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Abstract

This thesis studies the applications of Chern-Simons theories to integrable sigma models. Until
recently, finding new examples of integrability was challenging, and the origins of the Lax formalism
remained mysterious. However, the recent discovery of four-dimensional and six-dimensional
Chern-Simons theories offers a new perspective on these topics, and allows for the systematic
construction of novel integrable sigma models. This thesis discusses the extension of these
formalisms to a wider set of the known integrable theories. We incorporate sectors of gravity,
integrable deformations, and gauged models into the scope of six-dimensional Chern-Simons
theory, leading to generalisations of four-dimensional Chern-Simons theory and novel integrable
field theories. In a separate line of study, we consider the three-dimensional Chern-Simons
approach to chiral bosons, showing how it is related to various two-dimensional approaches. This
allows us to generalise the known two-dimensional approaches to include both non-Abelian fields

and twisted chirality.
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Informal introduction

The views and opinions expressed in this section are those of the author and do not

necessarily reflect the official policy or position of Swansea University.

Science is about understanding the nature of reality. Unfortunately, this turns out to be pretty
hard. The universe is a hot, wet, messy place and things have an awful habit of moving around
and bumping into one another. Fortunately, many generations of intrepid explorers have ventured
out into this wilderness and returned with insights into the way things work, extending the map
of human knowledge into previously uncharted territory. Remarkable progress has been made,
especially in the field of theoretical physics.

There is some sense in which physics is the most fundamental of the sciences. In the relay
race of our quest for understanding, physics is the final runner. Sociologists eventually pass the
baton to psychologists, biologists eventually pass to chemists, but physicists refuse to let go, even
as the finish line recedes indefinitely into the distance. Whilst this might be worn as a badge
of honour, in practice it makes things a whole lot easier. By focusing on the microscopic or
the cosmic, the immediate or the distant future, the ultra-cold or the ultra-hot, many complex
systems become simpler in these extreme regimes. This distinction, between those problems
which are unreasonably challenging and those which are surmountable, often comes down to a
distinction between linear and non-linear differential equations.

The laws of physics describe how a system in a given state evolves as we move forwards in
time. In mathematics, these types of equations are known as differential equations, and solving
them amounts to “integrating” them. Looking at a map describing the landscape of differential
equations (figure 1), there is a small garden of serenity in the lower left corner. Inside this garden
lies the region of linear differential equations, where techniques such as separation of variables and
Fourier transforms can often be used to find explicit solutions. Outside of the garden, however,
lies the arid plains of non-linear differential equations. In these lands, phenomena such as shock
waves, turbulence, and chaotic behaviour make explicit solutions rare and difficult to obtain.

Many of the successes of theoretical physics come down to turning non-linear differential
equations into linear ones. By taking approximations, considering extreme regimes, or leveraging
symmetries, complicated non-linear systems can be reduced to tractable linear problems. Indeed,
one of the most prolific techniques in modern theoretical physics is perturbation theory, where
solutions to a simpler linear equation are gradually corrected so that they approximate solutions
to a more challenging non-linear equation. Moreover, some of the most important challenges
appear in the contexts where this approach breaks down.

In the year 2000, the Clay Mathematics Institute announced a $1 million prize for each solution
to one of the millenium prize problems. These were seven of the most difficult and important
open problems at the turn of the second millennium, and so far only one of them has been solved.
Two of the remaining unsolved problems are of central interest to the physics community, and

have a (slightly tenuous) connection to the contents of this thesis.
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Figure 1: The landscape of differential equations.

The first concerns the Navier-Stokes equation: a non-linear differential equation which governs
the flow of fluids such as water and air. The first questions that mathematicians ask about a
differential equations are whether solutions exist, and whether they are unique. This incredibly
basic and fundamental question about the Navier-Stokes equation is one of the millenium prize
problems. It is a testament to the difficulties of non-linear differential equations that this problem
comes with a $1 million prize, and that this prize remains unclaimed.

The second concerns Yang-Mills theory: a non-Abelian gauge theory which plays a central
role in the standard model of particle physics. A simpler Abelian version of Yang-Mills theory
describes electromagnetism which governs the dynamics of electric fields (E) and magnetic fields
(B). Whilst the millenium problem asks for a proof of the “mass gap” in non-Abelian Yang-Mills
theory, there is another aspect of this theory which is relevant to this discussion. The non-Abelian
Yang-Mills equations are non-linear differential equations which are manifested in the standard
model through the theory of quantum chromodynamics. In this context, the preferred tool of
perturbation theory proves ineffective because the theory is strongly coupled. This means that
the simpler linear equation does not give a good approximation of the non-linear system, and the
methodology of perturbation theory is invalidated.

Returning to the map of differential equations (figure 1), these problems are hard to address
because they lie very far away from the garden of linear equations. Perturbation theory allows
us to take small steps, gradually extending our reach into the arid plains, but this progress
appears fundamentally infinitesimal. Questions like the existence of solutions to the Navier-Stokes

equation, and the strong coupling dynamics of Yang-Mills theory, require more dramatic leaps



away from the charted territory. One might then wonder which tools are available to make this
ambitious progress.

Looking closer at the map, a few small oases are distributed across the landscape. Far out in
the dangerous lands of non-linear differential equations, these pockets of relative safety might offer
us a foothold from which to launch further expeditions. These oases represent to the minority of
non-linear differential equations which can be solved exactly. Since solving a differential equation
amounts to integrating it, these special equations as referred to as integrable. It is possible to
solve these systems due to the existence of a large number of hidden symmetries. If the number
of symmetries is equal to the number of variables in the system, then one can transform the
non-linear equation into a system of linear equations, a result known as the Liouville-Arnold
theorem in Hamiltonian dynamics.

Whilst neither the Navier-Stokes equation nor the Yang-Mills equation is integrable, they each
have integrable sectors which at least offer us a place to start. In the case of the Navier-Stokes
equation, one can make a series of assumptions and approximations to derive the Korteweg-de
Vries (KdV) equation which describes waves on shallow water surfaces. This is the prototypical
integrable equation, and its history starts in 1834 with John Scott Russell. While conducting
experiments on Edinburgh’s Union Canal to determine the most efficient boat design, Russell

observed an impressive phenomenon which we describe here in his own words:

I was observing the motion of a boat which was rapidly drawn along a narrow channel
by a pair of horses, when the boat suddenly stopped — not so the mass of water in the
channel which it had put in motion; it accumulated round the prow of the vessel in a
state of violent agitation, then suddenly leaving it behind, rolled forward with great
velocity, assuming the form of a large solitary elevation, a rounded, smooth and well-
defined heap of water, which continued its course along the channel apparently without
change of form or diminution of speed. I followed it on horseback, and overtook it still
rolling on at a rate of some eight or nine miles an hour, preserving its original figure
some thirty feet long and a foot to a foot and a half in height. Its height gradually
diminished, and after a chase of one or two miles I lost it in the windings of the
channel. Such, in the month of August 1834, was my first chance interview with that
singular and beautiful phenomenon which I have called the Wave of Translation.

It wasn’t until much later that the KdV equation was discovered and solutions reproducing this
behaviour were found — these solutions are known as solitons, and they are a typical feature of
integrable systems.

Turning to Yang-Mills theory, in this case the integrable sector doesn’t require any assumptions
or approximations, it is just a special class of solutions which can be found exactly. These solutions
satisfy a technical property known as self-duality, which corresponds to £ = B in the context of
electromagnetism (anti-self-duality is just as good with E = —B). These configurations play a
privileged role in the theory earning the title of instantons (or anti-instantons). One especially
intriguing feature of the self-dual Yang-Mills equation is that many other known integrable
systems can be derived as reductions of this single equation. By imposing additional constraints

on our solutions, lower dimensional models emerge as distinguished sectors of self-dual Yang-Mills



theory. In fact, Richard Ward once conjectured that all integrable equations might arise as
reductions of this single master equation, though this is no longer believed to be the case.

Another active research area in modern theoretical physics is string theory: a framework in
which point particles are replaced by one-dimensional extended objects called strings. This has
been one of the most extensive and popular fields over the last quarter of a century. Of the 92,113
papers published in high energy theoretical physics (hep-th) since I was born (in Nov 1997),
eight of the ten most cited papers are on the topic of string theory, with 21,525 papers citing at
least one of these eight publications. Just like the Navier-Stokes equation and Yang-Mills theory,
there are certain sectors of string theory which are integrable, and these go under the name of
integrable sigma models.

Having observed that integrable systems appear in many important areas of physics, one
might ask why these equations exist in the first place. After all, non-linear differential equations
are supposed to be hard, so hard that it is impossible to find an algorithm which solves a generic
non-linear differential equation. This is not just a practical statement, it has been mathematically
proven that no such algorithm may exist. It is therefore very surprising that these special
integrable equations do exist and that they can often be solved exactly.

One step towards answering the question of why integrable equations exist might be to provide
a common origin of the many known examples. This could also enable the construction of further
examples of integrability, provided that the mechanism for deriving known models was somewhat
systematic. On the one hand, a candidate for this common origin is self-dual Yang-Mills, and
there has been a long and successful history of studying integrable equations as reductions of
self-dual Yang-Mills. On the other hand, in recent years another candidate theory has emerged
under the name of four-dimensional Chern-Simons theory. The standard Chern-Simons theory is a
three-dimensional non-Abelian gauge theory, just like Yang-Mills, which has applications ranging
from the mathematical field of topology to the fractional quantum Hall effect in condensed-matter
physics. Its recently-discovered four-dimensional counterpart manifests a certain integrable
structure known as the Lax formalism. In fact, both four-dimensional Chern-Simons and self-dual
Yang-Mills theory have a common origin in a six-dimensional Chern-Simons theory on twistor
space. This correspondence of theories is summarised in figure 2.

This exciting recent development in the field of integrability might well offer profound and
far-reaching insights, relevant to many areas of theoretical physics. However, it is still early days
for this burgeoning topic — one can count the number of papers addressing this correspondence
of theories on two hands. Much of the work discussed in this thesis concerns the extension of this
correspondence to a wider subset of the known integrable models. We have taken a particular

focus on integrable sigma models, due to their popular application in string theory.
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Chern-Simons theory =~ ——m™
on twistor space

Self-dual
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Four-dimensional Two-dimensional
Chern-Simons theory integrable sigma models

Figure 2: A correspondence of integrable models. The arrows in this diagram represent systematic
procedures which take you from one model to the next.

Outline

Let us now outline the contents of this thesis.

The first two chapters of this thesis review background material, and are intended to provide
pedagogical introductions to the relevant topics. In chapter 1, we describe the relationship
between two-dimensional integrable sigma models and four-dimensional Chern-Simons theory.
This includes a brief introduction to both sigma models and three-dimensional Chern-Simons
theory. In chapter 2, we review self-dual Yang-Mills theory and its relationship to integrability.
In addition, we discuss the Penrose-Ward transform, a method of finding solutions to self-
dual Yang-Mills theory via twistor space. This culminates in the introduction of six-dimensional
Chern-Simons theory, a gauge theory on twistor space which encodes the Penrose-Ward transform.

The remaining chapters present results from publications written during the candidate period.
These results are not presented in chronological order. Chapter 3 describes a method for studying
solutions to four-dimensional general relativity via the correspondence of integrable models
described above. We consider spacetime metrics with two commuting Killing vectors, such that
the problem reduces to that of a two-dimensional sigma model. The associated four-dimensional
Chern-Simons theory is constructed as a reduction of six-dimensional Chern-Simons theory.

In chapter 4, we extend the integrable sigma models accessible via six-dimensional Chern-
Simons theory to include continuous families of integrable deformations. We study the specific
example of the A-model, a well-studied integrable sigma model with a deformation parameter
commonly denoted by A. Technical obstacles to the recovery of this model from six-dimensional
Chern-Simons theory are highlighted and overcome, leading to the generalisation of certain results
in four-dimensional Chern-Simons theory. A novel four-dimensional integrable field theory is
constructed which descends to the A-model via reduction.

Chapter 5 also looks to extend the reach of six-dimensional Chern-Simons theory, this time in
the direction of gauged integrable sigma models. We consider a theory built from the difference
of two six-dimensional Chern-Simons theories, leading to the recovery of certain coset CFTs and

their deformations. In particular, when attempting to construct gauged integrable field theories
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in four-dimensions, we present constraints that the gauging must satisfy in order to preserve
integrability.

Another approach to studying integrable sigma models is via the various “doubled” formalisms
which involve considering two dual frames of the theory at once. Since this amounts to working
with twice as many coordinates on target space, these doubled theories exhibit chiral dynamics
which are notoriously hard to quantise. In chapter 6, we provide a Chern-Simons origin for some
popular approaches to studying chiral bosons. We review numerous two-dimensional approaches
which introduce auxiliary fields to simplify the dynamics and symmetries of the system. Then,
we show that each of these approaches can be recovered from three-dimensional Chern-Simons
theory, and that each auxiliary field can be understood as an additional component of the
three-dimensional gauge field which has yet to be integrated out. This allows us to extend the

known approaches to include both non-Abelian fields and twisted chirality.
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Chapter 1

Integrable sigma models and

Chern-Simons theories

1.1 Integrable sigma models

The fundamental field of a sigma model is a map from some manifold to another manifold. For
our purposes, the domain is either R*, in which case we refer to it as spacetime, or some Riemann
surface X, in which case we refer to it as the worldsheet. We will mostly consider the case where
the fundamental field is valued in a Lie group G which we will refer to as the target space. These
models were first introduced in an attempt to study charged pion decay [GL60], where a scalar
meson was coupled to nucleons and pions in the action. This scalar meson was denoted by o
leading to the name of “sigma model”.

Over the last quarter of a century, these models have more often appeared in the context
of string theory, where the domain is the string worldsheet. The two-dimensional worldsheet X
describes the surface traversed by a moving string, and this is embedded into some target space
by the embedding maps { X!} which also act as coordinates on the target space. In this simplest
case, where the target space is flat, worldsheet string theory is described by the Polakov action

[Pol81],
1

SelX,v] = —

/d2m —det(y) "9, X10, X 1 . (1.1)
b

In this expression, v is a dynamical worldsheet metric, n is the Minkowski target space metric,
and o' is a coupling constant related to the tension of the string. The dynamical worldsheet
metric v is often gauge fixed to the flat Lorentzian metric ds? = dt? — da? where {t,2} are
coordinates on X. Adopting lightcone coordinates 0+ = 9, £ 9., the Polyakov action may be

written in this gauge as
1

4o/

S[X]

/ d*z o, X nrjo_Xx7 . (1.2)
2
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If we interpret this theory as a gauge-fixed Polyakov action, we should retain the equations of
motion associated with + as constraints — namely the Virasoro constraints. On the other hand,
this action may be taken to define a sigma model as a two-dimensional quantum field theory in
its own right. Whether or not one imposes the Virasoro constraints determines whether one is
studying the sigma model as a quantum field theory or as string theory. In addition, a complete
description of string theory should also include a sum over topologies of the worldsheet X.

The massless excitations of closed string theory include three geometric structures on target
space. The first is a symmetric tensor G;; which plays the role of a target space metric. Secondly,
there is an anti-symmetric tensor Bry which is known as the (Kalb-Ramond) B-field. This field
is a 2-form on target space which comes with a gauge symmetry acting as B — B + dA. The
physical information contained in B is captured by its field strength H = dB which is a 3-form
on target space. Finally, there is a scalar excitation ® known as the dilaton, but we will neglect
this field in our discussions.

One can then consider string theory in a coherent state of these massless excitations, which
has the effect of modifying the target space geometry. In practice, this amounts to considering

the sigma model action

SIX] =

1
47Ta,/2d2x (Grs + Bry) 0+ X'0_X7 . (1.3)

This action always makes sense as a two-dimensional quantum field theory, but we might also
want to interpret it as a gauge-fixed string theory. In order for this to be consistent, the string
theory action with this non-trivial metric and B-field must have the same gauge symmetries as
the Polyakov action. In particular, the worldsheet string theory action must be Weyl-invariant,
which amounts to the vanishing of the beta-functions for the metric, B-field, and dilaton.

In the context of quantum field theory, beta-functions encode the dependence of coupling
parameters on the energy scale. The metric and B-field appear in the action as matrices of
coupling parameters, so we can compute how these objects will change as we change the energy
scale. For example, the beta-function of the metric is given by

@) — o/Ryy — O‘Z/H,KLHJKL +0(a?) . (1.4)
If the beta-functions of a theory vanish, often at some fixed point in the coupling parameters,
then we say that the theory is scale-invariant. This feature is required in order to interpret the
sigma model as a gauge-fixed string theory.

Setting aside the string theory motivations, we can also study sigma models which are not
scale-invariant. These might play the role of a single component in a larger scale-invariant
background, or we might study sigma models as interesting examples of two-dimensional quantum
field theories. With either of these approaches in mind, a noteworthy class to consider are the
integrable sigma models. The adjective ‘integrable’ implies that these models have a large number

of symmetries (infinitely many), and this allows for the computation of exact results, far beyond
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what one can hope for in a usual quantum field theory. For example, the exact scattering matrix
of these quantum field theories can often be computed by virtue of a factorisation property [ZZ79].
Whilst quantum aspects of these models will be beyond the scope of this thesis, they are an

exciting active area of modern research.

1.1.1 Principal chiral model

The prototypical example of an integrable sigma model is the principal chiral model (PCM)
[Poh76; ZM78]. In this case, the target space is a Lie group G and we take the B-field to vanish,

leaving the sigma model action
SPCM[X] = / dzl‘ G[J 3+X18_XJ . (15)
b

There is a canonical metric on the group manifold which is built from the Killing form on its Lie
algebra g = Lie(G). To build this metric, we start by considering the left-invariant Maurer-Cartan
forms j = g~'dg which are algebra-valued 1-forms on the group manifold, defined in terms of
a group element g € G. We will pair two of these 1-forms together using the Killing form (-, -),

which is a bilinear form on the Lie algebra g,
(-,):gxg—oR. (1.6)

We will mostly consider matrix groups, in which case the Killing form is proportional to the

matrix trace in some representation. The metric on the group manifold can then be written as
Gry=r"tr(g"'0rg- g '0,9) , (1.7)

where we have included an overall coefficient » € R measuring the radius of the target space. For

example, if we specialise to G = SU(2), then this metric may be written as
dX'GrydX7 =r?[dy? + sin®(¥) (d6? + sin®(0) dp?)] . (1.8)

This is the usual round metric on the three-sphere S3 = SU(2).
Under renormalisation group flow (changing the energy scale), the metric changes according

to the beta-function
B89 =Ry, . (1.9)

This is the specialisation of the expression given above for vanishing B-field, and it is known as
Ricci flow [Fri80; Fri85]. In fact, this differential equation on the space of Riemannian metrics
played a foundational role in proving the Poincaré conjecture — the only millennium prize problem
which has been solved to date. In the context of the PCM, it tells us that theory is asymptotically
free (the radius gets large at high energies making the geometry appear flat), whilst it is strongly

15



coupled at low energies. These properties are shared by quantum chromodynamics (QCD) in the
real world, making the PCM an enticing toy model for this challenging theory.

The metric on G is bi-invariant, meaning that it is invariant under the G x G action
g h;t g, (1.10)

These are global symmetries of the PCM, and the associated conserved currents are the Maurer-
Cartan forms. We can make these symmetries manifest in the action by writing it in terms of
amap g: ¥ — G, instead of the target space coordinates {X?}. The PCM action is written in

terms of this group-valued map as
Spcem = 7‘2/ d%z tr(gfl&rg : gila,g) . (1.11)
b

This expression is written in terms of the pullback of the Maurer-Cartan form to the worldsheet,

whose components are given by j+ = ¢ '0+g. Varying this action gives the equations of motion
8+j7 + 8,j+ = 0 . (112)

This characterises the dynamics of the PCM, together with the Maurer-Cartan identity dj+jAj = 0
which can be verified using d(¢g~!) = —g~*dgg~!.

As stated earlier, the PCM is the prototypical example of an integrable sigma model. Whilst
integrable models share many common features, such as a large number of symmetries and some
susceptibility to exact methods, it is hard to give a precise definition of integrability which holds
across all known examples. That being said, most approaches to integrable models start with
the introduction of a linear system which captures the dynamics of the theory. In the context
of integrable sigma models, this linear system is provided by a Lax connection [Lax68; ZM78],
a gC-valued 1-form on ¥ which depends on an auxiliary spectral parameter ¢ € C. This Lax
connection should be built from the fundamental fields of the theory, and flatness of the Lax for
all values of the spectral parameter should be equivalent to the equations of motion.

For example, the Lax connection associated with the PCM is given by

g '0sg

Ly = ek (1.13)

The field strength of the Lax is defined by F = dL + L A L, and (since the worldsheet ¥ is
two-dimensional) this only has one independent component, namely F_. A connection is flat
when its field strength vanishes (F' = 0), and for the PCM Lax this condition reads

F_ = 1_;42 (05— = 0—jir + [j1.5-]) + ?CCQ (04j- +0-j1) =0. (1.14)

In order for this to vanish identically in ¢ € C, both terms must vanish independently. The first
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term is zero due to the Maurer-Cartan identity, and the second term coincides with the equations
of motion of the PCM. This demonstrates the required equivalence between the flatness of the

Lax and the dynamics of the integrable model,
F._=0 V¢eC = EOM . (1.15)

Once a Lax connection has been found, there is a recipe for constructing the infinite set of
conserved charges. We define the monodromy matrix as the path-ordered exponential of the Lax

connection integrated over some curve v C X,

M(y) = Pexp/ L. (1.16)
%l
Performing a Laurent expansion of the monodromy matrix in the spectral parameter ( € C
produces an infinite tower of conserved charges which are associated with an infinite dimensional
symmetry algebra. Higher orders terms in this expansion are progressively more non-local, as
they contain more and more nested integrals over the curve v C X. This means that the infinitely
many symmetries are also non-local and very hard to see at the level of the action, they are often
referred to as hidden symmetries for this reason.

In the context of integrable sigma models, a theory is said to have ‘weak integrability’ if one
can show that its equations of motion are equivalent to the flatness of some Lax connection.
This establishes the existence of an infinite set of conserved charges, but does not tell you about
any relations amongst them. For a more complete treatment, one should also show that the
Poisson brackets of the Lax take the Maillet form [Mai86a; Mai86b], thereby demonstrating
‘strong integrability’ of the theory. This ensures that the infinite set of conserved charges are in
involution, meaning that their Poisson brackets with one another vanish. In this thesis, we will

focus our attention on the condition of weak integrability.

1.1.2 PCM plus WZ term

The target space of the principal chiral model (PCM) is a Lie group G equipped with a bi-invariant
metric Gyy. This theory has a vanishing B-field, and one might wonder whether one can add a
non-trivial B-field to the action which preserves the global G x G symmetry. In fact, since the
B-field changes under gauge transformations, we should be aiming for the 3-form field strength
H = dB which is an invariant geometric structure on target space.

Fortunately, there is a canonical 3-form on the group manifold which is invariant under the
G x G action. We will refer to this 3-form as the Wess-Zumino (WZ) form and denote it by

1 _ _ _
WZlg] = gtr(g Ydgng=tdgng 1dg) . (1.17)

This term is manifestly invariant under the G x G action, but we run into a problem when trying

17



to include it in the action. The worldsheet ¥ is only two-dimensional, so it doesn’t make sense to
integrate a 3-form over this manifold. However, it is possible to overcome this obstruction by
introducing an extension of the worldsheet which we will denote by ¥ = X x [0,1]. In tandem
with this extended manifold, we also introduce a smooth homotopy from the trivial map to our
fundamental field g which we denote by g : > — G. This extended field agrees with the trivial
map at one end of the interval (gl = id) and with our fundamental field at the other (g = g).
We can then construct the PCM plus WZ term [Nov82; Wit84] whose action is given by

Spomwz = 7‘2/ d?z tr(g*18+g : g’la_g) + k'/VWZ[g] . (1.18)
z z

This sigma model has the same bi-invariant metric Gy, but now the WZ term sources a non-
trivial field strength H = k WZ[§] for the B-field. We would like this sigma model to describe a
two-dimensional quantum field theory, but the action appears to care about the details of the
extended field g : % — G. If we choose two different extensions, we would like the theory to be
insensitive to this choice so that the true degrees of freedom are still captured by the original
fundamental field g : ¥ — G. We will now argue that this requires the coefficient & to be quantised
k € Z. This coefficient is known as the level of the WZ term.

Let us denote two such extensions by g and §’. The images of these maps are three-dimensional
submanifolds of the Lie group G which we will denote by Bs and B} respectively. In the action
above, we wrote the WZ term as an integral over S after pulling back the 3-form via the map
g: I G, but it is equally valid to write this term as an integral over B3 viewed as a submanifold
of the Lie group G. The difference of these integrals for the two different choices of extension may
then be written as

A= WZ[g] — WZ[g] . (1.19)

Bs B

Since the two maps § and §’ agree on the boundary of ENZ, we know that 0B; = 0B5. This
means that we can glue these two submanifolds together (with opposite orientations) to form a
submanifold of G which is isomorphic to S® = B3 U Bj. The difference A is then a topological
quantity [Wit84] measuring the winding number of a map from S to the Lie group G. These
maps are classified by the third homotopy group 73(G) = Z which is isomorphic to the integers
for all simple Lie groups.

In practice, if we properly normalise the trace, we can ensure that the change in the action
produced by choosing two different extensions is quantised, A € 2xZ. Whilst the action of the
theory will not be invariant, our quantum description depends on the action through the path
integral, and we can arrange for this to be invariant. Since the WZ term appears in the action

against the coefficient k, the path integral will be invariant so long as this parameter is quantised,
exp (iS + ikA) = exp (iS) = keZ. (1.20)

Despite appearances at first glance, this means that the PCM plus WZ term is still a two-
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dimensional quantum field theory.
What’s more, it is also an integrable sigma model. For generic values of the parameters r € R
and k € Z, the Lax connection of the PCM plus WZ term is given by

_ k\g '0rg

One can check that the flatness of this connection for all values of the spectral parameter is
equivalent to the equations of motion of the PCM plus WZ term, demonstrating the weak
integrability of this theory. Something peculiar happens when the two parameters satisfy 72 = k,
as this causes one component of the Lax connection to vanish. This means that the spectral
parameter dependence of the Lax can be removed by an overall rescaling, seemingly nullifying
our previous justification of integrability (without spectral parameter dependence, the Laurent
expansion of the monodromy matrix truncates).

On the other hand, when the parameters satisfy 72 = k, one can show that the global G x G

symmetry is enhanced to a pair of semi-local symmetries satisfying
grrhgt g he, 0 hg=0,  9ph.=0. (1.22)

The associated conserved currents become holomorphic and anti-holomorphic respectively, and
they can be Laurent expanded to provide an infinite tower of conserved charges. The theory
at this point is known as the conformal Wess-Zumino-Witten (WZW) model. Furthermore, in
the beta-functions for the metric and B-field, the contribution from the Ricci curvature cancels
against the H-flux term, meaning that the model is scale-invariant for this special value of the
parameters.

This is not a typical integrable sigma model, in the sense that its putative Lax connection
degenerates and the infinite set of charges has an alternative origin, however it shares many
other properties with integrable sigma models: an infinite dimensional symmetry algebra; the
possibility of constructing exact solutions; extraordinary control over the quantum theory. In
this case, these properties originate from the fact that the WZW model is a two-dimensional
conformal field theory (CFT).

1.1.3 Gauged WZW models

Gauging a theory entails promoting a global symmetry to a local symmetry by coupling to a
dynamical gauge field. Generically, this procedure will not preserve the integrability of a theory,
but there is a notable exception to this statement. Gauged Wess-Zumino-Witten (gWZW) models
are conformal field theories (CFTs) associated with the coset manifolds G/H. Whilst these are not
the typical integrable sigma models which are amenable to the Lax formalism, they share many
of the features of integrability by virtue of the infinite-dimensional conformal algebra. They also

play an important role in the study of integrable deformations, where new integrable models are
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constructed as deformations of known ones. The gauging of a WZW model [Wit92] is bit more
involved than the usual case, so we will devote this section to briefly reviewing this construction.
The WZW model is defined by the action

Swzw = k/ d®z tr(g7 01997 '0_g) + k/NWZ[g] , (1.23)
b b
which is invariant under a global G x G symmetry acting as
grh;t g b, (he,hy) €G X G . (1.24)

In fact, these symmetries are enhanced to semi-local symmetries satisfying 0_hy = 0 and 01 h,, =0
respectively, but we will focus on the global component for this discussion. We would like to gauge
a subgroup of this global symmetry which we will denote by H C G x G. At a technical level, we
will specify this subgroup with the following data. First, we will provide a Lie group H along with

its associated Lie algebra b = Lie(H). In addition to this, we will provide two embedding maps,
L:h—g, r:h—g, (1.25)

which we require to be Lie algebra homomorphisms. Denoting the associated Lie group homo-

morphisms with the same symbols, the action of H is then given by

g Lh)~tg-r(h), heH. (1.26)
Infinitesimally, this action looks like

beg=yg-r(e)—Le)-g, €€h. (1.27)

Let us now see how to gauge this symmetry in the action.
Gauging the quadratic kinetic term is quite typical: we couple the theory to a dynamical

h-valued gauge field A via the covariant derivative operators
Vg=dg+(A)-g—g-r(A). (1.28)

Replacing the partial derivatives in the kinetic term by these operators, one can explicitly check
that it is invariant under the transformation of g above, together with the transformation of the
gauge field

deA=de+[A €y . (1.29)

If we neglect the WZ term, this provides a gauging of the kinetic term, which is also a gauging of
the PCM since this is simply the WZW model with no WZ term.
Turning to the cubic WZ term, one might now considering taking the same approach and

replacing the derivative operators with covariant derivatives. Whilst this would provide a gauge
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invariant 3-form, the problem is that it would depend on the extension of the gauge field A over
the 3-manifold 3. If we want to preserve the interpretation of our theory as a two-dimensional
model, we also need the gauged model to be insensitive to such a choice of extension. Formally,
this requirement is equivalent to the WZ 3-form being closed, meaning it is annihilated by the
exterior derivative (A WZ[g] = 0). At least locally, this implies that it can be written as the total
derivative of a 2-form and therefore sources two-dimensional dynamics. To preserve this property,
we would like to find a 3-form, built from the group-valued field g and the gauge field A, which is
both gauge invariant and closed. Questions of this type are addressed in the field of equivariant
cohomology.

For brevity, and because it is not central to our perspective, we will simply import the result
from equivariant cohomology (see the appendix of [Wit92] or the papers [FS94b; FMO05] for more
details). Firstly, it turns out that not every choice of subgroup H is compatible with gauging the
WZ term. In order for a gauge invariant and closed 3-form to exist, we require the embedding

maps to satisfy the isotropy condition
tr(0(X) - 4(Y)) —tr(r(X)-r(Y)) =0 VX, Yepb. (1.30)
Provided that this condition is satisfied, the gauge invariant extension of the WZ 3-form is
WZ#[g, Al = WZ[g] + dtr(dgg™ " AL(A) + g dg Ar(A) + g H(A)g Ar(A)) . (1.31)

This 3-form is closed because the WZ 3-form is closed and the second term is a total derivative.
We can now implement this gauging in the full action.

The gauged Wess-Zumino-Witten (gWZW) model action is given by

Sewzw = k/ d*ztr(g”'Vig g 'V_g) + k/NWZ#[g,A] . (1.32)
b 5

The quadratic term and the WZ term are independently gauge invariant which is manifest in this
presentation. It is also helpful to write this action as the usual WZW model action plus some

terms which depend on the gauge field. In this presentation, the action is written as

Sgwzw = Swzw + 2 k/ d*z tr [3—99_1 A(Ay) =g 04g-T(AL)
z . . (1.33)
—gTMA)g A+ DAL)AL + (AL r(A)

The last two terms can be combined using the isotropy condition on the embedding maps. Also,
notice that the left embedding £(A) only couples to g via the dz™ component, whilst the right
embedding r(A) only couples via the dz~ component.

It is important to highlight that the gauge field does not come with a kinetic term, meaning

that it is an auxiliary field which can be integrated out. Doing this, one finds a sigma model
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action for the group-valued field g € G with a modified metric and B-field. In particular, the
metric and B-field are invariant under the local H-action, meaning that they can be interpreted
as a metric and B-field on the coset manifold G/H. Indeed, one may also explicitly fix this gauge
symmetry in the action by choosing a representative of each equivalence class in G/H. Either

way, one derives a coset CFT with target space G/H.

1.1.4 Integrable deformations

We have reviewed some of the most well-known integrable field theories (IFTs) and conformal
field theories (CFTs): the PCM, the PCM plus WZ term, the WZW model, and the gWZW
model. Beyond these prototypical examples, there exists a wider class of sigma models with
some amenability to exact methods. A certain subset of these, known as integrable deformations,
are derived by taking a known theory and deforming it in some manner. We will now turn our
attention to these models.

When the prototypical examples above have a group manifold G as their target space, they
possess a G X G symmetry which leaves the associated target space metric and B-field invariant.
The deformations we will consider generically break some of this symmetry, meaning that the
resulting target space geometry will not respect the G x G group action. Nonetheless, we will
require a much more stringent condition on these deformations — the deformed theory must be
integrable. Surprisingly, there are non-trivial deformations, controlled by continuous parameters,
which are integrable for a range of values of the deformation parameters. We will now review
some key examples of integrable deformations (see [Thol9; Hoa22] for recent reviews).

Let us start with the action of the PCM, and deform it by introducing some endomorphism of
the Lie algebra O : g — g. We can consider inserting this operator into the action to give the

deformed model
So = 7"2/ d2z tr(g*18+g -0 gila_g) . (1.34)
)

If we assume that this operator is constant, meaning it is independent of the group element g € G,

then this action is still invariant under the left G action,
g—htg, he €G . (1.35)

This is because we have chosen to insert the deforming operator between two left-invariant
Maurer-Cartan forms, had we written the action with right-invariant Maurer-Cartan forms, the
right action would always be preserved. By comparison, in the present case the right action is

generically broken, only the subset which commutes with the deforming operator survives,
g g-he, Ady -O-Ad;'=0. (1.36)

In this expression, we are denoting the adjoint action by AdyX = gX g L.

Asking for this deformed model to be integrable is a tall order, and generically hard to prove in
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either direction. However, one integrable deformation known in the literature is the Yang-Baxter
deformation [Kl1i02; KIi09]. Let us assume that the Lie algebra g admits a solution R to the

modified classical Yang-Baxter equation (mcYBe),
[RX,RY] - R[X,RY] - R[RX,Y]+*[X,Y]=0 VX, Yeg. (1.37)

Solutions to this equation fall into three categories based on the value of ¢ € {0,1,1} and have
been completely classified for simple Lie algebras [BD82; BD98]. When a solution to this equation
exists, we can define the Yang-Baxter deformation of the PCM by the action

Syp =12 /2 d?z tr(g_18+g~ -g_la,g) . (1.38)

1
1-7R
Whilst the global left-symmetry is manifest in this presentation, we previously stated that the
right-acting symmetry will be broken by the deforming operator. In fact, a closer analysis of this
theory reveals that the right-acting symmetry is modified to a so-called g-deformed symmetry
where ¢ = ¢(n) is a function of the deformation parameter [DMV13].

In the action, the fraction should be understood as a matrix inverse applied to the operator in
the denominator. This only makes sense when the denominator is invertible, which means that nR
cannot have any +1 eigenvalues. Assuming that the Yang-Baxter operator R is normalised to have
unit norm eigenvalues, we can ensure that (1 —nR) is invertible by restricting the deformation
parameter to lie in the range n € [0,1). In the limit n — 0, we recover the undeformed PCM.

The integrability of this theory is exhibited by the Lax connection

1—c®p? (g 04y
Ly= . 1.
* 1i77R(1ﬁ:() (1.39)

One can explicitly check that the flatness of this Lax for all values of ¢ € CP is equivalent to
the equations of motion of the Yang-Baxter deformation. The interest in these models grew
substantially when it was understood that they could be used to construct integrable deformations
of string theory backgrounds [DMV13; DMV14].

Another non-trivial integrable deformation can be found by starting with the gWZW model.
If we restrict our attention to the diagonal G/G model, that is the WZW model on G gauged by

the diagonal G action, the action for this theory is

Sewzw = Swzw + 2 k/

d%z tr (8991 AL —gt0pg AL
by

(1.40)
—gYALg-A_+ A, A_> .

In the language of the previous section, this corresponds to taking the embedding maps to be

¢ =1id and r = id. By construction, this theory is invariant under a diagonal G gauge symmetry
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acting as
g htogh, Ak 'Ah+h'dh, heG. (1.41)

The A-deformation [Sfel4], named after the deformation parameter, corresponds to changing the

coefficient of the final term in the action,

S)\:SWZW+2/€/

d?z tr (8991 AL —g L9 A
b

(1.42)
—gYALg AL+ 2T AL .A_> .

There are a number of ways of thinking about this deformation. In the original derivation [Sfel4],
this modification of the action was found by coupling the theory to a gauged PCM model with
the same gauge field. Fixing the PCM field to the trivial map means that the PCM action only
contributes a quadratic term in the gauge field, culminating in the deformation given above.
Alternatively, we can think of this term as modifying the mass of the gauge field.

In either case, this deformation of the action breaks the gauge symmetry, though it preserves
the global diagonal G action. This is because the deformed term A A_ is independently invariant
under the global diagonal action, meaning the rest of the action is also invariant. We can now

integrate out the non-dynamical gauge field A to find an action for a sigma model on G,

; ~a_ggl> ) (1.43)

A
S,\—Swzw+2k/ T3 Ad.

d%z tr (gla_,_g .
by

As before the fraction should be understood as a matrix inverse which requires the denominator to
be invertible. In this case, because the adjoint action is orthogonal (Adg = Adg_l), its eigenvalues
will be +1. We will therefore restrict the deformation parameter to the range A € [0,1), where
the limit A — 0 corresponds to the WZW model. In fact, for small values of the deformation
parameter the action above is a current-current deformation of the WZW model (see [Bor24] for
a recent review). The full A-model can then be understood as an all-orders completion of this
infinitesimal deformation.

It can also be helpful to write this action in the alternative form

1 A
Sy = k/ d?x tr gfl&kg-w g0 g —|—k/ WZlg] . (1.44)
5 1—-XAd, 5

This model has a global diagonal G symmetry acting as g — h~'gh which is inherited from the
derivation above. It is also integrable for all values of the deformation parameter, and this is

demonstrated by the Lax connection

B 1 1 —0yg97! B 1 1 g o g
L+<1+)\>)\—1—Adgl( 1+¢ /)7 L-= I+ A/ A1 —Ad,\ 1-¢ - (145)

As with the Yang-Baxter deformation, one reason for the interest in this model is that it can be
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used to construct string theory backgrounds [HMS14b; HMS14a).

1.2 Three-dimensional Chern-Simons theory

Some people! would argue that Chern-Simons theory is the first and most important example
of a topological quantum field theory. It is a three-dimensional gauge theory whose action is
defined to be the integral of the Chern-Simons 3-form, first discovered in 1974 by Chern and
Simons during their work on characteristic classes in differential geometry. A foundational paper
[Wit89b] on this topic was written” by Witten in 1988, in which Atiyah’s question “What is
the physical interpretation of the Jones polynomial?” was answered. The Jones polynomial is a
topological invariant which appears in the context of knot theory, and Witten showed that it was
related to certain observables in three-dimensional Chern-Simons theory. In 1990, Witten was
awarded the Fields medal, one of the highest honours in mathematics, in large part due to his

work on Chern-Simons theory.

1.2.1 Action and gauge invariance

Three-dimensional Chern-Simons (3dCS) theory is defined by the action

Szacs[A] = k ; CS[4] , CS[A] = tr (A ANdA + %A NAN A) . (1.46)
3

It is surprising that this theory exists. In order for a gauge theory to make sense, the action must
be gauge-invariant. This is because the kinetic term vanishes on gauge-trivial connections, and
the propagator of the quantum theory is built by inverting the quadratic piece of the action. If
the quadratic piece vanishes on some field configurations, it must have a kernel meaning it is
non-invertible. Supposing that the action is gauge-invariant, we can circumvent this problem by
interpreting it as a functional over the equivalence classes of field configurations modulo gauge
transformations, rather than over all field configurations. On this quotient space, the quadratic
part of the action is invertible and we can define the quantum propagator.

The connection A transforms under gauge transformations as
A A9=g 1 Ag+ g Ydyg , (1.47)

whilst the field strength F[A] = dA + A A A transforms as F +— g~ 'Fg. It is therefore much

harder to build invariant functionals of A when compared to F'. Any polynomial of F' will be

IThis is a quote from Greg Moore’s extensive lecture notes, currently available at this link (see also the
accompanying video lectures on YouTube).

2In the interest of some local history, it is inspiring to note that this seminal result was conceived in Swansea.
At a conference in July 1988, talking to Atiyah and Segal, Witten realised that the correct theory to describe the
Jones polynomial was three-dimensional Chern-Simons theory. The story goes that this conversation took place
in Annie’s restaurant on St. Helen’s road, which has since closed down. A plaque to commemorate this dinner
apparently hung in the restaurant for many years and is now in the possession of the mathematics department.
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gauge-invariant within a trace, leading to two well-studied examples,
tr(FAXF),  tr(FAF). (1.48)

The first of these is the Yang-Mills Lagrangian, which depends on the metric through the Hodge
star operator x, whilst the second is known as the topological theta term. Unlike these functionals
of the field strength, a generic functional of A will certainly not be gauge invariant. The fact that
Chern-Simons theory makes sense is therefore rather surprising.

In fact, the Chern-Simons functional is closely related to the second quadratic polynomial
in F given above. The topological theta term is a gauge-invariant 4-form which also happens
to be closed under the exterior derivative operator. It turns out that the Chern-Simons 3-form

provides a local potential for the theta term,
dCS[4] = tr(F A F) . (1.49)

It is important to highlight that this expression only holds locally, integrating the right hand side
over a closed 4-manifold gives a topological invariant which measures the failure of this expression
to extend globally.

This origin of the Chern-Simons 3-form explains why it is gauge-invariant, at least up to terms
which are closed under the exterior derivative. To be more explicit, the gauge transformation of

the Chern-Simons 3-form is given by
1
CS[A] — CS[AY] = CS[A] +dtr(AAdgg™") + gtr(g_ldg ANg~'dgAgldg) . (1.50)

Let us first consider the case where the 3-manifold M3 has no boundary, such that the second
term will not contribute to the action. The third term, however, will generically modify the action,
but it will do so in a controlled way, allowing us make sense of the Chern-Simons functional. One

can show that the contribution of the third term is quantised,
1
g/ tr(g_ldg A g tdg /\g_ldg) €217 , (1.51)
M3

and it measures a winding number of the map g : M3 — G. This means that, whilst the action
will transform non-trivially, its contribution to the path integral will be gauge-invariant if the

level k is also quantised,
exp (i S3acs[A7]) = exp (i Szacs[A]) = keZ. (1.52)

Having assured ourselves that the theory makes sense, let us study some of its basic features.

The equations of motion of 3dCS theory are given by

FI[Al=dA+ANA=0. (1.53)
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This theory describes flat gauge fields, which may locally be written as A = g~ 'dg. The existence
of a group-valued field g : M3 — G solving this equation is not guaranteed globally, but flatness
ensures that it at least exists locally. A connection of this form is gauge-trivial, and can be fixed
to A =0 by a gauge transformation. This means that 3dCS theory has no local dynamics, all
solutions to the equations of motion vanish up to a gauge transformation.

One might then suppose that this is quite a boring theory, and not worthy of very much
attention. On the contrary, whilst the usual difficulties of quantum field theory are absent due
to the lack of local dynamics, these are exchanged with subtle questions in topology which
are both intriguing and tractable. For example, the natural observables in this theory are not
local operators corresponding to point-like excitations, but rather Wilson lines defined over a

1-dimensional curve v C M3,
Wi(y) = Pexp/ A. (1.54)

~
For flat gauge fields these line operators are topological, meaning that they are invariant under
smooth deformations of the curve «y. In particular, this means that the Wilson line of a contractible
curve is trivial, but the gauge field may have a non-trivial holonomy around non-trivial classes in
m1(Ms3). Witten’s seminal paper [Wit89b] on 3dCS theory related correlation functions of these

Wilson lines to a topological knot invariant known as the Jones polynomial.

1.2.2 Boundaries and edge modes

What about when the 3-manifold M3 has a non-empty boundary? Denoting the boundary by

OM3 = X, the gauge transformation of the action will include a boundary term,
/ dtr(Andgg™") = / tr(AAdgg™!) . (1.55)
Ms b

Gauge transformations which act trivially at the boundary (meaning g|sx = id) will still leave the
action invariant, and we will refer to these as bulk gauge transformations. There may also be
some residual symmetries on the boundary, but to detect these we must first revisit the action.

Varying the 3dCS action produces a boundary term of the form

9:/Etr(6A/\A) . (1.56)

As a general statement, boundary conditions should be imposed on quantum field theories such
that asking the action to be stationary is a well-posed problem. In practice, this means that
the boundary variation of the action should vanish, which corresponds to a choice of maximal
isotropic subspace in the language of symplectic geometry. We will take the time to elaborate on
this perspective here since it highlights some important aspects of Chern-Simons theory.

Let us start by briefly reviewing the story for free scalar fields. Consider the action of a free
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scalar field in two dimensions,
St =5 [ el - ©.07] . (157)

We will consider the case where the 2-manifold is My = R x R>( which has a spatial boundary at

x = 0. The variation of this action gives the bulk equations of motion, and a boundary component
which looks like

/dt (66 0:0) - (1.58)
R

This expression involves an infinitesimal variation of the field configuration denoted by d¢, and
the normal derivative of the field to the boundary which is 0,¢.

In this case, we have two distinguished choices of boundary conditions: Dirichlet conditions,
where the value of the field configuration is fixed at the boundary; and Neumann conditions,

where the normal derivative of the configuration is fixed at the boundary.

Dirichlet : Olo—o =0 = 0p|lp—0 =0,

(1.59)
Neumann : 0z Plo—0 =0 = 05(0¢)|a=0=0".

It is important to highlight® that, once boundary conditions have been imposed on the field
configurations, we should also restrict to variations that preserve these boundary conditions. For
example, in the first line we note that it is equivalent to specify a fixed boundary configuration
for the field ¢q, or to demand that its variation at the boundary vanishes. In the second line, we
emphasise that demanding that the normal derivative of the field vanishes at the boundary also
implies that the normal derivative of the variation must vanish. In principle, Neumann boundary
conditions can also specify a fixed non-zero value for the normal derivative at the boundary.

There are also other types of boundary conditions that one could impose on free scalar fields.
For example, the Robin boundary conditions are given in terms of a linear combination of the value
of the field and its normal derivative. The essential requirement is that the boundary variation of
the action must vanish, which we will shortly rephrase in the language of symplectic geometry.
One final comment is that the distinction between Dirichlet and Neumann boundary conditions
appears in the context of second order differential equations, where the normal derivative of
the field appears in the boundary variation. We will argue that this distinction becomes less
meaningful in the context of first order differential equations.

The boundary variation of the action provides a symplectic potential for the symplectic form

on phase space. In the context of the Hamiltonian approach, we should consider a spatial slice at

30ne potential source of confusion here is that 9;¢ and §¢ both measure a change in the field configuration ¢,
but imposing ¢|g=0 = 0 does not imply 9z¢|z—0 = 0, even though it implies d¢|z—0 = 0. This is because 9z ¢
measures the change of a given field configuration as we move along the line parameterised by = € R>(, whereas d¢
is an infinitesimal change from one field configuration to the next (¢ — ¢ + d¢). In order for the new configuration
to obey the boundary conditions whenever the old configuration does, we must impose §¢|z—0 = 0.
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fixed time, in which case the boundary variation would read

0= / dx (6¢>p) , p =0 . (1.60)
R

We have written this expression in terms of the canonical phase space variables, namely the
field configuration ¢ and its conjugate momentum p = 0y¢. This boundary variation can be

interpreted as a symplectic potential on phase space, associated with the symplectic form

Q:59:/dm (bpAdg) . (1.61)
R

Here, we are treating ¢ and p as phase space coordinates such that §¢ and dp provide a basis for
1-forms on phase space. The symplectic form €2 is then a 2-form on phase space which is both
closed and non-degenerate.

In this context, the boundary conditions are the initial conditions for our field configuration
from which we will evolve our system. We can either fix the value of the field ¢ with Dirichlet
conditions, or the normal derivative (which is the momentum p) with Neumann conditions. Each
of these choices corresponds to a maximal isotropic subspace of phase space with respect to the
symplectic form 2. These subspaces, also known as Lagrangian subspaces, are half-dimensional
subspaces on which the restriction of the symplectic form Q must vanish. Fixing the field
configuration corresponds to imposing §¢ = 0, whilst fixing the normal derivative corresponds to
0p = 0. Both of these conditions ensure that the symplectic form vanishes on these subspaces,
and they each define half-dimensional subspaces of phase space. This concludes our review of the
symplectic perspective on free scalar fields.

Returning to Chern-Simons theory, there are some similarities and some differences. The
action for Chern-Simons theory is first order in time derivatives, which is quite a significant
difference. For example, let us specialise to the case M3 = X x R>o where we denote the radial
direction by r € R>o. We will equip the boundary 2-manifold > with the flat Lorentzian metric
ds? = dt? — dz? and occasionally work in light-cone coordinates 0+ = 0, & 9,. Writing the action
in these coordinates, we notice that we can perform a couple of integration by parts to put the
action in the form [Eli+89]

Szacs[A] = k 3z tr(2 AFy, 4+ A0 A, — Aw(?tAr) + k/ A2z tr(AmAt) . (1.62)
M; b

Focusing on the bulk terms, we see that A; appears as a Lagrange multiplier enforcing the
constraint F,. = 0. The other two components of the gauge field are dynamical, but they are

also the conjugate momenta to one another,
P.=A,, P.=-A,. (1.63)

This means that, on a fixed time slice, A, and A, provide a complete set of coordinates on
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phase space. This is in contrast to the second order action of a free scalar field, where the field
configuration and its conjugate momenta are independent degrees of freedom.
Having made this observation, we should interpret the boundary variation of Chern-Simons

theory as a symplectic potential on phase space,

6= /Z tr(6ANA) . (1.64)

In particular, all boundary conditions in this theory will involve fixing the field configuration
on the boundary, which will also impose constraints on its variation. This is analogous to the
Dirichlet boundary conditions of the free scalar field, but there is no analog of the Neumann
conditions as the derivative of the field does not appear as a coordinate on phase space. This is
fundamentally a difference between first order and second order systems.

One choice of boundary conditions which cause this boundary variation to vanish are given by
A+|E :0 — (SA+|E :0 . (165)

These define a half-dimensional subspace of phase space which is isotropic with respect to the
symplectic form €2 = §6. Let us consider the gauge invariance of the action with these boundary
conditions. Applying a gauge transformation to the action, the boundary term vanishes if we
impose the constraint

d4gls=0. (1.66)

This can also be derived by considering transformations which preserve the boundary condition
on the gauge field. If a given configuration satisfies A|s = 0, then the transformed field
A9 = g1 Ag + g 'dg will also satisfy this condition if the transformation parameter obeys the
boundary conditions J4g|x = 0.

An important conceptual point is the physical status of these symmetries. Whilst we have
presented them as the gauge symmetries which preserve the boundary conditions, their status
as gauge symmetries is not necessarily preserved after imposing these constraints. One should
compute the associated Noether charge and check whether or not it vanishes on a generic
field configuration. If the charge vanishes, then these residual boundary symmetries are gauge
symmetries, but if the charge is non-vanishing then they parameterise an emergent physical
symmetry of the system.

The explicit introduction of a metric in these boundary conditions seems like it might break
the topological nature of 3dCS theory, so let us revisit the local degrees of freedom in this theory.
The equations of motion are still flatness, meaning that any solution may locally be written as
A = g~ 'dg. Earlier, we argued that a connection of this type may be gauge fixed to A = 0
meaning that there are no local dynamics in the theory. However, there is now an additional
subtlety, the gauge transformation required to bring a given configuration to A = 0 may not

satisfy the boundary conditions we have just imposed. In this case, some degrees of freedom in A
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will survive the gauge fixing and source local dynamics on the boundary. We will refer to these
physical degrees of freedom as edge modes.
We can see how this works at the level of the action [Eli+89]. If we write the 3dCS action in

terms of the coordinates {t,x,r} on M3, we have already see that it is given by

Saacs[A] =k 3z tr(? Ay Fy + A0 A, — AwatAT) + k/ dz tr(AzAt) i (1.67)

Ms b
Making use of the boundary condition (which may be written as A;|y;, = —A,|x) we can eliminate
A; in the boundary term in favour of A,. Then, the component A; only appears in the action as
a Lagrange multiplier enforcing F,, = 0, and we will integrate out this component of the gauge
field, solving the constraint with A, = ¢~ 10,9 and A, = ¢g~'0,.g. Substituting this back into the

action, we can write it in terms of the Maurer-Cartan form j = g~ 'dg as
Slg] = k/ Pz tr(jr0tjz — JoOrjr) — k/ d*z tr(fz jz) - (1.68)
Ms by

The Maurer-Cartan equation is dj + j A j = 0, and applying this identity together with an

integration by parts gives the action

Sewzwlg] = *k/ Pz tr(jo - jr) — ﬁ/ tr(j AJAG) . (1.69)
b 3 J s

This is the “chiral” WZW action which has an unusual kinetic term, first order in time derivatives.

This theory only has half of the usual semi-local symmetries, and these can be directly identified

with the residual symmetries preserving the boundary conditions of 3dCS theory. In essence, this

theory encodes half of the usual degrees of freedom in a WZW model.

Chiral theories of this form also appear in the context of duality-invariant approaches to string
theory, and they are notoriously hard to study as the action explicitly breaks Lorentz invariance.
There are various attempts in the literature to construct Lorentz-invariant actions for chiral fields
in exchange for introducing additional auxiliary fields into the theory [PST97; Mkr19]. On the
other hand, the approach advocated for in [Wit97; BMO6] is to define the chiral boundary theory
through its Chern-Simons description. In chapter 6, we see how these two approaches are related
by following a generalisation of the derivation presented above.

The full WZW model can also be recovered from 3dCS theory [Eli+89]. Consider the 3-manifold
M3 =¥ x [0,1] and impose the boundary conditions

Atlsxiy =0,  A_[sxpy=0. (1.70)

In effect, this leads to two chiral WZW models, one on each boundary. The residual symmetries
preserving these boundary conditions provide the chiral and anti-chiral symmetries of the WZW
model. The fact that these two sectors do not talk to one another is manifest in the 3dCS

description as they live on disconnected boundaries.
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1.3 Four-dimensional Chern-Simons theory

The integrability of sigma models is characterised by the existence of a flat Lax connection, and
Chern-Simons theory is a gauge theory which describes flat connections. One might therefore
hope to construct a Chern-Simons theory which describes integrable sigma models. The missing
ingredient in 3dCS theory is the complex spectral parameter ( € C which plays a crucial role
in the Lax formalism. This prompts us to search for a four-dimensional Chern-Simons (4dCS)
theory defined over My = C' x ¥ where C' is some complex curve. In this thesis, the complex
curve will almost always be identified with CP* = C U {co}, though other canonical examples are
provided by C* = C \ {0} and T2 = S x S'. These correspond to rational, trigonometric, and
elliptic integrable models respectively. This 4dCS theory was recently introduced in a series of
papers [CWY18a; CWY18b; CY19] and the relationship to integrable deformations was developed
in [Del+20]. We will primarily focus on the third paper in the original series [CY19] as well as
the subsequent paper [Del+20] which address two-dimensional field theories rather than lattice
models (see [Lac22] for a recent review).

Our first problem comes in defining an action for 4dCS theory. The Lagrangian must be a
4-form to be integrated over My, but the Chern-Simons functional is only a 3-form. We must

therefore introduce a 1-form w to define the action

1 2

Sadacs[4] = —/ w A CS[4], CS[4] :tr<A/\dA—|—A/\A/\A) . (1.71)
2mi M, 3

We will assume” that w is (the pullback of) a meromorphic (1,0)-form on C. Examples of such

1-forms on CP! are given by
¢ 1-¢
¢’ ¢?

The first example w = d¢ is nowhere vanishing and has a second order pole at ( = co. This can

ac , dac . (1.72)

be seen by performing the coordinate transformation ¢ = (! which moves to the other patch
covering CP'. The second example w = d¢ /¢ is also nowhere vanishing and has two simple poles,
one at ( = 0 and the other at ( = co. The third example has two simple zeroes at ( = +1 and
two double poles at ( =0 and { = co. In all of these examples, the number of poles minus the
number of zeros is two (counted with multiplicity), which is guaranteed by the Riemann-Roch
theorem. The essential data in the 1-form w is the location of any poles and zeroes, each of which
play a distinguished role in 4dCS theory.

The significance of poles in w can be understood by varying the 4dCS action,

2 1
6Saacs[A] = %/ wAtr(6AAF) + 5 dw A tr(6ANA) . (1.73)
Af4 M4

The first term provides the bulk equations of motion w A F' = 0 which we will return to later. For

4The necessary and sufficient constraints on w are not currently known. One proposal could be the following.
There must exist a complex curve C and a projection ¢ : My — C such that w = ¢*(a) for some meromorphic
(1,0)-form o € Q10(C). In particular, the identification of M4 with the product manifold C' x ¥ might be relaxed.
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the moment, let us focus on the second term which involves the 2-form dw. Consider the example
w = d¢/¢. Since this only depends on ¢ and the d( leg is already saturated, one might think that
dw = 0. This is true almost everywhere, but not at the poles of w where we must use the identity

from complex analysis

1 . _
or(3) = 2o [ acnacso) 6= 0. (1.74)
For the example w = d¢/¢, this means that dw will have two contributions, one localised at ¢ =0
and the other at ¢ = co. Higher order poles will lead to J; derivatives of delta-functions in the
evaluation of dw.

In this example, the second term in the variation is explicitly given by®

1 d¢ B
o~ M4d(c)/\tr(5A/\A)—/E{tr(éA/\A)k_o—tr(dA/\A)|<_oo L)

This plays the role of a boundary term in our theory, and we must impose boundary conditions on
the gauge field A at ¢ = 0 and ¢ = oo such that it vanishes. In general, the poles of w will source

similar contributions to the variation and we will impose boundary conditions at these points.

1.3.1 Wess-Zumino-Witten model

Sticking with the example w = d(/¢, one valid choice of boundary conditions are provided by
Ailo=0and A_|, = 0. Generic gauge transformations will not leave the action invariant as it
will transform by a boundary term similar to that in the variation. For this choice of boundary
condition, only those transformations obeying d4¢glo = 0 and 9_g|o, = 0 will leave the action
invariant, and these can be understood as the transformations which preserve the boundary
conditions. It is important to highlight that the transformations which act non-trivially at the
poles of w are not necessarily gauge transformations. One should compute the associated Noether
charge to check whether they are gauge or physical symmetries of the theory.

As in 3dCS theory, boundary conditions on the gauge field A break some gauge symmetry and
give rise to physical degrees of freedom living at the boundary which are known as edge modes.
Let us derive an action for this two-dimensional theory in the example with w = d¢/¢. First, we

will implement a field redefinition to separate the bulk gauge field from the edge modes,
A=L9=§"'L+ g 'dg . (1.76)

Whilst this field redefinition has the same formal expression as a gauge transformation, it is
important to emphasise that we are treating L and § as the new dynamical field content of

our theory. In particular, § is not required to obey the boundary conditions imposed on gauge

5More precisely, the boundary term for w = d¢/¢ includes an integral over {0} x ¥ and {co} x . We are
formally identifying these two disjoint subspaces of My to write the boundary term as a single integral over X.
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Figure 1.1: The meromorphic 1-form w = d{/¢ associated with the WZW model has two simple
poles (red dots), one at ¢ = 0 and another at ¢ = oc.

transformations. As hinted by the choice of symbol, we will see that the gauge field L generically®
becomes a Lax connection for the boundary theory.

The 4dCS action is written in these new variables as

1
Syacs[L,§] = D / [ wACS[L] +dwAtr(LAdGg™") +wACS[g~'dg] | . (1.77)
Tl My
The first term in this action is a bulk Chern-Simons term for the gauge field L, whilst the second
term will localise to the poles of w due to delta-functions in the distribution dw. Explicitly

computing the Chern-Simons 3-form for §~'d§ appearing in the third term, we find

Q
A
Q>

L

(oW

Q>
Il

L 1 .
fgtr(g YdgngtdgAgTtdg) = -WZ[g] . (1.78)

This is the Wess-Zumino (WZ) 3-form which also appears in the context of two-dimensional
Wess-Zumino-Witten (WZW) models. In that context, this term only sources two-dimensional
boundary dynamics, despite being a 3-form defined in terms of an extension of the fundamental
field. Following this analogy, something similar happens for the third term in our 4dCS action.
Let us introduce the 5-manifold M5 = My x [0, 1] and an associated extension § : M5 — G which
we denote with the same symbol in an abuse of notation. We require this extension to be a
smooth homotopy from the trivial map at My x {0} to the edge mode § at My x {1} such that

the third term in the action may be written as

/M w A WZ[4] :/M d(w/\WZ[g]) . (1.79)

The WZ 3-form is closed (d WZ[§] = 0) so the exterior derivative in this expression can only act

on the 1-form w. This produces the distribution dw which localises the integral to the poles of w.

6In the present example, the boundary theory will turn out to be the WZW model whose Lax famously
degenerates: one of the components of the Lax vanishes and any spectral parameter dependence may be removed.
The gauge field L will also exhibit these properties, but will become a familiar Lax in other more typical examples.
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In summary, the 4dCS action may be written as

Ssacs|L, §] i/ wACS[LHi./ dw/\[tr(L/\dggl)—
M4 2 M4

- — = WZ[Q]} . (1.80)

[0,1]
From this expression, we can see that the action only depends on § through its values at the
poles of w, justifying the title of “edge mode”.

Let us take stock of the physical degrees of freedom and symmetries of this theory. While the
action depends on the whole field configuration L, it only depends on the boundary values of §.

We will denote the relevant degrees of freedom in § by
dle=o=9,  le=ec=37- (1.81)

There are then two types of symmetries in the theory: transformations which acted on the original
field variable A and descend to the new field content — we refer to these as external symmetries;
and redundancies in the new parameterisation which we refer to as internal symmetries. Whilst
all of the internal symmetries are gauge symmetries, one must be more careful about determining
the status of the external symmetries.

The external symmetries acting as A — AP act on the new variables as L9 (L9 )h = Lh
so we can interpret these as right-acting symmetries § — g - h on the edge mode. Denoting the
boundary values of the external symmetry as }Al|0 = h and fL|oo = h, the action on the boundary

values of the edge mode is

g—g-h, g—g-h, O+h =0, O_h=0, (1.82)

where the differential constraints ensure that they leave the action invariant. In principle, there
is also a bulk component to the external symmetries but this is indistinguishable from the bulk
internal symmetries precisely because the value of the edge mode in the bulk plays no role in the
theory. For this reason, we focus our attention on the action of the external symmetries at the
poles of w.

To determine whether these symmetries are gauge symmetries (representing a redundancy
which should be fixed) or physical symmetries (acting non-trivially on the space of solutions) one
should compute the associated Noether charges. This is an important aspect of the analysis of
boundary symmetries, but also a detour from the main path we are following. For that reason,
we will simply state the result here, and provide more details in a later example. Due to the
differential constraints on the external gauge parameters, these are semi-local physical symmetries
with non-vanishing Noether charges. This means that we should not attempt to impose gauge
fixing constraints with these symmetries, and instead they will descend to physical symmetries of
the boundary theory.

In addition to these symmetries, we also have the internal symmetries coming from redundancies

in the parameterisation A = L9. The original gauge field A is invariant under the simultaneous
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transformation
LI, g—htg. (1.83)

These redundancies represent gauge symmetries which we should fix by imposing constraints on
the new field content. Let us start with the gauge field L. Notice that the d( component of L
drops out of the action immediately since w saturates this leg. If we are to interpret this gauge
field as a Lax for the boundary theory, we expect it to only have legs along the worldsheet X.
Fortunately, there is sufficient freedom in the internal symmetries to fix the d( component of L
to zero,

L;=0. (1.84)

Whenever one imposes a gauge fixing condition, one should check whether there are any residual
gauge symmetries preserving this constraint. In this case, we are still free to perform internal
gauge transformations which are independent of the spectral parameter. These are sufficient to
fix the value of the edge mode § at one point in CP', so we will also impose the gauge fixing
condition

Glc=cc =id . (1.85)

How does this constraint interact with the external symmetry acting at ( = co? The external
symmetry parameterised by kA must now be accompanied by a simultancous internal gauge
symmetry h = h such that the condition Jloo = 1id is preserved. The surviving edge mode degree

of freedom now transforms under both external symmetries as

g—ht.g-h, O h =0, O_h=0. (1.86)

It is no coincidence that these mimic the semi-local symmetries of the conformal WZW model.
In order to localise the 4dCS action to the boundary, we solve some of the bulk equations of
motion for L. Having imposed the gauge fixing Lz = 0, two of the equations of motion become

holomorphicity conditions on the remaining components,
Feyp =0;Ly =0. (1.87)

We will solve these equations explicitly, and use the boundary conditions to write Ly in terms of
the surviving edge mode g : ¥ — G. Substituting this back into the 4dCS action, we can compute
the integral over CP! to find an action for the two-dimensional boundary theory.

The two equations of motion above say that the components L1 must be holomorphic functions
of ¢. Since CP! is a compact manifold, Liouville’s theorem” states that any holomorphic function
of ¢ is constant, so the components L must be independent of the spectral parameter. Turning
to the boundary conditions, we can translate the conditions on A into conditions on L and §

using the field redefinition. Making use of the gauge fixing conditions above and the fact that L

"Liouville’s theorem applies to bounded holomorphic functions on compact manifolds. In other examples, we
will relax the condition that these components are bounded and allow for poles in the spectral plane.
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are constant along CP', we find the boundary conditions are solved by
Ly=-0,99", L. =0. (1.88)

This allows us to eliminate the gauge field L from the action and find a theory which only depends
on the group-valued field g.

Returning to the 4dCS action, the Chern-Simons 3-form for L vanishes (nothing can contribute
the d¢ leg) and the boundary terms localise to the poles of w. Only the ¢ = 0 contributions to the

boundary terms will survive as we have gauge fixed §|oo = id. These contributions are given by

Siacs[L, §] = /

[tr(LAdgg—l) -
b

WZ[4] H . (1.89)

[071] CZO

The final step is to substitute in the solution for L and evaluate each term at { = 0 explicitly.
This gives the action of the WZW model,

Swzwlg] = —/

d?z tr(g_18+g . g_la,g) - /NWZ[g] . (1.90)
b 5

We denote the extension of the 2-manifold ¥ by Y =13 x [0,1]. This concludes our first example
of deriving a two-dimensional field theory from 4dCS theory. The residual boundary symmetries
acting on the edge mode descend to the semi-local symmetries of the WZW model. The level k
can also be introduced as an overall coefficient in the action, but it is not clear that it should be

quantised from the 4dCS perspective.

Compactification of 4dCS to 3dCS. We have noted that the two-dimensional WZW model
can also be recovered from 3dCS theory, and this is closely related to the 4dCS description we
have just described [Yam19]. Let us return to the 4dCS action with w = d¢/¢ which we can write

in polar coordinates ¢ = rexp(if) as

Siacs[4] = L/ (dr +id0> A CS[A4] . (1.91)
27l Sy, \ T
We would like to perform a dimensional reduction along the U(1) action generated by 9p. We will
only keep the zero modes in the Fourier expansion (meaning the fields are independent of §) and
compute the integral over df. In preparation, we can make use of a trivial shift symmetry in
4dCS theory acting as
A= A+CedC . (1.92)

This leaves the action invariant because w saturates the d¢ leg, and we usually fix it by setting

A¢ = 0. In this context, it more helpful to impose the constraint Ag = 0 so that (combined with
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Figure 1.2: The meromorphic 1-form associated with the PCM plus WZ term has double poles
(red dots) at ¢ = 0 and ¢ = co. It also has simple zeroes (blue crosses) at ( = a and ¢ = b. This
figure shows the PCM point where a = +1 and b = —1.

the constraint that the fields are independent of 8) the action becomes

Suacs[A] = 2i /M d0 A CS[A] . (1.93)

™

Since the whole integrand is independent of 6, we can explicitly compute this integral to find

Ssacs[A] = / Cs(4] . (1.94)
2 x[0,1]

The endpoints of the interval are identified with ( = 0 and { = oo, so the 3dCS gauge field

inherits the 4dCS boundary conditions A, |o = 0 and A_|; = 0. This is the 3dCS setup which is

known to recover the two-dimensional WZW model [Eli+89].

1.3.2 PCM plus WZ term

Whilst the setup with w = d{/¢ provided a nice introduction to 4dCS theory, the WZW model is
hardly a typical integrable model. For one, the Lax connection is independent of the spectral
parameter, and there are very few 1-forms w which are nowhere vanishing. With this in mind, let

us turn to a different example where the meromorphic 1-form is given by

SR

This 1-form has two second order poles at ( = 0 and { = oo which will play the role of boundaries

¢. (1.95)

w =

in 4dCS theory. Since these poles are second order, the boundary variation will depend on both
the value of the gauge field at these points and also its d; derivative. Similarly, the relevant
degrees of freedom in the edge modes will include both its values and its O, derivatives.

There are also simple zeroes in w at ( = a and ( = b where a,b € C are input parameters.

These zeroes are a new ingredient which we must treat carefully. We will allow the gauge field A
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to have specified singularities at the zeros of w which can be justified by the following argument.
Whilst we will primarily focus on classical physics in this thesis, we might still aspire for 4dCS
theory to make sense as a quantum theory. Defining the quantum theory would entail constructing
a propagator for the gauge field by inverting the quadratic term in the action. As it stands, the
quadratic term vanishes at the zeroes of w, meaning it would be non-invertible at these points.
To compensate for this, we will prescribe singular behaviour in our field configurations at the
zeroes of w. In the present example, we will allow a simple pole in A4 at ¢ = a and a simple pole
in A_ at ( = b. Since each of these components appears only once in the cubic term, this part of
the action also remains finite. The prescription of singularities in the gauge field is known as
disorder defects in the literature [CY19]. These singularities in the spacetime components of the
gauge field will lead to the typical meromorphic dependence of the Lax connection.

As before, the poles of w play the role of boundaries in 4dCS theory and we should impose
boundary conditions such that the boundary variation of the action vanishes. The boundary term
in the variation receives two contributions, one from ¢ = 0 and another from ¢ = co. Since the
analysis at these two poles is identical, let us restrict our attention to the contribution at { =0

which is given by
/ { (ab) Octr (AN A)|c=o — (a+b) tr(6A A A) |<—0} . (1.96)
b

The first term involves a d; derivative® because the pole at ¢ = 0 is second order. The second
term indicates the presence of a first order pole hiding inside the second order pole of w, which

can be seen explicitly by writing the meromorphic 1-form as

w:(g—ang)dg. (1.97)

It is possible to fine tune the parameters a,b € C such that the residue of this simple pole vanishes
by setting b = —a. The coefficient of the first order pole is called the residue of w at this point, so
this constraint on the parameters would amount to setting the residue to zero. Importantly, if the
second term is absent from the boundary variation there is a wider class of admissible boundary
conditions. Later, we will comment on the consequences of this observation.

For the time being, we will impose the boundary conditions (valid for any a,b € C) given by
Ai‘C:O =0 s Ail(:oo =0. (198)

Gauge transformations acting on A are also required to obey similar boundary conditions at the
poles, namely 91 ¢glo = 0 and 1 g|o = 0. Since these residual symmetries must be constant along
Y, they will generate to a global G x G symmetry in the boundary theory.

As a general comment about 4dCS theory, the choice of 1-form w, the prescribed singular

8Terms such as 85(1/4“2) can be computed by first using 9¢(1/¢) = —1/¢? and then commuting the derivatives
and applying the usual identity for simple poles. This can be applied iteratively to higher order poles.
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behaviour at its zeroes, and the boundary conditions at its poles, should all be thought of as input
data. From here, the derivation of the integrable sigma model and its associated Lax connection
is a systematic procedure which takes more or less the same form regardless of the input data.
Varying the input data then leads to different two-dimensional theories, providing a mechanism
for exploring the landscape of integrable models.
We will now applying the localisation procedure to this new example. The first step is to
make the field redefinition
A=L9=§" L+ 'dg . (1.99)

The new field content is a gauge field L, which will be identified with the Lax connection, and an

edge mode §. The action may be written in terms of these variables as

1
S4dCS[L;§} = 7/ WA CS[L] +
My

=5 dw A {tr(L/\dgg_l) -

Wz[4] } . (1.100)

27 S, [0,1]

The edge mode § only appears in the action against the 2-form dw which is a distribution with
support at the poles of w. This means that the theory only depends on the edge mode through

its boundary values which we will denote by’

dle=o=9, §'00lc=0=0, Glizeo=0, G '0blc=c0 = - (1.101)
In contrast to the previous example, the O, derivatives of the edge mode are also relevant degrees
of freedom in this case because w has second order poles.

At this stage, it is often helpful to examine the symmetries of the theory and impose some
convenient choice of gauge fixing to reduce the degrees of freedom. The external symmetries
act on the edge mode as § +— § - h and must obey the boundary conditions Gifl\o and 8ifz|oo.
Whilst the value of h at each pole must be constant along spacetime, the 0, derivative of h is
unconstrained by these boundary conditions. This is relevant because the transformation of
the edge mode fields ¢ and ¢ will depend on 8&1. Let us denote the boundary values of this

transformation parameter by

~

h’|C:0 =h, }Al_laci?,k:o =€, B|<:oo =h , ﬁ_lacilk:oo =€. (1.102)
Then, the edge mode fields transform under the external symmetries as
g—g-h, g Ad;tp+e,  Geg-h, ¢ Ad; TP+ €. (1.103)

In these expressions, h and k must be constant group elements whilst € and € are unconstrained
by the boundary conditions. Next, we should check whether the symmetries parameterised by

these variables are gauge or physical symmetries.

9The definition of ¢ given above is slightly inaccurate. When moving from between the patches on CP!, the
vector field O¢ transforms non-trivially, so it is more accurate to defined the edge mode by ¢ = §*185§| i=o-
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To check if these symmetries are gauge or physical, we can compute their associated Noether
charges. For this calculation, it is easiest to work with the original field variable A and consider
and infinitesimal transformation of the action. We will retain the same notation for the external
gauge parameters, but we will neglect all higher-order terms in the variation of the action. This

means that the relevant term in the gauge transformation of the action is given by

ﬁ . dw Atr(AAdRATY) (1.104)
At this stage, it is helpful to split the external gauge transformations into their component parts.
One class of transformations are those which act trivially at the boundary and non-trivially
in the bulk. Since the variation in this expression is localised to the poles of w, these bulk
transformations will have a vanishing Noether charge and remain gauge symmetries of the theory.
Having understood this class of transformations, we can now restrict our attention to those
transformations that only act non-trivially on the boundary, neglecting their action on the bulk.

When considering the boundary symmetries, it is also helpful to partition the transformations
using the parameters introduced above. We can consider one class where h is non-trivial whilst
the other three parameters take trivial values. Doing this for each component of the external
symmetry, we have four transformations whose Noether charges we would like to compute.

Explicitly evaluating the integral over CP*, the ¢ = 0 variation of the action becomes
(ab)/ tr(9¢Alc=o Adhh™!) . (1.105)
by

Many terms in this expression have dropped due to the boundary conditions on the gauge field A.
In particular, we see that ¢ does not appear in this variation, implying that it is a gauge symmetry.
By comparison, we also learn that h parameterises a global symmetry of the theory whose Noether
current is given by 0¢Alc=o. A similar analysis at ( = co tells us that é parameterises a gauge
symmetry whilst 4 parameterises a physical symmetry.

In essence, € and € represent gauge symmetries of the system because they are fully local
transformation parameters with no differential constraints. This allows us to impose the gauge
fixing conditions

$=0, $=0. (1.106)
By comparison, h and h parameterise physical symmetries of the system because they are subject
to differential constraints.

Independent of the choice of w or boundary conditions, there is always an internal gauge
symmetry arising from a redundancy in field redefinition. This leaves A = L9 invariant and acts
on the new field content as

LIl ghtog. (1.107)

We will always use this to impose the constraint Lz = 0 so that L takes the usual form of a Lax
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connection with legs only along dz*. In addition, there is sufficient residual gauge symmetry
after imposing this constraint to fix the value of the edge mode at one pole. In this example, we
will gauge fix

Le=0, Glc=co =id . (1.108)

In summary, the degrees of freedom in the edge mode after gauge fixing are

§|C:0 =g, §718§§|C:o =0, g‘czoo =id, §718§§|C:m =0. (1.109)
Having made a field redefinition to extract the edge modes and implemented some helpful
gauge fixings, the next step is to solve some of the bulk equations of motion for L. Given that we
have gauge fixed Ly =0, two of the equations of motion become holomorphicity conditions on

the remaining components L,
Feyp =0;Ly =0. (1.110)

If the components Ly were bounded, this would imply there were constant by Liouville’s theorem.
However, we should recall our earlier discussion on the allowed field configurations in 4dCS theory.
Now that w has zeroes, we should allow certain prescribed singular behaviour in the gauge field at
these points. In the present example, we allowed a simple pole in L at ( = a and a simple pole
in L_ at ¢ = b. This means that the most general solution'® to these two equations of motion is
given by

where V4 and U4 are independent of the spectral parameter. We can now substitute these

(1.111)

solutions into the boundary conditions and solve them in terms of the surviving edge mode g.
The boundary condition at infinity A4 |. = 0 implies that VL = 0 after taking into account our

choice of gauge fixing. Meanwhile, the boundary condition at zero implies

1 1

 —0_g9~

=099~
L = T

This should provide a Lax connection for our two-dimensional boundary theory.

The final step in the derivation of the two-dimensional integrable model is to substitute this
solution back into the action and compute the integral over CP'. The Chern-Simons term for L
will always vanish as nothing can contribute the d¢ leg. The remaining terms appear against dw

which will localise the integral to the poles of w in CP'. Since we have fixed all components of the

100ne might worry that the meromorphic solutions for L4+ do not actually satisfy the bulk equations of motion
as the 0 derivative produces delta-functions at the poles. The resolution is that the true equations of motion are
w A F =0 and the zeroes in w compensate for these delta-function contributions.
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edge mode at infinity to vanish, this will only receive a contribution from ¢ = 0 which is given by

Siacs[L, g] = / { (ab) Octr(L Adgg™") — (a+b)tr(L Adgg")

> (1.113)
- [ (t@acwzia) - @+ vwaia) |

[0,1] ¢=0

Substituting in the expressions for Ly above and evaluating at ¢ = 0 gives the action of our
two-dimensional integrable sigma model. Since we have fixed the 0, derivatives of the edge mode
to vanish, these derivatives may only act on the explicit spectral parameter dependence in the
Lax. The second and third terms vanish identically, whilst the first term produces a kinetic term

and the fourth gives a WZ term. In total, we find the action

Soarrr[g] = (b— a)/

d®z tr(g7 01997 '0_g) + (a+b) /~WZ[g] : (1.114)
s 5

We recognise this theory as the family of models known as the PCM plus WZ term. In particular
the parameters a,b € C are related to the radius of the PCM term and the level of the WZ term
by 72 = a — b and k = a + b. Earlier, we highlighted a special point in the parameters where the
residue of w at ¢ = 0 vanished. This was given by b = —a which we can now see corresponds to
taking the WZ level to zero. Making this choice of parameters recovers the standard PCM.
Another special point occurs when |a —b| = [ a+b| which corresponds to the conformal WZW
model. The 4dCS setup with w = d{/( is recovered by simultaneously sending one zero to ¢ =0
and the other to ¢ = oo such that they coincide with the second order poles. These limits tend to
be subtle and require care, but in this case we can offer an interpretation. The simple zeroes of w
collide with the second order poles resulting is first order poles at { = 0 and ¢ = co. To derive
the boundary conditions on A at these poles, it is helpful to think of the conditions A4 |p = 0 and
A4l = 0 as simple zeros in the gauge field at these points. On the other hand, these components
are allowed to have simple poles at ( = a and ( = b. When we take the limit, these simple poles
will cancel against the zeroes from the boundary conditions leaving a regular field configuration.
For example, if we allow A_ to have a simple pole at ( = b and then take b — 0, we would say
that the simple pole in A_ cancels against the simple zero from the boundary condition. The

remaining simple pole in w therefore comes with the boundary condition A |y = 0.

1.3.3 Non-Abelian T-dual of PCM

In order to recover the PCM plus WZ term from 4dCS theory, one imposes the boundary
conditions A4|p =0 and Ay = 0. If one were to impose different boundary conditions on the
gauge field, this would generically lead to different two-dimensional integrable models. Whilst the
PCM plus WZ term boundary conditions are valid for the whole family of 1-forms (parameterised

by a,b € C) there is a wider class of allowed boundary conditions if we fix b = —a. This choice
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gives the meromorphic 1-form
2 2
a”—¢
2

The relevance of this constraint is that we have removed the simple poles hiding inside the double

dac . (1.115)

w =

poles of w as their residue was given by (a + b). In the two-dimensional integrable model, this
has the effect of turning off the WZ term leaving the standard PCM.
With this choice of 1-form, the boundary variation at { = 0 is given by

/ [aQ Actr(SAN A)|c=o . (1.116)
b

The absence of the second term in this expression allows for an alternative choice of boundary
conditions, namely O¢ A+ |o = 0. Let us consider the 4dCS setup with this 1-form and the boundary
conditions

OAsle=o=0,  Ailceee=0. (1.117)

Relative to the PCM setup, we are choosing the same boundary conditions at { = oo, but
swapping the boundary conditions at ( = 0. Gauge transformations will leave the action invariant
if they obey similar boundary conditions given by ﬁgfz\o =0 and 8ifz|oo = 0. We will follow
through the localisation to the boundary theory and see the impact that changing the boundary
conditions has on the integrable sigma model.

Many of the details in this derivation remain the same from case to case, so we will be a little
more brief in our presentation this time around. Nonetheless, we will still try to highlight the

novel features of this setup. We start with the field redefinition
A=L9=§"'Li+ g 'dg . (1.118)

The edge mode § always enters the action against dw which is a distribution with support at the
poles of w. Therefore, the theory only cares about the boundary values of the edge mode which

we denote by

~

dle=0 =19, G '0clc=0 =9, Gle=co = 7 » G710 cco0 = @ - (1.119)

Under the external symmetries, the edge mode § transform as § — §- ]A”L, where the transformation
parameter h must obey the boundary conditions Bgﬁ\o =0 and aimoo = 0. We will denote the

relevant components of these external symmetries by

~

hlc=0 = h , ﬁ*18<B|<:0 =€, il|<=oo =h , }AL716<}AL|C=OO =€. (1.120)

The first boundary condition on / tells us that € = 0, whilst the second boundary condition tells
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us that £ is constant along spacetime. The action on the edge mode fields is given by

grrg-h, oA, G goh, ¢ AdTTotéE. (1.121)

As there are no constraints on the spacetime dependence of either h or €, these parameterise
gauge symmetries which we can use to impose the gauge fixing constraints ¢ = id and ¢ = 0.
There is still a global G symmetry preserving these constraints which is parameterised by h.

In addition to the external symmetries, we also have the internal gauge symmetries coming

from a redundancy in our field redefinition. These act as
LIt §ghtl.g, (1.122)

and can be use to fix both the d¢ leg of L and the value of the edge mode at one pole. We will
impose the gauge fixing constraints L =0 and g =id. In summary, the degrees of freedom in

the edge mode are now
de=o=1d,  §7'0glc=o=¢,  Glcmeo =1id,  §'cflc=c0 =0 . (1.123)

The algebra-valued field ¢ will be the fundamental field of the two-dimensional integrable model.
This transforms in the adjoint representation of the global G symmetry.

The next step is to solve two of the bulk equations of motion. Taking into account the pole
structure of the gauge field configurations, we solve the holomorphicity conditions 0z L1 = 0 with
the general solutions

U, U

Ly =V, + —— L7=V7+1_7C/b7

- (1.124)

The fields V4 and U4 in this expression are independent of the spectral parameter and we can
solve for them in terms of ¢ using the boundary conditions. The boundary conditions at ( = co

tell us that Vo = 0, whilst the boundary conditions at ( = 0 imply
(a7t —adg) Uy =—046,  (a7'+ady)U-=0_6¢. (1.125)

At this stage, one might worry that the operators (a=* £ ad,) may not be invertible. In general,
this is a good question to ask, but in this case we are safe because ady is anti-symmetric
(adg = —ady). The sum of an anti-symmetric matrix with the identity matrix is always invertible,

so there is no problem in solving these conditions to find the Lax connection

(™! —ady) 10,10 I — (a™' +ady)t0_¢

et e I+ ¢/a

(1.126)

The final step is to substitute this expression back into the 4dCS action and compute the

integral over CP'. Since we have gauge fixed all of the edge modes at ¢ = oo, the only contribution
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will come from ¢ = 0. This contribution is given by

Siacs|L,g] = az/

{agtr(L/\dggl)k_o—/[ ]8<WZ[§}|<:O . (1.127)
b 0,1

When distributing the 0; derivative, any terms including dg will vanish as we have gauge fixed
glo = id. The only terms that will survive occur when the J; derivative acts on dg to produce d¢.
The WZ term is cubic in dg, so it always vanishes after evaluation at { = 0. The two-dimensional

action is therefore given by just the first term, which evaluates to

Sodarer|[@] = az/

b

d*z tr(8+¢~ a_liad(b ~8_¢) : (1.128)
This theory may be recognised as the non-Abelian T-dual (NATD) of the PCM and was first
recovered from 4dCS theory in [LV21]. The residual boundary symmetry of 4dCS theory is
manifested as a global G symmetry acting as ¢ Adg_lcb.

This 4dCS setup, which uses the same 1-form w as the PCM with different boundary conditions,
has produced an integrable model which is related to the PCM by NATD. In fact, this is a generic
feature of 4dCS theory: changing the boundary conditions while retaining the 1-form w leads
to different integrable models which are related by dualities [Del+20; LV21]. In general, models
obtained in this manner will be related by Poisson-Lie T-dualities (PLTD) which are known to

have a close connection to integrability (see [Thol9] for a review).

1.3.4 Lambda deformation

The class of integrable sigma models known as integrable deformations can also be recovered
from 4dCS theory [Del+20]. These theories depend on a deformation parameter, and in some
limit they reduce to another known integrable model, for example the PCM or WZW model.
Rather pleasingly, this deformation parameter can be realised in the geometry of 4dCS theory.
Let us take the 1-form w associated with the PCM plus WZ term and split the double pole at
¢ = 0 into two simple poles. Introducing a deformation parameter «, this gives the 1-form

we LzaC=b) dc . (1.129)

C—a)((+a)

In the limit o« — 0, this reduces to the 1-form associated with the PCM plus WZ term.
We will continue to use the boundary conditions A4 |, = 0 at the double pole, but we must
perform a variation of the action to determine the allowed boundary conditions at the new simple

poles. Neglecting the contribution from ¢ = oo, the remaining boundary variation is given by
— —b b
/ @@ =) (5A N A)fomya - OFDOTY 540 )| (1.130)
) 2a 2c
One way for this boundary variation to vanish would be for each term to vanish independently. For
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Figure 1.3: The meromorphic 1-form associated with integrable deformations has poles (red
circles) at ( = +a and ¢ = oo. It also has simple zeroes (blue crosses) at ( = a and ¢ = b. This
relates to the 1-form associated with the PCM plus WZ term but with the double pole at { =0
split into two simple poles.

example, we could impose chiral boundary conditions on the gauge field of the form Ay|;, =0
and A_|_, = 0. In this analysis, however, we will instead seek to relate the value of the gauge
field at both simple poles such that the two terms in the boundary variation cancel against one
another. With this in mind, let us consider the difference of the two coefficients,

(a+a)(a+b) (a—a)(la—0D>)

o - o —a+b. (1.131)

If we take b = —a, the residues of the two simple poles have the same magnitude, allowing for
some special choices of boundary conditions. For this reason, we will impose this restriction on
the parameters and we will also set a = 1 for simplicity. We will shortly see why it is important
that the residues of the two simple poles have the same magnitude, and why the associated
boundary conditions are special. We refer to this condition as residue matching.

Introducing an overall coefficient for convenience, we would like to consider the 1-form

20 1-¢2

s dc . (1.132)

w

Computing the boundary variation (away from ¢ = co) with this 1-form gives

/ [tr(éAAA)k_M — tr(6ANA)|e=—a | (1.133)
b

One valid choice of boundary conditions, which we will refer to as the diagonal boundary conditions,
is to impose Ay|1q = Ax|_o. It is important to highlight that the boundary variation only
vanishes under these conditions because both terms come with the same coeflicient. If the residues
of the two simple poles had different magnitudes, we would have to introduce some parameter
q € C measuring the ratio between these residues. We could then choose to impose the boundary

conditions Ay|iq = ¢ AL|—n, but we will argue that these are qualitatively different from the
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diagonal boundary conditions.

The diagonal boundary conditions are special because of the gauge transformations which
preserve them, namely those transformations which obey g|+o = g|—«. In particular, there are no
differential constraints on these transformations, meaning that they are true gauge symmetries
of the system. In contrast, consider the boundary conditions given by Ai|;o, = ¢ Ax|_o where
q # 1 is some parameter. After a gauge transformation A — A9, the boundary conditions on the

transformed field are

(97" Arg+9'019)|c=ra = (97" Arg+ 97 019)[c=—a - (1.134)

Since we expect this to hold for any field configuration, the terms which are independent of
A should match separately from those which depend on A. Using the fact that the original
configuration obeys the boundary conditions, the first terms on each side will agree when
9l+a = g|-a. In addition to this constraint, the second terms must also agree with one another.
In the case that ¢ = 1, this is implied by g|+a = g|-o and the system will exhibit a gauge
symmetry. However, when ¢ # 1 there are no non-trivial solutions and only global symmetries
will survive. This is why the diagonal boundary conditions, which are only possible due to the

lll

residue matching, are special'’® boundary conditions.

In summary, we choose to impose the boundary conditions
Atlc=4a = Aslc=—a ,  Ailc=e0=0. (1.135)

Let us proceed with the localisation calculation to see which two-dimensional theory this produces.
We start by introducing the usual field redefinition A = L9 and denoting the relevant degrees of
freedom in the edge mode by

Glecta =9+,  Glecma=0-1  dleco=0,  § '0hlcco =0 . (1.136)

We will now consider the external and internal symmetries of the system and impose some
convenient gauge fixing constraints. The external gauge symmetries at ( = co can be used to
fix = 0. Then, because we are working with the diagonal boundary conditions, we have an
additional external gauge symmetry acting as g+ — g+ - h. This can be used to fix either of
these edge modes to the trivial map, and we will choose to impose g_ = id. Furthermore, the
field redefinition introduces an internal gauge symmetry which we will use to impose Ly = 0 and
g = id. For ease of notation, we will denote the remaining edge mode by g = g4 going forwards.

The surviving degrees of freedom in the edge mode are

de=ta=9, Gle=—a=id,  Gle=eo=id,  §'0cflc=0c = 0. (1.137)

11Statements about “special” boundary conditions are nicely presented in the language of the defect Lie algebra
[Del+20; LV21]. An introduction to this formalism with some simple examples will be given later.
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The group-valued field g will be the fundamental field of the two-dimensional sigma model. We
expect this theory to have a global G symmetry corresponding to the constant external symmetry
acting at ¢ = co. In order to preserve the constraint g = id, we must combine this with a constant
internal symmetry, and then we must also act with a constant external diagonal symmetry to
preserve g_ = id. Bringing these pieces together, this culminates in a diagonal action on the
fundamental field g — h~' - g - h.

The next step in the localisation is to solve the two bulk equations of motion d;L. = 0.
Allowing for the components L1 to have a simple pole at { = +1 respectively, the bulk equations
have the general solutions

— 1+«

1
L.=V,+ U, L_=V_+
+ + + T+¢

1=¢

U_ . (1.138)

The fields Vi and UL in this expression are constant along the spectral plane. We will solve for
these constant fields in terms of g using the boundary conditions. The boundary condition at

¢ = oo implies Vi = 0, whilst the other boundary condition reads

1+«

A=A U =40, (A=A U-=j-, A= -

(1.139)

We would like to solve this equation for Uy in terms of g, so we must ask whether or not the
operator on the left-hand side is invertible. Since the adjoint action is an orthogonal matrix
(AdgT = Ad;l) its eigenvalues will all have unit norm. Therefore, this operator will be invertible
so long as the parameter \ does not have unit norm, in other words so long as « # 0. Notably, in
the limit o — 0 the structure of the 1-form w changes: the two simple poles recombine into a
double pole at ¢ = 0. Since limits of this type dramatically change the characteristics of 4dCS
theory, one should be sceptical when examining any results in these regimes. We will assume

that we are working away from this limit and solve the boundary conditions with

Up= (N1 =AY G, U= (=AY (1.140)

The final step is to substitute this solution back into the action and compute the two-
dimensional integrable sigma model. The non-vanishing contributions from the integral over CP*

are given by

SuacslL.d] = [ | (2 AT eoro - /[ ]wzmnc_w} . (1.141)
b 0,1
Substituting in the expression for the Lax and evaluating gives the two-dimensional action

. 1+)\Ad 1+a
Sx[g] :—/EdQ:v ur(y+ T-2Ad, /WZ =1 (1.142)

We recognise this action as the integrable A-deformation of the WZW model, and its derivation
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from 4dCS theory first appeared in [Del+20]. As expected, this theory has a global diagonal
G symmetry acting as g — h~'gh. In the limit A\ — 0 this model reduces to the WZW model,
whilst the limit A — 1 is associated with the NATD of the PCM. The treatment of this second
limit is subtle as it also requires taking a limit in the parameterisation of the group element.
From the 4dCS perspective, taking the deformation parameter v — 0 in the 1-form corresponds
to the limit A — 1 in the two-dimensional theory. This should give the NATD of the PCM which
arises from a 4dCS setup with two double poles and the boundary conditions A4|,, = 0 and
OcA+lo = 0. Let us see how to verify this expectation. In the context of the A-model, we are

imposing the diagonal boundary conditions which may be written as
Atle=ta —Axle=—a =0. (1.143)

When we take the limit @ — 0, the two simple poles are colliding at ( = 0 and we are left to
make sense of the resulting boundary conditions. Since this produces a second order pole, the
relevant degrees of freedom in the boundary variation are the value of the gauge field A4|c—o and
its CP' derivative O¢A+|c=o. From this perspective, our diagonal boundary conditions look like a
finite difference which reduces to the CP! derivative in the limit o — 0. We therefore deduce
that the resulting boundary conditions are 9; A4 |¢c=¢ = 0 as expected for the NATD of the PCM.

1.3.5 Defect Lie algebra and PLTD

In 4dCS theory, the dynamical degrees of freedom are edge modes living at the poles of w. In
the presentation we have followed so far, we start with a field § which depends on the spectral
parameter, and the edge modes are the evaluation of this field (and its derivatives) at the poles.
This passage from a single G-valued field to a set of edge modes is aptly presented in the language
of the defect Lie algebra [Del+20; LV21]. This formalism is also useful for discussing the external
symmetries which preserve a set of boundary conditions. In particular, it allows for a precise
statement of the “special” property that the diagonal boundary conditions exhibit in the example
of the A-deformation. We will now provide an introduction to this formalism alongside some
simple applications.

Let us consider a meromorphic 1-form w which contains a simple pole at ( = +«. As is usual
in our localisation procedure, we define a field § which is a map from the 4-manifold M, = CP' x &
to the Lie group G. In practice, this field only appears in the action against the distribution dw,
so the theory only depends on its behaviour at the poles. For the present example, this edge

mode can be captured by the evaluation of § at ( = +« which we will denote by §|1a = g+,
§:CP'x¥ -G, g+ 2 —>G. (1.144)
Now, consider another simple pole at ( = —« and let us denote the corresponding edge mode by

Jl—a = g—. There are two equivalent ways of thinking about these edge modes. It is natural to
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think of g4 and g_ as a pair of maps from ¥ to the Lie group G. Alternatively, we can package
these maps together into § = (g4, g—) which is a map from ¥ to the product G x G,

G: X5 GxG. (1.145)

At the level of the Lie algebra, the product space G x G corresponds to a direct sum in which

each factor commutes with one another,
Lie(GxG)=g®g. (1.146)

The fact that these two copies of g commute is implied by the fact that the poles are at distinct
locations in the spectral plane.

We can also consider second order poles in w. In this case, we extract two fields from the
edge mode, its value ¢ at the pole and its CP' derivative ¢. The former is valued in the Lie
group G, whilst the latter is valued in the Lie algebra g. As before, these maps can be packaged
together into a single map § = (g, ¢). In this case, however, one might suspect that these factors
do not commute as they live at the same point in CP*. It turns out that this map is valued in

the tangent bundle of the Lie group,
G:X—>TG=EGKxg. (1.147)
At the level of the Lie algebra, this gives a semi-direct product between g and an Abelian algebra,
Lie (G x g) = g x RIm(©) | (1.148)

These group multiplication and Lie bracket structures can be derived by considering consecutive
gauge transformations of 4dCS theory.

These spaces are known in the literature [Del+20; LV21] as the defect Lie algebra and the
defect Lie group. They are especially useful for discussing boundary conditions in 4dCS theory,
as the boundary variation may be succinctly written in this language. To this end, it is necessary
to introduce an inner product on the defect Lie algebra which is derived from the 1-form w. Let

us return to the example of the A-model where the boundary variation was given by
/ [ (SAN A o—ra — r(GANA) e | - (1.149)
bX

Inspired by the previous discussion, we might introduce a 1-form A= (Al 4o, A|l-a) which is
valued in the defect Lie algebra g = g & g. We would like to write the boundary variation of 4dCS

theory in terms of this 1-form as

/E @AY, (.-):GxFoR. (1.150)
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Here, we are denoting by ((-,-) an inner product on § which is derived from the boundary

variation of 4dCS theory. In the present example, this inner product is defined by
<<(X+, X_), (Y+7Y_)>> = tI‘(X+ . Y+) - tI‘(X_ . Y_) . (1151)

This provides a context in which to discuss boundary conditions of 4dCS theory.

Schematically speaking, the 1-form A has two types of indices: coordinate indices on the
4-manifold M, running over a basis of 1-forms, and gauge group indices running over a basis of
the defect Lie algebra. Generically, boundary conditions could impose constraints on either of
these indices. For example, we could constraint the 1-form legs of the gauge field with chiral
boundary conditions such as Ay |op = 0, or we could constraint the algebra indices of A by relating
its components with conditions like A|;, = A|_,. Restricting our attention to the second class
of boundary conditions, these fit nicely into the defect Lie algebra formalism.

An isotropic subspace of § is a subspace GC g such that the inner product restricts zero on 5,
(X,Yp=0 VX, Yeb. (1.152)

Assuming that the inner product on g is non-degenerate, an isotropic subspace Gmay be at most
half-dimensional and these are known as maximal isotropic (or Lagrangian) subspaces. Given
a maximal isotropic subspace [; of the defect Lie algebra, we can impose boundary conditions
which restrict A to live in this subspace. For example, the diagonal boundary conditions require

A to live in the diagonal subspace ga of the defect Lie algebra § = g @ g,
Alya = A|_q — Acega={(X,X)|Xecglcgayg. (1.153)

The 4dCS boundary variation vanishes due to the isotropy of the subspace.

At this stage, we are ready to state the “special” property of these diagonal boundary
conditions when compared to the boundary conditions A|;, = g A|_, for some parameter g € C.
Whilst all of these conditions will define isotropic subspaces of their associated defect Lie algebras,
only the diagonal subspace is also a subalgebra, meaning it is closed under the Lie bracket. The
implication of this statement is that external gauge transformations within this subalgebra will
preserve the boundary conditions of 4dCS theory. In particular, there will be no differential
constraints on these external symmetries, leading to an [;—Valued gauge symmetry which we can
use to fix some degrees of freedom in the edge modes.

Let us turn to the examples of the PCM and its non-Abelian T-dual (NATD). The 4dCS
setups for these two integrable sigma models are related by changing the boundary conditions at
a second order pole in w. In this context, the relevant defect Lie algebra is § = g x R4™(®) whose

defect Lie group is the tangent bundle TG. To be explicit, we will work with the 1-form

C-aE-b,

% ¢. (1.154)

w =

52



Focusing on the pole at ( = 0, the boundary variation of 4dCS is given by
/ { (ab) Octr (AN A)|c=o — (a+b) tr(6AN A)|c=o | - (1.155)
b

We can introduce a 1-form A = (Alo, O¢ Alo) which captures the relevant degrees of freedom in this
boundary variation. Then, in order to write the boundary variation as before, we are prompted

to define an inner product on the defect Lie algebra by
(X, 2),(Y,y)) = (ab)tr(X -y4+z-Y) = (a+b)tr(X-Y) . (1.156)

There are two natural subspaces to consider which are related to the boundary conditions A|g = 0

and J¢Alop = 0. We will denote these subspaces (which are also subalgebras) by

g={(X,0)| X € g} Cgx RIMO

1.157
Rdim(G) _ {(va) | = Rdim(G)} C g X Rdim(G) ) ( )

These are complementary subspaces of the defect Lie algebra, but they are not always isotropic
subspaces — meaning they do not always define good boundary conditions. The second subspace
R4m(G) js always isotropic, but the subspace g is only isotropic when the parameters satisfy
b = —a. This can also be phrased in terms of the boundary conditions we have encountered
earlier. Restricting A to live in one of these subspaces can be translated into the aforementioned
conditions,

Aeg — cAlpg=0,

L (1.158)
A e RIm(©) — Alp=0.

Considering the boundary variation, A|o = 0 is always a good boundary condition, but d;A|o = 0
only works when b = —a.

This restriction on the parameters in 4dCS theory has an impact on the associated two-
dimensional sigma model. Whilst this 1-form with the boundary conditions A|y = 0 generically
recovers the PCM plus WZ term, the condition b = —a sets the coefficient of the WZ term to
zero, leaving just the standard PCM. At this point, the boundary conditions 0¢A|o = 0 are also
accessible which leads to the NATD of the PCM.

In the language presented above, these two boundary conditions define complementary
subalgebras of the defect Lie algebra which are both maximal and isotropic. This structure is
known as a Manin triple where the triple refers two three objects: the defect Lie algebra, and
two complementary maximal isotropic subalgebras. In this context, the defect Lie algebra is
also known as a Drinfeld double. These structures also appear in the context of Poisson-Lie
T-duality (PLTD) of integrable sigma models (see [Thol9] for a recent review). In short, given
a Manin triple (9, g, §) where the Drinfeld double is ? = g < §, one can define two integrable

sigma models whose target spaces are G = exp(g) and G = exp(§) respectively. It turns out that
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these integrable sigma models are related by a generalisation of T-duality known as Poisson-Lie
T-duality [KS95; KS96b].

In the special case that the second isotropic subalgebra is abelian, that is § = RIm(G)
PLTD reduces to NATD. This provides an interpretation of the fact that changing the boundary
conditions in our 4dCS setup had the effect of turning the PCM into its NATD. In general, 4dCS
setups with the same 1-form and different boundary conditions are related by PLTD. Returning
to the example of the A-model, we might try to find different boundary conditions to impose on
the two simple poles with the goal of recovering another two-dimensional sigma model which
should be related to the A-model by PLTD. This is indeed possible, and the PLTD model is the

Yang-Baxter deformation. We will explore this example in the following section.

1.3.6 Yang-Baxter deformation

We can recover another integrable deformation from 4dCS theory using the same meromorphic
1-form w but imposing different boundary conditions. Let us assume that the Lie algebra g admits
a solution R to the mcYBe,

[RX,RY] - R[X,RY] - R[RX,Y]+*[X,Y]=0 VX, Yecg. (1.159)

Solutions of this equation fall into three classes determined by the value of ¢ € {0,1,1i}. In the
present case we will consider solutions to the inhomogeneous Yang-Baxter equation which have
¢ # 0. For the “non-split” solutions with ¢ = i, one must perform a thorough analysis of the
reality conditions [Del420] to properly understand the 4dCS theory. In order to avoid these
issues for the time being, we will study the “split” solutions with ¢ = 1. We will also restrict to
anti-symmetric solutions with respect to the trace on g.
Given an anti-symmetric solution to the split inhomogeneous mcYBe on g, we can impose the
boundary conditions
(R+1)Aslcmsa = (R = DAsle—a . (1.160)

We can understand these boundary conditions in the language of the defect Lie algebra. Let us
consider the 1-form A = (A]4a,A|-a) which captures the boundary components of the gauge
field. This 1-form is valued in the defect Lie algebra g = g @ g and we might consider boundary
conditions defined by isotropic subspaces of g. To recover the A-model, we imposed the diagonal

boundary conditions which require the gauge field to live in the diagonal subalgebra of g,
Alja = Al_a — Aega={(X,X)|Xeglcgag. (1.161)

The fact that this subspace is also a subalgebra explains the emergence of an additional gauge
symmetry in the 4dCS theory.

Now, we would like to find a complementary subalgebra to ga which is also istropic. Given a
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solution R to the split inhomogeneous mcYBe, we can define such a subalgebra by
R ={(R-DX,(R+1)X)| X eglCgdg. (1.162)

The boundary conditions given earlier are equivalent to the requirement that the 1-form Ais
valued in this subspace of §. Whilst the diagonal subalgebra ga is isomorphic to g, the subalgebra
gr is equipped with an alternative Lie bracket defined by

[X,Y]r = [RX,Y] + [X,RY] . (1.163)

We will refer to this Lie bracket as the R-bracket and one can show that it satisfies the Jacobi
identity by virtue of the mcYBe. In addition, the mcYBe also implies that the maps (R £ 1) are
Lie algebra homomorphisms from gz into g. This implies that the subspace gr C @ is also a
subalgebra of §, meaning that the 4dCS theory will exhibit a residual gauge symmetry with this
choice of boundary conditions. In fact, this subspace is complementary to the diagonal subspace,

meaning that we have the vector space decomposition

gDg=gn Por - (1.164)

At the level of groups, this allows us to parameterise the coset (G x G)/Ggr by elements of the
diagonal subgroup Gao C G x G. We will shortly use this fact in our gauge fixing.

Returning to our 4dCS setup, let us derive the associated two-dimensional sigma model. We
will implement the field redefinition A = L9 and denote the relevant degrees of freedom in the

edge mode by

Jlecta =9+,  Glecma=0-1  dleco=0,  § '0hlccn =0 . (1.165)

The external symmetries at ¢ = oo allow us to fix ¢ = 0. Then, we have this residual Gz gauge
symmetry which preserves the boundary conditions. As mentioned, we can parameterise the coset
by elements of the diagonal subgroup, meaning we can fix the edge modes to obey g+ = g—. We
will denote this surviving element by g for ease of notation. Then, we can use the internal gauge
symmetry to fix L; =0and g = id. In summary, the edge mode degrees of freedom now take the

form

glC:-l-a =9, g|C:—0¢ =9, Q|C:oo =id ) g_lanIC:oo =0. (1'166)

The group-valued field g will be the fundamental field of the two-dimensional sigma model. We
expect this two-dimensional sigma model to have a global G symmetry inherited from the constant
external transformations acting at ¢ = co. These act on the surviving field as a global left action
gr—h=t.g.

The next step is to solve the bulk equations of motion d;Ly = 0. Allowing for the poles in
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L., the general solution is given by

U, U_

Ly =V 4+ ——, L =V_4+———. 1.167
P=Vit e T+¢ (1.167)
We can then solve for V1 and UL in terms of g using the boundary conditions. The boundary

condition at ¢ = oo tells us that Vi = 0, whilst the other boundary conditions imply

1 -1 -1

The equations can be solved for Uy provided that the operators (1 F aR) are invertible. Many
of the known solutions to the mcYBe satisfy the additional condition R® = R. In this case, its
eigenvalues are {0, £1} and the operators will be invertible so long as a # +1. In the 4dCS setup,
this means that the locations of the simple zeroes must be distinct from the locations of the

simple poles. We will assume that these operators are invertible and solve for UL as
1—a?

Up = —— —
T

d1997",  Ry=Ad,RAd;". (1.169)

To compute the action of the two-dimensional sigma model, we substitute these expressions

into the 4dCS action and compute the integral over CP'. The interal over CP* gives

”Jra

Saacs[L, §] = /

[tr(LAdgg—l)|+a - WZz[g
z

fo.1] (1.170)

—tr(LAdGg )| + [ ]WZ[Q] a] .
0,1

Since the residues of the two pole have the same magnitude, the two WZ terms will cancel against
each other and it remains to compute the quadratic term. This gives the two-dimensional sigma

model

‘ 1 _
Syplg]l =2« /Ed% tr (g - T=aR Jo) - (1.171)

This may be recognised as the integrable Yang-Baxter deformation of the PCM which reduces to
the PCM in the limit & — 0. From the 4dCS perspective, this limit corresponds to the two simple
poles recombining at ( = 0. The operator in between the two Maurer-Cartan forms breaks the
right-acting global symmetry, but the left-acting global symmetry is preserved — this matches
our expectations from 4dCS theory. This model was first derived from 4dCS theory in [Del+20].
The 4dCS setup of this integrable deformation uses the same 1-form as the A-model. The
different two-dimensional theories are related by choosing different boundary conditions in 4dCS
theory: they correspond to the two complementary subspaces in the decomposition of the defect

Lie algebra
gDg=ga Dgr - (1.172)
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This structure describes a Manin triple which underlies Poisson-Lie T-duality (PLTD) in two-
dimensional sigma models. Indeed, it is known that the A-deformation and the Yang-Baxter
deformation are related by PLTD [Vicl5; SST15; Klil5]. These 4dCS constructions offer an
alternative perspective on this statement [Del+20; LV21].
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Chapter 2

Self-dual Yang-Mills theory and

twistor space

2.1 Self-dual Yang-Mills theory

Self-dual Yang-Mills (SDYM) theory is a four-dimensional gauge theory which has connections to
integrability. It describes an interesting sector of the usual Yang-Mills theory which has been
studied due to its relationship to instantons [Bel+75]. We will start by describing the role of the
self-dual sector in usual Yang-Mills theory, before moving on to its applications in integrability.

Four-dimensional Yang-Mills theory is a gauge theory defined by the action
1
SYM[A] = f/ tI‘(F/\*F) . (2.1)
2 Jpa

This action is quadratic in the field strength F' = dA + A A A which is an algebra-valued 2-form
on spacetime. The field strength satisfies the Bianchi identity VF = 0 where V =d + A is the
covariant derivative, and the equation of motion of this theory, found by varying the action, is
given by Vx F = 0.

In four-dimensions, the Hodge star maps 2-forms to 2-forms and (in Euclidean or split
signature) it squares to the identity. In these cases, we can decompose the field strength into its

self-dual and anti-self-dual components,
F=F, +F_, *Fy =+F, . (2.2)

These two components are exchanged if we swap the choice of orientation on spacetime, so any
comments about one sector equally apply to the other. In four-dimensions, it turns out that

self-dual and anti-self-dual 2-forms are orthogonal with respect to the wedge product. This allows
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us to write the Yang-Mills action as
1
Sym[A] = 3 tr(Fp ANFy —F_AF_) . (2.3)
R4
On the other hand, there is another gauge invariant 4-form we can consider,

%/ tr(FAF) :%/ tr(Fp AFy + F_AF_) . (2.4)
R4 R4

This is the topological theta term which can locally be written as a total derivative of the
Chern-Simons 3-form. Since this is a boundary term, one might think that it will not contribute
to the action as we should ask our fields to die off at infinity. In fact, this is a little too strong
— we should not require the gauge field A to vanish as r — oo, it is sufficient for the action to

vanish in this limit which happens whenever A is pure gauge,
7 — 00, A—gldg. (2.5)

Let us denote the “boundary” of spacetime at infinity by OR* = S3. The field g is a map from
this boundary to the gauge group G,
g:8%—=G. (2.6)

These maps are classified by the third homotopy group n3(G) = Z which is isomorphic to the
integers for any simple Lie group G. This is easiest to understand in the example G = SU(2) = §3
where the field g is a map from S? to itself. Each class in the homotopy group is characterised by
an integer k € Z which counts the number times the map g wraps the S? around itself. Evaluating

the topological theta term on these solutions gives

8%/ tr(FAF):i WZ[g] =k . (2.7)
Us R4

272 S3
The boundary term is the Chern-Simons 3-form which becomes the Wess-Zumino (WZ) 3-form
when evaluated on gauge-trivial solutions. In turn, the WZ 3-form is known to count precisely
the same winding number k € Z which we just discussed. This characterisation of the gauge field
at infinity decomposes the space of solutions into different topological sectors based on the value
of the winding number.
There is more to say about these solutions with non-trivial winding, as can be seen by writing

the Yang-Mills action as

SyuilA] = %/Wtr(F/\F) —A4tr(F_AF_) . (2.8)

The first term is the topological theta term which counts the winding number of the gauge field.

Restricting ourselves to a given topological sector, this term is fixed and proportional to k € Z.
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Therefore, minimising the action within this topological sector amounts to searching for solutions

to F_ = 0. This is known as the self-dual Yang-Mills equation and can equivalently be written as
F =%F. (2.9)

One can check that solutions to this equation are classical solutions of the theory as the Bianchi
identity implies that the equations of motion are solved. In non-trivial topological sectors, these
will be finite action solutions which are known as instantons [Bel+75].

The self-dual Yang-Mills equations have been also been studied extensively in the context of
integrability. To provide a Lax pair for these equations, we will first introduce some additional
notation. Let {u',u?} denote complex coordinates on R?* such that the (Euclidean) metric and

volume form are given by

ds? = du'da’ + du?da? | d*z = du' Ada' Adu? Ada? . (2.10)
In these conventions, a basis for the anti-self-dual 2-forms is given by

du A du? | dat A di? | w = du' Adu' + du® A di® . (2.11)

The third 2-form here which we denote by w is proportional to the Kéahler form on R* and should
not be confused with the meromorphic 1-form appearing in 4dCS theory. The self-dual Yang-Mills

equations are therefore written as
(Ot NOy2) 2 F =0, (Ogr NOg2) 2 F =0, (Our NOgr + 0y2 NOg2) 2 F =0. (2.12)

The contractions with these bivectors pick out the anti-self-dual components of the field strength.
In the complex structure where {u',u?} are holomorphic coordinates, the first two of these
expressions may be written as F20 = 0 and F%? = 0.

Alternatively, consider the pair of differential operators given by
L=Vz—(V,, M=Vzg+(V,. (2.13)
Treating these as a Lax pair, their commutator is given by
[L,M] = Fgigz — ¢ (Furgr + Fu2a2) + ¢*Fuee - (2.14)

Asking this to vanish for all values of the spectral parameter ¢ € C is equivalent to the self-dual
Yang-Mills equations. These differential operators provide a Lax pair for SDYM which is central
to the connection with integrability.
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2.1.1 Four-dimensional WZW and LMP models

The self-dual Yang-Mills equations can be treated as a system of three equations for a gauge
field A which is defined up to gauge transformations. Alternatively, we can solve some of these
equations and impose some gauge fixing constraints to find a simpler yet equivalent system of

equations. There are two well-known examples of this approach which we will now review.

4dWZW model

In the first case, we will solve the equations F?Y = 0 and F%? = 0. These are integrability

conditions which imply the existence of solutions h and & to the equations
AV =h71on, A% =h"10h. (2.15)
We can now perform a gauge transformation by & which brings the total gauge field A to the form
A=g10g, g=h-h7'. (2.16)

In this parameterisation, the field g is known as Yang’s matrix [Yan77] (or alternatively as the

J-matrix) and the remaining SDYM equation is known as Yang’s equation [Yan77],
wAd(g tog) =0. (2.17)

It is worth emphasising that this represents a generic solution to the SDYM equations. The
solutions h and h were completely general, and gauge fixing is a legal move as solutions should
only be considered up to gauge transformations. In other words, there is a one-to-one map
between solutions to Yang’s equation and solutions to the SDYM equations up to gauge.

This equation also arises as the equation of motion of the four-dimensional Wess-Zumino-
Witten (4dWZW) model [Don85; Los+96]. The action of this theory is given by

1
Suawzw(g] = 5/

tr(g_ldg/\*g_ldg) —|—/ wAWZ[g] . (2.18)
R4

R4 x[0,1]

This is a higher-dimensional analogue of the two-dimensional WZW model which exhibits some
similar properties. The 2-form w appearing in the second term is proportional to the Kéahler form
on R*, and this term is defined over the 5-manifold R* x [0, 1]. In particular, the WZ 3-form is
defined in terms of smooth homotopy from the trivial map at R* x {0} to the fundamental field g
at R* x {1}. The analogue of level quantisation in two-dimensions is that the integral over w over
any non-trivial 2-cycle must be quantised [Los+96]. This action is invariant under a semi-local

G x G symmetry which acts as

grrhitog-he, Ohy =0, Oh, =0. (2.19)
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The presence of w in the action breaks some of the spacetime symmetry of the 4dWZW model.
Translational invariance is preserved, but only those rotations which leave the Kéhler form
invariant are symmetries of the theory. These form a U(2) subgroup of the full SO(4) group of
rotations.

The first incarnation of this theory appeared in [Don85] where the action took the form

S4dWZW[g] = /]R4 K tr(F/\ F) . (220)

In this expression, we have introduced a Kihler potential defined by w = 90k and F is the
field strength of the gauge field A = g~'0dg. The 4dWZW model also appeared in the context
of Kéhler Chern-Simons theory [NS90; NS92] as a natural generalisation of the 3dCS/2dWZW
correspondence, and in the context of N = 2 open string theory [OV90]. Important aspects of
the theory were developed in [Los+96; Los+97] including finiteness of the quantum theory, a

“four-dimensional Verlinde formula”, and a connection to Donaldson theory.

LMP model

We now turn to the second presentation of the self-dual Yang-Mills equations. We choose to solve

F%2 = 0 in terms of a group-valued field h as before, and then we write the gauge field as
A=h"'B"h+n7tdn . (2.21)

From here, we can perform a gauge transformation by h leaving the gauge field in the form
A = BY0 such that the third SDYM equation reads

WA OBYY =0 =05 By1 + 052B,2 . (2.22)

This implies the existence of an algebra-valued function ¢ (also known as the K-matrix) solving
the equations B,1 = —0z2¢ and B,z = J31¢. Substituting this solution into the remaining SDYM

equation gives
OB + BYOABY = 0= 0,1051¢ 4 0420520 + [0a1 ¢, D2 ] . (2.23)

This equation was first presented in [New78] as a technique for finding solutions to the SDYM
equations. It also arises as the equation of motion of the LMP action, introduced independently
by Leznov and Mukhtarov [Lez87; LM87] and later by Parkes [Par92],

Stmp[@] = /W tr(; de A xde + %dul Adu A ¢ -de A d¢) . (2.24)

This theory, and also the 4dWZW model, have been used to compute amplitudes in Yang-Mills
theory, see [CS96; Ber+97] for example. In more recent years, the LMP model has also appeared
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in the context of the double copy: a relationship between amplitudes in Yang-Mills theory and
gravity. The kinematic algebra appearing in this topic was studied at the level of the action in
[MO11] using the LMP model.

2.1.2 Reductions of self-dual Yang-Mills

The self-dual Yang-Mills equations are also related to lower-dimensional integrable models by
reduction (see the textbook [MW91] for a useful introduction to this topic). In four dimensions,
the action of the Hodge star on 2-forms determines and is determined by the conformal class
of the metric. It is not so surprising that knowing the metric on spacetime up to a conformal
transformation is enough to determine the action of the Hodge star on 2-forms. One might
not have expected, however, that knowing the action of the Hodge star on 2-forms is enough
to determine the conformal class of the metric. This observation underlies a rather miraculous
reformulation of four-dimensional gravity in which the role of the fundamental field is played by
a basis for the self-dual 2-forms, rather than by the metric (see the textbook [Kra20]).

In the present context, this means that the self-dual Yang-Mills equations are invariant under
conformal transformations. On the other hand, a solution of the SDYM equations need not be
invariant under conformal transformations: there is no reason that a solution of a given system
should posses the same symmetries as the system itself, instead each solution is generically mapped
to a different solution under a symmetry of the system. However, we can restrict our attention to
those solutions which are invariant under some symmetries of the system. Let H C Conf(R?*) be a
subgroup of the conformal group which acts on spacetime. We can study the system of equations

given by the SDYM equations together with the constraints
LxA=0 VX eH. (2.25)

Here, X denotes a conformal Killing vector on spacetime which generates the action of H.
These constraints are not gauge invariant, and this has two important consequences. Firstly,
gauge transformations will only preserve the space of solutions to this constraint if they also obey
similar constraints. For example, if we take X = 9,2 which generates translations in 42, then
the gauge transformations must be independent of this coordinate to preserve the constraint.
Secondly, a connection may be gauge-equivalent to an invariant connection even though it is
presented in a gauge in which it is not invariant. There is a proper geometric framework for
addressing these concerns [MW91] which is especially important when the symmetry group does
not act freely. Technically speaking, the action of H must be lifted from spacetime to act on the
gauge group, and inequivalent lifts are available when the action of H has fixed points. For the

time being, we will bypass these considerations in favour of studying some examples.
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Translational reductions of 4dWZW

As well as studying reductions of the SDYM equations, we might also consider reductions of the
other equivalent systems. One may partially solve the SDYM equations to recover the equations
of motion of the 4dWZW model (also known as Yang’s equation) or alternatively the equations
of motion of the LMP model. These presentations break some of the conformal symmetry, so
there will be fewer options for reduction when compared to the SDYM equations. Nonetheless, if
one chooses a subgroup H C Conf(R*) which leaves these equations of motion invariant, one may
restrict to solutions which are also invariant under this action.

Let us start by considering reductions of Yang’s equation which is the equation of motion of

the 4dWZW model. In complex coordinates {u!,u?} on spacetime, this equation is written as
Oyt (gflamg) + Oy2 (gfl&lzg) =0. (2.26)

The simplest reductions are by translational symmetries, for example translations in «? and
u? which are generated by the vectors 9,2 and d32. We can use the coordinates {u',u'} as
coordinates on the quotient space R*/H as they are invariant under the action of the reduction

vectors, and the reduced equations on this space are given by
Out (97 0a19) =0 . (2.27)

These may be recognised as the equations of motion of the two-dimensional WZW model.

Alternatively, consider a different two-dimensional translational reduction generated by
X - 8@1 — 611,2 B Y - 8@2 — aul . (228)

We can parameterise the quotient space R*/H by the invariant combinations 2+ = u! + 42 and

2~ = 4! +u?, in terms of which the reduced equations are then written as [War85]
0+(9710-g) +0-(97049) =0 . (2:29)

In this case, we find the equations of motion of the PCM. Introducing an additional parameter
interpolating between these two reductions, we can recover the whole family of two-dimensional
models known as the PCM plus WZ term.

As well as recovering the equations of motion for these systems, the reduction from SDYM
also provides a Lax for these models. We should start with the Lax pair for SDYM and specialise
to A = g~ '0g which is relevant to the 4dWZW model. The four-dimensional Lax pair for this

gauge field configuration is given by
L =03+ gilaﬁlg — C@uz , M = 92 + gil(?ﬁzg + <8u1 . (2.30)
If we apply the reduction which recovers the PCM and adopt coordinates 2+ = u! + @2 and
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x~ = u' + u?, this Lax pair becomes
L=(1-¢0_+g'o g, M=(1+¢0, +g '0,9. (2.31)

To relate this to the usual Lax connection, we simply multiply both of these differential operators
by an overall coefficient such that they take the form (01 + Li). This does not change the
systems of equations derived from their commutator, but brings them into the familiar form of a
covariant derivative. Doing this, we find the usual components of the Lax connection,

Y

s=T1c (2.32)

Taking similar steps for the interpolating reductions recovers the Lax connection of the PCM
plus WZ term.

Our discussion thus far has been at the level of equations of motion, and whilst this is an
interesting method for deriving integrable systems of equations, a quantum treatment of these
models also requires an action for the theory. Fortunately, recent developments have shown that
we can perform a similar reduction at the level of the action [BS23]. Let us start with the action
of the 4dWZW model,

1
Ssawzw(g] = 5/

tr(gfldg /\*g’ldg) Jr/ wAWZ[g] . (2.33)
R4

R4 [0,1]
The 2-form w = du' Ada' +du? Adu? is proportional to the Kihler form and breaks the spacetime
rotational symmetry from SO(4) down to U(2). Nonetheless, the theory is still invariant under

translations, and we will look to perform a reduction of this system by the vectors
X = 81;1 - aau2 s Y = 8@2 + baul . (234)

Here, a,b € C are parameters which allow us to interpolate between the PCM and WZW model
reductions. First, we will demand that the group-valued field is invariant under the flow of these

vector fields,
[,Xg:O y ﬁyg:() . (235)

With this constraint imposed, the whole integrand appearing in the action is invariant under the
action of H. In particular, contracting the 4-form integrand with X and Y gives a 2-form which
is also invariant under H, and we will interpret this as the integrand for a theory on the quotient
space R*/H.

Starting with the kinetic term, we can write it in coordinates as

/ d*z tr(g_laulg cg 05 g+ g 0,2 - g_laﬂ2g) . (2.36)
R4

65



We will adopt the coordinates on the quotient space given by 2t = u! —bu? and = = u?> + a @'

which are invariant under X and Y. After imposing the invariance condition on g, we can convert
all of the derivatives into derivatives with respect to #%. Then, contracting the volume form with

X and Y gives the two-dimensional integral

(a—0) /2 d?z tr(g*18+g g to_g) . (2.37)

This is a two-dimensional kinetic term for our integrable sigma model, where we are denoting the
quotient space by ¥ = R*/H.
Turning to the WZ term, since the field ¢ is invariant under X and Y, the contraction will

only see the 2-form w. The coefficient of the reduced WZ term is therefore given by
XaYiw=a+b. (2.38)

This can be interpreted [Cos21] as the Kéahler volume of the 2-manifold generated by the flow of
X and Y. Bringing these two terms together, we land on the action for the PCM plus WZ term,

a—2b

Spemwz|g] = /Ztr(g’ldg Axg~'dg) + (a+b) /gWZ[g] ) (2.39)
Here, we denote an extension of the 2-manifold by Y =Xx [0,1]. This whole family of two-
dimensional sigma models can be recovered as a reduction of the 4dWZW model, and the
coefficients appearing in the action are related to the choice of reduction vectors [BS23].

This procedure of demanding that the fundamental fields are invariant and then contracting
the integrand with the reduction vectors is not especially familiar, so we will offer another
perspective in the language of a Kaluza-Klein reduction. Let us assume that H is abelian and
consider compactifying the integral curves generated by X and Y. Then, our spacetime looks like
R* 2 ¥ x T? where ¥ is identified with the quotient space. Shrinking the radius of the torus,
higher-order modes in the Fourier expansion will decouple until only the zero modes survive in
the effective two-dimensional on . These are precisely the fields which are invariant under the

flow of X and Y and would satisfy the constraints we imposed above.

Other reductions

There are many interesting reductions of the SDYM equations and its descendants [MW91]. From
the examples above, we see that one can vary the subgroup H C Conf(R*) of the conformal group,
the gauge group G, and the choice of gauge fixing for the SDYM connection. In addition to this,
when the action of H has fixed points one can make different choices of lifts to its action on the
gauge group, and there are other examples where the values of certain scalar fields can be fixed
in the reduction data. We will not explore the full range of these reductions, but we will give two

more examples which will be relevant to forthcoming sections.
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Keeping with reductions of Yang’s equation, we can consider an alternative subgroup H of the
conformal group. In cylindrical coordinates on R* defined by u! = pe'® and u? =y +i7, we will

consider the two-dimensional subgroup generated by
X =04, Y=0,. (2.40)

One can check that X is part of the U(2) C SO(4) subgroup which preserves the Kéahler structure
on R* and is therefore a symmetry of Yang’s equation. We impose that g is invariant under the
flow of these vectors, and use {p, y} as coordinates on the quotient space. The reduced equation

of motion is
8p(pg_18pg) + p 0y (g_lﬁyg) =0. (2.41)

This is known as the Ernst equation which also appears in the context of general relativity.

Consider Einstein’s gravity in four dimensions and restrict to metrics which have two com-
muting isometries. If one takes such a metric and substitutes it back into Einstein’s equations
then they reduce to the Ernst equation given above. In this context, the field g lives in the
coset SL(2,R)/SO(2) and is identified with the metric components along the isometry directions.
This relationship between the static, axisymmetric gravity equations and a static, axisymmetric
reduction of the SDYM equations was noticed in [Wit79]. This observation inspired further work
[War82] in which the machinery of twistor theory was used to generate solutions to the vacuum
Einstein’s equations.

We can also consider reductions of the LMP model. As a simple example, let us reduce by

the two translation vector fields
X - 8{‘1 — aau2 B Y == 8@2 + baul . (2.42)

We will demand that the fundamental field ¢ is invariant under these vectors and adopt the
coordinates T = u' — bu? and z~ = u? + a ' on the quotient space. The kinetic term reduces
in a similar way to the 4dWZW model while the cubic term picks up a coefficient of (ab). This

leads [BS23] to the two-dimensional action

Sodarrr|[ @] = /

Etr<a;bd¢/\*d¢+2gb¢-d¢/\d¢> . (2.43)

This is the integrable model known as the pseudodual of the PCM [ZM78] which exhibits particle
production [Nap80] in the perturbative scattering matrix. Whilst integrability in two-dimensions
is often taken to be synonymous with ‘no particle production’, this is only true when all of the
excitations are massive [HLT19b]. When the theory admits massless excitations, as is the case for

the pseudodual, this argument no longer holds.
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2.2 (Geometry of twistor space

Twistor theory was originally introduced with the objective of unifying quantum mechanics and
general relativity [Pen67; Pen68]. Heisenberg’s uncertainty principle tells us that the point particle
description of physical objects breaks down when considering quantum effects, and Einstein’s
general relativity shows that the structure of spacetime itself ultimately depends on the nature
of its contents. This prompts the budding twistor theorist to abandon the classical description
of spacetime in favour of a new geometric framework — twistor space. Of course, the existing
description of spacetime has been incredibly successful, and such progress should not be lost in
pursuit of further advancements. Much work has focused on incorporating the known physical
models into the twistor space framework, but several difficulties have been encountered. On the
other hand, twistor theory has offered new insight into certain areas of physics, especially in the
realm of integrability.

There are two crucial differences between twistor space and the usual geometry of spacetime.
The first difference is inspired by quantum mechanics, where the constituent wavefunctions are
valued in the complex plane, rather taking real values. Now consider our theories of gravity, where
the dynamical object is the geometry of spacetime itself. In the spirit of quantum mechanics, if
one wishes to construct a theory of quantum gravity, one might expect to work with complex
manifolds, rather than real ones. Such a theory should also come equipped with a mechanism
for imposing reality conditions, in order to recover known results on the usual description of
spacetime. Along these lines, twistor space is a complex manifold which is related to complexified
spacetime, and there are a series of valid reality conditions.

The second crucial difference is the object that is taken to be fundamental. In the usual
description of spacetime, points are taken to be fundamental and the toolkit of Riemannian
geometry is built up from this foundation. By comparison, the primary elements of twistor space
are light rays in Minkowski space (or null 2-planes in complexified spacetime). Each point in
twistor space corresponds to an entire light ray in spacetime, an inherently extended and non-local
object. Similarly, each point in spacetime corresponds to a complex curve embedded in twistor
space. This non-local correspondence (known as the twistor correspondence) provides a very
different perspective on spacetime physics. Indeed, many challenging problems on spacetime are
amenable to a twistor space approach, whilst other key aspects of spacetime physics are hard to
formulate on twistor space. See [ADM17] for a recent review of twistor theory, and [Adal8] for
some introductory lecture notes on the subject.

In this section, we will explore the geometry of twistor space, the complex manifold underlying
twistor theory. There are a few equivalent descriptions of twistor space which appear in the
literature, and we will present each of these descriptions independently while showing how to
move between them. When it is necessary to impose reality conditions, we will focus on Euclidean
signature since this is the easiest example to understand. We will denote the twistor space of
complexified spacetime by PT¢ and the various real slices with the subscripts E for Euclidean, IL

for Lorentzian, and U for ultrahyperbolic (or split signature).
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It is important to highlight that this thesis is not really about twistor theory as a theory of
quantum gravity, but rather as a tool for understanding integrability in other physical models.
Our motivation stems from the observation that most known integrable systems arise from
reductions of twistor space, and this is an area where the twistor description has been incredibly
successful. To be more precise, given a certain structure on twistor space (a holomorphic vector
bundle), there is a recipe (known as the Penrose-Ward transform) for constructing solutions to
the self-dual Yang-Mills (SDYM) equations on spacetime. In turn, most known integrable systems
arise as reductions of the SDYM equations, and bringing these ingredients together provides a
derivation of these integrable models from twistor space. This will be the primary application
of twistor space within this thesis, and the following section is presented with this in mind. In
particular, we will focus on technical aspects of the geometry which are helpful for understanding
the Penrose-Ward transform, whilst neglecting many of the other interesting developments in this
field.

2.2.1 As the moduli space of complex structures

Euclidean twistor space is a three-dimensional complex manifold which we will denote by PTg.

As a real manifold (forgetting the complex structure) there is an isomorphism
PTg = 5% x R* . (2.44)

The R* factor can be identified with (Euclidean) spacetime, and the moduli space of complex
structures on R* may be identified with the S? factor. This six-dimensional real manifold becomes
a three-dimensional complex manifold when equipped with a complex structure which varies as
we move around the S?. We will build up to this description of twistor space by starting from a
discussion of complex structures on R*.

Firstly, we should recall some facts about equipping Riemannian manifolds with complex
structures. Locally, any even-dimensional real manifold looks like R?™ and non-trivial aspects of
the geometry are encoded in the transition functions between coordinate patches. Contractible
manifolds such as R* are particularly simple examples as they can be covered with a single
coordinate patch. Complex manifolds have a very similar structure, except now each patch looks
locally like C™ and the transition functions are required to be holomorphic. A complex structure
is a recipe for turning a real manifold into a complex manifold: it tells you how to identify each
copy of R?" with C™ and how to consistently glue them together.

In differential geometry, complex structures on a manifold M are often studied at the level
of the tangent bundle TM. It turns out that a complex structure can be encoded by a linear
map on each tangent space which we will denote by J : TM — TM. The first condition on J
is that it must satisfy J? = —1, in which case it is called an almost complex structure. Every
even-dimensional real manifold can be equipped with an almost complex structure locally, so the

important question is whether this structure extends globally. In order for J to define a complex
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structure (as opposed to an almost complex structure) it must satisfy an integrability condition,
N;(X,)Y)=[X,) Y|+ JJX, Y]+ J[X,JY]-[JX,JY]|=0, (2.45)

for any two vector fields X and Y. The object N; is known as the Nijenhuis tensor, and it
measures a sort of curvature of the complex structure. If the Nijenhuis tensor for J vanishes,
then it defines a (genuine) complex structure on M.

How does this relate to our intuitive notion of equipping a real manifold M with a set of
holomorphic coordinates such that it locally looks like C™? Since the linear map J: TM — TM
satisfies J? = —1, we know that its eigenvalues must be 4-i. We can decompose each (complexified)
tangent space into the eigenspaces of J and we will denote the corresponding subbundles of TM
by TH'M and T%1M,

JX)=+X <= XecT''Mm,

(2.46)
JX)=-1X <<= XecT%M.

These subbundles are involutive (meaning they are closed under the Lie bracket) when the
Nijenhuis tensor of J vanishes. One can then find local holomorphic coordinates {2} on each
patch such that J acts as

7] .0 0 .0

o7 = Taa e T Tam

(2.47)

The fact that these subbundles are involutive ensures that these local holomorphic coordinates
can be patched together globally with holomorphic transition functions. This recovers the more
intuitive definition of a complex manifold.

So far, we have equipped a smooth real manifold with a complex structure, but we have not
taken into account any other structures on the manifold. Next, we will consider adding a complex
structure to a Riemannian manifold, that is a smooth manifold with a Riemannian metric g.
That additional ingredient here is that we require the complex structure to preserve the metric,
meaning that

g( X, Y)=¢g(JX,JY) . (2.48)

This ensures that the complex manifold comes equipped with a Hermitian metric A of which g is
the real part. The imaginary part of h is (1,1)-form w which is also preserved by the complex
structure. In the case that this (1,1)-form is closed (dw = 0) it defines a symplectic structure
on the manifold. The combination of these three mutually compatible structures (a complex
structure, a Riemannian metric, and a symplectic structure) defines a Kahler manifold, and in
this case w is known as the Kéhler form.

Turning to the example at hand, there are many complex structures which are compatible with
the Euclidean metric on R%. In fact, this is an example of a hyperkihler manifold: a Riemannian
manifold with three complex structures I, J, K which are all Kéhler with respect to the metric

g and which satisfy the quaternionic relation IJK = —1. Every hyperkédhler manifold has a
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two-sphere of complex structures which are Kéhler with respect to g. They are defined by
al+bJ+cK, A+ +cf=1. (2.49)

This two-sphere of complex structures on R* is precisely the two-sphere which appears in the
isomorphism of real manifolds PTg = S? x R*.

We are now ready to describe the complex structure on twistor space. We identify the
two-sphere S? with the Riemann sphere CP! = C U {oo} which provides it with a complex
structure and an associated holomorphic coordinate (. One may find an explicit map' between
this holomorphic coordinate ¢ and the coordinates {a, b, c} but it is not especially illuminating.
Then, we define the complex structure on R* by providing a set of holomorphic coordinates

v, v*} which we write in terms of the usual real coordinates {z*} as
!, v?} which ite in t f th I real coordinates {a*
v =gt iz - ¢ (23 —ixt) v =23 +iat + ¢ (2! —ia?) . (2.50)

Thinking of CP' as the moduli space of complex structures, we see that varying ¢ changes the
holomorphic coordinates on R*, indicating a change in the complex structure. In combination
with the complex structure on S?, this makes twistor space PTg a three-dimensional complex
manifold. Notably, it is not isomorphic to CP' x C2 as a complex manifold — one can compute a
certain topological class which is non-trivial for PTg but trivial for the product manifold CP' x C2
(for example, see [Ati79] for a discussion of this point).

It is often helpful to work with fixed complex coordinates on R* defined by u' = z! +i2? and
u? = 2% +iz? It is important to emphasise that these are not holomorphic with respect to the
complex structure on twistor space, though they do coincide with the holomorphic coordinates on
the submanifold ¢ = 0. In terms of these fixed complex coordinates, the holomorphic coordinates

on twistor space are written as
vt =l —Ca? vi=u?+Cal. (2.51)

This relationship between the holomorphic coordinates on twistor space and the coordinates on

spacetime is known as the incidence relations.

2.2.2 As the total space of a holomorphic vector bundle

Twistor space PT¢ is the total space of the holomorphic vector bundle
O(1)® O(1) — CP* . (2.52)

We will break down this statement with a brief review of holomorphic line bundles over CP'.

The Riemann sphere CP! is also known as the complex projective space as it may be identified

IThe coordinates {a,b,c} and ¢ are related by (a,b,c) = (1 +¢¢)~! (C +¢,—i(¢=¢), -1+ §(f)
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with the space of lines through the origin in C2. This may be parameterised by non-zero points

in C? modulo the equivalence relation of scaling,
(CIP’lz{(m,ﬂg)G(CQ | (1, m2) # (0,0)}/ ~, Tqr~rTg TECH. (2.53)

These equivalence classes are often denoted by [my : 2] to emphasise that they are defined up to
multiplication by a non-zero constant. The coordinates 7, are known as homogeneous coordinates,
in contrast to the inhomogeneous coordinates defined on each patch. If we cover CP' with two
patches defined by Uy = {m # 0} and Uz = {m2 # 0}, then we can define inhomogeneous
coordinates on these patches by

(=22 (=2 (2.54)

1 ’ o

These coordinates are related to one another on the overlap by ( = C~ -

A holomorphic line bundle over CP' is a fibre bundle whose fibres are isomorphic to the
complex line C. The total space of this bundle, which we will denote by E, is therefore locally
isomorphic to CP' x C, though this may not hold globally. If it does hold globally, then E — CP*
is the trivial bundle which we will denote by O(0). To show that a bundle is trivial, one may
provide a nowhere-vanishing global section. A section of a fibre bundle may be specified by a

map from each patch to the fibre,
81:U1—>(C, 822U2—>(C. (255)

These are local complex functions, and the bundle tells us how to glue them together on the
overlap. In particular, a holomorphic line bundle comes with a transition function @12 which
relates the local sections by

$1 =12 S2 - (2.56)

The trivial bundle is defined by the transition function 12 = 1. In this case, the local sections
must satisfy s; = so and any non-zero constant provides an example of a nowhere-vanishing
global section.

There are also non-trivial holomorphic line bundles over CP'. In fact, its identification with
the space of lines in C? provides a canonical example of a non-trivial line bundle, known as the

tautological bundle. We can view the equivalence relation as a projection map from the total
space E = C2\ {(0,0)} to the base manifold CP",

~:E—CP'. (2.57)

This projection maps an element of C2 to the corresponding equivalence class in CP*. We can

trivialise this bundle by working with inhomogeneous coordinates on the base and introducing a
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coordinate for the fibre over each patch. Let us parameterise this trivialisation by

U1XC—>E, UQX(C—>E,

- R (2.58)
(¢, m1) = (m1,¢m) (€, ma) = ({2, m2)

Sections of this bundle are maps from CP' to E, which we may define locally by two maps from
the base to the fibre. On the patch Uj, a local section is specified uniquely by the value of the
fibre coordinate m; € C since the value of 7o can be determined by the relation o = { 71. A local
section on the other patch is similarly determined by the value of 7o € C, so a global section is

defined by two maps 71 = s1(¢) and w2 = s2(¢). By definition, these sections must be related on

the overlap by the transition function
81 =¥12- 82, pra=¢"". (2.59)

This bundle is denoted by O(—1) and, in general, a holomorphic line bundle over CP' with
transition function ¢12 = ¢™ is denoted by O(n).
It is instructive to consider the global sections of these bundles. Locally, a (holomorphic?)

section of these bundles is given by some polynomial in the inhomogeneous coordinates,
81=a0+a1§+a2C2+..., 82=b0+b15+b252—|—.... (260)

In particular, we are restricting to positive powers so that s; is finite near ( = 0 and s is finite

near ¢ = 0. For the bundle O(n), these must be related on the overlap by
aptar{+an®+... =" (bo+bi T+ (2.61)

Solutions to this equation may not exist, meaning that there are no global sections of the bundle.
For example, if n < 0 then it is not possible to match the strictly positive powers on the left-hand
side with the strictly negative powers on the right-hand side. In the case of the trivial bundle
with n = 0, there are global sections defined by ag = by with the other coefficients vanishing.
Choosing ag # 0 provides a nowhere-vanishing global section, which demonstrates that the bundle
is indeed trivial. Then, for n > 0 all polynomials up to degree n are valid global sections, but
they will all vanish somewhere on CP' because the bundles are non-trivial. In summary, if we

denote by I'(E) the global sections of a bundle E, we have
L(O(mn)) =0 for n<0, L'(O(n)) =C*" for n>0. (2.62)

These complex numbers represent the coefficients of a general polynomial of degree n.

2In much the same way that the adjective “smooth” is often taken for granted in the context of real differential
geometry, the adjective “holomorphic” is often implicit in discussions about complex geometry.
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We claimed that twistor space PT¢ was the total space of the holomorphic vector bundle
O(1)®0(1) — CP' . (2.63)

Let us adopt the inhomogeneous coordinate ¢ on a local patch of CP'. Then, as coordinates on
the fibre, we need two local sections of @(1). In order for these sections to be globally well-defined,

they must be polynomials of at most degree 1 in (. We can write these two local sections as
vt =ul —Ca? vi=u?+Cal. (2.64)

These are determined by four complex numbers which parameterise complexified spacetime C*.

This complexified spacetime is equipped with the quadratic form

ds? = du'dat + du?da? . (2.65)

1

We can then pick out the Euclidean real slice by imposing the reality conditions @' = u! and

@? = u%. Then, these two local sections parameterising the fibres of O(1) @ O(1) match the

holomorphic coordinates on R* we encountered earlier.

2.2.3 As the set of anti-self-dual null 2-planes

Twistor space PT¢ is the set of anti-self-dual totally null 2-planes in complexified spacetime
C*. From the perspective of causal structures in Minkowski spacetime, null 2-planes play a
distinguished role as the light cones emanating from a given point. These separate those spacetime
events which may be causally connected to the original point from those which may not. One
might then consider the set of all null 2-planes in Minkowski space, or more generally (and more
in the spirit of twistor theory) in complexified spacetime.

We can parameterise complexified spacetime C* by four complex coordinates {x#}. It is also
helpful to work with double null coordinates {u', @', u?, %%}, in terms of which the metric and

volume form are written as
ds? = du'da’ + du?da? | d*z = du' A dat A du® Ada? . (2.66)

We call a 2-plane (totally) null if ds?*(X,Y) = 0 for every pair of tangent vectors X and Y.
For each null 2-plane N we can construct a tangent bivector n = X A'Y, with components
n* = Xyl where X and Y are any two independent tangent vectors. Varying the choice
of X and Y only changes the tangent bivector n by an overall constant, and the tangent space
of the null 2-plane N is completely determined by the tangent bivector. This means that there
is a one-to-one correspondence between null 2-planes that pass through the origin and tangent
bivectors. To specify a general null 2-plane, we also need some additional coordinates to specify

its deviation from the origin.
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One can show that if IV is a null 2-plane, then the 2-form n,, dz* A dz" is either self-dual or
anti-self-dual with respect to the metric. We will refer to self-dual null 2-planes as a-planes, and

anti-self-dual null 2-planes as S-planes. The space of anti-self-dual bivectors is spanned by
Our N\ Oy2 Ozt N Og2 Oyt N Og1 + Oy2 N Og2 . (2.67)

The tangent bivector of any S-plane is necessarily in the span of these bivectors, so it is possible

to write the tangent bivector of any S-plane as
n=LAm, £=0z4 —( Oy, m = 0z2 + (0 , (2.68)

for some ¢ € CP! (where the point ¢ = oo should be understood as n = 9,1 A 9,,2). This provides
a one-to-one correspondence between ¢ € CP' and f-planes through the origin. A generic -plane,
which does not necessarily pass through the origin, may be specified by including two additional
coordinates v' = u' — ¢ @? and v? = u? + ¢ @' which are constant over the 2-plane. These three
complex coordinates {(,v!,v?} parameterise the set of anti-self-dual null 2-planes in complexified
spacetime. This set may be identified with the complex three-dimensional manifold known as
twistor space PT¢.

A point in twistor space (given by three coordinates {¢,v',v?}) corresponds to an anti-self-dual
null 2-plane in complexified spacetime. We can also ask this question in reverse: what does
a point in complexified spacetime (given by four coordinates {u!, @', u?,@?}) correspond to in
twistor space? Varying the remaining parameter ¢, we traverse a CP' submanifold of PT¢. In
other words, the coordinates {u!, @', u?, @?} specify an embedding of CP' into PT¢ which is
parameterised by (¢ € CP!'. The precise statement is that a point in complexified spacetime
corresponds to a linearly holomorphically embedded CP' in twistor space.

The relationship between spacetime and twistor space is captured by the correspondence space
CP! x C*. This manifold is parameterised by the coordinates {¢, z*} and is related to the twistor

correspondence by the diagram

CP! x C*

2N

PT¢ ct

The two projection maps in this diagram are defined by
p(Cat) = (Guliv?), g (Gat) ot (2.69)

Following this diagram, a point z* € C* in complexified spacetime lifts to a CP" in the corre-
spondence space ¢~ !(z") C CP' x C* which is then embedded into twistor space by the map

p: CP' x C* — PT¢. In the other direction, the correspondence space is a five-dimensional
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complex manifold, whilst twistor space is a three-dimensional complex manifold. It is therefore
reasonable to assert that a point in twistor space lifts to a 2-plane in the correspondence space
which then projects down to a 2-plane in complexified spacetime.

This description also makes it easier to understand the twistor spaces associated with different

real slices of complexified spacetime. The metric on C* is written in terms of {z#} as
ds? = (dz')? + (dz?)? + (da®)? + (do*)? . (2.70)

When restricting to a real slice, different signatures of metric correspond to different reality
conditions on the coordinates. For example, Euclidean signature corresponds to all of these
coordinates being real, whilst Lorentzian signature may be realised by taking one coordinate to
be purely imaginary with the other three coordinates real.

Each of these real slices defines a subspace of C*, and we will denote these by E for Euclidean,
L for Lorentzian, and U for ultrahyperbolic (or split) signature. These subspaces can be
lifted to subspaces of the correspondence space by considering their preimage under the map
q : CP!' x C* — C*. The associated twistor spaces are defined to be the image of these subspaces
under the projection map p : CP! x C* — PTg,

PTg = p(CP! x E),  PTy=p(CP'xL), PTy=p(CP'xTU). (2.71)

These fixed signature twistor spaces are all necessarily subspaces of the complexified twistor space
PT¢, but differ from one another in important ways.

In the case of Euclidean signature, it turns out that the restriction of the projection map p
to the subspace CP* x E is invertible. This provides an isomorphism between Euclidean twistor

space PTg and CP! x E as real manifolds,
PTg = 5% x R* . (2.72)

In particular, this allows one to work with either the holomorphic coordinates {¢,v*,v?} on
twistor space, or the correspondence space coordinates {¢,z*}. Whilst the former privileges
the complex structure on twistor space, the latter can be useful for making the relationship to
spacetime manifest.

This isomorphism does not hold for the Lorentzian or split signature twistor spaces, which are
actually lower-dimensional manifolds. Lorentzian twistor space is a real five-dimensional manifold
which is often denoted by PN and referred to as the space of null twistors. Geometrically, this
manifold may be identified with the space of real null geodesics in Minkowski space. Ultrahyper-
bolic twistor space is a real three-dimensional manifold which (as well as being a subspace of
PT¢) is an open subspace of RP?. Points in this twistor space correspond to S-planes which lie

entirely in the subspace U C C* and have real tangent bivectors.

76



2.2.4 Homogeneous coordinates on projective space

There are (at least) two descriptions of the non-contractible manifold CP* which are useful in the
context of twistor theory. Since this manifold is topologically non-trivial, it cannot be covered
by one patch isomorphic to C. On the other hand, thinking of CP' as the Riemann sphere, we
can define two open subsets by excluding either the north or south pole respectively. These
patches cover CP! and we can adopt holomorphic coordinates ¢ on the southern patch and ¢ on
the northern patch. These coordinates are related on the overlap by ¢ = (~! and are known as
inhomogeneous coordinates.

It is often convenient to work in inhomogeneous coordinates, especially when doing local
calculations. The standard tools of complex analysis are readily available, and this treatment of
differential geometry is likely more familiar. The shortcomings of inhomogeneous coordinates
mostly appear in the context of global properties. When asking if a given object is well-defined,
if a function is holomorphic, or about the poles of a meromorphic 1-form, one must take care to
consider what is happening in the other patch.

These shortcomings are certainly surmountable, and it possible to perform many calculations in
inhomogeneous coordinates. Alternatively, there is another description of CP' which is particularly
well-adapted for questions about global properties. Whilst it is not possible to cover CP! with a
single patch isomorphic to C, we can embed this manifold into C? and work with coordinates on
this larger space. The advantage of this approach is that we can traverse the whole CP' manifold
by varying the C? coordinates, removing the significance of the north and south poles. However,
this approach also comes with its own drawbacks. A generic object on C? will not correspond to
a well-defined object on CP', so constraints must be imposed to ensure that things consistently
descend from C? to CP'. Atul Sharma’s thesis [Sha22] was a useful resource in preparing this
section and the next.

We can think of CP' as the non-zero points in C? modulo the equivalence relation of scaling,
(CIP’lz{(m,WQ)G(C2 | (1, m2) # (0,0)}/ ~, Tgr~rmg TE€CH. (2.73)

In this context, the coordinates 7, = (m1,m2) on C? are known as homogeneous coordinates.
Whilst there appear to be two degrees of freedom in these coordinates, they are only defined up
to a rescaling, so it seems plausible that they might actually contain just one degree of freedom.
For example, every class in the subspace 71 # 0 has a representative of the form (1, m3) ~ (1, ().
Similarly, one can find a representative (1, 7m3) ~ ((,1) whenever 5 # 0. On the intersection of
these two subspaces, the equivalence of these representatives (1,¢) ~ (¢, 1) implies the overlap
condition ¢ = (1. This recovers the description of CP' in terms of inhomogeneous coordinates.

The space of functions on C? is much larger than the space of functions on CP'. In order
for a function on C? to descend to a well-defined function on CP', it must be single-valued on
each equivalence class. This means that it must obey f(my,m3) = f(rm,r m3) for any non-zero

constant r € C*. We will refer to the degree of a homogeneous polynomial in 7, as its weight,
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and this condition implies that only those with weight zero will descend to functions on CP'.
If we also require such a function to be holomorphic, all that remains are constant functions
(as implied by Liouville’s theorem). There are also rational functions which descend to CP*, for
example
To ~ M g — 71
== =—, _. 2.74
C=1 C=, P (2.74)
These are meromorphic functions meaning they are holomorphic everywhere except at their poles.
To phrase this constraint more geometrically, we can introduce the holomorphic and anti-
holomorphic Euler vector fields on C2,
0 0 — 0 7]
1(97'('1 2671’2 ’ 1871'1 287‘(’2 ( )
These vector fields generate the scaling action on C? and therefore preserve the equivalence classes
defining elements of CP'. If we think of the equivalence relation as defining a projection from
the total space E = C2\ {(0,0)} to the base manifold CP', then the Euler vector fields span the
tangent space to the fibres of this line bundle. In order for an arbitrary function on E to descend

down to the base manifold, it must be invariant under translations along the fibres,
D=0, D(f)=0. (2.76)

This is equivalent to the requirement that f(m,m2) is a polynomial of weight zero.

In addition to functions on CP', we are also interested in sections of the holomorphic line
bundles O(n) — CP'. Let us see what these look like in homogeneous coordinates. Recall that a
section of O(n) may be specified by a polynomial in ¢ of at most degree n when n > 0. The local

section on the other patch is then uniquely determined by the overlap condition,
n
51 = Zai ¢, 51 =("s2. (2.77)
i=0

In homogeneous coordinates, the overlap condition reads nf's; = 74 se. Since the rational
function ¢ = mo/m; is weight zero, the expression 7} s; is a weight n homogeneous polynomial in

mq. Explicitly, it is written in homogeneous coordinates as
n
Ty $1 = Z a; T (2.78)
i=0

This is actually a generic homogeneous polynomial in 7, of degree n, meaning that we have a
one-to-one map between weight n functions of 7, and sections of the line bundle O(n). Notably,
weight n functions of m, are not invariant under the action of the Euler vector fields, but satisfy

the condition

D(f)=n-f, D(f)=0. (2.79)
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A function on C? satisfying this condition descends to a section of the line bundle O(n) over CP'.

Moving on from functions, we can consider differential forms on CP! in homogeneous coordi-
nates. A natural basis for the 1-forms on C? is given by the exterior derivatives of the coordinates
dr, and d7,. Unfortunately, none of these 1-forms can descend to CP' because they all have
legs along the fibre directions. This can be seen by computing their contractions with the Euler

vector fields which are all non-vanishing. Instead, let us introduce the basis of 1-forms given by

(rdr) = mydmg — modmy (frdm) = —1dmy — Tadmy (2.80)
<7Tdﬁ'>=ﬂ'1d7_'('1 + modmy (ﬁdfr>=7_r1d7_r2—7_r2dﬁ'1 . '

The left-hand sides are written in a spinor notation we will introduce later, but for the time being
we can simply understand them as notation representing the expressions on the right-hand side.

Explicitly contracting these 1-forms with the Euler vector fields, one finds that (7#dxw) and
(rd#) point along the fibres, whilst the other two 1-forms satisfy

Diw=0, Diw=0. (2.81)

Differential forms satisfying this condition are referred to as horizontal to indicate that they have
no legs along the vertical (fibre) directions. If such a differential form is also invariant under the

Euler vector fields, then it is referred to as basic. The invariance condition may be written as
Lp(w)=0, Lsw)=0. (2.82)

Basic 1-forms are in one-to-one correspondence with 1-forms on the base manifold, so these are
the 1-forms on C? which descend to 1-forms on CP'.

It is possible to construct 1-forms on C? which are both horizontal and invariant, meaning
they are basic. For example, consider the meromorphic 1-form (wdr)/m? which has a second
order pole at m; = 0. This 1-form is invariant under the action of the Euler vector fields, in
essence because it is weight zero in m,. On the other hand, we have been forced to single out a
point in CP! where the 1-form has a pole. Another option, which has the virtue of respecting the
symmetries of CP', is to work with differential forms which are valued in the line bundles O(n).

Rather than being invariant under the Euler vector fields, O(n)-valued differential forms satisfy
Lpw)=n-w, Liw)=0. (2.83)

This coincides with the condition on sections of O(n) when w is an O(n)-valued 0-form.

We will adopt the basis of O(n)-valued 1-forms on CP* given by

(7d7)
(m7r)?

In the second expression, we have introduced some notation for the norm of m, which is defined

e = (mdr) € QYO(CPH @ 0O2), &= € Q%Y(CP") @ O(-2) . (2.84)
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by (m#t) = w71 + maWe. The inclusion of this factor ensures that e is weight zero in 7, so
that we only have to worry about the action of the holomorphic vector field D and not the
anti-holomorphic D. We will generically take the approach of including judicious factors of (77)
so that all of our expressions are weight zero in 7.

A similar discussion holds for vector fields on C2 which descend to vector fields on CP'. In
this case, the analog of the horizontal condition is that we consider vector fields on C? modulo D
and D. This is justified so long as we are only acting on weight zero objects, as these are required

to be invariant under D and D. In addition, we impose the invariance conditions
Lp(V)=[D,V]=0, Ls(V)=[D,V]=0. (2.85)

These conditions are only required to hold modulo D and D, and they ensure that the vector
field descends to a vector field on CP'. In practice, we will work with O(n)-valued vector fields
which satisfy

Lp(V)=[D,V]=n-V, Lp(V)=[D,V]=0. (2.86)

Explicitly, the O(n)-valued vector fields dual to the 1-forms introduced above are given by

1 0 0
% = <m>(”a7r ‘”%) EXOCP)R0(-2), G =1
2.87
o A 8 8 0,1 1 a -0 ( )
9o = (77) Wl@T‘rg_w@T‘rl eX"(CP)0(2), dyte’ =1.

In particular, the dual vector field to an O(n)-valued 1-form must be valued in the dual bundle
O(—n) so that their contraction may be valued in the trivial bundle.

Following this discussion, we can construct differential forms and vector fields on C? which
descend to O(n)-valued differential forms and vector fields on CP'. When performing calcu-
lations in homogeneous coordinates, we often want to apply the basic operations of calculus,
including taking derivatives and computing integrals. These operations have certain subtleties in
homogeneous coordinates which we will now address.

Let us say we want to integrate some object over CP' which is written in terms of the
homogeneous coordinates on C2. In order for such an integral to make sense, the argument
must be single-valued on each equivalence class, meaning that it has zero weight. Notably, the
integrand may be a composite object whose constituent parts are not themselves weightless. For
example, it may be the product of an O(2)-valued 2-form and a section of O(—2) such that the
total weight of the integrand is zero. One should check that this condition is satisfied whenever
writing down an integral in homogeneous coordinates.

On the other hand, let us say that we construct some O(n)-valued differential form w in
homogeneous coordinates and we would like to compute its exterior derivative dw. If we are
not careful, then the new differential form dw will not satisfy the necessary conditions to be

interpreted as a differential form on CP'. Problems arise for those w which are valued in the
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non-trivial line bundles O(n) with n # 0. In this case, the exterior derivative on C? introduces
legs in dw which point along the fibre directions, spoiling the horizontal property.

We can account for this by defining a covariant derivative on the bundle O(n) which acts as

V(w) = dw +n <Zrd7g> Aw . (2.88)

The first term is the usual exterior derivative on C2, and the second term cancels any legs along

the fibre directions. Explicitly, the exterior derivative of a section of O(n) may be written as

d(s) = €% dp(s) + & dp(s) — D(s) . (2.89)
The second term in the covariant derivative cancels the term proportional to D(s), ensuring that
V(s) is a basic differential form. The Lie derivative of O(n)-valued objects should then be defined
using the Cartan homotopy formula and this covariant derivative. In practice, when acting on

sections of O(n), we can write this covariant derivative as
V(s) =€ do(s) + €% Do(s) - (2.90)

This expression holds for any value of n € Z making calculations a little simpler.

2.2.5 Spinor notation on twistor space

The geometry of twistor space is also nicely presented in spinor notation. In this context, we
write the 4-vector z# parameterising spacetime in spinor notation as 2%*. The homogeneous
coordinate 7, on the Riemann sphere can then be thought of as a spinor with an undotted index
which consequently transforms under some spacetime rotations. This allows for the incidence
relations and various other expressions to be written in a succinct and compact manner. We will
now present this perspective in more detail.

When considering rotations of complexified spacetime, there is an isomorphism
S0(4,C) = (SL(Q,C) X SL(2,(C))/Z2 . (2.91)

This allows us to replace an SO(4, C) vector index with a pair of SL(2,C) spinor indices. We will
use undotted indices to denote fields transforming under the first copy of SL(2,C), and dotted

indices for those transforming under the second. For example, the spacetime coordinate vector

29— ( @l et 2t ix4> . (2.92)

—3 izt 2l —ig?

z* will be replaced by

Spinor indices are raised and lowered using the SL(2, C)-invariant Levi-Civita symbol. Because

this tensor is anti-symmetric, one must be careful about raising and lower conventions. We will
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adopt the mnemonic ‘raise from the right, lower from the left’ corresponding to the conventions
a __ ba _ b
a® =aqpe’®, Qg = Eap . (2.93)

This is consistent with the sign choices €15 = +1 and €'2 = +1. We make the same choices of
conventions for the dotted spinor indices. The Levi-Civita symbol also defines an SL(2, C)-invariant

inner product on spinor indices,

<Oéﬂ> = aaﬂa = aagabﬁb . (294)

This pairing is anti-symmetric meaning the contraction of any spinor with itself vanishes. We can

use this to write the flat metric on complexified spacetime as

ds® = %eab €4 dztda . (2.95)
It is worth noting that norm of z* is proportional to the determinant of z%¢.

We can also introduce a spinor bundle S over spacetime which is a trivial rank 2 vector
bundle S = C? x C*. The fibre coordinate 7, € C? lives in the fundamental representation of
one copy of SL(2,C), and we will continue to use the spacetime coordinates %% on the base
manifold C. If we then quotient by a rescaling action on the fibres, we land on the projective
spin bundle PS = CP' x C*. This is precisely the correspondence space appearing in the twistor

correspondence diagram,

The two projection maps in this diagram may now be written as
P (ma, %) = (14, Taz®) | q: (mq, x"%) = 2% . (2.96)

In the first expression, the four coordinates Z4 = (m,,m,2%*) play the role of homogeneous
coordinates on CP?. Taking into account the constraint m, # (0,0), this shows that twistor space
can also be viewed as the manifold PT¢ = CP? \ CP' where the removed CP' corresponds to the
submanifold {Z4 = (0,0, 2%, 2%) | Z3, Z* € C} c CP®.

As well as working with complexified spacetime, we are often interested in considering real slices
with a fixed signature metric. These real slices may be specified by imposing reality conditions
on the coordinates x*, such as “they are all real coordinates” or “three real, one imaginary”.
Reality conditions may also be specified geometrically in terms of a conjugation action on the
manifold. For example, asking the coordinates z* to be invariant under the usual conjugation

action z* — xH is equivalent to all the coordinates being real numbers. By comparison, if we
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wanted one of the coordinates, say x2, to be pure imaginary, we could demand that it is invariant
under the modified conjugation z2 — —z2. The inclusion of a minus sign in this conjugation
action ensures that the invariant subspace will be pure imaginary numbers, rather than real
numbers.

These conjugation actions can then be interpreted as actions on the matrix 2%, and sometimes
they coincide with familiar matrix operations. For example, Lorentz signature is achieved by
asking the matrix 2%¢ to be invariant under Hermitian conjugation 2% — (224)T. Ultrahyperbolic
(split) signature corresponds to asking the entries of the matrix to be real in the usual sense, that
is invariant under the conjugation z% — z2¢. Euclidean conjugation is a little more complicated.

We denote the matrix conjugation by z%¢ s £%¢ which is explicitly defined by

11,12 22 21 T:.2 3 i, 4

-~ x x i x —x zl+ix 3 +iz

* 21 22 =l S g |t =3, o3 1 =] (2.97)
z x zl2 gl —x3 izt zl —iz?

The final expression can be compared with the explicit expression for 2?* to show that the
condition z*® = £%¢ implies that all of the coordinates are real.

The matrix conjugations also induce conjugation actions on the single index spinors. One
can understand this by demanding that conjugation should act on scalar quantities as the usual
complex conjugation. If we denote this complex conjugation by C, we can consider the equality
C (aax“dna) = QTR Distributing the conjugation action on the left-hand side, we can deduce
conjugation actions on the spinors a, — C(ay,) and k4 — C(kg). For our purposes, the relevant

case is Euclidean conjugation which acts on the single index spinors as
ag = (a1, a2) = &4 = (—ag,07) . (2.98)

The same expression applies to dotted spinors. Notably, applying this conjugation twice does not
return the original spinor a,, but rather gives —a,. Four consecutive applications are required to
get back to the input spinor.

Turning our attention to the spinor m, which parameterises the Riemann sphere CP!, we
might look for a geometric interpretation of this map. Inspecting the explicit formula, we see that
the map 7, — 7, has no fixed points on CP' as the point 7, = (0,0) is excluded. Let us work in
the patch 7; # 0 and define the inhomogeneous coordinate ¢ = 75 /7. Euclidean conjugation

acts on this inhomogeneous coordinate as

C:%I—}:—j:—l/c_. (2.99)

Since 7, and —, correspond to the same point in CP!, only two applications of this map are
required to return to the same inhomogeneous coordinate. We can test this map on a few points
to build some intuition. One can check that zero and infinity are exchanged 0 < oo, as are
1< —1landi<+ —i.
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To get the full picture, we can use the stereographic projection to trade the complex coordinate
¢ for three real coordinates {a, b, c}. These coordinate parameterise a copy of R? in which CP' ~ §2

is embedded as the unit sphere. Explicitly, the R? coordinates are given in terms of ¢ as

(a,b,¢c) = ( <+C,, —i(C—g)) _1+<<) . (2.100)
1+¢¢C 14+(C 14 (¢

One may check that the Euclidean conjugation acts on these coordinates as
(a,b,¢) — (—a,—b,—c) . (2.101)

This map sends a given point on the sphere to its antipodal point, and we will refer to it as the
antipodal map.

In Euclidean signature, the map p : PSg — PTg is invertible, allowing us to use the coordinates
(7q, 2%%) € CP' x R* on twistor space. However, the holomorphic coordinates on twistor space
are given by Z4 = (7., m,z%%) which include a non-trivial combination of the CP' coordinate
e and the spacetime coordinates . This means that, whilst these coordinates are useful for
highlighting the relationship to spacetime, they somewhat obscure the complex structure. For
example, when considering differential forms on twistor space, we might be tempted to use a basis
of 1-forms given by €°, €°, and dz®®. This would be perfectly valid, but it is often convenient to
work in an alternative basis of 1-forms adapted to the complex structure.

Let us define some O(n)-valued 1-forms, originally introduced in [BMS07], by

e’ = (rdn) € QYO (PTE) ® O(2) , e’ = <<7:Z;Z € Q"YPTE) ® O(-2) ,
S (2.102)
¢ — modz® € QUO(PT) © O(1) , & — ”zﬁ% € Q%1 (PTg) © O(-1) .

This provides a basis for 1-forms on twistor space which is adapted to the complex structure. They
are globally well-defined and nowhere vanishing, but it is important to highlight that they are
valued in various holomorphic line bundles O(n), meaning they have weight under the rescaling
wy ~ 1w, for r € C*. In particular, this means that the components of a generic 1-form in this
basis will be valued in the various dual bundles. For example, consider a 1-form A = A; &%. Since
the 1-forms % are valued in O(—1), the associated components A; must be sections of O(1) such
that the overall 1-form has weight zero.

In addition, since these 1-forms are valued in O(n) we should take the derivatives with the
covariant derivative defined earlier, rather than just the exterior derivative on PS. This will
ensure that their derivatives are still well-behaved under the equivalence relation of rescaling,

and that they can be interpreted as O(n)-valued differential forms on twistor space.
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The dual basis of O(n)-valued vector fields to this basis of 1-forms is given by

g O

_ 1,0 _ 5 _ A 0,1
O = i g €XPT) B 0(-2) 0o = ~(m#) ma - € X! (PT) © O(2) .
8 = fé—ﬁ)am € XL0(PTy) ® O(—1) , 8y = 10aq € XO1(PTR) @ O(1) .

Notably, the dual vector field to a O(n)-valued 1-form is valued in the dual line bundle O(—n).
All of these 1-forms and vector fields are constructed to be weight zero in #, so that we only have
to keep track of the holomorphic rescaling m, ~ rm, for r € C*.

This basis of 1-forms is not closed, and the dual vector fields do not all commute. The

non-trivial structure equations are given by

Viety=e" et , V(et) = —e el

(90, Da) D0, 0] = 35 - (2.104)

|
Q
&

In this expression, V is the covariant derivative acting on O(n)-valued objects which we defined

in the previous section.

2.3 Penrose-Ward transform

The Penrose-Ward transform relates solutions of the self-dual Yang-Mills (SDYM) equations on
spacetime to certain holomorphic vector bundles over twistor space. In the language of gauge
theory, it relates spacetime gauge fields A which solve F' = xF to twistor space gauge fields A
which solve F%2 = 0. In the original work by Ward [War77], the bundle over twistor space was
described in terms of a “patching matrix” which plays the role of the transition function on the
holomorphic vector bundle. In this section, we will follow the approach presented in [Ati+78]
where the bundle over twistor space is described in terms of an anti-holomorphic covariant
derivative operator V%! = d + A. In order for this to define a complex structure on the vector
bundle (turning it into a holomorphic vector bundle), the covariant derivative must square to
zero, (V%1)2 = 0. This requires the gauge field to satisfy F%2 = 0, and one can show that this
is equivalent to the SDYM equation for a spacetime gauge field A which is built from A. We
will be more explicit about this construction and its relationship to self-dual Yang-Mills in the
coming section.

Recall the privileged role the self-dual sector plays in Yang-Mills theory: solutions to the
SDYM equation correspond to instantons in the full theory. An important application of the
Penrose-Ward transform is the construction of instanton solutions on spacetime via their twistor
space description. In fact, in a landmark paper [Ati+78] by Atiyah, Drinfeld, Hitchin, and
Manin (ADHM), all instantons in Euclidean Yang-Mills theory were constructed following this
methodology. This is possible because, whilst the SDYM equation on spacetime is a challenging

non-linear differential equation, one can reduce the construction of holomorphic vector bundles
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over twistor space to a purely algebraic problem. In the literature, this is referred to as the

ADHM construction, and it is nicely reviewed in some lecture notes by Atiyah [Ati79].

2.3.1 Inhomogeneous coordinates

We are interested in solutions to the self-dual Yang-Mills equations F' = xF on Euclidean

spacetime. In the double null coordinates {u',u?}, the metric and volume form are written as
ds? = du'da’ + du?da? | d*z = du' Adat Adu? Ada? . (2.105)
In these conventions, a basis for the anti-self-dual 2-forms is given by
dul A du? | dat A da? dut Adat + du? Ada? . (2.106)

Any anti-self-dual 2-form can be expanded in this basis, and the remaining 2-forms span the
self-dual sector. The self-dual Yang-Mills equations can then be phrased as the components of F’
vanishing along all of the anti-self-dual 2-forms. Using a basis for the anti-self-dual bivectors, we

can write the SDYM equations as
(Ot NDy2) 2 F =0, (a1 NOg2) 2 F =0, (01 NOgr + 02 NOg2) 2 F=0. (2.107)

The contractions pick out the anti-self-dual components of F' which are then set to zero. We can

write these conditions concisely in terms of an auxiliary spectral parameter ( € C as
(Am)2F=0 V(¢eC, £=0z — (02 , m = 0gz + (1 - (2.108)

At a given point in spacetime, the bivector (¢ A m) varies over all anti-self-dual null 2-planes
(known as S-planes) as we vary the spectral parameter. The self-duality condition on F is therefore
equivalent to the condition that F' vanishes upon restriction to every (-plane in spacetime.
Bringing twistor space into the picture, the complex structure on PTg is defined such that
{¢,m, 85} span the anti-holomorphic tangent space. In particular, holomorphic functions on

twistor space are those satisfying

(f)y=0, m(f) =0, 0:(f)=0. (2.109)

This is equivalent to demanding that the function only depends on the holomorphic coordinates
{¢,v1,v?}. Now, let us introduce a vector bundle E — PT over twistor space whose fibres
transform in a representation of some gauge group G. If we want to define some notion of a
holomorphic section of this bundle, we need to construct an anti-holomorphic covariant derivative
operator V%! = 9 + A such that holomorphic sections of E are those satisfying V%!(s) = 0.
The operator V%! defines an almost complex structure on E which is integrable (and therefore
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defines a complex structure) if and only if this anti-holomorphic derivative squares to zero,
(VO1)2 = 0. In terms of the gauge field A, this is equivalent to F%2 = 0 where F = 0A+ AN A
is the field strength of A. Using the basis of anti-holomorphic vectors on twistor space, we can

write the condition F%2 =0 as
[Vg7vm] =0, [V@Vz] =0, [V@Vm] =0. (2.110)

Let us try to construct a solution to these equations from a SDYM gauge field on spacetime.
Working with the coordinates {¢, z*} on Euclidean twistor space, we can think of this as a
fibre bundle over spacetime where the projection map simply forgets the value of (. We can
use this projection map to pullback a gauge field A on spacetime to a gauge field on twistor
space. This effectively entails thinking of A = A,dz* as a gauge field on twistor space which is
independent of the spectral parameter. If we identify the twistor space gauge field A with (the
(0, 1)-component of) this gauge field A, then the covariant derivative operators on twistor space
become
Ve=Vag — (V2 , Vi =Vagz+(V,1, VE = 34* . (2.111)

Since the gauge field has no legs along d¢ and is independent of the spectral parameter, two of
the integrability equations are immediately satisfied. The remaining equation is equivalent to the

self-dual Yang-Mills equation,
Ve, Vi =0 <<= ({Am)2F=0. (2.112)

In fact, these anti-holomorphic covariant derivative operators provide a Lax pair for the SDYM
equations which we previously denoted by L =V, and M = V,,.

We can also go the other way, starting with a gauge field A on twistor space which satisfies
F9%2 = 0 and recovering a SDYM gauge field on spacetime. For this, we require that A is
gauge trivial upon restriction to every CP' in twistor space. This allows us to impose the gauge
fixing condition Jz 4. A = 0 which might otherwise be obstructed. Having done this, two of the

integrability conditions on V%! become
8@4@ =0, 8<*Am =0. (2.113)
Inspired by our discussion above, let us consider the (0, 1)-component of a spacetime gauge field,

da! — ¢ du?

da? + ¢ du'
14+¢C '

AO,l — (Aal —CAu2> 1+§<_

+ (Aaz + CAu) (2.114)
This is the pullback of a spacetime gauge field A, written in a basis of (0, 1)-forms on twistor
space, so the components of A in this expression are independent of the spectral parameter. The
fractions are the dual (0, 1)-forms to the vectors £ and m respectively.

It turns out that this expression for a (0, 1)-form gauge field on twistor space is the general
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solution to the equations 8@4@ =0 and 8§Am = 0 where the “components of A” are undetermined
functions of spacetime. The remaining components of %2 = 0 are precisely the SDYM equations
for the spacetime gauge field A, written in the Lax formalism. This demonstrates the Penrose-
Ward transform: a one-to-one correspondence between solutions of the SDYM equation and

holomorphic vector bundles over twistor space.

2.3.2 Spinor notation

The Penrose-Ward transform can also be understood in terms of spinor notation. Starting with
the self-dual Yang-Mills equations on spacetime, a basis for the anti-self-dual and self-dual 2-forms
is given by

2 =¢,; dz® A da® 5% = g, dz® A da (2.115)

Expanding the field strength /' =dA + A A A in this basis,

F ovi dza% A dz®® = (<I>ab €ab T+ (:Pab Eab) dzad A dz , (2.116)
we can parameterise the anti-self-dual and self dual components by symmetric 2-spinors ®,; and
) b Tespectively. In particular, the self-dual Yang-Mills equations are equivalent to the vanishing

of the anti-self-dual component ®,;, = 0, which can be written succinctly as
TP F 0y =0 V7, € CP . (2.117)

We have introduced a homogeneous coordinate for CP' and given it a spinor index 7, = (m1,m2).

Turning to twistor space, a holomorphic function is defined by the conditions
d(f)=0,  dalf)=0. (2.118)

This is written in terms of the basis of O(n)-valued (0, 1)-vector fields defined in section 2.2.5, in
particular we recall 0; = 7%8,,. As before, we would like to construct a vector bundle E — PT
over twistor space whose fibres transform in a representation of some gauge group G. We will
equip this vector bundle with a covariant derivative V! = 9 + A and we would like this to define
a complex structure on E. We can write the associated condition on the gauge field F%2 = 0 in

terms of the covariant derivative operators as
Ve, Vil =0,  [Vo,Va]=0. (2.119)

Since we would like this twistor space gauge field A to descend to a spacetime gauge field A,
we will require that it is trivial upon restriction to CP' allowing us to impose the gauge fixing

condition Ay = 0. Let us consider the conditions Fy; = 0 in this gauge,

Foo = 0o As =0 . (2.120)



This implies that the components A, are holomorphic in the CP' coordinate 7,. In addition
to this, recall that the basis 1-forms €% are valued in the line bundle O(—1) over CP', meaning
that the components A; must be sections of O(1) so that the gauge field A has zero weight.
Holomorphic sections of O(1) are homogeneous polynomials in 7, of degree 1, so we can write

these components of the gauge field as
Ay =71%Agq - (2.121)

This solves the condition Fy; = 0 whenever the components A,; are (C]P’l—independent functions.
Having imposed the gauge fixing condition .4y = 0 and solved two components of the equation

FY%2 =0, the remaining condition on twistor space is given by
Vi, Vil = 77 [0ad + Aaas Oy + Ayy] =0 . (2.122)

This is precisely the self-dual Yang-Mills equation for the spacetime gauge field A,,dz?¢. Similarly,
given a spacetime gauge field A satisfying the SDYM equation, this provides a recipe for
constructing a twistor space gauge field A satisfying 722 = 0. This concludes our review of the

Penrose-Ward transform in spinor notation.

2.4 Six-dimensional Chern-Simons theory

The action for six-dimensional Chern-Simons (6dCS) theory first appeared in the work of Witten
[Wit95], and later in the context of twistor theory [Wit04] where it was used to compute
perturbative scattering amplitudes in Yang-Mills theory. The action was defined over a complex

three-dimensional Calabi-Yau manifold X in term of a (0, 1)-form gauge field A,
= 2
Seacs[A] :/ Q/\tr(A/\aA—i— 3AAA/\A) . (2.123)
b's

In this expression, ) is a holomorphic (3, 0)-form which exists because X is a Calabi-Yau manifold.
Unfortunately, the twistor space of compactified spacetime?® is CP?, which is not a Calabi-Yau
manifold and does not have a globally well-defined 2. Witten resolved this issue by working
with the supersymmetric extension CP?l* where the fermionic components allow for a consistent
definition of 2.

Recently, Costello proposed an alternative resolution to this problem [Cos20; Cos21], which
is to allow the (3,0)-form Q to be meromorphic rather than holomorphic. One must then
supplement the theory with boundary conditions at the poles of €2, in a manner that is familiar
from four-dimensional Chern-Simons (4dCS) theory. It is then possible to reduce the action to

an effective four-dimensional theory on spacetime, whose equations of motion turn out to be

3The twistor space of R* may be identified with PT = CP3 \ CP'. Compactifying spacetime by adding the point
at infinity turns R* into S* and the associated twistor space becomes CP3.
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equivalent to the self-dual Yang-Mills (SDYM) equations.

Due to the close similarity between 6dCS theory and 4dCS theory, one might wonder whether
there is a relationship between these two formalisms. Indeed, Bittleston and Skinner [BS23]
showed that applying an alternative reduction to 6dCS theory allows one to recover 4dCS theory,
which can then be further reduced to a two-dimensional integrable model. This leads to a

correspondence of integrable field theories (IFTs) represented in the following diagram.

6dCS ———— 4dIFT

4dCS — > 2dIFT

The straight arrows in this diagram represent a reduction over CP* which provides an equivalence
of the two theories (at least classically). The wavy arrows represent a harsher Kaluza-Klein-like
reduction in which infinitely many massive modes are discarded from the theory.

In this section, we will provide an introduction to 6dCS theory, centred around some key
examples. We will work in inhomogeneous coordinates on twistor space, which has the advantage
of making notation and calculus simpler, at the expense of the clarity of global issues. An
alternative approach is to adopt homogeneous coordinates and spinor notation, which can be
found in the paper [BS23].

2.4.1 Fundamentals of 6dCS theory

Six-dimensional Chern-Simons (6dCS) theory provides an action for the Penrose-Ward transform.
Its equations of motion on twistor space are F%2 = 0, and it localises to field theories on R*
whose equations of motion are equivalent to the SDYM equation. In preparation for defining this
theory, let us consider the space of (3, 0)-forms on twistor space.

Firstly, we recall that twistor space is isomorphic to PT 2 CP' x R* as a real manifold. We
will work with the inhomogeneous coordinate ¢ on the southern patch of CP' and real coordinates

z* on spacetime. As a complex manifold, twistor space PT has three holomorphic coordinates,
¢, vl = (2! 4+ i2?) — ¢ (2% —ia?) | v? = (2% 4+ iz?) + ¢ (2! —iz?) . (2.124)

These are related to their counterparts on the northern patch by

S

¢=1/C, =0/, P =0%/C. (2.125)

Working in the southern patch, a natural (3,0)-form to consider is d{ Adv! Adv?. This (3, 0)-form

appears to be holomorphic, but we must also consider its behaviour on the northern patch.
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The presentation of this (3,0)-form on the northern patch is given by

d¢ A dot A do?

d¢ Advt Ade? = a

(2.126)
Despite its appearance on the southern patch, it has a singularity in the northern patch at ¢ = 0.
The location and order of these poles have physical significance in the theory, and different setups
will lead to different theories on R*. When defining 6dCS theory, one must specify a choice of
(3,0)-form on twistor space, which amounts to choosing the location and order of any poles and
zeros. The geometry of twistor space dictates that there will always be four more poles than
zeros when counted with multiplicity.

In the example above, the (3,0)-form is nowhere vanishing and has a single fourth order pole

at ¢ = 0. This is an interesting model, but let us consider an alternative (3,0)-form given by

_d¢Advt Ade?  dCAdE! A di?

Q 2 @

(2.127)

This (3, 0)-form is nowhere vanishing and has two second order poles at ( = 0 and ¢ = 0. Having
made a choice of (3,0)-form 2, the 6dCS action is given by

= omi

1 = 2
SﬁdCS[A] 7/ Q/\tr(A/\aAJr 3./4/\./4/\./4) . (2.128)
PT
This does not completely define the theory, as we can see by varying the action,

2 1 -
6Ssacs = =— [ QAtr(JANTF) +-— [ 0QAtr(SANA) . (2.129)
271'1 PT 271'1 PT
The first term provides the bulk equation of motion F%2 = 0, and the second term is a boundary

contribution at the poles of 2. This follows from the complex analysis identity

1 i _

o(3) =emiote) [ acnags© 10 = 10). (2130)
P

Since our choice of (3, 0)-form contains second order poles, the boundary term includes derivatives

of delta-functions, and higher order poles would produce higher order derivatives. The contribution

from the southern patch may be explicitly evaluated to give

i, IANtr(SANA) = [ dCAdCH(C) O [dvU\dv%\tr(&A/\A)}
2m Jer FT (2.131)

:/ [w/\tr(&A/\A)’C_O—l—dulAduQ/\actr((SA/\A)k_o} :
R4

The 2-form w = du' A da! + du? A du? is proportional to the Kihler form on R*. Boundary

conditions must be imposed on the gauge field such that the boundary terms in the variation
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vanish, and these conditions may generically constrain not only the value of the gauge field at the

poles, but also its CP'-derivatives. In this case, we will choose to impose the boundary conditions
Al_g=0., Al_,=0. (2.132)

The second of these conditions follows from a similar analysis on the northern patch.
The Chern-Simons 3-form is invariant under infinitesimal gauge transformations up to bound-
ary terms, which must be considered carefully in the present context. Infinitesimal gauge

transformations act on the gauge field as
SA=0e+[A ¢ . (2.133)
Generic transformations do not preserve the action, whose variation is given by

1 _ _
6Seacs = =— [ OQNAtr(AADe) . (2.134)
271'1 PT
This boundary term may be computed explicitly, as before, though some simplifications occur

due to the boundary conditions on A. The contribution from the southern patch is

L[ san tr(AAJe) = [ du' Adu® Atr(9cA A Oe)

2.135
2mi PT R4 ( )

|¢:0 :
This term, along with its counterpart on the northern patch, will vanish if the gauge transformation
parameter satisfies

Oe| .y =0,  Oelz_,=0. (2.136)

At this point, it is important to linger on the physical status of these symmetries. In general,
gauge symmetries describe redundancies of a theory that should be removed by imposing a gauge
fixing condition. Crucially, physical observables must not depend on this choice of gauge fixing.
On the other hand, a given theory may also admit physical symmetries, which are accompanied by
a conserved charge according to Noether’s theorem. States in such a theory organise themselves
into representations of the physical symmetries, distinguished by differing values of the conserved
charge. One way to determine whether a symmetry is physical or gauge is via its conserved
charge: the charge associated to a gauge symmetry always vanishes.

With this in mind, let us consider the infinitesimal transformations satisfying the boundary
conditions (2.136). Those transformations which act trivially at the poles, but non-trivially in
the bulk, are the genuine local gauge transformations of Chern-Simons theory. To understand
the transformations which act non-trivially at the poles, it is important to accurately identify
the boundary degrees of freedom in this theory. As we have seen, the boundary terms typically
depend on both the value of the gauge field and its CP'-derivative due to the second order poles
in €. Similarly, the infinitesimal transformations can act non-trivially at the poles in two different

ways. Either the value of € is non-vanishing at the poles, or it has a non-vanishing CP'-derivative.
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A careful analysis of the Noether charges shows that the latter are gauge symmetries, whilst

the former are physical symmetries with associated conservation laws given by
du! A du? /\88<A|CO 0, duat A da? A86A|<0 0. (2.137)

In these expressions, the Noether currents are d;A| ¢c=o and 85A| ¢—o Which are generically non-
vanishing. These currents are not conserved in the usual sense, but rather satisfy a holomorphicity
condition. This follows from the fact that general solutions to the boundary conditions (2.136)
are not global transformations, but semi-local transformations with partial dependence on R*.
The exponentiation of these infinitesimal transformations are the finite gauge transformations

which act on the gauge field as
A A = g7 Ag+ g1y . (2.138)

These preservere the space of solutions to the bulk equations of motion F%2 = 0, as the field
strength transforms as F +— g~ 'Fg. To understand the need for boundary conditions, we should

consider the transformation of the action,

1 = = 1 _
Sﬁch[A} — SﬁdCS[A] + — OO N tr(A A 8gg*1) - — / QA tl"(gilag)3 . (2.139)
27 PT 6mi PT
Using the boundary conditions on 4, one may see that the second term vanishes if we impose

boundary conditions of the gauge transformations given by
gflég|C=O =0, gilggk:o =0. (2.140)

These are very similar to the boundary conditions we imposed on the infinitesimal gauge transfor-
mations (2.136). The third term is most easily understood by introducing an extension of g over
the 7-manifold PT x [0, 1] which agrees with g on PT x {1} and with the trivial map on PT x {0}.
Denoting this extension by g, we define the Wess-Zumino (WZ) term by

1, i e a1~
Wzlg) = Str(97'dg ng~dg A g™ dg) . (2.141)

To relate this to the third term in the gauge transformation of the action, we first note that we
may replace the Dobeault operators by standard exterior derivatives whenever they are wedged
against (2. Then, we leverage Stokes’s theorem and the extension described above to write the
integral over the 6-manifold PT as a surface integral over the 7-manifold PT x [0, 1]. Since the
g-dependent 3-form is closed, the overall exterior derivative can only act on 2, giving us the
identity

1

- QA tr(g_lég A g tog A g_lég) = / I A WZlg] . (2.142)
3 Jer PT [0,1]
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This means that we can write the gauge transformation of the action succinctly as

1 _ _
Seacs[AY] = Seacs[A] + 5 / OQ A {tr(A/\ dgg~ ") —
PT

1

WZ[g]} . (2.143)
[0,1]

Explicitly computing the localisation of the WZ-term, one finds that the boundary conditions
we have already imposed on the finite transformations are sufficient to make it vanish. As with
the infinitesimal transformations, the finite transformations include both a gauge and physical
component, distinguished by their Noether charges.

In addition to these transformations of the fields, we should also consider diffeomorphisms of
twistor space. The action is not invariant under general diffeomorphisms, only under those which
preserve €. This includes all translations along R*, but does not include all SO(4) rotations of
spacetime. There is an SU(2) subgroup of rotations preserving 2 which is generated by
i

"o

1= (ulaul — ﬂlaﬂl — u28u2 —|—I_L28ﬂ2) s

2

5 :%(u28u1 — w205 + utd,2 — ’Elaﬁz) , (2.144)
1

g :§(u2au1 + ’[1,28111 — ’u,lauz — ’17,181;2) .

These act trivially on the CP'-coordinate ¢, but non-trivially on the holomorphic coordinates
{vl,v?} of twistor space. There is also a U(1) diffeomorphism acting on R* and CP' generated by

- %(ulaul — @01 + uPByz — W02 +1CO; - (2.145)
This commutes with the SU(2) subgroup of rotations, and together they form the U(2) C SO(4)

which preserves the Kéhler form on R*.

2.4.2 Localisation to spacetime

6dCS — > 4dIFT

4dCS ———— 2dIFT

Next, we would like to show that 6dCS theory localises to a field theory on spacetime whose
equations of motion are equivalent to the SDYM equation. In particular, unlike a Kaluza-Klein
reduction in which infinitely many modes are discarded from the theory, a finite number of fields
on R* capture all of the physical degrees of freedom in 6dCS theory. This is analogous to the
localisation of 4dCS theory which is presented in section 1.3. In that context, we saw that the

bulk degrees of freedom in the theory were gauge trivial, and the only physical degrees of freedom
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arose from boundary conditions imposed at poles in CP'. The same argument applies to 6dCS
theory, where the role of the boundary is played by the poles in Q. We will refer to the degrees of
freedom living at the poles as edge modes, and they will become the fundamental fields of the 4d
theory.

Now that we have the idea in mind, let us explicitly localise 6dCS theory to derive the theory
on spacetime. It is helpful to introduce a field redefinition which separates the bulk gauge field
from the edge modes. To this end, we introduce two new fundamental fields A’ and § which are
related to A by

A=A ="' A4+ ¢ 107 . (2.146)

This new parameterisation is partially redundant and introduces an internal gauge symmetry

which acts as
A A g b g (2.147)

Notice that the original field A is invariant under this transformation meaning that it trivially
preserves the action. Assuming that A’ is trivial upon restriction to CP*, we can leverage this

internal symmetry to impose the gauge fixing constraint
dg+A'=0. (2.148)

This constraint is familiar from our discussion of the Penrose-Ward transform in section 2.3, and
it will always be applied when localising 6dCS theory. By comparison, we will shortly impose
some additional gauge fixing conditions on the edge mode §, but these will vary from model to
model depending on the choice of 2 and boundary conditions.

Before imposing these additional gauge fixing conditions, let us revisit the action of 6dCS

theory. In the new variables, it is given by

1 _ _
SGdCS[A/, g] = S@dcs[A/] + — / O N |:tr(A/ VAN 8§§_1) —
PT

27

WZ[g}] . (2.149)
[0,1]

The field § only appears in the action against 0, justifying its title of edge mode. In particular,
while one might initially think of § as defined over the whole manifold PT, we see that it only
enters into the action through the fields

470 :g ) g_lacg

9lez

0=%,  Gleso=3, 9704 =9 (2.150)

These 4d fields capture all of the degrees of freedom in the edge mode §, where the CP*-derivatives
appear because of the second order poles in €.

However, some of these degrees of freedom are non-physical due to the presence of gauge
symmetries. For example, compatible with the gauge fixing condition ¢ 2 A’ =0, we may apply
internal gauge transformations satisfying 9zh = 0. This provides sufficient freedom to gauge fix

the value of § at one point on CP' to the identity, for example § = id. In addition, we also have
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access to the original gauge transformations which we will refer to as external symmetries. These

act on the new variables as

A=A, g—g-h. (2.151)
Notice that our field redefinition has conveniently decoupled the unconstrained bulk gauge
transformations from the residual symmetries acting on the boundary degrees of freedom. As
we emphasised in the previous section, the parameter h contains both gauge symmetries and
semi-local physical symmetries. The gauge symmetries must be trivial at the poles, but may
have non-trivial CP'-derivatives. These allow us to impose the constraints ¢ = 0 and (;S =0. In

summary, the gauge fixing conditions imposed on the edge mode are

ileco=9  97'0|._y=0, dley=1d, G104, =0. (2.152)
This exhausts the gauge symmetries of the theory, and the semi-local symmetries act on the

surviving degrees of freedom as
A A g bt g-he,  Ohy=0,  0Oh,=0. (2.153)

In this expressions, the transformation parameters h; and h, only depend on R*, and we have
written the semi-local constraints in terms of the complex coordinates u' = z!' + iz? and
u? = 23 +iz®. In general, when we write Dobeault operators acting on fields on R*, they are
defined with respect to the fixed complex structure in which {u!,u?} are holomorphic coordinates.
This coincides with the complex structure on twistor space at ¢ = 0, and defines the opposite
complex structure (with holomorphic and anti-holomorphic exchanged) when compared to ¢=0.

For example, we can write the boundary conditions on the infinitesimal transformations as
ae\c:o = a(elczo) =0, 86‘520 = 8(6’620) =0. (2.154)

We expect these residual symmetries to descend to semi-local symmetries of the theory on
spacetime.
The next step in the localisation procedure is to solve the §.A" bulk equations of motion.

Taking into account the constraint J; - A’ = 0, this equation of motion is given by
QA EQTA’ =0. (2.155)

We have already seen the general solution in our review of the Penrose-Ward transform (§2.3),
but here we will present a more detailed derivation. When writing A’ in components, it is natural
to work in the basis of (0,1)-forms given by {d(,ds", du?}. Unfortunately, this basis has some
drawbacks and is not particularly well adapted for localising to spacetime. Firstly, the (0, 1)-forms
along R* also have legs along CP', meaning that the constraint 55 1 A" = 0 relates the various

components rather than simply setting one to zero. Secondly, the (0, 1)-forms along R* are not
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invariant along CP', meaning that the Lie derivative acts on both the components and the basis
forms. Of course, one may overcome these obstacles and complete the calculation in this basis,
but here we will present an alternative approach.

The localisation is made easier by working in a basis of forms which does not suffer from these
downsides. It turns out that asking for invariance along CP' is too restrictive, but we can find

some (0, 1)-forms {0', 62} satisfying
;10" =0, QALH' =0, 9;40°=0, QANLH=0. (2.156)
These (0, 1)-forms are explicitly given by

g — da! — ¢ du? 72— du? + ¢ du'

v ¢ (2.157)
14 ¢C 1+¢C

The first basis form @' is in the span of {d¢,dv'}, whilst 62 is in the span of {d(,dv?}. These
are the inhomogeneous equivalents of the basis introduced in section 2.2.5.

Working in the basis of (0, 1)-forms given by {d(, 8,6}, the constraint J¢ 4 A" = 0 simply
implies that the coefficient of d¢ vanishes. Furthermore, the bulk equation of motion implies that
the coefficients of ' and 62 are holomorphic functions of CP!. Expanding these holomorphic
coefficients as polynomials in ¢, the requirement that A’ is finite everywhere on CP' tells us that
they may be at most degree 1. The general solution to the bulk equation of motion is therefore
given by

A= (Agt — CAy2) 01 + (Age + (A ) 0% (2.158)

This completely specifies the CP*-dependence of A’, and agrees with the result presented in
section 2.3. In this expression, the components A, are generic CP'-independent functions.

Having found the CP*-dependence of A’, we could now compute the integral over CP' in the
action, arriving at a theory on R*. As it stands, that theory would depend on the surviving
edge mode g and the 4d gauge field A. However, we have yet to take into account the boundary
conditions of 6dCS theory. These allow us to solve for A in terms of g, landing on a theory with
a single fundamental field. We expect the equations of motion of this theory to be equivalent to
the SDYM equation for A.

The boundary conditions on A may be converted into conditions on A’ and § as

— _—
Allg==0007" oy Alesy=-030""]c_, - (2.159)

Solving these for the components of A’ gives
Aul =0 5 A,al = —8ﬂlgg_1 , Au2 =0 , Aﬂ2 — _aﬁzgg—l . (2160)

Consider the corresponding 4d gauge field A, this expression may be summarised as A? = 0 and
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A%t = —9gg~'. This connection identically solves two of the SDYM equations,
F20 =0, F%2=90. (2.161)

The first of these is solved trivially, and the second is solved due to the Maurer-Cartan identity.
We expect the final SDYM equation to coincide with the equation of motion of the 4d theory,

WAF=0 <= wAddgg')=0. (2.162)

This parameterisation of a self-dual connection is well-known, and the field g is often referred to
as Yang’s matriz [Yan77]. In this context, final SDYM equation is known as Yang’s equation.
At this stage, one might also guess that the corresponding four-dimensional theory will be the
4dWZW model [Don85; Los+96].

To find the action of the 4d theory, we should substitute our solution for A’ into the 6dCS
action and compute the integral over CP'. Recall that the 6dCS action is given by

1 _ _
Seacs[A’, §] = Seacs[A] + 2 / O N {tr(A’ NOGG) —
PT

— WZ[g}] . (2.163)

[0,1]
Since the solution to the bulk equation of motion obeys (‘35 1A =0and QA /Jg.A’ = 0, the
integrand in the first term cannot saturate the d{ leg and therefore vanishes. It remains to
compute the integral over CP' in the second term, which we will do piece by piece. Since we have
gauge fixed all of the degrees of freedom in the edge mode at the north pole, this integral will
only receive contributions from the south pole. The first of these is given by

/ {w Atr(A A DGg™H) |y + dul Adu® Adctr(A' A Dgg™") (2.164)
R4

|<=0
This expression may be simplified with a couple of observations. Firstly, the value of A’ at the
south pole is A'|¢.—g = A% = —9gg~1. Similarly, since the complex structure on twistor space
agrees with that on spacetime at ¢ = 0, we have 9§§~*|¢c=o = dgg~'. Inspecting the first term,
we see that the integrand would be a (1, 3)-form on R*. This does not exist, so this term must
vanish.

Secondly, the CP'-derivative of A’ vanishes at the south pole OcA'|¢=0 = 0. The CP*-derivative
of the edge mode also vanishes due to our choice of gauge fixing, so this derivative may only act
on the CP'-dependence inside the twistor space Dobeault operator 9. In the basis of (0, 1)-forms

{d¢, 6", 6%}, this operator acts on functions as

Of = 0:f dC+ (01 f — 02 f) 0 + (D2 f + (O [) 67 . (2.165)
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This allows us to compute the contribution of the second term which is
= 1
du' Adu® Adctr(A A DGg) |C:0 = 5/ tr(g~'dg Axg~'dg) . (2.166)
R4 R4

This is the standard kinetic term of the principal chiral model (PCM). Using some identities from

Kahler geometry, this may also be written as
1 _
f/ tr(g~'dg Axg~'dg) = / wAtr(g~og A gflag) . (2.167)
2 R4 R4

Turning to the WZ-term, this computation is very direct. Since the CP'-derivative of the
edge mode has been fixed, we only pick up a term of the form w A WZ[g]. Bringing these pieces
together, the action of the 4d theory is

1
Siawzwlg] = B /

tr (g~ dg A xg~1dg) — / W AWZ[g] | (2.168)
R4

R4x[0,1]

This theory is known as the four-dimensional Wess-Zumino-Witten (4dWZW) model, and it was
first recovered from 6dCS theory in [Cos20; Cos21]. As expected, the equations of motion coincide
with the final SDYM equation,

6Siawzw =0 <= wAd(dgg ) =0. (2.169)
In addition, the action is invariant under two semi-local symmetries acting as
g—hyt g hy,  Ohy=0,  Oh,=0. (2.170)

These are directly inherited from the residual symmetries of 6dCS theory which satisfy the

boundary conditions. The associated conservation laws take the form of holomorphicity conditions,
wAd(dgg ) =0, wAd(gldg) =0. (2.171)

One may show that these agree with the conservation laws derived from 6dCS theory (2.137) when
substituting in the field redefinition and solution to the bulk equation of motion. Considering the
spacetime symmetries, we see that only those diffeomorphisms which preserve the Kahler form
will leave the action invariant. This includes all translations of R* and a subgroup U(2) C SO(4)

of the rotations, matching the 6dCS analysis.
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Chapter 3

Integrability in gravity from

Chern-Simons theory

The results in this chapter were found in collaboration with Peter Weck [Col+-24a].

3.1 Introduction

Many advances in our understanding of theories of gravity have been closely linked to the study
of integrability. This is particularly true in the context of black hole solutions. The integrable
structure of gravity with D — 2 commuting Killing symmetries facilitates powerful solution
generating methods, which have led to the discovery of a surprisingly rich array of exact solutions
[ER08]. Many black hole uniqueness theorems also rely on this integrable structure [Maz82; HY0S;
HY11; LT22; LT20].

Two formal ingredients underlie many of these developments. First, with this much spacetime
symmetry, various D-dimensional theories of gravity can be reduced to nonlinear o-models in
two dimensions [BM87; BMG88]. The fundamental field of these 2d models roughly corresponds
to the internal part of the metric and takes values in a coset group. In the canonical example,
four-dimensional General Relativity (GR) is reduced by axial 94 and stationary 9, Killing vectors
to a nonlinear o-model on SL(2,R)/SO(2). The second ingredient is that these 2d models are
integrable, a fact which is exhibited by the existence of a flat ‘Lax’ connection expressed in terms
of an auxiliary complex parameter.

The goal of this chapter is to show how recent advances relating 2d integrable models to 4d
Chern-Simons theories [CY19; Del+20] can be applied to stationary and axisymmetric GR (see
[Lac22] for a pedagogical introduction to 4dCS theory). This framework beautifully captures the
integrable structure of gravity in the language of gauge theory and geometry. The Lax connection
is realized as a dynamical gauge field, and the ‘spectral’ parameter as a spatial coordinate. We

will demonstrate how the 2d o-model for stationary, axisymmetric gravity emerges from the
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boundary dynamics of this Chern-Simons theory. We believe this framework will provide fertile
ground for the study of powerful but highly technical solution generating methods, not only in
GR but also in higher-dimensional supergravity theories. Below we provide two divergent but
related motivations for this work: one which may appeal to researchers interested in solution
generating methods in theories of gravity, and the other to those interested in applications of 4d

and 6d Chern-Simons theory to lower-dimensional integrable models.

3.1.1 DMotivation from exact techniques in gravity

Let us first consider the application of the Lax formalism to solution generating methods in
theories of gravity. As early as 1978, the Lax formalism was used by Belinski and Zakharov to
generate 4d vacuum solutions describing n black holes with a common axis of symmetry [BZ78;
BS79]. The BZ method takes an initial solution Gy for the metric on the Killing directions,
defines an extension G which depends on the spectral parameter Z, and constructs a new solution

via a dressing transformation,

GrxG,  x=id+ Y N (3.1)

Compatibility with the Lax strongly constrains the dressing matrix y. Its Z-dependence is shown
above explicitly, and the form of y; and Z; is completely fixed! up to free parameters. These
parameters set properties of the new solution such as mass, rotation, and NUT charge. The same
method can be used when all the Killing vectors are spacelike, to generate various ‘multi-soliton’
gravitational wave solutions.

In the application to 4d stationary and axisymmetric solutions, only the n = 1 case of the Kerr
black hole is free from non-physical features such as conical defects and closed time-like curves.
However, the generalization of the BZ method (also known as the inverse scattering method) to
higher dimensional GR [Pom06] has led to the discovery of a rich array of new solutions. Perhaps
most fascinating are the black ring and black Saturn solutions, which have established that black
holes of non-spherical horizon topology are a generic feature of vacuum gravity for D > 4. See
[ER08] for a review of these developments. Extensions to Einstein-Maxwell theory have also been
made in [Ale80; NK83].

These techniques have seen more limited application in supergravity theories even though the
integrable 2d o-model foundation widely applies. The BZ method is usually formulated directly
in terms of components of the metric on Killing directions. While this is closely related to a field
configuration in the coset space of the corresponding o-model, direct application of the dressing
transformation is not guaranteed to respect the coset group structure [Fig+10]. Reconciling the
BZ method and the o-model approach pioneered by Breitenlohner and Maison can present a

technical challenge — see the minimal 5d supergravity case in [Fig+10], and STU supergravity

1A few additional constraints are required beyond preservation of the form of the Lax. These ensure the
resulting metric is symmetric, real-valued, and asymptotically well-behaved.
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D > 4 vacuum gravity SL(D — 2,R)/SO(D — 2)
4d EMd gravity SU(2,1)/(SU(2) x U(1))
4d N =4 from 10d SuGra SO(8,8)/(SO(8) x SO(8))
4d N = 8 from 11d SuGra Eg(48)/50(16)

Table 3.1: Examples of o-models obtained from dimensional reduction of different theories of
gravity with D — 2 commuting Killing vectors, from [BMG88]. Note these integrable 2d models
capture only the bosonic sector.

models in [KKV14]. Additionally, the dressing matrix for vacuum gravity with D — 2 commuting
Killing vectors is allowed only simple poles with residues of rank one. Higher rank residues are
possible for more general coset groups [KKV14], further complicating the BZ methodology. One
motivation to find simpler and more systematic ways to implement these transformations is to
understand the scope of exact solutions in higher-dimensional (super)gravity theories.

Another motivation comes from the black hole microstate problem, particularly the fuzzball
proposal [Ben+22; BW13]. Some black hole microstates are coherent enough to admit a semi-
classical description in terms of smooth and horizonless geometries. Most of the known examples
of such ‘microstate geometries’ are supersymmetric or represent small deformations away from
supersymmetric solutions [BWWO06; BW08; Ben+15]. Methods to systematically generate more
general stationary and axisymmetric microstate geometries would be quite significant. Recent
progress on the static case has indirectly made use of inverse scattering and integral equation
methods, employing 4d Einstein-Maxwell solutions to solve higher-dimensional equations of
motion. This strategy was employed in [BHW22] and [BH24] to construct the first examples of
smooth and horizonless geometries which asymptotically resemble Schwarzschild black holes.

Accessing the full power of inverse scattering methods in supergravity theories may require
approaches which are more systematic and better adapted to the o-model presentation. A
promising new perspective on the Lax formalism and 2d integrable field theories (IFTs) has
recently emerged, relating them to Chern-Simons (CS) theory on a 4d space with defects [CY19)].
The Lax connection is treated as a dynamical gauge field in this extended space with the spectral
parameter serving as a coordinate. Dressing transformations, such as in the BZ method, have the

form of (singular) gauge transformations on the Lax connection,

1

L xLx P —dyx . (3.2)

These transformations may have a natural home in the 4dCS framework. In this work, we lay the
groundwork for further investigation along these lines by showing explicitly how the 2dIFT for
stationary axisymmetric gravity can be derived from a novel 4dCS theory. While we often refer to
the SL(2,R)/SO(2) o-model of the 4d vacuum case for the sake of concreteness, our construction

is group agnostic. For example it applies equally to any of the coset group o-models identified by
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Breitenlohner, Maison, and Gibbons in [BMG88] (see e.g. table 3.1.1).

3.1.2 DMotivation from 4d & 6d Chern-Simons theory

For the reader who is primarily interested in 4dCS and/or 6dCS theory, this work presents several
new results in these domains. To highlight the novel features of our construction, we first recall
that the action of 4dCS theory [CY19] is given by

S4dCS:i. w/\tr(A/\dA+2AAA/\A> , (3.3)

2mi Jopt xre 3

where w is a meromorphic 1-form. This theory allows for the systematic construction of a wide
array of 2d integrable field theories as well as their associated Lax connections. Provided with
the input data defining a 4dCS setup, namely a choice of 1-form w and boundary conditions on
the gauge field A, it is possible to localise the action to an integral over R2. Different choices
of input data will lead to different 2dIFTs, meaning that 4dCS theory is also a mechanism for
exploring the space of integrable theories. For this reason, it is important to understand which
properties of the input data are essential, and to find any extraneous constraints which may be
relaxed. For example, it is not yet understood what the most general 1-form w is which is both
compatible with the localisation procedure and leads to an integrable field theory.

The existing literature on 4dCS theory has treated 1-forms which can be written in terms
of a twist function as w = p(Z) dZ, where Z is a holomorphic coordinate on a complex curve,
often taken to be CP'. These 1-forms only have legs along dZ, and the twist function ¢(Z) is a
meromorphic function of Z. In this chapter, we will relax both of these assumptions, allowing
w to have legs along the spacetime directions, and the coefficients to have dependence on the
spacetime coordinates, which we will often denote {p, z}. The fact that our 4dCS theory retains
its key properties after this generalisation is a surprising result. We will demonstrate that it is
still possible to localise the action to a 2dIFT, and derive the associated Lax connection for the
concrete example of stationary, axisymmetric GR.

Another perspective on this unfamiliar feature of our 4dCS theory is found by considering an

alternative spectral parameter defined by
W=z4+L2(z1-2). (3.4)
2

The original Z-plane is a double covering of the W-plane and the meromorphic 1-form of interest
may be expressed as w = dW. This presentation brings the 1-form into a more familiar form, but
now the novelty lies in the relationship between Z and W. In particular, the W-plane contains
a branch cut between the points W = z 4+ ip and W = z — ip. From this perspective, we are
generalising the branch cut defects of [CY19] to allow for spacetime-dependent endpoints.
These generalisations of 4dCS theory were not the result inspired guesses, but were derived
from a reduction of 6dCS theory. The 6-manifold underlying 6dCS theory [Cos20; Cos21] is
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twistor space PT, which is isomorphic to CP' x R* as a real manifold. The action is given by

Sedcs = —— QAtr(AA8A+2AAAAA>, (3.5)
27 Jpr 3

where  is a meromorphic (3,0)-form. Much like the relationship between 4dCS theory and

2dIFTs, this six-dimensional counterpart localises to spacetime (i.e. R*) producing four-dimensional

integrable field theories (4dIFTs). The analog of the Lax connection for 4dIFTs is a self-dual

Yang-Mills (sdYM) connection which may be derived from the 6dCS description.

Integrable models in lower dimensions are known to arise as conformal reductions of the 4d
sdYM equations (see the textbook [MWO91]). If we restrict to solutions which are invariant under
two conformal Killing vectors, the remaining sdYM equations describe 2dIFTs. For example, it
was noticed in [Wit79] that the static, axisymmetric gravity equations are equivalent to a static,
axisymmetric reduction of the sdYM equations. This observation inspired further work [War82]
in which the machinery of twistor theory was used to generate solutions to the vacuum Einstein’s
equations. These developments are discussed in the textbooks [FW90] and [MWO91].

When compared with this older literature on the topic, the advent of 6dCS theory gives us
the opportunity to work at the level of an action, rather than just working with the equations of
motion. This was recently applied in [Pen21] to derive actions for 2dIFTs coming from dimensional
reductions of gravity and supergravity; including the case of 4d stationary, axisymmetric gravity
which we focus on in this work. In other concurrent work on 6dCS theory [BS23], it was shown
that 4dCS theory arises as a reduction of 6dCS theory, just as 2dIFTs arise as a reduction of the
4d sdYM equations. This established a commutative diagram relating Chern-Simons theories to

integrable models.
6dCS — > 4dIFT

4dCS ——— 2dIFT

Localisation is represented in the diagram by straight arrows and dimensional reduction by
squiggly arrows. In particular, since the two papers [BS23] and [Pen21] first appeared within days
of one another, the 4dCS theory related to stationary, axisymmetric gravity was not explored in
[Pen21]. The present work seeks to fill this gap in the literature.

As mentioned earlier, our reduction of 6dCS theory results in a 4dCS theory with some novel
features. These features of the 4dCS theory may be directly matched to novel features of the
associated reduction. Firstly, we implement a discrete reduction which acts simultaneously on
spacetime and on the gauge group. At the level of the 2d integrable model, this reduces the target
space from the Lie group G to the symmetric-space G/Gy where Gy is the fixed subgroup of a
Zo-automorphism. At the level of 4dCS theory, this produces the branch cut defect described

above — a simple example is given in section 3.8. Secondly, our reduction features a rotational
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vector field. Unlike the translational reductions considered in [BS23], it is known that rotational
vectors have a non-trivial lift to twistor space (see e.g. [MW91; Pen21]), mixing the spectral
parameter CP' with the spacetime RY. When applied to 6dCS theory, this forces us to define
a new invariant spectral parameter which necessarily depends on the spacetime coordinates.
Following this through to 4dCS theory, we find the spacetime-dependent 1-form w discussed

above.

3.1.3 Summary of contents

Let us give a short summary of the contents of this chapter. In section 3.2, we review perhaps the
most famous example of integrability in gravity: stationary, axisymmetric vacuum solutions in
GR. Both the Lax formalism and reduction to a 2d o-model are presented. The remainder of the
chapter will be devoted to establishing this 2dIFT in the commutative diagram of models shown
above. Section 3.3 is intended to be self-contained, and describes the relationship between 4dCS
theory and integrability in gravity. We show in detail how the sigma-model for axisymmetric
gravity is recovered from 4dCS theory via localisation of the action to 2d defects. The reader
primarily interested in this key result could focus on this section. Section 3.4 reviews how such an
integrable 2d o-model can alternatively be derived as a reduction of the 4d Wess-Zumino-Witten
(WZW) model. For our purposes, the 4dWZW model serves as a stepping stone to 6dCS theory.
In fact, our 4dCS model was constructed by taking the reduction vectors for the right hand
side of the diagram and lifting them to twistor space, so that we could apply the equivalent
reduction to 6dCS theory. This lift is explained in section 3.5. Finally, in section 3.6, we present
the reduction from 6dCS to 4dCS represented on the left hand side of the diagram. We conclude

with an outlook on future work made possible by this new approach to integrability in gravity.

3.2 Background on integrability in gravity

The sector of 4d vacuum General Relativity (GR) we are interested in consists of solutions with

two commuting Killing vectors. These metrics can be written in the form
dsi = e*(dp* + d2?) + p Gppda™da™, m,n € {3,4} (3.6)
where the function v and the matrix G depend only on the Weyl canonical coordinates (p, z), and
det G =€, e==1. (3.7)

For the sake of concreteness, let us consider stationary and azisymmetric spacetimes (¢ = —1),
for which we identify the pair of commuting killing vectors with d; and a vector for the azimuthal
symmetry, Js. This includes the Schwarzschild and Kerr black holes as well as the Kerr-NUT

solution. It is a particularly well-studied sector of the theory, thanks in part to the solution
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generating techniques developed by Belinsky and Zakharov in the 1970s [BZ78; BS79]. Based
on inverse scattering methods, their technique allows for an infinite number of solutions to be
constructed from a given ‘seed’ solution to the Einstein equations.

The reason these solution generating techniques are possible is that Einstein’s equations are
integrable when specialised to stationary and axisymmetric spacetimes. Substituting the metric
ansatz (3.6) into Einstein’s equations, one finds that they decompose into a set of equations for

G and another for v (given G). Defining a pair of 2 x 2 matrices U,, U, by
U,=p03,GG, U.=pd.GG', (3.8)

the vacuum Einstein equations can be written

,U, +0,U, =0, (3.9)
1 1 1
O = 8—ptr(U§ —U?) — 5 O.v = %tr(Up U.) . (3.10)

These equations define a completely integrable system — a rare thing, especially in theories
of gravity. The algebraic structure behind this integrability was first explored by Geroch,
Breitenlohner, Maison, and others [Ger71; Ger72; BMS&7].

The integrability of this system is exhibited by the existence of a flat connection, called the
Lax connection. The Lax for stationary and axisymmetric GR can be succinctly written in

complex coordinates & = z 4 ip, £ = z — ip as the one-form

—0:GG™!
L= 1-iZ dé +

—0;GG™" 2 [E+E -
L Z—g_g(Q—Wi WO -9) G

where Z and W are complex parameters known in the literature as the variable and constant
spectral parameters, respectively. Readers familiar with the Principal Chiral Model (PCM) will
note that its Lax connection would be identical were we to neglect the spacetime dependence of
the variable spectral parameter Z. The flatness of this connection for any value of W is equivalent

to the Einstein equations for G,
OcLe — OgLle + [Le, Lgl =0 VW <« Eq. (3.9). (3.12)
Since the flatness of a connection implies the existence of solutions ¥(p, z, W) to the equations
V¥ =0, Vel =0, vV=d+ L, (3.13)

the Einstein equations for G are sometimes presented as the compatibility conditions for this pair

of linear ‘Lax equations’ Some authors work in a basis where Z (rather than W) is held fixed, in
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which case the differential operators appearing above are mapped to

G v Ot (-0 20, 0 o 0 (60

L 1-iz
1+iZ

Z0y . (3.14)

For example, in the original reference [BS79] the spectral parameter A held fixed is related those

appearing here as A = —pZ, in terms of which the Lax equations are
2)2 pU, — \U, 2\p pU, + \U
0, — =0\ | UV="A12 L0 O+ ——1—=0\ | U= 29 3.15
( 22 p2 A) A2 + p2 ) (P+>\2+p2)\ 22+ p2 ( )

The effectively two-dimensional character of stationary, axisymmetric GR can be made
explicit at the level of the action. In particular, reduction by the two Killing vectors yields a 2d
non-linear o-model [BM87]. We can see this schematically by evaluating the four-dimensional
Einstein-Hilbert term for the metric (3.6),

Vdetg® RW = — Z tr[(G™10,G)* + (G™10.G)?*| + B, (3.16)

where B collects various total derivatives. Given our determinant constraint on G, and the fact
that it should be a symmetric matrix, the target space for the 2d model should be SL(2,R)/SO(2).
In the next subsection, we carefully go through the reduction procedure of 4d GR by a pair of
Killing vectors to come to the same basic conclusion. The reader uninterested in these details can
skip ahead to section 3.3, where we present a new framework for understanding this 2d model
for stationary and axisymmetric GR. The SL(2,R)/SO(2) o-model field is found to capture the

boundary dynamics of a Chern-Simons gauge field (equivalent to the Lax).

3.2.1 Reduction of 4dGR to 2dIFT

In this subsection, we consider the dimensional reduction of pure Einstein gravity to 2d by a
pair of commuting Killing vectors, 0y and 0;. For convenience, we work with Euclidean metric
signature (e = 4+1) although results can easily be extended to Lorentzian signature. The resulting
nonlinear, coset space o-model is sometimes called the BM model in the literature, after [BMS8T].
We roughly follow the presentation of the reduction in that early work.

Let us distinguish indices on the two isometry directions with lowercase Latin letters, and

indices on the pair of associated orbit space directions with lowercase Greek letters,
oM = (z#, ™), w=1,2 m = 3,4, (3.17)

having identified 9,, 9; with d3, d5. We will use the monikers ‘external’ for x!, 2?2 and ‘internal’ for

2% = ¢, x* = t. The first step is to use local Lorentz transformations to select a lower-triangular
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4d vielbein E3Y,
\/X e 0 4
Efy = » . 95\t = naBEER 3.18
M <\/ﬁé%BZZ VB Iun = NapLy iy (3.18)

The explicit conformal factors A(z!, 2?), p(x!, 2?) have been included so that we can normalize

the determinants of the ‘purely external’ vielbein e and ‘purely internal’ vielbein é as desired.
Let us select
p=det E) <= detél =1. (3.19)

Given some basis of coordinate one-forms, we may want to contract (3.18) by dz™ and write
E*=vVXe*, E®=/p (% +¢é% B"), ds2=n.sE*E’ + nu,EE", (3.20)

where the one-forms e®, B™ have legs only on dz!, dz? while é* has legs only on d¢, dt. This
lower-triangular ansatz for the vielbein is preserved under 2d Lorentz transformations acting on
only e} or only é7,, as well as any 2d diffeomorphisms on é,. The only other diffeomorphisms
which preserve the lower-triangular form are GL(2,R) transformations on the internal coordinates
™ = (¢, t) and those of the form

A A B B" — B" +dI'™. (3.21)
From the Kaluza-Klein perspective B” is a pair of gauge fields in 2d, with field strengths
F, =0,B, —0,B). (3.22)

However, they are non-dynamical in 2d. To see this, define the 2d metric g and associated Ricci

scalar with respect to e}, and construct an analogous matrix G from é7,,

gffy) = nalgez‘eg, Grn = Nape®, el (3.23)

Suppressing internal indices m,n,? the 4d Einstein-Hilbert term can then be written

1
Vdet g R = py/det ¢ |RP — itr(G_lauG G lorG)

1
1\

(3.24)
+ —p Fl, GF" + X719, p ¥ p|

with all u, v indices contracted using the 2d metric gﬁ) The corresponding field equations for

the B); and its scalar dual Fp read

V. (p’A7IG Fr) =0, 0,Fy = 0. (3.25)

250 e.g. GFu = G’mnF[}V
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We see that the equations of motion fix Fyy = const. which means Fj and F},, must both be set
to zero for asymptotically flat solutions. As we are primarily interested in this class of solutions,
the FMTV G F" term will be dropped from the Lagrangian moving forward.

The remaining equations of motion are

1 1
R — Z4@R® — Ztr(G_lauG G19,G) = X1 p 0, p

we g
, . (3.26)

— 50 |r(G10,G GTPG) = Ao, p 1)
Vulp GTro*G) =0, (3.27)
V,u0'p=0. (3.28)

With a suitable choice of coordinates and redefinition of A, we can bring gfﬁ,) to 0., setting

the Ricci tensor and Ricci scalar to zero and replacing all covariant derivatives with partials in
the equations above. The scalar equation 9,0"p = 0 says that p is a harmonic function on R
Together with it’s conjugate harmonic function z, defined by dz = — %o dp, it supplies us with

canonical coordinates (p, z) in 2d. The flat-space equation for G,

u(p GT1O*G) =0 (3.29)

is none other than the equation of motion for the nonlinear o-model with action
S=-1[apd G7'9,G)? + (G10.G)? 3.30
=—7 [ P dz2pt[(GT8,G)" + (G0.G)7. (3.30)
Indeed, bringing the 2d metric to d,,, this is the action for the second term in (3.24) (the first
and third term having been turned off). Crucially, the o-model field G is built from the vielbein
on the isometry directions. We can use this to determine the degrees of freedom contained in
G. The vielbein is a 2 x 2 matrix, and we have a chosen a normalisation such that it has unit
determinant. This means that é lives in SL(2,R), but the metric G only depends on é through
the combination (3.23). In particular, the metric is invariant under SO(2) transformations of the

vielbein, meaning that the action (3.30) describes® an SL(2,R)/SO(2) coset o-model.

The final field equation (3.26) in canonical coordinates reads
9. log \ = gtr(G_lapG G710.G),  0,log\ = gtr[(G_lapG)z —(G719.G)Y . (3.31)

These can be interpreted as fixing A up to a single integration constant. The integrability
conditions for these equations are ensured by (3.29).
Looking back at the 4d metric ansatz in (3.6), we see how it is adapted to this integrable

structure. Identifying A\ = pe?” completes the match between the equations of motion in (3.31)

3For Lorentzian signature, the metric is invariant under SO(1,1) transformations of the vielbein so the coset
o-model is SL(2,R)/SO(1,1).
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and (3.29), on the one hand, and (3.9) and (3.10) on the other. The key takeaway from this
section for the remainder of this work is that the 2d o-model given in (3.30) emerges from the
reduction of pure 4d GR on a pair of isometry directions. As alluded to earlier, solutions to the
full 4d Einstein equations can be constructed given a solution for the o-model field G. Integrating
(3.31) to obtain A is obviously an important final step in these solution generating techniques.
But for our present purposes, the o-model term (3.30) alone will serve as the bridge between the

actions for 4d GR and the Chern-Simons models we are interested in.

3.3 4dCS to 2dIFT

4dCS —— 2dIFT

Recent developments in the field of two-dimensional integrable models have brought to light the
existence of four-dimensional Chern-Simons (4dCS) theory [CY19]. This higher dimensional gauge
theory provides a geometric origin for the spectral parameter appearing in the Lax formalism,
making manifest the integrable structure of the lower dimensional model. The 4-manifold My over
which it is defined is the product of the spectral plane CP' and the 2d spacetime of the integrable
model R?. The action is built from the usual Chern-Simons 3-form for an algebra-valued gauge
field A, and a meromorphic 1-form w with poles at certain values of Z € CP'. This action is
given by

1 2
54(1051277_‘_i w/\tr(A/\dA+3A/\A/\A) . (3.32)
My

The poles as well as the zeros of w constitute the essential data of the theory. Before introducing
the specific w relevant for stationary and axisymmetric gravity, let us take a moment to outline
how 4dCS theories localize to 2d field theories in general. We refer the reader to [Lac22] for a
pedagogical introduction to the topic.

In three dimensions, Chern-Simons theory is a topological field theory. This statement may
be understood by considering the local degrees of freedom in the fundamental gauge field A. The
equation of motion F' = 0 implies that there exists a local solution g to the equation A = g~'dg.
Any gauge field of this form may be fixed to A = 0 by a gauge transformation, so all solutions to
the equations of motion are locally gauge trivial. The fact that 3dCS theory has no local degrees
of freedom is a manifestation of its topological nature.

However, let us consider 3dCS theory on a manifold with boundary. We must impose boundary
conditions on both the fundamental field A and on the gauge transformations. In effect, the
presence of a boundary has broken some of the gauge symmetry of the theory. It may no longer be

possible to transform a gauge field A = g~'dg into A = 0 since the required gauge transformation
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may not satisfy the boundary conditions. In the bulk of the manifold (away from the boundary,
that is) this has no effect and there are still no local dynamics. On the other hand, the broken
gauge symmetry gives rise to local degrees of freedom which live on the boundary.

The same argument applies to 4dCS theory with the role of the boundary played by the poles
in w. It is necessary to impose boundary conditions on the gauge transformations at these points,
and this leads to the emergence of physical degrees of freedom living on R? alone. We will refer
to these degrees of freedom as edge modes, and they will become the fundamental field G of the

2d theory — an SL(2,R)/SO(2) o-model, for our present purposes.

3.3.1 Constructing our 4dCS theory

We will continue to work with coordinates {p, z} on spacetime and consider the 4dCS theory

(3.32) with meromorphic 1-form

z-l-Z7
dZ) + g dptdz. (3.33)

P 72 +1
2 72

This may seem like an ad hoc choice. For the time being, we will adopt the philosophy that “the
proof is in the pudding”, and justify this by showing that it leads to the 2d integrable model
known to describe stationary axisymmetric GR. However, in section 3.6 we will show that (3.33)
is a consequence of the Jy4, 0, reduction isometries, emerging from a corresponding reduction of
6dCS theory to our 4dCS model.

To the best of our knowledge, all previous 4dCS constructions have considered 1-forms w
which may be written in terms of a twist function ¢(Z) as w = ¢(Z)dZ. In particular, they
only have legs on CP! and only depend on the CP! directions. By comparison, our meromorphic
1-form w mixes the spacetime and CP' directions. We will now describe the construction of
this 1-form by starting with a more conventional 1-form and introducing a spacetime-dependent
branch cut. Consider another spectral plane parameterised by W e CP' and equipped with the
meromorphic 1-form dW. This 1-form has a second order pole at W = oo, which can be seen by
moving to the other patch covering CP'. Now, let us insert a branch cut in this spectral plane
between the points W = z 4+ ip and W = z — ip. This introduces a two-sheeted covering of the

W-plane which we can parameterise by the coordinate

Z:%(Z—Wi«/(sz)QerZ) . (3.34)

Since this is a double covering, there are two values of Z for each value of W except for the points
at the end of the branch cut where the radicand vanishes. We can invert this relation to find the

two-to-one map from Z to W,
W=ztL(27-2). (3.35)

We can move between the two sheets of the double covering with the map Z — —Z~!, which
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preserves W. The meromorphic 1-form w given in (3.33) is simply dW after moving to the
two-sheeted cover parameterised by Z. This w has two second order poles, at Z = 0 and Z = oo,
which are the preimages of W = oco.

Despite our unconventional choice of 1-form, the essential properties of the 4dCS theory are
retained. Since this is a surprising result, we will take some time to demonstrate this statement
and review the fundamentals of 4dCS theory. It is convenient to work in complex coordinates on
spacetime given by £ = z +ip and € = z — ip. In these coordinates, the meromorphic 1-form is
given by

The singularities in w play the role of boundaries in our theory and we must impose boundary

conditions on the gauge field A at these points. To see this, consider the variation of the action,

084408 = l wAtr(5AAF) + L/ detr(5AAA) ) (3.37)
27 Sy, 27 J g,

The first term gives the bulk equations of motion w A F' = 0, while the second term is a boundary

term which must be killed by imposing constraints on the gauge field. One might expect that

dw is identically zero since the 1-form may be expressed as w = dW. This is almost correct, but

the argument fails where w is singular. At these points, we must make use of the identities from

complex analysis

0 (;) = —2rid(2) , /u»l AZ ANdZ8(Z) (Z) = £(0) . (3.38)

This means that dw is a distribution with support on CP' at the poles of w. It is for this reason
that we refer to the second term in the variation as a boundary term. More explicitly, we can

write the contribution from Z = 0 as

d e B _ . B
W 52 =84z naz 1 6(2) a7 nae — 5(2)k az nae (3.39)
2mi 4 4 4

Sufficient boundary conditions on the gauge field which cause the boundary term in §S4qcs to
vanish are given by*

Al,_,=0, Al,__=0. (3.40)

By a similar argument, the gauge transformations 6. A = de+[A4, €] must obey boundary conditions
given by
de|,_, =0, de,__=0. (3.41)

4When we write the boundary conditions on the gauge field, we would like to highlight that the dZ legs do not
contribute due to the restriction map, that is dZ|z—9 = 0. This is in contrast to the boundary variation where
the Z-component of A will appear explicitly. Despite this observation, it is sufficient to constrain only the £ and
&-components in this basis.
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The zeroes of w also play an important role in 4dCS theory. Due to the zeros at Z = +i, we
should allow the gauge field A to have simple poles at these points. If A¢ has a simple pole at
Z =1 and Ag has a simple pole at Z = —i, the action Syqcs remains finite. The presence of
singularities in the gauge field is far from a problem in 4dCS theory — it is a crucial feature to
capture the usual meromorphic dependence of a Lax connection. We will therefore allow these
singularities in our field configurations.

Turning to the symmetries of the action, notice that we have a trivial shift symmetry acting as
A A+Cyw. (3.42)

In the 1-form basis {dW, dw,d¢, dé } adapted to this symmetry, w = dW and thus the component
Aw does not contribute to the action — it decouples. For this reason we will often neglect to
mention Ay as it can always be fixed to zero. Transforming to the basis {dZ,dZ,d¢, d€}, this
choice also sets Az = 0.

This almost completes our definition of the theory, but there is one final ingredient which we
would like to introduce. The interpretation of the Z-plane as a double covering of the W-plane
calls for an additional restriction on the gauge field A. Rather than having generic dependence
on Z, we would like to think of the gauge field A as living on the spectral plane parameterised
by W. One might think to impose the constraint A(Z) = A(—1/Z) so that A is single-valued
on the W-plane. We instead allow a non-trivial transformation on the Lie algebra indices of A,
introducing the Zs-automorphism of the algebra g. In the context of stationary axisymmetric
gravity, the appropriate Lie algebra is g = sl(2,R) and the automorphism 7 : g — g is given by

z +— —z7. We impose the equivariance condition
A(Z) = n(A(—l/Z)) . (3.43)

This means that the values of the gauge field on each sheet of the covering are not independent,
and knowing one is sufficient to know them both. In the resulting 2dIFT, this restricts the target
space from SL(2,R) to the coset SL(2,R)/SO(2). It is also important that this is compatible
with the boundary conditions we have imposed on the gauge field. In the literature on 4dCS
theory, this equivariance condition is also known as a branch cut defect [CY19]. This completes
the definition of our 4dCS theory.

3.3.2 Localisation to 2dIFT

Next, we would like to show that 4dCS theory localises to an integrable field theory on spacetime.
In particular, unlike a Kaluza-Klein reduction in which infinitely many modes are discarded from
the theory, a finite number of fields on R? capture all of the physical degrees of freedom in 4dCS
theory.

As a first step in this localisation, it is helpful to introduce a field redefinition which separates
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the bulk gauge field (i.e. away from Z = 0 or Z = o0) from the edge modes. We introduce two
new fields £ and § defined by

A=/, L9=§"1L5+§71dg . (3.44)

This new parameterisation is partially redundant and introduces an internal gauge symmetry
which acts as
L—LV, G- h7lg. (3.45)

Notice that the original field A is invariant under this transformation, meaning that it preserves
the action. We can leverage this internal symmetry to significantly simplify the equations of
motion for the theory. Denoting the contraction of a vector field X with a differential form A by

X 1 A, we will impose the gauge fixing constraint
0; 1 L=0 <= L;=0. (3.46)

There are some residual symmetries after this gauge fixing, including the portion of the original
gauge symmetry satisfying the boundary conditions. In a moment, we will use the remaining
gauge symmetries to impose constraints on the edge mode g, but first let us return to the action.

In the new variables, it is given by

1 1 1 3
Siacs = =— Atr(LAdL) +=— [ dwAtr(LAdgs™") — — Atr(g~'dg)” . (3.47
wes = o [ wnm(enat) s o [ dwnu(endig ) - [ wnag )’ @
In the second term, the edge mode § appears against the 2-form dw. While it might appear that
this term depends on the value of § over all of My, the presence of the distribution dw means
that it only depends on the fields
ilyo=9, 020, =06, Gl,.=d, G0z, =9 (3.48)
The dw term cares about both the edge mode and its CP'-derivatives because w contains second
order poles. Higher order poles would lead to higher order derivatives contributing to the action.
Readers familiar with the 2d Wess-Zumino-Witten (WZW) model might recognise the 3-form in
the third term as a Wess-Zumino (WZ) term. In that context, despite being a 3-form integrated
over a 3-manifold, the WZ term only produces 2d dynamics on the boundary. Based on the
similarity, one might expect that this remains true in the present context, and this is indeed the
case.
First, consider an extension of § over the 5-manifold M5 = My x [0, 1] which reproduces § on

My x {1} and is the trivial map on My x {0}. Denoting this extension by the same symbol § in
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an abuse of notation, we may write the WZ term as a surface integral over M5,

/ wAtr(g7'dgA g dg A g dg) = / d {w Atr(g'dg A g dg A gldg)] ) (3.49)
M4 M5

Since the g-dependent 3-form in this expression is closed, the exterior derivative on the right
hand side can only act on w, producing the desired distribution on CP'. This allows us to write

the action as

1 1
Saacs =5~ [ wA tr(LAdL) + 51 [ dwn [tr(ﬁ Adgg™t) — WZ[Q]} , (3.50)
M4 M4

where we define the WZ 2-form by

! fdaa r Al aA x Al A
WZlg] = /[ ]tr(g YgngtdgAg 1dg). (3.51)
0,1

3
From this expression for the action, we see that the edge mode indeed appears in the action only
through the ‘boundary’ fields (3.48), justifying its name.

Let us consider the degrees of freedom in the edge mode more carefully. Earlier, we saw that
the original gauge symmetries of 4dCS theory are constrained to obey the boundary conditions
(3.41). While these restrict the spacetime derivatives of allowed gauge transformations, their
CP'-derivatives are unconstrained, meaning that we can choose to fix ¢ = 0 and 6 =0. We
should also consider the compatibility of our field configurations with the equivariance condition
(3.43). This condition exchanges the two poles of w, meaning that the values of the edge mode at
these points must be related by § = 1(g). In summary, the physical degrees of freedom in the

edge mode are captured by

A A

gZ:O:g’ g_18Zg|Z:0:07 g

seoo =M9) s §70z3], . =0. (3.52)

Now that we have the degrees of freedom of our theory in hand, and have applied some helpful
gauge fixing conditions, we will continue with the localisation to spacetime. The next step is to
solve a subset of the equations of motion to explicitly fix the CP'-dependence of £. Since the
equations of motion read

WAF =0, de,u%[z:,z:], (3.53)

it is convenient to work in the 1-form basis {dW, dW,dg,dg} and its duals vector basis®
{5W, 8°W, 805, 805}, so that we have

dWAF=0 < F&*:O, FW£=FW§—O. (3.54)

The 13“55 equation will become the equation of motion for the 2dIFT. Using the (internal) gauge-

5We use ° to distinguish vector and form components expressed in this basis from those in the usual Z, Z, €, €
coordinate basis.
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fixing (3.46), the latter two equalities tell us
Owle=0,  Oyle=0, (3.55)

meaning that these components of £ are holomorphic functions of W. The relationship between
the 9, and 5@ bases ensure Z‘,g and 25 are holomorphic functions of Z as well. If they were
bounded, this would imply they were constant by Liouville’s theorem. However, recall that we
have allowed these components of our gauge field to have singularities: L¢ is allowed a simple pole
at Z = —iand L is allowed a simple pole at Z = +i. Moving to the other basis, the same can be

said about the components Eog and [fg. The general solution with these properties is given by

1 L iz
1+iZ ¢ 1+iZ

. 1U iz

Le=1—zVe—1z% L=

Ve, (3.56)
where the Us and V's are functions of the spacetime coordinates &, & alone. Note, we could have
expressed each component of £ as the sum of a term which is constant on CP' and a term which
is singular. Instead we have chosen to collect sums and differences of those two terms such that
each term vanishes at either Z = 0 or Z = oo. This parameterisation makes it particularly easy
to solve the boundary conditions (3.40) which, together with the field redefinition (3.44), yields

Uf = 78&9971 5 Ug_ = 7859971 ’ ‘/{ = 78§§§71 ) va = 765@971 . (357)
Substituting these solutions back into the expression for the Lax connection (3.56), it does not
immediately agree with the expected Lax given in (3.11). However, a gauge transformation® by §

brings the Lax derived from 4dCS theory into the desired form,

~0:GG!
1+iZ

Le= G=glg. (3.58)
This derivation of the Lax connection for the 2d integrable model is a standard feature of 4dCS
theories. In the application to stationary axisymmetric GR, this G is precisely the SL(2,R)/SO(2)
field of section 3.2, encoding the metric components along the isometry directions. Indeed, the
equivariance condition (3.43) tells us that § = g7 implying G = g7g and we see that the edge
mode g is identified with the vielbein é.

Having fixed the CP'-dependence of £, we can return to the action (3.50) and localise it to
two-dimensional spacetime. The first integrand is proportional to w A tr(£ A 80WE) and thus
vanishes on-shell. This follows from w = dW and the internal gauge fixing £; = 0 (which also

sets LOW = 0), requiring d£ to saturate the dWW leg. This leaves the boundary contributions,

60ne might object that the gauge transformation by § is not a symmetry of the theory. It would fix the
value of the edge mode at infinity which would break the equivariance condition g = n(g). One resolution is to
understand the gauge equivalence of the Lax connections as a formal statement at the level of equations of motion:
the flatness conditions are equivalent. Alternatively, one might weaken the equivariance condition, demanding that
it is respected only up to a gauge transformation. Both approaches seem valid at this level.
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namely those terms proportional to dw.
For our choice of w and the gauge fixing conditions (3.52) the boundary WZ-term vanishes.
Since §710z§ has been fixed to zero at Z = 0 and Z = oo, dw must contribute a dZ leg in this

term. Performing an integration by parts, the contribution from Z = 0 is

1 i -

— dw AWZ[g] = —l/ dZ NdZ N0z (WZg]) 0(Z) (E-€), (3.59)
27T1 My 4 My

which vanishes, again since 719z = 0 at the boundaries. The contribution from this term at

Z = oo also vanishes. It remains to compute the second term in the action, whose contribution

at Z =0 is given by

1

5 M4dw/\tr(£/\d§;§’1) = i/m dZ AdZ ANdENAE 6(Z)(€ - €)

(3.60)
<t [(0zLe + (E— &) ' Lz) Oegg " — (02Le — (€ — &) Lz) gy -

The appearance of Lz in this expression may be surprising as it is related to the W-component
which we saw decouples from the theory. While is it valid to fix this component to zero from the
beginning, this is unnecessary as it drops out on its own. This can be seen as follows. In order to

use our solutions for the CP'-dependence of £, we need to change basis using

(0zLe + (€ — 5)_152)‘220 = 82/35’2:0
(6Z£E —(€- 5)71£Z>|Z:0 = 8255’2:0'

Substituting (3.56) and (3.57) and integrating over CP' with the help of the delta functions, we
arrive at

% /R LAENdE (€= €) tr(Deg9™" — 055 )(Dg99 ™" — 0gdg ). (3.61)

This is the action of the 2dIFT and can be rewritten as

Spatpr = —% [ dpndsp ul(G0,0 +(G0.0)7 (3.62)
In particular, when the original 4dCS gauge field is valued in the Lie Algebra s[(2,R), this is the
o-model derived from 4d stationary and axisymmetric GR in (3.30).

Having derived the 2dIFT describing stationary, axisymmetric gravity from 4dCS theory, one
might ask what this buys you. First and foremost, many technical aspects of this integrable system
are now encoded in terms the geometry of the underlying 4-manifold, and the Lax connection has a
natural home as the fundamental gauge field of 4dCS theory. In terms of applications, the inverse
scattering method is a natural place to start. It relies heavily on the Lax formalism and after

nearly half a century remains one of the most powerful tools to find and classify exact solutions,
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particularly axially symmetric black hole geometries in D = 4 and D = 5. Solitonic solutions like
these are a fairly generic feature of integrable models. A new solution is generated from a “seed”
solution by applying a CP'-dependent gauge transformation to the Lax. In particular, the gauge
transformation parameter does not have generic dependence on CP', but is a rational function
with simple poles and constraints on the residues of these poles.

Given that the 4dCS description is adapted to the Lax formalism, one might hope that
the inverse scattering method has a natural home in this theory. Indeed, there is a reasonable
candidate for the origin of these transformations in the residual symmetries of our theory. Recall
that our derivation of the 2dIFT involved imposing the gauge fixing condition £; = 0 in equation

(3.46). This imposes a substantial constraint on the internal gauge symmetries, namely

h=19,h =0 (3.63)

The solution to this constraint that is most commonly encountered in the literature on 4dCS theory
is to take h to be independent of CP'. However, if we allow h to be a rational function of CP! with
singularities, there may be a wider class of residual symmetries solving this constraint. Generically
such a transformation would alter the CP'-dependence of the Lax connection, producing poles
at unwanted locations, but appropriate conditions on the residues of h should ensure that no
problems arise [HHSS84]. In fact, this discussion should apply more generally to all 4dCS theories
and their associated 2dIFTs. We leave this interesting application of 4dCS theory as an avenue

for future work.

3.4 Origin of 2dIFT from 4dWZW

4dIFT

4dCS ———— 2dIFT

In the previous section, we constructed and studied a 4dCS theory which describes stationary,
axisymmetric gravity. The main strength of this formalism is that it makes the integrable
structure of the 2d model manifest, allowing these aspects of the theory to be studied directly.
Key details of this construction appear mysterious, including a spacetime-dependent branch cut in
the spectral plane and an equivariance condition on the Lax connection. The goal of the following
sections is to provide a geometric origin for each feature of the 4dCS theory. Our approach will
be to realise the 2dIFT (3.62) as a reduction of an integrable 4d theory known to arise’ from
a 6d Chern-Simons (6dCS) theory [Cos20; BS23]. Having understood this spacetime reduction

(represented in red in the diagram above), we can find the corresponding reduction on twistor

"For a review of the relationship between the 4dWZW model and 6dCS theory, see section 2.4.
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space, the underlying manifold of 6dCS theory. Applying the twistor space reduction to 6dCS
theory we recover the 4dCS setup described in the previous section.

Beginning this journey, the integrable 4d theory in question is known as the 4d Wess-Zumino-
Witten (4dWZW) model [Don85; Los+96] and is defined by the action

Siawzw = %/ tr(G_ldG /\*G_ldG) —/ wAWZ[G] (3.64)
R4 R4

where, for our purposes, G is an SL(2, R)-valued field. Its equation of motion is uAd(OGG~') = 0.
In these expressions, we have introduced a 2-form p = du® A du! + du? A du? which is proportional
to the Kihler form on R* equipped with the Euclidean metric. The presence of this 2-form breaks
some of the spacetime symmetry of the theory: the action is only invariant under diffeomorphisms
which preserve the Kahler form. This includes all translations on R*, but only a subgroup
U(2) € SO(4) of rotations. This subgroup is generated by

Ry =5 (u' 0y — ' Op1 + 0,2 — 032) |
Ry :%(ulaul — 'O — U0y + ﬂQaﬁr") )
i (3.65)
R, =§(u23u1 — ﬂQaal + ulau2 - ﬂlafz) )
1
Ry =5 (w01 + @0 — u' Oz — W' 0y2) .

The central U(1) is generated by Ry while the other three generators form an SU(2) subalgebra,
[Ri, R;] = 1Ry
We would like to perform a dimensional reduction to two-dimensions, by the spacetime vector
fields
Xo=Ro+Ri=i(u'0p —0'0n),  X:=1(0u2 — 0g2) . (3.66)

These vector fields are simpler in cylindrical coordinates, defined by u! = pe'® and u? = z + ir,
in which they read
Xy=05, X,=0,. (3.67)

Whilst it is not surprising that the requisite reduction vectors are identical to those used to obtain
the 2dIFT from 4d GR, it does not seem to the authors that this had to be the case. These
theories are defined on different manifolds: the spacetime of the WZW model is R* equipped
with a flat metric, rather than a dynamical spacetime metric in the case of 4d GR. Nevertheless,
in both cases the reduction requires a restriction to stationary and axisymmetric solutions, which
for the 4dWZW model imposes

9,G=0, 9,G=0. (3.68)

This constraint on the group-valued field G implies that the 2-form WZ[G] does not have support
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on either d¢ or dr. In cylindrical coordinates, the Kéhler form reads
w="2i(p do Adp+dr Adz), (3.69)

so it cannot compensate by saturating both d¢ and dr. Another way of saying this [Cos21] is that
the 2-torus parameterised by a compactification of ¢ and 7 has zero Kéhler volume, meaning that
f¢ fT u=0. As a result the WZ term does not contribute to the reduced 2d model. Imposing
(3.68) on the surviving term in Siqwzw and performing the reduction (contracting by X, and

X;), we obtain the now familiar two-dimensional action
1
Saarer =~ & / dp Adz p t[(G10,G)2 + (G0.G)?] . (3.70)
R2

Whilst this is identical to the action we are looking for, there is a key difference between this theory
and the theory which describes gravity. In the context of stationary axisymmetric GR, the matrix
G parameterises the metric components along the isometry directions. In particular, this means
that G should be symmetric, taking values in the coset SL(2,RR)/SO(2) rather than the whole of
SL(2,R). We can pick out the subgroup SO(2) C SL(2,R) by defining a Zs-automorphism of the
algebra g = s((2,R) acting as

n:g—g, Nz —xl . (3.71)

Since this map squares to the identity, the eigenvalues of n are 1. We can decompose the algebra

into the corresponding subspaces as

g=00Dg1,  go=s50(2). (3.72)

Here go denotes the subspace preserved by 7, which coincides with s0(2). We would like to
restrict our group element to live in the coset SL(2,R)/SO(2). This would mean that the algebra
element generating G lives in g;, the —1-eigenspace of 7, which exponentiates to® the constraint
n(G) = G~L. For the automorphism specified above, this translates to (G™!)7 = G~! implying
that G is symmetric as desired.

One might try to impose this constraint by demanding that the action is invariant under the
transformation G +— 7(G) = G~1. However, we see that the cubic term proportional to p is not
invariant under this transformation, it picks up a minus sign. To compensate for this, we will
simultaneously apply a discrete spacetime transformation which preserves p up to a sign. Such a

transformation which is compatible with our reduction vectors is

o (p7 ¢aZ7T) — (pa _¢727 _T) . (373)

8With a slight abuse of notation, we are denoting the group automorphism with the same symbol as the algebra
automorphism.
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This reflection generates a Zs-action on spacetime. The action Siqwzw is invariant under
the combination of o and 7 provided that n(G) = G~!. We demand that the group element
obeys this constraint as part of our reduction, which restricts the resulting 2d field to the coset
SL(2,R)/SO(2).

The 4dWZW model is integrable, and can be described by a 6dCS theory on twistor space
(for an introduction to this model and the details of this relationship see section 2.4). Having
established a reduction of the 4dWZW model which lands on the 2dIFT for stationary and
axisymmetric GR, we will use this as a bridge to connect to 6dCS theory. In fact, this was the

method by which we derived the 4dCS model presented earlier.

3.5 Lift of reduction vectors to twistor space

In this section, we lift the spacetime reduction by Xy, X, to a reduction of twistor space so that
it can be applied to 6dCS theory in section 3.6. In preparation for this endeavour, let us review
some relevant aspects of the geometry of (Euclidean) twistor space, which we will denote by PT.
This section closely follows the exposition in [MWO91].

As a real manifold, there is an isomorphism
PT = CP' x R* . (3.74)

On the Riemann sphere factor, we will use a complex coordinate ¢ € CP!, and we will use
standard Cartesian coordinates {x!, 22 23, 2%} on R%. It is also helpful to employ the complex

= 2! +iz? and u? = 2 4 iz* which appeared in the previous section. While this

combinations u
is an isomorphism of real manifolds, meaning that these serve as good coordinates on twistor space,
the complex structure on twistor space mixes the CP' and R* factors. Holomorphic coordinates

on twistor space are given by
¢, ol=u-(u, V=u’+Cut. (3.75)

It is important to highlight that {u',u?} are not holomorphic coordinates on twistor space,
though they coincide with {v!,v?} on the R* defined by ¢ = 0. Holomorphic coordinates on the

northern patch are related to those on the southern patch by

(=1/¢, o' =2l/C, P =0/C. (3.76)

The relationship between twistor space and spacetime, known as the twistor correspondence,

is most easily seen by considering the product manifold PS = CP' x R* known as the projective
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spin bundle. It is captured by the double fibration

PS
P
PT R*
where the maps p and ¢ are given by
p:(Gat) o (Guho®) g (Gat) mat (3.77)

We should highlight that this correspondence space and double fibration exist for all signatures
of metric on R%. In fact, it is best understood by working with a complex metric on C* which
becomes R* with various signatures when restricted to certain real slices. The isomorphism
between twistor space PT and the projective spin bundle PS does not hold for general signatures,
however. This isomorphism only exists in Euclidean signature when p : PS — PT is invertible. It
is often convenient to work in Euclidean signature, which is the approach we take here, and then
analytically continue the result to other signatures of interest.

Since we are interested in performing a reduction of twistor space, we need to know how
various conformal transformations on R* lift to transformations of twistor space. In fact, the
strategy which we will adopt is to first lift the conformal Killing vectors to the correspondence
space PS, and then to project these vectors down to twistor space using the map p : PS — PT. A

general spacetime vector field may be expressed as
X =X"0p + X% 0 + XV 02 + X% 0y . (3.78)

We will assume that this is a conformal Killing vector for the Euclidean spacetime metric
ds? = du'da' + du?da?®. If this is to be a real vector field on R?, then these components
must also obey the relations X% = Xu*. We would like to lift this to a vector field X" on PS
which satisfies ¢.(X”") = X. We will choose this lift such that the projection X’ = p,(X") is a

well-defined holomorphic vector field on twistor space.
X//
X' X
Vector fields on PS which are tangent to the projection map p : PS — PT are given by

Vi=0su — Cauz s Vo = O0g2 + Caul . (3.79)
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For each fixed ¢ € CP', one can show (using the conformal Killing equation) that
(X W]=Q0», [X,Va]=-Q0u , mod {V1, V2} (3.80)
where @ is given by
Q=00 X" + (0 X" — 02 X") = (0 X . (3.81)

The conformal Killing equation also shows that @ is constant along V; and V5, meaning that the
lifted vector field
X"=X+Q+Q0o;, (3.82)

satisfies [X", V1] = 0 and [X", V2] = 0 modulo {V4, V3, 0;}. The component involving Q ensures
that this is a real vector field. The projection of this vector field to twistor space is explicitly
given by

X = (X" = ¢X™ @2 Q)0 + (X + (X" +7' Q)0 + Q0 , (3.83)

where the components are constant along V; and Vs and hence holomorphic functions of {¢,vt, v?}.
The lifts and projections of some conformal Killing vectors which generate the symmetries of the
4dWZW model are presented in table 3.2.

X |Q X'
Bt | — e
aﬁl - C8U2
Bz | — By
Bz | — (O

Ry | i¢ (1/2)(016‘U1 + U28v2) + 1C8C
Ry | — (1/2)(’0131,1 . 1)2(9@2)
Ry | — (1/2)(112&,1 + U18U2)
R3 — (1 2)(’0281,1 — ’Ulavz)

Table 3.2: Lifts and projections of some conformal Killing vectors.

Having understood how to move vector fields between these spaces, we would like to study
the twistor correspondence under a pair of reductions. As a warm up, let us consider a reduction
by two translational isometries, given by the spacetime vector fields X = 9,2 and Y = 9z2.
On the R*, the quotient space is identified with R? and parameterised by coordinates {u!,u'}.
The lift of these vector fields to the correspondence space PS = CP! x R? is trivial, so the
reduced correspondence space is M, = CP' x R2. Finally, the projection of these vector fields
to twistor space gives X’ = 0,2 and Y/ = —(0,:. Functions on the quotient space must be
independent of {v!,v?}, and so the remaining coordinate ¢ is a holomorphic coordinate on the

reduced twistor space, which is therefore identified with CP*. In summary, we have a reduced
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twistor correspondence captured by the following diagram.

PS

AN

PT R*

/M4\R2

Now, let us move to the reduction of interest, which is generated by the spacetime vector fields X,

CP!

X, introduced in (3.66). It is once more convenient to work in cylindrical coordinates (defined by
ul = pel? and u? = z +i7) in which these vector fields are X, = d, and X, = 9,. Coordinates
on the quotient space of R* are provided by {p, z}, and it is identified with R>¢ x R. The lift of

the vector fields to the correspondence space is given by
Xy =0y +i¢0; —iC0; , X!'=9,. (3.84)

Unlike for the translational isometries just considered, for the rotational isometry we get a
non-trivial mixing of the CP' and R* coordinates, i.e. Q = i¢. We would like to find coordinates
on the quotient space M, which are invariant under the flow of these vector fields. The obvious
candidate for the CP! factor, ¢, is not invariant, but by mixing the CP' and R?* coordinates as
Z = e7'%( we obtain an invariant spectral parameter. We can continue to use coordinates {p, 2}
on the spacetime factor in Mjy.

The projection of these vector fields to twistor space is then
X, =i(0'0p +¢0), X, =i(0y2 — (D) . (3.85)

The reduced twistor space should be a one-dimensional complex manifold with a single holomorphic

coordinate. Indeed the quotient of PT by Xé,, X! may be parameterised by

1 vl P
W==(+—)=z24+2(2"1-2), 3.86
(e ) = bz -2 (.50
where the first expression shows that this coordinate is holomorphic, and its invariance can be
easily verified by acting with the reduction vectors. Meanwhile, the second expression exhibits the
relationship of this spectral parameter to the invariant spectral parameter Z. We recognise this
relationship as the two-to-one covering map from our 4dCS construction. It reveals that the CP*

coordinatized by Z is that of the reduced projective spin bundle, while the CP' coordinatized
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by W is that of the reduced twistor space. The explicit relationship between these variables
was derived by imposing invariance under the reduction vectors, and follows from our particular
choice of reduction as well as the twistor correspondence. Alternative reductions would lead to
different relationships between these parameters.

It remains to identify the lift of the discrete transformation

o: (pv ¢azv7—) — (p’ _¢727 _T) . (387)

We will follow the same rational as above, lifting this to a transformation of PS subject to the
constraint that it projects down to a holomorphic map on PT. In the complex coordinates
on R%, this discrete transformation acts as o : (u!,u?) — (u',u?). Inspecting the expressions
vl = u! — (@? and v? = u? + (u', we see that o exchanges these combinations (up to an
overall rescaling) if we include the map ¢ — —(~!. We therefore define the lift of this discrete
transformation as

U// : (ga Py ¢a ZaT) = (_§_17107 _¢7Z7 _T) . (388)

The action on the invariant spectral parameter ¢” : Z — —Z~! moves between the two sheets of

the double covering over the W-plane. The projection down to twistor space acts as

o (¢ vt v?) = <— é,—U;, v;) : (3.89)

This is a holomorphic map, as required, and it acts trivially on the spectral parameter W.

3.6 Reduction of 6dCS theory

6dCS ——— 4dIFT

4dCS ———— 2dIFT

In the previous section, we studied geometric aspects of the reduction. We lifted the spacetime
reduction vectors to the correspondence space PS and then projected them down to holomorphic
vectors on twistor space PT. Applying this reduction to each of these manifolds, we exhibited a
reduced twistor correspondence with correspondence space M, = CP' x R2. This is the 4-manifold
over which our 4dCS theory is defined, and in this section we will recover that theory as a reduction
of 6dCS theory.

Six-dimensional Chern-Simons (6dCS) theory [Cos20; BS23; Pen21; Cos21] is to 4d integrable
theories as 4dCS theory is to 2d integrable theories. The underlying 6-manifold is isomorphic
to CP' x R* and there is a localisation procedure by which one may integrate out the CP'. In

particular, the 4dWZW model presented in section 3.4 is known to admit a 6dCS description
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[Cos20; BS23]. A pedagogical introduction to this theory, and the localisation to the 4dWZW
model are presented in the section 2.4. Since those results are not novel to this work, we will skip
the majority of the details here and jump directly to the reduction to 4dCS theory. The action of
6dCS theory is given by

Sﬁdcszi, QAtr(AA8A+§AAAAA> , (3.90)

2l PT

where the meromorphic 3-form €2 and boundary conditions are given by

d¢ A duvt A dv?
:C—Q’

Much like in 4dCS theory, the choice of meromorphic form and boundary conditions are input

Q Allg=0, A, =0. (3.91)

{=0

data, and different choices lead to different integrable field theories — now four-dimensional
theories (4dIFTs) rather than two-dimensional. The fundamental gauge field is an algebra-valued
(0, 1)-form, where we are making use of the complex structure on twistor space’ to introduce
the Dobeault complex. In this notation, a (p,q)-form is a (p 4+ ¢)-form with p legs along the
holomorphic directions and ¢ legs along the anti-holomorphic directions. Similarly, the Dobeault

operator in the action is defined by
0 :QPe — QPath d=mpgr10d, (3.92)

where 7, 4 is the projection from the space of (p + g)-forms to the subspace of (p, g)-forms. The
4dIFT associated to this theory can be derived from a similar localisation procedure to that of
section 3.3, performing the integral over CP' explicitly after solving the bulk equations of motion.
As already noted, a more generous introduction to 6dCS theory and the details of this localisation
are given in section 2.4.

In the remainder of this section, we seek to close the commutative diagram above by reducing
6dCS theory on the lifted killing vectors described in section 3.5. Recall that these can be
expressed as

Xy =0y +1i¢0; —iC0; , X"=0,. (3.93)

Our reduction procedure follows the methodology presented in [BS23]. First, we impose invariance

of the gauge field under the action of these reduction vectors, that is

LxpA=0, LxsA=0. (3.94)

9Since the reduction from 6dCS to 4dCS takes place on the correspondence spaces, we think it is more precise
to define 6dCS theory over PS. In this case, the action would be defined by first pulling 2 back via p : PS — PT
and then wedging against the Chern-Simons 3-form. The gauge field and exterior derivative would initially be
considered as generic, and then one observes that the legs along €2 drop out of the action and decouple from the
theory. This is corroborated by the fact that PT changes dimension depending on the signature of the metric on
R4, an issue which was circumvented in [BS23] by moving to the correspondence space. We argue that this is the
correct approach, even for Euclidean signature (where PS and PT are isomorphic as real manifolds).
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Having done this, our Lagrangian 6-form will be invariant under the flow generated by these
vector fields. We would like to compute the associated 4-form on the surviving quotient space. In
practice, this is achieved by contracting the Lagrangian with the bivector X' A X7.

There are two technical preparations we can make in order to facilitate this computation. The
complex structure on twistor space mixes the CP' and R* directions, meaning that the natural
(1,0)-forms {dv',dv?} have legs along both directions. For our purposes, it will be helpful to
implement the splitting between spacetime and the spectral parameter by introducing a basis of
forms which only have legs along either CP' or R* but not both. We would still like these to
provide a basis for the (1,0)-forms and (0, 1)-forms with respect to the complex structure on
twistor space, and it simplifies the computation further if they are invariant under X g and X”.

One finds that a suitable basis of (1,0)-forms is given by
n° =e7id¢ n' = e ?(du! — ¢dau?) , n? =du?® + ¢ du' . (3.95)

Note that the functional dependence on ¢ and ¢ can be repackaged into the parameter Z = e~1¢¢

which is invariant under the flow of our reduction vectors. Similarly, for (0, 1)-forms we can use

A io(qul — ¢ du? da2 + ¢ dut
Poetar, =S ZCd) g _dwdody (3.96)
14+¢¢ 1+¢¢
In this basis, the components of the gauge field may be expressed as
A=A’ + At + A (3.97)

The fact that the basis forms are invariant means that the constraints £ XQA =0and L X;’A =0
amount to the individual components of A being independent of the isometry coordinates {¢, 7}.
In addition, it is helpful to “prepare the gauge field for reduction” by imposing the gauge

fixing constraints
XgJA:0, X!'aA=0. (3.98)

This ensures that the bivector X A X és/ contracting the Lagrangian acts only on {2, dramatically

simplifying the calculation. This constraint may be realised using the (1,0)-form shift symmetry
A A+ (Con® + Crift + Caip?) . (3.99)

This is a trivial symmetry of the action which leaves it invariant because € saturates the (3, 0)-legs.
Solving the constraints above for the components of the (1,0)-form C, one finds an expression for
the shifted gauge field which is most easily expressed in terms of the variables Z = e~'?¢ and

& = z +1ip. In these coordinates, the shifted gauge field may be written as

A+ C = AzdZ + Acd§ + Agdé . (3.100)
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The precise dependence of the new components {AZaAE7A§} on the old components is not
especially important as these still represent generic field configurations of the theory. What is
important, however, is the analytic behaviour of these components in Z € CP'. One finds that the
boundary conditions on A imply that As and Ag vanish at both Z = 0 and Z = oco. Furthermore
one also observes that A¢ is permitted a simple pole at Z = —i, whilst Ag is permitted a simple
pole at Z = +i. This matches the properties of the 4dCS gauge field presented in section 3.3.
After making these preparations, computing the contraction of the bivector X/ A X g with the
Lagrangian 6-form amounts to computing its contraction with Q. This yields the meromorphic

1-form of our 4dCS theory which is given by
1
w2(X;//\Xg)JQd(z+g(ZlZ)) . (3.101)

In summary, we have landed on the 4dCS theory described in section 3.3 with the action

1 2
My

The final ingredient to consider is the discrete reduction generated by a combination of the

reflection
U// : (Ca P, (ba ZaT) = (_§_17P7 _¢7Z7 _T) . (3103)

and the Zs-automorphism 7 : g — g. The action on the isometry coordinates ¢ and 7 does not
play a role in the 4dCS theory, but the reflection does act non-trivially on the invariant spectral
parameter as Z — —Z~!. Demanding that the 6dCS gauge field also be invariant under this
discrete reduction implies that the 4dCS gauge field should satisfy

AZ)y=n(A(-27) . (3.104)

This is the equivariance condition which reduced the Lie group SL(2,R) of the 2d theory to the
coset SL(2,R)/SO(2). In the context of 4dCS theory, these equivariance conditions are related to
branch cut defects [CY19]. In this section, we have shown that branch cut defects in 4dCS theory
arise from discrete reductions of 6dCS theory. Since this is interesting in its own right, we devote

section 3.8 to presenting this result in the simpler case of the symmetric space PCM.

3.7 Outlook

The focus of this work has been on establishing a firm basis for the study of integrable sectors
of gravity in terms of 4d Chern-Simons theory. While we have often referred explicitly to 4d
vacuum GR with one spacelike and one timelike killing vector, our construction can be applied
to the integrable sectors of many different gravity theories. This is due to the observation by
Breitenlohner, Maison, and Gibbons [BMGS88] that with D — 2 commuting Killing vectors, the
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bosonic sectors of various D-dimensional supergravities yield 2d o-models of the same form. By
taking the field G to be valued in the relevant coset group, and the Chern-Simons fields in the
associated Lie algebra, our analysis applies to each such case.

To describe the full field content of a given supergravity theory the corresponding 2d o-model
must be coupled to fermions (see for example [Nic87]). This is one motivation to incorporate
fermionic degrees of freedom into the commutative diagram of models discussed in this work. One
approach to this problem in 6dCS theory was presented in [Pen21], similar in spirit to the order
defects of 4dCS theory described in [CY19]. This introduced sufficient degrees of freedom in the
2dIFT to describe the reduction of 4d N = 1 supergravity, up to quadratic order in the fermions.
In general, the topic of order defects in 6dCS theory and their reduction to 4dCS theory requires
further development.

Dressing transformations play a key role in generating new solutions in gravity, and have
many applications in integrable models more generally where solitonic solutions are a common
feature. As these transformations are adapted to the Lax formalism, it is natural to study them
from the perspective of the associated 4dCS theories. As alluded to in section 3.3, we suspect
that dressing transformations are related to residual gauge symmetries with simple poles in
the spectral plane. One might wonder whether the constraints imposed in the BZ method and
its higher-dimensional generalisations have a natural origin in the 4dCS model. For example,
requiring that the analytic structure of the Lax connection is preserved implies that the residues
of simple poles are rank 1 matrices [HHSS84]. Based on [KKV14], extensions to more general coset
models for supergravity theories will require poles with higher-rank residues. Ultimately, we
hope the 4dCS perspective can shed light on solitonic solutions, both in 4d vacuum gravity and
higher-dimensional supergravity theories.

Asymptotics are a topic which is extensively studied in the literature on inverse scattering
methods but less understood in the 4dCS context. Hopefully large (p, z) conditions which are
desirable from a physical standpoint can be ensured by corresponding assumptions on the CS
gauge field. There is the added subtlety that the 2d spacetime of interest is often the half-plane,
rather than R2, and thus has a boundary. This may provide an interesting arena to study
integrable boundary conditions in the context of 4dCS theory.

One of the advantages of the 4dCS framework is that it facilitates a systematic classification of
seemingly unrelated integrable models in terms of the properties of the one-form w. In this work,
we have introduced several new ingredients which can help expand that classification. First, we
have shown how discrete reductions can be used alongside reductions by Killing vectors, not only
to obtain 2dIFTs valued in symmetric spaces from 4dIFTs, but also to obtain the corresponding
4dCS theory from 6dCS. The discrete reduction has the effect of introducing a branch cut in
the spectral plane. In section 3.8, we isolate this ingredient and show how to recover branch cut
defects in 4dCS theory in the simpler example of the symmetric space PCM.

Reduction on an angular coordinate introduces a second new ingredient to 4dCS theory:

mixed CP' and spacetime dependence in the one-form w. It is the combination of reduction by an
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axial Killing vector and discrete reduction which leads to spacetime-dependent branch cuts in the
W-plane, or mixing of CP! and spacetime derivatives with respect to its double cover Z. This is
the significance (from the CS perspective) of the different formulations of the Lax for stationary
axisymmetric GR in terms of a variable or constant spectral parameter, in [BS79] compared with
[BM87], for example.

Both of these ingredients may be used in the future to construct new 4dCS models and their
associated 2dIFTs. For example, recent work on 6dCS theory [Col+-24b] showed how to recover
the A-deformation [Sfel4] by splitting the double pole at ¢ = 0 into two simple poles. This would
break the discrete symmetry ¢ — —(~! unless one also splits the double pole at ( = oo into two
simple poles. We suspect that applying a discrete reduction to the 6dCS setup with four simple
poles may result in the symmetric-space A-model whose 4dCS description has been explored in
[Tia20; Sch20]. Gauged integrable field theories were also derived from 6dCS theory in [Col+24al.
It would be interesting to see if symmetric-space models can be recovered using that formalism,
and how it relates to the methodology presented in this work.

In addition, the admissibility of meromorphic 1-forms in 4dCS theory with spacetime depen-
dence may be relevant to the 2dIFTs recently introduced in [HLT20]. In that work, a variety
of integrable models were studied in which the couplings were allowed to depend on the 2d
spacetime coordinates. It was shown that these models were classically integrable, provided that
the couplings took a special form, related to the RG flow equations. Using the results of this
work, it may now be possible to incorporate these models into the 4dCS formalism. This could
be particularly interesting in light of the recent work relating RG flow and 4dCS theory [Del+21;
Der21; Lev23; LW24]. These papers propose a mechanism for computing the RG flow of a given
2dIFT very directly, supposing that one knows the appropriate 4dCS description.

3.8 Appendix: Symmetric space PCM from 6dCS theory

In the main body of this chapter, we aimed to recover the 2dIF T related to stationary, axisymmetric
gravity. This involved imposing a translational, a rotational, and a discrete reduction on 6dCS
theory. Since both the rotational and discrete reductions introduce novel aspects, it may be
helpful to analyse them independently. Furthermore, the symmetric space models produced
by the discrete reduction are interesting in their own right, in addition to their appearance in
the context of gravity. For these reasons, we will devote a section at the end to recovering the
standard symmetric space principal chiral model (PCM) from 6dCS theory.

Starting from the 4dWZW model, we will apply two translational reductions, recovering the
2d PCM without a WZ term. This reduction was first performed in [BS23; Pen21] but we will
introduce an additional ingredient: a discrete reduction involving a Zs-automorphism of the Lie
algebra. The addition of this discrete reduction will reduce the target space of the PCM from the
full group G to the symmetric space G/Gy. Here, Gy C G is the subgroup which is preserved by
the Zs-automorphism. This reduction may then be lifted to twistor space and applied to 6dCS
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theory. We will show that this reproduces the branch cut and equivariance condition discussed in
[CY19, §11] which is known to recover the symmetric space PCM.
Let us start with the 4dWZW model whose action is

1
Siawzw = 3 /]R4 tr(g~'dg Axg~'dg) — /R4 wAWZ[g] . (3.105)

The second term contains a 2-form p = du! A da' + du? A du? which is proportional to the Kéhler
form on R* equipped with the Euclidean metric. We would like to apply a two-dimensional
reduction by vector fields X and Y, landing on the 2dPCM whose action is

1

SodpoM = 5/ tr(g~'dg Axg~'dg) . (3.106)
R2

In order for the 2d theory to contain no WZ-term, we must choose the vector fields such that

(X AY) 2 p=0. Were one to compactify the directions corresponding to these vector fields, this

condition would state that the resulting 2-torus has zero Kéahler volume. We can satisfy this

condition with two translational vector fields
X == 8u1 —_— 8&2 5 Y == (9u2 —_— 8711 . (3107)

Coordinates on the quotient space must be invariant under these vector fields, and these may be
provided by &€ = u! + @? and € = @' + u?. Applying this reduction to the 4dWZW model results
in the 2dPCM as desired.

Next, we would like to supplement this reduction with a discrete reduction. So that we do
not modify the geometry of the quotient space, we will choose a discrete action which leaves the
quotient space invariant. In addition, this discrete reduction must be a symmetry of the 4ddWZW
model, naively meaning it must preserve the 2-form p. In fact, it is enough for this symmetry
to preserve the 2-form p up to a sign, provided that we also transform the fundamental field as

g+ g~ ' Such a discrete transformation is provided by
o (utu?) = (@2 at) . (3.108)

In order to implement the transformation of the fundamental field, we will introduce a Zso-

automorphism of the Lie algebra,
n:ig—g, n=id. (3.109)

The total reduction will then be a combination of the discrete spacetime action and this Lie algebra
automorphism exponentiated to a group action g — n(g). To agree with the transformation

1

specified above, the fundamental field must satisfy 7(g) = ¢~ which is a constraint. This

constraint restricts the target space of the 2dPCM from the full group G to the symmetric space
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G /Gy where Gy C G is the subgroup preserved by the Zs-automorphism.

Having outlined the reduction of the 4dWZW model, we may now lift this to a reduction
of twistor space and then apply it to 6dCS theory. Firstly, let us study the geometry of the
reduced twistor correspondence. The vector fields lift trivially to PS meaning that the reduced
correspondence space My = CP' x R? may be provided coordinates by {¢, 5,5}. The projection

of these vector fields to twistor space PT is given by
X' =140, , Y =(1-)0, . (3.110)

We therefore identify the reduced twistor space as CP* with the invariant spectral parameter ¢.

Turning to the discrete reduction, this lifts to the correspondence space as
o (ut u?, ) = (w?ut, ) . (3.111)

Furthermore, the action of this discrete transformation on twistor space is

1 ol 22
o (¢ vt v?) = (C’_C’C> ) (3.112)
This is a holomorphic map which preserves the (3,0)-form  associated to the 4dWZW model.
The key feature of this discrete transformation is its action on the spectral parameter . To
understand the implications of this discrete reduction in the 4dCS theory, it is helpful to introduce
another spectral parameter which is invariant under the discrete transformation,

W=_-(C+¢h). (3.113)

DN =

This is known as the Joukowsky transform and the (-plane is a double covering of the W-plane.

We can see this by considering the inverse relationship

=W /R (3.114)

For each value of W, there are two values of (, except for at the points W = +1. These special
points are the ends of a branch cut in the W-plane whose two-sheets correspond to the two values
of ¢. In particular, the discrete transformation ¢ — ¢~ moves between the two sheets over the
same point in the W-plane.

Combining this analysis with the Zs-automorphism given earlier results in an equivariance
condition on the 4dCS gauge field,

AQ) =n(A™) (3.115)
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In addition, the meromorphic 1-form of 4dCS theory is given by

—1(X/\Y)JQ—11_C2dC—dW (3.116)
W=z BERNE = . .

This is the appropriate 1-form to recover the 2dPCM and reproduces the setup described in
[CY19, §11]. We have therefore demonstrated how to recover the symmetric space PCM and

branch cut defects from 6dCS theory.
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Chapter 4

Integrable deformations from

twistor space

The results in this chapter were found in collaboration with Ryan A. Cullinan, Ben Hoare, Joaquin
Liniado, and Daniel C. Thompson [Col+24b].

4.1 Introduction

In six-dimensional Chern-Simons theory, one has to impose boundary conditions on the gauge
field A at the poles of Q. From the lower-dimensional 4dCS theory, we expect different choices
of  and boundary conditions to lead to different integrable field theories (see the background
section 1.3). The first papers on 6dCS theory [Cos20; Cos21; BS23; Pen21] examined the simplest
choices of boundary conditions which primarily involved setting A = 0 at the poles.

If we hope to recover four-dimensional analogues of the integrable deformations such as the
A-deformation (see 1.1.4 for background on these models), then we have to consider a wider class of
boundary conditions. Prior to this work, the generalisation to recover lines of continuous integrable
deformations was not known, and obstacles to the construction of integrable deformations from
6dCS were highlighted in [HTC22]. In this work, we show how to overcome these obstacles and
construct the correspondence of theories associated to the A-deformation.

Briefly, the key results of this work are:

1. We establish the consequence of a new class of boundary conditions for hCSg. These
reduce to a wider class of boundary conditions in CS4 than have previously been considered

(relaxing the assumption of an isotropic subalgebra of the defect algebra).

2. Integrating over CP' results in a novel multi-parametric IFT whose equations of motion
can be recast in terms of an anti-self-dual Yang-Mills connection. This new IFT, exhibits

two semi-local symmetries, which can be understood as the residual symmetries preserving
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the boundary conditions. For each of these two semi-local symmetries, the Noether currents

can be used to construct two inequivalent Lax formulations of the dynamics.

3. Upon symmetry reduction, this IFT4 descends to the 2-field A-type IFTs of [GS17] providing
a new multi-parametric sigma-model example of the Ward conjecture [War85]. Generically
the semi-local symmetries of the IFT, reduce to global symmetries of the IFTs and the two

Lax formulations of the IFT, give rise to two Lax connections of IFTs.

4. When the symmetry reduction constraints are aligned to these semi-local symmetries, the
IFTy symmetries are enhanced to either affine or fully local (gauge) symmetries. In the
latter case, the IFTy becomes the standard (1-field) A-model.

4.2 Holomorphic 6-Dimensional Chern-Simons Theory

Our primary interest in this work will be the hCSg diamond containing the A-deformed IF Ty
originally constructed in [Sfel4]. By proposing a carefully chosen set of boundary conditions, we
will be able to find a diamond of theories that arrives at a multi-parametric class of integrable
A-deformations between coupled WZW models.

To this end we restrict our study of hCSg, defined by the action

Shese = 5 QATr(AA5A+§AAAAA), (4.1)

27Tl PT
to the case where the (3,0)-form is given by, in the basis of (1,0)-forms defined in section 2.2.5,

1 . K
Q=-0enel Ae, b= —— — . 4.2
g e na (o) (ra) mB)? 42
Here, we view PT as diffeomorphic to R* x CP* and adopt the standard coordinates 2%¢ on
R* and homogeneous coordinates 7, on CP'. The constant spinors ag, &, and S, should be
understood as part of the definition of the model. See section 2.2 for further details of twistor

notation and conventions. The gauge field is similarly written in the basis of (0, 1)-forms as
A=Age’ + Az e, (4.3)

and the action is invariant under shifts of A by any (1, 0)-form, i.e. A — A+p where p € Q10 (PT).
The first step in studying the 6-dimensional theory is to impose conditions ensuring the

vanishing of the ‘boundary’ term that appears in the variation of the action

0= [ OQUATr(AAGA) . (4.4)
PT

Since (2 is meromorphic, as opposed to holomorphic, this receives contributions from the poles at

O, G, and f,. We assume that Dirichlet conditions Ag|-=s = 0 are imposed at the second-order
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pole. At the first-order poles, we can then evaluate the integral over CP! to obtain! the condition

m /}Rl1 voly 6ai’Tr(Aa5.AB)fﬁ:a = m /R4 voly s‘ii’Tr(Ad(S.A;,)L:d . (4.5)

For reasons that will shortly become apparent, let us introduce a unit norm spinor u about

which we can expand any spinor X% as
X4 = [Xplu® — [Xpulp® . (4.6)

Expanding the gauge field components in terms of the basis u% and /%, and solving locally

pointwise on R%, this condition may be written as

@mm [0A] — AR5 AW) |, = @Tr([xm] 0AG] — [ARSAD) e . (4T)
The boundary conditions we are led to consider are
B il
[Ap]lr=a = <dﬁ>L4N”w:a7 [Af]|r=a <&6>L4uﬂﬂ:a, (4.8)

where we have introduced the free parameter o, which will play the role of the deformation
parameter in the IFTy.
Let us note that these boundary conditions are invariant under the following discrete transfor-
mations
o a, oot (4.9)

s i oot (4.10)

These will descend to transformations that leave the IFT, invariant.

4.2.1 Residual Symmetries and Edge Modes

A general feature of Chern-Simons theory with a boundary is the emergence of propagating
edge modes as a consequence of the violation of gauge symmetry by boundary conditions. A
similar effect underpins the emergence of the dynamical field content of the lower dimensional
theories that descend from hCSg. Generally, group-valued degrees of freedom, here denoted
by h and h, would be sourced at the locations of the poles of Q. If however, the boundary
conditions (4.8) admit residual symmetries, then these will result in symmetries of the IFT,

potentially mixing the h and h degrees of freedom. These may be global symmetries, gauge

ITo compute the boundary variation of the action, we have used the identities e¢ A e A €% A eb=—2 voly gab
(where voly = dz® A da! A dz? A dz3) and

i eO 607 ! ™) = a
2m/@ﬁ N b (s ) ) = Sl
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symmetries, or semi-local symmetries depending on the constraints imposed by the boundary
conditions. It is thus important to understand the nature of any residual symmetry preserved by
the boundary conditions (4.8).

Gauge transformations act on the hCSg gauge field as
g: A= g 'AG+57'09 . (4.11)

In the bulk, i.e. away from the poles of €2, these are unconstrained, but at the poles they will
only leave the action invariant if they preserve the boundary conditions. For later convenience,

we will denote the values of the gauge transformation parameters at the poles by
Gla=7, dla=7, dla=0". (4.12)

Firstly, the transformation acting at 8 must preserve the constraint A;|s = 0. Initially, one might
suppose that only constant ¢ would preserve this boundary condition, but in fact it is sufficient

for £ to be holomorphic with respect to the complex structure defined by

1 1
Ol =0 = —a%0uel = —ca%0gal . 4.13
/B aa <a5> (6% aa <d/8> (6% aa ( )
These differential constraints arise from the fact that the anti-holomorphic vector fields 0; = 71%9,4
are valued in O(1). In other words, they depend explicitly on the CP' coordinate (see section 2.2
for more details).
Secondly, the transformations acting at «, and &, must preserve the boundary conditions

(4.8), implying the constraints

r=r,
1 . o .
—pu aaad = T\ ‘q” aal
(ap)lt @ Taal = Gyl @ Caa” (4.14)
1 . ot i ~a

fag) ! e = G Ot

These residual symmetries are neither constant (i.e. global symmetries) nor fully local (i.e. gauge
symmetries). Instead, we expect that our IFTy should exhibit two semi-local symmetries subject
to the above differential constraints, akin to the semi-local symmetries of the 4d WZW model
first identified in [NS90; NS92]%.

Symmetry reduction As we progress around the diamond, we will perform ‘symmetry
reduction’ (see § 4.4 and § 4.5 for details). In essence, this will mean we restrict to fields and

gauge parameters that are independent of two directions, i.e. they obey the further differential

2Complementary to this perspective, the WZW, algebra can also be obtained as a global symmetry of
five-dimensional Kahler Chern-Simons on a manifold with boundary [BGH96].

137



constraints (where v* is some constant spinor)
10y 9ag =0, 4"0uag =0 . (4.15)

We can then predict some special points in the lower dimensional theories by considering how
these differential constraints interact with those imposed by the boundary conditions. Generically,
these four differential constraints (two from the boundary conditions and two from symmetry
reduction) will span a copy of R* at each pole, meaning that only constant transformations
(i.e. global symmetries) will survive. However, if the symmetry reduction is carefully chosen, the
two sets of constraints may partially or entirely coincide. In the case that they entirely coincide,
the lower dimensional symmetry parameter will be totally unconstrained, meaning that the IFTo
will possess a gauge symmetry. Alternatively, if the constraints partially coincide then the lower
dimensional theory will have a symmetry with free dependence on half the coordinates, e.g. the
chiral symmetries of the 2d WZW model.

4.3 Localisation of hCSq to IFT,

hCSg
Let us now proceed in navigating the top right-hand
/l \ side of the diamond. By integrating over CP' we will
‘localise’ hCSg on PT to an effective theory defined on R*.
CS4 IFT4 . . . s . .
This resulting theory is ‘integrable’ in the sense that its
\ /l equations of motion can be encoded in an anti-self-dual
connection.
IFT,

The localisation analysis is naturally presented in terms of new variables A’ and ﬁ7 which are
related to the fundamental field by

A=h"'Ah+h'oh . (4.16)

However, there is some redundancy in this new parametrisation. There are internal gauge

transformations (leaving A invariant) given by
g: A =g 'Ag+§'95, hegth. (4.17)

These allow us to impose the constraint A, = 0, i.e. it has no leg in the CP'-direction. This is
done so that A’ may be interpreted as an anti-self-dual Yang-Mills connection on R*.
There are still internal gauge transformations that are CP'-independent, and we can use these

to fix the value of i at one pole. We will therefore impose the additional constraint iL| g =1id so

138



that we have resolved this internal redundancy. The values of h at the remaining poles
ho=h, hla=h, (4.18)

will be dynamical edge modes as a consequence of the violation of gauge symmetry by boundary
conditions. As we will now see, the entire action localises to a theory on R* depending only on
these edge modes.

The hCSg action is written in these new variables as

1 - 1 = A
Shesg = 7/ Q/\Tr(.A'/\@A/) + — aﬂ/\Tr(A//\ahh_l)
2mi PT 27 PT
1 (4.19)
- — Q/\Tr(h_lah/\h_l@h/\h_lah) .
6mi PT
The cubic term in A’ has dropped out since we have imposed A{, = 0. Inspecting the terms in our
action involving iL, we see that the second term localises to the poles due to the anti-holomorphic
derivative acting on 2. The third term similarly localises to the poles. For this, we consider
a manifold whose boundary is PT.? We take the 7-manifold PT x [0,1] and extend our field h
over this interval. We do this by choosing a smooth homotopy to a constant map, such that it’s
restriction to PT x {0} coincides with h. Denoting this extension with the same symbol, we see

that the third term in our action may be equivalently written as

1

, d [9 ATe(h-tdh A htdh A B dR)] (4.20)
6mri PTx[0,1]

Then, using the closure of the Wess-Zumino 3-form and the fact that all of the holomorphic legs
on PT are saturated by €2, this is equal to

Swz, = O ATr(h~'dh A b~ 'dh AR dR) (4.21)

6 PTx[0,1]

Therefore, this contribution also localises, meaning that the only information contained in the

3More generally, a manifold whose boundary is a disjoint union of copies of PT.
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field h : PT — G are its values® at the poles of Q. Explicitly, this contribution is given by

K G 1
Swz, = —f/ voly A dpef® [ Tr(h 10,k - a®h™'0uh - a®h 10,0
‘ (aq) R4x[0,1] (ap)? ( . v )

1 ~ ~ _ _ ~ _
——Tr(h~'9,h - &*h ™ Deah - a°h 710 h] 4.22
<a5>2 ( P bb ) ( )
K / [ 1 14,13 1 511713
= ~ ——pa ANTr(h™ dh)” — —=pa A Tr(h™"dh ,
Sad) Juswion LTapte N TR~ appa A Tx(hdh)
where
Ho = €450 0% dzad A dz , Pa = €450 0 dza% A 4z , (4.23)

are the (2, 0)-forms with respect to the complex structure on R* defined by a, and &, respectively.’

Knowing that the latter two terms in the action (4.19) localise to the poles, we are one step
closer to deriving the IFTy. There are two unresolved problems: the first term is still a genuine
bulk term; and the second term contains A’, rather than being written exclusively in terms of
the fields h and h. Both of these problems will be resolved by invoking the bulk equations of
motion for A’. This will completely specify its CP'-dependence, and, combined with the boundary
conditions, we will then be able to solve for A’ in terms of the edge modes h and h.

Varying the first term in the action, which is the only bulk term, we find the equation of
motion 50Af-1 = 0, which implies that these components are holomorphic. Combined with the
knowledge that A} has homogeneous weight 1, we deduce that the CP'-dependence is given by
Al = 1A, where Ay is CP-independent.

Turning our attention to the boundary conditions, we first consider the double pole where we
have imposed Aq|g = 0. Recalling that h|g = id, this simply translates to .A}|s = 0. This tells us
that A, = (n8)B; for some By, hence A, = f,B;. Therefore, we have that

As = (B)Ad" By +7*h ™ Daah . (4.24)

The solution for B, found by solving the remaining two boundary conditions (4.8) is written

more concisely if we introduce some notation. We will make extensive use of the operators

Us=(1-0*A)"", A=Ad;'Ad, | (4.25)

4For higher order poles in 2, the CP!-derivatives of A would also contribute to the action.

5In principle there are also contributions from the double pole at 8 both in this term and the second term in
the action (4.19). Since this is a double pole, these contributions may depend on Boﬁ\ﬁ, which is unconstrained.
However, one can check that they vanish using just the boundary conditions A4|g = 0 and internal gauge-fixing
iLlB = id. Alternatively, we may use part of the residual external gauge symmetry to fix aOMB = 0, which ensures
such contributions vanish.

6Here we are using the fact that R* is endowed with a hyper-Kéhler structure such that there is a CP! space of
complex structures (see section 2.2).
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which enjoy the useful identities
UT+U_=id, UzA=-07'UL, (4.26)

where transposition is understood to be with respect to the ad-invariant inner product on g. In

terms of the components of ﬁ’laaaﬁ, defined with useful normalisation factors,

§={(af) tptah T duuh Z: (aB) 1 ata®h 1 0uah (4.27)
7 =(@ap) i@ h T 0.h , 7 = (aB) 1 atath T g
we find that the solutions to the remaining boundary conditions may be written as
Ady ' By = bua — bjia b=U,(j—0]), b=U_(7-07'7),  (428)
Adngdzfud—Eﬂd, b=UT(7-0""), §=UI(§—07). (4.29)
Note that b = Ad;l[Bu], b= Ad;l[Bﬂ], etc., and that b, E, b and ? are related as
b—T—olb—j), b-F=ob-7). (4.30)

Recovering the IFTy is then simple. The first term in the action (4.19) vanishes identically on
shell, and we can substitute in our solution for A’ in terms of k and A to get a 4d theory only

depending on these edge modes. This results in the action

1

SIFT4 = — N A TI"(A/ A\ 5iLiL_1) + Swz4
271 PT
K - = 2. ~
_ 7/ voly Te(b(7 — AT5) — B(j — ATT)) + Swa, (4.31)
(ad) Jra
_ K T ~ ~rrT = ~ T ~ 1. =
= — volu Tr(j(Uy —U_) 74+ J(Uy —U_)] —207U; 7+20 jU_7) + Swz, -
(@) Jga
where K
Swz, = —N/ voly A der(h_18Ph~ [7, 7] — h_lﬁph 17, jN]) . (4.32)
(aa) R4x[0,1]

Observe that the 4d IFT (4.31) with (4.32) is mapped into itself under the formal transforma-
tion
h<h, o+ a, oo 1, (4.33)

interchanging the positions of the two poles. This directly follows from the invariance (4.9) of

the hCSg boundary conditions. On the other hand, looking at how the transformation (4.10)
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descends to the IF Ty, we find”

~ ~

jva j’_>_j7 ijv jH_ju UHO’_l‘ (434)

It is then straightforward to check that the action (4.31) with (4.32) is invariant under this
transformation.

Let us emphasise that, to our knowledge, the IFT, described by the action (4.31) with (4.32)
has not been considered in the literature before. In the following subsections we will study some
properties of this model starting with its symmetries, and moving onto its equations of motion
and their relation to the 4d ASDYM equations.

4.3.1 Symmetries of the IFT,

Having derived the action functional for the IFTy, we will now examine those symmetries that
leave this action invariant. While they may not be obvious from simply looking at the action,
in § 4.2.1 we leveraged the hCSg description to predict the symmetries of the IFTy. These may
then be verified by explicit computation.

To this end, we recall that the hCSg gauge transformations act as
g: A—=g§tAg+97'0g, (4.35)
and we denoted the value of this transformation parameter at the poles by
dla=r, fla=7, gla=0". (4.36)

Tracing through the derivation above, we find that these result in an induced action on the IFT,
fields,
(0,7, 7):  hesChr, b Chi (4.37)

where ¢, r and 7 obey the constraints (4.13) and (4.14) respectively. One can explicitly verify
that the IFTy is indeed invariant under these transformations. Key to this is exploiting a
Polyakov-Wiegmann identity such the variation of Swy, in eq. (4.32) produces a total derivative.
This gives a contribution on R* that cancels the variation of the remainder of eq. (4.31). Useful

intermediate results to this end are

Adh — Ad@AdhAdT s Ad;L — Ad@Ad;LAdT y Ui — Ad;lUiAdT s

. R . _ (4.38)
b Ad (0 + (@B) 1A, a1 0,40) b AdH(D+ (@B) A, T 04ak)

in which the constraints (4.13) and (4.14) have been used.
We can also derive the Noether currents corresponding to these residual semi-local symmetries

directly from hCSg. The variation of the action under an infinitesimal gauge transformation

"Note that to derive this we use that ﬁ = —pu following the “quaternionic conjugation” defined in section 2.2.
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SA=0¢+[A, ¢ is

1 _ _
0Ssacs = 5~ | OANTr(ANDE) . (4.39)
PT

First let us consider a transformation that descends to the -symmetry, i.e. one for which

~

fla=¢a=0, és=¢e9.

The only contribution to the variation localises to 8 and is given by

1 L _
5@86(1(}5 X /R4 V014 80 <<ﬂ_a><ﬂ_0~é>5abTr(Aaabé)) ‘/8 . (440)

Since Aqlg o (73) (recall that we fix A s = id) the only way the integrand will be non-vanishing
is for the 0y operator to act on A;. Noting that Jy(w3)|s = 1 we have that 0y As|s = Ba, and

hence the variation becomes
80S6dcs / voly Tr(BaB“&me“)) . (4.41)
]R4

If we think of the /-symmetry as a global transformation, then this would provide the conservation

law associated to the Noether current, i.e.
B0uaB* =0, (4.42)

and indeed we will see later that this conservation law follows from the equations of motion of the
IFT,. As the parameter ¢ is allowed to be holomorphic with respect to the complex structure
defined by S, the interpretation is more akin to a Kac-Moody current.

For the case corresponding to the r-symmetry we have
oa=¢a=e", ¢s=0.

In this case the variation receives two contributions with an opposite sign

i 1 _ 1 _
: L e® Tr( ——5Aa0;é| — —=Aa0;] - ] . 4.4
0rSedcs /R4 voly € T<<aﬁ>2Aaab€ a <d5>2-’4a6b6|a> (4.43)
Integrating by parts gives
O (2 g ge — Y 5 el

5rS6dCS 0.8 /R4 V014 Tr (6 (<Ozﬁ>28aaA |a <O~zﬂ>28aaA |a>> . (444)

Introducing new currents defined by
(af) Ca = Aila , (af) 5{1 = Aila , (4.45)
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the conservation law associated to the r-symmetry is given by

1 . 1 ~.

——— %0, C* — —a%0,,C* =0 . 4.46
(@B) @) (440
Recalling from eq. (4.24) that A, = (71'6>Ad;:13d + 7wh=19,,h, we can relate the B current to

the C and C currents as follows

1 ~
Co=Ad; "By + ——a®h ™ 0ush = (b— 7o — (b — j)fia (4.47)
(aB)
~ 1 . - ~
Ca=Ad; "B, + 7 a*h™ 0uah = a(b— Tpa — o (b= j)iia , (4.48)

where we have used the identities (4.30). The transformation of these currents under the

(¢, r)-symmetries is given by

(é, 7") : B, — AdzBa — (ab’)_laa&mﬁﬁ_l s
(6,r): Cyrs AdECy + () L duar (4.49)
(1) : Caes AdZEC, + (aB)~tar Ogar

As a consequence notice that the 4d ((CIP’l—independent) gauge field introduced above, A,;, =
BaBg, is invariant under the right action, whereas the left action acts as a conventional gauge
transformation

(6,r): Aga > AdpAgs — Oaall™ (4.50)

albeit semi-local rather than fully local since ¢ is constrained as in eq. (4.13). The transformation
of these currents and the 4d ASD connection also follows from the hCSg description. While the
original gauge transformations act on A, we observe that r and 7 become right-actions on fu
leaving A’ and A, invariant. By comparison, after fixing fz| g = id, it is only a combination of the
‘internal’ transformations and the original gauge transformations that preserve this constraint. In
particular, ¢ has an induced action on h, h and A’, thus leading to the above transformations of
B and Ag;.

As we will show momentarily, the equations of motion of the theory correspond to anti-self
duality of the field strength of the connection A, hence it immediately follows that the equations
of motion are preserved by the symmetry transformations (4.50). To close the section we note

that the action is concisely given in terms of the currents as

K L ~
SirT, = @ /]R(1 voly eabTr(Adnga(Cb — ATC,-))) + Swz, - (4.51)
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4.3.2 Equations of Motion, 4d ASDYM and Lax Formulation

The equations of motion of the IFT, can be obtained in a brute force fashion by performing a

variation of the action (4.31). This calculation requires the variation of the operators Uy
SUL(X) = Us(6X) + Ux ([~ 160, UL(X)])) — UL ([h'6h, Ur(X)]) , (4.52)

but is otherwise straightforward. The outcome is that the equations of motion can be written as

_ plo? pra B hb] =
W)a D o5 >aaab+[j b =[50~ b, =0, .
ety 2 ptac AR .
e dusb L0+ .8 (3.0~ 7] =0,

in which we invoke the definitions of b, b, b and b above in egs. (4.28) and (4.29). These equations

can be written in terms of the current B, as

a%8,,B% + = <o¢ﬁ>[Ba,Ba} =0,

) 1 (4.54)
&aaaaBa + §<d6>[3a, Ba} =0.
Taking a weighted sum and difference equations gives
ap)a® — (aB)a®) 0, B = — (@) 0B =0 ,
((aB)a” — (aB)a”) (ad) (4.55)

((@B)a” + (aB)a*)daa B* + (Gf)(aB)[Ba, B'] = 0.

the first of which is the anticipated conservation equation for the /-symmetry. Making use of the

definitions of C' and C in (4.47), the equations of motion are equivalently expressed as

00, C* + 5(@6)[051, C1=0

7 o (4.56)
G%0..C" + 5(&5)[051, C=0
Noting that [Cy, C4] = [C4, C%] we can take the difference of these equations to obtain
L 0090 — L _q99,,0% = 0 (4.57)
T Oaa — 7= ¥ Oaa =Y, .
(aB) (@)

which is the anticipated conservation law for the r-symmetry.

ASDYM. We will now justify the claim that this theory is integrable by constructing explicit
Lax pair formulations of the dynamics in two different fashions. First we will show the equations
of motion (4.54) can be recast as the anti-self-dual equation for a Yang-Mills connection. Before

demonstrating that this holds for our particular model, let us highlight that this follows from the
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construction of hCSg by briefly reviewing the Penrose-Ward correspondence [War77]. Recalling
that we have resolved one of the hCSg equations of motion Fj, = 0 to find A}, = 7%Ags, it
follows that the remaining system of equations should be equivalent to the vanishing of the other
components of the field strength F ; ; = 0. We may express this in terms of the anti-holomorphic

covariant derivative D, = 0; + Al as [D}, D}] = 0, which may also be written as
77 [Daay Dy = 0 . (4.58)

This is equivalent to the vanishing of w“waa api, Where F'is the field strength of the 4d connection
Age- To make contact with the anti-self-dual Yang-Mills equation, note that an arbitrary tensor

that is anti-symmetric in Lorentz indices, e.g. F},,, can be expanded in spinor indices as

e
Foaph = €4i bab + €ab Gy - (4.59)

Here, ¢ and ¢ are both symmetric and correspond to the self-dual and anti-self-dual components
of the field strength respectively. Explicitly computing the contraction (4.58), we find that the
remaining equation is simply ¢ = 0 which is indeed the anti-self-dual Yang-Mills equation. In
effect, this argument demonstrates that a holomorphic gauge field on twistor space (which is
gauge-trivial in (C]P’l) is in bijection with a solution to the 4-dimensional anti-self-dual Yang-Mills
equation — this statement is the Penrose-Ward correspondence.

Now, returning to the case at hand, recall that our connection is of the form A,; = B, By, SO

the anti-self-dual Yang-Mills equation specialises to
(mB) (w“@aaBb — ﬂbabbBa + (7 B)[Be, Bb]) =0. (4.60)

This should hold for any 7 € CP' and we can extract the key information by expanding 7% in

the basis formed by a® and &%, that is

A ((raya® — (rajar) . (4.61)
Substituting into (4.60), we find two independent equations with CP'-dependent coefficients
(rB)(m&) and (wf)(ma) respectively. These are explicitly given by the two equations in eq. (4.54).
Therefore, as expected, the equations of motion for this IFT, are equivalent to the anti-self-dual
Yang-Mills equation for A,q = By Bq-

Let us comment on the relation to Ward’s conjecture which postulates that many® integrable
models arise as reductions of the ASDYM equations. It is clear that that the equations of motion
for the A-deformations explored in this paper arise as symmetry reductions of the ASDYM

equations for the explicit form of the connection given above. On the other hand, a generic

8The original conjecture [War85] states that “many (and perhaps all?)” integrable models arise in this manner.
However, a notable absentee of this proposal is the Kadomtsev-Petviashvilii (KP) equation, see [Mas17] for a
discussion.
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ASDYM connection can be partially gauge-fixed such that the remaining degrees of freedom are
completely captured by the so-called Yang’s matrix, which is the fundamental field of the WZW,
model. In this case, the equations of motion of the WZW,4 model, known as Yang’s equations, are
the remaining ASDYM equations. It is natural to ask whether a generic ASDYM connection can
also be partially gauge-fixed to take the explicit form found in this paper. This would provide a

1-to-1 correspondence between solutions of the ASDYM equations and solutions to our 4d IFT.

B-Lax. The anti-self-dual Yang-Mills equation is also ‘integrable’ in the sense that it admits a

Lax formalism. Using the basis of spinors % and %, we define the Lax pair L and M by
LB = (z3) 07" Dag ,  MP) = () " 7" Dyg (4.62)

where the normalisations are for later convenience.” It is important to emphasise that here

7Tll

is not just an ad hoc spectral parameter. It is introduced directly as a result of the hCSg
equations of motion and is the coordinate on CP' < PT. The vanishing of [L(®), M(B)] = 0 for

any 7@ € CP' is equivalent to the anti-self-dual Yang-Mills equation.

C-Lax. Let us now turn to the equations of motion cast in terms of the C-currents in eq. (4.56).
Evidently, looking at the definition of these currents eq. (4.47), we see that when o = 1 we
have C' = C and the equations of motion have the same form as the B-current equations (4.54).
Therefore, when o = 1, we can package the C-equations in terms of a ASDYM connection
Ag) = f4C;s. Away from this point, when C # C it is not immediately evident if these equations
follow from an ASDYM connection. Regardless, we can still give these equations a Lax pair
presentation as follows.

Letting o € C denote a spectral parameter we define

a —1xa
o L <O‘ g Y- ) O iAdCd ,
-l <aﬁ>(1 +0) + @A) (1-0) o o)
© _ L af o oa® o L
M o <(aﬁ>(1+g)+<5x6>(l Q)) 3aa+nMu Ci .

Noting that p4C; = o~ uCy and p4Cy = oi*C,; one immediately sees that the terms inside
[L), M(©)] linear in g yield the conservation law eq. (4.57). The contributions independent
of o, combined with eq. (4.57), give either of eq. (4.56). It will be convenient to fix the overall
normalisation of these Lax operators to be

(a9)
(aB)

—M o1~ n :@ (d’y>a 3
"= ah) (1-o0), M <aﬂ>(1+g)+ 5 (1-o0). (4.64)

Unlike the spectral parameter 7, entering the B-Lax, there is no clear way to associate the

(1+0)+

spectral parameter of the C-Lax, o, with the CP' coordinate alone. Indeed, under a natural

9The constant spinors v and 4 appear in the symmetry reduction and will be introduced in § 4.4.
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assumption, we will see that o has origins from both the CP' geometry and the parameters that
enter the boundary conditions.

The existence of a second Lax formulation of the theory, distinct from the ASDYM equations
encoded via the B-Lax, is an unexpected feature. We will see shortly that, upon symmetry

reduction, this twin Lax formulation is inherited by the IFTs.

4.3.3 Reality Conditions and Parameters

To understand how the reality of the action of the IFT4 (4.31) with (4.32), as well as the

dependence on the parameters K, o, ag, Gq, Bq, p* and 1%, let us denote our coordinates

_ <Oéﬁ> A~ aa A <Oéﬂ> ~ aa
W= ——————=[qaQal " , W= —-— THaAaX
(ad)[pfi] (ad)[pfi] (4.65)
7= — <dﬁ> ﬂ a xad 2 — <dﬁ> Lo xaa
(ad)pfi] 7 (ad)[pp)] ’
such that
j=h"10uh, T=h"'0sh, T=h"19h, FT=hloh. (4.66)

In this subsection we let u® and 4® be an unconstrained basis of spinors, i.e., not related by
Euclidean conjugation or of fixed norm. This means the action (4.31) with (4.32) comes with an
extra factor of [pa] 1. Writing the volume element voly = 15¢,;¢;i€acebadz®® A da®® A daxé A dzdd

in terms of the coordinates {w, W, z,2} we find

<Ofﬂ>2<dﬂ>2d NdwAdzAd ~ (aB)2(aB)? Iy - (4.67)

Substituting into the action (4.31) with (4.32), we see that the IFTy4 now only depends explicitly

V014 =

on two parameters

K' = MK and o . 4.68
(8 (a8)? 09

Moreover, the action is invariant under the following GL(1;C) space-time symmetry
z— ez, w— elw 2 e V2, W— e W, (4.69)

where ¥ € C.

To find a real action we should impose reality conditions on the coordinates {w,W,z, 2}, the
fields h and h, and the parameters K’ and o. We start by observing four sets of admissible reality
conditions simply found by inspection of the 4d IFT. Note that, implicitly, we will not assume
Euclidean reality conditions for %¢. Starting from Euclidean reality conditions we complexify
and take different split signature real slices. We will then turn to the hCSg origin of the different

reality conditions.
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Introducing O, the lift of an antilinear involutive automorphism 6 of the Lie algebra g to the

group G, the four sets of reality conditions are as follows:

1. In the first case, the coordinates are all real, w =w, W =W, z =z, 2 = 2; K’ and o are real;
and the group-valued fields are elements of the real form, ©(h) = h and ©(h) = h. Under

conjugation we have Uy — UL.

2. In the second case, the coordinates conjugate as w = W, z = 2; K’ is imaginary and o is
a phase factor; and the group-valued fields are elements of the real form, ©(h) = h and

©(h) = h. Under conjugation we have Uy — Us.

3. In the third case, the coordinates conjugate as w = 2, z = w; K’ and o are real; and
the group-valued fields are related by conjugation O(h) = h. Under conjugation we have
Ui — U}: .

4. In the final case, the coordinates conjugate as W = z, w = #; K’ is imaginary and o is
a phase factor; and the group-valued fields are related by conjugation ©(h) = h. Under
conjugation we have Uy — U:j: .

The action (4.31) with (4.32) is real for each of these sets of reality conditions. To determine the

signature for each set of reality conditions, we note that'°
oo vb_ 2@ (pa] L "
£.i€q dz®dz? = - dwdz — dzdw) , 4.70
abcab <a6> <Oéﬁ> ( ) ( )

It is then straightforward to see that the four sets of reality conditions above all correspond to
split signature. Note that for the metric to be real, we require the prefactor to be real in cases 1
and 4 and imaginary in cases 2 and 3. We will see that this is indeed the case when we comment
on the hCSg origin.

In cases 1 and 4 the reality conditions are preserved by an SO(1, 1) space-time symmetry (4.69)
with ¥ € R. On the other hand, in cases 2 and 3, the reality conditions are preserved by an
SO(2) space-time symmetry with [9| = 1. In § 4.5, we will be interested in symmetry reducing
while preserving the space-time symmetry, recovering an action on R? or R"! that is invariant
under the Euclidean or Poincaré groups respectively. We have freedom in how we do this since
the action is not invariant under SO(2) rotations acting on (z,w) and (z,w). Therefore, we can

choose symmetry reduce along different directions in each of these planes, in principle introducing

10Conjugating in Euclidean signature we find the reality conditions

ao (80 (A, (68,) 6 (Ga), o))
(aa) \ (@B) (aB) (6a) \(@B)  (aB)
As an example, let us take & = &, in which case the reality conditions simplify to w = gzg; zand z = éz—giw

Substituting into the metric we find % (deW + wvf)dzdi) where 1 = % Since the prefactor is real and
positive, this indeed has Euclidean signature. Note that these reality conditions are distinct from case 3 above,

and they do not imply reality of the 4d IFT.
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an additional two parameters. We should note that in the Euclidean case, since the two planes are
related by conjugation, we will break the reality properties of the action unless the two symmetry
reduction directions are also related by conjugation, reducing the number of parameters by one
for a real action. This is not an issue in the Lorentzian case since the coordinates are real, hence
we expect to find a four-parameter real Lorentz-invariant IFTy. We will indeed see that this is

the case in § 4.5.

Origin of reality conditions from hCSg. Let us now briefly describe the origin of the
different sets of reality conditions from 6 dimensions. It is shown in [BS23] that for the hCSg
action to be real we require that

C(®)=C(2), (4.71)

where ® is defined in eq. (4.2) and C' is a conjugation that acts on the coordinates (z,7), not on
the fixed spinors o, @ and 5.'' In Euclidean signature this constraint becomes
K K

(ma) (&) (np)2  (ma)(ma)(nB)? (4.72)

We immediately see that this has no solutions since the double pole at 8 is mapped to B and

B = B has no solutions. On the other hand, in split signature we have
K B K
(ra)(ra)(xp)?  (ma)(ma)(mB)®

(4.73)

This can be solved by taking K and (8 to be real, and o and & to either both be real or to form a
complex conjugate pair.

We also need to ask that the boundary conditions (4.8) are compatible with the reality
conditions. Imposing C*(A;) = 0(A;), we can either take u and fi to either both be real or to
form a complex conjugate pair. The two choices of reality conditions for (a, &) and the two for
(1, f1) give a total of four sets of reality conditions, which we anticipate will recover those in the

list presented above. With the same ordering, we have the following:

1. In the first case, we take real (a, &) and real (p,[i). Analysing the boundary conditions
we find that A, is valued in the real form at the poles, implying that h and A are as well,
and that o is real. Since both (a&) and [ufi] are real, real K implies that K’ is real using
eq. (4.68).

2. In the second case, we take real (o, &) and complex conjugate (p, ji). Analysing the boundary

conditions we find that A, is valued in the real form at the poles, implying that & and h

1 Conjugation in Euclidean signature can be defined as C(us) = fia = eai’ﬁb, C(Ya) = Aa = €a®¥ and
C(x2%) = (eT)abibba-b‘i with €12 = —1, while in split signature, we take C(u4) = jia, C(Va) = Jo and C(z2%) = 724,
We will restrict our attention to Euclidean and split signatures since there are no ASD connections in Lorentzian
signature [BS23].
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are as well, and that o is a phase factor. Since (a@) is real and [u/i] is imaginary, real K

implies that K’ is imaginary using eq. (4.68).

3. In the third case, we take complex conjugate («, &) and complex conjugate (p, fi). Analysing
the boundary conditions we find that A, at « is the conjugate of A4 at &, implying that h
and h are also conjugate, and that o is real. Since both (ad@) and [u/i] are imaginary, real

K implies that K’ is real using eq. (4.68).

4. In the final case, we take complex conjugate (o, @) and real (p, ). Analysing the boundary
conditions we find that A, at « is the conjugate of A, at &, implying that h and h are also
conjugate, and that o is a phase factor. Since (ad) is imaginary and [pf] is real, real K
implies that K’ is imaginary using eq. (4.68).

Finally, one can also check that in split signature, the different reality conditions for (a, @) and
(w, i) imply the different reality conditions for the coordinates {w,W,z,2} given above.

As implied above, see also [BS23], a real action in split signature in 4 dimensions is useful for
symmetry reducing and constructing real 2d IFTs since both Euclidean and Lorentzian signature
in 2 dimensions can be accessed. However, the lack of a real action in Euclidean signature
raises questions about the quantisation of the IFT, itself. We will briefly return to the issue of

quantisation in § 4.7.

4.3.4 Equivalent Forms of the Action and its Limits

In this section we describe alternative, but equivalent ways of writing the action of the 4d
IFT (4.31) with (4.32), and consider two interesting limits of the theory. These constructions
are motivated by analogous ones that are important in the context of the 2d A-deformed WZW
model.

First, let us note that the IFT, (4.31) with (4.32) can be written in the following two equivalent

forms
Siwry = K' | voly Te((j = o) UT = U)(G+07'5) =037 +07"55) + Swa,
R4

— K /]R voly Tr((Adnj — Ady 7) (0T = U-)(Ady J — Ad;J) + Ad; T Ady T — Adnj AQg Swa,

where L
Up=(1-0'A)" A= Ad}glAdh ,

. ~ - (4.75)
Up=(1-0'A) A= AdhAd,;l .

Written in this way, it is straightforward to see that the symmetries of the 4d IFT are given by

transformations of the form (4.37) with

(O —00)r = (04 —a10:)r =0, (O — )l = (04 — )l =0, (4.76)
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which, as expected, coincide with (4.13) and (4.14) upon using the definitions (4.65).

We can also introduce auxiliary fields B4, C% and C to rewrite the action as

Ster, = K | voly Tr(j7 - 2jAd;, ! [Bji] + 27(Cp) — 2[CulAd;, ' [Bji]
4

+ 77 — 25Ad By + 23108 — 2CalAd; By (7T

+ 2[Bul[Ba] + 20 (Cul[Ch) + Swz, -

Here we take the auxiliary fields B%, C% and C% to be undetermined. Varying the action
and solving their equations of motion, we find that on-shell, they are given by the expressions
introduced above in egs. (4.28) and (4.48). Moreover, substituting their on-shell values back
into (4.77) we recover the 4d IFT. Using the symmetry (4.9), we note that the action can also
be written in a similar equivalent form, in which tilded and untilded quantities are swapped,
oc—=o !, K - —K' and B = B. This can also be seen by making the off-shell replacements
[Bu] — [Bul, [Bfi) — Ady([CA] + 7), [Cn] — o[Cp) and [Chi] — Ad}fll[Bﬂ] - ?, all of which are

compatible with the on-shell values of the auxiliary fields.

The first limit we consider is ¢ — 0, in which the action becomes
SIFT4 ‘o—)O = §IFT4 = K// VOlil Tr(j./]\ + ]Nj - 2Adhj AdFLJN) + SWZ4 . (478)
R4

This has the form of a current-current coupling between two building blocks that could be
described as ‘holomorphic WZW,’ of the form

Swwzwalh, o] = /

s voly Tr(j7) — / voly A dp Tr(h™'0,h[4, 7]) - (4.79)

R4 x[0,1]

This somewhat unusual theory has derivatives only in the holomorphic two-plane singled out
by the complex structure on R* defined by « (i.e. only 8, and Oy enter), although the field
depends on all coordinates of R*. This structure is quite different (both in the kinetic term and

Wess-Zumino term) from the conventional WZW, [Don85] for which the action'” is

1 .
Swaw. [y o, 8] = / Tr(h~tdh Axh'dR) + = | was ATe((B1dR)?)
R 6 Jraxo,1] (4.80)

Wa,3 = eai)aaﬁbdx“d Adz .

The Ké&hler point of the theory is achieved when 8 = & such that w, g is the Kéhler form
associated to the complex structure defined by «. In fact, the WZ term of our holomorphic
WZW, is of this general form with 8 = « such that w, g defines a (2,0)-form. However even in
the 5 = « case, the kinetic term does not match that of the holomorphic WZW, action.

I2This is also the 4d IFT that was found in [BS23; Pen21] from hCSg with two double poles at m = o and 7 = 3,
with Dirichlet boundary conditions.
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Returning to the holomorphic WZW,, we can establish that the theory is invariant under
a rather large set of symmetries. Since only w and W derivatives enter, it is immediate that
the transformation h — 1(2,z)hr(2,z) leaves the action eq. (4.79) invariant. These are further
enhanced, as in a WZWs, to

(6,r):  hw—Ll(z,z,w)hr(z,2,W) . (4.81)

From this perspective holomorphic WZW, can be considered the embedding of a WZWj in 4

dimensions. Similarly, we have a symmetry for the holomorphic WZW, for h
(6,7) 1 h s 0(2,W,w)h7(z, W, w) . (4.82)
The interaction term, Adpj Ad,:j, in the action (4.78) preserves the right actions, but breaks the

enhanced independent £, { left actions. Instead a new ‘diagonal’ left action emerges

(,r,7): he lz+w,z2+W)hr(z,2,W) , he L(z+w,2+W)hi(z,w, W) . (4.83)

It is important to emphasise that here the right actions on k and h are independent (r and 7 are
not the same). This stems from the enlargement of the residual symmetries of the 6-dimensional
boundary conditions. The constraints of eq. (4.14) are relaxed such that gauge parameters at
different poles are unrelated but are chiral.

In this limit the currents associated to the left and right action become
Balo—o = Ba = AdjJpa — Adnjjia ,
Ciloso=Ca = —(7-A""))pa (4.84)
Calo—o=Ca = (7 = Aj)fa -
The conservation laws become

Ou(T=AT'7)=0,  8(F—Aj)=0,

~ . (4.85)

6w(Adhj> — 8W<Adﬁj) + az(Ad;Lj) — 82(Adhj) =0.

To compute the O(c) correction to the action (4.78) we first note that
Bi=Bi+o (Adhéa + Ad,ibc"a) +0(0?), (4.86)

and that the combination Cy — AT&I = Co'a — ATéa is independent of ¢. Then from the expression

of the IFT, action in terms of currents (4.51), we see that the leading correction to glpT , is given
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20K | ol T (CoCa) = 20K Vol Tr((7 = Aj)(7 AT, (4.87)

R R
i.e. the perturbing operator is the product of two currents associated to the right-acting symmetries.
The second limit we consider is ¢ — 1. Recall that in this limit, we have that C = C from
eqs. (4.47) and (4.48), and a symmetry emerges interchanging B and C, as well as h and 7.
This is also evident if we set ¢ = 1 in (4.77). An alternative way to take o — 1 is to first set
h = exp(47) and h= exp(+ ), along with o = ex” and take K’ — oo. In this limit the 4d IFT

becomes

1

m(@wy — 8§V)) 5 (488)

SIFT, | K/ —00 = —/ Volﬁl'ﬁ((&,\,y — 0,0)
R4
which is reminiscent of a 4d version of the non-abelian T-dual of the principal chiral model, albeit
with two fields instead of one. If instead we take the limit in the action with auxiliary fields (4.77),
also setting [Cp] = [Bu] + O(K'~1) and [Ca] = [BA] + O(K'1), we find

St = [ voly Te (20(@0 (Bl — 04(Bu) + 157, (B
B (4.89)
+25(04(By) — .[Bj) + [[Bul, [BAl)) — 2Bu[Bj]) ,

after integrating by parts. Integrating out the auxiliary field B4, we recover the action (4.88).
It would be interesting to instead integrate out the fields v and 7 to give a 4d analogue of 2d
non-abelian T-duality. However, note that, unlike in 2 dimensions, v and 7 do not enforce the
flatness of a 4d connection, hence there is no straightforward way to parametrise the general

solution to their equations.

4.4 Symmetry Reduction of hCSg to CS,

hCSe¢

/ \ Returning to hCSg, we now descend via the top left-hand
CS

IFT side of the diamond by performing a symmetry reduction
4 of the action. Doing so, we find the resulting theory is

N S

IFT,
The idea of symmetry reduction is to take a truncation of a d-dimensional theory specified by

a d-form Lagrangian £¢ depending on a set of fields {®} to obtain a lower dimensional theory. We
assume here that we are reducing along two directions singled out by vector fields V;, i = 1,2. The

reduction procedure imposes that all fields are invariant, Ly, ® = 0, with dynamics now specified
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by the (d — 2)-form Lagrangian £42 = V; 4V, 1 £4. While similar in spirit to a dimensional
reduction, there is no requirement that V; span a compact space, hence there is no scale separation
in this truncation.

In order to perform the symmetry reduction, we will introduce a unit norm spinor =, about

which we can expand any spinor X, as
Xo = (X3)Ya = (X7)a - (4.90)

The spinor v, defines another complex structure on R* which coincides with the complex structure
on R* C PT at the point 7, = v,. It coincides with the opposite complex structure — swapping
holomorphic and anti-holomorphic — at the antipodal point 7, = 4,. Using the spinor u®, we can

define a basis of one-forms adapted to this complex structure,

dz = /’[/d’yadl‘ad ; dz = lad’?adxaa 3
. . (4.91)
dw = figyadz™ , dw = —pgFadz® .
We will perform symmetry reduction along the vector fields dual to dz and dz,
Dy = 1%4%00q , Oz = py%Daq - (4.92)

The symmetry reduction along the 0, and 95 directions takes us from a theory on PT to a theory
on ¥ x CP' in which w,w are coordinates on the worldsheet X.

To perform this reduction, it is expedient [Bit22] to make use of the invariance of the action
(4.1) under the addition of any (1,0)-form to A — A = A+ poe® + pae®. By choosing p,

appropriately, we can ensure that A has no dz or dz legs and is given by
A= Aydw + Agdw + Ape® | (4.93)

where these components are related to those of A by

A, = — [Ap] Ay = —

(my) (m4)

(4.94)

An important feature to note is that A necessarily has singularities at v and 4. While at the
6-dimensional level this is a mere gauge-choice artefact, it plays a crucial role in the construction
of the CSy theory.

In these variables, the boundary variation and boundary condition of hCSg are restated as

A~

7“+T1"(Aw(5./‘im - .Ai,(s./iw)’ = —T_TI(AU)(SAU-; - Aw(s.%iw)‘ ~ (495)

Aw|7r:a = ts»/[lw|7r:d P Ai}lfr:a = t_lsAﬂ)|7T:d P (496)
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where we have introduced the combinations

< ><0‘@> _ g lamian)
ry = K &) (aB)? ’ r_ = K(a&}(&ﬁ>2 ,
- . . (4.97)
oo = _ (0B [@)(a) ,_ @B){oa)
re {af) | (am){ad) (aB){ah)

Upon symmetry reduction to CSy, r+ will correspond to the residues of the 1-form w.
Since the shifted gauge field A manifestly has no dz or dz legs, and we impose L. A=L:A=0,
the contraction by 0, and 05 only hits . It then follows that the symmetry reduction yields

1 p FL2a s
Scs, :7./ w/\Tr(A/\dA+A/\A/\A> , (4.98)
271 Jswcpr 3

in which the meromorphic 1-form on CP! is given by

w=0;10,10 = (I)Eab(ag J e‘i) (82 J eb) e =_—K m el . (4.99)

To compare with the literature, we will also translate to inhomogeneous coordinates on CP*.

The CP! coordinate itself will be given by ¢ = 7y /71 on the patch m # 0. We also specify

representatives for the various other spinors in our theory. Without loss of generality we can
choose

ta=(ay),  @a=(Lal), Bu=(0,1), (4.100)

such that
(aB) =(aB) =1, (Ga)y =ay —a_ =Aa. (4.101)

We also denote the inhomogeneous coordinates for v, and 4, by

Yo Y2 1 _ 1 1
T+ = V—=7T=""=) V2= _—— = I . (4102)
71 Y1 Y2 Y+ — V- Y

Then, the meromorphic 1-form w is written in inhomogeneous coordinates as

K ((—v)(C—7-)
T A ((—an)(—a)

To complete the specification of the theory we simply note that the 6d boundary conditions

d¢ = (¢)d¢ . (4.103)

immediately descend to
A lrma=t5Ay lnea s Ag |rma=t" 5 As |r=a - (4.104)
Before we discuss the residual symmetries of the CS; models, let us make two related

observations. First, fixing the shift symmetry to ensure A is horizontal with respect to the
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symmetry reduction introduces poles into our gauge field A at ~ and 4. Thus, despite starting
with potentially smooth field configurations in 6 dimensions we are forced to consider singular ones
in 4 dimensions. We can understand the origin of these singularities by recalling the holomorphic
coordinates on R* with respect to the complex structure on PT = CP? \(C]P’l. Described in detail
in section 2.2, PT is only diffeomorphic to R* x CP', and the complex structure is more involved
in these coordinates. The holomorphic coordinates on R* with respect to this complex structure
are given by v = 7,2, which align with our coordinates {z,w} at # ~ v and {z,w} at 7 ~ 4.
It is precisely at these points that we are forced to introduce poles by the symmetry reduction
procedure.

Second, in line with the singular behaviour in the gauge field, we have also introduced zeroes
inwat ™~y and m ~ 4 whereas 2 in 6 dimensions was nowhere vanishing. Of course, given
the pole structure of 2, the introduction of two zeroes was inevitable given the Riemann-Roch

theorem.

4.4.1 Residual Symmetries and the Defect Algebra

Let us take a moment to consider the residual symmetries of these CS; models. Here the residual
symmetry preserving the boundary condition (4.104) is generically constrained to only include
constant modes,

r=7, (1—1t8)0,r =0, (1—tsHogr=0. (4.105)

At the special ‘diagonal’ point in parameter space where t = s = 1, notice these differential
equations are identically solved and we find a local gauge symmetry. This enhancement of residual
gauge freedom matches with previous considerations in the context of CS,, where diagonal
boundary conditions of the form A|, = A|s are known to give rise to the A-deformed WZW as
an IFT5, a theory that depends on a single field h. The residual gauge symmetries are those
satisfying §|, = §|s and can be used to reduce the number of fields appearing in the resulting
IFT; to one (see § 5.4 in [Del+20]).

Another interesting point occurs when we take t = s or t = s~}

in which case we retain
a chiral residual symmetry. When ¢ = 0 the boundary conditions admit an enlarged residual
symmetry as there is no requirement that r = §|, and 7 = §|5 match. Instead they must be chiral
and of opposite chiralities i.e. 9,,r = OgT = 0. As mentioned earlier, for more generic values of ¢
and s the residual symmetries will be constrained, preventing them from being used to eliminate
any degrees of freedom. While these boundary conditions have not been yet considered for ¢, s # 1
and t # 0, we will see that they give rise to the multi-parametric class of A-deformations between
coupled WZW models introduced in [GS17].

To make further contact with the literature, it is helpful to rephrase the boundary conditions

(4.104) in terms of a defect algebra, which in the case at hand is simply the Lie algebrad =g+ g
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equipped with an ad-invariant pairing
(X, Y) =ryTe(zy ya) + r-Tr(zoya) X=(x1,22) ,Y = (y1,92) - (4.106)

We map our boundary conditions into this algebra by defining A, = (.Aw|7r:a,/lw\ﬂ:d) and
Ag = (Aw|7r=a, fl@\ﬂzd) such that the requirement that the boundary variation vanishes locally

can be recast as
0= {Ay,,d0Az) — (Ag, 0A,)) . (4.107)

The boundary conditions (4.104) read

A, €y = span{(tsz,z) |z € g}, (4.108)
Ag € l,-1 = span{(t 'sz,z) |z € g} . -

Since (I, [;-1)) = 0 the boundary conditions are suitable, however it should be noted that [; is
itself neither a subalgebra nor an isotropic subspace of 9. This is more general than boundary
conditions previously considered'® in the context of 4-dimensional Chern Simons theory. In
particular, we might expect that generalising [BSV22; LV21; LV23] to boundary conditions defined
by subspaces that are neither a subalgebra nor an isotropic subspace of ? will lead to novel
families of 2-dimensional integrable field theories.

It is worth highlighting that these boundary conditions still define maximal isotropic subspaces,
but now inside the space of algebra-valued 1-forms, rather than just the defect algebra. Consider

the space of g-valued 1-forms on ¥ x CP*, equipped with the symplectic structure'*

W(X,Y) = / do ATE(XAY), X, YeQ(ExCP)wg. (4.109)
S xCP!

The boundary conditions above define maximal isotropic subspaces with respect to this symplectic

structure, that is half-dimensional subspaces Y C Q'(X x CP') ® g such that W(X,Y) = 0 for

all X,Y € Y. Indeed, this is required for them to be ‘good’ boundary conditions. The isotropic

subspaces of the defect algebra described earlier are then special cases of these subspaces.

130f course in the limit ¢, s — 1 [; revert to defining the diagonal isotropic subalgebra. In the special case where
t — 0, 00 we recover chiral Dirichlet boundary conditions considered in [CY19; ASY23].

14 As defined, this is not quite a symplectic structure since it is degenerate — for example, it vanishes on the
subspace of 1-forms which only have legs along CP!. A more careful treatment would involve restricting the
symplectic form to a subspace where it is non-degenerate, but we will neglect this for the purpose of our brief
discussion.
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4.5 Symmetry Reduction of IFT, to IFT,

hCS¢

/ \ In this section we will apply the same symmetry reduction
CS

previously applied to hCSg to the IFTy. In doing so we
IFT,

4 derive the IFT5 corresponding to the CS4 model described
\ (ff above.

IFT,
Recalling that the reduction requires that the fields A and i depend only on w,w and not
on z,z, we can simply set 0, = 9z = 0 in the action eq. (4.31). To compare with the literature,
when discussing 2-dimensional theories we will define 94 = 9,, and 0_ = 9 (implicitly rotating

to 2d Minkowski space where the action is rendered real for real parameters) and denote
Jr=h"'9sh,  Jr=h"'0sh. (4.110)

To evaluate the symmetry reduction, denoted by ~-, of the IFT,4 action we first note that

(o) (o) -, lay) i3 (@) (4.111)

A

(@Bt @By 77 (ap)

The resulting 2-dimensional action is given by

Strr, ~ ST, = / voly Tr(ry J4 (Uf = U-)J— = r— Jy (U] = U-)J- + 4 Lwz(h) +r— Lwz(h)
)
—2ty/—ry - JLUT T w2t o JLUZJL)
(4.112)

where voly = dw A dw = do~ A do™. This theory, depending on two G-valued fields, h and h,
and four independent parameters, v, t and o, exactly matches a theory introduced in [GS17]
as a multi-field generalisation of the A-deformed WZW model [Sfel4]. To make a precise match
with [GS17] we relate their fields (g1, g2) to our fields (h, h—!). The model in [GS17] is defined by
two WZW levels k; 2 and by two deformation matrices which we take to be proportional to the

identity with constants of proportionality A; . The mapping of parameters is then

M=ot b, Ao =1t, ki =ry, ko = —r_ )\0:\/k1/k2:\/—r_/r+:s_1
(4.113)
In 2d Minkowski space, the Lagrangian (4.112) is real if the parameters r1, s t and o are all
real. Assuming K and o are real, this is the case if 1 and r_ have the opposite sign and the
parameters a4 and 4 lie on the same line in C, which we can take to be the real line without
loss of generality. This follows since r4., s and t are all expressed as ratios of differences of a

and 74, hence are invariant under translations and scalings.'”

I5Note that this is the subgroup of SL(2,C) transformations that preserves the choice 8, = (0, 1).
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4.5.1 Limits

The four-parameter model has a number of interesting limits, many of which are discussed in
[GS17]. Here, we briefly summarise some key ones. First, let us take ¢t — 0. In order to have a
well-defined limit we keep ot~! = ) finite, implying ¢ — 0 as well.'® The resulting 2d Lagrangian
is given by

SIFT2|t,U—>O = / VOlg TI‘(T‘+ J+J_ —Tr_ j+j_ — 2)\37‘+J+A71J_
D (4.114)

+ry Lwz(h) +r_ ﬁwz(il)) .
This current-current deformation preserves half the chiral symmetry of the G, x G_,_ WZW
model, which corresponds to the UV fixed point A = 0. Indeed, this model can be found by taking
chiral Dirichlet boundary conditions in 4d CS [CY19; ASY23], corresponding to the special case
t = 0 in the boundary conditions we find from symmetry reduction (4.108). Assuming —r_ > r,

in the IR we have that A = s~1. At this point the Lagrangian can be written as

STFTs .00, -125 = / volo Tr (14 (AdpJy — Ady J4)(AdJ- — AdjJ-)
>

(4.115)
—(r-+ry) Jedo 41y Lwz (B h) + (1 +7r4) Lwz(h)) -
Redefining h — ﬁh, we find the G, xG_,__, WZW model. In the case of equal levels r_ = —r
this reduces to the G\, WZW model.
The equal-level, r_ = —r,, version of (4.114), whose classical integrability was first shown

in [BBS97], is canonically equivalent [GSS17] and related by a path integral transformation [HLT19a]
to the A-deformed WZW model. Indeed, from the point of view of 4d CS, these two models have
the same twist function. To recover (4.114) with equal levels, we take chiral Dirichlet boundary
conditions, t = 0, s = 1 in (4.108), while to recover the A-deformed WZW model we take diagonal
boundary conditions ¢t = s = 1.

It follows that if we take t = s = 1 in eq. (4.112), we expect to recover the A-deformed WZW
model. Indeed, setting r_ = —r; and ¢t = 1, the Lagrangian (4.112) becomes

Stetalemsct = /Evolg Te(ry (T4 — J)UT — U)o — J) + 7y Lyg(hhD)) . (4.116)

As explained in subsection 4.2.1, at this point in parameter space the symmetry reduction
directions are aligned such that the constrained symmetry transformations (4.14) become a gauge
symmetry of the IFT,. This allows us to fix h = 1, recovering the standard form of the A-deformed
WZW model [Sfel4] with o playing the role of A\. Further taking o — 0, we recover the G,
WZW model.

Another point in parameter space where we expect a gauge symmetry to emerge is when the

symmetry reduction preserves the left-acting symmetry. This corresponds to setting ¢ = o and

16 An analogous limit is to take o — 0 and keep ¢ finite.
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s =1,1ie. r_ = —r;. Doing so we find

SIFT, |10 s=1 = / voly Tr( 74 (AdyJy — Ad; 4 ) (UL — U_)(AdyJ- — Ad;J-)
b (4.117)

+ry ,sz(ililh)) s

where we recall that T}i are defined in eq. (4.75). This Lagrangian is invariant under a left-acting
gauge symmetry as expected, which can be used to fix = 1. We again recover the standard
form of the A-deformed WZW model with o playing the role of A. The CS; description of this
limit is analysed in appendix 4.8.

Before we move onto the integrability of the 2d IFT and its origin from the 4d IFT, let us
briefly note the symmetry reduction implications of the formal transformations (4.33) and (4.34),
which in turn descended from the discrete invariances of the hCSg boundary conditions (4.9)
and (4.10). The first (4.33) implies that the 2d IFT is invariant under

ror_ oo, t—t !, h<+h. (4.118)

recovering the ‘duality’ transformation of [GS17]. Since the second involves interchanging w and
z, it tells us the parameters are transformed if we symmetry reduce requiring that the fields h

and % only depend on z, z, instead of w,w. We find that o — o~ * and ¢t — to~2.

4.5.2 Integrability and Lax Formulation

The analysis of [GS17] shows that the equations of motion of (4.112) are best cast in terms of

auxiliary fields'” By, C+ which are related to the fundamental fields by

J_=Ad;'B_ - '\ tOo J_ =X 'Ad'B. - C_

. B L (4.119)
Jr =X\ A By - Oy Jy = Ad; By — M)y 'Oy

The equations of motion for i and h, together with the Bianchi identities obeyed by their

associated Maurer-Cartan forms, can be repackaged into the flatness of two Lax connections with

components

= 2es 1= A"\

STl 1ox Dt = K L= %
as — A7

= Cy . 4.120
s F1 1-X % (4120

Here (qg is the spectral parameter used in [GS17]. Taken together, the flatness of this pair of Lax
connections implies both the Bianchi identities and the equations of motions. However, if one is
prepared to enforce the definition (4.119) of auxiliary fields in terms of fundamental fields (such

that the Bianchi equations are automatically satisfied) then either Lax will generically (i.e. away

17To avoid conflict of notation B+, Cy+ here correspond to A+, B4 of [GS17].
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from special points in parameter space such as \; = 1) imply the equations of motion'® of the
theory.

We can relate this discussion to the construction above by symmetry reducing the 4d Lax
operators (4.62) and (4.63). First we note that the currents corresponding to the (£, r)-symmetries

reduce to simple combinations of the auxiliary fields introduced in eq. (4.119)

- {a®) o fay) o,

Ba <C¥5> B—,U/a <dﬁ> B"l‘l’(‘a I (4 121)
PN <6fy>0710 I MC’ 0 .

G anT CHeT (apy e

Notice that all explicit appearances of the operators Uy have dropped out such that these currents
reduce exactly to the 2-dimensional auxiliary gauge fields.

Using the complex coordinates adapted for symmetry reduction defined in eq. (4.91), and
introducing a specialised inhomogeneous coordinate on CP' given by ¢ = (74)/(m7), the 4d

B-Lax pair (4.62) may be written as
LB =Dy —¢'D,, MPB =D, +<D: . (4.122)

We can symmetry reduce the 4d Lax pairs, L(B/€) M(B/C) of eqs. (4.62) and (4.63) to obtain

L w04 ((89) ~ < BV B M w0, 1 ((By) - W”fﬁ?lﬁ ’

(ap)
. . (4.123)

LO oo — Cy .
(1—0) + rora(1+0) (1+0)+ A Ne(l—0)

c_, MY« —

Now using the inhomogeneous coordinates introduced in eqgs. (4.100) and (4.102), and the relations
between parameters (4.113), the 4d Lax operators immediately descend upon symmetry reduction

to the 2d Lax connections (4.120), provided the 4d and 2d spectral parameters are related as

Y2 + 718
LB o+t MPB o, +11, = 2Tome
B * 4o Gas —Y2 +71¢
LO o +£%, MO o, +L2, (o= - Sl - .
(Ao = Ag A2 — (1 = AoA2) (1 — A5 A2)o

(4.124)
The relation between (s and ¢ can be recast in the standard CP! homogeneous coordinate
T~ (1,() as

_ T+ — V-
Cas = Xt (4.125)

such that if we choose to fix 7+ = %1 then (s = ¢~ !. If we make the assumption that the (g

entering in the two different Lax formulations have the same origin then we can map between

181t is less evident in contrast if all the non-local conserved charges of the theory can be obtained from a single
Lax.
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between o and the CP! homogeneous coordinate

1+C¢1+ts 1—C1+tst
2 1—ts 2 1—ts 1

(4.126)

Therefore, under this assumption, we see that o depends on the parameter ¢, which is part of
the specification of boundary conditions and not just geometric data of CP'. Indeed o becomes
constant when ¢t — 1, hence there is no spectral parameter dependence left. In contrast, when

t — 0, we have o — —(.

4.6 Localisation of CS,; to IFT,

hCSg
{(JJ \ Finally, we localise the CS4 theory obtained by symme-
oS try reduction of hCSg in § 4.4. This will result in a

IFT
4 2-dimensional theory on Y, which matches the IFTy de-

4
\ {(JJ rived from symmetry reduction of the IFTy in § 4.5.

IFT,
In the following discussion we will make use of the &-model formulation of CSy [BSV22;

LV21; LV23]. In this approach we accomplish localisation via algebraic means, constructing from
the data of our CSy a defect algebra and projectors. The choice of boundary conditions in CSy
corresponds to a choice of two mutually orthogonal subspaces of our defect algebra, from which
we can then write down the action and Lax connection for the corresponding 2d IFT. To obtain
the IF Ty we could also follow an analogous route to that taken § 4.3, namely integrating out the
CP! directions directly. Details of this approach are presented in appendix of [Col+24b].

The gauge field A is related to the 2-dimensional Lax connection by a change of variables that
takes the form of a gauge transformation, which importantly does not preserve the boundary

conditions,
A=h=tdh+h='Lh . (4.127)

As before, we fix the redundancy in this parametrisation by demanding that £ has no legs in
the CP! direction, though may of course depend on it functionally, and that fL| g = id. The bulk
equations of motion, w A F[A] = 0, ensures that £ is flat and meromorphic in ¢ with analytic
structure mirroring w. The key idea is that the field h evaluated at the poles serve as edge modes
that become the degrees of freedom of the IFTs, and the boundary conditions will determine
the form of the Lax connection £ in terms of these fields. However, the complete construction
requires a more careful treatment, especially when 2 has higher order poles [BSV22].

Let us start by recalling the boundary conditions eq. (4.108) phrased in terms of A,, and
Ay valued in the defect algebra 0 = g + g. These are that A, € [; and Ag € [;-1, where these

subspaces are mutually orthogonal {(I;,[;-1)) = 0. Given these boundary conditions for the gauge
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field at the simple poles, we introduce a group valued field h = (hlashla) € D =expd and an
algebra element L = (£|,, £|s) € 0 such that

Ay = h '0uh + h 'Lyh € 1,

— — -

. B (4.128)
Auj = h awh + h Lwh S [tfl

L can be understood as the 2d Lax connection lifted to the double by evaluating it at the poles
of the spectral parameter. From this, and the known singularity structure of fl, we will recover
the full Lax connection.

It is important to emphasise that most previous treatments have assumed that A,, and Ag lie
in the same subspace, and moreover that this space is a maximal isotropic subalgebra [ C 0. The
only exception that we know of are the chiral Dirichlet boundary conditions of [CY19; ASY23],
which are a special case of our boundary conditions. Taking [ to be an isotropic subalgebra
of 0 ensures that the resulting IFTs has a residual gauge symmetry given by the left action of
exp (I) on h. This can be fixed by setting he D/ exp(l). For example, if we take r4 = —r_, then
| = gdiag, the diagonally embedded g in @ = g + g, is a suitable isotropic subalgebra and denoting
h= (h, l~1) the residual symmetry can be fixed by setting h = id. Here, however, we do not have
any such residual gauge symmetry in general and the 2-dimensional theory will depend on the
entire field content in h.

As above, we switch notation in 2 dimensions to d,, = 01 and dgz = 0—. The IFT5 action is
[LV23; Kl1i22]1920

Saalf) = [ (0T, Wwif .

(4.129)
R e (a,hh—l)»)da— Adot + Swalh] -
The projectors WSE : 0 — 0 are defined via their kernel and image
KerWEi = Adj i1, ImVVEi = { (oz+ iryﬂ:, o nyi) ‘ y € g} , (4.130)

where we recall that ( = 4 are the zeroes of w. Care is required to correlate the zeroes of omega
with the pole structure of A, which has been determined by our symmetry reduction data. In the
case at hand for instance, the zeroes at m = v and © = 4 are associated to poles in A, and in
Ag respectively.

In order to unpack the IFT5 action, let us outline the calculation of Wg (8+ﬁf_£*1). Defining

9The action below is related to the action in [LV23] with the redefinition h — h~1l. This is due to the
convention on gauge transformations. Indeed, there they consider A" = hAh~1 — dhh~! in contrast to our choice
AP = =1 Ah 4+ h—1dh.

2ONote that we have chosen
[LV23].

i

as an overall coefficient in equation (4.98), in contrast to z- considered in

27
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the useful combinations?!

V4 = Q4 — V4, Ut = CQf — 77—, (4131)

we can parameterise the kernel and image of ij as

-1 -1
Kerer = { (Adhx, o_AdiA X) ‘ X€Eg }7 Ing = { <y7 y) ’ y € g} . (4.132)

vy v_ vy v—

We decompose (‘Ljiﬁ*l into the kernel and image by solving

~ A “1AdpATE
(Ath+,AdhA‘1J+> - ( dx 07" Ady X) + (y,y> . (4.133)
V4 v_ Vi V-
This yields
y = Ath+ (J+’U+ - O'j+’l)7> = UfB+ y (4134)

in which we see the reappearance of the auxiliary combinations encountered earlier in eq. (4.119).
It follows that
W@, hh1) = <UB+, B+> , (4.135)
h vy

from which we can evaluate (trace implicit)

v

“ry J_Ad;'By +7r_J_AAd;'B_
U (4.136)

=y UL T r L U_J- =t/ —r_r JLUL T 47/ —rr  J,U_J_ .

In a similar fashion we find that

(0-RR~ W 0 1))

W= (0-Rh~Y) = (B, U+B> , (4.137)
U_

and
(O hR™" W (0-hh™")))
=y U_J_ +r JULT ey~ JUT T 7Y/ J U_J_ .

Taking the difference of eq. (4.136) and eq. (4.138) we find that the Lagrangian of the 2-dimensional
action eq. (4.129) exactly matches the IFTy obtained previously in eq. (4.112) by descent on the

(4.138)

other side of the diamond. This explicitly verifies our diamond of theories.

Let us note that this IFTy has also been constructed from CS, in a two-step process in

21In terms of these parameters, the relations (4.97) become

U4+v U—v— U—v— u
o MUt +

s r_— = — s s = s t=0s5s— .
AvAa AvAa UL vy u_

T4 =
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[BL20]. First, a more general 2-field model based on a twist function with additional poles and
zeroes, and the familiar isotropic subalgebra boundary conditions, is constructed. Second, a
special decoupling limit is taken, where a subset of these poles and zeroes collide. It remains to
understand how to recover our boundary conditions (4.104) from those considered in [BL20].
To complete the circle of ideas we can also directly obtain a Lax formulation from CSy. This
is essentially achieved by undoing the map into the defect algebra as follows. Given an element

X = (x,y) € 0, we determine a,b € g such that

(z,y) = <a+b7a+b> . (4.139)

p: X + : (4.140)

in terms of which the components of the Lax connection are given by

Ly =oWE@uhh Yy =2F"T=p, | (4.141)
h C—7+
In this way we recover the Lax £! that we obtained from symmetry reduction of the 4d ASDYM
Lax pair with the identification (4.125). There does not appear an algebraic derivation in this
spirit of the other Lax £2. This in contrast to the derivation of this model from CS, in [BL20]
where the extra data associated to the additional poles means that both Lax in (4.120) can be
directly constructed. More generally, this highlights an interesting question that we leave for the
future about the integrability and the counting of conserved charges, beyond the existence of a

Lax connection, when we consider boundary conditions not based on isotropic subalgebras.

4.6.1 RG Flow

Let us recall the RG equations given in [GS17]

ca AM2(Ni—X)Ni—Agh)

>-\’L' = - )
2V k1ks (1-A7)?

i=1,2, (4.142)

where dot indicates the derivative with respect to RG ‘time’ dlgg# and cg is the dual Coxeter
number. The levels k; and ko and A\g = /k1/ke are RG invariants. In this section we will

interpret this flow in terms of the data that is more natural from the perspective of 4d CS, namely

the poles and zeroes of the differential

K (=) —1-)

D= e =P (4.143)

and the boundary conditions of the theory.
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Using the map between parameters given in eq. (4.113) we can infer from eq. (4.142) a flow on
the parameters {t, ax, v+, K}. Let us first consider the parameter t = Ag. As discussed in [GS17],
there is a flow from ¢ = 0 in the UV to ¢t = Ag in the IR (assuming that Ao < 1). Explicitly the

flow equation
i = Co 2
 2ka)g (1 —12)2

t—X)t—XY), (4.144)
has the solution

— T

-1
log 11/t - f(x,t)leog(tt_x ) (4.145)

Novt) + FOG )+t 417t =
f(Oa)+f(0a)++ 2\/%

The interesting observation is that the boundary conditions

Ay €1, = span{(t)\al%x) |z €g}, (4.146)
o €t = spn{ (O 1) 2 €5} |

display algebraic enhancements at the fixed points. In the UV, ¢ = 0 limit, these boundary
conditions become chiral, A,, € gr C 0 and Ay € g C 0. While g r are now subalgebras,
neither are isotropic with respect to the inner product (4.106). In non-doubled notation the UV

limit becomes

Avla =0,  Agla=0. (4.147)

On the other hand in the IR limit, ¢ = Ao, we see that A, € gdiag C 0, again a subalgebra, but
only an isotropic one for k; = ky, i.e. r; = —r_. In non-doubled notation the IR limit becomes®?
Aula = Aula k1 Agla = ko Agla - (4.148)

While in general, there are no residual gauge transformations preserving the boundary conditions,
in the UV and IR limits we notice chiral boundary symmetries emerging. For example, in the IR
these are those satisfying g~ 1059 = 0, which corresponds to t = s~1 in eq. (4.105).

Let us now turn to the action of RG on the differential w. An immediate observation is that

the RG invariant WZW levels are given by monodromies about simple poles®’

1
kg =1y = — — reS¢—a , 4.149
1,2 T+ 27(1 o w reSC— j:sO(C) ( )
exactly in line with the conjecture of Costello (reported and supported by Derryberry [Der21]).

While there are more parameters in w than there are RG equations, we can form the ratios of

22The seemingly more democratic boundary condition of t = 1,

\/aAw‘a = \/gAwId 5 \/EAIIJIQ - \/EA’@'&

which does define an isotropic space of d (not a subalgebra however) is not attained along this flow.
23The monodromy about the double pole at infinity is trivially RG invariant since the sum of all the residues
vanishes.
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poles and zeroes
e == = (4.150)
ax — 79— U+t

in terms of which the RG system of [GS17] translates to

. ce (1+q%) : Ca q- +q+
4+ = —5>7—7 <4+, K=—-—- . 4.151
2K (—1+ d7) 2 (T=a)(0—a1) 1s1)
The RG invariants are given by
K2q_qy ki o ¢ (1—g)?
kle = 5 _— = )\ = 5 4152
@) RO O-4r (4.152)

which allows us to retain either of ¢+ as independent variables. We can directly solve these
equations
4+ — 49— Ce
Vkiky——=+kilogqy — kalogq- = —-log i/ g, , 4.153
Nonr= * 2 /Fao (4.153)

and a remarkable feature, also conjectured by Costello, is that this quantity is precisely the

d T+
/ w= S (4.154)
vy

contour integral between zeroes

dlog u 2

To best understand the action of the RG flow on the locations of the poles directly, we replace

K with the RG invariant ko (or k1), and fix the zeroes to be located at 4 = 41. This yields the
RG invariant relation

1-a2 - X(1-0a%)=0, (4.155)

and a flow equation

, ce a(l—a?)?
G =

= 4.156
8ky a_ —ay ( )

the solution of which is

ay —a_ 1 ay +1 1 a_+1 Ca
—— + -1 ———log——— = —
-2 " 2%a -1 22 ®a -1 1

log 1t/ prag - (4.157)

As illustrated in fig. 4.1, this system displays a finite RG trajectory linking fixed points. In the
UV limit the poles accumulate to different zeroes, and in the IR the poles accumulate to the
same zero. Let us consider the upper red trajectory of fig. 4.1 in which we choose Ay < 1 and
pick the positive branch of the solution ay = 4,/1 — A2(1 — a2 ). With this choice we see that
there are finite fixed points®* such that the right hand side of eq. (4.156) vanishes at

UV: (a_,ap)=(-1,1), A\ =0, IR: (a—,ap)=(1,1), A =X, (4.158)

24There are also fixed points to the RG flow at ay = 0 with a?2 =1 — Z—f however by assumption ko > ki,
and so these do not correspond to real values of a— and consequently \; is imaginary. We do not consider such
complex limits here.
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Figure 4.1: Left: RG flow across the o, a— plane with arrows directed to the TR. The highlighted parabola are
the solutions that lie on the locus of the RG invariant quantity )\(2) = ki1 /ko, plotted here for A\g = 0.8 (red) and
Ao = 1.2 (blue). Right: The value of A\ plotted along the red loci of the left panel (upper branch solid and lower
branch dotted). In both cases A1 — 1 asymptotically as a— — +oo. Of note is the flow displayed by the upper
red branch between the UV fixed point (a—,at) = (—1,1) with A\; = 0 and the IR fixed point (a—,ay) = (1,1)
with A1 = Ag.

in which we recall the map

(U ta)(-1+4ay)\?
v () (1159

One of the appealing features of the IFTy (4.112) is that it provides a classical Lagrangian
interpolation that includes its own UV and IR limits [GS17]. That is to say these CFTs can be
obtained directly from the Lagrangian eq. (4.112) by tuning the parameters of the theory to their
values at the end points of the RG flow. Given the interpretation of these RG flows as describing
poles colliding with zeroes it is natural to expect that a similar interpolation can be obtained
directly in 4d by taking limits of the differential w in eq. (4.143).

Here we will explore how this works for the IFTy (4.112) in the IR. The limit we will consider
is to collide the poles at a4 with the zero at v, following the upper red trajectory in fig. 4.1.
This corresponds to taking g+ — 0. In order to be consistent with the RG invariants (4.152), we

take this limit as
qy = kie+0O(e?) , q_ = koe + O(?) , K=k —ks+0(e), e—0. (4.160)

Taking this limit in (4.143), and redefining the spectral parameter such that the remaining pole

and zero are fixed to 1 and —1 respectively, yields

k(1
2 (-1

(4.161)
Let us consider the implication of this limit from the CS, perspective. Given that the pole

structure of w is modified in this limit, so will the double 0, and thus we should be careful in

our interpretation of the boundary conditions. If we take w to be given by (4.161) and consider
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the boundary conditions (4.146) with ¢ = 0, the condition A,, € [; becomes /lw|a = 0. From

eq. (4.94) we know that Ay has a pole at 4. In other words, we can write

Y (C—)

(1]

Ay = =)y (4.162)

with Z(¢) regular as oy — vo. Hence, in the IR there is no boundary condition for Ay at ¢ =1.
On the other hand, the boundary condition Ag € [,-1 for ¢ = 0 is A@|d = 0 which in the limit

4,77+ — 1 becomes a chiral boundary condition for the w component
Agle=1=0. (4.163)

For this choice of boundary condition one can localise the CS,4 action following the procedure
described in § 4.4, and the resulting two dimensional IFT is the WZW model at level ky — k7.

In contrast, from the 2-dimensional perspective it is known that the full result at this IR fixed
point is actually a product WZW model on Gy, X Gk, —k, [GS17]. This indicates that there is
some delicacy in taking the IR limit directly as a Lagrangian interpolation in 4d even when it is
possible in 2d. One reason for this is there is also the freedom to perform redefinitions of the
spectral parameter, which can, in general, produce non-equivalent limits of w. Such limits are
known as decoupling limits [Del+19; BL20] in the literature, and have been investigated for the
UV fixed point of the bi-Yang-Baxter model in [KLT24].

4.7 Discussion and Outlook

In this work we have constructed a diamond of integrable models related by localisation and
symmetry reduction. Starting from holomorphic Chern-Simons theory with the meromorphic
(3,0)-form (4.2), we have found a new choice of admissible boundary conditions, which leads to a
well-defined 6-dimensional theory. This generalises the analysis carried out in [BS23; Pen21] to a
new class of boundary conditions.

By first viewing twistor space, PT, as a CP*' bundle over R?, we solved the equations of motion
along the CP" fibres. In doing so we fully specified the dependence of the integrand on the CP*
fibre and thus could perform a fibrewise integration along those directions. Consequently our
6-dimensional theory then localised to the poles of 2, leading to a new 4-dimensional theory
on R* given by the action (4.31). Indeed, this 4-dimensional theory is ‘integrable’ in the sense
that its equations of motion can be encoded in an anti-self-dual connection, as expected from
the Penrose-Ward correspondence. Moreover, this new IFT,4 exhibits two semi-local symmetries,
which can be understood as the residual symmetries preserving the boundary conditions of
hCSg. For each of these semi-local symmetries, the Noether currents can be used to construct
inequivalent Lax formulations of the dynamics.

On the other hand, symmetry reducing hCSg along two directions of the R* in PT = CP! x R*,
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leads to an effective CS4 theory on CP! x R2. Under this procedure, the meromorphic (3,0)-form
reduces to the meromorphic (1,0)-form used in [Del+20] to construct the A-model, whereas the
6-dimensional boundary conditions reduce to a class of boundary conditions in CS4 that have not
been previously considered. Specifically, they relax the assumption of an isotropic subalgebra
of the defect algebra. By performing the standard localisation procedure of CS,; we obtain the
2-field A-type IFTy introduced in [GS17].

Notably, this same multi-parametric class of integrable A-deformations between coupled WZW
models can be obtained by symmetry reduction (along the same directions) of the novel IFTy
mentioned above. Furthermore, the semi-local symmetries of the IF'T, reduce to global symmetries
of the IFTy and the two Lax formulations of the IFT, give rise to two Lax connections for the
IFTs5. When the directions of the symmetry reduction are aligned to these semi-local symmetries,
the IFTy symmetries are enhanced to either affine or fully local (gauge) symmetries. In the latter
case, the IFTs becomes the standard (1-field) A-model.

This work opens up a range of interesting further directions. There are a selection of direct
generalisations that can be made to incorporate the wide variety of integrable deformations known
in the literature. Perhaps the most interesting outcome of this would be the construction of
swathes of new four-dimensional integrable field theories. Our work focused on the case where
) was nowhere vanishing; it would be interesting to explore the relaxation of this condition
together with its possible boundary conditions, and how the ASDYM equations are modified.
Moreover, one might hope that the study of boundary conditions in hCSg could lead to a full
classification of the landscape of integrable sigma-models in 2d, and perhaps result in theories
not yet encountered in the literature.

From the perspective of the IF T, there is a close relationship between the notions of Poisson-
Lie symmetry, duality and integrability [Vic15; HT15; SST15; Klil5]. This poses an interesting
question as to the implications of such dualities for both the IFT,; and hCSg. For the model
considered here, we might seek to understand the semi-local symmetries of IFT, in the context of
the g-deformed symmetries expected to underpin the IFTs.

In this work, the integrable models we have studied can be viewed as descending from the
open string sector of a type B topological string. An interesting direction for future work is to
consider the closed string sector [Ber+94] and its possible integrable descendants. A tantalising
prospect is to understand the closed string counterparts of the integrable deformations we have
considered in the context of the non-linear graviton construction for self-dual space-times [Pen76;
Hit79; War80].

By coupling the open and closed string sectors [CL15; CG18; CL20; Cos21] one can find an
anomaly free quantization to all loop orders in perturbation theory of the coupled hCSg-BCOV
action. This mechanism has already proven a powerful tool in the context of the top-down
approach to celestial holography [CPS23; BSS23]. This could provide an angle of attack to address
the important questions of when the IFT, can be quantised, if the IFTy is quantum integrable,

and if there is a higher dimensional origin of IFTs as quantum field theories.
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4.8 Appendix: Alternative CS; Setup for the \-Model

In this section, we will consider an alternative symmetry reduction of our hCSg setup which also
recovers the A-deformed IFT5. In order to recover a 1-field IFT5, we need one of the semi-local
residual symmetries of the IFT4 to become a gauge symmetry under symmetry reduction. Let us
denote the symmetry reduction vector fields by V4 and V5. Taking the example of the residual
left-action parameterised by ¢, this must obey the constraint 5%0,,¢ = 0. In order for this to
become a gauge symmetry of the IFTs, the symmetry reduction constraints Ly, ¢ and Ly, ¢ =0
must coincide with the pre-existing constraints on . This means that we must choose to symmetry

reduce along the vector fields
Vi=p"B%a,  Va=i*B"ua - (4.164)

Following the recipe described elsewhere in this paper, we deduce that the CS4 1-form is given

by25 |
w:K(C—cm(C—a—)dC' (4.165)

In the 4d CS description, we can already see that we have eliminated one degree of freedom

relative to other symmetry reductions. The symmetry reduction zeroes have eliminated the
double pole at 3, effectively removing one field from the IFTs.
Furthermore, if we denote the surviving coordinates on ¥ by y!' = (1% 320, and y? = —pt 3994,

the boundary conditions reduce to

A~

Aila=0Aila, Agla=0"Ass . (4.166)

Since the localisation from CS4 to the IFT5 has been described in detail elsewhere, we will be

brief in this section. In the parametrisation
A=h""Lh+h'dh, (4.167)

we fix the constraints Egr = 0 and denote the values of & at the poles by iL|a = h and ﬁ\& =id.
We can then use the bulk equations of motion and the boundary conditions to solve for £; and
Lo in terms of h. We find the solutions

L1=(c—Ad ) 'hToh,  Lo= (o' —Ad ) TThT00h . (4.168)

25Since B appears in both of our symmetry reduction vector fields, the two zeroes from symmetry reduction
have cancelled the double pole. Similarly, the boundary condition .A;|g = 0 can be interpreted as a simple zero in
each component of the gauge field. These simple zeroes cancel the simple poles introduced in symmetry reduction,
leaving a gauge field with no singularities.
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Finally, the action localises to 2d and is given, up to an overall factor of K/(ay — a_), by

1+0Ad;" ) 1
6

—/ dyl/\dyQTr<h1(91h~ _1h7182h —f/ Tr(hildh/\hfldh/\hfldh) . (4.169)
s 1—-o0Ad, £x[0,1]

This can be recognised as the A-deformed IFT5.
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Chapter 5

Integrable gauged models from

twistor space

The results in this chapter were found in collaboration with Ryan A. Cullinan, Ben Hoare, Joaquin
Liniado, and Daniel C. Thompson [Col+24a].

5.1 Introduction

Quantum field theories (QFTs) in two dimensions have both direct applications in condensed
matter systems and as the worldsheet theories of strings, and can provide a tractable sandpit for
the study of quantum field theory more generally. Special examples are provided by conformal
field theories (CFTs) and integrable field theories (IFTs), for which powerful infinite-dimensional
symmetries enable us to exactly determine certain key properties and observables.

One longstanding goal has been to provide a constructive origin of these integrable systems
from some putative parent theory, perhaps in higher dimensions. For instance, Ward suggested
[War85] that all integrable equations may arise as reductions of the 4d anti-self-dual Yang-Mills
(ASDYM) equation. Alternatively, motivated by the similarity between Reidemeister moves
in knot theory and the Yang-Baxter equation that underpins integrability, Witten suggested
[Wit89a] that integrable models might have a description in terms of Chern-Simons theory. The
realisation of this idea came some years later, with Costello’s understanding [Cos13; Cos14] that
the gauge theory description should combine the topological nature of Chern-Simons theory with
the holomorphic nature of the spectral parameter characterising IFTs. The theory proposed in
[Cos13; Cosl4] was extended and developed in a sequence of papers [CWY18a; CWY18b; CY19]
describing a Chern-Simons theory, which we denote by CSy4, defined over a four-manifold ¥ x C.

An elegant origin of both the CS4 and the ASDYM descriptions was provided in the work of
Bittleston and Skinner [BS23] in terms of a six-dimensional holomorphic Chern-Simons theory
(hCSe), first proposed in [Cos20; Cos21]. The theory is defined over (the Euclidean slice of)
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Figure 5.1: The diamond correspondence of integrable avatars, in which wavy arrows indicate a
descent by reduction and straight arrows involve localisation i.e. integration over CP!.

Penrose’s twistor space [Pen67] with the action functional

Shcsﬁ[A]zi, Q/\’I‘r(A/\@A—i—QA/\A/\A) , (5.1)
27 Jpr 3

in which € is some meromorphic (3,0) form. This action is supplemented by a choice of boundary
conditions at the poles of 2. The various lower-dimensional descriptions follow from exploiting the
fibration structure CP' < PT — R*. Reducing along two directions within R*, hCSg descends
to CS,. Alternatively, one may instead first choose to localise over CP', and this leads to IFTy
of the ASDYM description. Indeed, the integrability properties of ASDYM are fundamentally
tied to this twistorial origin and evidence suggests that at a quantum level this twistor space
is the natural arena to consider [Cos21; BSS23]. Applying the reduction along R* to this IFTy
produces an IFT9 which may also be recovered by localising the CS4 description. In this way, we
have a diamond correspondence of theories illustrated in Figure 5.1. Other recent work on hCSg
includes [Pen21; Cos21; Col+24b).

Given an IFTy or CFTy it is sometimes possible to obtain another I/CFTy via gauging.
Perhaps the most famous example is the GKO G/H coset CFTs [GKO85], which can be given
a Lagrangian description by taking a WZWy CFT on G and gauging a (vectorially acting) H
subgroup [GK88; Kar+89; BCR90; Wit92]. This motivates the core question of this work:

How can the diamond correspondence be gauged?

Resolving this question dramatically expands the scope of theories that can be given a higher-
dimensional avatar. A significant clue is given by the rather remarkable Polyakov-Wiegmann
(PW) identity, which shows that the G/H gauged WZW model is actually equivalent to the
difference of a G WZW model and an H WZW model. This points towards a general resolution
that integrable gauged models might be obtained as differences of ungauged models. This is less

obvious than it might first seem; it was noted in [Los+96] that for a PW identity to apply for
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WZW, one requires that the gauging is performed by connections with field strength restricted
to be type (1,1). The six-dimensional origin of such a constraint is rather intriguing and will be
elucidated in this work. In the context of CSy, Stedman recently proposed [Ste21] considering
the difference of CSy to give rise to gaugings of IFT;. We will recover this construction as a
reduction of hCSg theory in the present work, as well as uncovering some additional novelties in
the CS,4 description.

At the top of the diamond, we will consider a theory of two-connections A € Q' (PT) ® g and
B € QYPT) ® b for a subalgebra h C g. The action of this theory is

Sencss = Snesg[A] — Shes (Bl + Sine[A, B], (5.2)

in which the term Sj,; couples the two gauge fields. We will develop this story by means of two
explicit examples: choosing {2 to have two double poles, we will study the diamond relevant to
the gauged WZW theory; and with €2 containing a single fourth-order pole we will study the
gauged LMP model. This seemingly simple setup gives rise to a rich story whose results we will

now summarise:

1. Our investigations indicate that general gaugings of the WZW, model break integrability
in four dimensions. Integrability is preserved if the gauge field B is constrained to satisfy
two of the three anti-self-dual Yang-Mills equations, namely F2:°[B] = 0 and F°2[B] = 0.

2. The two gauge fields A and B of ghCSg source various degrees of freedom in the gauged
WZW,. In particular, as well as the fundamental field g and the 4d gauge field B, auxiliary
degrees enter as Lagrange multipliers for F2:°[B] = 0 and F%?[B] = 0.

3. Reducing by two dimensions, we recover a variety of IFT, including the special case of
gauged WZW,. In general, we find a coupled model between a gauged IFT5 and a Hitchin
system [Hit87] involving the gauge field B and a pair of adjoint scalar fields. These scalars
may source a potential for the gauged WZWj in which case we recover the complex sine-
Gordon model and more broadly the homogeneous sine-Gordon models [Fer+97]. At the
special point associated to the 2d PCM, Lagrange multipliers ensure that the gauge field is

flat and hence trivial — this is essential as the gauged PCM is not generically integrable.

4. We also use this formalism to perform an integrable gauging of the LMP model. Just as in
the gauging of WZW,, the field strength of the gauge field must be constrained to obey two
of the anti-self-dual Yang-Mills equations, this time F2°[B] = 0 and w A FY[B] = 0. It is
noteworthy that the two equations which are enforced by Lagrange multipliers agree with
the two equations that are identically solved in the ungauged case. This is true for both
the WZW, and the LMP model. In addition, we show that the gauged LMP model obeys a
PWe-like identity such that it may be expressed the difference of an LMP model on g and b.

Let us outline the structure of this chapter. We begin in section5.2 with a review of the diamond

correspondence of theories for the ungauged WZW model. In section5.3, we introduce the gauging
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of this diamond concentrating in particular on the right hand side. We recover the gauged IFT,
and demonstrate that its equations of motion may be rewritten as ASDYM. The wide array of
IFTy are explored in sectionb.4 where we also show that they are integrable and provide the
associated Lax connection. Following the gauging of the WZW,, section5.5 fleshes out the left
hand side of the diamond, connecting to four-dimensional Chern-Simons by first reducing, and
then to IFT5 by localisation. section5.6 describes the diamond in the context of the gauged LMP
theory. We conclude with a brief outlook in section 5.7. Although the subject matter necessarily
entails a degree of technical complexity we have endeavoured to keep the main presentation

streamlined and complement this with a number of technical appendices.

5.2 The ungauged WZW diamond

In this section, we briefly describe the diamond correspondence of theories in which the two-
dimensional theory is the WZWy CFT. This is a summary of some analysis first presented in

[BS23] which will serve to fix conventions and recapitulate key steps relevant to later sections.

5.2.1 hCSgz with double poles

We begin at the top of the diamond with 6d holomorphic Chern-Simons theory (hCSg) whose
fundamental field is an algebra-valued connection A € Q%! (PT) ® g. The six-dimensional action
is given by

1 = 2
Shes,[A] = — Q/\Tr(A/\é)A—i—gA/\A/\A), (5.3)

- 27 PT
in which we have introduced a meromorphic (3,0)-form €. As a real manifold, there is an
isomorphism PT = R* x CP' and we will introduce coordinates 2%¢ € R* and 7, € CP'. In these
coordinates, the meromorphic (3,0)-form (which has two double poles at aq, 5, € (CIP’l) is given
by!

1 . . 2
Q= §<I>(7T) €45 Tadz®® A mpda® A (mdr) | ® = <71'o<z>af<irﬁ>2 . (5.4)

The poles of  in CP! play the role of boundaries in hCSg because total derivatives pick up a

contribution from 99 which is a distribution with support at these poles. To ensure a well defined

variational principal, we impose boundary conditions on the gauge field at these poles given by
Alr=a =0, Alr=p =0. (5.5)

Turning to the symmetries of this model, the theory is invariant under gauge transformations
acting as
F: A (AT =57149 +471079, (5.6)

1Spinor contractions are defined to be (a3) = €, By, see section 2.2.5 for further details of spinor conventions.
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so long as they preserve the boundary conditions. This amounts to restrictions on the allowed

transformations at the poles of  which are given by
ﬂaaa[z’wﬂ:oz = 07 ﬂaaadﬁyhrzﬁ =0. (57)

5.2.2 Localisation of hCSz with double poles to WZW,

Surprisingly, all of the physical degrees of freedom in hCSg can be captured by a four-dimensional
integrable field theory (IFT,). This field theory is derived by localising the hCSg action, integrating
out the CP' and landing on a theory on R*. For the choice of meromorphic (3, 0)-form € and
boundary conditions given above, this 4d theory is WZW,. This localisation is possible because
of the substantial gauge symmetry in Chern-Simons theories. Indeed, the dynamical fields arise
precisely where this gauge symmetry is broken, namely at the poles of 2. Fields capturing these

degrees of freedom are known as ‘edge modes’ which enter via the field redefinition

A= ()0 =G NG+ 513, (5.5)
Expressing the action Spcs,[A] in terms of the fields A" and § one obtains

1 _ _
Sh086 [.A] = ShCS6 [AI} + — OO N TY(A/ A 89@‘1)
271'1 PT

. (5.9)

- IQNTr(g " dgn g 'dg A g'dg) ,
671 Jprx [0,1]

where, with a slight abuse of notation, we are also denoting by § a smooth homotopy to a constant
map in the last term (such abuse will be perpetuated later without further comment). Notably,
the edge mode § only appears in this action against the 4-form 9 which is a distribution with
support at the poles of . This means that the action only depends on § through its value (and
CP'-derivative) at the poles of Q which we will denote by

glﬂ:a =g, g_laOgITr:a =u, g‘ﬂ':ﬁ = g ) g_180g|71':ﬂ =1q. (510)
Let us consider the symmetries of the theory in this new parameterisation. The gauge transfor-

mation (5.6) acts trivially on A’ whilst § transforms with a right-action as
Ao A=A, g— g5. (5.11)

In addition, the new parameterisation has introduced a redundancy (which we dub an internal

gauge symmetry) acting as

yio A=y Ay 50y, g (5.12)
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We can exploit these symmetries to impose gauge fixing conditions on the fields A" and §. Let us
fix A’ such that it has no CP'-leg, and fix the value of § at m = /3 to the identity.?> The surviving
edge mode at the other pole g = §|r=o will become the fundamental field of the WZW,.
Returning to the action (5.9), the first term is a genuine six-dimensional bulk term which we
eliminate by going on-shell. The bulk equation of motion imposes holomorphicity of A’, which
may be solved in terms of a series of CP'-independent components Al as
#rodx®

A =7Al et et = : (5.13)

(m7)

In this expression, €% is a basis (0,1)-form on twistor space defined in section 2.2.5. This
completely specifies the CP'-dependence of A’, and the boundary conditions eq. (5.5) may be

solved to determine A/, in terms of g,

b

A = gy (514)
From these components, we can construct a 4d connection A’ = A/ dz®, and this parameteri-
sation of A’ in terms of g is known in the literature as Yang’s parameterisation (g being called
Yang’s matrix). This solution for A’ may now be substituted into the action and the integral over
CP' can be computed explicitly. The second and third term of (5.9) localise to a four-dimensional
action, and the detailed manipulations are presented in appendix 5.10. We land on the WZW,
theory defined by

1
Swzw, = 5/ Tr(g~'dg A xg~'dg) +/ Wa,s N Lwzlg] - (5.15)
R4 R4x%[0,1]

In the second term, we have introduced a 2-form defined by

1 , .
Wa,B = @aaﬂb €,y daz®® A da® (5.16)

and the WZ 3-form )
Lwzlg] = ng(ﬁ_ldﬁ ANgldg A g dg), (5.17)

defined, as is usual, using a suitable extension § of g. The equation of motions of this theory are
given by
1

0=d(* —waq,pgAN)dgg™ & edbﬁaaad (ozbabi)gg_l) =0. (5.18)

The six-dimensional gauge transformations (constrained by boundary conditions) descend to

semi-local symmetries of this action (v, = 4|g and yr = 9|o) which act as

9= 9 R, a%0wvr =0, %Oy =0. (5.19)

2At this point, we may further fix the CP!-derivative of § at both 7 = « and = = 3 to zero. However, such
terms drop out of the action in this ungauged case anyway without specifying this fixing.
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Of particular interest is the case where 8 = & (i.e. the poles of ) are antipodal on (C]P’l) in which
case w4 = @ is proportional to the Kéhler form on R*. Here, we are referring to the Kihler form
with respect to the complex structure 7, which is defined® by the point & € CP!. In this case,
the semi-local symmetries can be interpreted as a holomorphic left-action and anti-holomorphic

right-action (akin to the two-dimensional WZW current algebra).

5.2.3 Interpretation as ADSYM

A 4d Yang-Mills connection A" with curvature F[A’] = dA’ + A’ A A’ is said to be anti-self dual if
it obeys F' = —%F. After converting to bi-spinor notation, the anti-self-dual Yang-Mills (ASDYM)
equations can be expressed as

T F 0 =0,  Vm, € CP'. (5.20)

a

This contains three independent equations which can be extracted by introducing some basis
spinors «, and f, satisfying (af) # 0. The three independent equations are then expressed in

terms of contractions with these basis spinors as

a®a’F ., =0, (5.21)
BBF i =0, (5.22)
(a®B* + B ab)F, i = 0. (5.23)

The six-dimensional origin of WZW, (and indeed all such constructed IFTy) ensures that the
connection A’ introduced in the previous section satisfies the ASDYM equation when evaluated
on solutions to the WZW, equation of motion. This follows from the six-dimensional equation
QA F[A'] = 0 which encodes both the holomorphicity of A" and eq. (5.20). To see this explicitly
for WZW, where the connection A’ in given by eq. (5.14), we note that the S-contracted eq. (5.22)
holds because (85) = 0, and the a-contracted eq. (5.21) holds due to the Maurer-Cartan identity.
The remaining eq. (5.23) yields the equation of motion of WZW, (5.18).

5.2.4 Reduction of WZW, to WZW,

Next, we will apply a two-dimensional reduction to WZW, specified by two vector fields V; on
R* with 4 = 1,2. The idea of reduction is to restrict to field configurations which are invariant
under the flow of these vector fields. The two-dimensional dynamics of the reduced theory will be
specified by the Lagrangian Lypr, = (V1 A Va) 2 Lipr, where Lipr, is the Lagrangian density of
the parent theory and we denote the contraction of a vector field V' with a differential form X by
VaX.

3Recall that R? is a hyper-Kihler manifold which has a CP'’s worth of complex structures, see section 2.2.

180



Let us introduce a pair of unit norm spinors v, and s and define the basis of 1-forms on R*

dz = Yekadz®?® | dz = 4 heda®? | dw = yahadz®® | dw = —Agkadz®® . (5.24)
These are adapted to the complex structure 7, defined by v, € CP'. We choose to reduce along
the vector fields dual to dz and dz by demanding that 9,9 = 959 = 0.* Then, contracting the
WZW, Lagrangian with these vector fields results in the two-dimensional action of a principal
chiral model (PCM) plus Wess-Zumino (WZ) term:

1 _ _ ik I N U T
SpeMtkwz, 9] = = / Tr(g 'dg Axg~'dg) + */ Tr(g~'dgAg~'dgAgtdg). (5.25)
2 Jx 3 Jexio.1

In this action, the relative coefficient between the WZ-term and the PCM term is given by

(v8)
(BA)

a+f (v

o=

S (o)

: f=

(5.26)

Varying the basis spinor 7, in these expressions changes the choice of reduction vector fields
and interpolates between a family of two-dimensional theories. The WZW, CFEFT limit is obtained
when & — 1 with af held fixed. This can be achieved by starting at the Kéhler point in 4d,
with 8, = @&,, and choosing the reduction to be aligned with the complex structure, i.e. setting
Yo = aq. An alternative reduction which turns off the WZ term is achieved by setting 5 = —a.

For general choices of reduction, the four-dimensional semi-local symmetries descend to
a global G, x G symmetry; this is because, for example, the conditions a®0,4vyg = 0 and
0.7r = 0zvr = 0 generically contain four independent constraints leaving only constant solutions.
However, when the reduction is taken to the CFT point, this system of four constraints is not

linearly independent, and chiral symmetries emerge satisfying d,,yr = 0 (and vice versa for ~z,).

Lax connection. A virtue of this approach is that a g€-valued Lax connection for the dynamics

of the resultant IFTy may be derived from the 4d connection A’:

1 (B—<)

Lo = ) ROT (Oge + Aly) = O + W&ngfl ; 5
L = ﬁﬁdﬂ'a(a‘m + ALy =0y + mawgg_l , |
where the spectral parameter is given as ( = % Flatness of this connection for all values of ¢
invokes the field equation of the PCM + WZ theory
04(0wgg™") — BOW(Owgg™ ) =0 & d(x—ik)dgg™' =0. (5.28)

4In this case for reality we have Lipr, = (82 A 0z) 4 L1, -
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Notice that in the CFT limit kK — 1 with 8 — 0o, @ — 0 the Lax connection becomes chiral and

spectral parameter independent.

5.2.5 Reduction of hCSgz to CS,

Instead of first integrating over CP! and then reducing to two dimensions, one could instead
directly apply the reduction to hCSg. This produces CSy4 with action
1 2
Scs,[A] = 5= wATr (ANdA+ZANANA) . (5.29)
S xCP! 3

" 2ni
Here ¥ is the R? ¢ R* with coordinates by w, w, and the meromorphic 1-form w is given by
w=1i(0, NJz) 1 Q. (5.30)

A crucial feature here is that this contraction introduces zeroes in w to complement its poles, as

required by the Riemann-Roch theorem. For the case at hand, w is given explicitly by

(@B)?{my) (9)
(ma)*(mf)*

w=1i (mdm) , (5.31)
and the zeros are introduced at the points 7, = v4,%,. The details of the reduction show that,
whilst our six-dimensional gauge field was regular, the connection A entering in CS, develops
poles at the zeros of w. In particular, the component A, will have a simple pole at m, = 7,
and Ag will have a simple pole at 7, = 4,. The four-dimensional Chern-Simons connection is
subject to the same boundary conditions as its parent, namely it vanishes at the points o and 3 in
CP'. Subsequent localisation of CS, then gives the same PCM+WZ theory derived by reducing
WZWy.

5.3 The gauged WZW diamond

We now come to the main results of this work. In this section, we will construct a diamond

correspondence of theories which realises the gauged WZW5 model, i.e. the G/H coset CFT.

5.3.1 Gauged WZW Models

First let us review the gauging of the WZW model and the crucial Polyakov-Wiegmann identity.
Letting G be a Lie group and g € C*° (3, G) a smooth G-valued field, the WZW, action is”

1 ~ ~ 1 L
Swzwz[g]:*/Trg(g Ydg Axg'dg) + 7/ Trg(g7'dgA g 'dgAng'dg). (5.32)
2 b 3 2x[0,1]

5To minimise factors of imaginary units we momentarily adopt Lorentzian signature. Schematically, we have

SLorentz = iSEuClidl*—)i* .
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Gauging a vectorial H-action of the principal chiral model term is straightforward. We introduce

an h-valued connection B € Q!(X) ® b transforming as
(eC®(X,H): B0 Be+o7de, g— 1, (5.33)

with field strength F[B] = dB + B A B. The principal chiral term is then gauged by replacing the
exterior derivatives with covariant derivatives dg — Dg = dg + [B, g]. Less trivially, the gauge
completion of the WZ 3-form is [Wit92; FS94a; FS94b; FMO05]

Lewzlg, B] = Lwzlg] + dTrg(gfldg AB+dgg ' AB+g¢g 'BgA B). (5.34)

Adding these two pieces together gives the gauged WZW, action,

Sewzw, 9, B] = Swzw, [g]+/ Try(9~ dgA(1—%) B+dgg ™' A(14+%) B+BAxB+g~ ' Bgn(1—%)B).
b
(5.35)

Notice that chiral couplings between currents and gauge fields emerge from combinations of the
PCM and WZ contributions. A remarkable feature,

Lwzlg192] = Lwzlg1] + Lwz[ge] + d Trg (dgags ' A gy 'dgr) (5.36)
ensures that (5.35) can instead be cast as a difference of two WZW3 models. To see this we

choose a parameterisation of the gauge field B in terms of two smooth H-valued fields

_1+*
2

B

1 _
a~da + T*bfldb, a,be C®(2, H). (5.37)

In two dimensions, this is not a restriction on the field content of the gauge field, but simply
a way of parameterising the two independent components of B. With such a parameterisation,
if we then further define §j = aghb™' € C>°(%,G) and h = ab~! € C*(%, H) the gauged model

(5.35) can be written as the difference of two WZW3 models:

Sewzw, (9, B] = Swzw, ] — Swzw, (] . (5.38)
This is known as the Polyakov-Wiegmann (PW) identity [PW8&3].

5.3.2 Gauging of the WZW, model

Let us now consider the four-dimensional WZW, model, given by eq. (5.15). The gauging

procedure follows in the exact same manner, producing an analogous gauged WZW, action,

o 1 _ _
8 19, B] = = / Te(g~ Vg Axg~'Vg) + / wap A Lowzlg: Bl.  (5.39)
4 2 Jrs R4x[0,1]
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Here, we denote the covariant derivative by Vg = dg + [B, g]. A critical difference between two
and four dimensions is the applicability of the PW identity, as was pointed out by [Los+96]. In
two dimensions, this mapping relies on the relation (5.37). To extend it to four dimensions, we

consider the operator on 1-forms
Tap(o) = —ix(wapNo). (5.40)

One may check that J(i 3 = —id, so that we can introduce useful projectors

P= % (id —1J) P=-(Gd+iJ) , (5.41)

1
2
which furnish a range of identities detailed in appendix 5.9. With these in mind, we can write a

four-dimensional analogue to (5.37),
B=P(a 'da)+P(b7'db) a,beC®R" H). (5.42)

With this parameterisation of the gauge field, it is indeed possible to use the composite fields
G=oagb ! € C®(R* @) and h = ab~' € C®(R*, H) to express the gauged WZW, action in a

fashion akin to eq. (5.38) as
Sz, 19, Bl = S, 19 = SWAL, ). (543)

However, unlike in two dimensions, this parameterisation of the gauge field eq. (5.42) is not

generic. It implies a restriction on the connection, namely that its curvature satisfies
aaabFaabi)[B] =0, ﬁaﬁbFaabz}[B} =0. (5.44)

This can be thought of as analogue to imposing that F be strictly a (1, 1)-form (which indeed this
becomes when 5 = & and the WZW, is taken at the Kédhler point). It is noteworthy that these
constraints on the background gauge field agree with two of the three ASDYM equations; the
same two equations that were identically satisfied by the Yang parameterisation of the connection

A’. In the forthcoming analysis, we will see how this arises from the hCSg construction.

5.3.3 A six-dimensional origin

We now turn to the six-dimensional holomorphic Chern-Simons theory on twistor space that will
descend to the above gauged WZW models in two and four dimensions. Given the factorisation
of gWZW, to the difference of WZW;, models, a natural candidate here is to consider simply the
difference of hCSg theories to generalize the six-dimensional action introduced in [Cos20; BS23;
Pen21; Cos21]. Indeed, a similar idea was proposed by [Ste21] in the construction of 2d coset

models from the difference of CS4 theories. However, how this should work in six dimensions is less
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clear as the factorisation of gWZW, requires the curvature of the gauge field to be constrained.
The fundamental fields of our theory are two connections A € Q%1 (PT)®g and B € Q%! (PT)®h,

which appear in the six-dimensional action

Sencsg A, B] = Shesg[A] — Shes, [B] — 2%“ - IO TI‘(.A A B) ) (5.45)
where the functional Sycs, is defined in eq. (5.3). As well as the bulk hCSg functionals, we have
also included a coupling term between the two connections which contributes on the support of
09, i.e. at the poles of Q. We will shortly provide a motivation for this boundary term related to
the boundary conditions we will impose on the theory.

This definition is slightly imprecise; strictly speaking, the inner product denoted by ‘Tr’ should
be defined separately for each algebra, i.e. Trg and Try. In the coupling term, where B enters
inside Try, we should first act on B with some Lie algebra homomorphism from § to g, and in
principle this homomorphism could be chosen differently at each pole of 2. We discuss more
general gaugings, beyond the vectorial gauging hereby considered, in appendix 5.11.

To complete the specification of the theory, we must supply boundary conditions which ensure
the vanishing of the boundary term in the variation of (5.45),

0SghCSa vy IUATr((6A+3B) A (A—B)). (5.46)

" 2 Jpr
Since 09 only has support at the poles of , the integral over CP' may be computed explicitly in
this term. As well as contributions proportional to delta-functions on CP', this will also include
CP'-derivatives of delta-functions since the poles in Q are second order. Using the localisation
formula in the appendix 5.10, we find

O40,6b2ab

. [((345) ATr((6A+6B) A (A - B))

+ %aaabzab AOTr((6A+0B)A(A—B))| +a+ .

6Sgh056‘bdry = _/]R

(5.47)

In this expression, we introduce a basis for the self-dual 2-forms defined by %% = £, dz® A dat®.

Let us also introduce an orthogonal decomposition of g such that
g=hot, Tr(X Y)=Tr(X" YY) +Tr(X*' Y. (5.48)
To attain the vanishing of the boundary variation, we consider the boundary conditions

Aelaﬁ =0, Ah|a,ﬁ = B‘a,ﬁ ’ aoAb}oz,B = aOB’a,ﬁ : (549)

This completes our definition of the gauged hCSg theory.

One might choose to think of the boundary term in the variation as being a potential for a
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‘symplectic’ form® 7

O = 08umoss|pqry » =00 = ~ L[ aan (Trg (84N 6A4) = Try (3B AGB) ), (5.50)

2mi PT
such that our boundary conditions define a Lagrangian (i.e. maximal isotropic) subspace. We
should like to really interpret this as a symplectic form on an appropriate space of fields defined
over RY. Evaluating the integral over CP' and writing Q = Q4 — Qg, this symplectic form is
given by
aaﬁbE“” 1 ab
Qu = 22 ATrg (SANGA)| L+ - aaanS® A9 Trg (JANSA)| |+ B, (5.51)
re | (af) “ 2 o

with an analogous expression for 5. Because our boundary conditions are identical at each pole,
we concentrate now only on the contributions associated to the pole at o. The symplectic form is
not sensitive to the entire field configuration A € Q!(PT) ® g, but rather to the evaluation of A

at the poles and its first derivatives,
A= (Ala, D0 Ala) - (5.52)

This data may be interpreted as defining a 1-form (more precisely a (0, 1)-form with respect to
the complex structure defined by a) on R* valued in the algebra® § = g x RY™(E) | With this
in mind, it is more accurate to say that the contribution from the pole at 7, = a, in Q is a

symplectic form on the space of configurations
(A B) e ™R ® (Fob) . (5.53)

This symplectic form may be succinctly written by introducing an inner product on the algebra
g H , and our boundary conditions describe an isotropic subspace with respect to this inner
product.”

Rdim G

To be explicit we associate with the dual g* and denote the natural pairing of the

algebra and its dual with (e, e). We let X = (x,Z) € g such that bracket on § is defined by

(X, Y5 = ([z,y],ad}y — ad;@) (5.54)

x

6Precedent in the literature dictates that we denote the symplectic form as Q; we trust that context serves to
disambiguate from the meromorphic differential €2.

TThis is slightly loose as the 2-form is degenerate, so properly speaking we should restrict to symplectic leaves.

8The dimension of § is 2dim(G), so it must be isomorphic to RAM(G) @ RAM(G) a5 a vector space. The Lie
algebra structure may be derived by considering consecutive infinitesimal gauge transformations. In the CSy
literature, these structures have been studied under the name ‘defect Lie algebra’ [BSV22; LV21].

9This need not be the case, as our boundary conditions could generically intertwine constraints on the algebra
and spacetime components, meaning they could not be captured by a subspace of the algebra alone. They would
always, however, define an isotropic subspace of Q%!(R%) ® (EEB H) by definition. Examples of this more general
type of boundary condition can be found in [Col+24b].
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where the co-adjoint action is (z,ad,7) = ([z,y], 7). We equip g with the inner product

(X 7)s = st )+ 5 (10,0 + ). (5.55)

such that the relevant contribution to the symplectic form is given by
Q= / o A GA A (5.56)
R4

where u® = a,a,X% is the (2,0)-form defined by the complex structure associated to o € CP*.
In a similar fashion we will let U = (u, @) and V= (v, 7) be elements of f which is equipped
with a bracket and pairing via the same recipe. We consider the commuting direct sum g @ b

equipped with pairing and bracket
(X,0), Y, V) =X YV)g— (0, V);, [(X.0),F,V)]=(XY],[0V]), (557
such that the total symplectic form coming from the pole at « is just

Q- / 1o A (54, 68), (5.4, 5B)) . (5.58)

Then, our boundary conditions can be expressed as (ff, g) € QY1(R*) ® L where we introduce a
subspace
L={(X,U)cgoh|a=u, PFE=a}, (5.59)

in which Py is the dual to the projector Py into the subgroup i.e. (z, Py#) = (Pyz,%). As L is
defined by dim g + dim b constraints, it is half-dimensional and it is also isotropic with respect to
{(-,+), hence defining a Lagrangian subspace. Moreover, assuming that G/H is reductive, L is
a subalgebra'’. Pre-empting the following section, this analysis indicates that there will be a
residual 6 gauge symmetry associated to the pole at «, and similarly at S3.

We can make one further observation'! of the role of the boundary contribution from a
symplectic perspective that is best illustrated by a finite-dimensional analogy. Recall that the
cotangent bundle M = T* X is a symplectic manifold; if we let {z’} be local coordinates on X and
{&;} the components of a 1-form & = &;dx® € T X, then p = (2%, &;) provide local coordinates for
M in terms of which the canonical symplectic form is Q = d¢; A dz. The tautological potential
(which admits a coordinate free definition in terms of the projection 7w : T*X — X) for this is
given by © = &dx'. The zero section, i.e. points p = (z¢,& = 0) of T*X is a Lagrangian and
notice that © vanishes trivially here. Now Weinstein’s tubular neighbourhood theorem ensures

that in the vicinity of a Lagrangian L, any symplectic manifold M locally looks like 7% L with L

10Tf g = h + £ is not assumed to be reductive then the stabiliser of L consists of elements of the form

staby, = {(X,0) € @b |z =u, PFi=a, [ut]=0, ([h,¥,3) =0}.
HWe thank A. Arvanitakis for this suggestion.
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given by the zero section. In the case at hand, our boundary conditions are of the schematic form
& =A— B =0, and the effect of including the specific boundary contribution to the Lagrangian
ensures that the resultant symplectic potential is the tautological one.

To close this section, let us comment that at the special point for which a, = Ba, one of
the terms in the inner product eq. (5.55) vanishes. This allows for a larger class of admissible

boundary conditions, even for the ungauged model, including the examples
Al,=0,  &A| =0 or Al =0, A =0. (5.60)

We leave these for future development.

5.3.4 Localisation to gWZW,

The localisation procedure follows in a similar fashion to the ungauged model. However, given
that there are now two gauge fields A and B, some care is required to account for degrees of
freedom and residual symmetries.

We introduce a new pair of connections A’ € Q%(PT) ® g and B’ € Q%(PT) ® h, along with
group valued fields § € C°°(PT, &) and h € C(PT, H) related to the original gauge fields by

715@
~19h

AT
B

Q>
>
>

71./4/ +
-1

A =
) (5.61)
B=h"'"Bh+

>
>

The redundancy in this parameterisation is given by the action of ¥ € C*(PT,G) and 7 €
C>(PT,H):

A=y Ay + 5710y, g
B — i B+ 5 ton, h

Ay =B, =0. (5.64)

The localisation procedure will produce a four-dimensional boundary theory with fields given
by the evaluations of g,fz and their CP'-derivatives at the poles & and S of . Since the

CP'-derivatives will have an important role, we give them names,

~

a=9"'00g, ®=h""0h. (5.65)

After fixing (5.64), we note that there is still some remaining symmetry given by internal gauge

transformations (5.62) and (5.63) which are CP'-independent. We use this residual symmetry to

188



fix the values
dlp=id, hlz=id. (5.66)

On the other hand, the action (5.45) is invariant under gauge transformations acting on .4 and B
which preserve the boundary conditions (5.49). These are given by smooth maps 4 € C*°(PT, G)
and 7 € C*°(PT, H) satisfying'”

’AY‘oz,ﬁ = ﬁ|a,ﬁ ) aoﬂa,ﬁ - 8077‘04#3 : (5'67)
The induced action of these gauge transformations on the new field content is

A — A,

g3 a5+ 41 00A (5.68)
B — B, h— h +

70T . (5.69)

We want to use this symmetry to further fix degrees of freedom. Note that whereas the right
action on the fields § and h at « is entirely unconstrained, we would like the action at § to
preserve the gauge fixing condition (5.66). This is achieved by performing both an internal and
external gauge transformation simultaneously, and requiring 4|g = ¥ and 7| = 7. This results in
an induced left action on the fields § and h at «. In summary, introducing some notation for

simplicity, we have our boundary degrees of freedom

dla =9, glp =id, U)q = u, ilg =10 5.70
hlo=h, hlg=id, b|a=v, Dp=7, (5.71)
and boundary gauge transformations
PA)’la = ﬁ|a =r, '7_180'7‘04 = 77_18077‘04 =€, (5'72)
Ae=1nlpg =10, A '0Als =0 "uils =€, (5.73)
which act on the boundary fields as
g lgr, ur—rlurd+e, arlall 4+ ¢ (5.74)
h—thr, ve—rtor4+e, o071 4&. (5.75)

with ¢,r € C°(R* H) and ¢,é € C°(R* h). Based on our expectation of a gauge theory
containing a G-valued field and a vectorial H-gauge symmetry, we use the above symmetries to
fix

h=id, v=0v=0. (5.76)

I2This requires that G/H is reductive meaning [b, €] C &.
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We are thus left with a residual symmetry r = ¢~! acting as
g Lgl™l ) us twl™t, a—lalt, B (BT —deet, (5.77)

which will become the gauge symmetry of our 4d theory.

We now proceed with the localisation of the six-dimensional action. As with the ungauged
model, the first step is to write the action in terms of A’, B’ and §, h. Given that the localisation
formula (5.231) introduces at most one dy derivative, all dependence on h will drop due to our
gauge fixing choices (5.71) and (5.76). Hence, there will be no contribution from Spcs,[B] to the
four-dimensional action. As per eq. (5.9) we find that the bulk equations (i.e. contributions to
the variation of the action that are not localised to the poles of Q) enforce dp.A}, = JyB}, = 0.

/

This implies that the components A%, B, are holomorphic, which (combined with the fact that

a’

they have homogeneous weight 1) allows us to deduce that

A, =n%Al B, = "B (5.78)

aa >’ aa
in which A, B, are CP'-independent. Imposing this bulk equation, and the gauge fixings

described above, the remaining contributions in (5.45) are given by

1 _ _ _
Sehcs, [A, B] = 5 o OO0 N Tr(A/ ANOGGT — (g—lAfg + g—lag) A 3/)

. (5.79)

- IQANTr(g ' dgng'dg A g 'dg) .
67ri PTx[0,1]

In the ungauged model, the next step was to solve the boundary conditions for A’ in terms of

§. Here, the boundary conditions do not fully determine A’ ., B/, and instead relate them as'’
1

Ay = Bog + Oua = Bly — 7= a0 Viagg ™", 5.81

(af) (5:81)

where the covariant derivative is given by V,,99~! = 0aag9™' + Bl, — Ad,B.,. Equation (5.81)
allows us to express (5.79) entirely in terms of B/, © = 1%0,,e* and §. Many of the terms
combine to produce a gauged Wess-Zumino Lagrangian contribution (eq. (5.34)) with the result

1

Sancs, B = — [ BOATe(O A (Vis —B)) — -

. R — OON Lowzl§,B]. (5.82
27 Jpr 2771/]P”]1‘><[0,1] swzl9, Bl (582)

13The boundary conditions on the CP! derivatives of the gauge fields impose

g—;)(vadggfl)b = —f*Vaad é—;(gflvaag)h = —a"Vaau" (5.80)

however we will not invoke these since they will follow as equations of motion of the 4d theory due to the addition
of the boundary term in the gauged hCSg action (5.45). For more details see appendix 5.11.
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Given that both B, and O, are (C]P’l—independent, we have that

INATH(OAB)=0, (5.83)
PT
with cancelling contributions from the two end points of the integral. Hence we are left with a

manifestly covariant result

1 _
Sgncs, [A, Bl = o o IUNTr(O A (Vag™") — Lewz[g, B]) - (5.84)

Application of the localisation formula in the appendix (5.235) yields the four-dimensional action

1
StFT, :i /4 Tr(Vgg_l /\*Vgg_l) + /4 Wa,g N\ ngz[g,B/]
R R4x[0,1] (5.85)

- /]R fta A Te(u - FIB']) + pig A Tr(@- FB]) .

At this point only the h-components of u and @ contribute to the action, and so henceforth, to
ease notation and without loss of generality, we set their -components to zero.

Something rather elegant has occurred; we have found the localisation of the six-dimensional
theory returns not only the gauging of the WZW,4 model, but also residual edge modes serving as
Lagrange multipliers that constrain the field strength to obey exactly those conditions of eq. (5.44)
which ensure the theory can be written as the difference of WZW, models. The constraints
F20 = 0 and F%2 = 0 have also been imposed by Lagrange multipliers in the context of 5d
Kéhler Chern-Simons theory [NS90; NS92]. This theory bears a similar relationship to WZW,
as 3d Chern-Simons theory bears to WZW,. This poses a natural question: what is the direct
relationship between this 5d Kéhler Chern-Simons theory and 6d holomorphic Chern-Simons
theory? We suspect the mechanism here is rather similar to that which relates CS, and CS3

[Yam19]; we comment further on this in the outlook.

5.3.5 Equations of motion and ASDYM

Making use of the projectors previously introduced in eq. (5.41), the equations of motion then

read
6B': 0= PVgg 'y — Pg 'Vgly +*(a AVu+ ps AVi)

8g: 0=VxVgg ' —wapsAV(Vgg™') +2w.psAF[B],
du: 0=up,ANF[BT],
du: 0=pgAF[B].

(5.86)
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We can exploit the projectors to extract from the B’ equation of motion the two independent

contributions:

OB’ :

0= P (Vgg [y +*(us A VD) (5.87)
0=P |

(97'Vgly — *(pta A Vu))

In fact, these are exactly the conditions that arise from the CP* derivative components of the
boundary condition 9p.A%|a,5 = oBla,s.
Making use of the identity

V(wap A*(pug AV@)) = V(ug AV@) = ug A F[B'] - @, (5.88)
we obtain an on-shell integrability condition for the first of eq. (5.87), namely that
V(was A P(Vgg~"5)) = 0. (5.89)

Hence, using the projection of the dg equation of motion into h, we have that wy g A F[B'] =0
follows on-shell.

Let us turn back to the ASDYM equations which we can recast as
Ha NF =0, pugANF =0, wagANF=0. (5.90)
In differential form notation, the solution of the boundary condition eq. (5.81) can be written as
A =B - P(Vgg ). (5.91)

By virtue of the identities obeyed by the projectors, eq. (5.211), and the covariant Maurer-Cartan
identity obeyed by RY = Vgg~!,

VRY —RVARY =(1-Ad,)F[B'], (5.92)
one can readily establish
ps NF[A] = pg ANF[BT, (5.93)
poa ANF[A'] = po AAd F[B], (5.94)
2ap AF[A] = 2wap AF[B'] + 2wap A VP(RY) (5.95)
= 2was AF[B]—V(xVgg™") +was AV(Vgg™t). (5.96)

Hence we conclude that the dg, du, d@ equations of motion are equivalent to the ASDYM equations
for the connection A’. Demanding that the B’ connection is also ASD requires in addition that

Wa,3 A F[B’] =0, and as shown above this is indeed a consequence of the B’ equations of motion.
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5.3.6 Constraining then reducing

We now proceed to the bottom of the diamond by reduction of the IFT4. In this section, we
shall first implement the constraints imposed by the Lagrange multipliers u, @ in the 4d theory
and then reduce. While not the most general reduction, this will allow us to directly recover the
gauged WZW coset CFT. In section 5.4, we will investigate more general reductions, in particular
what happens if we reduce without first imposing constraints.

Imposing the reduction ansatz that 9, = 9z = 0 in the complex coordinates of eq. (5.24), we
have that the solution to the constraints B = P(a~'da) + P(b~'db) becomes

1
a—p
+

B' = B,da" =

( b 19,b — Bailawa) dw — ﬁ (ﬂbilau—,b — aailag,a) dw

1 —1g9_ —19_ af
a—B(b Oab—a 3wa)dz+a_

(5.97)

3 (b7 0wb—a ' dpa) dz .

For simplicity, let us first consider the Kéhler point and align the reduction to the complex
structure (implemented simply by taking « — 0 and 8 — o). In this scenario, the reduction
ansatz enforces that B, = 0 and B, = 0 with the remaining components of B’ parameterising a
generic two-dimensional gauge field. Effectively, we can simply ignore the constraints altogether
but impose B, = 0 and B. = 0 as part of the specification of a reduction ansatz. This could be
interpreted as demanding D, = D; = 0 acting on fields. In this case it is immediate that the 4d
gauged WZW reduces to a 2d gauged WZW.

Away from the Kéahler point and aligned reduction, i.e. not fixing o and 3, one must keep
account of contributions coming from B, and B.. We can still view BJ, and BJ; components
of eq. (5.97) as a parametrisation of a generic 2d gauge field, but there is no way in which we
can view the B, and B} as a local combination of the B}, and Bj;. We forced to work with the
variables a and b rather than a 2d gauge field. Fortunately, however, the reduction can still be
performed immediately if we use the composite fields § = agb~* and h = ab~!. These composite
variables are invariant under the h-gauge symmetry, but a new would-be-affine symmetry emerges
under a — fa, b — br~! with ababbr = 5170“-,4 = 0. These leave B’, g, h invariant but act as
G — Lgr and h — Chr. At the Kéhler point and aligned reduction, these symmetries descend
to affine symmetries, but in general descend only to global transformations. Recall that the 4d
gWZW becomes

Scwzw, 19, B = S\, 19 — S, Bl (5.98)

It is then immediate that this reduces to the difference of PCM+W?Z theories of eq. (5.25) with
WZ coefficient k:

StET, (3, ] = SpeMirwz, [§] — Spontrwzs (7] - (5.99)
Away from the CFT point, k£ = 1, this cannot be recast in terms of a deformation of the gauged

WZW expressed as a local function of B’,g.
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Lax formulation. To obtain the Lax of the resultant IFT; we first note that the four-

dimensional gauge fields, upon solving the constraints on B’, are gauge equivalent to

1 o 1 S
Aizd == <Oéﬂ> /Baababagg ! > B(Im = _7<aﬁ> ﬂaozb@bdhh L
Thus, we may simply follow the construction of the Lax from the ungauged model of eq. (5.27),
with the connection A’ producing a Lax for the Spcmirwz,[d] and the B’ producing one for

SpeM+kwz, (R

5.4 More General IFT; from IFT,: Reducing then Con-
straining

In the previous section, we reduced from the gauged WZW, model to an IFT5, but prior to
reduction we enforced the constraints imposed by the Lagrange multiplier fields. These constraints
determine implicit relations between the components of the gauge field as per eq. (5.97). In
the simplest case, where we work at the Kéhler point and align the reduction directions with
the complex structure, the constraints enforce B, = B. = 0. However, if we do not impose
the constraints in 4d, the standard reduction ansatz would only require that B, and B% are
functionally independent of z and Zz, a weaker condition.

In this section, we shall explore the consequences of reducing without first constraining.
Denoting the reduction with ~~ we anticipate that the lower-dimensional description will include
additional fields as'?

Bl (w,w,z,Z) ~ By(w,w), B(w,w,z z)~ Bglw,w),

L e T ) (5.100)
B (w,w,z,2) ~ ®(w,w), Bi(w,w,z,2z)~ ®(w,w),

where ® and ® will be adjoint scalars in the lower-dimensional theory (sometimes called Higgs
fields in the literature). These will enter explicitly in the lower-dimensional theory through the

reduction of covariant derivatives
V.gg e @ —gPgTt, ViggTl e @ —gdgt. (5.101)

On-shell the 4d gauge field B’ is ASD and couples to matter in the gWZW, model. It is well-
known that the reduction of an ASDYM connection leads to the Hitchin system, and we shall see
this feature in the lower-dimensional dynamics below.

The two-dimensional Lagrangian that arises from reducing eq. (5.85) without first constraining

4 Note, we are dropping the prime on the 2d gauge field B.
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is

1 _ _ la+p - « — I} _
L = -Tr(¢ ' Dwgg ' Dg -— "L Tr(®P + —— PAd,® — ——PAd ‘P
IFT, = 5 (9 99 9)‘*’20[75 gwz t r( +a—ﬂ g oa—B g )
+ Tr(® (9 ' Dag + Dagg™") + aB ® (¢~ ' Duwg + Duwgg™"))
a-p (5.102)

+ Tr(@(Fpw — B 'Dp® — BDy® — [@,9])) + Tr(u(Fow — o~ 'Dg® — aD,,® — [@, 9])),

where we denote the 2d covariant derivative as D = d + adg and note that we have rescaled

U — m and u — sy, The fields of the IFT; are g € G and Buy,a, O, D, u, < b.

In addition to the overall coupling, the IFT5 eq. (5.102) only depends on a single parameter.

This can be seen by introducing'®

a+f K — 2\/@

k:a*ﬂ7 - OL*B7

k2 —k?=1, (5.103)

rescaling ® — /aB® and & — ﬁé, and defining X~ = k'~ '(u + @) and Xt = k'~ (u — @).

The Lagrangian eq. (5.102) can be rewritten as

1 k _ _
Lipr, = 5Tr(gfl171,hqg*1[)@g) + QLgWZ + Tr (0P + @V + @ V)

(5.104)
+ Tt (X~ (K (Fgw — [@, ®]) + k(Dw® + Dg®))) + Tr(X T (Dy® — D®))
where
k+1 k—1, _ K _
0O=1- 5 Ad, + 5 Adjt, Voo = _5(9 "D g + Duw.wgg ™). (5.105)

Note that the CFT points k = 1 or k = —1 correspond to taking v, — &g, or v, — g, i.e. when
the zeroes of the twist function coincide with the poles.
By construction, as the reduction of gWZW,, the equations of motion of this theory are

equivalent to the zero curvature of Lax connections, whose components are given by the dw and

152d Lagrangians are defined as StrT, = 2i fR2 dw A dw Lipt,. We denote
LgWZ = LWZ(Q) + Tr((g_lawg + awgg_l)Bm — (g_lamg + &ng_l)Bw + BwAnglD — BwAdg_lBi;),
where [ dw A dw Lwz(g) = fR2><[0,1] Lwz(d) = 3 fRQX[OJ] Tr(g'dg A gidg A gtdg).

16Here, we have implicitly assumed that o8 > 0, which implies that |k| > 1. The other regime of interest, a3 < 0
and |k| < 1 is related by an analytic continuation k/ — —ik’.
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dw legs of the 4d gauge fields. Explicitly, these Lax connections are given by

k+1 1 k’
L0 = 0y + By — Ky — 2 (0 + T K,),

- ¢ ; (5.106)
L5 = 05 + Bo+ ~5— Ko + (D + S Ka)

1 _
P =0, + B, — ® L — 05+ By + (9, (5.107)

where we have also redefined the spectral parameter { — v/a8¢ compared to section 5.2.4 and
we have introduced the currents

k—1 _ k41
Kk’ (1 _Adq)q)) K’u_) = Du_lgg T K’

Ko = Dygg t + (1—Ad,)®. (5.108)

5.4.1 Lax formulation

Before analysing the Lagrangian eq. (5.104) in more detail, let us show explicitly that its equations
of motion are indeed equivalent to the zero-curvature condition for the Lax connections eq. (5.106)
and eq. (5.107). The equations of motion that follow from the Lagrangian eq. (5.104) varying
X+, X~ and g are

6Xt: &, =D,®—-Dy®=0,

§X ™ _ =K (Fow — [®,9]) + k(Dy® + Dg®) =0,
=y _ k-1 o k1o okl k=1 )
bgg7 &= = (Duka + S~ Ku]) — S (Daku — <19, Ka))
k 1 -
+W5,—W(Dw<1>+Dw<I>):O.

(5.109)

We also have the Bianchi identity following from the zero-curvature of the Maurer-Cartan form
dgg~"
k+1 - k—1 1

k/ [(I), Kw] - D@Kw + 7[@, Kﬁ,] + [K@,Kw} + W(l - Adg)(g_ + g+) = O .

Z=D,Ky+ k/
(5.110)

The zero curvature of the A-Lax eq. (5.106) gives rise to three equations that are linear

combinations of the equations of motion eq. (5.109) and the Bianchi identity eq. (5.110):

k—1 k 1

OZTZ/—59+W57—WS+,

0=k?2" -2k, +2K'E_, (5.111)
k41 k 1

OZTZ’—S_QJFWE,JFW&,

where we have defined 2’ = Z — 1 (1 — Ad,)(£- + &4). On the other hand, the zero curvature of
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the B-Lax (5.107) defines the Hitchin system:
0= Dy, 0= Fgyw — [®,9], 0=D,P, (5.112)

which can be rewritten as the three equations &4 = 0 and & = D,,® + Dg® = 0. Therefore, the
two Lax connections give rise to five independent equations, which are linear combinations of the
equations of motion (5.109), the Bianchi identity (5.110), and the additional equation & = 0.

To recover this final equation from the equations of motion, let us consider the variational
equations for B, By, ® and ®
0By : Ep=KDgX —[®,XT +kX |+ %Pb}'{@ + %PhAdglK@ - ﬂphu —Ad;H® =0,

K
k — 7k 1

. k41 1
0By : Ep=KDuX —[® Xt —kX |+ %Pwa + TPhAdgle Py(1—Ad; e =0,

kl
!

~ _ k _
60  Ep=Dy(XT —kX ) +K[®,X7] - T+ Ad, " Kg+ Py(1—Ad, )@ =0,

60:  E5=Dyu(XT+kX7)+K[®, X ]+ %/Ph(l +Ad; YKy — Py(1—Ad, 1)@ =0.

(5.113)
These can be understood as a first-order system of equations for X+ and X ~. Consistency of the
system implies that they should satisfy the integrability conditions [Dg, D] X = [Fgw, X 1]
and [Dg, Dy X~ = [Fgw, X ]. We find that

K'[Da, D)X~ = K [Fuw, X 7] = [XT, 6]+ [X 7, 6]+ Py(1 — Ad, ")E, + kPyAd, ' 2, (5.114)

hence, using the Bianchi identity (5.110), this vanishes on the equations of motion for X+, X~
and g (5.109). On the other hand, we have

- ~ _ 2k 2 _ _
K'[Dg, D) Xt =K [Fuw, XT] = [XT,E_]+[X il e g fo—Py(1+Ad, NEg+kPyAd, ' Z .
(5.115)
Here we see that in addition to the Bianchi identity (5.110) and equations of motion (5.109), we

also require & = 0, recovering the final equation from the Lax system.

5.4.2 Relation to known models

As we will shortly see, if we take H to be abelian, the Lagrangian (5.104) can be related to known
models, including the homogeneous sine-Gordon models and the PCM plus WZ term. However,
for non-abelian H (5.104) has not been considered before, and defines a new integrable field
theory in two dimensions. Moreover, by integrating out ®, ® and the gauge field By, it leads
to an integrable sigma model for the fields g, X and X . We leave the study of these models
for future work.

To recover a sigma model from the Lagrangian (5.104) for abelian H, in addition to integrating
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out B, and By, we have two options. The first is to integrate out ® and ®. The second is to solve
the constraint imposed by the Lagrange multiplier X . For abelian H the Lagrangian (5.104)
simplifies to

1 k - =
L2 = -Tr(¢ ' 'Dwgg Dy ~L Tr(®OP + 0 Vy + @V,
irr, = 5 Tr(07 Dugy™ Dag) + 5 Lewz + Tr(OD + OV + 2 V2y) (5.116)

+ Tr (X~ (K Faw + k(00 ® + 05®))) + Tr(XT (0@ — 05®)) .

This takes the form of the first-order action in the Buscher procedure, and it follows that the
two sigma models will be T-dual to each other with dual fields X and X*. Explicitly the

Lagrangians, before integrating out B,, and Bg, are

_ 1 k
LI)%TQ = §Tl"(g_1Dwgg_lDu—)g) + §LgWZ + k/Tf(X_Fww)

+ Tt (O Xt = Vi + k0 X )0 1 (05X + Vi —kdp X 7)),

(5.117)

and

1 k
Liyr, = 5Tr(97 " Dugg™ " Disg) + 5 Lawz + K Tr (X~ Fiu) .

+ iTr(anma@ﬁ + 200, X T (Vi — kdp X ) + 200X (Viy — kX 7)),

where in the second we have locally solved the constraint imposed by the Lagrange multiplier
X+ by setting
1 = 1
o= 5<9wX+, o= 58@X+, Xt ep. (5.119)

As mentioned above, the first approach can also be straightforwardly applied for non-abelian
H. Generalising the second approach is more subtle. The constraint imposed by the Lagrange

multiplier X+ in the Lagrangian (5.104) implies that
D,®— Dy® =0. (5.120)

Typically the full solution to this equation would be expressed in terms of path-ordered exponentials
of By, and By. To avoid non-local expressions, we can restrict ® and ® to be valued in the centre
of b, denoted Z(h). Note that this is not a restriction if H is abelian. With this restriction,
the Lagrangian (5.104) again simplifies to (5.116), and the constraint (5.120) then becomes
Duw® — d3® = 0, which we can again locally solve by (5.119) now with X+ € Z(b), similarly
leading to the Lagrangian (5.118).

Relation to PCM plus WZ term. Taking H to be abelian, we can relate the Lagrangian (5.116)
to that of the PCM + WZ term for G x H through a combination of T-dualities and field redefi-
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nitions. We start by parametrising
g= e%Tge%T , TED, (5.121)

and setting Oz 7 — 2Cy, 5. We also integrate by parts and set 0, X~ — 2V and 05 X~ — 20,
To maintain equivalence with the Lagrangian that we started with, we add Tr (%(&UC'@ — &;,C’w)) +
Tr(f(‘(@w\i' — &I,\IJ)), i.e., the Lagrange multipliers 7 and X~ locally impose Covw = %8@@7,
U=19,X" and ¥ = %a@X—. We can then redefine the fields as'”

-2

k 1 k
By = By — ;9. Cuw = Cu = 5@, R s
k - 1 k-
By = By + 5, Ca = Ca — ;9. VT ®, (5.122)
PN LY X KK : Lz
*)W 7@ +W7_, — 5 T —T.

Doing so, we arrive at the following Lagrangian

a 1 _ _ k
Ligy, = iTr(g 0wg9™ 0mg) + isz(g)

+ 9 Tr(gilawg(cﬁ) - qu)) + aﬁ)ggil(cw + Bw) + (Ow + B1u)Adg(C1D - B1D))
1+k _ _ -
2 TI‘(g 16159(011) - Bw) + 611)99 1(C1D + B1D) + (Ow - Bw)Adg I(Cﬂ; + Bﬁ)))
+ Tr(BywBg + CwCyg + kCyBg — kB Cg) (5.123)

+ Tt (7(0wCs — 05Cw)) + KTt (X~ (0¥ — 05V)) + 2k'Tr (¥ By, — By, V)

1 ~ = 2 -

The final steps are to integrate out 7, ¥ and ¥, and ® and ®, leading us to set
1 1 - Ko oor = K, oo
Cwﬂ[, - 5 wfujT, mej - —iawﬂ;,X B q) - —anX 5 q) - 58@){ . (5124)

Redefining g — e~ 2(+X ) ge=3(7=X7) e find the difference of the PCM plus WZ term La-
grangians for G and H

1 k 1 _ .
LpcMmikwz, = §Tr(9715w99713wg) + isz(g) - iTr(ﬁwX+3wX+)7 (5.125)

where we recall that for abelian H the WZ term vanishes.

17’Ilo arrive at this field redefinition, we first look for the shifts of By, o, Cw,s, ¥ and ¥ that decouple ®
and @ from all other fields apart from X +. Since both Cy and Cy transform in the same way, as do ¥ and
¥, we can then easily compute the transformation of #, X~ and X1+ by demanding that the triplet of terms

Tr('Fquj,(C) + X’Fw@(‘l/) + )N(JerU;(CP)) is invariant up to a simple rescaling, i.e., it becomes Tr(i'FwU;(C) +
KX~ Fua(¥) + & X+ Pua(®)).

199



To summarise, starting from the sigma model (5.118) we T-dualise in 7, X and X, we
then perform a GL(3) transformation on the dual coordinates, and finally T-dualise back in 7 to
recover (5.125), the difference of the PCM plus WZ term Lagrangians for G and H. This relation
may have been anticipated since this is the model we would expect to find starting from the

ghCSg action (5.45) and instead imposing the boundary conditions A|y,g = Bla,s = 0.

k — 1 limit. As we have seen, the k — 1 limit is special since if we first constrain and then
reduce we recover the gauged WZW coset CFT. By first reducing and then constraining, we can
recover massive integrable perturbations of these theories. We consider the setup where ® and
® are restricted to lie in Z () and solve the constraint imposed by the Lagrange multiplier X+
by (5.119). Taking k — 1 the Lagrangian (5.118) simplifies further to

1 1
Lipt, = §Tr(g_1Dwgg_1D@g) + §ngz

1 (5.126)

+ ZTr(anJr(l — Ady)0s Xt —20,XT05 X~ —205XT0u,X "),
This is reminiscent of a sigma model for a pp-wave background, with the kinetic terms for
the transverse fields described by the gauged WZW model for the coset G/H, except that the
would-be light-cone coordinates X and X~ have dim Z(h) components. Nevertheless, we still
have the key property that the equation of motion for X~ is 9,05 X ™ = 0, whose general solution
is X* = Y (w) + Y (w). Substituting into the Lagrangian (5.126) we find

1 1 1 = —
Lipr, = 5Tr(g*1Dwgg*1D7My) + 5 Lewz + ZTr(Y’Y’ —Y'Ad,Y"). (5.127)
In the special case that Y = wA and Y = wA this is the gauged WZW model for the coset G /H
deformed by a massive potential V = Tr(AAd,A) — Tr(AA) as studied in [Par94]. Taking the
limit & — 1 directly at the level of the Lax connection given by eq. (5.106), keeping track of the
definitions of the currents K,,, Kz which depend on k, we find

Ly — 0w+ By — Dwgg™t + %A, Li =05+ By — gAdg]X, (5.128)
recovering the Lax given in [Par94; Fer+97].

When G is compact and H = U(1)™5, A and A can be chosen such that these models have a
positive-definite kinetic term and a mass gap. These are known as the homogeneous sine-Gordon
models [Fer+97]. For G = SU(2) and H = U(1) the homogeneous sine-Gordon model becomes
the complex sine-Gordon model after integrating out the gauge fields B,, and Bg. Note that
if Z(h) is one-dimensional and Y (w) and Y (w) are both non-constant then we can always use
the classical conformal symmetry to reach Y = wA and Y’ = wA, hence recovering a constant

potential. For higher-dimensional Z(h), this is not the case.
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5.4.3 Example: SL(2)/U(1)y

To illustrate the features of this construction, let us consider the example of SL(2)/U(1)y for
which the 2d gauged WZW describes the trumpet CFT. To be explicit we use s[(2) generators

1 0 0 1 0 1
T, = . Ty = . Ty = , 5.129

and parametrise the group element as

[ cos(0)sinh(p) + cosh(p) cos(7) sin(6#) sinh(p) + cosh(p) sin(7) (5.130)
9= sin(f) sinh(p) — cosh(p) sin(r)  cosh(p) cos() — cos(#) sinh(p) | '
We choose the U(1) vector action generated by T3 such that
dg=¢€lg,T5] = dp=07=0, d§0=c¢, (5.131)

hence we gauge fix by setting § = 0. The analysis here is simplified by the observation that there

is no WZ term since there are no 3-forms on the two-dimensional target space.

The CFT point. For orientation, we first work at the CFT point corresponding to k = 1.
Recall from the discussion in §5.3, that first constraining in 4d and then reducing, enforces
® = & = 0 and the Lagrange multiplier sector vanishes. This gives the conventional gauged WZW

model described by a target space geometry
ds* = dp® + coth? pdr?. (5.132)

Let us now consider the IFTy that results from taking the same reduction that would lead to
the CFT, but now in our reduction ansatz set ® = 373 and o = —5T3. The Lagrangian that
follows is

Losg = O0uwpdap + coth? p 9y, T8y — m2sinh? p. (5.133)

This theory is well known as the complex sinh-Gordon model, a special case of the integrable
massive deformations of G/H gauged WZW models known as the homogeneous sine-Gordon
models [Par94; Fer+97].

Unconstrained reduction: integrating out ®, ® and By w. We now turn to the more
general story, away from the CFT point, by considering the reduction without first imposing
constraints. Taking the IFTy (5.116) and integrating out @, ® and the gauge field B, while

retaining X~ and X7, results in the sigma model with target space metric and B-field

ds? = dp? + coth? pdr? + csch?p (dX'+2 — dX*Q)

B . B ) o, 5 (5.134)
By =V ANdXT, V = kesch”pdX ™ 4 k' coth” pdr.
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Unconstrained reduction: the dual. On the other hand, if we solve the constraint imposed
by the Lagrange multiplier X setting ® = 10, X T and ® = 19, X", we find the sigma model

with target space geometry

ds? = dp? + coth? pdr? — csch?pdX 2 + sinh? p (AX ™ + V)2,
By=0.

(5.135)

This can of course be recognised as the T-dual of (5.134) along X*t. In the limit k — 1 (5.135)
becomes the pp-wave background

ds? = dp® + coth? pdr? +sinh? pdX+2 + 2dXTdX

By =0,

(5.136)

and if we light-cone gauge fix, X = m(w — w), in the associated sigma model we recover the

complex sinh-Gordon Lagrangian (5.133) as expected.

Relation to PCM plus WZ term. Finally we demonstrate a relation between the models
above and the PCM plus WZ term. Let us start with the metric and B-field for the PCM plus
WZ term for G = GL(2)

ds? = dX+2? 4+ dp? — cosh? pdr? + sinh? pd X 2,

) N (5.137)
B =kcosh” pdr AdX ™.

Note that dB = ksinh 2pdp A d7 A dX ~, which is proportional to the volume for SL(2). We first
T-dualise 7 — 7, and then perform the following field redefinition
k - 1~
7/ .

Xt S kKXt4+ X" —7, X" =X

% (5.138)

It is straightforward to check that this is the inverse transformation to (5.122). Finally, T-
dualising back, X+ — X*t, X~ — X~ and 7 — 7, we precisely recover the background (5.135),
demonstrating that it can be understood as a generalised TsT transformation of the PCM plus
WZ term.

5.4.4 The LMP limit

The PCM plus WZ term admits a limit in which it becomes the 2d analogue of the LMP model,
otherwise known as the pseudodual of the PCM [ZM78], see, e.g. [HLT19b]. It is possible to
generalise this limit to the gauged model (5.104) by setting g = exp(eU), k = e~ 14, Xt — £2X T,

2

X~ — e3X~ —ePyU rescaling the Lagrangian by e =2, and taking ¢ — 0. Implementing this limit
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in (5.104) we find

Lt = %Tr(DwUDU;U +[@,U][®,U]) — éTr((DwU + [@, U][U, (DgU — [@,U]))
+UTr(X ™ (Fw — [@, 9] + Dy® + D ®)) + Tr((XT(Dy® — Dy ®)) (5.139)

4 5y (U (Fiuy — [8,9] = Dy — Dy))

Similarly we can take the limit in the Lax connections (5.106) and (5.107). The B-Lax (5.107) is
unchanged, while the A-Lax (5.106) becomes

(0 —0u+ B — L L L),
p ¢ ' (5.140)
L5 = 0 + Bo + KM + (D + SKEMT),
where
K =D,U+[2,U], KM =DyU ~[@,U]. (5.141)

As we will see in §5.6 this model can also be found directly from 6d hCS and 4d CS by considering
a twist function with a single fourth-order pole.

As in the gauged WZW case, we can again find an integrable sigma model from (5.139) by
integrating out ®, ® and the gauge field B, . For abelian H we can also construct the dual
model by solving the constraint imposed by the Lagrange multiplier X and integrating out B,
and Bg. For SL(2)/U(1)y the resulting backgrounds can be found by taking the LMP limit

1 1
p—EP— 653p7'2 , T —eT — gESpQT, (ds?, By) — e %(ds?, Bs), k—ete,

X~ 53X —er, Xt 52Xt Xt - X+, e—0,

(5.142)
in egs. (5.134) and (5.135). This limit breaks the manifest global symmetry given by shifts of
the coordinate 7. This is in agreement with the fact that the Lagrangian (5.139) is not invariant
under U — U + Hy (Hy € bh), while its gauged WZW counterpart (5.104) is invariant under
g — hogho (ho € H) for abelian H.

Curiously, we can actually take a simplified LMP limit

p—Ep, T —EeT, (ds?, By) — e %(ds?, Bs), k—ete,

~ 5o - oot N N (5.143)
X —=e’X —er, XT =" XT, X = X1, e—0,

in the backgrounds (5.134) and (5.135) that preserves this global symmetry. Taking this limit in
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eq. (5.134) we find

1 - 2
ds* = dp® +dr* + dX*? + —dX dr,
p p

' ) (5.144)
By =VAdXt = —dX 4+ (/- —]d
g Ve +( 2602) "
while the limit of eq. (5.135) is
. 2
ds? = dp? +dr? 4+ p*(dX T +V)* + SdX dr,
p (5.145)

By =0.

As for the gauged WZW case these two backgrounds above can also be constructed as a generalised
TST transformation of the background for the LMP model on GL(2)

ds? = dX+2 +dp? — dr? + p?dX 2,

: (5.146)
By = (p%dr ANdX .
Explicitly, if we first T-dualise 7 — 7, then perform the following field redefinition
PO L S X o ix- P % (5.147)
202 ’ L ’ 202 ’

and finally T-dualise back,'® X+ — X, X~ — X~ and 7 — 7, we recover the back-
ground (5.144).

5.5 Reduction to gCS,; and localisation

Having discussed the right hand side of the diamond, we briefly describe the left hand side that
follows from first reducing to obtain a gauged 4d Chern-Simons theory on R? x CP' and then
integrating over CP' to localise to a two-dimensional field theory on R2. We show that the
resulting IF Ty matches (5.102).

We recall the six-dimensional coupled action

1 _
Sehcs, [A, B] = ShcselA] — Shesg [B] — o OUNTr (ANDB) . (5.148)
PT
We note that the three terms in the action are invariant under the transformations A — A =
A+ pfed + pite® and B — B = B+ pPe’ + pBeP, given that both Q and § are top forms in the

holomorphic directions. By choosing p* and p? appropriately, we can ensure that neither A nor

18Note that here the order of T-dualities matters. In particular, we cannot first T-dualise 7 after the coordinate
redefinition since it turns out to be a null coordinate.

204



B have dz or dz legs, so

A= Aydw + Agdd + 4@ with A, = -2 Ay = -2 (5.149)
() ()

B = B,dw + Bgdw + Bye  with B, = _1Br] By = — [B'f] . (5.150)
™) (m4)

To perform the reduction we follow the procedure outlined in §5.2.4. Namely, we contract the
six-dimensional Lagrangian of (5.148) with the vector fields 0, and 0z, and restrict to gauge
connections which are invariant under the flow of these vector fields. Thus, since the shifted gauge
fields A and B manifestly have no dz or dz legs, and we are restricting to field configurations
satisfying Laz.ﬁ = Laz[;’ = Lagfl = Laglg = 0, the contraction by 9, and 0z only hits € in the
first two terms, and 0 in the third. In particular, we find

(aB)? (m)(md) o 5 (aB)? 2 (my)(m9) 0 A 50
_ Q — = Q = — .
(0, N Oz) 2 5 <7T(1>2<7T6>2e , (0, NOz) 20 5 O ESEICTE e’ Ne

(5.151)

Hence, the six-dimensional action reduces to a four-dimensional coupled Chern-Simons action

A A ” N 1 - PN
Sgcs, [A, B] = / w A CS[A] — / wACS[B]— — [ dwA(A,B), (5.152)
X x 21 Jx

where X = CP! x R2,
(@B)? (my)(my) o
= 5.153
YT a2 (5159
and A and B are the restrictions of A and B to X. Similarly, the boundary conditions (5.49)

descend to analogous boundary conditions on A and B. The action (5.152) has been considered

before in [Ste21], albeit not with the choice of w hereby discussed.

With the gauged 4d Chern-Simons action at hand, we may now localize. The procedure is
entirely analogous to the one depicted in §5.3.4 so we shall omit some of the details. We begin by
reparametrising our four-dimensional gauge fields A and B in terms of a new pair of connections
A’, B" and smooth functions § € C>° (X,G) and heC™ (X, H). We use the redundancy in the
reparametrisation to fix A) = B) = 0. The boundary degrees of freedom of the resulting IF T
will be a priori be given by the evaluation of g, h, & and © at « and 3. However, as in the 6d
setting, we have some residual symmetry we can use to fix §|z = id, ﬁ|a’5 = id, and similarly,
O], = 0. We are thus left with

Jloa=g, dloa=u, dlg=1a. (5.154)

QAl=0, 0B =0, (5.155)
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away from the zeroes of w, namely v and 4. The on-shell gCS, action can be thus written as

U 1 _ PO R _ .
Sgcs, [A/, B = ﬂ/ dwNTr(A NGy — (57 A'g+ G~ '09) N B')
™ JXx

. (5.156)

- — dwATr(g7'dgA g tdgAng'dg).
6mri X x[0,1]
To obtain the IFTy we begin by looking at the bulk equations of motion (5.155). Liouville’s
theorem shows that the only bounded, holomorphic functions on CP! are constant functions. We
are after something a little more general than this, however, as we do not require the components
of our gauge field to be bounded at the zeroes of w. Indeed, we allow the w-component to have
a pole at m ~ v and the w-component to have a pole at m ~ 4. With this analytic structure in

mind, we can parameterise the solution of the bulk equation for B’ by

~

B — @q) (mry

’ B{T) = B7D - <7T’3/ i)v (5157)

~

where we have conveniently used the field variables introduced in (5.100) to ease comparison with
(5.102) after localisation to the IFT5. In particular, under 7-independent gauge transformations
By, By have the transformation of 2d gauge fields, whilst ® and ® transform as adjoint scalars.

Note that in the singular piece of these solutions, we have chosen to align the zero of each
with the pole of the other. Notice that this choice is also completely general, since moving the
zeros in the singular pieces amounts to field redefinitions between B,, and ®, respectively, By

and ®. This is convenient since the flatness condition on B’ reproduces Hitchin’s equations,

Fyui[B'] = Fyua|B] — [®,®] — @Dwé - @chp : (5.158)

)
-

On the other hand, for the A gauge field a convenient choice of parameterisation when solving
the bulk equation of motion (5.155) is

Al — {m) (B7) U, + {mB) {ay) Vi, i=w,w. (5.159)

(my) (Ba) T () (eB)

This parametrisation, in which we have chosen the coefficients such that one term vanishes at
7w ~ « while the other vanishes at m ~ (3, is adapted to the boundary conditions which can be
solved for U; and V; to yield

(5.160)
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Replacing (5.157) and (5.160) in (5.156) and integrating'® along CP' we recover the IFTy given
in (5.102).

5.6 Gauged LMP action

In the previous sections, we analysed a ghCSg setup where the meromorphic (3, 0)-form 2 had two
double poles, showing that such a theory leads to a gauged WZW, upon localisation to R*. To
highlight some of the universal features of this procedure, we will now focus on another example
in which the meromorphic (3,0)-form will have a single fourth order pole. Such a configuration of
the ungauged hCS¢ was shown in [Bit22] to lead to the LMP action for ASDYM [LMS8T7], [Par92].

5.6.1 LMP action from hCSg

Let us start by reviewing the ungauged localisation of hCSg with a fourth order pole. We start
with the action and (3,0)-form defined by

eO/\e‘i/\ea

(ma)”

1
Shcs6 [A] — QA CS(A) R QO=k

= 5.162
2mi PT ( )

As is usual in hCSg, we must impose boundary conditions on the gauge field A to ensure the

vanishing of the boundary variation

1

‘bdry = T

0Shcss —
PT

OUNtr(SANA) . (5.163)
Evaluating the above integral is achieved by making use of the localisation formula (see ap-

pendix 5.10)
1 = k
— | OANQ= f/ aa X" A OFQ) - (5.164)
2mi PT 6 R4 @

Then, one finds that the boundary variation vanishes if we impose the boundary conditions
Alr=a =0 and 9JpA|r=a =0. (5.165)

Admissible gauge transformations. We now check which residual gauge symmetries survive
with the preceding choice of boundary conditions. We proceed in a familiar fashion, introducing

a new parameterisation of our gauge field A as

A=\ Ag+97'95, A =0. (5.166)

19To do so, we use the localisation formula in homogeneous coordinates

1 5 _ 1 () (BA) + (H)(B)
el 2/R[ (aB)

Qla + (M)(M)(%Q)\a} + aef. (5.161)

for any Q € Q2(X).
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This parameterisation has both external and internal gauge symmetries which act as

~

External 4: A~ AY, A — A, §—§,
}_)

) (5.167)
Internal ¥: A— A, A— A7, §

The internal gauge transformations must satisfy dy¥ = 0 to preserve the condition Al = 0. These
transformations leave the value of A invariant and as such they are fully compatible with the
boundary conditions. We will use the internal gauge symmetry to fix §|r— = id. The story for
the external gauge symmetries is slightly different, under external gauge transformations A — A7
and so the value of A at the poles is not generically invariant. As such we must proceed with
caution: we require our boundary conditions to be invariant under external gauge transformations,
imposing constraints on the admissible symmetries at @ = . This limits the amount of symmetry
available for gauge fixing. The gauge transformation of the first boundary condition reads

—1

Aﬁ|ﬂ:a = ('3’71/"7 ""3’716'7)“:04 =0 = 7 a"0way=0, (5~168)

where we have defined
'Y|7r:a =7-.

Here, we have derived the fact that at m = o we restrict our gauge transformations such that they
are holomorphic on R* with respect to the complex structure given by the point m = . Another
way of stating this is that our admissible external gauge symmetries on PT localise to semi-local
symmetries in the effective theory on R*. However this restriction is derived from only one half

of the boundary conditions. Introducing the notation
f‘ = ’3’7130:)’ )
the gauge transformation of the second boundary condition reads

a()Aﬂﬂ—:a = 80(’7_1~Aﬁ/ + :7_15'7)“:& =0,

. _ . . i (5.169)
= (7' A4, T+ 571 00A7 + 0L + [Y7 109, L] + 471047 &) r=a -
Imposing the original boundary conditions we arrive at the constraint equation
A Ogel + 7 6%y =0, (5.170)

where we have used (@&) = 1 and defined

One solution is that the external gauge transformations are global symmetries of the localised

effective theory dgay = 0, and T' is holomorphic on R* with respect to choice of complex structure
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given by the point o € CP'.

Tentatively, our localised theory should have 4 degrees of freedom, known as ‘edge modes’,
u:= (g,ul,u? u’). (5.171)
where
9=0lr=a, =700, 0= 97 0 0nma, W =G 00 =0 - (5.172)

However, some of these fields are spurious and can be gauged fixed away using the admissible
gauge symmetries. We have already used the internal gauge symmetry to fix g = id.. Furthermore,
the second and third Jy-derivatives of the external gauge transformations are unconstrained by
the boundary conditions, so they can be used to gauge fix u? = u® = 0. This leaves us with one
dynamical degree of freedom in the localised theory on R*, namely u' : R* — g which we will

now denote by u for brevity. In conclusion, after gauge fixing we have
u = (id, u,0,0) . (5.173)

Solving the boundary conditions. Using the boundary conditions, we will solve for A’ in

the parametrisation (5.166) in terms of the edge modes. The first boundary condition tells us
Alrza =0 = a4, =0 = Au=0a,C,. (5.174)
Then, the second boundary condition equation is written as
00 A |g—a +0u =0, (5.175)

which allows us to conclude that
Cd = aa&mu . (5176)

We now have all the ingredients to localise the hCSg action to R*.

Localisation to R*. We can write the action (5.162) in the new variables as

1 - - 1 -
S=— [ 0QAT(A ANDGG™) — — / O A Tr(g~1dg)? (5.177)
27 Jpr 671 Jprx [0,1]

where in the second term we have extended PT to the 7-manifold PT x [0, 1], whose boundary is
a disjoint union of two copies of PT. We have also extended our fields via a smooth homotopy

g — §(t) so that §(0) = id and §(1) = §. Applying the localisation formula (5.164) and the choice
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of gauge fixing (5.173), we arrive at the spacetime action

k 1 1
Stuvplu] = g/ iTr(du A xdu) + gaaabEab A Tr(ul[du,du]) . (5.178)
R4
We identify the action (5.178) as the LMP model for ASDYM. Upon performing reduction to R?

the above action becomes the pseudo-dual of the PCM [LV23].

5.6.2 Gauged LMP action from ghCSq

In the previous subsection, we derived the LMP action from hCSg. Next, we shall consider the
same fourth order pole structure for gauged hCSg. The starting point is to calculate the boundary

variation and make a choice of isotropic subspace such that it vanishes.
Boundary conditions. Starting from the action

1 _
SghCSe, [A, B] = Shcs, [A] — Shcs, [B] 54 00N Tl”(.A N B) , (5.179)
PT

the boundary variation is given by

6Sghcs, |bclry =— [ OQATr(6AN(A—B)—36BA(B—A)). (5.180)

2mi PT

Following in a parallel fashion to the hCSg case, one finds a suitable choice of boundary conditions

is given by

A|7T:a = B|ﬂ':a P aO‘A‘ﬂ':Oé = 808|7T:a s agAh|7r:a = 838|7r:a 3 ag~/4h|7r:o¢ = aSB|7r:o¢ .
(5.181)

Gauge fixing. Gauge fixing will once again prove dividends in completing the localisation
calculation, as such, we will consider the set of admissible gauge transformations respecting our
boundary conditions. Performing a gauge transformation on the first boundary condition, one

arrives at

(7" AY +47109) lrma = (07 B +17100) |r=a (5.182)

from which one concludes that the admissible gauge transformations must obey 4|q = 7]qa-

Running through systematically, the second boundary condition requires

(5745 +57109, T+ 4710049 + 08 + 471047 &) lr=a

= (1B + 3790, N+ 77 0087 + ON + 3770401 & ) [
(5.183)
where we have denoted I' = 47104 and N = 7~ 10gh. Making use of the original boundary

condition and the constraint 4|, = 7|a, we conclude that admissible gauge transformations
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must also obey f‘|77:a = N|ﬂ:a. In a similar fashion, from the third boundary condition we
conclude that f(h2)|a = N®|, where I'® := 471924 and N® := 471927. Finally, from the
fourth boundary condition we find f‘f)3)|a = N®)|, where I'®) := 471934 and N®) .= 7=1937.
Armed with the admissible gauge symmetries of our theory, we set ourselves the task of gauge
fixing our degrees of freedom. Naively, we would think there are 8 degrees of freedom in our

theory,

= (gvuvu2au3) ’

v = (h, v}, v? v?) .

=

(5.184)

First, one considers the internal gauge symmetries of .4 and B which one can use to set both g
and h to the identity. Next, one should note that the H-valued external gauge transformations of
B parameterised by # are unconstrained at the point 7 = . As such, one can gauge fix v¢ = 0 for
i =1,2,3. Now, as our external gauge transformations of A parameterised by 4 are constrained
to coincide with 7 at m = a, and we have used these symmetries in our choice of gauge fixing, we
find that we are unable to gauge fix u’. As such, each of these degrees of freedoms will appear as

fields in our effective theory on R*. In summary, after gauge fixing one has,

(5.185)
v = (id, 0,0, 0)
Solving the boundary conditions. The first boundary condition reads
(G AG+§7100) nea = (W' B'h+h71OR)|nea - (5.186)

Given our choice of gauge fixing (5.185) and the explicit solutions e.g. A}, = 7% A4, this implies
Alpca =Blrca = a%Aue =a"Bae = Awa = Baa — aaQq - (5.187)

We can then use the second boundary condition to solve for Qg,
00A|r=a = 00Blr=a , = Qo = —a*([Baa, u] + Oz5u) = —a®Vau . (5.188)

These two boundary conditions are sufficient to solve for A, in terms of the other degrees of
freedom,
Agi = Bag + 040" Viyeu . (5.189)

Localisation to R*. Writing the action (5.179) in terms of the new field variables, one can see

the only terms that will contribute to the effective action given our choice of gauge (5.185) will be

Sencss = =

_ _ _ 1 _
[ QAT A ANDGG — g A GAB — G oG A B) — —/ O A Tr(§1dg)? .
270 Jpr 670 Jprx(o,1]

(5.190)
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The localisation calculation of the gauged model is slightly more involved than the ungauged
case due to the additional degrees of freedom appearing. However, as seen in the calculations
in previous sections we expect u? and u® to appear only as Lagrange multipliers, in particular
imposing self-duality type constraints for our gauge field B. With this tenet in mind, one can

show that the 4d theory is given by

1 ; 1 . ¥
Sermp[u, Bl =k » voly §Tr (V*uVgau) + ge“b Tr (u[a’Vaau, o’V ;u]) +u e?a*a’F, ., (B)

+ %u%‘”’ (%" + G“0) F, 4 B) + 0"’ F, 5 (B)

(5.191)

where we have performed a field redefinition u® — @® := %(u3 + 2[u, u?]). Upon reducing along a

particular R? subgroup, and appropriately performing redefinitions of our fields and parameters,
one finds that the gauged LMP action matches the two-dimensional action eq. (5.139).

Implementing the Lagrange multipliers. In section 5.2.3 we reviewed how solutions to the
ASDYM can be formulated in terms of a Yang’s matrix after a partial gauge fixing of the ASD
connection. In this section we will look to integrate out our Lagrange multiplier fields present in
the action eq. (5.191) by solving the self duality constraints they impose in a similar vein. Indeed,
one may understand the LMP equations of motion as the remaining ASDYM equation after these
two constraints have been solved. This is analogous to the statement that the WZW, equation of
motion is the remaining ASDYM equation for Yang’s matrix.

The equation of motion found by varying G2 is an integrability condition along the 2-plane

defined by a®, and it maybe be solved by
a0V F 1 (B) =0 — a"Baa = h'a%0uuh (5.192)

where h € C*°(R*) ® H. It is helpful to parameterise the remaining degrees of freedom in By, in
terms of a new field Cy, defined by the relation

Bao = h ™ 0ash — ag h1Cyh . (5.193)
Then, the u? equation of motion becomes
(%6 + a%al)F,,,;(B) =0 <=  ®a%9,,C;=0. (5.194)

This may be solved explicitly by C; = a®0uaf for f € C>®(R*) ® b, such that the gauge field B
is given by
Bao = h™'0uah + h 7' X ah , where Xo5 = —aa®Opaf (5.195)

Reinserting this expression into the action eq. (5.191), the resulting theory may be written as a

difference of two LMP actions. This can be done by performing a field redefinition huh~! = v — f,
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for v € C*°(R*) ® g, such that one arrives at the action

1 1
Sernvp[u, B] = k/ §Tr(dv A *dv)—&—gaaabZab A Tr(v[dv, dv])
R4

—k [ %Tr(df Axdf) + %aaabzab ATe(fldf,df]) -
R (5.196)

This demonstrates the conclusion

Servp(u, B] = Spvp[v] — Sump[f] - (5.197)

5.7 Outlook

The construction presented in this work has led us to new integrable field theories in both four and
two dimensions. We conclude by highlighting a number of interesting future directions prompted
by these results.

Motivated by the observation that the gauged WZW model on the coset G/H in two dimensions
can be written as the difference of WZW models for the groups G and H, we took the difference
of two hCSg theories as our starting point. The boundary conditions (5.49) led us to add a
boundary term resulting in the action (5.45). It is worth highlighting that the boundary variation
vanishes on the boundary conditions (5.49) whether or not the boundary term is included, and
the contribution of the boundary term to the IFT, vanishes if we invoke all the boundary
conditions. However, while the algebraic boundary conditions, A%|, 5 = 0 and A%, 5 = Ba s
can be straightforwardly solved, this is not the case for the differential one 9y A" 4,5 = 90Ba.s-
Therefore, we relaxed this condition meaning that the contribution of the boundary term no
longer vanishes. Remarkably, for the specific boundary term added in (5.45), the constraints
implied by the differential boundary condition now follow as on-shell equations of motion, leading
to fully consistent IF T4 and IFTs.

There are compelling reasons to follow this strategy, including that the symplectic potential
becomes tautological upon including the boundary term. However, it remains to understand
why the differential boundary condition can be consistently dropped for this particular choice of
boundary term, and a systematic interpretation of this is an open question. To address this, it
would be appropriate to pursue a more formal study, complementing a homotopic analysis (along
the lines done for CSy4 in [BSV22]) with a symplectic/Hamiltonian study of the 6d holomorphic
Chern-Simons theory (similar to [Vic21] in the context of CSy).

A second arena for formal development is the connection between 6d holomorphic Chern-
Simons and five-dimensional Kdahler Chern-Simons (KCSy) theory [NS90; NS92]. This should
mirror the relationship between CSy and CS3 theories described by Yamazaki [Yam19]. To make
this suggestion precise in the present context one may consider a Kaluza-Klein expansion around
the U(1) rotation in the CP' that leaves fixed the location of the double poles, retaining the
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transverse coordinate as part of the bulk five-manifold of KCS5. The details of this are left for
future study.

It would also be interesting to explore the new integrable IFT, and IFTy that we have
constructed. G/H coset CFTs in two dimensions have a rich spectrum of paraferminonic
operators [BCR90; BCH91]. It would be very interesting to establish the lift or analogue of these
objects in the context of the IFT,. The natural framework for this is likely to involve the study
of co-dimension one defects and associated higher-form symmetries.

For abelian H we find IFT, that, in the k — 1 limit, are related to massive integrable
perturbations of the G/ H gauged WZW models known as homogeneous sine-Gordon models [Par94;
Fer+97]. These include the sine-Gordon and complex sine-Gordon models as special cases, two of
the most well-understood IFT5. There is nothing in our construction that prohibits non-abelian
H and it would be instructive to study the resulting models in more detail.

An important class of IFT5 are the symmetric space sigma models. These can be constructed
either by restricting fields to parameterise G/H directly or by gauging a left action of H on the
PCM. These theories have been realised in CS4 through branch cut defects [CY19] and recently
in hCSg [CW24]. One might explore the realisation the gauging construction of such models
within the current framework, and generalise to Z4 graded semi-symmetric spaces (relevant for
applications of CSy to string worldsheet theories [CS20; BP24]).

When G/H is a symmetric space, an alternative class of massive integrable perturbations of
the G/H gauged WZW model are known as the symmetric space sine-Gordon models [BPS96;
Fer+97]. In the landscape of IFTy these are related to the A — 0 limit [HMS14b; HT15] of the
A-deformation of the symmetric space sigma model [Sfel4]. Note that k — 1 and A — 0 both
correspond to conformal limits and it would be instructive to explore the relation between the
two constructions. More generally, it would be interesting to generalise the construction in this
work to deformed models, in particular splitting one or both double poles in the meromorphic
(3,0)-form Q into simple poles, or dual models, for example considering the alternative boundary
conditions (5.60).

Finally, recently novel approaches to constructing IFT3 using higher Chern-Simons theory in
5d has been explored in [SV24; CL24]. Given that there is an overlap between the models that
can be obtained from these constructions and from hCSg, or more precisely its reduction to five
dimensions, CS; on the mini-twistor correspondence space PN [BS23], it would be exciting to

understand the link between the two, and investigate the existence of categorical generalisations
of hCSg.

5.8 Appendix: Homogeneous and Inhomogeneous Coordi-

nates

Homogeneous coordinates on CP! will be denoted by 7, = (m1,m2) which are defined up to the

equivalence relation m, ~ sm, for any non-zero s € C*. These have the advantage of being
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globally defined on CP! but can lead to technical challenges in certain calculations. It can also be
useful to work with inhomogeneous coordinates on two patches covering CP* 2 $2. Introducing

an arbitrary spinor 7, which satisfies (74) = 1, the two patches covering CP' will be defined by

U= {ma | (x9) £0}, U= {ma | (x7) #£0} . (5.198)

Inhomogeneous coordinates may be defined on each patch by

—~
-

_om =AM =¢1, 5.199
¢ R 3 ) £€=¢ (5.199)

In this section, we will restrict our attention to U; and the inhomogeneous coordinate ¢, knowing

el
™

that an analogous discussion may be had on the other patch. The complex conjugate of the

inhomogeneous coordinate ( is

~

(i

= om

(5.200)

Forms and vector fields on CP' written in these coordinates are related to one another by

0 ~ A\2
&= ac = E”Tigeo 7
T 7t
7 <VA>2 (5.201)
. Vit)? 2
Oc = 29 0F = .
¢ <’/T")/> 0 ¢ <7T7/i'>2 0
It is also helpful to defined a weight zero basis of (1,0)-forms on R* C PT by
0% = —— = da~, + ¢ dx"" 7, . (5.202)
(m9)
Likewise the weight zero basis of (0, 1)-forms on R* C PT are defined by
G = (r4) 8 = — 1 (da® 4, — C ey (5.203)
= (m9) e = ——=(dx* o — (dz*7,) . .
Y 14l Y gt

Given a point on CP' defined by o, in homogeneous coordinates, we denote the corresponding

point in the inhomogeneous coordinate ¢ by

{(ya)
= = T~ . 5204
We also have the relationship
(rar)
—((—a). 5.205
ey ¢ (5209
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5.9 Appendix: Projector Technology

Let us denote some relevant 2-forms by

1
wb = S0, fo=Yaa, = Y54, 5.206
Wa, 5 <aﬁ> B H ) Hp 8,8 ( )

We consider the operator on 1-forms on R* given by
Ta,p(0) = —ix (wapgNo), \7(3,5 = —id, (5.207)
which allows us to define projectors
1. ) = 1, .

This is suggestive of a complex structure and indeed if we take o = v and 8 =4 then J, 4 is a

complex structure. We can compactly express the corresponding complex structure to a spinor

Va 88
Ty = —i(1"0ua) © (da"™) — i(3°00a) © (7pda’®) (5.209)

to which adapted complex coordinates are given by
dz = ykadz®® | dz = Aukedz® | dw = y,kedz®® | dw = —Aaredz®® . (5.210)

The projectors P and P project onto (1,0) and (0,1) components thus realising the Dolbeault

complex. These projectors enjoy a range of identities that we deploy in calculation.

P(x(pa ANa)) =0, PH(ugAa)) =0, usAP(c)=0, ps,AP(c)=0, (5.211)
Wap A P(0) = —%P(0), wapP(c)=xP(0) (5.212)
Wap NP(O)ANT=wA0AP(T), wapAP(@)AP(T)=0. (5.213)

To move between form and component notation is useful to observe that

P(0)aa = 7ﬁaaﬂb0bda P(0)aa = @ﬂaababa. (5.214)

Further relations, used for processing the CP; derivative boundary conditions, are

004480 = 2% (o Na), B Taat®la = —(aB)P(7), (5.215)
B0aa€ s = 2% (ug Na), a"T.ae%s = (aB)P(T). (5.216)

As an application of this projector technology let us consider the (ungauged) WZW, model

for which the equation of motion can be cast in terms of the right-invariant Maurer Cartan form
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R =dgg~"' that obeys dR = R A R as

1
dx P(R) = 7d (% — wapA) dgg™' = 0. (5.217)

We consider now a Yang-Mills connection A = —P(X). The equations for this to be anti-self dual

are

psF[Al =0, uaF[Al=0, wapAF[A]=0. (5.218)

The first of these vanishes identically by virtue of the fact that ugAA = 0. Since po ANA = —pa AX,

the second provides a Bianchi identity
o F[A] = —pia A (dX — X A X) (5.219)

and hence solved with X = R. The final equation returns the desired equation of motion as

Wap A F[A] = —d(wa.s A P(R)) + wa5 A P(R) A P(R) =d* P(R). (5.220)
At the Kéhler point § = & = 4, we can simply cast the ASDYM equations as

F20—¢ F92 =0, wAFL =0 . (5.221)

1

In this case, the connection is given by A = —dgg~" is of type (0, 1), hence F>* = 0 automatically,

FY%2 = 0 is zero by Bianchi identity and the equation of motion of WZW, is

wAI(dgg™t) =0. (5.222)

5.10 Appendix: Derivation of Localisation Formulae

In this work we are required to evaluate integrals of the form

1 _
I=— [ 00AQ, Q € Q"2(PT) . (5.223)
27Tl PT

In this appendix, we will derive general formulae for these integrals for the cases in which Q2 has
either two double poles or a single fourth order pole as used in this chapter. To compute these

integrals efficiently we will move to inhomogeneous coordinates and make use of the identity

_ L __7Ti2 —a =2 N _ o
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5.10.1 Two double poles

We consider the (3, 0)-form given by

1 (aB)? 0 A @ o 1 (a=p)? a )
Q—iWS Ne /\ea—i(c_a)2(<__/8)2d6/\0 /\Qa. (5225)
Substituting this into our integral gives
o (04 - 6)2 a
Then, using the identity (5.224) gives
_ (a=p)? 06 —a) | 00 —=B)] , pa
I_—T mdg/\dg{(c_m2 + (e ]/\9 ANBe NQ . (5.227)

Since the integral is symmetric under a ++ 3, we will only compute the first term explicitly.

Integration by parts and evaluating the integral over CP' gives

- (59

We will first distribute the O, derivative, leaving the 2-form @) completely general, resulting in

aef. (5.228)

[e%

7(O‘7B)2 |: -2 9(1 9 daa 9

1= 055 [ et e n @ et 0 Q 5220
+MA8Q:| + a<_>6 '
C—p2" 7, '

The overall factor of (o — 3)? outside the integral cancels with the denominators in the integrand.
We will also make use of (5.205) to return to spinor notation, and introduce self-dual 2-forms
defined by %% = £, dz® A dab?.

L[ 208 n Gl R
I—2/R4 & B)(a %aaabE /\Q|a+<a‘y>%ab2 A Qla

0:Q
(m4)?

Expanding «, in the basis formed by 4, and (3,, we see that one component of the first term

(5.230)
+ agapX® A

] + a+<p.

cancels the entire second term, and only a term proportional to ag /3,2 survives. In the third
term of the action, we recognise the combination dy acting on @ and make this replacement. In

conclusion, we have the general formula

/ INNQ = / [aaﬂbE AQla + }aaabzab AN(OoQ)|a| + aep, (5.231)
27T1 PT 2
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or in differential form notation
= [ ona=[ [wa,g AQla+ 2 A @Qla| + aof.  (5282)
271'1 PT 2

It is also helpful to specialise to 2-forms of the form @Q = wawaadbi)é‘i A & which we will often

encounter in practice. In this case, we may make use of the identity
e Nee N A& = —2voly e | (5.233)
and its generalisation valid for any spinors «, and 3,

0By ST A G A E = —2vol, SO : >7§>57T> ab (5.234)

Using these identities on the above formula in the case @ = m%w Q i€ A eb glves

1 _ ab(~a b+ a b o
% - 89/\@ = _‘/R4 voly |:5 (CY <5Oéﬂ> B« )Qa(lb[)|a +e bOé ab(aOQadb5)|a:| + aof.
(5.235)

One final specialism is the case when @ ,;; = XaaY}j, in which case the answer can be recast

again in differential form notation as

21/69/\@ /{wa@/\X/\Y|a+lua80/\(X/\Y)] L oasB. (5.236)
1 JpT

To apply these formulae we need the following CP; derivatives :

d(dgg—") = gdag—", (5.237)
8o(5~1dg) = da + [9~'dg, q], (5.238)
9o(A) = 0o(B) =0, (5.239)
89~ Ag) = [97 " Ag,4], (5.240)
o Tr(g 'dg)® =d Tr(a(g~"dg)?), (5.241)
in which used the definition @ = §0y§.
5.10.2 Fourth order Pole
In section 5.6, we considered a different (3,0)-form given by
0 a . ’ a )
Q:ke ANe Z\ea: k4d§/\9 /\49(1. (5.242)
(mav) Fayt ((—a)
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Substituting this into the general integral expression above gives

k1 . 1 a
I——WMATdCAdgaE(M)AQ /\aa/\Q- (5'243)

Then, using the identity (5.224), we find

I=— dCAdC (aga(g—a)) ANOTAGLAQ . (5.244)

Applying integration by parts and completing the integral over CP' gives

_ 6<L>4 /]R o (9‘1 Ay A Q) ) (5.245)
In order to distribute this over the argument, it is helpful to have the identities
go| = Cads™ 0c0%| . = qada®®,  926°| =0, (5.246)
= Ga) ° :
Then, distributing the three J¢-derivatives gives
I= 6<:a>4 /R [O“ngiab NORQ| +6 a‘g”jb NOZQ|, +64MTPAOQ| | . (5.247)

Converting this expression back into homogeneous coordinates (and making use of the fact that

Q was a (0,2)-form on twistor space meaning &,dz? A Q|, = 0), this integral becomes

k
I= 7/ S N ORQ)| - (5.248)
6 Jpa o

5.11 Appendix: Localisation Derivation with General Gaug-
ings

In this appendix we describe in more detail the derivation of the gauged WZW, model from the
gauged hCSg theory and the application of the localisation formulae above. We shall do this in a

more general manner, allowing the gauging of an H subgroup that acts as
g ps(0)gpa(CY), BBt —de™', teHCG, (5.249)

in which p; : H — G are group homomorphisms (algebra homomorphisms will be denoted with

the same symbol). The covariant derivative is then given by

Vgg ' =dgg™" + Bg — gBag™ "+ ps(0)(Vag M)ps(t7), (5.250)

220



in which we ease notation by setting B; = p;(B).

The starting point is the six-dimensional theory
SghCSg [A, B] = Shcs, [A} — Shes, [B] + dey [.A, B] , (5.251)

in which we specify a boundary interaction term

Shayl A, B] = ==L [ OQ A Trg (AN p(B)) . (5.252)

i Jpr
Here we have introduced a parameter ¢, which will ultimately be set to one, to keep track of the
contributions from this boundary term. To specify this term we include an algebra homomorphism
p which only needs to be defined piecewise on the components of the support of 9. We could
choose to dispense the higher-dimensional covariance and simply add different boundary terms
specified only at the location of the poles but it is convenient to formally consider p to be a
defined as a piecewise map that takes values plr=q,8 = pa.s-
To define a six-dimensional theory requires imposing conditions that ensure the vanishing of

the boundary term

IQNA (Trg (AN (A — gp(B)) + qp(6B) A A) — Try (3B A B)) . (5.253)
PT

We are required to cancel a term involving the inner product on the algebra h with one on g,

which can be achieved demanding

Trg(p(x)p(y))la,p = Try(zy) Va,y€bh. (5.254)

Note that as a consequence this implies

Trg(pa(@)paly)) = Try(zy) = Trg(ps(x)ps(y)) (5.255)

which is the anomaly-free condition allowing for the construction of a gauge-invariant extension
to the WZW model for the gauge symmetry (5.249). With this condition the boundary term

produced by variation is given by

. QN (Trg (AN (A —qp(B)) + ap(6B) A (A =g~ Ap(B)))) , (5.256)

and is set to zero by the conditions

A 0, A =pB),, WA, ;= p(0B) (5.257)

aB = ap

It is noteworthy that if we impose all of these conditions from the outset, the contribution from the

explicit boundary term Syqy[A, B] would vanish. However, from a four-dimensional perspective
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the boundary conditions on 9y(A) lead to differential constraints on the fundamental fields and it
is not clear that one should, or could, naively invoke them to produce a Lagrangian description.
Instead what we shall do is only impose the conditions Aé|a,6 =0 and A" |a’6 = p(l’j’)|a)ﬁ7 which
can be solved algebraically and substituted into the Lagrangian without concern. Doing this one
finds that Spay[A, B] does contribute, and when ¢ = 1 in particular, it provides a gauge invariant
completion of the action. The boundary conditions that we have not imposed have not been
forgotten, instead when g = 1 they are recovered as on-shell equations in this four-dimensional
theory. This provides an alternative view of the procedure; the explicit boundary term is serving
to implement the constraints arising from 9p.A"| 5= p(808)|a

a, B
can see this explicitly by observing that if we just impose AE| 5=0 and AY |a 5= p(B)|a 8 then

a)

at the Lagrangian level. We

(54N (A= gp(B)) + ap(3B) A A = p(3B) A p(B) ) ap =0,
s <5A A (A= qp(B)) + qp(6B) A A — p(6B) A p(B)) lo.s (5.258)

= (1= 4)6(9oA — p(9oB)) A p(B)la,p + (1 + q)p(6B) A (G0 A = p(GoB))la,s -

Therefore, for ¢ = 1 we see that the boundary equation of motion for B is precisely 8y.A" |a7 5=
P(505)|a,5~

The localisation proceeds as follows. First, we change parametrisation 4 = A’9 and B = Bk
fixing some redundancy by demanding A" and B’ have no CP; legs. Second, we fix some of the
residual symmetry preserved by the boundary conditions to set g|g = ﬁ|a’3 =id and 80ﬁ|a, g =0.
The remaining fields are §|o = ¢, §71900]a = u, §~'00g|s = @ and the four-dimensional gauge
fields A and B that arise from A’ and B’ once their holomorphicity is imposed.

We may now directly apply the localisation formulae (5.236) to show that the hCS terms

localise (without imposing any boundary conditions) to give

Shes[A] :/ Wa, A Trg(A9 A g1 dg) — wa,5 A Lwz[g]
R4 ) ) (5.259)
+ Ha ATrg(A9 A du) + SHs ANTrg(AAda),

while Spcs[B] yields zero in this gauge. Let us first consider the terms involving wq s. Since the

gauge completion of the WZ term is
Lowzlg, B] = Lwzlg] + Trg (gildg A By +dgg i A Bg + gilBBgBa) , (5.260)
we may express them (trace left implicit) as

Wa,3 A (Ag Agtdg — £Wz[g])
=wa,s A (A9 AN g dg — Lowz[g, Bl + g 'dg A By + dgg™'Bs + g ' BsgBa) (5.261)
=Wa,g N ((Aq — Ba) A g_1Vg — ngz[g, B} +AINB, — AN Bg) .
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To proceed we invoke the algebraic boundary conditions of eq. (5.257), which in differential form

notation become

A=DBs—P(Vgg ') e A9 = P(g7'Vg) + B, . (5.262)
such that
wap A (A7 A g~ dg = Lwzlg])
=Wq,g A (P(g_1Vg) A g_1Vg — ngz[g, B+ AIANB, — AN Bﬁ) (5.263)
1
= — ig*IVg A *(g’1Vg) — Waq,B A (ngz[g, B] —AINB,+ AN Bg) .
Here in the last line we made use of the identity w A P(c) Ao = —30 Ao for a 1-form o. To

treat the terms involving p, and pg we may combine the algebraic boundary conditions with
the properties i, A P(X) = g A P(X) = 0 such that p, A A9 = 11, B, and pg A A = pgBg. In

summary we find

1
Sheos[A] ~ / —5Trg (97'VgA*g~'Vg) —wap A (Lewzlg, B] + Trg(AA Bg — AYB,,))
R4

1 1
+ SHa A Tr(By Adu) + S ATr(Bg A da). (5.264)

The localisation of the explicit boundary term yields, after using pu, A A9 = o Ba,

Shay[A, B] ~ — q/ Wa,3 N Trg(AYB, — ABg)
R“l ) (5.265)
+ S#1a A Trg((du + [Ba,ul) Ba) + Sps A Trg((di + [Bs, ) By)

The significance of the boundary term now becomes clear, as it serves to ensure manifest gauge
invariance. When ¢ = 1 the terms wq, g A Tr(A9B, — ABg) directly cancel. The contributions of

the entire localised action that are wedged against p, sum to
ta A Trg ((1 —gq) du A Bo +2q uF[B]o —2q d(Bau)) . (5.266)

We can see that for ¢ = 1 we find a gauge-invariant field strength together with a total derivative
term that we discard. The terms wedged against p3 give a similar contribution. Hence the fully

localised action becomes

1 B B
S:/ —5Trg (97'Vg Axg ™' V) = wa s A Lawzlg, B]
8 (5.267)

+ fia A Trg(uF[Bla) + ps A Trg (iF[B)g) .

Noting that the components of u and @ in complement of h decouple we can view u and 4 as
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h-valued and write

1
S ~ /R4 —§Trg (g*IVg A *g*IVg) — wa,3 N Lewzlg, B]

+ pia A Try (uF'[B]) + pg A Try (aF'[B]) .

(5.268)

224



Chapter 6

Unifying approaches to chiral

bosons

The results in this chapter were found in collaboration with Alex S. Arvanitakis, Ondrej Hulik,
Alexander Sevrin, and Daniel C. Thompson [Arv-+23].

6.1 Introduction

Chiral bosons are an example of self-dual p-forms: p-form fields ¢ in a (2p 4+ 2)-dimensional
space-time whose (p + 1)-form field strength d¢ is self-dual, i.e. dp = *d¢p. Such fields are
pervasive within string theory as they are often required to complete multiplets which furnish
supersymmetry. Familiar examples include the self-dual 2-form, living in the 6-dimensional
N = (2,0) multiplet, pertinent to both the M5 brane and the self-dual string. Another example
is the self-dual Ramond-Ramond 4-form of type IIB supergravity. In two dimensions, i.e. p =0,
the self-duality condition amounts to the chiral boson being purely left-moving, i.e. 0_¢ = 0.
These self-dual scalars form a critical component of the “doubled” approaches to string theory
[Duf90; Tse90; Tse91; Hul05; Hul07] in which T-duality is promoted to a manifest symmetry
of the worldsheet. Indeed, this behaviour is generic for duality-invariant formalisms and also
appears in the context of gauge theory more generally [HT88; BLM19; Mkr19; BEM21; BG23].

Given these motivations, it is highly desirable to have a quantum treatment of chiral bosons.
The quantisation of a given theory is made significantly easier if one can find a manifestly Lorentz-
invariant Lagrangian, written in terms of Lorentz-covariant objects. However, formulating a
Lorentz-invariant Lagrangian for chiral bosons is somewhat challenging, even classically, in essence
because the chirality condition is a first order differential equation, whereas one anticipates second
order differential equations to arise for bosonic fields. Over the years, many attempts have been
made towards finding a suitable Lagrangian for chiral bosons, but most of these formalisms

require making some other concession in order to accommodate manifest Lorentz-invariance.
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We will provide a more detailed overview of existing approaches to chiral bosons in section 6.2,
but first, let’s summarise the key aspects of some well-known formalisms. Early approaches, such
as those of Siegel [Sie84] and Floreanini and Jackiw [FJ87], sacrificed manifest Lorentz-invariance
in order to describe the correct degrees of freedom. Manifest Lorentz-invariance was recovered by
Pasti, Sorokin, and Tonin [PST97] at the expense of adding an auxiliary field to the Lagrangian
in a non-polynomial manner. More recently, Mkrtchyan [Mkr19] added yet another auxiliarly
field to the PST action, rendering it polynomial. Unfortunately, the non-polynomial origin of
this action is hiding just beneath the surface; in order to demonstrate that the Mkrtchyan action
describes a chiral boson, one must leverage a rather mysterious non-polynomial symmetry. As well
as improving upon the aforementioned shortcomings, duality-invariant string theory motivates us
to include non-abelian fields and twisted self-duality.

Alternative to the two-dimensional approaches, the boundary dynamics of three-dimensional
Chern-Simons theory are known to describe chiral bosons [Eli+89]. This approach has a few
appealing features: the quantisation of Chern-Simons theory has proved very successful, e.g.
[Eli+89; Wit89b; ADW91]; the manifestly Lorentz-invariant action comes equipped with a
standard, polynomial symmetry; the non-abelian generalisation is already known; and we will see
that the inclusion of a twisted self-duality relation is incredibly simple. While Chern-Simons theory
is known to describe chiral bosons, its relationship to the various two-dimensional approaches is
less evident. Indeed, one of the key purposes of this note is to clarify these relationships.

In the forthcoming sections, we will demonstrate that, alongside the Floreanini-Jackiw action,
both the PST and Mkrtchyan formalisms can be derived from Chern-Simons theory on a manifold
with boundary. These derivations will centre around algebraic manipulations of the actions,
and (in the abelian case) many of the calculations will also apply to the higher-form versions
of the PST and Mkrtchyan actions. Using this relationship, we will also be able to provide the
non-abelian and twisted self-duality generalisations of both formalisms. Having done this, we will
also have a derivation of the Floreanini-Jackiw action with twisted self-duality, more commonly
referred to in the literature as the £-model where it arises in the context of Poisson-Lie T-duality
[KS95; KS96a; KS96b]. While these generalisations were known for the PST action [DST16], we
believe that they were previously unknown for the Mkrtchyan action. In both cases, we hope
that this derivation will offer a novel perspective on these two-dimensional approaches to chiral
bosons. Furthermore, we hope that this note will provide additional motivation to pursue the

Chern-Simons approach to chiral bosons.

6.2 Approaches to Chiral Bosons in two-dimensions

Let’s start by reviewing some of the two-dimensional approaches to chiral bosons which we
mentioned in the introduction. Some other approaches to chiral bosons which, for the sake of
brevity, we will not explore include those of Henneaux-Teitelboim and Beckaert-Henneaux [BH99;
HT88], McClain-Wu-Yu [MYW90], Perry-Schwarz [PS97], Sen [Senl6; Sen20] and its recent
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extensions [BG24; And+22], and Townsend [Tow20; MT22].

We will consider a bosonic field ¢ living on a two-dimensional Lorentzian' manifold 3. Starting
with the action for a free non-chiral boson, we may try to incorporate a gauge symmetry d¢¢ =
£0_¢, such that the only physical content obeys d_¢ = 0. This can be done by gauging a chiral
conformal symmetry. First, we introduce a gauge field h transforming as” d¢h = 94 +E0_h—hd_¢,
and then we write the action in terms of the would-be-covariant derivatives V¢ = 0;.¢ — h0_¢

and V_¢ = J_¢. Doing this, one arrives at Siegel’s gauge invariant action [Sie84],

Sslél = [ 09,096~ [ P (01000 ho-0P) (6.1)

A challenge with this approach is that, even after gauge fixing, the h equation of motion remains

as a constraint to be invoked. Whilst the constraint (9_¢)? ~ 0 evidently implies d_¢ = 0, its

matrix of first derivatives is degenerate on the constraint surface making treatment difficult.
Gauge fixing h = 1 leads us to the Floreanini-Jackiw [FJ] action [F.J87],

Sealo] = [ o (0,00-0) (62)
whose equation of motion, although second order, has the general solution
0_¢ =g(71) . (6.3)
By virtue of another gauge symmetry?,
Oopsp = h(r) (6.4)

the general solution is gauge equivalent to the chirality condition d_¢ = 0. An evident downside
of this approach, common also to [HT88; PS97], is that two-dimensional Lorentz invariance is not
manifest at the Lagrangian level. Although some one-loop calculations can be done for chiral
fields in such a framework, it becomes rather challenging to extend to higher loops.

Notice that this action has another symmetry,
orsp = e(0™) . (6.5)

At first, we might worry that this kills all of the degrees of freedom of our chiral boson. Fortunately,

We choose coordinates (7,0) and define the metric and orientation by ds? = d72 — do? and d?0 = d7 Ado
respectively. In lightcone coordinates o = %(Tj:a)7 these are given by ds? = 4dotdo~ and d20 = —2dot Ado—.
The Hodge star acts as xdT = do, xdo = d7, and xdot = +£doE. Then, a self-dual field d¢ = *d¢ is one for which
9d_¢ = 0. Given a 1-form w, we define ||w||? = ¢*Pwaws = wrw_.

2Weights are naturally h = h4 4 and € = £~. A complementary perspective is to consider the metric on the
worldsheet as ds? = 4dotdo™ + 4h(d0'+)2 with the gauge transformation being the conformal transformations
that preserve this metric form.

3The Noether charge corresponding to dpy is zero.
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we find that its Noether charge is non-vanishing?, and this means that we should not interpret it
as a gauge symmetry but rather as a chiral affine symmetry. This distinction between gauge and
affine symmetries will be discussed in greater detail in section 6.6.1.

Instead of working with the FJ action, one might introduce auxiliary fields so as to restore
Lorentz invariance. This is done in the Pasti-Sorokin-Tonin [PST] formalism [PST97] which

adopts the action
oS
o_f

Although we have displayed the result with indices explicit, this action can be cast in a manifestly

Sesron ] = [ o (0,000~ 50007 (6.6)

Lorentz invariant fashion, and may be extended to higher form fields. The addition of the field f,
which is best thought of as the local parameterisation of a closed 1-form w = df, is complemented

with additional symmetries,

OpsTP = 6% , OpsTf=¢€, (6.7)
opsTd = A(f), dpstf=0. (6.8)

Commensurate with this symmetry, the equation of motion for f is automatically satisfied® given
that of ¢ which reads

a_ (am _ % ¢>) =0. (6.9)

o-f
To see that this encodes a chiral field, it is convenient to introduce a 1-form v whose components

read vy = ’/% and a scalar y = v40_¢. In terms of these, the equation of motion becomes
d(vx) =0, (6.10)

and the desired self-duality condition now follows as the homogeneous solution x = 0. Analogous
to the general solution of the FJ equation of motion, the inhomogeneous solution vy = dI'(f) is
irrelevant as it can be eliminated by a gauge transformation dpgr(vy) = dA(f).

Upon gauge fixing the dpgr-symmetry by setting f(7,0) = 7, the PST action reduces exactly
to the FJ action, with the residual SPST—symmetry becoming SFJ. There are some evident
downsides, however, to the PST approach: first, the non-polynomial form of the action requires
some careful consideration; second, at the functional level, one should restrict to configurations
where w = df is nowhere vanishing, the existence of which is not a given when taking this
approach beyond Minkowski space; third, the PST gauge symmetry appears rather exotic.

Resolving the first of these downsides, Mkrtchyan and collaborators have recently developed
an approach which addresses the non-polynomial nature of the PST action [Mkr19; BEM21;
EM23]. In the spirit of Hubbard-Stratonovich, the PST action can be rendered polynomial by

4The Noether charge corresponding to SFJ is@Q =2 f doedsd.
5Precisely, the f equation of motion is g:—?a, (8+¢ - %87 ¢) =0.

228



the introduction of an additional scalar field a to give the Mkrtchyan action,
Smlo, f,a] = / d?c (8+¢8_¢> — 2004+ fO_0 + (128+f6_f) . (6.11)
b

Provided that 01 f # 0, one can eliminate « by its equation of motion, o = g%?, to recover the

PST action. Furthermore, the dpgp-symmetry is uplifted to

(9+Ck
o

oMo =¢€ea, ouf=¢€¢, dhya=c¢ (6.12)
In [Mkr19; BEM21; EM23], the gauge parameter of this symmetry is redefined according to
p = egj:—?, such that it is viewed as a shift symmetry on « rather than on f. As we can see,
while the action is now polynomial, dealing with this symmetry may still prove challenging since
it remains non-polynomial. The second symmetry of the PST action also lifts easily to the
Mkrtchyan action,

oMo =A(f), ouf=0, dua=AN(f). (6.13)

It is useful to define the 1-form p = d¢ — adf, whose self-dual component is gauge invariant,
€
ompg =0, dmp— = 5—(04p— —0—_py) (6.14)
0. f

and, in terms of which, the action may be written as

Smo, f,a] = /2 (LA *p+20cdf Ade) . (6.15)

The existence of this gauge invariant combination g + *u is not immediately obvious from the
2d perspective, and indeed it has no analog in the PST formalism. By comparison, we will see
later that it appears naturally in the Chern-Simons approach. In [AEM22], this gauge invariant
combination was essential for extending the free Mkrtchyan formalism presented above to include
self-interactions. Indeed, if one wishes to preserve the gauge symmetries of the action, one must be
careful to add polynomials of the fields which are independently gauge invariant, and polynomials
of u+ *u are a prime candidate.

Turning to the equations of motion for the Mkrtchyan action (denoting on-shell equivalence

by ~), we have

45

TaM ~0 = pd f~0, (6.16)
dSm

&;’—fM ~0 = p_Ora+ad_p_~0. (6.18)

Assuming that d4 f are nowhere zero, the f equation of motion is redundant, reflecting the
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opv-symmetry, and the ¢ and « equations of motion invoke a flatness,
dp =d(adf) ~0. (6.19)

Solving with adf = dI', and performing a field redefinition ¢ — ¢’ = ¢ —I", we then have that

- = 0 invokes the desired chirality condition,
0_¢'=0. (6.20)

Shortly, we will encounter the structure we see here, a flatness condition combined with a covariant

chirality condition, from another perspective.

6.3 The Chern-Simons Approach to Chiral Bosons

Chiral bosons famously also emerge as the boundary dynamics of Chern-Simons [CS] theory
[Eli+89; Wit97; BMO06]. Consider CS theory on a 3-manifold M =R x D with the topology of
a solid cylinder (the length of the cylinder viewed as the time with coordinate 7, and the disk
D parameterised by radial and angular coordinates p and o). To properly define the action for
Abelian CS theory,

Scs[A} = Iﬁ:/M ANdA, (6.21)

when the manifold M has a boundary, one typically imposes boundary conditions on the connection.
These are chosen such that the boundary term in the variation of the action vanishes. In [Eli+89],
they chose to impose the boundary condition A.|gp = 0, whereas we will deviate and instead
impose® A, |sar = Ao |ons. Splitting the connection as A = A,dr + AP, where AP is a (time-
dependent) 1-form on the disk D, the action may be rewritten (after integrating by parts and

invoking the boundary condition) as

Scs[A] = ,{/ (24,dr AdP AP + AP Andr A0, AP) + /s/ d’o A, A, . (6.22)
M oM

The component A, serves as a Lagrange multiplier enforcing the flatness of AP which we solve
with AP = dP¢ = 8,¢ dp+d,¢do. Subject to this, the action becomes localised on the boundary

after integration by parts, and reads

Scg = —m/ d?0 0,00_¢ , (6.23)
oM

which we recognise as the FJ action. Having demonstrated that Chern-Simons theory indeed
describes chiral bosons, we will now consider some augmentations of the action. These will not

alter the physical content of the theory, but simply make it more amenable to our future analysis.

6The boundary condition A;|gnr = As|onr is a self-duality condition Algps = *(Alanr)-

230



Returning to CS theory, we can obtain the self-duality relation as a Neumann type boundary
condition by adding a boundary term to the action so that the combined boundary variation
takes the form [ A A (A —*A). (This approach can also be seen in [MMS01, Appendix A].) To
this end, we define the new functional Si,q by

SéS[A]ZIi/ A/\dA—E/ AN*A (6.24)
M 2 Jom

the variation of which is

8SeslA] = n/ 20ANdA+ Kk JAN(1—%)A (6.25)
M aM

and we set the boundary term to zero with A|snr = *x(Alanr). Of course, in general, CS theory

with a boundary is not fully gauge invariant, and instead it is only invariant under those gauge

transformations which preserve the boundary condition. Here, including our boundary term, a

gauge transformation A = d\ transforms the action as

Sx St A] = / AN = %)dA (6.26)
oM
and thus we only have invariance under self-dual gauge transformations. This may also be
understood by considering the gauge transformation of the boundary condition directly.
Morally, this breaking of the gauge symmetry means that would-be pure-gauge modes become
propagating edge modes on the boundary. For an alternative perspective, we may restore the
gauge invariance by coupling the bulk theory to new boundary degrees of freedom i.e. a classical
version of anomaly inflow, which has been recently considered in the context of 4d CS theory
[LV21; BSV22]. Let us define x € C*°(0M) as a boundary field with a gauge transformation
dxx = —\ such that AX = A + dy is gauge invariant”.
Evidently, making the replacement A — AX in our action S{g[A] will result in a manifestly
gauge invariant action, even with a boundary. Less obvious, however, is that the theory does not

depend on the extension of x into the bulk, but indeed we find the action

Sinv[A, x] = Seg[AX] = Scs[A] + K/ (ANdx — $AX A %AY) . (6.27)
oM

The first two contributions here have also been considered in [ABOO03] and [CS10] to restore

the gauge invariance of CS theory with a boundary, and the final term is a stand-alone gauge

invariant boundary term. In this larger theory, we have the full gauge freedom with d\ no longer

constrained to be self-dual on the boundary. We can use part of this larger symmetry to fix x =0

such that eq. (6.27) abbreviates to eq. (6.24) demonstrating that the physical content of these

"It will be helpful for subsequent generalisation to notice that the combination AX = A + dy can also be
thought of as the gauge transformation of the connection where, in the spirit of Stueckelberg, the gauge parameter
is promoted to a dynamical field.
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theories is equivalent.
In this gauge invariant presentation, we recover the chiral boson equations of motion by

varying the action,

3Sinv[A, x] = I{/ 20ANdA+ Kk 0AN (1 —%)AX + m/ 5x(2dA —d(1 - *)AX) . (6.28)
M oM oM

The bulk variation of A (i.e. the first term) tells us that A is on-shell flat (which trivially implies
that AX is also on-shell flat). Meanwhile, the boundary variation of A gives us the desired
self-duality relation on the flat field, AX|gps = *x(AX|oar). Solving the flatness as A = d(¢ — x),
the boundary equation gives d¢ = xd¢. Similar to some of the two-dimensional models, the y
equation of motion is implied by the other equations of motion, a consequence of the fact that it
is gauge trivial. This ensures that upon gauge fixing x = 0 one can also disregard its equation of
motion and return to the pure CS theory.

At this stage, one might wonder where the self-dual boundary gauge transformations have
disappeared to in this presentation. While it might, at first, seem like they have been washed
out by the introduction of the edge modes, a simple degrees of freedom counting argument
demonstrates that this must not be true. Indeed, the new action Siyv[A, x] actually comes with
an additional gauge symmetry which acts exclusively on the edge modes. Consider the gauge

transformation dpA = 0 and dpx = 6. Under this, the action transforms as

5oSime[ A x] = / (AN (0 — +d) — dy A xdd) . (6.29)
oM

So, while the action is not generally invariant under this transformation, if we take df = xd#,

then the first term vanishes and the second is a total derivative which we may ignore. These

self-dual boundary gauge transformations are precisely the chiral affine symmetries we saw earlier,

but this identification will become clearer in the ensuing sections.

The benefit of the edge mode presentation is that this self-dual gauge parameter can be
exclusively defined over the boundary, i.e. § € C*°(0M), and acts trivially on the gauge field
A. Furthermore, the A gauge symmetry is completely unconstrained and has exactly the right
degrees of freedom to render A (on-shell) locally trivial everywhere. Conceptually, this makes the

transition from a bulk theory to a boundary theory much smoother.

6.4 From Chern-Simons to PST and Mkrtchyan

Having seen how to obtain the F.J action through manipulations of CS theory, our next goal is to
understand how the PST and Mkrtchyan actions can also be recovered. The idea here is not to
single out the A, component as auxiliary, but instead to introduce a more general decomposition
of the bulk gauge field.

The arguments we present here are, to a large extent, independent of dimension, and can
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equally be applied to self-dual 2-forms in 6d as to chiral scalars in 2d. Accordingly, we will
leave the dimension fairly general, and work in (2n + 1)-dimensional Chern-Simons theory for an
Abelian n-form field A € Q" (M) on a manifold with a boundary OM = ¥. To restore complete
gauge invariance under dyA = d\ for A € Q"~1(M), we again invoke a Stueckelberg compensator
field x € Q"~1(OM) which transforms with a shift symmetry dyx = —\. We then use the action
Sinv]4, x] (6.27), now understood in this general setting.

One further comment on the number of dimensions must be made. When ¥ is four-dimensional
with Euclidean signature, the bulk Chern-Simons term A A dA for a 2-form A € Q?(M) is a total

derivative and eq. (6.27) immediately simplifies to a boundary action,

E/ (AAA+2ANdx — AX A %AY) | (6.30)
2 Jom
In terms of the (anti)-self-dual projections of the field, Ay = (1 )4 and dy+ = 1(1 £ )dy,

the action becomes

g/ (2A- NA_ 4+ 4A- Ndx— —dx4 Adxy +dx- Adx-) . (6.31)
oM
The self-dual component of A has dropped entirely, and the anti-self-dual component is alge-

braically eliminated as A_ = —dyx_, giving the action

ff/ dy Ady , (6.32)
2 Jom

which evidently carries no degrees of freedom and vanishes when x is global. Thus, we continue
under the specification that A is an odd-degree form (i.e. n is odd), and ¥ = OM is Lorentzian,
such that «?(A|sas) = Alaar. (Note that we could also include Euclidean signature when n is odd
by considering imaginary self duality, i.e. xA|anr = iA|ons.)

In order to define a more general decomposition of the gauge field which will not break Lorentz
invariance, we introduce a 1-form w € Q'(OM) and its normalised dual vector v = w#/||w||?
(such that t,w = 1) and extend them to live on the whole manifold M. With this data, we can

decompose the exterior derivative into
d=dt+d", d'=wnrL,, (6.33)

such that (d+)2 = 0 and (d")2 = 0 when dw = 0, which we shall hence assume. The connection

similarly decomposes as
A=A+ wALA, ,A=0. (6.34)

To make contact with the derivation of the FJ action from CS in section 6.3, one could specify
w = dr. Here, however, we keep w arbitrary which will allow us to maintain Lorentz covariance

in the resultant boundary theory.
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Substituting this decomposition of the gauge field into our action (6.27), the bulk Chern-Simons

term becomes

ScslA] = n/ (2w A Ly ANdAT + A AdAS) + Ii/ WAL, ANAL (6.35)
M aM
and ¢, A acts as a Lagrange multiplier enforcing the constraint w A dA+ = 0. This has the general
solution A+ = d¢ —w A C [BEM21, appendix C] which is further fixed by the constraint ¢, A+ = 0,
implying C = 1,d¢. We can therefore write the total gauge field as

A=dp—wAha, a=i(de—A), (6.36)

and the gauge invariant combination as AX = db — w A a where b = ¢ + x. Notice that this
expression for AX can be identified with the combination we called p in the introduction, and we
will henceforth refer to it as such.

Substituting this back into the action (6.27) gives

Sipy = —E/ (A xpp+ 2w Ao Adb) (6.37)
2 Jom

which may be expanded out as
Sinvz_g/ (dbA*db+ 20 A aAX +wAaAx(wAa)), (6.38)
oM

where X' = db — xdb. We recognise this as the sought-after Mkrtchyan action for chiral p-forms.
We already know that this action comes equipped with a local symmetry, which is the uplift of

the PST symmetry to the Mkrtchyan action,
db=ea, dw=de, ba=ce(l—x*da, (6.39)

under which we have
Sept = €(1 — %)ty (w Ada) = €(1 — %), dpe . (6.40)

Notice that this represents a zilch symmetry: after imposing the constraint from the parallel
component of the CS connection, we have a new symmetry proportional to du = dAX = dA
which vanishes on-shell for both the CS and Mkrtchyan theories. Thus this symmetry can be
understood as a trivial symmetry which arises once auxiliary fields are integrated out (in much
the same way that SUSY closes only on-shell once auxiliaries are eliminated). To experts on these
formalisms, this may not be particularly surprising as the PST symmetry is also known to be a
zilch symmetry in the same fashion [PST12; DST16].

To go from the Mkrtchyan to the PST action we use the equation of motion for «,

WA (X +*x(wAha))=0. (6.41)
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We can partially determine this solution as
a =1, X + tyx(w A p), (6.42)

where p is undetermined, but then, using the general identity ¢, x f = (3 Av”) and v* = w/||w||?,
we conclude that the second term does not contribute and a = ¢, &. Making use of a further
identity xt,8 = (—1)P~*” A xf3 for a general p-form 3 € QP(OM), we can entirely eliminate «

from the action (6.38) to recover the p-form version of the PST action,

o _ﬁ/ (db A xdb — [|w|[*oX A Kty X) . (6.43)
2 oM

6.5 Comments on the double world sheet

Let us return momentarily to the two-dimensional Mkrtchyan action of eq. (6.11), which we

recast as
Sulé, f,a] = /E 420 (046 — 004 [)(0-pad_f) — ady fO_¢ + ad_ [0, ¢) . (6.44)

There is another rather direct way to see the emergence of a Chern Simons description following
the approach of [DST16]. In [DST16] a similar first order formalism was obtained (in the context
of non-linear sigma models) by invoking some partial gauge fixing of a two-dimensional gauge

field A1+ = ad+ f. By reverse engineering we are led to consider an action,

Sl A] = /E Lo (0pd— A )O_d— A_) — A D_p+ A_0,0) . (6.45)

such that upon fixing the aforementioned gauge, returns the Mkrtchyan Lagrangian. In this way
we have arrived at an action (upto a trivial integration by parts) originally proposed by Witten
[Wit97] in a similar context. This, however, is not gauge invariant under d¢ = € and AL = Oye

as

5t A] = /E Lo (@ Ay —0,A_) . (6.46)

Thus, now with opposite logic, to restore gauge invariance we add a Chern-Simons bulk action to
arrive again at (6.27).
Let us now consider the case where we have 2n bosonic fields, denoted by X, that enter in a

generalisation of the Mkrtchyan action:
1
S = 3 /d% ((a+fA — 04 X)H(O_ fA —0_X) 4+ 0_ fAnd, X — agma,x) .

This is relevant to the doubled world sheet description of strings on a toroidal background where

X = {2%,%;} constitutes the coordinates of the target space together with their T-duals. The
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couplings are specified by a split signature pairing

=(14) (87)

and a generalised metric encoding the target space metric and Kalb-Ramond data

-1 3 1
7—l=<g b9 —bg ) (6.48)

g~ tb gt

Note that the generalised metric is an element of O(n,n) (the transformations that preserve )
and so defines an almost product structure & = Hn~! that obeys £2 = 1. Elimination of the
scalar fields A from the action yields a PST formulation of the doubled string, as in [DST16],
from which twisted self-duality dX = %£dX follows as the equation of motion. From this twisted
self-duality constraint one can eliminate half the variables, the Z; say, to yield second order
equations for the other half, the #* which reproduce those of the standard string world sheet.
We now follow the same strategy as above and propose to undo a gauge fixing AL = Ady f by

considering
S[A] = % / &0 ((A+ — 9 X)H(A_ — O_X) + 0, XnA_ — a_an+) . (6.49)

This action is not gauge invariant under the full U(1)?" symmetry 0A = de, 6X = e. It is however
invariant when we consider the gauge fields to take values in an U(1)™ sub-algebra that is isotropic
with respect to 1, i.e. if we gauge half the symmetries with n;;ATAY = nryefe’ =y e A7 = 0.
This idea of gauging an isotropic sub-algebra was invoked by Hull in his approach to the doubled
string [Hul07] and developed in [LLP14]. If instead we wish to restore a full U(1)?" invariance we

add a Chern-Simons term to arrive at the form

Sinv[A, X] = Scs[A] + / n(AANdX — (A — dX) AxE(A — dX)) . (6.50)
oM

where U(1)?" algebra indices are contracted with the product 7. This discussion can be expanded
to the case where T-duality acts in an internal space that is a fibration over some base manifold.
To do so one simply allows H = H(y) to depend on the coordinates y* of the base manifold
and couple to a background gauge field B = B,dy®, an O(n,n) vector that contains off-diagonal
metric and two-form data (see [DST16] eq. 2.3), by making a minimal coupling substitution
dX - VX =dX —B.

6.6 Non-Abelian Chern-Simons

Having seen that our formalism reduces to others found in the literature, we will now leverage

the simplicity of our approach to provide a novel generalisation. By starting with non-Abelian
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Chern-Simons theory in 3-dimensions, we will derive a polynomial action for non-Abelian chiral
bosons. This will be the non-Abelian generalisation of the Mkrtchyan action and integrating out
an auxiliary field will yield the PST action for non-Abelian chiral bosons.

Let G be a Lie group whose algebra g is equipped with an ad-invariant inner product (e, e),

and consider the algebra-valued 1-forms A € Q(M, g). The action to consider is

Sesl) = [ (Ad)+ gA A A) - 5 [ (aed)., (6.51)
M oM
which is the non-Abelian CS action plus a boundary term which renders the boundary condition
Alonr = *(Algar) Neumann.

As in the Abelian case, the presence of a boundary spoils the gauge invariance under A —
A9 = g1 Ag + g~ 'dg, but we may restore the invariance of the action by coupling the bulk CS
theory to a boundary edge mode. Let h € C*°(OM,G) be a boundary field which transforms
as h — ¢~ 'h such that A" = h='Ah + h~'dh is invariant. Then, as before, we simply replace

A — A" in our action to find the gauge invariant theory,

Sinv[A7 h} = SéS[Ah] = Scs[A] + Swz [h] + /BM«A, dhh71> - %<Ah,*Ah>) , (6.52)

where the Wess-Zumino [WZ] term is defined by

Swzlh] = —é/MUfldh, [h=tdh, h"1dhR)) . (6.53)

As the action (6.52) is now gauge invariant under the bulk transformation, one might wonder
how the quantisation of the CS level arises since the conventional argument about large gauge
transformations is rendered moot. The answer is simply that we are required to extend the edge
mode h into the bulk to define the WZ term, and, in the standard fashion, demanding that the
path integral is insensitive to the choice of such an extension invokes the desired quantisation
condition.

Following the same recipe, we introduce a 1-form w € Q'(9M) and its normalised dual vector
v = w/||w||? (such that 1w = 1), which we extend to live on the whole manifold M. With this

data, we can decompose the exterior derivative into
d=dt+d", d'=wnrL,, (6.54)

such that (d+)2 =0 and (d')2 = 0 when dw = 0, which we shall hence assume. The connection
similarly decomposes as
A=At +1,Aw, 1,AT =0, (6.55)

where 1, A € C*°(M, g) is now valued in the algebra.
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Under this decomposition, the bulk CS term becomes

Ses[A] = /M (20 A (1A, F1Y 4 (AT, dAS) + /a @A (A AY), (6.56)

where Ft = dA+ + A A A+, and we see that ¢, A is again acting as a Lagrange multiplier fixing
WAFt=0. (6.57)

In order to write the most general solution to this equation we will need to slightly generalise the
argument presented in [BEM21, appendix C] to non-Abelian fields. Let us assume that the closed
1-form w is sufficiently nice, meaning w ~ df where f is a good global coordinate and we can
foliate our 3-manifold by slices of constant f. On each slice of constant f, the constraint above
reduces to a non-Abelian flatness condition F- = 0, which we can solve with A = ¢g~'dg using
the non-Abelian Poincaré lemma. We can now glue these solutions back together to form the
solution on the whole manifold, and the only piece we might have missed is a component parallel

to w. Thus, the most general solution is
At =g ldg-Cuw. (6.58)

We can fix this solution further by imposing the constraint ¢, A+ = 0, implying C = 1,(g~*dg).

We can therefore write the total gauge field as
A=g'dg—hah™w, a=h"ti,(¢g " dg— Ah, (6.59)

and the gauge invariant combination is written as A" = m~'dm — aw where m = gh. To match
notation with the previous section, we will again relabel this combination as u = A".
Substituting this solution back into the action (6.52), we find that it may be succinctly

expressed as

Sinv = Swz[m] — %/E’M(Qu,*u} + 2w A (a,mfldm>) . (6.60)

It is actually easiest to compute this action by substituting the expression for u = A" directly
into eq. (6.51). Defining X = m~tdm — x(m~'dm), this may be expanded out as

Sinv = Swzw[m] - %/3]\4 (2w A <Oé, X> + <Oé, a) w A *w) R (661)

to provide the non-Abelian generalisation of the Mkrtchyan action (6.38).

This action is invariant under the local transformation
dem =ema , dw=de, ba=c¢e(l—*x)Va, (6.62)

where Ve = d e +[m~tdm, e]. To demonstrate this invariance, it is helpful to use the action (6.60)
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and note that 6(aw) = V(ea) — op and w A dpu = ew A Va. Also, the covariant derivative V is

nilpotent, i.e. V2 = 0, and satisfies

/(Al,VA2):(—1)degA1+1/ (VA Ay) (6.63)
oM oM

for any pair of g-valued forms A;, A;. The calculation showing that the action is invariant under
these transformations is given in more detail in appendix 6.8.
As in the Abelian case, this symmetry is a zilch symmetry arising from the elimination of

auxiliary fields. This can be most easily seen by computing
Ocpt = €(1 — %)ty (w A Va) =e(l — %), (dp +p A p) (6.64)

and the right hand side is proportional to the field strength of y = A", related to the regular CS
field strength by F[u] = F[A"] = h~1F[A]h, which vanishes on-shell.
The elimination of a by its equation of motion proceeds as in the Abelian case, mutatis

mutandis, to yield the non-abelian PST action,

1
Sinv = Swzw[m] + */ *|lwl* (Lo, 1, X) (6.65)
2 Jom

and setting w = dr gives the FJ-type action for non-Abelian chiral bosons [Son88],

Siny = — d?*o (m~t0,m,mt0_m) + Swzm] . (6.66)
oM

6.6.1 Self-dual gauge transformations as affine transformations

In the above, we saw that our coupled bulk-boundary action (6.52) was invariant under the

conventional transformation for the gauge field combined with a left action on the edge mode,
A—sAd=gtAg4+9g7 dg, h—gth, AP AN, (6.67)

We can, however, consider a further set of local transformations which follow from the right action

on h leaving A invariant,
A=A, h—hg, Av s AM=g71arg1 g 1dg. (6.68)

Under this right action, the action (6.52) transforms as

Sinv[A, h] = Sinv[A, h] + Swz[g] + / (A" (1 —%)dgg™1)

f’Ml (6.69)

~3 ] (dag x(dag ™)
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For self-dual “gauge” transformations, i.e. those which obey dgg—! = x(dgg~1!), the two boundary
terms are zero. Notice that this condition may also be written as _gg~! = 0. In order to kill
the WZ term, we assume that the bulk extension of g can be suitably chosen so as to also obey
this constraint. Pushed through to eq. (6.66) these transformations correspond to an affine right
action,

m — mg(a™) | (6.70)

and gives rise to a chiral current algebra [Son88, page 18].

To see that these self-dual boundary transformations are in fact affine transformations and
not gauge symmetries, we should compute their Noether charges. First, working directly at the
level of the chiral WZW model, eq. (6.66), we compute the Noether charge for the infinitesimal

affine right action to be

Q= 2/d0 (e,m™t0,m) . (6.71)

The fact that this charge is non-vanishing implies that these transformations are not gauge
symmetries of the theory. Furthermore, we can compute the same Noether charge in the Chern-

Simons theory,

Q- /da (e, (A + A,)) | (6.72)

which comes from the conserved current J = A + xA. If we impose the boundary condition
A, = A, and substitute in the solution to the equation of motion, we see that these Noether
charges agree on-shell.

Finally, we observe that this same calculation generalises immediately to the case of an abelian
chiral p-form field (with self-dual (p + 1)-form field strength in 2(p + 1) dimensions) and yields
a global “affine” symmetry of the chiral p-form gauge theory, with (nonvanishing) p 4+ 1-form
Noether current J = A + %A as before.

6.7 Twisted Self-Duality and PLTD

One further generalisation which we wish to consider is the possibility for a twisted self-duality
relation of the form A|gn = Ex(Aloar). This boundary condition has been considered recently in
the context of PLTD [Sev16] and 4d CS theory [LV21]. Given our choice of boundary ¥ = M
such that® «?(Alsnr) = Algnr, we have the self-consistency condition £2 = 1, and therefore we
should think of £ as an involution on the algebra. For many purposes we might take £ to be
constant (though this is not essential and indeed there are natural examples in which £ could be
a function of other fields in a larger system) and the above relation can be understood to hold
pointwise.

Generalising our formalism to include twisted self-duality is actually rather straight forward.
Instead of adding the boundary term A A xA to the CS action, we add the term A A ExA, and the

8Note that we could also include Euclidean signature by considering imaginary self duality, i.e. (A|aar) = i4|aas
and x?(Alanr) = —Alor-
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rest of the analysis follows through as before, so long as we impose the condition (e, Ee) = (e, o).
This can be thought of as a compatibility condition between the involution £ and the inner
product (e, e), or alternatively as the requirement that (e,e) = [;,(e,Exe) is a symmetric inner
product on algebra-valued 1-forms.

So, taking this compatibility condition as given, and starting from the action

Sinv[A, h] = Scs[A] + Swz[h] + /3 M(<A, dhh™t) — $(AM ExAM)) | (6.73)

our derivation culminates in

1
Sinv = SWZ[m] - 5/

6M<m7 dm, Ex(m™"dm)) —/ w A {a, X)

laM (6.74)
—f/ (o, Ea) w A *w
2 Jom

where X = m~1dm — Ex(m~'dm). This is the non-abelian Mkrtchyan action, eq. (6.61), but now
with twisted self-duality.

The elimination of a by its equation of motion proceeds directly to give the non-abelian
twisted PST action,

1 1
Siny = Swz|[m] — 5 /8M<m71dm, Ex(m~tdm)) + 3 /BM*Hw\|2<LUX, LX) . (6.75)

Introducing projectors Py = (1 + &) we can write ¢, X in lightcone coordinates as

1
L X = W(wm,(m—lmm) +wiPy(mto_m)) , (6.76)

and substituting this into eq. (6.75) gives

S = Swz[m] — 1/ Ao (m~to m,E(mto_m))
oM

2
1 2 W+, -1

+ - dc —(m~"0_m, Py(m™"0_m)) (6.77)
2 oM w_

71/ &0 2= (m=10, m, P_(m~'0, m)) .
2 Jom  wy

This is now easily compared with [DST16, eq. 3.23].
Finally, fixing w = d7 returns the FJ form with twisted self-duality,

S = Swz[m] — /(9Md20 ((m ™' 0pm,m 1 0;m) — (m™'9pm, E(m~9,m))) . (6.78)

In the special case where the algebra is a Drinfeld double 0 = g <1 g, and the inner product is the
natural pairing 77 = (e, e), the compatibility condition (e,Ee) = (Ee, ) is precisely that which

241



appears in the context of Poisson-Lie T-duality. In that context, the FJ form (6.78) is often
denoted the £&-model [KS95; KS96a; KS96b].

One can now consider the transformations which gave rise to affine symmetries in the untwisted
case. In general, one expects a non-trivial choice of £ to reduce the symmetries of the theory.
Indeed, in order for the action to be invariant under m — mg, the gauge parameter g is required
to obey

E=Ad,0E0Ad,1 and dgg ' =Ex(dgg™"). (6.79)

Given these constraints, we can compute the Noether charge in the Chern-Simons model,

Q- / do (e, (A, + EA)) | (6.80)

which comes from the conserved current J = A 4+ ExA. As before, the fact that this charge
is non-vanishing tells us that this is not a gauge symmetry for the theory. Instead, we should
interpret it as a twisted affine symmetry.

As an example of the above it is informative to consider the case where 0 = g & g for which
isotropic spaces of (e, e) are the diagonal and anti-diagonal subsets (of which only the diagonal is
a Lie sub-algebra). This case is relevant to the construction of the WZW model, and its integrable
A-deformation [Kli15]. We define t, as generators of g with f,;¢ the structure constants and
Kab the Cartan-Killing metric. A basis of ? is formed by T, = {t,, —t.} and T = K {ta,ta}
spanning the two isotropics and we specify £ by setting £(T,) = prEaT?. In this case the
algebraic part of condition eq. (6.79), working infinitesimally in the affine symmetry parameter

g = exp(€) = exp(€9T, + £,T%), yields one non-trivial constraint

0= (u" — p) far°€” (6.81)

which is also trivially solved, with no further condition on £, when u = 1 (corresponding to the
un-deformed WZW model). The differential condition in eq. (6.79) then implies dé® = xk*dé&,
or equivalently that ¢ = {{1(0),£r(07)}. The E-model descends to a WZW model, and its
A-deformation parameterised by p, upon reduction to the coset Gaiag \ exp(d) defined by the
equivalence relation {gi1, g2} ~ {hg1,hga}. We choose a coset representative m = {1,h} for a
group element h which will be the field of the WZW model. We see that the affine symmetry
acts as

m > {hr(c"),hhr(c™)} ~ {1, hzl(a"’)th(a_)} . (6.82)

Thus the twisted chiral affine transformation on the double algebra descends to the anticipated
G x G affine symmetry of the WZW model.
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6.8 Appendix: Invariance of the non-Abelian Mkrtchyan

action

In this appendix, we will demonstrate that the action (6.60),

Sty = Swz[m] - % /6 () + 20 A (o™ ) (6.83)

is invariant under the local transformation (6.62)
dem =ema , bdw=de, d.a=eL,(l—%Va, (6.84)

where Ve = d e +[m~!dm,e] is the covariant derivative with respect to the flat connection

m~'dm. The covariant derivative V is nilpotent V2 = 0 and satisfies

/<A1,VA2>=(—1)degA1+1/ (VA Ay) (6.85)
oM oM

for any pair of g-valued forms A;, As. In terms of this operator we have a general formula for
the variation of m~*dm which is 6.(m~tdm) = V(m~1dm). From (6.62) the last formula gives
Se(m~tdm) = V(ea). We have

5. Swalm] = — /8 (e V(m~tam) (6.86)

and the variation of the remainder — that must cancel against this — reads
—/ (Scpty Hp) + (6c(aw), m™tdm) + (aw, V(ea)) (6.87)
oM

The expression d.(aw) is terrible and we will cancel it. We use *.pu = —dpu to simplify the first

term inside the integral to —{u, dcu). Then the first and last terms together yield

—pbepr + awV(ea) = (m™rdm)dep — awdep + awV (ea) (6.88)
= (m~tdm)d.pu — cawVa + awV (ea) ; (6.89)

the last two terms vanish by integration by parts (using Vw = dw = 0). Therefore
—pbept + awV(ea) = (m~rdm)dep = —(m~1dm)V(ea) + (m~tdm)d.(aw) . (6.90)

This last term cancels 6. (aw)m~dm inside the remainder; the latter reduces to

-1 = — ea), m~tdm .
+/8M<m dm, V(ea)) = /8M<V( ), m~tdm), (6.91)
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which indeed cancels the variation of Swz[m].

244



Bibliography

[ABOO3]

[Adal8]

[ADM17]

[ADWO1]

[AEM22]

[Ale80]

[And+22]

[Arv+23]

[ASY23]

[Ati+78]

[Ati79]

Giovanni Arcioni, Matthias Blau, and Martin O’Loughlin. “On the boundary dy-
namics of Chern-Simons gravity”. In: JHEP 01 (2003), p. 067. DOI: 10.1088/1126~
6708/2003/01/067. arXiv: hep-th/0210089.

Tim Adamo. “Lectures on twistor theory”. In: PoS Modave2017 (2018), p. 003. DOI:
10.22323/1.323.0003. arXiv: 1712.02196 [hep-th].

Michael Atiyah, Maciej Dunajski, and Lionel Mason. “Twistor theory at fifty: from
contour integrals to twistor strings”. In: Proc. Roy. Soc. Lond. A 473.2206 (2017),
p. 20170530. DOI: 10.1098/rspa.2017.0530. arXiv: 1704.07464 [hep-th].

Scott Axelrod, Steve Della Pietra, and Edward Witten. “Geometric quantization of
Chern-Simons gauge theory”. In: J. Diff. Geom. 33.3 (1991), pp. 787-902.

Zhirayr Avetisyan, Oleg Evnin, and Karapet Mkrtchyan. “Nonlinear (chiral) p-form
electrodynamics”. In: JHEP 08 (2022), p. 112. DOI: 10.1007/JHEP08(2022) 112.
arXiv: 2205.02522 [hep-th].

George A. Alekseev. “N SOLITON SOLUTIONS OF EINSTEIN-MAXWELL EQUA-
TIONS. (IN RUSSIAN)”. In: Pisma Zh. Eksp. Teor. Fiz. 32 (1980), pp. 301-303.

Enrico Andriolo et al. “A path integral for the chiral-form partition function”. In:
JHEP 04 (2022), p. 115. por: 10. 1007/ JHEP04(2022) 115. arXiv: 2112 . 00040
[hep-th].

Alex S. Arvanitakis et al. “Unifying approaches to chiral bosons”. In: Phys. Rev. D
107.12 (2023), p- 126024. por: 10.1103/PhysRevD.107.126024. arXiv: 2212.11412
[hep-th].

Meer Ashwinkumar, Jun-ichi Sakamoto, and Masahito Yamazaki. “Dualities and
Discretizations of Integrable Quantum Field Theories from 4d Chern-Simons Theory”.
In: (Sept. 2023). arXiv: 2309.14412 [hep-th].

M. F. Atiyah et al. “Construction of Instantons”. In: Phys. Lett. A 65 (1978). Ed. by
Mikhail A. Shifman, pp. 185-187. DOI: 10.1016/0375-9601(78)90141-X.

M. F. Atiyah. GEOMETRY OF YANG-MILLS FIELDS. 1979.

245


https://doi.org/10.1088/1126-6708/2003/01/067
https://doi.org/10.1088/1126-6708/2003/01/067
https://arxiv.org/abs/hep-th/0210089
https://doi.org/10.22323/1.323.0003
https://arxiv.org/abs/1712.02196
https://doi.org/10.1098/rspa.2017.0530
https://arxiv.org/abs/1704.07464
https://doi.org/10.1007/JHEP08(2022)112
https://arxiv.org/abs/2205.02522
https://doi.org/10.1007/JHEP04(2022)115
https://arxiv.org/abs/2112.00040
https://arxiv.org/abs/2112.00040
https://doi.org/10.1103/PhysRevD.107.126024
https://arxiv.org/abs/2212.11412
https://arxiv.org/abs/2212.11412
https://arxiv.org/abs/2309.14412
https://doi.org/10.1016/0375-9601(78)90141-X

[BBS97]

[BCHO1]

[BCRY0]

[BD82]

[BD9g]

[Bel+75]

[BEM21]

[Ben+15]

[Ben+22]

[Ber+94]

[Ber+97]

[BG23]

Korkut Bardakci, Luis M. Bernardo, and Nir Sochen. “Integrable generalized Thirring
model”. In: Nucl. Phys. B 487 (1997), pp. 513-525. DOI: 10.1016/50550-3213(96)
00715-8. arXiv: hep-th/9607018.

K. Bardakci, M. J. Crescimanno, and S. Hotes. “Parafermions from nonabelian
coset models”. In: Nucl. Phys. B 349 (1991), pp. 439-462. pOI: 10.1016/0550~
3213(91)90332-R.

K. Bardakci, M. J. Crescimanno, and E. Rabinovici. “Parafermions From Coset
Models”. In: Nucl. Phys. B 344 (1990), pp. 344-370. DO1: 10.1016/0550-3213(90)
90365-K.

Alexander Belavin and V. G. Drinfel’d. “Solutions of the classical Yang - Baxter
equation for simple Lie algebras”. In: Functional Analysis and Its Applications
16 (1982), pp. 159-180. URL: https://api . semanticscholar . org/CorpusID :
123126711.

Alexander Belavin and V. G. Drinfel’d. “Triangle Equations and Simple Lie Algebras”.
In: 1998. URL: https://api.semanticscholar.org/CorpusID:118239460.

A. A. Belavin et al. “Pseudoparticle Solutions of the Yang-Mills Equations”. In:
Phys. Lett. B 59 (1975). Ed. by J. C. Taylor, pp. 85-87. pO1: 10.1016/0370~
2693(75)90163-X.

Sukruti Bansal, Oleg Evnin, and Karapet Mkrtchyan. “Polynomial Duality-Symmetric
Lagrangians for Free p-Forms”. In: Eur. Phys. J. C 81.3 (2021), p. 257. DOIL:
10.1140/epjc/s10052-021-09049-0. arXiv: 2101.02350 [hep-th].

Tosif Bena et al. “Habemus Superstratum! A constructive proof of the existence of
superstrata”. In: JHEP 05 (2015), p. 110. DOI: 10.1007/JHEP05(2015) 110. arXiv:
1503.01463 [hep-th].

Tosif Bena et al. “Snowmass White Paper: Micro- and Macro-Structure of Black
Holes”. In: (Mar. 2022). arXiv: 2203.04981 [hep-th].

M. Bershadsky et al. “Kodaira-Spencer theory of gravity and exact results for
quantum string amplitudes”. In: Commun. Math. Phys. 165 (1994), pp. 311-428.
DOI: 10.1007/BF02099774. arXiv: hep-th/9309140.

Zvi Bern et al. “One loop selfdual and N=4 superYang-Mills”. In: Phys. Lett. B
394 (1997), pp. 105-115. por: 10.1016/50370-2693(96) 01676~ 0. arXiv: hep-
th/9611127.

David S. Berman and Tancredi Schettini Gherardini. “Twisted self-duality”. In: Int.
J. Mod. Phys. A 38.15n16 (2023), p. 2350085. DOIL: 10.1142/S0217751X23500859.
arXiv: 2208.09891 [hep-th].

246


https://doi.org/10.1016/S0550-3213(96)00715-8
https://doi.org/10.1016/S0550-3213(96)00715-8
https://arxiv.org/abs/hep-th/9607018
https://doi.org/10.1016/0550-3213(91)90332-R
https://doi.org/10.1016/0550-3213(91)90332-R
https://doi.org/10.1016/0550-3213(90)90365-K
https://doi.org/10.1016/0550-3213(90)90365-K
https://api.semanticscholar.org/CorpusID:123126711
https://api.semanticscholar.org/CorpusID:123126711
https://api.semanticscholar.org/CorpusID:118239460
https://doi.org/10.1016/0370-2693(75)90163-X
https://doi.org/10.1016/0370-2693(75)90163-X
https://doi.org/10.1140/epjc/s10052-021-09049-0
https://arxiv.org/abs/2101.02350
https://doi.org/10.1007/JHEP05(2015)110
https://arxiv.org/abs/1503.01463
https://arxiv.org/abs/2203.04981
https://doi.org/10.1007/BF02099774
https://arxiv.org/abs/hep-th/9309140
https://doi.org/10.1016/S0370-2693(96)01676-0
https://arxiv.org/abs/hep-th/9611127
https://arxiv.org/abs/hep-th/9611127
https://doi.org/10.1142/S0217751X23500859
https://arxiv.org/abs/2208.09891

[BG24]

[BGHI6]

[BH24]

[BH99)]

[BHW22]

[Bit22]

[BL20]

[BLM19]

[BMO6]

[BMS7)

[BMGS8S]

[BMS07]

[Bor24]

Gabriele Barbagallo and Pietro Antonio Grassi. “Sen’s mechanism for self-dual
super Maxwell theory”. In: Nucl. Phys. B 1001 (2024), p. 116512. pDO1: 10.1016/ 7.
nuclphysb.2024.116512. arXiv: 2212.13856 [hep-th].

Maximo Banados, Luis J. Garay, and Marc Henneaux. “The Dynamical structure of
higher dimensional Chern-Simons theory”. In: Nucl. Phys. B 476 (1996), pp. 611-635.
DOI: 10.1016/0550-3213(96)00384-7. arXiv: hep-th/9605159.

Ibrahima Bah and Pierre Heidmann. “Geometric resolution of the Schwarzschild
horizon”. In: Phys. Rev. D 109.6 (2024), p. 066014. DOI: 10.1103/PhysRevD.109.
066014. arXiv: 2303.10186 [hep-th].

Xavier Bekaert and Marc Henneaux. “Comments on chiral p forms”. In: Int. J. Theor.
Phys. 38 (1999). Ed. by M. A. Castagnino and Carmen A. Nunez, pp. 1161-1172.
DOI: 10.1023/A:1026610530708. arXiv: hep-th/9806062.

Ibrahima Bah, Pierre Heidmann, and Peter Weck. “Schwarzschild-like topological
solitons”. In: JHEP 08 (2022), p. 269. DOL: 10. 1007/ JHEP08(2022) 269. arXiv:
2203.12625 [hep-th].

Roland Bittleston. “Integrability from Chern-Simons theories”. PhD thesis. Cam-
bridge U., Cambridge U., DAMTP, 2022. poI: 10.17863/CAM.80090.

Cristian Bassi and Sylvain Lacroix. “Integrable deformations of coupled o-models”.
In: JHEP 05 (2020), p. 059. DOL: 10.1007/JHEP05(2020)059. arXiv: 1912.06157
[hep-th].

Ginevra Buratti, Kurt Lechner, and Luca Melotti. “Duality invariant self-interactions
of abelian p-forms in arbitrary dimensions”. In: JHEP 09 (2019), p. 022. DOI:
10.1007/JHEP09(2019)022. arXiv: 1906.07094 [hep-th].

Dmitriy Belov and Gregory W. Moore. “Holographic Action for the Self-Dual Field”.
In: (May 2006). arXiv: hep-th/0605038.

Peter Breitenlohner and Dieter Maison. “On the Geroch Group”. In: Ann. Inst. H.
Poincare Phys. Theor. 46 (1987), p. 215.

Peter Breitenlohner, Dieter Maison, and Gary W. Gibbons. “Four-Dimensional Black
Holes from Kaluza-Klein Theories”. In: Commun. Math. Phys. 120 (1988), p. 295.
DOI: 10.1007/BF01217967.

Rutger Boels, L. J. Mason, and David Skinner. “Supersymmetric Gauge Theories in
Twistor Space”. In: JHEP 02 (2007), p. 014. DOI: 10.1088/1126-6708/2007/02/014.
arXiv: hep-th/0604040.

Riccardo Borsato. “Lecture notes on current—current deformations”. In: Fur. Phys.
J. C 84.6 (2024), p. 648. pOI: 10.1140/epjc/s10052- 024~ 12966 - 5. arXiv:
2312.13847 [hep-th].

247


https://doi.org/10.1016/j.nuclphysb.2024.116512
https://doi.org/10.1016/j.nuclphysb.2024.116512
https://arxiv.org/abs/2212.13856
https://doi.org/10.1016/0550-3213(96)00384-7
https://arxiv.org/abs/hep-th/9605159
https://doi.org/10.1103/PhysRevD.109.066014
https://doi.org/10.1103/PhysRevD.109.066014
https://arxiv.org/abs/2303.10186
https://doi.org/10.1023/A:1026610530708
https://arxiv.org/abs/hep-th/9806062
https://doi.org/10.1007/JHEP08(2022)269
https://arxiv.org/abs/2203.12625
https://doi.org/10.17863/CAM.80090
https://doi.org/10.1007/JHEP05(2020)059
https://arxiv.org/abs/1912.06157
https://arxiv.org/abs/1912.06157
https://doi.org/10.1007/JHEP09(2019)022
https://arxiv.org/abs/1906.07094
https://arxiv.org/abs/hep-th/0605038
https://doi.org/10.1007/BF01217967
https://doi.org/10.1088/1126-6708/2007/02/014
https://arxiv.org/abs/hep-th/0604040
https://doi.org/10.1140/epjc/s10052-024-12966-5
https://arxiv.org/abs/2312.13847

[BP24]

[BPS96]

[BS23]

[BS79]

[BSS23]

[BSV22]

[BWO0S]

[BW13]

[BWWO06]

[BZ78]

[CG18]

[CL15]

[CL20]

Nathan Berkovits and Rodrigo S. Pitombo. “4D Chern-Simons and the pure spinor
AdS5xS5 superstring”. In: Phys. Rev. D 109.10 (2024), p. 106015. DO1: 10.1103/
PhysRevD.109.106015. arXiv: 2401.03976 [hep-th].

Toannis Bakas, Q-Han Park, and Hyun-Jonag Shin. “Lagrangian formulation of
symmetric space sine-Gordon models”. In: Phys. Lett. B 372 (1996), pp. 45-52. DOI:
10.1016/0370-2693(96)00026-3. arXiv: hep-th/9512030.

Roland Bittleston and David Skinner. “Twistors, the ASD Yang-Mills equations and
4d Chern-Simons theory”. In: JHEP 02 (2023), p. 227. DOL: 10.1007/JHEP02(2023)
227. arXiv: 2011.04638 [hep-th].

V. A. Belinsky and V. E. Sakharov. “Stationary Gravitational Solitons with Axial
Symmetry”. In: Sov. Phys. JETP 50 (1979), pp. 1-9.

Roland Bittleston, David Skinner, and Atul Sharma. “Quantizing the Non-linear
Graviton”. In: Commun. Math. Phys. 403.3 (2023), pp. 1543-1609. por: 10.1007/
s00220-023-04828-0. arXiv: 2208.12701 [hep-th].

Marco Benini, Alexander Schenkel, and Benoit Vicedo. “Homotopical Analysis
of 4d Chern-Simons Theory and Integrable Field Theories”. In: Commun. Math.
Phys. 389.3 (2022), pp. 1417-1443. po1: 10.1007/s00220~-021-04304~-7. arXiv:
2008.01829 [hep-th].

Tosif Bena and Nicholas P. Warner. “Black holes, black rings and their microstates”.
In: Lect. Notes Phys. 755 (2008), pp. 1-92. DOI: 10.1007/978-3-540-79523-0_1.
arXiv: hep-th/0701216.

Tosif Bena and Nicholas P. Warner. “Resolving the Structure of Black Holes: Philos-
ophizing with a Hammer”. In: (Nov. 2013). arXiv: 1311.4538 [hep-th].

Tosif Bena, Chih-Wei Wang, and Nicholas P. Warner. “Mergers and typical black hole
microstates”. In: JHEP 11 (2006), p. 042. DOI: 10.1088/1126-6708/2006/11/042.
arXiv: hep-th/0608217.

V. A. Belinsky and V. E. Zakharov. “Integration of the Einstein Equations by the
Inverse Scattering Problem Technique and the Calculation of the Exact Soliton
Solutions”. In: Sov. Phys. JETP 48 (1978), pp. 985-994.

Kevin Costello and Davide Gaiotto. “Twisted Holography”. In: (Dec. 2018). arXiv:
1812.09257 [hep-th].

Kevin Costello and Si Li. “Quantization of open-closed BCOV theory, I”. In: (May
2015). arXiv: 1505.06703 [hep-th].

Kevin Costello and Si Li. “Anomaly cancellation in the topological string”. In: Adwv.
Theor. Math. Phys. 24.7 (2020), pp. 1723-1771. DOL: 10.4310/ATMP.2020.v24 .07 .a2.
arXiv: 1905.09269 [hep-th].

248


https://doi.org/10.1103/PhysRevD.109.106015
https://doi.org/10.1103/PhysRevD.109.106015
https://arxiv.org/abs/2401.03976
https://doi.org/10.1016/0370-2693(96)00026-3
https://arxiv.org/abs/hep-th/9512030
https://doi.org/10.1007/JHEP02(2023)227
https://doi.org/10.1007/JHEP02(2023)227
https://arxiv.org/abs/2011.04638
https://doi.org/10.1007/s00220-023-04828-0
https://doi.org/10.1007/s00220-023-04828-0
https://arxiv.org/abs/2208.12701
https://doi.org/10.1007/s00220-021-04304-7
https://arxiv.org/abs/2008.01829
https://doi.org/10.1007/978-3-540-79523-0_1
https://arxiv.org/abs/hep-th/0701216
https://arxiv.org/abs/1311.4538
https://doi.org/10.1088/1126-6708/2006/11/042
https://arxiv.org/abs/hep-th/0608217
https://arxiv.org/abs/1812.09257
https://arxiv.org/abs/1505.06703
https://doi.org/10.4310/ATMP.2020.v24.n7.a2
https://arxiv.org/abs/1905.09269

[CL24]

[Col+24a]

[Col+24b)]

[Cos13]

[Cos14]

[Cos20]

[Cos21]

[CPS23]

[CS10]

[CS20]

[CS96]

[CW24]

[CWY18a]

[CWY18b)

Hank Chen and Joaquin Liniado. “Higher Gauge Theory and Integrability”. In: (May
2024). arXiv: 2405.18625 [hep-th].

Lewis T. Cole et al. “Gauging The Diamond: Integrable Coset Models from Twistor
Space”. In: (July 2024). arXiv: 2407.09479 [hep-th].

Lewis T. Cole et al. “Integrable Deformations from Twistor Space”. In: SciPost Phys.
17 (2024), p- 008. DOT: 10.21468/SciPostPhys. 17 .1.008. arXiv: 2311 . 17551
[hep-th].

Kevin Costello. “Supersymmetric gauge theory and the Yangian”. In: (Mar. 2013).
arXiv: 1303.2632 [hep-th].

Kevin Costello. “Integrable lattice models from four-dimensional field theories”.
In: Proc. Symp. Pure Math. 83 (2014). Ed. by Ron Donagi et al., pp. 3-24. DOI:
10.1090/pspum/088/01483. arXiv: 1308.0370 [hep-th].

Kevin Costello. “Topological strings, twistors, and Skyrmions”. In: Western Hemi-
sphere Colloguium on Geometry and Physics. 2020. URL: https://web.math.ucsb.
edu/~drm/WHCGP/.

Kevin J. Costello. “Quantizing local holomorphic field theories on twistor space”. In:
(Nov. 2021). arXiv: 2111.08879 [hep-th].

Kevin Costello, Natalie M. Paquette, and Atul Sharma. “Burns space and holog-
raphy”. In: JHEP 10 (2023), p. 174. por: 10 . 1007 / JHEP10(2023) 174. arXiv:
2306.00940 [hep-th].

Chong-Sun Chu and Douglas J. Smith. “Multiple Self-Dual Strings on M5-Branes”.
In: JHEP 01 (2010), p. 001. DOI: 10.1007/JHEPO1(2010) 001, arXiv: 0909.2333
[hep-th].

Kevin Costello and Bogdan Stefanski. “Chern-Simons Origin of Superstring Integra-
bility”. In: Phys. Rev. Lett. 125.12 (2020), p. 121602. DOI: 10.1103/PhysRevLett.
125.121602. arXiv: 2005.03064 [hep-th].

G. Chalmers and W. Siegel. “The Selfdual sector of QCD amplitudes”. In: Phys.
Rev. D 54 (1996), pp. 7628-7633. DOI: 10.1103/PhysRevD.54.7628. arXiv: hep-
th/9606061.

Lewis T. Cole and Peter Weck. “Integrability in Gravity from Chern-Simons Theory”.
In: (July 2024). arXiv: 2407.08782 [hep-th].

Kevin Costello, Edward Witten, and Masahito Yamazaki. “Gauge Theory and
Integrability, I”. In: ICCM Not. 06.1 (2018), pp. 46-119. DOI: 10.4310/ICCM.2018.
v6.nl.a6. arXiv: 1709.09993 [hep-th].

Kevin Costello, Edward Witten, and Masahito Yamazaki. “Gauge Theory and
Integrability, I1”. In: ICCM Not. 06.1 (2018), pp. 120-146. pDOI: 10.4310/ICCM.2018.
v6.nl.a7. arXiv: 1802.01579 [hep-th].

249


https://arxiv.org/abs/2405.18625
https://arxiv.org/abs/2407.09479
https://doi.org/10.21468/SciPostPhys.17.1.008
https://arxiv.org/abs/2311.17551
https://arxiv.org/abs/2311.17551
https://arxiv.org/abs/1303.2632
https://doi.org/10.1090/pspum/088/01483
https://arxiv.org/abs/1308.0370
https://web.math.ucsb.edu/~drm/WHCGP/
https://web.math.ucsb.edu/~drm/WHCGP/
https://arxiv.org/abs/2111.08879
https://doi.org/10.1007/JHEP10(2023)174
https://arxiv.org/abs/2306.00940
https://doi.org/10.1007/JHEP01(2010)001
https://arxiv.org/abs/0909.2333
https://arxiv.org/abs/0909.2333
https://doi.org/10.1103/PhysRevLett.125.121602
https://doi.org/10.1103/PhysRevLett.125.121602
https://arxiv.org/abs/2005.03064
https://doi.org/10.1103/PhysRevD.54.7628
https://arxiv.org/abs/hep-th/9606061
https://arxiv.org/abs/hep-th/9606061
https://arxiv.org/abs/2407.08782
https://doi.org/10.4310/ICCM.2018.v6.n1.a6
https://doi.org/10.4310/ICCM.2018.v6.n1.a6
https://arxiv.org/abs/1709.09993
https://doi.org/10.4310/ICCM.2018.v6.n1.a7
https://doi.org/10.4310/ICCM.2018.v6.n1.a7
https://arxiv.org/abs/1802.01579

[CY19]

[Del+19]

[Del+-20]

[Del+21]

[Der21]

[DMV13]

[DMV14]

[Dong&5]

[DST16]

[Duf9o]

[Eli+89]

[EM23]

[EROS]

Kevin Costello and Masahito Yamazaki. “Gauge Theory And Integrability, IT1I”. In:
(Aug. 2019). arXiv: 1908.02289 [hep-th].

F. Delduc et al. “Assembling integrable o-models as affine Gaudin models”. In: JHEP
06 (2019), p. 017. por: 10.1007/JHEP06(2019)017. arXiv: 1903.00368 [hep-th].

Francois Delduc et al. “A unifying 2D action for integrable o-models from 4D
Chern—Simons theory”. In: Lett. Math. Phys. 110.7 (2020), pp. 1645-1687. DOI:
10.1007/s11005-020-01268-y. arXiv: 1909.13824 [hep-th].

Francois Delduc et al. “RG flows of integrable o-models and the twist function”.
In: JHEP 02 (2021), p. 065. DOI: 10.1007/JHEP02(2021) 065. arXiv: 2010.07879
[hep-th].

Richard Derryberry. “Lax formulation for harmonic maps to a moduli of bundles”.
In: (June 2021). arXiv: 2106.09781 [math.AG].

Francois Delduc, Marc Magro, and Benoit Vicedo. “On classical g-deformations of
integrable sigma-models”. In: JHEP 11 (2013), p. 192. por: 10.1007/JHEP11(2013)
192. arXiv: 1308.3581 [hep-th].

Francois Delduc, Marc Magro, and Benoit Vicedo. “An integrable deformation of
the AdSs x S° superstring action”. In: Phys. Rev. Lett. 112.5 (2014), p. 051601. DOTI:
10.1103/PhysRevLlett.112.051601. arXiv: 1309.5850 [hep-th].

S. K. Donaldson. “ANTI SELF-DUAL YANG-MILLS CONNECTIONS OVER
COMPLEX ALGEBRAIC SURFACES AND STABLE VECTOR BUNDLES”. In:
Proc. Lond. Math. Soc. 50 (1985), pp. 1-26. DOI: 10.1112/plms/s3-50.1.1.

Sibylle Driezen, Alexander Sevrin, and Daniel C. Thompson. “Aspects of the Doubled
Worldsheet”. In: JHEP 12 (2016), p. 082. pOI: 10.1007/JHEP12(2016)082. arXiv:
1609.03315 [hep-th].

M. J. Duff. “Duality Rotations in String Theory”. In: Nucl. Phys. B 335 (1990).
Ed. by Jogesh C. Pati et al., p. 610. DOI: 10.1016/0550-3213(90)90520-1N.

Shmuel Elitzur et al. “Remarks on the Canonical Quantization of the Chern-Simons-
Witten Theory”. In: Nucl. Phys. B 326 (1989), pp. 108-134. por: 10.1016/0550~
3213(89)90436-7.

Oleg Evnin and Karapet Mkrtchyan. “Three approaches to chiral form interactions”.
In: Differ. Geom. Appl. 89 (2023), p. 102016. DOI: 10.1016/].difgeo.2023.102016.
arXiv: 2207.01767 [hep-thl].

Roberto Emparan and Harvey S. Reall. “Black Holes in Higher Dimensions”. In:
Living Rev. Rel. 11 (2008), p. 6. DOI: 10.12942/1rr-2008-6. arXiv: 0801 .3471
[hep-th].

250


https://arxiv.org/abs/1908.02289
https://doi.org/10.1007/JHEP06(2019)017
https://arxiv.org/abs/1903.00368
https://doi.org/10.1007/s11005-020-01268-y
https://arxiv.org/abs/1909.13824
https://doi.org/10.1007/JHEP02(2021)065
https://arxiv.org/abs/2010.07879
https://arxiv.org/abs/2010.07879
https://arxiv.org/abs/2106.09781
https://doi.org/10.1007/JHEP11(2013)192
https://doi.org/10.1007/JHEP11(2013)192
https://arxiv.org/abs/1308.3581
https://doi.org/10.1103/PhysRevLett.112.051601
https://arxiv.org/abs/1309.5850
https://doi.org/10.1112/plms/s3-50.1.1
https://doi.org/10.1007/JHEP12(2016)082
https://arxiv.org/abs/1609.03315
https://doi.org/10.1016/0550-3213(90)90520-N
https://doi.org/10.1016/0550-3213(89)90436-7
https://doi.org/10.1016/0550-3213(89)90436-7
https://doi.org/10.1016/j.difgeo.2023.102016
https://arxiv.org/abs/2207.01767
https://doi.org/10.12942/lrr-2008-6
https://arxiv.org/abs/0801.3471
https://arxiv.org/abs/0801.3471

[Fer+97]

[Fig+10]

[FJ87]

[FMO5)]

[Fri80]

[Fri85]

[FS94al

[FS94b)

[FW90]

[GerT1]

[GerT72]

[GKSS]

[GKOS85)

[GL60]

Carlos R. Fernandez-Pousa et al. “The Symmetric space and homogeneous sine-
Gordon theories”. In: Nucl. Phys. B 484 (1997), pp. 609-630. DOIL: 10.1016/S0550~
3213(96)00603-7. arXiv: hep-th/9606032.

Pau Figueras et al. “Integrability of Five Dimensional Minimal Supergravity and
Charged Rotating Black Holes”. In: Class. Quant. Grav. 27 (2010), p. 135011. Do1:
10.1088/0264-9381/27/13/135011. arXiv: 0912.3199 [hep-th].

R. Floreanini and R. Jackiw. “Selfdual Fields as Charge Density Solitons”. In: Phys.
Rev. Lett. 59 (1987), p. 1873. DOI: 10.1103/PhysRevLett.59.1873.

Jose M. Figueroa-O’Farrill and Noureddine Mohammedi. “Gauging the Wess-Zumino
term of a sigma model with boundary”. In: JHEP 08 (2005), p. 086. DOL: 10.1088/
1126-6708/2005/08/086. arXiv: hep-th/0506049.

D. Friedan. “Nonlinear Models in Two Epsilon Dimensions”. In: Phys. Rev. Lett. 45
(1980), p. 1057. pOI: 10.1103/PhysRevLett.45.1057.

Daniel Harry Friedan. “Nonlinear Models in Two + Epsilon Dimensions”. In: Annals
Phys. 163 (1985), p. 318. DOI: 10.1016/0003-4916(85)90384-7.

Jose M. Figueroa-O’Farrill and Sonia Stanciu. “Equivariant cohomology and gauged
bosonic sigma models”. In: (July 1994). arXiv: hep-th/9407149.

Jose M. Figueroa-O’Farrill and Sonia Stanciu. “Gauged Wess-Zumino terms and
equivariant cohomology”. In: Phys. Lett. B 341 (1994), pp. 153-159. por1: 10.1016/
0370-2693(94)90304-2. arXiv: hep-th/9407196.

J. Fletcher and N.M.J. Woodhouse. “Twistor Characterization of Stationary Axisym-
metric Solutions of Einstein’s Equations”. In: Twistors in Mathematics and Physics.
Cambridge University Press, 1990, pp. 260-282.

Robert P. Geroch. “A Method for generating solutions of Einstein’s equations”. In:
J. Math. Phys. 12 (1971), pp. 918-924. pOI: 10.1063/1.1665681.

Robert P. Geroch. “A Method for generating new solutions of Einstein’s equation.
27, In: J. Math. Phys. 13 (1972), pp. 394-404. pOI: 10.1063/1.1665990.

K. Gawedzki and A. Kupiainen. “G/h Conformal Field Theory from Gauged WZW
Model”. In: Phys. Lett. B 215 (1988), pp. 119-123. DOI: 10.1016/0370-2693(88)
91081-7.

P. Goddard, A. Kent, and David I. Olive. “Virasoro Algebras and Coset Space
Models”. In: Phys. Lett. B 152 (1985), pp. 88-92. DOIL: 10.1016/0370-2693(85)
91145-1.

Murray Gell-Mann and M Levy. “The axial vector current in beta decay”. In: Nuovo
Cim. 16 (1960), p. 705. DOI: 10.1007/BF02859738.

251


https://doi.org/10.1016/S0550-3213(96)00603-7
https://doi.org/10.1016/S0550-3213(96)00603-7
https://arxiv.org/abs/hep-th/9606032
https://doi.org/10.1088/0264-9381/27/13/135011
https://arxiv.org/abs/0912.3199
https://doi.org/10.1103/PhysRevLett.59.1873
https://doi.org/10.1088/1126-6708/2005/08/086
https://doi.org/10.1088/1126-6708/2005/08/086
https://arxiv.org/abs/hep-th/0506049
https://doi.org/10.1103/PhysRevLett.45.1057
https://doi.org/10.1016/0003-4916(85)90384-7
https://arxiv.org/abs/hep-th/9407149
https://doi.org/10.1016/0370-2693(94)90304-2
https://doi.org/10.1016/0370-2693(94)90304-2
https://arxiv.org/abs/hep-th/9407196
https://doi.org/10.1063/1.1665681
https://doi.org/10.1063/1.1665990
https://doi.org/10.1016/0370-2693(88)91081-7
https://doi.org/10.1016/0370-2693(88)91081-7
https://doi.org/10.1016/0370-2693(85)91145-1
https://doi.org/10.1016/0370-2693(85)91145-1
https://doi.org/10.1007/BF02859738

[GS17]

[GSS17]

[Hit79]

[Hit87]

[HLT19a]

[HLT19b)]

[HLT20]

[HMS14a)

[HMS14b)

[Hoa22]

[HSS84]

[HT15]

[HTSS)]

George Georgiou and Konstantinos Sfetsos. “Integrable flows between exact CFTs”.
In: JHEP 11 (2017), p. 078. DOI: 10.1007/JHEP11(2017)078. arXiv: 1707.05149
[hep-th].

George Georgiou, Konstantinos Sfetsos, and Konstantinos Siampos. “Double and
cyclic A-deformations and their canonical equivalents”. In: Phys. Lett. B 771 (2017),
pp. 576-582. pOI: 10 . 1016/ j . physletb . 2017 . 06 . 007. arXiv: 1704 . 07834
[hep-th].

Nigel J. Hitchin. “Polygons and gravitons”. In: Math. Proc. Cambridge Phil. Soc.
85 (1979). Ed. by G. W. Gibbons and S. W. Hawking, pp. 465-476. po1: 10.1017/
S0305004100055924.

Nigel J. Hitchin. “The Selfduality equations on a Riemann surface”. In: Proc. Lond.
Math. Soc. 55 (1987), pp. 59-131. pOI: 10.1112/plms/s3-55.1.59.

Ben Hoare, Nat Levine, and Arkady A. Tseytlin. “Integrable sigma models and
2-loop RG flow”. In: JHEP 12 (2019), p. 146. DOI: 10.1007/JHEP12(2019) 146.
arXiv: 1910.00397 [hep-th].

Ben Hoare, Nat Levine, and Arkady A. Tseytlin. “On the massless tree-level S-matrix
in 2d sigma models”. In: J. Phys. A 52.14 (2019), p. 144005. DO1: 10.1088/1751~
8121/ab0b79. arXiv: 1812.02549 [hep-th].

Ben Hoare, Nat Levine, and Arkady A. Tseytlin. “Sigma models with local couplings:
a new integrability — RG flow connection”. In: JHEP 11 (2020), p. 020. poI: 10.
1007/JHEP11(2020)020. arXiv: 2008.01112 [hep-th].

Timothy J. Hollowood, J. Luis Miramontes, and David M. Schmidtt. “An Integrable
Deformation of the AdSs x S® Superstring”. In: J. Phys. A 47.49 (2014), p. 495402.
DOI: 10.1088/1751-8113/47/49/495402. arXiv: 1409.1538 [hep-th].

Timothy J. Hollowood, J. Luis Miramontes, and David M. Schmidtt. “Integrable
Deformations of Strings on Symmetric Spaces”. In: JHEP 11 (2014), p. 009. DOI:
10.1007/JHEP11(2014)009. arXiv: 1407.2840 [hep-th].

Ben Hoare. “Integrable deformations of sigma models”. In: J. Phys. A 55.9 (2022),
p. 093001. por: 10.1088/1751-8121/ac4ale. arXiv: 2109.14284 [hep-th].

John P. Harnad, Y. Saint Aubin, and S. Shnider. “The Soliton Correlation Matrix
and the Reduction Problem for Integrable Systems”. In: Commun. Math. Phys. 93
(1984), p. 33. pOI: 10.1007/BF01218638.

B. Hoare and A. A. Tseytlin. “On integrable deformations of superstring sigma
models related to AdS,, x S™ supercosets”. In: Nucl. Phys. B 897 (2015), pp. 448—
478. DOI: 10.1016/7j .nuclphysb.2015.06.001. arXiv: 1504.07213 [hep-th].

Marc Henneaux and Claudio Teitelboim. “Dynamics of Chiral (Selfdual) P Forms”.
In: Phys. Lett. B 206 (1988), pp. 650-654. DOI: 10.1016/0370-2693(88)90712-5.

252


https://doi.org/10.1007/JHEP11(2017)078
https://arxiv.org/abs/1707.05149
https://arxiv.org/abs/1707.05149
https://doi.org/10.1016/j.physletb.2017.06.007
https://arxiv.org/abs/1704.07834
https://arxiv.org/abs/1704.07834
https://doi.org/10.1017/S0305004100055924
https://doi.org/10.1017/S0305004100055924
https://doi.org/10.1112/plms/s3-55.1.59
https://doi.org/10.1007/JHEP12(2019)146
https://arxiv.org/abs/1910.00397
https://doi.org/10.1088/1751-8121/ab0b79
https://doi.org/10.1088/1751-8121/ab0b79
https://arxiv.org/abs/1812.02549
https://doi.org/10.1007/JHEP11(2020)020
https://doi.org/10.1007/JHEP11(2020)020
https://arxiv.org/abs/2008.01112
https://doi.org/10.1088/1751-8113/47/49/495402
https://arxiv.org/abs/1409.1538
https://doi.org/10.1007/JHEP11(2014)009
https://arxiv.org/abs/1407.2840
https://doi.org/10.1088/1751-8121/ac4a1e
https://arxiv.org/abs/2109.14284
https://doi.org/10.1007/BF01218638
https://doi.org/10.1016/j.nuclphysb.2015.06.001
https://arxiv.org/abs/1504.07213
https://doi.org/10.1016/0370-2693(88)90712-5

[HTC22]

[Hul05]

[Hul07]

[HY08)]

[HY11]

[Kar+89]

[KKV14]

[K1i02]

[K1i09)]

[Kli15]

[K1i22]

[KLT24]

[Kra20]

Yi-Jun He, Jia Tian, and Bin Chen. “Deformed integrable models from holomorphic
Chern-Simons theory”. In: Sci. China Phys. Mech. Astron. 65.10 (2022), p. 100413.
DOI: 10.1007/s11433-022-1931-x. arXiv: 2105.06826 [hep-th].

C. M. Hull. “A Geometry for non-geometric string backgrounds”. In: JHEP 10
(2005), p. 065. DOL: 10.1088/1126-6708/2005/10/065. arXiv: hep-th/0406102.

C M Hull. “Doubled Geometry and T-Folds”. In: JHEP 07 (2007), p. 080. DOI:
10.1088/1126-6708/2007/07/080. arXiv: hep-th/0605149.

Stefan Hollands and Stoytcho Yazadjiev. “Uniqueness theorem for 5-dimensional
black holes with two axial Killing fields”. In: Commun. Math. Phys. 283 (2008),
pp. 749-768. DOIL: 10.1007/s00220-008-0516-3. arXiv: 0707.2775 [gr-qgc].

Stefan Hollands and Stoytcho Yazadjiev. “A Uniqueness theorem for stationary
Kaluza-Klein black holes”. In: Commun. Math. Phys. 302 (2011), pp. 631-674. DOIL:
10.1007/s00220-010-1176-7. arXiv: 0812.3036 [gr-qc].

Dimitra Karabali et al. “A GKO Construction Based on a Path Integral Formulation
of Gauged Wess-Zumino-Witten Actions”. In: Phys. Lett. B 216 (1989), pp. 307-312.
DOI: 10.1016/0370-2693(89)91120-9.

Despoina Katsimpouri, Axel Kleinschmidt, and Amitabh Virmani. “An inverse
scattering formalism for STU supergravity”. In: JHEP 03 (2014), p. 101. por:
10.1007/JHEP03(2014)101. arXiv: 1311.7018 [hep-th].

Ctirad Klimcik. “Yang-Baxter sigma models and dS/AdS T duality”. In: JHEP 12
(2002), p. 051. DOI: 10.1088/1126-6708/2002/12/051. arXiv: hep-th/0210095.

Ctirad Klimcik. “On integrability of the Yang-Baxter sigma-model”. In: J. Math.
Phys. 50 (2009), p. 043508. DOI: 10.1063/1.3116242. arXiv: 0802.3518 [hep-th].

Ctirad Klimcik. “n and A deformations as E -models”. In: Nucl. Phys. B 900 (2015),
pp. 259-272. DOI: 10.1016/ j . nuclphysb.2015.09.011. arXiv: 1508 . 05832
[hep-th].

Ctirad Klimcik. “On Strong Integrability of the Dressing Cosets”. In: Annales Henri
Poincare 23.7 (2022), pp. 2545-2578. DOL: 10.1007/s00023-021-01125-1. arXiv:
2107.05607 [hep-th].

Gleb A. Kotousov, Sylvain Lacroix, and Jorg Teschner. “Integrable Sigma Models
at RG Fixed Points: Quantisation as Affine Gaudin Models”. In: Annales Henri
Poincare 25.1 (2024), pp. 843-1006. DOI: 10.1007/s00023~-022-01243-4. arXiv:
2204 .06554 [hep-th].

Kirill Krasnov. Formulations of General Relativity. Cambridge Monographs on
Mathematical Physics. Cambridge University Press, Nov. 2020. 1SBN: 978-1-108-
67465-2. DOI: 10.1017/9781108674652.

253


https://doi.org/10.1007/s11433-022-1931-x
https://arxiv.org/abs/2105.06826
https://doi.org/10.1088/1126-6708/2005/10/065
https://arxiv.org/abs/hep-th/0406102
https://doi.org/10.1088/1126-6708/2007/07/080
https://arxiv.org/abs/hep-th/0605149
https://doi.org/10.1007/s00220-008-0516-3
https://arxiv.org/abs/0707.2775
https://doi.org/10.1007/s00220-010-1176-7
https://arxiv.org/abs/0812.3036
https://doi.org/10.1016/0370-2693(89)91120-9
https://doi.org/10.1007/JHEP03(2014)101
https://arxiv.org/abs/1311.7018
https://doi.org/10.1088/1126-6708/2002/12/051
https://arxiv.org/abs/hep-th/0210095
https://doi.org/10.1063/1.3116242
https://arxiv.org/abs/0802.3518
https://doi.org/10.1016/j.nuclphysb.2015.09.011
https://arxiv.org/abs/1508.05832
https://arxiv.org/abs/1508.05832
https://doi.org/10.1007/s00023-021-01125-1
https://arxiv.org/abs/2107.05607
https://doi.org/10.1007/s00023-022-01243-4
https://arxiv.org/abs/2204.06554
https://doi.org/10.1017/9781108674652

[KS95]

[KS96a]

[KS96b]

[Lac22)

[Lax68]

[Lev23]

[Lez87]

[LM87]

[Los+96]

[Los+97]

[LP14]

[LT20]

[LT22]

C. Klimcik and P. Severa. “Dual nonAbelian duality and the Drinfeld double”. In:
Phys. Lett. B 351 (1995), pp. 455-462. DOIL: 10 . 1016 /0370~ 2693(95) 00451 - P.
arXiv: hep-th/9502122.

C. Klimcik and P. Severa. “NonAbelian momentum winding exchange”. In: Phys.
Lett. B 383 (1996), pp. 281-286. DOL: 10.1016/0370-2693(96) 00755~ 1. arXiv:
hep-th/9605212.

)

C. Klimcik and P. Severa. “Poisson-Lie T duality and loop groups of Drinfeld doubles”.
In: Phys. Lett. B 372 (1996), pp. 65-71. DOI: 10.1016/0370-2693(96) 00025~ 1.
arXiv: hep-th/9512040.

Sylvain Lacroix. “Four-dimensional Chern—Simons theory and integrable field the-
ories”. In: J. Phys. A 55.8 (2022), p. 083001. DOI: 10.1088/1751-8121/ac48ed.
arXiv: 2109.14278 [hep-th].

P. D. Lax. “Integrals of Nonlinear Equations of Evolution and Solitary Waves”. In:
Commun. Pure Appl. Math. 21 (1968), pp. 467-490.

Nat Levine. “Equivalence of 1-loop RG flows in 4d Chern-Simons and integrable 2d
sigma-models”. In: (Sept. 2023). arXiv: 2309.16753 [hep-th].

A. N. Leznov. “On Equivalence of Four-dimensional Selfduality Equations to Con-
tinual Analog of the Main Chiral Field Problem. (In Russian)”. In: Teor. Mat. Fiz.
73 (1987), pp. 302-307. DOL: 10.1007/BF01017594.

A. N. Leznov and M. A. Mukhtarov. “Deformation of Algebras and Solution of
Selfduality Equation”. In: J. Math. Phys. 28 (1987), pp. 2574-2578. DOI: 10.1063/
1.527748.

Andrei Losev et al. “Four-dimensional avatars of two-dimensional RCFT”. In: Nucl.
Phys. B Proc. Suppl. 46 (1996). Ed. by I. Bars et al., pp. 130-145. DOI: 10.1016/0920~
5632(96)00015-1. arXiv: hep-th/9509151.

Andrei Losev et al. “Chiral Lagrangians, anomalies, supersymmetry, and holomor-
phy”. In: Nucl. Phys. B 484 (1997), pp. 196—222. por: 10.1016/50550-3213(96)
00612-8. arXiv: hep-th/9606082.

Kanghoon Lee and Jeong-Hyuck Park. “Covariant action for a string in "doubled
yet gauged” spacetime”. In: Nucl. Phys. B 880 (2014), pp. 134-154. po1: 10.1016/
j.nuclphysb.2014.01.003. arXiv: 1307.8377 [hep-th].

James Lucietti and Fred Tomlinson. “On the nonexistence of a vacuum black lens”.
In: JHEP 21 (2020), p. 005. DOI: 10.1007/JHEP02(2021) 005, arXiv: 2012.00381
[gr-qc].

James Lucietti and Fred Tomlinson. “Moduli space of stationary vacuum black
holes from integrability”. In: Adv. Theor. Math. Phys. 26.2 (2022), p. 371. DOI:
10.4310/ATMP.2022.v26.n2.a4. arXiv: 2008.12761 [gr-qcl].

254


https://doi.org/10.1016/0370-2693(95)00451-P
https://arxiv.org/abs/hep-th/9502122
https://doi.org/10.1016/0370-2693(96)00755-1
https://arxiv.org/abs/hep-th/9605212
https://doi.org/10.1016/0370-2693(96)00025-1
https://arxiv.org/abs/hep-th/9512040
https://doi.org/10.1088/1751-8121/ac48ed
https://arxiv.org/abs/2109.14278
https://arxiv.org/abs/2309.16753
https://doi.org/10.1007/BF01017594
https://doi.org/10.1063/1.527748
https://doi.org/10.1063/1.527748
https://doi.org/10.1016/0920-5632(96)00015-1
https://doi.org/10.1016/0920-5632(96)00015-1
https://arxiv.org/abs/hep-th/9509151
https://doi.org/10.1016/S0550-3213(96)00612-8
https://doi.org/10.1016/S0550-3213(96)00612-8
https://arxiv.org/abs/hep-th/9606082
https://doi.org/10.1016/j.nuclphysb.2014.01.003
https://doi.org/10.1016/j.nuclphysb.2014.01.003
https://arxiv.org/abs/1307.8377
https://doi.org/10.1007/JHEP02(2021)005
https://arxiv.org/abs/2012.00381
https://arxiv.org/abs/2012.00381
https://doi.org/10.4310/ATMP.2022.v26.n2.a4
https://arxiv.org/abs/2008.12761

[LV21]

[LV23]

[LW24]

[Mai86a]

[Mai86b]

[Mas17]

[Maz82]

[Mkr19)]

[MMS01]

IMO11]

MT22]

[MWO1]

[MYW90]

[Nap80]

Sylvain Lacroix and Benoit Vicedo. “Integrable £-Models, 4d Chern-Simons Theory
and Affine Gaudin Models. I. Lagrangian Aspects”. In: SIGMA 17 (2021), p. 058.
DOI: 10.3842/SIGMA.2021.058. arXiv: 2011.13809 [hep-th].

Joaquin Liniado and Benoit Vicedo. “Integrable Degenerate £-Models from 4d
Chern—Simons Theory”. In: Annales Henri Poincare 24.10 (2023), pp. 3421-3459.
DOI: 10.1007/s00023-023-01317-x. arXiv: 2301.09583 [hep-th].

Sylvain Lacroix and Anders Wallberg. “Geometry of the spectral parameter and
renormalisation of integrable sigma-models”. In: JHEP 05 (2024), p. 108. DOI:
10.1007/JHEP05(2024) 108. arXiv: 2401.13741 [hep-th].

Jean Michel Maillet. “Hamiltonian Structures for Integrable Classical Theories From
Graded Kac-moody Algebras”. In: Phys. Lett. B 167 (1986), pp. 401-405. poI:
10.1016/0370-2693(86)91289-X.

Jean Michel Maillet. “New Integrable Canonical Structures in Two-dimensional
Models”. In: Nucl. Phys. B 269 (1986), pp. 54-76. DOI: 10.1016/0550-3213(86)
90365-2.

L.J. Mason. “Generalized Twister Correspondences, d-Bar Problems, and the KP
Equations”. In: July 2017, pp. 95-106. DOI: 10.1201/9780203734889-8.

P. O. Mazur. “PROOF OF UNIQUENESS OF THE KERR-NEWMAN BLACK
HOLE SOLUTION”. In: J. Phys. A 15 (1982), pp. 3173-3180. DOL: 10.1088/0305-
4470/15/10/021.

Karapet Mkrtchyan. “On Covariant Actions for Chiral p—Forms”. In: JHEP 12
(2019), p. 076. DOL: 10.1007/JHEP12(2019)076. arXiv: 1908.01789 [hep-th].

Juan Martin Maldacena, Gregory W. Moore, and Nathan Seiberg. “D-brane charges
in five-brane backgrounds”. In: JHEP 10 (2001), p. 005. pOI: 10 .1088 /1126~
6708/2001/10/005. arXiv: hep-th/0108152.

Ricardo Monteiro and Donal O’Connell. “The Kinematic Algebra From the Self-
Dual Sector”. In: JHEP 07 (2011), p. 007. po1: 10.1007/JHEPO7 (2011)007. arXiv:
1105.2565 [hep-th].

Luca Mezincescu and Paul K. Townsend. “On chiral bosons in 2D and 6D”. In: JHEP
07 (2022), p- 142. por: 10.1007/JHEPO7 (2022) 142. arXiv: 2204.09336 [hep-th].

L. J. Mason and N. M. J. Woodhouse. Integrability, selfduality, and twistor theory.
1991.

B. McClain, F. Yu, and Y. S. Wu. “Covariant quantization of chiral bosons and
OSp(1,1]2) symmetry”. In: Nucl. Phys. B 343 (1990), pp. 689-704. DOI: 10.1016/
0550-3213(90)90585-2.

Chiara R. Nappi. “Some Properties of an Analog of the Nonlinear o Model”. In:
Phys. Rev. D 21 (1980), p. 418. DOI: 10.1103/PhysRevD.21.418.

255


https://doi.org/10.3842/SIGMA.2021.058
https://arxiv.org/abs/2011.13809
https://doi.org/10.1007/s00023-023-01317-x
https://arxiv.org/abs/2301.09583
https://doi.org/10.1007/JHEP05(2024)108
https://arxiv.org/abs/2401.13741
https://doi.org/10.1016/0370-2693(86)91289-X
https://doi.org/10.1016/0550-3213(86)90365-2
https://doi.org/10.1016/0550-3213(86)90365-2
https://doi.org/10.1201/9780203734889-8
https://doi.org/10.1088/0305-4470/15/10/021
https://doi.org/10.1088/0305-4470/15/10/021
https://doi.org/10.1007/JHEP12(2019)076
https://arxiv.org/abs/1908.01789
https://doi.org/10.1088/1126-6708/2001/10/005
https://doi.org/10.1088/1126-6708/2001/10/005
https://arxiv.org/abs/hep-th/0108152
https://doi.org/10.1007/JHEP07(2011)007
https://arxiv.org/abs/1105.2565
https://doi.org/10.1007/JHEP07(2022)142
https://arxiv.org/abs/2204.09336
https://doi.org/10.1016/0550-3213(90)90585-2
https://doi.org/10.1016/0550-3213(90)90585-2
https://doi.org/10.1103/PhysRevD.21.418

[NewT78]

[Nic87]

[NK83]

[Nov82]

[NS90]

[NS92]

[OV90]

[Par92]

[Par94]

[Pen21]

[Pen67]

[Pen68]

[Pen76]

[Poh76]

[Pol81]

E. T. Newman. “Source-Free Yang-Mills Theories”. In: Phys. Rev. D 18 (1978),
pp- 2901-2908. DOI: 10.1103/PhysRevD.18.2901.

H. Nicolai. “The Integrability of N = 16 Supergravity”. In: Phys. Lett. B 194 (1987).
Ed. by A. Salam and E. Sezgin, p. 402. DOI: 10.1016/0370-2693(87)91072-0.

G. Neugebauer and D. Kramer. “EINSTEIN-MAXWELL SOLITONS”. In: J. Phys.
A 16 (1983), pp. 1927-1936. DOL: 10.1088/0305-4470/16/9/017.

S. P. Novikov. “The Hamiltonian formalism and a many valued analog of Morse the-
ory”. In: Usp. Mat. Nauk (1982), pp. 3-49. DOL: 10.1070/RM1982v037n05ABEH004020.

V. P. Nair and Jeremy Schiff. “A Kahler-Chern-Simons Theory and Quantization of
Instanton Moduli Spaces”. In: Phys. Lett. B 246 (1990), pp. 423-429. por: 10.1016/
0370-2693(90)90624-F.

V. P. Nair and Jeremy Schiff. “Kahler Chern-Simons theory and symmetries of
antiselfdual gauge fields”. In: Nucl. Phys. B 371 (1992), pp. 329-352. po1: 10.1016/
0550-3213(92)90239-8.

Hirosi Ooguri and Cumrun Vafa. “Selfduality and N = 2 String MAGIC”. In: Mod.
Phys. Lett. A 5 (1990), pp. 1389-1398. DOI: 10.1142/5021773239000158X.

Andrew Parkes. “A Cubic action for selfdual Yang-Mills”. In: Phys. Lett. B 286 (1992),
pp- 265-270. DOIL: 10.1016/0370-2693(92)91773-3. arXiv: hep-th/9203074.

Q-Han Park. “Deformed coset models from gauged WZW actions”. In: Phys. Lett.
B 328 (1994), pp. 329-336. DOI: 10.1016/0370-2693(94)91487~7. arXiv: hep-
th/9402038.

Robert F. Penna. “Twistor Actions for Integrable Systems”. In: JHEP 09 (2021),
p- 140. por: 10.1007/JHEP09(2021) 140. arXiv: 2011.05831 [hep-th].

R. Penrose. “Twistor algebra”. In: J. Math. Phys. 8 (1967), p. 345. DOL: 10.1063/1.
1705200.

Roger Penrose. “Twistor quantization and curved space-time”. In: Int. J. Theor.
Phys. 1 (1968), pp. 61-99. DOI: 10.1007/BF00668831.

R. Penrose. “Nonlinear Gravitons and Curved Twistor Theory”. In: Gen. Rel. Grav.
7 (1976), pp. 31-52. pOI: 10.1007/BF00762011.

K. Pohlmeyer. “Integrable Hamiltonian Systems and Interactions Through Quadratic
Constraints”. In: Commun. Math. Phys. 46 (1976), pp. 207-221. por: 10.1007/
BF01609119.

Alexander M. Polyakov. “Quantum Geometry of Bosonic Strings”. In: Phys. Lett.
B 103 (1981). Ed. by I. M. Khalatnikov and V. P. Mineev, pp. 207-210. DO
10.1016/0370-2693(81)90743-7.

256


https://doi.org/10.1103/PhysRevD.18.2901
https://doi.org/10.1016/0370-2693(87)91072-0
https://doi.org/10.1088/0305-4470/16/9/017
https://doi.org/10.1070/RM1982v037n05ABEH004020
https://doi.org/10.1016/0370-2693(90)90624-F
https://doi.org/10.1016/0370-2693(90)90624-F
https://doi.org/10.1016/0550-3213(92)90239-8
https://doi.org/10.1016/0550-3213(92)90239-8
https://doi.org/10.1142/S021773239000158X
https://doi.org/10.1016/0370-2693(92)91773-3
https://arxiv.org/abs/hep-th/9203074
https://doi.org/10.1016/0370-2693(94)91487-7
https://arxiv.org/abs/hep-th/9402038
https://arxiv.org/abs/hep-th/9402038
https://doi.org/10.1007/JHEP09(2021)140
https://arxiv.org/abs/2011.05831
https://doi.org/10.1063/1.1705200
https://doi.org/10.1063/1.1705200
https://doi.org/10.1007/BF00668831
https://doi.org/10.1007/BF00762011
https://doi.org/10.1007/BF01609119
https://doi.org/10.1007/BF01609119
https://doi.org/10.1016/0370-2693(81)90743-7

[Pom06]

[PS97]

[PST12]

[PST97]

[PW83]

[Sch20]

[Sen16]

[Sen20]

[Sev16]

[Sfel4]

[Sha22)
[Sie84]

[Son88|

Andrei A. Pomeransky. “Complete integrability of higher-dimensional Einstein
equations with additional symmetry, and rotating black holes”. In: Phys. Rev. D 73
(2006), p. 044004. DOL: 10.1103/PhysRevD.73.044004. arXiv: hep-th/0507250.

Malcolm Perry and John H. Schwarz. “Interacting chiral gauge fields in six-dimensions
and Born-Infeld theory”. In: Nucl. Phys. B 489 (1997), pp. 47-64. por: 10.1016/
S0550-3213(97)00040-0. arXiv: hep-th/9611065.

Paolo Pasti, Dmitri Sorokin, and Mario Tonin. “Covariant actions for models with
non-linear twisted self-duality”. In: Phys. Rev. D 86 (2012), p. 045013. por: 10.
1103/PhysRevD.86.045013. arXiv: 1205.4243 [hep-th].

Paolo Pasti, Dmitri P. Sorokin, and Mario Tonin. “On Lorentz invariant actions for
chiral p forms”. In: Phys. Rev. D 55 (1997), pp. 6292-6298. DOI: 10.1103/PhysRevD.
55.6292. arXiv: hep-th/9611100.

Alexander M. Polyakov and P. B. Wiegmann. “Theory of Nonabelian Goldstone
Bosons”. In: Phys. Lett. B 131 (1983). Ed. by M. Stone, pp. 121-126. DoI: 10.1016/
0370-2693(83)91104-8.

David M. Schmidtt. “Symmetric space A-model exchange algebra from 4d holomor-
phic Chern-Simons theory”. In: JHEP 21 (2020), p. 004. DOL: 10.1007/JHEP12(2021)
004. arXiv: 2109.05637 [hep-th].

Ashoke Sen. “Covariant Action for Type IIB Supergravity”. In: JHEP 07 (2016),
p. 017. po1: 10.1007/JHEPO7 (2016)017. arXiv: 1511.08220 [hep-th].

Ashoke Sen. “Self-dual forms: Action, Hamiltonian and Compactification”. In: J. Phys.
A 53.8 (2020), p. 084002. pOI: 10.1088/1751-8121/ab5423. arXiv: 1903.12196
[hep-th].

Pavol Severa. “Poisson-Lie T-duality as a boundary phenomenon of Chern-Simons
theory”. In: JHEP 05 (2016), p. 044. DO1: 10 . 1007 / JHEPO5(2016) 044. arXiv:
1602.05126 [hep-th].

Konstadinos Sfetsos. “Integrable interpolations: From exact CFTs to non-Abelian
T-duals”. In: Nucl. Phys. B 880 (2014), pp. 225-246. DOI: 10.1016/j .nuclphysb.
2014.01.004. arXiv: 1312.4560 [hep-th].

Atul Sharma. “Twistor sigma models”. PhD thesis. Oxford U., 2022.

W. Siegel. “Manifest Lorentz Invariance Sometimes Requires Nonlinearity”. In: Nucl.
Phys. B 238 (1984), pp. 307-316. DOI: 10.1016/0550-3213(84)90453-X.

Jacob Sonnenschein. “CHIRAL BOSONS”. In: Nucl. Phys. B 309 (1988), pp. 752-770.
DOI: 10.1016/0550-3213(88)90339-2.

257


https://doi.org/10.1103/PhysRevD.73.044004
https://arxiv.org/abs/hep-th/0507250
https://doi.org/10.1016/S0550-3213(97)00040-0
https://doi.org/10.1016/S0550-3213(97)00040-0
https://arxiv.org/abs/hep-th/9611065
https://doi.org/10.1103/PhysRevD.86.045013
https://doi.org/10.1103/PhysRevD.86.045013
https://arxiv.org/abs/1205.4243
https://doi.org/10.1103/PhysRevD.55.6292
https://doi.org/10.1103/PhysRevD.55.6292
https://arxiv.org/abs/hep-th/9611100
https://doi.org/10.1016/0370-2693(83)91104-8
https://doi.org/10.1016/0370-2693(83)91104-8
https://doi.org/10.1007/JHEP12(2021)004
https://doi.org/10.1007/JHEP12(2021)004
https://arxiv.org/abs/2109.05637
https://doi.org/10.1007/JHEP07(2016)017
https://arxiv.org/abs/1511.08220
https://doi.org/10.1088/1751-8121/ab5423
https://arxiv.org/abs/1903.12196
https://arxiv.org/abs/1903.12196
https://doi.org/10.1007/JHEP05(2016)044
https://arxiv.org/abs/1602.05126
https://doi.org/10.1016/j.nuclphysb.2014.01.004
https://doi.org/10.1016/j.nuclphysb.2014.01.004
https://arxiv.org/abs/1312.4560
https://doi.org/10.1016/0550-3213(84)90453-X
https://doi.org/10.1016/0550-3213(88)90339-2

[SST15]

[Ste21]

[SV24)

[Thol9]

[Tia20]

[Tow20)

[Tse90]

[Tse91]

[Vic15)]

[Vic21]

[War77]

[Warg0)

[Warg2]

[War85)

Konstantinos Sfetsos, Konstantinos Siampos, and Daniel C. Thompson. “Generalised
integrable A - and n-deformations and their relation”. In: Nucl. Phys. B 899 (2015),
pp. 489-512. DOI: 10.1016/ j . nuclphysb.2015.08.015. arXiv: 1506 . 05784
[hep-th].

Jake Stedman. “Four-Dimensional Chern-Simons and Gauged Sigma Models”. In:
(Sept. 2021). arXiv: 2109.08101 [hep-th].

Alexander Schenkel and Beno it Vicedo. “5d 2-Chern-Simons theory and 3d inte-
grable field theories”. In: (May 2024). arXiv: 2405.08083 [hep-th].

Daniel C. Thompson. “An Introduction to Generalised Dualities and their Appli-
cations to Holography and Integrability”. In: PoS CORFU2018 (2019). Ed. by
Konstantinos Anagnostopoulos et al., p. 099. DOI: 10.22323/1.347.0099. arXiv:
1904.11561 [hep-th].

Jia Tian. “Comments on A-deformed models from 4D Chern-Simons theory”. In:
(May 2020). arXiv: 2005.14554 [hep-th].

Paul K. Townsend. “Manifestly Lorentz invariant chiral boson action”. In: Phys.
Rev. Lett. 124.10 (2020), p. 101604. po1: 10.1103/PhysRevLlett.124.101604. arXiv:
1912.04773 [hep-th].

Arkady A. Tseytlin. “Duality Symmetric Formulation of String World Sheet Dynam-

ics”. In: Phys. Lett. B 242 (1990), pp. 163-174. DOL: 10.1016/0370-2693(90) 91454~
J.

Arkady A. Tseytlin. “Duality symmetric closed string theory and interacting chiral
scalars”. In: Nucl. Phys. B 350 (1991), pp. 395-440. DOI: 10.1016/0550-3213(91)
90266-Z.

Benoit Vicedo. “Deformed integrable o-models, classical R-matrices and classical
exchange algebra on Drinfel’d doubles”. In: J. Phys. A 48.35 (2015), p. 355203. DOI:
10.1088/1751-8113/48/35/355203. arXiv: 1504.06303 [hep-th].

Benoit Vicedo. “4D Chern—Simons theory and affine Gaudin models”. In: Lett. Math.
Phys. 111.1 (2021), p- 24. DOI: 10.1007/s11005-021-01354-9. arXiv: 1908.07511
[hep-th].

R. S. Ward. “On Selfdual gauge fields”. In: Phys. Lett. A 61 (1977), pp. 81-82. DOIL:
10.1016/0375-9601(77)90842-8.

R. S. Ward. “Self-dual space-times with cosmological constant”. In: Commun. Math.
Phys. 78 (1980), pp. 1-17. DOI: 10.1007/BF01941967.

R. S. Ward. “STATIONARY AXISYMMETRIC SPACE-TIMES: A NEW AP-
PROACH”. In: (Mar. 1982).

R. S. Ward. “Integrable and solvable systems, and relations among them”. In: Phil.
Trans. Roy. Soc. Lond. A 315 (1985), pp. 451-457. DOI: 10.1098/rsta.1985.0051.

258


https://doi.org/10.1016/j.nuclphysb.2015.08.015
https://arxiv.org/abs/1506.05784
https://arxiv.org/abs/1506.05784
https://arxiv.org/abs/2109.08101
https://arxiv.org/abs/2405.08083
https://doi.org/10.22323/1.347.0099
https://arxiv.org/abs/1904.11561
https://arxiv.org/abs/2005.14554
https://doi.org/10.1103/PhysRevLett.124.101604
https://arxiv.org/abs/1912.04773
https://doi.org/10.1016/0370-2693(90)91454-J
https://doi.org/10.1016/0370-2693(90)91454-J
https://doi.org/10.1016/0550-3213(91)90266-Z
https://doi.org/10.1016/0550-3213(91)90266-Z
https://doi.org/10.1088/1751-8113/48/35/355203
https://arxiv.org/abs/1504.06303
https://doi.org/10.1007/s11005-021-01354-9
https://arxiv.org/abs/1908.07511
https://arxiv.org/abs/1908.07511
https://doi.org/10.1016/0375-9601(77)90842-8
https://doi.org/10.1007/BF01941967
https://doi.org/10.1098/rsta.1985.0051

[Wit04]

[Wit79]

[Wit84]

[Wit89a]

[Wit89b]

[Wit92]

[Wit95]

[Wit97]

[Yam19]

[Yan77]

[ZMT8)

[2279]

Edward Witten. “Perturbative gauge theory as a string theory in twistor space”. In:
Commun. Math. Phys. 252 (2004), pp. 189-258. DOL: 10.1007/500220-004-1187-3.
arXiv: hep-th/0312171.

L. Witten. “STATIC AXTALLY SYMMETRIC SOLUTIONS OF SELFDUAL SU(2)
GAUGE FIELDS IN EUCLIDEAN FOUR-DIMENSIONAL SPACE”. In: Phys. Rev.
D 19 (1979), pp. 718-720. DOI: 10.1103/PhysRevD.19.718.

Edward Witten. “Nonabelian Bosonization in Two-Dimensions”. In: Commun. Math.
Phys. 92 (1984). Ed. by M. Stone, pp. 455-472. pOI: 10.1007/BF01215276.

Edward Witten. “Gauge Theories and Integrable Lattice Models”. In: Nucl. Phys. B
322 (1989), pp. 629-697. DOL: 10.1016/0550-3213(89)90232-0.

Edward Witten. “Quantum Field Theory and the Jones Polynomial”. In: Commun.
Math. Phys. 121 (1989). Ed. by Asoke N. Mitra, pp. 351-399. po1: 10 . 1007/
BF01217730.

Edward Witten. “On Holomorphic factorization of WZW and coset models”. In:
Commun. Math. Phys. 144 (1992), pp. 189-212. DOI: 10.1007/BF02099196.

Edward Witten. “Chern-Simons gauge theory as a string theory”. In: Prog. Math.
133 (1995), pp. 637-678. arXiv: hep-th/9207094.

Edward Witten. “Five-brane effective action in M theory”. In: J. Geom. Phys.
22 (1997), pp. 103-133. DOI: 10 . 1016/50393 - 0440(97) 80160 - X. arXiv: hep-
th/9610234.

Masahito Yamazaki. “New T-duality for Chern-Simons Theory”. In: JHEP 12 (2019),
p- 090. por: 10.1007/JHEP12(2019)090. arXiv: 1904.04976 [hep-th].

Chen Ning Yang. “Condition of Selfduality for SU(2) Gauge Fields on Euclidean
Four-Dimensional Space”. In: Phys. Rev. Lett. 38 (1977), p. 1377. por: 10.1103/
PhysRevLett.38.1377.

V. E. Zakharov and A. V. Mikhailov. “Relativistically Invariant Two-Dimensional
Models in Field Theory Integrable by the Inverse Problem Technique. (In Russian)”.
In: Sov. Phys. JETP 47 (1978), pp. 1017-1027.

Alexander B. Zamolodchikov and Alexei B. Zamolodchikov. “Factorized s Matrices
in Two-Dimensions as the Exact Solutions of Certain Relativistic Quantum Field
Models”. In: Annals Phys. 120 (1979). Ed. by I. M. Khalatnikov and V. P. Mineev,
pp- 253-291. DOI: 10.1016/0003-4916(79)90391-9.

259


https://doi.org/10.1007/s00220-004-1187-3
https://arxiv.org/abs/hep-th/0312171
https://doi.org/10.1103/PhysRevD.19.718
https://doi.org/10.1007/BF01215276
https://doi.org/10.1016/0550-3213(89)90232-0
https://doi.org/10.1007/BF01217730
https://doi.org/10.1007/BF01217730
https://doi.org/10.1007/BF02099196
https://arxiv.org/abs/hep-th/9207094
https://doi.org/10.1016/S0393-0440(97)80160-X
https://arxiv.org/abs/hep-th/9610234
https://arxiv.org/abs/hep-th/9610234
https://doi.org/10.1007/JHEP12(2019)090
https://arxiv.org/abs/1904.04976
https://doi.org/10.1103/PhysRevLett.38.1377
https://doi.org/10.1103/PhysRevLett.38.1377
https://doi.org/10.1016/0003-4916(79)90391-9

	Integrable sigma models and Chern-Simons theories
	Integrable sigma models
	Three-dimensional Chern-Simons theory
	Four-dimensional Chern-Simons theory

	Self-dual Yang-Mills theory and twistor space
	Self-dual Yang-Mills theory
	Geometry of twistor space
	Penrose-Ward transform
	Six-dimensional Chern-Simons theory

	Integrability in gravity from Chern-Simons theory
	Introduction
	Background on integrability in gravity
	4dCS to 2dIFT
	Origin of 2dIFT from 4dWZW
	Lift of reduction vectors to twistor space
	Reduction of 6dCS theory
	Outlook
	Appendix: Symmetric space PCM from 6dCS theory

	Integrable deformations from twistor space
	Introduction
	Holomorphic 6-Dimensional Chern-Simons Theory
	Localisation of hCS6 to IFT4
	Symmetry Reduction of hCS6 to CS4
	Symmetry Reduction of IFT4 to IFT2 
	Localisation of CS4 to IFT2 
	Discussion and Outlook
	Appendix: Alternative CS4 Setup for the lambda-Model

	Integrable gauged models from twistor space
	Introduction
	The ungauged WZW diamond
	The gauged WZW diamond
	More General IFT2 from IFT4: Reducing then Constraining
	Reduction to gCS4 and localisation
	Gauged LMP action
	Outlook
	Appendix: Homogeneous and Inhomogeneous Coordinates
	Appendix: Projector Technology
	Appendix: Derivation of Localisation Formulae
	Appendix: Localisation Derivation with General Gaugings

	Unifying approaches to chiral bosons
	Introduction
	Approaches to Chiral Bosons in two-dimensions
	The Chern-Simons Approach to Chiral Bosons
	From Chern-Simons to PST and Mkrtchyan
	Comments on the double world sheet
	Non-Abelian Chern-Simons
	Twisted Self-Duality and PLTD
	Appendix: Invariance of the non-Abelian Mkrtchyan action


