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Abstract: Hopf—Galois extensions extend the idea of principal bundles to noncommutative
geometry, using Hopf algebras as symmetries. We show that the matrix embeddings in
Bratteli diagrams are iterated direct sums of Hopf-Galois extensions (quantum principal
bundles) for certain finite abelian groups. The corresponding strong universal connections
are computed. We show that M,,(C) is a trivial quantum principle bundle for the Hopf
algebra C[Z,, x Zy]. We conclude with an application relating calculi on groups to calculi
on matrices.
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1. Introduction

The idea of using a Hopf algebra in place of a symmetry group to give a definition
of a principal bundle in noncommutative geometry was given in [1]. (Independently
in [2,3] this was described in terms of differential calculi.) Because of the connection
between classical Galois theory and this definition of principal bundles, they were called
Hopf-Galois extensions (see [4-6]). These extensions generalise the classical idea by taking
complex functions on the base space of the principal fibration to be included in functions
on the total space as functions constant on each fibre, and is described in more detail in
Section 2.

In 1972 Ola Bratteli introduced graphs for describing a certain class of C*-algebras (the
approximately finite-dimensional or AF C*-algebras) in terms of the limits of direct sums
of matrices [7]. This is a graph split into levels, and an example of one level in a Bratteli

digram is
M;(C)e *M;(C)
Mi(C) & Ma(C) = SN _M(©EM©),
M;(C)e o M4(C)
which represents the map
a 000
b 0 a 00
(a) ® ( p ) — (a) ® 00 b c
0 0 d e

Here, M,,(C) represents n-by-n matrices with complex number entries.
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In Section 3, we will show that the inclusions of algebras given by such diagrams do
not necessarily give Hopf-Galois extensions. However, in this paper, we show that we can
split each level on the diagram into a composition of stages, each of which is a direct sum
of Hopf-Galois extensions. Taking the direct sum to be the same as the disjoint union of
topological spaces, we simply allow different groups in principal bundles over different
components. For example, we rewrite (1) as a composition of three stages:

° . ° ° 2)

N

and we refer to these as (from right to left) Case 1, Case 2 and Case 3. To be more explicit,
the cases are described as follows: Case 1: There are not multiple lines, and every node
on the left has a single line coming from it. Case 3: There are not multiple lines, and every
node on the right has a single line going to it. Case 2: Each node on the right or left is
connected to exactly one node. The line can be multiple. In each of these cases, we shall
exhibit a strong universal connection map.

The idea of a trivial quantum principle bundle was described in [8]. In Section 7, we
show that M,,(C) is a trivial quantum principle bundle for the Hopf algebra C[Z; x Z,].
Note that in [9], it was shown that M,,(C) was an algebra factorisation of two copies of
C[Zy] satisfying a Galois condition. We give an application relating differential calculi on
M,,(C) to differential calculi on C[Z, x Zjy]. Then, we give our concluding remarks and
present possible applications.

2. Preliminaries

For our purposes, it is sufficient to consider Hopf algebras of the form H = C[G] and
the complex-valued functions on a finite group G. Then, H has the basis d, the function of
whichis 1 at g € G and zero elsewhere. The Hopf algebra operations are

by ifx=
0by = TV and A= Y @4y,
0 ifx#y xyeGixy=g
1= Y 6y, €(0x) =0xe, S(O:) =0, 1.
xeG

We write the coproduct of H as A(h) = h() ® h(y) using the Sweedler notation.
To define a Hopf-Galois extension, we begin by supposing that P is a unital algebra
and that H is a Hopf algebra over C.

Definition 1. For an algebra P and a Hopf algebra H, we say that a right coaction Ag : P — P ® H
makes P into a right H-comodule algebra if A is an algebra map, i.e., for p,q € P

(P20 @(Pa) ) = Py @ Py, Ar(1) =1®1, 3)
where we write the coaction as Ar = pjg) @ ppy)-

This means that the invariant A = P°H = {p € P : Ag(p) = p® 1} is a subalgebra
of P.
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Example 1. Suppose that K is a subgroup of the finite group G. Then, there is a right coaction of
H = C[K] on P = C[G] given by

keK

To check that this is a right coaction, we calculate

(ld ® A)AR((Sg) = Z 5kgk—1 ® Aé‘k = Z 5kgk_1 ® §x ® 51 7
kekK kx,yeK:xy=k
(AR ®@id)AR(dg) = ) AR(Gyg1) @0y = ) Opyey1p1 @0 @0y
yeK xyeKixy=k

These are the same, as required. Also P = C[G] is a right H-comodule algebra, and we check the
required multiplicative property.

AR(‘sg)-AR(‘Sh) = Z (5xgx*1 ®5X)'(5yhy*1 ®5y)

x,yeK
= Z (ngx*1 ® Oy ‘Sx,y (5xgx*1,yhy*1 ’
x,yeK
AR(8g81) = AR(0g) g = Y, Ogu1 @2 bgy,

xeK

which are the same, as required. Finally, the invariants for the coaction are spanned by those
Oq obeying
AR(ég) = Z 5kgk*1 ®5k = 5g®1 = Z 5g®(5k,
keK keK

and thus consist of the functions on the subset of G whose elements commute with all elements of K.

Definition 2. Let P be a right H-comodule algebra. P is a Hopf-Galois extension of A = P°H if
the canonical map can : P®4 P — P ® H is a bijection, where

can(p ®q) = pqjg @ q[y) - (4)

The idea of a Hopf-Galois extension can also be described as a quantum principle
bundle in the case of universal differential calculi ([10], Chapter 5). We shall return to this
later and present an application to differential calculi on the matrices. If P is a Hopf-Galois
extension, then there are elements of P ® 4 P mapping to 1® h for all h € H. For many
practical purposes, we seek an element 1) @ h(?) € P® P (not ® 4) mapping to 1® h
under the canonical map. This is no longer unique, but we ask whether there is a function
w?: H — P® P given by w!(h) = h) @ h® such that w!(1) = 1® 1 and

D @ K2 0] ® L2 )
h(l)[o] Q h(l)m @ h?

oM @hg)® @hg,

= h 1 ,
=hipy V@ Shyy @ hp@ . (5)
In this case, we say that whisa strong universal connection (this name was given in [11]).
In [12], it was shown that if H has a normalised integral, then w’ always exists, using the
next result, for which we provide a framework of the proof, as we shall require it later.

Theorem 1. Suppose that H has a normalised left-integral [ and bijective antipode, and that P
is a right H-comodule algebra with the canonical map surjective. Then, (P, H, AR) is a universal
quantum principal bundle and admits a strong connection. To show this, begin with a linear
map h — h @h? € P@Psothat 1+ 1®1and can(hV) @ h®) = 10h € P® H, but
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not necessarily satisfying (5). Now, defineb : H® H — C using b(h,g) = [(hSg), and then
ag : P®@H — Pandap : HQP — P using ag(p@h) = ppb(pp) h) and ap(h@p) =
b(h,S! P))Po)- Then, we have a strong universal connection:

W (h) = ap(hqy @) V) @ ar (@ @ b)) - (6)

3. A Bratteli Diagram Which Is Not a Hopf-Galois Extension
We shall show that the Bratteli diagram

M;(C)e oM;(C)
M;(C) & M; (C) = \ — M(C)eMy(C) =P, ()
M;(C)e oM;(C)

does not give an inclusion coming from a Hopf-Galois extension. In terms of matrices,
this is

(a)@(b)H(a)ea<g 2)

P has a linear basis, (1) ®0and (0) @ E;j, fori,j € {0,1}, and A has a linear basis, (1) ® E
and (0) & Epy. Note that multiplication by elements of A simply scales each of the given
basis vectors in P by a number. Thus, to find P ® 4 P, we only have to consider the first
element of P to be a basis element. Note thatin P ®4 P,

(De0)@@ap)=((1)©0)((1)&En) @« p) = (1) ©0)@((a & Enp),
s0 we have
(1) @®0)®((0) & Eyj) = 0.
Next,
((0) & En) ®(a @ ) = ((0) & En)((1) & Enr) ®(a & B) = ((0) & En) (a & Enp),
s0 we have
((0) ® En) ®((0) & Epj) = 0.
Next,
((0)® Ep) @(a® B) = ((0) ® En)((0) & Exz) ®(a & ) = ((0) & Epp) @((0) ® Exp) ,
s0 we have
((0) ® Ep) ®((1) ®0) = ((0) ® Ep) ®((0) ® Eyj) = 0.

We have shown that 12 tensor products, on the basis of P with itself, disappear, mak-
ing P®4 P 13-dimensional. If this was a Hopf-Galois extension this would have to be
dim P x dim H, which would be a multiple of 5.
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4. Combining Matrices on Block Diagonals

We consider two cases of subalgebras A of P = M,,(C) and also a subalgebra of
the direct sum of matrix algebras, and show that they form quantum principle bundles.
In the following section, we count matrices from entry 0, 0 in the top left, and use mod
m arithmetic for the rows and columns of (2) and give the appropriate conditional map
M, (C). We follow on from the previous section by calculating P ® 4 P in the three cases.

Case 1:

We choose block decompositions of M,,(C) with rows and columns divided into
intervals of nonzero length Iy, Iy, ...,l,_1, where Iy +I; + ... +1,_1 = m. Let A be the
image of the nonzero diagonal embedding;:

M[O (C) () M11 ((C) D...D ]\/11}171 ((C) — Mm((C) . (8)

For a row or column j, we take (j) € Z, to be the block to which the row or column j
a b|0

belongs. Thus, forn = 2,1y = 2,1 = 1,m = 3, we have c d|0 | €Aand (0)=0,
ine0 0| e

Proposition 1. There is an isomorphism T : My, (C) ® g4 My, (C) — M, (C) ® C[Zy] of M (C)
bimodules which is given by

T(E,‘j ®Egp) = Eibéja & 5(]-) .

Here A is an image of the map in (8), and the My, (C) bimodule structure on M,,(C) ® C[Zy,]
involves a left and a right multiplication on the first tensor factor.

Proof. First, note that T is surjective, simply by choosing appropriate values of i, b and
j=a.Next,as Egy € A,

Eij® Egp = Ejj ® EgaEqp = EijEaq @ Eqp = 8jsEij @ Egp ,
s0 Ej; ® Egp = O unless j = a. If (k) = (j), then Ey; € A, so
Eij® Ejy = EixExj @ Ejy = Ejy ® ExjEjr = Ejx @ Eyy .
Thus all the E;; ® Ej, outcomes which have the same value of T are identified by ®4. O

Case 2:

We take the embedding M (C) — M,,(C), where m = nk, sending the matrix x to
the block diagonal matrix with all diagonal blocks being x, and let A be the image. For
example, for n = 3, we have

a b
c d
a b ine a b
, 9
<c d)H d ©)
ine a b
c d

and we define (i) as the block to which row i belongs, so (0) = (1) =0, (2) = (3) = 1and
(4) = (5) = 2. This corresponds to the notation in Case 1.
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Proposition 2. M,,,(C) ® 4 M,,,(C), where A is an image of the above map, and M;(C) —
M, (C) is given by the isomorphism of My, (C)-M,,(C) bimodules
R: My, (C)®s My (C) — M, (C) ® C[Zy] @ C[Zy], which is given by

Eib®5r®5(u) iff=a+kr modm, for0<r<mn,

0 otherwise .

R(Ejj®Ey) = {

Proof. Setting y = Z Eqtkratkr € A, we have
0<r<n

Eij®@Eqp = Eij @ yEgp = Eijy @ Egp -
Thus, E;; ® E;p = 0 unless j = a + kr mod m for some 0 < r < n. Now, A has linear basis
Z Eqikrdtkr = Gag for (a) = (d), i.e., a and d in the same block. Then, if j = a 4 kr with

0<r<n
0<j<m,

Eij & Eub = El] ® GﬂdEdb = EijGud (24 Edb = EijEﬂ+kr,d+kr ® Edb _ Ei,d+kr ® Edb .
So, the tensor products of E;; have the following relation, where (a) = (d),
Ez’,a+kr ®Eqp = Ez’,d+kr ® Egp .

Thus, we have r, and (a) and E;, are the same on both sides of the relation, so R is well
defined. O

Case 3:

For unital algebra B, consider the replication map rep : B — B®" = P given by
rep(b) =b@--- @b,

and call its image A. We write elements of B®" as (by, ..., b,_1). This has a module basis
7;i = (0,0,1,0,...,0), where 1 is in the ith position for i € Z,. Then, for b,c € B,

by ® = by; ®a.;,
wherea = (c,¢,¢,...,c) € A. Then, in B ® 4 BY", we have
by ®cnpj = byj.a@n; = bey; @17 .
Thus, we have an isomorphism u : p® p — p ® C(Z,), where
u(bn; @ cnj) = bey; @15 .

5. Block Matrices and Quantum Principle Bundles

In this section we will show that the three cases in the previous section are actually
examples of quantum principle bundles. In the definition of a Hopf-Galois extension, we
will only need the case where H = C[G]. If G acts on the algebra P on the left through
algebra maps, i.e., ¢> (pg) = (¢>p)(g>¢q), then we obtain a right C[G] comodule algebra
AR : P — P ® H via the following:

Ar(p) =) grp®d,. (10)
geG
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We set R to be the group of complex nth roots of unity, and recall that we label matrices
from row and column zero.

Case 1:
We define the group
1
ine | w
G = gu; = . : w € Rn C GLm (C) ’ (11)
ine .
ine w1

using blocks of length Iy, ...[,_1, and we insert the appropriate identity matrices in the
blocks. Now, G acts on P = M,,(C) through algebra maps g., > x = g,xg5". For x purely
in the st block for s, t € Z,,, we have

s—t

Subx=w""x,

so the fixed points of the G action are precisely the block-diagonal subalgebra A. The
canonical map is

can(Eij® Ep) = Jia Z Ey w@)=(®) ®06w Wherea,b,i,j€Zy, .

WERy

If the canonical map is surjective, then it is automatically injective, since the dimension of
My (C) ® 4 My (C) is the same as M, (C) ® H according to the previous section. Now, for
¢ € Ry,

o w\ D=0
can(C(’)_(])EijQQEji) = ) Ej (C) ®bw ,

wERy,

SO
q—(0)
x lfg Dean(Ej®E;) = Y.  Ey (‘g) D0,
JE€Ly 0) €Ly, wERy

and according to the formula for the sum of a geometric progression, this sum is zero unless

@Y _ 1. Thus,

¢

1 o
Can( ‘ EZ mé(l) (])EIJ®E]1) =n EE”®5§ =n-I, ®(5§ . (12)
JH€Ln i

Since the canonical map is a left P-module map, we see that it is surjective, and we have a
quantum principle bundle. We have proven the following Proposition

Proposition 3. For § # 1, set

s @0 2 m “0E;0E;, Ves? =10, - ; s ws . )
1

Then, 1V ©1®) = I, ® I, and for all yy € Ry,

can(d,(]l) ® 5,(72)) =In®d,. (14)



Symmetry 2025, 17, 164 80f16
Case 2:
For w € Ry, and i € Zj, define them using blocks of length k as before:
o ... 0 1 0 0
o ... 0 0 w
0= wii 0 0 00 0 o |
0 . wtoo . o
where the original 1 (in fact, I;) is in column i (counting from column 0). Note that
Sicw8jn = N'Sivjwn 8w =W8 ;1 (15)

M o
Oz ©

We take the group G of projective matrices G C PGL,(C) consisting of g; ., so we obtain
G 2 Z, x Ry. Then, we define an action of G on M,,(C) via (i,w) > x = gilwxg;;}, which
is not dependent on a scale factor on the g; ., (this is why we can use the term projective
above).We use F; for j,t € Z, to denote the identity matrix in the jt block and zero
elsewhere. Now, using (10),

(i/ w) > F]’t = wjitiji,tfil t = Zw] j—s,t—s ® (s(s w) 7
and the canonical map is
can(Fy @ F; Zw] Fat—jb @0 _pw) s

and a particular case of this is that by settingb = j —iand t =i+ g4,

Can(FﬂJ’,,’ ® Fj,i+a) = ij_i_aFg’g ® 5(i,¢u) .
w
Now, using the sum of powers of a root of unity,

can( )& (Faj-i ® Fyisa) Zw NZ) T Faa @81y =& "Faa®d(g) ,
j

SO

can( Z EI(E, i i®F i) =Y Faa®8(iz) = In ® ;) - (16)
]/ a

Thus, we have proven the following Proposition:

Proposition 4. If we define, for (i,¢) # (0,1),

izz(zl TE i@ Fia, gy @00 =@l — Y 6L @85, a”

(15 Z(01) )

then 1V 212 = I, @ I, and for all (j,n) € Zn X Ry,

D) 5@y _ ,
Can((s(]’/ﬂ) ® 5(1‘,11)) = In®0(jy) - (18)
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Case 3:
We use the group G = Z, acting on P = B¥" viai>#s = 175,; mod n. Now,
can(n; @ 1s) = . Y Nsri @6 = Nt @ s, (19)
i€7Zn
so we have the following Proposition.
Proposition 5. If we define, for i € Zy,
1 2
51‘( )®5i( ) =Y mOn_i, (20)
t
then 1V ©1@) = ¥, 1, @ Y, 175 and
can(éi(l) ® 552)) =) m®s. (21)
t

6. Strong Universal Connection

We find the strong universal connections corresponding to the cases in the previous
section, starting with the back maps h — h @ K2 given there. Note these have been
defined so that 1) 1) = 1® 1. This uses Theorem 1 and the normalised integral on

C[G] for G a finite group [ f = 1 Y f(g)
|G| g€G
Proposition 6. In Case 1,
¢ 1 L i)-G) 1

" i) )
Proof. According to Theorem 1 and Proposition 3,
Y ar(b0 ®8,)) @ap (8 @8, 121)
wg
Y ar(be® 5&1)) ® aR((séZ) ®8y15-1) + Y (60w @ In) @ ag (In ® Oyr1)
w

w,E#1

- Y a0 ®6)) @ar(6P ©6,,1)
w,E#1

Z aL(éw ® 5&1)) ®ag (5&2) ®(517w*1(;‘*1 - 5}70‘]71)) + ZaL((Sw Iy ® aR(Im ® 577&171)
@

1 L )~

- Z — ar (8, ® E,’j) ®ag (Eﬁ ®(5,7w71§71 - 5,7(”71))

+ ZHL((sw & Im) ®61R(1m ®517w*1) .
w
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Then, we calculate ag and ap for both sums via ag(E;j®dz) = %C(f)’(i)Eij and

(0 ® Ejj) = %6( )= (])Elj, and so,

£0-0y0-0) (-0 _1)E, o E; +Z Ll
i)—(j Ne(i 1
== L OB @ Ei(1 -0 0) + L@l )

Now, for the first term, if (i) — (j) # 0, we obtain

Yy e —o=14Yy g0, (24)
3 ¢#1

We split the last equation in (23) into an (i) = (j) part (the summand vanishes) and (i) # (j)
part, where summing over ¢ and using (24) gives

1 1 1 1
wﬁ(én) = Y 1(7’7(1) (])El.]@E].i(n ~1+1) = - Yy Z(TU(Z) (])El.].®Eﬁ.
i,j: (1) #(j) i,j:(1)#(f)
O]
Proposition 7. In Case 2,
" 1 bes 1
W (Oky)) = o Y "Ry ® Fopipik — " Y Fup ® Fiskqpivksb - (25)
b,SE L bi€Zm

Proof. According to Proposition 4,

1
GO = L 0 ((pa0) @[ 0) ©aR(Or @Oy yuriz))

(i,p.w.g)
1 2
- L aL (O (pw) ® 5&,)@) @ ag (5Ei,2’;) ® O(k—p—igwic))
(pw),(i,5)#(0,1)

1 2
’ (Z 1 (0p) @ 5&)/)1)) W aR (‘520?1) D0k p 1))

)
2
:( (Zﬁ)#(on%((s(p“’)@(sg )6))®“R(5E )) (k- p—inw=1g=l) T J(k—prvw*l)))
pw),(i

+ Z ﬂL(5pw)®Im)®ﬂR(Im®5(k pw= 1))
(pw)

1 .
Using ag (Fjx ® 0, ¢)) = - é’ Firxyrandap (g, q @ Fi) = ﬁ(f]_kl-"j_r,k_r for both terms,



Symmetry 2025, 17, 164 11 of 16

1 .
Ty ><'¢X>;é<m)o AL () @& Foji) @ ar (Fyita @ O—pipw-1g-1) ~ dk—payew1)))
p.w),(i, ,1),j,a
1 .
T ) (@ TR i) ®
(pw). (i) #(01),j,a
(0™ e TE e piivark—p—i — (10 ) T T Fikpivark—p)
1 _
= T; (a0 )(§’7>l+u ]F —pj—i— p®(€ i ]+k7p7i,a+kfp_Fj+k7p,i+a+k7p)
pija,
1 Lo
= L 0T Ry ® (Frkepiark—p = & Fikopivati—p)
,8,i#0,8
P17,
1 .
+F Z(§:7é ’7 Fa pij— p®F'+k7p,a+k7p(1_§a ]) . (26)
p,ja,c#1
The first part of equation (26) is
= i+a— ]F ® (F; . — 5 . F. .
Z Ui —p,j—i—p (]+k—p—1,a+k—p i+a—j0 ]+k—p,z+a+k—p)
p,ja,i#0
1
- TR pjeiop @ Btk piatkp — 3 a—pa—p O Litatk—p,itatk—p
= Y ytE ®F 5 L F ®F,
p.ja,i7#0 p,a,i#0
n—1 _ 1
-5 Z s sFﬂ*P/S*P®FS+k—P,u+k—P_*3 Z Fa—pa—p @ Fiask—pitatk—p
p,s,a pa,i70
= Z brE,, ®F, -= Y F,®F 27
=z by @ Frikpik = 3 Z b @ Fitktbitk+b s (27)

b,i#0

where we have relabelled s = j — i in the first term. Next, werelabelb = a —pandr =s—p.
Now, let b = a — p and s = j — p in the second part of (26),

_ _ 1 _ _
Y 1R ®Fpppi(1-87°) = . Y "Ry ® Forpprk(1—E7°)
p,s,b,e#1 s,b,i#1

1 _
=3 Y 7P Fys ® Fspprk (1= ) (28)
s,b

n

since Z (1- gb=s ) = n(1—9y), and adding equations (27) and (28) gives the results. [
A

Proposition 8. In Case 3,

1) = Z 0s ® 05 - (29)

SELy

Proof. From Theorem 1 and (20),

a)t(éi) = -ZkaL(éj ®5k(1)) ®aR(§k(2) ®§i—j—k) = ; {ZL(5]' ®11t) ®{1R(17t_k ®5i—j—k)‘
Jr Jikt
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As Apb = th+s ® bs,
s
1
ap(§;@me) =) b(6;@6-s)ers = Z(/5j5s)’7t+s = et
s
1
ar(m ®0;) = Z’?t+sb (65 ®6;) /53 it = TM=j s
SO
wﬁ((sz 2 Z Ne4j O Mp—igj = Zntﬂ O Mp—itj - (30)

jkit ]t
Setting s = t 4 j gives the answer. [

7. A Trivial Quantum Principle Bundle

We first recall that if ®, ¥ are maps from a coalgebra (in our case, H) to an algebra,
then so is the convolution product © defined by

POY = - (PR YF)A,

and that @ is convolution-invertible when there is an inverse ® ! such that ®ed~1 =
P 1od =1le.

Proposition 9 ([10], Section 5.1.2). Let P be a right H-comodule algebra equipped with a
convolution-invertible right-comodule map ® : H — P with ®(1) = 1. Then, P is a quan-
tum principal bundle over A = PH. We call it a trivial bundle with trivialisation ®.

We show that the algebra M, (C) is a trivial Hopf-Galois extension of the group
Zy X Zy, referring to the construction in Section 5, Case 2. We use the notation R, to be the
multiplicative group of the nth roots of unity, generated by x = 2™/ with x* = 1.

Proposition 10. The construction of Section 5, Case 2, gives a trivial quantum principle bundle
with algebra P = M,,(C) and Hopf algebra H = C[G] for G = Zn X Ry.

Proof. We start by defining ® (& Z D ,i,;Fij as a right comodule map, meaning the

following quantities are equal:

ARP(3(s)) = ) SSTa) R ®0(re) »
Ljir,g

(q>®ld) ( ZCD (5(11,])@5(8 tw = Z thﬂqupq®5(s t“’)' (31)
th,pa

Using these, we can show that there is §;; with
®s,w,i,j = w]_l,Bi—s,j—s ’

1
and for ®(1) =1, weneed ) _ B;; = . The inverse ¥ of ® in Proposition 9 can be shown to
i

obey AR (h) = ¥ (h(y)) @ Shy). Writing ¥ as ¥ (J(.)) = ) ¥sw,ijFij, we can show that
ij
Ysw,ij = w'I Yits,jt+s- The equations for convolution inverse reduce to
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I, ifs=0andw =1,

j—ig. . (YN~ o
W7 Bictjt (=) 1Y ivs—tgrs—tFig = )
/ Ui ! 1 1 0 otherwise.

Thus, explicitly summing for clarity,

o 0;;, ifs=0andw =1,
Z'w] qﬂq lﬁift,jft’)’j+sft,q+sft = { "

t,i 0 otherwise.

The sum over 7 gives zero unless g = i, so we are left with

1 ifs=0andw =1,

ny w Zﬁi—t,j—t7j+s—t,i+s—t = )
7 t 0 otherwise.

Now, we use the result that the evaluation gives, an isomorphism from C|w] <, (the poly-

nomials of degree < n mod n) to C[R,], to obtain the complex functions on the set R, (a

version of the discrete Fourier transform). Using this, we can rewrite (7) as

L ifs=0,

Z:Bift,jft')/jJrsft,ivLsft = {”
t

0 otherwise.
Letr =i—tsot=1i—randk =j—i; then, for kands,

L ifs=0,

Zﬁr,r+k7s+r+k,s+r = {n
7

(32)
0 otherwise.

The values By = % and v = % for all k € Zy with all other B;; and 7y;; having values of

1
zero solve (32), and also 2 Bii = . Thus, we have a trivial Hopf-Galois extension. [
i

8. Consequences for Differential Calculus
We can use Hopf-Galois extensions to study differential calculi on algebras. In partic-
ular we have the idea of a quantum principle bundle where we have the exact sequence

inc 1 ver

0—POLP ™5 0L 5 PoAL — 0, (33)

where inc is the inclusion map and A}{ is the left invariant 1-forms on H. The vertical map
is defined by

ver(p.dq) = pqp0) © S(qp))dqpy

and is well defined if the map p.dg — pjg)q(0) ® pp1jdq(y) from 0l to P® O}, is well defined.
This condition can be thought of as H coacting on P in a differentiable manner.

We shall use this theory to build calculi for matrices M, (C) from calculi on groups.
We take Case 2 of our previous discussion, where A = M;(C) and P = M, (C). Asdl =0,
A must have the zero calculus, and (33) becomes

0—0—0,* PoAL, —o0,
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so the left module map ver is an isomorphism. If we write ver(¢) = F® e, then

ver(pg) = pg®®g' and ver(§p) =pp & app, (34)

where 17 9h = S(h())nh(y). The first-order left covariant differential calculi on H = C[G]
for a finite group G correspond to subsets C C G\ {e} [10], Section 1.7. The basis as a
left module for the left invariant 1-forms is ¢, for a € C, with the relations and exterior
derivative for f € C[G] being

ea-f = Ra(f)ea, df = Z(Ra(f) —flea,

aeC

where R, (f) = f(( )a) denotes right-translation. We can calculate

ver(dp) = Z §rp® S(ég(n)dfsg(z)
8€G

= Z Zgbp®5)(71 (5ya—l - (Sy)ea
gx,yeGxy=gacC

=Y ) g>p®6,1(0qa—bgelea=) (avp—p)Qe,.
aeC x,geC aeC

Based on the idea of projective representation, we define a projective homomorphism
7 : G — PV for a group G and the group PV of invertible elements of an algebra P. If
the algebra is over the field C, then we have 7t(e) = 1 and 77(x)7(y) = Cyy7(xy), where
e € G is the group identity, and for x,y € G, we have Cy;, € C\ {0}. Now, we have an
action of G on P using algebra maps g > p = 7(g)pm(g) . For a finite group G, we can
write this as a right coaction of the Hopf algebra C[G] of complex functions on G:

ARZP*>P®H, AR(P):P[0]®P[1]:ZXI>P®5g (35)
geG

In the case where H has a left covariant calculus ()}, we have the right adjoint action of H
on Ok

€, <](5g = Z S(&x)Ea(Sy = E 5x7]5ya7]eﬂ = 5g’g Z&xea = 5g,a8g .
XYXY=8 XYXY=g x

One of the simplest ways to describe differential calculi is by using central generators (i.e.,
commute with elements of the algebra). We have an isomorphism Q}, L P® AL, s0a
basis of AL, would generate )}, as a left P-module, but AL, is not central. However we can
make another isomorphism in Case 2, which will explicitly give Q}, for P = M,(C) ina
frequently presented form with central generators. Consider the left P- action on the image

of ver, P® A}I

(p®ea)q = pa @ea<qn = Y p(g>q) ®ea<18g = p(avq) De, . (36)
g€G

In the case where the group action is given by a projective homomorphism, we define a
map®: PO AL - E=P® AL as®(p®e;) = p n(a) ® e,. Then, from (36),

D((p®eq).q) = P(pr(a)gr(a) ' @e,) = P(pr(a)g®e,) = P(p®ey) - (1),



Symmetry 2025, 17, 164 15 of 16

using the product of the tensor product. Thus, on E = P ® A},, the left and right actions are
purely multiplication on the P part, i.e., AL, is central. We can define Q}, = P ® A}, with

dp = @(ver(dp)) = ). [7(a), p| @ ea,

aeC

giving P a calculus with |C| free central generators. In the case of P = M;(C), we have,
taking C to include all non-identity elements,

(o & oo (3 ) e[S 0 )o

= [EOO — Eq1, P} ® €g0,-1 + [EOlr P] ®(eg1,1 + 621,71) + [ElO/ P} ®(egl,l - 681,71) : (37)

dp

® ego,—l + ® 681,1 + ® 681,—1

Thus, the calculus for C = {(0, —1), (1,1), (1, —1)} is the 3D universal calculus for M, (C),
which in [10] Example 1.8 is defined in terms of the inner element } (Egp — E11) @ Eg1 & E1p-
In addition, we have C = {(1,1), (1, —1) } corresponding to the 2D non-universal calculus
with the inner element Ey; @ Ejp. Note that the structure of the group action we have
imposed means that we do not obtain the full rage of calculi on M;(C) described in [10].

9. Concluding Remarks

The example of differential calculi shows that the Hopf—Galois extensions described
here have applications, and in general. quantum principle bundles are an expanding area
of interest in noncommutative geometry. Further Hopf algebra symmetries are used for
theoretical physics in noncommutative gauge theory [13,14].

In algebraic topology, iterated fibrations (often called towers of fibrations) often occur,
e.g., Postnikov systems or Postnikov towers [15], and the mere existence of these iterated
fibrations is very useful for deducing the topological properties of the limit. It remains to
be seen if there are similar uses in noncommutative geometry.

In the theory of C*-algebras, there are inductive limit constructions which are similar
in principle but more complicated than AF algebras (see, e.g., [16]). It would be interest-
ing to see if the methods of this paper could be applied to some of these more general
constructions.

The subject of differential calculi on (subalgebras of) general C*-algebras is of inerest,
especially with its connection to Dirac operators [17]. It would be interesting to use the
methods outlined here to construct calculi on AF and possibly other C*-algebras.
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