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1 Introduction

The early days of string theory can be traced back to 1968 when Veneziano first wrote down
a cross-symmetric, Regge-behaved scattering amplitude meant to describe 2-to-2 scattering
of low-lying mesons [2] (with some of the clues to the result found earlier in reference [3]).
The cross-symmetric property of strong interactions, also known at the time as the duality
hypothesis or the Dolen, Horn, and Schmid duality, suggested that the s- and ¢-channels
of meson scattering amplitudes should be equivalent [4-7]. Moreover, in the Regge regime,
where s is large and ¢ is fixed, the scattering amplitudes were required to be A ~ s*(*). Both

requirements were captured by the Veneziano formula:

I(—a(s)) T(—a(?))
M(—als) —a(®) 1)

where «(s) and a(t) denote linear functions of s and t.

As, 1) =

Around the time Veneziano published his formula, experiments conducted at the SLAC
National Accelerator Laboratory investigating proton- and neutron-electron scattering at
large s and ¢ with their ratio fixed (i.e. in the high-energy fixed-angle regime) found that
the differential cross sections for these processes exhibit power-law scaling with s [8—-13].



Famously, these results reinforced the idea that hadrons are composite particles made up
of point-like constituents collectively referred to as partons [14, 15].

On the other hand, the Veneziano formula (1.1) in the high-energy fixed-angle regime
displays exponentially soft behaviour in s, and although the above-mentioned experiments
at SLAC focused on proton- and neutron-electron scattering, it was readily recognised that
elastic, high-energy fixed-angle meson scattering would also show power-law scaling with s.
This, in consequence, invalidated the application of the Veneziano formula to the scattering
of low-lying mesons in the high-energy fixed-angle regime.

Soon after the SLAC experiments, dimensional counting arguments in four-dimensional
asymptotically free confining theories (e.g. in four-dimensional QCD) led to a prediction
for the leading-order scaling with s of exclusive hadronic amplitudes in the high-energy
fixed-angle regime, which matched the expected behaviour [16-18]:

A(s, 0;) ~ s>~ 2 f(6;), (1.2)

where m is the minimum number of hard constituents involved in the scattering process, and
f(0;) captures the dependence of A on the scattering angles 6;. Equation (1.2) is known
in the literature as the constituent counting rule.

Today, with the aid of holography [19], we can reconsider whether string scattering
can give rise to power-law scaling with s in the high-energy fixed-angle regime. An early
breakthrough in this direction came from Polchinski and Strassler [1], who put forward
a proposal based on a Virasoro-Shapiro-like amplitude formulated in hard-wall AdS space
that appears to recover the leading-order scaling with s for n-point scalar glueball scattering
amplitudes in agreement with the constituent counting rule. The problem of recovering
the constituent counting rule and other partonic features from string scattering amplitudes
was also explored in the context of holography in references [20-25].

In reference [1], Polchinski and Strassler further mentioned that their proposal can be
used to study the scattering of states with arbitrary spin, in agreement with the constituent
counting rule (1.2). However, in this paper, based on a study of vector meson scattering in
the context of a holographic QCD model in an asymptotically AdS space (to be introduced
in section 2), we will show that naively using the proposal [1] fails to recover the constituent
counting rule and, more importantly, disagrees with the Nambu-Goldstone (NG) boson
equivalence theorem. To address this, we will introduce a new generalised proposal that is
consistent with both the constituent counting rule and the NG boson equivalence theorem.

Although the precise details of our generalised proposal are not essential at this stage,
briefly examining it can help clarify our objectives. In the context of our holographic QCD
model from section 2, our proposal relates the high-energy fixed-angle limit of an n-meson
scattering amplitude A, in four dimensions to an n-superstring scattering amplitude in
a five-dimensional asymptotically AdS (AAdS) space:

n
An(kff),(:ff)) = /dw\/—g X Sn(pg\l/[), ](\2)) X Hlb(z)(w), (1.3)

i=1
where k;(f) and C,(f) fori=1,...,nand x=0,...,3 are the momenta and polarisations of the
scattered mesons, respectively. The coordinates 2™ = (zt,w) for M =0,...,4 parameterise



the AAdS space, g is the AAdS metric determinant, and S, is a differential operator obtained
from an n-superstring scattering amplitude S,, of gauge bosons in five-dimensional Minkowski
space, acting on the wavefunctions @ (w) of the scattered mesons. Inside g’n, dot products
are performed using the AAdS metric, and the fifth component of the polarisations CJ(\Z), ie.
Q(Ui), is assigned based on the type of meson. The momenta pg\if) will be defined later, along
with other relevant details. In addition, let us note that, compared to the original proposal
for scalar glueballs [1], the novel feature in our proposal (1.3) are the components pg), which

will be necessary to describe vector meson scattering.

In this paper, we will always work in the regime where o//R2 < 1, with o/ and Rj
denoting the Regge slope and radius of curvature of the five-dimensional AAdS space in
its asymptotically AdS region, respectively.

The structure of this paper is as follows. In section 2, we outline the essential features of
our bottom-up holographic QCD model. The main findings of this paper can be found in
section 3 and section 4. In section 3.1, we review the original proposal. In section 3.2, we
present our generalised proposal. Then, in section 3.3, we examine a toy model related to the
holographic QCD model from section 2 to motivate our generalised proposal.

In section 4, we use both the original and generalised proposals in our holographic
QCD model to determine the scaling with s of pion and p-meson scattering amplitudes in
the high-energy fixed-angle limit. In section 4.1, we illustrate how a naive application of
the original proposal recovers the constituent counting rule for these scattering processes.
In section 4.2, we refine the previous analysis, finding that naively using the original proposal
fails to recover the constituent counting rule for processes involving p-mesons, which, as we
show, implies a contradiction with the NG boson equivalence theorem. In section 4.3, we
demonstrate how our generalised proposal recovers the constituent counting rule for pion and
p-meson scattering amplitudes, consistently with the NG boson equivalence theorem.

In section 5, we outline our findings and directions for future work. Four appendices are
also included. In appendix A, we review the derivation of the constituent counting rule based
on dimensional counting arguments. In appendix B, we review the NG boson equivalence
theorem. In appendix C, we justify a statement from section 3.2. In appendix D, we briefly
review some necessary details on polarisation vectors of massive vector bosons.

Conventions and notation. We use natural units, where ¢ = A = 1, and adopt the
mostly-plus sign convention for the metric tensor. The metric tensor gpsn is reserved for
curved spaces, while 7, denotes the Minkowski metric. Uppercase Latin letters label Lorentz
indices ranging from 0 to 4, whereas lowercase Greek letters represent Lorentz indices ranging
from 0 to 3. We adopt the convention where all external momenta in a scattering process
are treated as incoming. For 2-to-2 scattering with initial momenta k() and £ and final
momenta k) and k), we define the Mandelstam variables as follows:

s=—(K0+8®)° t= (B4 kD) = (60 @) (1)

in agreement with the conventions used in reference [7].



2 A holographic QCD model

In this section, we introduce the bottom-up holographic QCD model used in this paper to
describe massless pions, as well as a tower of massive vector and axial vector mesons. The
holographic realisation of these mesons is in terms of components of a five-dimensional gauge
field, whose Kaluza-Klein (KK) decomposition includes a massless scalar interpreted as the
pion, together with a tower of massive vector and axial vector fields, the lightest of which
corresponds to the p-meson. For our purposes, the only necessary aspect to compute from
the model is the asymptotic UV-behaviour of the pion and p-meson wavefunctions.

The holographic QCD model we consider is similar to the models in references [26, 27],
which aim to describe QCD with N; massless quarks. We assume that the low-energy
effective theory of our mesons is a U(Ny) gauge theory in five-dimensional AAdS space,
described by the following action:

1
S ~ —f/d4a:dw\/—g tr[gMNgPQFMpFNQ}
~ —/d4zdw\/7tr{ ( ) ”V poFupra‘f‘k( ) HVF,uwFI/w ) (2'1)

where Fyy is the field strength tensor of the U(Ny) gauge field Ajps, the coordinates

2M = (2# w) parameterise the bulk space, and recall that M = 0,...,4 and p = 0,...,3.

We also assume that the metric in our model can be expressed by:
ds? = gynda™da™ = a(w) nu,dade” 4 b(w) dw?,  —oo < w < 4o0. (2.2)
The functions h(w) and k(w) in the action (2.1) are defined as follows:

hw) = 1 1

T B Ry yom (2.3)

In addition, we assume that the metric (2.2) approaches the AdS metric as w — o0, and
that the functions a(w) and b(w) are non-singular, positive-valued, and symmetric under
the transformation w — —w for all values of w. This setup is known to be consistent with
confinement and chiral symmetry breaking in four-dimensional QCD [26, 27].

More precisely, the action (2.1) should be interpreted as the kinetic term for massless
open string states, while the complete action of our theory is defined to include an infinite
tower of excited massive string states, which UV-complete the action (2.1) (this draws on
the understanding found in reference [28]).

It will be useful later to know the asymptotic behaviour of the functions a(w) and b(w),
as well as that of the volume element /—g, as w — £oo (i.e. in the UV-region):

w? R? w3

= b ~ =2 —q ~ — 24
o e~y g (24

a(w) ~ o

where Rj is the radius of curvature of the five-dimensional AAdS space in the UV-region.
To recover four-dimensional physics from the action (2.1), we expand Ajs in terms of
the complete sets of modes {1, (w)}n>1 and {¢n(w)n>o0:

ZB (") hn(w),  Aw(@*,w) = O (@) do(w) + Z(p (") (w). (2.5)



As the lightest vector meson state, Bl(}) will be identified with the p-meson field, while ij‘)
for n > 1 with a tower of heavier vector and axial vector meson fields. The zero mode (¥
will be a massless pion field, identified with the NG boson associated with global chiral
symmetry breaking.! The other fields go(”) for n > 1 will denote fictitious NG bosons that
will be absorbed by the fields B;(Ln) via the Stueckelberg mechanism, making the fields B,Sn)
massive in the four-dimensional theory.

Although we could choose to write Ay in a gauge that does not include the fictitious
NG bosons, we have decided to retain them, as they will play an essential role later when
we use the NG boson equivalence theorem in section 4.

To obtain a canonically normalised action for the massless pion ¢(®) and the massive

mesons B,Sn), we impose the following orthonormality conditions on 1, (w) and ¢, (w):

[ dov=gh @) = b, [ dov=g k) (w)on () = b (26)

In addition, 1, (w) and ¢, (w) for n > 1 are chosen to satisfy the following equations:

1

k@)

2
n

Ow (\/jgk(w)aw¢n(w)) = _mzﬂbn(w): awz/}n(w) = mn¢n(w)a (2'7>

where m?2 are the eigenvalues of the eigenequation written above on the left. For n > 1, it can
be shown that m?2 are positive and correspond to the masses of the mesons Blsn). Meanwhile,

¢o(w) is chosen to be proportional to 1/(y/—g k(w)), ensuring that it satisfies:

O (V=9 k(w)go(w)) = 0. (2.8)

Given equations (2.5)—(2.8), the action (2.1) reads:

% q 9
SN—/fxuhm@mdm+§;x@BW—&Byd
n=1

LY m (be)—maw( >> +} (2.9)
n=1 n

where the dots above represent interaction terms. In the case where Ny = 1, the fictitious
NG bosons ™ for n > 1 will always appear in the combination B;(Ln) — minﬁucp(”), and thus
can be absorbed via the Stueckelberg mechanism. More generally, however, it can be shown
that these fictitious NG bosons can also be gauged away in the non-abelian case. On the
other hand, the pion field ¢(®) cannot be gauged away (e.g. see reference [27]).

The asymptotic behaviour of the pion and p-meson wavefunctions in the UV-region can
be determined by inserting an ansatz of the form w® (with ¢ being an arbitrary constant)
into equations (2.7) and (2.8) and requiring that it vanishes in the limit w — £o0, which is
necessary to obtain the finite four-dimensional action (2.9). The pion wavefunction, due to
the simplicity of equation (2.8), can be expressed as follows for a specific metric:

R
V=gk(w)  |w¥

!The interpretation of the modes cp(o) and BLI) as the pion and p-meson, respectively, can be shown to be

Vr(w) = ¢o(w) (2.10)

further supported by their parity (see also reference [27]).



where, in the final expression above, we have presented the leading term in the UV-region.
The asymptotic behaviour of the p-meson wavefunction in the UV-region is:

bplw) =y (w) ~ 5. (2.11)

In equations (2.10) and (2.11), we have introduced a new notation for the pion and p-meson
wavefunctions and omitted writing explicit normalisation factors.

3 Generalising the Polchinski-Strassler proposal

In this section, after reviewing the original Polchinski-Strassler proposal [1] in section 3.1,
we generalise it in section 3.2, and conclude with an example of our generalised proposal
in section 3.3. The main difference from the original proposal is that our proposal partially
accounts for the bulk space momenta transverse to the momenta in the dual field theory.
However, for pion scattering amplitudes, note that our generalised proposal will reduce to an
application of the original proposal in the context of our holographic QCD model.

3.1 Brief review of the original proposal

The original Polchinski-Strassler proposal [1] argues that the high-energy fixed-angle limit
of an n-glueball scattering amplitude A, in a four-dimensional confining gauge theory,
holographically dual to a superstring theory in five-dimensional AdS space with a cut-off, can
be obtained from a superstring amplitude in five-dimensional Minkowski space:

n
An (k) = /dw\/?g x S (kD) 5 TT (). (3.1)

i=1
In the previous equation, k,(j) for : = 1,...,n are the momenta of the scattered states in
four dimensions, 1 (w) are the wavefunctions of the scattered states, and S, is obtained
from an n-superstring scattering amplitude S, in five-dimensional Minkowski space inside
which the Minkowski metric was replaced with the AdS metric. In the original proposal [1],
as mentioned before, the bulk space was a five-dimensional hard-wall AdS space. This space
can be obtained from equation (2.2) by setting a(w) = 1/b(w) = w?/R? and restricting w

to wig < w < 0o, where wig > 0 serves as an IR cut-off.

Next, notice that S, in the original proposal (3.1) does not depend on the momenta of

the scattered strings along the w-direction, denoted in this context by kg). This is because

reference [1] argued that kS can be neglected whenever o/ /R? < 1 (this claim will be clarified
in the next subsection). However, as we will show in section 4, kq(j) is essential for obtaining
p-meson scattering amplitudes that are consistent with the NG boson equivalence theorem in
our holographic QCD model and thus cannot be completely neglected.

For completeness, we now provide an example of S, from reference [1]. In that work,
the authors mainly focused on n-point scalar glueball scattering. In holography, glueballs
correspond to closed string states, with the scalar glueballs in reference [1] identified with

the dilaton. Hence, for example, in the case of 2-to-2 scalar glueball scattering, the dual



superstring scattering amplitude at tree level in the original proposal (3.1) is given by:

o+ ) r (_QTIE) r (_ a:lﬂ) K4 (k(z)>7 (3.2)

)T (1+98)r (14 92)

where g is the string coupling constant, o’ is the Regge slope, K, is a kinematical factor

S I'(—
84(145(’)) x gg - (1 _E "

that depends on the four-dimensional momenta k,(f), and § is defined as follows:

§=—g" (klgl) + k/g?)) (kz(/l) + k£2)) — _;Zj) (k,l(il) + kﬁ?) (k,(jl) + k,(?)) = a(i))’ (3.3)

with similar definitions for the variables ¢ and @. Here, note that a tilde above a quantity
(e.g. K, or 5) indicates that contractions of indices of momenta and polarisations inside it
are performed using the AdS metric instead of the Minkowski metric.

Moreover, reference [1] demonstrated that, starting from n-point dilaton scattering
in five-dimensional hard-wall AdS space, the original proposal (3.1) predicts the following
behaviour for scalar glueball scattering amplitudes in the high-energy fixed-angle limit:

ATL ~ 52_%7 (34)

where A = > | A; with A; denoting the conformal dimension of the lowest-dimension
operator that can create the i*" scattered state. The authors also argued that A should be
interpreted as the minimum number of hard constituents involved in the scattering process.
Given this interpretation, the result (3.4) agrees with the constituent counting rule (1.2).

The authors in reference [1] further asserted that their result (3.4) can be generalised
to the scattering of states with four-dimensional spin, in agreement with the constituent
counting rule. However, as we will show, the original proposal cannot be naively extended to
the latter problem and requires modification before it can be applied more generally.

In the next subsection, we will present our generalisation of the original proposal (3.1).
We will explain exactly why the original proposal requires modification later in section 4.2.

3.2 Statement of the generalised proposal

In the context of our holographic QCD model from section 2, we propose that an n-point
scattering amplitude A,, of four-dimensional mesons, arising from a U(Ny) gauge field in
five-dimensional AAdS space, in the high-energy fixed-angle limit is given by:

An (kD¢ /dwﬂ x S (Pl Ci7 ) H¢ (3.5)

where k(‘) for ¢ =1,...,n are the momenta of the scattered mesons which include pions, as
well as vector and ax1al vector mesons.? The polarisations Cu are reserved for the vector
and axial vector mesons. Here, a key difference from the original proposal (3.1) is that S, is

now a differential operator acting on the wavefunctions ¥ (w) of the scattered mesons.

2From now on, we will primarily focus on the pion and p-meson. However, our findings will also directly
apply to the other vector and axial vector mesons captured by the holographic QCD model from section 2.



More precisely, S, is constructed from an open superstrlng scattering amplitude S, for
U(Ny) gauge bosons, with momenta pg\/f) and polarisations C M, in five-dimensional Minkowski
space. For 2-to-2 scattering at tree level, with the Chan-Paton factors omitted (a practice

we adopt henceforth), Sy is given by [7, 29]:

Su(p\, ¢8)) = BN (GO7) M), e M (3.6)
where: ) ( ) ) ( /)
; I'(—a's)T(—a't
FMiN1-MyNy @/ - _9s MiNy--MaNa )
4 (pM\/;) 2 T(1-aos—a't) t (3.7)

Here, s and ¢ are the Mandelstam variables in five-dimensional Minkowski space, and ¢
is a tensor constructed solely from combinations of the five-dimensional Minkowski metric
(for an explicit definition, see references [7, 29]). In addition, the tensor ¢ is antisymmetric
under the exchange of its indices M; <> N; and symmetric under the exchange of any pair of
particles (M;N;) <+ (M;N;) for i, j =1,...,4. Moreover, M](\?N is expressed as:

Miy = paiCy' = P CY7- (38)

Returning to our proposal (3.5) for any n, we now provide a precise prescription for
the case where Ny = 1.3 We focus on Ny = 1 because the n-photon superstring scattering
amplitude can be expressed in terms of M ](\?N [31]. For 4-meson scattering, our proposal
also holds for any Ny, as the 4-point open superstring scattering amplitude can likewise be
written using M ](\Q)N, as shown in equation (3.6). The reason that prevents us from giving a
precise prescription for the case with Ny > 1 and any n will be discussed in section 5.

In this context, S, is given by:

S, (pg\?,CJ(\?) _ Fé\/llNl...MnNﬂ, @S\z}@) MJ(\ZM . "M](\ZL)

nNn*

(3.9)

In the previous equation, F)," is a tensor formed from combinations of the five-dimensional
Minkowski metric and momenta pg\l/[) (see equation (3.7) for an example).
Following the preceding discussion, in our proposal (3.5), S,, for n-point scattering of

U(1) gauge bosons and 4-point scattering of U(Ny) gauge bosons is given by:
Sa(pii, Ch7 ) = BRI (pO/ar) Myp) - MyP (3.10)

where ﬁ’n and M](\Z)N are to be interpreted as F)" and M](\?N, subject to the following
replacements (i), (ii), and (iii). In analogy to this, in our generalised proposal, any other
quantity with a tilde above it (e.g. ) is also subject to the replacements (i), (ii), and (iii).
(1)

Before we proceed, notice that the components py, are omitted in F;" in equation (3.10) (a

justification for this will be provided by the end of this subsection).

(i) The five-dimensional Minkowski metric nysn is replaced with the AAdS metric gasn
from equation (2.2):
NMN — gMN- (3.11)

3Note that n-point scattering amplitudes of U(1) gauge bosons vanish when n is odd, as a consequence of
charge conjugation symmetry (for additional details, see Furry’s theorem on page 318 of reference [30]).



(ii) The four-dimensional momenta pff) are replaced with the momenta k,(f )

, while pq(ﬁ) are
replaced with covariant derivatives —iVSf,) that act only on the wavefunctions v® (w)

with the same index (7):
P = kD, ) —iv), (3.12)

with V'SU) and ng) commuting for i # j. Moreover, note that in equation (3. 10) only
the factors M ](W)N act as differential operators, and that in these factors, py’ can be

i)

, as the contributions from the Christoffel symbols cancel.

(n)

(iii) The polarisations of the vector and axial vector mesons B, are set to:

¢ — (¢,0), (3.13)

while the “polarisations” for the pion ¢(® and fictitious NG bosons (™ are set to:

replaced with —Z&(U

5 (0,0,0,0,¢). (3.14)
In addition, the wavefunctions () (w) are replaced according to:

GO (W) = (Pn,(w), (PO (w) = én, (w). (3.15)
Now, let us explain why the components pg) can be neglected in }7’,; ". First, note that
the high-energy fixed-angle limit of an n-point scattering amplitude refers to the limit in
which the absolute values of all generalised Mandelstam variables s;; = —(k‘(i) + kU ))2 for
i, j =1,...,n and 7 # j simultaneously approach infinity, while their ratios, corresponding
to the scattering angles 6;, remain fixed. In this limit, the scattering amplitude depends only

on s (i.e. s12) and several independent scattering angles 6;.
In the high-energy fixed-angle limit, the leading-order contribution in s to 4,, comes
from the UV-region where w — +00, since outside this region, A, is strongly suppressed by

the exponential softness of the superstring scattering amplitude [1]. Then, focusing on the
high-energy fixed-angle limit and the UV-region, we introduce the variable s:

s= =g+ ) () +) ~ ok L vv, (3.16)

where s is the Mandelstam variable in four-dimensional Minkowski space, and in the final
expression, we used the identities pff) — k:l(f ) and pg) — —iv%) and assumed that w — Fo0.
Given the above discussion, the dominant contribution to the integral in equation (3.5)
comes from the region where o/ ~ O(1). Now, recall from equations (2.10) and (2.11) that
in the UV-region, the wavefunctions in our holographic model have power-law behaviour,
implying that in this region Vg) ~ 1/w. Thus, «'§ simplifies in the UV-region as follows:

/
. 1 o

~ 1
s w§+R§’ (3 7)

where w, = w/(Rsv’'s). Then, requiring that o/s ~ O(1), we find that the leading-order
contribution comes from 1/w? ~ O(1) > o//R2. Hence, the contribution from the second
term in equation (3.17) to o/§ can be neglected, assuming that o//R? < 1.



The discussion above should have clarified why reference [1] argued that pg) can be

neglected in gn. However, we emphasise that this is not always true. The components pg)
can only be neglected in ]3’,'1' ", while they must be kept in M ](\?N. This is because, as we
will see in section 4, for processes with p-mesons, the leading term comes from pg) in M;(f)
On the other hand, notice that for scattering amplitudes involving only pions or fictitious
NG bosons, the form of M ](\Z)N does not allow for contributions from the components pg)
in these factors, given the “polarisations” (3.14). Thus, for scattering amplitudes involving
pions or fictitious NG bosons, the contributions from the components pg) can be completely
neglected in the entire scattering amplitude Sp.

Even though the dependence of ﬁﬁ' " on p%[) extends beyond the Mandelstam variables

(e.g. momenta pg\? with uncontracted indices may appear in ﬁ’ﬁ"), a similar argument to

the one above shows that pq(,ﬁ) can be neglected in ﬁﬁ", provided that the leading-order term
is non-zero. In appendix C, we show that the components F}1"#n" are non-vanishing when

pg) = 0 for all 4, thereby completing our argument for neglecting pg) in F’n

3.3 A simple example of the generalised proposal

To motivate our proposal (3.5), we examine 2-to-2 scattering amplitudes in a toy model
described by a five-dimensional action in AAdS space that, in addition to the kinetic term of
the gauge field Ay from equation (2.1), includes the following terms:

S = / dhedwy/~gg" N oy XONX —~ M2X? + Xg"NgPFypFig|.  (3.18)

where X is a massive real scalar field serving as the exchanged mode in the scattering
amplitudes that we will study (see figure 1 below), and the metric is given by equation (2.2).
For simplicity, we consider the case with Ny = 1.

To compute the scattering amplitude presented in figure 1, we assume that A, takes
the following form:

Al w) = B (a) o (w) = Gutbn(w) 7", (3.19)
Ay (2, w) = ‘P(n) (") pn(w) = dn(w) eikwﬂa (3.20)

where £, and ¢, are the on-shell four-dimensional momenta and polarisations, respectively,
while the wavefunctions v, (w) and ¢, (w) were introduced earlier in section 2.

(n1) (n3)
B (1) 3 Bp
m

B

Figure 1. An s-channel Feynman diagram contributing to the 2-to-2 scattering of modes Bf[”) and

B = »() with momenta k:;(f) fori=1,...,4.

,10,



Now, given equations (3.19) and (3 20), the field strength tensor Fj;n can be expressed
as iMyn (w) exp (ikyxt), where M is a differential operator defined as:

Myn = —i(CnOnr — Curdn), (3.21)

and the wavefunction 1 (w) must be replaced as in equation (3.15). The interaction term
in the action (3.18) corresponding to the three-point vertex on the left side of the diagram
in figure 1 can then be written as follows:

N /d4xdw\/—XgMN PO, NQ H¢(z ik&%u

~ /d4xdw\/fg XJOD (2 w). (3.22)

In the equation above, we have implicitly defined the source term J(12) (z#, w):
J(1’2)(m“,w) _ gMN PQM(l) M(Q) Hw ikff)oc“. (3'23>

Note that the index (i) on M,y M v and 0 (w )exp(ikﬁZ ):1;”) indicates that the combination
@ (w) exp(ik,(f )x“) represents the wavefunction of the i scattered meson, and that M,y (l)
acts exclusively on it.

The propagator for the exchanged five-dimensional massive real scalar field X can be

formally derived from its Green’s function G(z™;yM):
I
\/Tg V2 + M2

Furthermore, when the propagator G(z™;y*) is used to compute the diagram in figure 1,

G y™M) = O (2 — ™). (3.24)

we can apply the same reasoning as in the previous subsection to neglect the V2 -component
on the right-hand side of equation (3.24), assuming that M2?RZ > 1:
1
G(zM; yM ~77(5(5> My 3.25
(wy)\/jgisﬂm (e — M) (3.25)
where we introduced the rescaled Mandelstam variable §:
5=—g" (kD + k2) (KD + k2). (3.26)
Here, note that pg) was omitted from the definition of § compared to equation (3.16).
Thus, an s-channel contribution to the 2-to-2 tree level scattering amplitude presented
in figure 1 can be expressed formally as follows:

— /d5xd5y\/_g($M)\/_g(yM) J(l,?)(xM)G(mM;yM)J(?)A) (y™)

1
4 1,2 3,4

~ [ dtadwy =g 10w ) e SOt )

: o 4
~ 60 (S k) /dw\/—g x S(p <57 ) x T[T o9 (w), (3.27)

i=1
where: o )

S(pg\l/[), C](\Z)) = W ngMnglN29M3M4gN3N4M](\2N1 .. M](\jlliN4' (3.28)

In summary, the result (3.27) offers a concrete example of our generalised proposal (3.5).
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4 The constituent counting rule for meson scattering

In asymptotically free confining theories in four dimensions (e.g. in four-dimensional QCD),
scattering amplitudes of low-lying hadrons exhibit characteristic scaling behaviour with s in
the high-energy fixed-angle limit, as described by the constituent counting rule [16-18]:

A(s,0;) ~ s>72 f(6;), (4.1)

where m is the minimum number of hard constituents involved in the scattering process, and
f(0;) captures the dependence of the scattering amplitude on the scattering angles 6; (see
appendix A for a brief review of a derivation of the constituent counting rule).

Now, let m; denote the minimum number of hard constituents in the 4* hadron, then:

m = ij, (4'2)
7j=1

for a scattering process with n hadrons. In the context of the quark model, m; represents
the number of quarks that make up the j* hadron. Thus, the prediction for the scaling of
2-to-2 meson scattering amplitudes with s in the high-energy fixed-angle limit is:

Au(s,0) ~ sT2f(0), (4.3)
while for n-meson scattering, we find:
An(s,0;) ~ s> £(6,). (4.4)

In this section, we study the scaling with s of pion and p-meson scattering amplitudes
in the high-energy fixed-angle limit, in the context of our holographic model from section 2.
Our objective is to reproduce equations (4.3) and (4.4). Before we proceed, recall that our
holographic model contains an infinite tower of excited massive string states, which must be
exchanged during meson scattering at high energies. To construct scattering amplitudes
for pions and p-mesons that include these exchanged modes, we naively apply the original
proposal [1] in section 4.1 and section 4.2, and use our generalised proposal in section 4.3.

4.1 Naive power counting

Naively applying the original proposal [1], reviewed earlier in section 3.1, to an n-meson
scattering amplitude A,, in our holographic QCD model, we obtain the following expression
in the high-energy fixed-angle limit:

n
A (KD, () = / dwy/=g x S, (KD, ¢§]) x [T v (w), (4.5)
i=1
where kg) are set to zero for all 7, as instructed by the original proposal. In the above,
the polarisations C](é[) should be interpreted according to the equations (3.13) and (3.14).
Moreover, recall that the wavefunctions 1) (w) must be replaced as in equation (3.15).
The 4-point superstring scattering amplitude was explicitly written in equation (3.10).

However, we will not need to make detailed assumptions about the superstring scattering
amplitude to obtain the constituent counting rule through simple power counting analysis.
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It suffices to observe that the integral in equation (4.5) is dominated by the region where
w/(Rsva's) ~ O(1) in the high-energy fixed-angle limit, as discussed in section 3.2. Then,
changing the integration variable to the dimensionless variable:
w1
= R Vais

should allow us to extract the s-dependence by making the following observations.

W

(4.6)

The superstring amplitude gn can depend on the dot products of momenta and polari-
sations: k) . k@) k@ . ¢ and ¢® . ¢W) for i # j, defined by contraction with the AAdS
metric (2.2). We will show below that, after rescaling (4.6), these are all effectively of O(1).

The simplest are the products k(®) - k() directly related to the Mandelstam variables.
In the region where w, ~ O(1), these products behave as follows:

1

1%
_ b
a’w?

k@ 0) —g“l'kﬁ)k‘l(,j) — kjﬁ')kl(/j) ~

~ O(1). (4.7)

a(w)

As for the polarisations, we consider pions and p-mesons separately. For the p-mesons,
transverse polarisations lead to scattering amplitudes 4,, that are suppressed in s compared
to the constituent counting rule, as the reader can confirm from the following discussion.
To proceed, let us focus on longitudinally polarised p-mesons, where (, ~ k,/m, ~ O(y/s).
For such longitudinally polarised p-mesons, the products k@ - (@) and ¢@ - ¢ are found
to be essentially equivalent to the Mandelstam variables, and the previous argument (4.7)
applies to them as well.

To understand how the polarisation of a p-meson behaves at high energies, consider
a generic polarisation CL'f' in the rest frame and boost it along k to obtain C}f' ~ Ak, /m, in the
lab frame as |k| — oo, where A ~ O(1) (for additional details, see appendix D). Thus, if we aim
to describe a generic polarisation vector that has a non-zero component along the longitudinal
direction in the rest frame, we necessarily obtain a O(y/s) contribution in the lab frame.

For the pions and fictitious NG bosons, the polarisation (,, is naively of O(1) since it
is independent of momentum. However, when it appears next to the wavefunction () (w),
as in equation (3.15), we can use equations (2.7), (2.10), and the fact that in the UV-region:
R3
P, (W) ~ UT?
to conclude that effectively (,, ~ R5/w if we take the wavefunctions entering equation (4.5)
to be ¥ (w) ~ RZ/w?. Thus, effectively g% (yCw ~ O(1).

Then, we can extract the scaling with s for all pion and p-meson scattering amplitudes

(4.8)

from the following contributions (a) and (b).

(a) The integration measure, which in the UV-region becomes:

3
dw+/—g ~ dw ]ng ~ dw,|ws|>Rs (0/3)2. (4.9)
5
(b) The product of wavefunctions, where each wavefunction in the UV-region reads:
: R 1 1
() ~ 22 0 = 4.1
W) ~ 2~ (1.10)

In total the product of n-wavefunctions 1) (w) gives a factor of s~™.
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This completes the power counting argument, as we can write:
An(k?;(j)affj)) ~ 82_”/dw* Fo(wy; 0;). (4.11)

In the above, the s-dependence in the high-energy fixed-angle limit is entirely contained in
the prefactor s>~". The function F,, in the integral above depends on the precise form of
the superstring scattering amplitude, wavefunctions, background, and the specific choice of
polarisations, which together determine the scattering angle dependence of A,,.

In conclusion, the result (4.11) seems to agree with the constituent counting rule (4.4).
However, as we will soon demonstrate, our discussion in this subsection was incomplete, and
the original proposal, when applied naively in the context of our holographic QCD model,
fails to capture the expected scaling (4.4) for scattering processes involving p-mesons.

4.2 Gauge invariance in vector meson scattering

The power counting analysis from the previous subsection does not provide the full picture,
even though it appears to produce results in agreement with the constituent counting rule.
The crucial point missing from the previous power counting analysis is that the flat-space
superstring amplitude S,, (of massless gauge bosons) is gauge invariant and must satisfy:

Su(k3], 15 GY = Mk ) =0, (4.12)
where without loss of generality, we replaced C](Vl[) — )\114:](\}[). However, the same applies for
(1(\2) — )\ikg\ij) for any ¢ = 1,...,n, with each \; being an arbitrary constant, as the gauge
transformation can be performed locally on any asymptotic state.

The simple power counting argument from the previous subsection for the scaling of
the scattering amplitudes with p-mesons assumed that p-meson polarisations scale as +/s.
However, this applies only for the longitudinal component of the p-meson polarisations,
which is exactly the component for which &, vanishes. Thus, a closer examination reveals
that naively applying the original proposal [1] predicts that scattering amplitudes involving
p-mesons are suppressed by 1/s relative to those involving only pions, or, in other words,

2=" vanishes.

it predicts that the leading term of order s

This prediction is problematic, as there is no a priori reason in field theory to expect
that the p-meson scattering amplitudes should be suppressed compared to the prediction
of the constituent counting rule. More importantly, we find that this result is inconsistent
with our holographic QCD model, where gauge invariance should manifest itself through
the NG boson equivalence theorem.

Recall from section 2 that in our holographic model, the massive four-dimensional p-
meson and its tower of excited KK modes Bfln) arise from a massless five-dimensional gauge
field Aps. The KK modes B,Sn) gain their mass by absorbing the degrees of freedom of the
fictitious NG bosons ¢(™ from the w-component of Ay;. The NG boson equivalence theorem
essentially states that the longitudinal component of the massive gauge field ij‘) couples
to the other fields in the same way as the fictitious NG boson (™ that it absorbed to gain
mass. In abelian theories, this can be easily understood, as the two always appear in the

combination B,Sn) — min(?,lcp("). However, it is not difficult to show that the theorem also
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holds more generally in non-abelian theories. For readers interested in further details, we
provide a brief review of the NG boson equivalence theorem in appendix B.

Returning to the question of the scaling of scattering amplitudes involving p-mesons,
notice that the wavefunction of the fictitious NG boson ¢(™ is given by ¢, (w) ~ R2/w?
in the UV-region, and its “polarisation” is {3y = (0,...,0,(y). Then, following the earlier
power counting analysis from section 4.1, we find that scattering amplitudes with fictitious
NG bosons cp(”) will scale in the same way as those with pions, and thus will not exhibit
the suppression observed in scattering amplitudes with p-mesons.

Although the fictitious NG boson (™ is not a physical degree of freedom, the lack of
suppression in scattering amplitudes involving these bosons still implies an inconsistency.
The inconsistency arises because the NG boson equivalence theorem dictates that scattering
amplitudes with longitudinally polarised p-mesons and fictitious NG bosons <p(") should
exhibit the same scaling with s in the high-energy fixed-angle limit. However, as we found, a
naive application of the original proposal [1] leads to a contradiction with this statement.

In the next subsection, we will show how our generalised proposal from section 3.2
recovers predictions consistent with the NG boson equivalence theorem and the constituent
counting rule.

4.3 Results from the generalised proposal

Following our generalised proposal (3.5), we argue that in the high-energy fixed-angle limit
an n-meson scattering amplitude A4,, to leading order in s is given by:

An(klgi),clgi)) _ /dw\/fg X §n<p§\i4),@(\?> x ﬂw(z‘)(w)
/dwFFMlNl M"Nn( ) HM (w), (4.13)

where the prescription given above holds for any n only for U(1) mesons, while for n = 4, it
also applies to U(NNy) mesons. For the definitions of ﬁ’,’; “and M ](\2 n;» consult section 3.2.
Here, recall that in ﬁ’n and M J(\Z ;s the four-dimensional momenta p,(f) are replaced
with k‘,(f ), Furthermore, in E‘L‘ ", the components pq(j) are set to zero for all ¢, while in M ](\?N,
the components pg) are replaced with partial derivatives —i@g), with each derivative acting

exclusively on its corresponding wavefunction 1 (w):

MDD (w) = (KD — K¢ p 0 (w), (4.14)
MO (w) = (kD¢ + o) ) (w). (4.15)

Now, as discussed in section 3.2, in the high-energy fixed-angle limit, the integral in
equation (4.13) is dominated by the region where o/5 ~ O(1), as the superstring scattering
amplitude exponentially suppresses contributions outside this region. In this region, S, is
effectively of order O(1) after acting on the wavefunctions (¥ (w). Thus, the leading scaling
with s of A, can be found from the volume element and wavefunctions, as in section 4.1.
Moreover, with our generalised proposal, the scattering amplitudes with p-mesons no longer
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vanish because of additional contributions from the components pg). Let us now precisely

show why these scattering amplitudes do not vanish. To this end, we compute the action
of M](\?N on the wavefunctions ¥(*)(w), as presented in equation (4.13).

For pions, where C,(j) =(0,...,0) and Cq(f)@!)(i)(w) — Y (w), the only contribution is:

'Y ONRC i i R}
M@ D (w) = kD (w) ~ kY ﬁ,

(4.16)
where in the final expression above we focused on the UV-region and recall that the pion
wavefunction ¢, (w) was given in equation (2.10).

For p-mesons, the leading contribution will come from the longitudinal polarisations.
Taking C,(j) = k:,gZ ) /m,, we observe that M,(fl,) vanishes, as a consequence of gauge invariance.
However, in our generalised proposal, C](\? is no longer longitudinal in a five-dimensional sense,
since at high energies C](\Z) =~ (k:,(f)/mp,()) + pg\?/mp, as pg) is also included.

Therefore, in contrast to the result obtained through a naive application of the original
proposal in section 4.2, there is now an additional non-vanishing contribution given by:

M (w) = i¢DDubp(w) ~ —- =5 (4.17)
P

In the final expression above, we focused on the regime that provides the relevant result in
the high-energy fixed-angle limit, specifically where Q(f) R k,(j)/mp and v¥,(w) ~ RE/w?.

Given that the scaling with w and s in equations (4.16) and (4.17) matches, and there
are no additional polarisation-dependent quantities in equation (4.13) beyond those already
computed above, we conclude that the scattering amplitudes of pions and p-mesons will
exhibit the same scaling with s in the high-energy fixed-angle limit. In addition, as already
mentioned above, by following the same power-counting analysis as in section 4.1, we can
now faithfully reproduce the constituent counting rule (4.4).

Finally, let us comment on the NG boson equivalence theorem. From our discussion, we
find that the longitudinal component of the p-meson couples through the term:

(1)

—n k

MWD (w) = i Ouhy(w). (4.18)
]

For comparison, consider the fictitious NG boson gp(l). Its polarisation is in the w-direction,
similar to the pion, and the only coupling it has is:

s ;)
M,Sl);w(z) (w) = Zmi awwp(w)a (4.19)
o
where we used the fact that the wavefunction of (1) is ¢1(w) = 2 0yth,(w), as written

Mp
in equation (2.7). In conclusion, we observe that the couplings (4.18) and (4.19) are iden-

tical, reflecting gauge symmetry and indicating that the NG boson equivalence theorem
is upheld.

,16,



5 Summary and outlook

In this paper, we revisited the old problem of computing meson scattering amplitudes in
the high-energy fixed-angle regime using the modern tools of string theory and holography.
To this end, we generalised the Polchinski-Strassler proposal [1], originally formulated for
glueballs, and applied it to investigate meson scattering in a similar spirit to reference [25].
Our focus was on the scattering amplitudes of pions and p-mesons. However, our findings
can also be extended to the scattering of the other vector and axial vector mesons captured
by the holographic QCD model from section 2.

We pointed out that a naive application of the original Polchinski-Strassler proposal [1]
to study the scattering amplitudes with p-mesons does not lead to the expected constituent
counting rule. Nevertheless, the original proposal was sufficient to reproduce the constituent
counting rule for scattering amplitudes with pions. The failure to reproduce the expected
behaviour for scattering amplitudes with p-mesons was due to the scattering amplitude
vanishing when the p-meson polarisation was chosen to be proportional to its momentum.
This property followed directly from gauge invariance of the open superstring scattering
amplitudes and hence was unavoidable in our holographic model, in which the p-meson is
realised as a component of the massless five-dimensional gauge field Aj;.

More importantly, the scaling behaviour of the p-meson scattering amplitudes, obtained
from a naive application of the original proposal [1], was inconsistent with the NG boson
equivalence theorem, which asserts the equivalence between amplitudes involving longitudinal
p-mesons and those involving fictitious NG bosons in the high-energy limit. Applying the
original proposal in the context of our holographic model showed that scattering amplitudes
with fictitious NG bosons scale with s in the same way as those involving pions, since both
the fictitious NG boson and the pion arise from the same component A,, of Ay, and their
wavefunctions scale identically with w in the UV-region. This resulted in an inconsistency
with the NG boson equivalence theorem, as naively applying the original proposal led us
to predict that scattering amplitudes involving pions did not scale with s in the same way
as those involving p-mesons.

(

The main point of our proposal was to retain the w-derivative 815) in the factor M](\f[)m
e.g. written in equation (3.21). Moreover, we argued that the terms involving 81(5) in M ](\Z)N
contribute the leading term in the limit s — oo for p-meson scattering amplitudes and thus
cannot be neglected. With this approach, both the expected constituent counting rule for
p-meson scattering amplitudes and the NG boson equivalence theorem were recovered.

To obtain the constituent counting rule from our generalised proposal for n-point scat-
tering amplitudes, we focused on the case with Ny = 1. In this case, the dependence on
polarisation in the scattering amplitude can be expressed in terms of the antisymmetric
tensor M ](\f[)N = pg\i[) C](\? — pg\if) C](\f[), as shown in equation (3.9). This factorisation also holds
for the specific case of n = 4 with generic N;.

In section 3.2, this property was needed to argue that, assuming o//R2 < 1, we can
neglect all factors of pg) present in the superstring scattering amplitude outside of M ](\?N.
The antisymmetry of M ](\f[)N also enabled us to replace all covariant derivatives Vg\? in M ](\?N

with ordinary derivatives: pg\? — (kff ), —iﬁg) ). Without this property, our proposal can, in
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principle, suffer from ordering ambiguities due to the non-vanishing of the commutator of the
covariant derivatives [Vg\?, V%)] #£ 0.4 Given this, our proposal might not be fully defined in
the most general case of Ny > 1 and any n without resolving these ambiguities.

Expressing the scattering amplitudes in terms of M 1(\2)N also allowed us to easily recover
the NG boson equivalence theorem. However, for Ny > 1, the non-abelian structure may
introduce additional terms. One counterexample is the 3-point function [7], and another is
the 5-point function [32, 33]. These scattering amplitudes with odd n vanish for Ny = 1, but
have non-zero expressions for Ny > 1, which are not of the form of equation (3.9).

To see where the difficulty might arise in the n-point scattering amplitude with Ny > 1,
let us outline how agreement with the NG boson equivalence theorem might be recovered. In
general, a flat-space scattering amplitude S,, of massless U(N¢) gauge bosons is given by:

Sp = SMMn () ). (5.1)

Here, S, is a tensor constructed from the momenta and the Minkowski metric, and each
polarisation (](\ff) appears exactly once for i = 1,2,...,n.

Now, gauge invariance implies that S,, should vanish when one of the polarisations,
without loss of generality CJ(\}), is taken to be proportional to its respective momentum pg\?.

Then, by replacing the five-dimensional polarisation as Cz(\i,) — i(k‘;(}), pg )), we arrive at:

mp
o B n whty-- 1, P n
Sp MnmLC](g[i“_C](VL)L:_SnMQ MpLo_ @) (5.2)
0 P

We identify the term on the left-hand side as the scattering amplitude with the longitudinal
p-meson, where we set ¢ ) m%?(k:,(}), 0), while the term on the right-hand side is identified

as the amplitude with the fictitious NG boson, with C](\}) = (0,...,0, Cl(ul)). In our proposal,
the component pg) will act on the wavefunction 1) (w), to yield Owthp(w) = myo1(w). The
statement of gauge symmetry is that the two scattering amplitudes above are equal, and
from this, in principle, we should be able to recover the constituent counting rule for all
scattering amplitudes, following the power counting analysis from section 4.1.

The issue with the generic, non-abelian n-point scattering amplitude is that, due to
potential ambiguities in our proposal, it is not clear whether the scattering amplitudes on
both sides of equation (5.2) are well-defined without additional input.

Despite these subtleties, since our findings hold for non-abelian 4-point functions and
there is no reason to believe that gauge symmetry will cause scattering amplitudes to vanish
for n > 4, it is not unreasonable to expect that our proposal will continue to reproduce
the constituent counting rule for non-abelian n-point scattering amplitudes involving pions

and p-mesons:
-An ~ Szinfn(ei)v (53)

where f,,(6;) can, in principle, be computed using our proposal, given the explicit form of
the n-point open superstring scattering amplitude in Minkowski space.

“Here, recall that the commutator [VSC}, vﬁ@)} for i # j vanishes because the derivatives act exclusively on
their respective wavefunctions.
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Our approach can be extended to many other types of mesons and scattering processes.
In particular, it is straightforward to compute scattering amplitudes that involve higher spin
mesons by realising them as excited open string states [28]. Here, it is also worth noting
that our holographic QCD model already includes the ai-meson, which is captured by the
mode bez). Therefore, it would be worthwhile to examine the scattering amplitudes involving
these mesons in more detail using our proposal.

Although holographic models of QCD have shown promise in fitting a wide range of
empirical data, computations of scattering processes remain less common in the literature.
Existing works often focus on qualitative aspects, including proton-proton scattering via
pomeron exchange and reggeization [34], pion-pion scattering [35-37], reggeization [38],
holographic corrections [39-41], and pomeron/reggeon dynamics [22, 42, 43]. Albeit, a key
advantage of our approach is that it can be used to compute the full angular dependence of
the studied meson scattering amplitudes. In contrast to the constituent counting rule, which
is universal, the angular behaviour depends on the specifics of the holographic model.

As we have demonstrated, the constituent counting rule is recovered from the UV-region,
where the bulk geometry is asymptotically AdS and the meson wavefunctions decay with the
appropriate power-law behaviour. However, the expression for the angular dependence, given
in equation (4.11), requires as input the entire bulk geometry and wavefunctions, including
their behaviour in the IR-region.

Most progress made in computing scattering amplitudes and correlation functions in
holography tends to rely heavily on supersymmetry and conformal symmetry, limiting their
applicability to non-supersymmetric, confining geometries required for holographic QCD.
Of particular note is the tangible progress made in computing closed superstring scattering
amplitudes in AdS space [44], where the high-energy fixed-angle [45] and Regge limits [46]
have been investigated. In addition, open superstring scattering amplitudes in AdS space
were also explored in reference [47]. It will be interesting to explore if our generalisation of
the Polchinski-Strassler proposal [1] can be connected to these works.

A great challenge for string theory is to describe baryon scattering. Hadron colliders,
such as the LHC, scatter protons, not pions. It is an important and challenging task to
describe such collisions, because in string theory baryons are described by D-branes, which
are non-perturbative objects. We postpone this very interesting problem to future studies
(see references [34, 38] for works in this direction).
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A Conventional derivation of the constituent counting rule

The constituent counting rule (1.2) can be derived from conventional dimensional analysis.
Here, following the original references [16, 17] and the more recent work [48], we will briefly
review this derivation. The constituent counting rule discussed here is expected to hold
in asymptotically free confining gauge theories in four dimensions.® Our approach below
follows an argument from perturbative QCD in four dimensions, and treats the asymptotic
hadron states as free quarks moving together.%

In the high-energy fixed-angle regime, there is only a single relevant energy scale given
by the momentum P ~ /s. For hadron scattering involving m constituent (anti)quarks, we
can focus solely on diagrams where each quark line is connected by at least one gluon, using
the fewest gluons necessary. These diagrams will scale with the highest power of s in the
high-energy fixed-angle regime. An example of such a diagram is shown in figure 2.

In general, a minimal diagram includes:

» 7 — 1 gluon propagators of dimension P2

m . . . 71
% — 2 (anti)quark propagators of dimension P~",
e m external fermions whose normalised wavefunctions carry dimension v/ P,

e m — 2 interaction vertices with a dimensionless coupling constant.

Multiplying these factors together, we find that the amplitude will scale as P to the power:

m m 1
_2><<2—1>—1><<2—2>+2><m:4—m. (A.1)

Thus, we find that a scattering amplitude of n = m/2 mesons must scale as:

A~ s¥% ¥, (A.2)

5In confining theories with operators that have non-vanishing anomalous dimensions in the UV-limit, we
expect the exponent of s in equation (A.2) to receive additional corrections (e.g. see reference [49]).
SMore details on how non-perturbative effects can be incorporated are provided in reference [18].

q1 qs
Q1 qs3
q2 % ® qa
42 ® G4

Figure 2. A minimal Feynman diagram for 2-to-2 meson scattering, where ¢; and ¢; represent quarks
and antiquarks for ¢ = 1,...,4. In agreement with the counting above, this diagram has m = 8
external lines, 3 gluon propagators, 2 internal fermion propagators, and 6 interaction vertices.
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Figure 3. The NG boson equivalence theorem, at leading order in the high-energy limit, relates the
amplitudes for absorbing or emitting a longitudinally polarised vector boson Af; to those for absorbing
or emitting a corresponding NG boson ¢ eaten by Aﬁ after symmetry breaking.

B The Nambu-Goldstone boson equivalence theorem

In this appendix, we briefly review the NG boson equivalence theorem, mainly following
chapter 21.2 of reference [30]. For the complete original proof, see references [50, 51].

In gauge theories with spontaneously broken gauge symmetries, the physical behaviour
of massive vector bosons remains closely controlled by the original gauge symmetry, even
after symmetry breaking. To illustrate this, we will examine an arbitrary matrix element
that involves a gauge current between two on-shell states M,, = (on-shell| J,(k,) |on-shell),
where k£, is the external momentum of the gauge current J,. We choose the Lorentz gauge
(i.e. the R gauge with £ = 0), which includes the fictitious NG boson that gives mass to the
external vector boson (related to the gauge current J,) after symmetry breaking.

In the Lorentz gauge, the Ward identity reads as follows:
0=k, M" =k, M+ k,F'M,, (B.1)

where M} denotes a one-particle irreducible (1PI) vertex and ¢, M} denotes a scattering
amplitude that includes the external vector boson with momentum k* and polarisation ¢*.
Furthermore, F'* My represents a contribution from a diagram in which the propagator of
the fictitious NG boson is connected to the external vector boson leg. Here, My denotes
the scattering amplitude with the fictitious NG boson, with the external vector boson leg
stripped off, and F* contains the propagator of the fictitious NG boson.

In addition, notice that F'* can be determined by appealing to Lorentz covariance and
recognising that it contributes to the mass m 4 in the propagator of the external vector boson
after symmetry breaking, giving F* = —mak*/k?.

In the high-energy limit where the momentum of the external vector boson |k| — oo, the
longitudinal polarisation ¢ ﬁ of the vector boson becomes equal to k,/m4 with subleading
corrections of order O(m4/ko). Thus, by taking the high-energy limit of equation (B.1) and
using the identity F* = —makH/k?, we obtain:

QMY = Mz x (14 O(m4 /kj)). (B.2)

The equation above is known as the NG boson equivalence theorem.
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C Open superstring scattering amplitudes in Minkowski space

In this appendix, we explicitly demonstrate that Ff 1% ~#»" js non-zero, a property that is
relevant at the end of section 3.2, just below equation (3.17). In our analysis, we follow the
conventions from the review in reference [32].

The tree-level n-point open superstring scattering amplitude of U(Ny) gauge bosons in
ten-dimensional Minkowski space is given by [7, 29, 32]:

Sn(p@,g(i)) = i(2m)10 5<10>( yzlp@‘)) 3 tr(ATA® - A%) A(1,2,.. . n), (C.1)

perm

where >
i =1,2,...,n, and A% are the U(Ny) generators associated with the i-th gauge boson.

perm denotes the sum over all non-cyclic permutations of the sets {p®,¢®, q;} for

Moreover, A(1,2,...,n) is expressed by:
A(L,2,. 0 n) = 29772 (21 — 21) (2 — 1)

n . .
x /dl‘z . --dmn,g/dﬁl e dBy_s H(!Ei —zj— eiej)pm.pm

i>j

n 0N D ) L @)L A)
x/dqbr-'d%eXp(Z(el 93)01 7 P~ 50194 C]>7 (C.2)

i) Ty — X5 — 929]

where x; are real parameters that satisfy x; < z9 < --- < x,, whereas 6; and ¢; are
Grassmannian variables, and we have set o/ = 1/2. Notice that the superstring scattering
amplitude above does not depend on x1, T,,—1, Tn, 0n—1, and 8,,. Thus, to simplify our
discussion, we set (z1,zp—1,2,) = (0,1,00) and 6,1 = 6, = 0.

Let us now examine the case where the only non-zero components of the momenta p(*

and polarisations ¢ for all ¢ are p,(f) for p =0,...,3 and Q(,f) = (ii) = 1, respectively. In this

case, the non-zero components of MJ(\Z)N = pg\?g(\? — pg\i,)g(\? are M,(ﬁ)u = —Mé,& = p,(f), and
according to equation (3.9), the scattering amplitude S,, for Ny = 1 in this setup is:
S, (p(i),C(i)> = QN (pg)\/g) MO ) (C.3)

pw Hnw*

Then, if we could establish that the scattering amplitude above is non-vanishing, we would
conclude that FFt"#»% ig non-zero when the components pg) are set to zero for all 7.

To show that the amplitude (C.3) is non-vanishing, we evaluate the expression (C.2)
more explicitly. With our chosen momenta and polarisations, we find that ¢ - p() = 0 and

¢ . ¢ =1. As a result, the integrand in equation (C.2) simplifies to:
- (@) .p() Pih;
Z_l;[j(wi — x5 — 0:6;)" P exp ( R —yy 9i0j>

ﬁ (21— 2777 exp ( PV p 00 + gy pig; 030 >
=T —

Ti = T (z; — ;)

i>j

1 o= @) )
~ ——w Orndn_1 I | (1‘1 — Qj‘j)p PV exp ( — Aijgigj — Bij¢i¢j — C”gbld)]@@]) (04)
n i>7
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In the previous equation:

(@) . (d) 1 1 1 1
A = pre , B;; = - + , Cij =

Tj— Ty Ty — Ty 1—56]' 1—5[31'

e (C.5)
In the final step of equation (C.4), we extracted the term proportional to ¢,¢,—1 and used
the identity p™ - (p(l) +---+ p(”_l)) = 0, which follows from momentum conservation and
the mass-shell condition p(® - p() = 0. Notice that the factor 1/z, in the expression (C.4)
is cancelled by the factor (zp,—1 — z1)(zn — 1) = 2, in equation (C.2).

Substituting the expression (C.4) into A(1,2,...,n) in equation (C.2) and performing
the fermionic integrals, we arrive at:

().p(3) i 2z 17k
PRI el PRI | (DRI DD v T
Z>J .]17 7]71 2= 1 k=0 2 '
distinct
X Z Sgn(g)Aleé o .AijfljZkBjo-(l)jcr(Z) o 'Bja(zk—l)jg(zk)Cj2k+1j2k+2 T Ojn73]’n72' (C.6)

UESQk

In the equation above, Sy denotes the symmetric group of order 2k, sgn(o) is the sign of
the permutation o € Sy, integration over x; is restricted to 0 < xo < -+ < xp,_2 < 1, and
summation over j; for ¢ = 1,...,n — 2 is taken over distinct values.

Examining equation (C.6), it is not difficult to see that it is non-zero for a generic
choice of momenta. This implies that whenever S,, admits a factorisation of the form given
in equation (3.9), as is the case for n-point scattering of U(1) gauge bosons and 4-point
scattering of U(Ny) gauge bosons (omitting Chan-Paton factors), our reasoning shows that
Friw=paw ig non-zero for a generic choice of momenta, thereby completing our argument.
In summary, recall that F#1* " ig independent of polarisations, which makes this result
relevant to both scattering processes involving pions and p-mesons in our proposal.

D Longitudinal polarisations and scaling with energy

Consider the rest frame of a massive vector (e.g. a p-meson) with momentum:
ky;* = (m,0,0,0), (D.1)

where m is the mass of the massive vector. For any such massive vector, the polarisation
vector in its rest frame can be written as follows:

C,ﬂf (0, sin ¢, cos ¢ cos A, cos ¢ sin \), (D.2)

which satisfies k™ - ¢(*f = 0 and ¢*F - ¢(*F = 1. The polarisation vector has three independent
polarisation modes parametrised by the choice of two angles ¢ and A. In the rest frame,
the polarisation is always of O(1).

Now, we assume that in the lab frame the massive vector is moving in the z!-direction
with energy F, such that its momentum is given by:

kLE = (E VE2 —m2,0 0) (D.3)
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To reach this frame, we have boosted k,ﬂ'f' in the z!-direction with rapidity w = cosh™* %
After applying the same transformation to Cﬁ'f', we obtain the polarisation in the lab frame:
VE? —m? E
L’f' = (m sin ¢, — sin ¢, cos ¢ cos A, cos ¢ sin /\). (D.4)
m m

From the expression above, we can verify that while C};f' remains transverse in the sense
that ¢M . kM = 0, in the high-energy limit, it becomes parallel to the momentum khf',
as C}L'f' — %kbf, and is of order E' ~ /s in the context of high-energy fixed-angle scattering
processes. The only situation in which this does not occur is when we begin with a purely
transverse polarisation with ¢ = 0, orthogonal to the direction of the momentum, although
that is not the case in general.
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