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Abstract

We obtain the existence and uniqueness of stochastic flows of homeomorphisms for a class of stochas-
tic differential equations driven by the low regularity growing drift in critical Lorentz-Holder space

2
L4 ([0, T7; Clq l(]R{d)) (g € (1,2)). Moreover, we prove that the unique stochastic flow of homeomor-
phisms is weakly differentiable with respect to the spatial variables.
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1. Introduction

Let T > 0 be a given real number. We are interested in the following stochastic differential
equation (SDE for short) in R4:

dXs1(x)=b(t, X5 (x)dt +dW;, t € (s, T], Xs:(X)|t=s =x € RY, (1.1
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where s € [0, T), {(Wilo<i<t ={(Wig, ..., Wd,,)T}ogth is a d-dimensional standard Wiener
process defined on a given stochastic basis (2, F, P, {F Jogi<r) and b : [0, T] x RY > R%isa
Borel measurable function.

The unique strong solvability for SDE (1.1) was first established by It6 [11] for Lipschitz
continuous b, and then extended by Veretennikov [33] to bounded Borel measurable ones. Since
then, Veretennikov’s result was strengthened in different forms, see e.g. [6,27,31,35]. Krylov and
Rockner [17] made a breakthrough by establishing the strong well-posedness of SDE (1.1) under
the following subcritical Ladyzhenskaya-Prodi-Serrin (LPS for short) condition

2 d
be L1([0,T]; LP(R%:RY)), p,g €2, +oo] and = + — < 1. (1.2)
qg p

Some further extensions for non-constant diffusion coefficients can be found in Zhang [41,42],
Zhang and Yuan [40], Xia, Xie, Zhang and Zhao [39].

However, from the viewpoint of Navier-Stokes equations, b can be taken in the critical case,
i.e., the less-than sign in (1.2) is replaced by the equals sign, see [5,26], and in the critical LPS
condition, the strong well-posedness of (1.1) is a long-standing open problem since the work of
Krylov and Rockner [17]. Recently, this problem was solved by Rockner and Zhao [30, Theorem
1.1] for d > 3 (see also [12—14,29] for weak solutions) in the following cases:

be Li([0, T]; LP(RY; R?)), p,q € (2, +00) and 2 + d_ Lorb eC([0, T]; LY(RY; RY)).
q p
(1.3)

When g =2, p = 400, the strong existence and pathwise uniqueness were also proved by Beck,
Flandoli, Gubinelli and Maurelli [2] for almost every starting point x € RY: also see [15] for
form-bounded drifts. This result was later extended by Wei, Wang, Lv, and Duan [38] to every
starting point x € R¢ under the assumption that b is locally Dini continuous in the spatial vari-
ables. More recently, Krylov [23] proved strong uniqueness for Morrey drift and VMO (vanishing
mean oscillation) diffusion coefficients, notably covering cases such as ¢ =2 and p = +o0.
However, the problem of strong existence remains open. We also refer to [7,18-22,28,36] for
more details.

On the other hand, from classical SDE theory, equation (1.1) remains strongly well-posed
even if b(z, x) is merely integrable with respect to ¢ and satisfies a Lipschitz condition in x.
Inspired by classical SDE theory and the result in [2], there exist some function spaces, which are
intermediate ones between L' ([0, T']; Lip(R?)) and L?([0, T]; L (R%)) such that SDE (1.1) is
strongly well-posed if the drift belongs to one of these working spaces. The natural choice for the
working spaces is L4([0, T']; C}' (R%)) with ¢ € (1,2) and « € (0, 1), where cr (R%) denotes the
set of all locally Holder continuous functions with Holder index «. By the scaling transformation,
we also get an analogue of LPS condition for b:

2
beLi([0,T];C¥ (R RY)), ge(1,2), ac(0,1) and = —a < 1. (1.4)
q

The unique strong solvability for (1.1) with condition (1.4) seems to be as important and difficult
as (1.1) with LPS condition.

When b € L*([0, T]; C}) (R?; R?)) with « € (0, 1), the unique strong solvability as well as
the existence of stochastic flows of diffeomorphisms for SDE (1.1) has been established by
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Flandoli, Gubinelli and Priola [8], and then generalized by Wei, Duan, Gao and Lv [34] to
beLi(0,T]; CZ‘(Rd; R%)) with ¢ > 2/a. When b € L%([0, T]; Cg‘(]Rd; R?)), the strong well-
posedness was also proved by Tian, Ding and Wei [32]. Recently, Galeati and Gerencsér [9]
studied (1.1) and (1.4), in which b is bounded in the spatial variables and 2/g — o < 1, and
they derived the existence and uniqueness for stochastic flows of diffeomorphisms. Galeati and
Gerencsér’s result was then generalized by Wei, Hu and Yuan [37] to the unbounded Holder con-
tinuous drift, and the authors also obtained the stability for the gradient of solutions through the
It6-Tanaka trick.

All above mentioned works are concerned with the subcritical regime 2/q — o < 1. For the
supercritical regime 2/g — « > 1, SDE (1.1) is not strongly well-posed. In fact, for g € (1, 2),
a €(0,1) such that 2/g — o > 1, if one takes d = 1 and

_1 2
b(t,x)=1t dsign(x)|x|*, g€ (g,2) and — —a > 1, (L.5)
q

then b € L4 ([0, T1; C¥(RY; RY)) and the corresponding SDE (1.1) with the initial data X, s =0
has two different solutions (see [9, Section 1.3]). Thus, the strong well-posedness of SDE (1.1)
depends delicately on the integral index ¢ and the Holder continuous index «.

However, it is still unknown whether the unique strong solvability is true or not for the drift
in the critical regime 2/g — o = 1. In this paper, we suppose b belongs to the critical Lorentz-

21
Holder space L9-1([0, T7; Cl" (R4: RY)) with q € (1,2), and prove the strong well-posedness
as well as the existence of stochastic flows of homeomorphisms for SDE (1.1).

1.1. Lebesgue-Holder and Lorentz-Holder spaces
Firstly, let us introduce our working spaces.

Definition 1.1 (Holder and Lebesgue-Holder spaces). Let a € (0,1) and d € N. Cf (R9) is the
set consisting of all uniformly locally Holder continuous functions 4 : R? — R for which

h(x)—h
[h]e = sup 7| x) iy” < 400
x,yeR4,0<|x—y|<1 lx —yl
For xo € RY, if |xo| > 1, then there exist x1, x, ..., xg (B is the integer part of |xo|) such that
|xo —x1] =|x1 —x2| =...=|xg_1 —xg| =1 and |xg| < 1. Thus,
|7 (x0)] < [h(x0) — h(0)] + |h(0)]
B—1
< Z |h(xi) — h(xi+1)| + |h(xp) — h(0)] + |~ (0)]
i=0

< Blhla + |xp1* [ha + 1R(0)] < ([h]o + [RO)D (1 + |x0]).

Therefore, the set C}* (R%) becomes a Banach space with respect to the norm

W)l . -
IAllex ray = sup + [l =2 1L+ 1D RO llo + [ia-

rerd 1+ x|
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We then define C (R?) as the subset of (G (R%) consisting all bounded elements; for i € C}) (RY),
we set

h(x) — h(y)|
IAllcs ey = sup |hG)|+ sup B 72N o + (Al

— o
xeR4 x,yeR4 0<|x—y|<1 |x )’|

Moreover, if h € Cl"‘ (]Rd ) and its i-th order spatial gradient Vih (i=1,2,...,k € N)are bounded
and continuous, and the Holder seminorm [V¥4], is finite, then we say h € CIH“ (RY). For h €
Clk+°‘ (RY), we set

k
llgtregay = 1041 D7 RO o+ Y IV Allo + [V¥hla

i=1

For g € (1, 400) and k € Ny, we define the Lebesgue-Holder space L9 ([0, T]; C[k+“ (R%)) as the
set consisting of all elements f that belong to L([0, T']) as ClkJr“ (R9)-valued functions, where

1

q
”f”L‘f([OT Clr Ry = |:/ I f, )||Ck+“(Rd) t:| < +o00.

The definition of the analogues spaces for R? or R?*¢-valued functions is simply under-
stood coordinate-wise. For simplicity, if f € L9([0, T];Clk+°‘ (]Rd; Rd)), we also use
||f||Lq([0’T];Clk+a(Rd)) instead of ||f||Lq([0’T];Clk+a(Rd;R,,)) for its norm (and similarly for other
vector-valued functions).

Remark 1.2.Let f € L9([0, T]; C*(RY)). For x,y € R?, if |x — y| > 1, then there exist

X1,X2,...,%y (y is the integer part of |x — y|) such that [x —x1| = |x; —x2|=...=|x)_1 —
xy|=1and [x, — y| < 1. Therefore,

Lf (@, x) = f(, y)]
y—1
<UF@0 = Dl + [ 1) = fxienl |+ 1F @) = £0 )
i=1

SyLF@ )a + lxy = yI*LF @ )]a <201 )alx — vl (1.6)

Definition 1.3 (Lorentz and Lorentz-Holder spaces). Let g be a Borel measurable function on
[0, T']. The distribution function §, corresponding to g on [0, T'] is given by

8g(c)=Leb{r€[0,T]: [g(t)| > ¢}

and is nonincreasing on [0, +00), where Leb denotes the Lebesgue measure. The equimeasur-
able decreasing rearrangement of g is the function g* defined by

g*(r) =inf{g¢ > 0: &;(¢) < T}

4
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Let

r

1
g ) = —/g*(t)dr-
r

0

For p € [1, +o00] and g € (1, +00), we define the functional

1.7

00 1
[f (r?g**(r))pdr—r]p, if p € [1, 400),
lglLarqo,ry =13 ©
p
0

1
su (ﬂg**(r)), if p=4o0.
>
The Lorentz space L?-?([0, T]) consists of those measurable functions g on [0, T'] for which
llgllza.rqo, 17y < 400 (see [1, Sec. 7.24 and 7.25]). Suppose k € Ny and « € (0, 1), we then

define the Lorentz-Holder space L?-? ([0, T']; Clk+°‘ (R%)) as the set consisting of all elements f
belonging to L?7 ([0, T']) as Clk+“ (R%)-valued functions, where

0 1
[J 0 e )" %] <400, if el +o0)
0

”f||L‘1v1’([0,T];Clk+°‘(Rd)) = (18)

sug(rtl”f(r )|Ck+a(Rd)) +00, if p=+o0,

r>

and

1
LW gy = jﬂﬂ Mitoa gy
£ gy = nﬂg>06wmﬂﬁwm%@)<ﬂ,
BN gpraa, () = Leblt €10, L ILF G g oy > <3

Now, let us first illustrate the relationship between Lebesgue-Holder and Lorentz-Hdolder
spaces. We then remark on a fundamental property of Lorentz-Hd6lder functions. Since the func-
tions in these spaces exhibit the same spatial regularity, we focus on space-independent cases.
For simplicity, we assume p = 1 and g € (1, 2), which simplifies the technical analysis while
preserving key characteristics.

Example 1.4. Let g € (1,2), 9 > 1 and T = ¢~9”. If one takes
g)y=r1 4allog(®)|”" =1t 2(—log(r))"",
then

g€ L1([0,T]), but g ¢ Li([0,T]), forevery § € (q,2). (1.9)

Observe that



J. Wei, J. Hu and C. Yuan Journal of Differential Equations 440 (2025) 113453

log(t
&()—ﬁ]w, Vie©,T),
q

_1_ 99—
g0y =—1"7""(~log()™"~!| -
then g is strictly monotonically decreasing on [0, 7]. Thus,

inflc >0:g7'(¢) <t} =g(), iftel0,T],
I GES

0, ift>T,
and
t t
Lrg*(rdr=1[g(r)dr, ifte(0,T],
gFn=1 % %
%fg*(r)dr =%fg(r)dr, ifr>T.
0 0
For ¢ > 1, one calculates that
00 T t 00 T
1 1 1
gl a1 o, 77y =/ﬁflg**(t)dt=/t572dt/g(r)dr+/t572dt/g(r)dr
0 0 0 T 0
T T T
:/g(r)dr/ __2dt+/ 2cit/g(r)dr
0 0
T T |
q 1 q
= — q d = d
g—1) 8O =0T / rllog(” "
0 0

Therefore g € L% ([0, T']) when 9 > 1 and g ¢ L1 ([0, T]) when ¢ = 1. On the other hand, in
view of Calderén’s inequality (see (2.3)), one has L' ([0, T']) c L4([0, T]). Thus L' ([0, T])
is a proper subset of L4([0, T']), i.e.

LT[0, T]) € L9([0, T)). (1.10)
Notice that, for & € Li ([0, T]) with g € (g, 2), the following estimate holds:

T 00 T

||h||Lq-l([0,T])=/F%_lh**(l’)dr—i—/r%_zdr/h*(t)dr
0 T 0
T L T i} T L
. Gg—=1 q q i—q . q
<| foroiar || [ ar |4 LorE | ot @i
q—
0 0 0

<C(T,q, C})[”h”y},ti([oj]) + ||h||Lt7([(),T])] <CT,q, é)”h”Lé([O,T]), (1.11)

where in the last inequality we have used (2.2). Combining (1.9)—(1.11), we conclude

6
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L9([0, T7) € L= (10, T]) € L9([0, T]). (1.12)

Remark ~1.5. Let g € (1,2) and g € Lq'l([O, T]). For every 0 < T <T < T, then g €
L9\([T, T1) and by [1, Corollary 7.28],

q
[g]LqJ([f“’f]) < “g”qu([f’f]) < g— 1 [g]Lq.l([f’f])’

where

o0
1_q. A~
(1o g7 71 = / ri~inflg >0: Lebit [T, T1: ()] > ¢} < rldr.
0

Notice that

Leb{r [T, T1: |g(t) > s} < (T —T), YVg=>0,

then
inf(c >0: Leblt € [T, T1: |g(t)| > ¢} <r}=0, Yr>T—T.
Therefore,
T-T
1_q. A~
||g||Lq,1([f,T]) < p q_ ] / ra lmf{g >0: Leb{t €[T,T]: |g@t)| > ¢} <r}dr
0
T-T
1
<2 1 / ra”inf{g¢ >0: Leblr €[0,T1: [g()] > ¢} < rldr. (1.13)
q —
0

Observe that the integrand in the last integral of (1.13) is integrable on [0, T'], by the absolute
continuity of the Lebesgue integral, we conclude

im 18l g g7y = O VO<T <T<T. (1.14)
T—-T—0

1.2. Main result
Before giving the main result, let us give another notion.

Definition 1.6. ([25, p. 114]) A stochastic flow of homeomorphisms on a given stochastic basis
(2, F, P, {F}ogi<r) associated to SDE (1.1) is a map (s,1, x, w) — X ;(x, w), defined for
0<s<t<T, xeR? we Q with values in R?, such that

(1) the process {X;.(x)} = {X;,(x), t € [s, T1} is a continuous {F; ; }s<,<7r-adapted solution
of SDE (1.1) forevery s € [0, T] and x € RY:
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(11) P-a.s., X5 ;(-) is a homeomorphism, for all 0 <s <t < T, and the functions X; ,(x) and
Xy (x) are continuous in (s, 7, x), where X, ( ) is the inverse of X ;(-);
(iii) P-a.s., X5 (x) = X, (X5, (x)) foral 0<s <r <t <T,x € R4 and X s(x) =x.

We are now state our main result.

2_1
Theorem 1.7. Let b € L%!([0, T1;C/ (RY;R9)) with q € (1,2). Then there exists a unique
stochastic flow of homeomorphisms {XA (x),0< s <t <T,xeR? to SDE (1.1). Moreover;
Xs.:(-) and XM (-) are weakly differentiable, a.s., and for every p € [2, 400),

sup  sup  E[IVXy 0)IP + VX, (0)7] < +o0. (1.15)
xeR4 0<s<r<T

Remark 1.8. Let g € (¢,2) and g € (1, ¢). By (1.12), we have the following inclusion relation-
ship:

2_ 2_ 2_
L0, T3¢/ (R S LO1 (0. T ¢/ (RY)) S 190, TT.Cf (R
2_
CLiq0. TG (RY).

We expect the SDE (l 1) to be strongly well- posed when b belongs to the Lebesgue-Holder

space LY([0, T1; Cl" (]Rd R%)) = L9-9([0, T; C” (Rd R?)). However, we cannot provide a
definitive answer to whether this condition is sharp Notably, if the drift exhibits low regular-

_ Z_q
ity growth in the supercritical Lebesgue-Holder space, i.e. b € L([0, T']; Clq (]Rd; Rd)), the
corresponding SDE is strongly ill-posed (see (1.5)). Conversely, when b lies in the subcritical
2

y 2
Lebesgue-Holder space LI([0, T']; C/’ (R4; R9)), a unique strong solution exists by adapting
the argument analogues to [37, Theorem 1.2]. Therefore, our result is nearly optimal, despite the
drift being only Lorentz integrable in the time variable with the first integrability index q.

1.3. Outline of the proof strategy for Theorem 1.7

We now provide a schematic overview of the proof methodology for our main result. To
streamline the presentation, we restrict our attention to the case s = (. The resolution hinges
on the systematic application of It6-Tanaka’s trick (or Zvonkin’s transformation). Consequently,
the central challenge revolves around establishing rigorous a priori bounds for solutions to the
following backward nonhomogeneous Kolmogorov equation:

JU,x) + SAU(t,x) + VU(t,x) - b(t,x) — AU (t, x)
=—b(t,x), (1,x)€[0,T) xR, (1.16)
U(t,x)|=r =0, x € RY.

When the drift lies in the subcritical Lebesgue-Holder space, i.e. b € LY ([0, T']; Cl“ (Rd; ]Rd))
with ¢ € (0,1) and g € (1,2/(1 + «)), by extending the analytical methodology in parallel to

8
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the framework established in [37, Theorem 2.3] and using the Sobolev embedding, we claim that
U € B([0, T]; CY(R4; R4)). Moreover,

sup [VU(,)llo < C(a,d,q, ||b||Lq([o,T];clﬂt(Rd))))»_€0, €€ 0,1+a—2/q). (1.17)
0T

If one takes A large enough, then supyc, <7 VU (7, )llo < 1/2. Thus, ®(z,x) = x + U(t, x)

forms a C! diffeomorphism uniformly in ¢ € [0, T']. Suppose X, satisfies SDE (1.1), by applying
1t6’s formula to the process Y; := X; + U (¢, X;), we find that Y; satisfies

dY; =AU, Y@, Y)dt +[1 +VU@E, Y(t, Y)]dW;, te(0,T],

(1.18)
Yili=o=y=x+U(0,x),
and vice versa, where W(¢, ) = &1, -). By the equivalence between (1.1) and (1.18), the
present authors in [37] established the strong well-posedness for SDE (1.1).
2

When dealing with the critical drift, i.e. b € L([0, T1; C/ (R?; RY)) with ¢ € (1,2), we en-
counter two principal difficulties. First, the Sobolev embedding theorem ceases to hold, preclud-
ing us from obtaining C'-regularity estimates for U; second, the parameter €y on the right-hand
side of equation (1.17) vanishes, thereby preventing the construction of a diffeomorphism. To
resolve the first challenge, we impose Lorentz regularity condition on the temporal component,
while to address the second, we restrict the time domain to a sufficiently small interval. Specif-
ically, we consider the Kolmogorov equation (1.16) with A = 0 and small enough 7', construct
an equivalent SDE via the diffeomorphism ®(#, x) = x + U (¢, x), thereby establishing strong
well-posedness for SDE (1.1).

For arbitrary T > 0, we partition the time interval [0, T'] into subintervals [T;, T;+1], 0 =Ty <
Ty <...<Ty—1 < Ty =T.On each subinterval [7;, T; 1], the absolute continuity of the integral

(see (1.14)) ensures that the Lorentz-Holder norm || || 2, is sufficiently small.
LEV(T, TG (RYD)
If one considers a sequence of Kolmogorov equations:

QU (t, x) + SAU (t,x) + VU (t,x) - b(t,x) = —b(t,x), (t,x)€[T;, Ti41) x RY

. " (1.19)
U't,x)|i=1;,, =0, x eRY,

then maxo<i<k—15Upr <, <7, VU (1, )]0 < 1/2. Let U (¢, x) = U' (¢, x) when 1 € (T;, Ti11],

i=0,1,....,k—1.Weset ®(t,x) =x+U(t, x) and W(¢, x) = ®~!(¢, x). Then there is a unique

strong solution to the following SDE:

dY, = + VU, ¥(t,Y)dW;, t € (0,T], Yyli—o=y=x+ U0, x). (1.20)

Thus SDE (1.1) is strongly well-posed and the unique strong solution is given by X; = W(¢, 13).

Notations. The letter C denotes a positive constant, whose values may change in different places.
For a parameter or a function v, C(V) means the constant is only dependent on v, and we also
write it as C if there is no confusion. We use V to denote the gradient of a function with respect
to the spatial variables. As usual, N is the set of positive natural numbers and No = N U {0}.
a.s. is the abbreviation of almost surely. For every R > 0, Bg :={x € R?:|x| < R}.Fora given
R™" matrix-valued function E with n € N, || E|| represents its Hilbert-Schmidt norm.

9
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2. Useful lemmas

Initially, we recall some useful properties about Lorentz-Holder spaces. The first one is a
generalization of Marcinkiewicz’s interpolation theorem for Lebesgue spaces (see [3, Theorems
5.3.1 and 5.3.2]), where the functions were assumed to take real or complex values. We need
a slight extension for this theorem to the case of functions taking values in a Banach space.
Since the proof is the same except that we use the norm of the function instead of its modulus,
we give the interpolation theorem without the proof. We then list some elementary properties
for functions in Lorentz-Holder spaces. In the following, we assume Tisa given positive real
number.
Lemma 2.1. ([3, Theorems 5.3.1 and 5.3.2]) Let 0 € (0, 1) and 1 < p; < g < py < 2 such that

l/g=(0-6)/p1+6/p>.
(i) For every a € (0, 1) and k € Ny, the following interpolation holds:

[LP1([0, T1; Cf ™ (RY)), LP2([0, T1; CFF*(R)1e,1 = LT (10, T1: T (RD)). (2.1)

(ii) Let T be a linear operator from

LP 0. 710 D) + L7 (0, T RY)
to

L. 1160 @) + Lo, 716 ® ).
If

N 2 I |
T: LP([0,T1;¢f  (RY) — LP([0,T];¢ (RY), i=1,2,
are bounded, then T is also bounded from

2
2

z_ .
(L7 (0. 71:¢7 (R, LP2([0.71:¢7 " RD)o.y

to

2
q

2 A
(o, 71.¢/ " ®RD), L2 (10,7160 (ROl

Lemma 2.2. Let g € (1, +00), @ € (0, 1) and k € No. Let g be Borel measurable in [0, T] x RY.
(i) ([4, Lemma 6.13]) Then g belongs to L4([0,T1];C¥™(R®)) if and only if it lies in
L99([0,TT; Clk+a (R9)). Moreover,

q
”g”L‘I ([O,f];CIkJrO‘ (R%)) < ”g”L‘l'q([O,f];Clk+a (R4)) < qu ”g”Lq([O,f];Cl"*”‘ (R4))* (22)

10
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(ii) ([4, Lemma 6.17 (Calderon)]) Let 1 < q1 < g2 < +00. If g € L911 ([0, T1; Cf T (R?)),
then g € L9%([0, T1; Clk+a (R9)) and

11
di\a  n
”g”Lq’qZ (0, T1;C/H (RY)) < (?) b ||g||Lq.q1 ([0, 71;CFF (Rd)) - (2.3)

(iii) ([4, Theorems 6.9 and 6.14]) Let q1,q; € (1,4+00) and q>,q5 € [1,+00] such that
Vg1 +1/q, =1 and 1/qo + 1/q} = 1. If hy € L99([0,T1) and hy € L99([0, T1), then
hihy € LY([0, T1) and

k2 ”Ll (10,77 < |l ”qu 42(10,71) (722 ”Lqi,qé (0,71 24
We now introduce another useful lemma.

Lemma 2.3. ([10, Theorem 4.5.3]) (Hardy-Littlewood-Sobolev’s convolution inequality) Sup-

pose ¢ (r) = |r|_al. Let 1 < p1 < pp < +00 such that 1/p1 +1/a=1+1/pa. If h € LP1(R),
then h x ¢ € LP2(R) and there is a positive constant C(p1, a) such that

17 @llLrm®) < C(p1,a)llhllLr ®)- 2.5
Let b : [0, f”] x R?Y - RY and f 110, f] x R? — R be Borel measurable functions. We
discuss the following Kolmogorov equation for u : [0, T] x R? — R:

{ du(t, x) = L Au(t, x) + Vu(t,x) - b(t,x) + f(t,x), (t,x) € (0, T] x R?, 26

u(t, x)|;=0 =0, x e R9.

If ueL'([0,T]; WIZO’C1 (R N WhI([0, T1; L}, (RY)) such that (2.6) holds true for almost all
(t,x) € [0, YA”] x R4 , then the unknown function u is said to be a strong solution of (2.6). Let
us establish the Lebesgue-Holder maximum regularity estimates of solutions for the Cauchy

problem (2.6).

Lemma 2.4. (Lebesgue-Holder maximum regularity estimates) We assume that

2

2_ L2
be L®(0,T]; ¢ ' (RY: RYY), feLrqo,71;¢/ "Ry, ge(1,2)and p € (1, 4+00).

A 24l Ao 2]
Then there is a unique u € LP([0, T]; C/ RINHYNWLP(0,T1; c/ (R?)) solving the Cauchy
problem (2.6). Moreover, there is some positive constant C such that

[l 0| 2 + [lul| 24 <CIfI

_ 2 . (2.7)
Lr([0,71:¢/ 'R Lr([0,71:¢  (RY)) Lr([0,71:C/ 'R

Proof. By the method of continuity, it is sufficient to show the case of b = 0, and now u can be
represented by

11
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t t

u(t,x):/dr/K(r,z)f(t—r,x—z)dz:/dr/K(t—r,x—z)f(r,z)dz, 2.8)
0 R4 0 R4
_d _IzP
where K (r,z) = 2ar)~2e™ 2r.
If u satisfies

flael 244 <CIfI 2.9)

2 2_
LP([0,T:C7 (RY)) LP([0,T1;C7

'Ry
then (2.7) holds mutatis mutandis. On the other hand, we obtain by (2.8) that

t

t, t—r,x — 1 —
sup lu(z, x)| g/dr K(r.2) sup [If( r,x—2z)| 1+|x Z']dz
cers 1+ 1] cemil Tlv—z T+

0 R4
t

</dr/K(r,Z) sup (141 D7'F@ —r, ol +zlldz

0 Rd xeR4

t
<Cf(1 )+ 1D £ = llodr,
0

which suggests

1 T 1

T
[/||<1+|~|)‘1u<r, ->||§dr} <CU||<1+|-|>—1f(r, -)||gdr} : (2.10)
0 0

For the gradient, we have

t

Vu(t,x):/dr/VK(t—r,x—z)[f(r,z)—f(r,x)]dz.

0 R4
Thus,
i f t P
2_
/sup |Vu(r,x>|f’dr<2f’/ /dr/|w<<r—r,z>|[f<r,->];,1(|z|q 'L zhdz| di
d q
xeR 0 0 RY
T, ¢t » T
1
<or [| fasi=riureon, i ar<er [ira o @11)
q q
0 0 0

12
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where in the first and third inequalities we have used (1.6) and Young’s convolution inequality,
respectively.
Similar calculations also imply

2
IV=ull b 10, 71; oo (Rey) S <C|ifa, ) il (0.7 (2.12)

For every x, y € R? such that |x — y| < 1, by repeating all calculations of the proof for (3.10) in
[16, Theorem 3.3], it yields to

1

T 1 T 1
f IV2u(t, x) — V2ul(t, DAY / |f(t,x) — f(t DAY
0 ()<\x y|<1 o 0<|x y|<l ’

Ix—yl__p Ix—yl__p
l.e.

1

7
c(/[f(r,-)]’gldt> . (2.13)
q
0

S |=

7
(/[Vzu(t, .)]’;Idt>
q
0

In view of (2.10)—(2.13), (2.9) holds true. O

Remark 2.5. Let p and g be stated in Lemma 2.4. In [16, Theorems 3.1 and 3.3], by using a
Banach-space version of the Calderén-Zygmund theorem, Krylov proved the following estimate:

1 1
2 2 » -
(/Su V2, x) = v u(t nIr ) <C</Su |/t %) J;(t 2l ;) . (2.14)
J X — |7 R Y x—y|e?

where f € CS°(R4*1) and i satisfies
1 y
Qi(t, x) = EAﬁ(r,x) — i, x) + f(t,x), (t,x) eRxRY, 1 >0.

If one restricts the compact support of f , as a function of the time variable, to [0, T], esti-
mate (2.14) remains valid even for A = 0. On the other hand, C(‘)’O ([0, T] x Rd) is dense in

A~ 2 ~ A 2
LP([0,T];C, (R%)), by the extension, (2.14) holds ad hoc forevery f € LP([0, T1; c,) (RY)).
In particular, if & vanishes when ¢ = 0, then

1 T

<[Su IV2i(r, x) — V u(t y)lp ) gC([su | f(t,x) f(t y)|p t) ., (2.15)
0 7 =3I ¥ 0o 7 =31

~ N 2
where f € LP([0,T];C; (R9)) and & satisfies

13



J. Wei, J. Hu and C. Yuan Journal of Differential Equations 440 (2025) 113453

1 ~ “
0rii(t, %) = SNt )+ f(1,%), (%) € (0, 1] R?, di(t, x)|=0 =0, x e R”.

We now use supg_|,_y<; Instead of sup,, in (2.15) and repeat the same manipulations as in
the proof of (2.15), then get (2.13). Since the proof is trivial, we omit the details.

3. Lorentz-Schauder estimates

In this section, let us establish the Lorentz-Schauder estimates for the Kolmogorov equation
(2.6).

Theorem 3.1. Let T € (0, 1) be small enough, and let

~ 2_1 ~ 2_
FeLr' (0, T1;¢/ (RY), beL"'(0,T];C/ [RYRY)), qe(l,2).
Then it holds that:

(i) (Existence and uniqueness) There is a unique strong solution u to (2.6). Moreover, u €

2,00 s
L with
Hq,O,T

H2: = (v € BAO, T CRY): Vo € B(0, T1: Gy (R RY), [V20] € L2(10, T]: L R)),
drv € L4(0, T1; Lis, (R and (1 +1- D700, ) 1 0.7 oo ety < T00F B.1)

where C(R?) denotes all continuous functionAs on R4, Cp(RY: R?) denotes all bounded con-
tinuous functions from R4 10 RY, and B([0, T]) is the set of all bounded functions on [0, T].
Furthermore, there is a positive constant C(d, q) such that

—1 2
”(1 + | . |) 8;1,{([, .)lqu([O,f‘];Loo(Rd)) + ”V M”LZ([OJA’];LOO(Rd))

SCd, plfi L2, (3.2)
Le1([0,71:C7  (RY))
and
sup [|Vu(z, -)llo= sup [Vu(z, x)|
oi<T (t,x)€[0,T]x R4
. 1
< mln{c(da CI)H [f(t3 )]%,1 ”qu(lo’f])’ 5 } (33)

(ii) (Stability) Let p be a symmetric regularizing kernel, that is
p) = p(—x) with 0< p e CFRY). supp(p) € Br. [ p(idx=1.
R
Form € N, we set py,(x) =mp(mx) and

14
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b (t,x) = b pu(t,x) = [ b(t,x — ¥)pm(V)dy,

R4
fn(t,x) = fxpmt,x)= [ f(t,x —y)pm(y)dy.
Rd

(3.4)

Let u,, be the unique strong solution of (2.6) with b and f replaced by b,, and f,, re-
spectively. Then u,, € ’H;ZOT and satisfies (3.2)—(3.3) uniformly in m. Moreover, u,, — u €

B([0, f"]; Cll(]Rd)) and for every p € [2, +00), we have

Jim [oil:gf it (1) = t, o + Vit = Vil o 70y man | =0 B3

Proof. We extend b from [0, f"] to (—oo, f] and define it by O for t < 0. Let o be a regularizing
kernel:

0<0€Cy°(R), supp(o) C [0, 1], /Q(r)dr =1.
R

For n € N, we set 9, (r) = no(nr) and smooth b in the time variable by o,:

b"(t, x) = (b(:, x) * 0n) (1) =/b(t — 1, x)Qn(r)dr.
R

For R > 0, we set by (1, x) = b" (¢, x xg(x)), where xg(x) = x(x/R) and

1, if x € By,

0, if x e R4\ B,. (3.6)

X €CEMY), 0< x <1, [xX1<2 andx(x)={

A 2
Then b € L*([0,T]; C;/ (R%; R?)) and there exists a (unlabelled) subsequence such that
lim  lim [bR(r,x) —b(t,x)| =0, a.e. (t,x) €0, 71 x R (3.7

n—>+00 R——+00

Moreover,
I+ 1D DRE I pan qo.dpeymey < NA+T-DTBE I 01 g0 7oy ey 3
Forevery x,y € R4 such that |x —y| <1 andevery R > 1, by (3.6) it follows that

Ixxr(X) = yxeWI < [Ix =yl + IylIxr () — xg W]
<lx—yl[1+ sup Ixp(tx+ (1= <3x =y, (3.9

which also implies

15
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xR () = YXRO)] = XXk () — Y XRG4 [xxr() — yxr()li !
<3laxr@) — yxrO)la L (3.10)
Due to (1.6), (3.9) and (3.10), then

bh(t, x) — bL(t,
sup |DR (2, x) — DR (2, ¥)I

21
O<h—yI<l |x —y|4

[0 124 o,y = ”
Le1(0.T])

xR () — yxr()] "

<66, )]z ]
e P P

< 18] [b(r, (3.11)

Nz ooz

- A 2
Let f € LP([0,T];C/ (R%)) with p € (1, 2]. Consider the following Kolmogorov equation:

{ Q' (1, x) = LAl (2, x) + Vuly (2, x) - B (t, %) + f(t,x), (t,x) € (0,T]x R, G12)

up(t, x)i=0=0, x¢€ R,

In view of Lemma 2.4, there exists a unique

A 24 A 2
Wy € LP(10, T3¢/ R NWHP(0, T ¢/ (R)
solving the Cauchy problem (3.12), and there is some positive constant C(n, R) such that

19 u'gl

) + Ikl <Cn, B f
Lr([0,T];C,

-1 L 24 o2, . (3.13)
(R7)) LP([0.T1:C7T (R)) LP([0.T]:C;

(R4))

BN
QN

We define the solution mapping 7 by 7 f = u'p. By (3.13),

2

A 2 A 24
T:LP(0,T1:¢f  (RY)) — LP(10, T1:C (RY), V¥ pe(l,2],
is linear and bounded. Let 8 € (0,1) and 1 < p; <g < p> <2 suchthat 1/g =1 —0)/p1 +
A 2
0/ p>. With the help of Lemma 2.1 (i) and (ii), 7 is also bounded from L%-!([0, T]; c/ (R%))
A 24
to L7} ([0, TT; Clq (Rd)). In view of Lemma 2.2 (i) and (ii), we have the following inclusion:
A 2 A 2
LT, 75;¢/  (RY) C L0, TL:¢/  (RY)).
Thus there is a unique
1 N AP 1 s ar ol
Wy e L9 (0, 7160 R NWHI(0, 71,60 (RY)
solving the following Cauchy problem:

16
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du' (t,x) = S AW (1, x) + Vuly(t, x) - by (t,x) + f(t,x), (t,x)€(0,T]x R

" (3.14)
uh(t,x)]i=0 =0, x eRY,
which satisfies
lu'gll 42 <Cn, B fI o2 .
La1([0,7]:C, T (RY)) LoL([0.T1:C7  (RY)
1 P AP 1 -
Therefore, u'y € L' ([0, T1;C/  (RY)), du’y € L2 ([0, T];C  (R?)) and
[0, u'g 2 + lugll 142 <C, R fI o2, . (3.15)
Le1(0,T1:C7  (R9)) Le1([0,TL:C, 7 (R9)) Le1(0,71:¢7  (RY))

On the other hand, by the heat kernel representation, the unique strong solution has the fol-
lowing equivalent form:

t

u'p(t, x) =/dr / Kt —r,x— y)[Vu',’e(r, y) - bp(r,y)+ f(r, y)]dy. (3.16)
0 R4

Let X € RY. Consider the following ordinary differential equation (ODE for short):
&= —b(t, R+ x),  Xelizo=0. (3.17)

There is a unique solution to (3.17). By setting it (, x) := u'y (t, x + X 4+ x;), f(t, x):=f@t,x+
X +x;) and l;’;e(t, x) :=Dby(t,x + X + x;) — bl (t, X + x;), one derives

t

ﬁ’}e(t,x)zfdr/ K@t —rx— ) [Vak(r,y) - byr,y)+ f(r,y)]dy. (3.18)
0 R4
Consequently,
|Vits (2, 0)]

t
/ dr / VK —r [V y) - Batroy) + £ y) — F . 0)]dy
0 R4

t

<2 [ar [ 1K@ rn{tbhe s 1Vl + 70012 )
R4

0

2y
x[Ny<ilyla ™ + ylly=1]dy

t
<) [ {01 L I9uh 0 o+ 17N 1+ = 0P ar
0

17



J. Wei, J. Hu and C. Yuan Journal of Differential Equations 440 (2025) 113453

< C(dv ‘I){ ” [br}le(t’ ')]2_] ||L00([0’f‘])||vur;i’”Lq,l([()’f'];cb(Rd)) + ” [f(ta ')]%_1 ||Lq’l([0,f"])}’
(3.19)

1

1
where in the last inequality we have used (2.3) and (2.4) since (f — )¢ € Lﬁ'“’([o, t]) and

1
1y
=77 =1
L4 ([0,2D

Observe that £ € R? is arbitrary, we conclude from (3.19) and (3.15) that |[Vu'y| €
L®([0, f"] x R). This, together with (3.11) and the second inequality in (3.19), also implies

sup || Vup(t, ')”0<C(dyQ)[H[b(tv’)]2,1HLq,1([0,f]) sup [[Vu'p(t, o
o<t<T g o<t

S LRI PN PPN § (3.20)

Notice that 7 is small enough, by (1.14) one has

fll

2

max{C(d, q), 1} x max=||b|| )
Lo 1([0,T1;,¢/

1
<=, (321
3 2D

Y _—
®dy T Larqo. i R

which, together with (3.20), yields that there exists a new constant C(d, ¢) such that
. 1
sup ([ Varg(t,)llo < min{ €. ) | L 12y | oo 71 5 (3:22)
o<t K
By (3.16), we get

t

w0l < [[r [ Ka=rp[i+ e+ i 07 el
R4

0

HIA+1-D 78R Mo sup | Vuck(r, lo]dy.
o<r<T

Therefore,

lu'g (2, x)]
sup sup ———
o<r<ireRd 11Xl

T
<c@ [ [+ =nHIa+ 1) e o+ 10 417l far
0

(3.23)

L I 2

<cd.olipl A
Lo (0,71:C7 (RY)) La1((0,71;C;

1<Rd>>]’
where in the last inequality we have used Holder’s inequality, (2.2), (2.3) and (3.8).

18
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For the second derivatives of u’}e (t, x), we get an analogue of (3.19) that

1
Vi ol <@ [ar [19°K@ =l |hot 4176
0 R4

2
<[1yi<ilyls ™ + 1yI1y=1]dy

2
q

\ 1_3 1
<@ [ {ihoon; + 1reon o =0t v a - ar
0

which suggests that

12k | 20 71 1w ey < € )| 161 2+ (3.24)

]
Le1((0,71:,¢7  (R7)) L21([0,71:C,7 "RY)

if one uses (2.5) first, (2.2) next and (2.3) third. .
Further, by (3.14) and (3.22)—(3.24), then d,u’, € L4([0, T]; L;’;’C(Rd)) and there is a positive
constant C'(d, q) such that

I+ - D7 0uk (0 ) Lo o, 71 20 R
< C(d, 6])[||V2M’113||L2([0’f];Loo(Rd)) + ”(1 + | ! |)_lf([v .)”Lq([()j‘];cb(Rd))

+ sup [[Vup(t, )lloll (14 1- |)_1br11e(ta ')||Lq([oj];cb(Rd))]
o<

<@gl (3.25)

2_
ql

. +If o2
LoY([0,TT,C!  (R9)) Lq'l([OyT];C,q

(Rd»]

On account of (3.22)—(3.25) and (3.14), there exists a (unlabelled) subsequence u, and a mea-

surable function u € H>.:
q,0,T

H2s = v e BAO. T1: L5 (RY): Vol € BAO, TTx R, |V20] € L2(10. T]: L¥(R)).
dv € L0, T1; Lis (R and [[(1+1- D000, ) 1 0.7 oo ey < T
such that u'y (t, x) — u(t, x) for every (¢, x) € [0, 7] x R? and Vu'p(t, x) — Vu(t, x) for ae.

(t,x) €0, f"] x R4, as R and n tend to infinity in turn. Moreover, (3.2)—(3.3) hold for «, and by
(3.7) and (3.16), u satisfies

t
u(t, x) = /dr f Kt —rox — »)[Vutr.y) - b y) + £(r. 1)]dy.
0 R4
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which suggests u satisfies (2.6). Therefore, u is a strong solution. On the other hand, |V?u| €
L%([0, T]; L®(R%)) and |Vu| € B([0, T] x RY), we get Vu € B([0, T1; Cp(R?; R)). Whence,

2,00
ue
HqOT

Now let us prove the uniqueness. Observing that the equation is linear, it suffices to prove that
u = 0 for the following homogeneous Cauchy problem:

du(t, x) = JAu(t, x) + Vu(t, x) - b(t,x), (t,x)€(0,T] x RY,

u(t, x)|;=0=0, xR,

For the above Cauchy problem, by using analogues of (3.20) and (3.21) for Vu, we deduce

W =

sup [Vu(z, )llo < 5 sup [[Vu(t, )llo,
o<t<T o<i<T

and then get Vu = 0, which leads to # = 0 by a similar argument as in (3.23).
(ii) Let u, be the unique strong solution of (2.6) with b and f replaced by b, and f,,
respectively. Then u,, € H> Oof and satisfies (3.2)—(3.3) uniformly in m. It remains to check

—u e B([0,T] x RY) and (3.5) holds.
Let U = U, — u. Then v, satisfies

atvm(tvx) = %Avm(t’x)"‘vvm(t’x) 'bm(tax)+Fm(tax)a (tax) € (Oa ’f] X Rdv

U (t, ) |i=0 =0, x € RY,

where Fy, (t,x) = fm(t,x) — f(t,x) + Vu(t, x) - (by,(t, x) — b(t, x)).
Observe that

|Ufm () = f 2. ')]5—1 ||L‘111([0,7A"]) <2fifa, ')]%—1 ||Ltl~1([0,f"])’
|t (2. ) = b, ')]%—1 ”qul([o,f]) <2|be, ')]%—1 ”qul([o,f])’

and

””fm(t’ ) - f(t’ ')HOHL‘LI([U o < ” [f(t’ ')]5,1 “L‘%'([O,f"]) f |Z|§7lpm(2)d&
: R4

10, =0 Mol <5 Lo | je1e ™ o )z,
then
fn— feLTO,TT; cb%*](Rd)) and by, —be LT[0, T]; cb%*l(]Rd; RY)).
Moreover, forevery 0 <e < 1/qg —1/2,

lim || fu — £l 2 = lim b, — b 2 =0. (3.20)
m—>+0o Lel(o,71;c) (R MmEo Le1(0,71:¢) T (R)
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Let £ € RY and x}" be the unique solution of the ODE )" = —by, (¢, X + x]") starting from
zero. We set Oy, (£, x) := vy (£, X + X + "), by (t, %) := by (t, x + £ + x*) — by (2, % + x7") and
Fo(t,x) = Fp(t, x + £ + x"), then

t

Do (£, X) =/dr/K(t — 1, % = W[V, ¥) - b (r, y) + En (r, y)]dy. (3.27)
0 R4

We then get an analogue of (3.19) that

[VOm (2, 0)

t

2_
< [ar [ 19K =160z 17000 ol lyl ™ + 511
0 R4

2_q_
SRL10) PR Ea VY
t t

< c/[b<r, Mz IV Mol ¢ =03l +.€ [ [ = 0,
0

0

) =bCN 2 VOl 3 6= T dr = b0+ b, (3.28)

b b

With the help of (2.5), Holder’s inequality, (2.2) and (2.3), we get

||12||L2([0’7A‘]) g C” [fm (t7 ) - f(tv ')]%_1_2E ||L{,?([O’j"])

+C e, ) = bt ) 2- L IV 5,
cf ¢/

Lao, 7
<Cllfm— [ L 219
La(0.7;¢,! R4))
+Cllbm — b 21 % Vull 2.,
La((0,T1;C, R4y) Li(o,71;¢ R9))
<Clifim— 1l L 212
Le1([0,T1;C)! R%))
+Cllbm — b 24 5 (Vull 2, . (3.29)
Le1([0,71;¢ (R4)) Li(o.71;¢,! R4)

where § =2¢g /(g +2 —2qg¢) and g =2/(1 — 2¢).
Notice that

Vu € B([0, T1; C(RY; R)) N L2([0, T1; W (RY; RYY),
by (3.2) and (3.3), we obtain
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[Vl

A %71725
L4([0,T];C, R%))

= [IVull L3 g0.71.c, Ry T ” [Vu(t, ')]%—1—26 HL&([O,?])

2— q 2eq 2g+2eq—2

V]

C”Vu”LOO([() T] Cb(]Rd)) + C”V I/t”
<CIfI

q
L2( o 71:L°°(R4)) Lo ([0, T1:Cp(RY))
Lokt @Y

This, together with (3.29), yields that

1221120 7 <C[|If = fl 2_1_p + lbm — bl 2 4 g ] (3.30)
L.y = " L41([0,71:C] R " L41([0,71;:C R
For 11, we get an analogue of (3.30) that
11l ;2 <CWd,q)|bl 2_ VUl 120710 (R4
L2 ([0, = L1 (0.7t I(Rd)) MUL2([0,T];Cp(RY))
< §”va||L2([0,f"];ch(Rd))’ (3.31)
where in the last inequality we have used the fact Tis sufficiently small (see (3.21)).
Combining (3.28), (3.30) and (3.31), one arrives at
IVomll 2 g0, 71, ey
Clfw=f1 e M=t | (332)
La1([0,T];C,! ®R)) L21([0,T];C,! ®R4))
which also implies
A NVl o, 7., R4y
&
= mEToo [”W’””LZ 0.71:Cp (Rd»”V m"Lw([o T: deRd))]
2
<c tim [~/ s Hlbw=bl L ]7=0 (333)
m=>+00 Le1([0,T1;C (R4)) L41([0,71:C) (R4))

for every p > 2, where in the second line we have used an interpolation inequality for Lebesgue
spaces, and in the third line we have used (3.32) and the fact that Vu,, satisfies (3.3) uniformly
in m, and in the last identity we used (3.26).

We use (3.27) again to get an upper bound for ||v,, (2, -)||o that

t
¢ [ar [ k=)0 17000 o<1 4+ 5111+ o
0 R4
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This, together with the estimate (3.32) and an interpolation inequality for Lebesgue spaces, yields
that

v, )llo < C[ b Vv a + — A,
llvm (2, ) o [ ”qul([o,f];Cl%_l(Rd))” mlquz1 ([0.F1.Cy RY) I fm = Fll a1 qo. 7)., R
HIVal o 1= Pl o ey @
-2
<SClfm=F1 s et o |
La1([0,7]:.C) ®R)) Le1([0,7]:.C)] ®R))
FC[ U = Pl oy ey 16m = bll oo ycy ey |
which suggests v, € B([0, f”]; Cp(R?)) and
lim  sup [l (7, )llo =0. (3.34)
MTT00iT

Combining (3.33) and (3.34), we complete the proof. O
4. Proof of Theorem 1.7

Let C(d, q) be given in Theorem 3.1 (i). By (1.14), there exists a positive integer k € N,
which is greater than 7', such that

1
C(d.q) sup |D] 2 < s 4.1
0i<k—1 LT TilCf RD) 4
where T; =iT/k,i =0,1,..., k. Firstly, we assume s € [0, T1) and prove the conclusions on
[0, T1].
Consider the following vector-valued Cauchy problem:
qUO(t, x) + SAU (1, x) + VU (t,x) - b(t,x) = —b(t,x), (t,x)€[0,T}) x R?, @2
U°(t, x)l=r, =0, x €RY, '

2
Since b € L‘“([O, TI; Cl" (Rd; Rd)) and (4.1) holds, in view of Theorem 3.1, there is a unique
U0 e (H;:S?T] )d (see (3.1)) solving the Cauchy problem (4.2), which satisfies

1

1
sup VU (t,)llo < 7

_ “4.3)
0<r<Ty 4

2
and VUl 200,711 oo (Ry) <

Let ®°(r, x) = x + U%(z, x). By (4.3), ® forms a diffeomorphism of class C! uniformly in ¢ €
[0, T1]. In addition,
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3 0 5 4 0 4
—< sup [[VOU(t, o<~ and — < sup [V, o < 3, 4.4
4 o<isn 4 5 Tosi<h 3
where WO(z, ) = [®0(r, )]~ =: %1 (1, ).
For0 <& < 1andt €0, T1], define
t+¢ 1
U, x)= ! f U x)dr—/UO(t+r8 x)dr
Fol ’ - e ’ - ’ ’
t 0
then for every x € R ,as ¢ tends to 0,
Ul(t, x) — U, x), V1el0, T,
O UL(t,x), VU1, x), VEUL(1, X)) (4.5)

— Uz, x), VU1, x), V2U (1, x)), a.e.t€]0,T;].

We set <I>2(t, x)=x+ Ug(t, x), where U%(z, x) := U%(Ty, x) =0 when ¢ > Tj. Suppose Xg’t is
a strong solution of the following SDE:

dX{,(x)=b(t, X),()dt +dW;, t € (s, T1], X, ()= = x, (4.6)
in light of 1t6’s formula (see [17, Theorem 3.7]), then

t t

1
<1>2(z,x§,(x))=<1>‘g(s,x)+/arU£(r, X?,,(x))dr~|—§/AUg(r, X0, (0)dr
N N

1 t

+ / VU (r, X2,.(x)) - b(r, X2, (x)dr + / b(r, XY, (x))dr

N N

t

+ / I+ VU (r, X2, (x)]dW,. (4.7)

N

By (4.5), (4.7) and Lebesgue’s dominated convergence theorem, one has

t 1
CIDO(t,X?,,(x)):CDO(s,x)—i—/BrUO(r, Xg’r(x))dr+/VU0(r, X0, (x)) - b(r, X2, (x))dr

t t

t
+%/AU°(r, X?,r(x))dr-i-/b(r, X?’r(x))dr—i-/[l + VU, X2, (x))1dW,

N N

t
=d%s,x) + /[1 + VU, X2, (x)1dW,, (4.8)

N
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where in the second identity we have used the fact that U%(z, x) satisfies the Cauchy problem
(4.2).
Denote Y, (y) = ®°(z, X? ,(x)), it follows from (4.8) that

dyd,(y) =1+ VU1, 0@, Y2, (»NIdW, =%, Y2, (3))dW;, te (s, Til,

4.9)
YO, (M)limy =y = @0(s, x).

Conversely, suppose Y’ 21 is a strong solution of SDE (4.9), then Xg’ =900,y g ;) satisfies SDE
(4.6). Therefore, SDEs (4.6) and (4.9) are equivalent. We first show the conclusions for SDE
4.9).

By the regularity of U°, we have 6% € L%([0, T1]; W (R?; R?*4)). Let {Zs,:(M}s<e<T, be
a continuous {F; ;}s<:< 1, -adapted process starting from y € R?. We define a mapping S by

t

SZs (M) =y +/50(r, Zs,r(y)dW,.

s

Then {S(Z;,:(y))}s<e<T, 18 also a continuous {F ;}s<s<7,-adapted process starting from y €
R?. Moreover, for such processes ZSI),(y) and sz)t(y), we have

E sup [S(Z),(0) -8z,

s<t<Ty
! 2
— ~0 1 ~0 2
=E sup /[0 (rZs,(¥)) =6°(r, Z5 . (y)1d W,
s<t<Ty

T
<4E / 16°- 21, () — 5°(- 22, () 2dr
S

<4E sup |Z!, () —Z2, (5 AIVAUO2 oo sup [|VeO(r, |3
= s<t<Ty .1 .t L2([0,T1];L (Rd))sgrgn 0

4
< =E sup |Z‘Y1’t(y) - Z?,,(y)|2»
s<t<Ty

where in the first inequality we have used Doob’s inequality and in the last inequality we used
(4.3) and (4.4).
By Banach’s contraction mapping principle, there exists a unique strong solution Y, s(? , 10 (4.9),

which also belongs to LZ(Q; C([s, T11)). On the other hand, 60 ¢ L*°([0, T1] x RY: RdXd), by
virtue of It6’s formula, we get

diY),mIP <L+ Y8, m1P1de + plYd, 1722, (). 6%, Y2, () dWy), ¥V p>2.
Since for every t > s,
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/| LY (), 500, YL (0)d W)

is a martingale, by Gronwall’s inequality, one has

sup E[YY, (P < C+[y|"). (4.10)
s<t<Ty

Next, we verify the homeomorphisms. Applying the It6 formula again, for every & < 0, we
derive

¢ £
d[1+|¥3t(y>|2]2\§[1+| YO P 242,506 (. Y2, nd W) + 15°. Y0, (o) I2dr]
) £
FEEZD 0, (], PRI Y, ()P

2

£
SE[T+1Y2, P ¥, (3,6, YO, (v)dW,)

EE-2)
+=5 (14172, () 2] 15217 e 0.7, ey 41

By using Gronwall’s inequality again, we obtain

&
2

£
sup E[1+(Y),(IF]2<CcA+1yP2, Vé&<oO.

s<t<Ty

This, together with the elementary inequalities (1 +a)¢ < (1 +a>)f2<2752(1+a)f Va >0
and £ < 0), implies

sup E(L+ Y2, 0D <CL+1yDs, Y& <O.
s<t<Ty

Thanks to [24, Lemmas I1.2.4, I1.4.1 and 11.4.2], it is sufficient to prove that for every y, y’ € R4
(y#y)andevery s, t,s',t' €[0,T1] (s <t,s' <1,

sup E|Y,(») — ¥, 0NI* <Cly—y'1*, V¢ <0, (4.11)
S<I<T]

and
2 P
EY 0 =Y 00 <clly =y PP +is—s1F+r=r1f], vpz2 @i

For 1 > 0, we choose f,,(x) = (1 + |x|?) and set Ygt(y, y') = Ygt(y) - Ygt(y/). In view of
1td’s formula, for every ¢ < 0, then
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t
[0 0.y <2 / L 0oy, (5., G0 Y, (30)) = 60 Y2, ()W)

t
+f (= y)+Clec = 1) / kg () 5V, (v, y)r, (4.13)

where ko (r) := |60(r, )| oo (ray € L*([0, T1]) for 6% = VU € L*([0, T1]; W (R?; RI*4)).
Due to the Gronwall inequality, we obtain from (4.13) that

sup E[pe+1Y2,0) — YO, 0NP) <Clu+1y -7 .
s<tLTy

Then (4.11) follows by letting u | O.
To prove (4.12), we assume without loss of generality that s < s’ <t </, then

s’ t

Yo=Y 6N =y—y+ / &0, Y2, ())AW, + f &0 Y5, ()dW,

N

’

t t
+ / [6°G. Y2, () = 6°G, YD . (»))]d W, + / [6°G. Y0, (»)) = 6°G. Y) . (v))]dW,.

! ’

N N

On account of the Burkholder-Davis-Gundy (BDG for short) inequality,

ElY),(») = Y) ()P

s’ 4 t 4
2 2
<Cly—Y'1P+ CE{ / 15°¢r, Y£,<y)>||2dr} + CE{ / 15°r, YB,,(V)Wdr}
N t
t g t g
+CE[ / RO, () — YS,,(y)Fdr} +CE [ / RO, () - YB,,(y’)Vdr]
s/ s/
<Clly=Y1P+1Is =512 +1t —1')7]
+CE sup Y0, (») = Y9, WP +CE sup |Y) () =Yy O (4.14)

s'<r<Ty s'<r<Ty
We use Itd’s formula to |Y£ L) =Yy, (y)|?? first, Gronwall’s inequality next, to get

sup B0, (») — Y0, ()
s'<r<Ty

s/

/ &0, ¥ (»)dW-

N

2p

<CE|Y),(») =y’ =CE <Cls—s'I7.
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The It6 formula is again used, leading to

E sup [Y).(0)—Y), (I
s'<r<T

.

<EIY),(y) = yI” + pE sup / Y9, () = Y9 DDIPHY () = Yy (),
s'<r<T

s

(5%, Y2, () = 6°(r, YO, (y))1dW,)

> st

/

T
pp—1) 2yx _
+=5—F / Y2, () = Y0, WP 21600, ¥, (9) = 606 YD () 1P
s’

By BDG’s inequality, one gets

T %

D

E sup [¥),(0) =Y, (MIP<Cls—5'|2 +CE [ / KON, () — YS,,(y)PPdr}
s/grng

s/

+C sup E[Y0, () -YS, (IP <Cls—s'|2. (@415
s'<r<Ty

Similarly, by applying the It6 formula to |Yy . (y) — Yy (/' )|21’ , it follows that

sup EYD () =YD, 0N <Cly—y'*.
s'<r<T

This, together with the BDG and Gronwall inequalities, leads to

E sup [Yy, () =Yy, )P <Cly—y'IP. (4.16)
s'<r<Ty

Summing over (4.14)—(4.16), we obtain (4.12). Thus YS,(~) forms a homeomorphism. Since YS,
satisfies equation (4.9), then

t

YO, o) = YO o) + / &0, Y0, (V0 () d W,

N

where Y7 () := (Y2, ()7 ().
Noting that YS,(YS’,_I(y)) = Y,?;_l(y), one gets

t

v )=y - / 00, Y (y)dw,. (4.17)

s
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We can get an analogue of (4.12) for Y, 3 ’,71 (y) once taken into account the backward character
of the equation (4.17). In view of the Kolmogorov-Chentsov continuity criterion, th(y) and
Yég;_l(y) are continuous in (s, 7, y) almost surely in w, and {Ygt(y), 0<s<t<T, ye Rd}
forms a stochastic flow of homeomorphisms. Therefore, there is a unique stochastic flow of
homeomorphisms {X?(x), 0<s <1 < T1, x € R?} to SDE (4.6).

We then consider the vector-valued Cauchy problem on [77, T»]:

{ QU x) + AU (1, x) + VU (t,x) - b(t,x) = —b(t,x), (t,x)€[T1,T>) x Rd,(4 )

U, x)|i=1, =0, x e RY.

2,00

With the aid of Theorem 3.1, there is a unique U'! e (H q”Tl’Tz)d solving the Cauchy problem

(4.18). If one sets ®'(r, x) = x + U'(z, x), then ®! forms a diffeomorphism of class C' uni-
formly in ¢ € [T, T2]. Moreover, if X ITM solves the following SDE:

dXy (x)=b(t, X}, ,()dt +dW;, t € (T1, 2], X, ,(O)|i=1, =x €R?,  (4.19)

then Y}I’t(y) =ol(, XlTl,t(x)) satisfies

{ dyj ,(»=U+VU' @, V'@, Y], (ONAW, =5, Y}, ,()dW,, t € (T, T], 20,

YL D=1, =y =®(T1, ),

and vice versa, where W!(z, ) = [®!(, )]~ L.

On the other hand, by the regularity of !, there exists a unique stochastic flow of homeomor-
phisms {YT11,t(y)’ Ti <t < T», y € R%} to SDE (4.20), thus there is a unique stochastic flow of
homeomorphisms {XlTl,t(x), T'<t<T,xe ]Rd} to SDE (4.19). We define Y; ;(y) and X ;(x)
for t € (s, T»] by

Y2, (), ifr €[s, T,
YoiO)=1 1 oo )
YT],Z(YS,TI (y))’ lft € [Tla T2]7
and
X0, (0, if € [s, Ty,
Xs,t(x) = 1 0 .
X7, (X 7, (), ifte[Th, T2,

respectively, then Y ;(y) and X ;(x) solve
dYs (y) =6, Y5 (0)AW;, t € (s, Tal, Yy (Dli=s = y = (s, x), 4.21)
and
dXs(x) =b(t, X5, (x))dt +dW;, t € (s, T2], X, (x)|i=s =x, (4.22)
respectively, where
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5%z, y), iftels, T,

6(t,y)=: . _
o' (t,y), ifte(Th,Tr].

Moreover,

Yo (0), 0<s <Ti, s <t < Tay y € RY and (X, (1), 0<s < Ty, s <t < To, x €RY)
form the unique stochastic flow of homeomorphisms to SDEs (4.21) and (4.22), respectively.
We then repeat the preceding arguments to extend the solution to the time interval [T, T3].

Continuing this procedure with finitely many steps, we construct a unique stochastic flow of
homeomorphisms {¥s ;(y), 0<s < Ty, s <t <T, ye ]Rd} to

dYs () =6, Y (0)AWs, 1 € (5, T, Yo (M= =y = %5, %), (4.23)

and a unique stochastic flow of homeomorphisms {X;;(x), 0<s < Ty, s <t < T, x € Rd} to
SDE (1.1), where 6 (¢, x) = I + VU (t, ¥(z, x)), W(t, x) = ®~ (¢, x), (¢, x) =x 4+ U(z, x) and

Ut,x), iftel0,Til,
U, x)= _ (4.24)
Uit,x), ifte(T;, Tyl i=1,2,...,k—1,

with U'(t,x),i =0, 1, ...,k — 1, satisfying

QU (t,x) + FAU(t,x) + VU (t,x) - b(t,x) = —b(t,x), (t,x)€[T;, T+1) x RY

; " (4.25)
Ul(tﬂx)|t=T,-_H =0, x GRd.

For general T;_1 < s < T; with 1 <i <k, we define

Y o). it els, Til,
Yo () =1 Yi (oY 7 OO, ift e [T, Tl
' -1 - . .
Y7 (o¥i  p(Jo---o YIZ O, ifrell;, Tinlandi < j<k—1,

and

X5 (), if £ € [s. T;],
Xo ()= X5 ()0 X)), if € [Ty, Tiga ],
j i—1 i — . . .
X7, 00 Xp | (oo X)), ifr [Ty Tjpalandi < j <k —1,

respectively, then
{Y5:(»), 0<s <t <T, y e R and (X, (x), 0<s <t < T, x €RY
form the unique stochastic flow of homeomorphisms to (4.23) and (1.1), respectively.
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We now turn to show the weak differentiability for X, .(-) and X ,1 (-), and the estimate
(1.15). From the observation that U defined by (4.24) satisfies (4.25), and (4.1) holds, we can
get an analogue of (4.4) for ® and W on [7;, T;+1]. Since the estimates are independent of i
(i=0,1,...,k—1),itleads to

< sup VO, )llo< 5 and , (4.26)

0<t<T

< sup [[VW(, o <
0<t<T

W
W &~
Wl s

&1 W

where W(t, ) = ®1(z, ). Invoking the following fact

VX5 (x) = VU@, Y (V(s, X)) VY5 (U(s, X)) VU(s, x),
VX (x) = V(@ Yy (s, ) VY, (W(s, X)) V(s, x),

it suffices to show the weak differentiability for Y, ,(-) and st,1(~). The inverse flow st,l is
observed to satisfy a new SDE, which has the same form as the original one (only the diffusion
has an opposite sign), the proof of the weak differentiability for Y_;,l is similar to that of Y ; after
taking into consideration the backward character of the equation. We only show the conclusions
for Yy ;.

Let b,, be given in (3.4). Fori =0,1,...,k — 1, let U,§1 be the unique strong solution of
(4.25) with b replaced by by,. In view of Theorem 3.1 (ii), U,’;1 € (H;:()T?,Ti+1)d' Moreover, by
Theorem 3.1, (4.1) and the following fact

{ (LU PRRP RIS |LEIORI e AR

L+ D7 o, Mearqn, rone®ay < 200+ Db, M a1 qn, 1411:0,RD)»

we obtain
sup sup ||VU(t, )0 < 5.
m21 T <1<Tit1
IV2UL| Clbll @20
sup 12 T, T JL® R4 < 2_ 5
m>1 AT EEEERD) = LT TG (RY)
and
lim  sup IU}(t,) = U'(t, )llo =0,
m—-+0Q0 . r
T,gz§T,+1 ‘ (4.28)
1 1 1 —
pim VU, = VU Lo 110, =0,V p 22
We define

Ul(t,x), iftel0,Til,

Un(t,x) = . . .
Uu,@x), ifteT;, Tyl i=1,2,...,k—1.

By (4.27) and (4.28),

31



J. Wei, J. Hu and C. Yuan Journal of Differential Equations 440 (2025) 113453

sup sup [[VUn (. )0 < §.
m>10<t<T (4 29)

sup [IV2Un | 20, 71: %R < C 0]l 2_ ,
m>1 ( R Le1([0,71;,¢/ 'R

and

lim [ sup [|[Un(t,) = U@, o+ VU, — VU“LP([O,T];Cb(R"’)):I =0, Vp=>2.(430)
m——+00 0<i<T

We set ©,,, (¢, x) = x + Uy (t, x), then ®,,(, -) forms a diffeomorphism of class c! uniformly in
t € [0, T']. Furthermore, ®,, and its inverse Wy, satisfy (4.26) uniformly in m. Let X[, (x) be the
unique strong solution of the following SDE:

dX", (x) = by (1, X", (x))dt +dWs, 1 € (5, T1, X", (x)]1=s =x € RY. 4.31)

Then Xm, (x) is weakly differentiable in x. If one defines Y ,(y) D, (2, XT g7 (%)), then s”ft(~)
is weakly differentiable and satisfies

AYE0) = U o VUt U0, Y O, =3 G0, X (D)W, 1€ (0T 32)
Ysrflt(y)|t=s=y= D, (s, x). .

Additionally, SDEs (4.31) and (4.32) are equivalent.
For every p > 2, by using It6’s formula to [Y", (y) — ¥ (y)|?, we obtain

dY (y) = Yo )I”

_plp—1
2

IV () = Yo DIP T2 (0) = Yor (0, [6m (1, YL (0)) = 6 (1, Y s ODIAW). (4.33)

1Y (3) = Y, DI 2 1Gm (£, Y () — 6 (2, Y () |17dt

Invoking the fact that

O (t, Y () =0, Y5 () = VU (8, Vi (2, Y, () = VU, Wi (2, Y (9)))
+VU(t, W (1, Y, () — VU (2, W(t, Y ()
+VU(t, W(t, Y, (1) — VU, Y(@, Ys (1)),

we obtain
16, (1, Y2, (1)) = & (2, Yy O
<NVUR () = VU o+ VAU oo [ 191, ) = W62, o
IVl 0.1 | V() = Yo )]
and then guarantee
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50D = Yo DI 218w (1, Y5 () = 61, Yo ()2
<CROIYL ) = Yor DI + 1Y) = Yo WP 219U, ) = VU@
2O [ W (1, ) = (0, )13
<CU+2ONYLG) = You W +C[IVUn () = VU@

2O W (1) = W0, |, (4.34)

where k(1) := ||V2U(t, ')”Loo(Rd) € L%([0, T1), and in the second inequality of (4.34) we have
used the Young inequality
p P
|
atby < — +
p

N

1 1
s Val,b1>0,ﬁ>land7+7/=l.
p P

By (4.33) and (4.34), we guarantee

t
ElYS () = Y5 MIP < C(p)/[l + 2 ONY (9) = Y (0)Pdr

1
+C(”)/ (19U = VUG + €20 19 ) = ¥ )18 |,

and then get

sup sup E|Y(,(y) = Y5 (DIP
yeRd s<I<T

T
<€) [ (1900 = VUGG + 2010 = w1 Jdr @39)

if one uses Gronwall’s inequality.
Observing that ®,,, and its inverse W, satisfy (4.26) uniformly in m, one achieves

[P, W(r, y)) = P (r, W(r, y)| = [P (r, Ui (7, ¥)) = P (r, W(r, ¥))|

> 21 ) = W0 )l
which also suggests that
(Wi (r,-) = W(r, )llo < gIICD(r, )= P (r,)llo= %IIUm(r, )= U, )llo. (4.36)
In consequence of (4.30) and (4.36), we conclude from (4.35) that
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lim sup sup E| mt(y) Y,.:(»)|? =0. 4.37)
Mm=>+00  Rd s<I1<T

Notice that Y{", (y) is weakly differentiable in y, if one differentiates Y, (y) with respect to
the initial data and denotes the derivative by &",(y), then

dEM (y) = V2Up (t, W (1, YOV, (1, YL (O)ED, (A Wr, 1€ (5, T,

(4.38)
& Mi=s = Lixd-
For every p > 2, by applying the It6 formula to ||&" () [|”, we achieve
dllgS,mIP
< CPIEN OIP2E 3, VUt W 1, Y 0DV 2, YT, 0DIET, (1A W)
+C(PIE" WP IV Un (e, )”LOO(Rd)dt- (4.39)
By (4.29), (4.39) and Gronwall’s inequality, then
sup sup  sup  E[ET (WP < +oo. (4.40)

m>1yeRd 0<s<I<T

From (4.40), for every ¢t € [s, T'], there exists a random field & ; such that when m approaches to
infinity

& () = &.,(-), weak —xin LR LP(Q), YV p=2, (4.41)

up to choosing an appropriate subsequence.
For any test function ¢ € C§° (R%) and n e L7

E[/és,z(y)w(y)dyn] =—mli)r£m1€[/ Y!flf(y)-Vso(y)dyn}
]Rd

P
—1

(€2), then

Rd
- —E[ / Yor(y) - pr(y)dyn}, (4.42)
Rd

where in the first line we have used (4.41) and the integration by parts, in the second line we
used (4.37). By (4.42), Y, +(y) is weakly differentiable in y and VY (y) = & ;(y). Moreover,
for every p > 2,

sup  sup  E[VY, ()7 <+oo.
yeRd 0<s<I<T

From this, we complete our proof. O
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