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Abstract

We point out that inflationary superhorizon fluctuations can be effectively described by a set
of equations analogous to those governing a superfluid. This is achieved through a functional
Schrödinger approach to the evolution of the inflationary wavefunction, combined with a
suitable coarse-graining procedure to capture large-scale dynamics. The irrotational fluid
velocity is proportional to the gradient of the wavefunction phase. Marginalizing over short
superhorizon modes introduces an external force acting on the fluid velocity. The quantum
pressure characteristic of the superfluid plays a role in scenarios involving an ultra-slow-roll
phase of inflation. Our superfluid framework is consistent with the standard Starobinsky
approach to stochastic inflation while offering complementary insights, particularly by pro-
viding more precise information on the phase of the inflationary wavefunction. We also
discuss a heuristic approach to include dissipative effects in this description.

1 Introduction

One of the aims of stochastic inflation is to determine an effective description for the dynamics

of inflationary fluctuations at superhorizon scales. See e.g. [1–5]. Although born as quantum

fields at short distances, a process of classicalization converts small-scale modes into classical

stochastic variables at scales well larger than the Hubble horizon [6–13]. Long wavelength

inflationary modes sample large super-Hubble regions, in principle assuming different values in

different horizon-size patches. Focusing on a long-wavelength, coarse-grained field controlling

scalar fluctuations, and assigning to it a probability density, the latter obeys a Fokker-Planck

diffusion equation, with a noise induced by short wavelength modes in the process of crossing

the horizon. The approach of stochastic inflation is helpful in dealing with quantum divergences

of light scalar fields in de Sitter space, and allows one to obtain a full non linear probability

distribution for the inflationary scalar fluctuations at superhorizon scales (see e.g. [14–16] for

recent reviews).

The Fokker-Planck diffusion equation for the field probability density can be obtained from

a functional Schrödinger approach [17, 18], see [10, 19]. Here we propose a complementary

viewpoint based on Madelung approach to Schrödinger equation [20], accompanied by an ap-

propriate coarse-graining procedure. We find that the system obeys coarse-grained equations
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corresponding to the ones of a (super)fluid, including a contribution of quantum pressure to the

Euler equation. The irrotational fluid velocity is proportional to the gradient of the wavefunc-

tion phase. The fluid propagates through an abstract coarse-grained scalar space, with density

and velocity depending on amplitude and phase of wavefunction. An external force acting on

the fluid emerges, being due to short wavelength modes integrated out from the description.

The advantage of this perspective is the alternative viewpoint on the physics involved, which

can shed new light on known results, and can indicate avenues for possible generalizations.

For slow-roll inflation the process of classicalisation is realized in terms of ‘decoherence with-

out decoherence’ [6], since the contribution of quantum pressure to the Euler equation is very

rapidly damped by the universe expansion. Interestingly, this phenomenon does not occur in

an ultra–slow-roll regime, where the quantum pressure term is important and contribute to the

fluid dynamics. Hence our approach provides an alternative perspective on the quantum-to-

classical transition during inflation. We also propose an heuristic approach to include effects of

dissipation in this description. Our superfluid framework aligns with the conventional Starobin-

sky formulation of stochastic inflation, while also delivering complementary perspectives – most

notably offering insight into the phase dynamics of the inflationary wavefunction.

2 Set-up

We make use of a Schrödinger functional approach to analyse the dynamics of scalar fluctuations

during cosmological inflation [17,18]. We find it convenient for formulating a stochastic approach

to the system, and for addressing from a novel viewpoint the process of quantum-to-classical

transition in inflationary cosmology.

Our starting point is the quadratic action for free scalar Fourier modes in quasi-de Sitter

space (we assume ϕ−k = ϕ∗
k)

S =
1

2

∫

d3k dτ z2(τ)
(

ϕ′
k ϕ

′
−k − k2ϕkϕ−k

)

. (2.1)

The function z(τ), known as the pump field, is model-dependent, and it characterizes the

dynamics of the fluctuations under consideration. We focus on free massless fields for simplicity,

being their analysis sufficient for our purposes.

The quadratic expression (2.1) has the generic structure of an action for free fluctuations

in single-field inflation. It describes the evolution of the Mukhanov-Sasaki variable ζk, which

governs curvature fluctuations in standard slow-roll inflationary models, where z ∝ a(τ) with

a(τ) the scale factor expressed in terms of the conformal time. Action (2.1) can also describe

massless spin-2 (tensor) or spin-0 (scalar) fluctuations in pure de Sitter space, again with z ∝ a.

More general scenarios are possible, and warrant further exploration. Interestingly, also ultra-

slow roll inflation [21–23] can be studied starting from an action (2.1): in this case, a violation

of slow-roll conditions leads to a rapid decrease of the pump field, z ∝ 1/a2. This scenario is

important in models producing primordial black holes: it is interesting to analyse it from a

new perspective, in a framework of stochastic inflation. In the examples that follow, we plan

to study both the case of SR (z ∝ a) and USR (z ∝ 1/a2) evolution.

The equation of motion for ϕk obtained from eq (2.1) results

1

z(τ)
∂2τ [z(τ)ϕk ] +

(

k2 − z′′

z

)

ϕk = 0 . (2.2)
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We assume that the scalar fluctuations ϕk satisy a Wronskian normalization condition ϕ′
kϕ−k−

ϕkϕ
′
−k = i/z2 for k 6= 0, as well as Bunch Davies conditions at τ → −∞. This requirement

is motivated by the underlying quantum behavior of fluctuations at very small scales. The

zero mode ϕ0 requires a special treatment. The Lagrangian density Lk in Fourier space is the

integrand of action (2.1). The corresponding conjugate momentum is

πk =
δLk

δϕ′
k

= z2(τ)ϕ′
−k , (2.3)

which allows us to build the quadratic Hamiltonian for the system:

Hk =
πkπ−k

z2(τ)
+ z2(τ)ϕkϕ−k . (2.4)

The functional Schr odinger picture promotes the fields ϕk, πk to operators, equipping them with

a hat. A quantum mechanical wave-function Ψk(ϕk, τ) for the system is introduced, depending

on the c-number quantity ϕk evaluated at conformal time τ . The operators ϕ̂k, π̂k act on the

wavefunction as

ϕ̂k Ψk = ϕk Ψk (2.5)

π̂k Ψk =
~

i

∂Ψk

∂ϕk
. (2.6)

Such rules allow us to express the corresponding Schrödinger equation

i~
∂Ψk

∂τ
= Hk Ψk , (2.7)

with Hamiltonian

Hk = − ~
2

z2(τ)

∂2

∂ϕk ∂ϕ−k
+ z2(τ) k2 ϕk ϕ−k . (2.8)

Eqs (2.7), (2.8) are the starting point of our treatment. Following Madelung [20, 24] (see

[25–30] for applications of this approach to large scale structures and dark matter scenarios),

we decompose the wavefunction Ψk in an amplitude and a phase

ψk =
√
ρk e

i z2(τ) θk/~ . (2.9)

Assuming that ρk and θk are real functions of ϕk and τ , we can plug Ansatz (2.9) in the

Schrödinger equation (2.7). Its real and imaginary parts lead to a system of two coupled

equations

0 =
∂ρk
∂τ

+ 2ρk
∂2 θk

∂ϕk ∂ϕ−k
+
∂ρk
∂ϕk

∂θk
∂ϕ−k

+
∂ρk
∂ϕ−k

∂θk
∂ϕk

, (2.10)

0 =
∂τ
(

z2θk
)

z2(τ)
+ k2 ϕk ϕ−k +

1

4 z4(τ) ρ2k

∂ρk
∂ϕk

∂ρk
∂ϕ−k

+
∂θk
∂ϕk

∂θk
∂ϕ−k

− ~
2

2 z4(τ) ρk

∂2 ρk
∂ϕk ∂ϕ−k

,

(2.11)

which resemble the continuity and Euler equations of fluid dynamics. One of our aims is to

follow the evolution of the wavefunction phase, and study its consequences for the system. An

appropriate coarse-graining procedure, which we discuss next, allows us to combine equations

(2.10) and (2.11) in a way that makes more manifest the connection with fluid dynamics at

superhorizon scales, and clarify the nature of external forces acting on the fluid.
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3 Coarse-grained equations

The dynamics of superhorizon quantities is determined by a set of stochastic equations, obtained

by a coarse-graining procedure aimed at marginalising over sub-horizon modes. In section 3.1

and 3.2 we develop a coarse-grained version of eqs (2.10) and (2.11), showing that they reduce

to the equations governing a superfluid. After analysing specific applications in section 4, in

section 5 we further discuss physical consequences of our findings.

3.1 Coarse-graining procedure

We coarse-grain marginalising over sub-Hubble modes, focusing only on large-scale, super-

Hubble fields [31–33]. In fact, the subhorizon modes do not directly couple to the superhorizon

ones: the former contribute to the dynamics of the latter only through their effects at horizon

crossing. For complementary perspectives to stochastic inflation, see also [34–40].

We formally introduce coarse-grained quantities

ρ̄ = Πk ρk , (3.1)

θ̄ =
∑

k

θk , (3.2)

where the product and the sum are limited to Fourier modes k ≤ aH. Correspondingly, the

superhorizon wavefunction for the system is Ψ̄ = Πk ψk. Physically, we identify ρ̄ and θ̄ as the

fluid energy density and the velocity potential in the space of scalar field configurations. (We

will later discuss how the velocity potential, related with the wavefunction phase, is connected

to the fluid velocity.) The coarse-grained scalar is a real quantity obtained by summing over

Fourier modes,

ϕ̄(x) =
1√
2

∑

|k|<aH

(

ϕke
ik·x + ϕ−ke

−ik·x
)

. (3.3)

The corresponding gradient along the scalar field direction is defined as

∇ ≡ ∂

∂ϕ̄
=

1√
2

∑

|k|<aH

(

e−ik·x ∂

∂ϕk
+ eik·x

∂

∂ϕ−k

)

. (3.4)

When applying the previous coarse-graining definitions to the evolution equations (2.10)

and (2.11), we further integrate over space, so to track the relevant contributions which are

approximately constant over a particular Hubble volume, V ∼ H−3, centered say at position

~x = 0. This procedure leads to simplifications. For example,

~∇2θ =
1

2

∫

V
d3x

[

∑

q

(

e−iqx ∂

∂ϕq
+ eiqx

∂

∂ϕ−q

)

] [

∑

k

(

e−ikx ∂θ̄

∂ϕk
+ eikx

∂θ̄

∂ϕ−k

)

]

,

=

(

∂

∂ϕk

∂ θk
∂ϕ−k

+
∂

∂ϕ−k

∂ θk
∂ϕk

)

. (3.5)

Hence the spatial integration allows us to neglect rapidly oscillating pieces which average to

zero. Analogously,

∇θ̄ · ∇ρ̄ =
∂ρ̄

∂ϕk

∂θk
∂ϕ−k

+
∂ρ̄

∂ϕ−k

∂θk
∂ϕk

. (3.6)

In what follows, we also define ϕ̄2 ≡∑k |ϕk|2.
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3.2 Continuity and Euler equations

We focus on eq (2.10) for a given mode k, and multiply it by the factors ρk−2, ρk−1, ρk+1 etc.

We get

0 =

(

. . . ρk−1
∂ρk
∂τ

ρk+1 . . .

)

+ ρ̄

(

∂

∂ϕk

∂ θk
∂ϕ−k

+
∂

∂ϕ−k

∂ θk
∂ϕk

)

+
∂ρ̄

∂ϕk

∂θk
∂ϕ−k

+
∂ρ̄

∂ϕ−k

∂θk
∂ϕk

.

(3.7)

We substitute ∂θk/∂ϕk = ∂θ̄/∂ϕk in the previous expression, since θk depends on ϕk only.

We sum over momentum modes k, and we integrate over a volume V, using the definition of

coarse-grained quantities, and relations as eq (3.5). We obtain the expected structure of a fluid

continuity equation
∂ρ̄

∂τ
+ ρ̄∇2θ̄ +∇ρ̄ · ∇θ̄ = 0 . (3.8)

In writing this equation, we assume that the coarse grained quantities ρ̄ and θ̄ depend on

conformal time τ , and on the coarse-grained scalar ϕ̄. The latter plays the role of spatial

coordinate along which the fluid propagates.

A bit more work is needed to obtain an equation which resembles Euler’s. We re-assemble

eq (2.11) as

0 =
1

z2
∂(z2θk)

∂τ
+ k2 ϕk ϕ−k −

1

4 z4
∂(ln ρk)

∂ϕk

∂(ln ρk)

∂ϕ−k
+
∂θk
∂ϕk

∂θk
∂ϕ−k

− ~
2

2 z4
∂

∂ϕk

(

∂(ln ρk)

∂ϕ−k

)

.

(3.9)

Since each ρk, θk depend on the a single-mode ϕk only, we directly substitute the bar quantities

ρ̄ and θ̄ in all the terms of eq (3.9) containing derivatives along ϕk. We sum over k, and

integrate over a volume V. We obtain a relation which corresponds to Euler equation in fluid

dynamics expressed in terms of velocity potential θ̄:

0 =
1

z2(τ)

∂(z2(τ)θ̄)

∂τ
+

(

∑

k

k2 ϕk ϕ−k

)

+
1

2
∇̄θ̄ · ∇̄θ̄ − ~

2 ∇̄2
(

ρ̄1/2
)

2 z4 ρ̄1/2
. (3.10)

The sum within square parenthesis is over momentum modes k < aH. In order to discuss

the physical consequences of the coarse-grained equations, we find convenient to pass from

conformal time τ to number of e-folds of expansion, dn = aH dτ [41, 42]. We rescale the

velocity potential – i.e. the phase of the wavefunction – as

θ̄(n, Φ̄) ≡ a(n)H Θ̄(n, Φ̄) . (3.11)

We find the two coupled equations

0 =
∂ρ̄

∂n
+ ρ̄∇2Θ̄ + (∇ρ̄)

(

∇Θ̄
)

(3.12)

0 =
∂Θ̄

∂n
+

Θ̄

aHz2
d
(

aHz2
)

dn
−K(n) ϕ̄2 +

1

2

(

∇Θ̄
)2 − ~

2 ∇2ρ̄1/2

2H2 a2 z4 ρ̄1/2
, (3.13)
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with

K(n) ≡ 1

a2H2

∫ aH
0 k2|ϕk|2 d3k
∫ aH
0 |ϕk|2 d3k

. (3.14)

In this definition we substitute the sum with an integral, and we adopt the convention to

integrate over superhorizon modes from horizon exit k = aH to large scales k → 0. The

resulting quantity depends on the e-fold number n.

The term proportional to K(n) describes a stochastic external force acting on the fluid

velocity potential, caused by the small-scale modes crossing the horizon. Its origin is analog to

the ‘noise’ term in Starobinsky description of stochastic inflation (see section 3.3). From our

perspective, the long wavelength modes forming the fluid can be interpreted as an open system

coupled to the environment of small-scale modes. Equations (3.12) and (3.13) are written in

terms of velocity potential θ: defining

v ≡ ∇̄ Θ̄ (3.15)

we can re-express them in a form which is more recognizable in terms of a fluid dynamics

description:

0 =
∂ρ̄

∂n
+ ∇̄ · (ρ̄v) , (3.16)

0 =
∂ v

∂n
+

v

aHz2
d
(

aHz2
)

dn
− 2K ϕ̄+ v · ∇̄v − ~

2

2H2 a2 z4
∇̄
(

∇̄2ρ̄1/2

ρ̄1/2

)

(3.17)

These equations describe a (super)fluid flowing in one spatial dimension, represented by the

scalar manifold ϕ̄. The contributions proportional to ~
2 in the previous expressions correspond

to the so-called quantum pressure. As we will see, they play a role in systems including phases

of ultra–slow-roll. Notice that eq (3.17) does not contain the contribution (∇P)/ρ̄ depending

on the internal fluid pressure P [73]. In a sense, our fluid has no internal ‘classical’ pressure,

at least within the superhorizon framework we are adopting. We will return to this point in

section 5.

3.3 The perspective of Starobinsky diffusion equation

There is a relation between our discussion and the usual stochastic approach to inflation based

on the Fokker-Planck equation. The square of the wave function Ψ∗Ψ = ρ – we adopt the

Ansatz (2.9) – can be interpret as the probability for a coarse-grained scalar profile to acquire

a configuration ϕ at superhorizon scales. Formally, this quantity is the same thing as the ρ

appearing in eqs (3.12) and (3.13), but apparently with a distinct physical interpretation. (More

on this in section 5.)

Since the scalar system we start from in eq (2.1) is free, we can assume that such probability

Ψ∗Ψ follows a Gaussian distribution, normalised to one upon integration over ϕ̄. Notice that,

although the equations governing fluctuations are free, nevertheless the coarse-grained system

has a non-trivial evolution thanks to the noise terms induced by short wavelength modes crossing

the horizon during inflation. This phenomenon leads to an open system where long modes

interact with the short mode environment. Under our hypothesis, it is possible to show [10,
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19, 43] (see also Appendix A) that the free scalar-field configuration satisfies a diffusion-like,

Starobinsky [3] equation

∂ρ(n, ϕ̄)

∂n
=

H2N (n)

8π2
∇̄2ρ(n, ϕ̄) +D(n) ∇̄ (ϕ̄ ρ(n, ϕ̄)) , (3.18)

with noise and drift coefficients are given by a combination of momentum modes

N (n) =
2 |ϕ0|2
aH3

∫ 0

aH
k2 dk ∂τ

( |ϕk|2
|ϕ0|2

)

(3.19)

D(n) = − 1

2 aH
∂τ ln

(

|ϕ0|2
)

. (3.20)

The stochastic noise N is caused by short modes crossing the horizon during inflation; the drift

is driven by the zero mode ϕ0. Eq (3.18) is complementary to equations (3.12) and (3.13): it

actually provides useful information in dealing with the fluid evolution, as we will learn through

the examples of section 4.

In fact, the three equations (3.12), (3.13), and (3.18) fully characterize the components of

the wavefunction. In short, equations (3.18), (3.12) determine the amplitude ρ̄, and the part of

the phase Θ̄ that depends on the position on the scalar-field space ϕ̄. The Euler equation (3.13),

then, fully determines the time-dependent part of the phase that does not depend explicitly on

ϕ̄. We will expand on this in section 5.

4 Examples: slow-roll and ultra slow-roll inflation

We consider two concrete examples as applications of the previous results. We focus on evolution

in quasi-de Sitter space, with scale factor well approximated by an exponential a(n) ≃ en, in

terms of the e-fold number n, up to small slow-roll corrections which we neglect. We are

interested in determining the late-time solutions for the fluid energy density ρ̄ and velocity

potential Θ̄, neglecting contributions that decay faster than 1/n in order to tackle late-time

superhorizon dynamics only. We discuss two possible inflationary regimes: slow-roll (SR) and

ultra–slow-roll (USR) epochs, the latter being relevant for scenarios leading to primordial black

hole formation. We will learn that while the SR evolution is controlled by classical stochastic

equations – thanks to a phenomenon related to decoherence without decoherence [6] – the

USR equations receive quantum contributions depending on ~. (See also [44–57] for interesting

perspectives on quantum-to-classical transition during inflation.)

4.1 Slow-roll

Slow-roll inflation is the leading paradigm for explaining the initial conditions of the observed

universe. In this case we are able to follow in detail the dynamics of the fluid potential velocity

Θ̄. The pump field reads z(n) = z0 a(n), with z0 a constant depending on the physics we wish

to describe. The solution of the mode equation satisfying the requested boundary conditions is

ϕk =
H√
2 k3/2

(1 + ikτ) e−ikτ . (4.1)
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At sufficiently late times, n ≫ 1, the coefficient K appearing in eq (3.13) is easily evaluated

using eq (3.14), resulting

K =
3

4n
+O

(

1/n2
)

. (4.2)

The large n limit implies we focus on late time dynamics as discussed above. The fluid equations

become

0 =
∂Θ̄

∂n
+ 3 Θ̄− 3

4n
Φ̄2 +

1

2

(

∂Θ̄

∂ϕ̄

)2

− ~
2 e−6n

2 z0 ρ̄1/2
∂2
(

ρ̄1/2
)

∂ϕ̄2
, (4.3)

0 =
∂ρ̄

∂n
+ ρ̄

∂2Θ̄

∂ϕ̄2
+
∂ρ̄

∂ϕ̄

∂Θ̄

∂ϕ̄
. (4.4)

The contribution of the external force to the Euler equation (4.3) corresponds to the term

−3Θ̄2/(4n): it contributes to a force on the fluid velocity at superhorizon scales, induced by

the short wavelength scalar modes crossing the horizon. (A contribution associated with a

classical fluid pressure can also be expected (see section 5) but it scales as 1/n2, hence we

neglect it in our discussion.) The diffusion equation results

∂ρ̄

∂n
=

H2

8π2
∂2ρ̄

∂ϕ̄2
. (4.5)

We can neglect quantum pressure in eq (4.3), proportional to ~
2, since its contribution is

exponentially suppressed in terms of e-fold number. Including it would be inconsistent in the

regime we are interested in. Neglecting such quantum effects is related with the phenomenon

of decoherence without decoherence, as discussed in [6]. The rapid expansion of the universe

is responsible for erasing quantum contributions. In this case, then, the system is described by

classical evolution equations, including stochastic effects associated with noise (in the diffusion

equation) and external force (in the Euler equation). Quantum effects proportional to ~ do not

play a role on the late-time superhorizon evolution of the fluid system.

The solutions to the previous set of equations, imposing that the fluid density is initially

concentrated at the origin for n = 0, result:

ρ̄(n, ϕ̄) =

√
2π

H
√
n

exp

{[

−2π2 ϕ̄2

H2 n

]}

, (4.6)

Θ̄(n, ϕ̄) =
ϕ̄2

4n
. (4.7)

The fluid density is described by a Gaussian whose width depends on time, which spreads

in the scalar field space. The solution is the same as in the usual stochastic formulation to the

probability density for the superhorizon scalar field. The fluid velocity v̄ = ϕ̄/(2n) increases

in magnitude as we move away from the origin in field space, while its amplitude decreases

with time at fixed position in the scalar field space. Within our approximations, the velocity

potential Θ̄ has no contributions independent from the fluid position ϕ̄.

4.2 Ultra–slow-roll

Stochastic effects in regime of ultra–slow-roll (USR) evolution have received much attention in

the recent literature – see e.g. [58–66] – given their importance for discussing the production

– 8 –



of primordial black holes, see e.g. [67] for a review. We discuss this topic within our superfluid

perspective. We express the pump field as z = z0/a
2(n), while maintaining a de Sitter evolution

for the scale factor. In this case, the amplitude of the would-be decaying mode actually increases

exponentially with the e-fold number upon crossing the horizon. The role of the nearly constant

mode, then, is much suppressed relatively to such would-be decaying mode (which actually

increases in size). Let us see explicitly how our equations describe these phenomena. The fluid

equations become

0 =
∂Θ̄

∂n
− 3 Θ̄− 3

4n
Φ̄2 +

1

2

(

∂Θ̄

∂ϕ̄

)2

− ~
2 e6n

2 z0 ρ̄1/2
∂2
(

ρ̄1/2
)

∂ϕ̄2
, (4.8)

0 =
∂ρ̄

∂n
+ ρ̄

∂2Θ̄

∂ϕ̄2
+
∂ρ̄

∂ϕ̄

∂Θ̄

∂ϕ̄
. (4.9)

Importantly, notice that the contribution of quantum pressure, proportional to ~
2, increases

exponentially with the e-fold number in eq (4.9). The diffusion equation results

∂ρ̄

∂n
=

H2 e6n

8π2
∂2ρ̄

∂ϕ̄2
− 3

∂
(

Φ̄ ρ̄
)

∂ϕ̄
. (4.10)

The drift term is due to the contribution of the zero mode (see section 3.3). The noise term is

exponentially enhanced with respect to the SR case of eq (4.5). The solutions to the previous

set of equations, describing a fluid system with energy density localized at the origin for n = 0,

result

ρ̄(n,ϕ) =

√
2π

H e3n
√
n

exp

{[

− 2π2 ϕ̄2

H2 e6n n

]}

, (4.11)

Θ̄(n,ϕ) =
(1 + 6n) ϕ̄2

4n
+

~
2 π2

3H2 z0

1

n
, (4.12)

up to corrections that scale faster than 1/n. The fluid density is again described by a Gaussian,

whose width is exponentially enhanced in terms of e-fold number. The fluid velocity potential Θ̄

again depends on the position in field space; interestingly, it also receives a position-independent

contribution depending on ~
2, associated with the quantum pressure in the Euler equation (4.9).

Hence, in this context even in a late-time limit, quantum effects play a role for determining the

super-horizon evolution of the phase of the waveform. By making use of the approach developed

in [68,69], we also studied the case of a brief phase of USR sandwiched between two long phases

of slow-roll, without finding qualitative differences with respect to our discussion above.

To conclude, these two examples demonstrate that even free, Gaussian open systems can

have a rich interesting dynamics from the viewpoint of the superfluid equations we derived –

thanks to effects of the environment constituted by the modes crossing the horizon.

5 Physical implications

After having discussed the coarse-grained equations and their solutions in representative cases,

in this section we analyse more general physical implications of our approach, and of the infor-

mation we gain about the wavefunction phase.
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We interpret the continuity and Euler equations (3.12) and (3.13) as describing the dynamics

of a pressureless (super)fluid flowing along the single dimension corresponding to the coarse

grained scalar ϕ̄. The fluid flows over super-horizon patches with irrotational velocity of size

|v| = |∇Θ̄|. In this perspective for stochastic inflation the solution of the fluid density ρ(n,ϕ)

is normalised to one, once integrated over the ϕ̄ coordinate. The Euler equation (3.13) for the

velocity potential includes a term, −K(n)ϕ̄2, which accounts for the effects of short-wavelength

modes over which we marginalize. It acts as external stochastic force for the fluid system. The

coefficient K(n) can be explicitly computed from the classical solution of Eq. (2.2) (see Section

4 for examples). Importantly, eq (3.13) also contains a ‘quantum pressure’ contribution through

its last term. Its role is relevant in certain contexts as in ultra–slow-roll, see section 4.2. In

such example, in fact, the solutions of coarse-grained equations contain explicitly a quantum

contribution proportional to ~
2, affecting the velocity potential. Our approach can then help

in characterizing the quantum-to-classical transition of fluctuations during inflation.

The three equations (3.12), (3.13), (3.18) can be solved together, fully determining a solution

for the fluid energy density and velocity potential. The solution of the equations for the system

allows us to track in detail all the components of the inflationary wavefunction discussed in

section 3: not only its amplitude, but also its phase. In the remaining part of this section, we

discuss physical instances where the phase of the wavefunction is important for understanding

the physics involved.

We work with dimensionless variables, and we rescale the coarse-grained value of the super-

horizon scalar ϕ̄ as

ϕ̄ ≡ H x

2π
. (5.1)

Assuming a normalized Gaussian Ansatz for the solution of the fluid density (appropriate for

our free system (2.1))

ρ(n, x) =
1

√

πg(n)
e−x2/g(n) , (5.2)

the diffusion equation (3.18) implies that the function g(n) of eq (5.2) satisfies the following

equation

g′(n)− 4N (n) + 2D(n) g(n) = 0 , (5.3)

whose solution determines the time-dependent evolution of the Gaussian width g(n) in terms

of noise and drift functions. The continuity equation (3.12) then requires that the velocity

potential Θ assumes the form

Θ(n, x) =

[ N (n)

g(n)
− D(n)

2

]

x2 + c(n) , (5.4)

with a function c(n) finally determined by Euler equation (3.13). The quantity Θ(n, x) is

proportional to the phase of the wavefunction, as we learned in section 3.

These general results can be assembled and used for reconsidering the coarse-grained wave-

function of the system. Using equations (5.2), (5.4), we find that its structure can be expressed

as (from now on, set ~ = 1):

Ψ̄(n, x) =
1

(πg)1/4
e−[1+iH a z2 (2N−Dg)]x2/(2g)+iH a z2 c . (5.5)
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All functions of n entering the expression (5.5) are determined by the equations of the

system, and their solutions. The phase of the wavefunction, in particular, controls the off-

diagonal terms of the density matrix associated with this system. The complete wavefunction

is also useful for obtaining a distribution in phase space of the fluid elements, which can be used

to study its properties and how they depend on the wavefunction phase. We do so here, focusing

on the physical implications of the Wigner distribution [6, 70] which allows us to describe the

system in a statistical sense. See also [71].

5.1 Statistical description

Denoting with p the momentum conjugate to the ‘position’ x of the fluid element in scalar field

space (see eq (3)), the Wigner function gives a normalized, Gaussian phase-space distribution

f(x, p):

f(n, x, p) ≡
∫

dr

π
Ψ∗(x+ r, n)Ψ(x− r, n) e2irp

=
1

π
e
−

x2+[pg+Hax(Dg−2N )z2]
2

g , (5.6)

which can be interpreted as describing the distribution of position and momenta of fluid elements

at superhorizon scales. (For simplicity, we assume the Hubble parameter to be constant.) Notice

that the phase part of the wavefunction (5.5) controls the coupling between the variable x and

its conjugate momentum p in the exponent of eq (5.6).

Then, the fluid system is characterized by position x and its conjugate momentum p in

phase space. The coarse-grained fluid density ρ(n, x) gives the marginal probability to find a

fluid element at position x: it is obtained by integrating over conjugate momenta

ρ(n, x) ≡
∫

dpf(n, x, p)

=
1

√

πg(n)
e
− x2

g(n) , (5.7)

matching the results of eq (5.2). The normalized distribution of conjugate momenta is obtained

integrating over the coordinate x

q(n, p) ≡
∫

dxf(n, x, p) =

√
g exp

(

− p2g
H2a2z4(Dg−2N )2+1

)

√
π
√

H2a2z4(Dg − 2N 2 + 1)
. (5.8)

Using the distribution f(x, p) we can also compute the fluid pressure P, as

P(n, x) ≡ ρ(n, x)

[

∫

f(n, x, p) p2 dp−
(
∫

f(n, x, p) p dp

)2
]

,

=
ρ(n, x)

2g(n)
, (5.9)

hence the pressure is proportional to the energy density, times a time-dependent factor. We

might expect that the fluid pressure above contributes to the Euler equation (3.13) through a
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contribution scaling as ∇P/ρ ∝ 1/g2(n). But notice that such term typically gives a subleading

contribution which can be neglected in solving our equations 1: this can explain why we did

not find the classical pressure contributions in our analysis.

Defining the quantity

σxnpq =

∫

xnpq f(n, x, p) dxdp , (5.10)

we find that the means σx and σp associated with the distribution f(x, p) vanish. The variances

and the covariance instead read

σx2 =
g(n)

2
, (5.11)

σp2 =

[

1

2g(n)
+
H2 a2(n) z4(n) (D(n)g(n)− 2N (n))2

2g(n)

]

, (5.12)

σxp = −H a(n) z2(n)

2
[D(n)g(n)− 2N (n)] . (5.13)

The covariance σxp is entirely controlled by the phase of the wavefunction. Heisenberg uncer-

tainty relation can be expressed as

√
σx2σp2 =

1

2

√

1 + σ2xp ≥
1

2
. (5.14)

The covariance contribution allows to satisfy the previous inequality in a strict sense. For the

examples of section 4, we parameterize the pump field z(n) = z0a
1−3c0(n), with z0 a constant,

and c0 = 0, 1 depending on whether we are in SR or USR phases. We find

σ2xp =
z40H

6

16π4
(1 + 6c0n)

2e6n , (5.15)

hence

√
σx2σp2 =

1

2

[

1 +
z40H

6

16π4
(1 + 6c0n)

2e6n
]1/2

. (5.16)

The right-hand-side of this equation, again depending on the wave-function phase, is an expo-

nentially increasing function scaling as e3n. Heisenberg inequality gets more and more satisfied

as time flows, and the system rapidly classicalises, both in the SR [6] and USR phases. We find

it particularly interesting that our approach demonstrates that both cases behave quite simi-

larly for what concerns the process of classicalization from a perspective of Wigner statistical

distribution.

Entropies: As further application of our results, we compute the entropies associated with

the distributions ρ(n, x), q(n, p), f(n, x, p) of eqs (5.7), (5.8), and (5.6) in the phase space (x, q)

of position and conjugate momentum. Such entropies control subspaces of the full phase space

(x, p), hence we can expect entropy inequalities to hold [72].

1In fact, for the examples of SR and USR discussed in section 4, such pressure term scale at least as 1/n2

and is neglected in the considerations of those systems where we focus on contributions scaling at most as 1/n
at late times.
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The entropy for the distribution ρ(n, x) along the coordinate x results (we set the Boltzmann

constant to one)

Sx(n) = −
∫

dxρ(n, x) ln ρ(n, x) =
1

2
(1 + ln[πg(n)]) . (5.17)

In the examples of section 4 the function g(n) increases with time, hence the entropy Sx(n) as

well. The entropy Sp(n) for the distribution of q(n, p) is

Sp(n) = −
∫

dpq(n, p) ln q(n, p) =
1

2

(

1 + ln(π/g(n)) + ln
[

1 + σ2xp(n)
])

. (5.18)

Notice that it is an increasing function of n thanks to the contribution of the covariance σxp of

the distribution. Instead, the entropy associated to the entire Gaussian distribution f(n, x, p)

is constant:

Stot = −
∫

dxdp f(n, x, p) ln f(n, x, p) = (1 + lnπ) . (5.19)

Hence, the system satisfies the subadditivity condition

Sx(n) + Sp(n)− Stot(n) = ln
[

1 + σ2xp(n)
]

≥ 0 , (5.20)

with σ2xp given in eq (5.15). The entropy of the sum of the subsystems (marginalizing over x or

over p) is, as expected, much larger than the entropy of the total system, in the limit of large n.

Finally, the so-called mutual entropy controls the mutual information among the subsystems

in coordinates x and p. It results

Smut(n) ≡ −
∫

dxdpf(n, x, p) ln

(

ρ(n, x) q(n, p)

f(n, x, p)

)

=
1

2
ln
[

1 + σ2xp(n)
]

. (5.21)

As expected, it increases with time thanks to σ2xp, controlled by the phase of the coarse-grained

wave-function.

Hence the results of this section demonstrate the important role of the phase of the wave-

function in characterizing the physics of superhorizon modes, and how the perspective of fluid

dynamics allows to track its evolution.

6 A heuristic approach to the interacting system

In the previous sections, we derived from first principles evolution equations for super-horizon

coarse grained fields, associated with amplitude and phase of the coarse-grained wavefunction

during inflation. For simplicity, we focused on a free system, with action given in eq (2.1). The

resulting equations correspond to Euler and continuity equations of fluid dynamics. Interest-

ingly, the free-field approach can be applied to SR but also to USR scenarios, the two cases

differing by the behaviour of the pump field.

In this final section, we discuss an alternative, heuristic method for capturing the evolution

of super-horizon fluctuations in an interacting scalar-field set-up. Our aim is to propose a

phenomenological approach based on fluid dynamics, which explicitly include the effects of

external forces, and can then be extended to include phenomena as dissipation. Also in this

case, we wish to organize the evolution equations as the ones of a (super)-fluid. The difference
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with what done above is that we do not proceed starting from first principles – as in the

functional Schrödinger approach of section 2 – but from the heuristic manipulation of coarse-

grained stochastic equations, whose structure we assume.

We consider stochastic, large-scale fluctuations of a scalar field during inflation, character-

ized by self-interactions controlled by a potential U(ϕ). In this section, we understand the bars,

and we express the coarse-grained version of superhorizon scalar fluctuations as ϕ. We assume

the density ρ satisfies a diffusion equation

∂nρ(n,ϕ) =
H2 N (n)

8π2
∂2ϕρ(n,ϕ) +

1

3H2
∂ϕ
[(

∂ϕU(ϕ) + 3H2D(n)ϕ
)

ρ(n,ϕ)
]

, (6.1)

with H the constant Hubble parameter during inflation. The (assumed) structure of the previ-

ous equation, which should be valid deep in a superhorizon regime, is our starting point. When

N = 1 and D = 0 we obtain the standard Starobinsky equation for stochastic evolution in de

Sitter space. More general noise N and drift D contributions allow us to catch in principle

deviations from slow-roll evolution, as the USR phase.

As in the previous sections, we can interpret ρ(n,ϕ) in eq (6.1) as the fluid energy density,

and assume it satisfies a continuity eq as (6.2)

∂ρ

∂n
+ ρ∇2Θ+ (∇ρ) (∇Θ) = 0 , (6.2)

which involves a velocity potential Θ(n,ϕ), with v = ∇Θ(n,ϕ) the fluid velocity.

Combining eqs (6.1) and (6.2), and integrating along the scalar direction ϕ, we find the

following expression for the velocity potential

Θ(n,ϕ) = −H
2N (n)

8π2
ln

(

ρ(n,ϕ)

ρ0(n)

)

−
[

2U(φ) + 3H2D(n)ϕ2
]

6H2
, (6.3)

with ρ0(n) an arbitrary function of n. Interestingly, defining the fluid pressure as

P(n,ϕ) =
3H2

8π2

(

N +
∂nN
3

)

ρ(n,ϕ) , (6.4)

we notice that the velocity potential satisfies an Euler-type equation

0 = ∂nΘ(n,ϕ) + 3Θ(n,ϕ) +
1

2
(∂ϕΘ(n,ϕ))2 +

H4 N 2(n)

32π4

(

∂2ϕ
√

ρ(n,ϕ)
√

ρ(n,ϕ)

)

+

∫

dϕ
∂ϕP(n,ϕ)

ρ(n,ϕ)
+W (n, φ) , (6.5)

with

W (n, φ) =
U(ϕ)

H2
− (U ′(ϕ))2

18H4
+

N (n)U ′′(ϕ)

24π2
− D(n)ϕU ′(ϕ)

3H2

+
(

3D(n)−D2(n) +D′(n)
) ϕ2

2
, (6.6)

representing the effect of external forces. Some comments are in order
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- The arguments leading to eqs (6.2) and (6.5) aims to determine a system of two coupled

equations for the density and velocity of the fluid. After the derivation above has been

carried out, we can take these two equations as the fundamental relations to solve for de-

termining the system dynamics, awithout considering any more the diffusion-like equation

(6.1) from which they originate.

- The structure of the two equations is different from what found in the previous sections.

This being due to the fact that they have not been derived from first principles, but from

a manipulation of more phenomenological expressions, by identifying – through educated

guesses – the role of each contribution to the Euler equation.

- Eqs (6.2) and (6.5) are classical stochastic equations independent from quantum effects

(there is no ~). They aim to be valid at super-horizon scales. The ‘quantum pressure’–like

term of Euler equation proportional to H4 depends on the noise parameter N , and the

classical pressure P is proportional to the energy density through relation (6.4). The fluid

system feels an external force controlled by the function W (n,ϕ) depending on the scalar

potential U(ϕ) as well as on the drift term D(n).

It is straightforward to show that the equations admit the expected solutions in special cases.

In absence of potential, U(ϕ) = 0, we recover the solutions of section 4. If we turn on the

potential, and set N = 1 and D = 0, we find the correct equilibrium solution [3]

ρ(ϕ) = ρ0 e
− 8π2U(φ)

3H4 , (6.7)

with ρ0 a constant, fixed accordingly to normalization as ρ−1
0 =

∫∞
−∞ dϕ exp

{(

−8π2U(φ)
3H4

)}

,

when this integral converges.

What is interesting of this approach is that we can phenomenologically extend it, by adding

dissipative contributions to the Euler equation. We do so using a standard textbook approach

[73]. In fluid dynamics, dissipation is associated with the viscosity stress tensor, which adds

contributions to the Euler equation depending on second spatial derivatives acting on the fluid

velocity. Accordingly, in our one-dimensional example the (gradient of the) Euler equation (6.5)

is expected to become

0 = ∂nv(n,ϕ) + 3v(n,ϕ) + v(n,ϕ)∂ϕv(n,ϕ) +
H4 N 2(n)

32π4
∂ϕ

(

∂2ϕ
√

ρ(n,ϕ)
√

ρ(n,ϕ)

)

+
∂ϕP(n,ϕ) − ∂ϕ (η(n,ϕ)∂ϕv(n,ϕ))

ρ(n,ϕ)
+ ∂ϕW (n, φ) , (6.8)

with η(n,ϕ) a viscosity coefficient. This equation can be seen as generalization of Navier-Stokes

equation in this of fluid in an expanding universe context.

It would be nice to find quantitative ways to estimate the structure of η(n,ϕ) – from a

purely phenomenological perspectives, or using specific physical arguments. We leave this

question open. But if η is proportional to the fluid density, say η(n,ϕ) = η0(n) ρ(n,ϕ), then

the equations can be solved analytically, at least in the simplest case U = 0, N = 1, and D = 0

of evolution in de Sitter space. The solution of eqs (6.2) and (6.8), at leading order in 1/n,
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results

ρ(n,ϕ) =
1

√

π g(n)
e−ϕ2/g(n) (6.9)

Θ(n,ϕ) =
g′

4g
φ2 (6.10)

with

g(n) =

(

H2

2π2
− 2

3n
η0(n)

)

n (6.11)

Hence the viscous dissipative term can affect the variance of the Gaussian distribution of the

fluid density.

The study of dissipative effects during inflation is an interesting topic, which is currently

developed through many fronts, also using an open effective field theory approach [16, 19, 74–

82]. It will be interesting to understand whether our approach based on a fluid description of

superhorizon fluctuations can help to further develop and investigate this subject.

7 Outlook

We developed a superfluid approach to describe the physics of long wavelength fluctuations

in a framework related with stochastic inflation. We did so by making use of the Madelung

approach to the functional Schröding equation for the inflationary wavefunction. We shown that

our method allows to consistently control the evolution of the inflationary wavefunction, and

discussed physical implications of our approach. We pointed out that the quantum pressure

characterizing the Euler equation for the superfluid can have an important role during an

ultra–slow-roll phase of inflationary dynamics. Hence, our approach can provide an alternative

perspective on the quantum-to-classical transition during inflation. By implementing some

phenomenological considerations, we also proposed how to include dissipative effects in our

description.

Much work is left for the future. It would be interesting consider the case of multiple fields,

and look for vortex solutions of the fluid equations exhibiting the phenomenon of conservation

of vorticity. It would be important to better implement effects due to interactions and non-

linearities, also possibly through a Gross-Pitaevskii version of the Schrödinger equation. Finally,

it would be very interesting to include dissipative effects from first principles.
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A Standard stochastic formulas

Since ours is a free field, we assume the following Gaussian Ansatz for the wavefunction of eq

(2.7):

Ψk = Ωk(τ)e
−z2(τ)(αk(τ)ϕkϕ−k−α0(k) δk0ϕk) (A.1)

The Schroedinger equation (2.7) imposes the conditions

0 = Ω′
k + iαkΩk (A.2)

0 = α′
k + iα2

k +
2 z′(τ)

z(τ)
αk − ik2 (A.3)

By defining

αk(τ) = −i ∂τ ln [u∗k] (A.4)

we find that the second condition above is equivalent to the equation (2.2) for the mode ϕk:

(zuk)
′′ +

(

k2 − z′′

z

)

zuk = 0 (A.5)

We impose the Wronskian normalization u′ku−k − u′−kuk = i/z2, and Bunch-Davies boundary

conditions at early times. Hence, from now on, we identify uk = ϕk.

αk + α−k = − 1

z2 ϕkϕ−k
(A.6)

αk − α−k = −i ∂τ ln [ϕkϕ−k] (A.7)

Defining ρk = Ψ∗
kΨk, it satisfies the relation

∂ ρk
∂τ

= ωk
∂2ρk

∂ϕk∂ϕ−k
+ ω0

[

∂

∂ϕk
(ϕkρk) +

∂

∂ϕ−k
(ϕ−kρ−k)

]

(A.8)

with

ωk =
i

z2
αk − α0 − α∗

k + α∗
0

αk + α∗
k

= −|ϕ0|2 ∂τ
( |ϕk|2
|ϕ0|2

)

(A.9)

ω0 = − i

2
(α0 − α∗

0) = −1

2
∂τ ln

(

|ϕ0|2
)

(A.10)

Coarse graining as above, we get a Starobinsky diffusion equation

∂ρ̄

∂n
= N ∂2ρ̄

∂Φ̄2
+D∂

(

Φ̄ ρ̄
)

∂Φ̄
(A.11)

with noise and drift terms given by

N =
|ϕ0|2

4π2 aH

∫ 0

aH
k2 dk ∂τ

( |ϕk|2
|ϕ0|2

)

(A.12)

D = − 1

2 aH
∂τ ln

(

|ϕ0|2
)

(A.13)

reproducing eqs (3.19) and (3.20).
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