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A B S T R A C T

In this paper an internal variables approach, set within a 6-θ methodology, is used to predict the strain rates 
associated with Waspaloy specimens tested under uniaxial but varying test conditions. The experimental results 
obtained for a simple loading and offloading cycle showed that predictions from such an approach were better 
than those obtained with a 4-θ methodology. It was also shown that the stochastic nature of creep meant that 
reliable predictions under variable test conditions required the use of data from repeat testing at constant test 
conditions. The results obtained from tests with varying but positive stresses and temperatures, showed much 
better strain rate predictions compared to standard time and strain hardening techniques. It also produced better 
predictions compared to the implementation of the internal variable approach within the 4-θ methodology.

1. Introduction

Most of the large, publicly available creep data bases [1–3], are made 
up of results obtained from uniaxial creep tests that have taken place 
under either constant load or stress and at constant temperature. Within 
the aerospace sector, the understanding and prediction of creep strains 
for materials used in high-temperature applications, such as 
Nickel-based super alloys, is particularly important to prevent blades 
rubbing against the outer casing of an aeroengine. But typically, the 
components within aero engines, such as turbine blades, experience 
cyclical variations in both stress and temperature during operational 
service. There is therefore great importance attached to understanding 
how the results contained within these creep data bases can be used to 
model creep during real operational service. Such an understanding is 
also important for constructing numerical models of creep deformation. 
For example, the small punch test offers the potential for understanding 
creep behaviour using much less material than conventional uniaxial 
testing. But within this test the stresses are continually changing and so 
there is a need to integrate this phenomenon with the readily available 
constant stress creep data.

Harrison et al. [4]. have published results from creep tests where the 
stress, temperature or both are varied during a uniaxial test. The ma
terial they used was Waspaloy. Complex conditions were studied in 
which both the stress and temperature were changed and the lengths of 

time between such changes were also varied. For example, Fig. 1 re
produces their results obtained from a repetition of 24 h of testing at 
873K/880 MPa followed by 24 h of testing at 1023K/390 MPa until 
failure is observed. The starting point to modelling this type of data is an 
expression to describe a uniaxial creep curve at constant stress and 
temperature. These authors used the 4-θ methodology [5] that uses 
following equation 

ε= θ1
(
1 − e− θ2 t)+ θ3

(
eθ4 t − 1

)
(1a) 

where ε is uniaxial strain, t is time and the are parameters dependent 
on stress and temperature. To move from explaining the shape of a creep 
curve at constant stress and temperature to one derived under changing 
test conditions, requires identifying the starting point on a new creep 
curve associated with a changed test condition, i.e. a method for hard
ening needs to be specified. Under time hardening, the point on the new 
creep curve is taken to be that associated with the time at which the test 
condition changed. Under strain hardening, the point on the new creep 
curve is taken to be that associated with the strain already accumulated 
at the time at which the test condition changed. Life-fraction hardening 
calculates the point on the new curve based on the effective time which 
is equal to the time at which the test condition changes (t), divided by 
rupture time (tf) associated with the new test condition.

An alternative method of creep hardening is to base the creep rate on 
the applied conditions and various material state variables 
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ε̇=Φ
(
σ,T, ξ1, ξ2,…, ξα,…, ξp

)
(1b) 

where T is temperature, σ is stress and ξα (α = 1, p) are internal material 
state variables each dependent on the loading history of the material. All 
the ξα describe continuum quantities that could be classified as either 
hardening or softening, static or dynamic, transitory or permanent. 
Using all these different methods of hardening, Harrison et al. [4]. 
proceeded to predict the strain rate data seen in Fig. 1 (shown by the 
grey data points). However, all these approaches showed limitations in 
predicting the cyclical strain patterns - with the internal state variable 
approach performing best. Whilst this latter approach worked well for 
the first cycle, there was after that a tendency for the approach to 
under-estimate the strain rate in each cycle and to not pick up the rapid 
decline in strain rates at the start of each cycle. During the high tem
perature cycle, the method also predicted increasing strain rates with 
time when actual strain rates were falling or constant. The authors 
concluded that whilst the internal variable approach resulted in better 
strain rate predictions under variable test conditions, there was still 
room for improvement.

This paper takes a step in that direction by making use of some of the 
more recent modifications and advancements made to the 4-θ method
ology to predict strains under changing test conditions. To achieve this 
aim, the paper is structured as follows. The next section outlines some of 
Harrison et al. [4] experimental data in more detail, together with a 
summary of their interpretation of this data. The methodology section 
reviews past approach to creep curve prediction and then outlines a 
theoretical underpinning of one of these approaches - the 6-θ model to 
be used in this paper. This section also provides a short description on 
how the models unknown parameters can be estimated. Results are then 
presented and in the conclusion section, suggestions for future research 
are given.

2. The data

2.1. Constant test conditions

Constant and non-constant stress creep tests were conducted by 
Harrison et al. [4] on the wrought Nickel based superalloy Waspaloy. 
The test material, supplied in bar form by Rolls Royce, had a chemical 
composition within the limits for Waspaloy - 18–21Cr, 12–15Co, 
3.5–5Mo, 2.75–3.25Ti, 1.2–1.6Al, 0.02–0.1C and 0.003–0.01B, balance 

Ni (wt.%). All test specimens were solution treated at 1315 K (4 h), 
stabilised at 1115 K (4 h) and aged at 1030 K (16 h), with the samples air 
cooled between each heat treatment stage. The tests were carried out 
using Andrade-Chalmers constant stress cam creep machines. The test 
specimens were machined from the as received Waspaloy bar with the 
resulting cylindrical specimens having a gauge length of 22 mm and a 
diameter of 5 mm. These specimens were tested at the ISM (Institute of 
Structural Materials) and IRC (Interdisciplinary Research Centre) labo
ratories at Swansea University.

For the constant stress tests, five different stress-temperature test 
conditions were used – 823K at 1050 MPa, 873K at 880 MPa, 923K at 
690 MPa, 973K at 540 MPa and 1023K at 390 MPa. At 923K the test was 
also replicated. The creep curves obtained at these conditions are shown 
in Fig. 2. The creep curves obtained at the lower temperatures (e.g. at 
823K) also correspond to stresses more than the yield stress and a sub
stantial amount of primary creep strain can be seen in these curves - the 
result of dislocations being continually generated under the high stress. 
At higher temperatures and lower stresses, creep deformation occurs 
under stresses below the yield stress, and deformation is accommodated 
by the movement of pre-existing dislocations subject to processes such as 
climb and cross slip - with most deformation accommodated in the grain 

Fig. 1. Experimentally obtained creep rates from a uniaxial creep test with temperature/stress changing between 873K/880 MPa and 1023K/390 MPa every 24 h 
together with predicted rates obtained by Harrison et al. [4]. using a. time hardening, b. strain hardening, c. life hardening and d. internal state variable evolution 
within the 4-θ methodology.

Fig. 2. Uniaxial creep curves obtained at different constant stresses/tempera
ture conditions.
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boundary zones. This results in a reduced primary stage but an extended 
period of tertiary creep. The repeat test at 923K reveals that creep rates 
and lives are highly stochastic in nature.

2.2. Variable test conditions

Tensile creep tests with non-constant stress and temperature were 
also conducted by Harrison et al. [4]. The simplest non-constant test 
undertaken by these authors took the form of simple cyclical unloading. 
The results of this test have not been published or analysed before. Here, 
the test condition 923K at 690 MPa was held for a period of around 3 
days, followed by unloading at this temperature for a similar period. 
This cycle was repeated, but after this second cycle the stress was 
re-applied until failure. As the temperature was kept constant 
throughout these cycles, there is the possibility of continued softening 
during the periods of off-load. Fig. 3 shows the results obtained for this 
simple loading and unloading experiment. In this figure (and all other 
figures containing the strain rate) the strain rate ε̇ is approximated using 

ε̇i =

⎧
⎪⎪⎨

⎪⎪⎩

9
∑4

i=− 4
εiti −

∑4
i=− 4εi

∑4
i=− 4ti

9
∑4

i=− 4t2
i −

∑4
i=− 4(ti)

2

⎫
⎪⎪⎬

⎪⎪⎭

(1c) 

where the subscript on t and ε denotes to the ith measurement made for 
time and strain respectively. Thus, the creep rate at time ti is found by 
collecting the pairing tiεi, the four tiεi pairings immediately below t0ε0 
and the four tiεi pairings immediately above t0ε0 and putting a least 
squares linear line fit through these 9 data points. ε̇i is therefore the 
slope of this best fit line through these 9 strain strain-time pairings.

At the start of each loading cycle there is a short period of rapid creep 
strain, followed by an extended period of almost constant strain rate and 
well-defined tertiary creep is not observed until the final period of 
loading. At the start of the two periods of off-loading the strain rate 
becomes briefly negative until a constantcreep strain rate occurs - sug
gesting the presence of some form of recovery.

The implications of the stochastic variability seen in Fig. 2 at 923K is 
again illustrated in Fig. 4. The strain rates associated with the test that 
has periods of off-load are in between the two tests carried out at the 
same conditions with no periods of off-load. Thus, the predictions of the 
strain rates associated with the periods of loading using the results from 
the constant test condition tests are likely going to be substantially 
overestimated using the first of the replicates. Hence it is important to 
present results from various replicates when making comparisons of 
models to obtain a feel for the natural stochastic variability, i.e. to 

ensure that any differences observed between actual and predicted 
strain rates are due to stochastic variability rather than systematic error.

The authors also conducted several tests in which the stress and 
temperature were changed on a cyclical basis – either every 24 h or 120 
h. In this paper, analysis is confined to one of these pairings, namely 
873K - 880 MPa to 1023K - 390 MPa every 24 h. A transition period of 1 
h was used to allow the temperature to stabilise to each new level. 
During this transitionary period the stress was held at the lower of the 
old and new values to avoid excessive creep damage during this period. 
Fig. 5 shows some of the constant stress creep curves alongside those 
obtained under variable conditions - namely when changes from 873K to 
880 MPa and 1023K - 390 MPa occur every 24 h. Up to around 400,000s 
the variable creep curve is in between the two constant test condition 
curves, but beyond that time the strains associated with the variable test 
are much larger than those associated with the constant stress curves.

Fig. 6 shows the creep rates associated with all the creep curves 
shown in Fig. 5. When test conditions were changed during a test, the 
initial creep rates immediately after the application of a new condition 
were faster than expected based on constant stress data at those condi
tions. This could be attributed to dislocations moving through a dislo
cation network forming at different applied conditions. Furthermore, at 
high stresses, dislocations overcome γ′ particles by cutting, whereas at 
low stresses dislocations overcome γ′ by diffusion-controlled climb [6]. 
Therefore, dislocations held up by γ’ at a low stress may be freed by 
cutting with an increase in stress and those restricted at high stress may 
become mobile due to climb with an increase in temperature thus 

Fig. 3. Measured strain (left hand axis and grey squares) and strain rates (right 
hand axis and black circles) obtained under cyclical loading and unloading at 
923K using 690 MPa during the loading periods and 923K - 0 MPa during the 
off-load periods.

Fig. 4. Measured strain rates during the loaded periods of the cyclical loading 
and unloading test at 923K and 690 MPa, together with the strain rates from the 
replicated tests at constant 923K and 690 MPa.

Fig. 5. Creep strains obtained from uniaxial creep tests with constant and 
varying test conditions.
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increasing the creep rate immediately following a stress and/or tem
perature change. Alternatively, the large primary strain rates could be 
due to grain boundary sliding in very early primary creep. Parkin and 
Birosca [7] identified a significant role for grain boundary sliding in the 
deformation of Waspaloy using EBSD. They found that the effective 
obstacle to slip transfer remained carbide presence on the grain 
boundary between the grains. In fact, the distortion of the areas in the 
vicinity of carbide rich grain boundaries could inhibit the slip continuity 
and caused slip direction diversion. Whatever the exact cause, these 
initial high creep rates rapidly decrease, and for a short period become 
negative when the test condition is changed.

3. Methodology

3.1. Uniaxial creep under unchanging test conditions

The literature is rich with empirical equations that can and have 
been used to account for the shape of a uniaxial creep curve obtained 
under constant stress (or load) and temperature. Many of the more 
recent approaches are made up of components contained within the 
classical representations of primary, secondary and tertiary creep 
deformation. Thus, Graham and Walles [8], McVetty [9] and Phillips 
[10] put forward a power law, exponential and logarithmic equation 

respectively to describe primary creep, whilst McHenry [11], 
Rabotnow-Kachanov [12,13] and Sandströmg-Kondyr [14] put forward 
exponential based equations to describe tertiary creep. Norton [15] used 
a power law equation to describe secondary creep. Othman and Hay
hurst [16] extended the Rabotnow – Kachanov model to incorporate 
primary creep, whilst Maruyama et al. [17] extended the Phillips model 
to also include tertiary creep. Wu et al. [18], in their study of Waspaloy, 
developed a true stress model to explain tertiary creep, and combined 
this with a model of grain boundary sliding for primary creep, resulting 
in 

ε= εp

⎛

⎜
⎝1 − e−

t
tp

⎞

⎟
⎠+

1
M

(
eMkt − 1

)
(2) 

where εp is strain at the end of the primary stage of creep and tp the time 
at which this stage is completed, and M and k are additional model 
parameters. The authors stress that other models, that relate to different 
creep mechanisms can be added to their model, so their model does 
require a pre-specification of the exact creep mechanisms taking place 
during the primary stages.

The Theta Projection Methodology [5] can be viewed as an extension 
of the exponential model put forward by McVetty to pick up tertiary 
creep 

ε= θ1
(
1 − e− θ2 t)+ θ3

(
eθ4 t − 1

)
with θl = eal+blσ+clT+dlσT l=1 to 4 (3) 

where al – dl are model parameters, σ is stress and T is temperature. This 
4-θ methodology has the same form as Equation (2), but the parameters 
have very different interpretations, but both imply a minimum rather 
than a secondary creep rate. Holdsworth et al. [19], modified Equation 
(3) to allow for extended periods of secondary creep 

ε= θ1
(
1 − e− θ2 t)+ θ3

(
eθ4 t − 1

)
+ ε̇st (4a) 

where ε̇s is the constant secondary creep rate given by ε̇s = aσbe− c/RT (a, 
b,c, are model parameters and R the universal gas constant). Liu et al. 
[20]. in their application to P92 steel, extended the 4-θ methodology to 
model creep curves derived under constant load conditions 

Fig. 6. Creep strain rates obtained from uniaxial creep tests with constant and varying test conditions (where the latter has temperature/stress changing from 873K/ 
880 MPa to 1023K/390 MPa every day).

Fig. 7. Schematic representation of strain hardening, time hardening and life 
fraction hardening during a change in creep testing conditions.
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ε= θ1

⎛

⎝1 − e
θ2

[

1− σo
σY

(1− ε)

]

t
⎞

⎠+ θ3
(
eθ4 t − 1

)
(4b) 

where σY is the yield stress and σo the initial and constant load. In their 
application to alloy 690, Moon et al. [21] used the following expression 
for constant load testing 

ε= θ1
(
1 − eθ2 t)+ θ3

(
eθ4 tθ5

− 1
)

(4c) 

For constant stress testing they suggested using Equation (3) but with 
the modification 

θl = eal+blσo+clT+dlσoT l = 1, 3 and θl = eal+blσ+clT+dlσT l = 2,4 (4d) 

Harrison et al. [22] used.

θj = aj

(
σ

σTS

)bj 

j = 1, 3 and θj = aj

(
σ

σTS

)bj

e
− Qc

j
RT j = 2, 4 (4e)

when studying the titanium aluminide alloy Ti-45Al-2Mn-2Nb - 
where σTS is the tensile strength of the material and Qc

j the activation 
energy for each rate parameter. Zheng et al. [23]. considered the 
following three parameter simplification 

d= θ1
(
1 − eθ2 t)+ θ3

(
eθ2 t − 1

)
(4f) 

in their application to small punch test results in 1Cr-5Mo steel. The 
parameter d is the displacement measured during such a test and each θ 
parameter was made a function of the punch force.

A final example of a modification of the 4-θ methodology, often 
referred to as the 6-θ methodology - is that proposed by Evans [24,25].  

Evans [24] found that for the very ductile commercial aluminium 
alloy 2419, the term θ1

(
1 − e− θ2t)was insufficient to pick up the presence 

of very early and strongly pronounced primary creep and so suggested 
adding the additional term θ5

(
1 − e− θ6t) to account for this. Indeed, 

depending on the material being studied, he suggested the fully general 
functional form for modelling uniaxial creep at constant test conditions 

ε=
∑q

l=1

θ2l− 1
[
1 − e− θ2l t

]
(5b) 

If θ2l− 1 > 0 and θ2l > 0 the lth term in the series represent a primary 
process with the creep rate decreasing with increasing time. If θ2l− 1 <

0 and θ2l < 0 the lth term in the series represent a tertiary process with 
the creep rate increasing with increasing time. Theoretically, there is no 
limit to the value of q, but the practicalities of estimating the θ value 
increase dramatically with increasing q. An important advantage of the 
4-θ model and its modifications is that preexisting damage can be 
measured directly from the θ parameters and this make the approach 
particularly useful for numerical models of the small punch test and 
other high temperature applications where the stress changes.

More importantly, each term in Equation (5b) is capable of theo
retical explanations in terms of micro mechanisms governing creep. 
Loosely following the approach taken by Evans [26], internal state 
variables can be used to explain the form of Equation (3) using as a 
starting point the following functional for Φ in Equation (1b)

ε̇= ε̇of(ξα) (6a) 

where ε̇o is the initial rate of strain occurring for virgin material when 
placed on test - which depends on both stress and temperature. So, f(ξα)

takes on the value one for such material, but thereafter is modified by 
the creep processes occurring within the grains and/or grain boundaries. 
Next assume that f(ξα) is a linear function of several of these internal 
variables  

where hα, rα, and wα are dislocation hardening, dislocation softening and 
damage internal variables respectively. Softening (or recovery) vari
ables are those associated with climb and glide and are static but posi
tive variables. On the other hand, hardening variables are dynamic in 
nature and will be negative in quantity. The damage variables include 
changes in precipitate morphology, alteration in second-phase in
terfaces, changes in mobile dislocation density and grain boundary 
cavitation and cracking – to name a few. They are usually dynamic in 
nature and positive in quantity. More than one process can occur at a 
time and each mechanism will be a function of stress and temperature.

More specially, and in relation to Waspaloy, Whittaker et al. [6]. 
concluded that at test conditions below the yield stress the main resis
tance to dislocation motion (some of the hα hardening variables) is the 
interaction with the tertiary γ/ precipitates. Dislocation motion is 
therefore limited by the climb of these dislocations over and/or around 
all but the smallest tertiary precipitates (some of the rα softening vari
ables). Above the yield stress there is a higher mobile dislocation den

sity, and eventually the density becomes so high that dislocations 
become locked in tangles (some of the hα hardening variables). Above 
yield, the stress is sufficient for the dislocations to cut through the ter
tiary precipitates (again some of the rα softening variables). Parkin and 
Birosca [7] found that grain boundary sliding (some of the rα softening 
variables) was a prominent source of strain accumulation in Waspaloy 
and that carbide rich boundaries (some of the hα) play a considerable 
role in hardening.

The power of this modelling framework therefore is that it can 
encapsulate a large variety of different creep mechanisms without 
formally having to specify their exact nature. For example, it can model 
a situation where creep processes are dominant at different locations 
and at different times. Evans [25], for example, found evidence (in the 
form of differing activations for the theta rate parameters) in aluminium 
alloy 2419, that very early on in a creep test, creep processes are 
confined to the grain boundaries in the form of viscoelastic deformation. 
Then as time progresses, but still within the primary stage of creep, the 
dominant creep processes occur within the grains for this material all of 
which are dependent on hardening and softening mechanisms. Finally, 
damage mechanisms governed tertiary creep. If such time – location 
interactions are also present within Waspaloy, the framework given by 

ε= θ1
(
1 − e− θ2 t)+ θ3

(
eθ4 t − 1

)
+ θ5

(
1 − e− θ6 t) with θl = eal+blσ+clT+dlσT l=1 to 6 (5a) 

ε̇= ε̇o
{
1+(h1,h2,…,hα,…,hn)+ (r1, r2,…, rα,…, rm)+

(
w1,w2,…,wα,…,wp

)}
(6b) 
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Equation (6b) is designed to model it.

3.2. Uniaxial creep under changing test conditions

The key to accurate strain rate predictions under changing test 
conditions, is the accurate quantification of prior hardening, softening 
and damage. To move from explaining the shape of a creep curve at 
constant stress and temperature to one derived under changing test 
conditions, requires a definition of hardening. Time, strain and life- 
fraction based hardening methods are often used to quantify the ef
fects of prior creep on future strain rates, and these are illustrated in 
Fig. 7. In this figure, the test conditions are initially set at the “Previous” 
values for σ and T and then strain progresses along the lower creep curve 
seen in this figure. Then at some future point in time the test conditions 
are changed to “New” σ and T. Consequently, creep will then progress 
along the upper creep curve.

But the crucial question is from what point on this new creep curve 
does strain start accumulating again? Under the concept of time hard
ening, the point on the new creep curve is taken to be that associated 
with the time at which the test condition changed. This method is not 
suitable when there are large changes in the applied stress. Under the 
strain hardening concept, the point on the new creep curve is taken to be 
that associated with the strain already accumulated at the time at which 
the test condition changed. However, this method can produce inac
curacies if the conditions vary from those displaying a primary domi
nated creep curve to those displaying a tertiary dominated creep curve 
and vice versa. Life-fraction hardening attempts to address these limi
tations by calculating the point on the new curve based on the effective 
time which is equal to the time at which the test condition changes (t), 
divided by rupture time (tf) associated with the new test condition. This 
method has the advantage of predicting creep rupture when t/tf equals 
1.

An alternative to these hardening rules is the internal variable 
approach given by Equation (6b). Evans [26] stated some constitutive 
creep equations that lead-to the 4-θ equation – Equation (1a). As the 
internal variables in Equation (6b) occur linearly, and because Equation 
(6b) is linear in the coefficients, it is possible to quantify over-all 
hardening (H), softening (R) and damage (W) through a simple 
summation 

H=
∑n

α=1
hα ; R =

∑m

α=1
rα and W =

∑p

α=1
wα (7a) 

Evans then postulated the following evolutionary equations for these 
internal variables 

Ḣ= − Ĥε̇ ; Ṙ = R̂ and Ẇ = Ŵ ε̇ (7b) 

where the dot above each variable refers to the rate of change in this 
variable with respect to time and Ĥ, R̂ and Ŵ are parameter constants 
found as 

Ĥ =
∑n

α=1
ĥα ; R̂ =

∑m

α=1
r̂α and Ŵ =

∑p

α=1
ŵα (7c) 

where ḣα = − ĥαε̇, ẇα = ŵα ε̇ and ṙα = r̂α. Equation (6b) can then be 
written as 

ε̇= ε̇o(1+H+R+W) (7d) 

Under the assumption that primary creep occurs over small times in 
relation to the creep life, Evans [26] has shown that Equations (7) lead 
to 

ε̇=
[

ε̇o −
R̂
Ĥ

]

e− Ĥε̇o t +
R̂
Ĥ

e
Ŵ R̂

Ĥ t (8a) 

and 

ε =
1

Ĥε̇o

[

ε̇o −
R̂
Ĥ

]
⎛

⎝1 − e− Ĥε̇o t

⎞

⎠+
1
Ŵ

⎛

⎝e
Ŵ R̂

Ĥ t
− 1

⎞

⎠ (8b) 

Although the condition of short-lived primary creep is met by many 
particle-hardened alloys, this approach does not suggest that it applies 
to all materials irrespective of testing conditions. Further, the assump
tion does not remove the appearance of damage from early primary 
creep - as all terms in Equation (8a) contain those parameters (ε̇o, Ĥ, 
R̂,Ŵ) and so control primary creep. Damage is restricted to the gener
ation to those strains arising from the secondary process, which is also 
present throughout the whole of primary creep. There is some evidence 
to support this. The well-established Monkman-Grant relations [27] 
relates fracture behaviour to the product of secondary creep rate and 
failure time rather than total strain

Another important advantage of this theta methodology is that all 
the internal variables can be easily and directly calculated from the θ 
values describing a creep curve. So, comparing Equation (8b) to Equa
tion (1a), it follows that 

ε̇o = θ1θ2 + θ3 θ4; Ŵ =
1
θ3

; Ĥ =
θ2

ε̇o
; R̂ =

θ2θ3θ4

ε̇o
(8c) 

It is easy to use Equations (8a-c) for time hardening. In the case of a 
test where stress and temperature change, strain rate predictions are 
made in the following way. For an initial stress-temperature combina
tion the θl values for a constant stress test at this condition are used to 
calculate ε̇o, Ĥ, R̂, and Ŵ using Equation (8c). These are then inserted 
into Equation (8a) to predict strain rates during this initial cycle. Then 
for the next cycle where a new stress-temperature combination exists, 
the θl values for the constant stress test at this condition are used to re- 
calculate ε̇o, Ĥ, R̂,and Ŵ. These are then re-inserted into either Equation 
(8a) to predict strain rates during the second cycle. This can be repeated 
for all the cycles making up the test data. If constant stress tests don’t 
exist for a test condition in the variable test, then they can be estimated 
using 

ln[θl] = a+ bσ + cT+dσT l=1 to 4 (8d) 

where the parameters a to d require estimation. Let strain rate pre
dictions calculated in this way be called 4-θTH. The procedure for strain 
hardening is similar. The θl values for the constant stress test conditions 
associated with the first cycle are inserted into Equations (8a-c) to 
predict strain and strain rates up to the end of the first test cycle. Let t1 be 
the time associated with the end of the first cycle and ε1 the strain 
predicted at this time using Equation (8b). The θl values for the constant 
stress test conditions associated with the second cycle are then inserted 
into Equation (8b) together with the strain value ε1. Solving this equa
tion for the t value that equals this inserted strain then yields a predic
tion for the time it would have taken to reach a strain of ε1 under the 
constant stress test conditions associated with the second cycle – t*. 
Strain rate predictions for the second cycle are then found by inserting 
the θl values for the constant stress test conditions associated with the 
second cycle and time values equal to ti = Δti + t* into Equation (8a). 
This process can then be repeated for all the test cycles. Let strain rate 
predictions calculated in this way be called 4-θSH.

The internal variable approach to hardening is different to 4-θTH, 
with predictions depending on what assumptions are used to simplify 
Equation (7d). For virgin material, H, R and W in Equation (7d) are all 
equal to zero, but as creep progresses their values can be updated during 
each experimentally recorded time increment Δti = ti – ti-1 in different 
ways depending on which assumptions are made. If it is assumed that in 
primary creep, there is no damage accumulation (W = 0), then it follows 
from Equations (7b)–(7d) 
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Hi+1 =Hi − Ĥε̇o(1+Hi +Ri)Δti ; Ri+1 =Ri + R̂Δti ; Wi+1 =Wi

+
Ŵ R̂
Ĥ

(1+Wi)Δti (9a) 

with 

ε̇i = ε̇o

(

1 + Hi + Ri +
R̂

ε̇o Ĥ
Wi

)

(9b) 

for i = 1 to v, where i in an indicator for each experimental time 
recording, so that i = 1 is the first recorded time, i = 2 for the second and 
so on (where there is v such recordings in total). This iterative process is 
set in motion by setting Hi=1 = Ri=1 = Wi=1 = 0. Let the strain rate 
predictions based on Equations (9a)–(9b) be called 4-θIV1.

To modify this analysis to account for the 6-θ specification given by 
Equation (5a), an extension of the above method is required. One 
approach is to split primary creep into two separate phases (early and 
latter) and allow hardening and softening to occur in both stages. Under 
this scenario the creep rate in the early primary stage will tend towards a 

constant rate R̂1

Ĥ1 
where the rate parameters in this ratio refer to rates of 

hardening and softening exclusive to early primary creep. The role of 
hardening and softening in latter primary creep is then to accelerate this 
steady state creep rate, with the creep rate in the latter stage tending 

towards the steady state rate of R̂2

Ĥ2 
– which is often referred to as the 

minimum creep rate. Damage then accelerates this minimum creep rate 
(where the parameters in this second ratio refer to rates of hardening 
and softening exclusive to latter primary creep). The Appendix to this 
paper contains details of how all this can be expressed as a direct 
function of time 

ε̇=
[

ε̇o −
R̂1

Ĥ1

]

e− Ĥ1 ε̇o t +

[

˙ρ1o −
R̂2

Ĥ2

]

e− Ĥ2 ˙ρ1ot +
R̂2

Ĥ2
e

ŴR̂2
Ĥ2

t (10a) 

where 
˙

ρ̇1o = R̂1

Ĥ1
. The actual creep curve is found upon the integration of 

Equation (10a)

ε =
1

Ĥ1ε̇o

[

ε̇o −
R̂1

Ĥ1

]
⎛

⎜
⎝1 − e− Ĥ1 ε̇o t

⎞

⎟
⎠+

1
Ĥ2 ˙ρ1o

[

˙ρ1o −
R̂2

Ĥ2

]
⎛

⎜
⎝1 − e− Ĥ2 ˙ρ1ot

⎞

⎟
⎠

+
1
Ŵ

⎛

⎜
⎝e

ŴR̂2
Ĥ2

t
− 1

⎞

⎟
⎠

(10b) 

Comparing Equation (10b) to Equation (5a), it follows that 

ε̇o = θ1θ2 + θ3θ4 + θ5θ6; ρ̇1o = θ1θ2 + θ3θ4 (11a) 

Ŵ =
1
θ3

; Ĥ1 =
θ6

ε̇o
; Ĥ2 =

θ2

ρ̇1o
; R̂1 =

θ6

ε̇o
[ε̇o − θ5θ6] ; R̂2 =

θ2

ρ̇1o
[ρ̇1o − θ1θ2]

(11b) 

The internal variable approach using six theta parameters under the 
above assumptions takes the following form. First, it is assumed that in 
all primary stages of creep, there is no damage accumulation (W = 0) 
and the causes of hardening and softening in the two stages of primary 
creep are distinctly different. H1 and R1 accelerate the initial creep rate 

ε̇o, whilst H2 and R2 accelerate the steady state rate R̂1

Ĥ1
. Damage is then 

assumed to take place during tertiary creep only. It then follows that 

H1i+1 =H1i − Ĥ1ε̇o(1+H1i +R1i)Δti ; H2i+1 =H2i

− Ĥ2
R̂1

Ĥ1
(1+H2i +R2i)Δti (12a) 

R1i+1 =R1i + R̂1Δti ; R2i+1 =R2i + R̂2Δti : Wi+1 =Wi + Ŵ
R̂2

Ĥ2
(1+Wi)Δti

(12b) 

with 

ε̇i = ε̇o

(

1+H1i +R1i +
R̂1

ε̇o Ĥ1
[H2i +R2i] +

R̂2

ε̇o Ĥ2
Wi

)

(12c) 

This iterative process is set in motion by setting 
H1,i=1 = H2,i=1 = R1,i=1 = R2,i=1 = Wi=1 = 0. Let the strain rate pre
dictions based on Equation (12) will be called 6-θIV1.

For a test where the stress varies between some positive value and 
zero, but the temperature is held fixed, a different procedure must be 
used as theta values are not defined for zero stress. Hence it is difficult to 
predict what will happen during periods of off-load using the theta 
methodology. With some, simplifications however, the strain rates 
during the loaded periods can be modelled. It is well known that when a 
stress is suddenly reduced in a constant stress creep test, the strain rate 
will change in a way that depends on the magnitude of this stress change 
relative to the internal stresses opposing continued forward motion of a 
dislocation (and each dislocation experiences a different internal stress). 
The difference between these two forces is termed the effective stress 
and for small reductions in the applied stress the effective stress will 
remain positive, and the creep rate will slow down but remain positive. 
For such situations the above approach can be used. But when the stress 
is reduced to zero, the effective stress will clearly be negative, forcing 
most dislocations to reverse direction, so that a negative creep rate will 
occur. However, the size of this negative strain rate cannot be deter
mined from a constant stress test and so this paper assumes that during 
periods of offload, hardening (H1 and H2) remain equal to the value at 
the end of the previous loaded cycle.

It will also be assumed that when the stress is removed no further 
damage occurs so the value for W remains the same as the last value 
observed during the previous loaded cycle. The assumption that damage 
is not reversable is reasonable, but it must be noted that more realisti
cally hardening will be partially or completely reversed or annihilated 
during the offload phase. But more experimentation is needed to see if 
the rate of such reversal is simply the opposite of Ĥ1 and Ĥ2. What 
happens to softening during the periods of offload are uncertain. One 
possibility is that it continues at rates given by R̂1 and R̂2. But as these 
softening rates depends on both stress and temperature, and only tem
perature is unchanged during the offload period, it is likely these rates 
will be a fraction of those associated with the loaded cycles. This paper 
will therefore look at strain rate predictions associated with softening 
rates being given by λ̂R1 and λ̂R2 during periods of offload for a few 
scenario values for λ between 0 and 1. Let the predictions obtained 
under these simplifying assumptions be termed 6-θIV2.

3.3. Estimation

Evans [28] developed a non-linear least squares procedure to esti
mate the θl values in Equation (1a) from the strain-time results obtained 
from a uniaxial creep test carried out at constant stress and temperature. 
The theta parameters are obtained by iteratively carrying out a series of 
linear regressions, where the variables in these regressions are a set of 
derivative variables. Starting values for the θl parameters are first chosen 
– θj,0. This enables the residual strain series to be calculated as 

ei,o= εi −
{

θ1,0
(
1 − e− θ2,0 ti

)
+ θ3,0

(
θ4,0eθ4,0 ti − 1

) }
(13a) 

These starting values can then be used to compute initial values for 
the analytical first derivatives 

dei,0

dθl,0
for l= 1,4 (13b) 
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where for example 

dei,o

dθ2,o
= tiθ1,0 e− θ2,oti (13c) 

A first order Taylor series approximation to Equation (13a) is given 
by 

ei,o ≅
(
θ1,1 − θ1,0

) dei,o

dθ1,o
+………..+

(
θ4,1 − θ4,0

) dei,o

dθ4,0
(13d) 

and so the regression coefficients obtained from a multiple regression of 
ei,o on all the dei,o

dθj,o 
will yield updated values for all the theta parameters, i. 

e. θ1,1 is an improved estimate for θ1 (compared to the starting value 
θ1,o

)
. θ1,1 to θ4,1 then replace θ1,0 to θ4,0 and the above steps are repeated 

until the updated theta estimates are the same as the previous values (or 
to within a pre-defined small difference). This Gauss-Newton procedure 
is implemented within Excel with a straightforawrd extension of this 
method to include six theta parameters and an account for first order 
autocorrelation in the ei,j series.

4. Results

4.1. Theta values

Table 1 shows the estimates for the θl (l = 1 to 6) values obtained at 
390 MPa and 1023K (row 4), together with the estimated values for θl at 
873K and 923K (rows 1 and 3). They were obtained using the non-linear 
least squares method described in the previous sub section. The bottom 
half of the table (rows 5–7) shows estimates for θ1 to θ4 associated with 
Equation (1a) – these are the same values as obtained by Harrison [4] 

et al.
The fit to the experimental creep rates obtained at 923K and 690 MPa 

using these theta values in conjunction with Equations (1a), (5a) are 
shown in Fig. 8. The fit to the experimental strain rates is better for the 6- 
θ model over the very early stages of primary creep and the latter stages 
of primary creep but there is a noticeable deviation in the predictions 
from both equations close to the failure time. This deviation can be 
attributed to necking where the creep rate accelerates away from the 
expected exponential relationship.

4.2. 24-Hour cyclical variation in stress and temperature

The strain rates in Fig. 6 correspond to testing for 24 h at 880 MPa 
and 873K followed by 24 h at 390 MPa and 1023K. These two cycles are 
repeated until failure occurs. At the start of the first cycle the initial 
creep rate rapidly diminishes at first followed by a slower but constantly 
diminishing creep rate. Then when stress is reduced with a corre
sponding rise in temperature the same pattern in the strain rate is 
observed but with the strain rate at the end of this cycle being much 
lower than at the end of the first cycle. This pattern repeats itself every 
two cycles with a tendency for the creep rate at the end of each cycle 
being higher than the previous corresponding cycle. Fig. 9 plots the 
predictions from various 6-θ models against these experimentally 
derived strain rates. The black dashed line shows the predictions from 
the 6-θTH model – i.e. time hardening within the 6-θ methodology. 
During the first cycle the model predicts the initial strain rate reasonably 
well and the shape of the declining creep rate thereafter, albeit at a 
higher strain-time profile. The model then predicts the large fall in the 
creep rate at the very start of the next cycle but then predicts an 

Table 1 
Estimated θl for Equation (1a) and Equation (5a) obtained using the Gauss-Newton approach summarised by Equation (13).

Row (θ1) (θ2) (θ3) (θ4) (θ5) (θ6)

6-θ

1 880 MPa and 873K 0.03053 8.13E-06 0.04822 1.12E-06 0.00150 5.53E-04
2 690 MPa and 923K 0.04742 2.44E-06 0.00393 2.42E-06 0.00840 0.000048
3 690 MPa and 923K* 0.02702 1.761E-06 0.00331 1.87E-06 0.00109 6.67E-05
4 390 MPa and 1023K 0.00803 3.30E-06 0.00606 2.50E-06 0.00147 0.000139

​ ​ 4-θ

5 880 MPa and 873K 0.030745 8.41E-06 0.049679 8.25E-07 – –
6 690 MPa and 923K 0.03097 7.43E-06 0.019123 1.44E-06 – –
7 390 MPa and 1023K 0.01791 2.39E-06 0.003485 2.92E-06 – –

*Replicate.

Fig. 8. Experimental creep rates obtained at 923K and 690 MPa over the full 
length of time to failure, together with the predictions based on the θ values in 
rows 2 (6-θ equation) and 6 (4-θ equation) of Table 1.

Fig. 9. Creep strain rates from testing for 24 h at 880 MPa and 873K followed 
by 24 h at 390 MPa and 1023K, together with predicted strain rates obtained 
from the 6-θTH model (dashed line), 6-θSH model (grey line) and the 6-θIV1 
(solid line) models.
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unchanging creep rate for the remainder of this cycle, whilst the actual 
creep rate continues to fall. The model then predicts most but not all of 
the large increase in the creep rate at the very start of the next cycle, and 
then underpredicts predicts the declining creep rate for the remainder of 
this cycle although it predicts the direction of change in the creep rate. 
The nature of these predictions then remains the same for the remaining 
cycles, with predicted damage accumulation during the high tempera
ture cycles leading to an upward trend in the creep rate when the actual 
creep rate continues to decline. In the lower temperature cycles, there is 
an under prediction of damage accumulation leading to the degree of 
underprediction increasing.

The predictions from the 6-θSH model (using strain hardening) are 
shown by the light grey line and are worse than the those obtained using 
time hardening. During the second cycle the overpredictions are more 
pronounced compared to the 6-θTH model and more so in the wrong 
direction. During the third cycle the predictions are better when using 
the 6-θSH model, but for the remaining low temperature cycles the time 
hardening and strain hardening models produce similar results (and so 
are indistinquishable in this figure). The predictions for the remaining 
high temperature cycles become more and more unrealistic with time 
when using strain hardening.

The predictions from the 6-θIV1 model (using internal variables) are 
given by the solid line and are better than the those obtained using both 
time and strain hardening. During the second cycle this model traces out 
the time profile of the strain rates extremely well and it also picks up the 
increased strain rate at the start of the third cycle and its subsequent 
time profile very well. From then on, the model mimics the time profiles 
of the strain rates in each cycle, but tends to under predict the magnitude 
of the strain rate – probably due to not picking up enough damage 
accumulation.

Fig. 10 compares the predictions obtained 6-θIV1 with those ob
tained from the 4-θIV1. The predicted strain rate time profiles are 
similar for the two models, but from the second cycle onwards the 
predicted strain rates from the 6-θIV1 model are much closer to the 
experimentally obtained strain rates.

The rate constant Ĥ1 changes from − 448 in the low temperature/ 
high stress regime to − 565 in the higher temperature/lower stress 
regime so that in Fig. 11a hardening progresses at a faster rate with 
respect to time in the low temperature/high stress cycle. The same is 
true for the internal variable H2 in Fig. 11b, with Ĥ2 changing from − 27 
to − 80 between the two different cycles. With Ĥ2 < Ĥ1 in each regime, 
the hardening mechanisms associated with H1 account for most of the 
rapidly changing strain rates observed at the start of each cycle.

The rate constant R̂1 changes from 0.00015 in the low temperature/ 
high stress regime to 2.36E-05 in the higher temperature/lower stress 

regime so that the in Fig. 11a softening progresses at a faster rate with 
respect to time in the low temperature with high stress cycle. The same is 
not true for the internal variable R2 in Fig. 11b, with R̂2 changing little 
between each cycle (changing from 1.45E-06 to 1.2oE06 between the 
two different cycles). Thus, in the latter stages of primary creep soft
ening progresses at a slow rate compared to hardening. These rate 

constants result in a minimum creep of R̂2

Ĥ2
= 5.4E-08 s− 1 in the low 

temperature/high stress regime to R̂2

Ĥ2 
= 1.52E-08 s− 1 in the higher 

temperature/lower stress regime. Without the hardening and softening 
mechanisms associated with the latter part of primary creep the creep 

rate would tend R̂1

Ĥ1
= 3.0E-07 s− 1 in the low temperature/high stress 

regime before damage started to accumulate.
The rate constant Ŵ changes from 27 in the low temperature/high 

stress regime to 79 in the higher temperature/lower stress regime so that 
the in Fig. 11b damage progresses at a faster rate with respect to time in 
the high temperature/low stress cycle regime. This figure also reveals 
that damage does not start to accelerate until around 2E-05 s into the 
test – or about 25 % into the cyclical test.

Many different interpretations can be placed on these variables that 
would require further microstructural analysis that would be a valuable 
source of future research. Some interesting hypotheses that could be 
studied include the possibility that H1 represents hardening in the early 
stages of primary creep with this hardening being confined to grain 
boundaries within the material and that H2 then represents hardening 
taking place within the grains. The fact that H1 evolves at a faster rate 

Fig. 10. Creep strain rates from testing for 24 h at 880 MPa and 873K followed 
by 24 h at 390 MPa and 1023K, together with predicted strain rates obtained 
from the 6-θTV1 model (solid line) and the 4-θTV1 model.

Fig. 11a. Variation of the internal variables H1 and R1 with time.

Fig. 11b. Variation of the internal variables H2 and R2 and W with time.

M. Evans et al.                                                                                                                                                                                                                                  Materials Science & Engineering A 943 (2025) 148745 

9 



than H2 and that its domination of deformation is over early in the test is 
consistent with this view. It may also be the case that part of H1, unlike 
H2, is fully reversable and so some of the hardening within grain 
boundaries would then be visco-elastic in nature.

4.3. Cyclical unloading

Fig. 12a plots the creep strain rates obtained during the loaded pe
riods of the unloading test (at 690 MPa and 923K), together with pre
dicted strain rates obtained from the theta values in rows 2 and 3 of 
Table 1 using the 6-θIV2 model when λ = 1. The solid black and grey 
curves show the predicted strain rates obtained using the 6-θIV2 model 
with λ = 1. As such these predictions assume softening occurs at the 
same rates in the loaded and unloaded periods. The difference between 
these predictions demonstrates just how stochastic creep is, and to get 
reliable predictions, more than one constant test creep test should be 
carried out. Taking the solid black curve, it is seen that when the load is 
applied to the test specimen at the start of the first cycle, there is a very 
high initial creep rate, that diminishes in magnitude very rapidly. The 
model overestimates this initial high strain rate when λ = 1. The model 
picks up the rapid deceleration of this rate with time but tends to un
derestimate the actual rate tending as it does to a lower steady state. 

When the load is reapplied the model prediction profile is like the first 
cycle. Halfway through the last cycle the model underestimate the 
accumulation of damage and thus strain rates. Under the simplifying 
assumptions stated in the methodology section, the 6-θ model performs 
much better (than the 4-θ model) at predicting the rapid decline in creep 
rates at the start of each re-load cycle, it predicts much better the sec
ondary or minimum creep rate and the accumulation of damage in the 
final cycle.

Fig. 12b plots the predicted strain rates obtained from the theta 
values in Table 1 using the 6-θIV2 and 4-θIV2 model when λ = 0.7. The 
main noticeable difference seen when comparing the predictions in 
Fig. 12 is that a lower value for λ results in more realistic initial creep 
rate predictions associated with the start of each cycle. The 6-θ model 
still performs much better. It also seems reasonable to have a λ value 
below 1 as softening is likely to occur at a slower rate than that given by 
R̂1 and R̂2 because the stress determines softening rates and this is no 
present in the unloaded part of the cycle.

Fig. 13a plots the values for the hardening and softening variables 
over the length of the test. It can be seen that most of the materials 
hardening is associated with H1 and the very early stages of primary 
creep. The assumption of no additional hardening in the unload periods 
is seen through the horizontal nature of the line during these times. 
Hardening has a strong non-linear profile with respect to time at the 
start of each loading cycle but quickly transforms to a linear relation
ship. The right-hand axis of Fig. 13a plots the two softening variables. 

Fig. 12a. Creep strain rates under cyclical unloading (from 690 MPa) at 923K, 
together with predicted modified strain rates obtained using the 6-θIV2 model 
with λ = 1. Solid black line uses the θ values in row 3 of Table 1, whilst the solid 
grey line uses the θ values in row 2 of Table 1. The dashed line used θ values in 
row 6 of Table 1.

Fig. 12b. Creep strain rates under cyclical unloading (from 690 MPa) at 923K, 
together with predicted modified strain rates obtained using the 6-θIV2 model 
with λ = 0.7. Solid black line uses the θ values in row 3 of Table 1, whilst the 
dashed line uses the θ values in row 6 of Table 1.

Fig. 13a. Predicted hardening and softening under cyclical unloading (from 
690 MPa) at 923K with λ = 1. All hardening and softening values are based on 
the θ values in row 3 of Table 1.

Fig. 13b. Predicted damage accumulation under cyclical unloading (from 690 
MPa) at 923K with λ = 1. Damage values are based on the θ values in row 3 
of Table 1.
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Again, most of the softening is taking place via mechanisms associated 
with variable R1, although recovery of both types continues until the end 
of test.

Fig. 13b plots the damage variable W. Damage to the material does 
not take place at a significant level until after around 1,250,000 s of 
testing when most of the hardening associated with variable H1 has 
taken place. Note also the assumption that no damage accumulation 
occurs during the periods of offloading. Many different interpretations 
can be placed on these variables that would require further micro
structural analysis that would be a valuable source of future research. 
Some interesting hypotheses that could be studied include the possibility 
that H1 represents hardening in the early stages of primary creep with 
this hardening being confined to grain boundaries within the material 
and that H2 then represents hardening taking place within the grains. 
The fact that H1 evolves at a faster rate than H2 and that its domination 
of deformation is over early on in the test is consistent with this view. It 
may also be the case that H1, unlike H2 is fully reversable and so the 
hardening within grain boundaries would then be visco-elastic in nature.

5. Conclusions

This paper has developed a theoretical basis for the 6-θ methodology, 
and showed that when applied to Waspaloy, produces a much better 
description of primary creep (especially early primary) at constant test 
conditions. The paper also presented a new internal variable approach 
for use within this 6-θ methodology to model the accumulation of 
hardening, softening and damage when specimens are subjected to 
varying stress and temperature conditions. It was found that this 
approach produced much better strain rate predictions compared to 
standard time and strain hardening techniques. It also produced better 
predictions compared to the implementation of the internal variable 
approach within the 4-θ methodology. When it came to a simple load- 
offload test the stochastic nature of creep was clearly apparent with 
replicate tests producing very different strain rate predictions – 

illustrating the need to do replicated creep testing to iron out such 
variability.

Areas for future work include applying these models to other mate
rials and carrying out additional metallographic work to try and relate 
the measured hardening, softening and damage variables to actual 
deformation processes within Waspaloy.
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Appendix 

The 6-θ representation of creep can be derived from creep mechanisms in a way similar to that proposed by Evans’s [26]. To modify his analysis to 
account for six θ parameters, the hα and rα internal variables discussed in the paper (Equations (7a)-(7c)) need to be split into two sperate groups. h1 to 
hα and r1 to rα are hardening and softening variables that occur in the very earliest stages of primary creep, whilst hα+1 to hn and r α+1 to rm are 
hardening and softening variables that occur after this early primary stage, but before tertiary creep starts 

Ḣ1 = − Ĥ1ε̇ ; H1 =
∑α

1
hα and Ĥ1 =

∑α

1
ĥα 

Ḣ2 = − Ĥ2μ̇ ; H2 =
∑n

α+1
hα and Ĥ2 =

∑n

α+1
ĥα 

Ṙ1 = R̂1 ; R1 =
∑α

1
rα and R̂1 =

∑α

1
r̂α (A1) 

Ṙ2 = R̂2 ; R2 =
∑m

α+1
rα and R̂2 =

∑m

α+1
r̂α 

where μ̇ is the creep rate occurring after very early primary creep. Damage proceeds as before 

Ẇ= Ŵ ε̇T ; W =
∑p

α=1
wα and Ŵ =

∑p

α=1
ŵα 

where ε̇T is the tertiary creep rate. This then allows the creep constitutive law of Equation (7d) to be written as 

ε̇= ε̇o(1+H1 +H2 +R1 +R2 +W) (A2) 
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At constant stress and temperature, Ĥ1, R̂1, Ĥ2, R̂2 and Ŵ are also constant, and if H1 = R1 = H2 = R2 = W = 0, when t = 0, then the differential of 
Equation (A2) with respect to time is 

ε̈= ε̇o(Ḣ1 + Ṙ1)= ε̇o(R̂1 − Ĥ1ε̇) (A3) 

for very small times in relation to creep life, i.e. where the effects of H2, R2 and W are negligible (namely very early primary creep). Upon 
integration 
∫ ε̇

ε̇o

1
((R̂1 − Ĥ1 ε̇))

dε̇= ε̇o

∫ t

0
dt 

ln[(R̂1 − Ĥ1 ε̇)] +C= − Ĥ1ε̇ot (A4) 

where C is the constant of integration. When t = 0, ε̇ = ε̇o and so C = -ln((R̂1 − Ĥ1ε̇o). Thus 

ln
[
(R̂1 − Ĥ1ε̇)
(R̂1 − Ĥ1ε̇o)

]

= − Ĥ1ε̇ot 

Then rearranging for ε̇ 

ε̇=
[

ε̇o −
R̂1

Ĥ1

]

e− Ĥ1 ε̇o t +
R̂1

Ĥ1
(A5) 

Equation (A5) states that an initial very high creep rate of ε̇o, gives way to a rapidly decreasing creep rate until a steady state rate of creep is 

reached, i.e. the rate R̂1

Ĥ1 
is reached. The value for this steady state creep rate is determined by the rate of work hardening Ĥ1 in relation to the rate of 

softening, R̂1 occurring during very early primary creep. This is a very general specification to which a variety of different creep mechanisms can be 
attached to it. For example, H1 and R1 may represent creep processes confined to grain boundaries. Then the hardening and recovery processes 
associated with H2 and R2 could represent processes occurring within the grains. It’s possible that H2 and R2 are also active during this very early 
primary creep, but the above representation implies the effect of this on total strain will be negligible and unable to prevent the tendency towards this 
steady state during very early creep. However, as time progresses, other creep processes will start to dominate the determination of overall strain. This 

can be modelled by assuming that the hardening and recovery processes occurring after very early primary creep influence the value for ρ̇1o =
R̂1

Ĥ1 

ε̇=
[

ε̇o −
R̂1

Ĥ1

]

e− Ĥ1 ε̇o t +
R̂1

Ĥ1
[1+H2 +R2] (A6) 

Extracting the early primary creep strain rates

μ̇ = ε̇ −
[

ε̇o −
R̂1

Ĥ1

]

e− Ĥ1 ε̇ot (A7)

with μ̇ = R̂1

Ĥ1
[1+H2 +R2] representing latter primary creep. Upon differentiation 

μ̈=
R̂1

Ĥ1
[Ḣ2 + Ṙ2] =

R̂1

Ĥ1
(R̂2 − Ĥ2μ̇) (A8) 

which upon integration 
∫ μ̇

ρ̇1o

1
((R̂2 − Ĥ2μ̇))

dμ̇ = ρ̇1o

∫

dt 

gives 

μ̇=

[

˙ρ1o −
R̂2

Ĥ2

]

e− Ĥ2 ˙ρ1ot +
R̂2

Ĥ2
(A9) 

Then, using Equation (A7) 

ε̇=
[

ε̇o −
R̂1

Ĥ1

]

e− Ĥ1 ε̇o t + μ̇=

[

ε̇o −
R̂1

Ĥ1

]

e− Ĥ1 ε̇o t +

[

˙ρ1o −
R̂2

Ĥ2

]

e− Ĥ2 ˙ρ1ot +
R̂2

Ĥ2
(A10) 

Equation (A10) states that as primary creep comes to an end, the creep rate approaches a value of R̂2

Ĥ2
. But even when damage (the formation of 

intergranular cavities and nucleation of cracks) occurs during primary creep, this damage will be small and unable to prevent the rapid decay in the 
primary creep rate towards the minimum rate ε̇m. However, as damage progresses with increasing strain, the creep rate will start to accelerate, and this 
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will offset the gradual decay of the creep rate towards ε̇m = R̂2

Ĥ2
. Damage W influences the minimum creep rate ε̇m = R̂2

Ĥ2 

ε̇=
[

ε̇o −
R̂1

Ĥ1

]

e− Ĥ1 ε̇o t +

[

˙ρ1o −
R̂2

Ĥ2

]

e− Ĥ2 ˙ρ1ot +
R̂2

Ĥ2
[1+W] (A11) 

or, upon extracting all primary creep 

ε̇T =
R̂2

Ĥ2
[1+W] (A12) 

where ε̇T is the tertiary strain rate. Upon differentiation 

ε̈T =
R̂2

Ĥ2
[Ẇ] =

R̂2

Ĥ2
Ŵ ε̇T 

and subsequent integration 
∫ ε̇T

˙εm

1
ε̇m ε̇T

dε̇T = Ŵ
∫

dt (A13) 

or 

ln
[

ε̇T

ε̇m

]

=
R̂2

Ĥ2
Ŵt 

Solving for ε̇T gives 

ε̇T =
R̂2

Ĥ2
e

R̂2
Ĥ2

Ŵt (A14) 

Substituting this into Equation (A11)gives 

ε̇=
[

ε̇o −
R̂1

Ĥ1

]

e− Ĥ1 ε̇o t +

[

˙ρ1o −
R̂2

Ĥ2

]

e− Ĥ2 ˙ρ1ot +
R̂2

Ĥ2
e

ŴR̂2
Ĥ2

t (A15) 

This states that when there is no damage occurring, the creep rate tends to R̂2

Ĥ2
. Then as strain accumulates over time this minimum creep rate is 

accelerated by the factor e
ŴR̂2
Ĥ2

t which represents damage accumulation. This does not mean that damage does not develop during the time that primary 
creep occurs, but only that the effect of that part of the primary strain due to decaying rates is small.

Data availability

Data will be made available on request.
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