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 A B S T R A C T

This paper focuses on the Euler–Maruyama (EM) scheme for delay-type stochastic McKean–
Vlasov equations (DSMVEs) driven by fractional Brownian motion with Hurst parameter 𝐻 ∈
(0, 1∕2) ∪ (1∕2, 1). The existence and uniqueness of the solutions to such DSMVEs whose drift 
coefficients contain polynomial delay terms are proved by exploiting the Banach fixed point 
theorem. Then the propagation of chaos between interacting particle system and non-interacting 
system in 𝑝 sense is shown. We find that even if the delay term satisfies the polynomial 
growth condition, the unmodified classical EM scheme still can approximate the corresponding 
interacting particle system without the particle corruption. The convergence rates are revealed 
for 𝐻 ∈ (0, 1∕2) ∪ (1∕2, 1). Finally, as an example that closely fits the original equation, 
a stochastic opinion dynamics model with both extrinsic memory and intrinsic memory is 
simulated to illustrate the plausibility of the theoretical result.

. Introduction

The fractional Brownian motion (fBm) with Hurst parameter 𝐻 ∈ (0, 1) is a natural generalization of the usual Brownian motion. 
n light of the extrinsic memory impact of fBm on system, the theories about stochastic differential equations (SDEs) driven by fBm 
ave been systematically studied in [1,2]. Since the analytical solution to SDE driven by fBm cannot be expressed explicitly in many 
cenarios, the investigation of numerical schemes becomes crucial. Many types of SDEs driven by fBm have been approximated by 
M scheme [2], backward EM scheme [3–5], 𝜃-EM scheme [6,7], Milstein-type scheme [8,9], Crank–Nicolson scheme [10], tamed 
M scheme [11], truncated EM scheme [12] and so on.
When the coefficients of SDEs are related to the laws of state variables, the equations are called stochastic McKean–Vlasov 

quations (SMVEs), also called mean-field SDEs or distribution-dependent SDEs. For SMVEs driven by fBm with Hurst parameter 
∈ (0, 1∕2) ∪ (1∕2, 1), the wellposedness and the Bismut formula for the Lions derivative were presented in [13]. Then EM scheme 
as exploited to approximate such SMVEs driven by fBm in [14]. In reality, there are already many papers analyzing the numerical 
chemes of SMVEs driven by standard Brownian motion (fBm with 𝐻 = 1∕2) via stochastic particle method, such as implicit EM 
cheme and tamed EM scheme in [15], tamed Milstein scheme in [16,17], multi-level Monte-Carlo scheme in [18], adaptive EM 
nd Milstein schemes in [19], split-step EM scheme in [20] and so on.
When the influence of the intrinsic memory on system is also taken into account, the delay-type SDEs driven by fBm have been 

nvestigated in [21–27]. However, there are few work on the delay-type stochastic McKean–Vlasov equations (DSMVEs) driven by 
Bm yet. To fill this gap, this paper focuses on a class of DSMVEs driven by fBm with 𝐻 ∈ (0, 1∕2) ∪ (1∕2, 1) and their numerical 
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schemes via stochastic particle method. We first give the existence and uniqueness of solution to DSMVE driven by fBm by exploiting 
the Banach fixed point theorem. Then the propagation of chaos in 𝑝 sense between non-interacting particle system and interacting 
particle system is presented so that the unmodified classical EM scheme can be established. The convergence rates of classical EM 
schemes are given for 𝐻 ∈ (0, 1∕2) ∪ (1∕2, 1).

Undoubtedly, the unmodified classical EM scheme fails to approximate the SDEs driven by standard Brownian motion if the 
coefficients are superlinear [28]. However, we stress that the present state variable in the drift coefficient satisfies the global Lipschitz 
condition but the past state variable can grow polynomially, and the unmodified classical EM scheme still works in this case, which 
means that the particle corruption shown in [15] does not occur.

Stochastic opinion dynamics model (SODM), which can reflect changes in people’s online or offline opinions in the social scenar-
ios, is an crucial tool to formulate promotional plans and information campaigns, so SODM has been extensively studied [29–31]. 
Compared to the standard Brownian motion, SODM driven by fBm better reflects the influence of extrinsic memory due to the 
long-range (or short-range) dependence of fBm. Additionally, the impact of delay state variable and its distribution information on 
SODM should certainly be taken into account, as communications could be delayed in both online and offline between individuals 
in real-life scenarios [32]. Then we will find that our target DSMVEs driven by fBm can well match the SODM with both extrinsic 
memory and intrinsic memory. Therefore, the numerical analysis of DSMVEs driven by fBm is an important task for further research 
on SODM.

We now highlight the contribution of this paper. The Banach fixed point theorem is exploited to show the wellposedness of 
solution in Theorem  2.6, where we employ the segmentation technique by dividing the time interval [0, 𝑇 ] into several equal-length 
segments [0, 𝜌], where 𝜌 is the finite-time delay. This kind of segmentation is always achievable, i.e., [0, 𝑇 ] ⊂ [

0, (⌊𝑇 ∕𝜌⌋ + 1)𝜌
]

. 
Firstly, we prove the wellposedness of the solution on [0, 𝜌]. Within [0, 𝜌], we apply the segmentation technique again by selecting 
a sufficiently small 𝜌∗ that satisfies certain constraints with [0, 𝜌] ⊂

[

0, (⌊𝜌∕𝜌∗⌋ + 1)𝜌∗
]

. Then the wellposedness is obtained on 
[0, 𝜌∗]. Repeat this procedure about 𝜌∗ to get the wellposedness on [0, 𝜌]. Secondly, based on the result on [0, 𝜌], we can prove 
the wellposedness on [0, 2𝜌]. Then iterating about the time-delay segment can give the wellposedness on [0, 𝑇 ]. As for the numerical 
analysis, if there are superlinear state variables in the coefficients, scholars often adopt the modified EM scheme or implicit EM 
scheme to avoid the explosion of numerical solution or particle corruption. However, in this paper, when the delay term is superlinear 
and the current state variable grows linearly, we use the unmodified classical EM scheme to approximate the corresponding 
interacting particle system in 𝑝 sense without the particle corruption.

The rest of the paper is structured as follows. In Section 2, some notations and important lemmas are introduced, then we give 
the wellposedness of DSMVE driven by fBm. Section 3 aims to reveal the propagation of chaos in 𝑝 sense. For 𝐻 ∈ (0, 1∕2)∪(1∕2, 1), 
the convergence rates of classical EM scheme for interacting particle system are shown in Section 4. Some numerical simulations 
for the SODM are performed in Section 5.

2. Preliminaries

Let | ⋅ | be the Euclidean norm for vector and the trace norm for matrix. Denote 𝑎1∨𝑎2 = max{𝑎1, 𝑎2}, 𝑎1∧𝑎2 = min{𝑎1, 𝑎2} for real 
numbers 𝑎1, 𝑎2. Let 𝐵𝐻 = {𝐵𝐻𝑡 , 𝑡 ≥ 0} be a fBm with Hurst parameter 𝐻 ∈ (0, 1) defined on the probability space (𝛺, ,P), i.e., 𝐵𝐻
is a centered Gaussian process with covariance function 𝑅𝐻 (𝑡, 𝑠) = 1

2 (𝑡
2𝐻 + 𝑠2𝐻 − |𝑡 − 𝑠|2𝐻 ) for any 𝑠, 𝑡 ≥ 0. Let I𝑆 be the indicator 

function for a set 𝑆, i.e., I𝑆 (𝑥) = 1 if 𝑥 ∈ 𝑆, otherwise, I𝑆 (𝑥) = 0. Let ⌊𝑎⌋ be the largest integer which does not exceed 𝑎. Denote by 
𝑝 = 𝑝

(

𝛺, ,P
) the set of random variables 𝑋 with expectation E|𝑋|

𝑝 < ∞ for 𝑝 ≥ 1. Let  = ([−𝜌, 0];R𝑑 ) be the family of all 
continuous functions 𝜑 from [−𝜌, 0] to R𝑑 with the norm ‖𝜑‖ = sup−𝜌≤𝜃≤0|𝜑(𝜃)|. For a positive integer 𝑁 , let S𝑁 = {1, 2,… , 𝑁}.

Denote by 𝛿𝑦(⋅) the Dirac measure at point 𝑦 ∈ R𝑑 . Denote by (R𝑑 ) the family of all probability measures on R𝑑 . For 𝑞 ≥ 1, 
define

𝑞(R𝑑 ) =

{

𝜇 ∈ (R𝑑 ) ∶
(

∫R𝑑
|𝑦|𝑞𝜇(𝑑𝑦)

)1∕𝑞
< ∞

}

,

and set 𝑞(𝜇) =
(

∫R𝑑 |𝑦|
𝑞𝜇(𝑑𝑦)

)1∕𝑞 for any 𝜇 ∈ 𝑞(R𝑑 ). For 𝑞 ≥ 1, let ([−𝜌, 𝑇 ];𝑞(R𝑑 )) be the family of all continuous measures 𝜇
from [−𝜌, 𝑇 ] to 𝑞(R𝑑 ). For 𝑞 ≥ 1, the Wasserstein distance of 𝜇, 𝜈 ∈ 𝑞(R𝑑 ) is defined by

W𝑞(𝜇, 𝜈) = inf
𝜋∈C(𝜇,𝜈)

(

∫R𝑑×R𝑑
|𝑦1 − 𝑦2|

𝑞𝜋(𝑑𝑦1, 𝑑𝑦2)
)1∕𝑞

,

where C(𝜇, 𝜈) is the family of all couplings for 𝜇, 𝜈.
In this paper, consider DSMVE driven by fBm of the form 

𝑑𝛶 (𝑡) = 𝛼𝑡
(

𝛶 (𝑡), 𝛶 (𝑡 − 𝜌),L𝛶 (𝑡),L𝛶 (𝑡−𝜌)
)

𝑑𝑡 + 𝛽𝑡
(

L𝛶 (𝑡),L𝛶 (𝑡−𝜌)
)

𝑑𝐵𝐻𝑡 , 𝑡 ∈ [0, 𝑇 ], (2.1)

with the initial value {𝛶 (𝜃) ∶ −𝜌 ≤ 𝜃 ≤ 0} = 𝜉, which is an 0-measurable -valued random variable with E‖𝜉‖𝑝̌ < ∞ for any 𝑝̌ > 0. 
Here, L𝛶 (⋅) is the distribution of 𝛶 (⋅). Moreover, 𝛼 ∶ [0, 𝑇 ] × R𝑑 × R𝑑 × 2(R𝑑 ) × 2(R𝑑 ) → R𝑑 , 𝛽 ∶ [0, 𝑇 ] × 2(R𝑑 ) × 2(R𝑑 ) → R𝑑×𝑑

are Borel measurable functions, and 𝐵𝐻𝑡  is a 𝑑-dimensional fBm with 𝐻 ∈ (0, 1∕2) ∪ (1∕2, 1). Note that ∫ 𝑇0 𝛽𝑡
(

L𝛶 (𝑡),L𝛶 (𝑡−𝜌)
)

𝑑𝐵𝐻𝑡  is 
treated as a Wiener integral with respect to (w.r.t.) fBm since the diffusion coefficient is a deterministic function.

To get the wellposedness of solution to (2.1) by exploiting the Banach fixed point theorem, we consider the distribution-
independent delay-type SDE driven by fBm of the form 

𝑑𝛶̂ (𝑡) = 𝛼̂
(

𝛶̂ (𝑡), 𝛶̂ (𝑡 − 𝜌)
)

𝑑𝑡 + 𝛽 𝑑𝐵𝐻 , 𝑡 ∈ [0, 𝑇 ], (2.2)
𝑡 𝑡 𝑡

2 
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with the same initial value 𝜉 for (2.1). Moreover, 𝛼̂ ∶ [0, 𝑇 ] × R𝑑 × R𝑑 → R𝑑 , and 𝛽 ∶ [0, 𝑇 ] → R𝑑×𝑑 are Borel measurable 
functions. Assume that 𝛽𝑡 is bounded for any 𝑡 ∈ [0, 𝑇 ]. We give the following important maximal inequality about fBm for the 
case 𝐻 ∈ (0, 1∕2) ∪ (1∕2, 1), which has been proved by Theorem 1.2 in [33] and Theorem 2.1 in [34]. 

Lemma 2.1.  For any 𝑝̌ > 0 and 𝐻 ∈ (0, 1∕2) ∪ (1∕2, 1), there exist two constants 𝑐𝐻,𝑝̌, 𝐶𝐻,𝑝̌ > 0 such that

𝑐𝐻,𝑝̌E(𝜏 𝑝̌𝐻 ) ≤ E
(

sup
𝑡∈[0,𝜏]

|𝐵𝐻𝑡 |

𝑝̌) ≤ 𝐶𝐻,𝑝̌E(𝜏 𝑝̌𝐻 ),

for any stopping time 𝜏 of 𝐵𝐻𝑡 .

Assumption 2.2.  There exist two constants 𝐾̄1 > 0 and 𝑙 ≥ 1 such that

|𝛼̂𝑡(𝑥1, 𝑥2) − 𝛼̂𝑡(𝑦1, 𝑦2)| ≤ 𝐾̄1[|𝑥1 − 𝑦1| + (1 + |𝑥2|
𝑙 + |𝑦2|

𝑙)|𝑥2 − 𝑦2|],

for any 𝑡 ∈ [0, 𝑇 ] and 𝑥1, 𝑥2, 𝑦1, 𝑦2 ∈ R𝑑 .

By Assumption  2.2, one can see that there exists a 𝐶̄1 > 0 such that
|

|

𝛼̂𝑡(𝑥1, 𝑥2)|| ≤ 𝐶̄1
(

1 + |𝑥1| + |𝑥2|
𝑙+1) ,

for any 𝑡 ∈ [0, 𝑇 ] and 𝑥1, 𝑥2 ∈ R𝑑 . The following lemma reveals that there exists a unique global solution to (2.2) under Assumption 
2.2.

Lemma 2.3.  Let Assumption  2.2 hold and 𝐻 ∈ (0, 1∕2)∪ (1∕2, 1). Then there exists a unique global solution 𝛶̂ (𝑡) to (2.2), and it satisfies, 
for any 𝑝̄ ≥ 2,

E
(

sup
𝑡∈[0,𝑇 ]

|𝛶̂ (𝑡)|𝑝̄
)

≤ 𝐶𝑝̄,𝑇 ,𝐻,𝐾̄1 ,‖𝜉‖,𝑙,𝜌.

Proof.  In view of [35], one can see that (2.2) admits a unique local solution when the drift coefficient is local Lipschitz continuous 
and the diffusion coefficient is a function of 𝑡. So, to achieve the goal of this lemma, we just need to prove

E
(

sup
𝑡∈[0,𝑇 ]

|𝛶̂ (𝑡)|𝑝̄
)

≤ 𝐶, for any 𝑝̄ ≥ 2.

From (2.2), using Hölder’s inequality, Assumption  2.2 and Lemma  2.1 leads to

E
(

sup
𝑡∈[0,𝑇 ]

|𝛶̂ (𝑡)|𝑝̄
)

≤𝐶𝑝̄,𝑇 ,𝐻,‖𝜉‖ + 𝐶𝑝̄,𝑇E∫

𝑇

0

|

|

|

𝛼𝑠(𝛶̂ (𝑠), 𝛶̂ (𝑠 − 𝜌))
|

|

|

𝑝̄
𝑑𝑠 + E

(

sup
𝑡∈[0,𝑇 ]

|∫

𝑡

0
𝛽𝑠𝑑𝐵

𝐻
𝑠 |

𝑝̄
)

≤𝐶𝑝̄,𝑇 ,𝐻,‖𝜉‖ + 𝐶𝑝̄,𝑇 ,𝐾̄1
E∫

𝑇

0

[

1 + |𝛶̂ (𝑠)|𝑝̄ + |𝛶̂ (𝑠 − 𝜌)|𝑝̄(𝑙+1)
]

𝑑𝑠

≤𝐶𝑝̄,𝑇 ,𝐻,𝐾̄1 ,‖𝜉‖

[

1 + ∫

𝑇

0
E
(

sup
𝑠∈[0,𝑡]

|𝛶̂ (𝑠)|𝑝̄
)

𝑑𝑡 + ∫

𝑇

0
E|𝛶̂ (𝑠 − 𝜌)|𝑝̄(𝑙+1)𝑑𝑠

]

.

The Gronwall inequality means that 

E
(

sup
𝑡∈[0,𝑇 ]

|𝛶̂ (𝑡)|𝑝̄
)

≤ 𝐶𝑝̄,𝑇 ,𝐻,𝐾̄1 ,‖𝜉‖
[

1 + E
(

sup
𝑡∈[0,𝑇 ]

|𝛶̂ (𝑡 − 𝜌)|𝑝̄(𝑙+1)
)]

. (2.3)

Define a sequence as

𝑝̄𝑚 = (2 − 𝑚 + ⌊

𝑇
𝜌
⌋)𝑝̄(𝑙 + 1)1−𝑚+⌊

𝑇
𝜌 ⌋, 𝑚 = 1, 2⋯ , ⌊𝑇

𝜌
⌋ + 1.

Obviously, it holds that 𝑝̄
⌊

𝑇
𝜌 ⌋+1

= 𝑝̄ and 𝑝̄𝑚+1(𝑙 + 1) < 𝑝̄𝑚 for 𝑚 = 1, 2⋯ , ⌊ 𝑇𝜌 ⌋. For 𝑡 ∈ [0, 𝜌], we get from (2.3) that

E
(

sup
𝑡∈[0,𝜌]

|𝛶̂ (𝑡)|𝑝̄1
)

≤𝐶𝑝̄,𝑇 ,𝐻,𝐾̄1 ,‖𝜉‖
[

1 + E
(

sup
𝑡∈[0,𝜌]

|𝛶̂ (𝑡 − 𝜌)|𝑝̄1(𝑙+1)
)]

≤𝐶𝑝̄,𝑇 ,𝐻,𝐾̄1 ,‖𝜉‖,𝑙,𝑝̄1 .

Next, for 𝑡 ∈ [0, 2𝜌], using Hölder’s inequality, (2.3) and 𝑝̄𝑚+1(𝑙 + 1) < 𝑝̄𝑚 leads to

E
(

sup
𝑡∈[0,2𝜌]

|𝛶̂ (𝑡)|𝑝̄2
)

≤𝐶𝑝̄,𝑇 ,𝐻,𝐾̄1 ,‖𝜉‖

[

1 +

[

E
(

sup
𝑡∈[0,2𝜌]

|𝛶̂ (𝑡 − 𝜌)|𝑝̄1
)

]

𝑝̄2(𝑙+1)
𝑝̄1 ]
≤𝐶𝑝̄,𝑇 ,𝐻,𝐾̄1 ,‖𝜉‖,𝑙,𝑝̄1 ,𝑝̄2 .
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Repeating this procedure gives

E
⎛

⎜

⎜

⎜

⎝

sup
𝑡∈
[

0,(⌊ 𝑇𝜌 ⌋+1)𝜌
]

|𝛶̂ (𝑡)|𝑝̄
⎞

⎟

⎟

⎟

⎠

≤ 𝐶𝑝̄,𝑇 ,𝐻,𝐾̄1 ,‖𝜉‖,𝑙,𝜌. □

When 𝐻 = 1∕2, 𝐵𝐻𝑡  becomes a standard Brownian motion, and the results have been presented in [36]. Using the following 
condition, we shall investigate the wellposedness of (2.1). 

Assumption 2.4.  There exist three constants 𝐾1, 𝐾2 > 0 and 𝑙 ≥ 1 such that

|𝛼𝑡(𝑥1, 𝑥2, 𝜇1, 𝜇2) − 𝛼𝑡(𝑦1, 𝑦2, 𝜈1, 𝜈2)| ≤ 𝐾1[|𝑥1 − 𝑦1| + (1 + |𝑥2|
𝑙 + |𝑦2|

𝑙)|𝑥2 − 𝑦2| +W2(𝜇1, 𝜈1) +W2(𝜇2, 𝜈2)],

|𝛽𝑡(𝜇1, 𝜇2) − 𝛽𝑡(𝜈1, 𝜈2)| ≤ 𝐾2(W2(𝜇1, 𝜈1) +W2(𝜇2, 𝜈2)),

for any 𝑡 ∈ [0, 𝑇 ], 𝑥1, 𝑥2, 𝑦1, 𝑦2 ∈ R𝑑 and 𝜇1, 𝜇2, 𝜈1, 𝜈2 ∈ 2(R𝑑 ).

Lemma 2.5.  For any 𝜇 ∈ 2(R𝑑 ), we have W2(𝜇, 𝛿0) = 2(𝜇).

The proof of above lemma can be found in Lemma 2.3 of [37]. By Assumption  2.4 and Lemma  2.5, one can see that there exist 
constants 𝐶̄2, 𝐶̄3 > 0 such that

|

|

𝛼𝑡(𝑥1, 𝑥2, 𝜇1, 𝜇2)|| ≤ 𝐶̄2
(

1 + |𝑥1| + |𝑥2|
𝑙+1 +2(𝜇1) +2(𝜇2)

)

,

|𝛽𝑡(𝜇1, 𝜇2)| ≤ 𝐶̄3(1 +2(𝜇1) +2(𝜇2)),

for any 𝑡 ∈ [0, 𝑇 ], 𝑥1, 𝑥2 ∈ R𝑑 and 𝜇1, 𝜇2 ∈ 2(R𝑑 ). By borrowing the proof ideas of Theorem 3.3 in [37], Theorem 1.4 in [38] and 
Theorem 1.12.1 in [2], we give the following theorem. 

Theorem 2.6.  The DSMVE (2.1) admits a unique global solution 𝛶 (𝑡) satisfying for any 𝑝̄ ≥ 2 and 𝑇 > 0,

E
(

sup
𝑡∈[0,𝑇 ]

|𝛶 (𝑡)|𝑝̄
)

≤ 𝐶𝑝̄,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌,

if one of the following conditions hold:
(i) 𝐻 ∈ (1∕2, 1) and Assumption  2.4 holds.
(ii) 𝐻 ∈ (0, 1∕2), 𝛼 satisfies Assumption  2.4 and 𝛽 only depends on 𝑡 (i.e., 𝛽 does not depend on the distribution).

Proof.  We first show the assertion for 𝐻 ∈ (1∕2, 1). For 𝑥, 𝑦 ∈ R𝑑 and 𝜇. ∈ 
(

[−𝜌, 𝑇 ];2(R𝑑 )
)

, let 𝛼𝜇𝑡,𝜌(𝑥, 𝑦) = 𝛼𝑡(𝑥, 𝑦, 𝜇𝑡, 𝜇𝑡−𝜌) and 
𝛽𝜇𝑡,𝜌 = 𝛽𝑡(𝜇𝑡, 𝜇𝑡−𝜌). Consider the auxiliary SDE of the form 

𝑑𝛶 𝜇(𝑡) = 𝛼𝜇𝑡,𝜌 (𝛶
𝜇(𝑡), 𝛶 𝜇 (𝑡 − 𝜌)) 𝑑𝑡 + 𝛽𝜇𝑡,𝜌𝑑𝐵

𝐻
𝑡 , 𝑡 ∈ [0, 𝑇 ], (2.4)

with the initial value 𝛶 𝜇0 = 𝜉. Under Assumption  2.4, we know from Lemma  2.3 that SDE (2.4) admits a unique global solution in 
a strong sense and it satisfies 

E
(

sup
𝑡∈[0,𝑇 ]

|𝛶 𝜇(𝑡)|𝑝̄
)

≤ 𝐶𝑝̄,𝑇 ,𝐻,𝐾̄1 ,‖𝜉‖,𝑙,𝜌, (2.5)

for any 𝑝̄ ≥ 2. Define an operator

𝛷𝑡 ∶ 
(

[−𝜌, 𝑇 ];2(R𝑑 )
)

→ 
(

[−𝜌, 𝑇 ];2(R𝑑 )
)

by 𝛷𝑡(𝜇) = L𝛶 𝜇 (𝑡), where L𝛶 𝜇 (𝑡) is the distribution of 𝛶 𝜇(𝑡). Next, we will show 𝛷 is strictly contractive. Using the same techniques 
of getting (3.5) in the proof of Theorem 3.1 in [13] gives that, for 𝑝̄ ≥ 2, 

E
(

sup |

|

𝑡
𝛽𝑠(𝜇𝑠, 𝜇𝑠−𝜌)𝑑𝐵𝐻𝑠

|

|

𝑝̄
)

≤ 𝐶𝑝̄,𝑇 ,𝐻E
𝑇
|

|𝛽𝑡(𝜇𝑡, 𝜇𝑡−𝜌)
|

|

𝑝̄
𝑑𝑡. (2.6)
𝑡∈[0,𝑇 ] |∫0 | ∫0 | |

4 
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For any 𝑡 ∈ [0, 𝑇 ] and 𝑝̂ ∈ [2, 𝑝̄2𝑙 ], we get from Hölder’s inequality, (2.6) and Assumption  2.4 that

E
(

sup
𝑠∈[0,𝑡]

|𝛶 𝜇(𝑠) − 𝛶 𝜈 (𝑠)|𝑝̂
)

≤2𝑝̂−1E
(

sup
𝑠∈[0,𝑡]

|

|

|∫

𝑠

0

[

𝛼𝜇𝑟,𝜌(𝛶
𝜇(𝑟), 𝛶 𝜇(𝑟 − 𝜌)) − 𝛼𝜈𝑟,𝜌(𝛶

𝜈 (𝑟), 𝛶 𝜈 (𝑟 − 𝜌))
]

𝑑𝑟||
|

𝑝̂)
+ 2𝑝̂−1E

(

sup
𝑠∈[0,𝑡]

|

|

|∫

𝑠

0

[

𝛽𝜇𝑟,𝜌 − 𝛽
𝜈
𝑟,𝜌
]

𝑑𝐵𝐻𝑟
|

|

|

𝑝̂
)

≤𝐶𝑝̂,𝑇 ,𝐾1
E∫

𝑡

0

[

|𝛶 𝜇(𝑟) − 𝛶 𝜈(𝑟)|𝑝̂ +
(

1 + |𝛶 𝜇(𝑟 − 𝜌)|𝑙 + |𝛶 𝜈 (𝑟 − 𝜌)|𝑙
)𝑝̂
|𝛶 𝜇(𝑟 − 𝜌) − 𝛶 𝜈 (𝑟 − 𝜌)|𝑝̂

+ W𝑝̂
2(𝜇𝑟, 𝜈𝑟) +W𝑝̂

2(𝜇𝑟−𝜌, 𝜈𝑟−𝜌)
]

𝑑𝑟 + 𝐶𝑝̂,𝑇 ,𝐻,𝐾2
E∫

𝑡

0

|

|

|

𝛽𝜇𝑟,𝜌 − 𝛽
𝜈
𝑟,𝜌
|

|

|

𝑝̂
𝑑𝑟

≤𝑐∗ ∫

𝑡

0

[

E|𝛶 𝜇(𝑟) − 𝛶 𝜈 (𝑟)|𝑝̂ +
[

E
(

1 + |𝛶 𝜇(𝑟 − 𝜌)|2𝑝̂𝑙 + |𝛶 𝜈 (𝑟 − 𝜌)|2𝑝̂𝑙
)]

1
2

⋅
[

E|𝛶 𝜇(𝑟 − 𝜌) − 𝛶 𝜈 (𝑟 − 𝜌)|2𝑝̂
]
1
2 +W𝑝̂

2(𝜇𝑟, 𝜈𝑟) +W𝑝̂
2(𝜇𝑟−𝜌, 𝜈𝑟−𝜌)

]

𝑑𝑟,

where 𝑐∗ is a constant depending on 𝑝̂, 𝑇 ,𝐻,𝐾1, 𝐾2. So, applying (2.5) with 𝑝̂ ≤ 𝑝̄
2𝑙  means that 

E
(

sup
𝑠∈[0,𝑡]

|𝛶 𝜇(𝑠) − 𝛶 𝜈 (𝑠)|𝑝̂
)

≤𝑐∗ ∫

𝑡

0
E
(

sup
𝑠∈[0,𝑟]

|𝛶 𝜇(𝑠) − 𝛶 𝜈 (𝑠)|𝑝̂
)

𝑑𝑟

+ 𝑐∗ ∫

𝑡

0

[

E
(

sup
𝑠∈[0,𝑟]

|𝛶 𝜇(𝑠 − 𝜌) − 𝛶 𝜈(𝑠 − 𝜌)|2𝑝̂
)]

1
2 𝑑𝑟 + 𝑐∗ ∫

𝑡

0
sup
𝑠∈[0,𝑟]

W𝑝̂
2(𝜇𝑠, 𝜈𝑠)𝑑𝑟.

(2.7)

Define a sequence as

𝑝̂𝑚 = (2 − 𝑚 + ⌊

𝑇
𝜌
⌋)𝑝̂21−𝑚+⌊

𝑇
𝜌 ⌋, 𝑚 = 1, 2,… , ⌊𝑇

𝜌
⌋ + 1.

Obviously, it holds that 𝑝̂
⌊

𝑇
𝜌 ⌋+1

= 𝑝̂ and 2𝑝̂𝑚+1 < 𝑝̂𝑚 for 𝑚 = 1, 2,… , ⌊ 𝑇𝜌 ⌋.

For 𝑠 ∈ [0, 𝜌], since the initial values are the same, ∫ 𝑡0
[

E
(

sup𝑠∈[0,𝑟] |𝛶 𝜇(𝑠 − 𝜌) − 𝛶 𝜈 (𝑠 − 𝜌)|
2𝑝̂)]

1
2 𝑑𝑟 = 0. The Gronwall inequality 

with (2.7) gives that 

sup
𝑠∈[0,𝜌]

W𝑝̂1
2 (𝛷𝑠(𝜇), 𝛷𝑠(𝜈)) ≤E

(

sup
𝑠∈[0,𝜌]

|𝛶 𝜇(𝑠) − 𝛶 𝜈 (𝑠)|𝑝̂1
)

≤𝑐∗𝑒𝑐∗𝜌 ∫

𝜌

0
sup
𝑠∈[0,𝑟]

W𝑝̂1
2 (𝜇𝑠, 𝜈𝑠)𝑑𝑟.

(2.8)

For 𝜌∗ > 0 (which is independent of the initial data) such that 𝑐∗𝑒𝑐∗𝜌∗𝜌∗ ≤ 1
2 , let

𝑆̃𝜌∗ =
{

𝜇. ∈ 
(

[0, 𝜌∗];2(R𝑑 )
)

∶ 𝑑(𝜇⋅, 𝜇0) < ∞, 𝜇0 = L𝑋(0)
}

equipped with the uniform metric

𝑑(𝜇, 𝜈) ∶= sup
𝑠∈[0,𝜌∗]

W2(𝜇𝑠, 𝜈𝑠).

We see that (𝑆̃𝜌∗ , 𝑑) is a complete metric space. Then using (2.8) implies

𝑑 𝑝̂1 (𝛷(𝜇), 𝛷(𝜈)) ≤ 1
2
𝑑 𝑝̂1 (𝜇, 𝜈),

which means that 𝛷 is strictly contractive in the complete metric space (𝑆̃𝜌∗ , 𝑑). Hence, the Banach fixed point theorem with the 
definition of 𝛷 reveals that there exists a unique 𝜇 ∈ 𝑆̃𝜌∗  such that

𝛷𝑡(𝜇) = 𝜇𝑡 = L𝛶 𝜇 (𝑡)

on 𝑡 ∈ [0, 𝜌∗]. Thus, the strong wellposedness of (2.1) is obtained on [0, 𝜌∗]. Repeating this procedure with the initial value 𝛶𝑛𝜌∗  (and 
the initial time 𝑛𝜌 ) for 1 ≤ 𝑛 ≤ ⌊

𝜌
⌋ + 1 gives the strong wellposedness of (2.1) on [0, 𝜌].
∗ 𝜌∗

5 
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For 𝑠 ∈ [0, 2𝜌], since ∫ 𝑡0
[

E
(

sup𝑠∈[0,𝑟] |𝛶 𝜇(𝑠 − 𝜌) − 𝛶 𝜈(𝑠 − 𝜌)|
2𝑝̂)]

1
2 𝑑𝑟 may not be vanished, the exponents of both sides of (2.7) are 

different, we need to estimate 𝑝̂2−moment in the following. The Hölder inequality with (2.7) and (2.8) gives that 

sup
𝑠∈[0,2𝜌]

W𝑝̂2
2 (𝛷𝑠(𝜇), 𝛷𝑠(𝜈))

≤E
(

sup
𝑠∈[0,2𝜌]

|𝛶 𝜇(𝑠) − 𝛶 𝜈 (𝑠)|𝑝̂2
)

≤2𝑐∗𝑒2𝑐∗𝜌𝜌

[

E
(

sup
𝑠∈[0,𝜌]

|𝛶 𝜇(𝑠) − 𝛶 𝜈(𝑠)|𝑝̂1
)

]

𝑝̂2
𝑝̂1

+ 2𝑐∗𝑒2𝑐∗𝜌𝜌 sup
𝑠∈[0,2𝜌]

W𝑝̂2
2 (𝜇𝑠, 𝜈𝑠)

≤2𝑐∗𝑒2𝑐∗𝜌𝜌

[

𝑐∗𝑒
𝑐∗𝜌𝜌 sup

𝑠∈[0,𝜌]
W𝑝̂1

2 (𝜇𝑠, 𝜈𝑠)

]

𝑝̂2
𝑝̂1

+ 2𝑐∗𝑒2𝑐∗𝜌𝜌 sup
𝑠∈[0,2𝜌]

W𝑝̂2
2 (𝜇𝑠, 𝜈𝑠)

≤2𝑐∗𝑒2𝑐∗𝜌𝜌
[

1 ∨ (𝑐∗𝑒𝑐∗𝜌𝜌)
𝑝̂2
𝑝̂1

]

sup
𝑠∈[0,2𝜌]

W𝑝̂2
2 (𝜇𝑠, 𝜈𝑠)

(2.9)

For 𝜌∗ > 0 such that 2𝑐∗𝑒2𝑐∗𝜌∗𝜌∗[1 ∨ (𝑐∗𝑒𝑐∗𝜌∗𝜌∗)𝑝̂2∕𝑝̂1 ] ≤
1
2 , we get from (2.9) that

𝑑 𝑝̂2 (𝛷(𝜇), 𝛷(𝜈)) ≤ 1
2
𝑑 𝑝̂2 (𝜇, 𝜈),

which means that 𝛷 is strictly contractive in the complete metric space (𝑆̃𝜌∗ , 𝑑). Again, the Banach fixed point theorem gives that 
there exists a unique 𝜇 ∈ 𝑆̃𝜌∗  such that

𝛷𝑡(𝜇) = 𝜇𝑡 = L𝛶 𝜇 (𝑡)

on 𝑡 ∈ [0, 𝜌∗]. Then the strong wellposedness of (2.1) is achieved on [0, 𝜌∗]. Repeating this procedure with the initial value 𝛶𝑛𝜌∗  for 
1 ≤ 𝑛 ≤ ⌊

2𝜌
𝜌∗
⌋ + 1 gives the strong wellposedness of (2.1) on [0, 2𝜌].

Repeating this procedure above, we can establish the strong wellposedness of (2.1) on [0, 3𝜌], [0, 4𝜌], etc. The proof of strong 
wellposedness of (2.1) on [0, 𝑇 ] is therefore completed.

We now give the detailed moment estimation of the solution to (2.1). For any 𝑝̄ ≥ 2 and 𝑡 ∈ [0, 𝑇 ], the Hölder inequality leads to
E
(

sup
𝑟∈[0,𝑡]

|𝛶 (𝑟)|𝑝̄
)

≤𝐶𝑝̄E‖𝜉‖𝑝̄ + 𝐶𝑝̄,𝑇E∫

𝑡

0

|

|

|

𝛼𝑟(𝛶 (𝑟), 𝛶 (𝑟 − 𝜌),L𝛶 (𝑟),L𝛶 (𝑟−𝜌))
|

|

|

𝑝̄
𝑑𝑟

+ 𝐶𝑝̄E
(

sup
𝑟∈[0,𝑡]

|

|

|∫

𝑟

0
𝛽𝑢(L𝛶 (𝑢),L𝛶 (𝑢−𝜌))𝑑𝐵𝐻𝑢

|

|

|

𝑝̄
)

.

By Assumption  2.4, Lemma  2.5 and (2.6), we find that
E
(

sup
𝑟∈[0,𝑡]

|𝛶 (𝑟)|𝑝̄
)

≤𝐶𝑝̄E‖𝜉‖𝑝̄ + 𝐶𝑝̄,𝑇 ,𝐾1
E∫

𝑡

0

[

1 + |𝛶 (𝑟)|𝑝̄ + |𝛶 (𝑟 − 𝜌)|𝑝̄(𝑙+1) + 𝑝̄
2 (L𝛶 (𝑟)) + 𝑝̄

2 (L𝛶 (𝑟−𝜌))
]

𝑑𝑟

+ 𝐶𝑝̄,𝑇 ,𝐻,𝐾2
E∫

𝑡

0

[

1 + 𝑝̄
2 (L𝛶 (𝑟)) + 𝑝̄

2 (L𝛶 (𝑟−𝜌))
]

𝑑𝑟

≤𝐶𝑝̄,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖
[

1 + ∫

𝑡

0
E
(

sup
𝑢∈[0,𝑟]

|𝛶 (𝑢)|𝑝̄
)

𝑑𝑟 + E∫

𝑡

0
|𝛶 (𝑟 − 𝜌)|𝑝̄(𝑙+1)𝑑𝑟

]

.

Thanks to the Gronwall inequality,
E
(

sup
𝑡∈[0,𝑇 ]

|𝛶 (𝑡)|𝑝̄
)

≤ 𝐶𝑝̄,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖
[

1 + E
(

sup
𝑡∈[0,𝑇 ]

|𝛶 (𝑡 − 𝜌)|𝑝̄(𝑙+1)
)]

.

Constructing a sequence 𝑝̄𝑚 = (2 − 𝑚 + ⌊

𝑇
𝜌 ⌋)𝑝̄(𝑙 + 1)1−𝑚+⌊

𝑇
𝜌 ⌋ and using the same iteration technique about 𝑝̄𝑚 as that in Lemma  2.3 

yield that
E
(

sup
𝑡∈[0,((⌊ 𝑇𝜌 ⌋+1)𝜌)]

|𝛶 (𝑡)|𝑝̄
)

≤ 𝐶𝑝̄,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌.

So the desired result holds.
For the case 𝐻 ∈ (0, 1∕2), since 𝛽 does not depend on the distribution, the assertion can be obtained analogically by Lemma 

2.3. □

In the rest of this paper, the DSMVEs are all autonomous for convenience. Moreover, the relevant settings of the equations are 
stated for the case 𝐻 ∈ (1∕2, 1). As for 𝐻 ∈ (0, 1∕2), we assume that the coefficient 𝛽(⋅, ⋅) is a constant.
6 
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3. Propagation of chaos

In this section, based on the stochastic particle method in [39,40], the corresponding interacting particle system is used to 
approximate the original DSMVE. For any 𝑖 ∈ S𝑁 , consider the non-interacting particle system 

𝑑𝛶 𝑖(𝑡) =𝛼
(

𝛶 𝑖(𝑡), 𝛶 𝑖(𝑡 − 𝜌),L𝛶 𝑖(𝑡),L𝛶 𝑖(𝑡−𝜌)
)

𝑑𝑡 + 𝛽
(

L𝛶 𝑖(𝑡),L𝛶 𝑖(𝑡−𝜌)
)

𝑑𝐵𝐻,𝑖𝑡 , 𝑡 ∈ [0, 𝑇 ], (3.1)

with the initial value 𝑋𝑖
0 = 𝜉𝑖, which is an 0-measurable -valued random variable with E‖𝜉𝑖‖𝑝̌ < ∞ for any 𝑝̌ > 0, where L𝛶 𝑖(⋅)

is distribution of 𝛶 𝑖(⋅). Here, (𝜉𝑖, 𝐵𝐻,𝑖) are the independent copies of (𝜉, 𝐵𝐻 ), and all (𝜉𝑖, 𝐵𝐻,𝑖) are independent and identically 
distributed. Moreover, it holds that L𝛶 𝑖(𝑡) = L𝛶 (𝑡) for any 𝑡 ∈ [0, 𝑇 ] and 𝑖 ∈ S𝑁 . The corresponding interacting particle system 
driven by fBm is 

𝑑𝛶 𝑖,𝑁 (𝑡) =𝛼
(

𝛶 𝑖,𝑁 (𝑡), 𝛶 𝑖,𝑁 (𝑡 − 𝜌),ℒ𝛶𝑁 (𝑡),ℒ𝛶𝑁 (𝑡−𝜌)
)

𝑑𝑡 + 𝛽
(

ℒ𝛶𝑁 (𝑡),ℒ𝛶𝑁 (𝑡−𝜌)
)

𝑑𝐵𝐻,𝑖𝑡 , 𝑡 ∈ [0, 𝑇 ], (3.2)

with the initial value 𝑋𝑖
0 = 𝜉𝑖, where ℒ𝛶𝑁 (⋅) ∶=

1
𝑁

∑𝑁
𝑗=1 𝛿𝛶 𝑗,𝑁 (⋅). Under Assumption  2.4, one can get the wellposedness of (3.1) and 

(3.2).

Lemma 3.1.  For 𝐻 ∈ (0, 1∕2) ∪ (1∕2, 1), let Assumption  2.4 hold. Then for any 𝑝̄ ≥ 2 and 𝑇 > 0,

E
(

sup
𝑡∈[0,𝑇 ]

|𝛶 𝑖(𝑡)|𝑝̄
)

∨ E
(

sup
𝑡∈[0,𝑇 ]

|𝛶 𝑖,𝑁 (𝑡)|𝑝̄
)

≤ 𝐶𝑝̄,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌.

Theorem 3.2.  Let 𝐻 ∈ (0, 1∕2) ∪ (1∕2, 1) and Assumption  2.4 hold. Fix any 𝑝̄ > 4 in Lemma  3.1. Then for any 𝑖 ∈ S𝑁 , 𝑝 ∈ [2, 𝑝̄∕2) and 
𝜀 ∈ (0, 1], we have

E
(

sup
𝑡∈[0,𝑇 ]

|𝛶 𝑖(𝑡) − 𝛶 𝑖,𝑁 (𝑡)|𝑝
)

≤ 𝐶

⎧

⎪

⎨

⎪

⎩

(𝑁−1∕2)𝜆𝑝,𝑇 ,𝜌 ,  if 𝑝 > 𝑑∕2,
[𝑁−1∕2 log(1 +𝑁)]𝜆𝑝,𝑇 ,𝜌 ,  if 𝑝 = 𝑑∕2,
(𝑁−𝑝∕𝑑 )𝜆𝑝,𝑇 ,𝜌 ,  if 2 ≤ 𝑝 < 𝑑∕2,

where 𝜆𝑝,𝑇 ,𝜌 = ( 𝑝−𝜀𝑝 )⌊
𝑇
𝜌 ⌋ and 𝐶 is a positive constant dependent of 𝑑, 𝑝, 𝑇 , 𝐻 , 𝐾1, 𝐾2, ‖𝜉‖, 𝑙, 𝜌 but independent of 𝑁 .

Proof.  We begin with the case 𝐻 ∈ (1∕2, 1). For any 𝑖 ∈ S𝑁 , 𝑝 ≥ 2 and 𝑡 ∈ [0, 𝑇 ], by Hölder’s inequality and (2.6), it follows that
E
(

sup
𝑠∈[0,𝑡]

|𝛶 𝑖(𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝
)

≤2𝑝−1E
(

sup
𝑠∈[0,𝑡]

|

|

|∫

𝑠

0

[

𝛼
(

𝛶 𝑖(𝑟), 𝛶 𝑖(𝑟 − 𝜌),L𝛶 𝑖(𝑟),L𝛶 𝑖(𝑟−𝜌)
)

− 𝛼
(

𝛶 𝑖,𝑁 (𝑟), 𝛶 𝑖,𝑁 (𝑟 − 𝜌),ℒ𝛶𝑁 (𝑟),ℒ𝛶𝑁 (𝑟−𝜌)
) ]

𝑑𝑟||
|

𝑝 )

+ 2𝑝−1E
(

sup
𝑠∈[0,𝑡]

|

|

|∫

𝑠

0

[

𝛽
(

L𝛶 𝑖(𝑟),L𝛶 𝑖(𝑟−𝜌)
)

− 𝛽
(

ℒ𝛶𝑁 (𝑟),ℒ𝛶𝑁 (𝑟−𝜌)
)]

𝑑𝐵𝐻𝑟
|

|

|

𝑝̂)

≤𝐶𝑝,𝑇 ,𝐾1
E∫

𝑡

0

[

|𝛶 𝑖(𝑟) − 𝛶 𝑖,𝑁 (𝑟)| +
(

1 + |𝛶 𝑖(𝑟 − 𝜌)|𝑙 + |𝛶 𝑖,𝑁 (𝑟 − 𝜌)|𝑙
)

|𝛶 𝑖(𝑟 − 𝜌) − 𝛶 𝑖,𝑁 (𝑟 − 𝜌)|

+ W2(L𝛶 𝑖(𝑟),ℒ𝛶𝑁 (𝑟)) +W2(L𝛶 𝑖(𝑟−𝜌),ℒ𝛶𝑁 (𝑟−𝜌))
] 𝑝
𝑑𝑟

+ 𝐶𝑝,𝑇 ,𝐻,𝐾2
E∫

𝑡

0

[

W2(L𝛶 𝑖(𝑟),ℒ𝛶𝑁 (𝑟)) +W2(L𝛶 𝑖(𝑟−𝜌),ℒ𝛶𝑁 (𝑟−𝜌))
]𝑝
𝑑𝑟

≤𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2
E∫

𝑡

0

[

|𝛶 𝑖(𝑟) − 𝛶 𝑖,𝑁 (𝑟)|𝑝 +
(

1 + |𝛶 𝑖(𝑟 − 𝜌)|𝑙 + |𝛶 𝑖,𝑁 (𝑟 − 𝜌)|𝑙
)𝑝
|𝛶 𝑖(𝑟 − 𝜌) − 𝛶 𝑖,𝑁 (𝑟 − 𝜌)|𝑝

+W𝑝
𝑝(L𝛶 𝑖(𝑟),ℒ𝛶𝑁 (𝑟)) +W𝑝

𝑝(L𝛶 𝑖(𝑟−𝜌),ℒ𝛶𝑁 (𝑟−𝜌))
]

𝑑𝑟.

Due to Hölder’s inequality and 3.1, for 𝜀 ∈ (0, 1], we see that

E
[(

1 + |𝛶 𝑖(𝑟 − 𝜌)|𝑙 + |𝛶 𝑖,𝑁 (𝑟 − 𝜌)|𝑙
)𝑝
|𝛶 𝑖(𝑟 − 𝜌) − 𝛶 𝑖,𝑁 (𝑟 − 𝜌)|𝑝

]

≤𝐶𝑝
[

E
(

1 + |𝛶 𝑖(𝑟 − 𝜌)|𝑙𝑝+𝜀 + |𝛶 𝑖,𝑁 (𝑟 − 𝜌)|𝑙𝑝+𝜀
)

𝑝
𝜀
]
𝜀
𝑝
[

E|𝛶 𝑖(𝑟 − 𝜌) − 𝛶 𝑖,𝑁 (𝑟 − 𝜌)|𝑝
]

𝑝−𝜀
𝑝

≤𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌
[

E|𝛶 𝑖(𝑟 − 𝜌) − 𝛶 𝑖,𝑁 (𝑟 − 𝜌)|𝑝
]

𝑝−𝜀
𝑝 .

The Gronwall inequality leads to 
E
(

sup
𝑠∈[0,𝑡]

|𝛶 𝑖(𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝
)

≤𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌

(

[

E
(

sup
𝑠∈[0,𝑡]

|𝛶 𝑖(𝑠 − 𝜌) − 𝛶 𝑖,𝑁 (𝑠 − 𝜌)|𝑝
)]

𝑝−𝜀
𝑝

+ E
𝑡
(

W𝑝(L𝛶 𝑖(𝑟),ℒ𝛶𝑁 (𝑟)) +W𝑝(L𝛶 𝑖(𝑟−𝜌),ℒ𝛶𝑁 (𝑟−𝜌))
)

𝑑𝑟
)

.

(3.3)
∫0 𝑝 𝑝
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For 𝑠 ∈ [0, 𝜌], we know from (3.3) that

E
(

sup
𝑠∈[0,𝜌]

|𝛶 𝑖(𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝
)

≤ 𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌E∫

𝜌

0

(

W𝑝
𝑝(L𝛶 𝑖(𝑟),ℒ𝛶𝑁 (𝑟)) +W𝑝

𝑝(L𝛶 𝑖(𝑟−𝜌),ℒ𝛶𝑁 (𝑟−𝜌))
)

𝑑𝑟.

Define the empirical measure L𝛶𝑁 (⋅) =
1
𝑁

∑𝑁
𝑗=1 𝛿𝛶 𝑗 (⋅). For any 𝑖 ∈ S𝑁 ,

W𝑝
𝑝(L𝛶 𝑖(⋅),ℒ𝛶𝑁 (⋅)) ≤𝐶𝑝W𝑝

𝑝(L𝛶 𝑖(⋅),L𝛶𝑁 (⋅)) + 𝐶𝑝W𝑝
𝑝(L𝛶𝑁 (⋅),ℒ𝛶𝑁 (⋅))

≤𝐶𝑝W𝑝
𝑝(L𝛶 𝑖(⋅),L𝛶𝑁 (⋅)) + 𝐶𝑝

1
𝑁

𝑁
∑

𝑗=1
|𝛶 𝑗 (⋅) − 𝛶 𝑗,𝑁 (⋅)|𝑝.

Since the distributions of all 𝑗 are identical, we obtain
E
(

sup
𝑠∈[0,𝜌]

|𝛶 𝑖(𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝
)

≤𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌E∫

𝜌

0

[

|𝛶 𝑖(𝑟) − 𝛶 𝑖,𝑁 (𝑟)|𝑝 + |𝛶 𝑖(𝑟 − 𝜌) − 𝛶 𝑖,𝑁 (𝑟 − 𝜌)|𝑝 +W𝑝
𝑝(L𝛶 𝑖(𝑟),L𝛶𝑁 (𝑟)) +W𝑝

𝑝(L𝛶 𝑖(𝑟−𝜌),L𝛶𝑁 (𝑟−𝜌))
]

𝑑𝑟

≤𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌 ∫

𝜌

0
E
(

sup
𝑠∈[0,𝑟]

|𝛶 𝑖(𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝
)

𝑑𝑟

+ 𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌E∫

𝜌

0

[

W𝑝
𝑝(L𝛶 𝑖(𝑟),L𝛶𝑁 (𝑟)) +W𝑝

𝑝(L𝛶 𝑖(𝑟−𝜌),L𝛶𝑁 (𝑟−𝜌))
]

𝑑𝑟.

In view of Theorem 1 in [41] and Gronwall’s inequality, we get

E
(

sup
𝑠∈[0,𝜌]

|𝛶 𝑖(𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝
)

≤ 𝐶𝑑,𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑁− 1
2 +𝑁− 𝑝̄−𝑝

𝑝̄ , if 𝑝 > 𝑑
2 , 𝑝̄ ≠ 2𝑝,

𝑁− 1
2 log(1 +𝑁) +𝑁− 𝑝̄−𝑝

𝑝̄ , if 𝑝 = 𝑑
2 , 𝑝̄ ≠ 2𝑝,

𝑁− 𝑝
𝑑 +𝑁− 𝑝̄−𝑝

𝑝̄ , if 2 ≤ 𝑝 < 𝑑
2 ,

where 𝑝̄ is the same as 𝑝̄ in Lemma  3.1. Then for 𝑝 ∈ [2, 𝑝̄2 ), the above inequality becomes 

E
(

sup
𝑠∈[0,𝜌]

|𝛶 𝑖(𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝
)

≤ 𝐶𝑑,𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌

⎧

⎪

⎨

⎪

⎩

𝑁− 1
2 , if 𝑝 > 𝑑

2 ,

𝑁− 1
2 log(1 +𝑁), if 𝑝 = 𝑑

2 ,
𝑁− 𝑝

𝑑 , if 2 ≤ 𝑝 < 𝑑
2 .

(3.4)

For 𝑠 ∈ [0, 2𝜌], the Hölder inequality with (3.3) leads to
E
(

sup
𝑠∈[0,2𝜌]

|𝛶 𝑖(𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝
)

≤𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌
[

E
(

sup
𝑠∈[0,2𝜌]

|𝛶 𝑖(𝑠 − 𝜌) − 𝛶 𝑖,𝑁 (𝑠 − 𝜌)|𝑝
)]

𝑝−𝜀
𝑝

+ 𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌E∫

2𝜌

0

[

W𝑝
𝑝(L𝛶 𝑖(𝑟),L𝛶𝑁 (𝑟)) +W𝑝

𝑝(L𝛶𝑁 (𝑟),ℒ𝛶𝑁 (𝑟)) +W𝑝
𝑝(L𝛶 𝑖(𝑟−𝜌),L𝛶𝑁 (𝑟−𝜌)) +W𝑝

𝑝(L𝛶𝑁 (𝑟−𝜌),ℒ𝛶𝑁 (𝑟−𝜌))
]

𝑑𝑟

≤𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌
[

E
(

sup
𝑠∈[0,𝜌]

|𝛶 𝑖(𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝
)]

𝑝−𝜀
𝑝

+ 𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌E∫

2𝜌

0

[

W𝑝
𝑝(L𝛶 𝑖(𝑟),L𝛶𝑁 (𝑟)) +W𝑝

𝑝(L𝛶 𝑖(𝑟−𝜌),L𝛶𝑁 (𝑟−𝜌))
]

𝑑𝑟

+ 𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌 ∫

2𝜌

0
E
(

sup
𝑠∈[0,𝑟]

|𝛶 𝑖(𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝
)

𝑑𝑟.

Using Gronwall’s inequality with (3.4) on 𝑠 ∈ [0, 𝜌] gives that
E
(

sup
𝑠∈[0,2𝜌]

|𝛶 𝑖(𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝
)

≤𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌
[

E
(

sup
𝑠∈[0,𝜌]

|𝛶 𝑖(𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝
)]

𝑝−𝜀
𝑝

+ 𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌E∫

2𝜌

0

[

W𝑝
𝑝(L𝛶 𝑖(𝑟),L𝛶𝑁 (𝑟)) +W𝑝

𝑝(L𝛶 𝑖(𝑟−𝜌),L𝛶𝑁 (𝑟−𝜌))
]

𝑑𝑟

≤𝐶𝑑,𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌

⎧

⎪

⎪

⎨

⎪

⎪

(𝑁− 1
2 )

𝑝−𝜀
𝑝 , if 𝑝 > 𝑑

2 ,
(

𝑁− 1
2 log(1 +𝑁)

)

𝑝−𝜀
𝑝 , if 𝑝 = 𝑑

2 ,

(𝑁− 𝑝
𝑑 )

𝑝−𝜀
𝑝 , if 2 ≤ 𝑝 < 𝑑 .
⎩

2
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For 𝑠 ∈ [0, 3𝜌], it is similar to see
E
(

sup
𝑠∈[0,3𝜌]

|𝛶 𝑖(𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝
)

≤𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌
[

E
(

sup
𝑠∈[0,2𝜌]

|𝛶 𝑖(𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝
)]

𝑝−𝜀
𝑝

+ 𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌E∫

3𝜌

0

[

W𝑝
𝑝(L𝛶 𝑖(𝑟),L𝛶𝑁 (𝑟)) +W𝑝

𝑝(L𝛶 𝑖(𝑟−𝜌),L𝛶𝑁 (𝑟−𝜌))
]

𝑑𝑟

≤𝐶𝑑,𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌

⎧

⎪

⎪

⎨

⎪

⎪

⎩

(𝑁− 1
2 )(

𝑝−𝜀
𝑝 )2 , if 𝑝 > 𝑑

2 ,
(

𝑁− 1
2 log(1 +𝑁)

)( 𝑝−𝜀𝑝 )2 , if 𝑝 = 𝑑
2 ,

(𝑁− 𝑝
𝑑 )(

𝑝−𝜀
𝑝 )2 , if 2 ≤ 𝑝 < 𝑑

2 .

The desired result follows by the iteration about the time segment generated by the delay 𝜌.
As for the case 𝐻 ∈ (0, 1∕2), the stochastic integral in 𝛶 𝑖(𝑠) −𝛶 𝑖,𝑁 (𝑠) vanishes since it is an additive noise, then the assertion can 

be achieved through the similar procedure. □

4. Numerical scheme

In this section, the classical EM scheme, which is not modified, is established for interacting particle system (3.2) whose delay 
term is superlinear. We will theoretically prove the convergence of classical EM scheme and that particle corruption will not occur. 
Let 𝛥 = 𝜌

𝑀 = 𝑇
𝑀𝑇

 for some positive integers 𝑀 and 𝑀𝑇 . Set 𝑡𝑘 = 𝑘𝛥 for 𝑘 = −𝑀,… , 0,… ,𝑀𝑇  and define the EM scheme as 

𝑍 𝑖,𝑁 (𝑡𝑘+1) = 𝑍 𝑖,𝑁 (𝑡𝑘) + 𝛼
(

𝑍 𝑖,𝑁 (𝑡𝑘), 𝑍 𝑖,𝑁 (𝑡𝑘−𝑀 ),ℒ𝑍𝑁 (𝑡𝑘),ℒ𝑍𝑁 (𝑡𝑘−𝑀 )
)

𝛥

+ 𝛽
(

ℒ𝑍𝑁 (𝑡𝑘),ℒ𝑍𝑁 (𝑡𝑘−𝑀 )
)

𝛥𝐵𝐻,𝑖𝑘 , 𝑘 = 0, 1,… ,𝑀𝑇 − 1,
(4.1)

with the initial value 𝑍 𝑖,𝑁 (𝑡𝑘) = 𝜉𝑖(𝑡𝑘), 𝑘 = −𝑀,… , 1, 0, where 𝛥𝐵𝐻,𝑖𝑘 = 𝐵𝐻,𝑖𝑡𝑘+1
− 𝐵𝐻,𝑖𝑡𝑘

 and ℒ𝑍𝑁 (⋅) =
1
𝑁

∑𝑁
𝑗=1 𝛿𝑍𝑗,𝑁 (⋅).

For 𝑡 ∈ [0, 𝑇 ], the continuous-sample numerical scheme is 

𝑍̃ 𝑖,𝑁 (𝑡) = 𝜉𝑖(0) + ∫

𝑡

0
𝛼
(

𝑍 𝑖,𝑁 (𝑠), 𝑍 𝑖,𝑁 (𝑠 − 𝜌),ℒ𝑍𝑁 (𝑠),ℒ𝑍𝑁 (𝑠−𝜌)
)

𝑑𝑠 + ∫

𝑡

0
𝛽
(

ℒ𝑍𝑁 (𝑠),ℒ𝑍𝑁 (𝑠−𝜌)
)

𝑑𝐵𝐻,𝑖𝑠 , (4.2)

with the step process 𝑍 𝑖,𝑁 (𝑡) ∶=
∑𝑀𝑇
𝑘=−𝑀 𝑍 𝑖,𝑁 (𝑡𝑘)I[𝑡𝑘 ,𝑡𝑘+1)(𝑡) and the empirical measure ℒ𝑍𝑁 (𝑡) =

1
𝑁

∑𝑁
𝑗=1 𝛿𝑍𝑗,𝑁 (𝑡). Obviously, 𝑍̃ 𝑖,𝑁 (𝑡𝑘) =

𝑍 𝑖,𝑁 (𝑡𝑘) = 𝑍 𝑖,𝑁 (𝑡) for 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1). 

Lemma 4.1.  For 𝐻 ∈ (0, 1∕2) ∪ (1∕2, 1), let Assumption  2.4 hold. Then, for 𝑝̄ ≥ 2, one has
max
𝑖∈S𝑁

sup
𝛥∈(0,1]

E
(

sup
𝑡∈[0,𝑇 ]

|𝑍̃ 𝑖,𝑁 (𝑡)|𝑝̄
)

≤ 𝐶𝑝̄,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌.

Proof.  We first discuss the case 𝐻 ∈ (1∕2, 1). For any 𝑡 ∈ [0, 𝑇 ] and 𝑖 ∈ S𝑁 , the Hölder inequality with Assumption  2.4 and (2.6) 
yields that

E
(

sup
𝑠∈[0,𝑡]

|𝑍̃ 𝑖,𝑁 (𝑠)|𝑝̄
)

≤3𝑝̄−1E‖𝜉𝑖(0)‖𝑝̄ + 3𝑝̄−1E
(

sup
𝑠∈[0,𝑡]

|

|

|∫

𝑠

0
𝛼
(

𝑍𝑖,𝑁 (𝑟), 𝑍 𝑖,𝑁 (𝑟 − 𝜌),ℒ𝑍𝑁 (𝑟),ℒ𝑍𝑁 (𝑟−𝜌)
)

𝑑𝑟||
|

𝑝̄)

+ 3𝑝̄−1E
(

sup
𝑠∈[0,𝑡]

|

|

|∫

𝑠

0
𝛽
(

ℒ𝑍𝑁 (𝑟),ℒ𝑍𝑁 (𝑟−𝜌)
)

𝑑𝐵𝐻,𝑖𝑟
|

|

|

𝑝̄)

≤3𝑝̄−1E‖𝜉‖𝑝̄ + 𝐶𝑝̄,𝑇 ,𝐻,𝐾1 ,𝐾2
E∫

𝑡

0

[

1 + |𝑍 𝑖,𝑁 (𝑟)|𝑝̄ + |𝑍 𝑖,𝑁 (𝑟 − 𝜌)|𝑝̄(𝑙+1) + 𝑝̄
2 (ℒ𝑍𝑁 (𝑟)) + 𝑝̄

2 (ℒ𝑍𝑁 (𝑟−𝜌))
]

𝑑𝑟

≤𝐶𝑝̄,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖ ∫

𝑡

0

(

1 + E
(

sup
𝑟∈[0,𝑠]

|𝑍̃𝑖,𝑁 (𝑟)|𝑝̄
))

𝑑𝑠 + 𝐶𝑝̄,𝑇 ,𝐻,𝐾1 ,𝐾2
E
(

sup
𝑠∈[0,𝑡]

|𝑍̃ 𝑖,𝑁 (𝑠 − 𝜌)|𝑝̄(𝑙+1)
)

,

Thanks to Gronwall’s inequality, we see
E
(

sup
𝑠∈[0,𝑡]

|𝑍̃ 𝑖,𝑁 (𝑠)|𝑝̄
)

≤ 𝐶𝑝̄,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖
[

1 + E
(

sup
𝑠∈[0,𝑡]

|𝑍̃𝑖,𝑁 (𝑠 − 𝜌)|𝑝̄(𝑙+1)
)]

.

Construct a sequence: 𝑝̄𝑚 = (2 − 𝑚 + ⌊

𝑇
𝜌 ⌋)𝑝̄(𝑙 + 1)1−𝑚+⌊

𝑇
𝜌 ⌋ for 𝑚 = 1, 2,… , ⌊ 𝑇𝜌 ⌋ + 1. For any 𝑖 ∈ S𝑁 , then using the same iteration 

technique as that in Lemma  2.3 leads to
E
(

sup
𝑠∈[0,𝑡]

|𝑍̃ 𝑖,𝑁 (𝑠)|𝑝̄
)

≤ 𝐶𝑝̄,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌.

As for the case 𝐻 ∈ (0, 1∕2), the proof process is similar after using Lemma  2.1. □
9 
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Lemma 4.2.  For 𝐻 ∈ (1∕2, 1), let Assumption  2.4 hold. For any 𝑖 ∈ S𝑁  and 𝑝̂ ≥ 2, we find that
E
(

sup
𝑡∈[0,𝑇 ]

|𝑍̃ 𝑖,𝑁 (𝑡) −𝑍 𝑖,𝑁 (𝑡)|𝑝̂
)

≤ 𝐶𝑝̂,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌𝛥
𝑝̂𝐻 .

Proof.  For any 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1) and 𝑖 ∈ S𝑁 , we obtain from (4.2) that
𝑍̃𝑖,𝑁 (𝑡) −𝑍 𝑖,𝑁 (𝑡)

=∫

𝑡

𝑡𝑘
𝛼
(

𝑍𝑖,𝑁 (𝑠), 𝑍 𝑖,𝑁 (𝑠 − 𝜌),ℒ𝑍𝑁 (𝑠),ℒ𝑍𝑁 (𝑠−𝜌)
)

𝑑𝑠 + ∫

𝑡

𝑡𝑘
𝛽
(

ℒ𝑍𝑁 (𝑠),ℒ𝑍𝑁 (𝑠−𝜌)
)

𝑑𝐵𝐻,𝑖𝑠

=∶𝐽1(𝑡) + 𝐽2(𝑡).

We first estimate 𝐽2(𝑡). For 𝑝̂ ≥ 2, choose 𝜂 to satisfy 1 −𝐻 < 𝜂 < 1 − 1
𝑝̂ . Denote 𝜑𝜂(𝑡) = ∫ 𝑡𝑠 (𝑡 − 𝑢)

−𝜂(𝑢 − 𝑠)𝜂−1𝑑𝑢. Applying stochastic 
Fubini’s theorem and Hölder’s inequality yields that

E
(

sup
𝑡∈[𝑡𝑘 ,𝑡𝑘+1]

|𝐽2(𝑡)|
𝑝̂)

≤(𝜑𝜂(𝑡))−𝑝̂E
(

sup
𝑡∈[𝑡𝑘 ,𝑡𝑘+1]

|

|

|∫

𝑡

𝑡𝑘

(

∫

𝑡

𝑠
(𝑡 − 𝑢)−𝜂(𝑢 − 𝑠)𝜂−1𝑑𝑢

)

𝛽
(

ℒ𝑍𝑁 (𝑠),ℒ𝑍𝑁 (𝑠−𝜌)
)

𝑑𝐵𝐻,𝑖𝑠
|

|

|

𝑝̂
)

≤(𝜑𝜂(𝑡))−𝑝̂E
(

sup
𝑡∈[𝑡𝑘 ,𝑡𝑘+1]

|

|

|∫

𝑡

𝑡𝑘
(𝑡 − 𝑢)−𝜂

(

∫

𝑢

0
(𝑢 − 𝑠)𝜂−1𝛽

(

ℒ𝑍𝑁 (𝑠),ℒ𝑍𝑁 (𝑠−𝜌)
)

𝑑𝐵𝐻,𝑖𝑠
)

𝑑𝑢||
|

𝑝̂
)

≤(𝜑𝜂(𝑡))−𝑝̂E
(

sup
𝑡∈[𝑡𝑘 ,𝑡𝑘+1]

[ (

∫

𝑡

𝑡𝑘
(𝑡 − 𝑢)−

𝑝̂𝜂
𝑝̂−1 𝑑𝑢

)𝑝̂−1(

∫

𝑡

𝑡𝑘

|

|

|∫

𝑢

0
(𝑢 − 𝑠)𝜂−1𝛽

(

ℒ𝑍𝑁 (𝑠),ℒ𝑍𝑁 (𝑠−𝜌)
)

𝑑𝐵𝐻,𝑖𝑠
|

|

|

𝑝̂
𝑑𝑢

) ]

)

≤
(𝜑𝜂(𝑡))

−𝑝̂(𝑝̂ − 1)

(𝑝̂ − 1 − 𝑝̂𝜂)𝑝̂−1
𝛥𝑝̂−1−𝑝̂𝜂 ∫

𝑡𝑘+1

𝑡𝑘
E||
|∫

𝑢

0
(𝑢 − 𝑠)𝜂−1𝛽

(

ℒ𝑍𝑁 (𝑠),ℒ𝑍𝑁 (𝑠−𝜌)
)

𝑑𝐵𝐻,𝑖𝑠
|

|

|

𝑝̂
𝑑𝑢.

By Theorem 1.1 in [42], we see that

E||
|∫

𝑢

0
(𝑢 − 𝑠)𝜂−1𝛽

(

ℒ𝑍𝑁 (𝑠),ℒ𝑍𝑁 (𝑠−𝜌)
)

𝑑𝐵𝐻,𝑖𝑠
|

|

|

𝑝̂
≤ 𝐶𝑝̂,𝐻

[

∫

𝑢

0
(𝑢 − 𝑠)

𝜂−1
𝐻

|

|

|

𝛽
(

ℒ𝑍𝑁 (𝑠),ℒ𝑍𝑁 (𝑠−𝜌)
)

|

|

|

1
𝐻 𝑑𝑠

]𝑝̂𝐻 .

By choosing 𝑞 = 𝑝̂𝐻 , 𝛼 = 𝐻−1−𝜂
𝐻 , 𝑝̃ = 𝑝̂𝐻

𝑝̂(𝜂+𝐻−1)+1  in Lemma 3.2 in [13], we know from Assumption  2.4 and Lemma  4.1 that

E
(

sup
𝑡∈[𝑡𝑘 ,𝑡𝑘+1]

|𝐽2(𝑡)|
𝑝̂)

≤
(𝜑𝜂(𝑡))

−𝑝̂(𝑝̂ − 1)

(𝑝̂ − 1 − 𝑝̂𝜂)𝑝̂−1
𝛥𝑝̂−1−𝑝̂𝜂E

[

∫

𝑡𝑘+1

𝑡𝑘

|

|

|

𝛽
(

ℒ𝑍𝑁 (𝑠),ℒ𝑍𝑁 (𝑠−𝜌)
)

|

|

|

𝑝̂
𝑝̂ (𝜂+𝐻−1)+1

𝑑𝑠
]𝑝̂(𝜂+𝐻−1)+1

≤𝐶𝑝̂,𝐻,𝜂𝛥𝑝̂−1−𝑝̂𝜂𝛥𝑝̂(𝜂+𝐻−1)
∫

𝑡𝑘+1

𝑡𝑘
E||
|

𝛽
(

ℒ𝑍𝑁 (𝑠),ℒ𝑍𝑁 (𝑠−𝜌)
)

|

|

|

𝑝̂
𝑑𝑠

≤𝐶𝑝̂,𝐻,𝜂,𝐾2
𝛥𝑝̂𝐻−1

∫

𝑡𝑘+1

𝑡𝑘
E
[

1 + 𝑝̂
2 (ℒ𝑍𝑁 (𝑠)) + 𝑝̂

2 (ℒ𝑍𝑁 (𝑠−𝜌))
]

𝑑𝑠

≤𝐶𝑝̂,𝐻,𝜂𝛥𝑝̂𝐻−1
∫

𝑡𝑘+1

𝑡𝑘

(

E|𝑍̃ 𝑖,𝑁 (𝑠)|𝑝̂ + E|𝑍̃ 𝑖,𝑁 (𝑠 − 𝜌)|𝑝̂
)

𝑑𝑠

≤𝐶𝑝̂,𝐻,𝜂𝛥𝑝̂𝐻 .

For 𝐽1(𝑡), using the Hölder inequality and Lemma  4.1 implies that
E
(

sup
𝑡∈[𝑡𝑘 ,𝑡𝑘+1]

|𝐽1(𝑡)|
𝑝̂)

≤𝛥𝑝̂−1E∫

𝑡𝑘+1

𝑡𝑘

|

|

|

𝛼
(

𝑍 𝑖,𝑁 (𝑠), 𝑍 𝑖,𝑁 (𝑠 − 𝜌),ℒ𝑍𝑁 (𝑠),ℒ𝑍𝑁 (𝑠−𝜌)
)

|

|

|

𝑝̂
𝑑𝑠

≤𝐶𝑝̂,𝐾1
𝛥𝑝̂−1E∫

𝑡𝑘+1

𝑡𝑘

[

1 + |𝑍 𝑖,𝑁 (𝑠)|𝑝̂ + |𝑍 𝑖,𝑁 (𝑠 − 𝜌)|𝑝̂(𝑙+1) + 𝑝̂
2 (ℒ𝑍𝑁 (𝑠)) + 𝑝̂

2 (ℒ𝑍𝑁 (𝑠−𝜌))
]

𝑑𝑠

≤𝐶𝑝̂,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌𝛥
𝑝̂.

Thus,

E
(

sup
𝑡∈[𝑡𝑘 ,𝑡𝑘+1]

|𝑍̃𝑖,𝑁 (𝑡) −𝑍 𝑖,𝑁 (𝑡)|𝑝̂
)

≤2𝑝̂−1E
(

sup
𝑡∈[𝑡𝑘 ,𝑡𝑘+1]

|𝐽1(𝑡)|
𝑝̂) + 2𝑝̂−1E

(

sup
𝑡∈[𝑡𝑘 ,𝑡𝑘+1]

|𝐽2(𝑡)|
𝑝̂)

≤𝐶𝑝̂,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌𝛥
𝑝̂𝐻 .

So the desired assertion holds. □
10 
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Assumption 4.3.  There exist constants 𝐾3 > 0 and 𝜗 ∈ (0, 1] such that, for any 𝑝̌ > 0,

E

(

sup
𝑡,𝑠∈[−𝜌,0]

|𝜉(𝑡) − 𝜉(𝑠)|𝑝̌
)

≤ 𝐾3|𝑡 − 𝑠|
𝜗𝑝̌.

And 𝜉𝑖 in the particle systems also satisfies this condition.

The following theorem reveals the convergence rate of EM scheme when 𝐻 ∈ (1∕2, 1).

Theorem 4.4.  For 𝐻 ∈ (1∕2, 1), let Assumptions  2.4 and 4.3 hold. Then for any 𝑖 ∈ S𝑁  and 𝑝 ≥ 2, one has

E
(

sup
𝑡∈[0,𝑇 ]

|𝑍̃ 𝑖,𝑁 (𝑡) − 𝛶 𝑖,𝑁 (𝑡)|𝑝
)

≤ 𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,𝐾3 ,‖𝜉‖,𝑙,𝜌𝛥
(𝜗∧𝐻)𝑝.

Proof.  For any 𝑡 ∈ [0, 𝑇 ] and 𝑖 ∈ S𝑁 , applying Hölder’s inequality, Assumption  2.4, (2.6) on (3.2) and (4.2) gives that

E
(

sup
𝑠∈[0,𝑡]

|𝑍̃ 𝑖,𝑁 (𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝
)

≤2𝑝−1E
(

sup
𝑠∈[0,𝑡]

|

|

|∫

𝑠

0

[

𝛼
(

𝑍 𝑖,𝑁 (𝑢), 𝑍 𝑖,𝑁 (𝑢 − 𝜌),ℒ𝑍𝑁 (𝑢),ℒ𝑍𝑁 (𝑢−𝜌)
)

− 𝛼
(

𝛶 𝑖,𝑁 (𝑢), 𝛶 𝑖,𝑁 (𝑢 − 𝜌),ℒ𝛶𝑁 (𝑢),ℒ𝛶𝑁 (𝑢−𝜌)
) ]

𝑑𝑢||
|

𝑝 )

+ 2𝑝−1E
(

sup
𝑠∈[0,𝑡]

|

|

|∫

𝑠

0

[

𝛽
(

ℒ𝑍𝑁 (𝑢),ℒ𝑍𝑁 (𝑢−𝜌)
)

− 𝛽
(

ℒ𝛶𝑁 (𝑢),ℒ𝛶𝑁 (𝑢−𝜌)
)]

𝑑𝐵𝐻,𝑖𝑢
|

|

|

𝑝)

≤𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2
E∫

𝑡

0

[

|𝑍𝑖,𝑁 (𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝 +
(

1 + |𝑍 𝑖,𝑁 (𝑢 − 𝜌)|𝑙 + |𝛶 𝑖,𝑁 (𝑢 − 𝜌)|𝑙
)𝑝
|𝑍 𝑖,𝑁 (𝑢 − 𝜌) − 𝛶 𝑖,𝑁 (𝑢 − 𝜌)|𝑝

+ W𝑝
𝑝(ℒ𝑍𝑁 (𝑢),ℒ𝛶𝑁 (𝑢)) +W𝑝

𝑝(ℒ𝑍𝑁 (𝑢−𝜌),ℒ𝛶𝑁 (𝑢−𝜌))
]

𝑑𝑢.

Notice that

E
[(

1 + |𝑍 𝑖,𝑁 (𝑢 − 𝜌)|𝑙 + |𝛶 𝑖,𝑁 (𝑢 − 𝜌)|𝑙
)𝑝
|𝑍𝑖,𝑁 (𝑢 − 𝜌) − 𝛶 𝑖,𝑁 (𝑢 − 𝜌)|𝑝

]

≤𝐶𝑝
[

E
(

1 + |𝑍 𝑖,𝑁 (𝑢 − 𝜌)|2𝑙𝑝 + |𝛶 𝑖,𝑁 (𝑢 − 𝜌)|2𝑙𝑝
)]

1
2
[

E|𝑍 𝑖,𝑁 (𝑢 − 𝜌) − 𝛶 𝑖,𝑁 (𝑢 − 𝜌)|2𝑝
]
1
2

≤𝐶𝑝 ⋅ 𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌
[

E|𝑍 𝑖,𝑁 (𝑢 − 𝜌) − 𝛶 𝑖,𝑁 (𝑢 − 𝜌)|2𝑝
]
1
2

=𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌

(

[

E|𝑍 𝑖,𝑁 (𝑢 − 𝜌) − 𝑍̃𝑖,𝑁 (𝑢 − 𝜌) + 𝑍̃ 𝑖,𝑁 (𝑢 − 𝜌) − 𝛶 𝑖,𝑁 (𝑢 − 𝜌)|2𝑝
]
1
2
)

≤𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌

(

[

E|𝑍 𝑖,𝑁 (𝑢 − 𝜌) − 𝑍̃ 𝑖,𝑁 (𝑢 − 𝜌)|2𝑝
]
1
2 +

[

E|𝑍̃ 𝑖,𝑁 (𝑢 − 𝜌) − 𝛶 𝑖,𝑁 (𝑢 − 𝜌)|2𝑝
]
1
2
)

,

The Hölder inequality is used in the first inequality, Lemma  4.1 is used in the second inequality and the elementary inequality is 
used in the last inequality. Then by EW𝑝

𝑝(ℒ𝑍𝑁 (⋅),ℒ𝛶𝑁 (⋅)) ≤
1
𝑁

∑𝑁
𝑗=1 E|𝑍

𝑗,𝑁 (⋅) − 𝛶 𝑗,𝑁 (⋅)|𝑝, we derive from Lemma  4.2 that

E
(

sup
𝑠∈[0,𝑡]

|𝑍̃ 𝑖,𝑁 (𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝
)

≤𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,‖𝜉‖,𝑙,𝜌 ∫

𝑡

0

[

E
(

sup
𝑢∈[0,𝑠]

|𝑍 𝑖,𝑁 (𝑢) − 𝑍̃ 𝑖,𝑁 (𝑢)|𝑝
)

+ E
(

sup
𝑢∈[0,𝑠]

|𝑍̃𝑖,𝑁 (𝑢) − 𝛶 𝑖,𝑁 (𝑢)|𝑝
)

+ E
(

sup
𝑢∈[−𝜌,0]

|𝜉(𝑢) − 𝜉(⌊ 𝑢
𝛥
⌋𝛥)|

𝑝)

+
(

E|𝑍̃𝑖,𝑁 (𝑠 − 𝜌) − 𝛶 𝑖,𝑁 (𝑠 − 𝜌)|2𝑝
)
1
2 + 𝛥𝑝𝐻

]

𝑑𝑠.

The Gronwall inequality with Assumption  4.3 and Lemma  4.2 leads to 

E
(

sup
𝑠∈[0,𝑡]

|𝑍̃ 𝑖,𝑁 (𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝
)

≤𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,𝐾3 ,‖𝜉‖,𝑙,𝜌

(

𝛥(𝜗∧𝐻)𝑝 +
[

E
(

sup
𝑠∈[0,𝑡]

|𝑍̃𝑖,𝑁 (𝑠 − 𝜌) − 𝛶 𝑖,𝑁 (𝑠 − 𝜌)|2𝑝
)]

1
2
)

.
(4.3)

Define a sequence as

𝑝𝑚 = (2 − 𝑚 + ⌊

𝑇
𝜌
⌋)𝑝21−𝑚+⌊

𝑇
𝜌 ⌋, 𝑚 = 1, 2,… , ⌊𝑇

𝜌
⌋ + 1.

One can see 𝑝
⌊

𝑇
𝜌 ⌋+1

= 𝑝 and 2𝑝𝑚+1 < 𝑝𝑚 for 𝑚 = 1, 2,… , ⌊ 𝑇𝜌 ⌋. For 𝑠 ∈ [0, 𝜌], we get from (4.3) that 

E
(

sup |𝑍̃ 𝑖,𝑁 (𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝1
)

≤𝐶𝑝1 ,𝑇 ,𝐻,𝐾1 ,𝐾2 ,𝐾3 ,‖𝜉‖,𝑙,𝜌𝛥
(𝜗∧𝐻)𝑝1 . (4.4)
𝑠∈[0,𝜌]

11 
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For 𝑠 ∈ [0, 2𝜌], the Hölder inequality with (4.3) and (4.4) yields that
E
(

sup
𝑠∈[0,2𝜌]

|𝑍̃ 𝑖,𝑁 (𝑠) − 𝛶 𝑖,𝑁 (𝑠)|𝑝2
)

≤𝐶𝑝1 ,𝑝2 ,𝑇 ,𝐻,𝐾1 ,𝐾2 ,𝐾3 ,‖𝜉‖,𝑙,𝜌

(

𝛥(𝜗∧𝐻)𝑝2 +
[

E
(

sup
𝑠∈[0,2𝜌]

|𝑍̃ 𝑖,𝑁 (𝑠 − 𝜌) − 𝛶 𝑖,𝑁 (𝑠 − 𝜌)|2𝑝2
)]

1
2
)

≤𝐶𝑝1 ,𝑝2 ,𝑇 ,𝐻,𝐾1 ,𝐾2 ,𝐾3 ,‖𝜉‖,𝑙,𝜌

(

𝛥(𝜗∧𝐻)𝑝2 +
[

E
(

sup
𝑠∈[0,2𝜌]

|𝑍̃ 𝑖,𝑁 (𝑠 − 𝜌) − 𝛶 𝑖,𝑁 (𝑠 − 𝜌)|𝑝1
)]

𝑝2
𝑝1
)

≤𝐶𝑝1 ,𝑝2 ,𝑇 ,𝐻,𝐾1 ,𝐾2 ,𝐾3 ,‖𝜉‖,𝑙,𝜌𝛥
(𝜗∧𝐻)𝑝2 .

The induction about the time segment generated by time-delay 𝜌 gives that
E
(

sup
𝑡∈[0,𝑇 ]

|𝑍̃ 𝑖,𝑁 (𝑡) − 𝛶 𝑖,𝑁 (𝑡)|𝑝
)

≤𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝐾2 ,𝐾3 ,‖𝜉‖,𝑙,𝜌𝛥
(𝜗∧𝐻)𝑝. □

As for the convergence rate of EM scheme in the case 𝐻 ∈ (0, 1∕2), the Corollary 5.5.3 in [1] plays a key role, so we quote it as 
the following lemma. 

Lemma 4.5.  For each 𝑝̌ > 1, there is a 𝐶𝑝̌ < ∞ such that

E|𝐵𝐻𝑡 − 𝐵𝐻𝑠 |

𝑝̌ ≤ 𝐶𝑝̌|𝑡 − 𝑠|
𝑝̌𝐻 .

Lemma 4.6.  For 𝐻 ∈ (0, 1∕2), let Assumption  2.4 hold. For any 𝑖 ∈ S𝑁 , 𝑡 ∈ [0, 𝑇 ] and 𝑝̂ ≥ 2, we have
E|𝑍̃ 𝑖,𝑁 (𝑡) −𝑍 𝑖,𝑁 (𝑡)|𝑝̂ ≤ 𝐶𝑝̂,𝑇 ,𝐻,𝐾1 ,𝛽,‖𝜉‖,𝑙,𝜌𝛥

𝑝̂𝐻 .

Proof.  For any 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1) and 𝑖 ∈ S𝑁 , we see
E|𝑍̃ 𝑖,𝑁 (𝑡) −𝑍 𝑖,𝑁 (𝑡)|𝑝̂

≤2𝑝̂−1E
|

|

|

|

|

∫

𝑡

𝑡𝑘
𝛼
(

𝑍 𝑖,𝑁 (𝑠), 𝑍 𝑖,𝑁 (𝑠 − 𝜌),ℒ𝑍𝑁 (𝑠),ℒ𝑍𝑁 (𝑠−𝜌)
)

𝑑𝑠
|

|

|

|

|

𝑝̂

+ 2𝑝̂−1E
|

|

|

|

|

∫

𝑡

𝑡𝑘
𝛽𝑑𝐵𝐻,𝑖𝑠

|

|

|

|

|

𝑝̂

≤𝐶𝑝̂,𝑇 ,𝐻,𝐾1 ,𝛽,‖𝜉‖,𝑙,𝜌𝛥
𝑝̂𝐻 ,

where we have used Lemma  4.5 and the estimation of 𝐽1 in the proof of Lemma  4.2. □

Theorem 4.7.  For 𝐻 ∈ (0, 1∕2), let Assumptions  2.4 and 4.3 hold, and the diffusion coefficient be a constant 𝛽. Then, for any 𝑖 ∈ S𝑁
and 𝑝 ≥ 2, we have

E|𝑍̃ 𝑖,𝑁 (𝑇 ) − 𝛶 𝑖,𝑁 (𝑇 )|𝑝 ≤ 𝐶𝑝,𝑇 ,𝐻,𝐾1 ,𝛽,𝐾3 ,‖𝜉‖,𝑙,𝜌𝛥
(𝜗∧𝐻)𝑝.

Thanks to Lemma  4.6, the proof of Theorem  4.7 is similar to Theorem  4.4, since the stochastic integral vanishes in 𝑍̃ 𝑖,𝑁 (𝑡)−𝛶 𝑖,𝑁 (𝑡). 
Then the following main conclusion is reached by exploiting the triangle inequality for Theorems  3.2, 4.4 and 4.7. 

Theorem 4.8.  For 𝐻 ∈ (1∕2, 1), let all conditions in Theorems  3.2 and 4.4 be satisfied. Then we have

E
(

sup
𝑡∈[0,𝑇 ]

|𝛶 𝑖(𝑡) − 𝑍̃ 𝑖,𝑁 (𝑡)|𝑝
)

≤ 𝐶

⎧

⎪

⎨

⎪

⎩

(𝑁−1∕2)𝜆𝑝,𝑇 ,𝜌 + 𝛥(𝜗∧𝐻)𝑝,  if 𝑝 > 𝑑∕2,
[𝑁−1∕2 log(1 +𝑁)]𝜆𝑝,𝑇 ,𝜌 + 𝛥(𝜗∧𝐻)𝑝,  if 𝑝 = 𝑑∕2,
(𝑁−𝑝∕𝑑 )𝜆𝑝,𝑇 ,𝜌 + 𝛥(𝜗∧𝐻)𝑝,  if 2 ≤ 𝑝 < 𝑑∕2,

where 𝜆𝑝,𝑇 ,𝜌 = ( 𝑝−𝜀𝑝 )⌊
𝑇
𝜌 ⌋ and 𝐶 is a positive real constant dependent of 𝑑, 𝑝, 𝑇 , 𝐻 , 𝐾1, 𝐾2, 𝐾3, ‖𝜉‖, 𝑙, 𝜌 but independent of 𝑁 , 𝛥.

For 𝐻 ∈ (0, 1∕2), let all conditions in Theorems  3.2 and 4.7 be satisfied. Then we have

E|𝛶 𝑖(𝑇 ) − 𝑍̃𝑖,𝑁 (𝑇 )|𝑝 ≤ 𝐶

⎧

⎪

⎨

⎪

⎩

(𝑁−1∕2)𝜆𝑝,𝑇 ,𝜌 + 𝛥(𝜗∧𝐻)𝑝,  if 𝑝 > 𝑑∕2,
[𝑁−1∕2 log(1 +𝑁)]𝜆𝑝,𝑇 ,𝜌 + 𝛥(𝜗∧𝐻)𝑝,  if 𝑝 = 𝑑∕2,
(𝑁−𝑝∕𝑑 )𝜆𝑝,𝑇 ,𝜌 + 𝛥(𝜗∧𝐻)𝑝,  if 2 ≤ 𝑝 < 𝑑∕2,

where 𝜆𝑝,𝑇 ,𝜌 = ( 𝑝−𝜀𝑝 )⌊
𝑇
𝜌 ⌋ and 𝐶 is a positive real constant dependent of 𝑑, 𝑝, 𝑇 , 𝐻 , 𝐾1, 𝛽, 𝐾3, ‖𝜉‖, 𝑙, 𝜌 but independent of 𝑁 and 𝛥.

5. Numerical experiment

In this section, we perform some numerical simulations for the SODM whose delay variable grows polynomially. Consider the 
following SODM 

𝑑𝛶 (𝑡) =
[

𝑎1 𝛹 (|𝛶 (𝑡) − 𝑥|)(𝛶 (𝑡) − 𝑥)L𝛶 (𝑑𝑥) + 𝑎2𝛶 (𝑡) + 𝑎3𝜓(𝛶 (𝑡 − 𝜌)) + 𝑎4E𝛶 (𝑡 − 𝜌)
]

𝑑𝑡 + 𝑎5𝑑𝐵𝐻 , 𝑡 ∈ [0, 𝑇 ], (5.1)
∫R 𝑡

12 
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Fig. 1. Convergence rates of 𝑍 𝑖,𝑁
(𝜍𝑟 )

 for (5.1).

with the initial value 𝜉(𝜃) = |𝜃|, 𝜃 ∈ [−𝜌, 0], where the interaction kernel 𝛹 (⋅) represents the affect of an individual to each other, 
and 𝜓(𝛶 (𝑡 − 𝜌)) is the function of 𝛶 (𝑡 − 𝜌). Obviously, this SODM can reflect the effects of both intrinsic memory (delay state 
variable and its law) and extrinsic memory (fractional noise). For more details about such SODM, please refer to [14,43,44]. Let 
𝑎1 = 𝑎2 = 𝑎4 = 𝑎5 = 1, 𝑎3 = −1, 𝜌 = 1

8  and 𝜓(𝛶 (𝑡 − 𝜌)) = 𝛶 3(𝑡 − 𝜌),

𝛹 (|𝛶 (𝑡) − 𝑥|) =

{

sin(|𝛶 (𝑡) − 𝑥| − 0.5), if |𝛶 (𝑡) − 𝑥| < 0.5,
cos(|𝛶 (𝑡) − 𝑥| + 0.5), if |𝛶 (𝑡) − 𝑥| ≥ 0.5.

The assumptions are satisfied. In the subsequent numerical simulations, the values utilized are those that are initially presented in 
this section, unless otherwise specified.

5.1. Convergence rates

In this subsection, we show the convergence rates of EM scheme in two ways. The numerical solution with 𝛥 = 2−19 is used as 
the true solution since it cannot be represented explicitly. Then the numerical simulation for the error which is defined by 

𝑒𝑟𝑟𝑜𝑟1 =

[

1
𝑁

𝑁
∑

𝑖=1
max

1≤𝑘≤𝑀𝑇
|𝛶 𝑖,𝑁(𝜍) (𝑡𝑘) −𝑍

𝑖,𝑁
(𝜍𝑟)

(𝑡𝑘)|
2
]

1
2

, (5.2)

with 𝑇 = 1, 𝑁 = 200, 𝜌 = 1
8  is implemented, where 𝜍 and 𝜍𝑟(𝑟 ∈ {1, 2, 3, 4}) mean the level of the time discretization. Here, 𝛶 𝑖,𝑁(𝜍)  is 

regarded as the solution to interacting particle system (3.2) with 𝛥 = 2−19, and 𝑍𝑖,𝑁
(𝜍𝑟)

 is the numerical solution to classical EM scheme 
(4.1) with 𝜍𝑟 ∈ {𝜍1, 𝜍2, 𝜍3, 𝜍4} matching 𝛥 ∈ {2−13, 2−14, 2−15, 2−16}. The errors between interacting particle system and numerical 
solution are depicted in Fig.  1, from which we observe that the convergence rate is approximately 1.

To demonstrate that the convergence rate is related to the Hurst parameter 𝐻 , we introduce the following piecewise linear 
interpolation 

𝑍 𝑖,𝑁
𝛥 (𝑡) = 𝑍 𝑖,𝑁 (𝑡𝑘) +

𝑡 − 𝑡𝑘
𝛥

(𝑍 𝑖,𝑁 (𝑡𝑘+1) −𝑍 𝑖,𝑁 (𝑡𝑘)), (5.3)

for any 𝑡 ∈ (𝑡𝑘, 𝑡𝑘+1], 𝑘 = 0, 1,… ,𝑀𝑇 − 1, where 𝑍 𝑖,𝑁 (𝑡𝑘) is defined in (4.1). We also simulate the true solution by using the small 
step size 𝛥∗ = 2−19. Then 𝛥 = 2−15, 2−16, 2−17, 2−18 are step sizes of the numerical solutions. The piecewise linear interpolation (5.3) 
is used to get the numerical solutions 𝑍 𝑖,𝑁

𝛥 (𝑘𝛥∗). The error w.r.t. 𝑍 𝑖,𝑁
𝛥  by 

𝑒𝑟𝑟𝑜𝑟2 =

[

1
𝑁

𝑁
∑

𝑖=1
max

𝑘=1,…,219
|𝛶 𝑖,𝑁 (𝑘𝛥∗) −𝑍

𝑖,𝑁
𝛥 (𝑘𝛥∗)|

2
]

1
2

, (5.4)

is calculated for Fig.  2, where 𝛶 𝑖,𝑁  is regarded as the true solution with 𝛥∗ = 2−19, and 𝑍 𝑖,𝑁
𝛥  is the numerical solution. From Fig.  2, 

we can observe that the slope of these lines are 𝐻 .
13 
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Fig. 2. Convergence rates of 𝑍 𝑖,𝑁
𝛥  for (5.1).

Fig. 3. Convergence rates for 𝐻 = 0.1, 0.3, 0.45, 0.48, 0.5, 0.52, 0.55, 0.7, 0.9.

The reason why the convergence rates shown in Figs.  1 and 2 are different is that the Hölder regularity of fBm is reflected 
through piecewise linear interpolation. For more theoretical analysis on the Hölder regularity of fBm, please refer to [3,45].

5.2. Convergence rates when 𝐻 approaches 0.5

To visually demonstrate the convergence of the numerical solution obtained by piecewise linear interpolation when the Hurst 
parameter 𝐻 approaches 0.5, we plot the convergence rates corresponding to different parameters 𝐻 = 0.1, 0.3, 0.45, 0.48, 
0.5, 0.52, 0.55, 0.7, 0.9 on a figure, Fig.  3. In the simulation, the values of the parameters are the same as those for Fig.  2, so we omit 
these descriptions. From Fig.  3, we can infer that the convergence rate of the EM scheme remains consistent when fBm transitions 
to standard Brownian motion. Then Fig.  4 presents the corresponding pathwise behaviors of the numerical solutions for these nine 
cases 𝐻 = 0.1, 0.3, 0.45, 0.48, 0.5, 0.52, 0.55, 0.7, 0.9.

5.3. Sensitivity analysis

Sensitivity analysis for the Hurst parameter 𝐻 for the solution to SDE is important in many applications [46,47]. So we provide 
the sensitivity analysis w.r.t. 𝐻 for SODM (5.1) via numerical simulation. When 𝐻 = 0.5, SODM (5.1) becomes 

𝑑𝛶̃ (𝑡) =
[

𝑎1 𝛹 (|𝛶̃ (𝑡) − 𝑥|)(𝛶̃ (𝑡) − 𝑥)L𝛶̃ (𝑑𝑥) + 𝑎2𝛶̃ (𝑡) + 𝑎3𝜓(𝛶̃ (𝑡 − 𝜌)) + 𝑎4E𝛶̃ (𝑡 − 𝜌)
]

𝑑𝑡 + 𝑎5𝑑𝐵𝑡, 𝑡 ∈ [0, 𝑇 ], (5.5)
∫R
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Fig. 4. Paths of the numerical solutions for 𝐻 = 0.1, 0.3, 0.45, 0.48, 0.5, 0.52, 0.55, 0.7, 0.9.

Fig. 5. Regression of (5.6) against 𝐻 − 1∕2.

with the initial value 𝜉(𝜃), where 𝐵𝑡 is standard Brownian motion. Then the error is defined by 

𝑒𝑟𝑟𝑜𝑟3 =
|

|

|

|

|

|

1
𝑁

𝑁
∑

𝑖=1
|𝛶 𝑖,𝑁𝐻 (𝑇 )|

2
− 1
𝑁

𝑁
∑

𝑖=1
|𝛶̃ 𝑖,𝑁 (𝑇 )|2

|

|

|

|

|

|

, (5.6)

with 𝑇 = 1, 𝑁 = 200, where 𝛶 𝑖,𝑁𝐻  is the solution to (5.1) used to emphasize different 𝐻 . Let the numerical solutions with 𝛥 = 2−10

be regarded as the true solutions to (5.1) and (5.5), and make other parameters be the same as before. The regression line is plotted 
in Fig.  5, from which we can observe that the error (5.6) is linear w.r.t. 𝐻 − 0.5.

5.4. Running time

In this subsection, the numerical simulations are all performed on the computer with Intel(R) Xeon(R) CPU E5-1630 v4 3.70 GHz. 
And all time units are in seconds. By [15], we know that the particle corruption means that one particle diverging can cause the 
whole system to diverge, and the more particles the more likely a divergence is to occur. In order to provide numerical evidence 
that the unmodified EM scheme does not experience particle corruption, we rerun each case 1000 times for the same SODM (5.1), 
but with 𝑁 = 500, 1000, 2000, 3000, 5000, 8000 and record the average running time, shortest running time, longest running time in 
15 
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Table 1
Running times in each 1000 times for different number of particles.
 Number of particles 500 1000 2000 3000 5000 8000  
 Average running time 2.187 8.801 35.005 76.263 212.366 574.867 
 Shortest running time 1.692 7.519 31.040 70.447 191.270 527.285 
 Longest running time 3.392 9.605 38.084 85.683 239.309 619.714 

Table 2
Running times for 𝑇 = 1, 𝑁 = 50.
 1 2 3 4 5  
 Tamed EM 3.953 3.609 3.593 3.684 3.712 
 EM 2.627 2.608 2.719 2.623 2.689 

Table 3
Running times for 𝑇 = 1, 𝑁 = 100.
 1 2 3 4 5  
 Tamed EM 5.500 5.388 5.298 5.432 5.391 
 EM 4.590 4.388 4.318 4.044 4.365 

Table 4
Running times for 𝑇 = 2, 𝑁 = 50.
 1 2 3 4 5  
 Tamed EM 3.671 3.595 3.699 3.650 3.614 
 EM 2.655 2.608 2.776 2.674 2.559 

Table 5
Running times for 𝑇 = 2, 𝑁 = 100.
 1 2 3 4 5  
 Tamed EM 5.298 5.199 5.582 5.443 5.312 
 EM 4.519 4.452 4.436 4.605 4.208 

Table  1. Let 𝑇 = 2, 𝛥 = 0.05 and other parameters are the same as before. In the simulation, if the particle corruption occurs, the 
simulation will stop and report an error; otherwise, it runs until 𝑇 = 2. From Table  1, we can infer that no particle corruption occurs 
in 6000 numerical simulations, even if the delay variable grows polynomially.

Next, we use the tamed EM scheme investigated in [15] as a comparison object to illustrate the efficiency advantage of the 
unmodified EM scheme. The tamed drift coefficient is defined as 𝛼𝛥(𝑥1, 𝑥2, 𝜇1, 𝜇2) = 𝛼(𝑥1 ,𝑥2 ,𝜇1 ,𝜇2)

1+𝛥|𝛼(𝑥1 ,𝑥2 ,𝜇1 ,𝜇2)|
. Let 𝛥 = 2−10, 𝑇 = 1, 2, 𝑁 =

50,100 and other parameters are the same as before. The five simulations are performed for each case and the corresponding 
running times are shown in Tables  2–5. We can find that the unmodified EM scheme requires less time than the tamed one.
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