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Abstract

We obtain the existence and uniqueness of stochastic flows of homeomorphisms for a class of stochas
tic differential equations driven by the low regularity growing drift in critical Lorentz-Hölder space 

Lq,1([0, T ];C
2 
q
−1

l
(Rd)) (q ∈ (1,2)). Moreover, we prove that the unique stochastic flow of homeomor

phisms is weakly differentiable with respect to the spatial variables.
© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).

MSC: 60H10; 60J65; 35K15

Keywords: Low regularity growing drift; Stochastic flow; Lorentz-Hölder space

1. Introduction

Let T > 0 be a given real number. We are interested in the following stochastic differential 
equation (SDE for short) in Rd :

dXs,t (x)= b(t,Xs,t (x))dt + dWt, t ∈ (s, T ], Xs,t (x)|t=s = x ∈Rd, (1.1)

* Corresponding author.
E-mail addresses: weijinlong.hust@gmail.com (J. Wei), junhaohu74@163.com (J. Hu), C.Yuan@swansea.ac.uk

(C. Yuan).
https://doi.org/10.1016/j.jde.2025.113453
0022-0396/© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).

http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2025.113453&domain=pdf
http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2025.113453
http://www.elsevier.com/locate/jde
http://creativecommons.org/licenses/by/4.0/
mailto:weijinlong.hust@gmail.com
mailto:junhaohu74@163.com
mailto:C.Yuan@swansea.ac.uk
https://doi.org/10.1016/j.jde.2025.113453
http://creativecommons.org/licenses/by/4.0/


J. Wei, J. Hu and C. Yuan Journal of Differential Equations 440 (2025) 113453 
where s ∈ [0, T ), {Wt }0⩽t⩽T = {(W1,t , . . . ,Wd,t )
�}0⩽t⩽T is a d-dimensional standard Wiener 

process defined on a given stochastic basis (Ω,F ,P , {Ft }0⩽t⩽T ) and b : [0, T ] ×Rd → Rd is a 
Borel measurable function.

The unique strong solvability for SDE (1.1) was first established by Itô [11] for Lipschitz 
continuous b, and then extended by Veretennikov [33] to bounded Borel measurable ones. Since 
then, Veretennikov’s result was strengthened in different forms, see e.g. [6,27,31,35]. Krylov and 
Röckner [17] made a breakthrough by establishing the strong well-posedness of SDE (1.1) under 
the following subcritical Ladyzhenskaya-Prodi-Serrin (LPS for short) condition

b ∈ Lq([0, T ];Lp(Rd ;Rd)), p,q ∈ [2,+∞] and
2 
q

+ d

p
< 1. (1.2)

Some further extensions for non-constant diffusion coefficients can be found in Zhang [41,42], 
Zhang and Yuan [40], Xia, Xie, Zhang and Zhao [39].

However, from the viewpoint of Navier-Stokes equations, b can be taken in the critical case, 
i.e., the less-than sign in (1.2) is replaced by the equals sign, see [5,26], and in the critical LPS 
condition, the strong well-posedness of (1.1) is a long-standing open problem since the work of 
Krylov and Röckner [17]. Recently, this problem was solved by Röckner and Zhao [30, Theorem 
1.1] for d ⩾ 3 (see also [12--14,29] for weak solutions) in the following cases:

b ∈ Lq([0, T ];Lp(Rd ;Rd)), p,q ∈ (2,+∞) and
2 
q

+ d

p
= 1 or b ∈ C([0, T ];Ld(Rd ;Rd)).

(1.3)

When q = 2, p = +∞, the strong existence and pathwise uniqueness were also proved by Beck, 
Flandoli, Gubinelli and Maurelli [2] for almost every starting point x ∈ Rd ; also see [15] for 
form-bounded drifts. This result was later extended by Wei, Wang, Lv, and Duan [38] to every 
starting point x ∈ Rd under the assumption that b is locally Dini continuous in the spatial vari
ables. More recently, Krylov [23] proved strong uniqueness for Morrey drift and VMO (vanishing 
mean oscillation) diffusion coefficients, notably covering cases such as q = 2 and p = +∞. 
However, the problem of strong existence remains open. We also refer to [7,18--22,28,36] for 
more details.

On the other hand, from classical SDE theory, equation (1.1) remains strongly well-posed 
even if b(t, x) is merely integrable with respect to t and satisfies a Lipschitz condition in x. 
Inspired by classical SDE theory and the result in [2], there exist some function spaces, which are 
intermediate ones between L1([0, T ];Lip(Rd)) and L2([0, T ];L∞(Rd)) such that SDE (1.1) is 
strongly well-posed if the drift belongs to one of these working spaces. The natural choice for the 
working spaces is Lq([0, T ];Cαl (Rd)) with q ∈ (1,2) and α ∈ (0,1), where Cαl (Rd) denotes the 
set of all locally Hölder continuous functions with Hölder index α. By the scaling transformation, 
we also get an analogue of LPS condition for b:

b ∈ Lq([0, T ];Cαl (Rd ;Rd)), q ∈ (1,2), α ∈ (0,1) and
2 
q

− α ⩽ 1. (1.4)

The unique strong solvability for (1.1) with condition (1.4) seems to be as important and difficult 
as (1.1) with LPS condition.

When b ∈ L∞([0, T ];Cαb (Rd ;Rd)) with α ∈ (0,1), the unique strong solvability as well as 
the existence of stochastic flows of diffeomorphisms for SDE (1.1) has been established by 
2 
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Flandoli, Gubinelli and Priola [8], and then generalized by Wei, Duan, Gao and Lv [34] to 
b ∈ Lq([0, T ];Cαb (Rd ;Rd)) with q > 2/α. When b ∈ L2([0, T ];Cαb (Rd ;Rd)), the strong well
posedness was also proved by Tian, Ding and Wei [32]. Recently, Galeati and Gerencsér [9] 
studied (1.1) and (1.4), in which b is bounded in the spatial variables and 2/q − α < 1, and 
they derived the existence and uniqueness for stochastic flows of diffeomorphisms. Galeati and 
Gerencsér’s result was then generalized by Wei, Hu and Yuan [37] to the unbounded Hölder con
tinuous drift, and the authors also obtained the stability for the gradient of solutions through the 
Itô-Tanaka trick.

All above mentioned works are concerned with the subcritical regime 2/q − α < 1. For the 
supercritical regime 2/q − α > 1, SDE (1.1) is not strongly well-posed. In fact, for q ∈ (1,2), 
α ∈ (0,1) such that 2/q − α > 1, if one takes d = 1 and

b(t, x)= t
− 1 

q̄ sign(x)|x|α, q̄ ∈ (q,2) and
2 
q̄

− α > 1, (1.5)

then b ∈ Lq([0, T ];Cαl (Rd ;Rd)) and the corresponding SDE (1.1) with the initial data Xs,s = 0
has two different solutions (see [9, Section 1.3]). Thus, the strong well-posedness of SDE (1.1) 
depends delicately on the integral index q and the Hölder continuous index α.

However, it is still unknown whether the unique strong solvability is true or not for the drift 
in the critical regime 2/q − α = 1. In this paper, we suppose b belongs to the critical Lorentz

Hölder space Lq,1([0, T ];C
2 
q
−1

l (Rd;Rd)) with q ∈ (1,2), and prove the strong well-posedness 
as well as the existence of stochastic flows of homeomorphisms for SDE (1.1).

1.1. Lebesgue-Hölder and Lorentz-Hölder spaces

Firstly, let us introduce our working spaces.

Definition 1.1 (Hölder and Lebesgue-Hölder spaces). Let α ∈ (0,1) and d ∈ N . Cαl (Rd) is the 
set consisting of all uniformly locally Hölder continuous functions h : Rd →R for which

[h]α = sup 
x,y∈Rd ,0<|x−y|⩽1

|h(x)− h(y)|
|x − y|α <+∞.

For x0 ∈ Rd , if |x0| > 1, then there exist x1, x2, . . . , xβ (β is the integer part of |x0|) such that 
|x0 − x1| = |x1 − x2| = . . .= |xβ−1 − xβ | = 1 and |xβ |< 1. Thus,

|h(x0)| ⩽ |h(x0)− h(0)| + |h(0)|

⩽
β−1∑
i=0 

|h(xi)− h(xi+1)| + |h(xβ)− h(0)| + |h(0)|

⩽ β[h]α + |xβ |α[h]α + |h(0)| ⩽ ([h]α + |h(0)|)(1 + |x0|).
Therefore, the set Cαl (Rd) becomes a Banach space with respect to the norm

‖h‖Cα
l (R

d ) = sup 
d

|h(x)| 
1 + |x| + [h]α =: ‖(1 + | · |)−1h(·)‖0 + [h]α.
x∈R

3 
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We then define Cαb (Rd) as the subset of Cαl (Rd) consisting all bounded elements; for h ∈ Cαb (Rd), 
we set

‖h‖Cα
b (R

d ) = sup 
x∈Rd

|h(x)| + sup 
x,y∈Rd ,0<|x−y|⩽1

|h(x)− h(y)|
|x − y|α =: ‖h‖0 + [h]α.

Moreover, if h ∈ Cαl (Rd) and its i-th order spatial gradient ∇ ih (i = 1,2, . . . , k ∈N) are bounded 
and continuous, and the Hölder seminorm [∇kh]α is finite, then we say h ∈ Ck+α

l (Rd). For h ∈
Ck+α
l (Rd), we set

‖h‖Ck+α
l (Rd )

= ‖(1 + | · |)−1h(·)‖0 +
k∑

i=1 
‖∇ ih‖0 + [∇kh]α.

For q ∈ (1,+∞) and k ∈N0, we define the Lebesgue-Hölder space Lq([0, T ];Ck+α
l (Rd)) as the 

set consisting of all elements f that belong to Lq([0, T ]) as Ck+α
l (Rd)-valued functions, where

‖f ‖
Lq([0,T ];Ck+α

l (Rd ))
=

[ T∫
0 

‖f (t, ·)‖qCk+α
l (Rd )

dt

] 1 
q

<+∞.

The definition of the analogues spaces for Rd or Rd×d -valued functions is simply under- 
stood coordinate-wise. For simplicity, if f ∈ Lq([0, T ];Ck+α

l (Rd ;Rd)), we also use 
‖f ‖

Lq([0,T ];Ck+α
l (Rd ))

instead of ‖f ‖
Lq([0,T ];Ck+α

l (Rd ;Rd ))
for its norm (and similarly for other 

vector-valued functions).

Remark 1.2. Let f ∈ Lq([0, T ];Cαl (Rd)). For x, y ∈ Rd , if |x − y| > 1, then there exist 
x1, x2, . . . , xγ (γ is the integer part of |x − y|) such that |x − x1| = |x1 − x2| = . . . = |xγ−1 −
xγ | = 1 and |xγ − y|< 1. Therefore,

|f (t, x)− f (t, y)|

⩽ |f (t, x)− f (t, x1)| +
[ γ−1∑
i=1 

|f (t, xi)− f (t, xi+1)|
]
+ |f (t, xγ )− f (t, y)|

⩽ γ [f (t, ·)]α + |xγ − y|α[f (t, ·)]α ⩽ 2[f (t, ·)]α|x − y|. (1.6)

Definition 1.3 (Lorentz and Lorentz-Hölder spaces). Let g be a Borel measurable function on 
[0, T ]. The distribution function δg corresponding to g on [0, T ] is given by

δg(ς)= Leb{t ∈ [0, T ] : |g(t)|> ς}

and is nonincreasing on [0,+∞), where Leb denotes the Lebesgue measure. The equimeasur
able decreasing rearrangement of g is the function g∗ defined by

g∗(τ )= inf{ς ⩾ 0 : δg(ς)⩽ τ }.
4 
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Let

g∗∗(r)= 1

r

r∫
0 

g∗(τ )dτ.

For p ∈ [1,+∞] and q ∈ (1,+∞), we define the functional

‖g‖Lq,p([0,T ]) =

⎧⎪⎪⎨
⎪⎪⎩

[ ∞∫
0 

(
r

1 
q g∗∗(r)

)p dr
r

] 1 
p
, if p ∈ [1,+∞),

sup
r>0 

(
r

1 
q g∗∗(r)

)
, if p = +∞.

(1.7)

The Lorentz space Lq,p([0, T ]) consists of those measurable functions g on [0, T ] for which 
‖g‖Lq,p([0,T ]) < +∞ (see [1, Sec. 7.24 and 7.25]). Suppose k ∈ N0 and α ∈ (0,1), we then 
define the Lorentz-Hölder space Lq,p([0, T ];Ck+α

l (Rd)) as the set consisting of all elements f
belonging to Lq,p([0, T ]) as Ck+α

l (Rd)-valued functions, where

‖f ‖
Lq,p([0,T ];Ck+α

l (Rd ))
=

⎧⎪⎪⎨
⎪⎪⎩

[ ∞∫
0 

(
r

1 
q ‖f (r, ·)‖∗∗

Ck+α
l (Rd )

)p dr
r

] 1 
p
<+∞, if p ∈ [1,+∞),

sup
r>0 

(
r

1 
q ‖f (r, ·)‖∗∗

Ck+α
l (Rd )

)
<+∞, if p = +∞,

(1.8)

and ⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

‖f (r, ·)‖∗∗
Ck+α
l (Rd )

= 1
r

r∫
0 

‖f (τ, ·)‖∗
Ck+α
l (Rd )

dτ,

‖f (τ, ·)‖∗
Ck+α
l (Rd )

= inf{ς ⩾ 0 : δ‖f (t,·)‖Ck+α
l

(Rd )
(ς)⩽ τ },

δ‖f (t,·)‖Ck+α
l

(Rd )
(ς)= Leb{t ∈ [0, T ]; ‖f (t, ·)‖Ck+α

l (Rd )
> ς}.

Now, let us first illustrate the relationship between Lebesgue-Hölder and Lorentz-Hölder 
spaces. We then remark on a fundamental property of Lorentz-Hölder functions. Since the func
tions in these spaces exhibit the same spatial regularity, we focus on space-independent cases. 
For simplicity, we assume p = 1 and q ∈ (1,2), which simplifies the technical analysis while 
preserving key characteristics.

Example 1.4. Let q ∈ (1,2), ϑ ⩾ 1 and T = e−qϑ . If one takes

g(t)= t
− 1 

q | log(t)|−ϑ = t
− 1 

q (− log(t))−ϑ ,

then

g ∈ Lq([0, T ]), but g / ∈ Lq̆([0, T ]), for every q̆ ∈ (q,2). (1.9)

Observe that
5 
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g′(t)= −t
− 1 

q
−1
(− log(t))−ϑ−1

[
− log(t)

q
− ϑ

]
< 0, ∀ t ∈ (0, T ),

then g is strictly monotonically decreasing on [0, T ]. Thus,

g∗(t)=
{

inf{ς ⩾ 0 : g−1(ς)⩽ t} = g(t), if t ∈ [0, T ],
0, if t > T ,

and

g∗∗(t)=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1
t

t∫
0 
g∗(r)dr = 1

t

t∫
0 
g(r)dr, if t ∈ [0, T ],

1
t

T∫
0 
g∗(r)dr = 1

t

T∫
0 
g(r)dr, if t > T .

For ϑ ⩾ 1, one calculates that

‖g‖Lq,1([0,T ]) =
∞ ∫

0 

t
1 
q
−1
g∗∗(t)dt =

T∫
0 

t
1 
q
−2
dt

t∫
0 

g(r)dr +
∞ ∫
T

t
1 
q
−2
dt

T∫
0 

g(r)dr

=
T∫

0 

g(r)dr

T∫
r

t
1 
q
−2
dt +

∞ ∫
T

t
1 
q
−2
dt

T∫
0 

g(r)dr

= q

q − 1

T∫
0 

g(r)r
1 
q
−1
dr = q

q − 1

T∫
0 

1 
r| log(r)|ϑ dr.

Therefore g ∈ Lq,1([0, T ]) when ϑ > 1 and g / ∈ Lq,1([0, T ]) when ϑ = 1. On the other hand, in 
view of Calderón’s inequality (see (2.3)), one has Lq,1([0, T ]) ⊂ Lq([0, T ]). Thus Lq,1([0, T ])
is a proper subset of Lq([0, T ]), i.e.

Lq,1([0, T ])⫅ Lq([0, T ]). (1.10)

Notice that, for h ∈ Lq̆([0, T ]) with q̆ ∈ (q,2), the following estimate holds:

‖h‖Lq,1([0,T ]) =
T∫

0 

r
1 
q
−1
h∗∗(r)dr +

∞ ∫
T

r
1 
q
−2
dr

T∫
0 

h∗(τ )dτ

⩽
[ T∫

0 

(h∗∗(r))q̆dr
] 1 

q̆
[ T∫

0 

r
− q̆(q−1)

q(q̆−1) dr

] q̆−1
q̆

+ q

q − 1
T

q̆−q
qq̆

[ T∫
0 

(h∗(τ ))q̆dτ
] 1 

q̆

⩽ C(T ,q, q̆)
[‖h‖Lq̆,q̆ ([0,T ]) + ‖h‖Lq̆([0,T ])

]
⩽ C(T ,q, q̆)‖h‖Lq̆([0,T ]), (1.11)

where in the last inequality we have used (2.2). Combining (1.9)--(1.11), we conclude
6 
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Lq̆([0, T ])⫅ Lq,1([0, T ])⫅ Lq([0, T ]). (1.12)

Remark 1.5. Let q ∈ (1,2) and g ∈ Lq,1([0, T ]). For every 0 ⩽ T̂ < T̃ ⩽ T , then g ∈
Lq,1([T̂ , T̃ ]) and by [1, Corollary 7.28],

[g]
Lq,1([T̂ ,T̃ ]) ⩽ ‖g‖

Lq,1([T̂ ,T̃ ]) ⩽
q

q − 1
[g]

Lq,1([T̂ ,T̃ ]),

where

[g]
Lq,1([T̂ ,T̃ ]) =

∞ ∫
0 

r
1 
q
−1 inf{ς ⩾ 0 : Leb{t ∈ [T̂ , T̃ ] : |g(t)|> ς} ⩽ r}dr.

Notice that

Leb{t ∈ [T̂ , T̃ ] : |g(t)|> ς} ⩽ (T̂ − T̃ ), ∀ ς ⩾ 0,

then

inf{ς ⩾ 0 : Leb{t ∈ [T̂ , T̃ ] : |g(t)|> ς}⩽ r} = 0, ∀ r ⩾ T̃ − T̂ .

Therefore,

‖g‖
Lq,1([T̂ ,T̃ ]) ⩽

q

q − 1

T̃−T̂∫
0 

r
1 
q
−1 inf{ς ⩾ 0 : Leb{t ∈ [T̂ , T̃ ] : |g(t)|> ς}⩽ r}dr

⩽ q

q − 1

T̃−T̂∫
0 

r
1 
q
−1 inf{ς ⩾ 0 : Leb{t ∈ [0, T ] : |g(t)|> ς} ⩽ r}dr. (1.13)

Observe that the integrand in the last integral of (1.13) is integrable on [0, T ], by the absolute 
continuity of the Lebesgue integral, we conclude

lim 
T̂−T̃→0

‖g‖
Lq,1([T̂ ,T̃ ]) = 0, ∀ 0 ⩽ T̂ < T̃ ⩽ T . (1.14)

1.2. Main result

Before giving the main result, let us give another notion.

Definition 1.6. ([25, p. 114]) A stochastic flow of homeomorphisms on a given stochastic basis 
(Ω,F ,P , {Ft }0⩽t⩽T ) associated to SDE (1.1) is a map (s, t, x,ω) → Xs,t (x,ω), defined for 
0 ⩽ s ⩽ t ⩽ T , x ∈Rd , ω ∈Ω with values in Rd , such that

(i) the process {Xs,·(x)} = {Xs,t (x), t ∈ [s, T ]} is a continuous {Fs,t }s⩽t⩽T -adapted solution 
of SDE (1.1) for every s ∈ [0, T ] and x ∈Rd ;
7 
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(ii) P -a.s., Xs,t (·) is a homeomorphism, for all 0 ⩽ s ⩽ t ⩽ T , and the functions Xs,t (x) and 
X−1
s,t (x) are continuous in (s, t, x), where X−1

s,t (·) is the inverse of Xs,t (·);
(iii) P -a.s., Xs,t (x)=Xr,t (Xs,r (x)) for all 0 ⩽ s ⩽ r ⩽ t ⩽ T , x ∈ Rd and Xs,s(x)= x.

We are now state our main result.

Theorem 1.7. Let b ∈ Lq,1([0, T ];C
2 
q
−1

l (Rd ;Rd)) with q ∈ (1,2). Then there exists a unique 
stochastic flow of homeomorphisms {Xs,t (x), 0 ⩽ s ⩽ t ⩽ T , x ∈ Rd} to SDE (1.1). Moreover, 
Xs,t (·) and X−1

s,t (·) are weakly differentiable, a.s., and for every p ∈ [2,+∞),

sup 
x∈Rd

sup 
0⩽s⩽t⩽T

E
[‖∇Xs,t (x)‖p + ‖∇X−1

s,t (x)‖p
]
<+∞. (1.15)

Remark 1.8. Let q̆ ∈ (q,2) and q̄ ∈ (1, q). By (1.12), we have the following inclusion relation
ship:

Lq̆([0, T ];C
2 
q
−1

l (Rd))⫅ Lq,1([0, T ];C
2 
q
−1

l (Rd))⫅ Lq([0, T ];C
2 
q
−1

l (Rd))

⫅ Lq̄([0, T ];C
2 
q
−1

l (Rd)).

We expect the SDE (1.1) to be strongly well-posed when b belongs to the Lebesgue-Hölder 

space Lq([0, T ];C
2 
q
−1

l (Rd ;Rd))= Lq,q([0, T ];C
2 
q
−1

l (Rd ;Rd)). However, we cannot provide a 
definitive answer to whether this condition is sharp. Notably, if the drift exhibits low regular

ity growth in the supercritical Lebesgue-Hölder space, i.e. b ∈ Lq̄([0, T ];C
2 
q
−1

l (Rd ;Rd)), the 
corresponding SDE is strongly ill-posed (see (1.5)). Conversely, when b lies in the subcritical 

Lebesgue-Hölder space Lq̆([0, T ];C
2 
q
−1

l (Rd ;Rd)), a unique strong solution exists by adapting 
the argument analogues to [37, Theorem 1.2]. Therefore, our result is nearly optimal, despite the 
drift being only Lorentz integrable in the time variable with the first integrability index q .

1.3. Outline of the proof strategy for Theorem 1.7

We now provide a schematic overview of the proof methodology for our main result. To 
streamline the presentation, we restrict our attention to the case s = 0. The resolution hinges 
on the systematic application of Itô-Tanaka’s trick (or Zvonkin’s transformation). Consequently, 
the central challenge revolves around establishing rigorous a priori bounds for solutions to the 
following backward nonhomogeneous Kolmogorov equation:

⎧⎪⎪⎨
⎪⎪⎩
∂tU(t, x)+ 1

2ΔU(t, x)+ ∇U(t, x) · b(t, x)− λU(t, x)

= −b(t, x), (t, x) ∈ [0, T )×Rd,

U(t, x)|t=T = 0, x ∈Rd .

(1.16)

When the drift lies in the subcritical Lebesgue-Hölder space, i.e. b ∈ Lq([0, T ];Cαl (Rd ;Rd))

with α ∈ (0,1) and q ∈ (1,2/(1 + α)), by extending the analytical methodology in parallel to 
8 
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the framework established in [37, Theorem 2.3] and using the Sobolev embedding, we claim that 
U ∈ B([0, T ];C1(Rd;Rd)). Moreover,

sup 
0⩽t⩽T

‖∇U(t, ·)‖0 ⩽ C(α,d, q,‖b‖Lq([0,T ];Cα
l (R

d )))λ
−ε0, ε0 ∈ (0,1 + α − 2/q). (1.17)

If one takes λ large enough, then sup0⩽t⩽T ‖∇U(t, ·)‖0 < 1/2. Thus, Φ(t, x) = x + U(t, x)

forms a C1 diffeomorphism uniformly in t ∈ [0, T ]. Suppose Xt satisfies SDE (1.1), by applying 
Itô’s formula to the process Yt :=Xt +U(t,Xt ), we find that Yt satisfies{

dYt = λU(t,Ψ(t, Yt ))dt + [I + ∇U(t,Ψ(t, Yt ))]dWt , t ∈ (0, T ],
Yt |t=0 = y = x +U(0, x),

(1.18)

and vice versa, where Ψ(t, ·) = Φ−1(t, ·). By the equivalence between (1.1) and (1.18), the 
present authors in [37] established the strong well-posedness for SDE (1.1).

When dealing with the critical drift, i.e. b ∈ Lq([0, T ];C
2 
q

l (R
d ;Rd)) with q ∈ (1,2), we en

counter two principal difficulties. First, the Sobolev embedding theorem ceases to hold, preclud
ing us from obtaining C1-regularity estimates for U ; second, the parameter ε0 on the right-hand 
side of equation (1.17) vanishes, thereby preventing the construction of a diffeomorphism. To 
resolve the first challenge, we impose Lorentz regularity condition on the temporal component, 
while to address the second, we restrict the time domain to a sufficiently small interval. Specif
ically, we consider the Kolmogorov equation (1.16) with λ = 0 and small enough T , construct 
an equivalent SDE via the diffeomorphism Φ(t, x) = x + U(t, x), thereby establishing strong 
well-posedness for SDE (1.1).

For arbitrary T > 0, we partition the time interval [0, T ] into subintervals [Ti, Ti+1], 0 = T0 <

T1 < . . . < Tk−1 < Tk = T . On each subinterval [Ti, Ti+1], the absolute continuity of the integral 
(see (1.14)) ensures that the Lorentz-Hölder norm ‖b‖

Lq,1([Ti ,Ti+1];C
2 
q −1

l (Rd ))

is sufficiently small. 

If one considers a sequence of Kolmogorov equations:

{
∂tU

i(t, x)+ 1
2ΔUi(t, x)+ ∇Ui(t, x) · b(t, x)= −b(t, x), (t, x) ∈ [Ti, Ti+1)×Rd ,

Ui(t, x)|t=Ti+1 = 0, x ∈Rd ,
(1.19)

then max0⩽i⩽k−1 supTi⩽t⩽Ti+1
‖∇Ui(t, ·)‖0 < 1/2. Let U(t, x) = Ui(t, x) when t ∈ (Ti, Ti+1], 

i = 0,1, . . . , k−1. We set Φ(t, x)= x+U(t, x) and Ψ(t, x)=Φ−1(t, x). Then there is a unique 
strong solution to the following SDE:

dYt = (I + ∇U(t,Ψ(t, Yt ))dWt , t ∈ (0, T ], Yt |t=0 = y = x +U0(0, x). (1.20)

Thus SDE (1.1) is strongly well-posed and the unique strong solution is given by Xt =Ψ(t,Yt ).

Notations. The letter C denotes a positive constant, whose values may change in different places. 
For a parameter or a function ν̃, C(ν̃) means the constant is only dependent on ν̃, and we also 
write it as C if there is no confusion. We use ∇ to denote the gradient of a function with respect 
to the spatial variables. As usual, N is the set of positive natural numbers and N0 = N ∪ {0}. 
a.s. is the abbreviation of almost surely. For every R > 0, BR := {x ∈ Rd : |x| ⩽ R}. For a given 
Rn×n matrix-valued function Ξ with n ∈N , ‖Ξ‖ represents its Hilbert-Schmidt norm.
9 



J. Wei, J. Hu and C. Yuan Journal of Differential Equations 440 (2025) 113453 
2. Useful lemmas

Initially, we recall some useful properties about Lorentz-Hölder spaces. The first one is a 
generalization of Marcinkiewicz’s interpolation theorem for Lebesgue spaces (see [3, Theorems 
5.3.1 and 5.3.2]), where the functions were assumed to take real or complex values. We need 
a slight extension for this theorem to the case of functions taking values in a Banach space. 
Since the proof is the same except that we use the norm of the function instead of its modulus, 
we give the interpolation theorem without the proof. We then list some elementary properties 
for functions in Lorentz-Hölder spaces. In the following, we assume T̂ is a given positive real 
number.

Lemma 2.1. ([3, Theorems 5.3.1 and 5.3.2]) Let θ ∈ (0,1) and 1 < p1 < q < p2 ⩽ 2 such that 
1/q = (1 − θ)/p1 + θ/p2.

(i) For every α ∈ (0,1) and k ∈N0, the following interpolation holds:

[Lp1([0, T̂ ];Ck+α
l (Rd)),Lp2([0, T̂ ];Ck+α

l (Rd))]θ,1 = Lq,1([0, T̂ ];Ck+α
l (Rd)). (2.1)

(ii) Let T be a linear operator from

Lp1([0, T̂ ];C
2 
q
−1

l (Rd))+Lp2([0, T̂ ];C
2 
q
−1

l (Rd))

to

Lp1([0, T̂ ];C
2 
q
+1

l (Rd))+Lp2([0, T̂ ];C
2 
q
+1

l (Rd)).

If

T : Lpi ([0, T̂ ];C
2 
q
−1

l (Rd))→ Lpi ([0, T̂ ];C
2 
q
+1

l (Rd)), i = 1,2,

are bounded, then T is also bounded from

[Lp1([0, T̂ ];C
2 
q
−1

l (Rd)),Lp2([0, T̂ ];C
2 
q
−1

l (Rd))]θ,1

to

[Lp1([0, T̂ ];C
2 
q
+1

l (Rd)),Lp2([0, T̂ ];C
2 
q
+1

l (Rd))]θ,1.

Lemma 2.2. Let q ∈ (1,+∞), α ∈ (0,1) and k ∈N0. Let g be Borel measurable in [0, T ] ×Rd .
(i) ([4, Lemma 6.13]) Then g belongs to Lq([0, T̂ ];Ck+α

l (Rd)) if and only if it lies in 
Lq,q([0, T̂ ];Ck+α

l (Rd)). Moreover,

‖g‖
Lq([0,T̂ ];Ck+α(Rd ))

⩽ ‖g‖
Lq,q ([0,T̂ ];Ck+α(Rd ))

⩽ q ‖g‖
Lq([0,T̂ ];Ck+α(Rd ))

. (2.2)

l l q − 1 l

10 
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(ii) ([4, Lemma 6.17 (Calderón)]) Let 1 ⩽ q1 < q2 < +∞. If g ∈ Lq,q1([0, T̂ ];Ck+α
l (Rd)), 

then g ∈ Lq,q2([0, T̂ ];Ck+α
l (Rd)) and

‖g‖
Lq,q2 ([0,T̂ ];Ck+α

l (Rd ))
⩽

(q1

q

) 1 
q1

− 1 
q2 ‖g‖

Lq,q1 ([0,T̂ ];Ck+α
l (Rd ))

. (2.3)

(iii) ([4, Theorems 6.9 and 6.14]) Let q1, q
′
1 ∈ (1,+∞) and q2, q

′
2 ∈ [1,+∞] such that 

1/q1 + 1/q ′
1 = 1 and 1/q2 + 1/q ′

2 = 1. If h1 ∈ Lq1,q2([0, T̂ ]) and h2 ∈ Lq ′
1,q

′
2([0, T̂ ]), then 

h1h2 ∈ L1([0, T̂ ]) and

‖h1h2‖L1([0,T̂ ]) ⩽ ‖h1‖Lq1,q2 ([0,T̂ ])‖h2‖
L
q′
1,q

′
2 ([0,T̂ ]). (2.4)

We now introduce another useful lemma.

Lemma 2.3. ([10, Theorem 4.5.3]) (Hardy-Littlewood-Sobolev’s convolution inequality) Sup

pose φ(r) = |r|− 1 
a . Let 1 < p1 < p2 < +∞ such that 1/p1 + 1/a = 1 + 1/p2. If h ∈ Lp1(R), 

then h ∗ φ ∈ Lp2(R) and there is a positive constant C(p1, a) such that

‖h ∗ φ‖Lp2 (R) ⩽ C(p1, a)‖h‖Lp1 (R). (2.5)

Let b : [0, T̂ ] × Rd → Rd and f : [0, T̂ ] × Rd → R be Borel measurable functions. We 
discuss the following Kolmogorov equation for u : [0, T̂ ] ×Rd → R:

{
∂tu(t, x)= 1

2Δu(t, x)+ ∇u(t, x) · b(t, x)+ f (t, x), (t, x) ∈ (0, T̂ ] ×Rd,

u(t, x)|t=0 = 0, x ∈Rd .
(2.6)

If u ∈ L1([0, T̂ ];W 2,1
loc (R

d)) ∩ W 1,1([0, T̂ ];L1
loc(R

d)) such that (2.6) holds true for almost all 
(t, x) ∈ [0, T̂ ] × Rd , then the unknown function u is said to be a strong solution of (2.6). Let 
us establish the Lebesgue-Hölder maximum regularity estimates of solutions for the Cauchy 
problem (2.6).

Lemma 2.4. (Lebesgue-Hölder maximum regularity estimates) We assume that

b ∈ L∞([0, T̂ ];C
2 
q
−1

b (Rd;Rd)), f ∈ Lp([0, T̂ ];C
2 
q
−1

l (Rd)), q ∈ (1,2) and p ∈ (1,+∞).

Then there is a unique u ∈ Lp([0, T̂ ];C
2 
q
+1

l (Rd))∩W 1,p([0, T̂ ];C
2 
q
−1

l (Rd)) solving the Cauchy 
problem (2.6). Moreover, there is some positive constant C such that

‖∂tu‖
Lp([0,T̂ ];C

2 
q −1

l (Rd ))

+ ‖u‖
Lp([0,T̂ ];C

2 
q +1

l (Rd ))

⩽ C‖f ‖
Lp([0,T̂ ];C

2 
q −1

l (Rd ))

. (2.7)

Proof. By the method of continuity, it is sufficient to show the case of b ≡ 0, and now u can be 
represented by
11 
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u(t, x)=
t∫

0 

dr

∫
Rd

K(r, z)f (t − r, x − z)dz =
t∫

0 

dr

∫
Rd

K(t − r, x − z)f (r, z)dz, (2.8)

where K(r, z)= (2πr)− d
2 e− |z|2

2r .
If u satisfies

‖u‖
Lp([0,T̂ ];C

2 
q +1

l (Rd ))

⩽ C‖f ‖
Lp([0,T̂ ];C

2 
q −1

l (Rd ))

, (2.9)

then (2.7) holds mutatis mutandis. On the other hand, we obtain by (2.8) that

sup 
x∈Rd

|u(t, x)|
1 + |x| ⩽

t∫
0 

dr

∫
Rd

K(r, z) sup 
x∈Rd

[ |f (t − r, x − z)|
1 + |x − z| 

1 + |x − z|
1 + |x| 

]
dz

⩽
t∫

0 

dr

∫
Rd

K(r, z) sup 
x∈Rd

‖(1 + | · |)−1f (t − r, ·)‖0[1 + |z|]dz

⩽ C

t∫
0 

(1 + r
1
2 )‖(1 + | · |)−1f (t − r, ·)‖0dr,

which suggests

[ T̂∫
0 

‖(1 + | · |)−1u(t, ·)‖p0 dt
] 1 

p

⩽ C

[ T̂∫
0 

‖(1 + | · |)−1f (t, ·)‖p0 dt
] 1 

p

. (2.10)

For the gradient, we have

∇u(t, x)=
t∫

0 

dr

∫
Rd

∇K(t − r, x − z)[f (r, z)− f (r, x)]dz.

Thus,

T̂∫
0 

sup 
x∈Rd

|∇u(t, x)|pdt ⩽ 2p
T̂∫

0 

∣∣∣∣∣
t∫

0 

dr

∫
Rd

|∇K(t − r, z)|[f (r, ·)] 2 
q
−1(|z|

2 
q
−1 + |z|)dz

∣∣∣∣∣
p

dt

⩽ Cp

T̂∫ ∣∣∣∣∣
t∫
(1 + |t − r| 1 

q
−1
)[f (r, ·)] 2 

q
−1dr

∣∣∣∣∣
p

dt ⩽ Cp

T̂∫
[f (t, ·)]p2 

q
−1
dt, (2.11)
0 0 0 

12 
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where in the first and third inequalities we have used (1.6) and Young’s convolution inequality, 
respectively.

Similar calculations also imply

‖∇2u‖
Lp([0,T̂ ];L∞(Rd ))

⩽ C
∥∥[f (t, ·)] 2 

q
−1

∥∥
Lp([0,T̂ ]). (2.12)

For every x, y ∈Rd such that |x − y| ⩽ 1, by repeating all calculations of the proof for (3.10) in 
[16, Theorem 3.3], it yields to

( T̂∫
0 

sup 
0<|x−y|⩽1

|∇2u(t, x)− ∇2u(t, y)|p
|x − y| 2p

q
−p

dt

) 1 
p

⩽ C

( T̂∫
0 

sup 
0<|x−y|⩽1

|f (t, x)− f (t, y)|p
|x − y| 2p

q
−p

dt

) 1 
p

,

i.e.

( T̂∫
0 

[∇2u(t, ·)]p2 
q
−1
dt

) 1 
p

⩽ C

( T̂∫
0 

[f (t, ·)]p2 
q
−1
dt

) 1 
p

. (2.13)

In view of (2.10)--(2.13), (2.9) holds true. �
Remark 2.5. Let p and q be stated in Lemma 2.4. In [16, Theorems 3.1 and 3.3], by using a 
Banach-space version of the Calderón-Zygmund theorem, Krylov proved the following estimate:

(∫
R 

sup 
x �=y

|∇2ũ(t, x)− ∇2ũ(t, y)|p
|x − y| 2p

q
−p

dt

) 1 
p

⩽ C

(∫
R 

sup 
x �=y

|f̃ (t, x)− f̃ (t, y)|p
|x − y| 2p

q
−p

dt

) 1 
p

, (2.14)

where f̃ ∈ C∞
0 (Rd+1) and ũ satisfies

∂t ũ(t, x)= 1

2
Δũ(t, x)− λũ(t, x)+ f̃ (t, x), (t, x) ∈R×Rd , λ > 0.

If one restricts the compact support of f̃ , as a function of the time variable, to [0, T̂ ], esti
mate (2.14) remains valid even for λ = 0. On the other hand, C∞

0 ([0, T ] × Rd) is dense in 

Lp([0, T̂ ];C
2 
q
−1

b (Rd)), by the extension, (2.14) holds ad hoc for every f̃ ∈ Lp([0, T̂ ];C
2 
q
−1

b (Rd)). 
In particular, if ũ vanishes when t = 0, then

( T̂∫
0 

sup 
x �=y

|∇2ũ(t, x)− ∇2ũ(t, y)|p
|x − y| 2p

q
−p

dt

) 1 
p

⩽ C

( T̂∫
0 

sup 
x �=y

|f̃ (t, x)− f̃ (t, y)|p
|x − y| 2p

q
−p

dt

) 1 
p

, (2.15)

where f̃ ∈ Lp([0, T̂ ];C
2 
q
−1
(Rd)) and ũ satisfies
b

13 
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∂t ũ(t, x)= 1

2
Δũ(t, x)+ f̃ (t, x), (t, x) ∈ (0, T̂ ] ×Rd, ũ(t, x)|t=0 = 0, x ∈Rd .

We now use sup0<|x−y|⩽1 instead of supx �=y in (2.15) and repeat the same manipulations as in 
the proof of (2.15), then get (2.13). Since the proof is trivial, we omit the details.

3. Lorentz-Schauder estimates

In this section, let us establish the Lorentz-Schauder estimates for the Kolmogorov equation 
(2.6).

Theorem 3.1. Let T̂ ∈ (0,1) be small enough, and let

f ∈ Lq,1([0, T̂ ];C
2 
q
−1

l (Rd)), b ∈ Lq,1([0, T̂ ];C
2 
q
−1

l (Rd ;Rd)), q ∈ (1,2).

Then it holds that:
(i) (Existence and uniqueness) There is a unique strong solution u to (2.6). Moreover, u ∈

H2,∞
q,0,T̂

with

H2,∞
q,0,T̂

= {v ∈ B([0, T̂ ];C(Rd));∇v ∈ B([0, T̂ ];Cb(Rd ;Rd)), |∇2v| ∈ L2([0, T̂ ];L∞(Rd)),

∂t v ∈ Lq([0, T̂ ];L∞
loc(R

d)) and ‖(1 + | · |)−1∂tv(t, ·)‖Lq([0,T̂ ];L∞(Rd ))
<+∞}, (3.1)

where C(Rd) denotes all continuous functions on Rd , Cb(Rd ;Rd) denotes all bounded con
tinuous functions from Rd to Rd , and B([0, T̂ ]) is the set of all bounded functions on [0, T̂ ]. 
Furthermore, there is a positive constant C(d, q) such that

‖(1 + | · |)−1∂tu(t, ·)‖Lq([0,T̂ ];L∞(Rd ))
+ ‖∇2u‖

L2([0,T̂ ];L∞(Rd ))

⩽ C(d, q)‖f ‖
Lq,1([0,T̂ ];C

2 
q −1

l (Rd ))

(3.2)

and

sup 
0⩽t⩽T̂

‖∇u(t, ·)‖0 = sup 
(t,x)∈[0,T̂ ]×Rd

|∇u(t, x)|

⩽ min
{
C(d, q)

∥∥[f (t, ·)] 2 
q
−1

∥∥
Lq,1([0,T̂ ]),

1

2

}
. (3.3)

(ii) (Stability) Let ρ be a symmetric regularizing kernel, that is

ρ(x)= ρ(−x) with 0 ⩽ ρ ∈ C∞
0 (Rd), supp(ρ)⊂ B1, 

∫
Rd

ρ(x)dx = 1.

For m ∈ N , we set ρm(x)=mdρ(mx) and
14 
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⎧⎪⎨
⎪⎩
bm(t, x)= b ∗ ρm(t, x)= ∫

Rd

b(t, x − y)ρm(y)dy,

fm(t, x)= f ∗ ρm(t, x)= ∫
Rd

f (t, x − y)ρm(y)dy.
(3.4)

Let um be the unique strong solution of (2.6) with b and f replaced by bm and fm, re
spectively. Then um ∈ H2,∞

q,0,T̂
and satisfies (3.2)--(3.3) uniformly in m. Moreover, um − u ∈

B([0, T̂ ];C1
b(R

d)) and for every p ∈ [2,+∞), we have

lim 
m→+∞

[
sup 

0⩽t⩽T̂

‖um(t, ·)− u(t, ·)‖0 + ‖∇um − ∇u‖
Lp([0,T̂ ];Cb(Rd ))

]
= 0. (3.5)

Proof. We extend b from [0, T̂ ] to (−∞, T̂ ] and define it by 0 for t < 0. Let � be a regularizing 
kernel:

0 ⩽ � ∈ C∞
0 (R), supp(�)⊂ [0,1], 

∫
R 

�(r)dr = 1.

For n ∈ N , we set �n(r)= n�(nr) and smooth b in the time variable by �n:

bn(t, x)= (b(·, x) ∗ �n)(t)=
∫
R 

b(t − r, x)�n(r)dr.

For R > 0, we set bnR(t, x)= bn(t, xχR(x)), where χR(x)= χ(x/R) and

χ ∈ C∞
0 (Rd), 0 ⩽ χ ⩽ 1, |χ ′| ⩽ 2 and χ(x)=

{
1, if x ∈ B1,

0, if x ∈ Rd \B2.
(3.6)

Then bnR ∈ L∞([0, T̂ ];C
2 
q
−1

b (Rd ;Rd)) and there exists a (unlabelled) subsequence such that

lim 
n→+∞ lim 

R→+∞|bnR(t, x)− b(t, x)| = 0, a.e. (t, x) ∈ [0, T̂ ] ×Rd . (3.7)

Moreover,

‖(1 + | · |)−1bnR(t, ·)‖Lq,1([0,T̂ ];Cb(Rd ))
⩽ ‖(1 + | · |)−1b(t, ·)‖

Lq,1([0,T̂ ];Cb(Rd ))
. (3.8)

For every x, y ∈Rd such that |x − y|⩽ 1 and every R ⩾ 1, by (3.6) it follows that

|xχR(x)− yχR(y)| ⩽
[|x − y| + |y||χR(x)− χR(y)|

]
⩽ |x − y|[1 + sup 

τ∈[0,1]
|χ ′

R(τx + (1 − τ)y)|] ⩽ 3|x − y|, (3.9)

which also implies
15 
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|xχR(x)− yχR(y)| = |xχR(x)− yχR(y)|2− 2 
q |xχR(x)− yχR(y)|

2 
q
−1

⩽ 3|xχR(x)− yχR(y)|
2 
q
−1
. (3.10)

Due to (1.6), (3.9) and (3.10), then

∥∥[bnR(t, ·)] 2 
q
−1

∥∥
Lq,1([0,T̂ ]) =

∥∥∥∥∥ sup 
0<|x−y|⩽1

|bnR(t, x)− bnR(t, y)|
|x − y| 2 

q
−1

∥∥∥∥∥
Lq,1([0,T̂ ])

⩽ 6
∥∥[b(t, ·)] 2 

q
−1

∥∥
Lq,1([0,T̂ ]) sup 

0<|x−y|⩽1

|xχR(x)− yχR(y)|
2 
q
−1

|x − y| 2 
q
−1

⩽ 18
∥∥[b(t, ·)] 2 

q
−1

∥∥
Lq,1([0,T̂ ]). (3.11)

Let f̃ ∈ Lp([0, T̂ ];C
2 
q
−1

l (Rd)) with p ∈ (1,2]. Consider the following Kolmogorov equation:

{
∂tu

n
R(t, x)= 1

2ΔunR(t, x)+ ∇unR(t, x) · bnR(t, x)+ f̃ (t, x), (t, x) ∈ (0, T̂ ] ×Rd ,

unR(t, x)|t=0 = 0, x ∈Rd .
(3.12)

In view of Lemma 2.4, there exists a unique

unR ∈ Lp([0, T̂ ];C
2 
q
+1

l (Rd))∩W 1,p([0, T̂ ];C
2 
q
−1

l (Rd))

solving the Cauchy problem (3.12), and there is some positive constant C(n,R) such that

‖∂tunR‖
Lp([0,T̂ ];C

2 
q −1

l (Rd ))

+ ‖unR‖
Lp([0,T̂ ];C

2 
q +1

l (Rd ))

⩽ C(n,R)‖f̃ ‖
Lp([0,T̂ ];C

2 
q −1

l (Rd ))

. (3.13)

We define the solution mapping T by T f̃ = unR . By (3.13),

T : Lp([0, T̂ ];C
2 
q
−1

l (Rd))→ Lp([0, T̂ ];C
2 
q
+1

l (Rd)), ∀ p ∈ (1,2],
is linear and bounded. Let θ ∈ (0,1) and 1 < p1 < q < p2 ⩽ 2 such that 1/q = (1 − θ)/p1 +
θ/p2. With the help of Lemma 2.1 (i) and (ii), T is also bounded from Lq,1([0, T̂ ];C

2 
q
−1

l (Rd))

to Lq,1([0, T̂ ];C
2 
q
+1

l (Rd)). In view of Lemma 2.2 (i) and (ii), we have the following inclusion:

Lq,1([0, T̂ ];C
2 
q
−1

l (Rd))⊂ Lq([0, T̂ ];C
2 
q
−1

l (Rd)).

Thus there is a unique

unR ∈ Lq,1([0, T̂ ];C
2 
q
+1

l (Rd))∩W 1,q ([0, T̂ ];C
2 
q
−1

l (Rd))

solving the following Cauchy problem:
16 
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{
∂tu

n
R(t, x)= 1

2ΔunR(t, x)+ ∇unR(t, x) · bnR(t, x)+ f (t, x), (t, x) ∈ (0, T̂ ] ×Rd ,

unR(t, x)|t=0 = 0, x ∈Rd ,
(3.14)

which satisfies

‖unR‖
Lq,1([0,T̂ ];C1+ 2 

q
l (Rd ))

⩽ C(n,R)‖f ‖
Lq,1([0,T̂ ];C

2 
q −1

l (Rd ))

.

Therefore, unR ∈ Lq,1([0, T̂ ];C
2 
q
+1

l (Rd)), ∂tu
n
R ∈ Lq,1([0, T̂ ];C

2 
q
−1

l (Rd)) and

‖∂tunR‖
Lq,1([0,T̂ ];C

2 
q −1

l (Rd ))

+ ‖unR‖
Lq,1([0,T̂ ];C1+ 2 

q
l (Rd ))

⩽ C(n,R)‖f ‖
Lq,1([0,T̂ ];C

2 
q −1

l (Rd ))

. (3.15)

On the other hand, by the heat kernel representation, the unique strong solution has the fol
lowing equivalent form:

unR(t, x)=
t∫

0 

dr

∫
Rd

K(t − r, x − y)
[∇unR(r, y) · bnR(r, y)+ f (r, y)

]
dy. (3.16)

Let x̂ ∈Rd . Consider the following ordinary differential equation (ODE for short):

ẋt = −bnR(t, x̂ + xt ), xt |t=0 = 0. (3.17)

There is a unique solution to (3.17). By setting ûnR(t, x) := unR(t, x+ x̂+xt ), f̂ (t, x) := f (t, x+
x̂ + xt ) and b̂nR(t, x) := bnR(t, x + x̂ + xt )− bnR(t, x̂ + xt ), one derives

ûnR(t, x)=
t∫

0 

dr

∫
Rd

K(t − r, x − y)
[∇ûnR(r, y) · b̂nR(r, y)+ f̂ (r, y)

]
dy. (3.18)

Consequently,

|∇ûnR(t,0)|

=
∣∣∣∣∣

t∫
0 

dr

∫
Rd

∇K(t − r, y)
[∇ûnR(r, y) · b̂nR(r, y)+ f̂ (r, y)− f̂ (r,0)

]
dy

∣∣∣∣∣

⩽ 2

t∫
0 

dr

∫
Rd

|∇K(t − r, y)|
{
[bnR(r, ·)] 2 

q
−1‖∇unR(r, ·)‖0 + [f (r, ·)] 2 

q
−1

}

×[
1|y|⩽1|y| 2 

q
−1 + |y|1|y|>1

]
dy

⩽ C(d, q)

t∫ {
[bnR(r, ·)] 2 

q
−1‖∇unR(r, ·)‖0 + [f (r, ·)] 2 

q
−1

}[
1 + (t − r)

1 
q
−1]

dr
0 

17 
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⩽ C(d, q)
{∥∥[bnR(t, ·)] 2 

q
−1

∥∥
L∞([0,T̂ ])‖∇unR‖

Lq,1([0,T̂ ];Cb(Rd ))
+ ∥∥[f (t, ·)] 2 

q
−1

∥∥
Lq,1([0,T̂ ])

}
,

(3.19)

where in the last inequality we have used (2.3) and (2.4) since (t − ·) 1 
q
−1 ∈ L

q
q−1 ,∞([0, t]) and 

‖(t − ·) 1 
q
−1‖

L
q

q−1 ,∞([0,t])
= 1.

Observe that x̂ ∈ Rd is arbitrary, we conclude from (3.19) and (3.15) that |∇unR| ∈
L∞([0, T̂ ] ×Rd). This, together with (3.11) and the second inequality in (3.19), also implies

sup 
0⩽t⩽T̂

‖∇unR(t, ·)‖0 ⩽ C(d, q)
{∥∥[b(t, ·)] 2 

q
−1

∥∥
Lq,1([0,T̂ ]) sup 

0⩽t⩽T̂

‖∇unR(t, ·)‖0

+∥∥[f (t, ·)] 2 
q
−1

∥∥
Lq,1([0,T̂ ])

}
. (3.20)

Notice that T̂ is small enough, by (1.14) one has

max{C(d, q),1} × max
{
‖b‖

Lq,1([0,T̂ ];C
2 
q −1

l (Rd ))

,‖f ‖
Lq,1([0,T̂ ];C

2 
q −1

l (Rd ))

}
⩽ 1

3
, (3.21)

which, together with (3.20), yields that there exists a new constant C(d, q) such that

sup 
0⩽t⩽T̂

‖∇unR(t, ·)‖0 ⩽ min
{
C(d, q)

∥∥[f (t, ·)] 2 
q
−1

∥∥
Lq,1([0,T̂ ]),

1

2

}
. (3.22)

By (3.16), we get

|unR(t, x)| ⩽
t∫

0 

dr

∫
Rd

K(t − r, y)
[
1 + |x| + |y|][‖(1 + | · |)−1f (r, ·)‖0

+‖(1 + | · |)−1bnR(r, ·)‖0 sup 
0⩽r⩽T̂

‖∇unR(r, ·)‖0

]
dy.

Therefore,

sup 
0⩽t⩽T̂

sup 
x∈Rd

|unR(t, x)|
1 + |x| 

⩽ C(d)

T̂∫
0 

[
1 + (T̂ − r)

1
2
][‖(1 + | · |)−1bnR(r, ·)‖0 + ‖(1 + | · |)−1f (r, ·)‖0

]
dr

⩽ C(d, q)
[
‖b‖

Lq,1([0,T̂ ];C
2 
q −1

l (Rd ))

+ ‖f ‖
Lq,1([0,T̂ ];C

2 
q −1

l (Rd ))

]
, (3.23)

where in the last inequality we have used Hölder’s inequality, (2.2), (2.3) and (3.8).
18 
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For the second derivatives of unR(t, x), we get an analogue of (3.19) that

|∇2ûnR(t,0)| ⩽ C(d)

t∫
0 

dr

∫
Rd

|∇2K(t − r, y)|
{
[bnR(r, ·)] 2 

q
−1 + [f (r, ·)] 2 

q
−1

}

×[
1|y|⩽1|y| 2 

q
−1 + |y|1|y|>1

]
dy

⩽ C(d)

t∫
0 

{
[bnR(r, ·)] 2 

q
−1 + [f (r, ·)] 2 

q
−1

}[
(t − r)

1 
q
− 3

2 + (t − r)−
1
2
]
dr,

which suggests that

‖∇2unR‖
L2([0,T̂ ];L∞(Rd ))

⩽ C(d, q)
[
‖b‖

Lq,1([0,T̂ ];C
2 
q −1

l (Rd ))

+ ‖f ‖
Lq,1([0,T̂ ];C

2 
q −1

l (Rd ))

]
, (3.24)

if one uses (2.5) first, (2.2) next and (2.3) third.
Further, by (3.14) and (3.22)--(3.24), then ∂tunR ∈ Lq([0, T̂ ];L∞

loc(R
d)) and there is a positive 

constant C(d, q) such that

‖(1 + | · |)−1∂tu
n
R(t, ·)‖Lq([0,T̂ ];L∞(Rd ))

⩽ C(d, q)
[
‖∇2unR‖

L2([0,T̂ ];L∞(Rd ))
+ ‖(1 + | · |)−1f (t, ·)‖

Lq([0,T̂ ];Cb(Rd ))

+ sup 
0⩽t⩽T̂

‖∇unR(t, ·)‖0‖(1 + | · |)−1bnR(t, ·)‖Lq([0,T̂ ];Cb(Rd ))

]

⩽ C(d, q)
[
‖b‖

Lq,1([0,T̂ ];C
2 
q −1

l (Rd ))

+ ‖f ‖
Lq,1([0,T̂ ];C

2 
q −1

l (Rd ))

]
. (3.25)

On account of (3.22)--(3.25) and (3.14), there exists a (unlabelled) subsequence unR and a mea

surable function u ∈ H̃2,∞
q,0,T̂

:

H̃2,∞
q,0,T̂

= {v ∈ B([0, T̂ ];L∞
loc(R

d)); |∇v| ∈ B([0, T̂ ] ×Rd), |∇2v| ∈ L2([0, T̂ ];L∞(Rd)),

∂t v ∈ Lq([0, T̂ ];L∞
loc(R

d)) and ‖(1 + | · |)−1∂tv(t, ·)‖Lq([0,T̂ ];L∞(Rd ))
<+∞}, 

such that unR(t, x) → u(t, x) for every (t, x) ∈ [0, T̂ ] × Rd and ∇unR(t, x) → ∇u(t, x) for a.e. 
(t, x) ∈ [0, T̂ ] ×Rd , as R and n tend to infinity in turn. Moreover, (3.2)--(3.3) hold for u, and by 
(3.7) and (3.16), u satisfies

u(t, x)=
t∫
dr

∫
d

K(t − r, x − y)
[∇u(r, y) · b(r, y)+ f (r, y)

]
dy.
0 R

19 
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which suggests u satisfies (2.6). Therefore, u is a strong solution. On the other hand, |∇2u| ∈
L2([0, T̂ ];L∞(Rd)) and |∇u| ∈ B([0, T̂ ] ×Rd), we get ∇u ∈ B([0, T̂ ];Cb(Rd ;Rd)). Whence, 
u ∈H2,∞

q,0,T̂
.

Now let us prove the uniqueness. Observing that the equation is linear, it suffices to prove that 
u≡ 0 for the following homogeneous Cauchy problem:

{
∂tu(t, x)= 1

2Δu(t, x)+ ∇u(t, x) · b(t, x), (t, x) ∈ (0, T̂ ] ×Rd,

u(t, x)|t=0 = 0, x ∈ Rd .

For the above Cauchy problem, by using analogues of (3.20) and (3.21) for ∇u, we deduce

sup 
0⩽t⩽T̂

‖∇u(t, ·)‖0 ⩽
1

3
sup 

0⩽t⩽T̂

‖∇u(t, ·)‖0,

and then get ∇u≡ 0, which leads to u≡ 0 by a similar argument as in (3.23).
(ii) Let um be the unique strong solution of (2.6) with b and f replaced by bm and fm, 

respectively. Then um ∈ H2,∞
q,0,T̂

and satisfies (3.2)--(3.3) uniformly in m. It remains to check 

um − u ∈ B([0, T̂ ] ×Rd) and (3.5) holds.
Let vm = um − u. Then vm satisfies

{
∂tvm(t, x)= 1

2Δvm(t, x)+ ∇vm(t, x) · bm(t, x)+ Fm(t, x), (t, x) ∈ (0, T̂ ] ×Rd,

vm(t, x)|t=0 = 0, x ∈Rd,

where Fm(t, x)= fm(t, x)− f (t, x)+ ∇u(t, x) · (bm(t, x)− b(t, x)).
Observe that⎧⎨

⎩
∥∥[fm(t, ·)− f (t, ·)] 2 

q
−1

∥∥
Lq,1([0,T̂ ]) ⩽ 2

∥∥[f (t, ·)] 2 
q
−1

∥∥
Lq,1([0,T̂ ]),∥∥[bm(t, ·)− b(t, ·)] 2 

q
−1

∥∥
Lq,1([0,T̂ ]) ⩽ 2

∥∥[b(t, ·)] 2 
q
−1

∥∥
Lq,1([0,T̂ ]),

and ⎧⎪⎪⎨
⎪⎪⎩

∥∥‖fm(t, ·)− f (t, ·)‖0
∥∥
Lq,1([0,T̂ ])

⩽
∥∥[f (t, ·)] 2 

q
−1

∥∥
Lq,1([0,T̂ ])

∫
Rd

|z| 2 
q
−1
ρm(z)dz,∥∥‖bm(t, ·)− b(t, ·)‖0

∥∥
Lq,1([0,T̂ ])

⩽
∥∥[b(t, ·)] 2 

q
−1

∥∥
Lq,1([0,T̂ ])

∫
Rd

|z| 2 
q
−1
ρm(z)dz,

then

fm − f ∈ Lq,1([0, T̂ ];C
2 
q
−1

b (Rd)) and bm − b ∈ Lq,1([0, T̂ ];C
2 
q
−1

b (Rd ;Rd)).

Moreover, for every 0 < ε < 1/q − 1/2,

lim 
m→+∞‖fm − f ‖

q,1 ˆ 2 
q −1−2ε

d

= lim 
m→+∞‖bm − b‖

q,1 ˆ 2 
q −1−2ε

d

= 0. (3.26)

L ([0,T ];Cb (R )) L ([0,T ];Cb (R ))
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Let x̂ ∈ Rd and xmt be the unique solution of the ODE ẋmt = −bm(t, x̂ + xmt ) starting from 
zero. We set v̂m(t, x) := vm(t, x + x̂ + xmt ), b̂m(t, x) := bm(t, x + x̂ + xmt )− bm(t, x̂ + xmt ) and 
F̂m(t, x) := Fm(t, x + x̂ + xmt ), then

v̂m(t, x)=
t∫

0 

dr

∫
Rd

K(t − r, x − y)
[∇v̂m(r, y) · b̂m(r, y)+ F̂m(r, y)

]
dy. (3.27)

We then get an analogue of (3.19) that

|∇v̂m(t,0)|

⩽
t∫

0 

dr

∫
Rd

|∇K(t − r, y)|
{
[bm(r, ·)] 2 

q
−1‖∇vm(r, ·)‖0[1|y|⩽1|y| 2 

q
−1 + |y|1|y|>1]

+[Fm(r, ·)] 2 
q
−1−2ε |y| 2 

q
−1−2ε

}
dy

⩽ C

t∫
0 

[b(r, ·)] 2 
q
−1‖∇vm(r, ·)‖0[1 + (t − r)

1 
q
−1]dr +C

t∫
0 

{
[fm(r, ·)− f (r, ·)] 2 

q
−1−2ε

+‖bm(r, ·)− b(r, ·)‖
C

2 
q −1−2ε

b

‖∇u(r, ·)‖
C

2 
q −1−2ε

b

}
(t − r)

1 
q
−1−ε

dr =: I1(t)+ I2(t). (3.28)

With the help of (2.5), Hölder’s inequality, (2.2) and (2.3), we get

‖I2‖L2([0,T̂ ]) ⩽ C
∥∥[fm(t, ·)− f (t, ·)] 2 

q
−1−2ε

∥∥
Lq̂([0,T̂ ])

+C

∥∥∥‖bm(t, ·)− b(t, ·)‖
C

2 
q −1−2ε

b

‖∇u(t, ·)‖
C

2 
q −1−2ε

b

∥∥∥
Lq̂([0,T̂ ])

⩽ C‖fm − f ‖
Lq([0,T̂ ];C

2 
q −1−2ε

b (Rd ))

+C‖bm − b‖
Lq([0,T̂ ];C

2 
q −1−2ε

b (Rd ))

‖∇u‖
Lq̃([0,T̂ ];C

2 
q −1−2ε

b (Rd ))

⩽ C‖fm − f ‖
Lq,1([0,T̂ ];C

2 
q −1−2ε

b (Rd ))

+C‖bm − b‖
Lq,1([0,T̂ ];C

2 
q −1−2ε

b (Rd ))

‖∇u‖
Lq̃([0,T̂ ];C

2 
q −1−2ε

b (Rd ))

, (3.29)

where q̂ = 2q/(q + 2 − 2qε) and q̃ = 2/(1 − 2ε).
Notice that

∇u ∈ B([0, T̂ ];Cb(Rd ;Rd))∩L2([0, T̂ ];W 1,∞(Rd ;Rd)),

by (3.2) and (3.3), we obtain
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‖∇u‖
Lq̃([0,T̂ ];C

2 
q −1−2ε

b (Rd ))

= ‖∇u‖
Lq̃([0,T̂ ];Cb(Rd ))

+ ∥∥[∇u(t, ·)] 2 
q
−1−2ε

∥∥
Lq̃([0,T̂ ])

⩽ C‖∇u‖
L∞([0,T̂ ];Cb(Rd ))

+C‖∇2u‖
2−q−2εq

q

L2([0,T̂ ];L∞(Rd ))
‖∇u‖

2q+2εq−2
q

L∞([0,T̂ ];Cb(Rd ))

⩽ C‖f ‖
Lq,1([0,T̂ ];C

2 
q −1

l (Rd ))

.

This, together with (3.29), yields that

‖I2‖L2([0,T̂ ]) ⩽ C
[
‖fm − f ‖

Lq,1([0,T̂ ];C
2 
q −1−2ε

b (Rd ))

+ ‖bm − b‖
Lq,1([0,T̂ ];C

2 
q −1−2ε

b (Rd ))

]
. (3.30)

For I1, we get an analogue of (3.30) that

‖I1‖L2([0,T̂ ]) ⩽ C(d, q)‖b‖
Lq,1([0,T̂ ];C

2 
q −1

l (Rd ))

‖∇vm‖
L2([0,T̂ ];Cb(Rd ))

⩽ 1

3
‖∇vm‖

L2([0,T̂ ];Cb(Rd ))
, (3.31)

where in the last inequality we have used the fact T̂ is sufficiently small (see (3.21)).
Combining (3.28), (3.30) and (3.31), one arrives at

‖∇vm‖
L2([0,T̂ ];Cb(Rd ))

⩽ C
[
‖fm − f ‖

Lq,1([0,T̂ ];C
2 
q −1−2ε

b (Rd ))

+ ‖bm − b‖
Lq,1([0,T̂ ];C

2 
q −1−2ε

b (Rd ))

]
, (3.32)

which also implies

lim 
m→+∞‖∇vm‖

Lp([0,T̂ ];Cb(Rd ))

⩽ lim 
m→+∞

[
‖∇vm‖

2 
p

L2([0,T̂ ];Cb(Rd ))
‖∇vm‖1− 2 

p

L∞([0,T̂ ];Cb(Rd ))

]

⩽ C lim 
m→+∞

[
‖fm − f ‖

Lq,1([0,T̂ ];C
2 
q −1−2ε

b (Rd ))

+ ‖bm − b‖
Lq,1([0,T̂ ];C

2 
q −1−2ε

b (Rd ))

] 2 
p = 0 (3.33)

for every p > 2, where in the second line we have used an interpolation inequality for Lebesgue 
spaces, and in the third line we have used (3.32) and the fact that ∇um satisfies (3.3) uniformly 
in m, and in the last identity we used (3.26).

We use (3.27) again to get an upper bound for ‖vm(t, ·)‖0 that

C

t∫
dr

∫
d

K(t − r, y)
{
[bm(r, ·)] 2 

q
−1‖∇vm(r, ·)‖0[1|y|⩽1|y| 2 

q
−1 + |y|1|y|>1] + [Fm(r, ·)]0

}
dy.
0 R
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This, together with the estimate (3.32) and an interpolation inequality for Lebesgue spaces, yields 
that

‖vm(t, ·)‖0 ⩽ C
[
‖b‖

Lq,1([0,T̂ ];C
2 
q −1

l (Rd ))

‖∇vm‖
L

q
q−1 ([0,T̂ ];Cb(Rd ))

+ ‖fm − f ‖
Lq,1([0,T̂ ];Cb(Rd ))

+‖∇u‖
L

q
q−1 ([0,T̂ ];Cb(Rd ))

‖bm − b‖
Lq,1([0,T̂ ];Cb(Rd ))

]

⩽ C
[
‖fm − f ‖

Lq,1([0,T̂ ];C
2 
q −1−2ε

b (Rd ))

+ ‖bm − b‖
Lq,1([0,T̂ ];C

2 
q −1−2ε

b (Rd ))

]2− 2 
q

+C
[
‖fm − f ‖

Lq,1([0,T̂ ];Cb(Rd ))
+ ‖bm − b‖

Lq,1([0,T̂ ];Cb(Rd ))

]
,

which suggests vm ∈ B([0, T̂ ];Cb(Rd)) and

lim 
m→+∞ sup 

0⩽t⩽T̂

‖vm(t, ·)‖0 = 0. (3.34)

Combining (3.33) and (3.34), we complete the proof. �
4. Proof of Theorem 1.7

Let C(d, q) be given in Theorem 3.1 (i). By (1.14), there exists a positive integer k ∈ N , 
which is greater than T , such that

C(d, q) sup 
0⩽i⩽k−1

‖b‖
Lq,1([Ti ,Ti+1];C

2 
q −1

l (Rd ))

⩽ 1

4
, (4.1)

where Ti = iT /k, i = 0,1, . . . , k. Firstly, we assume s ∈ [0, T1) and prove the conclusions on 
[0, T1].

Consider the following vector-valued Cauchy problem:

{
∂tU

0(t, x)+ 1
2ΔU0(t, x)+ ∇U0(t, x) · b(t, x)= −b(t, x), (t, x) ∈ [0, T1)×Rd,

U0(t, x)|t=T1 = 0, x ∈ Rd .
(4.2)

Since b ∈ Lq,1([0, T ];C
2 
q
−1

l (Rd ;Rd)) and (4.1) holds, in view of Theorem 3.1, there is a unique 
U0 ∈ (H2,∞

q,0,T1
)d (see (3.1)) solving the Cauchy problem (4.2), which satisfies

sup 
0⩽t⩽T1

‖∇U0(t, ·)‖0 ⩽
1

4
and ‖∇2U0‖L2([0,T1];L∞(Rd )) ⩽

1

4
. (4.3)

Let Φ0(t, x) = x + U0(t, x). By (4.3), Φ forms a diffeomorphism of class C1 uniformly in t ∈
[0, T1]. In addition,
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3

4
⩽ sup 

0⩽t⩽T1

‖∇Φ0(t, ·)‖0 ⩽
5

4
and

4

5
⩽ sup 

0⩽t⩽T1

‖∇Ψ0(t, ·)‖0 ⩽
4

3
, (4.4)

where Ψ0(t, ·)= [Φ0(t, ·)]−1 =:Φ0,−1(t, ·).
For 0 < ε < 1 and t ∈ [0, T1], define

U0
ε (t, x)= 1

ε

t+ε∫
t

U0(r, x)dr =
1 ∫

0 

U0(t + rε, x)dr,

then for every x ∈ Rd , as ε tends to 0,

⎧⎪⎪⎨
⎪⎪⎩
U0
ε (t, x)−→U0(t, x), ∀ t ∈ [0, T1],

(∂tU
0
ε (t, x),∇U0

ε (t, x),∇2U0
ε (t, x))

−→ (∂tU
0(t, x),∇U0(t, x),∇2U0(t, x)), a.e. t ∈ [0, T1].

(4.5)

We set Φ0
ε(t, x)= x +U0

ε (t, x), where U0(t, x) :=U0(T1, x)= 0 when t > T1. Suppose X0
s,t is 

a strong solution of the following SDE:

dX0
s,t (x)= b(t,X0

s,t (x))dt + dWt, t ∈ (s, T1], X0
s,t (x)|t=s = x, (4.6)

in light of Itô’s formula (see [17, Theorem 3.7]), then

Φ0
ε(t,X

0
s,t (x))=Φ0

ε(s, x)+
t∫

s

∂rU
0
ε (r,X

0
s,r (x))dr + 1

2

t∫
s

ΔU0
ε (r,X

0
s,r (x))dr

+
t∫

s

∇U0
ε (r,X

0
s,r (x)) · b(r,X0

s,r (x))dr +
t∫

s

b(r,X0
s,r (x))dr

+
t∫

s

[I + ∇U0
ε (r,X

0
s,r (x))]dWr. (4.7)

By (4.5), (4.7) and Lebesgue’s dominated convergence theorem, one has

Φ0(t,X0
s,t (x))=Φ0(s, x)+

t∫
s

∂rU
0(r,X0

s,r (x))dr +
t∫

s

∇U0(r,X0
s,r (x)) · b(r,X0

s,r (x))dr

+1

2

t∫
s

ΔU0(r,X0
s,r (x))dr +

t∫
s

b(r,X0
s,r (x))dr +

t∫
s

[I + ∇U0(r,X0
s,r (x))]dWr

=Φ0(s, x)+
t∫
[I + ∇U0(r,X0

s,r (x))]dWr, (4.8)
s
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where in the second identity we have used the fact that U0(t, x) satisfies the Cauchy problem 
(4.2).

Denote Y 0
s,t (y)=Φ0(t,X0

s,t (x)), it follows from (4.8) that

{
dY 0

s,t (y)= [I + ∇U0(t,Ψ0(t, Y 0
s,t (y)))]dWt =: σ̃ 0(t, Y 0

s,t (y))dWt , t ∈ (s, T1],
Y 0
s,t (y)|t=s = y =Φ0(s, x).

(4.9)

Conversely, suppose Y 0
s,t is a strong solution of SDE (4.9), then X0

s,t = Ψ0(t, Y 0
s,t ) satisfies SDE 

(4.6). Therefore, SDEs (4.6) and (4.9) are equivalent. We first show the conclusions for SDE 
(4.9).

By the regularity of U0, we have σ̃ 0 ∈ L2([0, T1];W 1,∞(Rd;Rd×d)). Let {Zs,t (y)}s⩽t⩽T1 be 
a continuous {Fs,t}s⩽t⩽T1 -adapted process starting from y ∈Rd . We define a mapping S by

S(Zs,t (y))= y +
t∫

s

σ̃ 0(r,Zs,r (y))dWr.

Then {S(Zs,t (y))}s⩽t⩽T1 is also a continuous {Fs,t}s⩽t⩽T1 -adapted process starting from y ∈
Rd . Moreover, for such processes Z1

s,t (y) and Z2
s,t (y), we have

E sup 
s⩽t⩽T1

|S(Z1
s,t (y))− S(Z2

s,t (y))|2

= E sup 
s⩽t⩽T1

∣∣∣∣∣
t∫

s

[σ̃ 0(r,Z1
s,r (y))− σ̃ 0(r,Z2

s,r (y))]dWr

∣∣∣∣∣
2

⩽ 4E

T1∫
s

‖σ̃ 0(r,Z1
s,r (y))− σ̃ 0(r,Z2

s,r (y))‖2dr

⩽ 4E sup 
s⩽t⩽T1

|Z1
s,t (y)−Z2

s,t (y)|2‖∇2U0‖2
L2([0,T1];L∞(Rd ))

sup 
s⩽r⩽T1

‖∇Ψ0(r, ·)‖2
0

⩽ 4

9
E sup 

s⩽t⩽T1

|Z1
s,t (y)−Z2

s,t (y)|2,

where in the first inequality we have used Doob’s inequality and in the last inequality we used 
(4.3) and (4.4).

By Banach’s contraction mapping principle, there exists a unique strong solution Y 0
s,t to (4.9), 

which also belongs to L2(Ω;C([s, T1])). On the other hand, σ̃ 0 ∈ L∞([0, T1] × Rd ;Rd×d), by 
virtue of Itô’s formula, we get

d|Y 0
s,t (y)|p ⩽ C[1 + |Y 0

s,t (y)|p]dt + p|Y 0
s,t (y)|p−2〈Y 0

s,t (y), σ̃
0(t, Y 0

s,t (y))dWt 〉, ∀ p ⩾ 2.

Since for every t > s,
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t∫
s

|Y 0
s,r (y)|p−2〈Y 0

s,r (y), σ̃
0(r, Y 0

s,r (y))dWr 〉

is a martingale, by Grönwall’s inequality, one has

sup 
s⩽t⩽T1

E|Y 0
s,t (y)|p ⩽ C(1 + |y|p). (4.10)

Next, we verify the homeomorphisms. Applying the Itô formula again, for every ξ < 0, we 
derive

d
[
1 + |Y 0

s,t (y)|2
] ξ

2 ⩽ ξ

2 

[
1 + |Y 0

s,t (y)|2
] ξ

2 −1[2〈Y 0
s,t (y), σ̃ (t, Y

0
s,t (y))dWt 〉 + ‖σ̃ 0(t, Y 0

s,t (y))‖2dt
]

+ξ(ξ − 2)

2 

[
1 + |Y 0

s,t (y)|2
] ξ

2 −2|Y 0
s,t (y)|2‖σ̃ 0(t, Y 0

s,t (y))‖2dt

⩽ ξ
[
1 + |Y 0

s,t (y)|2
] ξ

2 −1〈Y 0
s,t (y), σ̃ (t, Y

0
s,t (y))dWt 〉

+ξ(ξ − 2)

2 

[
1 + |Y 0

s,t (y)|2
] ξ

2 ‖σ̃ 0‖2
L∞([0,T1]×Rd )

dt.

By using Grönwall’s inequality again, we obtain

sup 
s⩽t⩽T1

E[1 + |Y 0
s,t (y)|2

] ξ
2 ⩽ C(1 + |y|2) ξ2 , ∀ ξ < 0.

This, together with the elementary inequalities (1 + a)ξ ⩽ (1 + a2)ξ/2 ⩽ 2−ξ/2(1 + a)ξ (∀ a > 0
and ξ < 0), implies

sup 
s⩽t⩽T1

E(1 + |Y 0
s,t (y)|)ξ ⩽ C(1 + |y|)ξ , ∀ ξ < 0.

Thanks to [24, Lemmas II.2.4, II.4.1 and II.4.2], it is sufficient to prove that for every y, y′ ∈Rd

(y �= y′) and every s, t, s′, t ′ ∈ [0, T1] (s < t, s′ < t ′),

sup 
s⩽t⩽T1

E|Y 0
s,t (y)− Y 0

s,t (y
′)|2ζ ⩽ C|y − y′|2ζ , ∀ ζ < 0, (4.11)

and

E|Y 0
s,t (y)− Y 0

s′,t ′(y
′)|p ⩽ C

[
|y − y′|p + |s − s′| p2 + |t − t ′| p2 

]
, ∀ p ⩾ 2. (4.12)

For μ> 0, we choose fμ(x)= (μ+ |x|2) and set Y 0
s,t (y, y

′) := Y 0
s,t (y)− Y 0

s,t (y
′). In view of 

Itô’s formula, for every ζ < 0, then
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f ζ
μ(Y

0
s,t (y, y

′))⩽ 2ζ

t∫
s

f ζ−1
μ (Y 0

s,r (y, y
′))〈Y 0

s,r (y, y
′), (σ̃ 0(r, Y 0

s,r (y))− σ̃ 0(r, Y 0
s,r (y

′)))dWr 〉

+f ζ
μ(y − y′)+C|ζ(ζ − 1)|

t∫
s

κ2
0 (r)f

ζ
μ (Y

0
s,r (y, y

′))dr, (4.13)

where κ0(r) := ‖σ̃ 0(r, ·)‖L∞(Rd ) ∈ L2([0, T1]) for σ̃ 0 = ∇U0 ∈ L2([0, T1];W 1,∞(Rd ;Rd×d)).
Due to the Grönwall inequality, we obtain from (4.13) that

sup 
s⩽t⩽T1

E
[
μ+ |Y 0

s,t (y)− Y 0
s,t (y

′)|2]ζ ⩽ C
[
μ+ |y − y′|2]ζ .

Then (4.11) follows by letting μ ↓ 0.
To prove (4.12), we assume without loss of generality that s < s′ < t < t ′, then

Y 0
s,t (y)− Y 0

s′,t ′(y
′)= y − y′ +

s′∫
s

σ̃ 0(r, Y 0
s,r (y))dWr +

t ′∫
t

σ̃ 0(r, Y 0
s′,r (y

′))dWr

+
t∫

s′

[
σ̃ 0(r, Y 0

s,r (y))− σ̃ 0(r, Y 0
s′,r (y))

]
dWr +

t∫
s′

[
σ̃ 0(r, Y 0

s′,r (y))− σ̃ 0(r, Y 0
s′,r (y

′))
]
dWr.

On account of the Burkholder-Davis-Gundy (BDG for short) inequality,

E|Y 0
s,t (y)− Y 0

s′,t ′(y
′)|p

⩽ C|y − y′|p +CE

[ s′∫
s

‖σ̃ 0(r, Y 0
s,r (y))‖2dr

] p
2 

+CE

[ t ′∫
t

‖σ̃ 0(r, Y 0
s′,r (y

′))‖2dr

] p
2 

+CE

[ t∫
s′

κ2
0 (r)|Y 0

s,r (y)− Y 0
s′,r (y)|2dr

] p
2 

+CE

[ t∫
s′

κ2
0 (r)|Y 0

s′,r (y)− Y 0
s′,r (y

′)|2dr
] p

2 

⩽ C
[|y − y′|p + |s − s′| p2 + |t − t ′| p2 ]

+CE sup 
s′⩽r⩽T1

|Y 0
s,r (y)− Y 0

s′,r (y)|p +CE sup 
s′⩽r⩽T1

|Y 0
s′,r (y)− Y 0

s′,r (y
′)|p. (4.14)

We use Itô’s formula to |Y 0
s,r (y)− Ys′,r (y)|2p first, Grönwall’s inequality next, to get

sup 
s′⩽r⩽T1

E|Y 0
s,r (y)− Y 0

s′,r (y)|2p

⩽ CE|Y 0
s,s′(y)− y|2p = CE

∣∣∣∣∣
s′∫
σ̃ 0(τ, Y 0

s,τ (y))dWτ

∣∣∣∣∣
2p

⩽ C|s − s′|p.

s
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The Itô formula is again used, leading to

E sup 
s′⩽r⩽T1

|Y 0
s,r (y)− Y 0

s′,r (y)|p

⩽E|Y 0
s,s′(y)− y|p + pE sup 

s′⩽r⩽T1

r∫
s′

|Y 0
s,r (y)− Y 0

s′,r (y)|p−2〈Y 0
s,r (y)− Y 0

s′,r (y),

[σ̃ 0(r, Y 0
s,r (y))− σ̃ 0(r, Y 0

s′,r (y))]dWr 〉

+p(p − 1)

2 
E

T1∫
s′

|Y 0
s,r (y)− Y 0

s′,r (y)|p−2‖σ̃ 0(r, Y 0
s,r (y))− σ̃ 0(r, Y 0

s′,r (y))‖2dr.

By BDG’s inequality, one gets

E sup 
s′⩽r⩽T1

|Y 0
s,r (y)− Y 0

s′,r (y)|p ⩽ C|s − s′| p2 +CE

[ T1∫
s′

κ2
0 (r)|Y 0

s,r (y)− Y 0
s′,r (y)|2pdr

] 1
2

+C sup 
s′⩽r⩽T1

E|Y 0
s,r (y)− Y 0

s′,r (y)|p ⩽ C|s − s′| p2 . (4.15)

Similarly, by applying the Itô formula to |Ys′,r (y)− Ys′,r (y′)|2p , it follows that

sup 
s′⩽r⩽T1

E|Y 0
s′,r (y)− Y 0

s′,r (y
′)|2p ⩽ C|y − y′|2p.

This, together with the BDG and Grönwall inequalities, leads to

E sup 
s′⩽r⩽T1

|Ys′,r (y)− Ys′,r (y
′)|p ⩽ C|y − y′|p. (4.16)

Summing over (4.14)--(4.16), we obtain (4.12). Thus Y 0
s,t (·) forms a homeomorphism. Since Y 0

s,t

satisfies equation (4.9), then

Y 0
s,t (Y

0,−1
s,t (y))= Y

0,−1
s,t (y)+

t∫
s

σ̃ 0(r, Y 0
s,r (Y

0,−1
s,t (y)))dWr,

where Y 0,−1
s,t (y) := (Y 0

s,t (·))−1(y).

Noting that Y 0
s,r (Y

0,−1
s,t (y))= Y

0,−1
r,t (y), one gets

Y
0,−1
s,t (y)= y −

t∫
σ̃ 0(r, Y

0,−1
r,t (y))dWr. (4.17)
s
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We can get an analogue of (4.12) for Y 0,−1
s,t (y) once taken into account the backward character 

of the equation (4.17). In view of the Kolmogorov-Chentsov continuity criterion, Y 0
s,t (y) and 

Y
0,−1
s,t (y) are continuous in (s, t, y) almost surely in ω, and {Y 0

s,t (y), 0 ⩽ s ⩽ t ⩽ T1, y ∈ Rd}
forms a stochastic flow of homeomorphisms. Therefore, there is a unique stochastic flow of 
homeomorphisms {X0

s,t (x), 0 ⩽ s ⩽ t ⩽ T1, x ∈ Rd} to SDE (4.6).
We then consider the vector-valued Cauchy problem on [T1, T2]:{

∂tU
1(t, x)+ 1

2ΔU1(t, x)+ ∇U1(t, x) · b(t, x)= −b(t, x), (t, x) ∈ [T1, T2)×Rd,

U1(t, x)|t=T2 = 0, x ∈ Rd .
(4.18)

With the aid of Theorem 3.1, there is a unique U1 ∈ (H2,∞
q,T1,T2

)d solving the Cauchy problem 

(4.18). If one sets Φ1(t, x) = x + U1(t, x), then Φ1 forms a diffeomorphism of class C1 uni
formly in t ∈ [T1, T2]. Moreover, if X1

T1,t
solves the following SDE:

dX1
T1,t

(x)= b(t,X1
T1,t

(x))dt + dWt, t ∈ (T1, T2], X1
T1,t

(x)|t=T1 = x ∈ Rd, (4.19)

then Y 1
T1,t

(y)=Φ1(t,X1
T1,t

(x)) satisfies

{
dY 1

T1,t
(y)= [I + ∇U1(t,Ψ1(t, Y 1

T1,t
(y)))]dWt =: σ̃ 1(t, Y 1

T1,t
(y))dWt , t ∈ (T1, T2],

Y 1
T1,t

(y)|t=T1 = y =Φ1(T1, x),
(4.20)

and vice versa, where Ψ1(t, ·)= [Φ1(t, ·)]−1.
On the other hand, by the regularity of σ̃ 1, there exists a unique stochastic flow of homeomor

phisms {Y 1
T1,t

(y), T1 ⩽ t ⩽ T2, y ∈ Rd} to SDE (4.20), thus there is a unique stochastic flow of 
homeomorphisms {X1

T1,t
(x), T1 ⩽ t ⩽ T2, x ∈ Rd} to SDE (4.19). We define Ys,t (y) and Xs,t (x)

for t ∈ (s, T2] by

Ys,t (y)=
{
Y 0
s,t (y), if t ∈ [s, T1],

Y 1
T1,t

(Y 0
s,T1

(y)), if t ∈ [T1, T2],

and

Xs,t (x)=
{
X0
s,t (x), if t ∈ [s, T1],

X1
T1,t

(X0
s,T1

(x)), if t ∈ [T1, T2],

respectively, then Ys,t (y) and Xs,t (x) solve

dYs,t (y)= σ̃ (t, Ys,t (y))dWt , t ∈ (s, T2], Ys,t (y)|t=s = y =Φ0(s, x), (4.21)

and

dXs,t (x)= b(t,Xs,t (x))dt + dWt, t ∈ (s, T2], Xs,t (x)|t=s = x, (4.22)

respectively, where
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σ̃ (t, y)=
{
σ̃ 0(t, y), if t ∈ [s, T1],
σ̃ 1(t, y), if t ∈ (T1, T2].

Moreover,

{Ys,t (y), 0 ⩽ s ⩽ T1, s ⩽ t ⩽ T2, y ∈Rd} and {Xs,t (x), 0 ⩽ s ⩽ T1, s ⩽ t ⩽ T2, x ∈ Rd}

form the unique stochastic flow of homeomorphisms to SDEs (4.21) and (4.22), respectively. 
We then repeat the preceding arguments to extend the solution to the time interval [T2, T3]. 
Continuing this procedure with finitely many steps, we construct a unique stochastic flow of 
homeomorphisms {Ys,t (y), 0 ⩽ s ⩽ T1, s ⩽ t ⩽ T , y ∈Rd} to

dYs,t (y)= σ̃ (t, Ys,t (y))dWt , t ∈ (s, T ], Ys,t (y)|t=s = y =Φ0(s, x), (4.23)

and a unique stochastic flow of homeomorphisms {Xs,t (x), 0 ⩽ s ⩽ T1, s ⩽ t ⩽ T , x ∈ Rd} to 
SDE (1.1), where σ̃ (t, x)= I +∇U(t,Ψ(t, x)), Ψ(t, x)=Φ−1(t, x), Φ(t, x)= x +U(t, x) and

U(t, x)=
{
U0(t, x), if t ∈ [0, T1],
Ui(t, x), if t ∈ (Ti, Ti+1], i = 1,2, . . . , k − 1,

(4.24)

with Ui(t, x), i = 0,1, . . . , k − 1, satisfying

{
∂tU

i(t, x)+ 1
2ΔUi(t, x)+ ∇Ui(t, x) · b(t, x)= −b(t, x), (t, x) ∈ [Ti, Ti+1)×Rd ,

Ui(t, x)|t=Ti+1 = 0, x ∈Rd .
(4.25)

For general Ti−1 ⩽ s < Ti with 1 ⩽ i ⩽ k, we define

Ys,t (y)=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Y i−1
s,t (y), if t ∈ [s, Ti],

Y i
Ti ,t

(·) ◦ Y i−1
s,Ti

(·)(y), if t ∈ [Ti, Ti+1],
Y
j
Tj ,t

(·) ◦ Y j−1
Tj−1,Tj

(·) ◦ · · · ◦ Y i−1
s,Ti

(·)(y), if t ∈ [Tj , Tj+1] and i < j ⩽ k − 1,

and

Xs,t (x)=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Xi−1
s,t (x), if t ∈ [s, Ti],

Xi
Ti ,t

(·) ◦Xi−1
s,Ti

(·)(x), if t ∈ [Ti, Ti+1],
X

j
Tj ,t

(·) ◦Xj−1
Tj−1,Tj

(·) ◦ · · · ◦Xi−1
s,Ti

(·)(x), if t ∈ [Tj , Tj+1] and i < j ⩽ k − 1,

respectively, then

{Ys,t (y), 0 ⩽ s ⩽ t ⩽ T , y ∈Rd} and {Xs,t (x), 0 ⩽ s ⩽ t ⩽ T , x ∈Rd}

form the unique stochastic flow of homeomorphisms to (4.23) and (1.1), respectively.
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We now turn to show the weak differentiability for Xs,t (·) and X−1
s,t (·), and the estimate 

(1.15). From the observation that U defined by (4.24) satisfies (4.25), and (4.1) holds, we can 
get an analogue of (4.4) for Φ and Ψ on [Ti, Ti+1]. Since the estimates are independent of i
(i = 0,1, . . . , k − 1), it leads to

3

4
⩽ sup 

0⩽t⩽T

‖∇Φ(t, ·)‖0 ⩽
5

4
and

4

5
⩽ sup 

0⩽t⩽T

‖∇Ψ(t, ·)‖0 ⩽
4

3
, (4.26)

where Ψ(t, ·)=Φ−1(t, ·). Invoking the following fact

{ ∇Xs,t (x)= ∇Ψ(t,Ys,t (Ψ(s, x)))∇Ys,t (Ψ(s, x))∇Ψ(s, x),

∇X−1
s,t (x)= ∇Ψ(t,Y−1

s,t (Ψ(s, x)))∇Y−1
s,t (Ψ(s, x))∇Ψ(s, x),

it suffices to show the weak differentiability for Ys,t (·) and Y−1
s,t (·). The inverse flow Y−1

s,t is 
observed to satisfy a new SDE, which has the same form as the original one (only the diffusion 
has an opposite sign), the proof of the weak differentiability for Y−1

s,t is similar to that of Ys,t after 
taking into consideration the backward character of the equation. We only show the conclusions 
for Ys,t .

Let bm be given in (3.4). For i = 0,1, . . . , k − 1, let Ui
m be the unique strong solution of 

(4.25) with b replaced by bm. In view of Theorem 3.1 (ii), Ui
m ∈ (H2,∞

q,Ti ,Ti+1
)d . Moreover, by 

Theorem 3.1, (4.1) and the following fact

{ ∥∥[bm(t, ·)] 2 
q
−1

∥∥
Lq,1([Ti ,Ti+1]) ⩽

∥∥[bm(t, ·)] 2 
q
−1

∥∥
Lq,1([Ti ,Ti+1]),

‖(1 + | · |)−1bm(t, ·)‖Lq,1([Ti ,Ti+1];Cb(Rd )) ⩽ 2‖(1 + | · |)−1b(t, ·)‖Lq,1([Ti ,Ti+1];Cb(Rd )),

we obtain

⎧⎪⎨
⎪⎩

sup 
m⩾1

sup 
Ti⩽t⩽Ti+1

‖∇Ui
m(t, ·)‖0 ⩽ 1

4 ,

sup 
m⩾1

‖∇2Ui
m‖L2([Ti ,Ti+1];L∞(Rd )) ⩽ C‖b‖

Lq,1([Ti ,Ti+1];C
2 
q −1

l (Rd ))

,
(4.27)

and

⎧⎪⎨
⎪⎩

lim 
m→+∞ sup 

Ti⩽t⩽Ti+1

‖Ui
m(t, ·)−Ui(t, ·)‖0 = 0,

lim 
m→+∞‖∇Ui

m − ∇Ui‖Lp([Ti ,Ti+1];Cb(Rd )) = 0, ∀ p ⩾ 2.
(4.28)

We define

Um(t, x)=
{
U0
m(t, x), if t ∈ [0, T1],

Ui
m(t, x), if t ∈ (Ti, Ti+1], i = 1,2, . . . , k − 1.

By (4.27) and (4.28),
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⎧⎪⎨
⎪⎩

sup 
m⩾1

sup 
0⩽t⩽T

‖∇Um(t, ·)‖0 ⩽ 1
4 ,

sup 
m⩾1

‖∇2Um‖L2([0,T ];L∞(Rd )) ⩽ C‖b‖
Lq,1([0,T ];C

2 
q −1

l (Rd ))

,
(4.29)

and

lim 
m→+∞

[
sup 

0⩽t⩽T

‖Um(t, ·)−U(t, ·)‖0 + ‖∇Um − ∇U‖Lp([0,T ];Cb(Rd ))

]
= 0, ∀ p ⩾ 2. (4.30)

We set Φm(t, x)= x +Um(t, x), then Φm(t, ·) forms a diffeomorphism of class C1 uniformly in 
t ∈ [0, T ]. Furthermore, Φm and its inverse Ψm satisfy (4.26) uniformly in m. Let Xm

s,t (x) be the 
unique strong solution of the following SDE:

dXm
s,t (x)= bm(t,X

m
s,t (x))dt + dWt, t ∈ (s, T ], Xm

s,t (x)|t=s = x ∈Rd . (4.31)

Then Xm
s,t (x) is weakly differentiable in x. If one defines Ym

s,t (y) = Φm(t,X
m
s,t (x)), then Ym

s,t (·)
is weakly differentiable and satisfies

{
dYm

s,t (y)= [I + ∇Um(t,Ψm(t, Y
m
s,t (y)))]dWt =: σ̃m(t, Ym

s,t (y))dWt , t ∈ (s, T ],
Ym
s,t (y)|t=s = y =Φm(s, x).

(4.32)

Additionally, SDEs (4.31) and (4.32) are equivalent.
For every p ⩾ 2, by using Itô’s formula to |Ym

s,t (y)− Ys,t (y)|p , we obtain

d|Ym
s,t (y)− Ys,t (y)|p

= p(p − 1)

2 
|Ym

s,t (y)− Ys,t (y)|p−2‖σ̃m(t, Ym
s,t (y))− σ̃ (t, Ys,t (y))‖2dt

+p|Ym
s,t (y)− Ys,t (y)|p−2〈Ym

s,t (y)− Ys,t (y), [σ̃m(t, Ym
s,t (y))− σ̃ (t, Ys,t (y))]dWt 〉. (4.33)

Invoking the fact that

σ̃m(t, Y
m
s,t (y))− σ̃ (t, Ys,t (y))= ∇Um(t,Ψm(t, Y

m
s,t (y)))− ∇U(t,Ψm(t, Y

m
s,t (y)))

+∇U(t,Ψm(t, Y
m
s,t (y)))− ∇U(t,Ψ(t, Ym

s,t (y)))

+∇U(t,Ψ(t, Ym
s,t (y)))− ∇U(t,Ψ(t, Ys,t (y))),

we obtain

‖σ̃m(t, Ym
s,t (y))− σ̃ (t, Ys,t (y))‖

⩽ ‖∇Um(t, ·)− ∇U(t, ·)‖0 + ‖∇2U(t, ·)‖L∞(Rd )

[
‖Ψm(t, ·)−Ψ(t, ·)‖0

+‖∇Ψ‖L∞([0,T ]×Rd )|Ym
s,t (y)− Ys,t (y)|

]
,

and then guarantee
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|Ym
s,t (y)− Ys,t (y)|p−2‖σ̃m(t, Ym

s,t (y))− σ̃ (t, Ys,t (y))‖2

⩽ Cκ2(t)|Ym
s,t (y)− Ys,t (y)|p + |Ym

s,t (y)− Ys,t (y)|p−2
[
‖∇Um(t, ·)− ∇U(t, ·)‖2

0

+κ2(t)‖Ψm(t, ·)−Ψ(t, ·)‖2
0

]
⩽ C[1 + κ2(t)]|Ym

s,t (y)− Ys,t (y)|p +C
[
‖∇Um(t, ·)− ∇U(t, ·)‖p0

+κ2(t)‖Ψm(t, ·)−Ψ(t, ·)‖p0
]
, (4.34)

where κ(t) := ‖∇2U(t, ·)‖L∞(Rd ) ∈ L2([0, T ]), and in the second inequality of (4.34) we have 
used the Young inequality

a1b1 ⩽
a
p̂

1

p̂
+ b

p̂′
1

p̂′ , ∀ a1, b1 ⩾ 0, p̂ > 1 and
1 
p̂

+ 1 
p̂′ = 1.

By (4.33) and (4.34), we guarantee

E|Ym
s,t (y)− Ys,t (y)|p ⩽ C(p)

t∫
s

[1 + κ2(r)]|Ym
s,r (y)− Ys,r (y)|pdr

+C(p)

t∫
s

[
‖∇Um(r, ·)− ∇U(r, ·)‖p0 + κ2(r)‖Ψm(r, ·)−Ψ(r, ·)‖p0

]
dr,

and then get

sup 
y∈Rd

sup 
s⩽t⩽T

E|Ym
s,t (y)− Ys,t (y)|p

⩽ C(p)

T∫
s

[
‖∇Um(r, ·)− ∇U(r, ·)‖p0 + κ2(r)‖Ψm(r, ·)−Ψ(r, ·)‖p0

]
dr, (4.35)

if one uses Grönwall’s inequality.
Observing that Φm and its inverse Ψm satisfy (4.26) uniformly in m, one achieves

|Φ(r,Ψ(r, y))−Φm(r,Ψ(r, y))| = |Φm(r,Ψm(r, y))−Φm(r,Ψ(r, y))|
⩾ 3

4
|Ψm(r, y)−Ψ(r, y)|,

which also suggests that

‖Ψm(r, ·)−Ψ(r, ·)‖0 ⩽
4

3
‖Φ(r, ·)−Φm(r, ·)‖0 = 4

3
‖Um(r, ·)−U(r, ·)‖0. (4.36)

In consequence of (4.30) and (4.36), we conclude from (4.35) that
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lim 
m→+∞ sup 

y∈Rd

sup 
s⩽t⩽T

E|Ym
s,t (y)− Ys,t (y)|p = 0. (4.37)

Notice that Ym
s,t (y) is weakly differentiable in y, if one differentiates Ym

s,t (y) with respect to 
the initial data and denotes the derivative by ξms,t(y), then

{
dξms,t (y)= ∇2Um(t,Ψm(t, Y

m
s,t (y)))∇Ψm(t, Y

m
s,t (y))ξ

m
s,t (y)dWt , t ∈ (s, T ],

ξms,t (y)|t=s = Id×d .
(4.38)

For every p ⩾ 2, by applying the Itô formula to ‖ξms,t (y)‖p , we achieve

d‖ξms,t (y)‖p
⩽ C(p)‖ξms,t (y)‖p−2〈ξms,t (y),∇2Um(t,Ψm(t, Y

m
s,t (y)))∇Ψm(t, Y

m
s,t (y))ξ

m
s,t (y)dWt 〉

+C(p)‖ξms,t (y)‖p‖∇2Um(t, ·)‖2
L∞(Rd )

dt. (4.39)

By (4.29), (4.39) and Grönwall’s inequality, then

sup 
m⩾1

sup 
y∈Rd

sup 
0⩽s⩽t⩽T

E‖ξms,t (y)‖p <+∞. (4.40)

From (4.40), for every t ∈ [s, T ], there exists a random field ξs,t such that when m approaches to 
infinity

ξms,t (·)⇀ ξs,t (·), weak − ∗ in L∞(Rd;Lp(Ω)), ∀ p ⩾ 2, (4.41)

up to choosing an appropriate subsequence.

For any test function ϕ ∈ C∞
0 (Rd) and η ∈ L

p
p−1 (Ω), then

E

[ ∫
Rd

ξs,t (y)ϕ(y)dyη

]
= − lim 

m→+∞E

[ ∫
Rd

Ym
s,t (y) · ∇ϕ(y)dyη

]

= −E

[ ∫
Rd

Ys,t (y) · ∇ϕ(y)dyη

]
, (4.42)

where in the first line we have used (4.41) and the integration by parts, in the second line we 
used (4.37). By (4.42), Ys,t (y) is weakly differentiable in y and ∇Ys,t (y) = ξs,t (y). Moreover, 
for every p ⩾ 2,

sup 
y∈Rd

sup 
0⩽s⩽t⩽T

E‖∇Ys,t (y)‖p <+∞.

From this, we complete our proof. �
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