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Abstract

This manuscript introduces a novel neural network-based computational framework for consti-
tutive modelling of thermo-electro-mechanically coupled materials at finite strains, with four key
innovations: (i) It supports calibration of neural network models with various input forms, such
as Ψnn(F ,E0, θ), enn(F ,D0, η), Υnn(F ,E0, η), or Γnn(F ,D0, θ), with F representing the defor-
mation gradient tensor, E0 and D0 the electric field and electric displacement field, respectively
and finally, θ and η, the temperature and entropy fields. These models comply with physical
laws and material symmetries by utilizing isotropic or anisotropic invariants corresponding to the
material’s symmetry group. (ii) A calibration approach is developed for the case of experimental
data, where entropy η is typically unmeasurable. (iii) The framework accommodates models like
enn(F ,D0, η), specially convenient for the imposition of polyconvexity across the three physics in-
volved. A detailed calibration study is conducted evaluating various neural network architectures
and considering a large variety of ground truth thermo-electro-mechanical constitutive models.
The results demonstrate excellent predictive performance on larger datasets, validated through
complex finite element simulations using both ground truth and neural network-based models.
Crucially, the framework can be straightforwardly extended to scenarios involving other physics.

Keywords: neural networks, machine learning, thermo-electro-mechanics, dielectric elastomers,
finite elements.

1. Introduction

Electroactive polymers (EAPs) have emerged as a class of smart materials distinguished by
their ability to undergo significant shape transformations in response to electrical stimuli [61,
60, 62, 42, 16]. Among these, dielectric elastomers stand out for their exceptional actuation
properties, offering advantages such as light weight, rapid response, flexibility, and low stiffness.
These materials are particularly notable for their capacity to sustain electrically induced strains,
with area expansions of up to 1962% observed in studies conducted at Harvard’s Suo Lab [45].
Their transformative potential is vast, with promising applications in bio-inspired robotics [53,
15, 34, 17, 44], humanoid robots, and advanced prosthetics [48, 74, 16], as well as the exciting
frontier of tissue regeneration [54].

Magnetoactive materials represent another class of smart materials with significant applica-
tions in soft robotics and biomechanics [52, 6]. These materials leverage magnetic stimuli to
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induce controlled deformations, enabling precise, programmable actuation for soft robotic sys-
tems [59]. In biomechanical contexts, magnetically driven deformations can be employed to guide
cell migration, promoting directional cellular growth and tissue development, offering promising
potential for advanced medical and robotic applications [31].

Whilst the primary focus of this paper is on electroactive materials, both electroactive and
magnetoactive materials exhibit behavior that is temperature-dependent [50]. As a result, the
interaction between mechanical, electrical/magnetic, and thermal effects must be considered to
achieve accurate and realistic predictions of their behaviour in numerical simulations. Integrating
these three physical domains is essential for capturing the complex response of such materials.

To accurately capture the behavior of electroactive and magnetoactive materials, it is essential
to integrate the coupling between their mechanical, electrical/magnetic, and thermal physics
within the constitutive model. In purely isothermal and reversible conditions, the constitutive
behavior is described by the free energy density, typically expressed in terms of objective invariants
of the deformation gradient tensor and either the electric field or its work-conjugate, the electric
displacement field [21, 20, 22, 13, 14, 11, 12, 33]. In isothermal electro-mechanics, polyconvexity
of the free energy has been extended to account for electro-mechanical interactions [58, 29, 57,
56], building on its original application in finite strain elasticity [2, 3, 5, 67, 68, 69, 70, 66].
For non-isothermal conditions, [51] extended invariant-based free energy formulations to thermo-
electroactive materials at finite strains, advancing earlier work by [65, 73].

Recently, Machine Learning techniques have shown great promise in predicting material con-
stitutive responses (i.e. the free energy density of the underlying material), based on experimental
data, typically stress-stretch measurements. Additionally, Machine Learning has been employed
as a surrogate for phenomenological, invariant-based free energy formulations [40]. Furthermore,
these techniques have been applied to predict the homogenized behavior of composite materials
[41], which, unless analytical homogeneization techniques can be applied, they would require a
multiscale FEM2 approach. In finite strain scenarios, this poses significant computational chal-
lenges due to the high cost of such simulations.

An increasing number of researchers are leveraging Machine Learning, particularly Neural
Networks (NNs), for constitutive modeling. Constitutive Artificial Neural Networks (CANNs)
have been introduced to ensure physical constraints like objectivity and material symmetry. Kuhl
et al. [47] applied CANNs to rubber materials, validating their performance with uniaxial, biaxial,
and shear data. Linka et al. [46] compared CANNs to standard NNs, showing that CANNs
require less data for training isotropic models. Convexity, important for model stability, has
been addressed through convex NNs developed by Klein et al. [39], which use invariants, the
deformation gradient, its cofactor, and determinant to build polyconvex models. This approach
has been extended to electro-mechanical systems [40, 41]. In addition, the authors in [28] proposed
neural network-based models for thermoelasticity complying with both mixed polyconvex-concave
conditions for the mechanical and thermal fields involved. Furthermore, the authors in [36]
developed neutral network-based constitutive models for finite strain magneto-elasticity. The
authors in [38] even explored the use of parametrized polyconvex neural networks, where partial
convexity contraints were applied to the mechanical inputs (invariants) of the model, whiole other
inputs were left unrestricted. Additionally, the EUCLID framework, developed by De Lorenzis
et al. [72, 35, 24], facilitates unsupervised automated discovery of material laws. This method
uses a catalogue of constitutive frameworks to fit a range of material data and has been explored
with NNs and Bayesian implementations for learning elastic and viscoelastic models with varying
anisotropy.

A less common Machine Learning technique is Gaussian Process Regression (GPR), rooted in
probability theory. GPR is an interpolation method that uses Gaussian distributions to generate
predictive distributions, offering the advantage of uncertainty quantification for error estimation
and infill strategies [64, 8, 49, 1]. A key component is the correlation function, with the Radial
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Basis Function (RBF) commonly used to correlate observed data in parametric space. Kriging,
a GPR variant from geostatistics [1], can incorporate gradient data into the calibration process,
known as Gradient Enhanced Kriging [55, 27]. Previous work demonstrated that using gradient
data improves performance, allowing for fewer calibration points or enhanced accuracy with the
same number of data points [23, 63].

The goal of this paper is to develop a flexible neural network-based framework for constitutive
modelling of thermo-electro-mechanically coupled materials at finite strains. This framework en-
ables the calibration of a wide range of free energy densities based on various input combinations,
such as {F ,E0, θ}, {F ,D0, η}, {F ,E0, η}, or {F ,D0, θ}. Here, F represents the deformation
gradient, E0 the electric field, D0 the electric displacement field, θ the temperature, and η the
entropy field. Additionally, the framework incorporates two distinct calibration strategies tai-
lored for either in-silico generated data or experimental data from laboratory settings, ensuring
adaptability across different data sources.

The structure of this paper is as follows: Section 2 introduces the basic principles of kine-
matics and presents the governing equations of nonlinear thermo-electro-mechanics. Section 3
covers constitutive modeling, beginning with the Helmholtz strain energy density and introduc-
ing three alternative thermodynamic potentials derived from partial Legendre transformations,
with the mechanical argument, F , held constant. Section 4 introduces the two proposed calibra-
tion strategies. Section 5 details the finite element implementation of these governing equations
in thermo-electro-mechanics. Finally, Section 6 conducts a comprehensive evaluation of the accu-
racy of the calibrated neural network models, further validated through a complex finite element
simulation comparing the ground truth model with its neural network counterpart.

Notation: Throughout this paper,A : B = AiIBiI , ∀A,B ∈ R3×3, and the use of repeated indices
implies summation. The tensor product is denoted by ⊗ and the second order identity tensor
by I. The tensor cross product operation between two artibrary second order tensor A and
B entails [A B]iI = EijkEIJKAjJBkK . Furthermore, E represents the third-order alternating
tensor. Lower case indices {i, j, k} will be used to represent the spatial configuration whereas
capital case indices {I, J,K} will be used to represent the material configuration. The full and
special orthogonal groups in R3 are represented as O(3) = {A ∈ R3×3, |ATA = I} and SO(3) =
{A ∈ R3×3, |ATA = I, detA = 1}, respectively and the set of invertible second order tensors
with positive determinant is denoted by GL+(3) = {A ∈ R3×3| detA > 0}. Differentiation with

respect to time of any field (•) will be denoted through ˙(•).

2. Nonlinear continuum thermo-electro-mechanics

A brief introduction into nonlinear continuum mechanics and the relevant governing equations
will be presented in this section.

2.1. Kinematics: motion and deformation
Let us consider the motion of an EAP with reference configuration B0 ∈ R3 (refer to Figure

1). After the motion, the continuum B0 occupies a deformed configuration B ∈ R3. The de-
formation mapping ϕ (X, t) links a material particle from the reference configuration X ∈ B0

to the deformed configuration x ∈ B according to x = ϕ (X, t). Associated with ϕ, we define
the deformation gradient tensor F ∈ GL+(3) (or fibre map) [10, 30, 19, 7] as F = ∂Xϕ. The
later permits to introduce its co-factor H (or area map) and its Jacobian J (or volume map),
according to

H = (detF )F−T ; J = detF , (1)

which can be equivalently re-writen as [18, 9] as

H =
1

2
F F ; J =

1

3
H : F . (2)
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Figure 1: The mapping ϕ and the reference B0 (left) and deformed B (right) configurations.

2.2. Governing equations in nonlinear thermo-electro-mechanics

The behaviour of the EAP is governed by a system of coupled PDEs. These include the
conservation of linear momentum [30], which can be recast in a Lagrangian setting as

ρ0v̇ −DIVP − f 0 = 0; in B0 × [0, T ];

PNB0 = t0; on ∂tB0 × [0, T ];

ϕ = ϕ̄; on ∂ϕB0 × [0, T ];

ϕ|t=0 = ϕ0; in B0;

ϕ̇
∣∣∣
t=0

= v0; in B0,

(3)

where ρ0 : B0 → R+ represents the mass density of the continuum in the reference configuration, v
the velocity field. Furthermore, f 0 represents a body force per unit undeformed volume B0 and t0,
the traction force per unit undeformed area applied on ∂tB0 ⊂ ∂B0, such that ∂tB0 ∪ ∂ϕB0 = ∂B0

and ∂tB0 ∩ ∂ϕB0 = ∅. Moreover, ϕ̄ represents the Dirichlet condition for ϕ, ϕ0 and v0 are the
initial conditions for the mapping ϕ and the velocity fields, respectively. Local conservation of
angular momentum leads to the well-known tensor condition PF T = FP T , where P represents
the first Piola-Kirchhoff stress tensor. Finally,NB0 represents the outwardd normal atX ∈ ∂tB0,
and DIV, the divergence operator in the reference configuration.

The second set of PDEs that govern the behaviour of the EAP comprises the electrostatic
form of the Gauss’ and Faraday’s laws, recast in a Lagrangian setting as follows

E0 = −∂Xφ; in B0 × [0, T ];

DIVD0 = −ρe0; in B0 × [0, T ];

D0 ·N = −ωe
0; on ∂ωB0 × [0, T ];

φ = φ̄; on ∂φB0 × [0, T ],

(4)

where φ : B0 → R represents the electric potential, ρe0 : B0 → R is the electric charge per unit
volume in the reference configuration and ωe

0, the electric charge per unit undeformed area applied
on ∂ωB0 ⊂ ∂B0, such that ∂ωB0 ∪ ∂φB0 = ∂B0 and ∂ωB0 ∩ ∂φB0 = ∅. Finally, φ̄ represents the
Dirichlet condition for φ. In above equation (4), E0 and D0 represent the material electric field
and electric displacement field, respectively.

Finally, the last coupled PDE governing the behaviour of the EAP is the balance of energy,
which in the absence of internal state variables (i.e. plastic strain or viscoelasticity), can be
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written in a Lagrangian setting as

θη̇ +DIVQθ −Rθ = 0; in B0 × [0, T ];

Qθ ·N = −Qθ; on ∂QB0 × [0, T ];

θ = θ̄; on ∂θB0 × [0, T ];

θ|t=0 = θ̄0; in B0,

(5)

where θ is the absolute temperature field and η and Qθ, the entropy and heat flux per unit unde-
formed volume B0, respectively. In addition, Rθ represents the heat source per unit undeformed
volume B0, Qθ, the heat source per unit undeformed area applied on ∂QB0 ⊂ ∂B0, and θ̄0 the
Dirichlet condition for θ. In (5), ∂θB0 represents the part of the boundary ∂B0 where essential
temperature boundary conditions are applied such that ∂QB0∪ ∂θB0 = ∂B0 and ∂QB0∩ ∂θB0 = ∅.

3. Constitutive equations in nonlinear thermo-electro-elasticity

The governing equations presented in Section 2 are coupled by means of a suitable constitutive
law. The objective of the following section is to introduce some notions on constitutive laws in
thermo-electro-elasticity.

3.1. The Helmholtz free energy

In the case of thermo-electro-elasticity, and in the absence of internal state variables, the
Helmholtz free energy Ψ per unit of undeformed volume can be defined as

Ψ : GL+(3)× R3 × R+, (F ,E0, θ) → Ψ(F ,E0, θ) . (6)

In order to derive constitutive equations, we begin with the Clausius-Duhen inequality, which
takes the following form

−Ψ̇ + P : Ḟ −D0 · Ė0 − ηθ̇ − 1

θ
Qθ · ∂Xθ ≥ 0. (7)

For the EAP, following [30, 19], use of the Coleman-Noll procedure into (7) leads to(
P − ∂FΨ

)
: Ḟ −

(
D0 + ∂E0Ψ

)
· Ė0 −

(
η + ∂θΨ

)
θ̇ − 1

θ
Qθ · ∂Xθ ≥ 0. (8)

Fourier law relates the spatial heat flux q and the spatial gradient of θ by virtue of the following
expression

qθ = −k∂xθ, (9)

where k represents the semi-positive definite second order thermal conductivity tensor in the
deformed configuration. The relation between qθ and its material counterpart Qθ in (5) can be
carried out by making use of the Gauss’ theorem and the Nanson’s rule (i.e. da = HdA) [10],
yielding

Qθ = −K∂Xθ; K = J−1HTkH . (10)

Positive definiteness of the material thermal conductivity tensor K permits to establish from
equation (8) the following relationships

P = ∂FΨ(F ,E0, θ); D0 = −∂E0Ψ(F ,E0, θ); η = −∂θΨ(F ,E0, θ). (11)

The Helmholtz free energy density must adhere to the principle of objectivity or material
frame indifference, which entails its invariance with respect to rotations Q ∈ SO(3) applied to
the spatial configuration, namely

Ψ(QF ,E0, θ) = Ψ(F ,E0, θ); ∀F ∈ GL+(3), E0 ∈ R3, θ ∈ R+, Q ∈ SO(3). (12)
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Furthermore, a second invariance condition must hold, known as the material symmetry con-
ditions, which reads as follows

Ψ(FQT ,QE0, θ) = Ψ(F ,E0, θ); ∀F ∈ GL+(3), E0 ∈ R3, θ ∈ R+, Q ∈ G ⊂ O(3), (13)

where G denotes the symmetry group of the material under consideration. Section 3.3 will demon-
strate how the two physical conditions specified in equations (12) and (13) can be imposed a pri-
ori. Moreover, the Helmholtz free energy density Ψ(F ,E0, θ), along with the first Piola-Kirchhoff
stress tensor P (F ,E0, θ), the electric displacement fieldD0(F ,E0, θ) and the entropy η(F ,E0, θ)
must vanish in the absence of deformations (i.e. F = I, with I the second order identity ten-
sor), electric fields (i.e. E0 = 0) and when the temperature is equal to the so-called reference
temperature, denoted as θR. All that is mathematically stated as

Ψ(F ,E0, θ)|I,0,θR = 0; P (F ,E0, θ)|I,0,θR := ∂FΨ(F ,E0, θ)|I,0,θR = 0;

D0(F ,E0, θ)|I,0,θR =: − ∂E0Ψ(F ,E0, θ)|I,0,θR = 0; η(F ,E0, θ)|I,0,θR := − ∂θΨ(F ,E0, θ)|I,0,θR = 0.

(14)
Equation (11) establishes the relationship between the first derivatives of the Helmholtz free

energy density, namely {P ,D0, η}, with their work conjugates, namely {F ,E0, θ}, thus closing
the system of coupled PDEs in (2.2), governing the behaviour of EAPs. However, the second
derivatives of the Helmholtz energy lead also to constitutive tensors with insightful physical
relevance, in particular when characterising the behaviour of the EAP in the linearised regime,
i.e. in the vicinity of {F ,E0, θ} ≈ {I,0, θR}. These are embedded within the (symmetric)
Hessian of the Helmholtz free energy density, denoted as [HΨ], namely

[HΨ] =

∂2FFΨ ∂2FE0
Ψ ∂2F θΨ

∂2E0E0
Ψ ∂2F θΨ

sym. ∂2θθΨ

 , (15)

where ∂2FFΨ represents the fourth order elasticity tensor, ∂2FE0
Ψ the third order piezoelectric

tensor, ∂2E0E0
Ψ represents the second order dielectric tensor, whereas ∂2F θΨ and ∂2E0θ

Ψ are second
and first order tensors encoding the influence of the thermal field θ on the first Piola-Kirchhoff
stress tensor P and on the electric displacement field D0. Finally, ∂2θθΨ can be related with a
relevant physical property of a material, in particular, the specific heat capacity, denoted as cv,
and defined as [73]

cv(F ,E0, θ) = −θ∂2θθΨ(F ,E0, θ). (16)

In addition to the physical conditions encompassing the objectivity condition (12), the material
symmetry condition (13) and the reference conditions (14), there are mathematical conditions
that the Helmholtz free energy density Ψ(F ,E0, θ) must comply with. In the context of thermo-
electro-elasticity, it is accepted that suitable conditions that Ψ(F ,E0, θ) must satisfy are: rank-
one convexity with respect to the deformation gradient F , concavity with respect to E0, and
concavity with respect to the absolute temperature θ, i.e.

(u⊗ V ) : ∂2FFΨ : (u⊗ V ) ≥ 0;

[
V
δθ

]
:

[
∂2E0E0

Ψ ∂2E0θ
Ψ

sym. ∂2θθΨ

] [
V
δθ

]
≤ 0, (17)

which must hold for ∀u,V ∈ R3, δθ ∈ R+, {F ,E0, θ} ∈ {GL+(3),R3,R+}. Notice that concavity
with respect to θ in (17) entails positiveness of the specific heat capacity cv in (16), whereas the
two previous conditions in (17) are related with the concept of material stability and hyperbolicity
in the isothermal case [68, 56].
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3.2. Alternative thermodynamical potentials

Provided that the Helmholtz free energy density Ψ(F ,E0, θ) is concave with respect to E0

and θ (as specified by the second and third conditions in (17)), it becomes possible to define the
following three alternative thermodynamic potentials via appropriate Legendre transformations

e(F ,D0, η) = inf
E0,θ

{Ψ(F ,E0, θ) +E0 ·D0 + θη} ;

Υ(F ,D0, θ) = inf
E0

{Ψ(F ,E0, θ) +E0 ·D0} ;

Γ(F ,E0, η) = inf
θ
{Ψ(F ,E0, θ) + θη} ,

(18)

which permits to establish analogous relationships to those in (11) as

P = ∂F e(F ,D0, η); E0 = ∂D0e(F ,D0, η); θ = ∂ηe(F ,D0, η);

P = ∂FΥ(F ,D0, θ); E0 = ∂D0Υ(F ,D0, θ); η = −∂θΥ(F ,D0, θ);

P = ∂FΓ(F ,E0, η); D0 = −∂E0Γ(F ,E0, η); θ = ∂ηΓ(F ,E0, η).

(19)

Obviously, the three new potentials, e(F ,D0, η), Υ(F ,D0, θ) and Γ(F ,D0, η) need to comply
with the material frame indifference condition in (12) and with the material symmetry condition
in (13). Additionally, in the reference configuration, each of these potentials must comply with
the conditions below{

e(F ,D0, η)|I,0,0 = 0; P (F ,D0, η)|I,0,0 := ∂F e(F ,D0, η)|I,0,0 = 0;

E0(F ,D0, η)|I,0,0 := ∂D0e(F ,D0, η)|I,0,0 = 0; θ(F ,D0, η)|I,0,0 := ∂ηe(F ,D0, η)|I,0,0 = θR;{
Υ(F ,D0, θ)|I,0,θR = 0; P (F ,D0, θ)|I,0,θR := ∂FΥ(F ,D0, θ)|I,0,θR = 0;

E0(F ,D0, θ)|I,0,θR := ∂D0Υ(F ,D0, θ)|I,0,θR = 0; η(F ,D0, θ)|I,0,θR := − ∂θΥ(F ,D0, θ)|I,0,θR = 0;{
Γ(F ,D0, η)|I,0,0 = 0; P (F ,E0, η)|I,0,0 := ∂FΓ(F ,E0, η)|I,0,0 = 0;

D0(F ,E0, η)|I,0,0 := − ∂D0Γ(F ,E0, η)|I,0,0 = 0; θ(F ,E0, η)|I,0,0 := ∂ηΓ(F ,E0, η)|I,0,0 = θR.

(20)
Furthermore, provided that Ψ(F ,E0, θ) is also rank-one convex with respect to F (i.e. first

condition in (17)), the resulting thermodynamical potentials in (18) would satisfy the following
convexity/concavity properties(u⊗ V )

V ⊥
δη

 :

∂2FF e ∂2FD0
e ∂2F ηe

∂2FF e ∂2FD0
e ∂2F ηe

∂2FF e ∂2FD0
e ∂2F ηe

 :

(u⊗ V )
V ⊥
δη

 ≥ 0;

[
(u⊗ V )
V ⊥

]
:

[
∂2FFΥ ∂2FD0

Υ
sym. ∂2D0D0

Υ

]
:

[
(u⊗ V )
V ⊥

]
≥ 0; ∂2θθΥ ≤ 0;[

(u⊗ V )
δη

]
:

[
∂2FFΓ ∂2F ηΓ
sym. ∂2ηηΓ

]
:

[
(u⊗ V )

δη

]
≥ 0; V · ∂2E0E0

ΓV ≥ 0,

(21)

which must hold for

u,V ,V ⊥ ∈ R3, δη ∈ R, {F ,D0, η} ∈ {GL+(3),R3,R};
u,V ,V ⊥ ∈ R3, {F ,D0, θ} ∈ {GL+(3),R3,R+};
u,V ∈ R3, δη ∈ R, {F ,E0, η} ∈ {GL+(3),R3,R},

(22)

respectively, where V ⊥ is such that V ⊥ · V = 0. Above conditions, in conjunction with (17)
dictate that the four potentials, namely Ψ(F ,E0, θ), e(F ,D0, η), Υ(F ,D0, θ) and Γ(F ,E0, θ),
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(a) (b)

(c) (d)

Figure 2: Convexity/concavity properties of the various thermodynamical potentials Ψ(F ,E0, θ), e(F ,D0, η),
Υ(F ,D0, θ) and Γ(F ,E0, θ) in the vicinity of the reference configuration (i.e. F ≈ I, E0 ≈ 0 and θ ≈ θR).
Specifically, we observe: Ψ(F ,E0, θ) is convex with respect to F and concave with respect to {E0, θ}; e(F ,D0, η)
is convex with respect to {F ,D0, η}; Υ(F ,D0, θ) is convex with respect to {F ,D0} and concave with respect to
θ; Γ(F ,E0, η) is convex with respect to {F , η} and concave with respect to E0.
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in the vicinity of the reference configuration, namely F ≈ I, E0 ≈ 0 and θ ≈ θR, will adopt the
convexity/concavity properties displayed in Figure (2).

As discussed in [29], defining phenomenological thermodynamic potentials that must sat-
isfy both rank-one convexity and concavity conditions-such as Ψ(F ,E0, θ), Υ(F ,D0, θ), and
Γ(F ,E0, η)-is generally more challenging than when the potential is only required to be rank-
one convex or convex with respect to all its arguments, as is the case with the internal energy
e(F ,D0, θ). Motivated by this simplification, the authors in [29, 57] aimed to define constitutive
models for the internal energy of EAPs within the framework of isothermal electro-mechanics.
This was achieved by extending the concept of polyconvexity [2, 70, 66, 71], originally from
hyperelasticity (purely mechanical systems), to this multi-physics context. Indeed, a sufficient
condition for ensuring the rank-one convexity of e(F ,D0, η), as shown in equation (21), can be
fulfilled through the polyconvexity of e(F ,D0, η). For this purpose, we assume the existence of
a function W such that:

W : GL+(3)×GL+(3)×R+×R3×R3×R, (F ,H , J,D0,d, η) → W(F ,H , J,D0,d, η), (23)

where H and J are the co-factor and determinant of F , defined in (1) and (2), whilst d is a field
obtained as d = FD0. Then, e(F ,D0, η) is said to be polyconvex [2, 4, 5] if it can be equivalently
written as

e(F ,D0, η) = W(F ,H , J,D0,d, η), (24)

where W(F ,H , J,D0,d, η) must be convex with respect to all its arguments. For twicely differ-
entiable functions, convexity of W(F ,H , J,D0,d, η) is equivalent to positive definiteness of its
Hessian operator [HW], i.e.

δVT : [HW] : δV ≥ 0, ∀ δV =
[
δF δH δJ δD0 δd δη

]T
, (25)

where the (symmetric) Hessian operator [HW] incorporates all the second derivatives of W, i.e.

[HW] =



∂2FFW ∂2FHW ∂2FJW ∂2FD0
W ∂2FdW ∂2F ηW

∂2HHW ∂2HJW ∂2HD0
W ∂2HdW ∂2HηW

∂2JJW ∂2JD0
W ∂2JdW ∂2JηW

∂2D0D0
W ∂2D0d

W ∂2D0η
W

sym. ∂2ddW ∂2dηW
∂2ηηW

 . (26)

3.3. Invariant-based thermo-electro-mechanics

A simple manner to accommodate the principle of objectivity or material frame indifference
and the requirement of material symmetry is through the dependence of any of the thermody-
namical potentials, namely Ψ(F ,E0, θ), e(F ,D0, η), Υ(F ,D0, θ) or Γ(F ,E0, η) with respect to
invariants of the right Cauchy-Green deformation gradient tensor C = F TF , E0 or D0 and
also with respect to θ or η. Let us denote as IΨ, Ie, IΥ and IΓ the set of electro-mechanical ob-
jective invariants of Ψ(F ,E0, θ), e(F ,D0, η), Υ(F ,D0, θ) or Γ(F ,E0, η), respectively, required
to characterise a given material symmetry group G. Then, it is possible to express the four
thermodynamical potentials equivalently as

Ψ(F ,E0, θ) = UΨ(IΨ(C,E0), θ); e(F ,D0, η) = Ue(Ie(C,D0), η);

Υ(F ,D0, θ) = UΥ(IΥ(C,D0), θ); Γ(F ,E0, η) = UΓ(IΓ(C,E0), η).
(27)

Application of the chain rule into equation (11) or (19) permits of obtain the first Piola-
Kirchhoff stress tensor P ,D0 orE0, and θ or η in terms of the derivatives of above invariant-based
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potentials with respect to their arguments

P =
n∑

i=1

(
∂IΨi

UΨ

)
∂F IΨi

; D0 = −
n∑

i=1

(
∂IΨi

UΨ

)
∂E0IΨi

; η = −∂θUΨ;

P =
n∑

i=1

(
∂IeiUe

)
∂F Iei ; E0 =

n∑
i=1

(
∂IeiUe

)
∂D0Iei ; θ = ∂ηUe;

P =
n∑

i=1

(
∂IΥi

UΥ

)
∂F IΥi

; E0 =
n∑

i=1

(
∂IΥi

UΥ

)
∂D0IΥi

; η = −∂θUΥ;

P =
n∑

i=1

(
∂IΨi

U
)
∂F IΨi

; D0 = −
n∑

i=1

(
∂IΓi

UΓ

)
∂E0IΓi

; θ = ∂ηUΓ.

(28)

where n represents the number of invariants used, which will be specified in the forthcoming
sections.

3.3.1. Electro-mechanical invariants for isotropy

For the case of isotropy, the invariants required to characterise this material symmetry group
for the thermodynamical potentials depending on E0, namely Ψ(F ,E0, θ) and Γ(F ,E0, η), and
the first derivatives of the latter with respect to F and E0 (featuring in the definition of P and
D0 in (28)) are

IΨ1 := F : F = tr(C), ∂F IΨ1 = 2F , ∂D0IΨ1 = 0,

IΨ2 :=H :H = tr(CofC), ∂F IΨ2 = 2H F , ∂E0IΨ2 = 0,

IΨ3 := J = (detC)1/2, ∂F IΨ3 =H , ∂D0IΨ3 = 0,

IΨ4 := E0 ·E0, ∂F IΨ4 = 0, ∂E0IΨ4 = 2E0,

IΨ5 := FE0 · FE0 = E0 ·CE0, ∂F IΨ5 = 2FE0 ⊗E0, ∂E0IΨ5 = 2CE0,

IΨ6 :=HE0 ·HE0 = E0 · CofCE0, ∂F IΨ6 =
(
2HE0 ⊗E0

)
F , ∂E0IΨ6 = 2CofCE0.

(29)
with IΨi

= IΓi
, for i = {1, . . . , 5}. On the other hand, for the thermodynamical potentials

depending on D0, namely e(F ,D0, η) and Υ(F ,D0, θ), the invariants and their first derivatives
with respect to F and D0 (featuring in the definition of P and E0 in (28)) are the same as those
in (29), where E0 has been replaced with D0, namely

Ie1 := F : F = tr(C), ∂F Ie1 = 2F , ∂D0Ie1 = 0,

Ie2 :=H :H = tr(CofC), ∂F Ie2 = 2H F , ∂D0Ie2 = 0,

Ie3 := J = (detC)1/2, ∂F Ie3 =H , ∂D0Ie3 = 0,

Ie4 :=D0 ·D0, ∂F Ie4 = 0, ∂D0Ie4 = 2D0,

Ie5 := FD0 · FD0 =D0 ·CD0, ∂F Ie5 = 2FD0 ⊗D0, ∂D0Ie5 = 2CD0,

Ie6 :=HD0 ·HD0 =D0 · CofCD0, ∂F Ie6 =
(
2HD0 ⊗D0

)
F , ∂D0Ie6 = 2CofCD0.

(30)
with Iei = IΥi

, for i = {1, . . . , 6}.

3.3.2. Electro-mechanical invariants for transverse isotropy

In the context of transverse isotropy, a preferred direction N emerges, perpendicular to the
material’s plane of isotropy, imparting anisotropic characteristics. Our focus is on the material
symmetry group D∞h [32], where the structural tensor takes the form N ⊗N . This group is
distinct from C∞, also present in transversely isotropic materials, characterized by the structural
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vector N and encompassing the potential for piezoelectricity. The D∞h group, beyond the in-
variants {I1, I2, I3, I4, I5, I6} in (29), is distinguished by three additional invariants, which for the
case of the thermodynamical potentials Ψ(F ,E0, θ) and Γ(F ,E0, η) are detailed below

IΨ7 = FN · FN = tr (CN ⊗C) , ∂F IΨ7 = 2FN ⊗N , ∂E0IΨ7 = 0,

IΨ8 =HN ·HN = tr(CofC), ∂F IΨ8 = 2 (HN ⊗N ) F , ∂E0IΨ8 = 0,

IΨ9 = (E0 ·N )2 , ∂F IΨ9 = 0, ∂E0IΨ9 = 2(E0 ·N )N ,
(31)

with IΨi
= IΓi

, for i = {1, . . . , 9}. On the other hand, for the thermodynamical potentials
depending on D0, namely e(F ,D0, η) and Υ(F ,D0, θ), the invariants and their first derivatives
with respect to F and D0 (featuring in the definition of P and E0 in (28)), in addition to those
in (30), are equivalent to those in equation (31), replacing E0 with D0, namely

Ie7 = FN · FN = tr (CN ⊗C) , ∂F Ie7 = 2FN ⊗N , ∂D0Ie7 = 0,

Ie8 =HN ·HN = tr(CofC), ∂F Ie8 = 2 (HN ⊗N ) F , ∂D0Ie8 = 0,

IΨ9 = (D0 ·N )2 , ∂F Ie9 = 0, ∂D0Ie9 = 2(D0 ·N )N ,
(32)

with Iei = IΥi
, for i = {1, . . . , 9}.

3.4. The ground truth thermo-electro-mechanical Helmholtz free energy free density

In this study, we will calibrate our neural network-based constitutive models using a series of
in-silico datasets derived from various ground truth constitutive models. Each of these models
will be formulated based on a Helmholtz free energy density that shares a common structural
framework, as established by the seminal work of [65] in the domain of thermo-mechanics, and
further extended by [51] in the context of thermo-electro-mechanics. Consequently, all ground
truth models will be defined in accordance with the following decomposition:

Ψ (F ,E0, θ) = F(θ)
(
Ψm (F ) + Ψem (F ,E0)

)
+Ψθ(θ) +

(
1− θ

θR

)
ΓR (J) , (33)

• The sum of Ψm (F ) and Ψem (F ,E0) corresponds with the Helmholtz free energy density
in particular isothermal case when θ = θR.

• ΓR(J) corresponds with the thermodynamical potential Γ(F ,E0, η) at the reference tem-
perature, i.e. θ = θR. In general, ΓR could be a function of both F and E0. However,
following [65], we only allow for a dependence of ΓR with respect to the volumetric part of
F according to

ΓR(J) = α0κ0(J − 1)θR, (34)

where α0 and κ0 refer to the thermal expansion coefficient and the bulk modulus of the
material in the reference configuration.

• The function F(θ) is introduced to incorporate a nonlinear dependence of stresses with
respect to the thermal field. Following [65], we advocate for the following definition of F(θ)

F(θ) =

(
θ

θR
+ g(θ)− g(θ)|θR + ∂θg|θR (θR − θ)

)
(35)
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where g(θ) is a nonlinear function of θ. In this work, following [65], we have made use of
the following definition for g(θ)

g(θ) = b

(
θ

θR

)a

. (36)

The nonlinearity of stresses with respect to the thermal field can indeed be observed com-
puting the second derivative of P in equation (11) with respect to θ, yielding

∂2θθP = F ′′(θ)
(
∂FΨm (F ) + ∂FΨem (F ,E0)

)
̸= 0 ⇐⇒ F ′′(θ) ̸= 0. (37)

Provided that F ′′(θ) = g′′(θ) is a nonlinear function, in general its second derivative with
respect to θ would not vanish and hence, P will have a nonlinear character with respect to
θ. Figure 3a illustrates the nonlinear behaviour of P for various values of the coefficients a
and b in the function g(θ) in (36), having fixed F and E0 according to

F =

1.8 0 0
0 1 0
0 0 1/1.8

 ; E0 = 0. (38)

• The purely temperature dependent contribution Ψθ(θ) is defined as

Ψθ = cvR

(
θ − θR − θ log

θ

θR

)
, (39)

where cvR represents the specific heat capacity at the reference configuration. At any other
configuration, the specific heat capacity cv(F ,E0, θ) is obtained by means of equation (16),
yielding

cv(F ,E0, θ) = −θ
(
Ψm (F ) + Ψem (F ,E0)

)
F ′′(θ)− θ∂2θθΨθ

= −θ
(
Ψm (F ) + Ψem (F ,E0)

)
g′′(θ) + cvR,

(40)

where use of (35) has been made in (40). Substituting at the reference configuration, i.e.
{F ,E0, θ} = {I,0, θR}, the specific heat capacity coincides indeed with cvR, i.e.

cv|I,0,θR = −θR
(
Ψm (F )|I + Ψem (F ,E0)|I,0

)
︸ ︷︷ ︸

=0

g′′(θ)|θR + cvR, (41)

where the isothermal electro-mechanical Helmholtz energy density (underbraced term) must
vanish by construction in the reference configuration, hence obtaining cv|I,0,θR = cvR. It
is worth noticing from equation (40) that the model advocated for allows for a nonlinear
dependence of the specific heat capacity cv with respect to the deformation and electric field,
and also with respect to temperature. This combined nonlinear dependence is reflected in
Figure 3b, where the deformation gradient tensor F and electric field E0 have been fixed to
the same values as in equation (38).

3.5. Specific forms of Ψm(F ) and Ψem(F ,E0)

In the generic expression of the Helmholtz energy density, Ψ(F ,E0, θ), as presented in equation
(33), we have systematically defined all terms except for Ψm(F ) and Ψem(F ,E0). For these
two potentials, we have explored a broad spectrum of models that characterize the constitutive
behavior of ideal dielectric elastomers under isothermal conditions. Specifically, for the purely

12



Mechanical isothermal Helmholtz free energy Ψm

Name of the model Invariant representation

Mooney-Rivlin (MR) UΨ = µ1

2
(IΨ1 − 3) + µ2

2
(IΨ2 − 3)− (µ1 + 2µ2) ln (IΨ3) +

λ
2
(IΨ3 − 1)2

Parameter: µ1/µ̄ µ2/µ̄ λ/µ̄

Value: 0.5 0.5 5

Quadratic MR (QMR) UΨ = µ1

2
(IΨ1)

2 + µ2

2
(IΨ2)

2 − 6 (µ1 + 2µ2) ln (IΨ3) +
λ
2
(IΨ3 − 1)2

Parameter: µ1/µ̄ µ2/µ̄ λ/µ̄

Value: 0.5 0.5 5

Gent (G) UΨ = −µ
2
Jmln

(
1− IΨ1

−3

Jm

)
− µln (IΨ3) +

λ
2
(IΨ3 − 1)2

Parameter: µ/µ̄ Jm λ/µ̄

Value: 1 19 5

Yeoh (Y) UΨ = C10 (IΨ1 − 3) + C20 (IΨ1 − 3)2 + C30 (IΨ1 − 3)3

−2C10ln (IΨ3) +
λ
2
(IΨ3 − 1)2

Parameter: C10/µ̄ C20/µ̄ C30/µ̄ λ/µ̄

Value: 1 1 1 5

Trans. Isotropy (TI) UΨ = µ1

2
(IΨ1 − 3) + µ2

2
(IΨ2 − 3)− (µ1 + 2µ2 + µ3) ln (IΨ3)

+λ
2
(IΨ3 − 1)2 + µ3

2α

(
(IΨ6)

α − 1
)
+ µ3

2β

(
(IΨ7)

β − 1
)

Parameter: µ1/µ̄ µ2/µ̄ µ3/µ̄ λ α β N

Value: 0.5 0.5 7.5 5 2 2 1√
3

[
1 1 1

]T
Table 1: The various models used for the isothermal mechanical contribution Ψm(F ) in (33). We have considered
µ̄ = 105 (Pa).
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(a) (b)

Figure 3: a) Nonlinear behaviour of stress (component 11 of P ) with respect to temperature; b) Nonlinear
behaviour of cv with respect to θ. In both cases F and E0 have been fixed to the values given in (38) where the
purely mechanical and electro-mechanical isothermal potential, Ψm and Ψem correspond with a Mooney-Rivlin
model and an ideal dielectric elastomer model, respectively.

mechanical contribution Ψm(F ), we have examined various hyperelastic potentials listed in Table
1, which include: Mooney-Rivlin model; Quadratic Mooney-Rivlin model; Gent model; Yeoh
model; Hyperelastic potentials for transverse isotropy. Table 1 presents the values of the material
parameters employed in defining each of the aforementioned models.

With regards to the electro-mechanical contribution Ψem(F ,E0), we have considered: Ideal
dielectric elastomer; Model with electric saturation, employed by some authors to account for the
saturation effects associated with hard inclusions that exhibit electric saturation. Both models
and the material parameters used in their definition can be seen in Table 2.

Electro-mechanical isothermal Helmholtz free energy Ψem

Name of the model Invariant representation

Ideal dielectric (ID) UΨ = − 1
2ε

IΨ5

IΨ3

Parameter: ε

Value: 1

Electric Saturation (ES) UΨ = − D2
s

εIΨ3
log
(
cosh

(
ε(IΨ5

)1/2

Ds

))
Parameter: Ds ε

Value: 0.6
√
µ̄ε̄ 1

Table 2: The two models used for the isothermal electro-mechanical contribution Ψem(F ,E0) in (33). We have
considered ε̄ = 4ε0, with ε0 = 8.85× 10−12 (F/m).
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4. Physics-augmented neural networks constitutive models

In the preceding section, we introduced the general form of the analytical Helmholtz free energy
density, which serves as the foundation for generating in-silico data in this section. The primary
goal here is to generate such data with Helmholtz free energy densities that are decomposed as per
equation (33), depending on F ,E0, θ. This approach aims to facilitate the construction of neural
network surrogates with the capability to depend on the sets {F ,E0, θ}, {F ,D0, η}, {F ,D0, θ},
or {F ,E0, η}, as outlined in Section 3.2. These surrogates are consistently denoted as Ψnn, enn,
Υnn, or Γnn, respectively, in alignment with the potentials described in Section 3.2.

Crucially, to ensure compliance with fundamental physical principles, such as material frame
indifference and material symmetry, we follow an invariant formulation for these potentials, as
detailed in Section 3.3. All of this is mathematically encapsulated in equation (42), i.e

Ground truth model

in equation (33)

Family of data-driven neural network

thermodynamical potentials

Ψ(F ,E0, θ)


Ψnn(F ,E0, θ,W) = UΨnn

(
IΨ1 , . . . , IΨninv

, θ
)

enn(F ,D0, η,W) = Ue nn

(
Ie1 , . . . , Ieninv

, η
)

Υnn(F ,D0, θ,W) = UΥnn

(
IΥ1 , . . . , IΥninv

, θ
)

Γnn(F ,E0, η,W) = UΓnn

(
IΓ1 , . . . , IΓninv

, η
)

(42)

In equation (42), W represents the parameters of the neural network, which encompass

W =
{
W 1, . . . ,W nL+1

, b1, . . . , bnL+1

}
, (43)

whereW i and bi represent the weights and biases associated with layer i. As standard in neural
networks, for an architecture with nL hidden layers, the inputs Ah of layer h is obtained through
the following expression

Ah = σh (W hAh−1 + bh) ; h = {1, . . . , nL+1}, (44)

where
W h ∈ Rnh×nh−1 ; bh ∈ Rnh , (45)

with
n0 = ninv + 1; nL+1 = 1, (46)

where ninv = 6 or ninv = 9 for isotropy or transverse isotropy, respectively (see Sections 3.3.1
and 3.3.2). Furthermore, the vectors Ah, for h = nL + 1 represents the predicted neural network
model whereas for h = 0, it represents the input of the model, namely

AnL+1 = Ψnn(F ,E0, θ,W); A0 =
[
IΨ1 IΨ2 . . . IΨn θ

]
;

AnL+1 = enn(F ,D0, η,W); A0 =
[
Ie1 Ie2 . . . Ien η

]
;

AnL+1 = Υnn(F ,D0, θ,W); A0 =
[
IΥ1 IΥ2 . . . IΥn θ

]
;

AnL+1 = Γnn(F ,E0, η,W); A0 =
[
IΓ1 IΓ2 . . . IΓn η

]
.

(47)

Notice that indeed, the fact that nL + 1=1 means is due to the fact that the output of the
neural network model is the energy density function, which is a scalar. In addition, σh represents
the activation function of layer h. In our work we have made use of Softplus activation functions
for the hidden layers, whilst for the last (output) layer we have made use of the identity function,
namely

σh(x) = log (1 + ex) , h = {1, . . . , nL}; σnL+1
(x) = x. (48)
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4.1. Sobolev-type calibration strategy 1

We have proposed two different calibration strategies that will be described in the forthcoming
sections. We begin by describing the fundamental aspects of this strategy.

4.1.1. Fundamental aspects of the strategy

In this approach, four distinct types of neural network models, namely Ψnn(F ,E0, θ,W),
enn(F ,D0, η,W), Υnn(F ,D0, θ,W) or Γnn(F ,E0, η,W), are developed with the specific objec-
tive of minimising the discrepancy between:

• the derivatives {∂FΨnn,−∂E0Ψnn,−∂θΨnn} and {P ,D0, η} := {∂FΨ,−∂E0Ψ,−∂θΨ}

• the derivatives {∂F enn, ∂D0enn, ∂ηenn} and {P ,E0, θ} := {∂FΨ,E0, θ}

• the derivatives {∂FΥnn, ∂D0Υnn,−∂θΥnn} and {P ,E0, η} := {∂FΨ,E0,−∂ηΨ}

• the derivatives {∂FΓnn,−∂E0Γnn, ∂ηΓnn} and {P ,D0, θ} := {∂FΨ,−∂E0Ψ, θ}

showcasing that, regardless of the neural network surrogate employed, the underlying ground truth
model remains a Helmholtz free energy density Ψ(F ,E0, θ) as formulated in equation (33). This
is illustrated schematically in Figure 4. To accomplish this objective, we define the corresponding
Sobolev-type loss functions, with their specific expressions provided in Table 3.

Figure 4: Simplified structure of the neural network architecture used for calibration of the four neural network-
based surrogate potentials i.e. Ψnn, enn, Υnn or Γnn, for the case of Sobolev-type training strategy 1.

4.1.2. Polyconvexity of neural network-based potentials

Sections 3.1 and 3.2 described the desired convexity/convexity conditions that the four possible
neural network-based thermodynamical potentials, namely Ψ(F ,E0, θ), eF ,D0, η), Υ(F ,D0, θ)
or Γ(F ,E0, θ) should satisfy. Enforcing simultaneous convexity and concavity across multiple
physics, as required for the three potentials Ψ(F ,E0, θ), Υ(F ,D0, θ) or Γ(F ,E0, θ), presents a
complex challenge. This difficulty arises whether the model is derived from a phenomenological
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L(W)

Ψnn

β1

∑nd

i=1

∥∥∂FΨi − ∂FΨnn(X
i,W)

∥∥2∑nd

i=1 ∥∂FΨi∥2
+ β2

∑nd

i=1

∥∥∂E0Ψ
i − ∂E0Ψnn(X

i,W)
∥∥2∑nd

i=1 ∥∂E0Ψ
i∥2

+ β3

∑nd

i=1

(
∂θΨ

i − ∂θΨnn(X
i,W)

)2
∑nd

i=1 (∂θΨ
i)2

X i = {F i,Ei
0, θ

i}

enn
β1

∑nd

i=1

∥∥∂FΨi − ∂F enn(X
i,W)

∥∥2∑nd

i=1 ∥∂FΨi∥2
+ β2

∑nd

i=1

∥∥Ei
0 − ∂D0enn(X

i,W)
∥∥2∑nd

i=1

∥∥Ei
0

∥∥2
+ β3

∑nd

i=1

(
θi − ∂ηenn(X

i,W)
)2∑nd

i=1 (θ
i)2

X i = {F i,−∂E0Ψ
i,−∂θΨi}

Υnn

∑nd

i=1

∥∥∂FΨi − ∂FΥnn(X
i,W)

∥∥2∑nd

i=1 ∥∂FΨi∥2
+

∑nd

i=1

∥∥Ei
0 − ∂D0Υnn(X

i,W)
∥∥2∑nd

i=1

∥∥Ei
0

∥∥2
+

∑nd

i=1

(
∂θΨ

i − ∂θΥnn(X
i,W)

)2∑nd

i=1 (∂θΨ
i)2

X i = {F i,−∂E0Ψ
i, θi}

Γnn

∑nd

i=1

∥∥∂FΨi − ∂FΓnn(X
i,W)

∥∥2∑nd

i=1 ∥∂FΨi∥2
+

∑nd

i=1

∥∥∂E0Ψ
i − ∂E0Γnn(X

i,W)
∥∥2∑nd

i=1 ∥∂E0Ψ
i∥2

+

∑nd

i=1

(
θi − ∂ηΓnn(X

i,W)
)2∑nd

i=1 (θ
i)2

X i = {F i,Ei
0,−∂θΨi}

Table 3: Loss functions L(W) used for the calibration of the various type of neural network-based surrogate
potentials, i.e. Ψnn, enn, Υnn or Γnn, for the case of Sobolev-type training strategy 1. All the potentials have
been calibrated with data obtained from Helmholtz free energy density ground truth models, i.e. Ψ. The index i
represents in-silico data number i, and nd the number of data used for calibration.
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explicit representation or constructuted using neural network frameworks. However, the direct im-
position of convexity exclusively, or more specifically, polyconvexity in the sense of equation (24),
proves to be more tractable. Building on the work of [40] and extending it from electro-mechanics
to the thermo-electro-mechanical context, a sufficient condition to ensure polyconvexity of the
neural network-based potential enn(F ,D0, η) is, provided that the invariants {Ie1 , . . . , Ieninv

} are
polyconvex (invariants in equations (30) and (32) are indeed polyconvex), the positiveness of the
weights W h and the monotonically increasing nature of the activation functions, namely

(W h)ij > 0; σ′
h(x) > 0,∀x; h = {1, . . . , nL+1} . (49)

Notice that the first condition can be imposed as a penalty term in the objective function,
leading to the augmented objective function L̃(W) defined as

L̃(W) = L(W) +
κ

2

∑
i

(
min ((Wv)i , 0)

)2
. (50)

where L(W) is defined as in Table 3, Wv represents the concatenation of all vectorized weights
Wh, h = {1, . . . , nL+1}, and κ, the penalty parameter. Furthermore, notice that increasing
monotonicity is satisfied by the activation functions chosen in equation (48). In this work, we
will explore the accuracy of neural network-based enn(F ,D0, η) potentials with and without the
additional penalty term enforcing the polyconvexity condition. This will be futher discussed in
Section 6.1.4.

Remark 1. It is important to emphasize that the main scope of this paper is not on enforcing
polyconvexity. However, just as a demonstration, we have explored how our framework can realize
polyconvexity just for one of the four potentials, specifically the one depending upon {F ,D0, η},
specially convenient for the imposition of polyconvexity across the three physics involved.

Notice however that other authors [28] have explored (in the field of thermo-elasticity) how,
through careful design the neural network, mixed convexity (for the mechanical field) and con-
cavity conditions (for the thermal field, i.e. θ) can a priori be imposed.
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4.2. Sobolev-type calibration strategy 2
The calibration approach outlined in Section 4.1, referred to as calibration strategy 1, is

characterised by its remarkable flexibility—enabling the calibration of four distinct types of ther-
modynamic potentials—and its robustness, as demonstrated in the numerical examples section.
However, this approach can be subject to criticism when applied to scenarios involving data gen-
erated in real-world conditions, as opposed to an in-silico process. While calibration strategy 1
is well-suited for data generated in-silico, as is the case in this study, its applicability may be
severely limited when dealing with laboratory-derived data. The primary challenge arises from
the requirement for data across six quantities: {F ,E0, θ,P ,D0, η}. Of these, entropy (η) cannot
be directly measured in a laboratory setting, which significantly impairs the feasibility of this
calibration strategy in practical, real-world scenarios.

To address this limitation, we have developed an alternative strategy that can be applied
to both in-silico and experimentally generated data. The key aspect of this approach lies in
substituting the only non-measurable field within {F ,E0, θ,P ,D0, η}, namely η, with other
thermophysical properties that can be directly measured in a laboratory setting. This modification
enhances the versatility of the calibration process, making it applicable to real-world experimental
data as well as computationally generated scenarios. A suitable physical property to replace η is
the specific heat capacity cv (see equation (16)).

As discussed in Section 3.4, specifically for the generic Helmholtz free energy density considered
in this study, cv may exhibit a nonlinear dependence on the fields {F ,E0, θ}. Therefore, we could
consider incorporating data values for cv at a set of points Gcv = {X1, . . . ,Xncv}, which includes
the reference configuration X1 = {I,0, θR} as well as other possible scenarios X i = {F i,Ei

0, θ
i},

with ncv the number of data points within the set Gcv . However, the available experimental data
for cv, is typically limited to the reference configuration. To better align with conditions more
reflective of the experimental setup, we choose to include only the specific heat capacity cv data
corresponding to the reference configuration, i.e., Gcv =X1. Additionally, while entropy η cannot
be directly measured, it is known to vanish in the reference configuration (see equation (14)).
Thus, this condition can also be incorporated into the calibration strategy.

Notice that this new approach introduces notable differences in the calibration of the potentials
that do depend on θ (i.e Ψnn(F ,E0, θ) and Υnn(F ,D0, θ)) and those which depend on η (i.e
enn(F ,D0, η) and Γnn(F ,E0, η)). The main difference resides in the fact that temperature is
data which can be measured and therefore, is available in the calibration (for Ψnn(F ,E0, θ)
and Υnn(F ,D0, θ)). However, we assume in this approach that the entropy η is not measurable
and therefore, not readily available. Consequently, the potentials enn(F ,D0, η) and Γnn(F ,E0, η)
must be calibrated in the absence of any information or data regarding the third argument, η. This
inherent limitation necessitates a distinct treatment for the calibration strategy, differentiating
between those potentials that depend on θ (namely, Ψnn(F ,E0, θ) and Υnn(F ,D0, θ)) and those
that depend on η (enn(F ,D0, η) and Γnn(F ,E0, η)).

4.2.1. Mathematical formulation of the strategy: potentials depending upon θ

For the temperature dependent potentials, i.e. Ψnn(F ,E0, θ,W) and Υnn(F ,D0, θ,W), this
alternative and more physically oriented calibration approach, the specific objective is to minimise
the discrepancy between:

• Ψnn


the derivatives {∂FΨnn,−∂E0Ψnn} and {P ,D0} := {∂FΨ,−∂E0Ψ}
the fields {−θ∂2θθΨnn,− ∂θΨnn|I,0,θR} and {cv, η|I,0,θR} := {−θ∂2θθΨ,− ∂θΨ|I,0,θR}
{F ,E0, θ} are data

• Υnn


the derivatives {∂FΥnn, ∂D0Υnn} and {P ,E0} := {∂FΨ,E0}
the fields {−θ∂2θθΥnn,− ∂θΥnn|I,0,θR} and {cv, η|I,0,θR} := {−θ∂2θθΨ,− ∂θΨ|I,0,θR}
{F ,D0, θ} are data
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This is illustrated schematically in Figure 5. Notice that, unlike in the preceeding calibration
strategy, the unavailability of η prevents in to minimise the difference between θ and the deriva-
tives of the two potentials with respect to θ, namely −∂θΨnn and −∂θΥnn. Instead, we have
incorporated cv and ∂θΨnn|I,0,θR (or ∂θΥnn|I,0,θR) in the minimisation problem. This is reflected
in the loss function observed in Table 4.

L(W)

Ψnn

β1

∑nd

i=1 ||∂FΨi − ∂FΨnn(X
i,W)||2∑nd

i=1 ||∂FΨi||2
+ β2

∑nd

i=1 ||∂E0Ψ
i − ∂E0Ψnn(X

i,W)||2∑nd

i=1 ||∂E0Ψ
i||

+ β3

∑ncv
i=1

(
θi∂2θθΨ

i − θ∂2θθΨnn(X
i,W)

)2
∑nd

i=1 (θ
i∂2θθΨ

i)
2 + β4

(
∂θΨnn(X

1,W)
∣∣
I,0,θR

)2 X i = {F i,Ei
0, θ

i}

Υnn

β1

∑nd

i=1 ||∂FΨi − ∂FΥnn(X
i,W)||2∑nd

i=1 ||∂FΨi||2
+ β2

∑nd

i=1 ||E
i
0 − ∂D0Υnn(X

i,W)||2∑nd

i=1 ||E
i
0||2

+ β3

∑ncv
i=1

(
θi∂2θθΨ

i − θ∂2θθΥnn(X
i,W)

)2
∑nd

i=1 (θ
i∂2θθΨ

i)
2 + β4

(
∂θΥnn(X

1,W)
∣∣
I,0,θR

)2 X i = {F i,−∂E0Ψ
i, θi}

Table 4: Loss functions L(W) used for the calibration of θ-based neural network-based surrogate potentials, i.e.
Ψnn, Υnn, for the case of Sobolev-type training strategy 2 described in Section 4.2.1. All the potentials have
been calibrated with data obtained from Helmholtz free energy density ground truth models, i.e. Ψ. The index
i represents in-silico data number i, and nd the number of data used for calibration, whereas ncv represents the
number of data used for the measurement/evaluation of cv.

Figure 5: Simplified structure of the neural network architecture used for calibration of the θ-based network-based
surrogate potentials i.e. Ψnn, Υnn, for the case of Sobolev-type training strategy 2 in Section 4.2.1.

Remark 2. We consider the realistic and common scenario where the heat capacity is only known
at the reference state. Despite this apparent limitation, the model can effectively capture the
nonlinear dependencies of stress and electric displacement fields on temperature, deformation,
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and the electric field. For example, in the context of thermoelasticity (without accounting for
electric physics), Reference [28] demonstrates that stresses can be accurately modeled without
explicitly incorporating thermal-related fields in the loss function (i.e., ∂θΨ is excluded during
calibration). Consequently, the dependence of stresses on F and θ is accurately approximated.

After calibration, given {F ,E0, θ}, the model should provide precise predictions for {∂FΨnn, ∂E0Ψnn}.
However, the thermal dynamics might not be fully captured. For instance, the term θη̇ in the
energy conservation equation (see equation (5)) could be inaccurately modeled. Expanding the
time derivative η̇ for a thermodynamic potential Ψ(F ,E0, θ) gives:

η̇ = − ˙(∂θΨ) = −∂2θFΨ : Ḟ − ∂2θE0Ψ · Ė0− ∂2θθΨ : θ̇. (51)

Clearly, accurately modeling the time evolution of η̇ requires more information than just the

heat capacity at the reference state, defined as cv|I,0,θR := −
(
θ∂2θθΨ

)∣∣∣
I,0,θR

.
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4.2.2. Mathematical formulation of the strategy: potentials depending upon η

For the two η-based potentials, specifically enn(F ,D0, η) and Γnn(F ,E0, η), the second cali-
bration strategy introduces a distinct differentiation compared to the θ-based potentials discussed
in Section 4.2.1. The key distinction lies in the fact that one of the inputs to these potentials, the
entropy η, is not directly available from the given data. Instead, what is provided is the temper-
ature, which corresponds to the derivative of both potentials with respect to η. Consequently, η
must be determined implicitly through the nonlinear relationships presented in the third column
of the first and third rows of equation (19). This relationship can be mathematically reformulated
as:

Given {F ,D0, θ} , solve η from: θ = ∂ηenn(F ,D0, η);

Given {F ,E0, θ} , solve η from: θ = ∂ηΓnn(F ,E0, η).
(52)

For these entropy-based dependent potentials, i.e. enn(F ,D0, η,W) and Γnn(F ,E0, η,W),
this alternative and more physically oriented calibration approach, the specific objective is to
satisfy the implicit relationship in (52) whilst minimizing the discrepancy between:

• enn



the derivatives {∂F enn, ∂D0enn, ∂ηenn} and {P ,E0, θ} := {∂FΨ,E0, θ}

the field
θ

∂2θθe
and cv := −θΨ2

θθ

{F ,D0} are data

η is not data and it is obtained implicitly from θ = ∂ηenn(F ,D0, η)

• Γnn



the derivatives {∂FΓnn,−∂E0Γnn, ∂ηΓnn} and {P ,D0, θ} := {∂FΨ,−∂E0Ψ, θ}

the field
θ

∂2θθΓ
and cv := −θΨ2

θθ

{F ,D0} are data

η is not data and it is obtained implicitly from θ = ∂ηΓnn(F ,E0, η)

A second distinguishing feature of the second calibration approach applied to η-based poten-
tials again arises from the fact that one of the inputs, specifically η, is not directly available from
the data set. In particular, when solving, for example, using a Newton-Raphson numerical scheme
to iteratively resolve equation (52), certain convexity and stability conditions must be satisfied
to ensure the existence of a solution. These conditions are inherently embedded within equation
(21), necessitating the convexity of both potentials enn and Γnn with respect to η, namely:

∂2ηηenn(F ,D0, η) > 0; ∂2ηηΓnn(F ,E0, η) > 0. (53)

We found that the numerical solution of (52) benefits from the imposition of the condition in
the reference configuration in equation (20), namely

∂ηe(F ,D0, η)|I,0,0 = θR; ∂ηΓ(F ,E0, η)|I,0,0 = θR. (54)

To inherently satisfy both conditions (54) and (53) within the neural network-based potentials

enn and Γnn, we propose the formulation of modified potentials, denoted as ẽnn and Γ̃nn.

ẽnn(F ,D0, η) = enn(F ,D0, η)︸ ︷︷ ︸
Neural network model

+
(
θR − ∂ηenn(F ,D0, η)|I,0,0

)
η︸ ︷︷ ︸

Condition enforcement in reference conf.

+ αstb
θR
2cvR

η2︸ ︷︷ ︸
Stabilizing term

;

Γ̃nn(F ,E0, η) = Γnn(F ,E0, η)︸ ︷︷ ︸
Neural network model

+
(
θR − ∂ηΓnn(F ,D0, η)|I,0,0

)
η︸ ︷︷ ︸

Condition enforcement in reference conf.

+ αstb
θR
2cvR

η2︸ ︷︷ ︸
Stabilizing term

.

(55)
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In fact, evaluation of the first and second derivative with respect to η for both modified
potentials in (55) yields

∂η ⇒


∂ηẽnn(F ,D0, η) = ∂ηenn(F ,D0, η) + θR − ∂ηenn(F ,D0, η)|I,0,0 + αstb

θR
cvR

η;

∂ηΓ̃nn(F ,E0, η) = ∂ηΓnn(F ,E0, η) + θR − ∂ηΓnn(F ,E0, η)|I,0,0 + αstb
θR
cvR

η;

∂2ηη ⇒



∂2ηηẽnn(F ,D0, η) = ∂2ηηenn(F ,D0, η) + αstb
θR
cvR︸ ︷︷ ︸

>0

;

∂2ηηΓ̃nn(F ,E0, η) = ∂2ηηΓnn(F ,E0, η) + αstb
θR
cvR︸ ︷︷ ︸

>0

.

(56)

Clearly, evaluation of the first derivative in (56) in the reference configuration for both poten-
tials leads to the satisfaction of the condition in equation (54), namely

∂ηẽnn(F ,D0, η)|I,0,0 = ∂ηenn(F ,D0, η)|I,0,0 + θR − ∂ηenn(F ,D0, η)|I,0,0 = θR;

∂ηΓ̃nn(F ,E0, η)
∣∣∣
I,0,0

= ∂ηΓnn(F ,E0, η)|I,0,0 + θR − ∂ηΓnn(F ,E0, η)|I,0,0 = θR.
(57)

To examine the second derivative in (56), it becomes evident that whilst the second term
is positive, there is no guarantee that the overall derivative, specifically ∂2ηηẽnn(F ,D0, η) and

∂2ηηΓ̃nn(F ,E0, η), will be positive. The positivity of these derivatives is contingent upon the
chosen value of the stabilizing parameter αstb. Based on our empirical observations, we have
determined that setting αstb = 0.25 suffices to prevent numerical instabilities during the solution
of equation (52).

The calibration method for the η-based potentials outlined above is depicted schematically
in Figure 6. To achieve the primary goal of this calibration approach, we define the associated
Sobolev-type loss functions, with their specific formulations detailed in Table 5.

4.2.3. In-silico data generation strategy

In this section, we briefly described the procedure used for generating synthetic data for
both calibration strategies, summarised in Algorithm 1. The generation of deformation gradient
tensors (step 1 in Algorithm 1) and electric fields E0 or electric displacement fields D0 (step 2
in Algorithm 1) is entirely the same as for strategy 1 in Algorithm 1. The steps followed in the
data generation procedure for both calibration strategies is summarised below:

Data generation strategy 1:

• For θ-based potentials, i.e. Ψnn(F ,E0, θ) or Υnn(F ,D0, θ), fields {F ,E0, θ} or {F ,D0, θ},
respectively, are generated as input data according to Algorithm 1. Evaluation of the model
permits then to synthetically generate the work conjugate fields {P ,D0, η} or {P ,E0, η},
respectively, as output variables.

• For η-based potentials, i.e. e(F ,D0, η) and Γ(F ,E0, η), the process is the opposite: {F ,D0, η}
or {F ,E0, η}, respectively, are generated as input data according to Algorithm 1. Evalua-
tion of the model permits then to synthetically generate the work conjugate fields {P ,E0, θ}
or {P ,D0, θ}, respectively, as output variables.

Data generation strategy 2:
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L(W)

enn

β1

∑nd

i=1 ||∂FΨi − ∂F enn(X
i,W)||2∑nd

i=1 ||∂FΨi||2
+ β2

∑nd

i=1 ||E
i
0 − ∂D0enn(X

i,W)||2∑nd

i=1 ||E
i
0||2

+ β3

∑nd

i=1

(
θi − ∂ηenn(X

i,W)
)2

∑nd

i=1 (θ
i)2

X i = {F i,−∂E0Ψ
i,−∂θΨi}

Γnn

β1

∑nd

i=1 ||∂FΨi − ∂FΓnn(X
i,W)||2∑nd

i=1 ||∂FΨi||2
+ β2

∑nd

i=1 ||∂E0Ψ
i − ∂E0Γnn(X

i,W)||2∑nd

i=1 ||∂E0Ψ
i||2

+ β3

∑nd

i=1

(
θi − ∂ηΓnn(X

i,W)
)2∑nd

i=1 (θ
i)2

X i = {F i,Ei
0,−∂θΨi}

Table 5: Loss functions L(W) used for the calibration of η-based neural network-based surrogate potentials, i.e.
enn, Γnn, for the case of Sobolev-type training strategy 2 described in Section 4.2.2. All the potentials have
been calibrated with data obtained from Helmholtz free energy density ground truth models, i.e. Ψ. The index
i represents in-silico data number i, and nd the number of data used for calibration, whereas ncv represents the
number of data used for the measurement/evaluation of cv.

Figure 6: Simplified structure of the neural network architecture used for calibration of the η-based network-based
surrogate potentials i.e. enn, Γnn, for the case of Sobolev-type training strategy 2 in Section 4.2.2. Enforcement
of conditions (53) and (54) is carried out through the modifications in equation (55).
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• For θ-based potentials, i.e. Ψnn(F ,E0, θ) or Υnn(F ,D0, θ), data for fields {F ,E0, θ} or
{F ,D0, θ}, respectively, are generated as input data according to Algorithm 1. Then, the
fields {P ,D0} or {P ,E0} (generated as synthetic data through direct evaluation of the
analytical model or through experiments), respectively, are considered as output variables.
The entropy field η is discarded (for synthetic approaches) or directly not available (for
experimental procedures). In addition, data for the specific heat capacity cv is needed (see
Section 4.2.1).

• For η-based potentials, i.e. e(F ,D0, η) and Γ(F ,E0, η), data for fields {F ,D0, θ} or
{F ,E0, θ}, respectively, are generated according to Algorithm 1. Out of the three fields,
only two {F ,D0} or {F ,E0}, respectively, are considered to be input variables. The third
field, namely θ, is used to solve implicitly the entropy field η according to (52). Then, the
fields {P ,D0} or {P ,E0} (generated as synthetic data through direct evaluation of the
analytical model or through experiments), respectively, are considered as output variables
in conjunction with θ. In addition, data for the specific heat capacity cv is needed (see
Section 4.2.1).

Table 6 biefly summarizes the main features of both calibration strategies described in Sections
4.1 and 4.2 in terms of their: (i) known inputs; (ii) objective or variables to be predicted; (iii)
need to satisfy implicit equations; (iv) applicability to either in-silico or real lab scenarios.

Calibration Strategy 1 Calibration Strategy 2

Known input
θ-based {F , •, θ} {F , •, θ}
η-based {F , •, η} {F , •}, η unknown

Objective/prediction
θ-based {∂Fψ, ∂•ψ, ∂θψ} {∂Fψ, ∂•ψ, cv|I,0,θR}
η-based {∂Fψ, ∂•ψ, ∂ηψ} {∂Fψ, ∂•ψ, cv|I,0,θR},

Implicit equations
θ-based None None
η-based None Given θ get η from θ = ∂ηψ

In-silico vs lab applicability
θ-based In-silico Both
η-based In-silico Both

Table 6: Summary of main features associated with calibration strategies 1 and 2 described in Sections 4.1 and
4.2 for θ or η-based potentials. The function ψ has been used to cover the four possible potentials {Ψ, e,Γ,Υ},
whilst the symbol • refers to either E0 or D0.

5. Finite element implementation of nonlinear thermo-electro-mechanics

5.1. Continuum formulation

An objective of this study is to integrate neural network-based potentials, calibrated using the
strategies outlined in Section 4, into a finite element computational framework for the numerical
modeling of the governing equations presented in (3), (4) and (5). It is assumed that, irrespective
of the chosen thermodynamic potential—whether it be Ψ(F ,E0, θ), e(F ,D0, η), Γ(F ,E0, η), or
Υ(F ,D0, θ)—the corresponding Helmholtz potential, Ψ(F ,E0, θ), can always be derived via an
appropriate Legendre transformation (as shown in equation (18)). Based on this, the weak forms
of the governing equations (3), (4) and (5) can be formulated as follows:
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Wϕ =

∫
B0

ρ0v̇ ·wϕ dV +

∫
B0

∂FΨ : ∂Xwϕ dV −
∫
B0

f 0 ·wϕ dV −
∫
∂tB0

t0 ·wϕ dA = 0;

Wφ = −
∫
B0

∂D0Ψ · ∂Xwφ dV +

∫
B0

ρe0wφ dV +

∫
∂ωB0

ωe
0 · wφ dA = 0;

Wθ = −
∫
B0

θ ˙(∂θΨ)wθ dV −
∫
B0

Qθ ·∇0wθ dV −
∫
B0

Rθwθ dV −
∫
∂QB0

Qθwθ dA = 0,

(58)

where {ϕ, φ, θ} ∈ Vϕ × Vφ × Vθ and {wϕ, wφ, wθ} ∈ Vϕ
0 × Vφ

0 × Vθ
0, with

Vϕ =
{
ϕ : B0 → R3; (ϕ)i ∈ H1 (B0)

}
; Vϕ

0 =
{
∀ϕ ∈ Vϕ; ϕ = 0 on ∂ϕB0

}
;

Vφ =
{
φ : B0 → R; φ ∈ H1 (B0)

}
; Vφ

0 = {∀φ ∈ Vφ; φ = 0 on ∂φB0} ;
Vθ =

{
θ : B0 → R; θ ∈ H1 (B0)

}
; Vθ

0 =
{
∀θ ∈ Vθ; θ = 0 on ∂θB0

}
.

(59)

As standard in finite elements, the domain B0 described in Section 2.1 and representing a
thermo-electro-elastic continuum is sub-divided into a finite set of non-overlapping elements e ∈ E
such that

B0 ≈ Bh
0 =

⋃
e∈E

Be
0. (60)

The unknown fields {ϕ, φ, θ} in the weak forms Wϕ, Wφ and Wθ in (58) are discretised

employing the following functional spaces Vϕh × Vφh × Vθh defined as

Vϕh

= {ϕ ∈ Vϕ; ϕh
∣∣
Be
0
=

nϕ
node∑
a=1

Nϕ
a ϕa}; Vφh

= {φ ∈ Vφ; φh
∣∣
Be
0
=

nφ
node∑
a=1

Nφ
a φa};

Vθh = {θ ∈ Vθ; θh
∣∣
Be
0
=

nθ
node∑
a=1

N θ
aθa},

(61)

where for any field Y ∈ {ϕ, φ, θ}, nY
node denotes the number of nodes per element of the dis-

cretisation associated with the field Y and NY
a : Be

0 → R, the ath shape function used for the
interpolation of Y . In addition, Ya represents the value of the field Y at the ath node of a given
finite element. Similarly, following a Bubnov-Galerkin approach, the functional spaces for the

test functions {wϕ, wφ, wθ} ∈ Vϕh

0 × Vφh

0 × Vθh

0 are defined as

Vϕh

0 =
{
∀ϕ ∈ Vϕh

; ϕ = 0 on ∂ϕB0

}
; Vφh

0 =
{
∀φ ∈ Vφh

; φ = 0 on ∂φB0

}
;

Vθh

0 =
{
∀θ ∈ Vθh ; θ = 0 on ∂θB0

}
.

(62)

We have made use of a mid point time integrator where the time derivatives v̇ and η̇ are
replaced by the discrete counterparts according to

v̇ =
∆v

∆t
; η̇ =

∆η

∆t
, (63)

where
∆v = v − vn; ∆η = η − ηn, (64)

where •n stands for the value of a field • in the previous time step, and with ∆t the time step size
used for the discretization. Furthermore, the velocity field is related with the deformed mapping
ϕ through the following relationship

∆ϕ

∆t
= vn+1/2 (65)
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where, for any field •, •n+1/2 stands for

•n+1/2 = •+ •n. (66)

Hence, from equation (65) it is possible to re-express vn+1 as

vn+1 = 2
∆ϕ

∆t
− vn, (67)

Introduction of (67) into the expression for v̇ in (63), featuring in the inertial term in the
weak form Wϕ for conservation of linear momentum equation in (58) (see for instance Reference
[25]), permits to re-express v̇ as

v̇ =
vn+1 − vn

∆t
= 2

(
∆ϕ

∆t2
− vn

∆t

)
. (68)

Consideration of the functional spaces for {ϕ, φ, θ} and {wϕ, wφ, wθ} in (61) and (62) enables
to obtain the semi-discrete version of {Wϕ,Wφ,Wθ} in (58) in terms of their associated elemental
residual contributions, namely

Wϕ =
N∑
e=1

wϕa ·R
ϕ
a,e; Wφ =

N∑
e=1

wφa ·R
φ
a,e; Wθ =

N∑
e=1

wθaR
θ
a,e, (69)

where N denotes the number of elements for the underlying discretisation. The residual contri-
butions Rϕ

a,e and R
θ
a,e can be expressed as4

Rϕ
a,e =

∫
Be
0

ρ0N
a
ϕ

(
2
∆ϕ

∆t2
− 2

vn
∆t

)
dV +

∫
Be
0

(∂FΨ)n+1/2∇0N
ϕ
a dV −

∫
Be
0

Nϕ
a f 0n+1/2

dV ;

Rφ
a,e = −

∫
Be
0

(∂E0Ψ)n+1/2∇0N
φ
a dV +

∫
Be
0

Nφ
a ρ

e
0n+1/2

dV ;

Rθ
a,e = −

∫
B0

θn+1/2∆(∂θΨ)

∆t
N θ

a dV −
∫
B0

Qn+1/2 ·∇0N
θ
a dV −

∫
B0

Rθn+1/2N
θ
a dV.

(70)

where use of equation (63) has been made of in the inertial term of the residual Rϕ
a,e in (70)a. A

consistent linearisation of the nonlinear residual contributions (70) has been used in this work.
Some details of this linearization can be found in the subsequent section.

5.1.1. Relationship between first and second derivatives of Ψ(F ,E0, θ) and alternative potentials

The coupled weak forms presented in equation (58) and their residuals in (70) are expressed
in terms of the derivatives of the Helmholtz potential, Ψ(F ,E0, θ). However, the fundamental
thermodynamic potential governing the constitutive model can alternatively be one of the three
other thermodynamic potentials: e(F ,D0, η), Γ(F ,E0, η), or Υ(F ,D0, θ). In such cases, the
derivatives in (58) and (70), specifically {∂FΨ, ∂E0Ψ, ∂θΨ}, must be redefined in terms of these
alternative potentials. This is accomplished through the appropriate Legendre transformation
(refer to (18)).

This transformation is not only essential for obtaining the first derivatives but is also crucial
for deriving the second derivatives of Ψ(F ,E0, θ), i.e., the components of its Hessian, when
the primary thermodynamic potential is either e(F ,D0, η), Γ(F ,E0, η), or Υ(F ,D0, θ). The
following sections will detail the procedures for relating both the first derivatives of Ψ(F ,E0, θ)
and the components of its Hessian to their respective counterparts in the potentials e(F ,D0, η),
Γ(F ,E0, η), or Υ(F ,D0, θ).

4For simplicity, the external contributions on the boundary of the continuum and associated with t0 and Qθ

have not been included in (70).
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5.1.2. Potential Υ

In this case we consider the case when the underlying thermo-electro-mechanical constitutive
model is Υ(F ,D0, θ). The Legendre transformation in equation (18)b implies that the field
D0 := −∂E0Ψ must be considered as a function of the fields {F ,E0, θ}, namely

Υ = Υ (F ,D0(F ,E0, θ), θ) , (71)

and then, D0 := −∂E0Ψ is implicitly solved from this equation

E0 = ∂D0Υ(F ,D0(F ,E0, θ), θ) . (72)

Once D0 := −∂E0Ψ is obtained, P := ∂FΨ and η := −∂θΨ can be obtained as

∂FΨ(F ,E0, θ) = ∂FΥ(F ,D0(F ,E0, θ), θ) ;

∂θΨ(F ,E0, θ) = ∂θΥ(F ,D0(F ,E0, θ), θ) .
(73)

The components of the Hessian operator of Ψ(F ,E0, θ), needed for the consistent linearization
of (70) can then be related to the components of the Hessian operator of Υ by considering D0 as
a function of {F ,E0, θ}, as in (71), yielding the following relationships

∂2FFΨ = ∂2FFΥ− ∂2FD0
Υ · ∂E0FΨ; ∂2FE0

Ψ = −∂2FD0
Υ · ∂E0E0Ψ; ∂2F θΨ = ∂2F θΥ− ∂2FD0

Υ · ∂E0θΨ;

∂2E0F
Ψ =

(
∂2E0F

Ψ
)T

; ∂2E0E0
Ψ = −

(
∂2D0D0

Υ
)−1

; ∂2E0θ
Ψ =

(
∂2θE0

Ψ
)T

;

∂2θFΨ =
(
∂2θFΨ

)T
; ∂2θE0

Ψ = −∂2θD0
Υ · ∂E0E0Ψ; ∂2θθΨ = ∂2θθΥ− ∂2θD0

Υ · ∂E0θΨ.

(74)

5.1.3. Potential Γ

Let us know consider the case when the underlying thermo-electro-mechanical constitutive
model is Γ(F ,E0, η). In this case, the Legendre transformation in equation (18)c implies that the
field η := −∂θΨ must be considered as a function of the fields {F ,E0, θ}, namely

Γ = Γ (F ,E0, η(F ,E0, θ)) , (75)

and then, η := −∂θΨ is implicitly solved from this equation

θ = ∂θΓ (F ,E0, η(F ,E0, θ)) . (76)

Once η := −∂θΨ is obtained, P = ∂FΨ and D0 = −∂E0Ψ can be obtained as

∂FΨ(F ,E0, θ) = ∂FΓ (F ,D0, η(F ,E0, θ)) ;

∂E0Ψ(F ,E0, θ) = ∂E0Γ (F ,D0, η(F ,E0, θ)) .
(77)

The components of the Hessian operator of Ψ(F ,E0, θ), needed for the consistent linearization
of (70) can then be related to the components of the Hessian operator of Γ by considering η as a
function of {F ,E0, θ}, as in (75), yielding the following relationships

∂2FFΨ = ∂2FFΓ− ∂2F ηΓ · ∂θFΨ; ∂2FE0
Ψ = ∂2FE0

Γ− ∂2F ηΓ · ∂θE0Ψ; ∂2F θΨ = −∂2F ηΓ · ∂θθΨ;

∂2E0F
Ψ =

(
∂2E0F

Ψ
)T

; ∂2E0E0
Ψ = −∂2E0E0

Γ− ∂2E0η
Γ · ∂θE0Ψ; ∂2E0θ

Ψ = −∂2E0η
Γ · ∂θθΨ;

∂2θFΨ =
(
∂2θFΨ

)T
; ∂2θE0

Ψ =
(
∂2E0θ

Ψ
)T

; ∂2θθΨ = −
(
∂2ηηΓ

)−1
.

(78)
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5.1.4. Potential e

Finally, let us consider the case when the underlying thermo-electro-mechanical constitutive
model is e(F ,D0, η). In this case, the Legendre transformation in equation (18)a implies that
both fieldsD0 := −∂E0Ψ and η := −∂θΨ must be considered as functions of the fields {F ,E0, θ},
namely

e = e (F ,D0(F ,E0, θ), η(F ,E0, θ)) , (79)

and then,D0 := −∂E0Ψ and η := −∂θΨ are simultaneously implicitly solved from these equations

E0 = ∂D0e (F ,D0(F ,E0, θ), η(F ,E0, θ)) ;

θ = ∂ηe (F ,D0(F ,E0, θ), η(F ,E0, θ)) .
(80)

Once D0 := −∂E0Ψ and η := −∂θΨ are obtained, P = ∂FΨ can be obtained as

∂FΨ(F ,E0, θ) = ∂F e (F ,D0(F ,E0, θ), η(F ,E0, θ)) . (81)

The components of the Hessian operator of Ψ(F ,E0, θ), needed for the consistent linearization
of (70) can then be related to the components of the Hessian operator of e by considering D0

and η as functions of {F ,E0, θ}, as in (79), yielding the following relationships

∂2FFΨ = ∂2FF e− ∂2FD0
e · ∂E0FΨ− ∂2F ηe · ∂θFΨ; ∂2FE0

Ψ = −∂2FD0
e · ∂E0E0Ψ− ∂2F ηe · ∂θE0Ψ;

∂2F θΨ = −∂2FD0
e · ∂E0θΨ− ∂2F ηe · ∂θθΨ; ∂2E0F

Ψ =
(
∂2FE0

Ψ
)T

;

∂2θFΨ =
(
∂2F θΨ

)T
;

[
∂2E0E0

Ψ ∂2E0θ
Ψ

∂2θE0
Ψ ∂2θθΨ

]
= −

[
∂2D0D0

e ∂2D0η
e

∂2ηD0
e ∂2ηηe

]−1

.

(82)

6. Calibration and validation of the thermodynamic potentials

This section presents the calibration results for various types of neural network-based ther-
modynamic potentials, namely Ψnn, enn, Γnn and Υnn, calibrated according to both calibration
strategies described in Sections 4.1 and 4.2.

6.1. Calibration strategy 1

We begin showing the calibration results by using Sobolev-type calibration strategy 1.

6.1.1. Neural network architecture’s influence: Ψnn Neural Network-based ground truth models

The objective of this preliminary study is to investigate a specific neural network-based ther-
modynamic potential, namely Ψnn(F ,E0, θ). Our focus is to assess how variations in the neural
network architecture influence the accuracy of the potential’s calibration. The network architec-
ture is characterised by the number of hidden layers, nL, and an equal number of neurons per
layer, denoted as nn. By varying these parameters, we track the R2 values of the second-order
derivatives of the potential–R2 in the derivatives of the potential, namely R2(∂2FΨnn), R

2(∂2E0
Ψnn)

and R2(∂2θΨnn)–for both training and testing datasets. It is important to note that the training
data, used for calibrating the potential across all architectures, constitutes 20% of the testing
dataset.

Table 7 shows the results obtained for the calibrated models Ψnn, not only across different
neural network architectures but also when employing the various models described in Section
3.5. These models represent both the purely mechanical and electro-mechanical contributions
of the ground truth Helmholtz strain energy model used for the calibration of all the potentials
(see equation (33)). The results obtained in this table indicate that in general, the optimisation
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nL (number of hidden layers) 2 4

nn (neurons per layer) 8 8

M
R
/I
D R2(∂FΨ) 0.988246 0.999850

R2(∂E0Ψ) 0.993956 0.999989
R2(∂θΨ) 0.999955 0.999998

Q
M

R
/I
D R2(∂FΨ) 0.999701 0.999948

R2(∂E0Ψ) 0.999974 0.999978
R2(∂θΨ) 0.999964 0.999998

Y
/I
D R2(∂FΨ) 0.999834 0.999918

R2(∂E0Ψ) 0.999973 0.999943
R2(∂θΨ) 0.999737 0.999956

G
/I
D R2(∂FΨ) 0.999776 0.999045

R2(∂E0Ψ) 0.999941 0.999896
R2(∂θΨ) 0.999940 0.999989

T
I/
ID

R2(∂FΨ) 0.997358 0.999601
R2(∂E0Ψ) 0.99975103 0.999920
R2(∂θΨ) 0.9997285 0.999980

M
R
/E

S R2(∂FΨ) 0.998902 0.999889
R2(∂E0Ψ) 0.999758 0.999932
R2(∂θΨ) 0.999989 0.999998

Table 7: Calibration Strategy 1. Values of the R2(∂FΨ), R2(∂E0
Ψ) and R2(∂θΨ) obtained in the calibration

of Ψnn (hence using the training dataset) using the purely mechanical (in red) and electro-mechanical (in blue)
contributions of the ground truth Helmholtz strain energy model used for the calibration.
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algorithm used for the calibration of the models (Adam algorithm with a learning rate of 0.001)
attains a very satisfactory local minimum.

Importantly, the calibrated models Ψnn(F ,E0, θ) have been evaluated against an independent
dataset not included in the original training set. This larger dataset, referred to as the test dataset,
has been used to assess the performance of the neural network-based potentials calibrated for all
ground truth models considered, utilizing a specific neural network architecture. In this study,
we have focused on models comprising four hidden layers with eight neurons per layer. The
correlation results, presented in Figure 7, demonstrate the calibrated models’ robust capability to
accurately predict the responses of the ground truth models across a significantly broader dataset
than the training set.

We have conducted additional testing of the calibrated models in scenarios beyond those
included in the training set. It is important to note that both the training and testing sets were
generated using a similar in-silico data generation strategy, as outlined in Appendix A and based
on the methodology of [43], in which the deformation gradient tensor and the electric field are
defined according to

F =

λ γ 0
0 λ 0
0 0 1/λ2

 ; 1 ≤ λ ≤ 1.5; 0 ≤ γ ≤ 0.5 E0 =

αα
0

 0 ≤ α ≤ 1.5

√
µ̄

ε̄
. (83)

The objective is to assess the agreement between the derivatives of the calibrated model,
Ψnn(F ,E0, θ), and those of the ground truth model across various temperature values for the
specified experimental setup. Figure 8 illustrates this comparison, focusing on the neural network-
based potential Ψnn(F ,E0, θ) and a single ground truth constitutive model. The figure demon-
strates a remarkable alignment between the calibrated and ground truth models, highlighting the
calibrated model’s capacity to accurately predict the ground truth response, even in scenarios
outside its training domain.

6.1.2. Generalization results for physically motivated training datasets

In addition to the training and testing datasets generated following the strategy outlined in
Section Appendix A and the methodology described in [43], this section examines the generaliza-
tion performance of the neural network potential when the training data aligns more closely with
experimental conditions typically encountered in laboratory settings. Specifically, we consider a
parameterization of the deformation gradient tensor, F , that corresponds to uniaxial combined
with shear, and biaxial loading scenarios. These cases are defined as:

F uniaxial/shear = J−1/3

λ 0 0
γ λ 0
0 0 1/λ2

 ; 1 ≤ λ ≤ 1.5; 0 ≤ γ ≤ 0.5 0.8 ≤ J ≤ 1.2

F biaxial = J−1/3

0 λ 0 0
λ 0

0 0 1/λ2

 ; 1 ≤ λ ≤ 1.5; 0.8 ≤ J ≤ 1.2

(84)

considering 5 different values of λ, γ and J in the above parametrization. In addition, the electric
field E0 has been parametrized for training according to

E0 = αnE0 ; 0 ≤ α ≤ 2.2

√
µ̄

ε̄
. (85)

where we have considered 5 possible values for the norm of the electric field α and five possible
unitary orientations nE0 . Furthermore, we have considered 10 values of θ such that

θR − 60 ≤ θ ≤ θR + 60 (86)
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Figure 7: Calibration Strategy 1. Correlation of prediction {∂FΨnn, ∂E0Ψnn, ∂θΨnn} and testing data
{∂FΨ, ∂E0

Ψ, ∂θΨ} using the purely mechanical (in red) and electro-mechanical (in blue) contributions of the
ground truth Helmholtz strain energy model used for the calibration. The training data represents a subset of
the testing data containing the 20% of the data in the latter. In all cases we have considered an architecture of 4
hidden layers and 8 neurons per layer.
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(a) (b)

(c) (d)

Figure 8: Calibration Strategy 1. Prediction of calibrated model Ψnn(F ,E0, θ) and ground truth model across
various temperature values for the experimental setup in (83). The ground truth model Ψ(F ,E0, θ) considers
a Mooney-Rivlin model for the mechanical contribution, i.e. Ψm and an ideal dielectric model for the electro-
mechanical contribution, i.e. Ψem (see (33)). Architecture with 4 hidden layers and 8 neurons per layer.

Finally, we limit the training dataset to include 1000 points. We have considered the case
where the ground truth model consideres a Mooney-Rivlin model for the mechanical contribution,
i.e. Ψm and an ideal dielectric model for the electro-mechanical contribution, i.e. Ψem (see (33)).
We have tested the generalization capabilities of the neural network model, by considering a
different testing data set to that considered in equations (84)-(86). For that, we consider the
following parametrization of F (where the shear component is now prescribed in the component
13 of F , instead of in the component 12 as in equation (84)) and E0

F =

λ 0 0
0 λ 0
γ 0 1/λ2

 ; 1 ≤ λ ≤ 1.5; 0 ≤ γ ≤ 0.5 E0 = α

11
0

 0 ≤ α ≤ 1.5

√
µ̄

ε̄
. (87)

where the direction
[
1 1 0

]T
was not considered in the training dataset. Taking this into

account, the neural network model’s response on the testing dataset, defined by equation (87),
demonstrates good agreement with the response of the underlying ground truth model for two
temperature values outside the range included in the training data.

6.1.3. Generalization results for all the thermodynamical potentials

In the previous section, we focused exclusively on the calibration of Helmholtz-type neural
network-based potentials, specifically Ψnn(F ,E0, θ). The objective of this section, however, is
to demonstrate that, while we have primarily considered a Helmholtz-type ground truth poten-
tial Ψ(F ,E0, θ), we can successfully calibrate neural network-based potentials corresponding to
alternative formulations, namely enn(F ,D0, η), Υnn(F ,D0, θ) and Γnn(F ,E0, η), as outlined in
Section 4.1.1. In order to illustrate this capability, we consider the following case:
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(a) (b)

(c) (d)

Figure 9: Calibration Strategy 1. Prediction of calibrated model Ψnn(F ,E0, θ) and ground truth model across
various temperature values for the experimental setup in (83). The ground truth model Ψ(F ,E0, θ) considers
a Mooney-Rivlin model for the mechanical contribution, i.e. Ψm and an ideal dielectric model for the electro-
mechanical contribution, i.e. Ψem (see (33)). Architecture with 4 hidden layers and 8 neurons per layer.

• Fixed neural network architecture with 4 hidden layers and 8 neurons.

• Ground truth model with Ψm corresponding with a Mooney-Rivlin model and Ψem with an
ideal dielectric model (see (33)).

Under such scenario, Figure 10 presents the correlation results for the test dataset, which is
larger than the training dataset, for the four potentials, namely Ψnn(F ,E0, θ), enn(F ,D0, η),
Υnn(F ,D0, θ) and Γnn(F ,E0, η). The figure demonstrates an excellent agreement between the
predictions made by the calibrated potentials and the ground truth model, confirming the relia-
bility of the calibrated models in predicting the behavior of the ground truth.

6.1.4. Polyconvex calibration

The aim of this section is to evaluate the accuracy of polyconvex neural network-based poten-
tials defined in the thermodynamic potential enn(F ,D0, η). As discussed in Section 4.1.2, poly-
convexity of enn(F ,D0, η) is enforced through the augmented loss function described in equation
(50). While polyconvex functions generally offer less flexibility compared to their non-polyconvex
counterparts, Figure 11 demonstrates a reasonably good agreement with the ground truth model,
which consists of a Mooney-Rivlin model for Ψm and an ideal dielectric model for Ψem (see (33)).
This result was achieved using a neural network architecture with 4 hidden layers and 8 neurons,
as depicted in Figure 11.

The absence of a perfect agreement evidenced by the polyconvex neural network-based model
in Figure 11 (specially in the prediction of ∂F e) could be explained due to the fact that the neural
network-based model is indeed polyconvex with respect to the set of variables {F ,H , J,D0,d, η}.
However, the underlying ground truth model depends on the variables {F ,H , J,E0, θ} (see equa-
tion (33)) and there is no guarantee that even rank-one convexity with respect to the mechan-
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Figure 10: Calibration Strategy 1. Correlation of prediction {∂FΨnn, ∂E0
Ψnn, ∂θΨnn},

{∂F enn, ∂D0
enn, ∂ηenn}, {∂FΥnn, ∂D0

Υnn, ∂θΥnn} and {∂FΓnn, ∂E0
Γnn, ∂ηΓnn} and their testing data

counterparts. In all cases we have considered an architecture of 4 hidden layers and 8 neurons per layer.
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ical physics holds for all values of θ. A similar challenge arises when attempting to replicate
the homogenized behavior of rank-one laminates—whether in finite-strain mechanics or electro-
mechanics—using polyconvex neural networks (refer to [37]). Since the underlying ground truth
model is not inherently polyconvex, polyconvex neural network models are unable to perfectly
capture its behaviour.

Figure 11: Calibration Strategy 1. Correlation of prediction {∂F enn, ∂D0
enn, ∂ηenn} and the testing data coun-

terpart {∂F e, ∂D0
e, ∂ηe} (obtained through appropriate Legendre transformation of the derivatives of Ψ(F ,E0, θ)).

Polyconvexity of enn has been imposed according to the strategy described in Section 4.1.2. Fixed architecture
with 4 hidden layers and 8 neurons. The ground truth model comprises a Mooney-Rivlin model for Ψm and ideal
dielectric model for Ψem (see (33)).

The results presented in Figure 11 were obtained using a penalty parameter value of κ = 10.
For this particular value, the polyconvexity constraint in (50) is almost satisfied, as evidenced
by the ratio between the largest negative and the largest positive weights in the neural network.
Specifically, the ratio is defined as

λW =
min

(
min(Wv), 0

)
max(Wv)

(88)

For this configuration, we find that λW ≈ −10−4. Increasing the penalty parameter κ generally
enhances the likelihood of satisfying the polyconvexity condition, as it enforces the weights of the
neural network to remain positive. Conversely, using smaller values of κ relaxes the polyconvexity
constraint, which may lead to a greater violation of the condition but potentially higher prediction
accuracy. This effect is particularly pronounced when the underlying ground truth model does
not exhibit polyconvexity, as previously discussed. The interplay between these factors can be
observed in Figure 12. It is important to note that in all tests conducted, the value of κ remained
constant throughout the entire optimization process. Implementing a more advanced continua-
tion strategy, where κ is updated adaptively during the optimization, could further improve the
satisfaction of the polyconvexity/weight positivity constraints.

6.2. Calibration strategy 2: θ-based potentials

The objective of this study is to demonstrate the accuracy and flexibility of the calibration
strategy 2 for neural network-based potentials that depend upon θ, namely Ψnn(F ,E0, θ) and
Υnn(F ,D0, θ), described in Section 4.2.1. We will consider though only the case of Ψnn(F ,E0, θ).
For a fixed neural network architecture of 4 hidden layers and 8 neurons, the objective is to
assess the performance of the neural network-based potentials calibrated for all ground truth
models considered. The correlation results, presented in Figure 13, demonstrate the calibrated
models’ robust capability to accurately predict the responses of the ground truth models across
a significantly broader dataset than the training set.

Furthermore, we have considered the same unseen (by the training set) experimental set up
described in equation (83) in order to further test the prediction capabilities of the calibrated
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Figure 12: Calibration Strategy 1. Influence of the penalty parameter κ (see equation (50)) on: (i) the accuracy
of the correlation of the prediction for ∂F e (corresponding with the red curve and the right axis); (ii) the satisfaction
of polyconvexity, encapsulated by the indicator λW (see equation (88)). Notice that log10(1 − R2(∂F e)) informs
about the number of 9’s in the decimal representation of R2(∂F e).

neural network models in data not contemplated in the training. The results of this prediction
are shown in Figure 14 exclusively for the case where the ground truth model comprises a Mooney-
Rivlin model for Ψm and an ideal dielectric model for Ψem, demonstrating a remarkable alignment
between the calibrated and ground truth models, highlighting the calibrated model’s capacity to
accurately predict the ground truth response, even in scenarios ouside its training domain.
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Figure 13: Calibration Strategy 2: θ-based potentials. Correlation of prediction {∂FΨnn, ∂E0
Ψnn} and

testing data {∂FΨ, ∂E0
Ψ} using the purely mechanical (in red) and electro-mechanical (in blue) contributions of

the ground truth Helmholtz strain energy model used for the calibration. The training data represents a subset
of the testing data containing the 20% of the data in the latter. In all cases we have considered an architecture of
4 hidden layers and 8 neurons per layer.
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(a) (b)

(c) (d)

Figure 14: Calibration Strategy 2: θ-based potentials. Prediction of calibrated model Ψnn(F ,E0, θ) and
ground truth model across various temperature values for the experimental setup in (83). The ground truth model
Ψ(F ,E0, θ) considers a Mooney-Rivlin model for the mechanical contribution, i.e. Ψm and an ideal dielectric
model for the electro-mechanical contribution, i.e. Ψem (see (33)). Architecture with 4 hidden layers and 8
neurons per layer.
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6.3. Calibration strategy 2: η-based potentials

In this section we proceed for the calibration of η-based potentials, namely enn(F ,D0, η) and
Γnn(F ,E0, η) according to the calibration strategy 2 outlined in Section 4.2.2. Specifically, we
will consider only potentials of the form enn(F ,D0, η). For a fixed architecture of 4 hidden layers
and 8 neurons, considering only one ground truth model (comprising a Mooney-Rivlin model for
Ψm and ideal dielectric for Ψem), the objective is to asses the ability to predict the response of
the ground truth model.

The correlation results presented in Figure 15 demonstrate the calibrated model’s robust
capability to accurately predict the responses of the ground truth models across a significantly
broader dataset than the training set.

M
R
/I
D

Figure 15: Calibration Strategy 2: η-based potentials. Correlation of prediction {∂F enn, ∂D0
enn} and testing

data {∂F e, ∂D0
e} using a Mooney-Rivlin model (in red) for Ψm and ideal dielectric model (in blue) for Ψem for

ground truth Helmholtz strain energy model used for the calibration (see (33)). The training data represents a
subset of the testing data containing the 20% of the data in the latter. Architecture of 4 layers and 8 neurons per
layer.

Remark 3. Notice that Figures 13-15 do not include predictions of the neural network-based
models for their derivatives with respect to either θ or η. The underlying reason is that these
neural network models have been calibrated using Calibration Strategy 2, where data for η
are unavailable. For θ-based potentials, θ serves as the input, and the derivative of the potential
is given by ∂θΨnn = −η or ∂θΥnn = −η. However, since data for η are unavailable, the prediction
of η cannot be directly compared to (unavailable) data. In contrast, for η-based potentials, the
relationship ∂ηenn = θ or ∂ηΓnn = θ is satisfied exactly (as stated in equation (52)). This means
that the prediction is inherently accurate, not only during training but also for any test data
point, because it is enforced by construction. That is the reason why plots of predictions of
temperature or entropy derivatives do not make sense for this approach.
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6.4. Finite element numerical experiments

The objective of this example is to test the accuracy of thermo-electro-mechanical neural
network models in the context of complex finite element simulations. For that purpose, we will
make use of an example explored previously by the authors in [26]. This example considers a
dielectric plate with a heating spot and its geometry and boundary conditions are depicted in
Figure 16. With regards to the finite element discretization employed, it comprises 100× 100× 2
quadratic hexahedral elements for the discretization of the three fields {ϕ, φ, θ}, yielding a total of
1 1010 025 degrees of freedom. The following time dependent electric potential Dirichlet boundary
conditions (see Figure 16) are employed

φ1 = 0; φ2 = 0.3×

 sin

(
πt

2

)
for t ≤ 1 s

1 for t > 1 s

(V). (89)

Furthermore, we consider the following sinusoidal heat flux Qθ applied in the circled region of
Figure 16, with value

Qθ =
X

A0

f(t); f(t) =

 sin

(
πt

2

)
for t ≤ 1 s

0 for t > 1 s

(W/m2). (90)

where A0 = πr2, r = 2.5.

Figure 16: FEM numerical example. Geometry (100×100×1) and boundary conditions. Mechanical boundary
conditions (left) where u(X1 = 0, X2, X3 = 0) = u(X1 = 100, X2, X3 = 0) = u(X1, X2 = 0, X3 = 0) =
u(X1, X2 = 100, X3 = 0) = 0 and applied electric potentials φ1, φ2 (mid) corresponding to (89) and heat flow Qθ

(right) corresponding to (90).

We simulated this problem using the Helmholtz potential Ψ(F ,E0, θ) as the ground truth
model, where the mechanical contribution Ψm follows a Yeoh model and the dielectric contri-
bution Ψem is modeled as ideal, as described in equation (33). Additionally, the problem was
simulated using the Helmholtz neural network-based potential, Ψnn(F ,E0, θ), to analyze the
agreement between the simulations from both models. It is worth noting that alternative cali-
brated potentials, such as enn(F ,D0, η), Υnn(F ,E0, η), or Γnn(F ,D0, θ), could have been used
instead. The results for both models are shown in Figure 17, 18 and 19, illustrating the time
evolution of deformed configuration of both models, and showing a good agreement between both
ground truth and neural network models in terms of displacements, stresses (the hydrostatic
pressure p = 1

3
J−1PF T is shown) and one of the components of the electric displacement field

D0.
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Figure 17: FEM numerical example. Left: ground truth model; Right: neural network-based model. Deformed
configuration and contour plot of ||u|| for time steps: t = 0.7 (s); t = 0.9 (s); t = 1.1 (s).
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Figure 18: FEM numerical example. Left: ground truth model; Right: neural network-based model. Deformed
configuration and contour plot of hydrostatic pressure p for time steps: t = 0.7 (s); t = 0.9 (s); t = 1.1 (s).
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Figure 19: FEM numerical example. Left: ground truth model; Right: neural network-based model. Deformed
configuration and contour plot of (D0)2 for time steps: t = 0.7 (s); t = 0.9 (s); t = 1.1 (s).
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7. Conclusions

This manuscript has presented a neural network-based constitutive modeling framework for
thermo-electro-mechanically coupled materials at finite strains. The proposed framework has
demonstrated significant flexibility, enabling the calibration of neural network-based constitu-
tive models with different input forms, such as Ψnn(F ,E0, θ), enn(F ,D0, η), Υnn(F ,E0, η), or
Γnn(F ,D0, θ). All models adhere to physical and material symmetry principles by utilizing the
appropriate set of isotropic or anisotropic invariants—depending on the material symmetry group
of the underlying ground truth potential—for the respective input fields: {F ,E0, θ}, {F ,D0, η},
{F ,E0, η}, or {F ,D0, θ}.

Two distinct calibration strategies have been introduced. The first, particularly suitable for in-
silico data generation, minimises the derivatives of the various potentials, such as Ψnn(F ,E0, θ),
enn(F ,D0, η), Υnn(F ,E0, η), or Γnn(F ,D0, θ), with respect to their ground truth counterparts,
necessitating the use of appropriate Legendre transformations on the ground truth model.

The second strategy is designed for calibrating models with data collected from experimental
settings, where the entropy field η is typically unmeasurable. In this more physically-grounded
calibration approach, the absence of the field η introduces technical differences in the calibration
process between potentials dependent on θ and those dependent on η. The latter requires the
implicit satisfaction of the work conjugacy relation between the fields η and θ.

A thorough calibration study was conducted for both strategies, evaluating different neural
network architectures and a wide range of ground truth constitutive models. The excellent agree-
ment in the predictive performance of the calibrated models on larger datasets, compared to those
used during calibration, is reflected in the results of a complex finite element simulation carried
out using both the ground truth and neural network-based models.
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Appendix A. In-silico data generation strategy

In this section, we present the procedure used for generating synthetic data for the training
strategy denoted as strategy 1. For that, we have made use of the generic form of the Helmholtz
free energy density in equation (33), and a variety of models for the isothermal purely mechanical
and electro-mechanical contributions Ψm(F ) (see Table 1) and Ψem(F ,E0) (refer to Table 2).

To acquire the dataset, we have adhered to the procedure outlined in [43], extended to the
coupled context of thermo-electro-mechanics. The deformation gradient tensor F is parameter-
ized via a chosen set of deviatoric directions, amplitudes, and Jacobians (J , i.e., the determinant
of F ). The process of generating sample points for deviatoric directions, amplitudes, and Ja-
cobians is elucidated in Algorithm 1. Similarly, the electric displacement E0 (for the neural
network-based potentials Ψnn(F ,E0, θ) and Υnn(F ,E0, η)) or D0 (for the neural network-based
potentials enn(F ,D0, η) and Γnn(F ,D0, θ)) is also parametrised in terms of unitary directions
and amplitudes. Concerning the deviatoric directions for F , denoted as VF we formulate them
using a spherical parametrization in R5, precisely representing these directions using five per-
tinent angular measures (ϕ1, ϕ2, ϕ3, ϕ4, ϕ5 ∈ [0, 2π] × [0, π] × [0, π] × [0, π] × [0, π]) within this
5-dimensional space. For the directions employed for the parametrisation of E0 or D0 (depend-
ing on the dependence on the electrical physics of the neural network-based potential), denoted
as V E0 or V D0 , respectively, these are created using a spherical parametrization in R3, using as
angular measures (θ, ψ) ∈ [0, 2π]× [0, π], namely

Algorithm 1 Pseudo-code for sample generation

1: Generate deformation gradient tensors F according to:

1.1: Set the number of amplitudes, directions and determinants: {ntF , nVF
, nJF

};
1.2: Initialise a vector of Latin Hypercube Sampled angles: ϕ1 = [0, 2π]nVF

×1 and ϕ2,...,4 =
[0, π]nVF

×1;
1.3: Construct the directions, VF , using ϕ1, . . . ,ϕ4 by means of an extended Spherical
parametrisation in R5 - detailed in (A.1);
1.4: Evaluate the deformation gradient tensors, F - detailed in Algorithm 2;

2: Generate electric field vectors E0 (or D0) according to:

2.1: Set the amplitudes and directions: {ntE0
, nVE0

};
2.2: Initialise a vector of Latin Hypercube Sampled angles: ψ1 = [0, 2π]nVE0

×1 and ψ2 =

[0, π]nV E0
×1;

2.3: Construct the directions, VE0 (or V D0), using ψ1,ψ2 by means of a Spherical parametri-
sation in R3;
2.4: Evaluate the deformation E0 (or D0) - detailed in Algorithm 2;

3: Generate temperature data θ (or entropy η) according to:

3.1: Set the maximum temperature difference with respect to θR, denoted ∆θ. Then define
the minimum and maximum values of θ: θR −∆θ and θR +∆θ; For η-based potentials, set
ηmin and ηmax;
3.2: Set number of temperatures nθ (or nη);
3.3: Generate nθ uniformly distributed temperature (or randomly) in the interval (θR −
∆θ, θR +∆θ); For η-based potentials, the interval is (ηmin, ηmax);

4: Generate combination of data of {F ,E0, θ} (or any other combination, for instance
{F ,D0, η})
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V i
F =


cosϕi

1

sinϕi
1 cosϕ

i
2

sinϕi
1 sinϕ

i
2 cosϕ

i
3

sinϕi
1 sinϕ

i
2 sinϕ

i
3 cosϕ

i
4

sinϕi
1 sinϕ

i
2 sinϕ

i
3 sinϕ

i
4

 ; 1 ≤ i ≤ nVF
; V i

E0
=

cosψi
1 sinψ

i
2

sinψi
1 sinψ

i
2

cosψi
2

 ; 1 ≤ i ≤ nVE0

(A.1)
Once the sample is generated following Algorithm 1, the reconstruction of the deformation

gradient tensor F and ofD0 becomes possible at each of the sampling points. This reconstruction
process is demonstrated in Algorithm 2, where Ψ represents the basis for symmetric and traceless
tensors, defined as

Ψ1 =

√
1

6

2 0 0
0 −1 0
0 0 −1

 Ψ2 =

√
1

2

0 0 0
0 1 0
0 0 −1

 Ψ3 =

√
1

2

0 1 0
1 0 0
0 0 0

 (A.2)

Ψ4 =

√
1

2

0 0 1
0 0 0
1 0 0

 Ψ5 =

√
1

2

0 0 0
0 0 1
0 1 0

 (A.3)

For the temperature field θ, data generation has been carried out by predefining the maximum
difference with respect to the reference temperature θR. This approach establishes the lower and
upper bounds θR − ∆θ and θR + ∆θ. Consequently, the data for this field is generated either
uniformly distributed within this interval or randomly sampled across the defined range.

Algorithm 2 Pseudo-code for construction of the set of deformation gradient tensors and electric
fields E0 (similarly for D0)

1: for i = 1 : nVF
do

2: for j = 1 : nJ do
3: for k = 1 : ntF do

4: F = J
1/3
j exp

(
[tF ]k

[∑5
m=1[V

i
F ]mΨm

])
;

5: end for
6: end for
7: end for
8: for i = 1 : nVE0

do
9: for j = 1 : ntE0

do

10: E0 = [tE0 ]jV
i
E0
;

11: end for
12: end for

Notice that the deformation gradient tensor F , is defined in terms of the amplitude variable tF ,
the angles {ϕ1, ϕ2, ϕ3, ϕ4} and the Jacobian J . The range of values for angular fields {ϕ1, ϕ2, ϕ3, ϕ4}
has been mentioned above. For tF and J , the lower and upper bounds considered both in training
and testing data sets are

−0.5 ≤ tF ≤ 1.5; 0.8 ≤ J ≤ 1.2 (A.4)

For training, the number of deviatoric directions, and hence, the number of angular variables
{ϕ1, ϕ2, ϕ3, ϕ4}, is nVF

= 20. The total number of amplitudes is ntF = 10, whilst the total number
of Jacobians is nJ = 3.
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For the parametrization of the electric field E0 (or D0), the range of the norm of E0 (or D0),
namely tE0 (or tD0) is 0 ≤ tE0 ≤ 2.2

√
µ
ε
(or 0 ≤ tD0 ≤ 2.2

√
µε), with ntE0

= 10. In addition, we
used nV E0

= 10 for the possible orientations of the electric field.
With regards to the temperature field θ, for training we consider nθ = 15 values for ∆θ,

ranging between 0 ≤ ∆θ ≤ 60, hence θR − 60 ≤ θ ≤ θR + 60.
Based on the described parameterization of F , E0 and θ, the training dataset would indepen-

dently consist of 10× 20× 3, 15× 20 and 15 data points for each respective parameter. However,
combining the datasets across the three physical variables would result in 9× 105 data points for
{F ,E0, θ}. This naive approach would yield an excessively large dataset, posing significant chal-
lenges for training. Instead, the combined training dataset for {F ,E0, θ} is set to never exceed
104 data points in our calibrations.

For the test dataset, we tend to multiply by a factor of 3 the variables nVF
, ntF , nJ , ntE0

,
nV E0

and nθ.
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