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1 Introduction

The idea that this pedagogical note could be a useful contribution to the community came
about after several discussions with colleagues on the robustness of various candidate string
constructions for moduli stabilisation, towards particle physics and cosmology, against po-
tentially dangerous corrections. To scrutinise these constructions, it becomes necessary to
use other people’s conventions (or indeed one’s own in one’s past worldline), and although
there is nothing deep in changing conventions, and a change of frames is simply a field redef-
inition1,2, it is tedious, and possibly tricky unless starting from scratch. We thus present the
various choices most commonly used for 10d and 4d string and Einstein frames in type IIB
compactifications, and 2π’s, together with the map between them. This should help both
beginners in the field and busy experts to save some time. We emphasise throughout the text
how physical quantities such as mass ratios, which determine the size of leading corrections
to explicit string compactifications, are of course convention-independent: a change in frame
would come with field redefinitions, and new masses and couplings, but the mass ratios must
be invariant regardless of the choice of conventions, if a uniform choice of frames and units
is used.

In Section 2, we present the 10d type IIB supergravity action in the string frame and the
Einstein frame, using the two main choices of conventions for change of frames, and including
the SL(2,R) manifest action. In Section 3, we dimensionally reduce to 4d using a general
warped compactification, and present the 4d Einstein frame in different conventions which,
however, always allow to recover the unwarped limit from the warped case in an intuitive
way. We identify the relations between the 4d Planck scale, (warped) string scales and
(warped) KK scales. In Section 4 we similarly work out the flux superpotential and gravitino
mass, and give the mass ratio m3/2

mKK
, which not only determines whether we have a consistent

supergravity description in 4d, but also controls the higher F-term corrections to KKLT/LVS
type compactifications. In Section 5 we show the leading perturbative corrections to the
Kähler potential and non-perturbative corrections to the superpotential in the most common
conventions. For all the relations that we present, we provide both a single expression
that covers the various conventions considered commonly in the literature, and a manifestly
convention-independent expression with a uniform choice of frames and units.

1In a setup in which all couplings, including the gravitational coupling, are constant (e.g. assuming that
the dilaton and volume modulus are stabilised and integrated out), the change of frames becomes simply a
change of units.

2See e.g. [1, 2, 3, 4, 5] and references therein for some interesting discussions on the equivalence of the
Einstein and Jordan frames in cosmology.
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2 Type IIB supergravity

Our starting point is the type IIB low-energy supergravity action in string frame, which is
given by3

SS
IIB =

1

2κ210

∫
d10x

√
−GS

{
e−2Φ

(
R + 4∂MΦ∂MΦ− 1

2
|H3|2

)
−
(
1

2
|F1|2 +

1

2
|F̃3|2 +

1

4
|F̃5|2

)}
− 1

4κ210

∫
C4 ∧H3 ∧ F3 , (1)

where R is the Ricci scalar, Φ is the dilaton, H3 is the field-strength of the NS 2-form B2

and Fp is the field-strength of the RR (p− 1)-forms Cp−1, and F̃3, F̃5 are defined as below:

H3 = dB2 , F̃3 = F3 − C0H3 ,

Fp = dCp−1 , F̃5 = F5 −
1

2
C2 ∧H3 +

1

2
B2 ∧ F3 ,

|Fp|2 =
1

p!
FM1...MpF

M1...Mp .

Moreover, the type IIB action must be supplemented with the self-duality condition4

F̃5 = ⋆F̃5 .

The relation between the string scale α′ and the 10d gravitational coupling in string
frame κ10 is

2κ210 = (2π)7α′4 . (2)

A common convention for the string length ls, which we use below, is

(2π)2α′ = l2s , (3)

although sometimes α′ = l2s is used instead. The string scale (corresponding to the mass of
the tower of string states) is Ms =

1√
α′ =

2π
ls

for this choice of conventions. Sometimes the

3The action can be found on p.90 of [6], p.314 of [7], p.114 of [8], p.79 of [9] and p.625 of [10], along with
the necessary definitions. There is a different definition of F5, for example in [11], which also contains the
equations of motion. See also [12] for the dilaton dependence of the RR sector.

4Notice the factor of 1
4 rather than 1

2 in the kinetic term, which accounts for the fact that only half the
degrees of freedom should be present.
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notation
ms =

1

ls
(4)

is used with this convention, with the relation Ms = 2πms.
Note that these quantities are defined in the string frame, so one should bare in mind

that

ms ≡ mS
s and ls ≡ lSs . (5)

We will omit the string frame label, as commonly done in the literature, unless it is helpful
to make it explicit.

2.1 Einstein frame

In the string frame, the gravitational part of the action is not in the canonical Einstein-
Hilbert form. In order to obtain the latter, we perform a conformal transformation of the
metric in 10d, GS → GE = e2ΥGS.

The frame in which the gravitational part of the action takes the canonical Einstein-
Hilbert form – i.e. the Ricci scalar does not couple to anything other than

√
−GE – is the

Einstein frame. This choice fixes the required conformal transformation up to a constant5

Υ = −Φ− Φ0

4
, (6)

where the constant Φ0 is a choice of convention, and the two metrics are related by

GE
MN = e−

Φ−Φ0
2 GS

MN . (7)

The first term in the action (1), namely the Ricci scalar, in the Einstein frame becomes

SE
grav =

1

2κ2

∫
d10x

√
−GE

{
RE − 9

2
(GE)MN(∂MΦ)(∂NΦ)

}
, (8)

where κ ≡ eΦ0κ10 is the rescaled coupling. Including the contribution from the kinetic
term of Φ, which also transforms under this conformal transformation, the Einstein frame
gravitational plus dilaton action becomes

SE
grav+Φ =

1

2κ2

∫
d10x

√
−GE

{
RE − 1

2
(∂MΦ)(∂MΦ)

}
. (9)

5Note that a constant multiplying RE is a simple rescaling of the coupling constant κ, so that one still
obtains the Einstein frame. The constant is a matter of convention.
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Note that the dilaton is canonically normalised in Einstein frame.
The kinetic terms of the NS and RR form fields include an implicit metric associated to

the index contraction of the forms. For a generic p-form η we have

|η|2S =
1

p!
(GS)M1N1 ...(GS)MpNpηM1...MpηN1...Np

=
1

p!
(e2Υ)p(GE)M1N1 ...(GE)MpNpηM1...MpηN1...Np = e2Υ·p |η|2E . (10)

Putting everything together, with the appropriate choice (6), the action (1) in Einstein frame
becomes

SE
IIB =

1

2κ2

{∫
d10x

√
−GE

(
RE − 1

2
(∂MΦ)(∂MΦ)− eΦ0

2
e−Φ|H3|2E

)
(11)

−
∫
d10x

√
−GE

(
e2Φ

2
|F1|2E +

eΦ0

2
eΦ|F̃3|2E +

e2Φ0

4
|F̃5|2E

)
− e2Φ0

2

∫
C4 ∧H3 ∧ F3

}
.

Note that the Chern-Simons term in the action does not transform, apart from via the
constant relating κ and κ10, as it is a topological term, independent of the metric. The
gravitational coupling is related to the string scale as

2κ2 = 2e2Φ0κ210 = (2π)7e2Φ0α′4 or 2κ2 =
e2Φ0 l8s
2π

. (12)

A common choice of Φ0 is such that the metric in the string frame and the metric in
the Einstein frame are the same at the vacuum, i.e. Φ0 = ⟨Φ⟩ – this allows us to discuss
quantities in a frame-independent way at the vacuum. For that choice the action in Einstein
frame reads

SE
IIB =

1

2κ2

{∫
d10x

√
−G

(
R− 1

2
(∂MΦ)(∂MΦ)− gs

2
e−Φ|H3|2

)

−
∫
d10x

√
−G

(
e2Φ

2
|F1|2 +

gs
2
eΦ|F̃3|2 +

g2s
4
|F̃5|2

)
− g2s

2

∫
C4 ∧H3 ∧ F3

}
, (13)

where we dropped the E, as all metrics are in Einstein frame. With this choice, the gravita-
tional coupling is related to the string scale as

2κ2 = 2g2sκ
2
10 = (2π)7g2sα

′4 or 2κ2 =
g2s l

8
s

2π
. (14)
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Another common choice of convention is Φ0 = 0. In this case, volumes are frame-
dependent in the vacuum (see eq. (21) below) and one needs to be careful to compare
quantities consistently, e.g. when checking whether the α′-expansion (usually computed in
string frame) is under control for a certain vacuum (usually obtained in Einstein frame). For
this choice the gravitational coupling is related to the string scale as

2κ2 = 2κ210 = (2π)7α′4 or 2κ2 =
l8s
2π

. (15)

It might seem strange that this relation between scales (the gravitational scale and the
string scale) is convention-dependent; as we will emphasise throughout this note, mass ratios
should not depend on convention. The convention dependence in (12) arises because we are
comparing scales measured in different frames—while κ is the Einstein frame gravitational
coupling, α′ is the string frame string scale. The mass of any state measured in the Einstein
frame satisfies

(mE)2 = (GE)MNpMpN = e
Φ−Φ0

2 (GS)MNpMpN = e
Φ−Φ0

2 (mS)2 . (16)

This is in particular true for the string mass Ms = 1/
√
α′ = 2π/ℓs, or in terms of α′ and ls,

α′
E = e

Φ−Φ0
2 α′

S and lEs = e−
Φ−Φ0

4 lSs . (17)

Therefore, when we compare Einstein frame quantities we find the convention-independent
relations

2κ2 = (2π)7e2Φ(α′
E)

4 or 2κ2 =
e2Φ (lEs )

8

2π
. (18)

It is worth emphasising that volumes measured using a string frame metric may differ from
the ones measured using an Einstein frame metric, depending on the convention used, i.e.
on the choice of Φ0. Using the relation between the two metrics (7), a generic d-dimensional
volume can be written as

V E
d =

∫
ddy
√
gEd f(y) =

∫
ddy
√
gSd e

− d
4
(Φ−Φ0)f(y) , (19)

where we allow for some function f(y), such as H(y) in the definition of the warped volume
Vw, (35) below. It follows that the volumes in the two frames (assuming Φ is stabilised) are
related as

V S
d =

(
e⟨Φ⟩−Φ0

) d
4V E

d . (20)
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In string frame string length units, lSs , and for the particular case with d = 6, dimensionless
volumes are related as

VS = e
3
2
(⟨Φ⟩−Φ0)VE . (21)

Hence, it is important to note the convention being used for the Einstein frame metric and
be consistent when comparing quantities that are obtained in either string frame or Einstein
frame (e.g. perturbative and non-perturbative corrections). It will also be helpful to define
another dimensionless Einstein frame volume, V̂E, which is given in Einstein frame string
length units (17) and is related to VS as

V̂E = VS . (22)

2.2 SL(2,R) manifest action

We now express the Einstein frame action (13) in terms of the fields G3 and τ , such that
the underlying SL(2,R) symmetry becomes manifest, which is sometimes useful when doing
calculations and it is commonly used in the literature. We define the fields

τ = C0 + ie−Φ , (23)

G3 = F̃3 − ie−ΦH3 = F3 − τH3 , (24)

where τ is known as the axio-dilaton.
In terms of these fields, the action takes the form

SE
IIB =

1

2κ2

∫
d10x

√
−G

(
R− (∂Mτ)(∂

M τ̄)

2(Im τ)2
− eΦ0

2(Im τ)
|G3|2 −

e2Φ0

4
|F̃5|2

)

− 1

2κ2
ie2Φ0

4

∫
1

(Im τ)
C4 ∧G3 ∧G3 , (25)

where we recall κ = eΦ0κ10. We can also write the action in differential form language,

SE
IIB =

1

2κ2

∫ (
R ⋆ 1− dτ ∧ ⋆dτ

2(Im τ)2
− eΦ0

2(Im τ)
G3 ∧ ⋆G3 −

e2Φ0

4
F̃5 ∧ ⋆F̃5

− ie2Φ0

4(Im τ)
C4 ∧G3 ∧G3

)
. (26)

Written in this form, the SL(2,R) symmetry of the type IIB action becomes manifest — it
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leaves the metric and 4-form invariant, and acts on the remaining fields as

τ → aτ + b

cτ + d
,

(
C2

B2

)
=

(
a b

c d

)(
C2

B2

)
, with

(
a b

c d

)
∈ SL(2,R) , (27)

that is, ad− bc = 1.
Another occasionally used convention (see e.g. [13, 14, 15, 16]) is to redefine the RR

forms in Einstein frame as CE
p = eΦ0CS

p ; the action then becomes

SE
IIB =

1

2κ2

∫ (
R ⋆ 1− dτ ∧ ⋆dτ

2(Im τ)2
− G3 ∧ ⋆G3

2(Im τ)
− 1

4
F̃5 ∧ ⋆F̃5 −

i

4(Im τ)
C4 ∧G3 ∧G3

)
, (28)

where the axio-dilaton was also redefined as τE = eΦ0τS = eΦ0CS
0 +ie

−φ, with e−φ = e−(Φ−Φ0),
and GE

3 = eΦ0GS
3 = FE

3 − τEH3. Note that in terms of τE we have ⟨Im τE⟩ = 1. With this
field redefinition the action looks the same regardless of the choice of convention, apart from
having a different gravitational coupling κ.

3 Dimensional Reduction

In order to obtain a 4d EFT at low energies, we consider a compactification (or dimensional
reduction) of the 10d theory down to 4 dimensions. The 4d theory describes perturbations
around a 10d vacuum solution and is valid for energies much lower than the compactification
scale6. We consider a vacuum solution which corresponds to a warped product spacetime
M10 = R1,3 ×w X6, where R1,3 is a 4d Lorentzian spacetime and X6 is a 6d compact space.

The 10d Einstein frame metric is given by

ds210 = H−1/2(y) e2ω(x)gµνdx
µdxν +H1/2(y) V1/3gmndy

mdyn , (29)

where xµ (µ = 0, ..., 3) are 4d coordinates and ym (m = 4, ..., 9) are 6d coordinates on the
compact space X6. The metric gmn = (g6)mn is the 6d metric of a Calabi-Yau (Ricci flat)
manifold usually normalised as ∫

d6y
√
g6 ≡ (lSs )

6 .

so that V keeps track of the physical size of the compact space in the Einstein frame using
string frame string length units and thus we can also call it (see (21))

VE ≡ V . (30)

6Depending on the details of the compactification, this scale could correspond to e.g. mKK or mw
KK .
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We define the warp factor H as

H(y) ≡ 1 +
e−4A0(y)

V2/3
, (31)

which is motivated as follows. First, the background warp factor – commonly written as
e−4A(y) – that solves the 10d Einstein equations in the presence of fluxes is only fixed up to a
constant shift, e−4A(y) = e−4A0(y)+ c, which becomes a modulus in the 4d EFT [17]. The fact
that gmn → λgmn together with e2A → λe2A is a gauge redundancy of the metric [18, 19, 20]
allows us to choose λ = c1/2 and rewrite e−4A(y) = 1 + e−4A0(y)

c
, which naturally recovers the

unwarped case in the c → ∞ limit – this relates c = V2/3 with the unwarped volume of the
compact space. The factor e2ω(x) is introduced to Weyl rescale to the 4d Einstein frame,
with metric gµν = gE4

µν , as we now describe.
Dimensionally reducing the 10d Einstein-Hilbert term (in 10d Einstein frame)

SE
IIB =

1

2κ2

∫
d10x

√
−G R10 (32)

down to 4d using the ansatz (29) gives, among other contributions, the term

S4d ⊃
1

2κ2

∫
d4x

√
−g4 · e2ω(x)

(
V
∫
d6y

√
g6 ·H(y)

)
R4 . (33)

Any choice of e2ω(x) that leaves a non-canonical coupling of the volume modulus V to R4 is
said to be in the Jordan frame. Requiring a canonical form for the Einstein-Hilbert term
instead – which defines the 4d Einstein frame – fixes the Weyl rescaling e2ω(x), up to a
constant factor e2ω0 , as

e2ω(x) =
e2ω0 · l6s

V
∫
d6y

√
g6 ·H(y)

≡ e2ω0 · l6s
Vw

=
e2ω0

Vw

, (34)

where we defined the Einstein frame warped volume Vw = Vw ·l6s , in string frame string length
units, as

Vw ≡ V
∫
d6y

√
g6 ·H(y)︸ ︷︷ ︸

⟨H⟩av· l6s

. (35)

This definition of Vw only differs from V · l6s by the factor ⟨H⟩av, the average of the warp
factor over the compact space. If the integral is dominated by the unwarped bulk, then
⟨H⟩av ≈ 1 and Vw ≈ V · l6s .

Note the similarities with the conformal transformation in 10d to go from string frame
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to Einstein frame, where we also had some freedom in the form of a constant. We saw there
that a convenient choice was the one for which the two metrics matched at the vacuum. Here
we are going from the Jordan frame, in which some scalars couple to the Ricci scalar in the
action, to the 4d Einstein frame, in which we recover the canonical Einstein-Hilbert term.
The two metrics will match at the vacuum if we choose e2ω0 = ⟨Vw⟩. The action in the 4d
Einstein frame for general ω0 becomes

SE
4d ⊃

e2ω0 · l6s
2κ2

∫
d4x

√
−g4 ·R4 ≡

M2
Pl

2

∫
d4x

√
−g4 ·R4 , (36)

which defines the relation between the string scale (ms = 1/ls) and the Planck scale as

ms =
eΦ0

√
4πe2ω0

MPl . (37)

For the convenient choice eΦ0 = gs and e2ω0 = ⟨Vw⟩, this relation becomes

ms =
gs√
4πVw

MPl . (38)

Note also that in the unwarped limit the warped volume tends to the volume modulus of the
compactification, Vw → V , and – with these choices of convention for the Weyl rescalings –
we recover the common expression for the ratio ms/MPl. If instead we choose conventions
Φ0 = 0 = ω0, then

ms =
MPl√
4π

. (39)

This convention dependence arises again from the fact that we are comparing quantities
measured in different frames, as ms is the string mass measured in the string frame. Anal-
ogously to the 10d change of frames, it is now useful to introduce the 4d Einstein frame
string scale in order to obtain a manifestly convention-independent relation. Consider first
string states localised in regions of constant warp factor, H(y0) (these states could arise, for
example, from open string states localised on a brane at the tip of a warped throat). The
4d Einstein frame mass for such states is given by

(
(mw

s )
E4

)2
= gµνE4

pµpν = H(y0)
−1/2 · e2ω0

V · ⟨H⟩av
·Gµν

E pµpν

=
H(y0)

−1/2

⟨H⟩av
· e2ω0

V̂E e−
3
2
(⟨Φ⟩−Φ0)

· e
⟨Φ⟩−Φ0

2 ·Gµν
S pµpν

9



=
H(y0)

−1/2

⟨H⟩av
· e

2⟨Φ⟩

V̂E

· e
2ω0

e2Φ0
· (mS

s )
2

=
H(y0)

−1/2

⟨H⟩av
· e

2⟨Φ⟩

4πV̂E

M2
Pl . (40)

where recall that V̂E is the Einstein frame volume in Einstein frame string length units, ℓEs .
It follows from (40) that the warped string scale for localised states is given by

(mw
s )

E4 ≡ H(y0)
−1/4

⟨H⟩1/2av
· e⟨Φ⟩√

4πV̂E

MPl , (41)

whose relation to MPl is fully convention independent.
For closed string states that are allowed to propagate along directions of varying warp

factor, one needs to take into account their dimensional reduction. Let us take the scalar
field ψ to represent a closed string state of mass mS

s measured in the string frame (here and
below we drop overall factors that would simply be absorbed in the canonical normalisation),

S ∝
∫
d10x

√
−GS

{
− 1

2
GMN

S (∂Mψ)(∂Nψ) + (mS
s )

2ψ2
}

∝
∫
d10x

√
−GE

{
− 1

2
e

⟨Φ⟩−Φ0
2 GMN

E (∂Mψ)(∂Nψ) + (mS
s )

2ψ2
}

=

∫
d4x e4ω(x)

√
−g4

∫
d6y

√
g6 H

1/2(y)V
{
− 1

2
e

⟨Φ⟩−Φ0
2 H1/2(y)e−2ω(x)gµν(∂µψ)(∂νψ)

+ internal momentum + (mS
s )

2ψ2
}

=

∫
d4x

√
−g4 e

⟨Φ⟩−Φ0
2 e2ω(x)V

∫
d6y

√
g6

{
− 1

2
H(y)gµν(∂µψ)(∂νψ) + internal momentum

+ e−
⟨Φ⟩−Φ0

2 e2ω(x)H1/2(y)(mS
s )

2ψ2
}
. (42)

Next, it is useful to decompose the effective 10d field into a tower of 4d KK modes, with

ψ(x, y) =
∑
k

ψk(x)ξ
k(y) , (43)

where the eigenmodes ξk satisfying the orthonormality condition∫
d6y

√
g6 ·H(y) ξkξl = ℓ6s · δkl . (44)
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Then using (34), we find for the lowest mode ψ0 in the tower, which has constant ξ0 = 1

⟨H⟩1/2av

,

S ∝
∫
d4x

√
−g4

{
− 1

2
gµν(∂µψ0)(∂νψ0) ·

∫
d6y

√
g6 ·H(y) (ξ0)2

+ e−
⟨Φ⟩−Φ0

2 · e2ω0

VE · ⟨H⟩av
· (mS

s )
2ψ2

0 ·
∫
d6y

√
g6 ·H(y)1/2 (ξ0)2︸ ︷︷ ︸
⟨H1/2⟩av
⟨H⟩av

·ℓ6s

}
,

∝
∫
d4x

√
−g4

{
− 1

2
gµν(∂µψ0)(∂νψ0) + (mE4

s )2ψ2
0

}
, (45)

and identify the 4d Einstein frame mass for the (canonically normalised) string state as

(mE4
s )2 =

⟨H1/2⟩av
⟨H⟩2av

· e
2⟨Φ⟩

V̂E

· e
2ω0

e2Φ0
· (mS

s )
2 . (46)

After using (37), we see that the relation between the 4d Einstein frame string scale, mE4
s ,

and MPl is manifestly convention-independent. For example, if we assume that most of the
compact space is unwarped – or in the absence of warping, H = 1 – we find

mE4
s =

e⟨Φ⟩√
4πV̂E

MPl . (47)

Moreover, we recover the standard relation between the warped string scale for localised
states (41) and the bulk string scale (47) as

(mw
s )

E4 = H−1/4(y0) ·mE4
s . (48)

Finally, let us determine the Kaluza-Klein (KK) scale at which the towers of massive
states associated with the compact dimensions appear. Considering the simple case of a 10d
scalar field ρ,

S ∝
∫
d10x

√
−GE

{
−1

2
GMN

E (∂Mρ)(∂Nρ)

}
=

∫
d4x

∫
d6y ·H−1(y)e4ω(x)

√
−g4 ·H3/2(y) V√g6{

−1

2
H1/2(y)e−2ω(x)gµν(∂µρ)(∂νρ)−

1

2
H−1/2(y)V−1/3gmn(∂mρ)(∂nρ)

}

11



=

∫
d4x

√
−g4 e2ω V

∫
d6y

√
g6

{
−1

2
H(y)gµν(∂µρ)(∂νρ)−

1

2

e2ω(x)

V1/3
gmn(∂mρ)(∂nρ)

}

=

∫
d4x

√
−g4 e2ω V

∫
d6y

√
g6

{
−1

2
H(y)gµν(∂µρ)(∂νρ) +

1

2

e2ω(x)

V1/3
H(y)(∆6ρ) · ρ

}
, (49)

where in the last step we integrated the second term by parts and defined the internal space
Laplacian operator

∆6ρ ≡
H−1(y)
√
g6

∂m(
√
g6 g

mn∂nρ) . (50)

Decomposing the field ρ(x, y) in a basis of eigenfunctions of ∆6 (i.e. ∆6ξ
k = −λ2kξk, with no

sum over k),
ρ(x, y) =

∑
k

ϱk(x)ξ
k(y) , (51)

the action for the 10d scalar ρ becomes an action for infinitely many 4d scalars ϱk(x),

S ∝
∫
d4x

√
−g4 V

∫
d6y

√
g6
∑
k,l

{
− 1

2
H(y)gµν(∂µϱk)(∂νϱl)(ξ

kξl)

− 1

2

e2ω(x)

V1/3
H(y)λ2k ϱkϱl (ξ

kξl)

}

=

∫
d4x

√
−g4 V

∑
k,l

{
− 1

2
gµν(∂µϱk)(∂νϱl) ·

∫
d6y

√
g6 ·H(y) ξkξl

− 1

2

e2ω(x)

V1/3
λ2kϱkϱl ·

∫
d6y

√
g6 ·H(y) ξkξl

}
. (52)

Since the eigenmodes ξk satisfy the orthonormality condition (44), the KK modes decouple
and the action reduces to

S ∝
∑
k

∫
d4x

√
−g4

{
− 1

2
gµν(∂µϱk)(∂νϱk)(V) +

1

2

e2ω(x)

V1/3
λ2kϱ

2
k(V)

}

∝
∑
k

∫
d4x

√
−g4

{
− 1

2
gµν(∂µϱk)(∂νϱk) +

1

2
· λ2k
V1/3

e2ω0

Vw

· (ϱk)2
}
. (53)

Therefore, the mass of (the canonically normalised) ϱk is

mk =
λk
V1/6

(
e2ω0

Vw

)1/2

=⇒ mKK =
λ1
V1/6

(
e2ω0

Vw

)1/2

, (54)

12



where we identify the 4d Einstein frame KK scale, mKK , with the mass of the lightest mode
m1. To determine λk (and the eigenfunctions7) one must solve the eigenvalue equation

1
√
g6
∂m(

√
g6 g

mn∂nξ
k) +H(y) · λ2k · ξk = 0 , (55)

together with appropriate boundary conditions. It is therefore not possible to give a fully
generic expression for λk, and thus mKK , as it depends on the details of the compactification,
but we will consider two illustrative examples, giving a ‘bulk’ KK scale and a ‘warped’ KK
scale.

First, let us consider the case of a torus with a single common radius as the prototypical
example of an isotropic compact space8 with characteristic scale ℓs9. We will assume more-
over that the eigenfunctions have non-trivial amplitude throughout the bulk, and that most
of the compact space is unwarped. Therefore, in solving (55), we can approximate H(y) ≈ 1

and the eigenvalue becomes λ1 ≈ (2π) ·ms. Using this result in (54) leads to a KK scale:

mKK ≈
(
e2ω0

V

)1/2
2π

V1/6
ms =

√
π

2
· eΦ0

√
4πV2/3

MPl . (56)

For the convenient choice eΦ0 = gs and e2ω0 = V we have

mKK ≈ 2π

V1/6
ms =

√
π

2
· gs
V2/3

MPl , (57)

while for the common alternative choice Φ0 = 0, the factor of gs will be absent. Once again,
the mass relations are convention-dependent because we are mixing different frames and
units. Using the 4d Einstein frame for all the masses and Einstein frame string length units
for the Einstein frame volumes yields manifestly convention-independent relations,

mKK ≈ 2π

V̂2/3
E

mE4
s =

√
π

2
· e⟨Φ⟩
√
4πV̂2/3

E

MPl . (58)

Next, consider a warped compactification in which the warping dominates and the KK

7These are commonly referred to as the wavefunctions of the modes ϱk.
8More generically one could consider different scales in different directions, which would result in different

KK scales.
9This is consistent with our normalisation for the coordinates ym, such that

∫
d6y

√
g6 = l6s – it corresponds

to an identification of the normalised coordinates ym ∼ ym + 1 (with ds26 = l2s dymdym), rather than
ym ∼ ym + 2π. Moreover, the eigenfunctions respecting the (periodic) boundary conditions on the torus
would be ξk⃗ ∝ e2πi k⃗·y⃗, with a vector of integers k⃗ labeling the modes, and hence ∆6ξ

k⃗ = −(2π)2k2 ·ms · ξk⃗,
giving λk⃗ = (2π|⃗k|) ·ms.
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modes become localised in the region of maximum warping, y ∼ y0, where their energies are
minimised10. Now in solving (55), we can approximate the warp factor as H(y) ∼ H(y0).
Then we can use λk ∼ H(y0)

−1/2 ·ms in (54), which leads to a KK scale

mw
KK ∼

(
e2ω0

V · ⟨H⟩av

)1/2
1

H(y0)1/2V1/6
·ms =

1

⟨H⟩1/2av

· eΦ0

√
4πH(y0)1/2V2/3

MPl . (59)

For example, in the well-studied geometry of a Klebanov-Strassler (KS) warped throat [21],
one has at the tip RS3 ≡ RS3ℓs = H(y0)

1/4V1/6ℓs ≈ e−A(y0)ℓs, where moreover RS3 ≈
√
α′gsM . Then, choosing the convention e2ω0 = 1 and assuming V · ⟨H⟩av ≈ V , we recover

the familiar result for the warped KK scale at the tip of the KS throat (see e.g. [22, 23, 20]
and eq. (2.26) in [24])

mw
KK ∼ 1

V1/2H(y0)1/4RS3

=
eA(y0)

V1/3
· 1

RS3

. (60)

Finally, we write down manifestly convention-independent relations by using Einstein frame
quantities throughout,

mw
KK ∼ ⟨H⟩1/2av

⟨H1/2⟩1/2av

1

H(y0)1/2
· 1

V̂2/3
E

·mE4
s =

1

⟨H⟩1/2av

· e⟨Φ⟩
√
4πH(y0)1/2V̂2/3

E

·MPl . (61)

4 Flux scalar potential

The scalar potential for the moduli fields and the dilaton comes from the terms R, |G3|2 and
|F̃5|2 in the action (11), after dimensional reduction to 4d. The contributions from the R
and F̃5 terms can be shown to give (see section 5.3 of [22])

1

2κ2

∫ (
R ⋆ 1− e2Φ0

4
F̃5 ∧ ⋆F̃5

)
=
eΦ0

2κ2

∫
d4x

√
−g4 · e4ω(x)

∫
H−1G3 ∧ iG3

2(Imτ)
, (62)

which we can put together with the G3 ∧ ⋆G3 term to give in total

SE
IIB ⊃ eΦ0

2κ2

∫
d4x

√
−g4 · e4ω(x)

∫
H−1

2(Imτ)
G3 ∧ (iG3 + ⋆6G3) (63)

10The same result is obtained for the KK reduction of (p + 1)-dimensional fields descending from open
strings that are localised on a subspace at some fixed y = y0, e.g. fields living on the world-volume of a
p-brane wrapping a (p− 3)-internal cycle somewhere along a warped throat in 10d.
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=
eΦ0

2κ2

∫
d4x

√
−g4 · e4ω(x)

∫
H−1

(Imτ)
G+

3 ∧ ⋆6G
+

3 , (64)

with G+
3 = 1

2
(G3 + i ⋆6 G3) such that ⋆6G+

3 = −iG+
3 [22]. Using the metric (29) we can

rewrite this action in terms of gmn,

SE
IIB ⊃

∫
d4x

√
−g4

{
eΦ0

2κ2
e4ω(x)

∫
H−1 G

+
3 ∧ ⋆g6G

+

3

(Imτ)

}
≡ −

∫
d4x

√
−g4 V , (65)

which defines the 4d scalar potential V as

V = −i e
Φ0

2κ2
e4ω(x)

∫
H

(H−1G+
3 ) ∧ (H−1G

+

3 )

(Imτ)
. (66)

It is now possible to rewrite this potential in an N = 1 supergravity form, by defining [25]

W =
1

a

∫
G3 ∧ Ω , (67)

where a is a normalisation constant to be determined below, and using that∫
H (H−1G+

3 ) ∧ (H−1G
+

3 ) =
a2∫

H Ω ∧ Ω
Gαβ̄(DαW )(Dβ̄W ) (68)

where α, β run over the complex structure moduli and the axio-dilaton. Using this, the
scalar potential becomes

V = −i e
Φ0

2κ2
e4ω(x)

(Im τ)

a2∫
H Ω ∧ Ω

(
Giȷ̄(DiW )(Dȷ̄W )− 3|W |2

)
=
eΦ0

2κ2

(e2ω0 · l6s
Vw

)2 1

(Im τ)

a2

l6s

l6s
i
∫
H Ω ∧ Ω

(
Giȷ̄(DiW )(Dȷ̄W )− 3|W |2

)
=

2π

eΦ0 · l8s

(e2Φ0M2
Pl · l2s · l6s

4πVw

)2 1

(Im τ)

a2

l6s

l6s
i
∫
H Ω ∧ Ω

(
Giȷ̄(DiW )(Dȷ̄W )− 3|W |2

)
=

e3Φ0

4π · l4s
M4

Pl
a2

l6s
·
( l6s
Vw

)2 1

2(Im τ)

l6s
i
∫
H Ω ∧ Ω

·M2
Pl

(
Giȷ̄

M2
Pl
(DiW )(Dȷ̄W )− 3

M2
Pl
|W |2

)

=

{
e3Φ0

4π · l10s
M6

Pl

}
eK/M2

Pl

(
Kiȷ̄(DiW )(Dȷ̄W )− 3

M2
Pl
|W |2

)
, (69)
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where now i, j run over complex structure moduli, Kähler moduli and the axio-dilaton, the
Kähler potential K is given by

K/M2
Pl = −2 logVw − log(−i(τ − τ̄))− log

(
i

l6s

∫
H Ω ∧ Ω

)
(70)

and Kiȷ̄ is the inverse field space metric that follows from Kiȷ̄ = ∂i∂ȷ̄K.
Note that the volume term in K includes not only the overall volume modulus V , but

also the other Kähler moduli. This scalar potential leads to the normalisation

W/M3
Pl =

e
3
2
Φ0

√
4π · l5s

∫
G3 ∧ Ω . (71)

We can see that the normalisation constant, a, is convention-dependent through the choice
of eΦ0 .

This gives for the gravitino mass

m3/2 = e
K

2M2
Pl
|W |
M2

Pl
=

e
1
2
⟨Φ⟩

Vw ||Ω||w
e

3
2
Φ0W0√
8π

MPl , (72)

where e
1
2
⟨Φ⟩ comes from ⟨Im τ⟩, ||Ω||2w · l6s = i

∫
H Ω ∧ Ω and we define

W0/M
3
Pl ≡

〈
1

l5s

∫
G3 ∧ Ω

〉
. (73)

It follows from (72) and (56) that the important11 ratio (assuming the bulk dominates all
the integrals, so that Vw ≈ V and ||Ω||w ≈ ||Ω||)

m3/2

mKK

= H
1/2
0

e
1
2
(⟨Φ⟩+Φ0)

V1/3
E

W0√
2(2π)||Ω||

, (74)

where we highlight the fact that the volume being used is the Einstein frame volume in
string frame string length units, VE. A manifestly convention-independent relation is found
by expressing the Einstein frame volume in Einstein frame string length units, which gives

m3/2

mKK

= H
1/2
0

e⟨Φ⟩

V̂1/3
E

W0√
2(2π)||Ω||

. (75)

11Not only is this ratio important because a consistent 4d supergravity description requires that the
gravitino remains in the theory, i.e. its mass is not above the EFT cutoff – typically mKK – and therefore
integrated out, but it was shown that it also serves as a control parameter for certain corrections to the
scalar potential, e.g. from higher F-terms [26].
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5 Corrections to the scalar potential

Since the flux superpotential leaves all Kähler moduli unstabilised, either leaving them as
flat directions or generating runaways, one must resort to higher-order corrections to the
EFT in order to stabilise them. Both perturbative and non-perturbative corrections have
been considered in the literature — while the former are computed at the level of the 10d
EFT and in string frame, the latter are obtained directly at the level of the 4d EFT and are
computed in Einstein frame. One must therefore be careful with the conventions being used
to change frames, i.e. the choice of Φ0, in order to remain consistent.

5.1 Perturbative corrections

In [27], it was shown that α′-corrections to the Type IIB effective action (11) manifest
as corrections to the 4d volume modulus Kähler potential and spoil the no-scale structure
of its scalar potential. These corrections arise from higher-derivative terms at order (α′)3

appearing in the type IIB effective action,

SS
IIB =

1

2κ210

∫
d10x

√
−GS e−2Φ

(
RS + 4(∂Φ)2S + (α′)3 · ζ(3)

3 · 211
· J0
)
, (76)

where the higher-order term is schematically given by

J0 ∼ (RMNPQ)
4 . (77)

One must also add a term

δSS
Φ ∼

∫
d10x

√
−GSe−2Φ(α′)3(∇2Φ) Q , (78)

where Q ∼ (RMNPQ)
3 is a generalisation of the 6d Euler integrand

∫
X6
d6y

√
g6 Q = χ, with

χ the Euler characteristic of X6 [27]. This term corrects the 10d solution to the equation
of motion for Φ, such that Φ = Φ10 +

ζ(3)
16
Q. It is then shown in [27] that this leads to a

correction to the Kähler potential of the form

K = −2 log
(
VS +

ξ

2

)
= −2 log

(
VE e

3
2
(Φ−Φ0) +

ξ

2

)
(79)

= −2 log
(
VE +

ξ

2
e−

3
2
(Φ−Φ0)

)
+ ... , (80)
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where we have used (21) with d = 6, keeping Φ0 unspecified, and ξ is defined as12

ξ = − ζ(3)χ

2(2π)3
. (81)

Note in particular that the correction expressed in Einstein frame depends on the convention
one chooses for Φ0,

Φ0 = 0 =⇒ K = −2 log

(
V +

ξ

2g
3/2
s

)
, (82)

Φ0 = ⟨Φ⟩ =⇒ K = −2 log

(
V +

ξ

2

)
, (83)

where we have assumed as usual that the dilaton has been stabilised by fluxes.

5.2 Non-perturbative corrections

Although the superpotential W does not receive perturbative corrections, it may receive non-
perturbative corrections from either instantons arising from Euclidean D3-branes wrapping
4-cycles or gaugino condensation on the world-volume theory of D7-branes wrapped around
internal 4-cycles. Let us consider the latter case in some detail. In what follows, Tp = 2π

lp+1
s

is the brane tension. The DBI action for a Dp-brane, in the string frame, is given by [6, 7]

SDBI
Dp = −Tp

∫
dp+1σ e−Φ

√
− det

(
gS +B +

l2s
2π
F

)
, (84)

where gS and B refer to the pull-back of the string frame metric (GS)MN and 2-form BMN

onto the world-volume of the brane and F to the field-strength Fab of the brane gauge fields.
Rewriting the action in terms of the Einstein frame metric,

SDBI
Dp = −Tp

∫
dp+1σ e−Φ

√
− det gS

√
det

(
1+ (gS)−1

(
B +

l2s
2π
F
))

(85)

⊃ −Tp
∫
dp+1σ e−Φ

√
− det gS

1

4

( l2s
2π

)2
(gS)ac(gS)bdFabFcd (86)

12In [27], we find the definition ξ = − ζ(3)χ(X6)
2 . The missing factor of (2π)3 comes from their conventions

for the volume, V[27] = V6/(2πα
′)3, whereas we are using V = V6/l

6
s = (2π)−3 V6/(2πα

′)3, with the convention
(2π)2α′ = l2s . There are also instances in the literature where the factor of 1/2 is absorbed into the definition
of ξ.
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= −Tp
4

l4s
(2π)2

∫
dp+1σ

√
− det gE e

p−3
4

(Φ−Φ0)e−ΦFabF
ab , (87)

where the indices in FabF
ab are contracted with Einstein frame metrics. This is the kinetic

term for the brane gauge bosons (see Appendix A.2. of [28]) and tells us the gauge coupling
of the corresponding theory, which is a key parameter for gaugino condensation. If the brane
is wrapping a (p − 3)–cycle Σp−3, we find the corresponding 4d term (assuming that Φ is
constant over the cycle)

S4d
Dp ⊃ − 1

8πlp−3
s

∫
d4x

√
− det gE4 e

p−3
4

(Φ−Φ0)e−Φ

(∫
dp−3σ

√
gEp−3

)
︸ ︷︷ ︸

τEΣp−3
lp−3
s

FabF
ab (88)

= −
∫
d4x

√
− det gE4

{
τEΣp−3

8πeΦ
e

p−3
4

(Φ−Φ0)

}
FabF

ab , (89)

and we can read off the gauge coupling gc,

1

g2c
=

τEΣp−3

4πe⟨Φ⟩ e
p−3
4

(⟨Φ⟩−Φ0) , (90)

where we have assumed as usual that the dilaton has been stabilised by fluxes at some
higher scale. Gaugino condensation on the world-volume theory of D7-branes will then give
a non-perturbative contribution to the superpotential [29],13

Wnp ∼ e
− 8π2

g2c

1
N = e−

2π
N

τE

gs
e⟨Φ⟩−Φ0

, (91)

where we used e⟨Φ⟩ = gs. Holomorphicity of W then leads to the general contribution

Wnp =
∑
i

Aie
i
ai
gs

e⟨Φ⟩−Φ0TE
i , (92)

where the sum runs over the contributing cycles, ai = 2π
Ni

and the fields TE
i = bEi + iτEi , are

the complexified Kähler moduli. Hence, we can compare the two most common conventions
used for Φ0,

Φ0 = 0 =⇒ Wnp =
∑
i

Aie
iaiT

E
i , (93)

13Here N is the number of branes stacked on top of each other, responsible for the gauge group. It appears
through the beta-function coefficient [29].
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Φ0 = ⟨Φ⟩ =⇒ Wnp =
∑
i

Aie
i
ai
gs

TE
i . (94)

As for the mass ratio m3/2/mKK , the superpotential as written, in terms of Einstein frame
4-cycle volumes in string frame string length units, appears to depend on the choice of
convention for Φ0, but one should recall that the 4-cycle volumes also depend on this choice
of convention. If we express the 4-cycle volumes in terms of the Einstein frame string length
units (21),

τ̂Ei = e⟨Φ⟩−Φ0τEi , (95)

the convention-independence of (92) becomes manifest.
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