challenges associated with singularities.
Combining this methodology with the a priori estimate (1.15), we derive enhanced space-time
Lebesgue—-Schauder type estimates. While this approach originates from [36] in the context
of time-independent coefficients, our contribution generalises the Poisson characterisation
from classical Holder spaces to mixed Lebesgue-Holder spaces. This constitutes the primary
distinction from prior works, fundamentally extending the functional-analytic framework.

Finally, we note that if the Laplacian in the backward Kolmogorov equation is replaced by
a general diffusion operator Zf i1 a;;(t, I)@iiwj, the perturbative method cannot be directly
adapted. This necessitates novel approaches for handling SDEs with nonconstant diffusion
coefficients.

1.5 Applications

As the first application, we are interested in the transportation cost inequalities for SDE (1.1)
with the irregular drift. The transportation cost inequality was first established by Talagrand



[37] for the Gaussian measure, and then extended by many researchers to (1.1). When b is
time independent and Lipschitzian, the L?-transportation cost inequality was first proved by
Djellout, Guillin and Wu [8]. This result was then generalized by Suo, Yuan and Zhang [3§]
to the bounded and Dini continuous ones, and by Bahlali, Mouchtabih and Tangpi [2] to the
drift which satisfies sub-critical LPS condition (1.2). However, it is still unknown whether
the L2-transportation cost inequality is true or not under the sub-critical low regularity
growing drift. In this section, using Theorem 1.2 and a homeomorphic transformation, we
will establish an L2-transportation cost inequality for (1.1) with b € L9(0,T;C*(R%; R?)).
Before giving the result, we give some notions.

Let (Q, F,P,{F;}oci<r) be the classical Wiener space, i.e. Q = Co([0,T];RY) = {¢ €
C([0,T];RY); ¢(0) = 0} and P is the Wiener measure under which the evaluation map at
t € [0,7] is a d-dimensional standard Wiener process. Let &2(2) be the class of all the
probability measures on €, and let Wq, be the L?-Wasserstein distance on () defined by
the uniform norm:

W(u,v) = inf / 61 — ol (6r, 62),
QxN

WSAVRY)

where € (u, v) is the space of all couplings of  and v, and
|61 = @2lla = sup |1(t) — da(1)]. (1.16)
0<t<T

We have the following L?-transportation cost inequality.

Theorem 1.4. Let b be given in Theorem 1.2. Let {Xy(x),t € [0,T]} be the unique strong
solution of SDE (1.1) with s = 0 and let P’ be its law on 2. Then there is a positive constant
C(d,T,,q,0,[blya) such that for any Q € £(Q),

W (P, Q) < deCtTenO e H(QIP), (1.17)

where H(Q|P) is the relative entropy (or Kullback information) of Q with respect to P:

(1.18)

o Qi0 if O < P
H(QIP) = o, log £dQ, if Q<P
400, otherwise.

The second application is concerned with the following stochastic transport equation with
low regularity growing drift:

d .
atu(ta I) + b(ta I) : vu(ta I) + Z afzu(t’ ZE) O Wit = 07
=1

(t,z) € (0,T] x R, (1.19)

u<t7x)|t:0 = U()(l’), YOS Rd7

where the stochastic integral with the notation o is interpreted in Stratonovich sense, and
others are interpreted in It6’s. The choice of the Stratonovich integral in (1.19) is motivated
by the mass conservation. In fact, if b is divergence free, we rewrite (1.19) by

dyu(t, z) + div[(b(t, z) + Wyu(t, )] = 0, u(t, x)|—o = ue(x),

9



which implies
/ u(t, z)dx :/ up(x)dr, Vtel0,T], P—as.
R4 R4
Firstly, we give the definition of strong solutions for the above Cauchy problem.

Definition 1.5. Let ug € W,2°(RY), b € L'(0,T; L. (R% RY)). Let u € L®(Q x [0, T] x RY)

loc loc

be a random field. We call u a stochastic strong solution of (1.19) if

sup E||Vu(t)|” . (®a) < T00, Vp=2 (1.20)

0<t<T loc

and for every ¢ € C°(R?), [pau(t,z)p(x)dz has a continuous modification which is an JF;-
semimartingale and for every t € [0,T],

/Rd u(t, z)p(r)dx :/Rd uop(z)p(x)dr — /Ot dr /Rd b(r,z) - Vu(r, z)p(x)dz

d t
—1—2/0 odW,; , /]Rd u(T, 2)0y,0(x)dz, P —a.s..
i=1

Let us now state our second result.

(1.21)

Theorem 1.6. (Ezistence and uniqueness) Suppose uy € WH>(RY). Let b be stated in
Theorem 1.2, which is divergence free. Then there exists a unique stochastic strong solution to
the Cauchy problem (1.19). Moreover, the unique stochastic strong solution can be represented
by u(t, z) = ug(X; ' (), where X,(x) is the unique strong solution of the associated SDE (1.1)
with 0 = Ixq and s = 0.

Remark 1.7. Instead of W1, if one requires ug € N1 W (RY), the existence and unique-
ness of Nps1WihT(RY)-solutions was also obtained by Fedrizzi and Flandoli in [10, Theorem
1] when the drift b is in the Krylov-Rockner class. After the result of [10, Theorem 1], it
remains to open the question whether the solution is Lipschitz continuous (or more) when
ug € WH*(R?) (or more) for irreqular drift.

e When d = 1, the answer for the above question is positive for certain discontinuous
drift b, including for instance b(x) = sign(z), see [1].

o When b € L9(0,T;C¢(R%RY)) with a € (0,1) and q > 2/« it is positive as well, see
[43] (or see [11] if ¢ = +0).

e When b is in the Krylov-Rdckner class, by virtue of [31, Corollary 1.1], we also get the
local quasi-Lipschitz estimate for the stochastic strong solution, i.e.

P ju(t, z) — u(t,y)

sup R < +oo} =1,
2 YEBR27Y |IL‘ - yl eXp (C(d7 Tap7 q, R) ( log |z_}—2y\> >

where 2¢ = 1+ d/p + 2/q. However, it is still unknown whether the solution is (locally)
Lipschitz continuous or not.

o Now, the drift is in the Lebesque—Hdlder space L4(0, T;C*(R%; R?)) with o € (0,1) and
g€ (2/(1+a),2), we get P(u(t) € WE(R?) = 1 via (1.20) as well. So we give a positive
answer for the above question for this low reqularity growing drift.
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Notations. The letter C' denotes a positive constant, whose values may change in different
places. For a parameter or a function C , (C ) means the constant is only dependent on C , and
we also write it as C' if there is no confusion. We use V to denote the gradient of a function
with respect to the spatial variables. As usual, N is the set of positive natural numbers and
No = NU {0}. Ry = (0,400) represents the set of all positive real numbers. a.s. is the
abbreviation of almost surely. For every R > 0, Bg := {x € R? : |z| < R}. For a given
R™™ matrix-valued function = with n,m € N, =" and ||Z|| represent its transposition and
Hilbert—Schmidt norm, respectively. If n = m, tr(Z) stands for the trace of =.

2 Lebesgue—Schauder estimates for Kolmogorov equa-
tions

Let b:[0,7] x R = R% and f : [0,7] x R — R be Borel measurable functions. Consider
the following Kolmogorov equation for u : [0, 7] x R — R:

Owu(t, z) = s Au(t, z) + b(t, ) - Vu(t, z)
—Au(t,z) + f(t,z), (t,x) € (0,T] x RY, (2.22)
u(t, )| = 0, v € R?,

where A > 0 is a real number. If u € LY(0,T;C*(R%)) N WLL(0, T;C(R?)) such that (2.22)
holds true for almost all (¢,z) € (0,7) x R% then the unknown function u is said to be a
strong solution of (2.22). Before proving the strong well-posedness of (2.22), we introduce a
useful lemma.

Lemma 2.1. ([14, Theorem 4.5.3]) (Hardy-Littlewood—Sobolev’s convolution inequality) Let
keN, 1 <p <+oo and ¢(y) = |y| 7R /P, Let 1 < py < p3 < +00 such that 1/py + 1/py =
1+1/ps. If h € LP2(R¥), then h*1 € LP*(R¥) and there is a positive constant C(py, p2) such
that

1% Dl o iy < Co1s22) [ll
Now let us establish the strong well-posedness for (2.22).

Lemma 2.2. Assume that b € L1(0,T;C*(R% R?)) and f € L9(0,T;C*(R?)) with o € (0,1)
and q € (2/(1+ «),2).

(i) (Existence and uniqueness) Then there is a unique strong solution u to (2.22),
which also lies in g;"j‘f for every 0 € [0,1+ « —2/q), where

Gop = {v € L™(0,T;CH(R*)) nW9(0, T; C(RY)); Vv € L°°(0 T;C)(R%RY)),

V2 € Lrasw (0, T; C/(RY R)) 0 L2(0, T; c”a 7 (R% R*9Y) (2.23)
and [[(1+]-[*) 70w (-, )|lq0 < +o0}

Moreover, Vu € C2([0,T]; Cy(R%: R?)) for every 6 € [0,14a—2/q) and there is a real number
e > 0 such that for large enough A > 0,

IVulloo0 = sup IVu(t)llo < Cd, T, v, ¢, [b]g.0) A" [f]g.0 (2.24)

<t

11



(ii) (Stability) Let p and b, be given by (1.10) and (1.11), respectively. We set

Falts) = (F(t,-) * pa)( /lf pu(y)dy. (2.25)

Let u,, be the unique strong solution of (2.22) with b and f replaced by b,, and f,, respectively.
Then u,, belongs to Q;’;j for every 0 € [0,1 + « — 2/q) and satisfies (2.2/) uniformly in n.
Furthermore, u, —u € C([0,T]; CL(R?)) and for every p > 2 we have

lim [[Ju, — ufloco + [|[Vn — Vul|po] = 0. (2.26)

n—-+00

Proof. Clearly, if u € L*(0,T;C*(R%)) nWH(0, T'; C(R?)) solves the Cauchy problem (2.22)
for A > Ao with some sufficiently large real number Xy, then for all A > 0, a(t,z) =
u(t, v)ePo=Nt € L1(0,T;C*(RY)) N W0, T; C(R?)) solves the equation

ovu(t,r) = %Aﬁ(t,as) +b(t,z) - Va(t,x) — Mu(t,z) + f(t,z), (t,z) e (0,T] x RY,

with zero initial data, where f(t, ) = f(t,2)e®~V* and vice versa. So we just need to prove
the well-posedness of (2.22) for some sufficiently large A.

On the other hand, if u € Q for some 6 € [0,1+ a —2/q) is a strong solution of (2.22),
then it has the following equwalent representation (see [39, Lemma 2.1)):

ult,z) = / DK — 1) % (b(7, ) - Vulr, ) (2)dr
0 (2.27)

t —At=7) —7.) % f(7,- T
[ OR =) ) a)n

el
where K(t — 7,2) = (2r(t — 7))~ 2¢ 27 . Thus, it suffices to show the integral equation

(2.27) has a unique strong solution u € gq,T for every 6 € [0,1 4+ o —2/q).
Firstly, let us prove the existence part. To simplify the notation, we set

Gor = {v € L™(0,T;C'(RY)); Vo € L™(0,T; CJ(RLRY)), )
_2 2.28
V NS Lm (07T,C5(Rd, RdXd)) M L2(07T'7 C;+ q (Rd’ RdXd))},

The proof is divided into three steps.

Step 1. We assume that b € L>(0,T;C°(R%RY)) and f € L>(0,T;C°(RY)). If b = 0,
there is a unique strong solution u € L*(0,T;C°(R?)) of (2.27). For b # 0, we define a
mapping on L>(0,T;C°(RY)) by

Tw(t, ) = /0 eIt — 7, 5 (b(r, ) - VT, ) (x)dr

t (2.29)
_hAe*””KG—ﬂJ*ﬂﬂJ@MT
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From (2.29), for every fixed k € N and every wy, ws € L*(0, T; C°(R?)), then
[ Twy — Tw, HLoo(o,T;cbk (R))

:H /Ot e MK (t—7,2) % [b(7, ) - V(wi (7, ) — wa(T, '))](x)dTHoo,o

k
+ Zl H /Ot e MNEIVEK (t— 7, )% (2.30)

V() - V() = walr, D]@)dr |
<C)\7€HbHLoo(o,T;cg—l(Rd;Rd)) [Jwy — w2HL°o(o,T;C§(Rd))a

where € € (0,1/2).

By choosing A big enough, the mapping 7 on L*°(0,T;CF(R?)) is contractive. With
the aid of Banach’s contraction mapping principle, there is a unique strong solution u €
L>=(0,T;CF(R?)) of (2.27). Since k is arbitrary, we get u € L>(0, T;C°(RY)).

We now use a perturbative approach, stemming from [4, 35|, to obtain more refined
estimates for u. Let 2o € R?. Consider the following differential equation:

it = _b(t7x0 + SCt), xt|t=0 =0. (231)

There exists a unique solution to (2.31) for b € L>(0,T;C°(R%RY)). By setting a(t, z) :=

A~

u(t,z+xo+m4), b(t, ) := b(t,x+ 20+ 1) — b(t, 20+ 24) and f(t,z) := f(t, x4+ xo+x;), then
Dt ) = %Aa(t, o)+ b(t, ) - Vat,z) — Ni(t, ) + f(t,2), (2.32)

with @(t, x)|;=o = 0, which also implies

t
it x) = / eNDgr [ K (=7 — )l y) - Vil y)ldy
0 Re (2.33)

t
+ / e dr [ K(t =72 —y)f(r,y)dy.
0 Re

Observe that

~

b(7,y) - Valr,9)| < [b(O)]aly*[Vu()llo and |f(7,9) = f(,0)] < [f(Pa-oly|*’, (2.34)

where 6 € [0,1 4 o — 2/q], then |Vu(t,0)| can be bounded by

e [ V(= ) (Bl V() o + Lol )

thereby concluding that

o

IVi(t,0)| < C(d) / e (= 1) T DDl Vul)llo + (¢ = 7)5% [F(7)]a_s ydr. (2.35)

0
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Since z9 € R? is arbitrary, with the help of Hélder’s inequality, we get for every 6 <

1+ a—2/q that

T ’ 1
g/ le=Dd 7
sup [Vu(t)lo < C@Dlya sup [Vu(lo [ 07 F ar)’
o<t<T o<r<T 0

1

T R (a—0—1)q q
+ (@) flgas /O e )

T _axa-epr %’i“}’“)

<O sup [Vur)lo [ Ear)
o<r<T 0

1+0—«

T l-a T
— 2(1—¢q) — 2(1—e3)
X (/ T 1dr> B +C(d)[f]q,a9(/ 72 1dr> =
0 0
T org (1—eq)r 2(1—c9)—¢' (14+6—a)
% (/ e—mm) 2¢'(1~<2)
0

_20-ep-d'(l-a)
<C(d, T7 «, q) [b]q,oz sup ||VU(7') ||0>\ 2q¢/(1—e1)

o<r<T

_2(1—ep)—d'(14+0-a)

+C(d,T,a,q,0)[flga0r 202
where ¢ = q/(q—1),e1 € (0,1 — ¢ (1 —a)/2) and g5 € (0,1 — ¢ (1 4+ 0 — a)/2).
We take A large enough such that
C20-ep—da-o) ]
Cd,T,o,q)[D]guN 200 < 5
Then by (2.36)—(2.37), it yields that

_2(1—52)—q,(1+9—a)
sup [[Vu(t)llo < C(d, T, a,q,0,[blga)N 2702 [flgas.

o0<t<T

In particular, if  vanishes, there exists some € > 0 such that
sup [[Vu(t)llo < C(d, T’ o, , [blga) A" [ flg.a-
0<t<T

Let

bl(t) = sup |b(t,$>’ and fl(t) = sup ’f(tax”
verd 1+ [T|* vera 1+ |2]®

Then b', f1 € L9(0,T).
Combining (2.27) and (2.39), it can be deduced that

sup [|(1+1-") " ult, )llo
<t<T

bx

1 t
< sup sup [/ e M=) dr K(t -7, y)bl(T) (1 + |I|a + \yla)
0 R4

0<t<T zerd 1 + |2]®
t

< Vallwody+ [ X [ (=o)L + ol + ol dy]
0

Rd
<C(d, T, a,q, A, [blg) (flgallb'lle + 11/114)
<C(d, T, a,q, A ||b|| ago,rico®aran ) | 1] Lao 7:comay)

14
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where [[b']ly = [0l 0.z and 1/ lg = [1f"|lzeo).
For V2u, we estimate from (2.31) to (2.34) that

IV*u(t)llo <C(d) / e Mt — 1) 5 b(7)]al [ Vu(T) lodT
0 (2.41)

a—

+ C(d) /0 e M (¢t — T)Te_l[f(’T)]a_ng.

Hence,

IVul o SClga sup [[Vu(r)llo + Clflga-o

2—qa + 50 o<t<T (242)
éC’(d, T7 «, q’ (9’ [b]q7a)[f]q7a—97

if one uses Lemma 2.1. In particular, when 6 = 0, we achieve

IVZull 20 < C(d, T, 00, g, [blg.0) [fga- (2.43)
Let P: be given by (1.5). We set ve(t, x) = O Peu(t, x), then

Oyve(t, ) = SAve(t, ) + b(t, ) - Ve(t, z)
—Xve(t, ) + ge(t, z), (t,x) € (0,T] x RY, (2.44)
ve(t,x)|i=0 = 0, z € RY,
where
ge(t,x) = OcPef(t,x) + 0cPe(b(t, x) - Vu(t,x)) — b(t, x) - O PeVu(t, x).
Owing to (2.38), for every fixed 6 € (0,1 + a —2/q), we conclude

sup [Ve(t) lo
0<t<T (2.45)
<Cgelga—o < C([0ePe flga—o + [0 Pe(b - Vu) — b - 0PVl ga—y).

By [4, Lemma 2.1], for every 0 < § < o < 1, there exists a positive constant C'(d, «, 5) such
that
[0 Pe(hahs) — ha0gPehola—p < C(d, a, B)[h]allhallo€”

if [h1]o and ||he|o are finite, thereby establishing that

[0ePe f(t)]a—p < C(d, a, 0)[f(1)]a&"" (2.46)

and
[0 Pe(b(t) - Vu(t)) = b(t) - O PeVu(t)]a—o < Clb(t)]al|Vu(t)llos"". (2.47)
Combining (2.45)—(2.47) and (2.39), we thereby obtain

sup [Vee(t)lo < C([flya + By stp [Vu(®)lo)s”! < Ol (248)

bx

By (2.39), (2.48) and (1.6), then Vu € L*>(0, T’; C{ (R%; RY)).
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Similarly, by (2.41), (2.44) and (2.46)—(2.48), we guarantee for every 6 € (0,14 o —2/q|
that

t
V20 (£) o <C/ e Mt — )2 b(T)]a sup [ Voe(r)llodr
0

o<r<T

0 [ =) O S (oo
+ [0cPe(b(7) - Vu(r)) — b(7) - 8§P§Vu(7)]a_9)dr

g()/o e D[ =) 4 (t— 1) Y ([D()]a + [f(7)]a)dre’

On account of (2.43) and Lemma 2.1, it follows that

L
a7 (0,7:CY (RY))
2—qa+qb
e — = 2
(19T [ e T ] (2:49

éC’(d, T7 Q, g, 0, )‘7 [b]q7a) [f]‘LOC’

Summing over (2.39), (2.41), (2.48) and (2.49), then u € Q for every 6 € [0,14+ o —2/q).

Step 2. We assume that b € L9(0,T;Cg(R% R?)) and f € L90,T;C(R)). Firstly,
we extend the time interval from [0,7] to (—oo,T] and define them by b(t,z) = b(0,z),
f(t,z) = f(0,z) if t < 0. Let p be given by (1.10) and let o be another nonnegative
regularizing kernel

0<0€C°(R), supp(e) C [0,1] and / o(t)dt = 1. (2.50)

For n,m € N, we set p,(x) = np(nz) and o,,(t) = mo(mt). We then smooth b and f by p,
and 9,,:

bnm(t, ) = (b(:,*) * pn * 0m)(t, 1) = /RM b(t — 7,2 — y)pu(y) om (T)dydr

and
fn,m(tv .’E) = (f(’ ) * P * Qm)(t7 $) = f(t -7, = y)pn(y)gm(T)dydT~

Rd+1

Then b,,,, € L=(0,T;C°(R%RY)) and f,,,, € L>(0,T;C°(R?)). Moreover,

I+ 1) bnmllgo < 201+ |- [*) 7 bllgo0,
I+ - 1) famllgo < 211+ 1+ [*)7 fllgo; (2.51)
bnmlg.o < Bloas [fnmlge < [flga-

Notice that by, — b = by — by, + by, — b with b, = b(t, -) * p, (), and

[0}

\_/\_/

ba(t ) —b(t.2)| < [ (bt — =) — b(t, 7)) pu(2) /|z|apn o @252

R4
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thus b, — b — 0 in L9(0, T; Cy(R?)). This fact is also true for f, — f. Therefore,

lim lim [”bn,m - b”Lq(O’T;C?/(Rd;Rd)) + [ frm — f”Lq(o,T;cg/(Rd))] =0, (2.53)

n—-+00 Mm——+00

for every o/ € (0, ).
Consider the following Kolmogorov equation:

atun,m(t> -CE) = %Aun,m(ta .Z') + bn,m(ta .%') : vun,m(t’ l’)
My (t, ) + fam(t, ), (t,2) € (0,T] x RY, (2.54)
Upn(t,2)|i=0 = 0, z € RY.

By Step 1, there exists a unique strong solution u, , to the Cauchy problem (2.54). More-
OVer, Uy, € Qae for every 0 € [0,1 + o — 2/q), and by (2.39), (2.40), (2.43), (2.48) and
(2. 49) for large enough A > 0 we have

sup [[(1+1+1") " tnm(t, ) o
0<t<T

<O<da T7 «a, q, )‘7 ||bn,m”L‘l(O,T;CO‘(Rd;Rd))) ||fn,m||Lq(0,T;Ca(Rd)) (255>
<

C(d, T, a,q, A\, ||b|| ago,rico®amray ) || f 1| Lao,7:comay)
and

(5w [Vt (®)llo < O T, Blya) A [y
Oi?ET[Vunm(t)]e <O, T,a,q,0, [blga)flga VO €(0,1+a— 5)’ (2.56)
]|V2unm|| < C(da T7a7Q707 [b]q,a)[f]%av

L2= qa+q9 (0,T;C8 (R%))
VOe[0,1+a-2]

\

By (2.54)—(2.56), then u, ., € g 7 and there is a positive constant C' which depends on
d,T,c,q,0,\ and ||b]| La(o,7,co(re;ra)) Such that

I8+ 1+ ) Ot
1 ot
< (2198 a0+ 1l (0 + 17 b

A M@+ wnm(t Mooo + NE+] 1) frm(t g0

<C([”b“Lq((),T;C"‘(]Rd;]R"l)) + ”fHLq(O,T;CO‘(Rd))} :

(2.57)

On account of (2 5)—(2.57), there exists a (unlabelled) subsequence w,, ,,, and a measurable
function u € QqT with 0 € [0,1 4+ a — 2/q) such that w,,,(t,z) = u(t,z) for a.e. (t,z) €
[0, 7] x R? as m and n tend to infinity in turn. Furthermore, (2.55)-(2.57) hold true for w.
Since Uy, satisfies (2.54), u satisfies (2.22) as well.

Step 3. For b € L0, T;C*R%RY)) and f € L4(0,T;C*(R%)), we define bp(t,z) =
b(t,xxr(x)) and fr(t,z) = f(t,xxr(x)), where R > 0, xg(z) = x(z/R) and

1, lffEEBl,

0, if z € RI\ B,. (2.58)

X E€CEMRY), 0<x<1, X' <2 andx(x):{
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Then bp € L0, T;C¢(R% R?)) and fr € L0, T;C¢(RY)). Additionally,

hm [|bR(t x) —b(t,z)| + | fr(t,z) — f(t,x)” =0, V (t,z)€[0,T] x R4, (2.59)
On the other hand, we have
[bR] o <[b]q,a sup |.1'XR(.’L') - yﬁR(y”
z,y€ERL xHy |£L’ o y| (260)
<[blg.a sup (X%(@) + IXr(Te + (1= 7)y)*] < 3[b]4q
z,y€RL x#y,7€[0,1]
e [oxn(®) — yxa)|
T x) — «
frloa < [flga sup AR ZIXRIN 3y (2.61)
z,yCR Ay |LZ' - yl

By Step 2, there is a unique up € Qg’jq with 6 € [0,1 + o — 2/q) and ug(t, z)|=0 = 0,
which solves the following equation

Orug(t,z) = %AUR(t,m)—}—bR(t,m)-VuR(t,m)—)\uR(t,x)—i—fR(t,:E), (t,r) € (0,T]xR%. (2.62)
In addition,
sup (141 )" ur(t o + 11+ |- )7 Sttnm (2, )0

o<t<T

<C(d, T, 0,4, M [br| Lo e sz | foll 2o oo ey (2.63)
<

O(du T7 «, g, )‘) ||b||Lq(O,T;C°‘(Rd;Rd))) ||fHL‘1(O,T;CD‘(]Rd))
and
( sup ||VUR(t>”O < C(d, T7 a, g, [b]q,a>)‘_s[f]q,aa

0<t<T

sup [Vug(t)ly < C(d, T, a,¢,\, 0, [Blg.a)[flgar V0 € (0,1 +a—2),

0<t<T (2.64)
|V2ug)| <O, T, a,q, 7,0, [0]4.0) [ flgar

L2- qa+q€ (0,T;CY (R%))
Ve [0,1—1—&—%].

\

In view of (2.63) and (2.64), by letting R tend to infinity in (2.62) we get the existence of
solutions in Qzﬁ. It remains to check Vu € C2([0, T]; Cy(R% R%)) for every 8 € [0, 1+a—2/q).
By (2.33) for every 0 < t; <ty < T, then

Vi(ts, 0) — Va(t;,0)

to N
-[ / Ny | VK (= ry)lb(ry) - Vilry)ldy
0 R
t1 N
_ / N [ V(=7 )[b(ry) - Va(r,y)ldy]
0 Rd
to N N
—+ |:/ eA(tQT)dT/ VK(tZ -7, y) [f<T> y) - f(T7 0)]dy
0 R4

t1 R .
- [ e [ SR -l - fr 0]
0 R
=: Ji(t1, t2, x0) + Jo(t1, t2, o).

(2.65)
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For J;, we find

sup |Ji(t1,t2,29) = sup

zo€ERY zo€ERY

i1 o
- / [6_’\@2_7) — e_’\(tl_T)}dT VK (ts — 7,y)[b(7,y) - Vi(r,y)|dy
0

Rd

to -
/ e M2 dr [ VK (ty — 7,9)[b(7,y) - Vi(r,y)]dy
1 Rd

t1 A
+ / e N0 gr / [VE(ts = 7y) = VE(t = 7,9)][b(7,y) - Vii(7, y)]dy (2.66)
0 Rd
t1 1

<C sup HVU(T)HO[/ 2(752 — T)QTA[b(T)]aCZT + (t2 — tl)/ (ty —7) = [b(7)]adr

0<t<T t 0
t1
+ / [b(7)]odT , IVK(ty — 7,y) = VK(t, — T, y)llylady]-
0 R

Thanks to Holder’s inequality,
t1

/ 2(252 — )T (7)]adr + (ts — 1) / (t2 = 7)°F [b(r)]adr

t1 0

ta ala—1 s o1
<[b]q,a{ [/ (t2 - T) 2((‘1—1)) dT} ! t2 — tl / t2 — 7— 2((q 1)) dT] 4 } (267)
t1

<C[(t2 — tl)HTa_% + (ta — t1)} < Cty — t1)i

QM—‘

Let ¢, > 0 be small enough. In view of the mean value theorem, we have the following
interpolation relation
|VK(t2 -7, y) - VK(tl -7, y)l
l-a 1,
<[VE(t2 = m.y)| + [VE(L —7y)] 77

1+ 1

X |VK(t2 -7, y) - VK(tl -7, y)}T_E_El

2 2 1—0<+l+
<C[<t2 — 7)7%6_$ + (t — T)fd;rle_ﬁ} 2 Tgta 2.68)
dys W Hz—a_%_g 1+a_l_ |
X [(tl +o(ta—t1)—T) z e 4<t1+v<t27t1)—7>] Ity — ty] 2 €1

2 2 1*7@_;’_7_’_
<C|:<t2 - T)_%67$ + (tl — 7—)_%674&?‘,.@} 2 PR
ﬂ,l, Hia,lf
X [y| 7N Dty —t,) 2 “

where v € (0,1) and in the last inequality we have used the following fact

Y\ w2
sup <—> e 1 <O < +oo.

teR4,yeRd t
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By (2.67) and (2.68), we derive

t1
[0 air [ 9K~ 70 - VK - 7 )luidy
0 R
t1 L )
<Oty —ty| 2" / [(to — )70 4 (8 — 7) 7T [b(7)]adT (2.69)
0
SOb)galta —t1) 2 "a .

Summing over (2.66), (2.67) and (2.68), it can be inferred that

1+« 1

sup |Ji(t1,to, x0)| S C(ta —t1) 2 "7, (2.70)
onRd

for every small enough ¢; > 0.

Analogue calculations also implies

sup |Jo(t1, ta, zo)| < C(ty — tl)HTaﬁfq- (2.71)
onRd

Combining (2.70) and (2.71), we deduce

sup |Vau(ty, z) — Vu(ty,z)| = sup [Va(ts,0) — Va(ty,0)] < Oty — 1) 2 a7,

z€ER4 zo€ER4

leading to the conclusion that Vu € C2([0, T]: Cy(R%: R%)) for every 6 € [0,1 + a — 2/q).

(ii) Let u, be the unique strong solution of (2.22) with b and f replaced by b, and f,,

respectively. Then u, lies in g;’jﬁ for every 6 € [0,1+ a — 2/q) and satisfies (2.24) uniformly

in n. It remains to check u, —u € C([0, T]; C,(R?)) and (2.26) holds.
We set v,, = u,, — u, then v, satisfies

Oon(t,z) = 3Av,(t, ) + by(t, ) - Vo, (¢, 2)
—Av,(t, ) + Fp(t, ), (t,z) € (0,T] x R4, (2.72)
O (t, ) |=0 = 0, x € RY,

where F,,(t,z) = fu(t,x) — f(t,x) + (bu(t,z) — b(t, ) - Vu(t, x).
Let 2o € R?. Consider the following differential equation:

Ty = —by(t, o+ 2}), x}|i=o =0. (2.73)

~

There exists a unique solution to (2.73). By setting 0, (¢, z) := vu(t, T + 20 + 27), bn(t, ) :=
by(t,x + o+ 2}) — by(t, xo + 2) and F,(t,x) := F,(t,z + xo + x}), then

By (t, ) = LA, (t, ) + by(t, 2) - Vi, (t, x)
—A\on(t,2) + E,(t,2), (t,2) € (0,T] x R,
Op(t, ) |i=0 = 0, x € R%
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Thus,

(4 7) /e i [ K= ra = )lba(r) - Vol
0 (2.74)

+/ e M= dr K(t—T,x—y)Fn(T,y)dy.
0 R
Observing that
b (7,y) -+ Viou (7, 9)| < b (D)]alyl*Voa(T)llo < [b(7)]alyl® sup IVon (7)o (2.75)

and
B (7, )| <[ falToy + 0 + 2) — f(T,y + 20 + 20|
+ |(bn (T, y + 20 + 27) — b(T,y + xo + 27)) - Vu(r,y + x + 27|
</ (7 + o+ 2% — 2) — F(7y + 0 + 27) | pa(2)dz
Rd
(T, + 20 + 2 — 2) — b(T,y + xo + =) | pn(2)d2|| V]| o0 (2.76)
Rd
(e + BNl Vo) [ 100 ()d:
Rd
<o+ BO) [ el pule)iz
]Rd

we obtain

sup |[vn(t)]lo = sup sup |0,(¢,0)]

0<t<T 0<t<T zocR4

(2.77)
<O(Blaa+ o) (IVtnllco+ [ 121 (2)d2),

which suggests v, € C([0,T7]; Cy(R?)). Moreover, we get an analogue of (2.64) for v, and in
particular

sup [|vn || oo 0,503 mey) < Cllf [l 2ao.rico may)- (2.78)

n=1
It remains to check (2.26). By (2.78) and the interpolation inequality, it suffices to show
tim [ sup fon(®)llo + [ Venl0] =0, (2.79)

n—-+00 o<t<T

Ilsx

for some large enough A and some fixed p > 2.
Let €5 > 0 be sufficiently small. It follows from (2.74) that

t
el e R YN e
0

L C / NI — 1) [fol(7) = F(D)aceadr (2.80)
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Let p > 2, which will be chosen later. As a consequence of Hausdorff-Young’s convolution
inequality and Holder’s inequality, it leads to

1
7

T ,
~ 't (a—1)g q
llor) <Clbnlaal Venllo( [ €775 r)
0 (2.81)

(a=

T 1
’ )q' < 1
<ClaalVonlpo( [ 73 dr)” < 5190 lho
0

where in the last inequality we have chosen A large enough and used the fact (1 — a)q < 2
for 14+ a > 2/q.
A straightforward computation for J,(t) reveals

2
(a—52—1)q/ o

T
1 Flliror) < Ol = flaaca ([ 7 )" <Ol = P 282
0
We then use Lemma 2.1 first, Holder’s inequality next, to check J3(¢) that
||j3||Lp(07T) < C[bn - b]q%—l—i—eg [vu]p%—l—i—eg' (283>

If g€ (4/(2+a),2), then 1 + o —2/q > 2/q — 1. Thus, for small enough €;, [Vu(-)]2_,,., €
L>(0,T). Otherwise,

%714»62

V() g

p  [VuC2) = V()

-
zyeRiaty |z —y|a~

92
<2Vl g .
2.84

2q2

€], 2-a0)(2—q+aeg) (O’ T),

since ||[V2u(-)|lo € L%(O,T).
Combining (2.80)—(2.84), for every fixed ¢ € (2/(1 + «),2), if one chooses p = 2¢*/[(2 —
qa)(2 — g + g€2)], then

IVvallpo < C([fn = flaa—e + [bn = By 2 140,)- (2.85)

This, together with the interpolation inequality and the following fact

an - f||q70 < [f]q,a fRd |Z|°‘pn(z)dz, an - b”q,O < [b]q,a fRd |z|o‘pn(z)dz,
yields that
lim ||Vo|po=0, Vp=2. (2.87)

n——+oo

Similar calculations used for Vv, is adapted to v,, we gain

sup an(t)“ < C(anHq,OHVUan’,O + an - f“q,O + [bn - b]q,%—uez)'

o<t<T

This, in conjunction with (2.86) and (2.87), indicates the estimate (2.26). O
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We now generalize the constant coefficients equation (2.22) to variable coefficients and
establish a corresponding analogue of Lemma 2.1. To be precise, let us consider the following
Kolmogorov equation:

d
duu(t,z) =1 3 a; j(t)03, 5, u(t, x) + b(t, x) - Vu(t, )

ij=1
Xult,z) + f(t,2), (t) € (0,T) x RY, (2.:88)
u(t,x)|=o = 0, z € RY,

where a; j(t) are Borel bounded measurable functions, which satisfies condition (1.7).
For 0 <s<t<T, we set

¢
Ay ::/ a(t)dr, Bsy = A;tl

For every ¥ € R% it is obvious that
Ot — sV <V AW LBt —s) I, A=A, or By,

Let

~

K(s,t,z) = (2r)"2 det(B,,)

N|=

B,
exp{ _ (Boz,2) t; z) } (2.89)
Then for every 0 < s < t < T and 2 € R?, there exist positive constants C'(©) and C(0)
such that

dtk _ Clz—y|?

IVFK (s,t,2)| < C(t—s)" 2 e = , k=0,1,2. (2.90)

By (2.90), all calculations used in Lemma 2.2 are applicable for (2.88). We obtain

Theorem 2.3. Suppose b € L1(0,T;C(R%RY)) and f € LU0, T;C*R?)) with a € (0,1)
and g € (2/(14+ «),2). Let (aij)axa be a symmetric d x d matriz-valued bounded function,
which satisfies condition (1.7).

(i) (Existence and uniqueness) Then there is a unique strong solution u to (2.88),
which also lies in Q;Lﬁ for every 0 € [0,1+ o — 2/q). Moreover, Vu € C2(]0, T); Cy(R%: RY))
for every 0 € [0,1 + a —2/q) and there is a real number € > 0 such that for large enough
A>0,

[Vulleo < T, 0,0, 0, [Bgc) A~y (291)

(i1) (Stability) Let wu,, be the unique strong solution of (2.88) with b and f replaced by

b, = bxp, and f, = f*p,, respectively. Then u, belongs to g;’j’ﬁ for every 0 € [0,1+a—2/q)

and satisfies (2.2) uniformly in n. Furthermore, u, —u € C([0,T]; CL(R?)) and for every
p = 2 we have

lim [|lun — ullsco + [[Vun — Vullpo] = 0. (2.92)

n—-+o00
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Remark 2.4. Let u € QZ’{Q be the unique strong solution of (2.88). For every small enough
€3 > 0, we have

(Vu(t,z) — Vu(t,y)|

sup
z,y€R Ay |3§' — y|1+a—%
1—e3 €3
Vu(t,z) — Vu(t,y Vu(t,z) — Vu(t,y
[y v S = Suen]
z,yER Ay g3 z,y€R? z#y |[l§'—y|

oyl

Observe that 1 +a —2/q —e3 < (1 —e3)(1 + a — 2/q) and V*u € L%(O, T; Cy(RY; RIX4)),
then
|VU<,ZE) - vu(uy)| < [vu]lfe?,

su
dp 1+a_2 1+a—%—£3
z,yeR x4y |ZE — y| q 00 T=es

V2u()|¢ € Lama (0,T).

a2
Therefore, Vu € Ny=2LP(0, T} C;+ (R4 RY)) and for every p > 2 there is a positive constant
C(d,T,a,q,\,p, [b]ga) such that

HVUHLP(O 1+a < C<d= T,a,q,\p, [b]q,a)[f]q,a- (2-93)

7ic) T (Re;Ra))
Remark 2.5. For the Cauchy problem (2.88), when f € L1(0,T;C¥(R?)) forq € (1, +o0] and
be L>(0,T;C(RY RY)), Krylov [17] proved that it is uniquely solvable in L(0, T;CZT*(R4))N
WLa(0,T;C(RY)), and when f has polynomially or exponentially growth with Holder norms,
the well-posedness was also established by Lorenzi [28]. Recently, Tian, Ding and Wei [39]
generalized Krylov and Lorenzi’s results to the case of b € L*(0, T;C&(R%; R?)). When the co-
efficients are bounded in the temporal variable and locally a-Holder continuous in the spatial
variables, the L>®(C*)-Schauder estimate for solutions was derived by Krylov and Priola
[24]. This result also applies to the following parabolic PDE (also see [5] for fractional PDE):

d
owu(t,z) + > am(t,x)(’?gw]_u(t, r) + b(t,x) - Vu(t,x)
ij=1

—c(t,x)u(t,r) = f(t,z), (t,z) € (T,5) x R,
u(t, x)li=s = g(x), |f({t, )] < Foclt, x).
Here, we only assume that b € L1(0,T;C*(R%RY)) and f € L4(0,T;C*(RY)) with q € (2/(1+

a),2), so we extend the existing results. This result plays a key role in proving the strong
well-posedness for SDE (1.1).

3 Proof of Theorem 1.2

Let A > 0 be a large enough real number. Consider the following vector-valued Cauchy
problem:

d
OU(t,x) +5 > ai;(t)03, . U(t,z) +b(t,z) - VU(t, x)

= AUJ(:t1 x) —b(t,z), (t,x)€[0,T)x RY, (3.94)

U(t’ x)|t:T - 07 YIS Rda
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where (a; ;)axa = oo . Since b € L1(0,T;C*(R%R?)) and o € L>(0,T), in view of Theorem
2.3, there is a unique U € (Q;Lﬁ)d (see (2.23)) solving the Cauchy problem (3.94) for every
0 € 10,1+ a—2/q). What is more, by (2.91) there is a real number € > 0 such that for large

enough A > 0,
1
sup [|[VU(t)|lo < C(d, T, ,q, 0, [blga)A [b]ga < 5 (3.95)
0<t<T
We set ®(t,x) = x + U(t,r), then ® forms a non-singular diffeomorphism of class C1¢

uniformly in ¢ € [0,7] via (3.95) and

1 3 2
s < sup [Ve(t)o<5, 5 < sup [VI@)o <2 (3.96)
2 o<t<T 2 3 ot<T
where U(t,-) = ®71(¢,-).
By Theorem 2.3 and Remark 2.4, one has
a2
Ve =1+VUe N0 I0T:C " 'RER™ )N 0 40, TECRER™). (3.97)
p=

0<0<1+a—§

Notice that

VUL 2) = VO, U(t, 2))] (3.98)
then
VU (-, z)— VU(,
p  [THC0) V8]
z,y€R z#y ’Qj — y’ q
Vo '7\I/'a -1 Vo '7\1['7 - Vo '7\II'a Vo '7\I/'a -1
gy UTOLEC) TG ) - AT
z,y€R z#y [z — | !
<4 Sup Hv ( Y ( 73/)) v g Y ( 7.%'))“ < 8[v(b(’)]1+a_2 G m Lp(O,T),
z,yc€Re Ay |x — y|1+a_5 q p>2

where in the last two inequalities we have used (3.96).
On the other hand, by (3.96) and Theorem 2.3, for every 0 < t; <ty < T,

|\I/(t2,$) — qj(tl,l‘” < 2|CI)(t27 \I/(tl,.l’)) — q)(t27 \I/(tg,l’)”
=2|D(t2, U(t1, 2)) — (ty, U(t1, 7))| (3.100)
=2|U (ty, U(ty, 2)) — U(tr, W(tr,2))| < C(+|a]*) (2 — t2)' 7,

where the last inequality stems from the Sobolev imbedding W4(0,T) < C 1_%([O, T)).
Similar to (3.99), one gets

[VU(ts, ) = VU(ty, z)

sup _
t1,t2€[0,T),t1 #t2 |t2 — t1|9
Vo(ty, U(t —VoO(t;, U(t
<4 sup [V E(ta, Wt 7)) < (t1, W(t1,x))||
tl’t2€[0’T]1tl7£t2 ‘tQ - t1’9

[VO(ty, z) = VO(ta, 7]

<4 sup sup

t1,t2€[0,T],t1#t2 z€RE |t2 —t ‘é
U(ty, ) — W(ty, )| Te—e 0
+4[vq)]oo l+a—2-¢ sup | ( 2 7) ( 1,x~)| - )
’ a t1,t2€[0,T,t1 %2 |t2 — t1|9
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which can be bounded by

P —Vo
o] ap s 7000

- +(1+ \x|a)T(1+a*§*€1)(lf§)*é] < +o0,
t1,t2€[0,T),t1 #tazeR? |t2 - t1|9

for every 0 < 0 < (1+a —2/q)(1 — 1/q) if one chooses & > 0 sufficiently small. Thus,

VU e n c?([0, T]; C(R%; R>Y) (3.101)
0<b< (1+a=2)(1-1)
and VU (t VU (t
sup IV P22) = VLD o ey, (3.102)
t1,t2€[0,T),t1#t2 |t2 — t1|9

For 0 < é& < 1 and t € [0, 7], define

1 t+éo 1
U, (t,z) = ~—/ U(r,x)dr :/ U(t+ 7éy, x)dr
0

€2

and P, (t,x) = = + Ug,(t,z), where U(r,z) := U(T,z) = 0 when 7 > T. Then ®;, €
C([0,T];C(RY)) N C([0, T); C*(R%)). Let X,; be a strong solution of SDE (1.1). In light of
[to’s formula, one verifies that

DO, (t, Xsi(x)) = Og, (s, 2) / 0, U. (x))dT

+ / b(7, Xs (7)) - VU (1, X, - (2))dr + / b(t, X, ,(x))dr (3.103)

s

* % / tr(V*Us (7, Xor(¥))o(r)o " (7))dr + / [+ VU, (1, X (2)))o (7)dW,.

Since U € (G, 2ye_if one lets & tend to 0, we obtain

Us, (t, Xs1(z)) — U(t, Xs4(2)), Vite[s,T], P—a.s.,
VU, (T, Xs..(2)) — VU(T, X5, (2)), Vr1elsT], P-as.,
0: U, (1, X5 () — 0;U(7, X, - ()), ae. 7€ [s,T], P—a.s.,
V23U, (1, X5 7 (2)) — VU (1, Xs.-(2)), ae. 7€ [s,T], P—a.s.

(3.104)

By combining (3.103) and (3.104), along with the fact that U(¢, ) solves the Cauchy problem
(3.94), an application of Lebesgue’s dominated convergence theorem yields

D(t, Xsi(x)) = (s, 2) + A tU(T, Xs.r(z))dr + /t[f + VU (7, Xs.-(z))]o(7)dW,. (3.105)

Denote Y = ®(t, X,4), it follows from (3.105) that

dY,, = \U(t, U(t,Y,,))dt + [T + VUL, U(t, Yy ,))]o(t)dW,

b( Y, )dt + 6(t, Yo )dW,, t € (5T, (3.106)
s,t’t:s = CD( )
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Conversely, if Y ; is a strong solution of SDE (3.106), then X, = W(¢, Y; ) satisfies SDE (1.1).
Therefore SDEs (1.1) and (3.106) are equivalent. Observing that 9,U € L4(0,T; C(R% R?)),
one has U € C'74([0,T];C(R%; RY)) and & € C'~4([0,7];C(R%:RY)) by using the Sobolev
imbedding. This, together with the fact ®(t,-) forms a non-singular diffeomorphism of class
C1Y uniformly in ¢, implies that it suffices to establish conclusions (i) and (1.8) directly for Y,
and its inverse. For assertions (1.9) and (iii), the strategy proceeds in two stages: first proving
them for Y, and Y;Ttl, then extending the results to X, ; and X, tl via pushforward /pullback
operations induced by .

(i) We divide the proof of stochastic flow of homeomorphisms into two parts.

e The unique strong solvability. By the regularity of U and assumptions on o, we
have Vb € C([0, T]; Co(R%: R**4)) and & € L%(O,T; CL(RY; R D)) N C([0, T7; Cy(RE; RIX4Y).
Owing to Cauchy—Lipschitz’s theorem, there exists a unique strong solution Y5 ;(y) to (3.106).
An application of the It6 formula to |Y;.|P yields that

1 pp—1 o~
)Y ()P <pl|Yar(y)[P~Hb(t, Yar(y))ldt + (T)Ws,t(y)!p lla(t, Yauly)) P dt

+p| Y (y) ’p_2<Y;,t(3/)a a(t,Ys(y))dWy)
<CO[1+ |Ys,t(y)|p]dt + pllé,t(y)lp_2<Y;,t(y)» a(t, Ys,t(y))th>-

For every ¢ > s, fst Y- (9)|P~2(Y; - (y), 6 (7, Ys - (y))dW,) is a martingale. Then, as a result of
Gronwall’s inequality, to get

sup E[Y,:(y)]” < C(1 + |y["). (3.107)

s<t<T
e Stochastic flow of homeomorphisms. Due to [26, Lemmas 11.2.4, 11.4.1 and 11.4.2],
we should prove that: for every z,2',y,y' € R? (z # y, 2’ # 3/) and every s,t,s',t' € [0,T]
(s <t s <t),

sup E|Y,(x) = Yau(y)* < Cla —yf*, V<<, (3.108)
s<t<T
and
]E|775,t (ZE, 1’/) —Ns' (ya y/)|p
<08—2p{(1 + |:E|p + |JJ’|p + |y!” + |y'\p) [|8 — S/|g + |t — t/|%] (3.109)
o=yl + e =y} V22, e -2l 28>0, ly—y|=d>0,
and
Elnes(2) — now @) < C[12 —91P + s — §'|2 + [t —t|2], Vp>0, (3.110)
where
1 ——— if # = |z|2r € R?
s ) = d n(3) =4 HYe@D )
Nst(x, ") V(o) = V@) and 7,,(2) { 0, if & = |2| 22 = oo

For every p > 2,

Nst(z,2") = ne e (y, y') P
<2 M nsa(@, )P Ing v (2, )P [[Yer (@) = Yo u )P + [Yeu(a') = Yo u (y) ]
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and

195, (2) = N (DI < [0 ()P[0 0 ()P Ya () = Yoo ()P
These, together with the element inequality |a; +b;|? < max{2°~1, 1}[a? +b%] (a1, b1,p € R,),
Holder’s inequality, (3.102), and the estimate

E sup (1+ [Yo:(y)])* < C(A+y[)*, V<O,

s<t<T

which can be proved clearly since b is Lipschitz continuous and & is bounded, implies the
estimates (3.109) and (3.110) if one shows the following inequality

EfYai(2) = Yo )P < {lo =gl + (1 + ) [ls =55 + |t =¢8]}, ¥ p>2. (3110)

Thus, it suffices to show (3.108) and (3.111).
Let us prove (3.108) first. For é > 0, we choose Fy,(z) = f (x) = (& + |z[*)° and
Yei(z,y) := Yss(x) — Yss(y). Thanks to the It6 formula, then

Foy(Yar(z,y)) < Foplz —y) + O / Foy(Var (2, y))dr
+Clo(e— 1) / Voo, p))r (3.112)

+2</ & Yar(2,9) (Yer(@,y), (6(7, Yr(2)) = 6(7, Yar (y)))dW>),

where k(1) = ||V2U(7)||o € L= (0,T) for VU € LT (0, T; C}HR?E R™?)) and

2 17 lf Z:ja
}/ST_(}/STJY;TJ'”? ST {O7 1f27é]
By (3.112) and the Gronwall inequality, we derive
sup E[ég + |Ysi(z) — Y&t(y)mg < C’[Eg + |z — ymg.

s<t<T

By letting €5 | 0, then (3.108) holds.
Let x,y,€ RY (z # y) and s,t,5,¢' € [0,T] (s < t, s < t'). Without loss of generality,
we assume s < §' <t <t'. For every p > 2, then

\Y;t(x) - Y;',t’ (y) ’p

,1 (3.113)
S HYou(@) = Yor ()P + Ve (y) = Yor ()P + Yo u(y) — Your ()[P].
Applying the It6 formula to |Ys¢(x) — Ys+(y)|P to get
EYsu(x) = Yau(y)l?
- 1 / Yoorl) = Yer )P b7 i (0)) = b7, Yo ()l
(3.114)

+1E/ Yo (0) = Y ()20 Yo (0)) = 30 Yo )27 s 4| — o

<o —yPP+C / 1+ R2(DIE|Y,r (2) — Yo (y)Pdr,

S
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which suggests
sup E|Y,.(x) — Vu)l < Cla — " (3.115)

s<t<T

For |Y:(y) — Yo +(y)|P, analogue calculations imply

E|Y;:(y) — Yo ()|

t
<E[Y.s(y) —y|" + CE / Yer(y) = Yo r P 0(7, Yair () — b(T, Yo e (y)ld7

t
#CE [ Warlo) = Yaa )50 i () = (7 Yo () P
t

<EYouly) = ol? + CE [ (L4 20 Yor ) = Yoo o)

s/

where & is given in (3.112). This, along with the Grénwall, Minkowski and BGD inequalities,
leads to

ElY:(y) — Yo u(y)|" < CE[Y, o (y) — y[”

:CE’/ E(T,Ys,f(y))err/ (7, Y57 (y))dW;

p

<C‘ / [E[b(r, E,T(w)!”ﬁde + C’E[/:/ 16(r, gﬁ(y))‘pdT]g (3.116)

<C[1+ sup E[Y, (y)]P]ls — P+ Cls — &)
s<t<T

SC[A+[yP)ls = s'PP+ s — s')2] < CA+[ylP)]s — &2,

where in the fourth line we have used the fact b is Lipschitzian uniformly in temperal variable
and ¢ is bounded, and in the fifth line we have used (3.107).
For the term |Yy 4(y) — Yy (y)|?, one deduces that

tl t/
~ p
EYouly) ~ Yeul)P =E| [ B Yootodr+ [ o0, Yo )W,
t t

<C(1+yP)|t -5

(3.117)

Summing over (3.113), (3.115)—(3.117), we obtain (3.111). Thus Y;(-) forms a homeomor-
phism. Since Y;; satisfies equation (3.106), we have

t

VoY ) = Yo (o) + / b(r, Yar (V3 (0)))dr + / 5(r, Yo r (Y3 (4))) AW

Note that Y, (Y,;'(y)) = Y (y), thus

T,t

Vi =y- | ¥ )i - / Y ) (3.118)

Hence Y, (y) is continuous in (s, ¢,y), a.s. w € €, and {Y;,(z), t € [s, T]} forms a stochastic
flow of homeomorphisms to SDE (3.106).
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(ii) We now turn to show the differentiability, gradient and Hélder estimates. Observing
that the inverse flow Y, ' satisfies SDE (3.118), which has the same form as the original one
(3.106) (only the drift and diffusion have opposite signs), the proof of the differentiability,
gradient and Holder estimates for }/;;1 are similar to that of Y; ; after taking into consideration
the backward character of the equation. For the differentiability and gradient estimates, it
suffices to present detailed proofs solely for Y;,. Holder estimates follow first for Y;,, then
for X, via W.

Let e € R? with |e] = 1. For 6 € R\{0}, we set Y2,(y) := [Vou(y + de) — Yi(y)]/d. By
(3.106), we have

Vi) =t [ ([ Yoy 0+ (0 Y, )Y (i

i, (3.119)
[ ([ Totn Vel 86) 4 (1= Y)Y ()
s 0
Notice that
Vb(t,x) = AVU(t, U(t,2))\VU(t,z), V&(t,x)= VUt U(t,z))VU(t, x)o(t)
and
VU e N LP0,T;:C, " *(RER™ )N A L0, T;CHRE R™Y)),
p=2 0<0<1+a7%
q a—2
V2U € L7 (0, T; Co(RL RPY) N L2(0,T5¢, 7 (R RYY),
by (3.96), (3.98) and (3.99), then
N a2
Vbe N LP(0,7:¢, " *(RGR™) N A L0, T;CRY RIxT)),
p=>2 0<h<1+a—2
1ta-2 ; R T . (3.120)
Voe N L0T:C, " T(RERY)) C LX0,T5¢, T (RERT)).
2<p< 2—?104
If one sets
R(r) = IVa ()0, 7(T) = [Vo(T)]11a-2 and (1) = [VO(T)]y 42, (3.121)
then &, &,k € L*(0,T).
By It6’s formula, Holder’s inequality and (3.120), we conclude
t
EYS(0)P < 1+ CE [ [1+ RNV wPdr
which suggests that
sup E|Y (y)[" <Clp), Vp>2
s<t<T
This, together with 1t6’s formula and BDG’s inequality, leads to
E sup [Y,(y)P <Clp), Vp=2. (3.122)

s<t<T
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We rewrite (3.119) by
dY3,(y) = bs(t, Yau(y, 60)) Y. (y)dt + 65(t, Yau(y, 60)) Y. (y) AW, ¢ € (5,71, (3.123)

where
1
bs(t, Ys+(y, de)) :/ Vb(t, oY (y + 0e) + (1 — 0)Ys(y))de,
0
1
5a(t,Yoal06)) = [ To(0.¥ialy+06) + (1 = Yol
0

Let 6,8’ € R (0 # &), z,y € R (x # y) and s,t,8,t' € [0,T] (s < t, s <t'). Without
loss of generality, we assume s < s’ <t < t’. For every p > 2, then

|Y;§t(x) - }/sé’:t’ (y)|”

- : , , , , (3.124)
<3 ! [‘th(x) - th(:y)’p + ‘Ytjt(y) - Yj,t(?/)’p + ’th(y) - Yj,t' (y)m
Invoking It0’s formula and Holder’s inequality, we guarantee
BV~ YE P < OB [ V26 - VP 1Y)
(Yo .06) = o Yo )i+ [ 1Y) = Y5 )P
(3.125)
X Y ()P [165(r, Yar(w,6€)) — G (7, Yar(y, 0'€)) | dT}
t
+CE [ 14 ROV () - Vi w)Pdr
Let % and & be given in (3.121). By (3.120), we get
165 (7, Yar(, 6€)) = by (7, Ve £ (y, 0'€))|
1
</ |Vb(T, Y5 (2 + de) + (1 — ) Y5 - (x))
0o (3.126)
= Vb(7,1Y, - (y +d'e) + (1 — )Y - (y)) || de
SCRT)|YVar i+ 8e) = iy + 8'e) 70 4 V() = Vo ()] 77
and
165(7, Ys (2, 0€)) = 65 (7, Y52 (y, 8'€))|
1
</ Vo (r, Yy (x4 0e) + (1 — )Y, (x))
0 (3.127)

—Vo(r, Y, (y+d'e)+ (1 — )Y, (y))|lde
<OR(T) |[Var (& + 8) = Yarly + 0'e)[ 70 + [V () = Yary) 775 .
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Combining (3.125)—(3.127), it follows that
EY:(x) = Yaw)l
t
<CE [ (14 R(r) + #(r) + RV 0) - Vi ()P

+0/ [i(r) + R3] [EIV () 7] { B (1Y (2 + ) = Vi ply + ') 704070

N|=

+ [Yirly) = Yor @) 07701}
By (3.111) and (3.122), then
E|Y7(x) = Y )P
<ce | [+ () + () + ROV (@) — Y, ()P 5.128)
+C/ ()] dr [l — yPa+eD 1 |5 — g+,
which also implies
Y2 (2) = Yo ()P < Oflw — o) 4 |6 — §/p0tea)], (3.129)

if one uses Gronwall’s inequality.
For Y7, (y) — Y2, (y)|P, we estimate that

EY2i(y) = Vi)l
<EIY.(y) — e + CE / [+ R+ A6+ RV ) - Y ()P
+0 [ [st) + ] BV )
X {E Yar(y + 0'€) = Yu o (y + 0€) P 1Y, 1 (y) — Yo ()| PO+ )] }5d7
<EYZy) el + CE | [+ )+ i)+ RV 0) - Y )P
+ C/t [(7) + B2(r)] dr [1 + [yl + |0'[7]]s — /| 200,

/

This results in

E[Y2(y) = Yo ()P < EIYZ,(y) — el + ClL+ [yl? + |§'F][s — /|20, (3.130)
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Notice that
B[V, (y) — el

—B| [ bo(r Vool SNV )r + [ Vil S|
g

<c| [ v emiarf ol [ oy wias)

s’ p(2=qe)
<Cls — 5P+ CE sup [V ()l | / R (rydr| T s — [EO D

s<t<T

<Clls =P+ s — s’|g(1+a*§)},
where £ is given in (3.112), we conclude
EIYZ(y) = Y, < CLL+ [yl + |6F]]s — 200, (3.131)
For the term |V, (y) — Y;‘?:t, (y)|P, it yields that
Y. (y) — Yo (y)”

5| [ butr Verlp 0 NVE ar + [ o0 Yoty SNV | (3122)

<C|tt—t’|’5(”“3>. t
Summing over (3.124), (3.129), (3.131) and (3.132), one ends up with

BIVE, (0) — Vo)l < Ol =y 4 5 - rpra
b(14a_z o (3.133)
(L P+ [0 — 82T 4 i t’]5(1+"‘5)}.

By Kolmogorov’s extension theorem Ys‘ft(y) has a continuous extension at o = 0 for
0<s<t<Tandy e RY as.. This means Y, (-) is continuously differentiable in the
domain {(s,t,y) | 0 < s <t < T,y € RY}. Moreover, VY, ,(y) satisfies

dvys,t(y) = AVU(t,V(t, Y (y))) V(2 K,t(y))VY;,t(y)dt
FVRU (L U(E, Yau () V(L Veo(y)) VYo a(y)o (D) dWs, ¢ € (s,T), (3.134)
VYS,t(yNt:s = Igxa-

Furthermore, for every p > 2, 2,y € R? (z # y) and s,t,8,¢' € [0,T] (s < t, s <t), we
have
E sup VY. (»)|” < C(p) (3.135)

s<t<T

and
E(|VY;i(x) = VY (y)[”

3.136
<C{\x — y‘p(1+a—§) + [1 + |y‘p} s — S/‘§(1+a—§) bl — t’|g(1+"‘_§)}‘ ( )
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By (3.136) and the Kolmogorov-Chentsov continuity criterion, VY;;(y) has a continuous
realization (denoted by itself), which is locally (5/2, /2, 5)-Holder continuous in (s,t,y),
for every 8 € (0,14 o — 2/q), i.e., there exists 0y C Q with P(Qy) = 1 such that VY;,(y)
is locally (/3/2,3/2, 8)-Holder continuous in (s,t,y) for all w € Qy. In addition, by (3.120),
Ito’s formula and BDG’s inequality, we also get an analogue of (3.136) that

sup E sup ||VY.(z) — VY, (v)||P < Cla — y]p(Ha*%), Vp>2. (3.137)

0<s<T  s<t<T
By [42, Theorem 1.3], for every 8 € (0,1 + a — 2/q) and every R > 0, then

Y. — VY.
(ap 1Tl = V)

z,y€BR,x#y |z — y‘ﬁ

p
sup E[ sup ) } < 400, Vp=2. (3.138)

0<s<T  Lst<T
Since X, ¢(x) = U(t, Y (P(s,2))), we have
VXsi(z) = VU(L Y1 (P(s,2))) VY5 (P(s,2)) VO(s, x). (3.139)
By (3.101), (3.102) and (3.139),

VX i(2) = VXa ()l

SOt =t °[1 4 [You(R(s,2))| NI VY, t(D(s, 2)) |
+ ClY 1 (D(s, ) = Yo o (D5, 9))I° [ VYo 1 (D(s, 2)) | (3.140)
+ C|| VY1 (@(s,2)) = VYo o ((, 9))]
+ O VY o (2(s',9)[IVO(s,2) — VO(s',y)],

where 7,y € R, s,t,5',t' € [0,T] (s <t,8 <t),0<0 < (1+a-2/¢)1—1/q) and
0c(0,1+a—2/q).
On account of (3.97), (3.107), (3.111), (3.135) and (3.136), for every p > 2,
E|VX.i(z) = VX @)|7 < Clt = ¢[7[1+ |B(s, 2) "]
+ C{@(s,x) — O y) [P+ [+ [0 )] [|s — 1% + [t — 1] %]
+[®(s, ) — B(s', )P 4 [1 4 |D(s, )] |s — &'|FTHD
+ |t — t’y%(”“*%)} +Cs — 5/|% +Cla — y|?
<C(1+ |zf? + |yl?) [|t ST L ST (3.141)
+ s — s'|p(1+°‘_%)(1_é) + s — S’|§(1+a—§) Flt— t/|§(1+a—§)}

F Ol =y + fo =yt

<C[|$ —ylP? + (1 + [z? + [y”) (]t — #1704 |5 — Sl’(l—%)p@)],

where 6 > 260 and z,y € Bg (R > 0).
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Using the Kolmogorov—Chentsov continuity criterion again, V.X,,(z) has a continuous
realization (denoted by itself), which is locally (71,71, v2)-Holder continuous in (s,t,z) for
every 0 <y < (1—-1/¢)(1+a—2/q) and 0 < 72 < 1+ a —2/q. In particular, (3.141) holds
true for s = ¢’ and ¢t = t'. We then apply It6’s formula and BDG’s inequality, to get

sup E sup ||[VXi(z) — VXe:(9)|P < Cla — y|”9, YV x,y € Bg.

0<s<T  s<t<T

This, together with [42, Theorem 1.3], yields the estimate (1.9) for VX, ,(z).

(iii) Clearly, it is sufficient to prove the stability for X,;. Let U, be the unique strong
solution of (3.94) with b replaced by b,. By Theorem 2.3, U,, belongs to (g;f;f)d for every
0 € [0, 1+a—2/q) and satisfies (2.91) uniformly in n. Moreover, U,—U € C([0, T]; C} (R%; R?))
and

lim [|U, = Ullso + [|[VU, = VU] 50] = 0. (3.142)

n—-+00

Let @,(t,z) = x + U,(t,x), then {®,},>; form non-singular diffeomorphisms of class C**
uniformly in (¢,n) € [0,7] x N, and

1 3
S < sup [V ()]l <

2
-, =< sup [|[VU,(t)]o <2,
0<t<T 2" 3 o<t

where W, (t,-) = ®1(¢,-). Notice that

[n(t,2) = W(t, 2)] < sup. IV ()] lo| Pu(t, Ta(t, ) — Pu(t, U(t,2))]
<L2[D,(t, VU, (t,x)) — P, (t, V(t, z))|
:2|(I)(t> \Ij(tvx)) - (I)n(t> \IJ(t7x))| <2 sup ||Un(t> - U(t)||07

SIS

then
lim ||V, — Ul|/xo =0. (3.143)

n—-+o0o

Let Y, = ®,(t, X7,). It satisfies the following equation:

dY], = UL (t, W, (8, Y4))dt + [+ VUL (t, W, (8, Y]))|o(t)dW;

= b (t, Y2 )dt + G (8, Y)W, t € (s, T), (3.144)

) L8t ) T8t
Yiili=s = y = @u(s, ).
Observe that
[ Xei(z) = Xou(2)| = [W"(2, Y, (@ (5,7))) — W(t, Yis(P(s, 7))
KW = Voo 0 + IV loo 0| Y4 (@ (5, 7)) — Yt ("(s, 7))
+ [[VU 00,0 Y5t (@7 (s, 7)) — Yii(D(s, 7)),
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then
lim sup sup E sup |X7,(z) — X (z)[”

N—=+00 pcrd 0<s<T  s<t<T

<C’ hm [H\I/n—\I’Hgoo
+ sup sup E sup [Y, t(@"(s z)) — Y (P"(s,2))[P

r€Rd 0<s<T  s<t<T

+ sup sup E sup |V, (®"(s,)) — Y, (P(s,2))["]

z€RA 0<s<T  s<t<T

<C lim [sup sup B sup [Yy(y) — Yau(y)" + [|2" — @[5, o]

NH00 Ty cRd 0Ks<T s<t<T

=C" lim sup sup E sup |Y5nt( ) — Yo (v)|P,

N+ cRd 0<s<T  s<t<T
thus it suffices to show the stability for Y ;. ]
For every p > 2, applying It0’s formula for Y, — Y|P, to get
dlY, = You | SCO)IYS, = Yoo P U = Ullooo + 1VUlloo 0% = ¥lloc,0
H VU oo 0l VO lloo0 Vi = YaulJdt + C(p)| YLy — Y~
x [[IVUL(8) = VU5 + IVU ORI ¥0 = 120 (3.146)
+ VUG VENZ%0lY = YeelP]dt + plY], — Yo7
X (Y =You, [VUR(E, W (8, YY) = VU(E U, Ys))|o(8)dWy).
By using Holder’s inequality, we deduce from (3.146) that

(3.145)

t
EY?, - Y, ' <C()E / 1+ (][N — Vi Pdr
CH)Un = UlPog+ 11%n — |2 o + VU, — VU| 5],

where £ is given in (3.112).
This, together with the Gronwall’s inequality, (3.142) and (3.143), implies

lim sup sup sup E[|Y;”t( )—Ys,t(y)ﬂ

n=+00  Rd 0<s<T s<t<T

~ ~ (3.147)
<C T [JUs = Ul + 190 = Ul g + VU, = VU] = 0

By (3.146), (3. 147) and BDG’s inequality to get for every p > 2 that

lim sup sup E sup |Y:snt( ) = You(y)l?

n—-+0oo y€ERL 0<s<T s<t<T

<C lim [|lUy = Ulloeg + VU, = VU + ¥ = U2 ]
T
I [ E [ [[Y2(y) — Yauly)?2
+C lim [ sup B [ 1Y) = Va0 (3.145)

< IV Ut U, Y1) — VU (L U(t, Vs )| dt}

T
<C lim [ swp B [ IV20) - Vsl i) ~o,

n—-4o0o 0<s<T

From (3.145) and (3.148), we complete the proof. [J
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4 Proof of Theorem 1.4

Before giving the proof of L2-transportation cost inequality (1.17), we need a useful lemma.

Lemma 4.1. ([38, Lemma 2.1]) Let (&, p) be a Polish space and ® be a homeomorphism on
&. Let P(&) be the class of all probability measures on &. For p,v € P(&), we define the
L?-Wasserstein distance between p and v by

W';(u, v)= inf (/(goxgﬁQ<¢1,¢2)d7T(¢1,¢2))2-

WSAORY

The relative entropy (or Kullback information) of v with respect to p is given by (1.18). Then
we have

(i) W2 (u,v) = W’;oq)_l(u o® 1 vod1). Moreover, if there are positive constants c; and
¢y such that
c1p(d1, d2) < p(P(d1), P(¢2)) < cap(Pr, P2), d1,02 € &,
then ) ) )
AW (p,v) K Wh(po® ' vod ) < Wiy, v).
(ii) H(v|pu) = Hy o @ o d71).

Now, let us give the proof details. Let U be the unique strong solution of (3.94). Then
U € (G, ) for every 6 € [0,1+ a — 2/q) and satisfies (3.95) for some large enough \. We
set D(t, ;U) =12+ U(t,r) and define ®,d~1: Q — Q by

B(B)(t) = B(t, 6(1)) and & (B)() = B (1, 6(1)), ¢ € 2, t € [0,T), (4.149)

where Q = Cy([0, T]; R?)
By (3.96), ® forms a homeomorphism on 2 and

%‘|¢1 — ¢alla < ||P(d1) — P(d2) |0 < ;HCM — ¢alla, ¢1,02 € Q, (4.150)

where | - [|q is the uniform norm on €2 given by (1.16).
We choose (&, 5) by (2, || - [|o) and W’ by Wq. By (4.150) and Lemma 4.1, it is sufficient

to show ) 3 R R
W24(Qod 1 Pod ) e @TatOMlac) ff(Qo d ! Po dh). (4.151)

Let {X;(z),t € [0,7]} be the unique strong solution of SDE (1.1) with s = 0 on the
given stochastic basis (2, F, P, {F; }oci<r) with P as its law on . Then Po ®~' is the law of
Yi(y) = ®(t, Xi(x)) on Q, where Y;(y) satisfies

dYi(y) = AU(t, @7 (¢, Ya(y)))dt + [I + VU (2, @71(t, Y (y)))]o(t)dW;
—=: b(t, Y;(y)dt + 6(t, Yi(y))dW,, t € (s, T, (4.152)
Ytlt:O =Yy= (I)(O, SL’),

with b € C([0,T); C{(R%: R%)) and & € L*(0, T; CL(R%: R™4)) N C([0, TT; Cp(R% R?*4)), which
satisfy

3vdo
2

IVBllooo < 1, [|6]loc0 < and [|V&|ao < C(d, T, q,0, [Bly.a). (4.153)
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Let Q e 2(Q). If Qo ® ! is singular with respect to Po &' or Qo &' < Po d~!
with H(Q od~ 1|]P>o d~1') = 400, then (4. 101) holds mutatis mutandis. We now assume that
Qod '« Pod 'and HQod 'Pod ') < +00. Set

. dQo ®!
0= vy
then 5 -
Qo t o [ Qe
/Q BopWE= /Q pogt W =1

Thus Q € (). Under the probability measure Q, there exists a Brownian motion

{B:}o<t<r and a predictable process {7;}o<i<r such that the coordinates system {w;}o<i<r
of Co([0, T]; R?) verifies

t
wy = By — / ¥r(w)dr. (4.154)
0

A further consequence is that (see [8, Section 5])

- - 1 T
HQo® 'Pod™ ) = 5Ee / |y, (w) | dt. (4.155)
0
Let Y;” be the unique strong solution of
Then the law of ¥ under Q is equal to Po ®~'. By (4.152) and (4.154), Y; satisfies
dYi(y) = b(t, Yi(y))dt + 5 (t, Yi(y))dB: — 6 (t, Yi(y))wdt, t € (0,7,
Yiy)li=o =y = ©(0,2),

under Q. Therefore, (Y7,Y) under Q is a coupling of (P o &', Q o ®~). By (4.156) and
(4.157),

(4.157)

¥ity) Y = | [ B Y2to)) = ¥ e

+ /t[FT(T,YT( ) — (7, Y (y))]dB; +/ 5(1, Y (y))yedr
<3‘/ - b(T Y (y))ldr

+3]/ (. Yoly)) — 6(r, Y (y)|dB,|

+ 3‘ / (1, Y (y 'deT‘ .
In view of the (4.153), Doob’s and Hélder’s inequalities, we get

Bo sup [¥i(y) — Y/ ()F < 3780 [ [VblEolY:ly) — Y7 (o) Par
0

o<t<r

112K, / 167 Yo () — 6(r, Y2 ()27 + 3]5]1% o7 Eq / Iy, Pdr
0 0

. N 27dOT . [*
<3Bo [ [T+ AIVGIRY: ) - Y )Pdr + P08, [ P
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This, together with Gronwall’s inequality and (4.155), yields

Eq sup [Yi(y) — V' (y)? < COTsOMenl HQo o Bod).  (4.158)

o<t<T

Observing that ) )
W5(Qod ', Pod™!) <Eqg sup |Yi(y) — Y (y)P,

o<t<T

we conclude the estimate (4.151). O

5 Proof of Theorem 1.6

Firstly, we prove that u(t,z) = uo(X; '(x)) is a stochastic strong solution of (1.19). Given
that uy € L=®(R?), we clearly have u € L>(Q x [0,T] x R%). From the fact that X, (z) is
differentiable in x, we have the following chain rule

Vouo(X; (7)) = Vue( X, H(2)) VX, (2). (5.159)
For every p > 2 and every R > 0, by (1.8) and (1.9), then

sup B sup [[Vauo(X, ™ (@))[|” < | Vo] ey sup B sup [VX(2)[P < 400, (5.160)

0<t<T z€Bp 0<t<T z€Bp

i.e. (1.20) holds true.
Given that divb = 0, for every ¢ € C°(R?) and every t € [0,7], by virtue of Euler’s

identity: det(VX,(x)) = exp( [, divb(r, X, (z))dr), then
/R o )l = /}R o) (X, () (5.161)
In light of 1to's formula, it follows that
/]R o)X, () = /R ug(a)plw)d + /0 s /R o) V(X (1) - bl X, (1)
+§; /0 oW /R o), p (X (1)) d
_ /R uo(e)pla)d + /0 ar /R ()b, ) - Vilw)da

d t
—1—2/ odWZ-T/ u(T, )0y, p(x)dz, P —a.s..
i=1 "0 - Jwe
(5.162)

If one uses the integration by parts formula for the second integral in the second identity of
(5.162), we derive (1.21). By (1.21), [pq u(t,x)¢(x)dz has a continuous modification which
is an F;-semimartingale. Thus u(t, x) = uo(X, *(z)) is a stochastic strong solution of (1.19).
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It remains to show the uniqueness. As the equation is linear, it suffices to prove u = 0,
a.s. if the initial data vanishes. Let b,, X™ and (X™)™! be given in (iii) of Theorem 1.2 with
s = 0. With the help of (1.12), then

lim sup sup E[(X]") '(z) - X; '(2)P =0, Vp=>2. (5.163)
nH0 geRd 0T
Since b, is smooth with respect to the spatial variables, by virtue of the characteristic lines and
[t0’s formula, for almost everywhere (t,z) € (0, T] x R? and every ¢ € C°(R?), p((X)~1(z))
satisfies
d
do((X]) 7M@) = =balt, ) - Vaop(X) " (@))dt = ) Oup(X) (@) 0 dWig, P —as.
i=1
(5.164)
As (X7)~!(z) is continuous in (¢, ) and (5.163) holds, there is a (unlabelled) subsequence
(X)) such that (X)) 71(-,w)) € C°(R?) uniformly in ¢ € [0,7] and n > 1 for a.s.
w € Q. By (1.21), (5.164) and Ito’s formula, for every ¢ € [0, 7], then

[t Xp@)ptads = [ atta)o((x0) " @)

—— [ar [ atraburi) - Vol (X))o
0 Jae (5.165)
_ /0 ir /R (@) Vulra)p(X7) " @))de
:/0 o / [ulr2) = b7, )] Vulr, 2)p(X2) (@)dr, P as,

where in the first identity we have used divb,, = 0, in the third identity we used divb = 0 and
the integration by parts formula.

By (2.86), (5.163) and the Lebesgue dominated convergence theorem, if one takes the
limit as n — 400 in (5.165), it leads to

/ u(t, X¢(z))p(x)de =0, P—a.s.,
R4
which implies u(t, X;(z)) = 0 for almost everywhere x € R? and almost all w € €. Since X;(x)

is a stochastic flow of homeomorphisms associated of (1.1) with s = 0, we have u(t,z) = 0
for almost everywhere x € R? and a.s. w € Q. [
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