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ARTICLE INFO ABSTRACT

Keywords: This paper discusses a new phenomenological continuum formulation for the constitutive
Large strain modelling of viscoelastic materials at large strains. Following pioneering works in Sidoroff
Finite viscoelasticity (1974), Lubliner (1985), Bergstrém (1998) and Reese and Govindjee (1997), the formulation

Maxwell rheological model

A o shares some common ingredients with other phenomenological approaches, including the mul-
Multiplicative decomposition

tiplicative decomposition of the deformation gradient into viscous and elastic contributions, the
additive Maxwell-type decomposition of the strain energy density, and the definition of a set of
kinematic internal state variables with their associated evolution laws. Our formulation departs
from other state-of-the-art methodologies via three distinct novelties. First, and revisiting
previous work by Bonet (2001), the paper introduces a thermodynamically consistent linear
rate type evolution law in terms of stress-type variables, which resembles the return mapping
algorithm typically used in elastoplasticity, facilitating the modelling link between both inelastic
constitutive models. In this sense, the proposed viscoelastic evolution law can be identified with
a classical plastic flow rule. Very importantly, the evolution law is shown to be compatible
with the second law of thermodynamics by construction and have a closed-form solution in
the case of incompressible viscoelasticity when using a prototypical neo-Hookean type of non-
equilibrium strain energy density. Moreover, the paper shows how using the concept of a
stress-driven dissipative potential, more general non-linear type of stress evolution laws can
be straightforwardly constructed. Second, to facilitate the joint consideration of anisotropy and
thermodynamic equilibrium, a frame indifferent stress free configuration is introduced which
facilitates the definition of objective strain measures. Third, the methodology is extended from
isotropy to transverse isotropy via the consideration of the appropriate structural tensor. The
formulation is first displayed for the simple case of a single transversely isotropic invariant
contribution with corresponding closed-form solution, and then straightforwardly extended to
the consideration of the second transversely isotropic invariant, multiple families of fibres, or
even more complex symmetry groups. To demonstrate the capability of the new framework, a
specialised form of the eight-chain long-term strain energy (long term) and a neo-Hookean strain
energy (non-equilibrium) have been adopted for the description of the mechanical behaviour
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of VHB 4910 polymer, due to its use in current Electro-Active Polymers based soft robotics.
Good agreement is found between in silico predictions and available experimental data on
various tests, including loading—unloading cyclic tests, single-step relaxation tests and a multi-
step relaxation test. Finally, biaxial loading-unloading cyclic and relaxation tests are presented
to further showcase performance in anisotropic scenarios.

1. Introduction

Viscoelastic material models are widely adopted for the characterisation of the mechanical behaviour of polymers, soft biological
tissues and many other soft smart (i.e. electro, magneto, chemo) active materials (Li et al., 2022; Wollner et al., 2023; Eleni et al.,
2013; Freed and Rajagopal, 2016; Budday et al., 2017; Ghosh and Lopez-Pamies, 2021; Lenarda and Paggi, 2022; Liu et al., 2022;
Dusane et al., 2023). To include dissipative mechanisms into their constitutive models, there have been two different classes of
modelling approaches at the continuum length scale, as pointed out in Kumar and Lopez-Pamies (2016), Liu et al. (2021), Wijaya
et al. (2023). The first approach is based on the hereditary integral, which generalises the concept of linear viscoelasticity theory
to large deformations in terms of relaxation functions (Clifton et al., 2016; Haupt and Lion, 2002). In this approach, the model is
usually formulated directly on the stress—strain relationship, and the viscous effects are taken into account via the hereditary integral
of a relaxation function with the loading history for the description of the fading memory influence on the stress (Gurtin, 1968).
The constrained mixture theory that has been developed for the remodelling of vascular growth can also be categorised into this
hereditary-integral-based modelling framework (Humphrey and Rajagopal, 2002; Valentin et al., 2013). The second approach relies
on the definition of so-called internal variables at the macroscopic level, which incorporate the physical insight of the microscopic
scale. This phenomenological approach typically utilises the multiplicative decomposition of the deformation gradient into elastic and
viscous components (Sidoroff, 1974; Bergstrom and Boyce, 1998; Lubliner, 1985; Reese and Govindjee, 1998; Huber and Tsakmakis,
2000; Bonet, 2001; Dal et al., 2020), and the evolution of internal variables generally leads to thermodynamically consistent
dissipative behaviour (Bergstrom and Boyce, 1998; Naghdabadi et al., 2012). A Zener-type structure (Reese and Govindjee, 1998,
1997) is adopted and the inelastic deformation gradient resulting from the multiplicative decomposition is treated as the internal
variable. The derivation of this model is similar to that of large strain elastoplasticity (Simo and Miehe, 1992). Note that this
phenomenological approach can be generalised to involve multiple non-equilibrium contributions (Chockalingam et al., 2021). All
in all, the second approach is more tractable than the first one and the model discussed here, as will be shown, belongs to this
prevalent finite strain viscoelastic modelling approach.

Well known formulations (Lubliner, 1985; Bonet, 2001) exploit Maxwell type rheological models to provide physical insight
to their more general continuum description, where each branch of the Maxwell-decomposition can be identified with a spring in
series with a dashpot. The viscous strains in the dashpots represent the internal state variables that need to be determined for the
comprehensive determination of the thermodynamic system. It is typically accepted (Kumar and Lopez-Pamies, 2016) that the strain
energy of the system can be modelled via a two-potential framework, characterised by a long-term strain energy functional, that
represents how the material stores energy through elastic deformation, and a non-equilibrium strain energy functional, that represent
how the material dissipates energy through viscous deformation. In the finite strain continuum setting, nonlinear rate evolution laws
for the internal variables are derived, in contrast with the linear relaxation laws that can be obtained in the simpler one-dimensional
case. For ease of computational implementation, incremental forms of the evolution laws are derived in accordance with a selected
time integration (typically implicit) scheme. Given the fact that soft materials can be either compressible or incompressible, suitable
formulations are required in both cases (Wijaya et al., 2023), where the incompressibility constraint leads to an inevitable more
complex nonlinear evolution law.

Additional efforts have been directed towards anisotropic viscoelasticity, generally modelled as an extension of the isotropic
formulation via the use of structural tensors and the isotropicisation theorem (Ericksen and Rivlin, 1997; Limbert and Middleton,
2004; Pioletti et al., 1998). The anisotropic viscoelastic model proposed by Holzapfel et al. (2000) extends the isotropic convolution
integral formulation established by Holzapfel (1996), incorporating a dependence of the equilibrium stress and overstress response
on the invariants of the Cauchy—Green and structure tensors. Another physically based model has been formulated by Bischoff et al.
(2004), specifically for highly extensible soft biological materials, which integrates the isotropic viscoelastic model of Bergstrom and
Boyce (1998) and the orthotropic hyperelastic model developed by Bischoff et al. (2002). An alternative model has been developed
in Nguyen et al. (2007) by the use of separate decompositions of the deformation gradient for the matrix and the fibre. Other
works on the nonlinear viscoelastic modelling of fibre-reinforced composites using the multiplicative decomposition of deformation
gradient can be found in Nedjar (2007), Liu et al. (2019), Sadik and Yavari (2024), Ciambella and Nardinocchi (2021).

In this work, we revisit previous work by one of the co-authors (Bonet, 2001) and advance the modelling approach thereby
presented towards the general case of anisotropic viscoelasticity. With that in mind, we first introduce a thermodynamically
consistent linear evolution law in terms of stress-type variables, which resembles the return mapping algorithm typically used in
elastoplasticity (Simo and Hughes, 1998). As a result, the proposed viscoelastic evolution law can be identified with the classical
plastic flow rule of other inelastic approaches. For the case of isochoric deformation, typical of viscoelastic polymers, the flow
rule is suitably adapted to comply with this kinematic constraint. Very importantly, the evolution law is shown to have a closed-
form solution in the case of incompressible viscoelasticity when using a prototypical neo-Hookean type of non-equilibrium strain
energy density. With a view to facilitate the joint consideration of anisotropy and thermodynamic equilibrium, a frame indifferent
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stress free configuration is introduced which facilitates the definition of objective strain measures with respect to the intermediate
configuration. Moreover, with the aim of characterising materials endowed with anisotropic microstructures in the form of rank
laminates (i.e. Electro-Active Polymers Ortigosa et al., 2022a), the methodology is extended from isotropy to transverse isotropy
via the consideration of the appropriate D, rank-one structural tensor (Zheng, 1994). We propose a physically insightful approach
whereby the deformation gradient is also decomposed into the elastic and unique viscous parts for the one-dimensional fibre
family as pointed out in Sansour (2008). Although the formulation is pursued in the examples shown for the simpler case of a
single transversely isotropic invariant contribution (with corresponding closed-form solution), the methodology is straightforwardly
extended to the consideration of the second transversely isotropic invariant, multiple families of fibres, or even more complex
symmetry groups.

The paper is organised as follows. Section 2 reviews the basis of the linear rheological model in the one-dimensional setting.
Section 3 presents the approach adopted for the modelling of compressible finite strain viscoelasticity, in which the unique viscous
stretch tensor is defined as the internal variable that describes the viscous part of the deformation. A new evolution law is proposed
to ensure positive viscous dissipation, and its incremental form is derived and solved. For the convenience of computational
implementation, the tangent modulus of this formulation is given in Appendix B. Since the viscous deformation component for the
vast majority of soft materials is assumed to be isochoric, incompressible finite strain viscoelasticity is formulated in Section 4. To
ensure compliance with the incompressibility constraint, a modified evolution law is described so that thermodynamical consistency
is also guaranteed in this case. Appendix C details the tangent modulus in this incompressible case. Section 5 presents the extension of
the framework into anisotropic scenarios, with a focus on transverse isotropy, via the consideration of appropriate structural tensors.
To validate the proposed methodology, Section 6 presents a specialised form of the theoretical framework using the eight-chain
strain energy functional (long term) and an incompressible neo-Hookean strain energy functional (non-equilibrium). For calibration
purposes, experimental data from various tests of VHB polymers at different strain rates are used. To demonstrate the validity of
the anisotropic viscoelastic model, biaxial loading—unloading and relaxation tests are also presented in Section 7. Finally, the main
contributions of this work are summarised in Section 8 with some additional useful material included in Appendices A-C.

2. One-dimensional Maxwell model

The proposed formulation starts from the generalised Maxwell model in the one-dimensional setting, also known as the Wiechert
model, see Fig. 1. According to Bonet (2001), it is assumed that the total force f in this model can be written as

f=Twt D fu e}

where f and f, represent long-term and non-equilibrium components, respectively. For the convenient generalisation of this model
to the three-dimensional case, we can rewrite the above equation in terms of the total free energy ¥ as

P(x) =P (1) + D, (%, X)) )

where x is the total displacement, x, represents the viscous displacement, and ¥, and ¥, stand for the long-term and non-
equilibrium energy terms, respectively. As shown in Fig. 1, the free energy can be expressed as

1 1 2
Yo = EKWXZ; Y, = EK“ (x=x,)", 3)

where K and K, denote the stiffness of long-term and viscous components, respectively. It should be pointed out that the viscous
displacements x, are internal variables that need to be determined for the complete description of the system. The force equilibrium
equation can be obtained by differentiating Eq. (3) with respect to the total displacement x, resulting in

f= Kox +2Ka (x=x,), “
N~ O N——
=l =fu

where the above terms can be identified with those featuring in (1). As can be seen from Fig. 1, the force of each spring within the
corresponding viscous element can be related to the rate of change of the viscous deformation, which can be expressed as

CaXg = fos (5a)
fazKa (X_xa)’ (Sb)

where x, denotes time differentiation of the viscous displacement x,, and ¢, stands for the linear viscosity that can be determined
by the stiffness of the corresponding spring and the retardation time parameter 7, as

¢y =1, K,. (6)
By combination of this equation and Egs. (5a) and (5b), the evolution equation of the internal variable x, can be rewritten as

¢ =L (x-
xa - Ta (X xn)' (7)
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Fig. 1. Schematic diagram of the one-dimensional Maxwell model.

For the extension of this evolution law to the Lagrangian finite deformation setting, an alternative form of Eq. (7) is proposed by

expressing Eq. (5b) as the relaxation of the non-equilibrium force component f, at constant total displacement x, which is given by
Ys -1 ®
dr [x= const Ta

Note that combination of (5b) and (8) can easily lead to the evolution law of internal variable x, (7) by straightforward

transformation. However, it is worth mentioning here that the extension of (7) to the finite deformation case is non-trivial due

to the fact that internal kinematic variables are usually nonlinearly constrained, while (8) here can be easily generalised into the

three-dimensional Lagrangian setting as will be described in the following sections.

3. Compressible viscoelasticity at finite strains

This Section presents a theoretical framework for large strain compressible viscoelasticity, where the viscous deformation is not
assumed isochoric at a first instance.

3.1. Continuum kinematics and multiplicative decomposition

Let B, ¢ R3 and B, c R® denote the reference and current configurations of an arbitrary deformable continuum, respectively,
with 08, and 0B, their corresponding exterior boundaries with outward unit normals N and n, and let X € B, C and x € B,
symbolise position vectors in their respective configurations. The motion of the material point X is denoted by ¢(X,1) : B,Xx[0,7] —
R3 that maps into the corresponding position x during the time interval [0,]. The deformation gradient tensor F is defined as
F =V, p(X,1), where V, represents the gradient in the reference configuration, and its determinant J = detF denotes the Jacobian.
In order to extend the one-dimensional Maxwell model to the large deformation three-dimensional setting, the deformation gradient
F is typically decomposed into elastic F. and viscous F, components (Kroner, 1959; Lee, 1969; Anand, 1985; Bergstrom and
Boyce, 1998; Reese and Govindjee, 1997)

F=F,F,, 9)

through the introduction of suitable intermediate (i.e. stress free) configurations (see Fig. 2). As it is illustrated, the number of
viscous elements a = 1 ... n, in this generalised Maxwell model can be arbitrary. Note that F, denotes the internal variable of the
corresponding viscous element « that determines the current state of the system, with thermo-dynamical equilibrium achieved when
F, = F. Moreover, to ensure that the proposed constitutive model is objective (i.e. frame invariant), suitable rotation free right

Cauchy-Green deformation tensors can be defined as

C=F"F; (10a)
Cc, =F F,, (10b)

where C and C, denote the total and viscous right Cauchy-Green deformation tensors, respectively. It should be pointed out that
unlike C and C, , the right Cauchy-Green deformation tensor C, = F, Ea F., is not defined in the reference configuration, but at
the intermediate (elastic free) configuration and, as such, it is not rotation free. Indeed, the multiplicative decomposition of the
deformation gradient (9) has an internal redundant rotation, which means F can equally be written as

_ ¢ . _ * T
F= FZaFju with Fju = QFVa and Feu = Fe,,Q , (11)
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Fig. 2. Multiplicative decomposition of the deformation gradient.

where Q € SO(3) denotes an arbitrary rotation tensor. Following a similar idea to that of Holthusen et al. (2023), we propose to
eliminate this redundant rotation by selecting Q as RI’Z, namely, the rotation tensor emanating from the right polar decomposition
of the viscous deformation gradient tensor F, = R, U, .Hence, a unique multiplicative decomposition of the deformation gradient
F can then be obtained as

F=F.U,, F: =F.R,, (12)
whereby
c., =F'F: =u;'cuy’', 13)

and the symmetric viscous strain tensor U, is also uniquely defined.

3.2. Strain energy function

By analogy with Eq. (2), a strain energy density of the system can be assumed as
'3 (C, Uva> =¥, O+ Y ¥, (c, Uva) , (14)

where ¥, represents the long-term contribution and ¥, is the viscous element contribution defined in terms of C and U, . To
guarantee that ¥, vanishes when U, and F only differ by a rigid body rotation (i.e. thermo-dynamical equilibrium), we particularise
the definition of ¥, as

, (C, Uva> =, (cca), (15)

where C, is defined in (13) and the symbol ¥ is used to emphasise the alternative functional dependency. Moreover, for the
particular case of isotropic viscoelasticity, the strain energy contributions ¥,,(C) and ¥, (C,_) can be particularised in terms of their
respective invariants {I,,1,,111,}, which will be implicitly assumed in what follows. Note that extension to the anisotropic case
would imply the incorporation of structural tensors representative of their appropriate symmetry groups as further arguments of
the strain energy density, which will be presented in a subsequent section.

3.3. Second Piola—Kirchhoff stress tensor

The second Piola—Kirchhoff stress tensor .S can now be obtained from the directional derivative of the strain energy ¥ with
respect to a perturbation 6C whilst holding the internal state variable U, constant (i.e. D ¥y, _const [6C1=S : %5C), to yield
it 4

—= 0§ =2
oC “

o,

, (16)
aoC UVa =const

o
s=2Z -5 +Ys, S,=2
ac 0 ; a o)

5
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where S, represents the long-term stress tensor and .S, denotes the viscous stress tensor of the corresponding Maxwell element
and the symbol (+)|y,  =const emphasises that the internal state variable U, is held constant. Note that from (15) and the definition
(13), stress .S, will vanlsh when U,  only differs from F by a rigid body rotation. For the subsequent derivation, the elastic second
Piola—Kirchhoff stress tensor of the viscous Maxwell element S., is defined as

o, (c)
S, = ZT. a7
It is now useful to relate stress .S, (16), to stress Sca (17) by noticing that
DY¥,| U, =const [6C1 = D¥,[D C,, 0, const [sC11, (18)
and substituting the directional derivative of (13) with respect to §C into (18) results in
S, =U, S,U, . (19)

which establishes a necessary relationship between the Maxwell viscous contribution to the second Piola—Kirchhoff stress tensor and
its elastic counterpart.

3.4. Viscous dissipation and evolution law

To fully determine the proposed viscoelastic model, an evolution law for the set of internal variables U, (a=1..n,) must be
defined. Bonet (2001) introduces an evolution law based on the relaxation form of the viscous stress, that is, a natural extension
of (8) to the three dimensional continua. This is accomplished by simply replacing the one-dimensional force and displacement in
(8) with second Piola—Kirchhoff and right Cauchy-Green tensor counterparts, respectively. However, the non-satisfaction of ab initio
positive viscous dissipation in Bonet (2001) (i.e. Coleman-Noll procedure Gurtin et al., 2010) motivates the further development of
this theory in this work. As such, the rate of energy dissipation due to viscous effects is defined as

o, .
Dyy=- =% :U
vis ~ aUVa Vo

ay, (C, Uvn)

dt

F=const
a7, (c., (c. u,)) (20)

- Z dr
F=const

dCa(C, Ua)
:_;%S%;% i

F=const

where the explicit dependence of C., on arguments {C, U, } is displayed. To ensure that the evolution law is compatible with
the second law of thermodynamics (Gurtin et al., 2010), the condltlon D, > 0 must be satisfied regardless of the current state of
deformation and stress. In order to achieve this, note firstly that

vis =

-1 . Sea
=2c;! s = , @1

F=const

F=const

where C, = 2 e“ is the so-called fourth order (positive definite) Lagrangian elasticity tensor. Crucially, C._and its inverse C_ ! can

be stralghtforwardly obtained for simple user defined strain energy densities (i.e. Saint-Venant, neo- Hookean) (Bonet et al., 2016)
Using Eq. (21), the internal viscous dissipation can now be rewritten as

ds,
—ZSe“ : (Cgl : d_a 5 (22)
a “ ! F=const
where in order to ensure positive dissipation, the following general evolution law is proposed
ds, 1
3 “ =-—28.: 7, >0, (23)
! F=const Ta

where 7, represents the relaxation time parameter that determines the rate of dissipation of the viscous stresses. For completeness,
by the use of Eq. (23), the viscous dissipation can finally take the form of

1 _
D, = Z =S, : cceal : 8., 20. (24)
o a
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Since the elastic second Piola-Kirchhoff stress tensor S, is a function of both the total deformation gradient F and viscous
stretch Uva, the left-hand side of (23) can be transformed as

a8

Ca

oUu

Va

U, =-—3S,, (25)

e(l
F=const ®

thereby leading to the determination of the state variable U, in the following nonlinear form

: Lot .
UVu = —T—Mem . S

26)

a

where the fourth-order tensor M, _ is defined by

28
M, =
« U

Ca

(27)

Va | F=const

Interestingly, note that Eq. (26) is very similar to the plastic evolution equation in the context of maximum dissipation-based
large strain elastoplasticity, as described in Simo (1988), Simo and Miehe (1992), facilitating thus the link between both inelastic
approaches. It is straightforward to show that Eq. (26) corresponds to the plastic evolution equation in which the non-equilibrium
strain energy function is replaced with the yield surface function and the elastic regime has been collapsed to the original state. In
this sense, Eq. (23) can be also generalised into the plastic case by simply replacing the right-hand side with an appropriate flow
rule. It is important to emphasise that the fourth tensor M, encapsulates a nonlinear dependence on both the strain and the internal
state variables.

It should also be pointed out that although the evolution Eq. (26) for the state variables U,  is nonlinear, the relaxation law
embodied by Eq. (23) is generally linear (similar to the idea pursued in Simo 1987) except when the parameter 7, is also a function
of the stresses. Note that the only requirement to ensure positive dissipation is that 7, is positive, but not necessarily constant, that
is, 7, = f (IS¢, D, with f a non-negative function. Furthermore, more general fully nonlinear evolution laws can be developed using
the concept of a dissipation potential as described in the Remark below.

Remark 1. Note that the evolution law selected in (23) is just one example of the myriad of possibilities available, and more
complex nonlinear evolution laws can also be formulated if needed. For this purpose, the proposed formulation can be expressed
in terms of a dissipation potential @ function of the time rate of the elastic second Piola-Kirchhoff stress tensor S, , opening the
door to any other user- defined stress-driven evolution law. Specifically, consider a stress-driven dissipation potentlal deﬁned as

Se,
D =D(S, ) with S = d d[ and @ being a non-negative convex function, satisfying ®@(0) = 0'. The convexity of <D(Sea)
F=
implies that const
9P .S, >0, (28)
05%

Therefore, choosing evolution laws constructed as
0D

9S,,

=-C;': 8., (29)

implies that the viscous dissipation in (22) is non-negative. One of the simplest dissipation potentials that can be defined is
. 7, " o
D(S,, ) = —Se,, (Gl S, (30)
from which upon substitution into (29) and exploiting the positive definiteness of C_ ! reduces to the evolution Eq. (23). Naturally,
alternative dissipative potentials can be used instead of (30) resulting into more complex evolution laws to that in (23), all compliant
with the second law of thermodynamics.

3.5. Incremental evolution law

For the sake of computational implementation, Eq. (26) would need to be integrated in time so as to update the state variables
U, from time step n to time step n + 1. However, the direct use of this equation is highly cumbersome, and thus it is preferable to
transform the left-hand side of Eq. (23) into an incremental form, which when using a classical (first order) backward Euler scheme
renders

ds,
dt

« = (sut-se), 31)

F=const

1 Strictly speaking, given that this dissipation potential is formulated in terms of stress rates it could be more precisely described as a complementary dissipation
potential.
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where Ar denotes the time step size, and the stress tensors S:“ and S are defined by
¢ _ 1 1_ 1 1
s; =S, (¢ ur ) and si=s, (c ), (32)

where the upper script » and n+ 1 indicate evaluation in their corresponding time steps. Note that S* represents the state of stress
attained from the assumption that there is no viscous deformation taking place from time step » to n+1. Alternatively, it can also be
interpreted as the state of stress attained when the deformation from time step n to n+ 1 takes place instantaneously?. In the context
of viscoelasticity, the stress relaxation is inevitable and the final stress can be derived by substituting (31) into (23), resulting in
i (Sn+l _§* ) — _Lsn+l (33)
At \"ea e 7, G’
which after simple rearrangement results in
T,

Sn+1 =y S* : = a . 34
@ e, Ya T, + At 34

Note that the final relaxation stress S"+1 is proportional to the instantaneous stress S‘ 3 and compared with the direct time
integration of Egs. (26)-(27), computatlonal implementation of (34) is considerably 51mpler Once the final relaxation stress S ntl
computed, the elastic right-Cauchy—Green strain tensor C'1+1 can be determined making use of the user-defined strain energy den51ty
¥_. After obtaining C"+l the corresponding viscous stateavarlable U"“ can be derived from (13). It is possible to show by direct
substitution that the symmetrlc viscous stretch tensor U”+1 can be obtained as

—1 1 —1 1
+1 _ +1 +1 +1 +1)2 +1 . +1 _ +1)2
U _(Uga ) (Uga criur ) (Uga ) . ur _(cga ) . (35)

The numerical procedure for the calculation of the internal variable Uﬁ“ is outlined in Algorithm 1.

Algorithm 1 Numerical procedure for the calculation of the internal variable in the compressible case.

: for Time Increment = 1,2, ... do
for Iteration=1,2,... do
Calculate the right Cauchy-Green strain tensor at the current time increment C"*!
Compute the instantaneous stress tensor S:ﬂ

Obtain the elastic right Cauchy-Green tensor C::rl via stress energy density ‘Pa
Determine the internal variable U 3:1 according to Eq. (35)
end for
9: Store the internal variable UC:I as history variable
10: end for

1
2
3
4
5: Compute the stress relaxation S;’“ via Eq. (34)
6
7
8

Notice that for the case of a simple Saint-Venant-Kirchhoff material model, computation of C"+l accepts a closed-form solution,
whilst for other more nonlinear models (i.e. neo-Hookean), a simple Newton-Raphson scheme can be needed. Specifically, in the
case of the simple Saint-Venant-Kirchhoff material model, (34) results in

%Aa (et =3) 4+ p (€2 = 1) = 1S (36)

expressed in terms of the lame coefficients 4, and u,, which admits a closed-form solution for C;’”. Analogously, in the case of a
neo-Hookean material model, (34) takes the explicit form of

-1 A -1
" <1 - (cz) ) 2 (e () = sy 37)
which can be easily solved for C:” via a Newton-Raphson type of iterative solution scheme.

4. Incompressible viscoelasticity at finite strains

In the previous Section, the viscous stretch tensor U, can in general contain both volumetric and distortional components.
However, for many viscoelastic materials, the viscous deformation is usually assumed isochoric, and so in this section we will
present a modified theory for incompressible viscoelasticity at finite strains.

2 In the case of elastoplasticity, this term is known as the trial stress that may or may not satisfy the yield inequality.
3 This projection can be identified with the radial return scheme in the context of elastoplasticity.
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4.1. Volume-preserving constraints

Incompressibility of the viscous stretch contribution U, implies that detU, =1 or, alternatively, by recalling (9), that

J., =detF, =detF =J. (38)

Time differentiation of above kinematic constraint (38) leads to
-1 . dcea

D =0, (39)

F=const

which arises as a kinematic constraint for the time evolution of the elastic right Cauchy-Green tensor C, . Correspondingly, the
Maxwell strain energy density ¥, must be defined to only penalise distortional contributions, that is

3 - ~ n _2
v,(C, U, )=, (cea) -, (Ce,,) : ¢, =J.C,. (40)
. . . . . ’ (cha (Cea ) p o
whereby* the (deviatoric) second Piola—Kirchhoff elastic stress .S’ . = 23— can be shown to verify®
s, :c, =0, (41)

which can be understood as an alternative kinetic (i.e. stress based) constraint to those of (38) or (39) to fulfil incompressibility®.
Further differentiation of this constraint and application of (39) results in an alternative incompressibility constraint

C,:C,:C, =0, (42)

Ca

in terms of the fourth order elasticity tensor C, 7. Note that, due to its deviatoric nature, C, is not strictly positive definite (refer
to (42)) and cannot thus be directly inverted, so the evolution law in (22) needs to be suitably adapted, which will be presented in
the following section.

4.2. Modified viscous dissipation and evolution law

A straightforward way to guarantee the invertibility of the singular fourth order elasticity tensor C.  can be obtained via the
following additive extension

s
€, =2—=
%~ 79C,,

+ mC;z1 ® Ce’al, (43)

where m denotes an arbitrary positive constant adopting the role of an artificial bulk modulus which guarantees the positive
definiteness of the newly defined enhanced elasticity tensor Ce,,- It is clear now that application of (42) into Ceﬂ renders 9m > 0. As
a result, Eq. (21) is re-defined as

— : (44)

F=const

F=const

The evolution law for S’ embodied by Eq. (23) in the compressible case, can now be adjusted in order to comply with the
incompressibility constraint Eq. (39). This can be carried out via the use of a scalar parameter 4, (i.e. Lagrange multiplier) to
give
dSé 1 , .
@ =—— (8" —-iC" ) 45
@ o (56 - 4s)
F=const
where the last term on the right hand side represent a possible volumetric stress contribution. Using Egs. (39) and (44) along with
above Eq. (45), the value of 4, can be obtained after simple algebra as
OIS e
i s, 1Clicy

ar
L e
Cea .(Cea .Cea

(46)

4 For the particular isotropic case, the strain energy ¥, depends on Ce, via its first two invariants {I,,11,}.

5 As standard, the deviatoric nature of the stress tensor is emphasised using the superscript ’ symbol.

6 This kinetic constraint results from the homogeneous nature of order O of the Maxwell strain energy function 'I:/n, that is, lI:/‘,(Ccﬂ) = lI:’m(nCCn ), for any
arbitrary constant « (Bonet et al., 2016).

7 Constraints (41) and (42) can be easily obtained by computing first and second derivatives of llzfa(aCcu) with respect to a, evaluated at a = 1.
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from where the positive dissipation Eq. (22) now becomes

, L dSé
Dvis == 2 Sca : (Cca : T
a F=const
AR O N ong
1 T Ca Ca Ca -1
= 2 T_Séu ! (Cea : <S;u - c! -1 ! Cea) 47)

a e T ey T ey
Nk I - 1 —1 <=1 —1\2
_ zl(sga tCls e e eh (s Gl ielh

= Ty c! c (o

and the positive value of the numerator is a consequence of the Cauchy-Schwarz inequality. An alternative derivation of the
evolution law (45) and the value of the Lagrange multiplier (46) can be found in Appendix A.

4.3. Incremental equations of the modified evolution law

Following a similar procedure to that described in Section 3.5, Eq. (45) can be integrated in time (i.e. first order backward Euler)
as

1 Il sk 1 "l okl (ema1 )
— (sl — s )=——<S"+ ) (c ) . (48)
At Ca Ea Ta Ca a Cﬂ,
where S;* and S;"“ are defined as
se=s. (c™vr) and s =Sl (oo, (49)
and A"*! can be incrementally obtained by enforcing the constraint
detC =72 (50

rather than using Eq. (46), which only enforces the rate form of the incompressibility constraint®. Notably, Egs. (48) and (50)
represent an implicit system of nonlinear equations for the solution of U"+1 and A"*! in terms of C"*! and U" Its solution process
can be broken-down as previously done in Section 3.5. Spec1f1cally, prov1ded C"*! and U” , Egs. (48) and (50) can be first solved in
terms of C::l and /12“ prior definition of the trial stress tensor S . and with knowledge of the Maxwell viscous strain energy density
Ef’a. Subsequently, the viscous stretch tensor U:’,“ can be evaluated by using Eq. (35). The numerical procedure for the calculation
of the internal variable U::l is outlined in Alg(;rithm 2.

Algorithm 2 Numerical procedure for the calculation of the internal variable in the incompressible case.

1: for Time Increment = 1,2, ... do
2 for Iteration=1,2,... do
3 Calculate the right Cauchy-Green strain tensor at the current time increment C”*!
/
4 Compute the instantaneous stress tensor S_*
5: Obtain the elastic right Cauchy-Green tensor Cg“ by the solution of Eq. (48) and Eq. (50)
a
6 Determine the internal variable UC“ according to Eq. (35)
a
7 end for
8 Store the internal variable UC“ as history variable
a
9: end for

Nonetheless, it is instructive to demonstrate the technique for the selected case of an incompressible viscous strain energy density
neo-Hookean model, which can be solved analytically. Firstly, by re-arranging Eq. (48), it yields

’ 1 ’ At T
S n+1 —n+1 (Cn+1> =y S *; antl /1"+]; — a . 51
Ca =T, 1 T+ A" Ta T, + At G

For an incompressible new-Hookean strain energy density, the expression for the second Piola—Kirchhoff stress tensor (Bonet et al.,
2016) can be substituted into (51), to give

3 1 il (i) _gm (! ! /s
med 5 (1= et (cut) (cot) =rasi, (52)

n+1

8 This is similar to classical time integration return mapping approaches in elastoplasticity (Simo, 1988; Simo and Miehe, 1992) for the computation of the
algorithmic tangent modulus.

10
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where 4, is the selected shear modulus and, after some simple algebra, above Eq. (52) can be re-arranged to yield

) -
_ Ya 13 s
Cg;rl = Vot <I— ,TZJ:HS%) , (53)

in terms of a yet unknown coefficient 7"*! formulated as

2
1 sn+l 13
yatrCZ: + 3"t J’:H

}—/n+1 — 3ﬂ (54)
o
In order to determine 7"*!, we can enforce
7
detClt! = ol =Jo1s (55)
Ya 13 !
det <I - M—aJanea)

leading to the explicit evaluation of coefficient 7"*! as

2 ve 2 \\3
= — 73 _la 53 s
Par1 =90, <det (I ) JKHS%)) , (56)
which along with (53) provides a computationally efficient closed-form expression for C;’“.
a
5. Extension to anisotropic viscoelasticity at finite strains
5.1. Continuum kinematics of the anisotropic part

We follow Liu et al. (2019) and assume that the anisotropic viscous part can be assumed independent of the isotropic viscous
contribution (already presented in Sections 3 and 4), and can thus be dealt with separately. Specifically, an isotropic approach will
be used to describe the matrix component, whereas a transverse isotropic approach will be used to describe a single family of viscous
fibres. Analogously to (12), we assume a multiplicative decomposition of the deformation gradient F into elastic F 2,; and p-Maxwell

(rotation free) viscous Uﬁﬂ components as
_ gf gf
F=F_U,, (57)

through the introduction of suitable intermediate stress free configurations (see Fig. 3), and where the super script +f is used to
emphasise the fibre nature. As in isotropic viscoelasticity, the number of viscous elements § = 1...n, for the anisotropic part can
also be selected arbitrarily. To guarantee that the proposed constitutive model is objective, the strain energy density is defined in
terms of the total right Cauchy-Green strain tensor C and the viscous stretch tensor Uf,ﬂ (or Cf,/j = Uiﬁ Uf,ﬂ). It is pertinent to point
out that Uf, signifies the internal variable associated with the respective viscous g-Maxwell element of the fibre family, which
determines the current state of viscous deformation. Moreover, to facilitate the satisfaction of thermodynamic equilibrium, it is
convenient to introduce the right Cauchy—Green strain tensor in the intermediate configuration Ciﬁ as

Ce, = (F)'Fe = U, )~'CW, )y, (58)

which reduces to the identity when U tv and F only differ by a rigid body rotation. To account for a transverse isotropic behaviour in
a single family of fibres, we consider the symmetry group D, characterised by the rank-one second order structural tensor a, ® a
defined in the initial material configuration®, where a, denotes a unit vector aligned with the fibre orientation (Zheng, 1994).

As shown in Fig. 3, the fibre family is embedded in the isotropic matrix, and its direction in the reference configuration 5, is
defined by the unit vector a,,. Deformation of the fibre leads in the f-Maxwell viscous element to unit vectors @, and a, defined in
the intermediate and current configurations, respectively, which can be formulated as

f
Uv,, a,

a; = e Aiﬁ = ,/C{/ﬁ D ay ® ay, (59)
Vp

and
Fa .
a:T_O; A=4/C: a, ® ay. (60)
For completeness, notice that an alternative representation of (60) can be given by
Ff a
— eﬁaﬂ. lf _ Cf Y (61)
a= T . ¢y s ®ay
ep

9 Note that according to Zheng (1994), there exist five types of transverse isotropy.

11
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Fig. 3. Deformation decomposition for the anisotropic part and kinematics of the fibre orientation.

It is straightforward to see that Aiﬂ =if/ /liﬂ via substitution of (59) and (60) into (61). Moreover, the anisotropy introduced by the
structural tensor (of the symmetry group D) can indistinctively be formulated based on a, ® a,, @; ® a; or a ® a, which will be
used in the following section.

Remark 2. The extension into a set of n; fibres is straightforward by simply considering a set of rank-one second order tensors
a '® a " with i = 1... n;. In this case, and for the i — th family of fibres, the deformation gradient tensor for the g-Maxwell element
accepts the followmg multiplicative decomposition

o .
F:Fe’ﬂUV'ﬂ; i=1l..ng B=1..np (62)
As a result, similar equations to (59)—(61) can be straightforwardly obtained in terms of vectors af’ a ﬂ' afi and stretches /lf,"ﬁ, Al Agﬂ,
withi=1... ng

5.2. Strain energy density and second Piola—Kirchhoff stress

As in Ericksen and Rivlin (1997), Sansour (2008), we postulate an additive decomposition of the strain energy density
into isotropic (refer to Egs. (14)-(15)) and anisotropic contributions. For the latter, and by making use of the isotropicisation
theorem (Zheng, 1994; Horak et al., 2023), the free energy density is described by an isotropic strain energy density ¥2"°(C, a, ®
a, Uf Uf ) in terms of the total right Cauchy-Green tensor, the structural tensor in the reference configuration, and the

viscous 1nternaf variables. Furthermore, it is postulated that the anisotropic free energy density can be decomposed additively into a
component ¥3"5°(C, a, ® a,) associated with the equilibrium state that accounts for the time-invariant stress response, and a sum of
ng viscous f-element contributions W;ni”(c, a,®ay, U\f/,,) associated with the non-equilibrium states that govern the time-dependent

aspect of the stress response, see Bergstrom and Boyce (1998), Bonet (2001). To guarantee that T;‘“i” vanishes when Uf/ﬂ and F
only differ by a rigid body rotation (i.e. thermo-dynamical equilibrium), we particularise the definition of T;“is" as

WENO(C.ay ® ag, U ) = P™°(C L ay @ ay), (63)

where the strain energy density arguments are re-written with respect to the intermediate configuration (see right hand side of
(63)). The two invariants responsible for the transverse isotropic behaviour (Horak et al., 2023) can be defined as the following
integrity basis

= tr[C(ag ® ay)J; 11" = tr[(C)(ag ® ap)], (64)
for the time-invariant stress response and
Iy, = tlC; (@ ® ay)l; g =t(Cg )*(@y ® ap)l, (65)

€
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for the non-equilibrium response. As such, the anisotropic strain energy density, including both long term and non-equilibrium
contributions, can be further reduced to

WAS(C,ay ® ag) + Y PAO(CL L ap ® ag) =PI, 11T + Y wEmer! (I1!), (66)
7 p 7 P s

where the two terms on the right hand side of above equation are now written only in terms of the transverse isotropic invariants,
resulting in a complete strain energy density given by

'3 (C,ao®a0,UV1,‘..,UVM,U‘f,I,...,Usnﬂ) =¥, (O + Y ¥, (C, UVH>
o

(67)
paniso ¢ yf graniso ¢ rf 7/aniso f zraniso f
+ PO + Y IO )+ POALY + Y UL,
p p
where isotropic and transversely isotropic (first and second invariant) contributions can be easily identified.
Remark 3. The extension into a set of n; fibres is formulated as
v(cCai®ad....a"®a".U u, Ut ot oot ) =w o)+
@y ®ay,....ay ®a, . Uy,,.... Uy LUy, Uy, Uy Uy, ) = ()
(68)

Y (€U, )+ Yty + Y () + Y B + Y Y L),
« i i P i i p
where summation terms over the number of families of fibres can be seen.

Remark 4. An extension into more complex symmetry groups (i.e. composites) can be realised by adding suitable invariants to
the integrity basis. As an example, for the consideration of orthotropy under three preferred orthonormal directions defined by
£, f

lag,- a5,
functional dependency) (Ellmer et al., 2024)

ag" ;) within a composite family, the following invariants define the integrity basis (with other invariants related via

I' = u[Claf | ® ay, )]: 1% = u[(C(a), ® afl )I: I11% = u[(C)al, ® af ). (69)

for the time-invariant response, and
f; £ f f; f, f, f; f, f; £\, f f;
I, = u[C{ (ay, ®ag )]: g, = tr[(Cg, )2(a0“1 ®ay )l I, =trl(C¢ )ag, ® ag,)l, (70)
for the non-equilibrium response. Thus, the strain energy density function for a symmetry defined by a family of orthotropic
composites can be defined as

f f f, f, f, f f, fy
14 (C,aol ®ay,....a)" ®a," U, ... ,Uvna,UV'], ""lenﬂ’ LU »Uv,,fﬂ> =¥ (C)+
paniso ; rf; praniso ¢ rf Faniso f; Faniso f;
S, (C, va)+ZWco a )+Zzﬁ:tpﬂ Ul)+ Y i )+Zzﬁ:l{/ﬂ (TI)+ 1)
a 1 1 1 1

F/aniso f; Faniso fi
Z paniso iy + Z ; PEO(IT ).
1 1

For simplicity, and without loss of generality in what follows, the strain energy density will be particularised for the case of a
single transverse isotropic family, and where contributions stemming from the second invariants {I1f, T Iefﬂ} will be considered
negligible in comparison with those stemming from the first invariants {If,Iiﬁ}. Moreover, from (61),, it is easy to see that
If = (/liﬁ)2 = (Af //lf,ﬁ)2 and that I = (A")2. Finally, for completeness, the overall strain density function of the composite can
be written as

I'd (C,a()@ao,UVl,...,Uvn ’U{’I""’U‘f/ > =¥ (C)+ Zﬁt’a (C, UVa) +lf/:°ni50(1f)+21i,;niso(lg ). (72)
H ng - ﬁ ]

The second Piola—Kirchhoff stress tensor (refer to (16)) can be obtained as

S=S.+ ) S, +S8 +) S, (73)
a [

where, similarly to (16), for the evaluation of S; the internal state variable Uf, is held constant, resulting in

Ty anis Sf Jraniso
st =2wa0®ao; St = i‘10‘83110; st =20Wﬂ s 749
o oIt Bar )’ e oIt

where it is easy to observe the similarities between (74), . with (19) previously obtained.

13
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5.3. Evolution law of the anisotropic viscous part
To fully determine the viscoelastic model, an evolution law for the set of internal variables /1{; p=1... nﬂ) must be determined.

These will be complementary to the set of evolution laws already presented in previous sections for the isotropic contribution
(compressible/incompressible). Following standard thermodynamic principles, the anisotropic viscous contribution is obtained as

aq/;miso )
Dl == U
vis f \
7 ou ’
awo (C.ap @ ay, U )
o dr
b F=const
orp (1 (c.0 50,01, )
o ; dr 75
F=const

Z | < aq‘;;niso) dlefﬂ (C,a0®a0, Uf’ﬁ)
==->) -2
f
72 aICﬂ dr
ar! (C.a@ay U1 )

1 of
=— =S 5
Zﬂ:z p dr

F=const

F=const

where Eq. (74), has been used in the penultimate line above and the explicit dependence of If on its arguments is displayed. To
ensure that the evolution law is compatible with the second law of thermodynamics (i.e. Coleman—Noll procedure), the condition
Df/is > 0 must be satisfied regardless of the current state of deformation and stress. In order to achieve this, note firstly that

arf dst
e -2 o (76)
dr ct  dt ’
F=const p F=const
osf
where (Cgﬂ =2 Mf” denotes the anisotropic elasticity value, which is user-defined positive. Substituting Eq. (76) into Eq. (75), the

e

. N .
rate of viscous dissipation yields

S, 4S¢,
f
Dvi> - Z Cf dr ’ 77
B p F=const
and to ensure positive anisotropic viscous dissipation, the following evolution law can be proposed
f
dSe/, _ i §f 78)
dt Ty
F=const B

where 7f represents the relaxation time parameter. By using this evolution law, the rate of viscous dissipation Eq. (77) finally takes
the form of

; Z (Sefﬂ)2
Dl =) ——>0. (79)
s 7 rlg(Ciﬂ

Note that for the case of more complex composites, and under the assumption of an additive decomposition such as that shown
in (68) or (71), a set of evolution laws similar to that postulated in (78) can be established in terms of each of the invariants
conforming the corresponding integrity basis, for each ith family and for each f-Maxwell element.

5.4. Incremental evolution law

The integration of the evolution Eq. (78) from time step » to time step n+ 1 can also be performed by the use of a backward
Euler scheme, rendering

L ofnl fay _ L ofntl
(St —Seﬂ)——%Seﬁ . (80)

where Ar denotes the time step size and the stress values S;"”H and Sef; are defined as
fx f 1 f, fo_ of 1 fnt1
sb =5t (€™ a,@ap UT") and ST =t (€™ a0 @ap UL, (81)
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Note that the term ST denotes the instantaneous stress state from the time step n to time step n + 1 during which there is no
anisotropic viscous deformation. Following an identical process to that included in Section 3.5, the following incremental stress
update can be obtained
fatl _ f of f T/g
Sttt =yt gt = : 82
s ! " T[§+AI (82)

Once the final relaxation stress Sﬁl;"“

is computed, the first invariant Iefﬁ can be determined making use of the user-defined strain
energy density T’;‘“is", from which the viscous stretch ’15,; can be computed via

Cn+l . 1/2
i = ( f(a()l@‘lo)) A (83)
[ (Ie/}n+ )1/2

As a possible example, we can consider that the anisotropic viscoelastic strain energy density ‘l’; can be described by

f_ 1 15-1 _ or
Wy=1E (7 -1, ). (84)

where E; denotes the elastic parameter'®. By substituting (84) into (82), the nonlinear equation for Iefﬁ takes the form

Lg (%7 2 1) =45t 85
5 ¢ - Iy ep’ ( )
and thus the elastic invariant of the anisotropic viscous element Iefﬁ can be solved analytically,

f
14
If =1+In <2F’is§;+1>. (86)

The procedure for the calculation of anisotropic viscous internal variables is outlined in Algorithm 3.

Algorithm 3 Numerical procedure for the calculation of the anisotropic viscous internal variable.

for Time Increment = 1,2, ... do
for Iteration=1,2,... do
Calculate the right Cauchy—Green strain tensor at the current time increment C
Compute the instantaneous stress Sef;

Determine the internal variable , according to Eq. (83)
end for

1:
2
3
4
5: Obtain the elastic invariant Icfﬂ by the solution of Eq. (82)
6
7
8 Store the internal variable ’15,, as history variable

9:

end for

6. Calibration and experimental validation of isotropic viscoelasticity

The proposed viscoelasticity theory is very general and can be applied to a wide variety of compressible and incompressible
materials by adopting specialised forms of strain energy density functions. To validate this new conceptual approach for viscoelas-
ticity modelling with available experimental data, the eight-chain strain energy function (Arruda and Boyce, 1993) is chosen as a
particular example of the long-term component to describe the ground state elastic behaviour of the VHB 4910 polymer. VHB 4910
is a typical viscoelastic polymeric material that has potential use in producing Electro-Active and Magneto-Active devices (Ortigosa
et al., 2023, 2022b,a; Martinez-Frutos et al., 2021b,a), and the comprehensive experimental data from mechanical characterisation
of its viscoelastic behaviour can be found in Hossain et al. (2012), which will be adopted here to calibrate and validate the proposed
theoretical framework. In the eight-chain model, the long-term strain energy function ¥, can be decomposed into volumetric ‘I’:o‘)l
and isochoric parts 'I’fj}" as

P, =¥l + P (O P (C) =¥, (C); c=J7¢, (87)
where the volumetric part of the long-term strain energy ¥’;’°°1 can be simply given by Bonet et al. (2016), Holzapfel (2002)
prol = %K‘(J -1 (88)

where k serves as the so-called bulk modulus. According to Arruda and Boyce (1993), this model is established on the basis of
the underlying molecular network structure of the polymeric material and non-Gaussian behaviour of the individual chains. It can

10 An alternative strain energy density used by other authors can be given by ‘l//; = %Ef (e“lﬁ_l)r - l) (Garcia-Blanco et al., 2019b,a).
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accurately capture the ultimate network deformation of polymers with only two material parameters including the shear modulus u
and the number of segments per chain N. The isochoric part of the long-term strain energy can be obtained as (Arruda and Boyce,
1993)

~ - £~'p >]
¥ _(C)=uN [p7'p) +In [ ——2— )], 89
(€)= n [ﬂ (f) +1n <Sinh =1 (89)
where £7! is the inverse Langevin function and the parameter f is defined as
1
p=135"C ©0)

which closes the definition of the isotropic long term strain energy density function. From the experimental viewpoint, given the
definition of uniaxial tension (along E,), the specimen is elongated only in the loading direction while it is free to move in the
other two directions { E,, E;}. Taking also into account the assumption of incompressibility and symmetry of principal stretches as
explained in Liu et al. (2019), Hossain et al. (2012), the matrix representation of the complete deformation gradient F to be used
reads

A, 0 0
_L
F={0 4> 0| (91)
_1
0 0 A°2

where 4, is the ratio between the length of the deformed specimen and the initial undeformed length.
6.1. Calibration

To identify the long-term parameters y and N for the determination of the equilibrium response, experimental data from single-
step relaxation tests are adopted for the corresponding calibration. The stress values reached asymptotically at the end of the holding
stage during the testing process are treated as the equilibrium values for each deformation level. By suitable statistical fitting against
the experimental data obtained from the single-step relaxation tests, the optimised long-term parameters x4 and N are determined as
13.67 kPa and 7.86e5, respectively. Note that these two long-term parameters will be kept constant for the subsequent calibration
and validation.

For the identification of the viscous parameters, the number of viscous branches that is equivalent to that of Maxwell elements
needs to be determined firstly, which is of great significance for the description of the nonlinear viscoelastic material behaviour.
Each Maxwell element contains two extra parameters that require determination, i.e. the viscous modulus y, and the relaxation
time z,. The experimental data obtained from the loading-unloading cyclic tests at the two different strain rates, 0.01 s~ and 0.05
s71, is chosen for calibration purpose here, and it will be used for the construction of the objective (i.e. loss) function during the
parameter optimisation process. Three sets of data at deformation levels of 50%, 100% and 200% are available, and one of them
will be selected for calibration (i.e. training) while the other two will be used for validation. The set of viscous parameters y, and z,
are obtained by minimising the discrepancy between the loading—unloading nominal stress versus elongation curves obtained from
both experiments and simulation. As pointed out in Linder et al. (2011), this optimisation procedure is known as the simultaneous
minimisation for the parameter identification.

The fittings with two, three and four viscous branches for the loading-unloading cyclic test at deformation levels of 50%, 100%
and 200% under two different loading strain rates of 0.05 s~! and 0.01 s~! are shown in Fig. 4, Fig. 5 and Fig. 6, respectively.
The optimised parameter sets using MatLab built-in optimisation routine 1sqnonlin (Anon, 2024) are listed in Table 1, Table
2 and Table 3, respectively. To quantify the difference between the fitting modelling curve and corresponding experimental data,
the normalised root mean square error (NRMSE) is calculated and listed in Table 4. Note that the increase in the number of viscous
branches from three to four does not significantly improve the fitting accuracy for all the three different fittings using data at
deformation levels of 50%, 100% and 200%. Therefore, it is assumed three viscous branches are sufficient to describe the viscoelastic
behaviour of the polymeric material here. Moreover, it is also seen from Table 4 that the fitting result using data at deformation
level 200% is the best, so the complete set of identified parameters in Table 3 will be used to validate the proposed model with
other experimental results that are not used in the calibration procedure (including data from the loading—unloading cyclic tests at
deformation levels of 50% and 100%).

6.2. Validation of the loading-unloading cyclic tests

In this Section, the experimental results for the loading—unloading cyclic tests at deformation levels of 50% and 100% under the
two strain rates of 0.05 s~! and 0.01 s~ are used to validate the model with the identified parameters above, as shown in Figs. 7(a)
and 8(a). The comparison between experiments and in-silico simulation for deformation levels of 50% and 100% are shown in Figs.
7(b) and 8(b), respectively. Although there is some difference between simulation and experiments for the deformation level of 50%
during the unloading stage, the overall prediction of the model for the cyclic tests at the two different strain rates of 0.05 s~ and
0.01 51 is very good. It should be pointed out that the loading-unloading cyclic tests are typical in case of the characterisation of
rate-dependent behaviour of viscoelastic polymers. Note that the proposed model can predict the dissipative behaviour with varying
hysteresis loops for the tests at deformation levels of both 50% and 100% with satisfactory accuracy. Furthermore, the nonlinear
rate-dependency of the cyclic tests during the loading stage due to the viscosity of polymers can also be captured by the proposed
model, which clearly demonstrates its effectiveness.
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Fig. 4. (a) The loading history evolution curves and fitting nominal stress versus elongation curves using (b) two viscous branches, (c) three viscous branches
and (d) four viscous branches for the loading-unloading cyclic tests at deformation level of 50% under strain rates of 0.01 s~! and 0.05 s7!.

Table 1
Identified viscous parameters using experimental data at deformation level of 50%.
Two branches Three branches Four branches

u, (kPa) 46.76 31.53 32.28
7, () 4.21 10.72 11.64
u, (kPa) 27.30 56.39 57.52
7, (s) 144.76 0.82 0.86
usy (kPa) - 19.81 2.92
73 (8) - 498.83 996.23
s (kPa) - - 15.54
74 (8) - - 994.36

6.3. Validation of single-step relaxation tests

The single-step relaxation test is an alternative option to characterise the time-dependent mechanical behaviour of viscoelastic
materials. In this case, the specimen is firstly loaded at a high elongation rate of 2 s~! to a given stretch level, and then held fixed.
Four different stretch levels of 20%, 40%, 100% and 350% for the single-step relaxation tests are chosen, and the holding time for
the stress relaxation at each test is 30 min, see Figs. 9(a) and 10(a). Comparison between experiments and simulation is shown in
Figs. 9(b) and 10(b), and it can be seen that they agree with each other very well for each test. Note that the stress converges to
a constant level at the end of all the single-step relaxation tests, which can be captured with excellent accuracy by the proposed
model. As mentioned before, the stress measured at the end of the relaxation time can be considered as the equilibrium stress that
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Fig. 5. (a) The loading history evolution curves and fitting nominal stress versus elongation curves using (b) two viscous branches, (c) three viscous branches
and (d) four viscous branches for the loading-unloading cyclic tests at deformation level of 100% under strain rates of 0.01 s~! and 0.05 s~!.

Table 2
Identified viscous parameters using experimental data at deformation level of 100%.
Two branches Three branches Four branches

u, (kPa) 45.94 9.79 30.39
7, (s) 5.13 496.31 25.13
u, (kPa) 22.51 61.76 8.35
7, (s) 116.83 1.23 988.22
usy (kPa) - 29.57 62.30
73 (8) - 22.95 1.27
uy (kPa) - - 8.3e-5
7, (8) - - 980.81

have been used for the calibration of long-term parameters. The difference between the current stress and the equilibrium stress is
the overstress from the viscous contribution (Amin et al., 2006). Generally, it can be observed that higher stretch level will lead
to both higher overstress and equilibrium stress. The relaxation stages for all the tests with different stretch levels agree very well
with experimental observations, which can be ascribed to the suitable evolution law proposed in this work.

6.4. Validation of multi-step relaxation tests

The procedure of the multi-step relaxation test is similar to that of the previous single-step test. In this case, the specimen is firstly
loaded at a stretch rate of 2 s~! to the deformation level of 50% compared to the state of the previous step, and then followed by a
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Two branches

Three branches

Four branches

u, (kPa) 61.77 63.92 43.53
7, () 5.95 3.52 3.60
u, (kPa) 17.11 11.98 18.86
7, (s) 239.65 359.67 3.64
usy (kPa) - 14.13 13.98
73 (8) - 37.02 35.86
g (kPa) - - 12.20
7, (s) - - 351.24
Table 4

NRMSE for calibrations using data at different deformation levels.

50% deformation

100% deformation

200% deformation

Two branches
Three branches
Four branches

0.0452 0.0301
0.0393 0.0203
0.0389 0.0201

0.0191
0.0162
0.0161
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Fig. 7. (a) The loading history evolution and (b) comparison between simulation and experiments for the loading-unloading cyclic tests at the deformation level
of 50% under the two loading strain rates of 0.01 s~! and 0.05 s~.

holding time of 20 min for each step, as shown in Fig. 11. The comparison between simulation and experiments for the multi-step
relaxation test is shown in Fig. 12, and it can be seen that the numerical predictions match with the testing data very well. The
rapid stress relaxation occurs within the first few seconds at each step and after that the stress converges to the equilibrium state,
which can be predicted by the model as in the case of single-step relaxation. Although the equilibrium response at the relaxation
stage of each step is obtained in an asymptotic sense, such stress states are widely recognised as the equilibrium stress values at
the corresponding stretch levels (Amin et al., 2006). The comparison between the equilibrium stress from the multi-step experiment
and simulation is plotted in Fig. 13. A good agreement can be observed, which further demonstrates the reliability of the model.

7. Calibration and experimental validation of anisotropic viscoelasticity

For many soft biological tissues and engineering composites with an elastomeric matrix, the matrix materials are usually nearly
incompressible and the neo-Hookean strain energy function (Holzapfel, 2002; Bonet et al., 2016) is adopted for the description of
the isotropic elastic and viscoelastic behaviours of the myocardium, while the exponential strain energy function defined by Eq. (84)
is used for the anisotropic elastic and viscoelastic modelling of the fibre family. In Section 7.1, the proposed modelling framework is
carefully calibrated using the biaxial cyclic testing data of the myocardium by optimising the fitting of the numerical prediction with
the experimental results. After calibration, the anisotropic viscoelastic model is validated in Section 7.2 using another two different
sets of experimental data corresponding to the biaxial loading tests with different deformation levels. Besides, the numerical analysis
for the biaxial cyclic tests when the loading direction varies with respect to the fibre direction is performed to show the capability
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of this new theory for the modelling of anisotropic viscous effects. In Section 7.3, the last numerical example considers the biaxial
stretching and the subsequent relaxation behaviour of the soft biological tissue, in which we investigate the time history evolution
of stress, internal variables and rate of dissipation corresponding to both the isotropic and anisotropic parts.

7.1. Calibration

According to the experimental studies (Sommer et al., 2015b,a), the equibiaxial cyclic test was conducted on the thin square
samples with the loading directions parallel and vertical to the fibre orientation, as shown in Fig. 14(a). The loading strain rate
is 0.002 s~1, and the deformations along the fibre direction and cross-fibre directions are both stretched to 10% at the same time
before the subsequent unloading, see Fig. 14(b). Due to the low loading speed, it is assumed that the elastic behaviour of the
soft biological tissue is characterised by the average of the loading and unloading paths of the cyclic test as the hysteresis vanish
when the strain rate approaches to zero. Hence, the average between the two paths will be treated as the elastic behaviour of
this material in the following. The proposed model is calibrated with the equibiaxial testing data by assuming idealised kinematics
and incompressibility, and the deformation gradient F is also defined by (91), where A; denotes the time dependent amount of
stretch along either the fibre direction or the cross-fibre direction. It is assumed that there is only isotropic viscous contribution to
the mechanical response in the cross-fibre direction during the equibiaxial cyclic test, and so the experimental data in this regard
can be used for the calibration of isotropic viscous parameters while isolating from the anisotropic effects of the one-dimensional
fibre family. After the calibration of isotropic viscous model, the anisotropic viscous parameters can be determined by fitting the
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Fig. 9. (a) The loading history evolution and (b) comparison between simulation and experiments for the single-step relaxation tests at stretch levels of 20%
and 40%. For better illustration, the two cases have been separated from each other by 100 s.

Table 5
Identified isotropic viscous parameters using experimental data in the cross-fibre direction.
One branch Two branches Three branches Four branches

u, (kPa) 98.9 46.95 28.28 23.86
7, (s) 0.7678 0.8289 0.9567 0.7285
u, (kPa) - 45.84 29.16 23.23
7, (s) - 0.8253 0.8681 0.8981
usy (kPa) - - 28.94 23.6
73 (8) - - 0.8431 0.8289
Hy (kPa) - - - 24.6
74 (s) - - - 0.7706

numerical prediction with the experimental data in the fibre direction in which both the anisotropic and isotropic viscous effects
are included. It should be pointed out that the isotropic viscous parameters are kept fixed when calibrating the anisotropic viscous
parameters in a sequential manner.

To identify the isotropic viscous parameters, it is imperative to firstly ascertain the number of viscous branches or Maxwell
elements, which is typically essential for an accurate characterisation of the nonlinear viscoelastic material behaviour. Each isotropic
viscous branch contains two parameters that need to be determined corresponding to the matrix contribution, i.e. the viscous
modulus x' and the relaxation time z'. The experimental data acquired from the equibiaxial cyclic test of the myocardium in
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Table 6
Identified anisotropic viscous parameters using experimental data in the fibre direction.
One branch Two branches Three branches Four branches

u, (kPa) 99.6 79.75 66.28 44.45
7, (s) 0.9777 0.6255 0.4992 0.5619
u, (kPa) - 79.35 65.83 43.52
7, () - 0.627 0.5115 0.6171
usy (kPa) - - 66.17 43.65
73 (8) - - 0.506 0.5441
uy (kPa) - - - 43.75
74 (8) - - - 0.5595

the cross-fibre direction will be utilised for the construction of the objective function during the parameter optimisation process.
The isotropic viscous parameters u' and zJ' are obtained by minimising the difference between the loading-unloading Cauchy
stress versus elongation curves obtained from both experiments and numerical prediction. As pointed out in Linder et al. (2011),
this optimisation methodology is referred to as simultaneous minimisation for the purpose of parameter identification. The fittings
with one, two, three and four isotropic viscous branches for the loading—unloading experimental data in the cross-fibre direction of
the equibiaxial test at the deformation level of 10% are shown in Fig. 15. It can be seen that the increase in the number of isotropic
viscous branches from one to four does not significantly improve the fitting accuracy. The optimised parameter sets using MatLab
built-in optimisation routine 1sqnonlin (Anon, 2024) are listed in Table 5. Hence, it is concluded here that one isotropic viscous
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Fig. 14. (a) The schematic of the initial and deformed configurations and (b) the loading history curve in both the fibre and cross-fibre directions of the
equibiaxial cyclic test.

Maxwell element is able to describe the viscoelastic behaviour of the equibiaxial cyclic test in the cross-fibre direction, and the
identified parameter values corresponding to one isotropic viscous branch will be used for the subsequent calibration. Analogously,
the anisotropic viscous parameter values can be obtained from the optimisation process by fitting the numerical prediction with the
experimental data of the equibiaxial cyclic test in the fibre direction. Fig. 16 shows the fittings of one, two, three and four anisotropic
viscous branches with the loading—unloading experimental data in the fibre direction of the equibiaxial test at the deformation level
of 10%. The optimised parameter sets corresponding to the anisotropic viscous part are listed in Table 6. We can see that there is
also no significant difference of increasing the number of anisotropic Maxwell elements for the accurate modelling of the viscoelastic
response in the fibre direction. Therefore, it is assumed that both the isotropic and anisotropic viscous responses can be predicted
with enough accuracy using only one viscous branch, and the identified parameters will be used to validate the proposed model
with other experimental data and perform some numerical tests in the following.

7.2. Biaxial cyclic loading and experimental validation

In this section, the experimental results for the equibiaxial cyclic tests at deformation levels of 12.5% and 15% are used to
validate the calibrated model, and the comparison between the numerical prediction and experimental results on the Cauchy stress
versus elongation of the equibiaxial cyclic test are shown in Fig. 17 and Fig. 18, respectively. Due to the reinforcement in the fibre
direction, it can be seen that the Cauchy stress value is obviously higher than the counterpart in the cross-fibre direction when
reaching the same deformation for both cases. Besides, the higher peak stress values in both the fibre and cross-fibre directions can
be observed for the equibiaxial cyclic test with the deformation level of 15% due to it larger stretch compared with the other case.
Although there is slight difference between simulation and experiments, the overall prediction of the model for the two equibiaxial
cyclic tests in both the cross-fibre direction and fibre direction is very good. It should be pointed out that the loading-unloading
cyclic tests are typical in case of the characterisation of rate-dependent behaviour of viscoelastic biological materials. The excellent
performance of the proposed model to predict the dissipative behaviour with varying hysteresis loops for the equibiaxial cyclic tests
at two deformation levels clearly demonstrates its effectiveness.

To further showcase its capability for the prediction of anisotropic viscous effects, the numerical analysis of the equibiaxial cyclic
tests with the deformation level of 10% when the two loading directions in the equibiaxial test are not aligned with the fibre and
cross-fibre directions are performed. In case there is a rotation of the fibre family with respect to the horizontal loading direction,
the mechanical responses in the horizontal and vertical directions may or may not be different from each other. The predicted
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Fig. 15. The fitting Cauchy stress versus elongation curves using (a) one isotropic viscous branch, (b) two isotropic viscous branches, (c) three isotropic viscous
branches and (d) four isotropic viscous branches for the equibiaxial cyclic test at deformation level of 10% in the cross-fibre direction.

equibiaxial loading—unloading curves with the deformation of 10% in the horizontal and vertical directions when the fibre direction
rotates with respect to the horizontal direction at 0°, 22.5°, 67.5° and 90° are plotted in Fig. 19. Note that the vertical curves are
generally below the corresponding horizontal curves in the two numerical tests with rotation angles equal to 0° and 22.5°, while
this tendency is reversed in the other two numerical tests with rotation angles equal to 67.5° and 90°, which mainly depends on
the anisotropic effects from the fibre contribution.

7.3. Relaxation test

The relaxation test is another alternative option to characterise the time-dependent mechanical behaviour of viscoelastic
materials. In this section, we perform the numerical analysis of the equibiaxial relaxation tests in which the deformation in both the
cross-fibre and fibre directions are firstly stretched to 10% at a high strain rate and then kept constant for twenty minutes, see Fig.
20. The predicted stress relaxation curves in the fibre and cross-fibre directions are plotted in Fig. 21. It can be observed that the
peak stress and equilibrium stress values of the numerical prediction in the fibre direction are both higher than the counterparts in
the cross-fibre direction, which can also be attributed to the reinforcement of the fibre family. The time history evolution curves of
the total stretch and internal variables in both the fibre and cross-fibre directions are plotted in Fig. 22. In the cross-fibre direction,
there is only one internal variable corresponding to the isotropic viscous part, while in the fibre direction, another internal variable
corresponding to the anisotropic viscous part exists. As can be seen from Fig. 22, the internal variables corresponding to both the
isotropic and anisotropic viscous parts gradually increase from the initial value of 1.0 to the maximum elongation value of 1.1,
whereas the total stretch evolves according to the loading curve. Moreover, the rates of isotropic and anisotropic viscous dissipation
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Fig. 18. The comparison between the numerical prediction and experimental results on the Cauchy stress versus elongation of the equibiaxial cyclic test at the
deformation level of 15% in the cross-fibre direction (a) and fibre direction (b).
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Fig. 19. The predicted equibiaxial loading-unloading curves with the deformation of 10% in the horizontal and vertical directions when the fibre direction
rotates with respect to the horizontal direction at (a) 0°, (b) 22.5°, (c) 67.5°, and (d) 90°.
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Fig. 20. (a) The schematic of the initial and deformed configurations and (b) the loading history curve in both the fibre and cross-fibre directions of the
equibiaxial relaxation test.
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Fig. 21. The predicted stress relaxation curves of the equibiaxial relaxation test in the fibre and cross-fibre directions.

curves are shown in Fig. 23(a) and Fig. 23(b), respectively. Note that positive rates of energy dissipation corresponding to both the
isotropic and anisotropic viscous parts are ensured before reaching the equilibrium during the equibiaxial relaxation test, which
has also been mathematically proved before. To further study the anisotropic viscous effects on the equibiaxial relaxation test, the
numerical analysis of the equibiaxial relaxation tests when the two loading directions are not aligned with the fibre and cross-fibre
directions are also performed, and the predicted relaxation curves with the rotation angle of 15°, 30°, 60° and 75° are plotted in
Fig. 24. Due to the anisotropic effects, the vertical stress relaxation curves are generally below the corresponding horizontal curves
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Fig. 22. The time history evolution curves of the total stretch and internal variables of the equibiaxial relaxation test in the fibre and cross-fibre directions.

0. : : : 0.3 : , :
< <
£ oosp i £
| £ 07 5 |
g — Isotropic Viscous Dissipation g — Anisotropic Viscous Dissipation
2 04l ‘ : Z : |
5 ! 5
> | =
g 5
g i S 01f |
s | Pt
5 02} ] 5
= : =
= 3 <

0.0 i i i 0.0 i i i

0 5 10 15 20 0 5 10 15 20
Time (s) Time (s)
(a) (b)

Fig. 23. The time history evolution curves of the rates of isotropic and anisotropic viscous dissipation of the equibiaxial relaxation test.

in the two numerical tests with rotation angles equal to 15° and 30°, while the opposite tendency can be observed in the other two
numerical tests with rotation angles equal to 60° and 75°.

8. Concluding remarks

Starting from a classical one-dimensional Maxwell rheological model, this paper has presented a large strain modelling
framework for viscoelasticity in three-dimensional continua. Similar to traditional approaches, the framework adopts a multiplicative
decomposition of the deformation gradient into elastic and viscous contributions for each of the Maxwell (non-equilibrium) elements.
To ensure thermodynamic compliance, that is, positive energy dissipation, a novel rate-type relaxation law for the evolution of
internal variables is revisited (Bonet, 2001), which gives the rate of the elastic stress tensor of the viscous element, at constant total
deformation, in terms of the relaxation time parameter and the current stress. Due to the volume-preserving constraint for many
viscoelastic materials (i.e. polymers), the evolution law is further modified, which also ensures the thermodynamic consistency
in the case of strict incompressibility. For ease of computational implementation, the rate form evolution laws are integrated
in time via a standard backward Euler algorithm, resulting in an incremental return mapping type of approach, facilitating the
link between modelling of viscoelasticity and elastoplasticity. The internal state strain viscous variables can finally be recovered
via a simple Newton-Raphson type of iteration scheme. Crucially, for the case of some prototypical user-defined non-equilibrium
strain energy densities (i.e. Saint-Venant Kirchhoff, incompressible neo-Hookean), closed-form solutions can be obtained. Finally, by
taking advantage of a frame invariant stress free configuration, the formulation is then extended for the consideration of anisotropy.
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Fig. 24. The predicted equibiaxial relaxation curves in the horizontal and vertical directions when the fibre direction rotates with respect to the horizontal
direction at (a) 15°, (b) 30°, (c) 60°, and (d) 75°.

Although the framework is pursued for the simple case of a single transversely isotropic invariant contribution with corresponding
closed-form solution, the methodology is also extended to the consideration of the second transversely isotropic invariant, multiple
families of fibres, or even more complex symmetry groups.

To validate the formulation, a specialised form with an eight-chain (long-term) strain energy density functional and a simple
neo-Hookean (non-equilibrium) strain energy density functional have been adopted for the calibration and verification with available
experimental data of soft viscoelastic VHB 4910 polymers. It was found that the simulation results match very well with the
testing data from different types of viscoelastic experiments, including the loading—unloading cyclic tests, single-step relaxation
tests and multi-step relaxation tests, including anisotropic scenarios. The good agreement clearly demonstrates the effectiveness
of the proposed theory. Extension of the presented framework in the context of electro-mechanics will be the next step of this
research, paving the way for the comprehensive time-dependent modelling of anisotropic Electro-Active Polymers for soft robotics
applications.
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Appendix A. Alternative derivation of the Lagrange multiplier in incompressible viscoelasticity

An alternative expression for the Lagrange multiplier 4, can be obtained by making use of the kinetic constraint Eq. (41). Indeed,
time derivative of (41) yields

ds; . dc,
0= = . C . —2
dt et 5, dt
F=const F=const
ds’ . ads’
= =" 1C, +S. 12C" -
F=const F=const (92)
!
— dSe“ - (C 2((_:71 . S/
=@ : ey + ey - e,
F=const

1 -1\ . ~—1 .
-—— (s;a - 4,C;] ) : (C% +2C;! S;a>,
a

where Egs. (44) and (45) have been used in the second and fourth lines of above Eq. (92), respectively. As a result, re-arrangement
of the last line of Eq. (92) results into

28" C7l: s
= ey e‘z €y ) (93)
342 1 Cl st
Note that the time derivative of the deviatoric condition Eq. (41) can also be written as
ds’
0= —= :C, +8 1 —=
dt « Ca dt
F=const F=const (94)
_(l(c - C +S/).dcea
- - ea . ea n . .
2 ¢ dr F=const
Recalling Eq. (39), the above Eq. (94) implies that
1 _
5Ce, : Ce, +5, = gC. (95)
for any arbitrary constant g, and it can be alternatively expressed as
el s =-Le, 4qcit i (96)
er " Teg 7 e T8, - Lyt
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By substituting Eq. (96) into Eq. (93), we can get

. 1 -1 . -1
25y« (-ic,, +sC;)  ct)

Ca

A

L=

3420 1 (-de, +eCst i 7))
A L |

258, 1 ;1 ) )

= P
3-3+2C, 1 C;l i C)]
PN R

s, cplicy
Y R —

c.liclic)

which is exactly Eq. (46).
Appendix B. Tangent modulus of the compressible case

For the computational (i.e. Finite Element Method) implementation of the proposed large strain viscoelastic theory, the tangent
constitutive operator'! needs to be derived to ensure the convergence performance of the global Newton-Raphson iterative solution
scheme, as pointed out in Bonet et al. (2016). This tangent operator measures the change of stress with respect to the total strain
in the reference configuration, which can be defined by

S, aS,
(C=(C°°+Z(Ca=2Y+22ﬁ. (98)

As an example, in case'? that the long-term material response can be described by the compressible neo-Hookean model, the tangent
operator C, is obtained as

Coo = AoCTM® C71 4+ 2(uy — Ay In DK, (99)
where A and yu,, are Lamé material parameters, and the fourth order tensor K is given by

oC™! 1 e _ _ _
KZ—Y§ Kpskr = 2 ((C l)lK (C 1)JL"'(C l)[L (C I)JK)‘ (100)

The evaluation of the a-viscous contribution C, to the tangent modulus is not immediate, since the change of the state variables
C., arising from the change of the strain tensor C needs also to be taken into account. By recalling Eq. (19), the viscous tangent
operator C, is given by

P (U;”‘ 5.,U;! )

oS
Co=25g =2——r—", (101)
and its index form can be presented as
Crxr =2 ((B)IPKL(S%)PQ(UV_:)QJ + (U;;)IP(A)PQKL(UV_:)QJ + (U;:)IP(Se“)PQ(]B)QJKL) , (102)
where the fourth order tensors A and B read
dS,, !
A=3c B=5c (103)

The calculation of the tensor A can be obtained via the use of Eq. (34), as the differentiation of the final stress can be related to
the differentiation of the instantaneous stress that keeps the internal state variables U, constant. In this way, the tangent operator
A can be determined by

oS, AN
oC ~TToc
To determine the tensor B, note firstly that the differentiation of C, with respect to C, by recalling Eq. (13), can be derived as

A= (104)

oc, o€, (C. U
ac”zT”=IE+]F:IB, (105)
where the fourth order tensors E and F read
“ aC,, . aC,, 106)
9 U, ! =const ’ aU;al C:const’

11 The geometric contribution to the tangent operator can be found in standard textbooks (Bonet et al., 2016).
12 Notice that this is not a restriction of the theory, but any other constitutive law is acceptable.
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with the index forms given by

1 _ _ _ _
E) sk = 5 <(UV:)1K(UV:)LJ + (UV:)IL(UV:)KJ); (107a)
1 _ _ _ _
ik =3 (8:x(CUDLs +611CU s +6,,U O + 5,501 C)1 ). (107b)
and the tensor B is calculated as
aC,
B=F": (a—c”—]E>. (108)

By the use of Eq. (34) again, we can obtain
aS aS acC, oS,

Ca Cq Cq

= . =y —Cu 109
ac ~oac, ec ~ o (109)
and recalling the definition of C,_, we can finally obtain
o oyt il 110
e~ oe (10

Appendix C. Tangent modulus of the incompressible case

The derivation of the tangent modulus is similar to that of the compressible formulation described in Appendix B. To fully
determine the viscous tangent operators, the fourth order operators A and B need to be adapted, which are given by

K as,,  0S, oC,, c aC,,
T oC T oaC, T oC T w oC (111a)
ouy! aC
« -1 . €a
= =F"': -E 111b
oC ( oC ) (1116)

where the fourth order tensor 052" can be derived using the incompressibility constraint given by Eq. (50). Differentiation of the
left-hand side of Eq. (50) with respect to the right Cauchy—Green tensor C leads to

d(detC,,)  d(detC, ) 9C, aC

e 207t e 112
aC aC,. aC & " 9C (112)

Compat(;ecd to the differentiation of the right-hand side of Eq. (50) with respect to the right Cauchy-Green tensor C, the fourth order
tensor — é" can be deduced from the following relationship

cl: e, (113)
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