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Abstract 

This paper aims to investigate the effect of drilling mud on the stability of nonlinear coupled axial-

torsional motion of a drill string. Due to the development of high-performance computer systems, 

in this study, the behavior of mud is considered non-Newtonian and nonlinear, and the effect of 

drilling mud damping on both axial and torsional motion is simulated by means of the Herschel-

Bulkley rheology model to present the more precise and intricate drilling string models. Due to the 

existence of delayed expressions in the state equations of the drilling system, a semi-discretization 

method is used to analyze the stability of drilling system. The result of stability analysis is then 

plotted on the plane of nominal rotational speed and weight on the bit (WOB).  It is shown that the 

damping effect of drilling mud in the axial motion has no effect on the stability boundaries, while 

the influence on the torsional motion is significant. Thereafter, the effect of drilling mud 

parameters, such as fluid consistency index and power-law exponent, on system stability is 

investigated for the parameter range of experimental values. The results revealed that by increasing 

the fluid consistency index and power-law exponent, the stability zone is enlarged, and as a result, 

drilling operation at lower rotational speeds with higher WOB values can be feasible.  

 

Keywords: drill string, drill mud, nonlinear  dynamics, Herschel-Bulkley rheology, stability, 

delay differential equations 

Nomenclature 
Parameter Definition Unit  

𝜌 Density of drill string kg/m3 

𝐴 Cross -sectional area m2 

𝐽 Polar moment of inertia  m4 

𝐷 Diameter of the drill string cross section m 

Do External diameters of the drill string cross section m 

Di Internal diameters of the drill string cross section m 

E Young's modulus Pa 

𝐺 Shear modulus Pa 

𝑎 Drill bit radius m 

l Drill bit wear-flat length m 

𝜀 Intrinsic specific energy related to the rock strength Pa 

𝛾 Drill bit geometry effect -- 

μ Friction coefficient -- 

𝐴𝑑 Contact surface between mud and drill string m2 

∆ Thickness of the mud layer m 

𝑣 Mud flow rate m3/s 



𝑘𝑓 Consistency index Pa.sn
f 

𝑛𝑓 Power-law exponent -- 

𝜏𝐻𝑦 Herschel-Bulkley yield stress Pa 

𝜔𝑑 Nominal rotary speed of the drill string rad/s 

L Total length of the drill pipe m 

𝑑𝐶 Cutting depth m 

𝑀 Total mass of drill pipe Kg 

𝑔 Acceleration of gravity m/s2 

T Kinetic energy J 

V Potential energy J 

Wnc Non-conservative work of external force and moments J 

𝝋̇𝑏 Bit angular velocity rad/s 

𝑉0 Axial speed of the drill string m/s 

𝝋̇𝑓𝑡 
Rotational speed of mud particle  rad/s 

𝑇𝑑  Damping torque of drilling mud N.m 

𝑇𝑏 Bit rock interaction torque N.m 

𝛹(𝑥,𝑡) Elastic deformation of the drill string rad  

𝝍(𝑥) Mode shape function m 

𝒔(𝑡) Corresponding time-dependent s 

𝑢̇𝑟 Axial velocity of moving coordinate system m/s 

 

1. Introduction 

 The global demand for energy, coupled with the depletion of accessible shallow reservoirs, has 

driven drilling operations to greater depths, where the challenges associated with wellbore stability 

and drill string vibrations have become more pronounced. As drilling depths increase, the severity 

of vibrations in the drill string—comprising axial, torsional, and lateral motions—becomes a 

significant concern, as these vibrations can lead to premature equipment failure, increased 

operational costs, and reduced efficiency. These adverse effects highlight the critical need for 

effective vibration management to ensure the safety and economic viability of drilling operations 

[1-5]. 

A schematic representation of a rotary drilling system, illustrating its key components, including 

the drill collars, drill pipes, stabilizers, drilling mud, and drill bit, is shown in Figure 1. This system 

is subjected to complex dynamic interactions, where vibrations in the drill string are influenced by 

multiple factors, including mechanical properties of the materials, forces from the drilling process, 

and the interaction between the drill string and the wellbore wall. These vibrations, particularly 

those involving axial, torsional, and lateral modes, have been extensively studied as they can 

significantly affect the overall performance and life of the drilling system [6-11]. In particular, 

failure of the drill string, often resulting from excessive vibration, can lead to costly and time-

consuming interventions such as fishing operations, making the analysis and mitigation of these 

vibrations a key concern in modern drilling operations[1, 6]. 

 



 

Figure 1. schematic process of rotary drilling 

 

The phenomenon of drill string vibrations, including bit bouncing, stick-slip, and whirling, is 

inherently tied to complex interactions between various components of the drilling system. Stick-

slip and bit-rock interactions, for example, are significant contributors to torsional vibrations, 

while lateral vibrations are commonly induced by unbalanced forces or the interaction between the 

drill string and wellbore[7, 9]. These vibrations not only decrease the rate of penetration but also 

increase the risk of catastrophic failures, which can extend drilling times and increase costs. The 

research has thus focused on improving the accuracy of dynamic models that can simulate these 

vibrational phenomena under a wide range of operational conditions[8, 9, 11-13]. 

Drilling mud plays a pivotal role in the operation of the drilling system by providing cooling for 

the drill bit, enhancing the rate of penetration, and removing cuttings from the wellbore. However, 

the rheological properties of the drilling mud—especially its non-Newtonian behavior—can 

significantly influence the dynamic response of the drill string and its vibration modes. Recent 

studies have considered the role of mud's viscosity, inertia, and other properties in the context of 



drill string dynamics, revealing that mud affects both axial and torsional vibrations in nonlinear 

ways [14-17]. The complex interaction between mud and drill string vibrations must therefore be 

taken into account when modeling drilling systems, especially in deep wells where the mud 

properties can have a pronounced impact on the system’s performance. 

Advancements in drill string modeling have emphasized the importance of considering coupled 

vibration modes in more complex, nonlinear models. Early models often treated axial and torsional 

motions separately, but more recent studies have highlighted the necessity of integrating these 

modes to capture the full range of dynamic behaviors that occur during drilling operations[13, 18-

23]. The incorporation of state-dependent delay equations to represent bit-rock interactions has 

been particularly valuable in improving the accuracy of these models, as this approach better 

reflects the complex and time-varying nature of the drilling process[7]. Additionally, considering 

the effects of non-Newtonian drilling mud behavior, particularly using the Herschel-Bulkley 

model, allows for a more realistic representation of the rheological forces acting on the drill string 

during operation. Recently, Bakhtiari-Nejad et al.[24] Conducted the stability analysis of a drill 

string whose axial and torsional motions were coupled by the bit-rock interaction. In this dynamic 

model, the motion of drill string was decomposed into the rigid-body and elastic components. They 

generated the stability diagram and accordingly studied the effect of rock parameters on the 

stability of system. 

While our current study primarily employs a semi-analytical approach to address the nonlinear 

dynamics of the drill string system with state-dependent delays, it is important to acknowledge the 

potential role of the Finite Element Method (FEM) in similar complex systems. Recent advances 

have demonstrated FEM’s effectiveness in addressing vibration, stability, and structural analyses 

involving nonlinear materials, complex geometries, and variable boundary conditions[25-28]. 

Studies have successfully applied FEM to functionally graded and porous structures, as well as 

thermally influenced and geometrically imperfect systems[29-31]. Although our model's use of 

state-dependent delay differential equations presents challenges for direct FEM implementation 

due to their infinite-dimensional state space, we acknowledge that FEM could provide 

complementary spatial resolution and detailed mechanical insight, particularly when extended to 

coupled physical domains. Future research may explore a hybrid framework that integrates FEM 

with delay-based analytical techniques to capture both the spatial and temporal complexities of 

such nonlinear drilling systems. 

The novelty of the present study lies in the development of a comprehensive nonlinear model that 

couples both axial and torsional motions of the drill string. This model incorporates state-

dependent delay equations to account for the time-dependent bit-rock interaction, as well as the 

effects of non-Newtonian drilling mud on the system’s vibrations. The study employs a semi-

discretization method for stability analysis, offering new insights into the stability boundaries of 

the drilling system under a range of operational conditions. By considering the interplay between 

drill string dynamics, bit-rock interaction, and mud rheology, this study aims to identify the 

optimal operational parameters that minimize the risk of instability and enhance drilling efficiency. 

  

2. Nonlinear Dynamic Modelling  



As it is shown in Figure 2, the drill string is divided into two sections, the upper part, indexed by 

subscript 1, which consists of a set of drilling pipes of length L1, and the lower part which is 

corresponding to the equipment inside the wellbore and the drill collar with the length of L2, which 

is denoted by subscript 2. In the space between the drill string and the wellbore, the drilling mud 

exists, and the string moves downward. The sections have different cross-sectional areas, and it is 

assumed that, at the junction of section, the displacements, forces and torques are equal on both 

sides, and thus, they remain continuous. Hence, two coordinate frames are used to derive the 

equations, the Xyz coordinate frame, which is fixed to the hoisting system, and the xyz coordinate 

frame which is moving with the drill string.  

 
Figure 2. Force and moment applied on a drill string 

The axial displacement of an arbitrary point of the drill string with respect to the Xyz coordinate 

system is denoted by 𝑈(𝑋, 𝑡), which equals 

 U(X, t) = ur + ue(x, t) 
(1) 

in which, 𝑢𝑟(𝑡) and 𝑢𝑒(𝑥,𝑡) are related to the rigid body motion and the elastic deformation of the 

drill string along the axial direction, respectively. The axial elastic deformation is considered 

relative to the moving coordinate system.  The equation of motion of the drill string can be derived 

by resorting to the extended Hamilton’s principle, namely, 

 ∫ δ(
t2

t1

T − V +Wnc)dt = 0 (2) 

in which, T is the kinetic energy, V is the potential energy and Wnc is the non-conservative work 

of the external forces and moments.  The kinetic energy of a drill string can be readily obtained as, 



 T =
1

2
∫ (ρA (

∂U

∂t
)
2L

0

+ ρJ (
∂φ

∂t
)
2

)dx (3) 

where 𝜌 is the density of drill string, A is the cross-sectional area, and J is the polar moment of 

inertia of drill string. Since the coordinate system xyz is moving with the drill string, the time 

derivatives of 𝑢𝑒(𝑡) and φ(x,t) are calculated as follows, 

 
∂U

∂t
= u̇r +

∂ue
∂t
+ u̇r

∂ue
∂x

 (4) 

 
∂φ

∂t
=
∂φ

∂t
+ u̇r

∂φ

∂x
 (5) 

where 𝑢̇𝑟 is the velocity of moving coordinate system in the longitudinal direction. Hence, by 

substitution of Eqs. (4) and (5) into Eq. (3), the kinetic energy can be obtained as 

 T =
1

2
∫ (ρA (u̇r +

∂ue
∂t
+ u̇r

∂ue
∂x
)
2L

0

+ ρJ (
∂φ

∂t
+ u̇r

∂φ

∂x
)
2

)dx (6) 

Due to torsional and longitudinal deformations of the drill string, the elastic potential energy can 

be written as, 

 V =
1

2
∫ EA
L

0

(
∂ue
∂x
)
2

dx +
1

2
∫ GJ
L

0

(
∂φ

∂x
)
2

dx (7) 

in which E and G are Young's and shear modulus of the drill string material, respectively.  

In this study, the viscosity damping effect of drill mud is considered based on the Herschel-Bulkley 

model[32]. This model explains the non-Newtonian relation between the viscosity and shear rate 

of material as it follows,  

 τ = τHy + kf(γ̇)
nf (8) 

in which kf, nf and 𝜏𝐻𝑦 are the consistency index, the power-law exponent and the Herschel-

Bulkley yield stress, respectively. Consequently, the nonlinear axial damping force of drill mud 

can be calculated from the following equation [33],  

 Fd = AdτHy + kfAd (
V

Δ
)
nf

 (9) 

in which, Fd denotes the shear force, 𝐴𝑑 = 2𝜋
𝑑

2
𝐿 is the contact surface between mud and drill 

string and ∆=
𝑑𝑤𝑒𝑙𝑙−𝑑

2
  is the thickness of the mud layer between the wellbore wall and the drill 

string. The parameter 𝑉 is the mud flow rate which is equal to the velocity of drill string 

component, assuming free slip condition at the contact point of mud and drill. Subsequently, the 

nonlinear torsional torque due to the rotational damping torque, affected by the rotational speed 

𝜙̇𝑓𝑡, is obtained as, 

 Td = rd [AdτHy + kfAd (
rdϕ̇ft
Δ
)

nf

] (10) 

 

There are also external forces and torques due to the interaction of bit and rock at the tip of the 

string. In fact, the cutting process consists of two steps, the friction between the bit and rock, and 



cutting at the bit and rock face [34]. Therefore, the contact forces and torques are composed of two 

parts, namely, 

 Wb(t) = Wf +Wc 
(1) 

 Tb(t) = Tf + Tc 
(2) 

In which subscripts f and c denote the components related to the frictional and cutting process, 

respectively. According to the research of Detournay and Defourny [34], the abovementioned 

components are obtained as, 

 Wf = σalH(d)H(u̇) 
(3) 

 Wc = aϵζd(t)H(φ̇b)H(d) 
(4) 

 Tf =
1

2
a2εγlμ(φ̇b)H(d)sgn(φ̇b)H(u̇) 

(5) 

 Tc =
1

2
a2ε d(t)H(φ̇b)H(d) 

(6) 

where H and sgn denote the Heaviside and sign functions, respectively, 𝑎 is the bit radius, σ is the 

maximum contact stress related to the interaction between the wear flat and rock, ε is the intrinsic 

specific energy related to the rock strength, ζ is the characterization number related to the cutter 

face inclination and 𝛾 is the bit geometry effect. Also, μ is the friction coefficient related to the 

friction angle between the wear flat and rock which is a function of angular velocity of the bit [35], 

namely, 

 μ(ωb) =
2

π
tan−1(c1ωb)

f1 − f0
1 + c2ωb

 (7) 

in which ωb is the bit angular speed, c1, c2, f1 and f0 are the friction model adjustment parameters. 

These bit-rock interaction laws couple two dynamic modes of axial and torsional. As it is apparent 

from Eqs.(4) and (6), both cutting moment and force depend on the depth of cutting edges (blades). 

For a drill bit with n uniform blades, the depth of cutting is calculated as follows, 

 d(t) = ndn(t) 
(8) 

in which dn(t) denotes the instantaneous cutting depth for one blade. By supposing the rate of 

penetration of two consecutive blades, dn(t) is obtained as, 

 dn(t) = ub(t) − ub(t − τ) 
(19) 

where ub(t) denotes the drill bit displacement in the axial direction at time t which is expressed by 

the following relation, 

 ub(t) = ur(t) + ue(L, t) 
(9) 

In Eq.(19), 𝜏 is the time duration which is required to rotate two consecutive blades with the 

amount of 2π/n radian, namely,  

 φ(L, t) − φ(L, t − τ) =
2π

n
 (10) 



Due to the dependence of the cutting forces to the previous motions of the system, state dependent 

delay appears in the vibration model, which adds to the complexity of the stability analysis of the 

drilling system.  

Finally, by considering the hook load at the top of the string, H0, and the distributed force due to 

the gravitational acceleration, f (x,t), the total virtual work of the external forces and moments can 

be obtained as below, 

 

δWncf = ∫ [
L

0

f(x, t)δue(x, t) − T(t)δφ(L, t) − W(t)δue(L, t)

− H0δue(0, t) − Fd(x, t)δue(x, t)

− Td(x, t)δφ(x, t)]dx 

(11) 

 

By substituting Eqs.(3),(7) and (11) into eq (2), the equations of axial and torsional motions of the 

drill string, which is subjected to a non-Newtonian Herschel-Bulkley drilling mud model, are 

obtained, namely, 

ρA {
∂2ue
∂t2

+ u̇r
2
∂2ue
∂x2

+ ür (1 +
∂ue
∂x
) + 2u̇r

∂2ue
∂x ∂t

} = f(x, t) +  EA
∂2ue
∂x2

− Fd(x, t) 
(12) 

ρJ {
∂2φ

∂t2
+ ür

∂φ

∂x
+ 2u̇r

∂2φ

∂x ∂t
+ u̇r

2
∂2φ

∂x2
} = GJ 

∂2φ

∂x2
− Td(x, t) 

(13) 

The corresponding boundary conditions are also expressed as following, 

 
EA1

∂ue(0, t)

∂x
= H0         ,         EA2

∂ue(L, t)

∂x
= −W(t)         

 φ̇(0, t) = Ω                    , GJ2
∂φ(L, t)

∂x
= −T(t)             

 (14) 

where Ω is the nominal rotary speed of the drill string, L is the total length of the drill pipe and the 

drill collar sections.  

 

3. Solution Methodology 

In order to solve the obtained equations of motion, first, the boundary conditions should be 

transformed into homogeneous forms. This calls for the following variable transformations, 

 ue(x, t) = Us(x) + u(x, t)   
(15) 

 φ(x, t) = Ωt + φs(x) + Ψ(x, t) 
(27) 

 In the above relations, Us(x) and φs(x) represent the steady state drill string axial and torsional 

elastic displacements, respectively. To obtain the governing equations in terms of these new 

variables, the time derivatives must be removed from the Eqs.(12) and (13), which leads to the 

following equations, 

 ρAV2
∂2Us(x)

∂x2
= f(x, t) + EA

∂2Us(x)

∂x2
− AdτHy − Adkf (

V

∆
)
nf

  (28) 

 ρJV2
∂2φs(x)

∂x2
= GJ

∂2φs(x)

∂x2
− rdAdτHY − rdAdkf (

rdΩ

∆
)
nf

 
(29) 

By substitution of the defined variables into Eq.(14), the boundary conditions are reformatted as, 



 
EA1

∂Us(0)

∂X
= H0             ,             EA2

∂Us(L)

∂X
= −W0 

φs(0)  = 0                        ,              GJ2
∂φs(L)

∂x
= −T0   

(30) 

in which 

 T0 =
1

2
a2ε d0 +

1

2
a2εγl μ(Ω) (16) 

 W0 = σal + aϵζd0  
(17) 

where T0 and 𝑊0 are the steady state torque and WOB. From Eq.(17), it results that 

 𝑑0 =
𝑊0 −  𝜎𝑎𝑙

𝑎𝜖𝜁
 (18) 

The parameter d0 represents the steady state cutting depth, and 𝑊0 can be obtained from the 

Newton's second law of motion in the axial direction and in the steady-state condition, namely, 

 𝑊0 = 𝑀𝑔 − 𝐻0 (19) 

By substituting Eqs (15) and (27) into Eqs (12) and (13), and by resorting to Eqs. (28) and (29), 

the following differential equations can be obtained, 

 

ρA [
∂2u

∂t2
+ 2u̇r

∂2u

∂x∂t
+ ür (1 +

∂u

∂x
) + u̇r

2 ∂
2u

∂x2
] = ρA(V2 −

u̇r
2)

∂2Us

∂x2
+ EA

∂2u

∂X2
− ρAür

∂US

∂x
+ Adkf [(

V

∆
)
nf
−

(
u̇r+u̇(x,t)

∆
)
nf
]  

(20) 

 

 

ρJ {
∂2Ψ

∂x2
+ u̇r

2 ∂
2Ψ

∂x2
+ ür

∂Ψ

∂x
+ 2u̇r

∂2Ψ

∂x∂t
} = ρJ(V2 −

u̇r
2)

∂2φs

∂x2
+ GJ

∂2Ψ

∂x2
− ρJür

∂φS

∂x
+ rd

n+1Adkf [(
Ω

Δ
)
nf
−

(
Ω+Ψ̇(x,t)

∆
)
nf
]  

(21) 

Moreover, with the Newton's second law in the axial direction, the rigid body acceleration of the 

drill string can be obtained as,  

 ür  = g −
H0
M
−
W(t)

M
 

(37) 

in which M is the total mass of drill string, g is the gravity acceleration, H0 is the upward hook 

load applied on the top of the drill string, and 𝑊(𝑡) is the bit-rock interaction force applied on the 

bit. The rigid body acceleration 𝑢̈𝑟 in Eqs. (20) and (21)  can now be replaced with the above 

relation. In terms of the defined variables 𝑢 and 𝛹, the boundary conditions of Eq. (14) are 

represented as following, 



 

{
 
 
 

 
 
 EA1

∂u(0, t)

∂x
= 0

∂Ψ

∂t
(0, t) = 0

EA2
∂u(L, t)
∂x

= −(W(t) −W0)

GJ2
∂Ψ
∂x
(L, t) = −(T(t) − T0)

 (38) 

In order to solve the obtained equations (Eqs.(20) and (21)) under the foregoing boundary 

conditions, the Galerkin’s method is incorporated. For this purpose, the linear mode shapes of  the 

drill string, which were obtained by Bakhtiari-Nejad and Hosseinzadeh [24], are incorporated. 

 Modal Analysis of the Linear Model   

For obtaining the linear mode shapes of the drill string, the nonlinear terms should be first 

eliminated from Eqs.(20) and (21), namely, 

 ρA
∂2u

∂t2
= EA

∂2u

∂x2
 

(39) 

 
∂2Ψ

∂t2
= ct

2 ∂
2Ψ

∂x2
 ,  ct

2 = G/ρ (40) 

Due to the synchronous vibration of drill string, the following solutions can be assumed, 

 u(x, t) = eiωtη(x) (22) 

 Ψ(x, t) = eiωtψ(x) (23) 

where  𝜂(𝑥) and 𝜓(𝑥) are the linear mode shapes of the axial and torsional motions, respectively. 

By substitution of Eqs.(22) and (23) into Eqs.(39) and (40), and elimination of non-zero 

exponential time function, two eigenvalue problems are obtained. The eigenfunctions 𝜂(𝑥) and 

𝜓(𝑥) which satisfy the corresponding eigenvalue problems, considering the boundary conditions 

at both ends and displacement continuity at the junction, are represented below [24],  

 

η(x) = {
G1 cos(paxx) ,                                                                     x < L1
F2 sin(pax(x − L1)) +G2 cos(pax(x − L1))      L1 < x < L

 

G2 = G1 cos(paxL1) 

F2 = −
A1
A2
G1 sin(paxL1) 

(24) 

 

 

ψ(x) = {
D1 sin(ptx) ,                                                                         x < L1
D2 sin(pt(x − L1)) +E2 cos(pt(x − L1))             L1 < x < L

 

E2 = D1 sin(ptL1) 

D2 =
J1
J2
D1 cos(ptL1) 

(25) 

In which 𝑝𝑎𝑥 and 𝑝𝑡 are the characteristic values of the axial and torsional vibrations. These values 

are obtained from the characteristic equations of the corresponding eigenvalue problems, namely, 

 −
A1
A21

sin(paxL1) cos(paxL2) − cos(paxL1) sin(paxL2) = 0 (26) 



 
J1
J2
cos(ptL1) cos(ptL2) − sin(ptL1) sin(ptL2) = 0 (27) 

The linear mode shapes are then utilized to approximate the axial and torsional displacements, 

namely,  

 

u(x, t) =∑ηj(x)rj(t) =

M

j=1

𝛈T(x) 𝐫(t) 

ψ(x, t) =∑ψj(x)sj(t) =

N

j=1

𝛙T(x) 𝐬(t)  , 

(47) 

In which 𝜂𝑗(𝑥) and 𝜓𝑗(𝑥) denote the j-th mode shape functions of the axial and torsional vibration 

of the drill string, and 𝑟𝑗(𝑡) and 𝑠𝑗(𝑡) are the j-th corresponding time-dependent generalized 

coordinates. After substitution of Eq.(47) into Eqs. (20) and (21), and using the Galerkin method 

[24], the discretized equations of motion of the drill string  are obtained as following,   

 Mür = Mg − H0 −Wb(t) 
(48) 

 

 
𝐌1𝐫̈(t) + (𝐂1 + 2𝐂2u̇r)𝐫̇(t)

+ [𝐊1 + u̇r
2𝐊2 + ür𝐊3]𝐫(t) = 𝐐xf 

(49) 

 
𝐌2𝐬̈(t) + (𝐂3 + 2u̇r𝐂4)𝐬̇(t)

+ [𝐊4 + u̇r
2𝐊5 + ür𝐊6]𝐬(t) = 𝐐tf 

(50) 

in which the generalized forces are 

Qxf = −𝛈(L)(W(t) −W0) + ρ(V
2 − u̇r

2)∫ A𝛈(ξ)Us
"(ξ)dξ

L

0

− ρür∫ A𝛈(ξ)(1 + Us
′(ξ))

L

0

dξ

+ kf∫
Ad
∆nf

𝛈(ξ) [Vnf − (u̇r + 𝛈
T(ξ)ṙ(t))

nf
]

L

0

dξ 

(28) 

Qtf = −𝛙(L)(T(t) − T0) + ρ(V
2 − u̇r

2)∫ J𝛙(ξ)φS
" (ξ)dξ

L

0

− ρür∫ J𝛙(ξ)φS
′ (ξ)dξ

L

0

+ kf∫
rd
nf+1 Ad
∆nf

𝛙(ξ) [Ωnf − (Ω +𝛙𝐓(ξ)ṡ(t))
nf
]

L

0

dξ 

(29) 

and the mass, damping and stiffness matrices are defined below, 

 

𝐌𝟏 = ρ∫ A𝛈
L

0

𝛈Tdx            𝐌𝟐 = ρ∫ J𝛙𝛙T
L

0

dx  

𝐊𝟏 = E∫ A𝛈′
L

0

𝛈′
T
dx          𝐊𝟒 = G∫ J𝛙′𝛙′

T
dx

L

0

 

(30) 



𝐊𝟐 =  ρ∫ A𝛈
L

0

𝛈"
T
dx           𝐊𝟓 = ρ∫ J𝛙𝛙"

T
dx

L

0

 

𝐊𝟑 = ρ∫ A𝛈
L

0

𝛈′
T
dx            𝐊𝟔 = ρ∫ J𝛙𝛙′

T
dx

L

0

   

𝐂𝟐 = ρ∫ A𝛈
L

0

𝛈′
T
dx          𝐂𝟒 = ρ∫ 𝐉ψ𝛙′

T
dx

L

0

 

It is noteworthy to mention that C1 and C3 are the Rayleigh damping matrices which are 

theoretically considered to take into account the viscous damping effects in the model,  

 

 
𝐂1 = αa𝐌1 + βa𝐊1 

𝐂3 = αt𝐌2 + βt𝐊4 
(31) 

where𝛼𝑡,  𝛽𝑡,𝛼𝑎and𝛽𝑎   are the torsional and axial damping ratio tuning coefficients. Hence, by 

using Eqs. (1) and (17), the excitation terms of Eqs.(28) and (29) can be rewritten  in terms of 

kinematic variables, namely, 

 W(t) −W0 = aϵξ(d(t) − d0 ) 
(32) 

 
T(t) − T0 =

1

2
a2ε(d(t) − d0) +

1

2
a2σγl[μ(Ω + Ψ̇(L, t))

− μ(Ω)] 

(33) 

Hence, x(t) is defined as,  

 x(t) =  ur(t) − V0t 
(57) 

in which 𝑉0 is the axial steady-state speed which is obtained as, 

 V0 =
Ω

2π
  
W0 − σal

aϵζ
      (58) 

By substituting Eq.(57) into Eq.(9) and using new variables of Eq.(15) and Eq. (27), the following 

relations hold, 

 dn = x(t) − x(t − τ) + V0τ + u(L, t) − u(L, t − τ) 
(59) 

 τ − τ0 = −
1

Ω
(Ψ(L, t) − Ψ(L, t − τ)) (34) 

Thus, the excitation terms are obtained as, 

 
W(t) −W0 = naϵζ(u(L, t) −  u(L, t − τ) + V0(τ − τ0) + x(t)

− x(t − τ)) 
(35) 

 

T(t) − T0 =
n

2
a2ε[u(L, t) −  u(L, t − τ) + V0(τ − τ0) + x(t)

− x(t − τ)] + 
1

2
a2σγl [μ (Ω + Ψ̇(L, t)) − μ(Ω)] 

(36) 

Finally, after Eq.(34) is substituted into Eqs.(35) and (36), and using 𝑥(𝑡) instead of  𝑢𝑟(𝑡), the 

discretized equations of motion of the drill string (Eq. (48)-(50)) can be rewritten in the following 

forms, 



Mẍ = −naϵζ[u(L, t) − u(L, t − τ) −
V0
Ω
(Ψ(L, t) − Ψ(L, t − τ) + x(t) − x(t

− τ)] 

(37) 

 

𝐌1𝐫̈(t) + [𝐂1 + 2𝐂2(ẋ + V0)]𝐫̇(t) + [𝐊1 + (ẋ + V0)
2𝐊2 + ẍK3]𝐫(t) =

−naϵζ𝛈(L) [u(L, t) − u(L, t − τ) −
V0

Ω
(Ψ(L, t) − Ψ(L, t − τ)) + x(t) − x(t −

τ)] + ρ(V0
2 − (ẋ + V0)

2) ∫ A𝛈(ξ)Us
"(ξ)dξ

L

0
− ρẍ ∫ A𝛈(ξ)(1 + Us

′(ξ))
L

0
dξ +

kf ∫
Ad

∆nf
𝛈(ξ) [V0

nf − (ẋ + V0 + 𝛈
T(ξ)𝐫̇(t))

nf
]

L

0
dξ  

(38) 

 

𝐌2𝐬̈(t) + [𝐂3 + 2𝐂4(ẋ + V0)]𝐬̇(t) + [𝐊4 + (ẋ + V0)
2𝐊5 + ẍ𝐊6]𝐬(t) =

−
n

2
a2ϵ𝛙(L) [u(L, t) − u(L, t − τ) −

V0

Ω
(Ψ(L, t) − Ψ(L, t − τ)) + x(t) −

x(t − τ)] −
1

2
a2σγl𝛙(L) [μ (Ω + Ψ̇(L, t)) − μ(Ω)] +  ρ(V0

2 − (ẋ +

V0)
2) ∫ J𝛙(ξ)φS

" (ξ)dξ
L

0
− ρẍ ∫ J𝛙(ξ)φS

′ (ξ)dξ
L

0
+ kf ∫

r
d

nf+1 Ad

∆nf
𝛙(ξ) [Ωnf −

L

0

(Ω + 𝛙𝐓(ξ)Ṡ(t))
nf
] dξ  

(39) 

 

4. Linearization of the Equations of Motion  

To represent the equations of motion in terms of only first-order derivatives, 𝒛, a six-dimensional 

state vector is defined as, 

 𝐳 = [x  𝐫T  𝐬T  ẋ   𝐫̇T  𝐬̇T]T (40) 

Consequently, its derivative is obtained as, 

 

d𝐳

dt
= [ ẋ , 𝐫̇   𝐬̇ , f1(𝐳, 𝐳(t − τ)),    f2(𝐳, 𝐳(t − τ)),

f3(𝐳, 𝐳(t − τ))]
T 

(67) 

In which 𝑓1 , 𝑓2 and 𝑓3 are obtained from Eqs.(37),(38) and (39) as follows, 

f1 =
−naϵζ

M
[𝛈T(L)(𝐫(t) − 𝐫(t − τ)) −

V0
Ω
𝛙T(L)(𝐬(t) − 𝐬(t − τ)) + x(t)

− x(t − τ)] 

(68) 

 



f2 = −𝐌1
−1[𝐂1 + 2𝐂2(ẋ + V0)]𝐫̇(t) − 𝐌1

−1[𝐊1 + (ẋ + V0)
2𝐊2 + ẍ𝐊3]𝐫(t)

− naϵζ𝐌𝟏
−𝟏𝛈(L) [𝛈T(L)(𝐫(t) − 𝐫(t − τ)) −

V0
Ω
𝛙T(L)(𝐬(t)

− 𝐬(t − τ)) + x(t) − x(t − τ)]

+ 𝐌1
−1ρ(−ẋ2 − 2ẋV0)∫ A𝛈(ξ)Us

"(ξ)dξ
L

0

+
ρnaϵζ

M
𝐌1
−1 [𝛈T(L)(𝐫(t) − 𝐫(t − τ)) −

V0
Ω
𝛙T(L)(𝐬(t) − 𝐬(t

− τ)) + x(t) − x(t − τ)]∫ A𝛈(ξ)(1 + Us
′(ξ))

L

0

dξ

+ kf𝐌1
−1∫

Ad
∆nf

𝛈(ξ) [V0
nf − (ẋ + V0 + 𝛈

T(ξ)ṙ(t))
nf
]

L

0

dξ 

(69) 

 

f3 = −𝐌2
−1[𝐂3 + 2𝐂4(ẋ + V0)]𝐬̇(t)−𝐌2

−1[𝐊4 + (ẋ + V0)
2𝐊5 + ẍ𝐊6]𝐬(t)

−
n

2
a2ϵ𝐌2

−1𝛙(L) [𝛈T(L)(𝐫(t) − 𝐫(t − τ)) −
V0
Ω
𝛙T(L)(𝐬(t)

− 𝐬(t − τ)) + x(t) − x(t − τ)]

−
1

2
a2σγl𝐌2

−1𝛙(L) [μ (Ω + Ψ̇(L, t)) − μ(Ω)]

+  ρ𝐌2
−1(−ẋ2 − 2ẋV0)∫ J𝛙(ξ)φS

" (ξ)dξ
L

0

+
ρnaϵζ

M
𝐌2
−1 [𝛈T(L)(𝐫(t) − 𝐫(t − τ)) −

V0
Ω
𝛙T(L)(𝐬(t) − 𝐬(t

− τ)) + x(t) − x(t − τ)]∫ J𝛙(ξ)φS
′ (ξ)dξ

L

0

 

+ kf𝐌2
−1∫

rd
nf+1 Ad
∆nf

𝛙(ξ) [Ωnf − (Ω +𝛙𝐓(ξ)Ṡ(t))
nf
]

L

0

dξ 

(41) 

Equation (67) is nonlinear due to the presence of nonlinear functions 𝑓1 , 𝑓2 and 𝑓3. It was proved 

in [36, 37] that a nonlinear system is asymptotically stable if a linear stability analysis of the steady-

state solution of the original system guarantees the asymptotic stability. The steady-state solution 

of Eq.(67) can be considered as, 

 𝐙ss = 𝐎2N×2N (42) 

where 𝑶 is a 2𝑁 × 2𝑁 zero matrix in which N is obtained as,  

 N = Nt + Nx + 1 (43) 

in which 𝑁𝑡 and 𝑁𝑥 are the number of employed mode shapes of torsional and axial motion of drill 

string, respectively. It should be noted that the state-dependent delay linearization, which appeared 

in Eqs. (37) to (39), was carried out by neglecting its perturbations around the steady state value 



[36-38]. The time delay between two consecutive blades, in the steady state condition, is calculated 

from the following relation, 

 τ0 =
2π

nΩ
 (44) 

Hence, the linear form of Eqs. (48)-(50) is obtained as, 

 𝐳̇(t) = 𝐀𝐳(t) + 𝐁𝐲(τ − t) (45) 

where A and B are presented in the Appendix, and y is the state variable vector, namely,  

 𝐳 = [𝐲    𝐲̇]T (46) 

5. Stability Analysis 

Dependence of the present and past states of the system on the cutting depth results in a state-

dependent delay equation. As a numerical method, a semi-discretization method can be employed 

to study the stability of delay differential equations (DDE) like Eq. (45). This method is based on 

the time intervals  [𝑡𝑖  , 𝑡𝑖+1) of length discretization step ℎ  which is related to the time delay as it 

follows, 

 h(p +
1

2
) = τ0 (47) 

where 𝑝 ∊  ℕ. Thus, Eq. (45) can be reformatted in terms of time scale ti=ih, i ∊  ℤ, namely, 

 𝐳̇ = 𝐀𝐳(t) + 𝐁𝐲(ti−p) , t ∈ [ti , ti+1). 
(77) 

If the initial conditions 𝒛𝑖 = 𝒛(𝑡𝑖) and the delayed state variable 𝒚𝑖−𝑝 = 𝒚(𝑡𝑖−𝑝) are given, then 

the solution of Eq.(77) over one interval [𝑡𝑖 , 𝑡𝑖+1) can be expressed as, 

 𝐳i+1 = e
𝐀h⏟
:=𝐏

𝐳i +∫ e𝐀(h−s)ds
h

0

𝐁
⏟        

:=𝐑

𝐲i−p (78) 

If 𝑨−1 exists, then the integration in the right side of the above equation gives, 

 𝐏 = e𝐀h , 𝐑 = (e𝐀h − 𝐈)𝐀−1𝐁 (79) 

in which I is the n × n identity matrix. Equation (77) implies the following discrete map,  

 

𝐳i+1 = 𝐆i𝐳i , 𝐳i = (𝐲𝐢 𝐲̇𝐢  𝐲𝐢−𝟏…… 𝐲𝐢−𝐩)
𝐓
 

(

 
 
 
 
 

𝐲𝐢+𝟏
𝐲̇𝐢+𝟏
 𝐲𝐢
 𝐲𝐢−𝟏
 .
 .
 .

 𝐲𝐢−𝐩+𝟏

 

)

 
 
 
 
 

=

(

 
 
 
 
 

 

𝐏𝟏𝟏  𝐏𝟏𝟐  𝟎  𝟎 …   𝟎  𝐑𝟏
 𝐏𝟐𝟏  𝐏𝟐𝟐  𝟎  𝟎 …  𝟎  𝐑𝟐
 𝐈  𝟎  𝟎  𝟎 …  𝟎  𝟎
 𝟎  𝟎  𝐈  𝟎 …  𝟎  𝟎
 . . . . . . .
. . . . . . .
 . . . . . . .
 𝟎  𝟎  𝟎  𝟎 …  𝐈  𝟎 

 

)

 
 
 
 
 

⏟                          
𝐆

(

 
 
 
 
 

𝐲𝐢
𝐲̇𝐢
 𝐲𝐢−𝟏
 𝐲𝐢−𝟐
 .
 .
 .

 𝐲𝐢−𝐩

 

)

 
 
 
 
 

 
(48) 

where G is an (n + 𝑝m) × (n + 𝑝m) matrix. The stability of the system with Eqs. (48) - (50) can 

be evaluated by resorting to the eigenvalue analysis of matrix G. If the magnitude of all eigenvalues 

are less than one, then it concludes that the system attains asymptotic stability. 



 

6. Results  

The physical characteristics of the under-study drill string are presented in Table 1.  

 
Table 1. Parameter values of drill string used for stability analysis[24] 

Parameter Definition Value Unit   Parameter Definition Value Unit  

𝐷𝑜
𝑝

 
Drill pipe outer 

Diam. 
0.127  m  𝐷𝑖

𝑝     Drill pipe inner Diam. 0.108  m 

𝐷𝑜
𝑐  

Drill collar outer 

Diam. 
0.1524  m  𝐷𝑖

𝑐  Drill collar inner Diam. 0.0572  m 

E Young's modulus 200  GPa  G Shear modulus 77  GPa 

L1 Upper part length 1200  m  L2 BHA length 200  m 

 density 8000  kg/m3  a Drill bit radius 0.108  m 

 Max. contact stress 60  MPa   
Rock intrinsic specific 

energy 
60  MPa 

 
Drill bit geom. 

Coef. 
1 -  l Drill bit wear-flat length 1.2  mm 

1 
Kinetic friction 

Coef. 
1 -  0 Static friction Coef. 1.6 - 

t 
Torsional damping 

ratio 
0.0015 -   

Drill bit inclination 

number 
0.6 - 

 

Also, to determine the effect of non-Newtonian mud rheology on the vibration of the drill string, 

a parametric study, based on the model which was introduced in section 1, will be carried out. In 

particular, there are researches [39-41]  in which the range of mud parameters for Bentonite, Water 

and Oil-based and Biopolymers muds were presented based on the Herschel-Bulkley non-

Newtonian model (Table 2).  

  



 
Table 2. The ranges of Herschel-Bulkley model parameters[42] 

Parameter Definition Value range Unit 

𝑛𝑓 Power-law exponent 0-1 - 

𝑘𝑓 Fluid consistency index 0-5 𝑃𝑎 𝑠𝑛𝑓 

𝜏𝐻𝑦 
Herschel-Bulkley yield 

stress 
3-7 Pa 

 

For the aforementioned physical parameters of the drill string and mud, and by resorting to the 

semi-discretization method, the stable region boundary of drill string is obtained and shown on 

W0-Ω plot in Figure 3. In this figure, the area under the curves indicates the stable region. 

Moreover, the effect of the number of mode shapes on the stability region and the convergence of 

the stability study is shown. As it is apparent, the first four axial and the first torsional mode shapes 

are adequate to achieve convergence of the stability areas, as it is shown in the figure. It reveals 

that the axial mode shapes have a greater influence on the convergence of stability region. 

In Figure 3, the vertical line at the value of 15(rad/s) represents the stability limit boundary 

(threshold) of the drill string rotational velocity, in other words, the system will become unstable 

if it operates at a lower rate than this value. As it is apparent, the number of mode shapes has no 

effect on the upper boundary of stable area. 

 

In order to validate the results of the stability analysis and show that a little change in parameters 

like nominal weight on the bit (W0) leads to system instability, time history of the bit angular 

velocity is obtained for two different conditions inside and outside the stable region (e.g. points B 

and A in Figure 3). The evolution of angular bit speed for points B and A are shown in Figure 4 

Figure 3.Effect of the number of axial and torsional mode shape on the convergence of the stability boundary 



and 5, respectively. Decaying behavior of vibrations in Figure 4(stable drilling) and increasing 

vibration amplitude in Figure 5(unstable drilling) confirms the result of stability analysis in Figure 

3. 

 
Figure 4. Stable drilling near the boundary of stability (Ω=20 

rad/s, W0=44.5 kN). 

 
Figure 5.Unstable drilling near the boundary of stability 

(Ω=20 rad/s, W0=44.7 kN). 

 

6.1 Results Verification  

Bakhtiari-Nejad and Hosseinzadeh[24] verified their model, which is here denoted by “ref” model, 

by comparing the results of a special case (constant axial rigid-body speed) with the ones which 

were obtained by a model presented by Liu et al.[23]. It was shown that both models produce 

similar stability boundaries. Therefroe, in order to verify the drilling system model the 

corresponding solution procedure presented in this study, the results are compared with the ones 

which were obtained by “ref” model in the absence of mud effect. In this regard, the effect of mud 

parameters, nf and kf, is gradully decreased in the present model, and it is observed that the stability 

boundaries converge to the ones that was obtained by the ref model, as it is shown in Figure 6. 

Here, the number of torsional and axial mode shapes is one for this subsection simulation results 

(Nx=Nt=1).  



 
Figure 6. Model verification by comparisons of stability boundaries with the ones which were obtained by the ref[24] model 

As it is separately shown in Figure 7, in the case of zero mud parameters, the stability boundaries 

of both models are completely matched with each other. 

 
Figure 7. Comparing the obtained stability boundaries of ref model with the ones of model presented in this paper, when nf and kf 

are zero 

6.2 Stability Analysis in the Presence of Drill Mud 

To provide a more realistic model, this study incorporates the effect of drill mud modeled as a non-

Newtonian fluid, extending the earlier work by Bakhtiari-Nejad and Hosseinzadeh [24]. As shown 

in Figure 8, the presence of mud enlarges the stability region compared to the case without mud. 

This means that for the same rotational speed, a higher WOB (Weight on Bit) can be tolerated 

when mud is present, leading to improved drilling performance. The vertical boundary remains 



unchanged at 16 rad/s for both cases when using the same mode shapes, indicating the mud’s 

influence primarily affects the upper limit of stability. 

 
Figure 8.Effec of drill mud damping on stability region 

6.3  Parametric Study  

The effect of various physical parameters from Table 2 and Table 3 on the stability boundary is 

evaluated, assuming on torsional and axial mode (Nx=Nt=1).  
Table 3. Different outer diameters of drill collar and drill pipe  

Case number 𝐷𝑜
𝑐  𝐷𝑜

𝑝
 unit  

1 0.1524 0.127 m 

2 0.1524 0.147 m 

3 0.1724 0.127 m 

4 0.1724 0.147 m 

 



 
Figure 9.The effect of drill string and drill collar thicknesses on the stability region 

• Pipe and Collar Thickness (Figure 9): 

Increasing the drill pipe thickness reduces stability at higher WOBs and shifts the onset 

of instability to lower speeds. In contrast, a thicker drill collar expands the stable region, 

especially at low speeds, by increasing structural stiffness. 

• Yield Stress (Figure 10): 

Changing the yield stress of the mud has minimal impact on the stability region. This 

suggests that the initiation threshold for fluid flow does not significantly alter the 

dynamic response of the system. 



 
Figure 10.The effect of yield stress (𝜏𝐻𝑦) on stability analysis 

 

• Consistency Index (kf) – Figure 11: 

Higher kf indicates a thicker mud. As kf increases, both the maximum allowable WOB 

and the range of stable speeds expand. Physically, the increased damping and resistance 

provided by more viscous mud suppress vibrations more effectively. 



 
Figure 11.The effect of consistency index on stability analysis 

• Power-Law Index (nf ) – Figure 12: 

As nf increases, the mud becomes less shear-thinning. This enhances stability at lower 

speeds and higher WOBs, shifting both vertical and upper boundaries favorably. 

However, this effect is more pronounced when nf increases from 0.5 to 1 than in lower 

ranges. 



 
Figure 12.The effect of power-law exponent on stability analysis 

• Damping Effect (Figure 13): 

Mud damping has a strong stabilizing influence on rotational motion but minimal effect 

on axial stability. This asymmetry reflects the dominant role of torsional vibrations in 

drill string instability. 

 
Figure 13.Comparing the effect of mud applied in axial and torsional direction 



7. Conclusions 

The following conclusions were drawn from the dynamic stability analysis of a drill string 

interacting with non-Newtonian drilling mud modeled via the Herschel-Bulkley formulation: 

• The inclusion of drill mud damping significantly affects the stability boundaries of the drill 

string system. 

• Torsional damping plays a critical role in stability, while axial damping has negligible 

influence. 

• At lower rotational speeds (Ω), the drill string can tolerate higher WOB, enhancing 

penetration rate. 

• The consistency index (kf) and power-law index (nf) significantly expand the stability 

region: 

o Higher kf increases both the upper WOB limit and allows for lower operating 

speeds. 

o Higher nf also shifts the stability region positively, but its influence is less than kf. 

• The yield stress of the mud has no noticeable effect on the system’s stability. 

• Increasing kf and nf shifts the vertical boundary to the left and the upper boundary upward. 

• Optimal mud design should aim for high kf and nf; however, industrial fluids often require 

low nf for appropriate shear-thinning behavior. 

• Therefore, in addition to selecting proper mud properties, adaptive control strategies are 

recommended to maintain drilling stability. 

These insights can guide better mud selection and control strategy development for safer and more 

efficient drilling operations. 
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Appendix 

The matrix A and B in Eq.(45) are presented as follows, 

𝑨 = [ 

𝐴1
𝐴2
𝐴3
𝐴4

]  , 𝑩 = [ 

𝐵1
𝐵2
𝐵3
𝐵4

]. 

in which matrix element A , B calculated in the following way, 
𝐴1 = [𝑂𝑁×𝑁           𝐼𝑁×𝑁] 

𝐴2 = −
𝑛𝑎𝜖𝜁

𝑀
[1         𝜂𝑇(𝐿)        −

𝑉0
𝛺
𝜓𝑇(𝐿)        𝑂1×𝑁] 

𝐴2 = −
𝑛𝑎𝜖𝜁

𝑀
[1         𝜂𝑇(𝐿)        −

𝑉0
𝛺
𝜓𝑇(𝐿)        𝑂1×𝑁] 

 

𝐴3 = [𝐴31     𝐴32      𝐴33     𝐴34    𝐴35     𝐴36] 

𝐴31 = −𝑛𝑎𝜖𝜁𝑀1
−1𝜂(𝐿) +

𝜌𝑛𝑎𝜖𝜁

𝑀
𝑀1
−1∫ 𝐴𝜂(𝜉)(1 + 𝑈𝑠

′(𝜉))
𝐿

0

𝑑𝜉                                                             

  𝐴32 = −𝑀1
−1[𝐾1 + 𝑉0

2𝐾2] − 𝑛𝑎𝜖𝜁𝑀1
−1𝜂(𝐿)𝜂𝑇(𝐿) +

𝜌𝑛𝑎𝜖𝜁

𝑀
𝑀1
−1 [∫ 𝐴𝜂(𝜉)(1 + 𝑈𝑠

′(𝜉))
𝐿

0

𝑑𝜉]  𝜂𝑇(𝐿)

𝐴33 =
𝑛𝑎𝜖𝜁

𝛺
𝑉0𝑀1

−1𝜂(𝐿)𝜓𝑇(𝐿) − 
𝜌𝑛𝑎𝜖𝜁

𝑀

𝑉0
𝛺
𝑀1
−1 [∫ 𝐴𝜂(𝜉)(1 + 𝑈𝑠

′(𝜉))
𝐿

0

𝑑𝜉] 𝜓𝑇(𝐿)                           

                                                                                                           

 

𝐴34 = −2𝜌𝑉0𝑀1
−1∫ 𝐴𝜂(𝜉)𝑈𝑠

"(𝜉)𝑑𝜉
𝐿

0

− 𝑛𝑓𝑘𝑓𝑉0
𝑛𝑓−1

𝑀1
−1∫

𝐴𝑑

∆𝑛𝑓
𝜂(𝜉)

𝐿

0

𝑑𝜉 

𝐴35 =  −𝑀1
−1[𝐶1 + 2𝐶2𝑉0] − 𝑛𝑓𝑘𝑓𝑉0

𝑛𝑓−1
𝑀1
−1∫

𝐴𝑑

∆𝑛𝑓
𝜂(𝜉)𝜂𝑇(𝜉)

𝐿

0

𝑑𝜉 

𝐴36 = 𝑂𝑁𝑥 × 𝑂𝑁𝑡 

 

𝐴4 = [𝐴41   𝐴42  𝐴43   𝐴44    𝐴45   𝐴46] 

𝐴41 = −
𝑛

2
𝑎2𝜖𝑀2

−1𝜓(𝐿) +
𝜌𝑛𝑎𝜖𝜁

𝑀
𝑀2
−1 [∫ 𝐽𝜓(𝜉)𝜑𝑆

′ (𝜉)𝑑𝜉
𝐿

0

] 

𝐴42  = −
𝑛

2
𝑎2𝜖𝑀2

−1𝜓(𝐿)𝜂𝑇(𝐿) +
𝜌𝑛𝑎𝜖𝜁

𝑀
𝑀2
−1 [∫ 𝐽𝜓(𝜉)𝜑𝑆

′ (𝜉)𝑑𝜉
𝐿

0

] 𝜂𝑇(𝐿) 

𝐴43 = −𝑀2
−1[𝐾4 + 𝑉0

2𝐾5] +
𝑛

2
𝑎2𝜖

𝑉0
𝛺
𝑀2
−1𝜓(𝐿)𝜓𝑇(𝐿) −

𝜌𝑛𝑎𝜖𝜁

𝑀

𝑉0
𝛺
𝑀2
−1 [∫ 𝐽𝜓(𝜉)𝜑𝑆

′ (𝜉)𝑑𝜉
𝐿

0

] 𝜓𝑇(𝐿) 

𝐴44 = −2𝜌𝑉0𝑀2
−1∫ 𝐽𝜓(𝜉)𝜑𝑆

"(𝜉)𝑑𝜉
𝐿

0

 

𝐴45 = 𝑂𝑁𝑋 × 𝑂𝑁𝑡  

𝐴46 = −𝑀2
−1[𝐶3 + 2𝐶4𝑉0] −

1

2
𝑎2𝜎𝛾𝑙𝑀2

−1𝜓(𝐿)𝜓𝑇(𝐿)
𝜕𝜇

𝜕𝜔
|𝜔=𝛺  − 𝑛𝑓𝑘𝑓𝛺

𝑛𝑓−1𝑀2
−1∫

𝑟𝑑
𝑛𝑓+1 𝐴𝑑

∆𝑛𝑓
𝜓(𝜉)𝜓𝑇(𝜉)

𝐿

0

𝑑𝜉 

𝐵1 = 𝑂𝑁×𝑁 

𝐵2 =
𝑛𝑎𝜖𝜁

𝑀
[1       𝜂𝑇(𝐿)           −

𝑉0
𝛺
𝜓𝑇(𝐿)] 

 

𝐵3 = [𝐵31     𝐵32        𝐵33] 

𝐵31 = 𝑛𝑎𝜖𝜁𝑀1
−1𝜂(𝐿) −

𝜌𝑛𝑎𝜖𝜁

𝑀
𝑀1
−1 [∫ 𝐴𝜂(𝜉)(1 + 𝑈𝑠

′(𝜉))
𝐿

0

𝑑𝜉] 



𝐵32 = 𝑛𝑎𝜖𝜁𝑀1
−1𝜂(𝐿)𝜂𝑇(𝐿) −

𝜌𝑛𝑎𝜖𝜁

𝑀
𝑀1
−1 [∫ 𝐴𝜂(𝜉)(1 + 𝑈𝑠

′(𝜉))
𝐿

0

𝑑𝜉]  𝜂𝑇(𝐿) 

𝐵33 = −𝑛𝑎𝜖𝜁
𝑉0
𝛺
𝑀1
−1𝜂(𝐿)𝜓𝑇(𝐿) + 

𝜌𝑛𝑎𝜖𝜁

𝑀

𝑉0
𝛺
𝑀1
−1 [∫ 𝐴𝜂(𝜉)(1 + 𝑈𝑠

′(𝜉))
𝐿

0

𝑑𝜉] 𝜓𝑇(𝐿) 

 

𝐵4 = [𝐵41     𝐵42       𝐵43] 

𝐵41 =
𝑛

2
𝑎2𝜖𝑀2

−1𝜓(𝐿) −
𝜌𝑛𝑎𝜖𝜁

𝑀
𝑀2
−1 [∫ 𝐽𝜓(𝜉)𝜑𝑆

′ (𝜉)𝑑𝜉
𝐿

0

] 

𝐵42 =
𝑛

2
𝑎2𝜖𝑀2

−1𝜓(𝐿)𝜂𝑇(𝐿) −
𝜌𝑛𝑎𝜖𝜁

𝑀
𝑀2
−1 [∫ 𝐽𝜓(𝜉)𝜑𝑆

′ (𝜉)𝑑𝜉
𝐿

0

] 𝜂𝑇(𝐿) 

𝐵43 = −
𝑛

2
𝑎2𝜖

𝑉0
𝛺
𝑀2
−1𝜓(𝐿)𝜓𝑇(𝐿) +

𝜌𝑛𝑎𝜖𝜁

𝑀

𝑉0
𝛺
𝑀2
−1 [∫ 𝐽𝜓(𝜉)𝜑𝑆

′ (𝜉)𝑑𝜉
𝐿

0

] 𝜓𝑇(𝐿) 

 


