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ABSTRACT

We consider an infinite system of coupled stochastic differential equations (SDE) describing dynamics of the following infinite particle sys-
tem. Each particle is characterized by its position x € RY and internal parameter (spin) o, € R. While the positions of particles form a fixed
(“quenched”) locally-finite set (configuration) y c RY, the spins o, and 0y interact via a pair potential whenever |x — y| < p, where p > 0isa
fixed interaction radius. The number #, of particles interacting with a particle in position x is finite but unbounded in x. The growth of n,
as |x| — oo creates a major technical problem for solving our SDE system. To overcome this problem, we use a finite volume approximation
combined with a version of the Ovsjannikov method, and prove the existence and uniqueness of the solution in a scale of Banach spaces of
weighted sequences. As an application example, we construct stochastic dynamics associated with Gibbs states of our particle system.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0169112

I. INTRODUCTION

In recent decades, there has been an increasing interest in studying countable systems of particles randomly distributed in the Euclidean
space R?. In such systems, each particle is characterized by its position x € X := R? and an internal parameter (spin) oy € S := R", see for
example Refs. 34, 32 (Sec. 11), 7, 14, and 15 pertaining to modeling of non-crystalline (amorphous) substances, e.g., ferrofluids and amorphous
magnets. Throughout the paper we suppose, mostly for simplicity, that n = 1.

Let us denote by I'(X) the space of all locally finite subsets (configurations) of X and consider a particle system with positions forming
a given fixed (“quenched”) configuration y € I'(X). Two spins ox and o), x, y € y, are allowed to interact via a pair potential if the distance
between x and y is no more than a fixed interaction radius p > 0, that is, they are neighbors in the geometric graph defined by y and p. The
evolution of spins is described then by a system of coupled stochastic differential equations (SDE).

Namely, we consider, for a fixed y € I['(X), a system of stochastic differential equations in S = R of the following form:

dfx)t = q)x(Et)dt‘F\Px(Et)dWx)t, X€Yy, t>0, (11)

where E; = (&) ey and (Wit) wy are, respectively, families of real-valued stochastic processes and independent Wiener processes on a
suitable probability space. Here the drift and diffusion coefficients ®, and ¥, are real-valued functions, defined on the Cartesian power
§":= {0 = (0x)xeylox €S,x €y }. Both @y and ¥, are constructed using pair interaction between the particles and their self-interaction
potentials, see Sec. I, and are independent of gy if |y — x| > p.

The aim of including the diffusion term in (1.1) is two-fold. On the one hand, it allows to consider the influence of random forces on
our particle system and, on the other hand, to construct and study stochastic dynamics associated with the equilibrium (Gibbs) states of the
system. The Gibbs states of spin systems on unbounded degree graphs have been studied in Refs. 14, 15, and 27, see also references given
there.
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The case where vertex degrees of the graph are globally bounded (in particular, if y has a regular structure, e.g., y = Z%) has been well-
studied (in both deterministic and stochastic cases), see e.g., Refs. 2-5, 17, 19, 20, 23, 24, 28, 29, 37, and 39, and references therein. However,
the aforementioned applications to non-crystalline substances require dealing with unbounded vertex degree graphs. An important example
of such graphs is served by configurations y distributed according to a Poisson or, more generally, Gibbs measure on I'(X) with a superstable
low regular interaction energy, in which case the typical number of “neighbors” of a particle located at x € X is proportional to y/1 + log x|,
see e.g., Refs. 38 and 26 (p. 1047).

There are two main technical difficulties in the study of system (1.1). The first one is related to the fact that the number of particles
interacting with a tagged particle x is finite but unbounded in x € y. Consequently, the system cannot be considered an equation in a fixed
Banach space and studied by standard methods of e.g., Refs. 12 and 16.

The way around it has been proposed in Ref. 11, where a deterministic version of system (1.1) (with ¥ = 0) was considered in an
expanding scale of embedded Banach spaces of weighted sequences and solved using a version of the Ovsjannikov method.

Originally, the Ovsjannikov method was developed for a linear equation

Xt :AXt (12)

in a scale of densely embedded Banach spaces By, o € o7, where « is a real interval, such that B, C Bg ifa < f,and A: By — Bgis bounded with
norm satisfying the estimate
Al s <L(B-a)™ a<p, q=1, (1.3)

for any «, § € 7. Then, for X € B, Eq. (1.2) has a solution X; € Bg, t< T, for finite T depending on & and S.

It was noticed in Ref. 11 that, under a stronger norm bound with g < 1 in (1.3), the lifetime of the solution X; € By is infinite. That fact
allows to find a global uniform bound for a sequence of finite volume approximations of the system of differential equations in question and
prove its convergence, thus proving the existence and uniqueness of the global solution of the deterministic version of (1.1).

The first advances in the study of stochastic equations in the scale { By, a € </}, were made in Refs. 10 and 8, where, respectively, local
and global strong solutions of a general stochastic equation had been constructed. In those works, the coefficients are assumed to be Lipschitz
mappings By — Bg for any a < 3, with Lipschitz constants L(8 — a) ™%, q = 1 and q < 1, respectively. Observe that the threshold value of g here
is % instead of 1 as in (1.3) because of the presence of the It6 integral, which makes it necessary to work in L* spaces instead of L'.

The results of Refs. 10 and 8 are applicable to system (1.1) only in the case where the drift coefficients @y, x € y, are globally Lipschitz.
However, to construct the dynamics associated with Gibbs states of interacting particle systems, one has to consider the drift coefficients that
are only locally Lipschitz. The existence of such dynamics, under certain dissipativity conditions on the drift, is known in the situation of a
regular lattice, see Refs. 4 and 5 (observe that those works deal with the more complicated quantum systems but are applicable to classical
systems, too, albeit only for the additive noise).

For deterministic systems on unbounded degree graphs, the dissipative case was considered in the aforementioned paper.'' In the present
work, we revisit the volume approximation approach of that paper. However, the presence of stochastic terms requires the application of very
different techniques. To prove the convergence of finite volume approximations, we have developed a version of the Gronwall inequality
suitable for a scale of Banach spaces. In this way, we have been able to prove the existence and uniqueness of global strong solutions of (1.1)
and their component-wise time continuity, in the case of dissipative single-particle potentials.

The structure of the paper is as follows. In Sec. IT we introduce the framework and formulate our main results. Section 111 is devoted to
the proof of the existence and uniqueness result for (1.1). In a short Sec. III D, we discuss Markov semigroup generated by the solution of
(1.1). In Sec. IV, we study stochastic dynamics associated with Gibbs states of our system.

Finally, the Appendix contains auxiliary results on linear operators in the scales of Banach spaces, estimates of the solutions of system
(1.1) and, notably, a crucial for our techniques generalization of the classical comparison theorem and a Gronwall-type inequality, suitable for
our framework.

Il. THE SETUP AND MAIN RESULTS

Let us fix a configuration y € I'(X) and a family (Wx,) 1y Of independent Wiener processes on a suitable filtered and complete probability
space P := (Q, 7, F,P). Ouraim s to find a strong solution of SDE system (1.1), that is, a family & = ({x/),, of continuous adapted stochastic
processes on P such that the equality

t t
Er =0+ / D, (Bs)ds + f Wy (Es)dWys, x€y, (€S, 2.1)
0 0

holds for all t € 7:=[0,T], T > 0, almost surely, that is, on a common for all ¢ set of probability 1. The coefficients ®, and ¥, are defined
explicitly in Assumption II.1 below, and fot W, (Es)dWy is the continuous version of the Ito integral, cf. Remark IL.4.
First, we need to introduce some notations. We fix p > 0 and denote by ny, x € y, the number of elements in the set

pri={yey:lx-yl<p}

Observe that n, > 1 for all x € y, because x € jx. We will also use the notation yy := j\{x} = {yey:|x -y <p,y # x}.
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For a fixed y € T(X), we will consider the Cartesian product " of identical copies Sy, x € , of S, and denote its elements by Z := () ,»
etc. When dealing with multiple configurations # € ['(X), we will sometimes write Z; := (zx) . ,» to emphasize the dependence on 7.
We will work under the following assumption.

Assumption 1I.1
(A) There exists a constant C > 0 such that
ny < C(1+log(1+|x])) forallxey. (2.2)
(B) The drift coefficients @y, x € y, have the form
Ou(2) := ¢(2x) + Y. Pxy(2n0zy), forallxey, (2.3)
YEPx

where ¢ : § > S is a measurable function and ¢, : §* — S are also measurable functions satisfying uniform Lipschitz condition
oy (01,51) = 9xy(02,52)| < a(lo1 = 02| + [s1 = s2]),
|9y (0151))] < a1+ |or] + [sa]),

for some constant @ > 0 and all x, y € y, 01, 02, 51,52 € S.
(C) There exist constants ¢ > 0 and R > 2 such that

l6(o)| < c(1+]o]"), oes. 2.4
(D) There exists b > 0 such that
(01 - 32)(¢(01) = ¢(02)) < b1 — 32)°, 01,02 €. (2.5)
(E) The diffusion coefficients Wy, x € y, have the form
Yi(2) = ), Yy(znz) forallxey, (2.6)
Y €Px

where y, : §? - S are measurable functions satisfying uniform Lipschitz condition

|1//xy((71,51) - 1//);};(0'2,52)‘ < M(|01 - 02| + |31 - Szl),
Yy (01,51))] < M(1 + o] + [sa])s 2.7)

for some constant M > 0 and all x, y € y,01,02,51,52 € S.

The specific form of the coefficients requires the development of a special framework. Indeed, we will be looking for a solution of (2.1)
in a scale of expanding Banach spaces of weighted sequences, which we introduce below.

We start with a general definition and consider a family B of Banach spaces B, indexed by & € &f := [ax, a*] with fixed 0 < ax,a* < oo,
and denote by || the corresponding norms. When speaking of these spaces and related objects, we will always assume that the range of

indices is [+, a* ], unless stated otherwise. The interval & remains fixed for the rest of this work. We will also use the corresponding semi-open
interval o := [a.,a").
Definition I1.2 The family B is called a scale if
By c Bg and HuHBﬂ < |ulp, foranya < B, ueBa, a,fe o,

where the embedding means that By is a dense vector subspace of Bg.

For any a,f € o/, we will use the notation
B"H' = mﬂ>a Bﬂ
The two main scales we will be working with are given by the spaces I, of weighted sequences and £-valued random processes,

respectively, defined as follows.

(1) Forallp>1landae dlet

1

»
Pi={ze§ Iz], = (Z w(x)_l|zx|p) < oo t, (2.8)

xey
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w(x) = M,

and .#” = {I}} ./ be, respectively, a Banach space of weighted real sequences and the scale of such spaces.
(2) Forall p>1 and ae o let %7 denote the Banach space of I5-valued random processes &;, t € 7, on probability space P, with
progressively measurable components and finite norm

8557 = (sup {EIE1S | € y})? < o0,

and let %' = {%%} . .y be the scale of such spaces.

Remark IL3 The choice of exponential weights in the definition of space I, is dictated by the logarithmic growth condition on numbers ny,
cf. (2.2), which in turn is motivated by the fact that it holds for a typical configuration y distributed according to a Poisson or, more generally,
Gibbs measure on T(X) with a superstable low regular interaction energy, in which case ny is proportional to /1 + log|x|, see e.g., Refs. 38 and
26 (p. 1047). In general, an informal balance condition between ny and w(|x|) is given by w(|x|) ~ exp(exp(nx)), see Sec. 2.2 of Ref. 11 for
details.

Remark I1.4. Note that for p > 2, the definition of norms in %% and I, implies that for any & € %% and any x € y we have IEUOT 2.dt] < oco.
Moreover, since each component of & is progressively measurable, from the classical theory of integration with respect to the standard Wiener
process we see that for all x € y the integral [Ot & sdWs is well defined and so is the integral fot ‘I’x(és)dWx,s, because Y is a finite sum of
measurable uniformly Lipschitz functions. Moreover, the process [, Wx(&)dWxs, t € 7, has a (unique) continuous version.

Forall p > 1and « € of we let
L= B) = {X: Q- & | E[IXI}])7 < oo

be the space of /;-valued p-integrable random variables.
Our main result is the following theorem.

Theorem IL5. Suppose that Assumption 111 holds. Then, for all p > R and any Fo-measurable { := ({)xey € Lb, a € o7, stochastic system
(2.1) admits a unique (up to indistinguishability) strong solution & € %%, . Moreover, the map
Lﬂ E) Z — B e W};

is continuous for any > a.

Remark IL6. Assumption p > R ensures that given € € &?; the random variable ¢(&;) is integrable for any t > 0.

The proof of Theorem II.5 will be given in Sec. II1.

Our second main result is about the construction of non-equilibrium stochastic dynamics associated with Gibbs states of our system.
We consider a Gibbs measure v on §” defined by the pair interaction Wy, (0x,0y) = a(x — y)0x0y, 0x,05 €S, x,y €y, where a: X > R is a
measurable function with compact support and a single particle potential V : R — R satisfying the lower bound

V(0) 2 ay|o/*** - by, o€S, forsomeay,by >0ande > 0,
which is supported on £, for some & € o and p € [R, R + €], see Sec. [V A for details. Suppose now that ¢ in (2.3) has a gradient form, that is,
xy = 0, *
¢=-VV,and { Yo ); 7 forall X,y €7, so that our noise is additive, cf. (2.6). Let T; be the Markov semigroup defined by the process
Yx =

E; in a standard way. This semigroup acts in the space C,(%., ) of bounded continuous functions on space £, = nﬁ>al‘/§ equipped with the
projective limit topology, see Sec. ITI D below for details.

Theorem IL.7. Gibbs measure v is a symmetrizing (reversible) distribution for the solution of (2.1), that is,

[1ef@g@mat) = [FOTg@O(a), 120
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forany a € o7 and f,g € Cy(E,).

The proof of this result will be given in Sec. IV B.
From now on, the constant p > R will be fixed.

l1l. EXISTENCE, UNIQUENESS AND PROPERTIES OF THE SOLUTION

In this section, we give the proof of Theorem II.5. It will go along the following lines.

(1) Consider a sequence of processes {Ef}, 1
%‘Z for any 3 > «a. For this, we use our version of the comparison theorem and Gronwall-type inequality in the scale of spaces, which is

t € 7, that solve finite volume cutoffs of system (2.1), and prove their uniform bound in

in turn based on the Ovsjannikov method, see Subsection 3 of the Appendix.

(2) The uniform bound above implies the convergence of sequence E", n — oo, to a process E = (&) ey € %Z, B> a. Our next goal is to
prove that the process E solves system (2.1). The multiplicative noise term does not allow to achieve this by a direct limit transition.
Therefore, we construct an R-valued process #, that solves an equation describing the dynamics of a tagged particle x, while processes
&,y €9,y * x, are fixed, and prove that 7, = §

Xt
(3) The uniqueness and continuous dependence on the initial data is proved by using our version of a Gronwall-type inequality, as above
in part (1). The continuity of components of E will follow from our work on the dynamics of a tagged particle x in Sec. I1I B.
Finally, in Subsection III D, we introduce Markov semigroup defined by the solution of (2.1).
A. Truncated system

Let us fix an expanding sequence { A, } nen of finite subsets of y such that A,1 y as n — co and consider the following system of equations:
t t
A fo O (E)ds + fo W (E)dWysr x € A, (3.1)
Gi=Co x¢hn ted,

where ( = {(x}xgy € L‘ft, a € o/, is Fy-measurable random initial condition and equality (3.1) holds for all t € .7, P-a.s. Observe that for each
n € N system (3.1) is a truncated version of our original stochastic system (2.1).

Theorem IIL.1. For any n € N system (3.1) admits a unique (up to indistinguishability) solution E" € %L with continuous sample paths.

Proof. The existence and uniqueness of continuous strong solutions of the non-trivial finite dimensional part of system (3.1) is well-
known, see Ref. 30, Chap. 3. The inclusion " € % follows then from the fact that &, = {, t € 7, for x ¢ A,. [ ]

Our next goal is to show that the sequence {E" } e converges in 2 for any 8 > a. We start with the following uniform estimate, which
is rather similar to the one from Ref. 27, adapted to the framework of the scale of Banach spaces using our version of the Gronwall inequality.

Theorem II1.2. Let E" = (&), 11 € N, be the sequence of process defined by Theorem IIL.1. Then for all § > « we have

Z e_’g‘xlsup sup E[|€¢P] < oo. (3.2)

xey neNte 7

Proof 1t follows from the first part of Lemma A.10 in the Appendix (with & = &) that for all x € A, and ¢ € 7 we have
t
E[EF]<EIGP + Cinl Y, [ ElgP1ds + G (33)
Y€ Px

We remark that inequality above trivially holds for x ¢ A,, because in this case &;; = {; and all terms in the right-hand side of the inequality
are non-negative.
We now define a measurable map 7" : 7 — I} via the following formula

(1) = max E[IELF), V(e 7).

It is immediate that its components satisfy inequality similar to (3.3), that is,

t
WZ(t)SE\(x|P+C1niZ [0 1y (s)ds + C.

Y€y«
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Set 0 = E|(x[’ + C} and observe that (0 )xey € I} Then the map #" fulfills the conditions of Lemma A.8 in the Appendix, which implies that
forallneN andﬂ > o we have

> P sup 7% (t) < Kr(a, B) e o, < co.

xey te Xxey

Observe that the left-hand side forms an increasing sequence, which implies that it converges and

lim > e Plsup (1) < Kr(a ) e Mo, < 0.

xey te x€y

Then, for any finite set # c y, we have

S M lim sup (1) = fim 55 ¢ sup (1) < Kr ()Y ¢

xen Pxen te 7 xey
On the other hand, it is clear that
lim 7} (¢) = sup max sup E[|E}["] = sup sup E[lfxtm
n e T

eN Mt o neNye F

for any x € y. Thus
> e Plsup sup E[IE:] < Kr(a, )3 ¢ 6.

xen te IneN xey

The latter inequality holds for all finite # c y, which implies that

Z ¢ P sup sup E[|&x,[°] < KT(oc,ﬁ)Z e‘“"“ex,

xey te TneN xey

and the proof is complete. [ |
Theorem II1.3. The sequence {E" },en is Cauchy in ﬂ?‘; forany > a.

Proof. Let us fix n,m € N and assume, without loss of generality, that A, c A,,. We first consider the situation where x € A,. It follows
from the second part of Lemma A.10 in the Appendix (with £D = & and €9 = &™) that for all x € A, and ¢ € 7 we have

EIEP < Bl Y f E|ET P ds, (3.4)
YEPx
xt = xt fxt (3.5)

In the case where x € A, \A, we see that forall t € 7

P < (Il + 1ELDP < 277 (&l + 2" [,

so that i
B[] <2 SH%E[I%IP 12" 15,0, (x)sup sup E[&] < (3.6)
ne neNie 7
(cf. Theorem II1.2). Combining Egs. (3.4) and (3.6) and taking into account that £>" = 0 for x ¢ A, we obtain the inequality
[ |P <Blnxz / | ds+2P1A \A, (x)sup sup E[|&¢ ]
y € )/x ne Nt € 7

forall x € yand t € 7. We can now proceed as in the Proof of Theorem II1.2. Define a measurable map 0™ : 7 — I via the formula

0" (1) =E[&], te T,

and set

by = ZPIAM\An(x)sup sup E[|&x,P].
neNte 7
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Obviously, (bx)xey € I, for any fixed o’ € (a, ). It therefore follows then from Lemma A.8 in the Appendix that

> e Plsup p™ (1) < Kr(o',8)> e M,

xey te xey

So we have shown that the following inequality holds:

|&" - "1, < 2Ke(a,B) Y e *Msup sup E[JE [
B x€Au\A, neNye 7

<2’Ke(d,B) D eia’lx‘sup sup E[|&,[7]. (3.7)

xeP\A, neNte 7

It follows from Theorem III.2 that the right hand side of (3.7) is the remainder of the convergent series (3.2) (with o in place of ), which
completes the proof. [ |

B. One dimensional special case

We have shown in Sec. I1] A that, for any 8 > «, the sequence {E" } .en is Cauchy in the Banach space %‘Z and thus converges in this space.

So we are now in a position to define the process
in #°
[
——
E:= lim 8" . (3.8)

n—oo

This process is a candidate for a solution of the system (2.1). A standard way to show this would be to pass to the limit on both sides of (3.1).

This approach requires however somewhat stronger convergence than that in %’g We are going to overcome this difficulty by considering

special one-dimensional equations.
Consider an arbitrary x € y. It is convenient to consider elements of §” as pairs (0, Z*), where o, € Sand 2 = (z, )y € $"\* In these

notations, we can write Oy (E;) = Oy (&, Es(x)) and Wi (E;) = Wi (s, Es(x) ), where

8™ = (&), (3.9)
Let us now fix process E defined by (3.8) and consider the following one-dimensional equation:
' 2 ‘ g
Nxt = Cx + /0\ q)x(ﬂx,s; =N )ds + A \Px(ﬂx,b =N )dWx(S)) (310)

forall t € 7, P-a.s. The main goal of this section is to prove that the Eq. (3.10) has a unique solution 7, ,.

Remark II1.4. Note that, for a fixed x € y, the principal difference between Egs. (3.10) and (2.1) is that the process E is fixed in (3.10) and
defined by the limit (3.8), which makes (3.10) a one-dimensional equation w.r.t. 1,..

In order to establish the existence of a solution of Eq. (3.10) we need the following auxiliary result.

Theorem IIL.5. Let x € y and &, be an x-component of the process E defined by (3.8). Then sample paths of &, are a.s. continuous and

E[sup |&ff] < oo. (3.11)
te T

Proof. It is sufficient to show that, for a fixed x € y, the sequence {&} }, . is Cauchy in the norm (E[sup,. |- |/ ])I/P because then there

exists a subsequence {&* }, . such that
klim sup \f;k, -&4| =0, P-as,
T T
which, together with the path-continuity of processes £, implies the statement of the theorem.
Fix N € N such that x € Ag and n,m > N and assume, without loss of generality, that n < m so that x € A, c A,, Consider the process EZ;”
defined in (3.5) and proceed as in the Appendix, Lemma A.10, with &) = £" and £€? = &, Taking sup,. o of both sides of the equality (A17)
we obtain the bound

_ o
Bl E27) < K+ Bl sup [[pE Y awco) | G.12)
te T te 770
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where
K:= B”xZ f ey ds<anTZ sup E[ \ 7177 (3.13)
Y€ Px yepte T
and

W (s) = We(BY) - We(ES

Now using first the Burkholder-Davis-Gundy inequality (see Ref. 31) and then the Jensen inequality we see that the following estimate on the
stochastic term from (3.12) holds.

slswp [ pezy i) <5 ([ ey ey |

£ 2
< (E[ IR ,'Z:Z”)""‘I',’Z""(s))zds]) : (3.14)
0
The integrand in the right-hand side of the above inequality can be estimated in a similar way as (A16), so that we obtain

(P hee™(6)? < 2M* (ne + 18P +2MPn? Y (&

Y€
It follows now that inequality (3.14) can be written in the following way:
[sup / p(EY! )p_l‘I’z’m(s)dWx(s)] <C sup]E [E ] + G > sup E[|E)7" ],
te 770 yeyte T

where
Cii=\/2p"M*(1+1n)’T and C,:=\/2p*M*nT.

Therefore returning to inequalities (3.12) and (3.13) we see that
E[sup |&"] < Bn,ZCTZ sup IE[|E;["|P] +CG supIE [IE:[*] + Ca >~ supE[[&) . (3.15)
te T yeyte T yepte T

Since j is finite we can now use Theorem III.3 to conclude that, with a suitable choice of n, m € N, the right hand side of the inequality (3.15)
above can be made arbitrary small hence the proof is complete.

Theorem II1.6. Equation (3.10) admits a unique solution.

Proof. By standard arguments, see e.g., Ref. 1, Proposition 2.9, we conclude that Eq. (3.10) admits a unique local maximal solution 7,
such that

_ AT, :.(x) d tATy, :(x) d
Hxtnt, = (x + 0 q)x(ﬂx,s/\‘rn) HS/\TH) S+ ) \Px(rlx,s/\‘rn; ‘—‘s/\‘{n) Wx(5)>

for all t € 7, P-a.s. Here Es(fz is as in (3.9) and by construction, for all n € N, stopping time 7, is the first exit time of 1, from the interval
(=n,n), defined as

T, if |#xe| < n, t€[0,T]
Ty =
inf{t € [0, T]: |#xe| > n}, otherwise

Hence to complete the proof it is sufficient to establish that almost surely lim,—...7, = T. We will prove this fact along the lines of Ref. 1,
Theorem 3.1, using the bound (3.11). We begin by using the Itd Lemma to establish the equality

p_ [T p-1 2()
= [ POrean Y O B, s

tAT, -1 - x
" / %(ﬂxm\m)p Z(Wx(i’]x,s/\rnsus(/\‘)rn))zds

0

| Nxtat,

o p-1 £()
* ) PCsann)" Waliisonn, B, )JdWee(s),
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for all t € 7. Before proceeding we define for convenience the following shorthand notations:

B (1.1) = (einn, ) Pu(snn ESL )
(1, t) = (s, '~ (Fa(sene,n ESD )
wy = b+ 1 + 451211,25,
2
Uy = C + aNy.

An application of Lemma A.9 in the Appendix shows that for all t € 7 we have

) . 1.
(1 1) < [tne, z(wxlnx.mf* DY Ify,r2+|f1x,mn|ux)

Y€ yx
1. _ _
< wx"’]x,t/\‘rn P Eaznx(r]x,t/\‘rn )p ? Z ‘Ey,t/\‘rn ? + |71x,t/\‘rn i lux
V€ Yx
_ 1. _ _
< (wx +2F lux)‘ﬂx,t/\‘rn P Eazanx,t/\‘rn P2 Z |£y,t/\‘rn g +27 1ux) (316)
AN

where constants b and ¢ are defined in Assumption IL1. In the last inequality we used the simple estimate C*' < (1+ C)P™' < (1+
C)? <2P71(1+ C) for any C > 0, which holds because p > 1. We can now use the Holder inequality and classical estimate (37, a;)" <
mNTIY a) (see e.g., Ref. 25) in conjunction with inequality (3.16) above to see that for all € .7 we have

E[®}(n1)] < (we + 2" ) Esen, ]

4

2
27\ »

.2 1y 22 2\’ p—1

@ ne(El|naenr, 1) 7 | E[{ 22 [enn,] + 27 Uy

Y€y«

+

N | =

< (e + 2" ) B[ nsen, ]

2

=2 »
a1+ Eleane, ]I (E[Z |sy,m|*’]) cP

+

N | —

VAN

In a similar way, we obtain the inequality

W (1) < 3(M° (5 + 1)+ MP 2" D) lgsane, I+ 3M* 1 (e, )7 3 B, | +3M 2

yes
Setting
2
1_p 1482 2 2 !
Aci=max{-a'n, ', 3Mnct| > E[sup|& ] »
2 yeys teT
we get the bounds
E[®(n,0)] < (ws + 2" e + A)E[Isene, '] + Ax + 27
and

E[¥2(n,1)] < BM*(ne + 1)* + 3M*n22P™") + ADE[|fine, ] + Ax + 3M* 02207,

Observe that Ay < co by Theorem IIL5. Finally letting

_ -2 _
D= p(ws+ 2" ux + Ay) + ‘Lpz ) BM (ne +1)* +3M° 22" + A),

K:=pT(Ac+2""u) + I@T(AX +3MPn22P T,
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we see that for all t € [0, c0) we have

t
Ellpcane] < D [ Elleonsfds + K. (317)

Observe that constants K and D are independent of the stopping time 7,,.
The rest of the proof is standard and can be completed along the lines of Ref. 1, Theorem 3.1. We give its sketch for the convenience of
the reader. Using Gronwall’s inequality together with the inequality (3.17) above we see that for all ¢ € [0, T] we have

P < Ke™.

E[lxins,
It follows from the definition of stopping time 7, that
E[|neian, '] > 0P P(1a < t),
so that, for all ¢ € [0, T,

1
P(r,<t) < ﬁKeDt -0, n— oo.

Now convergence in probability and the fact that {7, } sen is an increasing sequence imply that almost surely limy—oo7, = T, hence the proof
is complete. |

C. Proof of existence and uniqueness
In this section, we are going to prove Theorem II.5. We will show that, for any f3 > «, the process
in # Z

—_—~
2:= lim 8" (3.18)

n—oo
solves system (2.1). For this, we will use auxiliary processes #, constructed in Theorem IIL6.

Proof of the existence. According to Theorem IIL6, for each x € y equation

t t
Hxt = Cx + / @x(qx,S,Es(x))ds + f ‘I’x(nx,s,Es(X))dWx,s, forallte 7, P—aus.
0 0

where Es(x) isasin (3.9), admits a unique solution 7, ,. Thus it is sufficient to prove that this solution is indistinguishable from the process &,.

The convergence (3.18) implies that, for any fixed x € y,

nlingo E|&, — &l =0, te T (3.19)
Therefore, taking into account that both processes &, and #, are continuous, to conclude this proof it remains to show that, for any t € 7,
lim BIE -’ = 0. (3.20)
Letus fixx € yand t € 7 and assume without loss of generality that x € A, c y. Define the following processes:

DI(8) 1= Du (8L, B = D6, EX),
W (1) = Va8l E) — Wa(enn EX),
%Z,t = E)’Zt = Nx,t-

The rest of the proof is rather similar to the Proof of Theorem III.6. The It6 Lemma shows that for all # € 7 we have P-a.s.
t t —
2np = [ ptany ol [P (o) s
0 0

v [P ) AW, (3.21)
0
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Using Lemma A.10 in the Appendix, we can see that for all t € 7

_ 1
(2P OL(1) < (b+ 3 +4&2n§) Mx,tr +atng

2 (- &)

YEYx
and R
(20 2Wi(1)? <2MP (me+ 1) | 20, + 200 20,7 % (- &)™
YEYx
As in the Proof of Theorem IIL.6, we see that forall t € .7
1oan 1 _ n n
BL(25) 02(0)] < (b4 5 + 4%k + AT )E 22T+ ] (3.22)
and
E[(24)" 2 (PR(1))°] < @M (nx + 1) + ADE[| 2,['] + A%, (3.23)
where

A% := max {Zzznx, 2MZnX}E|:Z (fy"t - Ey,,)2:|.
YEYe

Now, because y, is finite and p > 2 it is clear from Eq. (3.19) that
EY (& -&4)" =0, n— oo,
yeys

so we see that A} — 0 as n — oo. Therefore using inequality (3.22) and (3.23) above we can conclude from Eq. (3.21) that for all x € y and all
t € 7 we have

B[l24 ) < € [ Bl2L s+ AL
where
Cy = p(b + % +4a’n} +A,'§) + ‘IQ(ZMZ(W +1)2+A))
Are=praz+ PO Dy,
and consequently C}, A} — 0 on 7 as n — oo. Finally using Gronwall inequality we see that for all # € 7 we have
E[|2%5]] < el
which shows that for all x € y and uniformly on 7
lim B[22, = 0

Equation (3.20) now follows immediately hence the proof is complete. [ |

Proof of the uniqueness and continuous dependence. Suppose that E| = (E)lc’t)xey and 27 = ( ﬁ,,)xey € %", , are two solutions of system

f(l) — &@ e see from Lemma A.10 that

(2.1), with initial values Eé, E% € Lﬂ, respectively. Now, for all t € 7 and all x € y letting fx,, =&y i

. . t
Elfesil'] < Elesof + Bl Y. [ E[lE.Pds.
Y€ Px
Fix an arbitrary 8 > a and &; € (&, 3). An application of Lemma A.8 to a bounded measurable map « : 7 — I, defined by the formula
ke(t) = B[l .
shows that

Z ¢ PH sup kx(t) < KT(ocl,[S)Z eial‘xl\be B> ai,

xey te 7 xey
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where by = E|&,,. Therefore we establish that
|g' 2|7, = sup E[z eﬁ'*|éx,t|*’] < Kr(a,f)Y e MEEf,
B te T | xey xey
which implies both statements. [ |

D. Markov semigroup

In this section we denote by & () the solution of Eq. (2.1) with initial condition . This process generates an operator family T; : Cb(l‘Z) -
Cy(E), & < B, t > 0, by standard formula ) )
T: f(Q) = Ef (E«(])) (3.24)

Consider the space I, = “ﬁwlﬁ equipped with the projective limit topology, which makes it a Polish space see e.g., Ref. 21.
Theorem IIL.7. Operator family Ty, t > 0, is a strongly continuous Markov semigroup in Cy(I5,) for any a € o7.

Proof. Continuity of the map L 3 { = 8({) € %%, a < B, for an arbitrary T > 0 (cf. Theorem IL5), implies that operators T : Cb(lZ) -

Cy(), t > 0, are bounded, which in turn implies their boundedness as operators in Cy(E, ), for any « € 7. The uniqueness of the solution
(cf. Theorem II.5) implies in the standard way the evolution property

Tth = Tt+s; t,s 2> 0.

Observe that the truncated process 8! ({) generates the strongly continuous semigroup T} : Cy (1) — C,(E), for any a € <. It follows from
the convergence

BH(0) = E({), n— oo,
in %‘; for any 8 > « that
su};HT?f(() —th(Z)ch(lp y 1= 00 forany f € Cy(F,)and { e I,
te I o

which in turn implies that T, : C,(E, ) — C,(E, ) is strongly continuous. [ ]

Remark II1.8. The dominated convergence theorem implies that

[T Q@) ~ [T f @), n— oo, (325)

for any probability measure v on I,

IV. STOCHASTIC DYNAMICS ASSOCIATED WITH GIBBS MEASURES

As an application of our results, we will present a construction of stochastic dynamics associated with Gibbs measures on §’. Sufficient
conditions of the existence of these measures were derived in Ref. 14. For the convenience of the reader, we start with a reminder of the general
definition of Gibbs measures, adopted to our framework.

A. Construction of Gibbs measures

In the standard Dobrushin-Lanford-Ruelle (DLR) approach in statistical mechanics,”””* Gibbs measures (states) are constructed by
means of their local conditional distributions (constituting the so-called Gibbsian specification). We are interested in Gibbs measures describ-

ing equilibrium states of a (quenched) system of particles with positions y c X = R? and spin space S = R, defined by pair and single-particle
potentials W, and V, respectively. We assume the following:

e Wy :SxS—R,x,y e X, are measurable functions satisfying the polynomial growth estimate
| Wiy (1, 0)| < Tw ([uf" + [0]") + Jw,  w,v €S, (4.1)

and the finite range condition Wy, = 0if |x — y| < p for all x, y € X and some constants Iw, Jy, R, 7 > 0. We assume also that W, (u,v)
is symmetric with respect to the permutation of (x,u) and (y,v).

¥S:GE: L1 G20z Ateniged gz

J. Math. Phys. 66, 023508 (2025); doi: 10.1063/5.0169112 66, 023508-12
© Author(s) 2025


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

o the single-particle potential V satisfies the bound
V(u) > av|u|” - by, ues, (4.2)

for some constants ay, by > 0,and 7 > r.

Example IV.1 A typical example is given by the pair interaction in of the form
Wy (u,v) =a(x—y)uv, u,ves,

where a : X — Ris as in Sec. I1. In this case, r = 2 and so we need T > 2 in (4.2). The method of Ref. 14 does not allow us to control the case of
T = 2, even when the underlying particle configuration y is a typical realization of a homogeneous Poisson random field on I'(X).

Let .7 (y) be the collection of all finite subsets of y € I'(X). For any 7 € Z(y), 0y = (0x)xen € S” and 2, = (2x)xey € S’ define the relative
local interaction energy
Ey(aylzy) = 3, Wy(onoy)) + 3 Wylonz).
{xyten xen
yerwun

The corresponding specification kernel IT, (dd, |z, ) is a probability measure on S of the form

Hﬂ(d6V|2V) = Hﬂ(daﬂ|27) ® 8iy\n(d6}'\’1)’ (4.3)
where
- = _ - - - —V (o,
pn(daylzy) = Z(Z \y) Vexp [<Ey(64/2)) Qe @) dg, (4.4)
X€}1

is a probability measure on S”. Here Z(2,) is the normalizing factor and &z, (d5,\,) is the Dirac measure on S concentrated on Z\y- The
family {I1,,(d6|z), 1 € Z(y),z € S} is called the Gibbsian specification (see e.g., Refs. 22 and 33).
A probability measure v on § is said to be a Gibbs measure associated with the potentials W and V if it satisfies the DLR equation

v(B) = fs 0, (B2)v(dz), Be#(S), (4.5)

forall 7 € Z(y). For a given y € I (X), by (S”) we denote the set of all such measures.
By %p(S”) c 4(S”) we denote the set of all Gibbs measures on S associated with W and V, which are supported on .

Theorem IV.2. Assume that conditions (4.1) and (4.2) are satisfied and p € [r,T]. Then the set 9, (S") is non-empty for any « € <.

Proof. 1t follows in a straightforward manner from condition (2.2) that

ayp(y) = e Pl > m <o

Xey YE€Yx

for any p1,p, € N, which is sufficient for the existence of v € %, (S") for any p € [r, 7], see Refs. 27 and 14. [ |

Remark IV.3. The result of Refs. 27 and 14 is more refined and states in addition certain bounds on exponential moments of v € 9, (S").

Remark IV.4. Conditions of the uniqueness of v € 9np(S") are known only in the case of configuration y with bounded sequence
{nx, x€y}. Sufficient conditions of non-uniqueness (phase transition) for Poisson-distributed y are given in Ref. 14.

B. Construction of the stochastic dynamics

In this section, we will construct a process E; with invariant measure v € ¢, ,(S") defined by interaction potentials W and V as in
Example IV.1. By Theorem IV.2, the set %, ,(S") is not empty if p € [2, 7]. Then, according to the general paradigm, E; will be a solution of
the system (2.1) with the coefficients satisfying the following:
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(1) the drift coefficient has a gradient form, that is, ¢ = —VV and @x,(0x, 0y) = Vo, Wi, (0x, 0y ); moreover, ¢ satisfies Conditions (2.4) and
(2.5), a typical example is given by

¢(0) = """ forany n=1,2,.,
in which case R=2n+1and 7 = 2n + 2, cf. (2.4);
(2) for each x € y, the noise is additive, that is, Wy = id.
Thus the system (2.1) obtains the form
1
s = 5 VV(&ei) + Y, a(x—y)& [dt + dWys, x€y.
YEPx

According to Theorem IL5, this system admits a unique strong solution Z € %, for any initial condition &, € I; with arbitrary a € & and
PR

A standard way of rigorously proving the invariance of v would require dealing with Markov processes and semigroups in nuclear spaces.

This difficulty can be avoided by using the limit transition (3.25).

Theorem IV.5 Assume that p € [max {2, R}, 7| and let T; be the semigroup defined by the process Es, cf. (3.24). Then any v € 9y, ,(S) is
a reversible (symmetrizing) measure for Ty, that is,

[T @8y = [ £(6)Tig@v(day)

forall f,g e Cy(E,,).

Proof. First observe that condition p € [max {2, R}, 7] ensures that %, ,(S”) # ¢ and semigroup T; is well-defined.
Consider the solution E" = (&) ¢, of the truncated system (3.1). Its non-trivial part (& )sea, is a Markov process in $**. We denote by
T2 the corresponding Markov semigroup in C;,($*") and observe that, for f € C,($") and f z,(04,) = f (0, X Z\a, ), We have

T} f(6a, X Zpa,) = T f2,(54,)-

By standard theory of finite dimensional SDEs, ya, (dda, |Za, ) given by (4.4) is a reversible (symmetrizing) measure for the semigroup T:".
Thus we have

[T @0 200 )8(6n, % Ea, i (don, ) = [ £(@n, % 2, TIR(5n, % Eyva, i, (s, [2)

for any z,. The latter implies in turn that
[T @8 ()T, (o) = [TiF ()85, bn, (don, Iy) © 8, (d63)
= [Tif(on % 2an 800, * 2, i, (Ao )
= [ £ T8, (doyf2,),

where I1a, (day|zy) = pa,(don,|z,) ® 0
equation (4.5) we see that

(day) is the specification kernel, cf. (4.3). Integrating with respect to v(dz,) and applying the DLR

YAy

[T @)8()vdn) = [ £5)Tig(6,)(da,).

Passing to the limit as n — oo [cf. (3.25)] we obtain the equality

[T @)8@)day) = [ £5)Tig(3,)(day).

as required. [ |
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Remark IV.6. An alternative way to construct stochastic dynamics associated with v € 9y, ,(S") is via the theory of Dirichlet forms. Indeed,
v satisfies an integration-by-parts formula and thus defines a classical Dirichlet form, which is a closed bilinear form in L*(S",v). The generator
of this form is a non-negative self-adjoint operator in L*(S',v) and thus defines a strongly continuous semigroup in L*(S",v), which, in turn,
defines a Markov process in S with invariant measure v (so-called Hunt process), see Ref. 6 for details. The SDE approach that we use in our
work is, however, more explicit and gives in general better control on properties of the stochastic dynamics.

Remark IV.7. Observe that pairs (y, (0x)xey) form the marked configuration space I'(X, S). For the mathematical formalism of these spaces
and discussion of the existence and uniqueness of Gibbs measures and phase transitions, see Refs. 9, 13, 35, and 36 and references therein. The
paper®® considers in particular the case of marks with values in a path space, which gives a complementary way of defining and studying infinite
dimensional interacting diffusions indexed by elements of y € I'(X).
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APPENDIX: TECHNICAL DETAILS

1. Linear operators in the spaces of sequences

We start with the formulation of a general result from Ref. 11 on the existence of (infinite-time) solutions for a special class of linear
differential equations, which extends the so-called Ovsjannikov method, see e.g., Ref. 18.

Definition A.1 Let B = {By} ooy be a scale of Banach spaces. A liner operator A: U Ba - U By is called an Ovsjannikov operator of

r4 ae

order q > 0 if A(By) c Bg and there exists a constant L > 0 such that
L
[Ax| s, < G-w) |x|B,> x € Ba, (A1)
forall a < B € of. The space of such operators will be denoted by 0 (B,q).

Theorem A.2 (Ref. 11, Theorem 3.1 and Remark 3.3). Let A € (B, q) with q < 1. Then, for any a, 3 € o such that a < and fo € B,
there exists a unique continuous function f : [0,00) — Bg with f(0) = fo such that:

(1)  f is continuously differentiable on (0, c0);
(2) Af(t) e Bgforallt € (0,00);
(3)  f solves the differential equation

d
Ef(t) =Af(t), t>0.

Moreover,

If ()]s < Ke(e B follp,, >0, (A2)
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where K¢(a, ) := 3,20 (ﬁj%%n < 0.

Remark A.3 Let us remark that estimate (A2) generalizes the classical estimate ||etA H <Al for the exponent of a bounded operator A in a
Banach space and does not take into account possible dissipativity properties of A.

Remark A.4 Function K(a, B) can be estimated in the following way, see Ref. 11:
= L't 1

n=0

The r.h.s. of (A3) is an entire function of order 8 = (1 - q)™" and type o = (Le)°(ed) ™ (B — &) ™. Thus, for any & > 0, there exists te > 0 such
that
Ki(a, B) < (o forallt > t..

The aim of this section is to give a sufficient condition for the linear operator Q, given by an infinite real matrix {Qx, }xyey» to generate
an Ovsjannikov operator in the scale #" of spaces of sequences defined by (2.8).

Theorem A.5 Assume that {Qxy}x ey is such that for all x,y € y we have

* Qy=0iflx=y[>p
o there exist C > 0 and k > 1 such that
|Quy| < Cri. (A4)

Then Qe 6 (£',q) forany q < 1.
Proof. Since Q is linear, it is sufficient to show that
IQells < g le] (45)
FoB-a

for any a < B € o7 and z € I. By the definition of the norm in l}; we have

|Qzlg =3 e

xey

Z Quyzy

Y€y

Now, using estimate (A4) we see that

1Qzlp < 3 D 1Quple ™z < 3 3 1Queyle ™[z

X€y yey XEY Y€ Py

Seﬁpz Z \Qx,y|e_(ﬁ_“)|y‘e_“‘yl|zy|

XEYYEPx

< PU|z]ar (A6)

because Q,, = 0 for y ¢ j. and —|x| < —|y| + p for y € j. Here

U := sup Z |Qx,y|ef(ﬁ7“)‘yl.
Y€y xey

Our next goal is to estimate the constant U. Using condition (A4) we see that forall y € y

5 Quyle M < T e B!

xey X€B,
Observe that there exist constants M, N € N such that

M< x| = ne < N5
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Then, taking into account that |x|7? < [y + p??

> nk < > N|x|q/2+ > nk

for x € By, we obtain, assuming without loss of generality that |y| > M, that

R <A
<N (|y\"/2 +pq/2) +P < Nny(|y|q/2 +pQ/2) +P
i
< NP2 (12 + p72) + P < 2NPpIT+ NPT 4 P, (A7)

where P = P(y,M,q) := Y xy nl< co. Hence for all y € y we have
[x|<M

Z |Qxly‘e*(ﬁ*°¢)|)'| < C(N2|y|q +N2Pq +p)e*(ﬁ*a)l}'\ <aj+ a2|y|qe*(ﬂ*a)|)'\

xey
with a; = C(szq + P) and a, = CN?. Now we see that

_B=eap\1
U<a +azsup{\y|q67([g7“)‘ﬂ| yey} <ay +a2sup{(he a h) | h> 0}

_ By q
$a1+a2(sup{he a |h>0}). (A8)

= b
Hence, we can deduce that function he” ¢ ", h € R, attains its supremum when %he ¢ " = 0 that is when & = (ﬁ%%t)' Hence it follows from
inequality (A8) that
ar(af —ax )T+ az(e_lq)q

U< B-a)

Now, continuing from Eq. (A6) we finally see that (A5) holds with L = e Par(af —ax ) + a2q7), and the proof is complete. [ ]

2. Comparison theorem and Gronwall-type inequality

In this section, we prove generalizations of the classical comparison theorem for differential equations and, as a consequence, a version
of the Gronwall inequality, that works in our scale of Banach spaces of sequences.
Let us consider the linear integral equation

t
£(t) :2+f Qf(s)ds, te 7, (A9)
0
inl.. where Q e 0(£",q), q < 1,is alinear operator generated by the infinite matrix { Qy }xyey and z = (2x) ey € Iy for some & < a*. It follows

from Theorem A.2 that this equation has a unique solution f € L%, .
The next result is an extension of the classical comparison theorem to our framework.

Theorem A.6 (Comparison Theorem). Suppose that Q,, > 0 forallx,y e yandletg: 7 — I3 be a bounded map such that

(1) Szx+[‘[0th(s)ds] , teT, xey.

Then for all t € 7 and all x € y we have the inequality

& (1) < f(1),

where f = (fx)xey is the solution of (A9).

Proof. Let 2, := % ([0, T],1}), a € </, be the Banach space of bounded measurable functions .7 — I%. For any g € %, define the function

() =z+ /Oth(s)ds.
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It is clear that .#(g) € Bqs, which implies that the composition power .#" : B, — B, is well-defined. It follows from (the proof of) Ref. 11,

Theorem 3.1 that
in Z ([0.T]1)
—_——

[lim 7" (&)] = f, B>« (A10)

Indeed,
n—1 k

SOO=-% k|Q +Q”f0t ...fO’”"g(tn)dtn...dtl

It was proved in Ref. 11, Theorem 3.1, cf. formula (3.5), that the series "2, n,Q z converges uniformly in any lﬁ,ﬁ >a,and 3520 o L£Q'z = f(t).
On the other hand, dividing the interval [a, 8] into # intervals of equal length and using estimate (A1) on each of them, as in Ref. 11,

Theorem 3.1, we obtain the bound
‘ f f g(tn)dtn .dt

with D := L(B — a) 1. Taking into account that n! > (g)n we see that a, — 0,1 — oo, which implies (A10).
We have therefore limy— o % (g)(¢) = fx(t) for all x € y and all € 7. Hence to conclude the proof it is sufficient to fix x € y and prove
by induction that for all f € 7 we have

 £=pleoly oy

&(1) < A(g)(t), ¥nel. (Al1)

The case n = 1 is satisfied by the initial assumption on g. Let us now assume that (A11) is true for some #n > 1 and proceed by considering the
following chain of inequalities:

A0 =z | [[Q @] <z Y Qo [ A @Edz 24 Y Qo [ g0)ds
Y€y yey

“z [ [ Q)] 2 e,

which (since t above is arbitrary) completes the proof. [ |

Corollary A.7 (Generalized Gronwall inequality). Suppose in addition that zx > 0 for all x € y. Moreover assume that components of the
map g are non-negative functions, that is, g (t) > 0 for all x € y and all t € 7. Then for all f > « we have the inequality

Z e ﬁlx‘supgx(t) < Kr(a, ﬁ)z efa\xl

X€y te X€y

nqn

where Kr(a, f) = 3120 (L T;qn o < oo,

Proof. Using Theorem A.6, we see that for all x € y and all t € .7 we have

&(t) <z + [fOtQ(g(s))ds]x <z + [fOtQ(f(s))ds]x.

Since functions g and therefore f are non-negative we see that for all x € y

Sup (1) <2+ [ e pas] - nm.

Hence it follows that

% e Maupgd(t) < 37 e PUAT) <A (Dl

X€y X€y
The right-hand side of the inequality above can be estimated using Ref. 11, Theorem 3.1, cf. Theorem A.2. In particular, we get

©o LVI Tn nqu

IF (D < Z

2l < oo
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Hence letting K7 (o, f) = X120 (ﬁngqn ”n, we see that the proof is complete. [ ]

Lemma A.8 Consider a bounded measurable map p : 7 — I, « € o, and assume that its components satisfy the inequality

px (1) <anz [ Qy(s)ds+bx, te T, xey, (A12)
yETs

for some constants B> 0 and k > 1 and b := (bx)xﬁy € l,;, by > 0. Then we have the estimate

De Pl |supo (t) <Kr(ap)d e b, (A13)

x€y xey
forany B> o, with Kr(a, ) = 02 (L T;q,, ”:, < o0, cf. Theorem A.2.

Proof. Inequality (A12) can be rewritten in the form
pe(t) < Qxyf 0,(s)ds + by, te 7,
yey

where

By, |-yl <p,
Qx,y =
0, lx=yl>p

forall x € y. We have p € 2 (7, I1), and |Qx,| < Bnt. Therefore using Theorem A.5 we conclude that for any q € (0, 1) matrix (Qx,) generates
an Ovsjannikov operator of order g on .#". Therefore we can now use Corollary A.7 to conclude that (A13) holds. [ |

3. Estimates of the solutions
We start with the following auxiliary result.

Lemma A.9 Suppose that 01,0, € Rand Z,,Z, € S'. Then for all x € y we have the following inequalities:

Ve (Z1) = Yx(Z2)| < M(ny + 1)|z1x — 22| + MY |21y — 22y,
VE€Yx

[¥(0)| < Mny,
and

|0:(Z1)] < (1 + [z1a]®) + ane(1+20z1x]) + @Y |21y),
VE€Y¥x

(21x — 22 ) (De(Z) = Da(Z2)) < (b+7 +4a nx)(z”—z“) +E 20 (mny - 22y)
VE€Yx

where constants M, ¢, b and a are defined in Assumption IL.1.
Proof. The proof can be obtained by a direct calculation using assumptions on @ and V¥ stated in Sec. I1. [ ]

Let us fix « € o7 and consider two processes B '- (E(l)) and Et(z) (E(z)) g 5@ ¢ 2", , with initial values 2}, 83 € L%,
X€y

Lemma A.10 Let p > 2,x € y be fixed and assume that R-valued processes E)E ,), f( satisfy Eq. (2.1). Then there exist universal constants
B, Cy and C; such that

¥S:GE: L1 G20z Ateniged gz

B <EfEP[ + kY f B¢ Pds + C (Al4)
YEPx
and
el < EJE o +Br2 S [ BJE, [’ ds, (A15)
A
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for all teJ, where fxt f(l) f(z). The constants B,C, and C, are independent of the processes E(l),5<2) and x €y. Moreover
C2 = {Cx}xey € la.

Proof. We remark that in this proof all inequalities hold for all € 7 and P — a.s., that is on the same same set of measure 1. We now
start with the proof of inequality (A14). Using It6 Lemma we see that if x € A, then forall t € 7

¢ _ -1 ¢ _
0P = QP+ p [y 0z as + BTV [ Dyt (0) s
t
o [T EDY(ED) W),
0

Now from assumptions (2.4) and (2.5) and Lemma A.9 we can deduce that for all t € 7

(&) 08" = (Y (ED 0D <

1 _ 1, _
[(b byt )EDP a5 0P+ [ (4(0) 4 am)|

VAN
1 _ —1
< (b4 +aatm JEOP + aEDPT S PP+ gL (e am)

ey«

1 1
< (b 5+ 40 )EDF + 2 Emamax 0P + (1 621 e+ an).

where &, := a./n1; and constants @, b and ¢ are defined in Assumption IL.1. In the last inequality, we used the simple estimate C*~' < (1 +
C)P™' < (1 + C) for any C > 0, which holds because p > 1. Taking into account that maxyeyx|£§,i)|f’ < e |£§,§)|P and using inequality (1 +
a)? < 2P71(1 + o) we arrive at the following:

_ 1 1 _ _
EDVY 1o, ED) < (b+ S+ nx)|e,55 Fo Sain Y E0F+ 2 v an) + 27 (v an ) [E0P
YE€Px

1 1
< (b+£+4a ni+ 20" 1(c+anx))|f,55 P+ 54 a’ ZZ |f}§1)|P+2p Ye+any).
yeTs

In a similar way, using assumption (2.7) we obtain the estimate

EDP(w(8M)) < (&Y )"_2[3Mz(nx F1)ELE +3MPn Y [ + 3w (0)
VE€Yx
<3M (ny + 1) EDLP +3MP 2 S [EDP 4 3MP 2D
YE€Px

3(M(nx+ 1)2 4 M2 220 ) EDP + 3002 S (€D + 3M7 22 (A16)
Y €Px

Observe that n, > 1. Thus there exist constants C, C; > 0 such that

PP <[ + an2 Y f |Ey(1)|Pds+CX+pf (€D (ED)dwa(s),

Y€ 7x

which implies that (A14) holds.
The proof of inequality (A15) can be obtained similarly. Using the relation

b=t [ (&) -0 &))ds+ [ (wi(aD) - wi(a®))awi (o),
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t € 7, and applying the Itd Lemma to |£,|” we obtain the inequality

|Ex,t|P < |Ex,0|‘l7 + Bnazc Z At |€y,s|pd5 + ‘/O‘tp(gx,t)Pil(\Px(Es(l)) - \Yx(ES(Z)))dWx(S) (A17)

V€Y«

for some constant B > 0, which implies the result. Finally, C; € I because (see Assumption I1.1) for some constant W we have C5 < W(1 +
log (1 +|x|)) and one can use exponential weight to sum up these terms. [ |
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