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In this paper, we present an approach to characterising self-similar fast-reaction
limits of systems with nonlinear diffusion. For appropriate initial data, in the fast-
reaction limit k& — oo, spatial segregation results in the two components of the
original systems converging to the positive and negative parts of a self-similar limit
profile f(n), where n = %, that satisfies one of four ordinary differential systems.
The existence of these self-similar solutions of the £ — oo limit problems is proved
by using shooting methods which focus on a, the position of the free boundary
which separates the regions where the solution is positive and where it is negative,
and ~, the derivative of —¢(f) at n = a. The position of the free boundary gives us
intuition about how one substance penetrates into the other, and for specific forms
of nonlinear diffusion, the relationship between the given form of the nonlinear

diffusion and the position of the free boundary is also studied.
© 2025 The Authors. Published by Elsevier Inc. This is an open access article
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

In this paper, we will study the self-similar characterisation of two pairs of problems, one on the

half-line and the other one on the whole real line. The first pair of problems, on the half-strip S =
{(z,t) : 0 <2z < 00,0 <t<T} and with both € >0 and € = 0, are

where the function D is defined as

* Corresponding author.

wy = D(W) gz,

(z,t) € (0,00) x (0,T),

w(x,0) = wo(x) := =Vy, forz >0, (1.1)
w(O,t) = Uo,

for t € (0,7),
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o(s s>0,
D(s) := (#) (1.2)
—ep(—s) 5 <0.
The function ¢ € C3(R) and ¢ are assumed to be strictly increasing with
é(s) >0as s>0and ¢'(s) = ¢(s) =0 when s = 0. (1.3)
We will also require that ¢ satisfies
L / x /
/¢§cf)df<oo and /¢;f)dfm. (1.4)
0 1

The function D arises from the & — oo limit of the following reaction diffusion systems that have been
studied in [4],

Uy = ¢(u)mx — kuwv, (xvt) € (07 OO) X (OvT)a
vy = €P(V) g — kuv, (z,t) € (0,00) x (0,7), (15)
u(0,t) = Uy, e¢(v),(0,t) =0, for te (0,7), ’

u(z,0) = uk(z), ov(x,0)=vfx), for xeRT.

Here, v and v represent concentration of two substances and k is the positive rate constant of the reaction.
As in [5], the initial data for the limiting self-similar solutions are defined as

oo Uy x=0, oo 0 x =0,
Uy~ = Voo =
0 x>0, Vo x>0,
where Uy and Vj are positive constants.

From [4], we see that the limits u of u*¥ and v of v* segregate, given by the positive and negative parts
respectively of a function w. It is shown in [4], by using a strategy inspired by [11], that w is the unique
weak solution of (1.5),

u=w"and v=—w",

where st = max{0, s} and s~ = min{0, s}. Here we prove that the limit function w satisfies one of two
self-similar problems, depending on whether € > 0 or € = 0. In each case, a function f : RT — R describes a
self-similar limit solution such that w(x,t) = f(n) where n = x//t for (z,t) € Sz. There is a free boundary
at 7 = a with f(n) > 0 when n < a and f(n) < 0 when 7 > a and the self-similar solution f(n) satisfies the
boundary conditions f(a) = 0 and

v = —lim ¢'(f(n)) f'(n). (1.6)
n/a
When ¢ > 0, the existence of self-similar solutions is proved in Section 3 by using a two-parameter shooting
methods focusing on a and . When e = 0, the free boundary condition at n = a yields a specific form for
v, namely
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and the existence of self-similar solutions is proved in Section 4 by a one-parameter shooting argument,
since 7y depends on a.

The second pair of problems on the strip Q7 = {(z,t) : © € R,0 < t < T} with D from (1.2) and with both
e>0and e =0, are

Wy = D(w):cacv in QTa
Uy, if x <0, (17)

w(x,0) = wo(z) :=
(2,0) = wo() {—VO, if 20,

The function D and the initial condition come from the & — oo limit problems of

up = O(U) gr — kuv, (z,t) e R x (0,T),
vy = e¢(V)ge — kuv, (z,t) e R x (0,T), (1.8)
u(z,0) = uk(z), v(x,0) =), for zeR,

where we define, as in [5] that

u>® = Uo $<0, 0e° 0 l'<0,
7)o x>0, Vo x>0,

o
|

with Uy, Vp positive constants and & as in (1.5).

We use arguments similar to those in half-line case to prove the existence of a self-similar solution of (1.7).
If £ > 0, we may have a < 0, a = 0 and a > 0 where f(a) = 0, since a is not necessarily positive in the
whole-line case.

We take advantage of various ideas from earlier work on self-similar solutions for nonlinear diffusion problems
and discuss briefly two previous papers [1,3] here. Let k(s) be continuous with k(0) = 0 and k(s) > 0 as
s > 0. We introduce the notation k(s) for ease of comparison with [1,3], but, k& clearly plays the same role
as ¢’ plays here. Then the solutions of the nonlinear diffusion equation u; = (k(u);), can be studied in
self-similar form u(z,t) = f(n) where n = x//t, and f satisfies the equation

(K(F)F'Y + gnf’ =0, (19)

In [1], Atkinson and Peletier proved the existence and uniqueness of a self-similar solution f(n) which
satisfies (1.9) for 0 < 1 < a, where a > 0, under the boundary conditions f(0) = U, lim f(n) = 0 and
n—a

lim k(f(n))f'(n) = 0. They consider two cases in describing the dependence of a and U,
n—a

oo

A./@ds =0 and B./@ds < 00.
1 1

They found that as U — oo, a = a(U) tends to infinity in Case A whereas a(U) tends to a finite limit in
Ik
Case B. Here, we only consider the case when / ﬁds = o0. The proof in [1] depends on a discussion
s

1
of the function b(a), which is defined as the value at 7 = 0 of the solution f(n) = f(n;a) of (1.9) with
boundary conditions ligl f(n) =0 and 1i_I>n k(f(n))f (n) = 0. A similar problem in an unbounded interval
n—a n—a
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0 < 1 < oo with boundary conditions f(0) = U and li_>m f(n) =0 is studied in [3] by Craven and Peletier.
n—00

Note that in [3], f(n) > 0 for all > 0. [3] proved the existence and uniqueness of a weak solution by a
shooting method where the initial value problem f(0) = U, f’(0) = 3 is considered. We will adapt ideas of
studying the function b(a) from [1] and shooting methods from [3] to prove existence of self-similar solutions
in this paper.

Note that [1,3] treated a single equation where the solutions were always non-negative. In this paper, we
have sign-changing solutions since the free boundary separates regions where the solutions are positive and
where the solutions are negative. Here, our self-similar solutions satisfy a certain equation when they are
positive, and a different equation where they are negative. We exploit ideas from [1,3] to investigate our
self-similar limit problems that involve these two equations.

We will study the existence of a solution f that satisfies (2.11) with given boundary conditions by splitting

it into two parts: n < a where f(n) is positive, and n > a where f(n) is negative. Then we will discuss the

existence and properties of 1im0 f(n) and lim f(n). These results will be used to study b(a,~), the value at
n— n—00

17 — 0 of the solution f(n) = f(n;a,7), and d(a,), the value at n — oo of the solution f(n) = f(n;a,~),
where « as in (1.6), and also to implement a two-parameter shooting method.

This paper is organised as follows. In Section 2, the limit problem (1.1) is characterised as a self-similar
solution of the problem first in Theorem 2.4 when € > 0, and then in Theorem 2.9 when ¢ = 0. Section 3
focuses on properties of the parameters a and v in the study of the self-similar solution f, and proves
some preliminary results that are useful in deducing existence of self-similar solutions. The existence of
self-similar solutions when € > 0 is proved in Section 3.5 and Section 4. Section 5 contains the whole-line
counterparts of the study of the half-line problem in Sections 2-4. In Section 6, we also consider a specific
family of ¢/(f) = f™~! where m € N, m > 2 is a constant, and investigate how the free boundary position
a is affected by m. Note that with fixed Uy, Vp, there exists a unique self-similar solution which determines
a and . We prove some further results under the additional condition that Uy < 1. In particular, if € = 0,
we find that if m; > mg, then a,,, < am, which is proved in Theorem 6.2. This result indicates that when
m gets smaller, one substance penetrates into the other faster, which can also be seen from the numerical
result in [7].

Self-similar solutions for problems with nonlinear diffusion have attracted interest in a variety of different
contexts in recent years. For example, in [13], Tagar and Sanchez established existence and uniqueness of a
particular unbounded self-similar solution for the reaction-diffusion equation with Hardy singular potential
via a change of variables and a careful phase space analysis. They also study self-similar solutions of both the
porous medium equation and the evolution p-Laplacian equation in very fast diffusion case in [14]. Similar
problems are investigated in [15], where Iagar, Sanchez and Vazquez derive the existence of new self-similar
solutions for the evolution p-Laplacian equation using an explicit correspondence with the porous medium
equation.

Acknowledgement The authors thank the referee for their careful reading of the manuscript and helpful
comments. Funding from the grant EPSRC EP/W522545/1 is gratefully acknowledged. This paper is based
on part of the PhD thesis of Yini Du at Swansea University.

Open Access Statement For the purpose of Open Access, the authors have applied a CC BY license to any
Author Accepted Manuscript (AAM) version arising from this submission.

2. Half-line case: preliminaries

First, we give the definition of the weak solution of problem (1.1). Note that the uniqueness of the weak
solution of (1.1) is proved in [4].
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Definition 2.1. A function w is a weak solution of (1.1) if
(i) w € LOO(ST),

(i) D(w) € D(w)+ L*(0,T; Wy > (R)), where @ € C°°(R™) is a smooth function with @ = Uy when z = 0
and w = —Vy when z > 1,

/ wo(2)e(z, 0)dz + // wédadt — // D(w), &, dadt (2.1)
R+ St St

for all £ € Fr:={¢ € C(Sr): £(0,t) =&(-,T) =0 for t € (0,T)
and supp & C [0, J] x [0,T] for some J > 0}.

(iii) w satisfies

We state a free-boundary problem, including interface conditions, that is satisfied by the solution w of (1.1)
under some additional regularity assumptions and conditions on the form of the free boundary. Note that,
of course, it is not immediately clear a priori that these assumptions will necessarily be satisfied for weak
solutions defined in Definition 2.1, or that w will be defined everywhere and continuous at least away from
the free boundary. But it will be shown later that the unique weak solution of (1.1) has self-similar form
with sufficient regularity for Theorem 2.2 to apply. The following result follows from a similar approach to
that of [12, Theorem 5]. We sketch the key points here, focusing on the parts where our problem needs a
slightly different argument.

Theorem 2.2. Let w be the unique weak solution of problem (1.1). Suppose that there exists a function
B:10,T] — R such that for each t € [0,T],

w(z,t) >0if z < p(t) and w(z,t) <0if z > B(1).

Then if t — [(t) is sufficiently smooth and the functions u := wt and v := —w™ are smooth up to B(t), the
functions u,v satisfy

up = &) gz, in (x,t) € Stz < B(t),

v = €P(V) g, in (z,t) € Sr: x> B(¢),

(¢(u)) = e(o(v)) =0, on I'y = {(z,t) € Sp:x = B(1)}, (2.9)
WF () = ($(u)e —c6(®)a),  onTri={(,) € Sp iz = B(D)},

u = U, on {0} x [0,T],

u(+,0) = ug®(+), v(-,0) =v5("), in RT,

where (-) denotes the jump across B(t) from {x < B(t)} to {z > B(t)},

a):= lim a(z,t lim ofx,t
{a) T\ B(t) (@,8) - z /B(t) (1),

and '(t) denotes the speed of propagation of the free boundary B(t).

Proof. We recall that (u,v) satisfies

//(u — v)&dadt + /( —v9)¢(z,0)dzr = // —ep(v))p€pdadt,

St R+



6 E. Crooks, Y. Du / J. Math. Anal. Appl. 551 (2025) 129636

for all £ € Frp, from which we have

(—u+v)B(t) + (—d(u)y + d(v)z) =0 on Iy :={(z,t) € Sy :ax = B(t)}. (2.3)

Now we know that D(w) is a continuous function of z for almost every t € [0,T], since D(w) € D(w) +
L2(0,T; WH2(R™T)) by Definition 2.1 (ii). So (D(w)) = 0, which implies

~ i ep(-uwT) — lim o(wT) = - lm o) - m #lw) = 0.
Therefore we get
(d(uw)) = &(o(v)) = 0. (2.4)

Moreover, since ¢ € C3(R) is strictly increasing, u(-,t) is continuous across 4(t) and if € > 0, v(-, ) is also
continuous across §(t), so that

(uy=0 ife>0, (2.5)

() =0 ife>0. (2.6)

Then (2.3) and the fact that (u) = 0 imply that

()B'(t) = (p(u)z —ed(v)s), onTp. O (2.7)

The following two limit problems are obtained by interpreting the interface conditions on 3(¢).

Corollary 2.3. Let w and 3 : [0,t] — RY satisfy the hypotheses of Theorem 2.2. Then the functions u := w™,

v = —w~ satisfy one of limit problems depending on whether ¢ >0 ore =0. If ¢ > 0, then
up = ¢(U) g, in {(z,t) € Sr:xz<p®)},
v =0, in {(z,t) e Sr:z<pt)},
ve = €P(V) g in {(z,t) € St:x>p(t)},
u=0, in {(z,t) € Sy x> p(t)},
wglrer%t)u(x,t) =0= I{i‘rﬁr%t) v(z,t) for each ¢ € [0,T7, (2.8)
Igg}t) olu(z, )], = —6I£r&t) olv(z, )] for each t € [0,T7,
u = Uy, on {0} x [0,T7,
u(-0) = ug®(), v(-,0) = v5°("), in RY,

whereas if € = 0 and we suppose additionally that 5(0) =0 and t — B(t) is a non-decreasing function, then



E. Crooks, Y. Du / J. Math. Anal. Appl. 551 (2025) 129636 7

ur = d(U) gz, in {(z,t) e Sr:z<pt)},
v =0, in {(z,t) € Sy :x < B(t)},
v ="V, in {(z,t) € Sy x> B(t)},
u =0, in {(z,t) e Sr:z>p1)},
lim wu(z,t) =0 for each ¢ € [0,T], (2.9)
z /B(t)
Vo' (t) = —I;i%tt) dlu(z,t)], for each ¢ € [0, 7],
u = Uy, on {0} x [0,T7,
u(,0) = U (), v(,0) = o°(), i RY,

where ('(t) denotes the speed of propagation of the free boundary B(t).

Proof. We have (u) = 0 from (2.5). From (2.6), we know that if ¢ > 0, (v) = 0, whereas if ¢ = 0, v(-,?)
jumps across §(t). The fact that v; = 0 in {(x,t) € Sy : & > B(t)} together with the initial condition that
vel(z) = W if © > 0 give the result that v(z,t) = Vj for all > S(¢), since B(0) = 0 and ¢ — B(1) is a
non-decreasing function. It follows that if ¢ = 0,

(vy=Vo—0="Vp for all t € [0,T].

The normal derivative condition (2.7) implies that if £ > 0, then (¢(u), — ep(v),) = 0, so that

g 0 = =l 1

On the other hand, if ¢ = 0, then

VoB(t) =~ lim 0w O

Next we will prove that if we have a self-similar solution of (2.11), then it is a weak solution of (1.1) in the

sense of Definition 2.1 and then prove the existence of the self-similar solution of (2.11) by a two-parameter
shooting method in Section 3.5.

Theorem 2.4. The unique weak solution w of problem (1.1) with € > 0 has a self-similar form. There exists
a function f: R* — R and a constant a € R™ such that

w(z,t) = f (%) , (z,t) € Sy and B(t) = aVt, t € [0,T].

Denoting n = the function f satisfies

L
\/%7
fn)>0ifn <a, fn) <0ifn>a, (2.10)

and the system
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— 5 ) =19 () )] ity <o,

— ) = [0 (~F ) F ) ity >0,

f(0)="Uo,  lim f(n)= Vo, (2.11)
Jiny f(n) = 0= — lim f(),

Lim ¢'(f(m)f'(n) = € lim ¢'(=f ()" (n),

where a prime denotes differentiation with respect to 7.

Proof. We know from [4, Lemma 4.7] that if w(z,t) = f(%) is a weak solution of (1.1), then it is unique.

We therefore need to show that a solution to (2.11) exists, which will be postponed to Section 3.3, and that
if f satisfies (2.11), then it is a weak solution of (1.1), that is, it satisfies Definition 2.1. The weak solution

of (1.1) satisfies
S/T/ wé,dzdt — S/T/ D(w),&,dadt = VOR/+ £(z,0)dz,

where ¢ € Fr. If we write w(z,t) = f(%), then since £(-, T') = 0, with simple calculations we can prove that
f satisfies Definition 2.1 (iii). By some calculations which use the properties of f shown in Lemmas 2.5-2.8
below, it can be shown that ¢(Up) — ¢(f) € L%((0,a)), (Vo) — ¢(—f) € L*((a,=)) and —(¢(—f)) €
L?((a,00)), see [6] for details. It therefore follows that if f satisfies (2.11), then by changing variables, it
satisfies Definition 2.1 (ii), that is

D(f) € D(w) + L*(0, T; Wy *(RT)).

Hence f satisfies Definition 2.1. It remains to prove the existence of solution of Problem (2.11), which is
done in Theorem 3.18 below. 0O

Recall from (1.6) that

v = —%l;r; o' (f(m) f'(n).

Note that it follows from the free boundary condition of Problem (2.11) that

v=—¢clim ¢'(=f(n))f'(n) when e >0.
n\a

We next prove a collection of properties of f that are both needed in the proof of Theorem 2.4 and useful
later. First, we prove the monotonicity of f.

Lemma 2.5. Suppose € > 0. If f satisfies (2.10) and (2.11), then f'(n) <0 for alln # a.

Proof. Suppose f is not monotonic, then there exists 79 # a such that f/(ng) = 0, denote fo := f(n9) # 0.
Consider the case 19 < a and fo > 0. Then defining the function g : (—o0,a) — RT by

9(n) = fo, forallne (—oc,a),

we have that for n < a, g satisfies
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—%ng'(n) = [6'(g(n)g'(n))

g(no) = fo, ¢'(m) =0,

but also

—Lnf ) = ) )] (219)
f(o) = fo,  f'(m) =0.

Now setting h := f’, the problem (2.12) can be re-written as the first-order system

f'(n) = h(n), (2.13)

) = =i k) + o ) (k)|

with the conditions f(no) = fo, h(no) = 0. Since ¢ € C? and ¢/(f) > 0 whenever f > 0, the right-hand
side of (2.13) is continuous in 7 and C* in h, and so by Picard’s Theorem, there exists a unique solution
of (2.12) in a neighbourhood of 7. Hence f = g for n in a neighbourhood of 79, and thus, repeating the
argument, for all 77 < a. But this contradicts the boundary conditions in (2.11). A similar argument yields
a contradiction if ng > a and fy < 0.

So for n # a, f'(n) # 0, and hence f'(n) < 0 by the boundary conditions in (2.11). O

We prove next that v defined in (1.6) is strictly positive when e > 0. In fact,  is also strictly positive when
e = 0, see Corollary 2.10.

Lemma 2.6. Suppose € > 0. Let f be a solution of (2.11), then v > 0.

Proof. If v <0, then integrating the equation for n > a in (2.11) from a to n yields

n

—5 [ sr6)ds =< (=1 ) + . (2.14)

a

The left-hand side of (2.14) is positive since f’ < 0 by Lemma 2.5 whereas the right-hand side of (2.14) is
negative since f' < 0, ¢'(—f) > 0, and v < 0. Therefore, it follows that v > 0 by the contradiction. O

Now we prove some further properties of f’.
Lemma 2.7. Suppose € > 0. If f satisfies (2.11), then for n > a, f' is monotonically increasing in 7.

Proof. The results follow from the equation for f when n > a

—%nf’(??) = —e¢" (= f)(f'())* + ¢ (= ()£ (n)-

The left-hand side is positive since 0 < a < 7 and the first term of right-hand side is negative, because ¢’
is assumed to be strictly increasing and hence ¢” > 0. Therefore f” must be positive. O
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Lemma 2.8. Suppose € > 0. If f satisfies (2.11), then we have for n > a

4y
—f'(n) < " (2.15)
and hence, in particular,
. ’ _
7Ili)rgof (n)=0. (2.16)

Proof. Integrating the equation of f for n > a from a to 7, we have

L) = ) < 5 [ 5 (6)ds =< () )+ <

a

since f’ < 0 is increasing, ¢'(f) > 0, and the right-hand side is positive. Therefore we obtain

4y
!
7.]0 (77) S 772 _a2'

If we choose 7 > a + 1 then
4y
—f'(n) < (2.17)
which vanishes as n — co. O

Similarly, we can prove that if we have a self-similar solution of (2.18) when ¢ = 0, then it is a weak
solution of (1.1) in the sense of Definition 2.1, the existence of the self-similar solution is proved by using
one-parameter shooting in Theorem 4.3.

Theorem 2.9. The unique weak solution w of problem (1.1) with € =0 has a self-similar form. There exists
a function f: RT +— RT and a constant a € R* such that

w(z,t) = f <%) , (z,t) € Sy and B(t) = aV/t, t € [0,T].
%, the function f satisfies

Denoting n =

f(n) >0ifn <a,

and the system

- = BE@I W), i <a,
f(n) ==V, if n>a,
£(0) = U, (2.18)
T f(m) =0,
: / ’ _ _a_‘/b
%l;r}ﬁ(f(n))f () =—-—"

where a prime denotes differentiation with respect to 7.
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Proof. When £ = 0, we can only consider f for n < a, since f(n) = =Vp for n > a. The proof of the fact that
a solution of (2.18) yields a weak solution of (1.1) is similar to the proof of Theorem 2.4 and the existence
of solution for problem (2.18) is proved in Theorem 4.3 below by a shooting method. O

v
The following corollary follows from the fact that v = % when e = 0, which is a direct consequence of the

free boundary conditions in (2.18).
. aVp . .
Corollary 2.10. Suppose € = 0. Let f be a solution of (2.18), then v = — positive.
3. Half-line case: self-similar solutions with € > 0
In this section, we will prove the existence of the self-similar solution by splitting the proof into two

parts: n < a where f(n) > 0, and n > a where f(n) < 0. We will discuss the existence and properties of
lirr(lJ f(n) and lim f(n) and then use a two parameter shooting argument with parameters a and ~.
n— n—00

First we consider f that satisfies the equation

5 ) = @), 0<n<a (31)

At the boundaries we seek a solution that satisfies

£(0) = U, (3:2)
lim f(n) =0, lim &'(f(n)S"(n) = —. (3.3)

3.1. Solution in left-neighbourhood of n = a

We start by proving the local existence of a positive solution of (3.1) in a left-neighbourhood of 7 = a,
which satisfies the boundary conditions (3.3).

Lemma 3.1. Suppose a > 0 and choose a1 < a. If f satisfies (3.1) and the boundary conditions (3.3), then

fa1)

¢ (f) 1
/‘%+fw<5f. (3.4)
0

Proof. This follows from a similar argument to that in the proof of [1, Lemma 3]. Integration of (3.1) from
1 to a gives

S 0] <7 a [ £

n

since @ > 0 and f’ < 0 by Lemma 2.5. Thus for any as such that a; < as < a, we have

s
Q_W—_Hcdf <

a

1
5((12 —a) <
f(az2)

Then the result follows by letting as tends to a.
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Note that here we have an extra positive term %77 on the denominator, which makes the proof easier than
in [1], which corresponds to v =0. O

In the following, we prove the existence and uniqueness of the local solution by using a method inspired
by [1, Lemmas 4 and 5].

Lemma 3.2. For given a and v, there exists § > 0 such that for n € (a — 9§, a), equation (3.1) has a unique
solution which is positive and satisfies the boundary condition (5.3).

Proof. It is convenient to start by supposing that such a solution exists in a left-neighbourhood of n = a.
Integrating (3.1) from 7 to a, we have

R %:40))
P~ Jrsf(s)ds — 2y

(3.5)

Since f is monotonic, with non-vanishing derivative, we can treat n as a function of f, writing n = o(f).
Then (3.5) takes the form

do _ —2¢'(f)
df fof o(s)ds + 2y’

and o(f) is a solution of this integro-differential equation which satisfies the initial condition ¢(0) = a and
is defined and continuous on an interval [0, f] for some f > 0 and continuously differentiable on (0, f) An
integration gives

!
o(f)y=a- 2/ ¢d9, (3.6)

and if we set

T(f)=1-— =1—g, (3.7)
then (3.6) becomes
7(f) = 2a7? /f - ') de. (3.8)
S Jy=7(s)lds + 2

If the solution of (3.8) is unique, the corresponding solution of equation (3.1) is also unique.
Now we prove (3.8) has a unique solution on [0, u| for some p > 0.

Lemma 3.3. There exists p > 0 such that (3.8) has a unique continuous solution in 0 < f < u, which is
such that 7(0) =0 and 7(f) >0 if 0 < f < p.

Proof. With 4 to be chosen later, we denote by X the set of continuous functions 7(f) defined on [0, u],
satisfying 0 < 7(f) < 5. We denote by || .| the supremum norm on X. Then X is a complete metric space.
On X we introduce the map
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¢'(0)
7(s)]ds + Iy

a

do < 4072

!
M) =22 [ =
o Jo

O\_:
S~
ASS
+1=
5
)
jol
>

It is clear that M (7)(f) is well-defined, non-negative and continuous. Moreover, M (7)(f) < % if

m
/ _'Y
0 a

Therefore, if 11 is chosen small enough that (3.9) is satisfied, M maps X into itself.

l\')l»—A

We also wish to ensure that M is a contraction map. Let 71,7 € X, we have

Jy I71(s) = ma(s)|ds
foo[l —7i(s)]ds + %’Y} {fo [1 = 7as)lds + %7}

f
IM(r) — M(r)]| <22 / &(0) {

15
§8a_2/¢'(9)%
0 +

[

and it follows that M is a contraction map if

“w
- ¢'(0)
8a2
i

This constitutes our second restriction on g, it clearly implies the first one, (3.9). The result now follows

dé ||m — 7|

77_2”3

do < 1.

2|5

from the standard fixed-point principle [8]. O
This concludes the proof of Lemma 3.2. O

For any a > 0, the unique positive solution f(7), defined in a left-neighbourhood of 7 = a, which satisfies
the boundary conditions (3.3), may be uniquely continued backward as a function of 7. By Lemma 2.5,
it will increase monotonically as 1 decreases. There are then two possibilities, either the solution can be
continued back to n = 0, or else we have f(n) — oo as 7 decreases towards some non-negative value. We
now show that the solution can indeed be continued back to 7 = 0. Note that the following result uses the
condition (1.4).

Lemma 3.4. For any given a,~y, the unique local solution of equation (3.1) in Lemma 3.2 can be continued
back ton=0.

Proof. Suppose 0 < a; < a and f(n) — oo as n — ay. If there exist ay € (a1,a) is such that f(ay) > 2

a’

then we have from (1.4) that

1 /
f+ z'y >3 / P af = oo (3.10)
f(a2) f(az
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But the boundedness of the integral from (3.4), together with (3.10), implies the boundedness of f(a1).
Now consider a; <1 < a— ¢ for § > 0. Integrating (3.1) from 7 to a — J yields

1

) = s (1= yla=Ofa=d) +usm+ [ Fs ).

(n) T 5(a—20)fla—0)+nf(n) (s)
7

which implies for some constant C' that —f'(n) < C for n < a — ¢. It follows from [2, Theorem 1.186] that

the solution can be continued back ton=0. O
3.2. Properties of b(a,~)
Define
ba, ) = lim f(n; a,7),

where v := — li/r‘n &' (f(n))f'(n) with v > 0. The following discussions on b(a, ) are used in proving existence
n,'a

of self-similar solution by shooting from 7 = a with a given choice of 7, the derivative of ¢(f) at n = a,
back to lim f(n;a,~).
n—0

Lemma 3.5. b(a,v) has the following properties with fized a:

(i) b(a,~) is strictly monotonically increasing in 7;
(ii) b(a,v) is a continuous function of v and the Lipschitz constant is uniform in v € [y0,73], where
0 <7 <13/
(iii) lim b(a,v) = oo.
y—00

Proof. Our strategy is inspired by [1], but here we consider the value of f at n = 0 as a function of both a
and v, and study the dependence of b(a,~) on ~.

(i) Denote f,, = f(n;a,7:). Let f,, and f,, be positive solutions satisfying (3.1), (3.3) corresponding
to ¥ = 41,7 = 2. Suppose b(a,y) is not strictly monotonically increasing in . Then it is possible to find
71 > 72 such that b(a,v1) < b(a,72) and ng € [0, a) such that f,, (no) = fy,(no) and f,, > f, on (1o, a), we

denote .]? = f’Yl (770) = f’Yz (770)'
Integrating the equation (3.1) for f,, and f,, from 79 to a and obtain,

gm0+ 5 [ £(6)ds == = $(Df;, () (311)
7o

g + 5 [ £alo)ds = =2 = 61 £, (). (312)
7o

Subtract (3.12) from (3.11) gives

a

5 [ (9) = Fu(o)ds = (2 = 30) + 6 (D) F3 ) = £, ().

7o
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Since f,, > f,, on (1o, a), the left-hand side is positive. The right-hand side is negative because f,_ (1) <
o, (M) at no and ¥2 < 1. We therefore have a contradiction, and the function b(a, ) must be strictly
monotonically increasing in .
(ii) Let 0 < 79 < 71 < 72 < 3. Recall the function 7(f) from Lemma 3.2 and set 7(f) = 7(f;v) = 7,
where ¢ = 1,2. Then

f 9 , ,
¢'(0) 4 [y [T1(s) — 72(s)]ds + 222 — 21
[7(fim) = 7(f572)] 2/ } de| .
0 fO 1

—71(s)]ds + 21 }{f09[1—72(s)]d8+%}

Consider the function

0
2y
L(9§’7)=( > /1—737 d8+— , 0<6<b(a,).
0

Now L(#;+) is a monotonically decreasing function of 6 because

0

O - | [rtsmas =) <e+21> <A
N (R ¢ a(0+%)

since it follows from (3.8) and the fact that ¢’ > 0 that 7(f;~) is an increasing function of f, and hence
foa 7(s;v)ds < 07(0;v). Moreover, L — 1 as § — 0. Therefore, when 0 < 0 < b(a,~)

L[b(a,v);~]) < L(0;v) <1

We can now write

o6
S s fr(sim) = (si7)]a0,

f
I7(fim) = 7(f:72)] < A2 — ) + B /

0

where

A =16a"v52p(b(a,~3)) {Lb(a,v1); 1]} {L[b(a,v2);v2)}
B =2a"2{L[b(a,m); 7]} {L[b(a,72);72]} ",

and if we set w(f) = Jnax |7(6;91) — T(0;42)|, then

Define the function

Then
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M) = (abla,y) +27)"! / F)dp+ 2] |
0

since, by the definition of 7 in (3.7),

b(a,y) b(a,y) 0 a
[ ar=rtstas = [ otsmds= [ prwido= [ sw)dn
0 0 a 0
and hence
[ b(a,)
L)) = (ablan) +20) " | [ all=r(s.)]ds+ 2
0

a

— (aba,) +27)"! / ) dp + 2
0

Now it was shown in (ii) that, since v; > vo(i = 1, 2),

fmivi) = f(m370)  on [0, a).
Since f(n;v;) > 0 it follows that

a

M() > [abla, ) + 27] " / £ 70)dn + 270
0

Moreover, 7; < 3 and hence, in view of (ii), b(a, ;) < b(a,~s3). Therefore

M(vi) > [ab(a, ys) + 23]~ /f(n;vo)dn + 27
0

Thus it can be seen that the constants A and B are uniformly bounded for v € [yg, v3].

It now follows from Gronwall’s Lemma (see [9, p.24]) and the fact that f < b(a,vs), that 7(f;~) satisfies a
Lipschitz condition in - which is uniform with respect to f € [0,b(a,~3)] and v € [yo,V3)-
From this, and the observation that 7 is continuously differentiable on (0, 1] with

57 =2 e 2 2 T
we can write
i or ()
|7(b(a,71);72) — 7(b(a,72); 72)] —b(a[ﬂ W(f’ Y2)df > 2a*2@[b(aﬁz) = bla, )],

by the Mean Value Theorem, for some f* € (b(a,71),b(a,v2)). Now we consider
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IT(b(a;11);72) — 7(b(a,72);v2)| — [7(b(a, v1);71) — 7(b(a, 71);72)|
<|r(b(a,71);71) — 7(b(a,72);72)| = 0.

Then we have

I7(b(a,71);72) = T(b(a,12);72)| < |7(ba,y1);71) — T(b(a, )i 72)| < Klm = 7l
since 7 is Lipschitz continuous. Therefore

22U

e e 1 272 [b(a,v2) — bla,11)] < K|y — 72|

We may conclude that the function b(a,~) Lipschitz continuous in v and the Lipschitz constant is uniform

in 7y € [70,7s)-
(iii) Integrating (3.1) from 7 to a yields

letting n — 0 gives

e,
O/ f df > av.

As ¢/(f) is continuous on [0,00) and ¢'(0) = 0 then we have by condition (1.4) that b(a,y) — oo as
vy —00. O

Lemma 3.6. b(a,v) has the following properties with fized ~:

(i) b(a,v) is stmctly monotonically increasing in a;
(i) hm b( v) =
(iii) ( v) is szschitz continuous in a and the Lipschitz constant is uniform in a € (agp,as) and v €

(Y0,73), where 0 < ag < asz, 0 < vy < 35
(iv) lim b(a,v) = co.

a— o0

Proof. The proof of (i) follows from a similar argument to that of Lemma 3.5 (i).

(ii) Let a < 1, denote N = ¢'(b(1,7)), we have ¢'(f) < N by (i), since ¢’ is increasing. Now from (3.1)
and using the facts that ¢'(f) > 0 and f’ < 0, we get that [¢(f(n))]” > 0 for all n € (0,a), and hence
multiplying (3.1) by ¢'(f(n)) yields that

DU + 5B 20 for0 <y <a. (3.13)
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2

Multiplying (3.13) by e~ and integrating from 0 to 7 then yields

where A = ¢/(b(a,v))f'(0) < 0. Integrating from 7 to a we get

a

o) < —A [ 3 ds.

n

Now we integrate the equation (3.1) from 0 to a and obtain

%/f(s)ds =~y — ¢'(b(a,7))f'(0).
0

a

1
Then —A =~ + 3 / f(s)ds and we have —A —  is bounded as a — 0.

0
a

_s2 _s2
Therefore lin%) o(f(n) < fA/eW ds — 0 as @ — 0 since e~ is bounded, which implies that
n—
0

lim hm f(n) = lim b(a,v) = 0.
a—0n—0 a—0

(iii) The proof is similar to that of Lemma 3.5 (ii). We omit most of the details and only note the key
differences. Let 0 < ag < a1 < as < a3. Recall the function 7(f) from Lemma 3.2 and set 7(f) = 7(f; a;) =
T;, where ¢ = 1,2. Then

f
fo |T1(s) — T2(s)|ds

0 {foa[l - Tl(s)]ds + z—’f} {fo [1—7(s)]ds + i_z}

I
a2 B al / ¢,(0 de.

a3ai f 1—7’18)(18—"-2—?

I7(f;a1) = 7(f; a2)| <2a37 de

0

Let 0 < 79 <1 < 72 <3 and consider the function

0
—1
L(G;a,fy)(GJr%) /[14(3;(1)}01”%7 . 0<0<bla,).
a

Now arguing as in the proof of Lemma 3.5 shows that the function L(6;a) is a monotonically decreasing
function of 0, and clearly L — 1 as 8§ — 0. Therefore

Llb(a,v);a] < L(0;a) <1 for 0 < 0 < b(a,”).

It then follows that

_7 [hax, |7(s;a1) — 7(s;a2)|d,

f
| (f7al>_7-(f7a2)‘<14(a2_a1 /
0
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where
a1 + az e ¢'(0) -1
A=2 o PR dé{L[b(a1,7);a1]}
0 al
ay + ag ) ¢'(0) -1
<2t [ (b))
0 a1

B =245 {L[b(a1,7); 1]}~ {L[b(az,7);a]} "

If we set w(f) = O?Ga%(f |7(0;a1) — 7(0; az)|, we then have

f
(f)<Aa2—a1
"

9|4

Define the function

a

M(a,7) = L[b(a,);a] = [ab(a,~) +27]~" /f(n;a,v)dnJr?v
0

By the proof of (i) and Lemma 3.5 (i), we have

M (ai, i) > [asb(as,v3) + 23]~ /f n; a0, v0)dn + 270

Thus it can be seen that the constants A and B are uniformly bounded on the interval [ag, ag] and [vo, 73]-

It now follows from Gronwall’s Lemma [9, p.24] and the fact f < b(as, ) that 7(f;a) satisfies a Lipschitz
condition in a which is uniform with respect to f € [0, b(as,~)] and a € [ag, as].

We may conclude by a similar argument to that in proof of Lemma 3.5 (ii) that the function b(a,7) is
Lipschitz continuous in a and the Lipschitz constant is uniform in a € (ag, as) and v € (y0,73)-

It can be shown that the Lipschitz constant is uniform in both a € (ag, ag) and v € (70,73) since we proved
the monotonicity on v of b(a,~y) on Lemma 3.5. This result will be used in proving b(a, ) is a continuous
function of both a and ~.

(iv) Integrating (3.1) from 7 to a yields

G ) =~ 5 [ a8 o)s =0+ D = L
n
For any a4 with n < a4 < a we obtain
f(n)
¢'(f)
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letting a4y — @ and n — 0,

¢'(f) 1
Tdf Z ZG/Q.
0

As ¢/(f) is continuous on [0,00) and ¢'(0) = 0 then we have by condition (1.4) that b(a,y) — oo as
a—o0o. O

Now we prove that b(a,~y) is a continuous function of both a and v by using Lemma 3.5 (ii) and Lemma 3.6

(iii).
Lemma 3.7. b(a,v) is a continuous function of v and a.

Proof. Consider

[b(a, ) = b(ao, Y0)| < [b(a, ) = blao, 7)| + [b(ao, 7) = blao, Y0)|-

It was shown in the proof of Lemma 3.5 (ii) that b(a, ) is uniformly continuous in y € [y, 73], so there exists
g1 such that [b(ao, ) — blao,v0)| < § if |¥ — 70| < p1. And by the proof of Lemma 3.6 (iii), there exists yo
such that [b(a,v) — b(ao,7)| < § if |a — ao| < p2 and 7 € [0,73]. Therefore |b(a,v) — b(ag,70)| < 3+ 35 =10
i o — ax| + |y — 90l < max{pu, g} D

By similar arguments to those in Lemmas 3.5, 3.6 and 3.7 and the fact that the particular choice of n =0
in b(a,v) = f(0;a,v) plays no special role, letting ny € [0, 00] play the same role as 0, we can obtain the

following corollary.

Corollary 3.8. For each fized ng € (0,a), if [ satisfies (5.1) and (5.3), then f(no;a,7y) is a continuous
function of a and v and is monotonically increasing in both a and .

3.8. Solution in right-neighbourhood of n = a

Now we consider f that satisfies the equation

g ) =<l T F @), 0> e (314)

At the boundaries we require
T () = Vo, (3.15)
lim f(n) =0, Jim <6/ (~ ()" () = . (3.16)

Next, we use the similar arguments to that of left-neighbourhood to prove the existence of a negative solution
of (3.14) in a right-neighbourhood of = a, which satisfies the boundary conditions (3.16).

Lemma 3.9. For given a > 0, there exists § > 0 such that in (a,a+ ) equation (3.14) has a unique solution
which is negative and satisfies the boundary condition (3.16).
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Proof. It is convenient to start by supposing that such a solution exists in a right-neighbourhood of n = a.
Similarly to the proof of Lemma 3.2, let o(f) be a solution of this integro-differential equation which satisfies
the initial condition o(0) = a and is defined and continuous on an interval [fo, 0] for some fy < 0, and is
continuously differentiable on (fy,0), such that

0

£¢'(=0)
—a—2 [ 2\ 4 3.17
2 / feo o(s)ds — 2 (3.17)

f
if we set
a a
T f = =
D=5 =
then (3.17) becomes
! de 3.18
R ey el (3.15)
I I3 =4

If the solution of (3.18) is unique, the corresponding solution of equation (3.14) is also unique.

Lemma 3.10. There exists a p > 0 such that (3.18) has a unique continuous solution in —p < f <0, which
is such that 7(0) =1 and 7(f) < 1 4f —u < f <O0.

Proof. With 1 to be chosen later, we denote by X the set of continuous functions 7(f) defined in [—u, 0],
satisfying 3 < 7(f) < 1. We denote by || .|| the supremum norm on X. Then X is a complete metric space.
On X we introduce the map

1 1

/ 2 1(_ .
1-2a72 ] fé’ﬁfigf—)%de 142472 [ de

M(7)(f) =

It is clear that M(7)(f) < 1 is well-defined, continuous. Moreover, M (1) > 1 if

1 1

; 25
142072 [0 0004~ 2

which gives

)
—+
N
-

0
N ARV (3.19)
/

Therefore, if 11 is chosen so small that (3.19) is satisfied, M maps X into itself.

We also wish to ensure that M is a contraction map. Let 71,7 € X and choose u < I, we have

ds

fo E¢/ _ fe 72(5) -rl(s)
! fe T DU Femds—)

_ 4 /(-6
(1-2a72 [} ﬂ—gmu—m iy

1M (71) = M(72)|| =27
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0 0 71(s)—72(s) ds
<2472 / e (=) LIl g9
’ (04 =21)?

0
_ e/ (—0
<8a 2/ 94521)(10”71_7—2“

—u a

It follows that M is a contraction map if

0
8a_2/5¢ = 49 < 1.

0+ 2
_IJ’ a

This constitutes our third restriction on u, it clearly implies the first one. The result now follows from a
standard fixed-point principle [8]. O

This concludes the proof of Lemma 3.9. 0O

For any a > 0, the unique negative solution f(7n) defined in a right-neighbourhood of 7 = a, which satisfies
the boundary conditions (3.16), may be uniquely continued forward as a function of 7. We now show that
the solution can be continued forward to n — oo.

Lemma 3.11. For given a, -y, the unique local solution in Lemma 3.9 can be continued forward to n — oo.

Proof. We have from (3.14) that

') < —[¢'(=H)F- (3.20)
Integrating (3.20) from 2a to 7 yields
¢/ (= £(20))f'(20) = 5 £(20) > —=¢/ (~ () () = 5.5 (),
then we know that —e¢’(—f(n)) f"(n)— £ f(n) is bounded above by some positive constant C, so f is bounded.
)

The boundedness of — f’(n) for n > a+ % follows similarly to (2.17) for 6 > 0, so it follows from [2, Theorem
1.186] that the solution of (3.14) can be continued forward to n — co. O

3.4. Properties of d(a,7)
Now define
d(a,v) = lim f(n;a,7).
n—00
The following discussions on d(a,~y) are used in proving existence of self-similar solution by shooting from

1 = a with +, the derivatives of ¢(f) at n = a, to lim f(n;a,v). The strategy in studying the properties
n—oo

of d(a,y) is similar to that used to prove the properties of b(a,~), but some arguments are more involved
since (a, 00) is unbounded.
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Lemma 3.12. d(a,v) has the following properties with fized a:
(i) d(a,~) is strictly monotonically decreasing in y;

(ll) ’yh—>Hc}o d((l, ’Y) = — 005

(iii) ’lyg% d(a,v) =0.

Proof. The proof of (i) follows from a similar argument to that of Lemma 3.5 (i).

(ii) Suppose d(a, ) does not satisfy lim d(a,~) = —oo. Then there exists M > 0 such that d(a,v) > —M
y—00
for all , which implies |f(no)| < M for each fixed 7y > a. Integrating (3.14) from a to ng gives

1= gm0l (m) + /f Jds — ed/ (—F(m0)) £ (o).

Since /f(s)ds is negative, using the upper bound of |f|, we get

o
e ADf ) > 7= 25 = 5 [ fle)ds > = 2,

By (2.17) we know that for all ng > a+ 1

L' (M) o Mino
O o (M - )
P >~ () > = =
M 1o/ 4¢' (M
If we rewrite as 2770 >y <1 2¢ ( 1)) and choosing and fixing 7y sufficient large such that 1— 29:; ( 1) >
Mo — 0

57 We then have Mg > v for all 4. But this is a contradiction, so if v — oo, we have d(a,v) — —c0.

(iii) Integrating (3.14) from a to n and letting n — oo, together with lim f’(n) = 0 by (2.16), we get
n—o0

*—/f *—d(a,v)Sv-

Then the result follows from
a
—§d(a,7) —0 asy—0. O
Lemma 3.13. d(a,~y) has the following properties with fized ~y:

(i) d(a,7) is strictly monotonically increasing in a;
(ii) lim d(a,v)=0.
a—r 00

Proof. The proof of (i) follows from similar arguments to those in the proof of Lemma 3.5 (i).
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(ii) Integrating (3.14) from a to n we get
o (I (0) = / reas =5 (-2 ),

then the result follows from the fact that f' < 0, gives —%’Y —f<0. O

Next, we prove f is a continuous function of a and v respectively by using an iterative method. This result
will be used to prove d(a,~) is a continuous function of both a and ~.

Lemma 3.14. For each fized n* > a, if [ satisfies (3.14) and (3.16), then

(i) f(n*;a,7) is a continuous function of v for fized a;
(ii) f(n*;a,v) is a continuous function of a for fixed .

Proof. First we prove f(n*;a,~) is a continuous function +.
Let 0 < 70 < 711 < 72 < 73. Recall the function 7(f) from the proof of Lemma 3.9 and set 7(f) =
7(f;7i) = 7, where i = 1,2. Let 1 € (a, o] satisfy 3 < 7(f) <1 and

nof(no; a,v3) — 270 <0, (3.21)

for f(n) € [=u,0]. Then

a

_ 2 (7 _ 2 #
(1 2a~ ff T d9> (1 2a~ ff [z dH)
ed' (— f L_ds+ 2( —2)

[ TQ(S) T (s a\N 2

dé|,
f/ (fe Tl(s)ds - Tl) ( 90 Tis) §— %)

since 7(f) < 1 implies 1 — 2a~2 ff f€¢’(79)27d9 > 1. Then we have
6 T(s)

a2 0) _ e’ (
ff< 1ds_zl feﬂs)d——)de

IT(f;71) — 7(f;2)] =

o (f ) Sitrads + 2n - 72))
I7(f;7) = 7(f372)] <2072 de
_2n f _ 27
( 0 ‘rl(s) ) ( 0 7'2(5 a

peol(- (4 f; 71(5) = 7a(s)ds + 2 (31 —2))
4 (fe o ds 271) (fo S ds — %)

<2a7? de|,

since 7(f) > 3.

Consider the function
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L is a monotonically increasing function of 8 since

or Jo 7y — Fimds + 2 (14 7(0)
06 (9_2_’7)2

a

> 0,

and L — 1 as 8 — 0. Therefore L(f(no;a,7);7v) < L(0;7) <1 when —p < 6 <0.
We can now write

0
r(750) = 7(7572)] < Al =) + B [ 0

—, joax 7(sim) — 7(s572)[df,

where

A= 16(171’73545/(*“770; av’)’l))[L(f(Uo» a;’Yl))]fl[L(f(Uo; a372))]71,
B = 8a™*[L(f (10 a, v1)) " [L(f (0 a,72))] 7,

and if we set w(f) = fr;lg;(o |7(0;v1) — 7(0;72)]|, then

2n
-0

0
w(f) <A(re—m)+ B/ e (_e)w(ﬂ)dﬂ.
1

Define the function

Tlo

M(y) = L(f(no; a,7);7) = (a f(no; a,7);7) —27) 7" /f(S; a,y)ds —nof(no;a,v) — 2y

a

It was shown in Lemma 3.12 (i) that, since v; < 3, f(n:7) = f(n;793) on (a,no]. Since f(n;v;) < 0, it
follows that

Mo
M (i) > (af(no;a,vs);vs) — 273) " /f(S; a,y)ds —nof(no; a,v3) — 27 | > 0.

Thus it can be seen that the constants A and B are uniformly bounded for v € [yg, v3]-

It now follows from Gronwall’s Lemma (]9, p24]) and the fact that f(n;a,v) > f(no;a,7vs) that 7(f;7)

satisfies a Lipschitz condition in v which is uniform with respect to f € [f(n0;a,73),0] and v € [y0,73]-
The observation that 7 is continuously differentiable on [%, 1) with

or 1 e¢'(—f)

el a 1 _,e¢'(=f)
of 20 T f

50/ 217.]0

[L(f;)] " >

together with a similar argument to that in the proof of Lemma 3.5 (ii) yields that for n € (a,no], the
function f(n;a,~) is Lipschitz continuous in v and the Lipschitz constant is uniform in v € [y, v3].

Now we prove that f(n1;a,v) is a continuous function of v when 7; > 19. We consider two cases.
Case A. Consider vy > ~. First, since f’ is bounded for n > a + %, we can choose a fixed 7; such that

| f(m0; a,v0)— f(n15a,70)| < . We know there exists y such that | f(no; a,y)— f (no; @, )| < 3 for |[y—7o| < p.
Then
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|f(nos a,y) = f(ms a,v0)l < 1f (mo; @, y) — f(no; @, 70)| + [ (03 @, 70) — f (3 a,70)] < g + g =0.
Since g > 7, then by Lemma 3.12 (i) we have
fmsa,v0) +6 > f(nosa,y) > f(msa,y) > f(m;a, ),
so that f(nmi;a,7) = f(m;a,0) <0 if yo —v < p.
Case B. Now consider 79 < v and denote f(n;a,v) = f and f(n;a,70) = fo. We know that
=S I ) S (—F)F M) n>a,
letting £ > 1 and ka < np, integrating (3.14) from ka to 7 yield
¢! (=1 () (n) = 5 F(n) < —e¢/ (= f(ka)) ' (ka) = & f(ha).
Letting n — 11 gives
() < ~ 22~ (ha) (k) — f(ka). (322)
Now consider the equation for fjy. Integrating from a to ka, we get
2 o (ha) + / os (~ folka)) fo(ka) + o,
we know that fo(m) < fo(n) for n € (no,n1], then
folm) < 2 folke) + gy (—folka)) o) + G2 (323)
Combining (3.22) and (3.23) we have
folm) = F(m) < folka)  f(ka) + = folka) + 20 — 22 40(— (ka1 (ka).
k—1 (k—1)a a
Choosing k such that a < ka < n; to satisfy 270 + folka) < é For ka > a + % we have —f’(ka) <

(k—la k-1 3
16~ 2 , , ) . )
i by (2.15). Now choose and fix k so that —Egb (—=f(ka))f'(ka) < 3 With this k, we know there
exists p > 0 such that for v —vo < p

fo(ka) — f(ka) <

Wl >

Therefore f(11;a,%) — f(m;a,v) < if v = < p.

We can now conclude f(n1;a,7) is a continuous function of 7 for fixed a. It can be proved iteratively that
f(n;a,v) is a continuous function of v at fixed n € (a, c0) with fixed a. Moreover, for fixed ~, the fact that
f(n;a,v) is a continuous function of a can be proved by using similar arguments. O

The following corollary is obtained directly from Lemma 3.14

Corollary 3.15. If f satisfies (3.14) and (3.16), then
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(i) d(a,v) is a continuous function of vy for fived a;
d

(i)

(a,7) is a continuous function of a for fized .

Now we prove that d(a, ) is a continuous function of both a and v by using Lemma 3.12 (ii) and Lemma 3.13

(ii).
Lemma 3.16. d(a,~) is a continuous function of a and 7.

Proof. If d(a,v) is continuous with a and ~, then for all § > 0 there exists y > 0 such that if |(a,7y) —
(a0770)| <p then |d((l,"}/) - d(a07’70)| < 0.

Case 1. For a > ag and v < 7, we choose a fixed ny such that |f(no; ag,v0) — d(ag,v0)| < g. We know from
Lemma 3.14 that there exists p such that |f(no;a,v) — f(10; @, 70)| < § for |(a,7) — (a,70)| < &. Then

0 0

|f (10 @, ) — d(ao,v0)| < |f(n05a,v) — f(no5a,v0)| + | f (105 a,v0) — d(ao,v0)| < gtz = J.

Since the sequence a > ag and v < 7, then we have

d(a07’70) + 1) > f(nOaaa,Y) > d<a/a ’Y) > d<a07’YO)7

then d(avv) - d(a()v'yo) <4 as |(a’a’>/) - (CL07’}/0)| < W.

Case 2. For a < ag, it follows by using the similar argument as in Lemma 3.14 Case B, but considering
|d(a, ) — d(ao,0)| < |d(a,y) — d(ao, )| + |d(ao,y) — d(ao,Y0)|-

Case 3. For vy < 7, the result follows from a similar approach as in Lemma 3.14 Case B, but considering
|d(a, ) — d(ao,70)| < |d(a,7) = d(a,0)| +[d(a,0) — d(ag,70)|. O

8.5. Two-parameter shooting method

In this section we will use two-parameter shooting to show that for each Uy, Vi > 0, there exist a,y > 0
such that the solution f(n;a,~) of (2.11) satisfies b(a,v) = Uy and d(a,vy) = —Vj.
We will use the following lemma which can be found in [10, Lemma 2.8].

Lemma 3.17. Suppose that A1 and Ay are two connected open sets of R?, with components (mazimal con-
nected subset) Ay C Ay and Ay C Ay such that Ay N Ay is disconnected. Then Ay U Ay # R2,

This result also applies to every subset of R? which is homeomorphic to the entire plane [10, p.31]. We can
apply it to the set (0,00) x (0, 00), for example, if we define a homomorphism g : (0, 00) x (0,00) — R? such
that g(z,y) = (logz,logy).

Theorem 3.18. Suppose € > 0, then there exists a unique solution f of problem (2.11).

Proof. First we identify four “bad” sets
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Fig. 1. Step-path of I'y (i).

I's = {(0,,’}/) }d(avfy) > _VO}7
Ty ={(a,7)|d(a,y) < -Vo}.

We combine the T'; to form two new sets, as follows:

Ay =T UTy,
Ao =T9UTs5.

It is easy to see that if (a,7) is in (0,00) X (0,00) but not in Ay U Ay, then we have a solution f(n;a,~)
such that b(a,v) = Up and d(a,vy) = —Vp. Now we want to show that A; and As satisfy the hypothesis of
Lemma 3.17.

These sets are clearly open in (0, 00) x (0, 00) since b(a, ) and d(a, ) are continuous functions of a and v by
Lemma 3.7 and 3.16. 'y and T'y are non-empty since lir% b(a,v) =0 and lim b(a,vy) = co by Lemma 3.6.
a—r a— o0
Moreover, lim d(a,y) = 0 and lim d(a,y) = —oo by Lemma 3.12, yielding '3 and T'y are non-empty.
a—00 y—00

Therefore, A; and Ay are open and non-empty.
Lemma 3.19. The sets A1 and Ay are connected.

Proof. In the following, we will exploit the monotonicity of b(a,~) and d(a,v) in a and . First we prove
that 'y, I's, I's and 'y are each connected. As an example, we prove that I'; is connected. Given two points
(a,%), (a4,9) € A1, there are two cases:

> and §
(ii) @ > a and

The following figures describe an admissible step path, contained in I'y, that connects (@,%) and (a,%) in
each of two cases In Fig. 1, if @ > @, then we have (a,%) € I'y, since b(a,%) > b(a,%) > Uy by Lemma 3.6
(i). It follows that the path connecting (a,%) and (@,%) belongs to I'y, since (a,%), (a,7) € I'y and b(a,~)
is monotonically increasing in v by Lemma 3.5 (i). Similarly, in Fig. 2, (a,4) € 1 as a > a, since b(a,~) is
increasing in @ by Lemma 3.6 (i), then the path connecting (a,%) and (a@,¥) belongs to I'; by Lemma 3.6
(i). We can prove by using a similar argument that 'y, I's and 'y are each connected.

We now prove I'y Ny and I'; N T’ are non-empty. For fixed a > 0, since lim b(a,7y) = co by Lemma 3.5
y—00
(iii) and lim d(a,y) = —oo by Lemma 3.12 (ii), we can find ¥ large enough such that b(a,¥) > Uy and
y—00

d(a,¥) < —Vp. It follows that for ¥ sufficiently large, (a,¥) € T'1 NTy4, so 'y NTy # (. Similarly, given 5 > 0,
there exists @ small enough that b(a,7) < Uy since lir% b(a,7y) = 0 by Lemma 3.6 (ii). Then choose 7 smaller
a—r
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@9 @n
Y
@y
a
Fig. 2. Step-path of I'y (ii).
(a"y")

@n oo @

Y
@v @9

Fig. 3. Path-connectedness of A;.

29

than 7 if necessary to ensure that d(a,y) > —Vp and b(a,7) < Uy since lin%) d(a,v) = 0 by Lemma 3.12
vy

(iii) and b(a,y) is monotonically increasing in v by Lemma 3.5 (i). It then follows that (a,7) € To N T3, so

Iy NIg # 0.

Then, since I'y N Ty # (), we can always find a point belonging to I'y N T’y that is path connected to both
(a,4) € Ty and (a*,v*) € Ty, since T'; and T'y are each connected.

For example, in Fig. 3, the solid lines indicate that the path belongs to I'y and the dashed lines indicate
that the path belongs to I'y. We can find (a,7) € 'y NT'y since I'y NTy # (. If (4,9) € T4 and (a*,v*) € Ty,
then there are step paths each connecting (a,4) and (a,%), (a,7%) and (a*,v*), since I'; and Ty are each

connected.

Therefore, A; is connected, and similarly, A is connected since I'sNI'3 # @ and 'y, I's are each connected. O

Now we take ]\1 =Aq, /~\2 = As.

Next we will show that A; N Az is disconnected. We have

A1 N AQ = (Fl ﬁl“g) U (Fl N Fg) U (FQ N F4) @] (Fg N F4)

Clearly I'y N T, I's N T’y are empty.

Lemma 3.20. A1 N As is disconnected.

Proof. For fixed v, we can find a large enough such that b(a,~) > Uy and d(a,~y) > —Vp, since ILm b(a,v) =

oo by Lemma 3.6 (iv) and lim d(a,v) = 0 by Lemma 3.13 (iii). It follows that for @ sufficient large,
a—r o0

(@,v) € I'1NT3, s0 'y N3 # O. Similarly, given a > 0, there exists v* large enough such that d(a,v*) < -V,
since lim d(a,7) = —oo by Lemma 3.12 (ii). Then choose a* smaller than & if necessary to ensure that
¥— 00
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d(a*,v*) < =Vp and b(a*,v*) < Uy, since ili% b(a,y) = 0 by Lemma 3.6 (ii) and d(a,~) is monotonically
decreasing in a by Lemma 3.13 (i). It then follows that (a*,v*) € Ta N Ty, so Ta NTy # 0.

Therefore I'y NT'3 and I'; N T'4 are non-empty and disjoint. Therefore, A1 N Ay is disconnected since it is
the union of non-empty, disjoint and open sets. O

Now Lemma 3.17 yields that there is a point (a,¥) € (0,00) x (0,00) which is not in A; U A2. Hence
b(a,”) = Uy since (a,5) ¢ I't Uy and d(a,7y) = —Vp since (a,5) ¢ I's UT'y. The result then follows from
Theorem 2.4. O

4. Half-line case: self-similar solutions with € = 0

Now we consider

1
—gnf'm) = [ f ), n<a, (4.1)
with boundary conditions
lim f() =0, Tim ¢/(F(n) f (n) = — 22 (4.3)
n/a 0 n/'a 2 ’
In Lemma 3.2, we showed that for each @ > 0, > 0, there exists solution f for n € (a— 9, a) for some ¢ > 0.
For e = 0, we know that f(n) = —Vj for n > a. Then with the special choice v = M’ we obtain directly

from Lemma 3.2 and Lemma 3.4 the following proposition.

Proposition 4.1. For given a and v, there exists 6 > 0 such that for n € (a — d,a), equation (4.1) has a
unique solution which is positive and satisfies the boundary condition (4.3). This solution can be continued
back ton = 0.

The following discussion on the behaviour of f(n) as 7 — 0 is analogous to that in Lemma 3.6. Note that

vzazﬂwhengzo.

\%
Lemma 4.2. b(a) := lin%)f <77;a, %) has the following properties:
n—

(i) b(a) is strictly monotonically increasing in a;
(i) lim bla) = 0;
(iii) b(a ) is a continuous function of a;
(iv) lim b(a) = oo;
a— o0

Proof. The proof of (i) follows from a similar argument to that of Lemma 3.5 (i), note that when ¢ = 0,
v is increasing in a. (ii) follows from the same form of argument used to show Lemma 3.6 (ii). Here

1
—A=0 4 3 / f(s)ds and the results follow from —A — 0 as a — 0. The proof of (iii) is similar to the

ag Vo asVo
2

proof of Lemma 3.6 (iii), note that if a € (ao, a3), then v € (*% ). We can obtain (iv) directly from

Lemma 3.6 (iv) since v = % > 0 by Lemma 2.10. O

Now, since -y can be express as a function of a, we will use one-parameter shooting to show the existence of
self-similar solution.
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Theorem 4.3. Suppose € = 0. Then there exists a unique solution f of problem (2.18).

Proof. Identify two “bad” sets

S~ ={a|bla) < Uy},
5t ={a|bla) > U} .

We use a shooting method. Clearly S~ and ST are disjoint. By Lemma 4.2 we know that b(a) is monotonically
increasing, then we can find a large enough such that b(a) > Uy since QILH;O b(a) = oo and a small enough
such that b(a) < Uy since ilg% b(a) = 0, yielding that S~ and ST are non-empty. Moreover, S~ and S™
are open since b is a continuous function of a. Indeed, let ag € S~ and let § := Uy — b(ag), then there
exists p such that |[b(a) — b(ag)| < B for |a — ag| < p since b(a) is continuous by Lemma 4.2, which implies
b(a) < blag) + B < Up. A similar proof shows that ST is open. Since S~ and ST are non-empty disjoint
open sets, STUST # (0,00). Then we can conclude that there exists a ¢ S~ US™, such that b(a) = Ug. O

5. Whole-line case: self-similar solution for the limit problem

Similarly to the half-line case, we first state the free boundary problem. The following is the definition
of the weak solution of the limit problem (1.7). The uniqueness of the weak solution is proved in [4].

Definition 5.1. A function w is a weak solution of problem (1.7) if

(i) we L=(Qr),
(ii) D(w) € D(w) + L*(0,T; WH2(R)), where @ € C*(R) is a smooth function with @ = Uy when z < —1
and w = —Vy when z > 1,

(iii) w satisfies for all T' > 0
/wO\I/(:U,O)dx—i—//w\Iltdxdt: //D(w)z\Ilzdxdt, (5.1)
R Qr

Qr

for all U € Fr.

Under additional regularity assumptions and a condition on the form of the free boundary, we have the
following result. Again, as noted before Theorem 2.2, it is not immediately clear a priori that these additional
assumptions will necessarily be satisfied for weak solutions defined in Definition 5.1. But it will be shown
later that the unique weak solution of (1.7) has self-similar form with sufficient regularity for Proposition 5.2

to apply.

Proposition 5.2. Let w be the unique weak solution of problem (1.7). Suppose that there exists a function
B:10,T] — R such that for each t € [0,T]

w(z,t) >0if x < B(t) and w(z,t) <0if x> 5(t).

Then if t — B(t) is sufficiently smooth and the functions v := w™ and v := w™ are smooth up to B(t), the
function u,v satisfies one of two limit problems, depending on whether € >0 ore =0. Ife > 0, then
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ur = ¢, in {(z,t) € Qr:z <B(t)},
v=0, in {(z,t) € Qr:x < B(t)},
vt = £¢(V)a; in {(z,t) € Qr: 2> p(t)},
u =0, in {(z,t) € Qr: x> p(t)},
lim wu(z,t)=0= lim wv(z,t) for each t € [0, T, (52)
z,'B(t) N\ B(t)
a;;i‘gtt) olu(z,t)], = —€ x{i‘rﬁr%t) olv(z,t)]z for each ¢ € [0, 77,
u(-,0) = ug°, in R
v(+,0) = vg°, in R,

whereas if € = 0 and we suppose additionally that 53(0) = 0 and t — B(t) is a non-decreasing function, then

ur = (), in {(z,t) € Qr:z <p(t)},
v=0, in {(z,t) € Qr:z<B(t)},
v ="V, in {(z,t) € Qr:z>B(t)},
u=0, in {(z,t) € Qr:z>B(t)},
lim wu(z,t)=0 for each ¢ € [0,T7, (5.3)
z,/B(t)
Vo' (t) = — mgg%t) plu(z,t)],  for each t € [0,T],
u(+,0) = ug®, in R
v(+,0) = v5°, in R,

where B'(t) denotes the speed of propagation of the free boundary f(t) and we suppose that 5(0) = 0 and
t — B(t) is a non-decreasing function.

5.1. Preliminaries for self-similar solutions

The following results will be used to prove that if there is a self-similar solution, then it is a weak solution
of (1.7) and will be useful in Section 6.
Lemma 5.3. If f satisfies (5.11) and boundary condition (5.12), (5.13), then for n < min{a,0} we have

n

6(Us) — B(f(n)) < G / 0 ds, (5.4)

— 00
where

G- —¢'(f(0))f'(0),  if a>0,
R if a <0.

Proof. Denote N = ¢'(Up). We have ¢'(f) < ¢'(Uy) since f is monotonically decreasing by Lemma 2.5 and
¢’ is increasing. Then we get directly from the equation of f for n > a that

n ’ "
L) 2 o)



E. Crooks, Y. Du / J. Math. Anal. Appl. 551 (2025) 129636 33

2

then multiplying by eiv | we get

when a < 0, integrating from 7 to a yields

[p(f(n)] < Cean, (5.6)

where C' = 7. Then integrating from 7 to co we get

n
$(Uo) — d(f(n)) < C / T ds.

— 00

When a > 0, the result follows by integrating (5.5) from n to 0. O

We can obtain similar estimates to those in Lemma 5.3 for comparison of ¢(f) to ¢(Vy) as n — oco. Then
we have the following corollary.

Corollary 5.4. If f satisfies (5.11) and boundary condition (5.12), (5.13), then f converges to Uy, —Vy expo-
nentially as n tends to —oo, co.

Proof. We know from Lemma 5.3 that, for n <0
n 2
¢/(5)(Up — f() < @ / ¢T3 ds, (5.7)

for some n such that f(n) < s < Up. Since f(n) — Uy as n — —oo, there exists a gy < —1 such that
f(n) > % as n < no. Then we have if n < 19, ¢'(s) > ¢'(2), because L < n < Up. It follows from (5.7)

that for n < ng

¢ [ L
Uo— f(n) < ¢/(UO) e*’Wo)ds < Ke4¢'(Uo) |
2

— 0o

where K = 4;;/(?&];’). The proof for f converges to —Vj exponentially as  — oo can be proved similarly. O
2

The main results of this paper in the whole-line case are Theorem 5.5, where € > 0, and Theorem 5.6, where

€ = 0. The results follow similar arguments to those used in the half-line case. The existence of self-similar

solutions of Problem (5.8) and (5.9) is proved in Theorem 5.18 and 5.20.

Theorem 5.5. The unique weak solution w of problem (1.7) with € > 0 has a self-similar form. There exists
a function f: R +— R and a constant a € R such that

w(z,t) = f(%), (z,t) € Qr and B(t) = a4, t € [0,T).

x
—, the function f satisfies
i Ji f fi

Denoting n =

f(n) >0ifn <a, f(n) <0ifn > a,
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and the system

1

— ') = 8 (F )T Y ity <o,

— s ) = [0 (—F ) F ) it >0,

i () =T, Tim f(n) = Vi, (53)
gi}gf(n) =0= —}Zi{‘gf(n),

L ¢'(f(m)f'(n) = € lim ¢'(=f ()£ (n),

where a prime denotes differentiation with respect to 1.

Theorem 5.6. The unique weak solution w of problem (1.7) with € = 0 has a self-similar form. There exists
a function f : R — R and a constant a € RT such that

w(z,t) = f(%), (z,t) € Qp and B(t) = avi, t € [0,T].

Denoting n = %, the function f satisfies
fm) >0ifn<a,
and the system
—snf'm) =) f ), ifn<a,

f(n)zfvba if77>aa
i f(n) = Uo, (5.9)

where a prime denotes differentiation with respect to 7.

We now study the existence of a solution f that satisfies (5.8) by using the similar argument to that of half-
line case. The main difference with the half-line case is that now we need to consider 7 € R and investigate
the case when a < 0 in addition to a > 0. We start with some preliminary results that will be used later.
The monotonicity of f follows from arguments analogous to those in the proof of Lemma 2.5.

Lemma 5.7. Suppose € > 0. If f satisfies (5.8), then f'(n) <0 for all n # a.

Now we prove 7 is strictly positive when € > 0. Recall that when € > 0

7=~ lim &' f)f'(n) = —¢ Jim, o' (=f(m)f (n).

Lemma 5.8. Suppose € > 0. Let f be a solution of (5.8), then v > 0.
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Proof. Suppose v < 0, we consider in two cases, a > 0 and a < 0. When a > 0, the proof is the same to the
proof of Lemma 2.6.
Now we let a < 0. Integrating the equation for 7 < a in (5.8) from 7 to a yields

a

~5 [ sr(6)ds =~ (F@)F ) . (5.10)

n

The left-hand side of (5.10) is negative since 7 < 0 and f/'() < 0 by Lemma 5.7 whereas the right-hand
side of (5.10) is positive if v < 0 since f’(n) < 0. Therefore, it follows by contradiction that v > 0. O

The following lemma proves the analogous result for v when ¢ = 0. Recall that in this case, v =
Vo
lim ¢’ ! pad .
Jim @' (f () ') = =

Lemma 5.9. Suppose € = 0 and let f be a solution of (5.9). Then a,~y > 0.

Proof. We know from the proof of Lemma 5.8 that v > 0 when a < 0, since the proof when a < 0 only
involved the equation (5.10) for n < a. However, when ¢ = 0, the fact that v = ‘12& > 0 contradicts a < 0.
In conclusion, if f satisfies (5.9) when £ = 0, both a and v are positive. O

5.2. Self-similar solutions with € > 0

First we consider f that satisfies the equation

5 ) =G, n<a (5.11)

At the boundaries we require
7]Er_noof(n) = Uy, (5.12)
lim f(n) =0, lim ¢'(f(n)S"(n) = =, (5.13)

where a and v > 0 are constant.
We can obtain various results when a < 0 from the half-line problem by a change of variables. We define

—g(=n) :== f(n). (5.14)

Denoting ¢ = —a and 7} = —n, we get

The following result is immediate from Lemma 2.8, by using the change of variables (5.14).

Lemma 5.10. If f satisfies (5.11) and the boundary conditions (5.12) and (5.13), then we have the derivative
of f vanishes as 1 — —o0

lim f'(n) =0.

n——00
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From the previous results in the half-line case, we know immediately that: the solution f exists is unique
locally in a left-neighbourhood (a—4, a) of @ when a > 0, and it is monotonically decreasing. By the change of
variables (5.14), we know from Lemma 3.9 and 3.10 that solution f is unique locally in a left-neighbourhood
(a — 6,a) of a when a < 0. We therefore have the following lemma, for which it remains to prove the local
existence and uniqueness of the solution f when a = 0.

Lemma 5.11. For given a € R and v > 0, there exists § > 0 such that in (a — 0,a) equation (5.14) has a
unique solution which is positive and satisfies the boundary condition (5.13).

Proof. The proof for a > 0 is similar to the proof of Lemma 3.2 and 3.4. If ¢ < 0, by using the similar
approach to that of Lemma 3.2, writing n = o(f), then

)
/
o(f) = —2/%%, (5.15)
/ Jo o(s)ds + 2y
and if we set
7(f) = —o(f) = =,
then (5.15) becomes
! '
T(f) = 2/ 7 ¢'(6) de. (5.16)
/ — [y T(s)ds + 2y
Now we denote by X the set of continuous functions 7(f) on [0, u], satisfying 0 < 7(f) < 1, and || - || the

supremum norm on X. Then X is a complete metric space. Choose p small enough that p < 27, on X we
introduce the map

f "
M(7)(f) :2/ #'0) d0§2/¢(9)d9.
0 0

— foe 7(s)ds + 2y v
It is clear that M(7)(f) is well-defined, non-negative and continuous. Moreover, M (7)(f) < 3 if
[(0) 1
dg < -. 1
/ v — 4 (5.17)
0

Therefore, if p is chosen small enough that (5.17) is satisfied, M maps X into itself.
We wish to ensure that M is a contraction map, so let 7,7 € X, we have for chosen pu < 27

w
I3(m) = 2] <t @denn nll
0

and it follows that M is a contraction map if

I
¢'(9)
4 dé < 1.
/

v
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This constitutes our third restriction on g, which implies the first one (5.17). The result follows from a
contraction mapping principle [8]. O

We know that if @ > 0, the local solution in Lemma 5.11 can be continued back to n = 0 by Lemma 3.4 in
the half-line case. Moreover, integrating (5.11) between 0 and a and using the fact that f/(n) < 0 yields that
0<—f(0) < (;J;E?}'{OQ)’)Y, and hence f(0) is finite since f(0) > 0. This ensures that f can be continued back
a little bit from 0 by Picard’s theorem, arguing similarly to the proof of Lemma 2.5. Then since ¢ € C?, the

Global Picard Theorem (see, for instance, [2, Theorem 1.186]) together with writing (5.11) as the system
(2.13) will ensure that the unique local solution in Lemma 5.11 can be continued back to n = —oo provided

Lf ()| + £ (n)| Aro0 as n — no for any 1o < a.

We thus next establish various estimates for —f’ and f. The following lemma proves the boundedness for
f in three cases: a > 0, a = 0 and a < 0.

Lemma 5.12. If f satisfies (5.11) and the boundary conditions (5.12) and (5.13), then we have for fized a,~,
there exists K > 0 such that 0 < f(n) < K for alln < a.

Proof. Case 1. For a > 0, first we consider n € [0,a), from (5.11) we know that

—¢'(f(n).f'(n)

a
nfm 2 19

integrating (5.18) from 0 to n gives

S
O/ YRR

then f(n) < f(0) is bounded for 0 < 5 < a, since f is monotonic decreasing in 7.
Next we consider n € [—2p, 0) for some positive p. Integrating (5.11) from 1 to 0 we have

¢'(F(0).f/(0) — &' (f(m)) f () <0, (5.19)
then integrating (5.19) yields
o(f(n) < &(£(0)) +2p¢'(£(0))£(0).
Then for n < —p, integrating (5.11) from 7 to —p we get
gf(n) =" (fm)f'(n) < gf(—p) — ' (f(=p)f'(=p),

since f’ < 0. Therefore f(n) < K for fixed a,v and all n < a.
Case 2. For a = 0, the same proof can be used as in a > 0 case, with ¢(f(n)) < 2py for n € [-2p, a).

Case 3. For a < 0, if € [-2p, a), integrating (5.11) from 7 to a we have

—(@(f(m))" <, (5.20)

then integrating (5.20) from 7 to a gives

o(f(n)) < (a+2p)y.
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For < —p the proof is the same as a > 0. O
Next, we prove the boundedness for — f in three cases: ¢ > 0, a = 0 and a < 0.

Lemma 5.13. If f satisfies (5.11) and the boundary conditions (5.12) (5.13), then for fized a,~, there exists
K such that 0 < —¢'(f(n))f'(n) < K for alln < a.

Proof. For all a € R, first consider € [—2p, a) for some p > 0. Integrating (5.11) from 7 to a we have that
=" (fm)f'(n) < v+ K(a+ p), where K is positive constant that f(n) < K, by Lemma 5.12. Then for

n < —2p, we know that —¢'(f(n))f'(n) < —¢/'(f(=2p))f'(~2p) < K for fixed a,y. O

The following lemma is a consequence of Lemma 5.12, Lemma 5.13 together with the Global Picard Theorem
[2, Theorem 1.186].

Lemma 5.14. For given a,-y, the unique local solution in Lemma 5.11 can be continued back to n = —oo.

Now define

bla,v) := lim f(n;a,7),

n——o0
where v := — li}n &' (f(n))f'(n) with v > 0. Note that we use the same notation b(a,~) as in the half-line
n ‘a
case, but here b(a,7) define as the function of f(n;a,~y) as n — —oc rather than 7 — 0.
We can obtain from Corollary 3.8, Lemma 3.14 and the change of variables (5.14) that f is a continuous

function of ¢ and ~.

Lemma 5.15. For each fized n* < a, if f satisfies (5.11) and (5.153), then

(n*;a,7) is a continuous function of v for fized a;

i) f
(ii) f(n*;a,7) is a continuous function of a for fized ~.
The following corollary follows directly from Lemma 5.15 and Corollary 5.4 as n — —o0.

Corollary 5.16. If f satisfies (5.11) and (5.13), then

(i)
(i)

b(a,7) is a continuous function of v for fized a;
b

(a,7) is a continuous function of a for fized .

Now we consider f satisfying the equation

g ) = [ (~F) W), 0> a (5.21)

At the boundaries we require
Tim_ f(n) = Vo, (5.22)
lim () =0, lim 26/ (— (1) (n) = =7 (5.23)

where a and v > 0 are constants.
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Following from what we studied on the positive solution, we can directly obtain the local existence, unique-
ness results and continuity forward to 77 = oo of the solution f by the change of variables (5.14). As for
1 < a, we know that f is a monotonically decreasing function. Moreover, we know from Lemma 2.8 directly
that lim f’(n) = 0. Similarly, if we define

n—00

d(a,7) = lim_f(n;a,).

Next, we discuss the properties of b(a,v) and d(a,7y). When we study the properties of b(a,v) =
lim f(n;a,v), we can see the properties of dg+(a,v) = lim fr+(n;a,7) in half-line case. The properties
n——o0 7—>00

of d(a,~y) are obtained immediately using the change of variables (5.14).

Lemma 5.17. The functions b(a,y) = lim f(n;a,7) and d(a,v) = lm f(n;a,7) satisfy the analogous
n——oo n—00
properties to those in Lemma 3.5, 3.6, 3.13, 3.12, 3.7 and 3.16, where the property linz) bla,y) = 0 is
a—
replaced by lim b(a,~y) = 0.
a—r— 00

Proof. Consider a < 0, integrating (5.11) from 7 to a we get

(NS < -5 [ 1)

then the result follows from the fact that f’ < 0, gives 277 +f<0. O

Similarly to the half-line case, a two-parameter shooting method can be used to prove the existence of a
self-similar solution of problem (5.8).

Theorem 5.18. Suppose ¢ > 0, then there exists a unique solution f of problem (5.8).
Proof. This follows by using a similar argument to that in the proof of Lemma 3.19 in the half-line case,

applying Lemma 3.17 to the set R x (0, 00), which is homeomorphic to the entire plane, for example, if we
define a homeomorphism g : R x (0, 00) + R? such that g(z,y) = (z,logy), together with Theorem 5.5. O

5.8. Self-similar solutions for e =0

Now we consider

1
—gnf' ) =) f ), n<a, (5.24)
with boundaries required
i f(n) = Uo,
lim £(n) =0, lim o (£(n)) /() = 23 (5.25)
n/a " 0/ 2 ’
For ¢ = 0 case, we know that f(n) = =V, for n > a and v = % which are the same as in the half-line case.

Note that when € = 0, a, are positive by Lemma 5.9. Since we showed that for each a € R,y > 0, there
exists solution f for n € (a —d,a) for some § > 0, then there exists a solution of (5.24) on interval (a — 9§, ).
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By Lemma 5.14 we know that with v = % the solution f can be continued back to —oco. As for the e > 0
case, we know that f is a monotonically decreasing function.
Now define

b(a): = lim f(n;a,,a—vo>.

n——00 2

Note that we use the same notation b(a) as in the half-line case, but here b(a) is defined as the limit of
f(n;a) as n — —oo rather than n — 0.

Lemma 5.19. The function b(a) = lim f(n;a) satisfies the same properties as in Lemma /.2.
n——o0

Proof. (i) (iii) (iv) follow immediately from Lemma 4.2. It remains to prove that lim0 b(a) = 0, because b(a)
a—
is the limit of f at n — —oo rather than n = 0. Note that a > 0 when ¢ = 0, since v = % > 0.
Let a < 1 and denoting N = ¢'(b(1)), we have ¢'(f) < N by (i), since ¢’ is increasing. Then since
¢'(f) > 0 and f' <0, it follows from (5.24) that [¢(f(n))]” < 0 when n < 0, and hence multiplying (5.24)
by ¢'(f(n)) yields that

—gn UM = [o(f(m)]" for n <0. (5.26)

.2
Then multiplying (5.26) by e a8 and integrating from 7 to 0 yields

where A = ¢/(f(0))f'(0) < 0. Integrating again from —oo to 0 we get

0

6(b(a)) < B(F(0)) — A / T ds.

— 00

Integrating the equation (5.24) from 0 to a yields

1 i aV , ,
3 [ f6)as = %50~ 01 0)
0

Then we have

a

1
—A:%%+§/f(s)ds—>0asa—>0.
0
0 0
Therefore ¢(b(a))§¢(f(0))—A/e%ds—>Oasa—>0, since /e% < oo and ¢(f(0)) = 0asa—0

by Lemma 3.6 (ii) and ¢(0) =0. O

The following result follows by using a one-parameter shooting method similar to that used to prove Theo-
rem 4.3, replacing (0, 00) with R.

Theorem 5.20. Suppose € = 0, then there exists a unique solution f of problem (5.9).
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6. Self-similar solutions with special ¢’/(f) = f™~! with m € N, m > 2

The choice of ¢ satisfying (1.3) and (1.4) plays an important role in the characterisation of rates at which
one substance invades another of the system (1.8). For concreteness, we consider the specific family that is
motivated by porous medium equation

¢'(w) =™, (6.1)

with m € N, m > 2, which satisfies the conditions (1.3) and (1.4).

The form of self-similar solution of the limit problems with nonlinear diffusion w(z,t) = f(n) is exactly the
same as in the linear diffusion case where n = % is independent of the choice of ¢. We are interested in how
the free boundary is affected by m, in the other words, the relationship between m and a, where a gives the
position of free-boundary because f(a) = 0.

In the following section, we focus on the whole line case with ¢ = 0 and explore the self-similar solution
fm(n) = f(n;m), in particular, how the value a depends on m. The study on half-line case and when ¢ > 0
can be found on [6].
We consider the whole line case with the specific choice of ¢’ in (6.1). For € = 0, the problem satisfied by f
is

1 . ,
—gnf' ) ="t f ), i —oe<n<a,
f(n) =V, if a <n < oo,

i f(n) = Uo, (6.2)

where a is positive.

Recall fn,(n) = f(n;m;), denote a,,, be the position of free boundary where fi,,(am,) = 0, and v, =

, Vo
— lim fm—t - — dmi 70
m fn] (1) frn; (M) 5

Consider f,,, and f,, satisfying (6.2) with my # ma, we first deduce some results about intersection of f,,,
and fi,,.

Lemma 6.1. Suppose am, < Gmy, if fm, and fm, satisfy (6.2), then there exists some 1y < am, such that

fml (770) = me (770)
Proof. For ¢ = 0, suppose there exists no 179 < @, such that fm, (m0) = fm,(n0). Then we must have

fmy < fm, for all n € R since am, < am,.
We consider

sl =[Sl n<a (63)

with v = % If f,,, and f,, are solution of (6.3) with corresponding my, ms, then, integrating the equation
of f from 71 to am,,am,, subtracting the equations and letting n — —oo yields
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1 my Amgy
5 [ U= fms(@ s+ [ fa(s)as = 2t - 2l

We know that the left-hand side is positive since fp,, > fm, for n < am,. For an,, < am,, the left-hand side
is negative, then there is a contradiction, then there must exists 19 < @, such that f,, (10) = fm,(n0). O

We obtain the following result when € = 0 by exploiting the fact that v = % In the following result, we
only study the positive solutions f(n) for n < a, and we consider the additional condition 0 < Uy < 1. Note
that the relationship between a and m tells us how the speed of one substance penetrating into the other
is affected by m.

Theorem 6.2. Let ¢ = 0 and Uy < 1, suppose fu,, fm, satisfy (6.2) with corresponding mi, ms € N,
ma, ma > 2, and G, , Gm,. Then if my > ma, we have

0<am, <am,-

Proof. For ¢ = 0 case, we have v = “2& > 0, then by Lemma 6.1, there exists ng < min{a,,,am,} such
that fim, (M0) = fms,(10). We know that am,,, am, > 0 since Y, , Ym, > 0.

Now let 79 be the closest intersection point to min{a,,, , am, }, integrating (6.2) from 79 to @, , am, we get

1 r A, VI ey —
770fm1 770 /fml dS__TO_ mll 1(770)]07;11(770)) (6'4)
1 r A, Vi o —
gl + 5 [ Fnal)ds = =220 ) £, o). (6:5)
0
Subtracting (6.4) from (6.5) we have
1 [ e am, Vo am, Vi i — m
3 [ Fmnds = 5 [ s+ DT - B gt g ) = £ o) (). (60
o 70

For my > mgy we know f1=1(no) < fm2=1(ng), since Uy < 1 and f is decreasing. Then if @, > @y, , the
left-hand side of (6.6) is positive and —f/, (1n0) < —f,,(10), which gives

= 00) ey (n0) = 2= (00) fy (m0) <0,
which contradicts the left-hand side is positive. Therefore if m; > mgq, we have ayp,, < am,. O

The analogous result for the half-line case can be proved by a similar method.
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