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ARTICLE INFO ABSTRACT

Keywords: This paper focuses on the Euler-Maruyama (EM) scheme for delay-type stochastic McKean—
Delay-type stochastic McKean-Vlasov Vlasov equations (DSMVEs) driven by fractional Brownian motion with Hurst parameter H €
equations (0,1/2) U (1/2,1). The existence and uniqueness of the solutions to such DSMVEs whose drift

Fractional brownian motion
Propagation of chaos
Euler-Maruyama scheme
Strong convergence rate

coefficients contain polynomial delay terms are proved by exploiting the Banach fixed point
theorem. Then the propagation of chaos between interacting particle system and non-interacting
system in L£? sense is shown. We find that even if the delay term satisfies the polynomial
growth condition, the unmodified classical EM scheme still can approximate the corresponding
interacting particle system without the particle corruption. The convergence rates are revealed
for H € (0,1/2) u (1/2,1). Finally, as an example that closely fits the original equation,
a stochastic opinion dynamics model with both extrinsic memory and intrinsic memory is
simulated to illustrate the plausibility of the theoretical result.

1. Introduction

The fractional Brownian motion (fBm) with Hurst parameter H € (0, 1) is a natural generalization of the usual Brownian motion.
In light of the extrinsic memory impact of fBm on system, the theories about stochastic differential equations (SDEs) driven by fBm
have been systematically studied in [1,2]. Since the analytical solution to SDE driven by fBm cannot be expressed explicitly in many
scenarios, the investigation of numerical schemes becomes crucial. Many types of SDEs driven by fBm have been approximated by
EM scheme [2], backward EM scheme [3-5], 8-EM scheme [6,7], Milstein-type scheme [8,9], Crank-Nicolson scheme [10], tamed
EM scheme [11], truncated EM scheme [12] and so on.

When the coefficients of SDEs are related to the laws of state variables, the equations are called stochastic McKean—Vlasov
equations (SMVEs), also called mean-field SDEs or distribution-dependent SDEs. For SMVEs driven by fBm with Hurst parameter
H € (0,1/2)u(1/2,1), the wellposedness and the Bismut formula for the Lions derivative were presented in [13]. Then EM scheme
was exploited to approximate such SMVEs driven by fBm in [14]. In reality, there are already many papers analyzing the numerical
schemes of SMVEs driven by standard Brownian motion (fBm with H = 1/2) via stochastic particle method, such as implicit EM
scheme and tamed EM scheme in [15], tamed Milstein scheme in [16,17], multi-level Monte-Carlo scheme in [18], adaptive EM
and Milstein schemes in [19], split-step EM scheme in [20] and so on.

When the influence of the intrinsic memory on system is also taken into account, the delay-type SDEs driven by fBm have been
investigated in [21-27]. However, there are few work on the delay-type stochastic McKean-Vlasov equations (DSMVEs) driven by
fBm yet. To fill this gap, this paper focuses on a class of DSMVEs driven by fBm with H € (0,1/2) U (1/2,1) and their numerical
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schemes via stochastic particle method. We first give the existence and uniqueness of solution to DSMVE driven by fBm by exploiting
the Banach fixed point theorem. Then the propagation of chaos in £? sense between non-interacting particle system and interacting
particle system is presented so that the unmodified classical EM scheme can be established. The convergence rates of classical EM
schemes are given for H € (0,1/2)u (1/2,1).

Undoubtedly, the unmodified classical EM scheme fails to approximate the SDEs driven by standard Brownian motion if the
coefficients are superlinear [28]. However, we stress that the present state variable in the drift coefficient satisfies the global Lipschitz
condition but the past state variable can grow polynomially, and the unmodified classical EM scheme still works in this case, which
means that the particle corruption shown in [15] does not occur.

Stochastic opinion dynamics model (SODM), which can reflect changes in people’s online or offline opinions in the social scenar-
ios, is an crucial tool to formulate promotional plans and information campaigns, so SODM has been extensively studied [29-31].
Compared to the standard Brownian motion, SODM driven by fBm better reflects the influence of extrinsic memory due to the
long-range (or short-range) dependence of fBm. Additionally, the impact of delay state variable and its distribution information on
SODM should certainly be taken into account, as communications could be delayed in both online and offline between individuals
in real-life scenarios [32]. Then we will find that our target DSMVEs driven by fBm can well match the SODM with both extrinsic
memory and intrinsic memory. Therefore, the numerical analysis of DSMVEs driven by fBm is an important task for further research
on SODM.

We now highlight the contribution of this paper. The Banach fixed point theorem is exploited to show the wellposedness of
solution in Theorem 2.6, where we employ the segmentation technique by dividing the time interval [0, 7] into several equal-length
segments [0, p], where p is the finite-time delay. This kind of segmentation is always achievable, i.e., [0,T] C [O,([T /o] + l)p].
Firstly, we prove the wellposedness of the solution on [0, p]. Within [0, p], we apply the segmentation technique again by selecting
a sufficiently small p, that satisfies certain constraints with [0, p] C [0,(Lp/ ]+ 1)p*]. Then the wellposedness is obtained on
[0, p..]. Repeat this procedure about p, to get the wellposedness on [0, p]. Secondly, based on the result on [0, p], we can prove
the wellposedness on [0, 2p]. Then iterating about the time-delay segment can give the wellposedness on [0, T']. As for the numerical
analysis, if there are superlinear state variables in the coefficients, scholars often adopt the modified EM scheme or implicit EM
scheme to avoid the explosion of numerical solution or particle corruption. However, in this paper, when the delay term is superlinear
and the current state variable grows linearly, we use the unmodified classical EM scheme to approximate the corresponding
interacting particle system in £? sense without the particle corruption.

The rest of the paper is structured as follows. In Section 2, some notations and important lemmas are introduced, then we give
the wellposedness of DSMVE driven by fBm. Section 3 aims to reveal the propagation of chaos in £L? sense. For H € (0,1/2)u(1/2,1),
the convergence rates of classical EM scheme for interacting particle system are shown in Section 4. Some numerical simulations
for the SODM are performed in Section 5.

2. Preliminaries

Let | - | be the Euclidean norm for vector and the trace norm for matrix. Denote a; Va, = max{a;,a,}, a; Aa, = min{a,, a,} for real
numbers a,,a,. Let BY = {Bt” ,t >0} be a fBm with Hurst parameter H € (0, 1) defined on the probability space (2, F,P), i.e., B¥
is a centered Gaussian process with covariance function Ry (t,s) = L(2H + s2H — |t — s|*7) for any 5,7 > 0. Let I s be the indicator
function for a set S, i.e., I4(x) = 1 if x € S, otherwise, I4(x) = 0. Let |a| be the largest integer which does not exceed a. Denote by
£P = £P(Q,F,P) the set of random variables X with expectation E|X|” < oo for p > 1. Let C = C([-p,0];R?) be the family of all
continuous functions ¢ from [—p,0] to R? with the norm ||¢|| = SUP_,<p<0|®(0)|. For a positive integer N, let Sy = {1,2,...,N}.

Denote by §,(-) the Dirac measure at point y € R?. Denote by P(R?) the family of all probability measures on R?. For ¢ > 1,
define

1/q
P,R") = {/4 € PR’ : </W Iyl"M(dy)> < oo},

and set W, (1) = (fpa |y|q;4(dy))l/q for any u € P,(RY). For q > 1, let C([—p,T]; P,(R?)) be the family of all continuous measures
from [—p,T] to P,(RY). For ¢ > 1, the Wasserstein distance of u,v € P,(RY) is defined by

1/q
W,(u,v) = inf </ Iyl—yzl"ﬂ(dyl,dyz)> ,
R4 xRA

7e€C(u,v)

where €(u, v) is the family of all couplings for u,v.
In this paper, consider DSMVE driven by fBm of the form

dY (@) =, (Y0, Y(t = p). Ly Ly—p) dt + B Ly Lyg—p)) dB . 1 €[0.T], 21
with the initial value {Y(6) : —p < 8 <0} = ¢, which is an Fj-measurable C-valued random variable with E||||? < co for any 5 > 0.
Here, Ly, is the distribution of Y(-). Moreover, a : [0,T] X RY X RY x P,(RY) x P,(R?) — R, B : [0,T] x P,(RY) X Pp(RY) — R
are Borel measurable functions, and BY is a d-dimensional fBm with H € (0,1/2) U (1/2,1). Note that /OT B (Ly @ Lyo_p) dB is
treated as a Wiener integral with respect to (w.r.t.) fBm since the diffusion coefficient is a deterministic function.

To get the wellposedness of solution to (2.1) by exploiting the Banach fixed point theorem, we consider the distribution-
independent delay-type SDE driven by fBm of the form

dY@® =a (YO.Y(t-p)dt+fdB", 1€(0,T], (2.2)
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with the same initial value & for (2.1). Moreover, & : [0,T] xR x R - R4 and § : [0,T] —» R are Borel measurable
functions. Assume that f, is bounded for any ¢ € [0,T]. We give the following important maximal inequality about fBm for the
case H € (0,1/2)u (1/2,1), which has been proved by Theorem 1.2 in [33] and Theorem 2.1 in [34].

Lemma 2.1. For any p>0and H € (0,1/2) U (1/2,1), there exist two constants cy 5, Cy 5 > 0 such that

e E@) <E( sup |BP) < €y B,
rel0.7]
for any stopping time = of BH.

Assumption 2.2. There exist two constants K; > 0 and / > 1 such that
18,(x1.%0) = &1, 72| < Kyllxy = yi |+ A+ 3] + 1520)x = w1,
for any ¢ € [0,T] and x,,x,,,,y, € R%.
By Assumption 2.2, one can see that there exists a C; > 0 such that
|Gy x0)| < € (14 Ixg ]+ [xp "),
for any t € [0,T] and x,,x, € R¢. The following lemma reveals that there exists a unique global solution to (2.2) under Assumption

2.2.

Lemma 2.3. Let Assumption 2.2 hold and H € (0,1/2)uU(1/2, 1). Then there exists a unique global solution Y () to (2.2), and it satisfies,
for any p > 2,

E( sup [YOI") < Coropr i, et
(te[O,T] ) p.T.H.Ky,[Ell.Lp

Proof. In view of [35], one can see that (2.2) admits a unique local solution when the drift coefficient is local Lipschitz continuous
and the diffusion coefficient is a function of 7. So, to achieve the goal of this lemma, we just need to prove

IE( sup |)Af(t)|ﬁ) <C, foranyp>2.
1€[0.T]

From (2.2), using Holder’s inequality, Assumption 2.2 and Lemma 2.1 leads to
E( sup |Y(l)|p)
1€[0.T]

T - t
A ~ P A =
<Cprmper+ G [ |o (7076 = ppf'ds + B ( sup | [ faB! |")
0 tel0,T] JO

T
< p S p(l+1)
Scﬁ.T.H,nfanCﬁ,r,klE/O [+ 1Y+ 1V (s - ds

T T
o P o p(l+1)
<Cor 1Ry e [1+/ E( sup |Y(s)|p)dt+/ E|Y(s - p)|” ds].
0 s€[0,1] 0

The Gronwall inequality means that

N o pl+1)

E( sup 1VOI") < Corp, e [1 +E( sup 1Y@ =pl™" )], 2.3)
1€[0,T] 1€[0,T]

Define a sequence as

r
1-m+| =]
, 9

ﬁm=(2—m+[%J)ﬁ(l+1) m=1,2---,L%J+1.

Obviously, it holds that 17[1J+1 =pand p, (I+1)<p, form=12-, [gj. For t € [0, p], we get from (2.3) that
»

N o prU+D)
E(éf&% YOI") <Cop g pen [ + E(,;%pm Y- ]

SCorm Ry el Lp -
Next, for 1 € [0, 2p], using Holder’s inequality, (2.3) and p,, (! + 1) < p,, leads to

B+

A p ~ p 2
]E( sup |Y(t)|p2) <ChrH.K, ¢ [1 + []E( sup |[Y(r— 2" )] ]
1€[0,2p] 1€[0,2p]

SC51,H,R, IEll1.51 .5
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Repeating this procedure gives

E sup YOI | < Cormgypenss O
re[o.1Z 1+

When H = 1/2, B/ becomes a standard Brownian motion, and the results have been presented in [36]. Using the following
condition, we shall investigate the wellposedness of (2.1).

Assumption 2.4. There exist three constants K, K, > 0 and / > 1 such that

lor,(x s X, 1y ) = (01, Yo Vi, vl < K Lxg = |+ (L4 x50  + 1921 D1xg = pol + Wo (g, vy) + W, vy)l,

|8, (pys tp) = By (v, va)l £ Ko(Wo(uy, vy) + Wy(up, v2)),

for any t € [0,T], x,X5, 1, ¥, € RY and uy, up, vy, v, € Po(RY).

Lemma 2.5. For any u € P,(R%), we have W, (u, 8,) = W (u).

The proof of above lemma can be found in Lemma 2.3 of [37]. By Assumption 2.4 and Lemma 2.5, one can see that there exist
constants C,, C; > 0 such that

laGepsxg, iy )| < Co (14 |3y + [ "+ W) (uy) + Wa () .

1B (k1 )| < C3(1+ Wy (py) + W),

for any t € [0,T], x;,x, € R? and yu;, u, € P,(R). By borrowing the proof ideas of Theorem 3.3 in [37], Theorem 1.4 in [38] and
Theorem 1.12.1 in [2], we give the following theorem.

Theorem 2.6. The DSMVE (2.1) admits a unique global solution Y (¢) satisfying for any p>?2 and T > 0,

E( sup [YOI) < Cor 1.k, Kol o>
t€[0,T]

if one of the following conditions hold:
() H € (1/2,1) and Assumption 2.4 holds.
(i) H € (0,1/2), a satisfies Assumption 2.4 and B only depends on t (i.e., p does not depend on the distribution).

Proof. We first show the assertion for H € (1/2,1). For x,y € R and u_€ C ([—p,T]; P,(R?)), let afp(x, ¥) = a,(x. ¥, 4y, p,_,) and
ﬂ,‘f ', = Bi(4, H;_,). Consider the auxiliary SDE of the form

AYH(t) = o (YH@0), Y (= p))di+p dBF, 10,7, 2.4

with the initial value Y(;‘ = &. Under Assumption 2.4, we know from Lemma 2.3 that SDE (2.4) admits a unique global solution in
a strong sense and it satisfies

E(ZGSSPT] Y*OI") < Cor &, el (2.5)

for any p > 2. Define an operator
@, : C([-p, TL; Po(RY)) = C (I, T]; Po(RY))

by @,(u) = Lyu(,), where Ly, is the distribution of Y*(z). Next, we will show @ is strictly contractive. Using the same techniques
of getting (3.5) in the proof of Theorem 3.1 in [13] gives that, for p > 2,

P T _
) < Cﬁ,T,HIE/0 )ﬁt(ﬂnﬂt—p)‘pdt- (2.6)

t
E( sup | / Bk ;A B
te[0,71" JO

4
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For any 7 € [0,T] and p € [2 21 we get from Holder’s inequality, (2.6) and Assumption 2.4 that

> 20

E( sup [Y¥(s) = Y"(s5)I)
s€[0.1]

P
<2 1E( sup | / [t Y2, Y4 = p)) =t (Y1, Y (= p))]dr| )+ 27" sup | /

s€[0,1] s€[0.,1]

")

SC:T,KIE/O [ YHe) =Y OF + (1+ Y =)l + Y=o ) Y= p) =Y = p))?

A ; 5
+ W20 v,) + Wty v, ) ] dr+Cor B | |60 82, ['dr

c*/ [Em(r) =YY+ [E(L+ Y 0= o) + YV - p)|2ﬁ’)]5
0

1 N .
B = ) =Y = ] A WG )+ W v,p) | dr,
where ¢, is a constant depending on j,T, H, K|, K,. So, applying (2.5) with p < % means that

]E( sup |YH(s) — YV(S)|ﬁ)
se[0.1]

t
Sc*/ E( sup [Y#(s)=Y"(s)IP)dr 2.7)
0

se[0,r]

' 1 '
+ c*/ [E( sup |Y“(s—p)—YV(s—p)|2p)]2dr+c*/ sup w? 2 (g, vi)dr.
0 s€[0,r] 0 se€l0,r]

Define a sequence as

1-m+| T

—@-m+|Zpp m=12 Ly
p P

Obviously, it holds that ﬁ[%JH =pand 2p,, <p, form=1,2,..., L%J.
POt
For s € [0, p], since the initial values are the same, [ [E(sup,c(o, [Y*(s — p) = Y"(s — p)|*?)| 2dr = 0. The Gronwall inequality
with (2.7) gives that

sup W' (@, (). ®,()) <E( sup [Y*(s) ~ Y*(5)|"")
s€[0,p] s€[0,p]

P
SC*e‘*"/ sup W (Hy, vg)dr.
0 sel0,r]

(2.8)

For p, > 0 (which is independent of the initial data) such that ¢, e%?+p, < %, let
S,, = {n. € C(10,p,1;Py(RY) & d(p., uo) < 00, 4y = Lixg) |
equipped with the uniform metric

d(u,v) := sup W, (uj, v,).
s€[0,p,]

We see that (S'p*, d) is a complete metric space. Then using (2.8) implies
(@), @) < 2P v,

which means that @ is strictly contractive in the complete metric space (S‘p*, d). Hence, the Banach fixed point theorem with the

definition of @ reveals that there exists a unique y € S'p* such that
D(1) = py = Ly

ont € [0, p,]. Thus, the strong wellposedness of (2.1) is obtained on [0, p,]. Repeating this procedure with the initial value Y, (and
the initial time np,) for 1 <n < Lpij + 1 gives the strong wellposedness of (2.1) on [0, p].
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JO |
For s € [0,2p], since '/O' [E(supyeqo, [Y#(s = p) = Y¥(s = p)I*")] 2 dr may not be vanished, the exponents of both sides of (2.7) are
different, we need to estimate p,—moment in the following. The Holder inequality with (2.7) and (2.8) gives that

sup. W@, (), ,(v))
s€[0,2p]
<E( sup [Y*(s) - Y"(5)|%2)
s€[0,2p]
b

<2c,e¥?p IE( sup |YH#(s)— YV(s)lﬁl) +2¢,e%%p sup W (pg, V)
s€[0,p] s€[0,2p] (29)

)

[ i
<2c,e*p |c.ePp sup Wp (pg, vs) +2¢,e*p sup W (pg, vy)
s€[0,p] s€[0,2p]

<2c,e*p lv(c*e”*”p)ﬂ] sup W22 (pg.vy)
L s€[0,2p]

For p, > 0 such that 2c,e2+P+p,[1V (c, %P p, )P2/P1] < %, we get from (2.9) that
d (@), @) < 2P v,

which means that @ is strictly contractive in the complete metric space (S'p*,zi). Again, the Banach fixed point theorem gives that
there exists a unique u € S'p* such that

D, (1) = py = Lyny

on ¢ € [0, p,]. Then the strong wellposedness of (2.1) is achieved on [0, p,]. Repeating this procedure with the initial value Y, for
1<n< [ff] + 1 gives the strong wellposedness of (2.1) on [0, 2p].
Repeating this procedure above, we can establish the strong wellposedness of (2.1) on [0, 3p], [0,4p], etc. The proof of strong
wellposedness of (2.1) on [0,7T] is therefore completed.
We now give the detailed moment estimation of the solution to (2.1). For any p > 2 and ¢ € [0, T], the Holder inequality leads to
E( sup |Y(r)|?)
rel0,t]

t

<CE|€|? + cﬁ,TE

p
(Y (0.Y(r = p). Ly, Lyp)| ar

).

By Assumption 2.4, Lemma 2.5 and (2.6), we find that

+ GE( sup | / Bu(Ly (s Lyuop)d B
rel0,t]

E( sup |Y(")I?)

rel0,t]
<GEIEIP + Cpr i, E /Ot [+ 1YOP + Y (= 9D+ WD (L) + WE(Ly ) | dr
+ Cor..x, B /0 I [1+ WLy ) + W Ly, dr
<Cor ik, kel |1+ /Otu«:( sup |Y(@)|? dr+]E/ 1Y (r = p)|P+Dar|.

€[0,r]

Thanks to the Gronwall inequality,

E( Sll(l)P YOP) < Cor ik, ko pen [1+E( SUPTJ Yt - p)PHD)].
T

. _ T\ 1-m+| L)
Constructing a sequence p,, = (2 —m+ L;J)p(l +1) »

yield that

and using the same iteration technique about j,, as that in Lemma 2.3

E( sup YOP) < Cormk, kol
1€l0.(L 51+ 1p))
So the desired result holds.
For the case H € (0,1/2), since # does not depend on the distribution, the assertion can be obtained analogically by Lemma

23. O

In the rest of this paper, the DSMVEs are all autonomous for convenience. Moreover, the relevant settings of the equations are
stated for the case H € (1/2,1). As for H € (0, 1/2), we assume that the coefficient (-, ) is a constant.
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3. Propagation of chaos
In this section, based on the stochastic particle method in [39,40], the corresponding interacting particle system is used to
approximate the original DSMVE. For any i € Sy, consider the non-interacting particle system
dY' 0y =a (Y (0),Y'(t = p). Lyiy Lyigr—p)) At + B (Lyigy. Lyio_py) dB, 1 €[0,T1, (3.1)

with the initial value X (") = &, which is an F,-measurable C-valued random variable with E[|&||? < co for any j > 0, where Lyi,
is distribution of Y'(-). Here, (¢, B#') are the independent copies of (¢, Bf), and all (¢/, BH-') are independent and identically
distributed. Moreover, it holds that Lyi,, = Ly, for any + € [0,T] and i € Sy. The corresponding interacting particle system
driven by fBm is

dYN (@) =a (YN (@0, YN (0 = p). Lyw . Lyngy) At + B (Lyn . Lyng_ ) dB, 1€10.T], (3.2)

with the initial value X (’) = & where Pyngy = lN Z,N= | 8yin(,- Under Assumption 2.4, one can get the wellposedness of (3.1) and
(3.2).

Lemma 3.1. For H € (0,1/2)u (1/2,1), let Assumption 2.4 hold. Then for any p>2 and T > 0,

E( sup YOI ) VE( sup [Y"NOI") < Corn k, kil
t€[0,T] t€[0,T]

Theorem 3.2. Let H € (0,1/2)uU(1/2,1) and Assumption 2.4 hold. Fix any p > 4 in Lemma 3.1. Then for any i € Sy, p € [2,5/2) and
e € (0,1], we have

(N~V2yhprp, if p>dJ/2,
E( sup Y@ -Y™N@l") < CIN P log(l+ NPT, if p=d/2,
1€[0,T] (N’P/d)A”’T"’, if2 <p< d/2,

T
where 4,7 , = ( %)L ;] and C is a positive constant dependent of d, p, T, H, K,, K, ||¢]l, I, p but independent of N.

Proof. We begin with the case H € (1/2,1). For any i € Sy, p > 2 and 7 € [0, T], by Holder’s inequality and (2.6), it follows that

E( sup |[Yi(s)=Y"N(5))
s€[0.1]

s
2E ( o0 | /0 [a(Y'0). Y0 = p). Lyis Lyig—p) = a(Y N 0L YN0 = p), Syn g, Lyn o) | d"p )
se[0,f

)

scp,mﬂ*:/o [ YO =Y+ (14 1Y = ol + YN 6= )Y = p) = YN = p)

N
+ 2p71E< S“P]‘/O (L) Lyig—p) = B(Lyn i Lrng-p)|dB

se[0,t

P
+ Wy(Lyi Ly ) + Wz(n_y,<,_,,),3y,v(,_p))] dr
t
4
+ CorioE /0 [WaLyi Zen ) + Wl Zynop)| dr
t
. . . i . ! . .
scp,T,H,KI,KZIE/ [ YY) =Y NP + (1+ 1Y =)l + YN =) ) 1Y = p) = YN = p)
0
Wy, Ly ) + Wiyt gy Lyn o) | dr-
Due to Holder’s inequality and 3.1, for € € (0, 1], we see that
. 1 . 1 . .
E[(1+1Y=pl + YN =p) ) 1Y =)= YN r = )]
. . PoE . . p—e
<G [E(1+ 1Yo = o)+ YN = o) ") [EY = ) = YN = )] 7
i N s
<Cor ik Kyl [EIY = p) = YN = p)"] 7
The Gronwall inequality leads to

E( sup [Yi(s)=Y"N(s))
s€[0,1]

. . P
SCp T H Ky Ko el ( [E( sup. Yis=p)=Y"Ns=p)")] 7 (3.3)
s€|0,

t
+E /0 (W2 s> Ly )+ WoLyir—pys Ly gp)dr ) -

7
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For s € [0, p], we know from (3.3) that

. . 14
E(S;'[JOPP] ') =YM") < Corrr iy ket /0 (W Ly Lyn ) + W) Lyip Ly g-p))dr

Define the empirical measure EyNH = % Zf; | 8yi(,- For any i € Sy,
WZ(LY[‘(,), gyN(J) SCPWZ(LY'(')’ ]LyN(,)) + CPWZ(LYN ) gyN(j)
N

- 1 . .
<CWh(Lyiy, Lywy) + Gy DO =Y
j=1

Since the distributions of all j are identical, we obtain

E( sup [Y'(s) = Y"N(s)")
s€[0,p]

SCp,T,H,Kl,1(2,||§||,I,0]E4/0 [ |Y’(r) - YIYN(r)lp + |Y‘(r - P) - Y'YN(r - p)lp + WZ(]LYK'(,-); ]LyN(,)) + Wz(]]-fyi(r,p), ]LyN(,_p))

»

. e

Scp,T,H,Kl,Kz,u:u,/.p/ E( sup [Y(s)=Y"N(s)")dr
0 s€[0,r]

P —_ —_
+ Cor i Ky Ky lEll o /0 [WE Ly Ly n ) + Wo Ly pys Loyt )]

In view of Theorem 1 in [41] and Gronwall’s inequality, we get

-1 ) . d
N 2Z+N 7, 1fp>5,ﬁ?52p,
: : 1 _b=p
E( S%P]W'(S)—Y"N(Sﬂp) < Caprnk Kplellp )N 2 logl+ N)+ N~ 7, if p=4,5+#2p,
se(0,p _b-p
N T+N 7, if 2<p<?,

where p is the same as p in Lemma 3.1. Then for p € [2, g), the above inequality becomes

-1 d
N2, if p> 2>
; ; 1
E( SFOP] [Y'(s) - Y"N(S)|p) S CypT HE K el Y N2 log(1 + N), if p= %, (3.4)
s€(0,p
N, if 2<p<?.

For s € [0,2p], the Holder inequality with (3.3) leads to

E( sup [Yi(s)=Y"N(5)")
s€[0,2p]

. . p p-e
SCp1 1Ky Ky il o [E(Ses[glgﬂ] Yis=p-Y"Ns=-nl)] 7

2p _ _ _ _
+ Cp,T,H,Kl,K2,||§||,1,pE/) [ WO Wy Ly n ) + Wo @y v s Ly ) + WEWyir_py, Ly N o py) + WOy N oy Ly N (- ) ] dr

. . P iy
SCIJ,T,HvKl’szllill,/wﬂ[E(S;E)pﬂ]lYI(S)_Y,’N(S)l )7
2p _ _
+ Cor Ky Ky liel P /0 [WZ(LY'WLYN@))+WZ(Ler—p)sLYN(r—m)]d’

+ Coro Ky Ko el / E( sup [Y'(s) = Y*N(s)[")ar
0 se[0,r]

Using Gronwall’s inequality with (3.4) on s € [0, p] gives that

E( sup [Yi(s)=Y"™N(5)")
s€[0,2p]

. . P p—e
Scp.T.H,Kl,Kz,u:nJ.p[E(SZ%PP]|Y’(S>—Y"N(S)| )7

2p _ _
+ Cp,T,H.Kl,KZ,II’;‘II,I,pE/O [Wﬁ(ly'(r),Lme)+Wﬁ(Lyi(r—p),LyN(r_,,))]dr

1

1 =t . d

(N 2) r, if p>3,

e :

SCapr.m Ky Kot (N™ 3 log(1+N)) 7, if p=1,
e

(N"$)7, if 2<p<
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For s € [0,3p], it is similar to see

E( sup [Yi(s)-Y"N(5))
s€[0,3p]
. . Pzt
<Corky kol [B( sup V() =Y N()I")] 7
s€[0,2p]

3p _ _
+ Corn Ky Ko liel o™ /0 [Wﬁ(LY%r)sLYN(r))+Wﬁ(Lm—p)’LYN(r—m)]d’

2

N‘i) 5 if p> 2,

P=EN2
<Cuprm ki kol ) (N2 IOg(l +N)'7 L p= %
N if 2<p<

I\J

The desired result follows by the iteration about the time segment generated by the delay p.
As for the case H € (0,1/2), the stochastic integral in Y?(s) — Y-V (s) vanishes since it is an additive noise, then the assertion can
be achieved through the similar procedure. []

4. Numerical scheme
In this section, the classical EM scheme, which is not modified, is established for interacting particle system (3.2) whose delay
term is superlinear. We will theoretically prove the convergence of classical EM scheme and that particle corruption will not occur.

Let A = ﬁ = ML for some positive integers M and M. Set t, = kA for k = —-M,...,0, ..., My and define the EM scheme as
T

ZWN (1) = ZN ) + a(ZPN (1), ZN (ep)s L Lan o)A

H.i “4.1)
+ B( LN LN ) AB s k=01, My — 1,
with the initial value Z"¥(t,) = £'(t,), k = —M, ..., 1,0, where ABf’i = Bf,i’l - Bg'i and L vy = lN Z]]il 87iN(y-
For t € [0, T], the continuous-sample numerical scheme is
t t
ZMN @) = €(0) +/ a(ZN(5), ZMN (s = p). LgN (50 LN (52 p) )5 +/ B(ZLzn(5p LN s-p) 4B, (4.2)
0 0

with the step process Z"N(¢) := Z::M VAR (I
ZWN(t) = ZWN (@) for t € [ty tiyy)-

[ty (1) and the empirical measure Z v, = % Zj’\;l 825N (- Obviously, Z4N (1)) =

Lemma 4.1. For H € (0,1/2)u (1/2,1), let Assumption 2.4 hold. Then, for p > 2, one has

N
max sup E( sup |Z"N ()] ST H Ky Ko ElLLp-
IGSN Ac(0.1] (YE[O ] ) SR z,HfH, P

Proof. We first discuss the case H € (1/2,1). For any ¢ € [0,T] and i € Sy, the Holder inequality with Assumption 2.4 and (2.6)
yields that

E( sup [Z"V(s)I")

s€[0,1]
p
<3PUE|IE )P + 37 lu«: sup |/ (ZN @), ZN (= 9, L s L o p))dr( )
s€[0,1]
~ p
+ 3‘"’11[*] sup ‘/ (LN Lan - p))dB ‘ )
s€[0,1]

|ﬁ(1+l)

<3'BIEN + Cror k, ko B /0 [1+1ZV @) +1Z2N e = " + WL gn ) + WLy o) | dr

t
o, P pU+1)
<Cs1.H.K, Ky ¢ / (1+ ]E(rGSE)PS] 1ZEN))7) )ds + Cp,T,H,KI,KZ]E(YZquﬂ 1ZN (s = p)l )-

Thanks to Gronwall’s inequality, we see

E( sup |Z~i’N(S)|ﬁ) < Cormx, koen [L+HE(sup [Z0N (s - P)lﬁ(1+1))]-
s€[0,1] ’ ’ s€[0,1]

T
Construct a sequence: p,, = 2 —m + LZJ)ﬁ(l + I)H"HFJ form =1,2,..., [%J + 1. For any i € Sy, then using the same iteration
technique as that in Lemma 2.3 leads to
~ 13
E( sup |Z"NG) < Cor i, Ky Lo
s€[0,1]
As for the case H € (0,1/2), the proof process is similar after using Lemma 2.1. []
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Lemma 4.2. For H € (1/2,1), let Assumption 2.4 hold. For any i € Sy and p > 2, we find that

SiN PN b
]E(res[lépnlzl 0 =Z"NO) < Cor ok, kel 104

Proof. For any t € [t;,1;,,) and i € Sy, we obtain from (4.2) that

ZMN @) - 2PN (1)
t

t
=/ a(Z"N(s),ZI’N(S—p),gzlv(s),ffz/v(x_p))ds+/ B(ZLzn (o Lzn(s_p)d B
1

T
=:J,(0) + J,(@).

We first estimate J,(#). For p > 2, choose 7 to satisfy 1 — H < < 1 - -. Denote ¢,(t) = [ (t —u)™"(u — s)""'du. Applying stochastic
Fubini’s theorem and Holder’s inequality yields that
E(_sup  |5H0l)

1€ k1]

p
S(wn(t))_ﬁE sup | / / (I—u)_”(u—s)"_ldu)ﬁ(S’ZN(S),szzv(s_p))dBSH’i‘)

Eltgtgr1]
. b
S((ﬂ,,(t))_pE( sup |/(t—u) '7(/ (u—s)"" ﬂ(gzN(A)’gzN(s p))dB )d”‘)
1€ty th1]
<o, 7E (_sup / (= P au)™( / | [ =9 0o Zovisp)aB ) ])
1€t er1]
p

(rﬂ,,(t))‘” ¢-0 _
S il M/,k E)/O W= B(L v Lanomp)dBI| du.

By Theorem 1.1 in [42], we see that
u b u n=1 r
E| /o =" B( L 0 L) ABM| < Co [/0 =T |B(ZLyn 9 Lonisp)| T ds]™

H-l-n ~ _ pH
" P= Pn+H-1)+1

By choosing § = pH, a = in Lemma 3.2 in [13], we know from Assumption 2.4 and Lemma 4.1 that

E( sup |5H0)I)

1€t tg11]

O 1)413_1_13%[ /w
’k

%(;1+H—1)+1 P+ H—1)+1
T (p—1- ! HLzvr Lanp) ‘”]

k+
SC Ap 1=pn ppCr+H = 1)/ E’ﬂ gZN(s)w?ZN(S p))‘ ds

R Tkt N N
<G, HVKZA”H"/ E[1+ W) (Lyn ) + WH(Lgn(s_p)]ds
s
pr—1 [ Si N oy P Si N b
<Cj 48P / (ElZ" $)I +EIZN (s = p)| )ds
Tk

<Cp gy 821

For J, (1), using the Holder inequality and Lemma 4.1 implies that

E( sup [5;0])
1€t p]

N Tt ) . b
<A#'E / |a(Z“N (), Z"N(s - p), QZN(S),QZN(S_p))| ds
Tk

pl+1) p p
I WL v () + WL n () | ds

. b
SCo1.H K Ky el oA

Thus,
E( sup |ZN@) - 2N o))
1€l g1
<2PE( sup |, @) +277'E( sup |L0)1F)
1€[tg tgpq] €[t tr1]

pH
<Cpr. ., Ky el 1o A
So the desired assertion holds. []

10
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Assumption 4.3. There exist constants K3 > 0 and 9 € (0, 1] such that, for any p > 0,

E< sup |5(r>—z;<s>|">51<3|z—s|”.
]

t,s€[—p,0

And ¢ in the particle systems also satisfies this condition.

The following theorem reveals the convergence rate of EM scheme when H € (1/2,1).

Theorem 4.4. For H € (1/2,1), let Assumptions 2.4 and 4.3 hold. Then for any i € Sy and p > 2, one has
E( sup |Z*N0) =Y NOI") < Cprp ki ks A
1€[0,T] ’
Proof. For any ¢ € [0,T] and i € Sy, applying Holder’s inequality, Assumption 2.4, (2.6) on (3.2) and (4.2) gives that

]E( sup | Z5N(s) = Yi’N(s)lp)
s€[0,]

S . . . . P
<27 'E ( suop | / [ a(ZN @), 2N (u - p), LNy LaN ump)) ~ a(Y"N ), YN (- p), Lyv iy Ly N u—p)) ] du‘ )
s€[0,] 7 JO

s P
+ 2p_1]E< S“P]‘/O [B(ZL 2Ny L2Nu-p) —ﬁ(gYNm)v3Y”<u—p>)]dBuH’l‘ )

se[0,t
! . . . 1 . ! . .
<Cori K, K B / 12 @ =N @l + (1412 @ =l + YN w= o)) 1ZN =9 = YN = p)l”
0
+ WL g0 Ly ) + WL 2N umps Lruny) |
Notice that
. 1 . 1 . .
E[(1+1Z"Nw=pl + 1Y"Nu=p) ) 12N = p) = YN - p)’|
. . 1 . . 1
<CE(1+1ZN =" + 1Y N = p)*")] 2 [EI1ZN @ = p) = YN = p)I 7]
. : 2p1 L
<C, - Cor o iy Ko lelin [BIZ"N @ = p) = YN (w = p)| e
. - - . 29, L
=Corty koetio([EIZN @ =p) = ZN@=p)+ Z¥ = p) = YN = p)”)?)
. - 2p7 L . . 2p1 L
SCot 1Ky Ko lellp ( [EIZNw@=p) = ZNw—p) ]2 + [EIZN@=p) = YN - p)”]? )

The Holder inequality is used in the first inequality, Lemma 4.1 is used in the second inequality and the elementary inequality is
used in the last inequality. Then by EW(Z,n (), Lyn(,)) < % Z/N:] E|Z/N () = YIN ()|, we derive from Lemma 4.2 that

E( sup |Z"V(s) = Y™ (5)|°)
s€[0,1]

t
SCP,T,H,KI,KZ,HEH,I,p/O [IE)( sup 1ZN )= Z"N@)”) + E( sup [Z°N@w) - YN w)l”) + E( supoj|5(u)—§([§u)|")

u€el0,s] u€el0,s] u€[—p,
. . L
+ (EI1ZN(s = p) = YN (s = p)|F) 2 + a?H ] ds.
The Gronwall inequality with Assumption 4.3 and Lemma 4.2 leads to

E( sup | ZHN () — Yi’N(S)|p)

s€[0.1]
INH 5i,N i,N 2\1% (4.3)
SCp,T,H,Kl,1<2,1r<3,||/:||,1,ﬂ(A('A P+ [E(sup [ZN(s—p) =Y N(s = p)7)]2 )
s€[0,1]
Define a sequence as
T
pn=CQemt [ L2 =2 D
P p
One can see P|T 4 =P and 2p,,,; <p, form=1,2,..., L%J. For s € [0, p], we get from (4.3) that
p
SiN NP INH
E( sup |Z°N(s) = Y"NI™) <Cp 1.1k, K ks et AP 4.9

s€[0.p]

11
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For s € [0,2p], the Holder inequality with (4.3) and (4.4) yields that

E( sup |Z™V(s) = Y™ (5)|7?)
s€[0,2p]

INH 5i,N i,N 2\14
sCPlvPZvTvHvKl~K2’K3v||§”s1wﬂ(A( AP [E(Ses[ggp] 1255 = =Y (s = p)l 2)] ’ )

)

1 y , 2

Scplspz.T,H.Kl,Kz,Ks.llillJ.ﬂ(A(()AH)M +[E( sup 12V (s = p) =Y N (s = p" )] 7 )
sel0.27)

(OAH)

SCp o T Ky Ky K il p A

The induction about the time segment generated by time-delay p gives that

Zi,N i,N p INH
]E(tes[lt])pnlzl O =Y"NOI) <Cpr ki ks el A7 O

As for the convergence rate of EM scheme in the case H € (0,1/2), the Corollary 5.5.3 in [1] plays a key role, so we quote it as

the following lemma.

Lemma 4.5. For each j > 1, there is a Cj; < oo such that

E[BY - BM|" < Cjlt — 5?1

Lemma 4.6. For H € (0,1/2), let Assumption 2.4 hold. For any i € Sy, t € [0,T] and p > 2, we have

~ . ﬁ ~
EIZN0) = Z"N 01" < Corn ik, paen p A

Proof. For any t € [t;,1,,) and i € Sy, we see

E[Z"N (1) - 2N 1)
b p

t
SQI’_IIE/a(Z’*N(s),Z"N(S—p),gzw(s),gzlv(x_p))ds +27'E

Tk

t
/ pd B
1 ’

where we have used Lemma 4.5 and the estimation of J; in the proof of Lemma 4.2. [

. pH
<Cor.1 .k, plelspA" s

Theorem 4.7. For H € (0,1/2), let Assumptions 2.4 and 4.3 hold, and the diffusion coefficient be a constant p. Then, for any i € Sy
and p > 2, we have

” i » )
E|Z"NT) - YN (D) < Cp,T,H,Kl,ﬁ,K3,||§||,I,pA< NP

Thanks to Lemma 4.6, the proof of Theorem 4.7 is similar to Theorem 4.4, since the stochastic integral vanishes in ZN (1)-Y"N (¢).
Then the following main conclusion is reached by exploiting the triangle inequality for Theorems 3.2, 4.4 and 4.7.

Theorem 4.8. For H € (1/2,1), let all conditions in Theorems 3.2 and 4.4 be satisfied. Then we have

(N_l/z)lp.T,p + A(S/\H)p, ifp > a’/z7
]E( sup [Yi() — Z'%N(t)|"> < CLIN"V2log(1 + NY'#T0 4 AOND | if = d )2,
t€[0,T] (N_p/d)/l,,,r,p + A("J/\H)p’ if2 <p<d/2,

T
where 4,7 , = ( %)WJ and C is a positive real constant dependent of d, p, T, H, K,, K,, K3, ||£||, I, p but independent of N, A.
For H € (0,1/2), let all conditions in Theorems 3.2 and 4.7 be satisfied. Then we have

(N_l/z)APva/) + A(r‘)/\H)p’ lfp > d/Z’
EIY(T) - Z2N ()" < CIIN=Y2 log(1 + N)'70 4 AGADRif = a2,
(N=PlAY' Ty AONHD, if2<p<d/2,

T
where A, T , = (‘%E)LFJ and C is a positive real constant dependent of d, p, T, H, K|, p, K3, |||, I, p but independent of N and A.
5. Numerical experiment

In this section, we perform some numerical simulations for the SODM whose delay variable grows polynomially. Consider the
following SODM

Y = a / (Y (1) = xDY (1) = X)Ly (dx) + ay Y (1) + asw (Y (t — p)) + a,EY (1 = p) | dt + asd B, 1€ [0,T1, (5.1)
R

12
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Errort
Errort

10° 10° =
10° 10 10°
Step size Step size

(a) H=0.6 (b) H=0.7

—— EM scheme
rrrrr slope 1

Errort
Errort

10° 10°
10° 10 10° 104
Step size Step size

(c) H=0.8 (d) H=0.9

Fig. 1. Convergence rates of Z(‘g’\)’ for (5.1).

with the initial value £(0) = |0|,0 € [—p,0], where the interaction kernel ¥(-) represents the affect of an individual to each other,
and y(Y (¢ — p)) is the function of Y(tr — p). Obviously, this SODM can reflect the effects of both intrinsic memory (delay state
variable and its law) and extrinsic memory (fractional noise). For more details about such SODM, please refer to [14,43,44]. Let
ag=ay=a,=a5=1,a3=-1,p= % and w(Y(t — p)) = Y3(t — p),

sin(Y () — x| = 0.5), if [Y(t)—x| <0.5,

YY) —x|) = { -
cos(|Y(#) — x| +0.5), if |Y(#)—x|>0.5.

The assumptions are satisfied. In the subsequent numerical simulations, the values utilized are those that are initially presented in
this section, unless otherwise specified.

5.1. Convergence rates

In this subsection, we show the convergence rates of EM scheme in two ways. The numerical solution with 4 = 271 is used as
the true solution since it cannot be represented explicitly. Then the numerical simulation for the error which is defined by

1
N 2

_ |1 N, N SN 2
errorl = N max |Y, 7 (t,) Z(g,)(tk)l s (5.2)

4 llﬁkSMT ©)
i=

with T =1, N =200,p = é is implemented, where ¢ and ¢,.(r € {1,2,3,4}) mean the level of the time discretization. Here, Y(’giv is

regarded as the solution to interacting particle system (3.2) with 4 = 2719, and Z(’gl:; is the numerical solution to classical EM scheme
(4.1) with ¢, € {¢},6,,63,64} matching 4 € {2713,2714 2715 216} The errors between interacting particle system and numerical
solution are depicted in Fig. 1, from which we observe that the convergence rate is approximately 1.

To demonstrate that the convergence rate is related to the Hurst parameter H, we introduce the following piecewise linear
interpolation

t—1;

ZN0 = 2N )+ — (2N () = 2PN ), 5:3)
for any t € (ty,t;411,k =0,1,..., My — 1, where Z"N(t,) is defined in (4.1). We also simulate the true solution by using the small
step size A, = 2719, Then A = 2715,2716 217 2-18 are step sizes of the numerical solutions. The piecewise linear interpolation (5.3)
is used to get the numerical solutions Z;’N (k4,). The error w.r.t. Z ’A’N by

1

2

N
- |L p iN _ i.N 2
error2 = ~ Z{ k:rlr,l.‘.l,),(Zlg YY" (k4,) — Z,7 (kA,)| , (5.4

is calculated for Fig. 2, where YV is regarded as the true solution with 4, =27, and Z L’N is the numerical solution. From Fig. 2,
we can observe that the slope of these lines are H.

13
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Fig. 2. Convergence rates of ZZN for (5.1).
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10° . ‘ | | | |
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Fig. 3. Convergence rates for H = 0.1,0.3, 0.45,0.48, 0.5,0.52,0.55,0.7,0.9.

The reason why the convergence rates shown in Figs. 1 and 2 are different is that the Holder regularity of fBm is reflected
through piecewise linear interpolation. For more theoretical analysis on the Holder regularity of fBm, please refer to [3,45].

5.2. Convergence rates when H approaches 0.5

To visually demonstrate the convergence of the numerical solution obtained by piecewise linear interpolation when the Hurst
parameter H approaches 0.5, we plot the convergence rates corresponding to different parameters H = 0.1,0.3, 0.45,0.48,
0.5,0.52,0.55,0.7,0.9 on a figure, Fig. 3. In the simulation, the values of the parameters are the same as those for Fig. 2, so we omit
these descriptions. From Fig. 3, we can infer that the convergence rate of the EM scheme remains consistent when fBm transitions
to standard Brownian motion. Then Fig. 4 presents the corresponding pathwise behaviors of the numerical solutions for these nine
cases H =0.1,0.3, 0.45,0.48, 0.5,0.52,0.55,0.7,0.9.

5.3. Sensitivity analysis

Sensitivity analysis for the Hurst parameter H for the solution to SDE is important in many applications [46,47]. So we provide
the sensitivity analysis w.r.t. H for SODM (5.1) via numerical simulation. When H = 0.5, SODM (5.1) becomes

dY () = [ a / YY) - xDY () = OLy(dx) + a, Y () + a3w (Y (t — p) + a,EY (¢ — p) | dt + asdB,, t€[0,T], (5.5)
R

14
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Tima

(a) H=0.1 (b) H=0.3 (¢) H=0.45
(d) H=0.48 (e) H=0.5 (f) H=0.52

i

Time -

(g) H=0.55 (h) H=0.7 (i) H=0.9

Fig. 4. Paths of the numerical solutions for H = 0.1,0.3, 0.45,0.48, 0.5,0.52,0.55,0.7,0.9.

0.01 L L L L d
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Fig. 5. Regression of (5.6) against H —1/2.

with the initial value £(@), where B, is standard Brownian motion. Then the error is defined by

N N

1 PN 21 )
3=|— Y, (D - —= Y- (M|,
error N[;IH()I N§| ™)l

(5.6)

with T =1, N = 200, where Y;'IN is the solution to (5.1) used to emphasize different H. Let the numerical solutions with 4 = 2-10
be regarded as the true solutions to (5.1) and (5.5), and make other parameters be the same as before. The regression line is plotted

in Fig. 5, from which we can observe that the error (5.6) is linear w.r.t. H —0.5.

5.4. Running time

In this subsection, the numerical simulations are all performed on the computer with Intel(R) Xeon(R) CPU E5-1630 v4 3.70 GHz.
And all time units are in seconds. By [15], we know that the particle corruption means that one particle diverging can cause the
whole system to diverge, and the more particles the more likely a divergence is to occur. In order to provide numerical evidence
that the unmodified EM scheme does not experience particle corruption, we rerun each case 1000 times for the same SODM (5.1),
but with N = 500, 1000, 2000, 3000, 5000, 8000 and record the average running time, shortest running time, longest running time in

15
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Table 1
Running times in each 1000 times for different number of particles.
Number of particles 500 1000 2000 3000 5000 8000
Average running time 2.187 8.801 35.005 76.263 212.366 574.867
Shortest running time 1.692 7.519 31.040 70.447 191.270 527.285
Longest running time 3.392 9.605 38.084 85.683 239.309 619.714
Table 2
Running times for 7 =1, N = 50.
1 2 3 4 5
Tamed EM 3.953 3.609 3.593 3.684 3.712
EM 2.627 2.608 2.719 2.623 2.689
Table 3
Running times for 7 =1, N = 100.
1 2 3 4 5
Tamed EM 5.500 5.388 5.298 5.432 5.391
EM 4.590 4.388 4.318 4.044 4.365
Table 4
Running times for 7 =2, N = 50.
1 2 3 4 5
Tamed EM 3.671 3.595 3.699 3.650 3.614
EM 2.655 2.608 2.776 2.674 2.559
Table 5
Running times for 7 =2, N = 100.
1 2 3 4 5
Tamed EM 5.298 5.199 5.582 5.443 5.312
EM 4.519 4.452 4.436 4.605 4.208

Table 1. Let T = 2,4 = 0.05 and other parameters are the same as before. In the simulation, if the particle corruption occurs, the
simulation will stop and report an error; otherwise, it runs until 7 = 2. From Table 1, we can infer that no particle corruption occurs
in 6000 numerical simulations, even if the delay variable grows polynomially.

Next, we use the tamed EM scheme investigated in [15] as a comparison object to illustrate the efficiency advantage of the

unmodified EM scheme. The tamed drift coefficient is defined as a,(x;,x,, 1, #p) = W Let A=2"10T = 1,2,N =
1:X2:H1:H2)

50,100 and other parameters are the same as before. The five simulations are performed for each case and the corresponding
running times are shown in Tables 2-5. We can find that the unmodified EM scheme requires less time than the tamed one.
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