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In this paper, we present an approach to characterising self-similar fast-reaction 
limits of systems with nonlinear diffusion. For appropriate initial data, in the fast
reaction limit k → ∞, spatial segregation results in the two components of the 
original systems converging to the positive and negative parts of a self-similar limit 
profile f(η), where η = x √

t
, that satisfies one of four ordinary differential systems. 

The existence of these self-similar solutions of the k → ∞ limit problems is proved 
by using shooting methods which focus on a, the position of the free boundary 
which separates the regions where the solution is positive and where it is negative, 
and γ, the derivative of −φ(f) at η = a. The position of the free boundary gives us 
intuition about how one substance penetrates into the other, and for specific forms 
of nonlinear diffusion, the relationship between the given form of the nonlinear 
diffusion and the position of the free boundary is also studied.

© 2025 The Authors. Published by Elsevier Inc. This is an open access article 
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

In this paper, we will study the self-similar characterisation of two pairs of problems, one on the 
half-line and the other one on the whole real line. The first pair of problems, on the half-strip ST =
{(x, t) : 0 ≤ x < ∞, 0 < t < T} and with both ε > 0 and ε = 0, are

⎧⎪⎪⎨⎪⎪⎩
wt = D(w)xx, (x, t) ∈ (0,∞) × (0, T ),

w(x, 0) = w0(x) := −V0, for x > 0,

w(0, t) = U0, for t ∈ (0, T ),

(1.1)

where the function D is defined as
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D(s) :=
{
φ(s) s ≥ 0,

− εφ(−s) s < 0.
(1.2)

The function φ ∈ C3(R) and φ′ are assumed to be strictly increasing with

φ(s) > 0 as s > 0 and φ′(s) = φ(s) = 0 when s = 0. (1.3)

We will also require that φ satisfies

1 ˆ

0 

φ′(f)
f

df < ∞ and
∞ ˆ

1 

φ′(f)
f

df = ∞. (1.4)

The function D arises from the k → ∞ limit of the following reaction diffusion systems that have been 
studied in [4], ⎧⎪⎪⎪⎨⎪⎪⎪⎩

ut = φ(u)xx − kuv, (x, t) ∈ (0,∞) × (0, T ),
vt = εφ(v)xx − kuv, (x, t) ∈ (0,∞) × (0, T ),
u(0, t) = U0, εφ(v)x(0, t) = 0, for t ∈ (0, T ),
u(x, 0) = uk

0(x), v(x, 0) = vk0 (x), for x ∈ R+.

(1.5)

Here, u and v represent concentration of two substances and k is the positive rate constant of the reaction. 
As in [5], the initial data for the limiting self-similar solutions are defined as

u∞
0 =

{
U0 x = 0,
0 x > 0,

v∞0 =
{

0 x = 0,
V0 x > 0,

where U0 and V0 are positive constants.

From [4], we see that the limits u of uk and v of vk segregate, given by the positive and negative parts 
respectively of a function w. It is shown in [4], by using a strategy inspired by [11], that w is the unique 
weak solution of (1.5),

u = w+ and v = −w−,

where s+ = max{0, s} and s− = min{0, s}. Here we prove that the limit function w satisfies one of two 
self-similar problems, depending on whether ε > 0 or ε = 0. In each case, a function f : R+ → R describes a 
self-similar limit solution such that w(x, t) = f(η) where η = x/

√
t for (x, t) ∈ ST . There is a free boundary 

at η = a with f(η) > 0 when η < a and f(η) < 0 when η > a and the self-similar solution f(η) satisfies the 
boundary conditions f(a) = 0 and

γ := − lim 
η↗a

φ′(f(η))f ′(η). (1.6)

When ε > 0, the existence of self-similar solutions is proved in Section 3 by using a two-parameter shooting 
methods focusing on a and γ. When ε = 0, the free boundary condition at η = a yields a specific form for 
γ, namely

γ = aV0

2 
,
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and the existence of self-similar solutions is proved in Section 4 by a one-parameter shooting argument, 
since γ depends on a.

The second pair of problems on the strip QT = {(x, t) : x ∈ R, 0 < t < T} with D from (1.2) and with both 
ε > 0 and ε = 0, are ⎧⎪⎪⎨⎪⎪⎩

wt = D(w)xx, in QT ,

w(x, 0) = w0(x) :=
{

U0, if x < 0,

−V0, if x > 0.

(1.7)

The function D and the initial condition come from the k → ∞ limit problems of⎧⎪⎨⎪⎩
ut = φ(u)xx − kuv, (x, t) ∈ R× (0, T ),
vt = εφ(v)xx − kuv, (x, t) ∈ R× (0, T ),
u(x, 0) = uk

0(x), v(x, 0) = vk0 (x), for x ∈ R,

(1.8)

where we define, as in [5] that

u∞
0 =

{
U0 x < 0,
0 x > 0,

v∞0 =
{

0 x < 0,
V0 x > 0,

with U0, V0 positive constants and k as in (1.5).

We use arguments similar to those in half-line case to prove the existence of a self-similar solution of (1.7). 
If ε > 0, we may have a < 0, a = 0 and a > 0 where f(a) = 0, since a is not necessarily positive in the 
whole-line case.

We take advantage of various ideas from earlier work on self-similar solutions for nonlinear diffusion problems 
and discuss briefly two previous papers [1,3] here. Let k(s) be continuous with k(0) = 0 and k(s) > 0 as 
s > 0. We introduce the notation k(s) for ease of comparison with [1,3], but, k clearly plays the same role 
as φ′ plays here. Then the solutions of the nonlinear diffusion equation ut = (k(u)x)x can be studied in 
self-similar form u(x, t) = f(η) where η = x/

√
t, and f satisfies the equation

(k(f)f ′)′ + 1
2ηf

′ = 0. (1.9)

In [1], Atkinson and Peletier proved the existence and uniqueness of a self-similar solution f(η) which 
satisfies (1.9) for 0 < η < a, where a > 0, under the boundary conditions f(0) = U , lim 

η→a
f(η) = 0 and 

lim 
η→a

k(f(η))f ′(η) = 0. They consider two cases in describing the dependence of a and U ,

A.

∞ ˆ

1 

k(s)
s 

ds = ∞ and B.

∞ ˆ

1 

k(s)
s 

ds < ∞.

They found that as U → ∞, a = a(U) tends to infinity in Case A whereas a(U) tends to a finite limit in 

Case B. Here, we only consider the case when 

∞ ˆ

1 

k(s)
s 

ds = ∞. The proof in [1] depends on a discussion 

of the function b(a), which is defined as the value at η = 0 of the solution f(η) = f(η; a) of (1.9) with 
boundary conditions lim 

η→a
f(η) = 0 and lim 

η→a
k(f(η))f ′(η) = 0. A similar problem in an unbounded interval 
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0 < η < ∞ with boundary conditions f(0) = U and lim 
η→∞

f(η) = 0 is studied in [3] by Craven and Peletier. 
Note that in [3], f(η) > 0 for all η > 0. [3] proved the existence and uniqueness of a weak solution by a 
shooting method where the initial value problem f(0) = U , f ′(0) = β is considered. We will adapt ideas of 
studying the function b(a) from [1] and shooting methods from [3] to prove existence of self-similar solutions 
in this paper.

Note that [1,3] treated a single equation where the solutions were always non-negative. In this paper, we 
have sign-changing solutions since the free boundary separates regions where the solutions are positive and 
where the solutions are negative. Here, our self-similar solutions satisfy a certain equation when they are 
positive, and a different equation where they are negative. We exploit ideas from [1,3] to investigate our 
self-similar limit problems that involve these two equations.

We will study the existence of a solution f that satisfies (2.11) with given boundary conditions by splitting 
it into two parts: η < a where f(η) is positive, and η > a where f(η) is negative. Then we will discuss the 
existence and properties of lim 

η→0
f(η) and lim 

η→∞
f(η). These results will be used to study b(a, γ), the value at 

η → 0 of the solution f(η) = f(η; a, γ), and d(a, γ), the value at η → ∞ of the solution f(η) = f(η; a, γ), 
where γ as in (1.6), and also to implement a two-parameter shooting method.

This paper is organised as follows. In Section 2, the limit problem (1.1) is characterised as a self-similar 
solution of the problem first in Theorem 2.4 when ε > 0, and then in Theorem 2.9 when ε = 0. Section 3
focuses on properties of the parameters a and γ in the study of the self-similar solution f , and proves 
some preliminary results that are useful in deducing existence of self-similar solutions. The existence of 
self-similar solutions when ε ≥ 0 is proved in Section 3.5 and Section 4. Section 5 contains the whole-line 
counterparts of the study of the half-line problem in Sections 2-4. In Section 6, we also consider a specific 
family of φ′(f) = fm−1 where m ∈ N, m ≥ 2 is a constant, and investigate how the free boundary position 
a is affected by m. Note that with fixed U0, V0, there exists a unique self-similar solution which determines 
a and γ. We prove some further results under the additional condition that U0 < 1. In particular, if ε = 0, 
we find that if m1 > m2, then am1 < am2 which is proved in Theorem 6.2. This result indicates that when 
m gets smaller, one substance penetrates into the other faster, which can also be seen from the numerical 
result in [7].

Self-similar solutions for problems with nonlinear diffusion have attracted interest in a variety of different 
contexts in recent years. For example, in [13], Iagar and Sanchez established existence and uniqueness of a 
particular unbounded self-similar solution for the reaction-diffusion equation with Hardy singular potential 
via a change of variables and a careful phase space analysis. They also study self-similar solutions of both the 
porous medium equation and the evolution p-Laplacian equation in very fast diffusion case in [14]. Similar 
problems are investigated in [15], where Iagar, Sanchez and Vazquez derive the existence of new self-similar 
solutions for the evolution p-Laplacian equation using an explicit correspondence with the porous medium 
equation.

Acknowledgement The authors thank the referee for their careful reading of the manuscript and helpful 
comments. Funding from the grant EPSRC EP/W522545/1 is gratefully acknowledged. This paper is based 
on part of the PhD thesis of Yini Du at Swansea University. 

Open Access Statement For the purpose of Open Access, the authors have applied a CC BY license to any 
Author Accepted Manuscript (AAM) version arising from this submission.

2. Half-line case: preliminaries

First, we give the definition of the weak solution of problem (1.1). Note that the uniqueness of the weak 
solution of (1.1) is proved in [4].
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Definition 2.1. A function w is a weak solution of (1.1) if

(i) w ∈ L∞(ST ),
(ii) D(w) ∈ D(ŵ)+L2(0, T ;W 1,2

0 (R+)), where ŵ ∈ C∞(R+) is a smooth function with ŵ = U0 when x = 0
and ŵ = −V0 when x > 1,

(iii) w satisfies
ˆ

R+

w0(x)ξ(x, 0)dx +
¨

ST

wξtdxdt =
¨

ST

D(w)xξxdxdt (2.1)

for all ξ ∈ FT :=
{
ξ ∈ C1(ST ) : ξ(0, t) = ξ(·, T ) = 0 for t ∈ (0, T ) 

and supp ξ ⊂ [0, J ] × [0, T ] for some J > 0}.

We state a free-boundary problem, including interface conditions, that is satisfied by the solution w of (1.1) 
under some additional regularity assumptions and conditions on the form of the free boundary. Note that, 
of course, it is not immediately clear a priori that these assumptions will necessarily be satisfied for weak 
solutions defined in Definition 2.1, or that w will be defined everywhere and continuous at least away from 
the free boundary. But it will be shown later that the unique weak solution of (1.1) has self-similar form 
with sufficient regularity for Theorem 2.2 to apply. The following result follows from a similar approach to 
that of [12, Theorem 5]. We sketch the key points here, focusing on the parts where our problem needs a 
slightly different argument.

Theorem 2.2. Let w be the unique weak solution of problem (1.1). Suppose that there exists a function 
β : [0, T ] → R+ such that for each t ∈ [0, T ],

w(x, t) > 0 if x < β(t) and w(x, t) < 0 if x > β(t).

Then if t 	→ β(t) is sufficiently smooth and the functions u := w+ and v := −w− are smooth up to β(t), the 
functions u, v satisfy⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ut = φ(u)xx, in (x, t) ∈ ST : x < β(t),

vt = εφ(v)xx, in (x, t) ∈ ST : x > β(t),

〈φ(u)〉 = ε〈φ(v)〉 = 0, on ΓT := {(x, t) ∈ ST : x = β(t)} ,
〈v〉β′(t) = 〈φ(u)x − εφ(v)x〉, on ΓT := {(x, t) ∈ ST : x = β(t)} ,
u = U0, on {0} × [0, T ],

u(·, 0) = u∞
0 (·), v(·, 0) = v∞0 (·), in R+,

(2.2)

where 〈·〉 denotes the jump across β(t) from {x < β(t)} to {x > β(t)},

〈α〉 := lim 
x↘β(t)

α(x, t) − lim 
x↗β(t)

α(x, t),

and β′(t) denotes the speed of propagation of the free boundary β(t).

Proof. We recall that (u, v) satisfies
¨

ST

(u− v)ξtdxdt +
ˆ

R+

(u∞
0 − v∞0 )ξ(x, 0)dx =

¨

ST

(φ(u) − εφ(v))xξxdxdt,
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for all ξ ∈ FT , from which we have

〈−u + v〉β′(t) + 〈−φ(u)x + εφ(v)x〉 = 0 on ΓT := {(x, t) ∈ ST : x = β(t)} . (2.3)

Now we know that D(w) is a continuous function of x for almost every t ∈ [0, T ], since D(w) ∈ D(ŵ) +
L2(0, T ;W 1,2(R+)) by Definition 2.1 (ii). So 〈D(w)〉 = 0, which implies

− lim 
x↘β(t)

εφ(−w−) − lim 
x↗β(t)

φ(w+) = − lim 
x↘β(t)

εφ(v) − lim 
x↗β(t)

φ(u) = 0.

Therefore we get

〈φ(u)〉 = ε〈φ(v)〉 = 0. (2.4)

Moreover, since φ ∈ C3(R) is strictly increasing, u(·, t) is continuous across β(t) and if ε > 0, v(·, t) is also 
continuous across β(t), so that

〈u〉 = 0 if ε ≥ 0, (2.5)

〈v〉 = 0 if ε > 0. (2.6)

Then (2.3) and the fact that 〈u〉 = 0 imply that

〈v〉β′(t) = 〈φ(u)x − εφ(v)x〉, on ΓT . � (2.7)

The following two limit problems are obtained by interpreting the interface conditions on β(t).

Corollary 2.3. Let w and β : [0, t] → R+ satisfy the hypotheses of Theorem 2.2. Then the functions u := w+, 
v := −w− satisfy one of limit problems depending on whether ε > 0 or ε = 0. If ε > 0, then

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ut = φ(u)xx, in {(x, t) ∈ ST : x < β(t)} ,
v = 0, in {(x, t) ∈ ST : x < β(t)} ,
vt = εφ(v)xx, in {(x, t) ∈ ST : x > β(t)} ,
u = 0, in {(x, t) ∈ ST : x > β(t)} ,

lim 
x↗β(t)

u(x, t) = 0 = lim 
x↘β(t)

v(x, t) for each t ∈ [0, T ],

lim 
x↗β(t)

φ[u(x, t)]x = −ε lim 
x↘β(t)

φ[v(x, t)]x for each t ∈ [0, T ],

u = U0, on {0} × [0, T ],

u(·, 0) = u∞
0 (·), v(·, 0) = v∞0 (·), in R+,

(2.8)

whereas if ε = 0 and we suppose additionally that β(0) = 0 and t 	→ β(t) is a non-decreasing function, then
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ut = φ(u)xx, in {(x, t) ∈ ST : x < β(t)} ,
v = 0, in {(x, t) ∈ ST : x < β(t)} ,
v = V0, in {(x, t) ∈ ST : x > β(t)} ,
u = 0, in {(x, t) ∈ ST : x > β(t)} ,

lim 
x↗β(t)

u(x, t) = 0 for each t ∈ [0, T ],

V0β
′(t) = − lim 

x↗β(t)
φ[u(x, t)]x for each t ∈ [0, T ],

u = U0, on {0} × [0, T ],

u(·, 0) = u∞
0 (·), v(·, 0) = v∞0 (·), in R+,

(2.9)

where β′(t) denotes the speed of propagation of the free boundary β(t).

Proof. We have 〈u〉 = 0 from (2.5). From (2.6), we know that if ε > 0, 〈v〉 = 0, whereas if ε = 0, v(·, t)
jumps across β(t). The fact that vt = 0 in {(x, t) ∈ ST : x > β(t)} together with the initial condition that 
v∞0 (x) = V0 if x > 0 give the result that v(x, t) = V0 for all x ≥ β(t), since β(0) = 0 and t 	→ β(t) is a 
non-decreasing function. It follows that if ε = 0,

〈v〉 = V0 − 0 = V0 for all t ∈ [0, T ].

The normal derivative condition (2.7) implies that if ε > 0, then 〈φ(u)x − εφ(v)x〉 = 0, so that

lim 
x↗β(t)

φ[u(x, t)]x = −ε lim 
x↘β(t)

φ[v(x, t)]x.

On the other hand, if ε = 0, then

V0β
′(t) = − lim 

x↗β(t)
φ(u)x. �

Next we will prove that if we have a self-similar solution of (2.11), then it is a weak solution of (1.1) in the 
sense of Definition 2.1 and then prove the existence of the self-similar solution of (2.11) by a two-parameter 
shooting method in Section 3.5.

Theorem 2.4. The unique weak solution w of problem (1.1) with ε > 0 has a self-similar form. There exists 
a function f : R+ 	→ R and a constant a ∈ R+ such that

w(x, t) = f

(
x √
t

)
, (x, t) ∈ ST and β(t) = a

√
t, t ∈ [0, T ].

Denoting η = x √
t
, the function f satisfies

f(η) > 0 if η < a, f(η) < 0 if η > a, (2.10)

and the system
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− 1
2ηf

′(η) = [φ′(f(η))f ′(η)]′, if η < a,

− 1
2ηf

′(η) = [εφ′(−f(η))f ′(η)]′, if η > a,

f(0) = U0, lim 
η→∞

f(η) = −V0,

lim 
η↗a

f(η) = 0 = − lim 
η↘a

f(η),

lim 
η↗a

φ′(f(η))f ′(η) = ε lim 
η↘a

φ′(−f(η))f ′(η),

(2.11)

where a prime denotes differentiation with respect to η.

Proof. We know from [4, Lemma 4.7] that if w(x, t) = f( x √
t
) is a weak solution of (1.1), then it is unique. 

We therefore need to show that a solution to (2.11) exists, which will be postponed to Section 3.3, and that 
if f satisfies (2.11), then it is a weak solution of (1.1), that is, it satisfies Definition 2.1. The weak solution 
of (1.1) satisfies

¨

ST

wξtdxdt−
¨

ST

D(w)xξxdxdt = V0

ˆ

R+

ξ(x, 0)dx,

where ξ ∈ FT . If we write w(x, t) = f( x √
t
), then since ξ(·, T ) = 0, with simple calculations we can prove that 

f satisfies Definition 2.1 (iii). By some calculations which use the properties of f shown in Lemmas 2.5-2.8
below, it can be shown that φ(U0) − φ(f) ∈ L2((0, a)), φ(V0) − φ(−f) ∈ L2((a,∞)) and −(φ(−f))′ ∈
L2((a,∞)), see [6] for details. It therefore follows that if f satisfies (2.11), then by changing variables, it 
satisfies Definition 2.1 (ii), that is

D(f) ∈ D(ŵ) + L2(0, T ;W 1,2
0 (R+)).

Hence f satisfies Definition 2.1. It remains to prove the existence of solution of Problem (2.11), which is 
done in Theorem 3.18 below. �
Recall from (1.6) that

γ := − lim 
η↗a

φ′(f(η))f ′(η).

Note that it follows from the free boundary condition of Problem (2.11) that

γ = −ε lim 
η↘a

φ′(−f(η))f ′(η) when ε > 0.

We next prove a collection of properties of f that are both needed in the proof of Theorem 2.4 and useful 
later. First, we prove the monotonicity of f .

Lemma 2.5. Suppose ε > 0. If f satisfies (2.10) and (2.11), then f ′(η) < 0 for all η �= a.

Proof. Suppose f is not monotonic, then there exists η0 �= a such that f ′(η0) = 0, denote f0 := f(η0) �= 0. 
Consider the case η0 < a and f0 > 0. Then defining the function g : (−∞, a) → R+ by

g(η) = f0 , for all η ∈ (−∞, a),

we have that for η < a, g satisfies
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−1
2ηg

′(η) = [φ′(g(η))g′(η)]′

g(η0) = f0, g′(η0) = 0,

but also

−1
2ηf

′(η) = [φ′(f(η))f ′(η)]′, (2.12)

f(η0) = f0, f ′(η0) = 0.

Now setting h := f ′, the problem (2.12) can be re-written as the first-order system

f ′(η) = h(η), (2.13)

h′(η) = − 1 
φ′(f(η))

[
1
2ηh(η) + φ′′(f(η))(h(η))2

]
,

with the conditions f(η0) = f0, h(η0) = 0. Since φ ∈ C3 and φ′(f) > 0 whenever f > 0, the right-hand 
side of (2.13) is continuous in η and C1 in h, and so by Picard’s Theorem, there exists a unique solution 
of (2.12) in a neighbourhood of η0. Hence f = g for η in a neighbourhood of η0, and thus, repeating the 
argument, for all η < a. But this contradicts the boundary conditions in (2.11). A similar argument yields 
a contradiction if η0 > a and f0 < 0. 

So for η �= a, f ′(η) �= 0, and hence f ′(η) < 0 by the boundary conditions in (2.11). �
We prove next that γ defined in (1.6) is strictly positive when ε > 0. In fact, γ is also strictly positive when 
ε = 0, see Corollary 2.10.

Lemma 2.6. Suppose ε > 0. Let f be a solution of (2.11), then γ > 0.

Proof. If γ ≤ 0, then integrating the equation for η > a in (2.11) from a to η yields

−1
2

ηˆ

a 

sf ′(s)ds = εφ′(−f(η))f ′(η) + γ. (2.14)

The left-hand side of (2.14) is positive since f ′ < 0 by Lemma 2.5 whereas the right-hand side of (2.14) is 
negative since f ′ < 0, φ′(−f) > 0, and γ ≤ 0. Therefore, it follows that γ > 0 by the contradiction. �
Now we prove some further properties of f ′.

Lemma 2.7. Suppose ε > 0. If f satisfies (2.11), then for η > a, f ′ is monotonically increasing in η.

Proof. The results follow from the equation for f when η > a

−1
2ηf

′(η) = −εφ′′(−f(η))(f ′(η))2 + εφ′(−f(η))f ′′(η).

The left-hand side is positive since 0 < a < η and the first term of right-hand side is negative, because φ′

is assumed to be strictly increasing and hence φ′′ ≥ 0. Therefore f ′′ must be positive. �
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Lemma 2.8. Suppose ε > 0. If f satisfies (2.11), then we have for η > a

−f ′(η) ≤ 4γ 
η2 − a2 , (2.15)

and hence, in particular,

lim 
η→∞

f ′(η) = 0. (2.16)

Proof. Integrating the equation of f for η > a from a to η, we have

−1
4f

′(η)(η2 − a2) ≤ −1
2

ηˆ

a 

sf ′(s)ds = εφ′(−f(η))f ′(η) + γ ≤ γ,

since f ′ < 0 is increasing, φ′(f) > 0, and the right-hand side is positive. Therefore we obtain

−f ′(η) ≤ 4γ 
η2 − a2 .

If we choose η > a + 1 then

−f ′(η) < 4γ 
2η − 1 , (2.17)

which vanishes as η → ∞. �
Similarly, we can prove that if we have a self-similar solution of (2.18) when ε = 0, then it is a weak 
solution of (1.1) in the sense of Definition 2.1, the existence of the self-similar solution is proved by using 
one-parameter shooting in Theorem 4.3.

Theorem 2.9. The unique weak solution w of problem (1.1) with ε = 0 has a self-similar form. There exists 
a function f : R+ 	→ R+ and a constant a ∈ R+ such that

w(x, t) = f

(
x √
t

)
, (x, t) ∈ ST and β(t) = a

√
t, t ∈ [0, T ].

Denoting η = x √
t
, the function f satisfies

f(η) > 0 if η < a,

and the system ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− 1
2ηf

′(η) = [φ′(f(η))f ′(η)]′, if η < a,

f(η) = −V0, if η > a,

f(0) = U0,

lim 
η↗a

f(η) = 0,

lim 
η↗a

φ′(f(η))f ′(η) = −aV0

2 
,

(2.18)

where a prime denotes differentiation with respect to η.
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Proof. When ε = 0, we can only consider f for η < a, since f(η) = −V0 for η > a. The proof of the fact that 
a solution of (2.18) yields a weak solution of (1.1) is similar to the proof of Theorem 2.4 and the existence 
of solution for problem (2.18) is proved in Theorem 4.3 below by a shooting method. �
The following corollary follows from the fact that γ = aV0

2 
when ε = 0, which is a direct consequence of the 

free boundary conditions in (2.18).

Corollary 2.10. Suppose ε = 0. Let f be a solution of (2.18), then γ = aV0

2 
is positive.

3. Half-line case: self-similar solutions with ε > 0

In this section, we will prove the existence of the self-similar solution by splitting the proof into two 
parts: η < a where f(η) > 0, and η > a where f(η) < 0. We will discuss the existence and properties of 
lim 
η→0

f(η) and lim 
η→∞

f(η) and then use a two parameter shooting argument with parameters a and γ.
First we consider f that satisfies the equation

−1
2ηf

′(η) = [φ′(f(η))f ′(η)]′, 0 < η < a. (3.1)

At the boundaries we seek a solution that satisfies

f(0) = U0, (3.2)

lim 
η↗a

f(η) = 0, lim 
η↗a

φ′(f(η))f ′(η) = −γ. (3.3)

3.1. Solution in left-neighbourhood of η = a

We start by proving the local existence of a positive solution of (3.1) in a left-neighbourhood of η = a, 
which satisfies the boundary conditions (3.3).

Lemma 3.1. Suppose a > 0 and choose a1 < a. If f satisfies (3.1) and the boundary conditions (3.3), then

f(a1)ˆ

0 

φ′(f) 
2γ
a + f

df ≤ 1
2a

2. (3.4)

Proof. This follows from a similar argument to that in the proof of [1, Lemma 3]. Integration of (3.1) from 
η to a gives

|φ′(f(η))f ′(η)| ≤ γ − 1
2a

a ˆ

η

f ′(s)ds,

since a > 0 and f ′ < 0 by Lemma 2.5. Thus for any a2 such that a1 < a2 < a, we have

f(a1)ˆ

f(a2)

φ′(f) 
2γ
a + f

df ≤ 1
2(a2 − a1) ≤

1
2a

2.

Then the result follows by letting a2 tends to a.
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Note that here we have an extra positive term 2γ
a on the denominator, which makes the proof easier than 

in [1], which corresponds to γ = 0. �
In the following, we prove the existence and uniqueness of the local solution by using a method inspired 

by [1, Lemmas 4 and 5].

Lemma 3.2. For given a and γ, there exists δ > 0 such that for η ∈ (a − δ, a), equation (3.1) has a unique 
solution which is positive and satisfies the boundary condition (3.3).

Proof. It is convenient to start by supposing that such a solution exists in a left-neighbourhood of η = a. 
Integrating (3.1) from η to a, we have

1 
f ′(η) = 2φ′(f) ´ a

η
sf ′(s)ds− 2γ

. (3.5)

Since f is monotonic, with non-vanishing derivative, we can treat η as a function of f , writing η = σ(f). 
Then (3.5) takes the form

dσ
df = −2φ′(f) ´ f

0 σ(s)ds + 2γ
,

and σ(f) is a solution of this integro-differential equation which satisfies the initial condition σ(0) = a and 
is defined and continuous on an interval [0, f̂ ] for some f̂ > 0 and continuously differentiable on (0, f̂). An 
integration gives

σ(f) = a− 2
f̂

0 

φ′(θ) ´ θ

0 σ(s)ds + 2γ
dθ, (3.6)

and if we set

τ(f) = 1 − σ(f)
a 

= 1 − η

a 
, (3.7)

then (3.6) becomes

τ(f) = 2a−2
f̂

0 

φ′(θ) ´ θ

0 [1 − τ(s)]ds + 2γ
a 

dθ. (3.8)

If the solution of (3.8) is unique, the corresponding solution of equation (3.1) is also unique.
Now we prove (3.8) has a unique solution on [0, μ] for some μ > 0.

Lemma 3.3. There exists μ > 0 such that (3.8) has a unique continuous solution in 0 ≤ f ≤ μ, which is 
such that τ(0) = 0 and τ(f) > 0 if 0 < f ≤ μ.

Proof. With μ to be chosen later, we denote by X the set of continuous functions τ(f) defined on [0, μ], 
satisfying 0 ≤ τ(f) ≤ 1

2 . We denote by ‖ ⬝ ‖ the supremum norm on X. Then X is a complete metric space. 
On X we introduce the map
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M(τ)(f) = 2a−2
f̂

0 

φ′(θ) ´ θ

0 [1 − τ(s)]ds + 2γ
a 

dθ ≤ 4a−2
μ ˆ

0 

φ′(θ) 
θ + 4γ

a 
dθ.

It is clear that M(τ)(f) is well-defined, non-negative and continuous. Moreover, M(τ)(f) ≤ 1
2 if

4a−2
μ ˆ

0 

φ′(θ) 
θ + 4γ

a 
dθ ≤ 1

2 . (3.9)

Therefore, if μ is chosen small enough that (3.9) is satisfied, M maps X into itself.
We also wish to ensure that M is a contraction map. Let τ1, τ2 ∈ X, we have

‖M(τ1) −M(τ2)‖ ≤2a−2
f̂

0 

φ′(θ)
´ θ

0 |τ1(s) − τ2(s)|ds {´ θ

0 [1 − τ1(s)]ds + 2γ
a 

}{´ θ

0 [1 − τ2(s)]ds + 2γ
a 

}
≤8a−2

μ ˆ

0 

φ′(θ) θ(
θ + 4γ

a 
)2 dθ ‖τ1 − τ2‖

≤8a−2
μ ˆ

0 

φ′(θ) 
θ + 4γ

a 
dθ ‖τ1 − τ2‖,

and it follows that M is a contraction map if

8a−2
μ ˆ

0 

φ′(θ) 
θ + 4γ

a 
dθ < 1.

This constitutes our second restriction on μ, it clearly implies the first one, (3.9). The result now follows 
from the standard fixed-point principle [8]. �
This concludes the proof of Lemma 3.2. �
For any a > 0, the unique positive solution f(η), defined in a left-neighbourhood of η = a, which satisfies 
the boundary conditions (3.3), may be uniquely continued backward as a function of η. By Lemma 2.5, 
it will increase monotonically as η decreases. There are then two possibilities, either the solution can be 
continued back to η = 0, or else we have f(η) → ∞ as η decreases towards some non-negative value. We 
now show that the solution can indeed be continued back to η = 0. Note that the following result uses the 
condition (1.4).

Lemma 3.4. For any given a, γ, the unique local solution of equation (3.1) in Lemma 3.2 can be continued 
back to η = 0.

Proof. Suppose 0 ≤ a1 < a and f(η) → ∞ as η → a1. If there exist a2 ∈ (a1, a) is such that f(a2) > 2γ
a , 

then we have from (1.4) that

∞ ˆ

f(a2)

φ′(f) 
f + 2γ

a 
df >

1
2

∞ ˆ

f(a2)

φ′(f)
f

df = ∞. (3.10)
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But the boundedness of the integral from (3.4), together with (3.10), implies the boundedness of f(a1).
Now consider a1 ≤ η ≤ a− δ for δ > 0. Integrating (3.1) from η to a− δ yields

−f ′(η) = 1 
φ′(f(η))

⎛⎝γ − 1
2(a− δ)f(a− δ) + ηf(η) +

a−δˆ

η

f(s)ds

⎞⎠ ,

which implies for some constant C that −f ′(η) ≤ C for η ≤ a− δ. It follows from [2, Theorem 1.186] that 
the solution can be continued back to η = 0. �
3.2. Properties of b(a, γ)

Define

b(a, γ) = lim 
η→0

f(η; a, γ),

where γ := − lim 
η↗a

φ′(f(η))f ′(η) with γ > 0. The following discussions on b(a, γ) are used in proving existence 

of self-similar solution by shooting from η = a with a given choice of γ, the derivative of φ(f) at η = a, 
back to lim 

η→0
f(η; a, γ).

Lemma 3.5. b(a, γ) has the following properties with fixed a:

(i) b(a, γ) is strictly monotonically increasing in γ;
(ii) b(a, γ) is a continuous function of γ and the Lipschitz constant is uniform in γ ∈ [γ0, γ3], where 

0 ≤ γ0 ≤ γ3;
(iii) lim 

γ→∞
b(a, γ) = ∞.

Proof. Our strategy is inspired by [1], but here we consider the value of f at η = 0 as a function of both a
and γ, and study the dependence of b(a, γ) on γ.

(i) Denote fγi
= f(η; a, γi). Let fγ1 and fγ2 be positive solutions satisfying (3.1), (3.3) corresponding 

to γ = γ1, γ = γ2. Suppose b(a, γ) is not strictly monotonically increasing in γ. Then it is possible to find 
γ1 > γ2 such that b(a, γ1) ≤ b(a, γ2) and η0 ∈ [0, a) such that fγ1(η0) = fγ2(η0) and fγ1 > fγ2 on (η0, a), we 
denote f̄ := fγ1(η0) = fγ2(η0).

Integrating the equation (3.1) for fγ1 and fγ2 from η0 to a and obtain,

1
2η0f̄ + 1

2

a ˆ

η0

fγ1(s)ds = −γ1 − φ′(f̄)f ′
γ1

(η0), (3.11)

1
2η0f̄ + 1

2

a ˆ

η0

fγ2(s)ds = −γ2 − φ′(f̄)f ′
γ2

(η0). (3.12)

Subtract (3.12) from (3.11) gives

1
2

a ˆ

η0

(fγ1(s) − fγ2(s))ds = (γ2 − γ1) + φ′(f̄)[f ′
γ2

(η0) − f ′
γ1

(η0)].
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Since fγ1 > fγ2 on (η0, a), the left-hand side is positive. The right-hand side is negative because f ′
a2

(η0) ≤
f ′
a1

(η0) at η0 and γ2 < γ1. We therefore have a contradiction, and the function b(a, γ) must be strictly 
monotonically increasing in γ.

(ii) Let 0 < γ0 ≤ γ1 < γ2 ≤ γ3. Recall the function τ(f) from Lemma 3.2 and set τ(f) = τ(f ; γi) = τi, 
where i = 1, 2. Then

|τ(f ; γ1) − τ(f ; γ2)| = 2a−2

∣∣∣∣∣∣
f̂

0 

φ′(θ)
{´ θ

0 [τ1(s) − τ2(s)]ds + 2γ2
a − 2γ1

a 

}
{´ θ

0 [1 − τ1(s)]ds + 2γ1
a 

}{´ θ

0 [1 − τ2(s)]ds + 2γ2
a 

}dθ

∣∣∣∣∣∣ .
Consider the function

L(θ; γ) =
(
θ + 2γ

a 

)−1
⎧⎨⎩

θˆ

0 

[1 − τ(s; γ)]ds + 2γ
a 

⎫⎬⎭ , 0 < θ ≤ b(a, γ).

Now L(θ; γ) is a monotonically decreasing function of θ because

∂L(θ; γ)
∂θ 

= 1 (
θ + 2γ

a 
)2
⎡⎣ θˆ

0 

τ(s; γ) ds− τ(θ; γ)
(
θ + 2γ

a 

)⎤⎦ ≤ − 2γ τ(θ; γ) 
a
(
θ + 2γ

a 
)2 < 0,

since it follows from (3.8) and the fact that φ′ > 0 that τ(f ; γ) is an increasing function of f , and hence ´ θ

0 τ(s; γ) ds ≤ θ τ(θ; γ). Moreover, L → 1 as θ → 0. Therefore, when 0 < θ ≤ b(a, γ)

L[b(a, γ); γ] ≤ L(θ; γ) ≤ 1.

We can now write

|τ(f ; γ1) − τ(f ; γ2)| ≤ A(γ2 − γ1) + B

f̂

0 

φ′(θ) 
θ + 2γ1

a 
max 

0≤s≤θ
|τ(s; γ1) − τ(s; γ2)|dθ,

where

A = 16a−1γ−2
0 φ(b(a, γ3)) {L[b(a, γ1); γ1]}−1 {L[b(a, γ2); γ2]}−1

,

B = 2a−2 {L[b(a, γ1); γ1]}−1 {L[b(a, γ2); γ2]}−1
,

and if we set ω(f) = max 
0≤θ≤f

|τ(θ; γ1) − τ(θ; γ2)|, then

ω(f) ≤ A(γ2 − γ1) + B

f̂

0 

φ′(θ) 
θ + 2γ1

a 
ω(θ)dθ.

Define the function

M(γ) := L[b(a, γ); γ].

Then
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M(γ) = (a b(a, γ) + 2γ)−1

⎡⎣ a ˆ

0 

f(p) dp + 2γ

⎤⎦ ,

since, by the definition of τ in (3.7),

b(a,γ)ˆ

0 

a[1 − τ(s, γ)] ds = 

b(a,γ)ˆ

0 

σ(s, γ) ds =
0 ˆ

a 

pf ′(p) dp =
a ˆ

0 

f(p) dp,

and hence

L[b(a, γ); γ] = (a b(a, γ) + 2γ)−1

⎡⎢⎣ b(a,γ)ˆ

0 

a[1 − τ(s, γ)] ds + 2γ

⎤⎥⎦
= (a b(a, γ) + 2γ)−1

⎡⎣ a ˆ

0 

f(p) dp + 2γ

⎤⎦ .

Now it was shown in (ii) that, since γi ≥ γ0(i = 1, 2),

f(η; γi) ≥ f(η; γ0) on [0, a).

Since f(η; γi) > 0 it follows that

M(γi) ≥ [ab(a, γi) + 2γi]−1

⎡⎣ a ˆ

0 

f(η; γ0)dη + 2γ0

⎤⎦ .

Moreover, γi ≤ γ3 and hence, in view of (ii), b(a, γi) < b(a, γ3). Therefore

M(γi) ≥ [ab(a, γ3) + 2γ3]−1

⎡⎣ a ˆ

0 

f(η; γ0)dη + 2γ0

⎤⎦ .

Thus it can be seen that the constants A and B are uniformly bounded for γ ∈ [γ0, γ3].

It now follows from Gronwall’s Lemma (see [9, p.24]) and the fact that f ≤ b(a, γ3), that τ(f ; γ) satisfies a 
Lipschitz condition in γ which is uniform with respect to f ∈ [0, b(a, γ3)] and γ ∈ [γ0, γ3].
From this, and the observation that τ is continuously differentiable on (0, 1] with

∂τ 
∂f

= 2a−2 φ′(f) 
f + 2γ

a 
[L(f ; γ)]−1 ≥ 2a−2 φ′(f) 

f + 2γ
a 
,

we can write

|τ(b(a, γ1); γ2) − τ(b(a, γ2); γ2)| =
b(a,γ2)ˆ

b(a,γ1)

∂τ 
∂f

(f, γ2)df ≥ 2a−2 φ′(f∗) 
f∗ + 2γ2

a 
[b(a, γ2) − b(a, γ1)],

by the Mean Value Theorem, for some f∗ ∈ (b(a, γ1), b(a, γ2)). Now we consider
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|τ(b(a, γ1); γ2) − τ(b(a, γ2); γ2)| − |τ(b(a, γ1); γ1) − τ(b(a, γ1); γ2)|
≤|τ(b(a, γ1); γ1) − τ(b(a, γ2); γ2)| = 0.

Then we have

|τ(b(a, γ1); γ2) − τ(b(a, γ2); γ2)| ≤ |τ(b(a, γ1); γ1) − τ(b(a, γ1); γ2)| ≤ K|γ1 − γ2|,

since τ is Lipschitz continuous. Therefore

2a−2 φ′(f∗) 
f∗ + 2γ2

a 
[b(a, γ2) − b(a, γ1)] ≤ K|γ1 − γ2|.

We may conclude that the function b(a, γ) Lipschitz continuous in γ and the Lipschitz constant is uniform 
in γ ∈ [γ0, γ3].

(iii) Integrating (3.1) from η to a yields

−φ′(f(η))f ′(η) = γ − 1
2

a ˆ

η

sf ′(s)ds ≥ γ.

Then we integrate from η to a and obtain

f(η)ˆ

0 

φ′(f)df ≥ γ(a− η),

letting η → 0 gives

b(a,γ)ˆ

0 

φ′(f)
f

df ≥ aγ.

As φ′(f) is continuous on [0,∞) and φ′(0) = 0 then we have by condition (1.4) that b(a, γ) → ∞ as 
γ → ∞. �
Lemma 3.6. b(a, γ) has the following properties with fixed γ:

(i) b(a, γ) is strictly monotonically increasing in a;
(ii) lim 

a→0
b(a, γ) = 0;

(iii) b(a, γ) is Lipschitz continuous in a and the Lipschitz constant is uniform in a ∈ (a0, a3) and γ ∈
(γ0, γ3), where 0 ≤ a0 ≤ a3, 0 ≤ γ0 ≤ γ3;

(iv) lim 
a→∞

b(a, γ) = ∞.

Proof. The proof of (i) follows from a similar argument to that of Lemma 3.5 (i). 

(ii) Let a < 1, denote N = φ′(b(1, γ)), we have φ′(f) ≤ N by (i), since φ′ is increasing. Now from (3.1)
and using the facts that φ′(f) > 0 and f ′ < 0, we get that [φ(f(η))]′′ ≥ 0 for all η ∈ (0, a), and hence 
multiplying (3.1) by φ′(f(η)) yields that

[φ(f(η))]′′ + η

2N [φ(f(η))]′ ≥ 0 for 0 < η < a. (3.13)
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Multiplying (3.13) by e
η2
4N and integrating from 0 to η then yields

[φ(f(η))]′ ≥ Ae
−η2
4N ,

where A = φ′(b(a, γ))f ′(0) < 0. Integrating from η to a we get

φ(f(η)) ≤ −A

a ˆ

η

e
−s2
4N ds.

Now we integrate the equation (3.1) from 0 to a and obtain

1
2

a ˆ

0 

f(s)ds = −γ − φ′(b(a, γ))f ′(0).

Then −A = γ + 1
2

a ˆ

0 

f(s)ds and we have −A → γ is bounded as a → 0.

Therefore lim 
η→0

φ(f(η)) ≤ −A

a ˆ

0 

e
−s2
4N ds → 0 as a → 0 since e

−s2
4N is bounded, which implies that 

lim 
a→0

lim 
η→0

f(η) = lim 
a→0

b(a, γ) = 0.

(iii) The proof is similar to that of Lemma 3.5 (ii). We omit most of the details and only note the key 
differences. Let 0 < a0 ≤ a1 < a2 ≤ a3. Recall the function τ(f) from Lemma 3.2 and set τ(f) = τ(f ; ai) =
τi, where i = 1, 2. Then

|τ(f ; a1) − τ(f ; a2)| ≤2a−2
2

f̂

0 

φ′(θ)
´ θ

0 |τ1(s) − τ2(s)|ds {´ θ

0 [1 − τ1(s)]ds + 2γ
a1

}{´ θ

0 [1 − τ2(s)]ds + 2γ
a2

}dθ

+ 2(a2
2 − a2

1)
a2
2a

2
1

f̂

0 

φ′(θ) ´ θ

0 [1 − τ1(s)]ds + 2γ
a1

dθ.

Let 0 < γ0 ≤ γ1 < γ2 ≤ γ3 and consider the function

L(θ; a, γ) =
(
θ + 2γ

a 

)−1
⎧⎨⎩

θˆ

0 

[1 − τ(s; a)]ds + 2γ
a 

⎫⎬⎭ , 0 < θ ≤ b(a, γ).

Now arguing as in the proof of Lemma 3.5 shows that the function L(θ; a) is a monotonically decreasing 
function of θ, and clearly L → 1 as θ → 0. Therefore

L[b(a, γ); a] ≤ L(θ; a) ≤ 1 for 0 < θ ≤ b(a, γ).

It then follows that

|τ(f ; a1) − τ(f ; a2)| ≤ A(a2 − a1) + B

f̂

0 

φ′(θ) 
θ + 2γ

a 
max 

0≤s≤θ
|τ(s; a1) − τ(s; a2)|dθ,
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where

A = 2a1 + a2

a2
1a

2
2

b(a1,γ)ˆ

0 

φ′(θ) 
θ + 2γ0

a1

dθ {L[b(a1, γ); a1]}−1

≤ 2a1 + a2

a2
1a

2
2

b(a1,γ3)ˆ

0 

φ′(θ) 
θ + 2γ0

a1

dθ {L[b(a1, γ); a1]}−1
,

B = 2a−2
2 {L[b(a1, γ); a1]}−1 {L[b(a2, γ); a2]}−1

.

If we set ω(f) = max 
0≤θ≤f

|τ(θ; a1) − τ(θ; a2)|, we then have

ω(f) ≤ A(a2 − a1) + B

f̂

0 

φ′(θ) 
θ + 2γ

a 
ω(θ)dθ.

Define the function

M(a, γ) := L[b(a, γ); a] = [ab(a, γ) + 2γ]−1

⎡⎣ a ˆ

0 

f(η; a, γ)dη + 2γ

⎤⎦ .

By the proof of (i) and Lemma 3.5 (i), we have

M(ai, γi) ≥ [a3b(a3, γ3) + 2γ3]−1

⎡⎣ a0ˆ

0 

f(η; a0, γ0)dη + 2γ0

⎤⎦ .

Thus it can be seen that the constants A and B are uniformly bounded on the interval [a0, a3] and [γ0, γ3].

It now follows from Gronwall’s Lemma [9, p.24] and the fact f ≤ b(a3, γ) that τ(f ; a) satisfies a Lipschitz 
condition in a which is uniform with respect to f ∈ [0, b(a3, γ)] and a ∈ [a0, a3]. 

We may conclude by a similar argument to that in proof of Lemma 3.5 (ii) that the function b(a, γ) is 
Lipschitz continuous in a and the Lipschitz constant is uniform in a ∈ (a0, a3) and γ ∈ (γ0, γ3).

It can be shown that the Lipschitz constant is uniform in both a ∈ (a0, a3) and γ ∈ (γ0, γ3) since we proved 
the monotonicity on γ of b(a, γ) on Lemma 3.5. This result will be used in proving b(a, γ) is a continuous 
function of both a and γ.

(iv) Integrating (3.1) from η to a yields

−φ′(f(η))f ′(η) = γ − 1
2

a ˆ

η

sf ′(s)ds ≥ γ + η

2 
f(η) ≥ η

2 
f(η).

For any a4 with η < a4 < a we obtain

f(η) ˆ

f(a4)

φ′(f)
f

df ≥ 1
4(a2

4 − η2),
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letting a4 → a and η → 0,

b(a,γ)ˆ

0 

φ′(f)
f

df ≥ 1
4a

2.

As φ′(f) is continuous on [0,∞) and φ′(0) = 0 then we have by condition (1.4) that b(a, γ) → ∞ as 
a → ∞. �
Now we prove that b(a, γ) is a continuous function of both a and γ by using Lemma 3.5 (ii) and Lemma 3.6
(iii).

Lemma 3.7. b(a, γ) is a continuous function of γ and a.

Proof. Consider

|b(a, γ) − b(a0, γ0)| ≤ |b(a, γ) − b(a0, γ)| + |b(a0, γ) − b(a0, γ0)|.

It was shown in the proof of Lemma 3.5 (ii) that b(a, γ) is uniformly continuous in γ ∈ [γ0, γ3], so there exists 
μ1 such that |b(a0, γ) − b(a0, γ0)| < δ

2 if |γ − γ0| < μ1. And by the proof of Lemma 3.6 (iii), there exists μ2

such that |b(a, γ)− b(a0, γ)| < δ
2 if |a− a0| < μ2 and γ ∈ [γ0, γ3]. Therefore |b(a, γ)− b(a0, γ0)| < δ

2 + δ
2 = δ

if |a− a1| + |γ − γ0| ≤ max{μ1, μ2}. �
By similar arguments to those in Lemmas 3.5, 3.6 and 3.7 and the fact that the particular choice of η = 0
in b(a, γ) = f(0; a, γ) plays no special role, letting η0 ∈ [0,∞] play the same role as 0, we can obtain the 
following corollary.

Corollary 3.8. For each fixed η0 ∈ (0, a), if f satisfies (3.1) and (3.3), then f(η0; a, γ) is a continuous 
function of a and γ and is monotonically increasing in both a and γ.

3.3. Solution in right-neighbourhood of η = a

Now we consider f that satisfies the equation

−1
2ηf

′(η) = ε[φ′(−f(η))f ′(η)]′, η > a. (3.14)

At the boundaries we require

lim 
η→∞

f(η) = −V0, (3.15)

lim 
η↘a

f(η) = 0, lim 
η↘a

εφ′(−f(η))f ′(η) = −γ. (3.16)

Next, we use the similar arguments to that of left-neighbourhood to prove the existence of a negative solution 
of (3.14) in a right-neighbourhood of η = a, which satisfies the boundary conditions (3.16).

Lemma 3.9. For given a > 0, there exists δ > 0 such that in (a, a+ δ) equation (3.14) has a unique solution 
which is negative and satisfies the boundary condition (3.16).
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Proof. It is convenient to start by supposing that such a solution exists in a right-neighbourhood of η = a. 
Similarly to the proof of Lemma 3.2, let σ(f) be a solution of this integro-differential equation which satisfies 
the initial condition σ(0) = a and is defined and continuous on an interval [f0, 0] for some f0 < 0, and is 
continuously differentiable on (f0, 0), such that

σ(f) = a− 2
0 ˆ

f

εφ′(−θ) ´ 0
θ
σ(s)ds− 2γ

dθ, (3.17)

if we set

τ(f) = a 
σ(f) = a 

η
,

then (3.17) becomes

τ(f) = 1 

1 − 2a−2
´ 0
f

εφ′(−θ) ´ 0
θ

1 
τ(s)ds− 2γ

a 

dθ. (3.18)

If the solution of (3.18) is unique, the corresponding solution of equation (3.14) is also unique.

Lemma 3.10. There exists a μ > 0 such that (3.18) has a unique continuous solution in −μ ≤ f ≤ 0, which 
is such that τ(0) = 1 and τ(f) < 1 if −μ ≤ f < 0.

Proof. With μ to be chosen later, we denote by X the set of continuous functions τ(f) defined in [−μ, 0], 
satisfying 1

2 ≤ τ(f) ≤ 1. We denote by ‖ ⬝ ‖ the supremum norm on X. Then X is a complete metric space. 
On X we introduce the map

M(τ)(f) = 1 

1 − 2a−2
´ 0
f

εφ′(−θ) ´ 0
θ

1 
τ(s)ds−

2γ
a 

dθ
≥ 1 

1 + 2a−2
´ 0
−μ

εφ′(−θ)
θ+ 2γ

a 
dθ

.

It is clear that M(τ)(f) ≤ 1 is well-defined, continuous. Moreover, M(τ) ≥ 1
2 if

1 

1 + 2a−2
´ 0
−μ

εφ′(−θ)
θ+ 2γ

a 
dθ

≥ 1
2 ,

which gives

2a−2
0 ˆ

−μ

εφ′(−θ)
θ + 2γ

a 
dθ ≤ 1. (3.19)

Therefore, if μ is chosen so small that (3.19) is satisfied, M maps X into itself. 

We also wish to ensure that M is a contraction map. Let τ1, τ2 ∈ X and choose μ ≤ γ
a , we have

‖M(τ1) −M(τ2)‖ =2a−2

∥∥∥∥∥∥∥
´ 0
f
εφ′(−θ)

´ 0
θ

1 
τ2(s)− 1 

τ1(s)ds 
(
´ 0
θ

1 
τ1(s)ds−

2γ
a )(

´ 0
θ

1 
τ2(s)ds−

2γ
a )

(1 − 2a−2
´ 0
f

εφ′(−θ) ´ 0
θ

1 
τ1(s)ds−

2γ
a 

)(1 − 2a−2
´ 0
f

εφ′(−θ) ´ 0
θ

1 
τ2(s)ds−

2γ
a 

)

∥∥∥∥∥∥∥
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≤2a−2

∥∥∥∥∥∥
0 ˆ

−μ

εφ′(−θ)
´ 0
θ

τ1(s)−τ2(s)
τ1(s)τ2(s) ds

(θ + 2γ
a )2

dθ

∥∥∥∥∥∥
≤8a−2

0 ˆ

−μ

εφ′(−θ)
θ + 2γ

a 
dθ‖τ1 − τ2‖.

It follows that M is a contraction map if

8a−2
0 ˆ

−μ

εφ′(−θ)
θ + 2γ

a 
dθ < 1.

This constitutes our third restriction on μ, it clearly implies the first one. The result now follows from a 
standard fixed-point principle [8]. �
This concludes the proof of Lemma 3.9. �
For any a > 0, the unique negative solution f(η) defined in a right-neighbourhood of η = a, which satisfies 
the boundary conditions (3.16), may be uniquely continued forward as a function of η. We now show that 
the solution can be continued forward to η → ∞.

Lemma 3.11. For given a, γ, the unique local solution in Lemma 3.9 can be continued forward to η → ∞.

Proof. We have from (3.14) that

−f ′(η) ≤ 2ε
a 

[φ′(−f)f ′]′. (3.20)

Integrating (3.20) from 2a to η yields

−εφ′(−f(2a))f ′(2a) − a

2 
f(2a) ≥ −εφ′(−f(η))f ′(η) − a

2 
f(η),

then we know that −εφ′(−f(η))f ′(η)− a
2 f(η) is bounded above by some positive constant C, so f is bounded. 

The boundedness of −f ′(η) for η > a+ δ
2 follows similarly to (2.17) for δ > 0, so it follows from [2, Theorem 

1.186] that the solution of (3.14) can be continued forward to η → ∞. �
3.4. Properties of d(a, γ)

Now define

d(a, γ) = lim 
η→∞

f(η; a, γ).

The following discussions on d(a, γ) are used in proving existence of self-similar solution by shooting from 
η = a with γ, the derivatives of φ(f) at η = a, to lim 

η→∞
f(η; a, γ). The strategy in studying the properties 

of d(a, γ) is similar to that used to prove the properties of b(a, γ), but some arguments are more involved 
since (a,∞) is unbounded.



E. Crooks, Y. Du / J. Math. Anal. Appl. 551 (2025) 129636 23

Lemma 3.12. d(a, γ) has the following properties with fixed a:

(i) d(a, γ) is strictly monotonically decreasing in γ;
(ii) lim 

γ→∞
d(a, γ) = −∞;

(iii) lim 
γ→0

d(a, γ) = 0.

Proof. The proof of (i) follows from a similar argument to that of Lemma 3.5 (i).

(ii) Suppose d(a, γ) does not satisfy lim 
γ→∞

d(a, γ) = −∞. Then there exists M > 0 such that d(a, γ) ≥ −M

for all γ, which implies |f(η0)| ≤ M for each fixed η0 > a. Integrating (3.14) from a to η0 gives

γ = −1
2η0f(η0) + 1

2

η0ˆ

a 

f(s)ds− εφ′(−f(η0))f ′(η0).

Since 

η0ˆ

a 

f(s)ds is negative, using the upper bound of |f |, we get

−εφ′(M)f ′(η0) > γ − Mη0

2 
− 1

2

η0ˆ

a 

f(s)ds > γ − Mη0

2 
.

By (2.17) we know that for all η0 > a + 1

4γφ′(M)
2η0 − 1 

> −φ′(M)f ′(η0) > γ − Mη0

2 
.

If we rewrite as Mη0

2 
> γ

(
1 − 4φ′(M)

2η0 − 1 

)
and choosing and fixing η0 sufficient large such that 1− 4φ′(M)

2η0 − 1 
>

1
2 , we then have Mη0 > γ for all γ. But this is a contradiction, so if γ → ∞, we have d(a, γ) → −∞.

(iii) Integrating (3.14) from a to η and letting η → ∞, together with lim 
η→∞

f ′(η) = 0 by (2.16), we get

−a

2 

∞ ˆ

a 

f ′(s)ds = −a

2 
d(a, γ) ≤ γ.

Then the result follows from

−a

2 
d(a, γ) → 0 as γ → 0. �

Lemma 3.13. d(a, γ) has the following properties with fixed γ:

(i) d(a, γ) is strictly monotonically increasing in a;
(ii) lim 

a→∞
d(a, γ) = 0.

Proof. The proof of (i) follows from similar arguments to those in the proof of Lemma 3.5 (i).
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(ii) Integrating (3.14) from a to η we get

εφ′(−f(η))f ′(η) ≥ −γ − a

2 

ηˆ

a 

f ′(s)ds = a

2 

(
−2γ

a 
− f(η)

)
,

then the result follows from the fact that f ′ < 0, gives −2γ
a − f < 0. �

Next, we prove f is a continuous function of a and γ respectively by using an iterative method. This result 
will be used to prove d(a, γ) is a continuous function of both a and γ.

Lemma 3.14. For each fixed η∗ > a, if f satisfies (3.14) and (3.16), then

(i) f(η∗; a, γ) is a continuous function of γ for fixed a;
(ii) f(η∗; a, γ) is a continuous function of a for fixed γ.

Proof. First we prove f(η∗; a, γ) is a continuous function γ.
Let 0 < γ0 ≤ γ1 < γ2 ≤ γ3. Recall the function τ(f) from the proof of Lemma 3.9 and set τ(f) =

τ(f ; γi) = τi, where i = 1, 2. Let η ∈ (a, η0] satisfy 1
2 ≤ τ(f) < 1 and

η0f(η0; a, γ3) − 2γ0 < 0, (3.21)

for f(η) ∈ [−μ, 0]. Then

|τ(f ; γ1) − τ(f ; γ2)| =

∣∣∣∣∣∣∣∣
2a−2 ´ 0

f

(
εφ′(−θ) ´ 0

θ
1 

τ(s)ds−
2γ1
a 

− εφ′(−θ) ´ 0
θ

1 
τ(s)ds−

2γ2
a 

)
dθ (

1 − 2a−2
´ 0
f

εφ′(−θ) ´ 0
θ

1 
τ(s)ds−

2γ1
a 

dθ
)(

1 − 2a−2
´ 0
f

εφ′(−θ) ´ 0
θ

1 
τ(s)ds−

2γ2
a 

dθ
)
∣∣∣∣∣∣∣∣

≤2a−2

∣∣∣∣∣∣∣
0 ˆ

f

εφ′(−θ)
(´ 0

θ
1 

τ2(s) −
1 

τ1(s)ds + 2 
a (γ1 − γ2)

)
(´ 0

θ
1 

τ1(s)ds−
2γ1
a 

)(´ 0
θ

1 
τ2(s)ds−

2γ2
a 

) dθ

∣∣∣∣∣∣∣ ,
since τ(f) < 1 implies 1 − 2a−2 ´ 0

f
εφ′(−θ) ´ 0

θ
1 

τ(s)ds−
2γ
a 

dθ > 1. Then we have

|τ(f ; γ1) − τ(f ; γ2)| ≤2a−2

∣∣∣∣∣∣∣
0 ˆ

f

εφ′(−θ)
(´ 0

θ
τ1(s)−τ2(s)
τ1(s)τ2(s) ds + 2 

a (γ1 − γ2)
)

(´ 0
θ

1 
τ1(s)ds−

2γ1
a 

)(´ 0
θ

1 
τ2(s)ds−

2γ2
a 

) dθ

∣∣∣∣∣∣∣
≤2a−2

∣∣∣∣∣∣∣
0 ˆ

f

εφ′(−θ)
(
4
´ 0
θ
τ1(s) − τ2(s)ds + 2 

a (γ1 − γ2)
)

(´ 0
θ

1 
τ1(s)ds−

2γ1
a 

)(´ 0
θ

1 
τ2(s)ds−

2γ2
a 

) dθ

∣∣∣∣∣∣∣ ,
since τ(f) > 1

2 .

Consider the function

L(θ; γ) =
(
θ − 2γ

a 

)−1
⎛⎝ 0 ˆ

θ

1 
τ(s)ds− 2γ

a 

⎞⎠ > 0, −μ ≤ θ ≤ 0.
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L is a monotonically increasing function of θ since

∂L

∂θ 
=

´ 0
θ

1 
τ(θ) −

1 
τ(s)ds + 2γ

a (1 + τ(θ))(
θ − 2γ

a 
)2 > 0,

and L → 1 as θ → 0. Therefore L(f(η0; a, γ); γ) ≤ L(θ; γ) < 1 when −μ ≤ θ ≤ 0.
We can now write

|τ(f ; γ1) − τ(f ; γ2)| ≤ A(γ2 − γ1) + B

0 ˆ

f

εφ′(−θ)
2γ1
a − θ 

max 
f≤s≤0

|τ(s; γ1) − τ(s; γ2)|dθ,

where

A = 16a−1γ2
0εφ

′(−f(η0; a, γ1))[L(f(η0; a, γ1))]−1[L(f(η0; a, γ2))]−1,

B = 8a−2[L(f(η0; a, γ1))]−1[L(f(η0; a, γ2))]−1,

and if we set ω(f) = max 
f≤θ≤0

|τ(θ; γ1) − τ(θ; γ2)|, then

ω(f) ≤ A(γ2 − γ1) + B

0 ˆ

f

εφ′(−θ)
2γ1
a − θ 

ω(θ)dθ.

Define the function

M(γ) = L(f(η0; a, γ); γ) = (a f(η0; a, γ); γ) − 2γ)−1

⎛⎝ η0ˆ

a 

f(s; a, γ)ds− η0f(η0; a, γ) − 2γ

⎞⎠ .

It was shown in Lemma 3.12 (i) that, since γi ≤ γ3, f(η; γi) ≥ f(η; γ3) on (a, η0]. Since f(η; γi) < 0, it 
follows that

M(γi) ≥ (af(η0; a, γ3); γ3) − 2γ3)−1

⎛⎝ η0ˆ

a 

f(s; a, γ)ds− η0f(η0; a, γ3) − 2γ0

⎞⎠ > 0.

Thus it can be seen that the constants A and B are uniformly bounded for γ ∈ [γ0, γ3].

It now follows from Gronwall’s Lemma ([9, p24]) and the fact that f(η; a, γ) ≥ f(η0; a, γ3) that τ(f ; γ)
satisfies a Lipschitz condition in γ which is uniform with respect to f ∈ [f(η0; a, γ3), 0] and γ ∈ [γ0, γ3].

The observation that τ is continuously differentiable on 
[1
2 , 1

)
with

∂τ 
∂f

= 1
2a

−2 εφ
′(−f)

2γ
a − f 

[L(f ; γ)]−1 ≥ 1
2a

−2 εφ
′(−f)

2γ
a − f 

.

together with a similar argument to that in the proof of Lemma 3.5 (ii) yields that for η ∈ (a, η0], the 
function f(η; a, γ) is Lipschitz continuous in γ and the Lipschitz constant is uniform in γ ∈ [γ0, γ3].

Now we prove that f(η1; a, γ) is a continuous function of γ when η1 > η0. We consider two cases.
Case A. Consider γ0 > γ. First, since f ′ is bounded for η > a + ζ

2 , we can choose a fixed η1 such that 
|f(η0; a, γ0)−f(η1; a, γ0)| < δ

2 . We know there exists μ such that |f(η0; a, γ)−f(η0; a, γ0)| < δ
2 for |γ−γ0| < μ. 

Then
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|f(η0; a, γ) − f(η1; a, γ0)| ≤ |f(η0; a, γ) − f(η0; a, γ0)| + |f(η0; a, γ0) − f(η1; a, γ0)| <
δ

2 + δ

2 = δ.

Since γ0 > γ, then by Lemma 3.12 (i) we have

f(η1; a, γ0) + δ > f(η0; a, γ) > f(η1; a, γ) > f(η1; a, γ0),

so that f(η1; a, γ) − f(η1; a, γ0) < δ if γ0 − γ < μ.
Case B. Now consider γ0 < γ and denote f(η; a, γ) = f and f(η; a, γ0) = f0. We know that

−a

2 
f ′(η) ≤ ε[φ′(−f(η))f ′(η)]′, η > a,

letting k > 1 and ka < η0, integrating (3.14) from ka to η yield

−εφ′(−f(η))f ′(η) − a

2 
f(η) ≤ −εφ′(−f(ka))f ′(ka) − a

2 
f(ka).

Letting η → η1 gives

−f(η1) < −2ε
a 
φ′(−f(ka))f ′(ka) − f(ka). (3.22)

Now consider the equation for f0. Integrating from a to ka, we get

−ka

2 
f0(ka) + 1

2

ka ˆ

a 

f0(s)ds = εφ′(−f0(ka))f0(ka) + γ0,

we know that f0(η1) < f0(η) for η ∈ (η0, η1], then

f0(η1) <
k

k − 1f0(ka) + 2ε 
(k − 1)aφ

′(−f0(ka))f ′
0(ka) + 2γ0

(k − 1)a. (3.23)

Combining (3.22) and (3.23) we have

f0(η1) − f(η1) < f0(ka) − f(ka) + 1 
k − 1f0(ka) + 2γ0

(k − 1)a − 2ε
a 
φ′(−f(ka))f ′(ka).

Choosing k such that a < ka < η1 to satisfy 
2γ0

(k − 1)a + f0(ka)
k − 1 

<
δ

3 . For ka > a + ζ
2 we have −f ′(ka) <

16γ 
4ζ + ζ2 by (2.15). Now choose and fix k so that −2ε

a 
φ′(−f(ka))f ′(ka) <

δ

3 . With this k, we know there 

exists μ > 0 such that for γ − γ0 < μ

f0(ka) − f(ka) < δ

3 .

Therefore f(η1; a, γ0) − f(η1; a, γ) < δ if γ − γ0 ≤ μ.
We can now conclude f(η1; a, γ) is a continuous function of γ for fixed a. It can be proved iteratively that 
f(η; a, γ) is a continuous function of γ at fixed η ∈ (a,∞) with fixed a. Moreover, for fixed γ, the fact that 
f(η; a, γ) is a continuous function of a can be proved by using similar arguments. �
The following corollary is obtained directly from Lemma 3.14

Corollary 3.15. If f satisfies (3.14) and (3.16), then
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(i) d(a, γ) is a continuous function of γ for fixed a;
(ii) d(a, γ) is a continuous function of a for fixed γ.

Now we prove that d(a, γ) is a continuous function of both a and γ by using Lemma 3.12 (ii) and Lemma 3.13
(ii).

Lemma 3.16. d(a, γ) is a continuous function of a and γ.

Proof. If d(a, γ) is continuous with a and γ, then for all δ > 0 there exists μ > 0 such that if |(a, γ) −
(a0, γ0)| < μ then |d(a, γ) − d(a0, γ0)| < δ.

Case 1. For a > a0 and γ < γ0, we choose a fixed η0 such that |f(η0; a0, γ0)− d(a0, γ0)| < δ
2 . We know from 

Lemma 3.14 that there exists μ such that |f(η0; a, γ) − f(η0; a, γ0)| < δ
2 for |(a, γ) − (a, γ0)| < μ

2 . Then

|f(η0; a, γ) − d(a0, γ0)| ≤ |f(η0; a, γ) − f(η0; a, γ0)| + |f(η0; a, γ0) − d(a0, γ0)| <
δ

2 + δ

2 = δ.

Since the sequence a > a0 and γ < γ0, then we have

d(a0, γ0) + δ > f(η0; a, γ) > d(a, γ) > d(a0, γ0),

then d(a, γ) − d(a0, γ0) < δ as |(a, γ) − (a0, γ0)| < μ.

Case 2. For a < a0, it follows by using the similar argument as in Lemma 3.14 Case B, but considering

|d(a, γ) − d(a0, γ0)| ≤ |d(a, γ) − d(a0, γ)| + |d(a0, γ) − d(a0, γ0)|.

Case 3. For γ0 < γ, the result follows from a similar approach as in Lemma 3.14 Case B, but considering

|d(a, γ) − d(a0, γ0)| ≤ |d(a, γ) − d(a, γ0)| + |d(a, γ0) − d(a0, γ0)|. �
3.5. Two-parameter shooting method

In this section we will use two-parameter shooting to show that for each U0, V0 > 0, there exist a, γ > 0
such that the solution f(η; a, γ) of (2.11) satisfies b(a, γ) = U0 and d(a, γ) = −V0.
We will use the following lemma which can be found in [10, Lemma 2.8].

Lemma 3.17. Suppose that Λ1 and Λ2 are two connected open sets of R2, with components (maximal con
nected subset) Λ̃1 ⊂ Λ1 and Λ̃2 ⊂ Λ2 such that Λ̃1 ∩ Λ̃2 is disconnected. Then Λ1 ∪ Λ2 �= R2.

This result also applies to every subset of R2 which is homeomorphic to the entire plane [10, p.31]. We can 
apply it to the set (0,∞)× (0,∞), for example, if we define a homomorphism g : (0,∞)× (0,∞) → R2 such 
that g(x, y) = (log x, log y).

Theorem 3.18. Suppose ε > 0, then there exists a unique solution f of problem (2.11).

Proof. First we identify four ``bad'' sets

Γ1 =
{
(a, γ) 

∣∣ b(a, γ) > U0
}
,

Γ2 =
{
(a, γ) 

∣∣ b(a, γ) < U0
}
,
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Fig. 1. Step-path of Γ1 (i). 

Γ3 =
{
(a, γ) 

∣∣ d(a, γ) > −V0
}
,

Γ4 =
{
(a, γ) 

∣∣ d(a, γ) < −V0
}
.

We combine the Γi to form two new sets, as follows:

Λ1 = Γ1 ∪ Γ4,

Λ2 = Γ2 ∪ Γ3.

It is easy to see that if (a, γ) is in (0,∞) × (0,∞) but not in Λ1 ∪ Λ2, then we have a solution f(η; a, γ)
such that b(a, γ) = U0 and d(a, γ) = −V0. Now we want to show that Λ1 and Λ2 satisfy the hypothesis of 
Lemma 3.17.

These sets are clearly open in (0,∞)×(0,∞) since b(a, γ) and d(a, γ) are continuous functions of a and γ by 
Lemma 3.7 and 3.16. Γ1 and Γ2 are non-empty since lim 

a→0
b(a, γ) = 0 and lim 

a→∞
b(a, γ) = ∞ by Lemma 3.6. 

Moreover, lim 
a→∞

d(a, γ) = 0 and lim 
γ→∞

d(a, γ) = −∞ by Lemma 3.12, yielding Γ3 and Γ4 are non-empty. 
Therefore, Λ1 and Λ2 are open and non-empty.

Lemma 3.19. The sets Λ1 and Λ2 are connected.

Proof. In the following, we will exploit the monotonicity of b(a, γ) and d(a, γ) in a and γ. First we prove 
that Γ1, Γ2, Γ3 and Γ4 are each connected. As an example, we prove that Γ1 is connected. Given two points 
(ã, γ̃), (â, γ̂) ∈ Λ1, there are two cases:

(i) ã > â and γ̃ ≥ γ̂;
(ii) ã ≥ â and γ̃ < γ̂.

The following figures describe an admissible step path, contained in Γ1, that connects (ã, γ̃) and (â, γ̂) in 
each of two cases In Fig. 1, if ã > â, then we have (ã, γ̂) ∈ Γ1, since b(ã, γ̂) > b(â, γ̂) > U0 by Lemma 3.6
(i). It follows that the path connecting (ã, γ̂) and (ã, γ̃) belongs to Γ1, since (ã, γ̂), (ã, γ̃) ∈ Γ1 and b(a, γ)
is monotonically increasing in γ by Lemma 3.5 (i). Similarly, in Fig. 2, (ã, γ̂) ∈ Γ1 as ã ≥ ã, since b(a, γ) is 
increasing in a by Lemma 3.6 (i), then the path connecting (ã, γ̂) and (ã, γ̃) belongs to Γ1 by Lemma 3.6
(i). We can prove by using a similar argument that Γ2, Γ3 and Γ4 are each connected.

We now prove Γ1 ∩ Γ4 and Γ2 ∩ Γ3 are non-empty. For fixed a > 0, since lim 
γ→∞

b(a, γ) = ∞ by Lemma 3.5
(iii) and lim 

γ→∞
d(a, γ) = −∞ by Lemma 3.12 (ii), we can find γ̌ large enough such that b(a, γ̌) > U0 and 

d(a, γ̌) < −V0. It follows that for γ̌ sufficiently large, (a, γ̌) ∈ Γ1 ∩Γ4, so Γ1 ∩Γ4 �= ∅. Similarly, given γ̃ > 0, 
there exists â small enough that b(â, γ̃) < U0 since lim 

a→0
b(a, γ) = 0 by Lemma 3.6 (ii). Then choose γ̂ smaller 
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Fig. 2. Step-path of Γ1 (ii). 

Fig. 3. Path-connectedness of Λ1. 

than γ̃ if necessary to ensure that d(â, γ̂) > −V0 and b(â, γ̂) < U0 since lim 
γ→0

d(a, γ) = 0 by Lemma 3.12
(iii) and b(a, γ) is monotonically increasing in γ by Lemma 3.5 (i). It then follows that (â, γ̂) ∈ Γ2 ∩ Γ3, so 
Γ2 ∩ Γ3 �= ∅.

Then, since Γ1 ∩ Γ4 �= ∅, we can always find a point belonging to Γ1 ∩ Γ4 that is path connected to both 
(â, γ̂) ∈ Γ1 and (a∗, γ∗) ∈ Γ4, since Γ1 and Γ4 are each connected.
For example, in Fig. 3, the solid lines indicate that the path belongs to Γ1 and the dashed lines indicate 
that the path belongs to Γ4. We can find (ã, γ̃) ∈ Γ1 ∩Γ4 since Γ1 ∩Γ4 �= ∅. If (â, γ̂) ∈ Γ4 and (a∗, γ∗) ∈ Γ1, 
then there are step paths each connecting (â, γ̂) and (ã, γ̃), (ã, γ̃) and (a∗, γ∗), since Γ1 and Γ4 are each 
connected.
Therefore, Λ1 is connected, and similarly, Λ2 is connected since Γ2∩Γ3 �= ∅ and Γ2,Γ3 are each connected. �
Now we take Λ̃1 = Λ1, Λ̃2 = Λ2.
Next we will show that Λ1 ∩ Λ2 is disconnected. We have

Λ1 ∩ Λ2 = (Γ1 ∩ Γ2) ∪ (Γ1 ∩ Γ3) ∪ (Γ2 ∩ Γ4) ∪ (Γ3 ∩ Γ4).

Clearly Γ1 ∩ Γ2, Γ3 ∩ Γ4 are empty.

Lemma 3.20. Λ1 ∩ Λ2 is disconnected.

Proof. For fixed γ, we can find ã large enough such that b(ã, γ) > U0 and d(ã, γ) > −V0, since lim 
a→∞

b(a, γ) =
∞ by Lemma 3.6 (iv) and lim 

a→∞
d(a, γ) = 0 by Lemma 3.13 (iii). It follows that for ã sufficient large, 

(ã, γ) ∈ Γ1∩Γ3, so Γ1∩Γ3 �= ∅. Similarly, given â > 0, there exists γ∗ large enough such that d(â, γ∗) < −V0, 
since lim 

γ→∞
d(a, γ) = −∞ by Lemma 3.12 (ii). Then choose a∗ smaller than â if necessary to ensure that 
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d(a∗, γ∗) < −V0 and b(a∗, γ∗) < U0, since lim 
a→0

b(a, γ) = 0 by Lemma 3.6 (ii) and d(a, γ) is monotonically 

decreasing in a by Lemma 3.13 (i). It then follows that (a∗, γ∗) ∈ Γ2 ∩ Γ4, so Γ2 ∩ Γ4 �= ∅.
Therefore Γ1 ∩ Γ3 and Γ2 ∩ Γ4 are non-empty and disjoint. Therefore, Λ1 ∩Λ2 is disconnected since it is 

the union of non-empty, disjoint and open sets. �
Now Lemma 3.17 yields that there is a point (ā, γ̄) ∈ (0,∞) × (0,∞) which is not in Λ1 ∪ Λ2. Hence 

b(ā, γ̄) = U0 since (ā, γ̄) / ∈ Γ1 ∪ Γ2 and d(ā, γ̄) = −V0 since (ā, γ̄) / ∈ Γ3 ∪ Γ4. The result then follows from 
Theorem 2.4. �
4. Half-line case: self-similar solutions with ε = 0

Now we consider

−1
2ηf

′(η) = [φ′(f(η))f ′(η)]′, η < a, (4.1)

with boundary conditions

f(0) = U0, (4.2)

lim 
η↗a

f(η) = 0, lim 
η↗a

φ′(f(η))f ′(η) = −aV0

2 
. (4.3)

In Lemma 3.2, we showed that for each a > 0, γ > 0, there exists solution f for η ∈ (a−δ, a) for some δ > 0. 
For ε = 0, we know that f(η) = −V0 for η > a. Then with the special choice γ = aV0

2 , we obtain directly 
from Lemma 3.2 and Lemma 3.4 the following proposition.

Proposition 4.1. For given a and γ, there exists δ > 0 such that for η ∈ (a − δ, a), equation (4.1) has a 
unique solution which is positive and satisfies the boundary condition (4.3). This solution can be continued 
back to η = 0.

The following discussion on the behaviour of f(η) as η → 0 is analogous to that in Lemma 3.6. Note that 
γ = aV0

2 when ε = 0.

Lemma 4.2. b(a) := lim 
η→0

f

(
η; a, aV0

2 

)
has the following properties:

(i) b(a) is strictly monotonically increasing in a;
(ii) lim 

a→0
b(a) = 0;

(iii) b(a) is a continuous function of a;
(iv) lim 

a→∞
b(a) = ∞;

Proof. The proof of (i) follows from a similar argument to that of Lemma 3.5 (i), note that when ε = 0, 
γ is increasing in a. (ii) follows from the same form of argument used to show Lemma 3.6 (ii). Here 

−A = aV0
2 + 1

2

a ˆ

0 

f(s)ds and the results follow from −A → 0 as a → 0. The proof of (iii) is similar to the 

proof of Lemma 3.6 (iii), note that if a ∈ (a0, a3), then γ ∈ (a0V0
2 , a3V0

2 ). We can obtain (iv) directly from 
Lemma 3.6 (iv) since γ = aV0

2 > 0 by Lemma 2.10. �
Now, since γ can be express as a function of a, we will use one-parameter shooting to show the existence of 
self-similar solution.
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Theorem 4.3. Suppose ε = 0. Then there exists a unique solution f of problem (2.18).

Proof. Identify two ``bad'' sets

S− =
{
a 
∣∣ b(a) < U0

}
,

S+ =
{
a 
∣∣ b(a) > U0

}
.

We use a shooting method. Clearly S− and S+ are disjoint. By Lemma 4.2 we know that b(a) is monotonically 
increasing, then we can find a large enough such that b(a) > U0 since lim 

a→∞
b(a) = ∞ and a small enough 

such that b(a) < U0 since lim 
a→0

b(a) = 0, yielding that S− and S+ are non-empty. Moreover, S− and S+

are open since b is a continuous function of a. Indeed, let a0 ∈ S− and let β := U0 − b(a0), then there 
exists μ such that |b(a) − b(a0)| < β for |a− a0| < μ since b(a) is continuous by Lemma 4.2, which implies 
b(a) < b(a0) + β < U0. A similar proof shows that S+ is open. Since S− and S+ are non-empty disjoint 
open sets, S−∪S+ �= (0,∞). Then we can conclude that there exists a / ∈ S−∪S+, such that b(a) = U0. �
5. Whole-line case: self-similar solution for the limit problem

Similarly to the half-line case, we first state the free boundary problem. The following is the definition 
of the weak solution of the limit problem (1.7). The uniqueness of the weak solution is proved in [4].

Definition 5.1. A function w is a weak solution of problem (1.7) if

(i) w ∈ L∞(QT ),
(ii) D(w) ∈ D(ŵ) +L2(0, T ;W 1,2(R)), where ŵ ∈ C∞(R) is a smooth function with ŵ = U0 when x < −1

and ŵ = −V0 when x > 1,
(iii) w satisfies for all T > 0

ˆ

R 

w0Ψ(x, 0)dx +
¨

QT

wΨtdxdt =
¨

QT

D(w)xΨxdxdt, (5.1)

for all Ψ ∈ F̂T .

Under additional regularity assumptions and a condition on the form of the free boundary, we have the 
following result. Again, as noted before Theorem 2.2, it is not immediately clear a priori that these additional 
assumptions will necessarily be satisfied for weak solutions defined in Definition 5.1. But it will be shown 
later that the unique weak solution of (1.7) has self-similar form with sufficient regularity for Proposition 5.2
to apply.

Proposition 5.2. Let w be the unique weak solution of problem (1.7). Suppose that there exists a function 
β : [0, T ] → R such that for each t ∈ [0, T ]

w(x, t) > 0 if x < β(t) and w(x, t) < 0 if x > β(t).

Then if t 	→ β(t) is sufficiently smooth and the functions u := w+ and v := w− are smooth up to β(t), the 
function u, v satisfies one of two limit problems, depending on whether ε > 0 or ε = 0. If ε > 0, then
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ut = φ(u)xx, in {(x, t) ∈ QT : x < β(t)} ,
v = 0, in {(x, t) ∈ QT : x < β(t)} ,
vt = εφ(v)xx, in {(x, t) ∈ QT : x > β(t)} ,
u = 0, in {(x, t) ∈ QT : x > β(t)} ,

lim 
x↗β(t)

u(x, t) = 0 = lim 
x↘β(t)

v(x, t) for each t ∈ [0, T ],

lim 
x↗β(t)

φ[u(x, t)]x = −ε lim 
x↘β(t)

φ[v(x, t)]x for each t ∈ [0, T ],

u(·, 0) = u∞
0 , in R

v(·, 0) = v∞0 , in R,

(5.2)

whereas if ε = 0 and we suppose additionally that β(0) = 0 and t 	→ β(t) is a non-decreasing function, then⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ut = φ(u)xx, in {(x, t) ∈ QT : x < β(t)} ,
v = 0, in {(x, t) ∈ QT : x < β(t)} ,
v = V0, in {(x, t) ∈ QT : x > β(t)} ,
u = 0, in {(x, t) ∈ QT : x > β(t)} ,

lim 
x↗β(t)

u(x, t) = 0 for each t ∈ [0, T ],

V0β
′(t) = − lim 

x↗β(t)
φ[u(x, t)]x for each t ∈ [0, T ],

u(·, 0) = u∞
0 , in R

v(·, 0) = v∞0 , in R,

(5.3)

where β′(t) denotes the speed of propagation of the free boundary β(t) and we suppose that β(0) = 0 and 
t 	→ β(t) is a non-decreasing function.

5.1. Preliminaries for self-similar solutions

The following results will be used to prove that if there is a self-similar solution, then it is a weak solution 
of (1.7) and will be useful in Section 6.

Lemma 5.3. If f satisfies (5.11) and boundary condition (5.12), (5.13), then for η < min{a, 0} we have

φ(U0) − φ(f(η)) ≤ G

ηˆ

−∞

e
−s2

4φ′(U0) ds, (5.4)

where

G =
{
−φ′(f(0))f ′(0), if a > 0,

γ, if a ≤ 0.

Proof. Denote N = φ′(U0). We have φ′(f) < φ′(U0) since f is monotonically decreasing by Lemma 2.5 and 
φ′ is increasing. Then we get directly from the equation of f for η > a that

η

2N [φ(f)]′ ≥ −[φ(f)]′′,
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then multiplying by e
η2
4N , we get {

e
η2
4N [φ(−f)]′

}′
≥ 0, (5.5)

when a ≤ 0, integrating from η to a yields

[φ(f(η))]′ ≤ Ce
−η2
4N , (5.6)

where C = γ. Then integrating from η to ∞ we get

φ(U0) − φ(f(η)) ≤ C

ηˆ

−∞

e
−s2

4φ′(U0) ds.

When a > 0, the result follows by integrating (5.5) from η to 0. �
We can obtain similar estimates to those in Lemma 5.3 for comparison of φ(f) to φ(V0) as η → ∞. Then 
we have the following corollary.

Corollary 5.4. If f satisfies (5.11) and boundary condition (5.12), (5.13), then f converges to U0,−V0 expo
nentially as η tends to −∞,∞.

Proof. We know from Lemma 5.3 that, for η < 0

φ′(s)
(
U0 − f(η)

)
≤ G

ηˆ

−∞

e
−s2

4φ′(U0) ds, (5.7)

for some η such that f(η) < s < U0. Since f(η) → U0 as η → −∞, there exists a η0 < −1 such that 
f(η) > U0

2 as η < η0. Then we have if η < η0, φ′(s) > φ′(U0
2 ), because U0

2 < η < U0. It follows from (5.7) 
that for η < η0

U0 − f(η) ≤ G 

φ′(U0
2 )

ηˆ

−∞

e
−s2

4φ′(U0) ds ≤ Ke
η

4φ′(U0) ,

where K = 4Gφ′(U0)
φ′(U0

2 ) 
. The proof for f converges to −V0 exponentially as η → ∞ can be proved similarly. �

The main results of this paper in the whole-line case are Theorem 5.5, where ε > 0, and Theorem 5.6, where 
ε = 0. The results follow similar arguments to those used in the half-line case. The existence of self-similar 
solutions of Problem (5.8) and (5.9) is proved in Theorem 5.18 and 5.20.

Theorem 5.5. The unique weak solution w of problem (1.7) with ε > 0 has a self-similar form. There exists 
a function f : R 	→ R and a constant a ∈ R such that

w(x, t) = f( x √
t
), (x, t) ∈ QT and β(t) = a

√
t, t ∈ [0, T ].

Denoting η = x √
t
, the function f satisfies

f(η) > 0 if η < a, f(η) < 0 if η > a,



34 E. Crooks, Y. Du / J. Math. Anal. Appl. 551 (2025) 129636 

and the system ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− 1
2ηf

′(η) = [φ′(f(η))f ′(η)]′, if η < a,

− 1
2ηf

′(η) = [εφ′(−f(η))f ′(η)]′, if η > a,

lim 
η→−∞

f(η) = U0, lim 
η→∞

f(η) = −V0,

lim 
η↗a

f(η) = 0 = − lim 
η↘a

f(η),

lim 
η↗a

φ′(f(η))f ′(η) = ε lim 
η↘a

φ′(−f(η))f ′(η),

(5.8)

where a prime denotes differentiation with respect to η.

Theorem 5.6. The unique weak solution w of problem (1.7) with ε = 0 has a self-similar form. There exists 
a function f : R 	→ R and a constant a ∈ R+ such that

w(x, t) = f( x √
t
), (x, t) ∈ QT and β(t) = a

√
t, t ∈ [0, T ].

Denoting η = x √
t
, the function f satisfies

f(η) > 0 if η < a,

and the system ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− 1
2ηf

′(η) = [φ′(f(η))f ′(η)]′, if η < a,

f(η) = −V0, if η > a,

lim 
η→−∞

f(η) = U0,

lim 
η↗a

f(η) = 0,

lim 
η↗a

φ′(f(η))f ′(η) = −aV0

2 
,

(5.9)

where a prime denotes differentiation with respect to η.

We now study the existence of a solution f that satisfies (5.8) by using the similar argument to that of half
line case. The main difference with the half-line case is that now we need to consider η ∈ R and investigate 
the case when a ≤ 0 in addition to a > 0. We start with some preliminary results that will be used later. 
The monotonicity of f follows from arguments analogous to those in the proof of Lemma 2.5.

Lemma 5.7. Suppose ε > 0. If f satisfies (5.8), then f ′(η) < 0 for all η �= a.

Now we prove γ is strictly positive when ε > 0. Recall that when ε > 0

γ = − lim 
η↗a

φ′(f(η))f ′(η) = −ε lim 
η↘a

φ′(−f(η))f ′(η).

Lemma 5.8. Suppose ε > 0. Let f be a solution of (5.8), then γ > 0.
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Proof. Suppose γ ≤ 0, we consider in two cases, a ≥ 0 and a ≤ 0. When a ≥ 0, the proof is the same to the 
proof of Lemma 2.6.

Now we let a ≤ 0. Integrating the equation for η < a in (5.8) from η to a yields

−1
2

a ˆ

η

sf ′(s)ds = −φ′(f(η))f ′(η) − γ. (5.10)

The left-hand side of (5.10) is negative since η < 0 and f ′(η) < 0 by Lemma 5.7 whereas the right-hand 
side of (5.10) is positive if γ ≤ 0 since f ′(η) < 0. Therefore, it follows by contradiction that γ > 0. �

The following lemma proves the analogous result for γ when ε = 0. Recall that in this case, γ =
lim 
η↘a

φ′(f(η))f ′(η) = aV0

2 
.

Lemma 5.9. Suppose ε = 0 and let f be a solution of (5.9). Then a, γ > 0.

Proof. We know from the proof of Lemma 5.8 that γ > 0 when a ≤ 0, since the proof when a ≤ 0 only 
involved the equation (5.10) for η < a. However, when ε = 0, the fact that γ = aV0

2 > 0 contradicts a ≤ 0. 
In conclusion, if f satisfies (5.9) when ε = 0, both a and γ are positive. �
5.2. Self-similar solutions with ε > 0

First we consider f that satisfies the equation

−1
2ηf

′(η) = [φ′(f(η))f ′(η)]′, η < a. (5.11)

At the boundaries we require

lim 
η→−∞

f(η) = U0, (5.12)

lim 
η↗a

f(η) = 0, lim 
η↗a

φ′(f(η))f ′(η) = −γ, (5.13)

where a and γ > 0 are constant.
We can obtain various results when a < 0 from the half-line problem by a change of variables. We define

−g(−η) := f(η). (5.14)

Denoting â = −a and η̂ = −η, we get

−1
2 η̂g

′(η̂) = [φ′(−g(η̂))g′(η̂)]′.

The following result is immediate from Lemma 2.8, by using the change of variables (5.14).

Lemma 5.10. If f satisfies (5.11) and the boundary conditions (5.12) and (5.13), then we have the derivative 
of f vanishes as η → −∞

lim 
η→−∞

f ′(η) = 0.
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From the previous results in the half-line case, we know immediately that: the solution f exists is unique 
locally in a left-neighbourhood (a−δ, a) of a when a > 0, and it is monotonically decreasing. By the change of 
variables (5.14), we know from Lemma 3.9 and 3.10 that solution f is unique locally in a left-neighbourhood 
(a− δ, a) of a when a < 0. We therefore have the following lemma, for which it remains to prove the local 
existence and uniqueness of the solution f when a = 0.

Lemma 5.11. For given a ∈ R and γ > 0, there exists δ > 0 such that in (a − δ, a) equation (3.14) has a 
unique solution which is positive and satisfies the boundary condition (5.13).

Proof. The proof for a > 0 is similar to the proof of Lemma 3.2 and 3.4. If a ≤ 0, by using the similar 
approach to that of Lemma 3.2, writing η = σ(f), then

σ(f) = −2
f̂

0 

φ′(θ) ´ θ

0 σ(s)ds + 2γ
dθ, (5.15)

and if we set

τ(f) = −σ(f) = −η,

then (5.15) becomes

τ(f) = 2
f̂

0 

φ′(θ) 
−
´ θ

0 τ(s)ds + 2γ
dθ. (5.16)

Now we denote by X the set of continuous functions τ(f) on [0, μ], satisfying 0 ≤ τ(f) ≤ 1
2 , and ‖ · ‖ the 

supremum norm on X. Then X is a complete metric space. Choose μ small enough that μ < 2γ, on X we 
introduce the map

M(τ)(f) = 2
f̂

0 

φ′(θ) 
−
´ θ

0 τ(s)ds + 2γ
dθ ≤ 2

μ ˆ

0 

φ′(θ)
γ

dθ.

It is clear that M(τ)(f) is well-defined, non-negative and continuous. Moreover, M(τ)(f) ≤ 1
2 if

μ ˆ

0 

φ′(θ)
γ

dθ ≤ 1
4 . (5.17)

Therefore, if μ is chosen small enough that (5.17) is satisfied, M maps X into itself.
We wish to ensure that M is a contraction map, so let τ1, τ2 ∈ X, we have for chosen μ < 2γ

‖M(τ1) −M(τ2)‖ ≤4
μ ˆ

0 

φ′(θ)
γ

dθ‖τ1 − τ2‖,

and it follows that M is a contraction map if

4
μ ˆ

0 

φ′(θ)
γ

dθ < 1.
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This constitutes our third restriction on μ, which implies the first one (5.17). The result follows from a 
contraction mapping principle [8]. �
We know that if a > 0, the local solution in Lemma 5.11 can be continued back to η = 0 by Lemma 3.4 in 
the half-line case. Moreover, integrating (5.11) between 0 and a and using the fact that f ′(η) < 0 yields that 
0 < −f ′(0) ≤ af(0)+2γ

2φ′(f(0)) , and hence f ′(0) is finite since f(0) > 0. This ensures that f can be continued back 
a little bit from 0 by Picard’s theorem, arguing similarly to the proof of Lemma 2.5. Then since φ ∈ C3, the 
Global Picard Theorem (see, for instance, [2, Theorem 1.186]) together with writing (5.11) as the system 
(2.13) will ensure that the unique local solution in Lemma 5.11 can be continued back to η = −∞ provided 
|f(η)| + |f ′(η)| �→∞ as η → η0 for any η0 < a.

We thus next establish various estimates for −f ′ and f . The following lemma proves the boundedness for 
f in three cases: a > 0, a = 0 and a < 0.

Lemma 5.12. If f satisfies (5.11) and the boundary conditions (5.12) and (5.13), then we have for fixed a, γ, 
there exists K > 0 such that 0 < f(η) < K for all η < a.

Proof. Case 1. For a > 0, first we consider η ∈ [0, a), from (5.11) we know that

−φ′(f(η))f ′(η)
2γ
a + f(η) 

≤ a

2 
, (5.18)

integrating (5.18) from 0 to η gives

f(0)ˆ

0 

φ′(s) 
2γ
a + f(s)

ds ≤ a2

2 
,

then f(η) ≤ f(0) is bounded for 0 ≤ η < a, since f is monotonic decreasing in η.
Next we consider η ∈ [−2ρ, 0) for some positive ρ. Integrating (5.11) from η to 0 we have

φ′(f(0))f ′(0) − φ′(f(η))f ′(η) ≤ 0, (5.19)

then integrating (5.19) yields

φ(f(η)) ≤ φ(f(0)) + 2ρφ′(f(0))f ′(0).

Then for η < −ρ, integrating (5.11) from η to −ρ we get

ρ

2 
f(η) − φ′(f(η))f ′(η) ≤ ρ

2 
f(−ρ) − φ′(f(−ρ))f ′(−ρ),

since f ′ < 0. Therefore f(η) ≤ K for fixed a, γ and all η < a.

Case 2. For a = 0, the same proof can be used as in a > 0 case, with φ(f(η)) ≤ 2ργ for η ∈ [−2ρ, a).

Case 3. For a < 0, if η ∈ [−2ρ, a), integrating (5.11) from η to a we have

−(φ(f(η)))′ < γ, (5.20)

then integrating (5.20) from η to a gives

φ(f(η)) ≤ (a + 2ρ)γ.
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For η < −ρ the proof is the same as a > 0. �
Next, we prove the boundedness for −f ′ in three cases: a > 0, a = 0 and a < 0.

Lemma 5.13. If f satisfies (5.11) and the boundary conditions (5.12) (5.13), then for fixed a, γ, there exists 
K̂ such that 0 < −φ′(f(η))f ′(η) < K̂ for all η < a.

Proof. For all a ∈ R, first consider η ∈ [−2ρ, a) for some ρ > 0. Integrating (5.11) from η to a we have that 
−φ′(f(η))f ′(η) ≤ γ + K(a + ρ), where K is positive constant that f(η) ≤ K, by Lemma 5.12. Then for 
η ≤ −2ρ, we know that −φ′(f(η))f ′(η) ≤ −φ′(f(−2ρ))f ′(−2ρ) ≤ K̂ for fixed a, γ. �
The following lemma is a consequence of Lemma 5.12, Lemma 5.13 together with the Global Picard Theorem 
[2, Theorem 1.186].

Lemma 5.14. For given a, γ, the unique local solution in Lemma 5.11 can be continued back to η = −∞.

Now define

b(a, γ) := lim 
η→−∞

f(η; a, γ),

where γ := − lim 
η↗a

φ′(f(η))f ′(η) with γ > 0. Note that we use the same notation b(a, γ) as in the half-line 

case, but here b(a, γ) define as the function of f(η; a, γ) as η → −∞ rather than η → 0.

We can obtain from Corollary 3.8, Lemma 3.14 and the change of variables (5.14) that f is a continuous 
function of a and γ.

Lemma 5.15. For each fixed η∗ < a, if f satisfies (5.11) and (5.13), then

(i) f(η∗; a, γ) is a continuous function of γ for fixed a;
(ii) f(η∗; a, γ) is a continuous function of a for fixed γ.

The following corollary follows directly from Lemma 5.15 and Corollary 5.4 as η → −∞.

Corollary 5.16. If f satisfies (5.11) and (5.13), then

(i) b(a, γ) is a continuous function of γ for fixed a;
(ii) b(a, γ) is a continuous function of a for fixed γ.

Now we consider f satisfying the equation

−1
2ηf

′(η) = [εφ′(−f(η))f ′(η)]′, η > a. (5.21)

At the boundaries we require

lim 
η→∞

f(η) = V0, (5.22)

lim 
η↘a

f(η) = 0, lim 
η↘a

εφ′(−f(η))f ′(η) = −γ, (5.23)

where a and γ > 0 are constants.
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Following from what we studied on the positive solution, we can directly obtain the local existence, unique
ness results and continuity forward to η = ∞ of the solution f by the change of variables (5.14). As for 
η < a, we know that f is a monotonically decreasing function. Moreover, we know from Lemma 2.8 directly 
that lim 

η→∞
f ′(η) = 0. Similarly, if we define

d(a, γ) := lim 
η→∞

f(η; a, γ).

Next, we discuss the properties of b(a, γ) and d(a, γ). When we study the properties of b(a, γ) =
lim 

η→−∞
f(η; a, γ), we can see the properties of dR+(a, γ) = lim 

η→∞
fR+(η; a, γ) in half-line case. The properties 

of d(a, γ) are obtained immediately using the change of variables (5.14).

Lemma 5.17. The functions b(a, γ) = lim 
η→−∞

f(η; a, γ) and d(a, γ) = lim 
η→∞

f(η; a, γ) satisfy the analogous 
properties to those in Lemma 3.5, 3.6, 3.13, 3.12, 3.7 and 3.16, where the property lim 

a→0
b(a, γ) = 0 is 

replaced by lim 
a→−∞

b(a, γ) = 0.

Proof. Consider a < 0, integrating (5.11) from η to a we get

−φ′(f(η))f ′(η) ≤ γ − a

2 

a ˆ

η

f ′(s)ds = a

2 

(
2γ
a 

+ f(η)
)
,

then the result follows from the fact that f ′ < 0, gives 2γ
a + f < 0. �

Similarly to the half-line case, a two-parameter shooting method can be used to prove the existence of a 
self-similar solution of problem (5.8).

Theorem 5.18. Suppose ε > 0, then there exists a unique solution f of problem (5.8).

Proof. This follows by using a similar argument to that in the proof of Lemma 3.19 in the half-line case, 
applying Lemma 3.17 to the set R× (0,∞), which is homeomorphic to the entire plane, for example, if we 
define a homeomorphism g : R× (0,∞) 	→ R2 such that g(x, y) = (x, log y), together with Theorem 5.5. �
5.3. Self-similar solutions for ε = 0

Now we consider

−1
2ηf

′(η) = [φ′(f(η))f ′(η)]′, η < a, (5.24)

with boundaries required

lim 
η→−∞

f(η) = U0,

lim 
η↗a

f(η) = 0, lim 
η↗a

φ′(f(η))f ′(η) = −aV0

2 
. (5.25)

For ε = 0 case, we know that f(η) = −V0 for η > a and γ = aV0
2 which are the same as in the half-line case. 

Note that when ε = 0, a, γ are positive by Lemma 5.9. Since we showed that for each a ∈ R, γ > 0, there 
exists solution f for η ∈ (a− δ, a) for some δ > 0, then there exists a solution of (5.24) on interval (a− δ, α). 
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By Lemma 5.14 we know that with γ = aV0
2 the solution f can be continued back to −∞. As for the ε > 0

case, we know that f is a monotonically decreasing function.
Now define

b(a) : = lim 
η→−∞

f

(
η; a, aV0

2 

)
.

Note that we use the same notation b(a) as in the half-line case, but here b(a) is defined as the limit of 
f(η; a) as η → −∞ rather than η → 0.

Lemma 5.19. The function b(a) = lim 
η→−∞

f(η; a) satisfies the same properties as in Lemma 4.2.

Proof. (i) (iii) (iv) follow immediately from Lemma 4.2. It remains to prove that lim 
a→0

b(a) = 0, because b(a)
is the limit of f at η → −∞ rather than η = 0. Note that a > 0 when ε = 0, since γ = aV0

2 > 0.
Let a < 1 and denoting N = φ′(b(1)), we have φ′(f) ≤ N by (i), since φ′ is increasing. Then since 

φ′(f) > 0 and f ′ < 0, it follows from (5.24) that [φ(f(η))]′′ < 0 when η < 0, and hence multiplying (5.24) 
by φ′(f(η)) yields that

− η

2N [φ(f(η))]′ ≥ [φ(f(η))]′′ for η < 0. (5.26)

Then multiplying (5.26) by e
−η2
4N and integrating from η to 0 yields

[φ(f(η))]′ ≥ Ae
−η2
4N ,

where A = φ′(f(0))f ′(0) < 0. Integrating again from −∞ to 0 we get

φ(b(a)) ≤ φ(f(0)) −A

0 ˆ

−∞

e
−s2
4N ds.

Integrating the equation (5.24) from 0 to a yields

1
2

a ˆ

0 

f(s)ds = aV0

2 
− φ′(f(0))f ′(0).

Then we have

−A = aV0

2 
+ 1

2

a ˆ

0 

f(s)ds → 0 as a → 0.

Therefore φ(b(a)) ≤ φ(f(0)) − A

0 ˆ

−∞

e
−s2
4N ds → 0 as a → 0, since 

0 ˆ

−∞

e
−s2
4N < ∞ and φ(f(0)) → 0 as a → 0

by Lemma 3.6 (ii) and φ(0) = 0. �
The following result follows by using a one-parameter shooting method similar to that used to prove Theo
rem 4.3, replacing (0,∞) with R.

Theorem 5.20. Suppose ε = 0, then there exists a unique solution f of problem (5.9).
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6. Self-similar solutions with special φ′(f) = fm−1 with m ∈ N, m ≥ 2

The choice of φ satisfying (1.3) and (1.4) plays an important role in the characterisation of rates at which 
one substance invades another of the system (1.8). For concreteness, we consider the specific family that is 
motivated by porous medium equation

φ′(w) = wm−1, (6.1)

with m ∈ N, m ≥ 2, which satisfies the conditions (1.3) and (1.4).

The form of self-similar solution of the limit problems with nonlinear diffusion w(x, t) = f(η) is exactly the 
same as in the linear diffusion case where η = x √

t
is independent of the choice of φ. We are interested in how 

the free boundary is affected by m, in the other words, the relationship between m and a, where a gives the 
position of free-boundary because f(a) = 0.

In the following section, we focus on the whole line case with ε = 0 and explore the self-similar solution 
fm(η) = f(η;m), in particular, how the value a depends on m. The study on half-line case and when ε > 0
can be found on [6].

We consider the whole line case with the specific choice of φ′ in (6.1). For ε = 0, the problem satisfied by f
is ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

− 1
2ηf

′(η) = [fm−1(η)f ′(η)]′, if −∞ < η < a,

f(η) = −V0, if a < η < ∞,

lim 
η→−∞

f(η) = U0,

lim 
η↗a

f(η) = 0,

lim 
η↗a

fm−1(η)f ′(η) = −aV0

2 
,

(6.2)

where a is positive.

Recall fmi
(η) = f(η;mi), denote ami

be the position of free boundary where fmi
(ami

) = 0, and γmi
=

− lim 
η↗ami

fmi−1
mi

(η)f ′
mi

(η) = ami
V0

2 
.

Consider fm1 and fm2 satisfying (6.2) with m1 �= m2, we first deduce some results about intersection of fm1

and fm2 .

Lemma 6.1. Suppose am1 < am2 , if fm1 and fm2 satisfy (6.2), then there exists some η0 < am1 such that 
fm1(η0) = fm2(η0).

Proof. For ε = 0, suppose there exists no η0 < am1 such that fm1(η0) = fm2(η0). Then we must have 
fm1 < fm2 for all η ∈ R since am1 < am2 .
We consider

− 1
2ηf

′(η) = [fm−1(η)f ′(η)]′, η < a, (6.3)

with γ = aV0
2 . If fm1 and fm2 are solution of (6.3) with corresponding m1,m2, then, integrating the equation 

of f from η to am1 , am2 , subtracting the equations and letting η → −∞ yields
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1
2

am1ˆ

−∞ 

[fm2(s) − fm1(s)] ds +
am2ˆ

am1

fm2(s)ds = am1V0

2 
− am2V0

2 
.

We know that the left-hand side is positive since fm2 > fm1 for η < am1 . For am1 < am2 , the left-hand side 
is negative, then there is a contradiction, then there must exists η0 < am1 such that fm1(η0) = fm2(η0). �
We obtain the following result when ε = 0 by exploiting the fact that γ = aV0

2 . In the following result, we 
only study the positive solutions f(η) for η < a, and we consider the additional condition 0 < U0 < 1. Note 
that the relationship between a and m tells us how the speed of one substance penetrating into the other 
is affected by m.

Theorem 6.2. Let ε = 0 and U0 < 1, suppose fm1 , fm2 satisfy (6.2) with corresponding m1,m2 ∈ N, 
m1,m2 ≥ 2, and am1 , am2 . Then if m1 > m2, we have

0 < am1 < am2 .

Proof. For ε = 0 case, we have γ = aV0
2 > 0, then by Lemma 6.1, there exists η0 < min{am1 , am2} such 

that fm1(η0) = fm2(η0). We know that am1 , am2 > 0 since γm1 , γm2 > 0.

Now let η0 be the closest intersection point to min{am1 , am2}, integrating (6.2) from η0 to am1 , am2 we get

−1
2η0fm1(η0) + 1

2

am1ˆ

η0

fm1(s)ds = −am1V0

2 
− fm1−1

m1
(η0)f ′

m1
(η0), (6.4)

−1
2η0fm2(η0) + 1

2

am2ˆ

η0

fm2(s)ds = −am2V0

2 
− fm2−1

m2
(η0)f ′

m2
(η0). (6.5)

Subtracting (6.4) from (6.5) we have

1
2

am1ˆ

η0

fm1(s)ds−
1
2

am2ˆ

η0

fm2(s)ds + am1V0

2 
− am2V0

2 
= fm1−1

m1
(η0)f ′

m1
(η0) − fm2−1

m2
(η0)f ′

m2
(η0). (6.6)

For m1 > m2 we know fm1−1
m1

(η0) < fm2−1
m2

(η0), since U0 < 1 and f is decreasing. Then if am1 > am2 , the 
left-hand side of (6.6) is positive and −f ′

m1
(η0) < −f ′

m2
(η0), which gives

fm1−1
m1

(η0)f ′
m1

(η0) − fm2−1
m2

(η0)f ′
m2

(η0) < 0,

which contradicts the left-hand side is positive. Therefore if m1 > m2, we have am1 < am2 . �
The analogous result for the half-line case can be proved by a similar method.
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