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A B S T R A C T

Multi-region laminate optimization offers a comprehensive approach to enhance aerospace 
structures, making them efficient, safe, and cost-effective. Similarly, Automated Fiber Placement 
(AFP) processes optimize toolpaths and fiber deposition, reducing waste, saving time, and 
improving composite quality. Strategically placing fibers where needed, it boosts structural 
performance and allows for innovative composite designs. This study, first, focuses on optimizing 
the Fundamental Natural Frequency (FNF) of composite panels, which feature various Curvilinear 
Fiber Paths (CFP) mathematically modeled using bilinear interpolation distributed across 
different regions of the panel with comparisons drawn against the conventional Unidirectional 
(UD) fiber layup. Secondly, a study is conducted to explore the Fundamental Amplitude- 
dependent Nonlinear Frequencies (FANF) within the context of the optimized configuration 
featuring curved fiber layup. The modulation of stiffness in composite laminates is achieved 
through continuous adjustments of fiber angles, governed by the CFP function. A nonlinear 
structural model, grounded in the principles of virtual work, is employed for this analysis. The 
formulation incorporates Green’s nonlinear kinematic strain relations to accommodate geometric 
nonlinearities, and First-order Shear Deformation Theory (FSDT) is applied to extend the analysis 
to moderately thick cylindrical panels, including transverse shear deformations. The principal 
aim of this investigation is to evaluate the impact of Variable Stiffness (VS) parameters across 
multiple regions on the linear and nonlinear free vibration characteristics of the panel. This 
research examines symmetric eight-layered composite panel incorporating three distinct design 
regions and two boundary condition sets. The Generalized Differential Quadrature (GDQ) method 
is employed to solve the nonlinear equations of motion governing these structures. The numerical 
findings show the impact of fiber angle paths and boundary conditions on the FNF of cylindrical 
panels.
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1. Introduction

Manufacturing methods significantly impact aerospace structural design and the final product’s quality. Recent developments in 
the Variable Stiffness Composite (VSC) concept have potential to maximize the benefits of composite designs. These advancements 
allow for more tailored and efficient wings, enhancing the overall performance and safety of flying vehicles.

The Variable Stiffness (VS) composite concept is also known as the Variable Stiffness Laminate (VSL) or Variable Angle Tow (VAT) 
in the literature with slight differences in interpretation. The method is capable of tailoring the stress distribution, so that the buckling/ 
fluttering load bearing capacity is improved and more tuned vibration response characteristics are attained for any specific aerospace 
product, including wings and fuselages. During the late 1980 s with the introduction of Automated Fiber Placement (AFP) methods, 
manufacturing of almost all geometries became possible. AFP can place prepreg tapes on the mandrel/tool with much smaller tow 
widths and precision. During the manufacturing process, in order to minimize the voids and defects, heat and pressure are controlled 
precisely. New machines can control more than thirty tows, with individual controls, to be placed on the surface. Moreover, tows can 
be added or dropped at any point along the path of the machine head.

Continuous Stiffness Modeling (CSM) or Functional Fiber Path (FFP) representation, was first introduced by Olmedo and Gürdal [1] 
to perform the buckling analysis of plates with variable stiffness. Their fiber angle function definition showed an improvement of the 
buckling load of about 80 % with respect to the best straight fiber design. A more generalized function was then proposed by Tatting 
and Gürdal [2] where the fiber orientation function varies linearly along an arbitrarily defined axis upon definition of two orientation 
values at the beginning and end of the characteristic length, respectively. Recently, Farsadi et al. [3–5] studied VSC plates using a shear 
deformable theory for vibration characterization. Their results show the possibility of altering the vibration frequencies significantly in 
a desired way.

Optimizing aerospace structures by selecting various regions in wings and fuselages components, can significantly enhance the 
overall performance and efficiency of air vehicles and missiles [6,7]. Recent studies have explored innovative approaches to 
concurrently optimize fiber orientations across multiple scales. The work by Duan et al. [8] presents a robust multiscale framework 
that integrates microstructural design with global structural objectives. Similarly, da Silva et al. [9] advance the field by addressing 
fiber orientation optimization under stress constraints, employing a penalization strategy to achieve structurally efficient designs. 
These contributions highlight the growing integration of advanced mathematical schemes and manufacturing considerations in CFP 
optimization, complementing the methodology presented in this study.

This multi-disciplinary approach, known as Multi-Region Optimization (MRO), acknowledges that different parts of an air vehicle 
have unique design requirements, loading conditions, and constraints. By tailoring the design to each region, engineers can achieve 
weight reduction, improved structural stiffness, and enhanced dynamic performance. This strategy allows for informed trade-offs and 
compromises, ensures robustness in the face of uncertainties, and can lead to cost savings through more efficient material usage and 
manufacturing processes. It involves the utilization of advanced modeling, simulation, and optimization techniques, including finite 
element analysis, to achieve the best possible results. The approach of MRO is a sophisticated and computationally intensive process 
that offers a holistic way to improve aerospace structures, taking into account the diverse needs and challenges posed by different 
regions. By doing so, it ultimately results in more efficient, safer, and cost-effective air vehicles, contributing to advancements in the 
field of aerospace engineering. MRO can enhance the efficiency of AFP processes by optimizing the toolpaths and the deposition of 
fibers. Adapting the placement strategy to the specific requirements of each region, you can minimize waste, reduce manufacturing 
time, and improve the overall quality of the composite structure.

MRO can provide designers with greater flexibility to explore innovative and unconventional composite layouts, pushing the 
boundaries of what’s achievable in terms of performance and weight reduction. However, it’s important to note that implementing 
MRO in AFP processes can be challenging. It requires advanced software tools, robust modeling and simulation capabilities, and a deep 
understanding of material properties and manufacturing processes. Additionally, it may introduce complexities in the programming 
and control of the AFP machine to execute optimized toolpaths accurately.

In terms of mathematical modeling and solution approaches in FFP method, a vast variety of methods and solution algorithms are 
adopted. A great review is published by Ribeiro et al. [10] to show the vibrational potentials of VSC structures and the necessity of 
optimization for an efficient design. In what follows, some of the related studies on plate and beam structures are reviewed. Such plate 
models can be representative of wing and fuselage skin structures in special boundary and operating conditions. A comprehensive 
assessment of VSC plates is reported by Venkatachari et al. [11] using a higher order theory and the finite element method. Their 
findings confirm the significant effect of fiber orientation and lay-up configuration on bending deformation and vibration modes. 
Akhavan and Ribeiro [12,13] studied VSC plates using a shear deformable theory for vibration characterization. Their results show the 
possibility of altering the vibration frequencies significantly in a desired way. Flutter behavior of VSC plates using an isogeometric 
based optimization technique is conducted by Fazilati and Khalafi [14]. Their results also confirm the studies and shows the profound 
effect of fiber angle function on the flutter characteristics [15]. Daraei et al. [16] performed a free vibration analysis of VSC beams 
through the Carrera unified formulation along with refined theory assumptions. Kheladi et al. [17] considered the problem of VSC 
beams with parabolic curvilinear fibers in an equivalent single layer theory context and isogeometric analysis. Yan et al. [18] used a 
hierarchical differential quadrature method coupled with the quasi-three-dimensional formulation to investigate VSC beams. Patni 
et al. [19] used a combination of layer-wise/equivalent single layer theory and the Lagrange finite element to perform the 3D stress 
analysis of VSC beams. Vescovini et al. [20] presented a post-buckling analysis within a perturbation approach framework for VSC 
plates. Hao et al. [21] performed a structural stability analysis of VSC plates using isogeometric analysis. They included different fiber 
path functions, ply numbers, geometric parameters, as well as various boundary and loading conditions for the assessment of their 
proposed stability approach. Their method provides adequate accuracy with less computational costs. An approximate variable 
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kinematics approach is presented by Vescovini and Dozio [22] for stability and free vibration of VSC panels. González and Vescovini 
[23] presented a nonlinear vibration formulation for VSC plates using a third order shear deformation theory. The final equations are 
discretized by the Ritz, and Differential Quadrature (DQ)/Harmonic Balance (HB) methods. Their prominent contribution is the 
enhanced computational efficiency which is a key factor in optimization problems of VSC structures. Farsadi et al. [24] and Rahmanian 
et al. [25] presented some of the pioneering studies for nonlinear analysis of VSC plate structures.

Fundamental Amplitude-dependent Nonlinear Frequencies (FANF) refer to the variation of a structure’s FNF with increasing vi
bration amplitude, typically observed in systems exhibiting geometric or material nonlinearity. Unlike linear systems where natural 
frequencies remain constant regardless of amplitude, nonlinear systems—such as variable stiffness composite panels—often show 
amplitude-dependent behavior, commonly referred to as softening (frequency decreases with amplitude) or hardening (frequency 
increases). Recent studies have emphasized the importance of nonlinear effects in the dynamic analysis of composite structures. Song 
et al. [26] investigated the vibration behavior of laminated conical shells under hygrothermal conditions, highlighting environmental 
influences. Farokhi et al. [27] developed and experimentally validated a nonlinear joint model for curved panels experiencing large- 
amplitude vibrations. These works support the relevance of incorporating nonlinear behavior in the vibration analysis used in this 
study.

Despite the significant progress in the modeling and optimization of VSC and their demonstrated benefits in structural perfor
mance, much of the existing work has focused on flat plate and beam geometries under simplified conditions. Studies addressing 
curved aerospace structures such as cylindrical panels, particularly in the context of both linear and amplitude-dependent nonlinear 
vibration characteristics, remain limited. Furthermore, while the use of continuous fiber path modeling and advanced optimization 
techniques has gained traction, there is a lack of comprehensive investigations combining multi-region curvilinear fiber path design 
with nonlinear dynamic analysis. This gap is especially evident in the context of optimizing both FNF and FANF, where interactions 
between geometric curvature, fiber orientation, and nonlinear stiffness effects are not yet fully understood.

This study explores the optimization of the FNF and the study of FANF of composite cylindrical panels featuring Curvilinear Fiber 
Paths (CFP). The CFPs are modeled using bilinear mapping across multiple regions, allowing for continuous modulation of stiffness 
through adjustable fiber angles. By employing the Generalized Differential Quadrature (GDQ) method and leveraging the Genetic 
Algorithm (GA) for optimization, this research evaluates the influence of VS parameters on both linear and nonlinear vibration 
characteristics. The findings provide valuable insights into the effects of fiber path configurations and boundary conditions on the 
dynamic behavior of composite panels.

2. Methodology

2.1. Variable stiffness description and the optimization strategy

In the context of AFP techniques, bilinear interpolation enhances precision and efficiency. It provides clear, mathematically defined 
paths for AFP machines to follow, ensuring accurate fiber placement and reducing material waste. The simplicity and computational 
efficiency of bilinear interpolation facilitates fast iterations in the design process, ensuring compatibility and continuity at region 
boundaries, thereby preventing stress concentrations and potential failure points. By enabling smooth transitions and precise fiber 
orientation, bilinear interpolation helps create advanced composite structures with superior mechanical properties, improved load 
distribution, and enhanced durability. To support these claims, relevant studies have demonstrated the effectiveness of interpolation- 
based formulations for modeling CFPs [28,29], and have highlighted the advantages of smoothly varying fiber orientation schemes 
over piecewise-constant or discrete approaches in terms of structural performance and manufacturability [30].

In the context of modeling CFPs in composite structures using a bilinear distribution, the angle at any point within a quadrilateral 
area can be interpolated based on the angles at the four corners of the area. To divide the spanwise panel into multiple design regions 
and write the equations for these regions while considering compatibility at the boundaries, we need to define the boundaries of the 
regions, ensure the angles at these boundaries are continuous for compatibility, and modify the bilinear interpolation equations for 
each region accordingly.

For a composite rectangular panel divided into n design regions, the fiber angle in each region is calculated using bilinear inter
polation based on the fiber angles at the four corners of the region. Let the i-th region be defined by the following boundaries and 
corner fiber angles:

xi
1, xi

2 : x-coordinates of the left and right boundaries,
yi

1, yi
2 : y-coordinates of the bottom and top boundaries,

Ti
1,Ti

2,Ti
3,Ti

4 : fiber angles at the bottom-left, top-left, top-right, and bottom-right corners, respectively.
Given that the span L is on the horizontal axis and the width b is on the vertical axis, the general bilinear interpolation formula for a 

quadrilateral region defined by points (xi
1, yi

1), (xi
2, yi

1), (xi
1, yi

2), (xi
2, yi

2) with angles Ti
1,Ti

2,Ti
3,Ti

4, for each region can be expressed as 
follows: 

θi(x, y) = Ti
1(1 − Xi)(1 − Υi)+Ti

4Xi(1 − Υi)+Ti
2(1 − Xi)Υi +Ti

3XiΥi 

where, 

X =
x − xi

1

xi
2 − xi

1
, Υ =

y − yi
1

yi
2 − yi

1
(1) 
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The specific formulas for three regions panel, along with the total span L, width b, and the region span lengths, L1, L2 and L3, are 
defined as follows for bilinear interpolation in each region:

Region 1:0⩽x⩽L1
For region 1, the corners are (0,0), (L1,0), (0,b), (L1,b): 

θ1(x, y) = T1

(

1 −
x
L1

)(
1 −

y
b

)
+T4

x
L1

(
1 −

y
b

)
+T2

(

1 −
x
L1

)
y
b
+T3

x
L1

y
b

(2) 

Region 2:L1⩽x⩽L1 + L2

For region 2, the corners are (L1,0), (L1 + L2,0), (L1,b), (L1 + L2,b): 

θ2(x, y) = T4

(

1 −
x − L1

L2

)(
1 −

y
b

)
+T6

x − L1

L2

(
1 −

y
b

)
+T3

(

1 −
x − L1

L2

)
y
b
+T5

x − L1

L2

y
b

(3) 

Region 3:L1 + L2⩽x⩽L
For region 3, the corners are (L1 + L2,0), (L,0), (L1 + L2,b), (L,b): 

Fig. 1. Fiber orientation field across three design regions using bilinear interpolation. Colors indicate local fiber angles, and black arrows show fiber 
directions based on corner values T1–T8.

Fig. 2. Schematic representation of the eight-layered symmetric cylindrical composite panel. The figure illustrates the curvilinear fiber paths (θ) 
distributed across three distinct spanwise design regions (Region 1, Region 2, Region 3) within each layer.
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θ3(x, y) = T6

(

1 −
x − L1 − L2

L3

)(
1 −

y
b

)
+ T8

x − L1 − L2

L3

(
1 −

y
b

)
+ T5

(

1 −
x − L1 − L2

L3

)
y
b
+

T7
x − L1 − L2

L3

y
b

(4) 

Fig. 1 serves as a three regions example demonstrating the application of the presented bilinear interpolation formulation for modeling 
CFPs in composite laminates. The color bar on the right side of the figure represents the local fiber orientation angles (in degrees) 
across the composite panel surface. These angles are computed using bilinear interpolation based on the corner values T1 to T8, and are 
distributed over three design regions (Region 1, Region 2, and Region 3). The overlaid black arrows indicate the corresponding fiber 
directions at each point, visually reinforcing the smooth variation of fiber orientation throughout the panel. This legend provides a 
clear interpretation of how the interpolated angle field governs the curvilinear fiber layout in each region.

The panel is divided into three distinct regions along the spanwise direction to showcase how fiber orientations can be smoothly 
transitioned across different sections. Each region’s fiber angles are interpolated from the angles specified at the corners, ensuring 
compatibility and continuity at the boundaries, as illustrated by the smooth gradient of arrow directions. The displayed equations 
indicate the bilinear interpolation formula used in each region, emphasizing the flexibility and precision of this method in defining 
fiber paths. This example is particularly relevant for applications using AFP techniques, where such precise control over fiber 
orientation is crucial for optimizing the structural integrity, mechanical performance, and manufacturing efficiency of composite 
materials.

The objective of the optimization strategy is to maximize the FNF of the eight-layer symmetric composite cylindrical panel 
illustrated in Fig. 2. In this study, the FNF refers specifically to the first vibrational mode of the composite panel, which is a critical 
performance metric in aerospace structures [31–33]. Maximizing the FNF helps avoid resonance with operational excitations such as 
unsteady aerodynamic loads, thereby enhancing dynamic stability, structural safety, and vibration resistance. The first mode often 
dominates the response of thin-walled components like fuselage and wing panels, making it an effective target for improving stiffness- 
to-mass efficiency. Additionally, higher FNFs support compliance with aerospace certification standards that require minimum fre
quency thresholds to prevent coupling with control system dynamics [34].

This goal may be achieved by optimizing the fiber path/orientation within each layer. In the present study, an eight layered 
symmetric cylindrical panel is assumed with the following stacking sequence. 

[
Θ1/Θ2/Θ3/Θ4]

sym

Θ1 ∼ θ1
1→
〈
T1

1 ,T
1
2 ,T

1
3 ,T

1
4
〉
, θ1

2→
〈
T1

3 ,T
1
4 ,T

1
5 ,T

1
6
〉
, θ1

3→
〈
T1

5 ,T
1
6 ,T

1
7 ,T

1
8
〉

Θ2 ∼ θ2
1→
〈
T2

1 ,T
2
2 ,T

2
3 ,T

2
4
〉
, θ2

2→
〈
T2

3 ,T
2
4 ,T

2
5 ,T

2
6
〉
, θ2

3→
〈
T2

5 ,T
2
6 ,T

2
7 ,T

2
8
〉

Θ3 ∼ θ3
1→
〈
T3

1 ,T
3
2 ,T

3
3 ,T

3
4

〉
, θ3

2→
〈
T3

3 ,T
3
4 ,T

3
5 ,T

3
6

〉
, θ3

3→
〈
T3

5 ,T
3
6 ,T

3
7 ,T

3
8

〉

Θ4 ∼ θ4
1→
〈
T4

1 ,T
4
2 ,T

4
3 ,T

4
4
〉
, θ4

2→
〈
T4

3 ,T
4
4 ,T

4
5 ,T

4
6
〉
, θ4

3→
〈
T4

5 ,T
4
6 ,T

4
7 ,T

4
8
〉

(5) 

2.1.1. Maximum allowable curvature (MAC)
The Maximum Allowable Curvature (MAC) is a critical constraint in the design optimization of CFP, particularly in composite panel 

structures manufactured via AFP. MAC directly affects the manufacturability, structural integrity, and performance of the final 
component. Excessive curvature can exceed the material’s bending capacity, leading to fiber wrinkling, misalignment, or breakage 
during the placement process, which in turn degrades mechanical properties and compromises load-carrying capacity [35,36]. Since 
AFP is constrained by factors such as tow stiffness and machine head geometry, maintaining fiber curvature within allowable limits 
ensures that the designed fiber paths are not only structurally efficient but also feasible and cost-effective to produce. Incorporating 
MAC as an optimization constraint minimizes the risk of manufacturing defects, reduces production rework, and improves the long- 
term reliability of variable stiffness laminates. Recent studies have emphasized the significance of MAC in ensuring practical and 
robust CFP designs [37,38]. By incorporating the MAC as a constraint in the optimization, designers can achieve a balance between 
structural efficiency, manufacturability, and cost-effectiveness, thereby minimizing production risks and ensuring long-term reliability 
of the composite component. Equations (6) and (7) give the MAC (Kmax) in Cartesian coordinates while the bilinear interpolation is 
used to design the CFP. The curvature K(x, y) at a point is defined as: 

K(x, y) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

∂θ
∂x

)2

+

(
∂θ
∂y

)2
√

(6) 

While, substituting the gradients gives the MAC Kmax = max(K(x, y)). 

K(x, y) =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅[
1

x2 − x1

(

(T4 − T1)
y2 − y
y2 − y1

+ (T3 − T2)
y − y1

y2 − y1

)]2

+

[
1

y2 − y1

(

(T2 − T1)
x2 − x
x2 − x1

+ (T3 − T4)
x − x1

x2 − x1

)]

√
√
√
√
√
√
√
√

(7) 

2.1.2. Optimization study
This section introduces the Multi-Region Optimization (MRO) problem, including its objective, design variables, and constraints. 
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The cost function for the optimization algorithm is defined as the FNF, with the objective of maximizing its value. The design variables 
consist of the eight fiber angles determined by bilinear interpolation for three regions across the four composite layers, resulting in a 
total of 24 variables. Additionally, three variables are derived from the lengths of each region in each layer. These variables can be 
continuously adjusted within specific predefined intervals. Considering the symmetry of the composite layups, the optimization 
process specifically targets the fiber angles of the first four layers.

In summary, the optimization problem is characterized by its objective function, constraints, and variable intervals, as detailed in 
Table 1.

where, Kmax, the MAC, depends on the feed rate of the tow-placement machines. The curvature limit of Kmax = 3.2 m− 1 used in the 
GA-based optimization was selected based on practical manufacturing constraints associated with AFP [13,39–41]. This value cor
responds to a minimum curvature radius of approximately 312.5 mm, aligning with industry-reported limits (typically 2.5–5.0 m–1) 
depending on tow width and material type [36]. It offers a balanced trade-off between manufacturability and design flexibility, 
ensuring the optimized fiber paths are both feasible for production and structurally effective.

In this study, optimal lamination angles are determined using a GA. The GA begins with a randomly generated population of in
dividuals in a generation and evolves toward a solution by assessing fitness, selecting multiple individuals from the current population, 
and modifying them to create a new population. The algorithm terminates when a satisfactory fitness level is reached for the popu
lation, with the fittest chromosome designated as the optimal solution.

2.2. Governing equation of motion

The governing equations of motion for the presented panel structure were derived and analyzed in the authors’ previous work [4]. 
Detailed formulations, including the governing equations, geometric mapping, and the application of the GDQ method, are available in 
Refs [4,42].

Moderately thick panels are represented schematically in Fig. 3 with three distinct design regions, where they feature an orthogonal 
fixed curvilinear coordinate system (x,φ,z) at the panel’s corner. This system is defined by parameters; width length b, panel span L, 
radius of curvature R, and thickness h.

The displacement field (u,v,w) at any arbitrary point on the panel’s mid-surface, with respect to position coordinates (x, φ, z) and 
time t, can be expressed as follows: 

Table 1 
Optimization problem.

Objective: Maximizing the FNF 
Variables: Length of regions, 0 < Li < L, i = 1,2,3 
Fiber angle in bilinear interpolation,0◦

≤ Tk ≤ 180◦

, k = 1,⋯,8 
Constraints: Maximum allowable curvature,Kmax < 3.2

Fig. 3. Geometry of the cylindrical composite panel, showing the curvilinear fiber path design over three sub-regions defined along the spanwise 
direction. Each region is governed by a distinct fiber orientation function θi, where i= 1,2,3, allowing spatially varying fiber paths. Key geometric 
parameters include total span b, panel length L, panel radius R, arc angle α, projected base length bp, and regional spans L1,L2,L3.
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u(x, y, z, t) = u0(x, y, t) + zϕx(x, y, t)
v(x, y, z, t) = v0(x, y, t) + zϕφ(x, y, t)

w(x, y, z, t) = w0(x, y, t)
(8) 

Here, the symbols u0, v0 and w0 denote mid-plane deformations in the x, φ and z directions, while ϕx and ϕφ represent rotations of the 
surface normal about the φ and x axes, respectively. Now, let’s consider the fully nonlinear Green strain–displacement relations for an 
elastic cylindrical panel including normal and shear strains are as follows, 

εxx =
∂u0

∂x
+

1
2

((
∂u0

∂x

)2

+

(
∂v0

∂x

)2

+

(
∂w0

∂x

)2
)

+ z
∂ϕx

∂x
+

z2

2
∂2ϕx

∂x2

εφφ =
∂v0

∂φ
+

w0

R
+

1
2

((
∂u0

∂φ

)2

+

(
∂v0

∂φ

)2

+

(
∂w0

∂φ

)2
)

+ z
(∂ϕφ

∂φ
+

ϕφ

R

)

+

z2

2

(∂2ϕφ

∂φ2 +
∂ϕφ

R∂φ

)

γxφ =
1
2

(
∂u0

∂φ
+

∂v0

∂x

)

+
1
2

[
∂u0

∂x
∂u0

∂φ
+

∂v0

∂x
∂v0

∂φ
+

∂w0

∂x
∂w0

∂φ

]

+ z
(

∂ϕx

∂φ
+

∂ϕφ

∂x

)

+

z2

2

(
∂2ϕx

∂φ2 +
∂2ϕφ

∂x2

)

γxz =
∂w0

∂x
− ϕx +

1
2

[
∂u0

∂x
∂w0

∂x
+

∂v0

∂x
∂w0

∂x

]

+ z
∂ϕx

∂x
+

z2

2
∂2ϕx

∂x2

γxφ =
∂w0

∂φ
− ϕφ +

1
2

[
∂u0

∂φ
∂w0

∂φ
+

∂v0

∂φ
∂w0

∂φ

]

+ z
(∂ϕφ

∂φ
+

ϕφ

R

)

+
z2

2

(∂2ϕφ

∂φ2 +
∂ϕφ

R∂φ

)

(9) 

The governing equations of motion for the cylindrical panel are obtained by constructing the structure’s Hamiltonian as follows, 
∫ t2

t1
δ(T − U + Wext)dt = 0 (10) 

The kinetic and potential energies of the panel are denoted as T and U, and non-conservative external forces in this study are 
disregarded. The panel’s kinetic energy is defined as: 

T =

∫

V

1
2

ρ(u̇2
x + u̇2

φ + u̇2
z )Rdzdxdφ (11) 

The over dot symbol signifies differentiation with respect to the temporal coordinate, and the mass density of the layer is denoted 
by ρ. When the displacement field from Eq. (8) is inserted into the kinetic energy expression given in Eq. (11) and some manipulations 
are performed, the following variational representation of the kinetic energy is obtained. 

δT =

∫ L

0

∫ b

0

⎡

⎣ I0(ü0δu0 + v̈0δv0 + ẅ0δw0)

+I1(ϕ̈xδu0 + ϕ̈φδv0 + ü0δϕx + v̈0δϕφ) + I2(ϕ̈xδϕx + ϕ̈φδϕφ)

⎤

⎦Rdxdφ, (12) 

The mass moments of inertia are denoted as Ij; j = 0,1, 2 and are defined in Ref [4].
The next relation needed for the construction of the system’s Hamiltonian is the expression for elastic strain potential energy. The 

expression for total potential energy is defined as follows: 

U =

∫

V

1
2
(σxxεxx + σφφεφφ + 2σxφεxφ + 2σxzεxz + 2σφzεφz)Rdzdxdφ (13) 

After some manipulation and substituting the partial expressions for kinematic and potential energy into Hamilton’s principle, we 
derive the following explicit integral expression for the governing equation of motion for the cylindrical panel geometry, 

∫ L

0

∫ b

0

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

(I0ü0 + I1ϕ̈x)δu0 + μ1δu0,x + μ2δu0,φ + (μ3 + I1ϕ̈φ + I0v̈0)δv0
+μ4δv0,x + μ5δv0,φ + (μ6 + I0ẅ0)δw0 + μ7δw0,x + μ8δw0,φ

+(μ9 + I1ü0 + I2ϕ̈x)δϕx + μ10δϕx,x + μ11δϕx,φ

+(μ12 + I2ϕ̈φ + I1v̈0)δϕφ + μ13δϕφ,x + μ14δϕφ,φ

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

Rdxdφ = 0 (14) 

where μi; i = 1,2, ...,14 are defined in Ref [4].
A geometric mapping, inspired by Kurtaran [36], is employed to streamline numerical integrations. Through this mapping, the 

curvilinear coordinate system is transformed into a bi-unit square domain. Detailed discussions on the mapping relations and 
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sequences can be found in the work by Kurtaran [36].

2.3. Solution methodology and GDQ method

The solution method comprises the discretization of the curvilinear domain using the Gauss-Lobatto grid point distribution, 
enabling the application of the GDQ method to compute partial derivatives at grid points and evaluate the integrals in the governing 
equation of motion. To compute the derivatives of the field variables, an enhanced GDQ method is employed. Before applying the GDQ 
method, the laminated panel is discretized using grid points, where the field variables and their derivatives are computed. In 
accordance with the GDQ method, the rth-order derivative of a function f(ξ) at n discrete grid points can be expressed as, 

(
∂f r(ξ)

∂ξr )ξi
=
∑n

j=1
C(r)

ij fj (15) 

The discrete points within the computational domain are denoted by ξi, and the weighting coefficients and function values at these 
points are represented by Cij(r) and fj, respectively. An explicit formula for the weighting coefficients, based on the Lagrange poly
nomial for the first-order derivative (r = 1), is given as follows, 

C(1)
ij =

Φ(ξi)

(ξi − ξj)Φ(ξj)
(i ∕= j)where,Φ(ξi) =

∏n

j=1
(ξi − ξj) (i ∕= j) (16) 

For higher-order derivative weighing coefficient matrix components, the GDQ method introduces the following recursive relations: 

C(r)
ij = r

[

C(r− 1)
ii C(1)

ij −
C(r− 1)

ij

ξi − ξj

]

(i ∕= j) and, C(r)
ii = −

∑n

j=1

i∕=j

C(r)
ij (17) 

As illustrated in Fig. 4, the partial derivatives at a point (ξi,ηj) can be defined as follows, with the grid numbers in the nξ and nη di
rections being denoted as the ξ and η respectively. 

(
∂f r(ξ, η)

∂ξr )ξi ,ηj
=
∑nξ

k=1
C(r)

kj fkj, (
∂f s(ξ, η)

∂ηs )ξi ,ηj
=
∑nη

m=1
C(s)

im fim

(
∂f (r+s)(ξ, η)

∂ξr∂ηs )ξi ,yj
=

∂r

∂ξr (
∂sf
∂ηs) =

∑nξ

k=1

∑nη

m=1
C(r)

kj C(s)
im fkm

(18) 

Please note that the variables r and s represent the derivative orders concerning the variables ξ and η, respectively.
One essential point to note is that when calculating the partial derivatives of a general function f with respect to the variables x,φ, 

the GDQ method is applied at grid points in the following manner: 

Fig. 4. Schematic of the grid point distribution used in the numerical implementation of the GDQ method, shown in the local coordinate sys
tem (ξ,η).
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(
∂f
∂x

)ij =
1
Jij

[

(
∂φ
∂η)ij

∑nξ

k=1

C(1)
kj fkj − (

∂φ
∂ξ

)ij

∑nη

m=1
C(1)

im fim

]

(
∂f
∂φ

)ij =
1
Jij

[

(
∂x
∂ξ
)ij

∑nη

m=1
C(1)

im fim − (
∂x
∂η)ij

∑nξ

k=1

C(1)
kj fkj

] (19) 

where Jij is the Jacobian of the transformation given in Ref [36].

2.4. Nonlinear eigenvalue analysis

The governing equation from Eq. (14) is solved using the GDQ method to determine the structural matrices and associated FNAF. 
The nonlinear system of equations is established in the following form, 

Fig. 5. a) ansys mesh configuration and b) convergence study for the cylindrical panel under case study boundary conditions (CCCC), with R = 5, 
and L/b = 2.

Fig. 6. Comparison of the geometrically nonlinear fundamental resonant frequencies as a function of the normalized maximum transverse 
displacement.

Table 2 
Geometric and material properties of the composite cylindrical panel.

L(m) b(m) R h(m) E1 

(Gpa)

E2 

(Gpa)

G12 

(Gpa)

G13 

(Gpa)

G23 

(Gpa)

υ12 ρ
(kg/m3

)

1 0.5,1 5,10 L/100 173 7.2 3.76 3.76 3.76 0.29 1540
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Mü+
[
KL + K1

NL(u) + K2
NL(u

2)
]
u = 0 (20) 

where, the linear and nonlinear stiffness matrices are represented as KL, K1
NL(u) and K2

NL(u2). An imposed harmonic vibration response 
is assumed to take the following form, 

u = usin(ωt) (21) 

By inserting Eq. (21) into Eq. (20), the expanded representation of the governing equation is structured as, 

− ω2Musin(ωt)+
[
KL + K1

NL(usin(ωt)) + K2
NL
(
u2sin2

(ωt)
) ]
usin(ωt) = 0 (22) 

Here, the nonlinear stiffness matrices K1
NL(u) and K2

NL(u2) are dependent on time.

2.4.1. Simplification for residual definition
The left-hand side term in Eq. (22) is defined as Γ, leading to the expression: 

Γ = − ω2Musin(ωt)+
[
KL + K1

NL(usin(ωt)) + K2
NL
(
u2sin2

(ωt)
) ]
usin(ωt) (23) 

Fig. 7. GDQ grid convergence study showing the variation of normalized frequencies for Mode 1 and Mode 2 with respect to in-plane discretization 
(nx = ny) and thickness layers (nz).

Fig. 8. Grid point distribution over the panel’s surface for (a) Multi-Region CFP (M− CFP) and (b) Single-Region CFP (S-CFP).
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Fig. 9. Geometrical representation of the composite panel for different aspect ratios and radii of curvature. Subfigure (a) shows the panel with 
aspect ratio L/b = 2, and (b) shows L/b = 1, each plotted for three different radii: R = 5, R = 10, and R=∞ (flat panel).

Table 3 
Algorithm (GA) parameter settings for different search strategies in the optimization process, outlining key control variables.

Parameter Global Search Balanced Search Local Search

Generations 100 50 50
Population Size 70 70 70
Mutation Rate (%) 5 5 5
Mutation Std. Dev 0.100 (fixed) 0.050 → 0.010 0.020 → 0.001
Crossover Method Uniform / Sim. Binary (50 % each), 1-point, distribution index = 2.0
Selection Method Stochastic Selection with Linear Ranking

Fig. 10. GA optimizer convergence history showing the evolution of the first mode frequency [Hz] over 10,000 design evaluations. a) CCCC BCs. 
and b) CFFF BCs.
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Fig. 11. Comparison of the fundamental natural frequency (FNF) and second mode shapes for panels with CCCC (a–c), SSSS (d–f), and CFFF (g–i) 
boundary conditions, using three configurations: unidirectional (UD), single-region curvilinear fiber path (S-CFP), and multi-region curvilinear fiber 
path (M− CFP). Results are shown for a cylindrical panel with R = 5 and L/b = 2, highlighting performance improvements of S-CFP and M− CFP over 
the conventional UD design.
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Fig. 11. (continued).

Fig. 12. Layer stacking sequences and designed fiber angles for the panel with CCCC BCs., R = 5, and L/b = 2. Subfigures (a–d) correspond to Layer 
1 through Layer 4, respectively.

T. Farsadi et al.                                                                                                                                                                                                        Mechanical Systems and Signal Processing 237 (2025) 112972 

13 



Integrating this term over one period of harmonic motion, and using the property, 
∫ T

0
sin(ωt)dt= 0,T =

2π
ω (24) 

leads to the eigenvalue problem, 
[

− ω2M+(KL +
8
3πK1

NL +
3
4
K2

NL)

]

u= 0 (25) 

Solving Eq. (25) yields the nonlinear eigenfrequencies ωNL, which are dependent on the amplitude u. Unlike linear eigenvalue 
problems, where a single eigenvalue is computed for each mode, the nonlinear eigenvalue problem results in multiple eigenvalues 
corresponding to different amplitudes u, reflecting the amplitude-dependent stiffness of the system. This formulation clarifies and 
verifies the original equations, ensuring both accuracy and clarity while accommodating nonlinear effects.

3. Result and discussion

3.1. Validation of the solution method

In this study, ANSYS ACP is utilized to validate composite panel geometrical linear model, the proposed solution theory and the 
application of the proposed CFP model. The process involves incorporating Python code within the ANSYS environment. This Python 
code is integrated into the solver, where it retrieves relevant values, calculates the fiber angle for each element, and subsequently 
employs these values as a spatial interpolation table within ANSYS ACP. This automated approach ensures accurate fiber angle dis
tribution across the panel, enhancing the precision of the modeling and analysis process. Fig. 5 shows mesh configuration and 
convergence study for the cylindrical panel under case study boundary conditions (CCCC), with R = 5 and L/b = 2. The left image 
shows the finite element mesh used in ANSYS, while the right plot presents the variation of the first mode frequency with respect to the 
number of nodes, demonstrating convergence.

To validate the model accounting for geometric nonlinearity, Fig. 6 presents a comparison between the FANF obtained in this study 
and the results from Han and Petyt [42] as well as Benamar [43], focusing on an isotropic rectangular plate. The plate’s dimensions 
measure L = 0.486 m, b = 0.3229 m, and h = 1.2 mm, and it possesses mechanical properties of E = 210 GPa and ρ = 7800 kg/m3. The 

Fig. 13. Layer stacking sequences and designed fiber angles for the panel with SSSS BCs., R = 5, and L/b = 2. Subfigures (a–d) correspond to Layer 1 
through Layer 4, respectively.
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outcomes of our study demonstrate a favorable agreement with the findings in existing literature.

3.2. Parametric and optimization studies

Sections 2.2–2.4 present the theoretical and numerical framework used to model and optimize the composite panel. The structure is 
modeled using FSDT, and the governing equations are solved via the GDQ method, implemented in an in-house MATLAB code. This 
code is coupled with a GA module to perform the optimization.

In this section, the GA is applied to maximize the FNF of composite panels by optimizing the fiber angles for various geometries and 
boundary conditions. Following the optimization, the nonlinear frequency behavior of the resulting optimum panel is analyzed 
separately. The stacking sequence for the eight-layered composite cylindrical panel with a CFP is provided in Eqs. (2)–(4). For 
comparison purposes, a conventional unidirectional (UD) layup sequence is also considered as the reference configuration and given in 
Eq. (26). 

[
Θ1/Θ2/Θ3/Θ4]

sym→[0◦

/+ 45◦

/ − 45◦

/90◦

]sym (26) 

The geometrical dimensions of the composite cylindrical panel, along with its material properties, are presented in Table 2, using 
the parameters defined in Fig. 3.

In the present study, a convergence analysis was conducted to ensure the accuracy of the numerical solution using the GDQ method. 
The results shown in Fig. 7 demonstrate convergence for the selected number of elements in x ,y, and z directions, with nx = 13, ny = 13, 
and nz = 3. The figure presents the GDQ grid convergence study by varying in-plane discretization (nx = ny = 11,12,13,14,15) and 
thickness layers (nz = 2,3,4). As observed, the normalized natural frequencies for Mode 1 and Mode 2 stabilize as the mesh is refined, 
particularly beyond nx = ny = 13 and nz = 3, where frequency variations become negligible. This trend confirms that the chosen 
resolution offers a good balance between computational efficiency and accuracy, eliminating the need for further refinement.

Fig. 8 provides a schematic representation of the element distribution along the panel’s width and length, clearly illustrating the 
region boundaries and their distinct characteristics. The figure shows a 3D mesh representation of Multi-Region (M− CFP) and Single- 
Region (S-CFP) curvilinear fiber path (CFP) panels, illustrating the discretization used in the numerical model. Both configurations are 
discretized in the x, y, and z directions according to the GDQ-based convergence parameters nx, ny and nz. In M− CFP, the panel surface 
is divided into three design regions along the x-axis to allow spatial variation in fiber orientation, while S-CFP uses a single region. The 
symmetric layer stacking through the thickness and structured mesh enable efficient and accurate evaluation of vibrational behavior, 

Fig. 14. Layer stacking sequences and designed fiber angles for the panel with CFFF BCs., R = 5, and L/b = 2. Subfigures (a–d) correspond to Layer 
1 through Layer 4, respectively.
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Fig. 15. Comparison of the fundamental natural frequency (FNF) and second mode shapes for panels with CCCC (a–c) and SSSS (d–f) boundary 
conditions, using three configurations: unidirectional (UD), single-region curvilinear fiber path (S-CFP), and multi-region curvilinear fiber path 
(M− CFP). Results are shown for a cylindrical panel with R = 10 and L/b = 1, highlighting performance improvements of S-CFP and M− CFP over the 
conventional UD design.
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highlighting how design zoning and mesh resolution support performance optimization.
To maximize the FNF, the fiber angles defined in Eq. (5) are adjusted, and the corresponding FNF are evaluated to identify the 

optimal configuration. Due to the symmetric nature of the composite lamination sequence, the optimization process focuses only on 
the fiber angles of the first four layers. A schematic representation of the panel’s geometrical shape is provided in Fig. 9a and b. The 
non-dimensional FNF utilized in this study is derived from Eq. (27) [4]. 

ωFNF =
1
2πωFNFR

̅̅̅̅̅
ρ
E1

√

(27) 

The GA configuration seen in Table 3 is designed to adapt to different optimization strategies—Global, Local, and Balanced search
es—using a flexible and structured approach. For Global Search, the algorithm explores the solution space extensively with 100 
generations and a population size of 72, determined as twice the number of optimization parameters. For Local Search, the focus is on 

Fig. 16. Layer stacking sequences and designed fiber angles for the panel with CCCC BCs., R = 10, and L/b = 1. Subfigures (a–d) correspond to 
Layer 1 through Layer 4, respectively.
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fine-tuning solutions within a smaller region, running for up to 50 generations or stopping earlier upon convergence. The Balanced 
Search, combining elements of both strategies, also runs for 50 generations to achieve a trade-off between exploration and 
exploitation.

The algorithm employs a Stochastic Selection mechanism with Linear Ranking, ensuring diversity while maintaining a bias toward 
high-performing solutions. The crossover process utilizes two methods—Uniform and Simulated Binary—each with a 50 % proba
bility, a single crossover point, and a distribution parameter of 2.0 to encourage moderate variability. Mutation is carried out using a 
Normally Distributed method with a 5 % mutation rate. The standard deviation values for mutation vary across strategies, starting at 
0.020 and reducing to 0.001 for Local Search, starting at 0.050 and reducing to 0.010 for Balanced Search, and remaining constant at 
0.100 for Global Search. These settings collectively enable the algorithm to balance convergence efficiency with solution diversity 
across varying optimization scenarios.

Fig. 17. Layer stacking sequences and designed fiber angles for the panel with SSSS BCs., R = 10, and L/b = 1. Subfigures (a–d) correspond to Layer 
1 through Layer 4, respectively.
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The results of GA optimizer for the panel with CCCC and CFFF BCs. are depicted in Fig. 10. The GA effectively explores the design 
space by evaluating thousands of design points to maximize the FNF while adhering to the imposed constraints. Feasible solutions, 
marked by green circles, represent designs that satisfy all constraints, including geometric and physical limitations like MAC. Infeasible 

Fig. 18. Comparison of the fundamental natural frequency (FNF) and second mode shapes for panels with (a,b) CCCC BCs. and R = 5 and L/b = 2 
and (c,d) CCCC BCs. and R = 10 and L/b = 1, using three configurations: unidirectional (UD) and Symmetric multi-region curvilinear fiber path 
(Symmetric M− CFP).
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solutions, shown by red circles, identify regions where constraints are violated. The gray history line traces the evolution of the FNF for 
all evaluated designs, while the blue convergence line demonstrates a clear upward trend, reflecting the optimizer’s ability to refine 
designs toward an optimal configuration. Ultimately, the GA achieves convergence at a high FNF, underscoring its robustness and 
efficiency in solving complex optimization problems for composite panels.

To ensure smooth transitions between regions, adjacent regions should share consistent corner fiber angles at their boundaries, 
maintaining continuity across the panel. The bilinear interpolation formulation also allows for significant design flexibility, as each 
region can have unique dimensions and corner angles, enabling detailed customization of fiber paths to optimize structural 
performance.

Fig. 11 and15 present a comparison of the optimal FNF and the corresponding mode shapes for the CFP and UD panel configu
rations. The optimization variables, including fiber angles (T1 to T8), fiber streams and the CFP functions, are illustrated in Figs. 12-14 
and 16-17. The results are derived for cylindrical panel configurations with aspect ratios L/b = 2 and L/b = 1, radii R = 5 and R = 10, 
under fully clamped (CCCC), fully simply supported (SSSS) and one side clamped (CFFF) boundary conditions, along with the 
maximum associated FNFs. By considering the UD panel as the baseline configuration and S-CFP (Single-Region) configuration, the 
effectiveness and benefits of the optimization algorithm in M− CFP (Multi-Region) configuration are clearly demonstrated.

Figs. 11-14 present the optimization results for a composite panel with CCCC, SSSS and CFFF BCs., radius of R = 5, and an aspect 
ratio of L/b = 2. Fig. 11 analyzes the first two vibration modes—FNF (Mode 1) and the second natural frequency (Mode 2)—of the 
M− CFP panel and compares the results with those of the UD and S-CFP configurations. The FNF results are compared with those 
obtained using ANSYS ACP to validate the structural model, solution methodology, and CFP simulation. The comparison confirms the 
accuracy and reliability of the optimization framework. For the CCCC, SSSS, and CFFF boundary conditions, the M− CFP configuration 
shows significant improvements in the FNF (Mode 1) of 57 %, 50 %, and 27 %, respectively, compared to the UD configuration. When 
compared to the S-CFP configuration, the corresponding improvements are 24 %, 26 %, and 17 %, demonstrating the effectiveness of 
the CFP design. The associated stacking sequence for the M− CFP, the designed fiber angles for the three regions, and the region lengths 
for all four layers and CCCC, SSSS and CFFF BCs are illustrated in Figs. 12-14, providing a detailed visualization of the optimized 
configuration for each layer. During the optimization process, the MAC value for this panel configuration is determined as Kmax = 3.18. 
This result underscores the potential of the CFP design in enhancing the vibrational performance of composite panels under specified 
boundary and geometric conditions.

Figs. 15-17 show the optimization results for a composite panel with CCCC and SSSS BCs., R = 10, and L/b = 1. The FNF results, 
validated against ANSYS ACP simulations, demonstrate the accuracy of the structural model and M− CFP approach. Fig. 15 shows 

Fig. 19. Layer stacking sequences and designed fiber angles of panel with symmetric stacking sequence layers with CCCC BCs., R = 5, and L/b = 2. 
Subfigures (a–d) correspond to Layer 1 through Layer 4, respectively.

T. Farsadi et al.                                                                                                                                                                                                        Mechanical Systems and Signal Processing 237 (2025) 112972 

20 



improvements of 23 % and 32 % in FNF over the conventional UD configuration, and 12.5 % and 18 % over the S-CFP configuration, 
demonstrating the enhanced performance and efficiency of the M− CFP design. Figs. 16 and 17 represent the stacking sequence, fiber 
angle variables, and region lengths across four layers for CCCC and SSSS BCS., respectively. While satisfying the optimization con
straints on MAC with Kmax = 3.19, the results demonstrate the CFP design’s effectiveness in enhancing the vibrational performance of 
composite panels.

In the optimization process, an unsymmetrical pattern for the fiber path and design regions in each layer is employed in the 
simulations. At first glance, as commonly assumed in literature, one might expect that adopting symmetry about the middle lines of the 
panel would yield a more efficient and aesthetically pleasing fiber stream, leading to enhanced optimization results. However, the 
findings of this study reveal a different perspective. Despite the panel geometry and boundary conditions being symmetric along one or 
two axes, the fiber path and design region lengths do not necessarily need to follow symmetry to achieve the maximum FNF. In fact, the 
highest FNF values are obtained with unsymmetrical CFP patterns in the design regions. Figs. 11, 15, and 18 demonstrate that, for 
panels with identical configurations, the use of unsymmetric design region patterns—as shown in Figs. 11 and 15—leads to signifi
cantly higher improvements in FNF compared to symmetric patterns shown in Fig. 18. Specifically, the unsymmetric configurations 
achieve enhancements of 57 % and 23 % in FNF relative to the UD configuration, while the symmetric counterparts result in reduced 
performance, with FNF deteriorations of 12 % and 25 % under CCCC boundary conditions for R = 5, L/b = 2 and R = 10, L/b = 1, 
respectively. This highlights the importance of allowing for unsymmetric designs in optimization studies, as they can better exploit the 
structural and vibrational characteristics of composite panels under given boundary conditions and geometries. Fig. 19 shows the 
associated fiber streams and fiber angles for symmetric configuration.

3.2.1. Nonlinear analysis
Fig. 20 offers a representation of the relationship between the FANF and the non-dimensional oscillation amplitude wmax/ℎ for the 

cylindrical panel, where wmax represents the maximum oscillation amplitude of the panel in its fundamental vibration mode. The 
oscillation amplitude wmax is applied to the governing system as an initial condition, and the FANF is subsequently determined for each 
specific initial condition. This demonstrates that the fundamental nonlinear frequency is amplitude-dependent, a behavior that 

Fig. 20. Nonlinear frequency behavior of the composite panel with the optimum VSCL under (a,b) CCCC and (c,d) SSSS boundary conditions. The 
plots show the variation of the FANF with increasing normalized transverse displacement wmax/ℎ.
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contrasts significantly with the linear dynamic response, where frequency remains constant regardless of vibration amplitude. To 
provide a clear perspective, the FNF is also presented, offering insights into the softening and hardening behavior trends observed in 
the panels under different configurations. The stacking sequence that yields the optimized FNF, as calculated in the previous section for 
the CFP panels, is utilized as a reference in this analysis. The nonlinear frequency behavior of these optimized panels is thoroughly 
examined to assess the amplitude-dependent dynamic response. The results aim to highlight the performance achieved through fiber 
angle optimization and the distinct nonlinear characteristics arising from the selected layup configurations. The amplitude-dependent 
frequency (FANF) behavior presented in Fig. 20 reveals a consistent softening trend with increasing normalized transverse 
displacement (wmax/ℎ), which is characteristic of geometrically nonlinear vibration in composite structures. To contextualize these 
findings, the results have been benchmarked against established nonlinear models reported in the literature. Notably, the softening 
behavior observed in the current study aligns closely with the results of Farsadi et al. [4] and Ribeiro [45] who conducted nonlinear 
lay-up optimization of variable stiffness composite cylindrical panels and reported similar amplitude-dependent reductions in natural 
frequencies under free vibration conditions. This agreement supports the validity of the nonlinear modeling framework employed in 
the present work and highlights the importance of capturing such nonlinear trends when designing high-performance variable stiffness 
laminates for vibration-sensitive applications.

4. Conclusion

In this study, the influence of fiber angle variation on the free vibration behavior of VSCL cylindrical panels was investigated for 
two types of boundary conditions (CCCC, SSSS and CFFF) and varying non-uniform geometries. The GDQ method and Hamilton’s 
principle were employed to analyze the fundamental frequencies of cylindrical panels. The GA was applied to optimize the FNF by 
determining the optimum fiber angle orientation for each layer in an eight-layer VSCL panel. The study demonstrated that fiber path 
variations, panel geometry (radius ratios R = 5,10 and aspect ratios L/b = 2,1), and boundary conditions significantly influence the 
dynamic characteristics, including natural frequencies (FNF), nonlinear amplitude-dependent frequencies (FANF), and mode shapes. 
Additionally, the nonlinear frequency behavior of the optimized VSCL panels was examined. The FNF results are evaluated against 
conventional UD and S-CFP (Single-Region CFP) configurations, demonstrating that the optimized M− CFP panels achieve significantly 
enhanced performance. Notably, the M− CFP (Multi-Region CFP) designs exhibit higher maximum frequencies and distinct nonlinear 
behaviors, including softening or hardening trends. These outcomes emphasize the effectiveness of multi-region fiber angle optimi
zation in improving the dynamic response of composite cylindrical panels. The study further highlights the influential roles of 
boundary conditions, fiber path distribution, and panel geometry in shaping both linear and nonlinear vibrational characteristics, 
offering a comprehensive framework for the design of high-performance composite structures. Future work will explore the use of 
gradient-based or hybrid optimization methods, such as the Method of Moving Asymptotes (MMA), to complement the current genetic 
algorithm approach. Despite challenges in computing gradients due to the problem’s nonlinearity, such methods could provide 
valuable insights into improving convergence and optimization efficiency.
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