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and generates digital microstructures through optimisation procedures or computer vision
methods. However, data-driven digital reconstruction methods do not apply to polycrystalline
microstructures because their raw measurement data (lattice orientation, grain structure, and
phase distribution) do not naturally correspond to RGB images. It faces challenges such
as discontinuities and ambiguities in orientation colouring, as well as a lack of algorithms
for extracting orientation data from RGB images. This paper introduces a novel data-driven
digital reconstruction method for polycrystalline microstructures. The method includes ex-
perimental acquisition of microstructural data (such as phase map, lattice symmetry, and
lattice orientation), conversion of experimental data to RGB image formats for continuous and
symmetry-conserved visualisation, image generation from continuous and symmetry-conserved
orientation colouring, and reconstruction of grain data from synthesised RGB images. The
results demonstrate that this method enables efficient microstructure reconstructions with
high fidelity to actual microstructural characteristics, addressing the limitations of traditional
methods. Furthermore, by offering realistic digital microstructure models, this novel data-driven
reconstruction scheme can be readily integrated with simulation tools to improve the study of
structure-property linkages in polycrystalline materials.

1. Introduction

Polycrystalline materials, including metals [1,2], rocks [3], and ceramics [4], are prevalent in nature and industry. Their
formation involves nucleation and growth via solidification, recrystallisation, grain growth, and solid-state phase transformation.
These complex evolution processes lead to polycrystalline microstructures with random crystallographic and morphological fea-
tures, comprising grain aggregates with varying lattice orientations, sizes, and shapes, separated by grain boundaries. Random
characteristics of polycrystalline microstructures significantly influence macroscopic properties and performance of polycrystalline
materials [1,4]. Advancements in microscopic imaging, especially Orientation Imaging Microscopy (OIM), have enabled high-
fidelity quantitative microstructure characterisation of polycrystalline materials. Polycrystalline microstructure characteristics are
commonly described using various statistical descriptors, such as phase volume fraction, grain size [5], grain orientation [5], grain
boundary [6], and chord length [7].
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Microstructure reconstruction of polycrystalline materials creates digital polycrystalline microstructures that match those found
in real solids. These digital microstructures are commonly termed Representative Volume Elements (RVEs), representing the smallest
material volume that is sufficiently large to assess the macroscopic material properties of the corresponding solid [8]. Microstructure
reconstruction techniques for polycrystalline materials can be divided into experimental and non-experimental approaches [9].

Experimental reconstruction methods employ imaging technologies such as Scanning Electron Microscopy (SEM) [10], Electron
Backscattering Diffraction (EBSD) [11], X-ray microtomography [12], and X-ray diffraction [13] to provide high-resolution, direct
observations of lattice orientation, grain structure, and phase distribution. Experimental reconstruction offers first-hand physically
accurate data crucial for understanding the complex, random characteristics influencing macroscopic properties and performance.

Non-experimental reconstruction methods can be generally divided into two categories: physics-based and geometry-based ap-
proaches [9,14]. Typical physics-based approaches include cellular automata [15,16], Monte Carlo simulations [17-19], vertex/front
tracking [20,21], level set methods [22-24], and phase-field techniques [25]. They replicate microstructure formation processes,
including nucleation, solidification, recrystallisation, grain growth, and solid-state phase transformations. These methods offer
flexibility in capturing the influence of various processing parameters, such as temperature, diffusion coefficients, and strain rates, on
microstructural evolution. In contrast, geometry-based approaches, such as Voronoi tessellation [14,26], ellipsoid packing [27-35],
high-order methods [36-39] and reduced-order methods [40-43], operate directly on the morphological and crystallographic
information of polycrystalline materials while ignoring the evolutionary processes of microstructural formation. These methods have
advantages in computational efficiency and scalability, enabling rapid and large-scale polycrystalline microstructure reconstruction.

Despite their strengths, both experimental and non-experimental reconstruction approaches have significant limitations. Ex-
perimental methods are often resource-intensive and face limitation in equipment capacity and sample availability. Furthermore,
fully capturing the inherent randomness of polycrystalline microstructures remains challenging, particularly when attempting to
effectively sample the vast parameter space. For physics-based methods, underlying assumptions, such as those related to thermal
nucleation, solute diffusion, and grain growth, are often idealised, limiting their ability to reproduce realistic microstructures. While
computationally efficient, geometry-based methods generally fail to account for the complex and heterogeneous nature of real-world
grains, often simplifying grain geometry to regular shapes, such as ellipsoids or Voronoi cells, thus overlooking the intricate, irregular
geometries observed in actual materials.

This paper introduces a novel data-driven method for digitally reconstructing polycrystalline microstructures to address these
challenges. The approach involves transforming raw measurement data of polycrystalline microstructures into reference images,
generating new images using texture synthesis techniques, and subsequently converting the newly generated images back into
polycrystalline microstructure data. This method integrates the advantages of both experimental and non-experimental approaches,
offering a comprehensive solution that combines the accuracy of experimental data with the efficiency of computational methods. As
illustrated in Fig. 1, the proposed data-driven approach consists of four key steps: (1) the experimental acquisition of microstructural
data, such as lattice symmetry and orientation, from various imaging techniques; (2) the conversion of these experimental data into
RGB images; (3) image generation using the image coloured in step 2 as reference; and (4) the reconstruction of grain data from
the synthesised RGB images obtained in step 3.

The key technical challenge for this data-driven digital reconstruction approach lies in the information transformation between
polycrystalline microstructures and RGB images. Orientation colour maps commonly used for visualising polycrystalline microstruc-
tures often directly map Euler angles (¢, ¢, @,) or Rodrigues-Frank vectors (p;, p,, p3) to RGB components [44-46]. This leads
to topological mismatches between the disconnected orientation space and the connected RGB colour space, resulting in colour
discontinuities and visual artefacts [47,48]. Moreover, neglecting crystal symmetry induces colour ambiguity, where identical
crystallographic orientations are represented by different colours, further complicating the interpretation of the microstructure.
Additionally, no algorithms exist to extract orientation data from RGB images, limiting their applicability for comprehensive
microstructure reconstructions [49].

In this research, we address orientation colouring challenges by adapting the Inverse Pole Figure (IPF) colouring technique
to resolve issues of colour discontinuities and ambiguity and developing an inverse orientation colouring algorithm to extract
orientation data from synthesised RGB images. For image generation, a patch-based texture synthesis algorithm, combined with
image quilting techniques and fast template matching schemes. Finally, as a demonstration use case, the crystal plasticity finite
element simulation is integrated with the proposed data-driven digital reconstructions to establish structure-property linkages. The
remainder of the paper is organised into five sections. Section 2 introduces the proposed orientation colour mapping strategies,
Section 3 presents image generation from continuous and symmetry-conserved orientation colouring, and Section 4 examines the
performance of the proposed data-driven digital reconstruction method and demonstrates its application using a real polycrystalline
material. Finally, Section 5 summarises conclusions and future work.

2. Orientation colour mapping strategies
2.1. Orientation to colour mapping

In polycrystalline materials, lattice orientation G defines the rotational relationship between the reference frame and single
crystal axes. As summarised in Table 1, the lattice orientation can be captured by different parameterisation schemes, and they
each require three independent parameters [47]. Lattice orientation colouring is essential for microstructural visualisation of
polycrystalline materials, where different grains are marked with different colours clearly illustrating the morphological features of
polycrystalline microstructures.
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Fig. 1. Flowchart of the novel data-driven digital reconstruction method. (For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)

Table 1
Summary of lattice orientation parameterisations.
Name Parameters Definition
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Rodrigues-Frank vector (P11 02, P3) (P15 Py, p3) =tan(0/2)n
Quaternion q9=(4,,%,99) (. 44) = (sin(0/2)n, cos(6/2))

Direct colourmaps between the orientation and colour spaces are commonly used for orientation colouring [44-46]. However,
improvements are needed, particularly regarding topological inconsistencies between orientation and colour spaces. Colour spaces,
such as Hue-Saturation-Value (HSV), Hue-Saturation-Lightness (HSL) and Red-Green-Blue (RGB), are simply connected spaces in
three-dimensional Euclidean (R3) space, and any closed path within the colour spaces can deform or shrink to a single point. In
contrast, orientation spaces are not inherently linked and cannot be incorporated into the R3 space [47]. Although three independent
orientational parameters define components in an RGB triplet, G cannot be continuously mapped one-to-one to any space lower
than five dimensions [50]. Additionally, ignoring crystal symmetry can lead to colour ambiguity, where symmetrically equivalent
orientations may be represented by different colours [48].

To resolve visualisation challenges in direct orientation-to-colour mapping, IPF colouring has been systematically extended to
enhance orientation colouring [48], and its workflow is summarised in Fig. 2. The first step (see Fig. 2.a) is to define a vector r
representing the Normal Direction (ND) in the specimen coordinate system, and then transform it into the vector h in the crystal
coordinate system as:

h=G"ryp 1)
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Table 2
Symmetry groups are characterised by lattice types, standard or extended colour distributions, with k defining the relative order of groups. Standard and extended
colour distributions are unsuitable for 3,4, and 1, which are listed in the “Exception” column.

Lattice type Standard Extended Exception
k P, k P
Cubic 48 m3m 24 432 m3
24 43m 12 23
24 6/mmm 12 622 6/m 3ml 31m 3
Hexagonal. trigonal 12 62m, 6m2 6 6 321 312
gonal, trig 12 6mm 6 6
6 3ml 6 3
Tetragonal 16 4/mmm 8 422 2m im2 4/m 7
8 8 4mm 4 4
8 mmm 4 222 112/m 12/ml
Orthorhombic, monoclinic 4 mm2 2 112
4 m2m, 2mm 2 121
Triclinic 2 1ml 1 1 1

where G is the lattice orientation (see Table 1). As shown in Fig. 2.b, all crystallographically distinct vectors h define a fundamental
sector of symmetry group P, and each point 4 in fundamental sector corresponds to a unique vector h. As shown in Fig. 2.c, the
location of & in the fundamental sector is defined by two variables: the polar angle ¢ and the azimuthal angle p. Ranging from 0°
to 90° on the HSL colourisation of upper unit hemisphere and from 90° to 180° on the HSL colourisation of lower unit hemisphere,
the polar angle 6 is determined by the line distance d,, between the point s and the barycentre p of fundamental sector. The line
distance dj, corresponds proportionally to the polar angle ¢ such that the maximum distance corresponds to 90° in the upper unit
hemisphere or 180° in the lower unit hemisphere. The angle between the line pA and the line ph defines angle p, ranging from 0°
to 360°. Asymmetric HSL distributions are calculated using 6 and p to achieve the one-to-one colouring of A. The key steps for the
extended IPF orientation colouring are outlined below for completeness, while algorithm details can be found in [48].

» Customised hue gradient: Hue H, representing azimuthal angle p, is expressed as:
w
H = / v(p)dp 2)
0

where v(p) is the speed function defined as:
4 _a[,m )P a2
U(P)=d(ﬂ)<0-5+e_7[”]2+e %] +e il ) 3)

where d(p) denotes the distance between the barycentre p and the boundary point 5 in the fundamental sector. Interior angles
), w,, wy (see Fig. 2.c) within the fundamental sector may vary significantly. To address these angle differences, the speed
function is normalised as:

o W] +wy 2r 1
/ v(p)dp = / v(p)dp = / v(p)dp = 3 ()]
0 W w)+wy

Nonlinear lightness scaling: A nonlinear scaling map between lightness L and 6 is introduced to achieve a more balanced
representation, defined as:

L:AL§+(1—AL)sin2§ (5)

where the parameter 4; adjusts the central white or black region size in IPF colouring.
Lightness dependent saturation: Lightness-dependent saturation .S has been proposed to colour the central region with bright
or dark grey, expressed as:

S=1-2Ag|L—-05]| (6)
where the parameter Ag specifies the degree of grey in the centre.

There are several inherent advantages in the above IPF colouring that respects the symmetry group P. First, the fundamental
sector of symmetry group P ensures that similar orientations correspond to similar colours. Second, asymmetric HSL distribution can
correlate colour differences with misorientation angle size. Most importantly, discontinuity-free colour distributions are achievable
when each boundary in fundamental sector is a crystallographic mirror plane. Specifically, let R denote the central rotation axis,
symmetry groups satisfying conditions (a) 2 L R and (b) 2 L 2 enable smooth colour transitions at fundamental sector boundaries
using standard asymmetric HSL distribution. Table 2 summarises symmetry groups satisfying this condition in the “Standard”
column. Examples include m3m, 43m, 6/mmm, 62m, 6m2, 6mm, 3m1, 4/mmm, 4mm, mmm, mm2, m2m, 2mm, and 1ml.
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Fig. 2. Flowchart of IPF colouring for m3m symmetry group. (For interpretation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)

Symmetry groups are categorised by order k and lattice types in Table 2. The order k of symmetry groups determines fundamental
sector’s equivalent size but not shape. For any symmetry group P listed under the “Extended” column, its order is half that of
the corresponding supersymmetry group P, in the “standard” column. Thus, the diversity of P is exactly double that of P,.
The fundamental sector of P in the “extended” column is not fully enclosed by mirror planes. Direct application of the standard
asymmetric HSL distribution will inevitably cause colour discontinuities. To resolve this, the extended asymmetric HSL distribution
has been introduced to define discontinuity-free colouring for all symmetry groups P in the “extended” column [48]. The extended
asymmetric HSL distribution colours half of the fundamental sector of P to align with that of P_, featuring a bright centre, using
the standard asymmetric HSL distribution from the upper unit hemisphere, while the other half is coloured with a dark centre
via the standard asymmetric HSL distribution from the lower unit hemisphere. For symmetry groups 3, 4, and 1 listed in the
“Exception” column, their fundamental sectors cannot be embedded in three-dimensional space without jumps. Consequently, any
IPF distribution of these groups will result in either colour ambiguity or discontinuities. The symmetry group notation in Table 2
adheres to the common convention that is well documented in crystallography textbooks [48].

2.2. Colour to orientation mapping

Synthesised images visualised using the P-specific IPF colouring cannot readily specify crystallographic characterisations due to
the lack of an inverse mapping from IPF colouring to G. This section presents a new mapping method to derive orientations from
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P-specific IPF colouring. This method consists of two key techniques: (1) an inverse IPF colouring to transform RGB triples into
azimuthal angle p and polar angle 6, and (2) a conditional probability density for azimuthal angle ¢ (illustrated in Section 2.2.2)
to quantify the Rolling Direction (RD) in the specimen coordinate system.

2.2.1. Inverse IPF colouring

The colourmap in standard or extended P-specific IPF colouring establishes a one-to-one mapping between RGB triplets and
vector h in the crystal coordinate system (see Eq. (1)). Therefore, the initial step in mapping orientations from the P-specific IPF
colouring is converting each RGB triplet into crystal direction h. The key steps are summarised below.

» Convert RGB triplets to HSL triplets.
+ Calculate p from hue H based on Eq. (2). Similarly, calculate ¢ from lightness L and saturation .S based on Egs. (5) and (6).
+ Determine symmetrically equivalent crystal direction h based on 6 and p.

The relationships between H and p in Eq. (2), .S and L in Eq. (6), and L and 6 in Eq. (5) are monotonic. Therefore, precomputing
their function curves can bypass the computationally expensive process of solving these equations, see Fig. 3. The derivation from
0 and p to h is illustrated in Fig. 4, and the key steps are outlined below.

* Calculate the vector N, perpendicular to the plane P, using conditions (a) N, L p and (b) N, L b, where vector p corresponds
to the barycentre p and vector b corresponds to the boundary point b.
» Calculate the vector h via Eq. (7).
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where - is the dot product of two vectors, and 0, is the angle between the vector h and the vector p in the plane P,.

2.2.2. Conditional probability density

Given a crystal direction h corresponding to the normal direction ND, another crystal direction u corresponding to the rolling
direction RD can be specified using the azimuthal angle ¢. As shown in Fig. 5.a, vector R, represents the intersection of the plane
(010) with the plane P, perpendicular to the normal direction ND, and ¢ is the angle between the vector R, and the rolling direction
RD in the plane P,. The calculation of u is shown in Fig. 5.b, and the key steps are summarised below.

+ Calculate the vector R, using conditions (a) R, L h and (b) R, L R;.
+ Calculate the vector u (corresponding to the rolling direction RD) via Eq. (8).

u-h=0
u- Ry =cos(p) 8
u- R, =cos(p)
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where @, is the angle between the vector R, and the rolling direction RD in the plane P,. The relationship between ¢, and ¢ is
expressed as:

72— 0<Lq@<x/2
Q1 =3¢0-7/2 n/2L<¢@<3n/2

2r—¢@ 3x/2<¢@<2x

(9)
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After building the mapping relationship between u and ¢, the conditional probability density f(¢@x|(p;, 6;)) can be calculated
from the orientation dataset, for which the key steps are outlined below.

Convert the orientation dataset from measurement into crystal directions h and u (see Fig. 6.a).

Project h onto the fundamental sector via symmetric operation W and apply the same operation to u (see Fig. 6.b).
Transform h into 0 and p, while transforming u into ¢ (see Fig. 6.c).

Discretise 6, p, and ¢ into bins. For example, p ranging from 0° to 360° is divided into I bins p; (i = 1,2,..., I) with bin width
2z /1; 0 ranging from 0° to 180° is divided into J bins §; (j = 1,2,...,J) with bin width z/J; and ¢ ranging from 0° to 360°
is divided into K bins ¢, (k=1,2,...,K) wi_th_ bin width 2z /K.

Calculate f(g,l(p;, 6)) (k=1,2,...,K) = N© k), where N J: © is the number of orientations in (p;, 6;, @) element and N
is the total number of orientations in elements ranging from (p;, 6;, @) to (p;, 6;, @)

The Orientation Probability Assignment (OPA) method [51] is applied to randomly sample ¢ from the conditional probability
density f(@|(p;. 6;)). Once 0, p, and ¢ are determined (see Fig. 7.a), the reconstructed orientation dataset can be obtained from
the synthesised image Y. Specifically, h can be calculated from 6 and p, and u can be derived from ¢, as shown in Fig. 7.b-.d.
As an example, Fig. 8.a presents the orientation dataset from measurement and Fig. 8.b shows orientation datasets obtained from
synthesised images.

3. Image generation from continuous and symmetry-conserved orientation colouring

Section 2 develops novel orientation colour mapping strategies for polycrystalline materials. They include (1) the orientation to
colour mapping that enables continuous and symmetry-conserved visualisation of orientation datasets in the form of RGB images; and
(2) the colour to orientation mapping that extracts orientation datasets from symmetry-preserved orientation colouring images. Based
on these mapping strategies, we propose a novel data-driven digital reconstruction method for polycrystalline microstructures. As
shown in Fig. 1, this method comprises four key steps. Step (1) acquires experimental microstructural data, such as lattice symmetry
and orientation, from various imaging techniques. For instance, orientation data are acquired at each scan point using orientation
microscopy techniques, such as EBSD and X-ray diffraction. Step (2) Converts experimental data into RGB images, using the P-
specific IPF colouring explained in Section 2.1. The orientation components at each scan point are mapped to the RGB components
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Fig. 8. An example of orientation datasets. (a) The orientation dataset obtained from measurement. (b) The orientation datasets obtained from synthesised
images.

of each pixel, meaning that a single pixel represents a single orientation at each scan point. Step (3) generates images using coloured
images in Step 2 as reference. The generated images directly represent microstructures of polycrystalline materials and serve as
representative volume elements for multiscale simulations. Step (4) reconstructs grain data from synthesised RGB images generated
in Step 3, using the colour to orientation mapping explained in Section 2.2.

Recently, image generation algorithms such as texture synthesis [44,45,52,53] and machine learning [46,49] have been employed
to reconstruct microstructures of polycrystalline materials. However, these image-based methods have fundamental defects such as
discontinuities and ambiguities caused by direct orientation colouring. Furthermore, they only output RGB images for visualisation
purposes and do not reconstruct realistic orientation datasets of polycrystalline microstructures.

This section explains step 3, which build polycrystalline images using image generation algorithms. The Patch-based Texture
Synthesis (PTS) algorithm with raster-scan order is employed for statistical image generation. Traditionally, fast template matching
and image quilting techniques are integrated to preserve microstructural continuity and reduce computational cost.

3.1. Patch-based texture synthesis for polycrystalline microstructures

Texture synthesis has been extensively studied in computer vision, addressing applications such as occlusion filling, image and
video compression, and foreground removal. Patch-based Texture Synthesis (PTS), effective in capturing complex features, has been
widely applied to reconstructing geological structures [54-56]. We introduce the PTS algorithm for reconstructing polycrystalline
materials, and the basic idea of PTS algorithm is illustrated in Fig. 9.

Let X denote the reference image obtained in step 2 and Y denote the synthesised image to be generated in step 3. The PTS
algorithm starts at the origin of the raster path in the synthesised domain Y, with data event Dy (u) A. A patch T is chosen randomly
from the reference image X, and inserted into Dy (u) A at location u(x, y). Then, a small bottom overlap area OL, is specified (Fig.
9a). The reference image X is scanned for a patch that best matches the overlap area OL, based on similarity measures. If multiple
patches share identical similarities, one is randomly chosen and superimposed into D (u) B alongside the raster path. This procedure
is repeated until Dy (u) C at the end of the first raster path is inserted into a patch from X (Fig. 9b). The PTS algorithm proceeds
upward, selecting a raster path adjacent to the previous one. The first patch inserted into Dy (u) D must match the left overlap area
OL, (Fig. 9¢), while the second patch inserted into data event D (u) E must match overlap areas OL;;, on the left and bottom sides
(Fig. 9d).

10
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Fig. 9. Illustration of patch-based texture synthesis algorithm with raster-scan order.

Algorithm 1 Algorithm for patch-based texture synthesis

1: procedure PTS(X, sizer, sizegr. Negn> Nge) > n.,, is the number of candidates
2 fori=1:n, do > ny, is the number of data events
3 T < randomize (sizer, X)

4 path < randomize_raster (path origin, path direction)

5: for each location u along path do

6: OL, < extract_current_overlap (u, T, sizegy)

7 OL, « template matching (X, OL,) > OL, are candidate overlap regions
8 cand_loc < extract_candidate_locations (OL,., n.,,)

9 loc < randomize (cand_loc) > cand_loc are candidate locations in X
10: Dy (u) < assign (loc, X, sizer)
11: end for
12: end for
13: return all data events Dy (u)

14: end procedure

The pseudo-code for the PTS method is provided in Algorithm 1. Inputs required for the PTS algorithm include reference image
X, patch size T, and overlap region size OL. Random raster path origin, direction, patch location in X, and patch size ensure
sufficient stochastic realisations (lines 3-4). The template matching function is calculated from the overlap region OL of each data
event Dy (u) along the raster path, and it measures the similarity between overlap region OL and reference image X (lines 6-7).
The three RGB channels can be processed in parallel in the template matching algorithm (line 7) to generate a unified matching
location in X. Implementing template matching using the greyscale channel is a simple and effective approach. Candidate locations
cand_loc, corresponding to overlap candidate regions OL_, are then extracted from X (line 8). A random location is selected, and
the patch at that location is assigned to data event D (u) at location u(x, y) (lines 9-10). The algorithm continues along the raster
paths, repeating the process until all data events D (u) are assigned patches (line 11).
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Fig. 10. Illustration of imaging quilting algorithm: (a) patch-based texture synthesis without imaging quitting; (b) patch-based texture synthesis with imaging
quitting.

3.2. Fast template matching

The cross-correlation template matching approach substantially improves simulation speed and patch reproduction [55]. Func-
tioning as a filtering template via convolution, cross-correlation efficiency can be further enhanced using convolution theorem [56],
described as:

X®O0L=S"[S(X) * S(OL)] (10)

where ® indicates the convolution between X and OL, = denotes the pointwise product operation, § and J~! represent the Fourier
transform and inverse Fourier transform, respectively. The Fourier transform of the convolution between X and OL equals the
pointwise product of the Fourier transforms of X and OL. Thus, the improved template match algorithm entails converting X and
OL to the frequency domain via the fast Fourier transform, expressed as:

I-1J-1

Sy = F,v)= Y Y exp[-2ri(ux/I +vy/J)| (11)

x=0 y=0
where f(x,y), for x =0,1,2,...,1 —1,and y = 0,1,2,...,J — 1, indicates an I X J image in the spatial domain. Subsequently, the
pointwise product of the Fourier transforms of X and OL is computed, and the inverse Fourier transform converts the result into
the spatial domain, expressed as:

I-1J-1

fx,y) = % Z z F(u,v)exp [27ri(ux/I + Uy/J)] (12)

u=0 v=0

3.3. Image quilting

Fig. 10 presents synthesised results using the PTS method. Vertical and horizontal incompatibilities are evident at the edges
of overlapping patches (see Fig. 10.a). Noticeable seams in overlap areas disrupt grain boundary structures. These inconsistencies
arise from significant overlap errors due to suboptimal patch selection. To address this, the imaging quilting algorithm [57-61] is
integrated into the PTS model. The image quilting algorithm evaluates overlap errors between the selected patch in reference X
and the patch in Dy (u) to obtain a minimum cost path that redefines boundaries in overlap areas. Fig. 10.b shows results from the
image quilting algorithm, demonstrating its ability to significantly improve patch continuity and better capture boundary features
in polycrystalline materials.

The pseudocode in Algorithm 2 computes the minimum cost path for a vertical overlap area. Input parameters are two
overlapping patches, T, and T,, with overlap areas OL, and OL,. This algorithm begins by identifying the surface error e as the
smallest squared distance between OL, and OL, (line 2). Cumulative minimum error E is computed along the vertical direction
(lines 3-9). The smallest value in the last row of E indicates the final minimum cost path arrival point k. The arrival point k for
each row i (i=n-1,...,1) is traced back as min (E;;_,, E;;, E; ;) to determine the minimum cost path (lines 10-11). The same
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Algorithm 2 Algorithm for image quilting

1: procedure PTS (T, T,, OL,, OL,)

2 e < (OL, - OL,)?

3 fori=1:mdo > m is the row number in e
4 for j=1:ndo > n is the column number in e
5: E ;<—e;+min(E_; 1, E_j;, E_j; ) if j=2..,n-1

6 E;; < e ;+min(E_ ;. E_j; ) if j=1

7 E,;<e;+mn(E_ ; , E_y);if j=n

8 end for

9 end for
10: k < min(E, ), j=1,..n > k denotes the arrival point of MCP on the last row of E

11:  MCP < min(E;;_y, Epp Ejppp)s i=n—1,.,1
12: end procedure

Reconstructed 3 Reconstructed 4

Fig. 11. Illustration of data-driven polycrystalline microstructure reconstruction.

principle applies to the minimum cost path computation for horizontal overlap areas.
4. Example and application

In this section, we use Inconel 718 nickel superalloy [62-65] (IN718) to examine the performance of the proposed data-driven
digital reconstruction method for polycrystalline microstructures, and demonstrates its use in crystal plasticity simulation to study
the mechanical properties of the material.
4.1. Performance examination

An IN718 sample was prepared with grinding and polishing, and its lattice orientation was measured by EBSD [63] (step 1 in Fig.

1). Then, using the orientation to colour mapping explained in Section 2.1, the orientation data was converted into RGB values to

13



B. Chen et al. Computer Methods in Applied Mechanics and Engineering 441 (2025) 117980

Grain size distributions

——Reconstructed|

Grain number

0 20 40 60 80 100
Grain size

Grain size distributions

0 20 40 60 80
Grain size

The reference image
with labeled grains

Grain size distributions

—— Reconstucted
e Reference

Grain number

4 20 40 60 80 100
Grain size

New data-driven method

Fig. 12. Comparison of polycrystalline material reconstruction between Voronoi tessellation, ellipse packing, and the new data-driven method.

form the reference image (step 2 in Fig. 1). Next, synthesised images were generated using the PTS algorithm explained in Section 3
(step 3 in Fig. 1). Finally, using the colour to orientation mapping explained in Section 2.2, the synthesised images were converted
into orientation data to form grain microstructures (step 4 in Fig. 1). Fig. 11 illustrates the reconstruction, including the reference
data and five reconstructed examples.

We further validate the proposed data-driven reconstruction method by comparing it with Voronoi tessellation and ellipse packing
methods through morphological parameters of grains. The details of the methodology for establishing the morphological parameters
of grains are provided in Appendix A. Reconstructed microstructures and grain size distributions generated by Voronoi tessellation,
ellipse packing, and the data-driven method are shown in Fig. 12. The data-driven method outperforms Voronoi tessellation and
ellipse packing in grain boundary characterisation, especially for twin boundaries. Meanwhile, Voronoi tessellation significantly
underestimates grain size distribution. Although ellipsoid packing outperforms Voronoi tessellation, it slightly overestimates grain
size distribution. The novel data-driven reconstruction approach perfectly matches the grain size distribution observed in the
reference polycrystalline microstructure. Fig. 13 show the grain orientation distributions (see Appendix A) for reference and
reconstructed polycrystalline microstructures. The grain orientation distribution of the reconstructed polycrystalline microstructures
is statistically equivalent to those of the reference microstructure.

4.2. Crystal plasticity simulation

In recent years, extensive studies have been conducted to correlate microstructure characteristics with micromechanical
properties in polycrystalline materials. Ductile failure is the most critical failure mode for IN718 superalloy. This section presents
a case study that integrates the proposed data-driven polycrystalline microstructure reconstruction method with crystal plasticity
finite element simulation [66-70]. The simulation is implemented as a user-material (UMAT) subroutine in the commercial finite
element software package ABAQUS to investigate the structure—property linkage of the IN718 nickel superalloy.

Table 3 summarises the material properties for IN718 used in this study. Elastic parameters of a single crystal including Young’s
modulus E, shear modulus G and Poisson ratio v are taken from [71]. For the same single crystal, its plastic parameters are calibrated
through an unconfined micropillar compression test, as shown in Fig. 14. The top row of Fig. 14 presents the unconfined compression
tests on three single-crystal micropillars with varying strain rates (10~* s=!, 1073 s~!, 10~2 s~!) and loading directions ({(235), (235),
(213)). A single-crystal plasticity finite element model was implemented in order to match the experimental results. The element type
is an eight-node brick element (C3D8), and the boundary and loading conditions are configured to represent uniaxial compression.
One end of the specimen is fixed in all directions, while a displacement is applied in the axial (compressive) direction at the opposite
end. The middle row of Fig. 14 shows the deformed micropillar shape and slip band locations are accurately captured by the
simulations. The bottom row of Fig. 14 compares the simulated stress—strain curves (dashed black line) with the experimental results
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Reconstructed 4 Reconstructed 5

Fig. 13. Illustration of grain orientation distributions in reference and reconstructed microstructures.

(solid red line). By matching the single-crystal plasticity finite element simulation with the unconfined micropillar compression tests,
the plastic parameters (j,, .S, and others) used in this study are determined.

To demonstrate the application of the proposed data-driven polycrystalline microstructure reconstruction method, we recon-
structed five IN718 polycrystalline RVEs (as shown in Fig. 11) and conducted crystal plasticity finite element analysis. In the RVE
simulation, each pixel in the reconstructed images corresponds to an eight-node brick element (C3D8). The grain properties are
set according to Table 3, and the boundary and loading conditions are configured to represent uniaxial tension. One end of the
RVE is fixed in all directions, while a displacement is applied in the axial (tensile) direction at the opposite end. The accumulated
equivalent plastic strain model [67] is adopted to represent ductile failure. The reconstructed polycrystalline RVEs under uniaxial
tension exhibit softening behaviour during damage evolution, with over-softening occurring if damage initiates prematurely or
progresses too rapidly. To mitigate this issue in crystal plasticity finite element simulations, appropriate thresholds for damage
initiation are imposed, and a modified local elastic stiffness tensor is implemented to account for the reduced load-carrying capacity
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Table 3
Material properties of IN718 nickel superalloy used in crystal plasticity finite element simulation.
Classification Name Symbol Unit Value
Young’s modulus E GPa 113.494
Elastic Shear modulus G GPa 109.6
Poisson ratio v - 0.408
Reference plastic strain rate Yo s 450
Total free energy required to overcome the lattice resistance F, kJ mol~! 286
Exponential constant related to material plastic property p - 1.0
Exponential constant related to material plastic property q - 1.9
Plastic Lattice friction stress at 0K 7 MPa 781.3
Initial slip resistance S MPa 2.04
Saturated slip resistance Siar MPa 5529.95
Material constant hy MPa 330.0
Hardening parameter of the material wy - 1
Hardening parameter of the material w, - 1
¥ i -2g-1 -3g-1 -4g-1
Load direction/rate <213>/10%s <235>/10%s <235>/10%s

Measurement

[
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(Avg: 75%)
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Fig. 14. Stress-strain data from experimental measurements and CPFEM simulations of unconfined compression tests on single crystal micropillars. (For
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

due to damage (see Appendix B for details). Fig. 15 shows the stress—strain curves obtained from RVE simulations, where the red
lines are results from the reconstructed RVEs and the green line is the result from the reference RVE. Homogenised stress (o) is
calculated by averaging von Mises stresses ¢’ across the computational domain:

M
L X
(o)== 20 (13)
i=1
where N denotes the number of elements in the computational domain. Engineering strain is calculated as:
L-1L,
£e= —— a4
Ly

where L, and L represent the initial and current lengths along the tensile axis. Corresponding to the stress—strain curve results shown
in Fig. 15, the ductile damage locations are presented in Fig. 16. Based on Figs. 15 and 16, it can be inferred that microstructural
variability within RVEs significantly affects the stress—strain response and the localisation of ductile damage in polycrystalline
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Fig. 15. Stress-strain curves obtained from RVE simulations of IN718. (For interpretation of the references to colour in this figure legend, the reader is referred
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Fig. 16. Ductile damage (w) locations obtained from RVE simulations of IN718.

materials. Specifically, factors such as grain size, orientation, and boundaries play a crucial role in determining strength, ductility,
and the initiation and propagation of damage.

5. Conclusions and future work

This study presents a novel data-driven digital reconstruction method for polycrystalline materials. The orientation-colour
mapping strategies not only intuitively visualise polycrystalline microstructures without discontinuity or inconsistency issues, but
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they also enable the generation of orientation datasets from synthesised polycrystalline images that share the same statistical
features as the reference microstructure. Directly guided by the orientation dataset obtained from measurement, the proposed data-
driven digital reconstruction method enables efficient microstructure generation with high fidelity to capture comprehensively the
morphological and crystallographic features of polycrystalline materials. The new method provides a powerful tool to work with
crystal plasticity finite element analysis for studying the structure-property linkage of alloy materials. Although this study focuses
on the two-dimensional case, the new data-driven digital reconstruction method can be extended to three dimensions. While the
method is explained using a face centred cubic structure, the proposed method can be readily applied to various polycrystalline
materials with different symmetry groups.
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Appendix A. Grain size distribution and orientation distribution function

In polycrystalline materials, morphological characteristics such as grain size, volume, topology, and neighbourhood provide
essential statistical data for grain-level analysis. Recent studies highlight a strong correlation between Grain Size Distribution (GSD)
and distributions of grain volume, topology, and neighbourhoods [5,72], and GSD is widely employed to validate RVEs generated
through geometry-based methods. The GSD is expressed as:

) Fmax b
/ frdr = / frdr=1, pla<r<b)= / f(rdr (A.1)
0 0 a

where f(r)dr represents the number fraction of grains within a size range of r — % <r<r+ %, r is the grain size specified by the
equivalent circle radius, computed as:

1
1 2
r= (Esgmin> (Az)
where S,,,;, is the grain area. GSD often exhibits a log-normal distribution [5,72], expressed as:
2
—b2d In(=) ]
oy = ) A.3)
\/;r

where b denotes a constant and r,, represents median grain size. Crystallographic characterisations in polycrystalline materials
are typically evaluated through the Orientation Distribution Function (ODF), which defines grains’ preferred crystallographic
orientations [73], expressed as:

Ve L

f(gdg =

, dg =1 A4
% 1cG f(g)dg (A.4)

Vv

where G is the orientation space, and denotes the volume fraction associated with orientation g lying within an invariant
measure dg. ODF is commonly visualised using stereographic projections.
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Appendix B. Ductile failure model

Damage initiation and propagation in ductile metals are closely related to the accumulated equivalent plastic strain ¢,, defined
as [67]:

t 1
2 5. 2
Se":/o (307: D7) ar ®.1)
where ¢ denotes the current time, and the symmetric part of the plastic velocity gradient gives the plastic strain rate D? as:
D’ = %(LP* +(LPHT)

= %(FeL”(Ferl +(F)TT AN (F)) (B.2)

M=

% )7[1 [Fema ® na(Fe)fl + (Fe)ana ® ma(FE)T]
a=1

where LP* = F¢L?(F¢)~! stands for the plastic velocity gradient in the final configuration, and LP refers to the plastic velocity
gradient in the intermediate configuration.

A strain-controlled variable w is introduced to account for damage, where material damage occurs when threshold plastic strain
€, is reached. Variable w is 0 for no damage and 1 for total damage. Thus, the damage criterion is expressed as:

0, if €,q<e.
w= (B.3)
1, otherwise

A modified local elastic stiffness tensor S* is employed to represent reduced load-carrying ability due to damage, given as:
S =81 -ow) (B.4)

An abrupt change in @ value within finite element models can lead to significant fluctuations in the local stress state, making
it challenging to achieve equilibrium. Therefore, a modified Cauchy-Lorentz cumulative distribution function is introduced to
represent a continuously varying o as:

11 Eop — €
wo=1+ [% + iarctan(gd—‘)] [%arctan(%) - % (B.5)
A nonzero value of d enables a smooth transition from @ = 0 to w = 1. In this work, d is set to 0.1.
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