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Abstract

The longitudinal components of massive vector fields generated during inflation constitute a
well-motivated dark matter candidate, with interesting phenomenological implications. Dur-
ing the epoch of radiation domination following inflation, their spectrum exhibits a peak at
small scales, whose amplitude and position are governed by the parameters of the dark matter
model. We calculate the stochastic gravitational wave spectrum induced at second order in
fluctuations by such a longitudinal vector peak. We demonstrate that the amplitude of the
gravitational wave spectrum can, in principle, reach significant values at nano-Hertz frequen-
cies or lower. This result suggests a novel gravitational wave probe to test inflationary vector
dark matter scenarios, independent from assumptions on the coupling of dark vectors to the
Standard Model. Additionally, we derive new analytical formulas for the longitudinal vector
transfer functions during radiation domination, offering a valuable tool for characterising the
convolution integrals that govern the properties of the induced gravitational waves.

1 Introduction

Determining the nature of dark matter (DM) is one of the most pressing open questions in
physics. If DM is a particle, it should couple very feebly to the Standard Model (SM) of particle
physics, as only its gravitational interactions with normal matter have been observed so far [1,2].
It is possible for DM particles to have no gauge interactions at all with the SM; at most, they
may have kinetic mixings or interactions with gauge singlets. In this case, we can reveal its
presence through so-called DM portals, see e.g. [3,4] for reviews. In this work we discuss a new
gravitational wave probe of certain well-motivated models of particle DM.

We consider the framework developed in [5] where DM consists of the longitudinal components
of a massive dark photon and is produced via gravitational effects during the inflationary epoch.
Gravitational production of scalar fields in the context of inflationary scenarios has previously
been investigated (see [6-8]). Ref. [5] extended these analyses to the spin-1 case, establishing a
connection to DM. Specifically, it highlighted the role of the longitudinal component induced by
the mass term, whose Lagrangian in a Friedmann-Lemaitre-Robertson-Walker (FLRW) back-
ground was first provided and analysed in [9]. The scenario proposed in [5] has been further
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examined and expanded in various theoretical studies, such as [10-21]. Its potential phenomeno-
logical implications have been explored in works such as [22-32].

When evaluated during radiation domination, the resulting momentum-dependent spectrum
of longitudinal vector modes exhibits a peak at small scales relative to the CMB. The ampli-
tude and position of this peak depend on the vector mass and other defining model parame-
ters (see Figure 1). We compute the second-order gravitational waves (GWs) induced by this
peak in isocurvature longitudinal modes. The resulting stochastic gravitational wave background
(SGWB) serves as a distinctive signature, offering a potential probe of a mechanism where DM
interacts with the SM solely through gravity, making it undetectable except via its gravitational
effects. If observed, the predicted momentum dependence of this GW signal would serve as a
smoking gun for this scenario.

Induced GWs generated by enhanced adiabatic modes during inflation have been extensively
studied [33-39]. For a comprehensive review, see [40], as well as [41], for a recent account.
This possibility is particularly well-motivated in models that produce primordial black holes
(PBHs), as highlighted in the survey [42]. In particular, the viable sub-lunar mass range where
PBHs could constitute the entirety of DM corresponds to a GW signal that would be distinctly
observable by LISA [43,44]. Second-order GWs arising from isocurvature fluctuations have also
been investigated, and discussed in [45-47].

In this work, we explore the novel scenario where the sourcing perturbations are fluctuations in
the longitudinal mode of a massive vector field. Specifically, in Section 2, we review the framework
of [5] and examine potential generalisations, introducing new analytical approximations for the
transfer functions of the longitudinal vector mode during radiation domination. In Section 3, we
compute the spectrum of induced GWs in this regime, demonstrating that it exhibits a broad
peak at frequencies determined by the position of the longitudinal vector spectrum peak. Finally,
in Section 4, we discuss the phenomenological implications for GW physics.

Regardless of the actual realisation or extension of the ideas introduced in [5], if the longitu-
dinal vector modes constitute all of DM, we find a well specific relation between the amplitude
of the GW spectrum and the position of its peak, scaling as
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We discuss how this ‘consistency relation’ indicates that the induced GW spectrum can be mea-
sured if we have sufficient sensitivity to GW at nano-Hz scales, or below. We conclude with an
outlook in Section 5.

2 Longitudinal vector dark matter from inflation

We begin with a review of the ideas developed in [5], which propose a scenario for DM in terms
of longitudinal vector modes produced during inflation. We emphasise aspects which will be
relevant for our later discussion of the SGWB induced by vector longitudinal fluctuations. We
present new results concerning analytical fits for transfer functions of the longitudinal vector
components during radiation domination.

We consider a system based on a massive vector field minimally coupled with gravity. The



action is: )
R 1 M
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where we have set Mp; = 1 unless otherwise stated; F},, = 0,4, —0,A,, is the vector field strength,
and M? its mass squared, that we assume to be positive to avoid ghosts [9]. We consider a FLRW
geometry, with scale factor a plus transverse and traceless tensor perturbations (GW):

ds* = a*(7) [—ClT2 + (6i5 + hij) dazid:zj] : (2.2)

Finally, we assume that the vector field has a vanishing background value, and we parametrise
its fluctuations as

A, = (Ao, Dip+ AT) . (2.3)

The Ay component is a constrained field whose evolution (as detailed below) is governed by the
dynamics of the component ¢, referred to as the longitudinal scalar component. The field AiT is
the transverse vector component, which is only gravitationally coupled to the longitudinal one,
and plays no relevant role in our study [5]. We note that the above line element neglects the scalar
fluctuations of the metric, under the assumption that they provide subdominant contributions
to the dynamics of the longitudinal vector modes. Such hypothesis is motivated by the fact that
they are not amplified by the mechanism we are going to review next. We note that we are
therefore assuming that the longitudinal vector fluctuations are non-adiabatic.

It is convenient to work in Fourier space, where the spatial part of (2.3) can be written as the
sum A = AT 4+ kAp of a transverse A7 and of a longitudinal vector component Ay, with

Ap = iko. (2.4)

The temporal component Ag appears in the action without time derivatives. In Fourier space,
its equation of motion is algebraic in this variable, allowing Ay to be expressed in terms of ¢ (or
equivalently, Ay ) without introducing a new dynamical degree of freedom.

k2 —ik ,
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(2.5)
where prime denotes differentiation with respect to conformal time. We substitute this expression
into the quadratic action for the longitudinal scalar fluctuations in Fourier space and obtain the
action for the longitudinal degree of freedom on a FLRW background [9]

k2a?(7) M?
S = / drd’k 5 [ g yEpeTe Oho e — Mooy | - (2.6)

The longitudinal scalar variable ¢ has a non-canonical kinetic structure — a consequence of the
procedure of integrating out the auxiliary field Ag. The corresponding equation of motion reads

" 2k? aH

Pr T k2 +a2M2¢i‘ + (k% + M?a®) g = 0. (2.7)

Building on [5,11,13,14], we solve this equation during inflation, and during the following radiation
dominated era. For this study, it is convenient to introduce the canonically normalised mode
kMa
— 0.
VEZ £ a2 M? 4

3

Tk = (2.8)



Substituting this relation, the action (2.6) takes the form

1 k202 2 k2 "
S=_ /deSk [ﬂ{(ﬁ( - <k2 +a?M? + 5 a ¢ > 7rk7rk] ) (2.9)
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where a boundary term has been subtracted to eliminate terms with a single time derivative
acting on the mode.

2.1 Evolution during inflation

We assume that standard slow-roll inflation is driven by an additional field independent of the
vector sector under consideration. Details of this sector are not required for our study — neither
at the level of the background evolution nor at the level of fluctuations. Moreover, we can work
to leading order in the slow-roll approximation, assuming a de Sitter expansion during inflation
with a constant Hubble parameter H;. We also assume the inequality

M
relating the vector mass entering the action (2.1), and the inflationary Hubble parameter.

As demonstrated in [5], for very small M the late-time spectrum of longitudinal perturbations
during radiation domination exhibits a peak at the scales k = a, M, where a, is the scale factor
when the Hubble rate (well after inflation) is equal to M. Consequently, for all the scales of our
interest, the condition aM < k holds throughout inflation, both in the sub-horizon (k > aHy)
and super-horizon (k < aHr) regimes. Namely, we consider the inequalities

M
subhorizon : o H, >1> o, (2.11)
and
superhorizon : o, < o H, <1, (2.12)

all throughout inflation. Meaning the redefinition (2.8) can be approximated as
Tk = CLM(pk. (213)

and the canonical action (2.9) is well approximated by setting M = 0 in the equation. In doing
so the standard action of a free massive field in de Sitter is obtained, which then provides the
two point correlation function at super-horizon scales (see e.g. [48])

a’H? 212

where the final expression is the standard definition of the power spectrum (in the following, we
use an identical relation for the power spectra of other field variables). From the rescalings (2.13)
and (2.4) we obtain the super-horizon power spectra [5]:

__H
472 M2

2 2
0 0) oy = *° Hj
P (k) = PAL(k)—Wma

( (2.15)



where the suffix (0) has been added to indicate that these quantities are constant, and they provide
initial conditions for the mode evolution during the radiation dominated era. The primordial
spectrum for the longitudinal scalar ¢ is scale invariant, where the amplitude is controlled by
the vector mass and the inflationary Hubble parameter. In contrast the primordial spectrum of
the longitudinal vector Ay, grows as k? during inflation [5] — recall the relation (2.4). This scale
dependence allows us to avoid CMB isocurvature constraints at (large) CMB scales. However,
during radiation domination, the spectrum is not a monotonic function of k£ and instead develops
a peak, as we will review in Section 2.2.

While Eq. (2.15) is the result of the minimal scenario proposed in [5], it is possible to generalise
the original idea along various directions. Beyond their intrinsic interest, generalisations are
particularly relevant for the study of induced gravitational waves — see Sections 3 and 4. In
fact, only extensions of [5] can produce a gravitational wave spectrum with a sufficiently large
amplitude to be detectable by gravitational wave experiments.

In the literature, attempts to generalise [5] move along different directions, by

1. Including reheating effects, or changes in cosmological history between the phases of de
Sitter inflation and the onset of radiation domination, see e.g. [11,13,14]. In this case, the
evolution of mode functions depend on the early cosmological evolution, which influences the
amplitude and scale dependence of the vector energy density during radiation domination.

2. Considering non minimal couplings to gravity during inflation, see e.g. [21,49], as well
as the review [50]. For example, a ghost-free vector coupling with the Einstein tensor as
a AP AY Gy, controlled by a constant «, leads to a longitudinal scalar spectrum amplitude

779(90) = H?/(47* (M? + o H?)) during inflation [21].

3. Envisaging mechanisms as phase transitions that change the value of the vector mass during
inflation, or immediately after such phase; see e.g. [15] for an explicit construction. If the
change of mass happens while the mass is much smaller than the Hubble rate and the
physical momentum of a given mode, the vector mode function (and its time derivative) do
not change in any appreciable way. However, as we show below, the vector energy density
and its coupling to the gravitational waves increase if the vector mass increases, and, as
seen for instance from egs. (2.31) and (3.27), a change of the mass has the exact same effect
as a change in the amplitude of the primordial longitudinal spectrum whilst the mode is
well outside the horizon. So, we can mathematically treat this case analogously to the two
previous ones.

We stress that extensions of the original model [5] are expected to introduce some degree of
specific scale dependence in the spectrum of longitudinal vector modes. However, since our focus
is not on specific model building, we assume - both for simplicity and phenomenological reasons
- that such generalisations only modify overall normalisation of the longitudinal mode spectrum
at the onset of radiation domination. Namely, we assume that Eq. (2.15) is generalised to the
formula

2
PO (k) = aoﬁ, (2.16)
where o¢ is a constant dependent on specific scenarios that go beyond [5]. For our purposes,
we assume o is a free parameter. As explained above, it will play an important role for the
considerations in Section 4.
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Figure 1: Representation of the longitudinal mode spectrum (27M)?/(\/a0 ks H;)?> Pa, = 22 |T|*. Left
Panel: Numerical approach. We evaluate this quantity at time y¢;, = 55, while y;, = 1073, In red
dashed the fitting function (2.24). See Section 2.2. Right Panel: Numerical versus analytical spectrum
using the analytical transfer functions in RD as developed in Section 2.3.

2.2 Evolution during radiation domination

We take Eq. (2.16) as reference for the initial primordial spectrum and evolve it during radiation
domination (RD). This is done by using transfer functions and expressing Eq. (3.10) during RD
(T >0) as
0
ox(r) = T(kr) oy | (2.17)
(0)

with ¢, the initial value of the longitudinal scalar leading to the spectrum in Eq. (2.16). We
follow the approach * outlined in [21] to handle the transfer functions.

Using Eq. (2.7), we find that the transfer function of Eq. (3.10) obeys the following evolution
equation during RD:

2 a? M2\ ! a? M2
/! / —
T(a:)—i—x(l—i- 2 > T(m)—i—(l—i-m) T(z) =0, (2.18)
where prime denotes differentiation with respect to x = k7, and we impose T' — 1 at superhorizon
scales © < 1. The mass M indicates the vector mass during RD. In this era, aH = 1/7. The
Hubble rate decreases with respect to the inflationary value H;, a. denotes the value of the scale
factor when the rate becomes equal to the vector mass,

H, = H(a,) = M (2.19)
It is convenient to define the pivot scale
ke = a M . (2.20)

As we will review next, k, marks a turning point in the slope of the longitudinal vector spectrum
profile during RD, where the slope transitions from increasing to decreasing as a function of
momentum. We introduce the notation

x

x = kr ; oy A .
L Fy

(2.21)

4GT thanks Ogan Ozsoy for collaborating on [21] and for providing key insights in the treatment of transfer
functions.



Recall that a o< 7 during RD, hence we can write y = a/a,. Since dy/dz = 1/z,, in terms of
these variables the evolution of the transfer function reads

d>T(y) L2014 y?/x3)~ ! dT(y)

i , i + (22 4+9*)T(y) = 0. (2.22)

This is numerically integrated for a set of different values x, = k/k,, which correspond to different
comoving momenta normalised to the pivot momentum k.. For each integration, we impose the
initial conditions T'(yin) = 1, %;‘f“) =0, with ° ¥y = ain/a, = /M /H;. The result is evaluated

at a sufficiently late time, when y; = Z—i e*, when the longitudinal spectrum stabilises its shape
as a function of frequency.

The resulting spectrum of longitudinal modes Ay during RD at time yy is

oo ke Hr\? k2
Pasho) = (Vo) g Tl (2:23)

The left panel in Fig 1 is a numerical evaluation of this spectrum, where it is normalised versus
(/oo ks Hy)? /(27 M)?, with the og the factor defined in Eq. (2.16). Notice that, as anticipated,
the spectrum changes slope at around x, = 1, i.e. for scales k ~ k,. In the same figure we also
represent an analytical fitting function

(27 M)?

kyyan) = 22T )2
(@k*HI)Q 73AL( 7yﬁ) JE*| (w*7yﬁ )‘

- w0 () [ )] o G G

indicating that the spectrum increases as (k/ky)? from large to small scales, reaching a maximum
at k ~ k,, then decreases as (k/ky)~!, and finally stabilises to a constant value at very small
scales. This behaviour is consistent with the results of [5].

Numerical analysis demonstrates that the longitudinal vector spectrum has a peak at small
scales during RD — a noteworthy feature that can produce induced GW at second order in
fluctuations. However, beyond numerics, it is desirable to have better analytical control over the
transfer function for the longitudinal scalar during RD. Which we address in the next session.

2.3 New analytic approach to the transfer function

The evolution equation (2.22) for the transfer functions during RD has analytical solutions in the
regimes © of small and large y.

Small y/x,: The solution of (2.22), using the same definition of y;, and the appropriate initial
conditions, is given by

T(y) = sin [, (¥ — Yin)] . Yin cOS8 [T+ (Y — Yin)] ’ (2.25)

TxY Y

5Since H « t 'm o a~? during RD, the choice yin = \/M/H; corresponds to Hi, = H, (a*/ai,,)Q = Hj.
Namely, the variable y evaluates to yin at the onset of RD, which in this computation is assumed to occur right
after the end of inflation.

Recall the definitions of y and =, in Eq. (2.21).
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Figure 2: Left panel Numerical solution of transfer function in the small y/x, regime (magenta), versus
the analytical solution (2.25) (blue). We choose z, = 20.3. Right panel Numerical solution of transfer
function in the large y/x, regime (black), versus the analytical solution (2.26) (red). We choose x, = 0.01.

Large y/xz,: The solution is

T(y) = c1 D_ypo [(1+ i)yl +ca D_ypo [~(1 +d)y] , (2.26)

with D, [z] the parabolic cylinder function, and the constants ¢; 2 are fixed by boundary condi-
tions.
Using asymptotic formulas for the cylinder functions, we determine a convenient approxima-

tion, which is reasonably accurate for all values of y and x,. It is defined in two regimes of z,
(from now on we set for simplicity yi, = 0):

1. Range z, < 1

Tearly = Slnx(az;y) valid for Yy << 1 ,
T~ Lt o (D) e sin (£ lid f 1 2.27
late = NG cr cos { + ¢ sin 5 valid fory > 1, (2.27)

with

1 :
= —sin(1/2) cosz, + <cos(1/2) + 25111(1/2)) T
Lx
1 in .
¢ = cos(1/2) cosx, + (sin(1/2) — 2005(1/2)) su;a: . (2.28)
2. Range z, > 1
sin (2.y) .
Tearly = Ty valid for y < x4,
1® = {8 cos (L) 4 cf sin (L lid f 2.2
ate = ﬁ ey cos | o + ¢y sin 5 valid for y > ., (2.29)
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with

B sin (z2/2) <1 N sin xi)

222 22
2 -
B cos (x2/2) < smm*>
B~ B . (2.30)
232 22

We extend the region of validity of the above expressions (2.27) and (2.29) to include also
the transition regions at y = 1 and z, = 1, y, by replacing the strong inequalities < and >
with, respectively, < and >. The above choice of the y—independent coefficients c’f’éB makes this
analytic approximation for T, as well as its derivatve % continuous across the transition regions.
In Fig 2 we compare our analytical approximation of the transfer functions against numerics for
two representative values of z,. Numerical checks show that our previous formulas (2.27) and
(2.29) give reasonably accurate results also for intermediate values of z,. In Fig 1, right panel,
we compare the longitudinal mode spectrum as function of scale x, = k/ks, computed with our
analytical transfer functions against numerics. The profile (and the maximum) of the spectrum
are captured quite well — in particular the position and amplitude of the peak, the spectral slope,
as well as the oscillatory behaviour towards small scales.

In fact, in deriving Eqgs (2.27) and (2.29) we make an effort to catch the oscillatory behaviour
of the transfer functions. The latter plays an important role in the convolution integrals of
Section 3 for the computation of the induced GW spectrum. As the present work was being
completed, similar examples of transfer functions have appeared in [51] in a related (but not
identical) context.

2.4 The energy density in the longitudinal vector mode

The computation of the energy density p4, stored in the longitudinal vector field is a useful first
application of the analytic formulas derived in Section 2.3. The quantity p4, is extracted from
the time-time component of the vector energy momentum tensor. It is given by [5]:

M? P, A
pA;, = ﬁ /dlnk |:k32—|(—a2L]\)42 +PAL:| y (231)

with M the vector mass during RD. Substituting expression (2.15) for the primordial longitudinal
vector spectrum (including the og factor of Eq. (2.16)), and using the transfer functions, this
expression becomes

_ oo Hf ak; ka ) Lk? )
PAL = g g dink a*kz(k2+a2M2)!87T| +a*k£|T| . (232)

In passing from Eq. (2.31) to Eq. (2.32), we acquire a factor proportional to 47> szgo)/H?.
In the original scenario [5], this factor is equal to one (see Eq. (2.15)). Due to the fact that the
primordial inflationary spectrum is proportional to the inverse of the square of the vector mass
during inflation (recall the arguments leading to Eq. (2.15)); when considering more general
models, for example where the vector mass during inflation has value my,s (which is different
from the RD vector mass M). This factor leads to an effective overall constant o9 = M?/m?

inf
in Eq. (2.32). Effectively, in this particular case, this phenomenon is captured by the factor og



in Eq. (2.16). More generally, in what follows — without focussing on specific scenarios — we keep
the parameter o as free constant in Eq. (2.32).
We focus on the dimensionless integral inside the square bracket in formula (2.32)

k2a ak?
7, = dlnk T + T|? 2.
) = [k | TR+ I (2.39)
2
_ L 2 21712

where in the second line we pass to the dimensionless ‘time’ coordinate y introduced in Eq.
(2.21). We evaluate this integral at late times, which we denote with y = yenq, making use of
the analytical transfer functions determined in Section 2.3. The quantity yenq is chosen to be
sufficiently large so that the following integration converges to a stable value. Specifically, given
the structure of our analytic solutions for the transfer functions, see Section 2.3, we conveniently
split the integral in two pieces, for y < 1 and y > 1:

1 2
dx, Ty 7(A) 2
T = ——5—|0y T
p(yend) Yend /0 s |:ZC2 T yend | late | | late |
Yend dx* 1-2
— | =—= 8 T T . 2.35
+yel’1d /1 Ty |:x2 + yend | late | *| late | :| ( )

Consider the integral in the first line of the Eq. (2.35). We first take the limit of large yenq
inside the integrand function. The result is easily numerically integrated, and gives the value
0.475883. For the integral in the second line of Eq. (2.35) — since the quantity yenq appears both
in the integral extreme and in the integrand — we find convenient to first rescale the integration
variable from z, to z = ﬁ. In this new variable, the lower extreme of integration i is small
and can be approximated with zero. Morevoer, in the integrand function that results from this
change of variable, there are terms that exhibit rapid oscillations in the 0 < z < 1 domain, which
are weighted by inverse powers of yenq. We can neglect those contributions, since they average to
nearly zero. Beside these contributions, the integrand contains a ratio between two polynomials
in the variable x,, which once integrated gives 1.025 in the limit of large yeng. The sum of the
two pieces we computed is

3
T, = 1.50088 =~ 7 (2.36)

a number of order one. With this result, and recalling the definition of H, in Eq. (2.19), we
obtain the following expression for the longitudinal vector energy density evaluated today

300 H} M? <H>/ (2.37)

PAL = 75 872 M

where we take into account how the energy density scales with the universe evolution. The
present-day DM energy density is well approximated by the formula ppy = 3 ng Mgl /2. Using
the value Heq = 3 X 10728 eV, we compute the ratio of these two quantities

o 1/2 I 2
L . S— — L) (2.38)
PDM 0.6 x 10=6eV 1014 GeV

10



giving a result that is in reasonable agreement * with [5]. We will make use of expression (2.38)
in Section 4.

3 The induced gravitational wave spectrum

The vector dark matter model reviewed in the previous section leads to a longitudinal vector
spectrum enhanced at scales smaller than the CMB ones, with a peak at k ~ ky, = a, M, see Fig
1. The fluctuations of the longitudinal vector produce tensor metric perturbations (gravitational
waves) at second order, in an amount quadratically proportional to their power spectrum. This
leads us to investigate whether the amplifcation of the longitudinal vector in this model can result
in a visible nduced GW signal. Such phenomenon is analog to what happens in models producing
primordial black holes through an enhancement of curvature fluctuations, which induce a SGWB
at second order in perturbations (see e.g. [40] for a comprehensive review).

Interestingly, in our context we do not need to consider deviations from standard slow roll
expansion during inflation, nor the production of primordial black holes. The induced GW back-
ground is an inevitable consequence of the shape of the longitudinal vector spectrum associated
with the production of vector dark matter. We investigate this subject following the approach
developed in [52,53], generalising it to the case of non-adiabatic fluctuations. In the next section
we discuss prospects of detection. We find that the system we consider produces an SGWB at
and below nano-Hertz frequencies.

We consider mode evolution during radiation domination. Inflationary GW are transverse-
traceless, spin-2 fluctuations around a FLRW background metric. They satisfy the evolution
equation (using the notation of [53])

hi + 2H hiy = V2hi = T;j™ Sim, (3.1)

where S;; is the longitudinal vector source, and 7;]-“" is the projection tensor selecting its
transverse-traceless part. The GW source is extracted from the spatial components of the vector
energy-momentum tensor. In our context it reads

2 2
Sii(1,x) = 202 O0ip 00 — maz‘z‘lo 0;Ag — GT(T)&'SOI 8;'%0/
2
+— (8,A0 8jg0' + 8jA0 6“0’) . (3.2)

a?()
It depends on the vector mass M during RD, the scalar longitudinal mode ¢, and the time-

component AY of the vector. Hence, at second order in fluctuations, the vector sources GW,
which are expanded in Fourier modes as

Bk
hij(r,x) = > / (%)3/261‘ el (k) ny (3.3)
A

where the sum over A is a sum over the two GW polarizations (4, x). The polarisation tensors
Z(;\) are normalised as Zij ez(;‘)e(-;\ ) (5”‘/, and they can also be used to perform the transverse-

traceless projection tensor of Eq.(3.1). The Fourier transform of the source on the right-hand

e

"There are order-one differences between our Eq. (2.38) and the analogue formula in [5]. We interpret the
difference as due to our approximations in deriving the analytical transfer functions.
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side of Eq. (3.1) reads [53]

4’k
T S (%) = Z/ G € e 10600 Simlio), (3.4)
A
with By
X ik-x’
Sim (k) /(277)3/26 k Slm(X/) (3.5)

Hence, the GW evolution equation (3.1) reads in Fourier space
A) A/ A A
WV 421 h Y+ 2 = sV () (3.6)
with the source Fourier component given by the convolution integral

M (k. k) B3k
o 5 [ eWM(k k) d’k
S = 2M /(271_)3/2

1
X [‘Pf;‘?k_f( T2 M2 (Ao,l'; Ao,k—f( - ‘/71190;(_12 - Ao,l'; 901(_1; + A07 k—k SDL) } - (3.7)
where we introduced the combination

eM(k k) = el (k) k'R . (3.8)

It is convenient to make use of the constraint equation (2.5) relating the vector time component
Ap and the longitudinal scalar p: Agx = (k? ¢} )/(k* + M?a?). Substituting such condition into
Eq. (3.7), we find

) / e (k, k) &%k a® ML o

Sl(‘/\) - (2m)3/2 PRk (;}52 + a2M2> (|k kP2 a2M2)

(3.9)

Notice that the argument of the previous integral contains non-local contributions proportional
to the inverse of momenta. They originate from the procedure of integrating out the time-like
component of the vector, leading to non-canonical kinetic terms for the longitudinal mode. To
proceed, we make use of the results of Section 2: the Fourier component of the longitudinal scalar
¢ during radiation-domination (RD) can be expressed in terms of the transfer function

0
ox(r) = T(kr) @yl | (3.10)
where the transfer function 7'(k7) during RD is discussed in Section 2.2, and gol((o) corresponds to
the scalar primordial Fourier mode evaluated at the end of inflation. The source Fourier mode

(3.9) corresponds to a convolution over primordial longitudinal modes

e (k, k) d3k -
$0(r) = 2M2/ ((27r)3325(7'7k7k)90(~0)§0(0) , (3.11)

weighted by a combination of transfer functions which we denote by
a2 M2k |k — k| T'(k7)T'(|k — k|7)
(i + @) (K + aar2)

B(t,k, k) = T(kr)T(k—k|r)— , (3.12)
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where a prime indicate a derivative along the argument. We note that the combination S is
invariant under the exchange k <> |k — k|.

After characterising its source, we can express the formal solution of the GW evolution Eq.
(3.6) during RD:

W) = a(lT) [irautrr [ s )] (3.13)

where the g is the Green function (or, more appropriately, the non-distributional contribution
to the Green function). During radiation domination:

() = %[sin (k) cos (k') — sin (k7' cos (k)] - (3.14)

We consider the tensor spectrum as the sum over the two polarizations

472

Do (e (1) = (2m)* 8 (k + @) 5 Pulk). (3.15)

which we rewrite as (the prime in the ensemble average indicates the correlation without the
o-function associated with momentum conservation)

1 K3

Pulrk) = 55 2 (i (ke (1) (3.16)
3
_ 4];2@22(3—) / drdrs g, 71) 9o (rs 72) a(r)a(ra) (SO (1) SO m)), (3.17)

where the two-point function of the source Sk in Fourier space reads

37 3
(V) o) SV B AL S ROV RS AR e Oy
(S (m)Sq (m2)) = 4AM /(%)3/2 (2n)2 eV (k, k) e/ (q,q)
= ~ 0) (0) (0) (0
x B(r. k) B, a,@) (00 oo oD ). (3.18)
Expanding the scalar four-point function in Eq. (3.18) by means of Wick’s theorem, and using
the definition (2.14) of primordial longitudinal scalar spectrum, we find

S rs0 ) = st ok a) [ (Ze@)(k,g)ew(k,g))
A A

Py (k) PL" (k ~ K|)

X T,k,f{ T,k,f( =
B(71,k, k) B(72, k, k) E k&P

27 r4 £(3) < ]%3(1—,“2)2 r r
= 8m"M*6"(k+q) dk dp ———=—— B(7m1, k, k) B(72,k, k)
0 ~1 |k — k|3

<P (k)PO |k — kI), (3.19)
where i{l the second equality we use Bk = 27 k% dk d/{, as W~6H as properties of the combinations
e (k, k) defined in Eq. (3.8) (we note that 4 = (k- k)/(kk) is the cosine of the angle between

k and l~<) The overall structure of the previous expression is similar to what is found in the
literature for the case of GWs induced by second order adiabatic fluctuations.
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To proceed, we plug the result (3.19) into the expression in Eq. (3.17). We use the variables
xy = k7 and y = 7/7% introduced in Eq. (2.21). We also change variable from k to

=l

(3.20)

v =

Moreover, we use the following quantity u as abbreviation in next formulas (but we do not change
variables in terms of it):

k—k
| | = V1402 -2, (3.21)

k

u

In terms of these quantitites, we find the following expression for the tensor spectrum

AMA 2 [ ! 1—p?)" o
Ph (7‘ = YTy, k= .’IJ*> = 7:1/2 T / dv / d[t 735)0) (U k’) 7)%&0) (U k) ('Zg)va(?ﬁ :L‘*) )
0 —1

(3.22)

with

y/kx
Ir(y, xx) = |sin (a:*y)/ y1 dy1 o8 (2xy1) B(Y1, Ty u,y V)
0

y/k« 2
— Cos (:r*y)/ y1 dyy sin (93*3/1)5(3/1,33*,%11)‘ . (3.23)
0

In terms of the variables z,, y the function 5 of Eq. (3.12) reads

y% [8y1T(?/17 u )] [8y1T(y17 v T,)]
(u?a? +y7) (V223 +97)

5(y1,$*,uav) = T(ylaum*)T(yl’vx*)_ (3‘24)

The functions sin (x,y) and cos (z,y) in front of the integrals in Eq. (3.23) are rapidly oscillating.
By expanding the square in Eq. (3.23) in the late time, large y limit, the cross term averages out
and the square terms sin? (x,y) and cos? (z,y) average to 1/2. Hence we conclude

IT(x*u u, U) =

Y/ Fx 2 y/Fx ) 2
‘/ y1 dy cos (9C*y1)5‘ +’/ y1 dyy sin (x*yl)ﬁ‘
0 0

jcgs(m*a U,U) (325)

= N

with Z2, the content of the square bracket in the previous formula, and a bar indicates averaging
over many periods of the oscillatory functions cos(z,y), sin(zyy). We numerically checked that
the integrals in Eq. (3.25) converge for large values of y, and in our analysis we focus on such
large-y regime where the integrals become independent from the value of the integral upper limits.

We now use the tensor power spectrum P, of Eq. (3.22) to build the quantity Qgw, pro-
portional to the gravitational energy density per log frequency interval. Qgw is a standard
parameter which controls the magnitude of SGWB in cosmological setting. It is related to the
tensor spectrum by

1k

- L om (3.26)

Qaw
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Figure 3: Representation of the GW energy density Qqw of Eq. (3.31), divided by o2 H} /Mg, (contin-
uous blue line). We include also the analytical fitting function (3.32) (dashed red line).

During RD, aH = 1/7. We collect the previous formulas, and obtain

(1)

. (327)

MY o[ ! 72 0 0
Qaw(k) = 129@*/0 dv /_1 dp 2 (2 u,0) PO (uk) PO (v k)
where we recall u = /1 +v2 —2uv. In view of a numerical evaluation of the integrals, it is
convenient to perform another change of variables, following [54]:
t = u+v—-1 , s=u—wv. (3.28)

The GW energy density becomes

Mol o[ ! t(2+1)(s% - 1)
Qaw(k) = —5 /0 dt/o ds [(1—s+t)(1+s+t)

2
T2 (24, u,v) 73;0) (uk) 735,0) (vk)

(3.29)

withu = (t+s+1)/2, v = (t —s+1)/2. The integral (3.29) resembles formulas for curvature
scalar induced GW — only the structure of the kernel Z2, is different, compare e.g. with [54].

So far, we have not specified the amplitude of the sourcing fields. We can now make use of
the results of Section 2 for the primordial spectrum ’Pg)) of the longitudinal scalar mode. Such
spectrum is scale invariant, and depends on the inflationary Hubble parameter H; and vector
mass M (2.16):

PO(k) = JOLIQ. (3.30)
® A2 M2

We include an overall, model-dependent factor og in the previous formula. As discussed around

Eq. (2.16), it aims to take into account of possible refinements of the original model [5] associ-

ated with phase transitions, non-standard evolution history or reheating after inflation, or more

exotic inflationary evolution including non-minimal couplings with gravity. We do not commit

on explicit scenarios, and we are going to make use of og as useful tunable parameter in our

set-up. 8

8 A particular example able to generate a large oq is discussed after Eq. (2.32).
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The GW energy density results (reinstating the Planck mass, and expressing it in terms of
frequency since z, = k/k, = f/f«, with k = 27 f)

o) = o (it e [0 [ o (25 o) 2]

(3.31)

We numerically evaluate the model-independent, dimensionless quantity inside square brackets,
and we represent it in Fig 3 as function of f/f, — the fiducial frequency being 27 f, = a, M (see
Eq. (2.20)). Notice that in representing Qgw we factorise powers of the parameters oy and of
the value of the Hubble parameter during inflation.

The resulting frequency profile plotted in Fig 3 is quite broad, reflecting the scale invariant
primordial spectrum for the longitudinal scalar ¢ as given in Eq. (3.30). We find a good analytical
fit in terms of a double broken power law as

Me ) o q = PP S I SN S TP
(ag H}) aw (zx = f/fs) = 6.25 x (14 22)5°5 ( T 750 % 105> - (3.32)
This fit intends to cover the range of frequencies x, = f/f, represented in Fig 3. The maximal
amplitude of the combination in the right hand side of Eq. (3.32) is of order 5 x 1075, and its
profile remains almost constant at such maximal values in the range 3 < xz, < 60. The profile of
Qaw (7,) grows as 220 i 1n the infrared part of the plot —for frequencies x, ~ 0.1 or slightly larger—
and it decreases as z; 2 in the ultraviolet. The infrared behaviour is consistent with a change

of spectral index from an x2 profile expected by causality arguments in the limit z, — 0, to a
milder 229 growth as Qqw i 1ncreases and approaches the plateau at larger frequency values. The
ultraviolet scaling Qqw ~ 2,2, which follows an extended plateau in frequency, is the result of our
numerical integration of eq (3.31). It would be interesting to acquire an analytical understanding
of such ultraviolet behavior of the GW energy density. However, the task is particular difficult
due to the highly oscillator integrals entering the definition of ZZ, in Eq (3.25), which do not
allow for exact solutions.

CS

Depending on the values of g, Hy, and f, our results have different phenomenological con-
sequences: which we explore in the next section.

4 Phenomenological consequences

We now collect the results of the previous sections and discuss their phenomenological conse-
quences for the physics of the induced GW from longitudinal vector DM. The longitudinal vector
mode Ay, has a spectrum peaked around the scale ky, = a,M, with M the vector mass during
RD, while a, is the value of the scale factor which corresponds to H(a,) = M — see Section 2.
We setting the present value of the scale factor to one, ag = 1, so that the momentum scale k, is
mapped to the frequency f. via

M [ H.,\Y? M,
27rf* — ]{/‘*:MCL* - — <eq> — 76(1
H,

Zeq
where we make use of Heq = 3 x 10728 eV and zeq = 3400 [55]. “Converting” eV to Hertz, we get

Mo\ 1/2

M 1/2
= 4.95 x 10718V <eV> , (4.1)

Zeq
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Actually, as we observe from Fig 3, the induced GW spectrum grows and is amplified at frequen-
cies slightly larger than f,, acquiring its maximal values for frequencies in the order c¢qfx with
cp ~ O(10). To proceed, we recall formula (2.38) which provides the ratio of longitudinal vector
Ay versus the dark matter energy density today

oA . eV\2 / M \Z/H >
—_— = Mo
PDM O\ Heq 106 eV Mp,
1
M \2 [/ H;\*
= 5.7 x 10" 4.3
oo (106eV> (Mm) ’ (43)

where Hy is the Hubble parameter during inflation, and o is the model-dependent overall factor
in the longitudinal scalar spectrum, see Eq. (2.16) and related discussion. Finally, the result
summarized by Figure 3 indicates that the induced GW signal can obtain the maximum value

H 4
max ~ 5x107%07 <M;> . (4.4)

The last three equations can be employed to study the phenomenology of the model for
different values of the model parameters. Let us first focus on the original model [5], for which
oo = 1 and we demand p4/ppm = 1. Current CMB polarisation experiments set the bound
r < 0.03 on the tensor-to-scalr ratio at large scales [56], and, correspondingly, on the scale of
inflation H;/Mp; < 107°,/7/0.03. Let us choose a reference value of H;/Mp; = 107%. Then,
Eq. (4.3) indicates that the longitudinal vector coincides with the dark matter if its mass is given
by M ~ 3 eV. From Eq. (4.2) we then see that this mass corresponds to the characteristic GW
frequency f, ~ 2 x 1073 Hz. However, the resulting Oy = 1072, too small to be detected
with a milli-Hertz interferometer as LISA [57]. To obtain an observable signal, we need to tune
the parameter oy to larger values.

Combining eqs (4.2), (4.3), and (4.4), we find the consistency condition

Quax (c0>2 pa \? (10710 Hz\? (45)
10-10 — \67/ \ ppu co fx ’ '

where we include ¢g as an overall factor in front of the frequency fy, in order to take into account
that the peak Q&R is shifted with respect to fi: see Fig 3 and the discussions after Eq. (3.32)

and Eq. (4.2). Interestingly, the relation (4.5) is independent of the model parameters M, H,
and og. It only relies on the hypothesis that the longitudinal scalar spectrum P, is scale invariant

during inflation, as in Eq. (2.16). Eq. (4.5) allows us to identify the most relevant parameter
regions, and, in particular, it leads to the conclusion that models that provide a signalled peaked
comparatively smaller frequencies f, have the chance to produce a comparatively larger GW
signal, provided of course oy is large enough. For definiteness, let us consider three representative
examples:

- Case 1: Peak at nano-Hertz scales. We choose f, = 1.5 x 1071 Hz and we demand
that the longitudinal vector forms all of the dark matter. Then Eq. (4.5) results in the
amplitude Qg = 1014, In turn, Eq. (4.2) indicates the vector mass M =~ 1.6 x 10~ eV,

_ 2
while Eq. (4.4) shows that the parameter o needs to satisfy oo ~ 1.4 x 107 <%) . See
Fig 4, left panel, where we compare the analytical fit of Qgw in Eq. (3.32) with nominal
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Figure 4: Representation of the three cases discussed in the main text. Left panel: Case 1. We take
the sensitivity curves for nanoHz GW experiments from [58]. Middle panel: Case 2. Sensitivities curves
associated to redshift space-distortion experiments are taken from [59]. Right panel: Case 3.

sensitivity curves of (current and future) PTA experiments, taken from [58]. In the future,
SKA should be able to probe the nearly flat, central region of the Qaw profile, provided
that it can resolve this specific cosmological backgrounds against an astrophysical signal.
Possible methods might rely on the properties of SGWB anisotropies [60—62]. Further
measurements can also benefit from astrometry observations (see [63] for a review), and by
the synergy of astrometry and PTA [64].

- Case 2: Peak at intermediate scales. Let us instead consider a peak frequency f, =
1.5 x 107" Hz, at intermediate scales between CMB and PTA experiments. Assuming
again that the longitudinal vector forms all of the dark matter, then Eq. (4.5) results in
the amplitude Q¢SF = 1078, Eq. (4.2) points now to the vector mass M = 1.5 x 1072 eVm

which makes the light vector a ‘fuzzy dark matter’ candidate, see e.g. [65] for a review. From

Eq. (4.4), we must require oo ~ 1.4 x 10'° (%

)2. The central panel of Fig. 4 shows a
representation of the analytical fit of Qgw in Eq. (3.32) against the perspective sensitivity
of super PIXIE — taken from [59] — an evolution of the PIXIE experiment [66-68] to measure
redshift space-distortions. This result demonstrates the importance of finding methods to
measure GW at intermediate frequency ranges between CMB and PTA experiments. In
fact, redshift space-distortions is a promising probe for testing the SGWB induced by models

of longitudinal vector DM.

- Case 3: Peak at CMB scales. Present bounds on the amount of primordial B-modes
in CMB polarisation experiments set constraints on regions of parameter space enhancing
the GW spectrum at small frequencies. For example, consider scenarios potentially able
to amplify the SGWB magnitude at CMB scales fcyp ~ 107 Hz — corresponding to
tiny vector masses M ~ 7 x 1073 eV, see Eq. (4.2). On such frequency ranges, current
B-mode constraints impose Qgw(foms) < (r/0.01) x 107% [56]. Choosing for instance
r = 1073 results in OGw = 10716, which is compatible with only a very small vector field
energy density, pa/ppm < 7 x 10719 see Eq. (4.5). Future experiments as LiteBIRD can
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gain further orders of magnitude in sensitivity, see e.g. [69]. It is remarkable that GW
experiments are able to set so stringent constraints on tiny amounts of longitudinal vector
in the DM budget.

What is particularly interesting is that the GW mechanism of production that we analysed
is independent of any possible coupling of the vector A, to Standard Model physics. It holds
even if there are no couplings at all with the Standard Model (besides gravity) — or very tiny
ones [70-72]. It is interesting that the induced GW spectrum can be enhanced at frequencies
below the nano-Hertz, see Eq. (4.5), setting new targets to GW experiments. Nevertheless, the
requirement to get detectable signals (say values of Qgw in the 10719 regime) requires us to
choose large values of gg. In principle this is possible by elaborating extensions of the original
scenario [5] as discussed in the paragraphs around Eq. (2.16). Possibly, the simplest way to
do so is by considering scenarios in which the vector mass deep in the inflationary era, mjys is
much smaller from the one during radiation domination, call it M. This condition changes the
couplings to gravitational waves and lead to an effective value of g = (M/ minf)Q, as commented
after Eq. (2.32). Possible mechanisms related with phase transitions are discussed in [15], but
more model building efforts will needed to better explore these possibilities and place them in a
firmer theoretical setting.

Notice also that our formulas indicate that a sufficiently large GW signal is associated with
very tiny masses for the vector boson, in regimes usually considered as fuzzy dark matter. In
this case, there are other complementary gravitational probes of such instances, associated with
phenomena like black hole superradiance from light vectors [73,74]. At the astrophysics and
gravitational level, it is also worth noticing that light vector bosons, like the ones considered, can
form coherent fuzzy dark matter structures, and compact objects related to Proca stars [75-82].
It will be interesting to further investigate realistic particle physics constructions behind light
longitudinal vector dark matter models, and understand at what extent improved GW detectors
can constrain (or probe!) their predictions.

5 Outlook

We discussed a new gravitational wave probe of longitudinal vector dark matter. We computed
the stochastic gravitational wave background produced at second order in fluctuations in scenarios
of vector dark matter based on [5]. Our approach is similar in spirit to analysis on second
order GW produced by primordial black hole models — this time applied to a particle physics
dark matter set-up, and to the case of non-adiabatic fluctuations. We have shown that the
GW spectrum is amplified at very small frequencies, at, or below, the nano-Hertz. Although
possibly detectable at nano-Hertz scales, GW from vector dark matter constitute a particularly
interesting target for very low frequency GW experiments, able to detect GW say in the region
around 1072 Hertz. The original DM model is very minimal — the action has only the vector
mass as free parameter — but over the years several generalisations and refinements have been
considered. In fact, only scenarios extending [5] lead to the hope of producing a SGWB amplitude
detectable by future experiments. Models characterised by a small vector mass are more likely to
lead to a detectable SGWB signal, and can be further tested by other GW probes as black hole
superradiance. Hence, it would be very interesting to continue model building efforts in order to
identify well motivated scenarios able to lead to a measurable GW signal. Since we only focussed
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on production of GW during radiation domination, it would also be interesting to study GW
production during matter domination, or in non-standard cosmologies. Also, since the vector
action is relatively simple, it would also be interesting to study the effects of non-linearities.

We are setting challenging targets, both at the theoretical and at the experimental level.
However, recall that the only known coupling of dark matter with Standard Model is through
gravity: it might be that for some reasons such coupling is the only one chosen by Nature. In
this case, further exploring the gravitational wave probe we identified — based on gravity only
and in principle testable with GW experiments — is certainly a well motivated pursuit.
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