PUBLISHED FOR SISSA BY 4) SPRINGER

RECEIVED: July 1, 2025
REVISED: July 21, 2025
ACCEPTED: July 22, 2025
PUBLISHED: August 19, 2025

Universal observables, SUSY RG-flows and holography

Dimitrios Chatzis®,* Madison Hammond ©,* Georgios Itsios ®,” Carlos Nunez ©¢
and Dimitrios Zoakos>¢

@ Department of Physics, Swansea University,
Swansea SA2 8PP, U.K.

b Institut fir Physik, Humboldt-Universitit zu Berlin,
IRIS Gebdude, Zum Grofien Windkanal 2, 12489 Berlin, Germany

¢Department of Physics, University of Patras,

26504 Patras, Greece

E-mail: dchatzis@proton.me, m.hammond.2412736@swansea.ac.uk,
georgios.itsios@physik.hu-berlin.de, c.nunez@swansea.ac.uk,
dzoakos@upatras.gr

ABSTRACT: We construct and analyse infinite classes of regular supergravity backgrounds
dual to four-dimensional superconformal field theories (SCFTs) compactified on a circle
with a supersymmetry-preserving twist. These flows lead to three-dimensional gapped
QFTs preserving four supercharges. The solutions arise in Type IIB, Type IIA, and eleven-
dimensional supergravity, and generalise known constructions by incorporating deformations
that avoid typical singularities associated with the holographic description of the Coulomb
branch of the CFT. We examine several observables: Wilson loops, holographic central
charges, and complexity. We show they exhibit a universal factorisation, with each observable
decomposing into a UV-CFE'T contribution times a flow-dependent factor. We also explore the
parameter regimes where higher-curvature corrections become relevant, affecting the physical
interpretation of certain observables. Our findings provide new insights into universal features
of holographic RG flows and resolve a puzzle related to complexity in these systems.

KeEYwoORrDS: AdS-CFT Correspondence, Gauge-Gravity Correspondence

ARX1v EPRINT: 2506.10062

OPEN AccEss, © The Authors.

Article funded by SCOAP? https://doi.org/10.1007/JHEP08(2025)134


https://orcid.org/0009-0000-7636-8790
https://orcid.org/0009-0009-3705-0750
https://orcid.org/0000-0003-3637-5798
https://orcid.org/0000-0002-1958-9551
https://orcid.org/0000-0002-5991-4769
mailto:dchatzis@proton.me
mailto:m.hammond.2412736@swansea.ac.uk
mailto:georgios.itsios@physik.hu-berlin.de
mailto:c.nunez@swansea.ac.uk
mailto:dzoakos@upatras.gr
https://doi.org/10.48550/arXiv.2506.10062
https://doi.org/10.1007/JHEP08(2025)134

Contents

1 Introduction
1.1 General idea and outline

2 Supergravity backgrounds 3
2.1 Background of class I 3
2.2 Backgrounds of class II 8
2.3 Background of class 111 10
2.4 How are these backgrounds constructed? 12

3 Field theory 14
3.1 Some aspects of the dual QFTs 14
3.2 Wilson loops 15
3.3 Flow central charge 23
3.4 Complexity: a puzzle and its solution 26

4 Summary and conclusions 28

1 Introduction

The AdS/CFT correspondence and its refinements [1-3] have been naturally extended to use
holographic techniques for the study of strongly coupled, non-conformal field theories.

There are two well-established approaches to constructing non-singular holographic duals
of confining quantum field theories (QFTs). The first involves wrapped branes — see for
example [4-7]. The second deforms the D3-brane solution on the conifold by introducing
fractional branes, establishing a connection with quiver gauge theories [8—11]. Both approaches
have been extensively explored and generalized. Moreover, it is possible to relate these two
constructions [12-14].

A common limitation of the above systems is that, although the infrared (IR) dynamics
of the dual QFTs is well understood — thanks to reliable string dual descriptions — the
ultraviolet (UV) behaviour remains problematic. Wrapped brane constructions often imply
a higher dimensional UV completion, which may not correspond to a conventional field
theory. Meanwhile, quiver based models do not precisely flow to a conformal fixed point. In
both scenarios, the number of degrees of freedom from a four-dimensional perspective grows
unbounded with energy. Additionally, incorporating fundamental matter (degrees of freedom
in the fundamental representation of the gauge group) is technically challenging, see [15-20].

In this work, we make progress in addressing these challenges. We construct infinite
classes of string theory backgrounds dual to four-dimensional superconformal field theories
(SCFTs) that flow in the IR to (2 + 1)-dimensional N' = 2 gapped QFTs. We discuss
various observable quantities and elaborate on the possible corrections to the supergravity
solutions. Further technical and conceptual details about our construction can be found
in the companion paper [21].



The new backgrounds correspond to families of 4d SCFTs deformed by vacuum expectation
values (VEVs) and compactification on a circle. This compactification is a twisting procedure.
The resulting low-energy theories are three-dimensional, preserve four supercharges, and
are defined on vacua that give a VEV to a global current and a dimension-two operator.
These field theories may be Lagrangian or non-Lagrangian, single-node or linear quivers with
flavours. From a field-theoretic perspective, the SCFT’s R-symmetry is exploited to preserve
a subset of the original supersymmetry, which would otherwise be broken by compactification
on the circle S'. In the case of N'= 4 SYM, this mechanism has been analyzed in detail by
Kumar and Stuardo [22], and initially developed in the work of Cassani and Komargodski [23].
The main technical tools used in our construction are drawn from [24-27].

1.1 General idea and outline

When placing a supersymmetric QFT on a background of the form RV x Sé, one must
define boundary conditions for fermions, scalars, and gauge fields along the compact circle
5’(}5. Typically, supersymmetry is broken in this setting, since scalars and gauge fields satisfy
periodic boundary conditions, whereas fermions are anti-periodic.

However, supersymmetry can be partially preserved by mixing the QFT’s R-symmetry
with the component of the Lorentz group associated with translations along Sé. This idea is
explained clearly for N'=4 SYM in [22], and for generic SCFTs in [23].

Indeed, turning on a constant background R-symmetry gauge field A = Ayd¢ modifies
the covariant derivative in a way that allows massless fermions to survive. These pair-up
with gauge fields and scalars to form massless supermultiplets. Similarly, massive fermionic
and scalar modes organize into multiplets, preserving four supercharges. The result is an
N = 2 supersymmetric theory in three dimensions, supplemented by massive excitations.
Although the background gauge field is constant, it has non-trivial holonomy, which has
dynamical consequences.

The holographic dual of this supersymmetry-preserving twist has been constructed by
Anabalén and Ross [24]. For additional studies employing similar mechanisms, see [25, 27-33].

One aim of this work is to holographically realize the above partial supersymmetry-
preserving mechanism for broad families of 4d SCFTs compactified on S'. Our examples
include single-node CFTs, an infinite family of non-lagrangian CFTs and an infinite family of
linear conformal quivers. We explicitly construct supergravity backgrounds that encode the
geometric realization of this mechanism and proceed to compute a range of field-theoretic
observables.

Several of the observables we compute exhibit a universal behaviour. In certain parameter
regimes, our supergravity backgrounds require corrections. We analyze how these corrections
affect key observables.

We focus on the holographic dual of a deformation of AV = 4 SYM into its Coulomb
branch. The original solution in [34, 35] features a naked singularity, but we work with
a regularised version obtained via the twisted compactification mentioned earlier. This
desingularised solution was constructed in gauged supergravity in [27].

Our supergravity backgrounds depend on several parameters — one of which controls
higher-order invariants such as Rgb and Rgbcd. Even when the geometry is smooth, these
invariants can become large. We study their impact on observables like the Wilson loop.



Importantly, many observables show universal behaviour. By this we mean that their
values factorise into a term coming from the UV-CFT and another coming from the RG flow.
This follows from a conjecture by Gauntlett and Varela [36], later proven in [37]. We leverage
this result to resolve a puzzle related to quantum complexity in our QFTs.

The paper is organized as follows: section 2 presents three classes of supergravity
backgrounds (class I was introduced in [27]). We discuss their singularity structure and
corresponding Page charges. Section 3 explores the dual field theory aspects of these
backgrounds. We compute observables such as Wilson loops, holographic central charges,
and complexity, all of which exhibit the universal structure mentioned above. These results
reveal that even in regular backgrounds, corrections — controlled by specific parameters
— can significantly influence the Physics. We also resolve a conceptual issue concerning
complexity. We conclude in section 4.

2 Supergravity backgrounds

In this section we present three supergravity backgrounds. These are solutions of the equations
of motion of Type IIB (for background I), eleven dimensional supergravity (backgrounds II)
and Type ITA (backgrounds III). These all share a common five dimensional sub-manifold,
that was written by Anabal6n, Nastase and Oyarzo [27]. The equations of motion have been
checked using Mathematica. The construction of each of these backgrounds, the presence of
SUSY and other details are discussed in the companion work [21]. We give a quick summary
of the construction in section 2.4. In section 3 we study some aspects of the dual field theories
and observables. Below, we write the backgrounds.

2.1 Background of class 1

We start writing the first of our backgrounds. This is a solution to the equations of motion of
Type IIB supergravity with metric and five form (all the other fields vanish). We choose to
describe it in terms of the coordinates [t,w, z, ¢, 7, 0,1, 1, 2, p3]. We use a vielbein basis,
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The metric is ds? = n.5e%e® (being 14, the ten dimensional Minkowski metric),
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In the expressions above L is a constant (the ‘AdS-radius’). The functions ¢ = ((r,0),
A = Ar) and F = F(r) are
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Moreover, ¢, q1, g2 are constants and € = +1 is a sign. Finally, A; (i = 1,2,3) is a set
of one-forms such that
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The constant r, is the value of the largest root of F/(r). In what follows, we set g1 = g2, in
which case, the background preserves four Poincare SUSYs. The self-dual RR five-form is

F5 = (1 + *)GE) . (26)
In term of the vielbeins of eq. (2.1)
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where e®P4 = ¢ A e? A e AeP Ael. Also, we denoted with a prime the derivative with
respect to the r-coordinate. As a side note, the units of the coordinates and parameters
are: ¢, L have units of length while ¢, g2 have units of inverse length. The coordinates
[t,w, z, ¢, 7] have length dimension, whilst [0, v, ¢1, P2, ¢3] are dimensionless. F'(r) has units
of inverse-length-squared and the one forms A;, A2, A3 have units of length.

Let us now connect the solution in egs. (2.1)—(2.7) with other related backgrounds.

Connecting with Anabalén-Ross and AdSs x S°. In the solution of egs. (2.1)—(2.7)
, we have parameters qi, q2, ¢, L and the choice of sign for ¢ = £1. The case that mostly
interests us is q; = g2 (that preserves SUSY). Hence, let us take ¢ = g2 = @ and define

n=¢@=0Q= é% (2.8)



Note that ¢ has units of length. Consider the limit £ — 0, keeping § fixed. In this case we find

452
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The solution now contains the parameters ¢, L. The choice € = +1 is not physically relevant,
as it is just an orientation for the ¢-direction. This is the solution found by Anabalén and
Ross in [24] and further studied in [25]. We can further truncate by taking § = 0, finding
AdSs5 x S°. In this way we connect these three solutions by flowing in the parameter-space
of the background in egs. (2.1)—(2.7).
Let us now discuss the regularity conditions or singular behaviour of the above solution
of Type IIB.

2.1.1 Singularity structure

To study the presence or absence of singularities we need a better understanding of the

functions A(r) and F'(r) defining this background. As above, we focus on the supersymmetric

case q = g2 = Q. The function F(r) can be written as'
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where r € [ry,00). In the UV limit (r — o0), we have F(r) — % and A(r) — 1. The metric
asymptotes to AdSs x S°. It is convenient to express things in terms of a dimensionless
variable £ and a parameter © defined as,
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The functions defining the background read,
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One can solve the sixth order polynomial equation F'(r,) = 0 directly to obtain an expression
of r, in terms of the rest of the parameters:
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Substituting this in 7, we find that it is positive for every Q when ¢ = +1, while 7 > —1
when ¢ = —1, where the value -1 occurs when @ = 0.

"We use F(r,) = 0 to eliminate Q. In this re-writing of F', we make clear that 7, is a root.



Let us study the root structure of F(§) in eq. (2.12) for different values of the parameter
v > —1. The roots of the fourth order polynomial in the numerator of F are:

o —(1+0)+ 2@+ D -3) o

We make the following observations:
o For 1 € (—1, 00) there are no real roots for 1. The space ends at £ = 1, where F'(§) = 0.

e The value = —1, which belongs to the ¢ = —1 branch of the supergravity solution,
gives & = 0, F(€) = L72, and A\(¢ = 1) vanishes. We claim that in this case (7 = —1),
the background has a singularity at £ =1 (or, at r = r, = {).

To justify the last statement, we compute the invariants sz and Rgbcd. For o = —1 (the
lower of the allowed values of the parameter) we find,
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Both expressions indicate that the geometry is singular along the curve
cos? 0 — §2 =0. (2.17)
In other words, for # = —1, the end of the space £ = 1 is singular when we approach it in

the direction # = 0. In figures 1 and 2 we illustrate the behaviour of the two invariants for
various values of © (around 2 ~ —1) for two values of the angle § = 0 and § = 7. Note that
the space ends at £ = 1. In particular, note that even for 7 = —1 there is no singularity
approaching the end of the space in a direction 6 > 0.

An observation. Consider the case in which the space is non-singular (namely —1 < & < 00).
A natural question is if there is any effect close to the end of the space (at £ = 1). In particular
if for values of the parameter © close to the edge of allowed values © ~ —17 we find any
reason for the supergravity approximation to be invalid. Since studying this analytically
is not straightforward, we plot Ry R and Rgpeq R for the point ¢ = 1 and for different
values of 0 close to § = 0, see also [38]. We also choose the parameter 7 — —17. Figure 3
displays this analysis.

In conclusion, as we approach the end of the space & = 1 in the direction § = 0, with
values of ¥ = —1 we encounter that the supergravity approximation is not necessarily valid
and corrections to the background should be considered. This has consequences for the dual
QFT observables computed using the holographic background, as we discuss in section 3.2.
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To close the analysis of singularities, let us discuss the absence of conical singularities. It
is important to study the metric of the (r, ¢) subspace near r = r, and find the periodicity of
¢ that avoids conical singularities. We use the following expansions for the functions:

2204+ 3)(€—-1)

MO~ oo, Fe~ P L oe-1p,
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We focus on the (7, ¢) subspace. The result of expanding the metric reads,
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Defining a new radial coordinate as p = 2L 41;6, we obtain
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A redefinition of the angle as qb = 5224\’;% ¢, where gf) € [0,27), brings the metric in polar

coordinate form,
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The range in the angular coordinate that avoids conical singularities is
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In summary, the background is regular for 1 < £ < oo with 7 > —1 if we also choose the
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These conditions for regularity encountered in backgrounds of class I do repeat in the

period for the ¢-coordinate to be Ly =

backgrounds of classes II and III discussed below.

2.2 Backgrounds of class 11

In this section we study a family of solutions to the equations of motion of eleven dimensional
supergravity. We use the eleven coordinates [t, z,w, ¢, 1,0, ¢, X, y, v1, v2]. The background is
written in terms of functions of the coordinates (r,y,v1,v2). The functions are X(y, v1,02),
Do(y,v1,v2), F(r), X(r) = A\%(r), with F(r) and A\(r) defined in eq. (2.3). The functions
A14(r), Az (r) also appear in the background as defined in eq. (2.4).

To compactly write this family of backgrounds, we first define the following quantities,
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After this long preamble, the eleven dimensional metric reads,
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The number & is related to the eleven dimensional Newton constant. The functions A(y, vy, v2)
and Dg(y,v1,v2) are related by

e—GJ\ _ 9y Do
y(1— yayDO)’

and Dg(y,v1,v2) (which determines the family of solutions), satisfies the three dimensional
Toda equation

(07, + 05,)Do + e = 0. (2.25)

To complete the background, we should give the four-form G4. This is compactly written
in terms of three two-forms G = dB = d [A3,(r)dd], F©®) = v/2d [A14(r)de], and the volume
element volS? = %eijkpiDuj Dy*. Using these quantities we write
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X2

We have checked that this background satisfies the equations of motion of eleven dimensional
supergravity. In analogy with the background of class I of section 2.1, for q; = ¢2 = Q four
supercharges are preserved. The structure of singularities of the backgrounds of class II is
the same as that discussed in section 2.1.1. In fact, notice that the functions defining the
solution F'(7), \(r), A14, Ags are those in egs. (2.3)—(2.4).



One can analyse the charge of M5-brane in this family of backgrounds. There are in fact
two four-cycles on which we can integrate G4 to obtain quantised fluxes. These are a four
cycle formed by the interval 0 <y < N x S2 x 5’)1(. The integral of G4 on that cycle counts
the number of colour M5-branes, that extend on Minks and wrap the compact Riemann
surface parametrised by [v1, va]. The other cycle is formed by S? and a two manifold formed
out of the coordinates (v1,v2,y). The flux of G4 on this four manifold counts the number
of flavour (non-compact) M5 branes that extend on Minky x R, X S}(.

The reader familiar with Gaiotto-Maldacena backgrounds [39] should recognise that the
family of backgrounds of class II represents the dual to a certain deformation of a generic
Gaiotto CFT [40]. We discuss the deformation of the CFT in section 3. A few words
about the dual Gaiotto CFTs might help some readers. The CFT description is in terms of
(at least) two stacks of M5 branes. Colour M5’s that extend on the Minkowski directions
(represented by [t, z,w, ¢|) and the directions of a compact Riemann surface, represented
by a hyperbolic plane (v1,v2). Other stacks of M5 branes extend over Minkowskiy and
touch the Riemann surface at a point. These are ‘non-compact’ (extending over the radial
direction of AdS;) and correspond to flavour branes. These are the two types of branes
whose charges we alluded to above. Gaiotto’s description of the system [40] is in terms of a
punctured Riemann surface. These CFTs are typically non-lagrangian. Using the family of
holographic backgrounds of Gaiotto and Maldacena is the best way to compute observables
(some algebraic methods are available too). We are performing a deformation on such CFTs.
This triggers a flow whose characteristic physical quantities can only be studied using the
holographic dual in egs. (2.24)—(2.30).

Let us now present the third class of backgrounds. This is a family of Type IIA solutions
obtained after a reduction of the backgrounds in class II. In fact, when there is rotational
symmetry in the (v, v2)-plane we can write v; = pcos 3, vo = —psin 3, one can ‘change basis’
from a system described by the coordinates [r,y, p, 8] and the function Dy(y, p) solving a
Toda equation (2.25), into another system described by the coordinates [r, o, 7] and a function
V(o,n) solving a Laplace-like equation. The change is described in [39] and reads

o2 = pePWr) =V =60,V(c,n), logp=V'= o,V (o,m). (2.31)
The Toda equation (2.25) is replaced by
005 (005V) + 0?0}V =V (a,n) + o*V"(0,n) = 0. (2.32)

This Laplace-like equation should be complemented with boundary and initial conditions.
We briefly discuss these below. Now, we present the full Type ITA family of backgrounds,
obtained after a reduction on the isometric S-direction.

2.3 Background of class III

The family of backgrounds in class I1I is defined in terms of the ten coordinates (t,w,z, ¢,
r, 0, ¢, X, 0, n). The warp factors in the metric and fluxes depend on the coordinates
[r,0,n]. As anticipated above, the function V(o,7), and its derivatives V = 08,V (o,7)
and V' = 9,V (0,n), solving a Laplace-like equation (2.32) play an important role. Also,

,10,
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Figure 4. Long quiver of length (P — 1) with gauge nodes N; and flavour nodes F;. The quiver is
balanced and conformal if F; = 2N; — N;—1 — N;y1.

the functions F(r), X (r) = A2(r), A14(r), Ass(r) defined in egs. (2.3)—(2.4) appear in the
definition of this third family of backgrounds.
To compactly write the family of class III backgrounds we define the functions

7 2/3 VA e 7 —1 Z z 2V V" _ 4X302V"
=R =) . f= =5, h= fo= 2,
Y A2(r) Z2A 2X3V -V
- 2/ - 212X3V —V) - 2X3VV!
f4 = — 7, 5= =, 6= o>
v Z2VA 2X3V -V
. 2X3V 2V . V[nE-vrv] . oV
7= = . , fa== . : fo=———=, (2.33)
A 42UV (X3 —1) A 42UV (X3 —1) (V)2 — vy
. . ..11/3 .
. . o VN2 4V (2X3V -V &
Aoz aviey—v), z- |WIHVIEXV-VIE oy YV
(V2 + V"2V — V) VVI— (V)2

We use the definitions of Dyu; and the five-dimensional metric ds? in eq. (2.23), together
with the one-form B = Ag,d¢ and the two-forms F®) = /2 d[A;4(r)d¢] and G = dB. The
Type ITA backgrounds of class III read in string frame,

ds%o = flg f? {4fd5§ + foDu Dt + fg(dx + B)? + f4(d02 + dn2)}
ei® = fifs, Ci= Joldx+ B),
Hy = dBy = 2v0lS* A [ = gdfr + fudg + fo(oV"dy + V'do)]
+V8FB) A [u?’fg(aV”dn +V'do) — g (fsdu3 + u?’df/ﬂ ;
Fy =dCs — H3 A Cy = —2f7volS* A G — V8 x5 FO A d(p®V)
X2
+2v0l§2 A | (149 fs) dfr = fofsdg — fofo(oV"dn+ V'do)| A (dx + B)

+ VBFO A [ = i fo foloV"dn + V'da) + (1 + gfe) (fadps® + p*aV) | A (dx + B).

(2.34)

We have checked that the background above solves the equations of motion of Type IIA.

As discussed in detail in [39, 41-45], the function V' (o,7n) is determined by the dual UV

CFT. For this family of backgrounds in eq. (2.34), we are studying the dual description of
a linear quiver N/ = 2 four dimensional CFT deformed by a VEV.

Let us briefly summarise how the function V(o,n) is determined in terms of the data

of the linear quiver field theory. Consider a quiver of the form displayed in figure 4. The
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information about the number of colours (gauge groups) and flavours (global groups) is
encoded in the so-called rank function,

Nin, 0<n<1
Np_1(P =), (P-1)<n<P

In fact, the rank of the j** gauge group is the value of the rank function at n = j. The
number of flavours Fj is encoded in the second derivative R”(n),

P-1 P—1
R(n) = Y _(2Nj = Nj-1 = Njp1)d(n —j) = >_ Fyd(n—j). (2.36)
j=1 j=1

The field theory data (the quiver) is encoded in the supergravity background via the initial
condition of the Laplace equation (2.32). In fact, the complete system to solve is

00y (00,V) + 028%‘/ =0, (2.37)
V(e = o0,n) =0, V(o,n=0)=V(o,n=P)=0, d0,V(c=0,n7)=R(n).

The solution to this partial differential equation is,

ko

s o [km . 2 [P . [kmn
V(o,n) =— Z Ry, sin [Pn} Ky [ 2 ] with Ry = F/o R(n) sin {P] dn. (2.38)
k=1

To close the presentation of the third class of backgrounds, we emphasize that the structure
of singularities is the same as that in backgrounds I and II, namely the background is smooth
as long as the parameter © > —1, the period of the angle ¢ is taken as in eq. (2.22), with
the coordinate r ranging in [r.,00) (equivalently 1 < ¢ < oo). The interesting characteristic
of class III backgrounds is that there are also localised singularities in the 7-coordinate (at
o = 0). These appear at each point in which the rank function changes slope, equivalently, at
the position in which the flavour D6 branes are localised. In fact, careful study indicates that
stacks of I; = 2N; — N1 — N;_1 D6 branes sit at the values of 7 where slope changes in
the rank function, see eq. (2.36). In fact, integrating the Page fluxes of Fy=Fi— By AFy
over the cycle k <n < (k4 1) x §% x Si we find the number of D4 branes in each interval
of n. Integrating F» on [n, Si] counts the number of D6 branes due to changes in the slope
of the rank function. Finally, integrating Hs over the three cycle [n, S?] counts the number
of NS-five branes.

2.4 How are these backgrounds constructed?

In this section we discuss how the backgrounds of Type I, II and III are constructed. The
section is short and should be thought of as an advance of the more complete treatment
that we present in [21].

The way in which the Type IIB, eleven dimensional supergravity and Type IIA are
constructed starts from a solution in five dimensions. The five dimensional gauged supergravity
is found after compactifying type IIB supergravity on S° [46]. It contains in its bosonic
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sector the metric, three gauge fields A?, as well as two scalar fields denoted as d = (D1, Dy).
The action reads,

= [dav=g
2K

1 2 1 2 1 > —2 7 ; 1 oA Al 2 13
R — 5(8@1) - 5(8@2) — Z ;XZ F;LVFZ/JU + ZEHVP A,LLFVPFU)\

43

with F! = dA?, X; = e~38® where

a = <\36\/§> dy = <56,—\/§), a3 = (—jg,()). (2.40)

We study a consistent truncation of the above system, that admits a solution of the form,

2\2 §
2 2\ (’I") 2 2 2 2 2 L
ds? = T3 ( dt* + dz* + dw” + L*F(r)d¢ ) + r2XA(r)F(r)’
b1 =P = \/zln)\_6(r), Py =0, 241
1 1
1_ 42 _ 6(r) — )6 3 = N6 N6( )
Al =A% =¢q [)\ (7") A (T*)} Ldg, A°=qo [)\6(7:) )\6(7.*) Ldo,

where F(r) and A(r) are functions of the radial coordinate,

1 e?L? [, @ 6 r? + el?
F(r):ﬁ—T <Q1— )\6(7") ;A (T):T- (2.42)

Here r, is defined to be the largest root of F(r), satisfying F'(r.) = 0, which expresses the end
of the geometry, while ¢ is a parameter and ¢ is just a sign indicating two non-diffeomorphic
branches of the supergravity solution [27]. This configuration of fields brings (2.39) to the form:

S = ;ﬂ/d‘:’x\/TQ {R — %(8@)2 + % ()2( + X2> — %FI}VF“W — leX‘*Fg’VF?’W} ,
(2.43)

where X = e~%/V6. We have verified that the configuration satisfies all the equations of
motion. The next step is to embed this solution into either Type IIB or in eleven dimensional
supergravity. Fortunately, these lifts have been constructed in [46] and in [26]. These lifts
display an interesting difference: the lift to IIB [46] gives a unique solution, which we referred
to above as the class I background. On the other hand, the lift in [26] provides an infinite
family of solutions, one for each possible solution of the function D(y,v;,ve) — we called
this family class II backgrounds. In the case that we have rotational symmetry in the
(v1, v2)-plane, we reduce to Type ITA, generating the infinite family of backgrounds in class
III. As a generic comment, we note that the role played by the five dimensional scalar field
® is to change the warp factors of the lifted backgrounds. The role of the gauge fields is
to twist (or fiber) the five-dimensional manifold with the internal space, associated with
the R-symmetry of the dual field theory.

Let us now discuss some field theoretical aspects of these backgrounds.

,13,



3 Field theory

3.1 Some aspects of the dual QFTs

As we discussed around egs. (2.8)—(2.9) we can think about our backgrounds as deformation
of those in [24, 47, 48]. In the very far UV (£ — o0) and in the scaling of parameters in
eq. (2.9), choosing § — 0, we have AdS5 x S° or N'= 4 SYM for the backgrounds in class I.
First we discuss the dual QFT to backgrounds in class I, then we mention classes II and III.

The CFT N = 4 SYM is deformed by the VEV of a dimension three operator that
preserves SUSY (the operator is identified in [49]). This is accompanied by a twisted-
compactification along the direction ¢. Holographically, the ‘twisted’ character of the
compactification is realised by the one-forms Aj, Ao, A3 in eq. (2.9), that mix a part of the
Lorentz group (an SO(2) represented by ¢-translations) with the R-symmetry; a U(1)3 part
of SO(6)p represented holographically by the directions ¢1, ¢2, ¢3.

On top of this we switch on a VEV for an operator of dimension two. Switching on this
operator in the QFT is represented in gravity by the parameter ¢ and the new functions
F(&),\(&) and the different functional dependence of the one forms A, As, As. In the
paper [21], we provide the required boundary expansions to justify this.

The deformation by the operator of dimension two is the Coulomb branch deformation
of [35]. These flows are typically accompanied by a singularity deep in the bulk which can
be understood by a continuous distribution of branes. In our case, as in the case of [27] we
avoid this singularity by closing the space (analogously gapping the QFT) before reaching it.

The twisted compactification together with the Coulomb branch deformation generates
dynamics that is holographically represented by backgrounds in class I.

For backgrounds in classes II and III the logic is similar. In this case, in the far UV
we have N = 2 SCFTs in four dimensions, as the backgrounds asymptote to AdSs x M
(here M is the internal six space in class II and internal five space in class III). For class
II, the dual CFTs are non-Lagrangian Gaiotto CFTs [40] and for class IIT are N = 2 linear
quiver CFTs in four dimensions.

Both in the case of classes II and III backgrounds, the dual field theories admit the same
deformations as discussed above, in particular the twisted compactification reducing the
system to (2 + 1)-dimensions relies only on the existence of a preserved R-symmetry [22, 23].
Note that in this work we switch-on another deformation that makes the QFT explore
the Coulomb branch.

Let us be slightly more precise about the operators obtaining a VEV. We can be more
explicit in the case the UV-CFT is N = 4 SYM. In this case we have a perturbative
(Lagrangian) description of the system. We cannot be more explicit in the case of the field
theories dual to class II backgrounds, as the theory is generically non-Lagrangian. For class
IIT backgrounds, we expect things to behave similarly to the case of class I, repeated for
each node of the quiver, with the additional subtlety that the bi-fundamental matter plays
a role in the operators.

A direct application of holographic renormalisation indicates that a dimension two
operator and a dimension three operator acquire VEVs. The dimension three operator is
discussed in the paper [49]. In that case is a current operator that for this deformation of
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Super-Yang-Mills is O3 = TrA%y,A*. This operator is descendant from a chiral operator.
One can choose among the four fermions in N' =4 SYM a combination that breaks from
SU(4) — U(1)%. The U(1)? is reflected in the three isometries ds, of the class I background.
The reduction in R-symmetry comes together with a reduction of the amount of SUSY
preserved. In fact, our backgrounds preserve only four supercharges.

Let us comment about the operator of dimension two acquiring a VEV. This operator
was studied in [35]. There, it was shown that the operator is the symmetrised product
Oz = TrX(; X;). This operator transforms in the (0,2,0) representation of SU(4)g and it is
associated with deformations of the metric and of the five form. The operator getting a VEV
moves us along the Coulomb branch of the CF'T, generating (in the un-gapped case, see below)
a singularity in the metric that is associated with a continuous distribution of D3 branes.

The interest of the families of backgrounds in classes I, II, III is that the characteristic
singularity of the Coulomb branch solutions does not show-up, by ending the space (the
range of the radial direction 1 < ¢ < 0o0) before reaching the singularity. This is analogous
to introducing a gap in the QFT. The parameter © controls how far away from the end of
the space on the ¢ < 1 side, the singular behaviour ‘is located’. For o — —17 (and 6 ~ 0 in
class I) the effects of the singularity can make themselves apparent by the need to correct
the background due to the large values of the invariants like Rgb, Ribcd. Field theoretically
we interpret this by thinking that the gap in the QFT is not far enough from the mass of the
light fields we would need to introduce, had we not avoided the singularity.

Let us briefly elaborate a bit more on this. The Coulomb branch solution of [34] is
singular. Hence, the description of the QFT-dynamics provided by supergravity is incomplete,
and the singularity needs to be resolved. On the QFT side, this suggests that some light fields
(appearing at the Coulomb VEV scale) are not considered by the holographic description,
which then breaks down.

Suppose that we gap the QFT with a new scale. If this is close or degenerate with the
Coulomb VEV scale, one could expect that the light degrees of freedom mentioned above are
still important for the dynamics close to the gap scale. Conversely, in gravity, higher invariants
could be large (not divergent), motivating the need to correct the solution. The parameter ©
controls the need for such corrections. As © drifts away from 2 ~ —17, to larger values the
gap and the scale of the light fields separate from the gap scale, the higher curvature invariants
become more tamed and supergravity becomes trustable. We try to convey this in figure 5

In what follows, we discuss a set of observables that cannot be calculated by using
QFT-methods.

3.2 Wilson loops

In this section we study “universal” Wilson loops. By this we mean a Wilson line that does
not explore any of the internal dimensions of the space time. The result, as expected is
dynamically equivalent in the three families of backgrounds. Only the effective tension of the
string is affected by the details of the internal space. More elaborated configurations for the
probe string are studied in [21]. We study the effect of the parameter © on the behaviour
of the Wilson line. In fact, as we discussed for 7 ~ —1% and 6 ~ 0 the background should
be corrected by higher curvature terms (at least close to the end of the space £ = 1). The
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Figure 5. An overview of our twisted compactification procedure in supergravity and its realization
in the dual field theory. The distance between the two scales is parametrized by 1+ o.

Wilson loop for 2 — —17 presents a qualitatively different behaviour to that calculated with
other values of ¥ further away from the edge of the allowed window. As expected, confining
behaviour is observed for values of the P-parameter for which the background is trustable.

When we compute the Wilson loop in the backgrounds III, there is an extra subtlety
to be considered. We need to specify a value of the coordinate 1 = 7., that is equivalent to
choosing a particular gauge group for the calculation. In this paper we do not allow the F1
string to explore the n-direction, but experience gathered in a similar system [50] suggests
that the string should explore the n-direction, moving towards the closer flavour group. This
is the holographic description of a system presenting screening. We do not explore this here.

A word of caution. In what follows we discuss non-SUSY Wilson loops. These could be
perturbatively unstable. In which case, the discussion below would be devoid of content.
Nevertheless, we believe that this is not the case. Let us point out main differences with
similar studies in the bibliography. For example, in [51] an analysis of the stability is carefully
performed (fluctuations of the string along different directions of the space). In that case,
the analysis shows the existence of unstable configurations. The main difference of the study
in [51] with ours is that the background used in [51] is the singular Coulomb branch solution.
In our case we are avoiding the singularity by gapping the QFT. Fluctuations of the string
soliton have better changes of being non-tachyonic.

As we discuss below, the function L(rg) — the separation between the quark-anti-quark
pair is multivalued only when the background needs higher order corrections (though non-
singular!). The multi-valued character of L(rg) is typically characteristic of a phase transition
to a more favourable configuration. The only way to be more sure of the validity of our
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analysis is to perform the fluctuations analysis, as done for example in [51] or in [52]. We
postpone this analysis to our forthcoming paper [21].

We start discussing rectangular Wilson loops for backgrounds of class 1.

3.2.1 Wilson loop for the type I1IB background of class I

We study the Wilson loop in the background (2.1) using the standard holographic methods [28,
53-55]. We consider universal embeddings, namely an open F1 probe string with fixed
endpoints at 7 = oo, whose worldsheet coordinates we parametrize as 7 =t and o = w, with
r = r(w). The endpoints of the string correspond to a probe quark-anti-quark pair separated
at distance Lqq in the dual field theory, while the rest of the string enters the r direction in
a U shaped configuration, down to a turning point rg. As the point rq takes different values,
expressing the string profile delving deeper into the bulk, the length of the separation Lqq
also changes. The Nambu-Goto action for the probe simplifies to

Sn oc/ * VT G, (3.1)
LQQ 2

where F,G are functions that depend on the details of each background and the radial
coordinate is parametrized as r = r(w).

Following [54] we have expressions for the separation Lgg(rp), together with an ap-
proximate expression Lgy,(rg) for the separation written in [55], and the energy Eqgg(ro)
of the pair as functions of rg

\/]:2 ]‘2 1"0)
f(ro)g( ) ’

. Lqq(ro) —2/

r=rQ

Eqq(ro) = F(ro)Lqq(ro) +2/7~ dr f

Ve (r;70) =

3

dr

g(r)

Lapp(rﬂ) = F'(r)

(3.2)

Vet (5 70)

r)— F2(rg) — Q/Too dr G(r).

Here r, denotes the point at which the space terminates in a smooth fashion. As anticipated
above, we work with the simplest and universal embedding for the probe string, where only
the radial coordinate has a profile r = r(w) and the rest of the coordinates are kept fixed.
In more detail our configuration is,

t=71, w=o0, r=r(w), §p=0 or 6’0:%. (3.3)

We have checked that these embeddings solve the full equations of motion for the string. In
particular notice that there is an embedding for 6y = 0, which for values of 7 ~ —17 might
detect the effects of large curvature corrections. We come back to this below.

The induced metric of the string is

T2C(T790) 2 T2<(T790) C(r790)7’/2
2 T T TR

ds? = — dw?, (3.4)
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Figure 6. Plot of the approximate separation of the quark-anti quark pair in eq. (3.6).

from which we calculate the action,

1 Lqq/2
Spy = — / dtdw/—detgg = / dwy/F2 + G2rP2,
2 27 7LQQ/2
r*¢(r, 6o) ¢(r, o)
F=—-"" =" 3.5
L? g LX3(r)\/F(r) (3:5)
The approximate length takes the following expression:
WLC(TOa 90

Lapp(ro) = ) (35

roA3(ro)/F (ro) [2¢ (10, 00) + 109y, (10, 00)]

We plot Lgpy(ro) in figures 6(a) and 6(b) for two values of the parameter  and generic values
q=qg=Q=1,L={=1, 0y =0. These figures display a qualitatively different behaviour
for the quantity in eq. (3.6). In fact, close to the edge of the allowed values (7 = —0.99)
we find Lgy, to be double valued. On the other hand, for a value of ¥ further from the

edge the function Ly, is single valued. In contrast, the plot of Ly, for 6y = 5 and for

A~

v = —0.99 is single-valued, as shown in figure 7.
We remind the reader that when the derivative

Oro Lapp(ro) <0, (3.7)

the embedding is stable. This is purely based on energy-considerations, see [51, 52]. For values
of the parameter 7 ~ —17, the stability criterion in eq. (3.7) is not satisfied, characteristically
indicating a transition. For values of © away from the lower edge of the allowed window,
eq. (3.7) is satisfied. These qualitatively different behaviours have physical implications,
as we explain below.

Let us now study the exact expressions for Lgg, Egg in eq. (3.2). As above, we consider

the case where q1 = ¢o = @), and use the dimensionless variable & = ﬁ, with parameters

p =% and o = ()" We find

B E4(&% + D cos? By)
TSt — (140

F2=[€%(&% + vcos?hy), G2 (3.8)
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Figure 7. Plot of the approximate separation of the quark-anti quark pair in eq. (3.6) for 6y = 7.
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Figure 8. Plots of Lgq in eq. (3.10) for the two values = —0.99 and © = 1, both for the same value
of 90 =0.

From these, the length Lgg (the separation between the quark-antiquark pair) is written
as an integral in terms of {o = 2. It reads,

Laq(€) = 2r.oy/ii"1€3 + i1 cos? by (3.9)
a e ¢
& /€6 +9EH — (1+9)] [¢4 — € + D cos?0u(€2 — €3)]

We plot this quantity for the same values of 0y = 0, ji as above and for the two representative
values of ¥ chosen above. The result is found in figures 8(a) and 8(b). Note the qualitative
difference, one of the plots is single valued the other multivalued. Compare these plots with
the approximate expression Lqp, (&) displayed in figures 6(a) and 6(b). Following the usual
expressions in [54] we write an expression for the energy of the quark-anti quark pair, in
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Figure 9. Plots of the energy Eqgq in eq. (3.10) for the two values © = —0.99 and ¥ = 1.
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Figure 10. Parametric plots of the energy Egq in terms of Lgg for the two values 7 = —0.99 and
7 = 1. We have set 6y = 0.

terms of the turning point &. This reads,

£/t — € + P eoso(€2 — €3)
VE e — (T +7)

Eqq(€) = &0y/i€d + i cos? 6o Lag (o) + 2r /E e

o [T N CET TN
T SVE e —(ta)

The resulting plots are depicted in figures 9(a) and 9(b). Again, note the qualitatively

(3.10)

different behaviours.

To clarify the different physical behaviours, it is illustrative to parametrically plot Egg in
terms of Lgg. For the same values of the parameters 0y = 0, fi and for the two representative
values of 7 = —0.99 and 7 = 1 these are displayed in figures 10(a) and 10(b). These plots
are illustrative as they show the quark antiquark potential, in terms of the separation (the
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QFT physical observable). In the case 7 = —0.99, we observe the signature ‘swallow tail’
indicating a phase transition. The transition is first order and usually associated with the
competition between two different solutions for the string probe. For © = 1, the behaviour is
neatly that in a confining field theory, without any trace of a phase transition. Actually, the
‘swallow-tail” disappears around © ~ —0.95 in agreement with the plots in figures 2 and 3.

We propose that the transition observed in the case 7 = —0.99 and 6y ~ 0 is not a
faithful representation of the dynamics of the system. In fact, the large corrections afflicting
the supergravity approximation discussed around figure 3, suggest that for values of ¥ close
to the edge of allowed values, makes the calculations for 7 ~ —1% and 6y = 0, not trustable.
In other words, we believe that the phase transition in the Wilson loop is not an actual
physically relevant situation. This is interesting, as the background is not singular in the range
1 <& < o0, but the large values of higher invariants (for # close to the edge of allowed values)
indicate that the background should be corrected, changing its form. Hence our calculations
for values of the parameter 7 ~ —17 are not trustworthy for the embedding that sets 6y = 0.

Let us express this in a different language. The Coulomb branch solution of [34, 35]
is singular because there are some light states in the QFT that the supergravity fails to
capture. We avoid the singularity with the twisted compactification (equivalently introducing
a mass gap in the theory), but the light states are degenerate with the mass-gap of the QFT.
Hence they are needed for a correct description of the dynamics. Failing to include these
states produces a dynamics of the Wilson loop that is not in agreement with the confining
behaviour expected. As the parameter o moves away from the edge the mass gap and the
light states separate and their influence in the dynamics ceases.

The structure and behaviour observed above for the Wilson loops in class I backgrounds
repeats for the same observable in classes II and III as we analyse in what follows. Note that
the backgrounds in classes II and III, we are in a situation similar to 8y = 0.

3.2.2 The Wilson loop in backgrounds of class II and 111

First, we discuss the same universal Wilson loop for the case of backgrounds of class III. For
backgrounds of class I, we need to calculate using a wrapped M2 brane.

We follow the same steps and compute the Wilson loop for the type ITA background of
eq. (2.34). The situation is more involved due to the nontrivial r-dependence of the functions
f, fi, X defined in eq. (2.33). We consider the embedding:?

t=7, w=26, r=r(0), (3.11)

where the rest of the coordinates take constant values. We specifically choose to localise the
embedding in the (o, n) plane by taking n = 7, € Z with 0 < 7, < P and o — 0. One virtue of
taking this limit is that information about the dual quiver theory, encoded in the rank function
— defined as R(n) = VL_O, is easily accessed. The induced metric for the probe string reads,

72
1+T2F(r))\4(r)Q(r)] de}. (3.12)

2In all the calculations concerning these class III background we denote the worldsheet coordinate as & to

dstg = AP For) {—dt2 +

avoid confusion with the o coordinate of eq. (2.34).
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Here Q(r) = % and the Nambu-Goto action is

Laq/2
Sp1 = /dtdw —detging = T/ o9 dwv/F2? + G272 2
Lqq/2?
2 _ 1p 3 E 72002 2 _ 16/} f5./2Q(r)
Fr=16f1f"0(r), G = BEONQ) (3.13)

Here f; = fi(a — 0,7m4,7). We make use of the expressions for the potential function
V(o,n) and its derivatives expanded in Fourier-Bessel series, see eq. (2.38) and also use
the limiting behaviours,

2
Asz—0: zKi(x) =1, Ko(z) = —veMm + log; + O(z?). (3.14)
In the region o = € with ¢ — 0 we have,
. . T _ O _ " ~ N
lim V(e,n) = R(n), LmV'(e,n) =R'(n), lLmV(e,n) =0, V'(e,n)~M(e). (3.15)

where the last expression diverges as log% when ¢ — 0. We can then figure the limits
of the various functions of the type ITA background that appear in the expression of the
induced metric. These are,

A~2M(eR(n), 2° = X°, fi = R(n) (3.16)
f—1, fifs ~ 2XRM ) =0, fo— X2, f3—0. '
Then the values of F,G in eq. (3.13) as € — 0 are,
2 _ 32R(1) ¢ (2 32R (1) r*A°(r)
Pt = B X0 = S W,
g2 _ BR() X()0) _32R() 1 s

M(e) r*F(r)A(r)  M(e) F(r)

The dynamical r-dependent part is exactly the same as the functions appearing in embedding

for the type IIB Wilson loop calculation. Indeed, substituting the expressions Q(r) = %

and X (r) = A3(r), we compare with eq. (3.5) after setting 6y = 0. This implies that the

32R (1) ;
Vo) This global factor

indicates that the Wilson loop contains the information for which gauge node is being

analysis for the length and energy is the same up to the factor

computed (given by R(n,)). It is less clear what the physical meaning of the (vanishing
factor) M(e)~'/? is. The dynamical part of the Wilson loops is the same and this is the
reason why we referred to the Wilson loop as an ‘universal’ observable. The results are (up
to a global numerical factor) those indicated in figures 7, 8, 9, 10.

There is one subtle difference with respect to the case of the Type IIB backgrounds. The
backgrounds of class II and III are dual to field theories with fundamental degrees of freedom
(flavours). Suppose that we allow the Fl-string to probe the n-direction (instead of being
fixed at n, as we do here), by setting n = 1(5). The problem is more involved, depends on two
dynamical variables r(&),n(6) and the differential equations are more involved to solve and
should be treated numerically. One example of this numerical treatment (for a system similar
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to the class IIT backgrounds) is found in [50]. One expects a behaviour similar to that observed
n [50], namely, the fundamental string to probe the 7-space ending on a flavour group.

Let us now study the case of backgrounds in class II. For this, it is useful to consider a
situation in which the sub-space (v1,vs) — the Riemann surface with metric (dv? + dv3), is
written as (dp? + p?d3?). We then consider an M2 brane, whose dynamics is parameterised
in terms of three coordinates (o1, 09,03). The configuration we choose is

o1=t, oo=w, o3=0, r=r(w). (3.18)
Using eq. (2.24), we find the induced metric on the membrane is

dSing ar2 = Gudt® + (Guww + Grer'®)dw® + Gpdf.

4 222 (r) 4 1
— 2)\ 1/3 * - _ — 2)\ 3+ -
Gtt A X L2 ) wa Gtt, Grr A 7“2)\4( ) (’l“)’
“ Do 3

The action of the membrane is

Sira o TMg/dga\/—det[gab].

€D0 7,.4 4 r 7”/2
~ detlgu] = 1)6(p2 GAA< dy g ) < AL4( ) Lw(r)F(r))' (3.20)

We should place the M2 brane at a position in y such that y9,Dy — oco. For example, for
DQ — 4(N -y )
(l—v%—vz)

the probe M2 at y = N. In this case the prefactor of the determinant is 66/\./448yey0 ~ X,
aside from sitting on a particular value of (vq,v2) that we indicate as p.. The induced action

the function Dy(y,v1,v2), defined as e that solves eq. (2.25), we should place

on the membrane is of the form

Sz (Tm [as ] dt) / dw\/ m; L;ﬁ(r). (3.21)

The dynamical part of this action is the same as that in egs. (3.5), (3.13). The dynamics of

the membrane is the same as the dynamics of the probe string in backgrounds I and III.

3.3 Flow central charge

A quantity of interest in all CFTs is the central charge, usually associated with its number
of degrees of freedom. When we work with systems that flow away from a conformal point,
a useful (but not strictly well-defined concept) is that of a central function. The idea is to
write a quantity that at high energies reaches the value of the CFT central charge, whilst
monotonically decreasing along the flow. If the IR, QFT is gapped, we expect this central
function to vanish in the far IR. In the case of the field theories dual to our backgrounds
of type I, IT and III, we clearly start from a fixed point, as the backgrounds all asymptote
to AdSs in the UV (for r — oo). This fixed point is deformed by a VEV, as discussed in
section 3.1. The QFT is compactified (with a twist) along the ¢-direction. Hence, the system
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makes a transition from a four-dimensional CF'T to a three dimensional gapped QFT. Writing
a central function in this case seems hard using purely field theoretical means and quantities.
In spite of this, holography provides us with a quantity, that is a direct generalization of
the usual holographic central charge, see [56] for a definition at conformal points. The
holographic generalization was written in [57] and more generally in [58]. Sometimes this is
referred as the anisotropic central charge, as the backgrounds I, II and III can be thought
as dual to anisotropic QFTs. In fact, note that the SO(1,3) of the backgrounds in the UV
is broken to SO(1,2) x SO(2) in the IR.
For an anisotropic QFT dual to a background (and dilaton ®) of the form

d32:—a0dt0+2azdm +H (a;) bdr? + hap(dy® — A% (dg® — AY),  ®(F,7).  (3.22)
=1 =1

We compute the quantities

Gi;dX'dX7 = Zazdm + hap(dy® — A)(dy® — AY) (3.23)
=1

8 2 ~d =~
a _ Clow d b2H 2
= dx 10 det (Gy:) | =d . 3.24
( / aH:1 Vet det ( ») VoL —— (3.24)

In what follows we compute this quantity for each of the backgrounds I, IT and III.

3.3.1 Flow central charge for backgrounds of class 1

Comparing the background in eq. (2.1) with the generic one in eq. (3.22), we find

PHES

6:4L—, d=3,
F(r) A

Via = [ d% \femi® det gy = LA P ()
X /d@cos fsin G/dwcos wsin ¢/d¢1dgb2d¢3dzdwd¢
Vined = NP A(r)3\/F(r), Nj=1L3 / df cos® O sin 0 / dyp cos 1 sin ¢ / d¢dgedpsdzdwde,
Clow 3B b2H2

= Vi Vollz, wlLy — U0 (73

Performing explicitly the calculation we find

8GfN Cflow

_ ) ’
NiL2Vol[z,wlLy — \ A(r) [A() (r) + TN (1) B (r) + )]

)
278 €6 — 1+u§4—1)
T (20 +3¢2)3 40+ £2)

(3.25)

We plot this normalised quantity for different values of ¥ (setting L = 1) in figure 11.
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Figure 11. Plot of the conveniently normalised flow central charge in eq. (3.25) as a function of & for
different values of 7 and L = 1.

We observe the following welcomed qualitative behaviours: the function is monotonic, it
reaches the value of the CFT c-function in the UV, for large values of the £-coordinate. It
vanishes in the far IR, for £ ~ 1, indicating a gapped system. Note that for this observable
(in contrast with the Wilson loop), the needed corrections to the background close to the
IR (for ¥ — —17) do not seem to generate any unphysical behaviour. Let us calculate the
same observable in the case of the backgrounds II and III.

3.3.2 Flow central charge for backgrounds of class II and III

The procedure to calculate the flow central charge in these backgrounds is very similar to
the one discussed above. The main difference being that now we have infinite families of
backgrounds in classes II and III. For both classes IT and III, we have the same b(r) as in
eq. (3.25). For the quantity Viy, (note that class IT backgrounds we compute a 9-volume
and there is no dilaton) we find in each case,

Vinerr = Nir A3 F(r), Vi = Nz 2 A(r)?\/F(r), (3.26)
N 32
Ni = ﬁ/dﬁgdx/dy dvrdug y8y6D0 /dzdwdqﬁ, (3.27)
~ 2 .
Nirr = ;/dadn VV"o /ng dy /dzdwd¢ (3.28)

As a consequence, the quantity cfy, normalised by the volumes of the [z,w, ¢] is

8GN cownt 8GN Clowin _ 8GN Cow] (3.29)
NpL2Vollz,wlLy N L2 Vollz,w|Ly  N7L2 Vol[z,w]Ly '

The plot of the (conveniently normalised) flow central functions for the backgrounds of class

IT and IIT is the same as in figure 11. Note that this (like the Wilson loop) is a universal
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observable quantity. Importantly, note that the quantities Nir and Npp; are the central
charges (free energies) of the UV CFTs corresponding to the Gaiotto CFTs. For each different
function Dy(y,v1,v2) and V(o,n) we have a dual to a different N/ = 2 SCFTy4 with its own
central charge characterising the field theory. Indeed, for the UV-CFTs the central charge (a
number) can be calculated to be proportional to N, 77 and N, 777- This result is obtained either
by holographic means [41, 42, 45] or by a localisation-matrix model calculation [59].

Let us now study a different quantity of interest.

3.4 Complexity: a puzzle and its solution

There are various conjectural definitions of complexity. In this work we adopt the complexity-
equals-volume one. In this context, one specifies some spatial slice X on the boundary of the
spacetime. The complexity C of a pure state |¥) of a holographic field theory on this patch
will be given by the volume of a co-dimension one slice B in the bulk. This sub-manifold in
the bulk, whose volume obeys some maximal condition, has its boundary on . In particular,
it was proposed in [30] that the complexity is calculated as the (conveniently normalised by
the overall warp factor) nine-volume (in eleven dimensional backgrounds is a ten-manifold)
defined by the coordinates [w, z, ¢, 7, M]. Here M is the deformed S° in the backgrounds
of class I. For class II solutions is defined by the six coordinates [y, Qg, X, v1, v2]. Finally for
class IIT backgrounds M is the five manifold defined by [o,7,Q2, x]. As proposed in [30],
we calculate in the ten dimensional cases I and III,

1 e~1® det g9
Cv x —/ Ay | SS9 (3.30)
G\ A

Whilst for the eleven dimensional backgrounds of class II we have,

1 10, | det gio
N

Below, we encounter a puzzling result: the complexity of backgrounds in classes II and III

is different from that in backgrounds of class I. This is odd. Similarly to the quantities in

sections 3.2 and 3.3, we expect a universal result, with the same structure as the one outlined,

namely a factor corresponding to the UV-CFTy times a dynamical factor, dependent on the

flow. The resolution of this puzzle takes us to a more refined version of how the complexity of a

QFT should be computed using the holographic dual. Let us first present the naive calculation.
For backgrounds I, II and III we have

¢(r,6) 4¢*

T2 A= ~ [1 +yPe (X - 1)}

1/3

NI

Ar = A =4Af(fi f5)2. (3.32)

Calculating according with egs. (3.30)—(3.31) we have,

3 A
Cvr [GL(N) / dé cos®#sind / dap cos 1 sin ) / dw dz d¢ dey de dqﬁg] X / dr 2.
N T
(3.33)
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For backgrounds in class II, we find
25 A
Cvir X | ————— /dy Y 8yeD°/ dw dz d¢ dx dvidvy dQs| x / dr 2 \(r). (3.34)
7 a2 .
N
Finally, for backgrounds in class III we find,

25 . A
Cv.rrr [G(N)L?/da dyV V"o /dw dz dgdQaedy | x / dr r2\(r). (3.35)
N T

Note that in the backgrounds of classes IT and III, the factor of A\(r) appears in the respective
integration over the radial coordinate, egs. (3.34), (3.35). This is in contrast with the
result for the backgrounds of class I, in eq. (3.33). This is a puzzling result. Given the
previous ‘universal behaviours’ observed for the quantities in sections 3.2 and 3.3, why is
the complexity failing to behave in the same way?

The resolution to the puzzle starts by recognising that the string-frame metric for the
Type IIB background of class I can be written as,
r2X\2(r)

12

dr?

] (3.36)

ds%ojst = A2 [ (—dt2 +d2? + dw? + L2F(T‘)d¢2> +

L2
e (€ 0.0) + cos 0 + j3(Dx )+ (D6 + kN r) (Do ] ] ,
1 el? . .
where A = (1+ —cos“ ), pup =cosfcosty, ps =cosfsiny, ps=sinb.
M (r) r2

Calculating the nine-dimensional metric obtained setting ¢t =constant in eq. (3.36) and using
that A = A'/2 we find,

3
Cv,1 x [[{10)/ dé cos? Hsine/dw coswsinzp/ dw dz d¢ d¢; des d¢3‘|
Gy

x / Yar A, (3.37)

We then see the same result (we refer to the dynamical part involving the integral in the
r-direction) as for the other two classes of backgrounds.

Why is this working like this? Or, why do we need to write the backgrounds of class
I as in eq. (3.36) to compute the complexity? One way of understanding this is inspired
by lower-dimensional gauged supergravity. As we explain in [21] — see section 2.4 for a
summary — backgrounds of class I, II and III are obtained by lifting one single solution
of five dimensional gauge supergravity, see [27]. The complexity is defined in such a way
that the factor A by which we quotient the determinant of the nine-manifold is the factor
arising when we lift this gauged supergravity solution to 10 or 11 dimensions. This justifies
also the presence of the factor f in Ajrr.

Note that the expressions in between brackets in eqs. (3.34)—(3.35) and (3.37) are
proportional to the UV-value of ¢ o, namely ¢, (§ — 00), which in turn is related to the
central charge of the UV-CFT. Hence the complexity is proportional to the central charge
of the UV-CFT. Had we not included the factor of f in A7, the result would have not
been proportional to the central charge of the UV-CFT.
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4 Summary and conclusions

In this paper, we elaborate on the recently discovered type IIB background of [27] — here
referred as class I, along with two new families of backgrounds presented here for the first
time. The first new family (class IT) is a solution of D = 11 supergravity, belonging to the
Lin-Lunin-Maldacena/Gaiotto-Maldacena family of backgrounds in [39, 60], which are dual
to 4d N' = 2 non-Lagrangian SCFTs. The second family of backgrounds (class III) is a type
ITA solution obtained via dimensional reduction from the 11d background and lies within the
linear quiver class [39]. In all three cases, the boundary CFT is deformed by the VEVs of
two operators: a dimension-three operator that mixes part of the Lorentz group with the
R-symmetry while preserving supersymmetry, and a dimension-two operator triggering a flow
along the Coulomb branch [35]. These deformations generically preserve supersymmetry.

To analyze the backgrounds discussed in section 2 and their field theory duals, we
compute a variety of observables holographically. Some of our observables are chosen to
probe only the field theory directions and remain insensitive to the specific structure of the
internal space (five or six-dimensional). Other observables fully explore the internal space. A
notable outcome of these computations is the emergence of universality in the observables’
behaviour. Although this might be anticipated due to the choice of observables (as in similar
holographic studies, e.g., [47, 48]), it is nonetheless remarkable that distinct CFTs exhibit
such shared features. It would be particularly interesting to extend the holographic analysis
to probe some part of the internal space, potentially breaking the observed universality.

The Wilson loop calculations in all three classes reduce to expressions that naturally
split into two parts: a dynamical, r-dependent term common to all cases, and a class-specific
term characterizing the underlying gauge theory. Additional differences include the presence
of fundamental degrees of freedom in class II and III backgrounds (absent in class I), and the
number of string trajectories studied, two in class I, one in classes II and III. Nevertheless,
the central conclusion is that the deformed QFT confines external non-dynamical quarks.
This is valid in the case for backgrounds of classes Il and III if we do not allow our F1
probe to explore the direction associated with the flavours of the CFT (or similarly, that
the flavours are very energy-expensive to produce). In the class I background, we identify a
region in parameter space that may signal a first-order phase transition, though we argue
this is likely due to the string approaching a region, where the supergravity approximation
breaks down, even in the absence of a naked singularity.

The holographic central charge calculation exhibits the expected monotonic behaviour:
flowing from the UV value of the CFT c-function to zero in the IR, reflecting a gapped QFT.
As in the Wilson loop case, the central charge expression factors into a UV contribution
(capturing the CFT data) and a dynamical part common to all three backgrounds.

We also study the concept of holographic complexity, interpreted in the quantum circuit
framework as the number of elementary gates needed to construct a given Hilbert space state.
We adopt the proposal of [30], in which the nine- or ten-dimensional volume (excluding time)
is appropriately normalized with the warp factor. To preserve the universal and factorized
behaviour observed in the Wilson loop and central charge calculations, it is crucial that the
warp factor be chosen according to the lower-dimensional gauged supergravity from which
the background originates after uplift.
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To deepen our understanding of the dual field theories, a natural next step would be
to introduce a probe brane and study its dynamics and fluctuations. The meson spectrum
of the field theory corresponds to the fluctuation modes of the probe brane on the gravity
side, leading to a discrete and gapped spectrum and analogously the spectrum of glueballs
following the formalism and developments in [61, 62]. The calculation of Entanglement
Entropy, on spherical regions, or the time-like version could be done in these backgrounds,
along the lines of the papers [63-65]. Another idea would be to study the fluctuations and
spectrum of a F1-probe. The presence of higher curvature invariants in such calculations [66]
might teach us about the states not included in supergravity. We discuss these and other
aspects in future work.
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