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Abstract

In this paper, a nonlocal strain gradient meshfree model is proposed and developed to
explore the bending and vibration behaviours of a novel trigonometric functionally
graded nanoplates (TFGNPs). Based on the generalized layerwise higher-shear
deformation theory (GL-HSDT) and the nonlocal strain gradient theory (NSGT), a
weak form of governing equations for plate motion is derived, with consideration of a
two-parameter variable elastic foundation. We employed a cosine function to describe
the material gradation of TFGNPs along their thickness while the size-scale effect in
nanoplates was effectively captured through the incorporation of NSGT. The radial
point interpolation method, which possesses high continuum and Kronecker delta
function properties, is employed to develop a meshfree formulation for the discrete
solution of governing equations. By comparing the results of the study with those in
existing literature, the correctness and high accuracy of present model is verified. It is
shown that the material properties of TFGNPs possess high stability and continuous,
smooth stress variations. Moreover, a comprehensive parametric study is conducted to
determine the sensitivity of the bending and vibration responses of TFGNPs to
boundary conditions, geometries, foundation parameters, nonlocal and strain gradient
parameters.

Keyword: Trigonometric functionally graded nanoplates; Nonlocal strain gradient
theory; Size-dependent meshfree model; Radial point interpolation method; Variable
elastic foundation.
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1. Introduction

Composite structures are increasingly utilized in civil, mechanical, acrospace, and
medical engineering due to their exceptional mechanical, chemical, and electronic
properties [1,2]. Numerous studies have focused on the design, fabrication, and analysis
of composite materials. He et al. [3] synthesized the LaFeOs3/Fe3;04/C perovskite
composites by one-step pyrolysis of 3d-4f metal-organic frameworks (MOFs) at a low
temperature. Dong et al. [4] investigated the mechanical properties of rubberized
concrete enhanced by basalt fiber-epoxy resin composite based on experimental testing
and numerical simulations. For sandwich composite structures, Liu et al. [5] examined
the structural response of the U-type corrugated core sandwich panel used in ship
structures under loading, while Cen et al. [6] optimized the molding process of foam
sandwich wing structures. Further, a recognition and optimisation method of impact
deformation patterns based on point cloud and deep clustering was applied to thin-
walled tubes [7]. Functionally graded nanomaterials (FGMs) are a new type of non-
homogeneous composites with continuous smooth variation of material properties
along the thickness, which are promising for engineering applications. Many efforts
have been devoted to the static, vibration and buckling analysis of FG structures, such
as shells [8], plates [9], beams [10], etc. Among all, FG sandwich nanoplates have
gained popularity as structural components of significant importance.

In recent decades, a variety of analytical theories for laminated composites and
sandwich plates have been developed, mainly including the equivalent single-layer
model and layerwise model [11,12]. Classical laminate plate theory [13] is
characterized by neglecting transverse shear deformation effect and obtains poor results
when employed to calculate medium and thick plates. First-order shear deformation
theory [14] is applicable to both moderately thick and thin plates, but the shear
correction factor causes significant effect on the accuracy of its solution. Higher-order
shear deformation theory [15,16] has a transverse shear function that describes the
nonlinear variation of the transverse shear stress along the plate thickness, providing
more accurate results for displacement and transverse shear stress. Most of these
deformation theories use the equivalent single-layer model. However, owing to the
variations in material properties between different laminates, equivalent single-layer
model fails to accurately represent the transverse shear stress between the layers.
Therefore, layerwise theories that impose independent degrees of freedom for each
layer were developed. Notably, the generalized layerwise model by Reddy [17] and the
simple linear layerwise theory by Ferreiral [18] have received much attention. Several
other ‘r’ layerwise or zigzag models have been presented by Mau [19], Di Sciuva [20]
and Toledano et al. [21]. Particularly, for the nonlinear layerwise theory, Thai et al. [22]
proposed a generalized layerwise higher-order shear deformation theory (GL-HSDT),
which ensures continuity of the interface layer displacement field and the transverse
shear stress field. Compared with other layerwise theories, Thai’s theory avoids
constant interlayer transverse stresses and retains a minimum number of variables.
Subsequently, Phan-Dao [23] applied this theory in free vibration, static, and buckling
analyses of composite sandwich plates, and the results showed that it could produce
higher accuracy of interlayer shear stresses.
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For micro and nanostructures, the behaviours of materials at nanoscale level are
very different from those at the macroscale level. Therefore, improved continuum
mechanics models are needed to account for small-scale effects. For instance, Eringen
[24] proposed a nonlocal elasticity theory for nanostructures that considers higher-order
derivatives of stresses. Mindlin [25] and Aifantis [26] developed a strain gradient theory
by introducing higher order derivatives of strains into the elasticity theory. Additionally,
various theoretical models, including modified coupled stress theory [27] and modified
strain gradient theory [28,29], were employed to simulate the computation of micro and
nanostructures. Phung-Van et al. investigated the nonlinear behaviour of magneto-
electro-elastic porous nanoplates [30] and FG piezoelectric porous nanoplates [31] by
combining nonlocal Eringen’s theory and isogeometric analysis. Nguyen et al. [32]
analyzed buckling, bending and free vibration behaviours of metal foam microbeams
based on the modified strain gradient theory. Nevertheless, all of these theories only
consider the nonlocal effects or strain gradient effects individually. In order to integrate
these two effects, Lim et al. [33] proposed the nonlocal strain gradient theory (NSGT).
Thai et al. established an isogeometric analysis model integrating the NSGT and
NURBS basis functions, which was utilized to examined the bending [34], free
vibration [35] and nonlinear dynamic behaviour [36] of nanoplates. Also, they
developed a size-dependent meshfree method based on NSGT for the comparative
study of mechanical behaviour of FG sandwich nanoplates [37]. Recently, Phung-Van
et al. [38,39] applied NSGT to examined the small-scale effect and nonlinear effect in
FG triply periodic minimal surface nanoplates. Additionally, they investigated the size-
dependent behaviour of honeycomb sandwich nanoplates [40] and FG graphene
platelet-reinforced composites plates [41]. Based on NSGT, Nguyen-Xuan et al. [42,43]
analysed the effects of parameters such as power index, geometrical parameters,
nonlocal and strain gradients on the magneto-electro-elastic FG nanoplates. Elastic
foundations have a wide range of engineering applications including road bridges,
skyscrapers and pipeline networks [44,45]. Daikh et al. [46] analysed the static bending
of FG beams and plates on the Winkler elastic foundation using a quasi-3D shear
deformation theory. Sobhy [47] studied the bending, buckling and vibration response
of FG nonlocal sandwiched nanoplates subject to Winkler's two-parameter elastomeric
foundations, which utilized the finite element method.

It can be observed that the primary approaches for solving nonlocal strain gradient
nanostructures include analytical and numerical methods. Analytical solution provides
accurate results, but it is confined to simple problems. In contrast to finite element
method and isogeometric analysis method, meshfree methods have no mesh constraints
and enable a computation of displacement and stress at arbitrary points in physical
space [48,49]. Moreover, the approximation function of meshfree method is commonly
high-order continuous, which satisfies the higher-order derivative requirement of
NSGT. In recent years, meshfree method has been successfully applied to a variety of
engineering problems, examples of which include deformation of nanomaterials [50],
static and vibration analysis of nano beams/plates/shells [51-53], biomechanical
problems [54,55], etc. Particularly, the radial point interpolation method (RPIM) may
be convenient as its Kronecker delta function property, which permits the imposition of
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essential boundary conditions in the same way as in conventional finite element method.

A review of the above literature shows that researches on composite sandwich
nanoplates mainly focus on how to develop a suitable theoretical model to analyse their
mechanical properties. These explorations involve the application of laminate theory,
the consideration of size-scale effects and the selection of numerical methods. However,
another often overlooked issue is that in conventional FG sandwich nanoplates, the
significant divergence in stiffness between ceramics and metals leads to abrupt
alterations in physical characteristics (e.g., stress-strain) at the interface of the core and
surface layers, which may trigger interfacial debonding. Addressing this, the research
innovatively proposes a novel trigonometric functionally graded nanoplates (TFGNPs).
This design achieves a perfect mixture of ceramics and metals as well as a smooth and
continuous material transitions, effectively mitigating the problem of stress
discontinuities. Furthermore, we combined the GL-HSDT, NSGT and RPIM meshfree
method for the first time to develop a size-dependent model that takes into account the
effects of the variable elasticity foundations. The model describes the nonlocal effect
and strain gradient effect of nanoscale plates by using two relevant scale parameters.
While the model reverts to a classical elasticity theory model when both two scale
parameters are set to zero. Thus, the developed model provides a high precision tool for
a comprehensive observation of the complex mechanical behaviours of nanoplates from
the macroscopic to microscopic level. In this paper, the effects of boundary conditions,
geometry, foundation parameters, nonlocal and strain gradient parameters on TFGNPs
are discussed in detail. Numerical results not only verify the correctness of the model,
but also demonstrate the potential of novel TFGNPs for engineering applications,
highlighting the dual innovation of this research.

2. Theoretical model
2.1 Functionally graded nanoplates

Consider rectangular functionally graded nanoplates of thickness 4, length a and
width b, which are located on the elastic foundation, as shown in Fig. 1. The origin of
coordinate system is situated at the corner point of the midplane, and the edges of plates
are parallel to the x-axes and y-axes. Fig. 1(a) is conventional functionally graded
sandwich nanoplates (FGSNPs), which consists of two functionally graded surface
layers and a ceramic core layer. Fig. 1(b) are TFGNPs proposed in this study, including
the trigonometric functionally graded nanoplate of type A "TFGNP-A" and the
trigonometric functionally graded nanoplate of type B "TFGNP-B". The ceramic
volume rate of each layer of TFGNPs is represented by a unified cosine function,
whereas TFGNP-A and TFGNP-B are distinguished by their use of different cosine
functions. The vertical coordinates of plates’ bottom, two interfaces, and top are
denoted by hy, hy, h,, h3. In this paper, unless specified, all the functionally graded
plates use a 1-1-1 sandwich configuration, that is, the top, core and bottom layers of
plates are of equal thickness.
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Fig. 1 The geometric configuration of functionally graded plates: (a) FGSNPs; (b) TFGNPs.

For the FGSNPs, the ceramic volume rate of each layer V) (2) is expressed by
different power-law functions as [56],

v<1>(z)=(é__—rm . h<z<h;

V@ (z)=1 h<z<h,;

p
V<3)(z)=(hz__r;? j , h,<z<h,
2 3

(1)

For the TFGNP-A, the ceramic volume rate of each layer V) (z) is expressed by
the unified cosine function as,

V(k)(z)=%(1+cos(N Z_EZD N=135..

272

v<k>(z)=%(1—cos(NTD, N=2 4,6 .. )

For the TFGNP-B, the ceramic volume rate of each layer V¥ (z) is represented
by the unified cosine function as,

V(k)(z)=%(1+cos(N%D, N=246..

V(k)(z)zé(l—cos[N %D, N=135..
3)

The variation of volume rate for ceramics along the thickness distribution is
plotted in Figs. 2 and 3 for FGSNPs, TFGNP-A and TFGNP-B, respectively.



Volume Fraction
£ = o0

=
¥

I
-0.5 -0.25 0 025 0.5
181 Normalized Coordinate , z/h

182 Fig. 2 The variation of the volume fraction for ceramics along the thickness of FGSNPs with different power-law

183 exponent p.

04 -

Volume Fraction
=
N

05 04 03 02 01 0 0.1 0.2 0.3 0.4 0.5

=
= o>

Volume Fraction
= =
(3]

-0.5 -0.4 -0.3 -0.2 -0.1 0 0.1 02 03 0.4 0.5
184 Normalized Coordinate, z/h

185 Fig. 3 The variation of the volume fraction for ceramics along the thickness of TFGNPs with different parameter N:

186  (a)TFGNP-A; (b)TFGNP-B.

187 For a better representation of the differences between the proposed TFGNPs and
188  the conventional FGSNPs, Fig. 4 displays the percentage (%) of ceramic composition
189 in TFGNPs as well as FGSNPs with various sandwich structures. Here, the total
190 ceramic content in FGSNPs varies with the power-law exponent p and sandwich
191  configuration. Nevertheless, the TFGNPs have 50% ceramics while the remaining 50%
192  is metal, regardless of the parameter N and sandwich configuration. Moreover, for the
193  TFGNP-A and TFGNP-B, the percentage of ceramic constituent in each layer is shown
194  in Fig. 5. Although the total percentage of ceramic components in TFGNPs remains
195  constant, the ceramic content of each layer changes as N varies.
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Fig. 5 Percentage of ceramic constituent in each layer of TFGNPs: (a)TFGNP-A; (b)TFGNP-B.

According to a mixture rule [46], the effective material properties of the k-th layer
can be calculated as,

P¥(z)=P,+(P,-P, V¥ (2) Q)

where P represents the effective material properties such as Young's modulus £, density
p and Poisson's ratio v. The subscripts ‘m’ and ‘c’ denote the metal and ceramic
compositions, respectively.

2.2 Nonlocal strain gradient theory

Taking into account the effects of both the nonlocal stress field and the strain
gradient stress field, the general nonlocal stress tensor can be expressed as [37],

t; =t — vt (5)

1]

in which
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£ (x) = IV a(|x=x])oy (x")dV '(x"),
t 00 =17 [ a(Ix-x|Vo, (x')dV'(x') (6)

where tl.(;)) and tl.(jl) are linear and higher-order nonlocal stress tensors, respectively; X

is arbitrary point in V; a(|x' — x|) is a nonlocal kernel function; [ is the material length
dimension parameter; and o;; is a local stress tensor satisfying the following conditions,
L 7
oy =Céar €a = E(uk,l +Ul,k) (7
where Cjjy; is the modulus of elasticity coefficient; &, and u; are the strain and
displacement components, respectively.

Using a special Helmholtz averaging kernel [34], the nonlocal instanton relation
in Eq. (6) can be rewritten as,

Lt =gy, Lt = Vo, Lt =0y, Lt

ijr L i i

i = ﬁ“vo-ij,j (8)
where L = (1 — uV?) is a linear differential operator, V? = 02/9x? + 3%/0y? is a
Laplace operator; A = 2 is a strain gradient parameter used to represent the effect of
the strain gradient field; and p is a nonlocal parameter determined by the lattice spacing
between individual atoms and the grain size, which describes the interactions between
particles within the material.

Similarly, Eq. (5) can be rewritten as,

_ 140 (1) _ 1400 )
Ltij = Ltij - LVt Lt.jy | = Ltij' i~ LVtijy J. 9)

ij ! i
The equation of motion for nonlocal linear elastic solids is expressed as [57],

t,; + fi=pl inV (10)

nt, =g, onT (11)

where t;;, fi, g, Ui;, p, 0, V and T'are the general nonlocal stress vector, force vector,
traction vector, acceleration vector, mass density, normal vector, volume and boundary,
respectively.

According to Eq. (10), the expression for the balance equation can be obtained by
substituting Eq. (8) into Eq. (9),

0, —AVioy  + (L= uV*) f = (- uV?*)pli (12)

Applying the principle of virtual work, the integral form of the balance equation
is expressed as,

[ oy,0udv =] Vo, suaV + [ (1-uv?) fsudv = [ (1-uv?) plisudv (13)
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in which du; is the virtual displacement.
Applying the partial integral and the scattering theorem to the first and second
parts of Eq. (13), respectively, yields,

[, oy, ,0udv == o0y, dv + Lg o;noudr, (14)

jv Vio, oudV = —jv 06U, dV + Lg Vionoudr, (15)

in which Iis Neumann boundary condition.
Substituting Egs. (14) and (15) into Eq. (13), the final integral form of the balance
equation is described as,

—IV o;6u; dV + Lg o;noudr + /IIV o;6u; ;dV — ﬂjrg Vionéudr,

+[ (1-uv*) foudv = [ (1-4v?) plisu,dv (16)

By imposing symmetry conditions, the virtual displacement vector can be written
as,
oy, . = L o o (17)
Ui = E( U +0u;; )

In this study, the traction on the Neumann boundary is neglected [34]. Substituting
Eq. (17) into Eq. (16), the final integral form of the balance equation is formulated as,

[ oyoe,av =2 Vio,d5,av + [ (1-uv?) plisudV = [ (1-uv?) foudv  (18)

2.3 A generalized layerwise higher-shear deformation theory

2.3.1 Displacements, strains and stress in the plates

For a multi-layer laminate structure as shown in Fig.1, according to the generalized
layerwise higher order shear deformation theory presented by Thai et al. [22], the
displacement field at arbitrary point of the k-th layer can be expressed as,

u“(x,y,2) =uy (X, y) —  Hol%Y) | [AY +2B" + 1(2) |4, (x. y),
OX

+2D"% + £(2) |4, (x.y),

v (x,y,2) = v, (x,y) -z —aw"(;;(' ) + [C‘k)

w® (x,y,2) = W, (x, Y) (19)

where u® and v are the in-plane displacements at any point (x,y,z) of the k-th
layer; uy, vy and wy are the displacement components of the mid-plane along the
x,Y, z directions; ¢, and ¢,, are the rotational inertia of the mid-plane about y-axis and
x-axis, respectively.

Imposing continuity conditions within the interfacial surfaces of the layers yields
the parameters A®andC®),
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in which the parameters B®and D®are determined later.
The displacement field of Eq. (19) can be written in compact form as follows,

u® =u, +zu, + f(2)u, (21)
with
U, + A(k)¢x _WO,X + B(k)¢x ¢x
U =1V% +C(k)¢y y Up =W, + D(k)¢y ; Uy ¢y (22)
W, 0 0

In classical lamination theory, the shear stress does not satisfy the condition of
vanishing on the upper and lower surfaces of the plate, so a nonlinear displacement
term is introduced in Eq. (19) to solve this problem by a shape function f(z) in the
thickness direction of the laminate. In this study, f(z) = z — 4z3/(3h*) proposed by
Reddy [58] is adopted.

The displacement-strain relations for layer k can be written as,

.
(k) —
g = {gxx Eyy z'xy} =g, +2¢ + f(2)s,,

W ={r, 1) =8+ Qs (23)
with
u0,x + A(k)¢x,x _WO,xx + B(k)¢x,x
& = VO,X +C(k)¢y’y , & = _WO,yy + D(k)¢y,y ,
Ug,y +Vox +A¥g , +CYg —2W,,, +BYg,  + DYy,
¢x,x B(k)¢ ¢
& = ¢y,y , & = ) e & = . (24)
D¢, 9,
29, , !

By neglecting o = asgk) for each orthogonal layer in the laminate structure, the

zZ

constitutive equation for the k-th orthogonal layer of laminate can be expressed as,

(k) Walls k (k)
O-xx 1(1) 1(2) 0 0 O gxx
G(k) (k) (k) 0 0 0 g(k)
vy 12 22 vy
k) | _ k (k)
(= 0 0 QF 0 0 |y (25)
(k) k (k)
! 0 0 0 Q¥ 0 ||r
(k) (k) (k)
Ty, 0 0 0 0 i | |7y
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where Qi(]’.() is calculated as follows,

K K = (k K
« _ El( '(2) ) _ Vl(Z)E( '(2) Q, = E( '(z)
n (k) (k) 12 T (k) (k) 122 T (k),, (k) *
1-v 1-vy, 1-v, vy
k k k k K K K K = (k k
D -GY. o -G O -G, WY WEP@IED® o

(k)

in which El(k) (z) and Eék) (2) are Young's moduli varying along the thickness, G;,”,

G(k) and 6(3 are shear moduli; v ) and vé’i) are Poisson's ratios. Subscripts 1, 2 and

3 correspond to the x,y and z directions. The FG nanoplates in this study consist of
isotropic elastic layers that can be written as,

k k
© _ Ak _ EY(2) © _ Ak _ vEY (2)

11 22 1—1/2 1 12 21 _?'
E (2)
K _ 0k —_ k) _
= = = 27
I T (27)

According to Egs. (19) and (25), the transverse shear stress in each layer can be
rewritten as,

W = QWY = QY (B¢, + f (2)g,)

(k) k), k) _ ~K) (k) . (28)
= Qi = Qi (DY, + 12y, )

Applying the continuity condition to the transverse shear stresses at the interfaces
of layers yields,

70D — 7 QU™ (B(k Vg 1 f(2)4, ) & (B(k)¢x + f '(z)¢x)

Xz

= (29)
kD) _ () , , : :
T =Tp QLY (DY, + f ()¢, )= Q) (DWg, + f(2)4, )
Eq. (29) can be rewritten as,
(k -1) (k -1)
B® = B 4 f (z)( —1]
Qs‘é) Qss’
) _ Q44_1 (k-1) (k_l)
D DY + f (z){ —1} (30)
QR Qu’

Note that the parameters for the first layer of symmetric laminates are defined by,

kmidplane

B® -0, A® — _ z Z(i)(B(H) _ B(i))

i=2

kmidplane

DY =0, C% == %" 2(i)(D"? -D") 31)

i=2

2.3.2 Weak form of the governing equation
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Considering Winkler elastic foundation and uniform sinusoidal transverse loads,
the governing equations for static bending of the k-th layer plate are obtained by
substituting Egs. (23) - (25) into Eq. (18) as follows,

[ ogTQPEda- 2] 8(V’&")QWeda+[ s7TQMFdR-A[ 8(V?¥T)Q¥yd
+ jQ(l— £V ) Swk,, wdQ = _[Q(l— 1V ) SWQ,dQ

(32)
with

A g v
B D

m @ >

B E
D F| , Q§”;:[
F H

&, .
P - 1% (k) _
E=&0,7=9 . Q =
81
82

®),,
(A,.8,.0,.E,.F,.H ) = [ ) (L2, (2.2 (2), £7(2))Q{dz where (i, j =1, 2,6),

QP

s s s h(k)IZ , , ..
(A, B, D)W =j_h(k)/2(1,f (2), f *(2)) Q¥ dz where (i, j = 4, 5).

i
(33)
Similarly, the governing equation for free vibration can be expressed as,
[ ogTQPzda- 2] 8(V’E")QWeda+[ s7TQMFdR-A[ 8(V?¥T)Q¥yd
+[_ (1= uv? ) owk, WO+ (1-4v? )5uT1VEdQ =0

(34)
with
u0 IO Il |3 0
a=du &, 1©O={1, 1, 1],
u, o1,
h® /2
(o b L 0o L 1) = [ p® (1227, 1(2),2f(2), £2(2)) gedz - (35)

in which I35 is 3 X 3 unit matrix.

In Egs. (32) and (34), k,, is Winkler foundation stiffness coefficient. In this paper,
ignoring the effect of shear layer, two parameters k and £ are considered for Winkler
foundations as follows,
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k+¢&sin(zx/(2a)), Sinusoidal
x+&(1-sin(zx/(2a))), Reverse Sinusoidal

k = /<+§(x/a)2, Parabolic (36)
K+ 5(1—(x / a)z), Reverse Parabolic

xk+¢&(x/a), Linear

Additionally, the dimensionless foundation parameter is defined as,
K, =—Kk (37)

h3E,
12(1-v2)’

in which D =

3. Numerical solution of RPIM
3.1 RPIM shape function

Let us consider a support domain (2 that has a set of arbitrarily distributed nodes
as shown in Fig 6. The approximation function u"(x) can be estimated for all node
values within the support domain based on radial point interpolation method (RPIM)
by using radial basis function R;(x) and polynomial basis function p;(x) [59]. Nodal
value of approximate function evaluated at the node x; inside support domain is
assumed to be u;.

Support domain

Fig. 6 Supporting domain and supporting nodes of the meshfree method.

400 = YR (93 + - p, (X, = R"(69a+ ()b 69)

where p(x) is a polynomial basis function that can be written as,

p(x) = [ P.(X), P, (X), "+, P, (]’ (39)

For the two-dimensional problem, the second-order polynomial basis functions are
taken as,



340

341

342

343

344
345

346

347

348

349
350
351

352

353

354

355

356
357

358

359

360

p)=[1xy x* xy y*| (40)
therefore, we have m = 6. And the radial basis functions R(x) is defined as,
REO =[R.(0.R, (%), R, (9]’ (1)

where the number of terms n is the number of support nodes in supporting domain (2.
There are various commonly used radial basis functions (RBF), in this paper
Multi-quadratic (MQ) radial basis function is adopted and its expression is as follows,

R () =[r?+(ah)? ] (42)

where r denotes the distance function, and for a two-dimension problem we have r =

\/ (x—x)?+ (y —y;)?; h is the average node spacing; a and f are the shape

coefficients, and they are set to 1 and 1.03 respectively according to [60].
The following generic function is constructed from the set of dispersed nodes
{x; o1 (Vx; € Q) on the local support domain Qg at the computation point x,

3= Y[R ()a+ p7(x)b-0, @3)
Jzzzn:pj(xi)bi’ j=12,---,m (44)

LetJ; =0, J, = 0, Eq. (43) can be changed to the following matrix form:

R P a_tjs
PT 0 b| |0 43)

where U, is the vector of all the support node displacements; R,, and P,, are express
as:

R(G) Ry(x) - R(X)]

R, =| 0% Rebe) e R0 (46)
_Rl(xn) Rz(.xn) Rn('Xn)_
p0) (%) PR (X)]

P~ P.0G) Po06) o pnlx;) @7
LP(%) (X)) PR (X))

Solving equation (45) yields,
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a=|R:-RIP, (PIRIP,) PIR![U, =GV, (48)

b=(PIRP,) PIRIU, =G,U, (49)
thus, Eq. (38) can be rewritten as,
u"(x) = R"(x)a+ p' ()b =[ R"(X)G, + p' ()G, U,
=2 0,096, =200, (50)
in which the shape function is defined,
®(x) = R'(X)G, + p' ()G, (51)
The first two orders of derivatives of the form function in Eq. (51) are expressed

as,

{d),i (X) = Ri (x)G, + p; (X)G, (52)

@, (x) = R} (X)G, + p; (X)G,
Another important issue that must be considered in meshfree methods is the

selection of the radius of the support domain. As shown in Fig 6, for a computational
node xq, the radius d,, of its support domain is determined by [59],

d =a.d

m cT¢c

(53)

where d. is a characteristic length related to the nodal spacing while . denotes the
scale factor. According to conclusions from the literature [61], the optimal value of a,
is 2.4.

3.2 NSGT formulation based on RPIM

According to the RPIM shape function, the displacement field can be expressed

as,
[ (X, y) 0 0 0 0 0 0 ][uy
0 o (x,y) 0 0 0 0 0 Voi
1o 0 oy O 0 0 0 W,
u"(x,y)=>| O 0 0 oy 0 0 0 Wy
"o 0 0 0 oy O 0 ||w,
0 0 0 0 0 @,(%Y) 0 9,
| 0 0 0 0 0 0 a(y)](2

=Y 20
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(54

where q; is a displacement vector containing n support nodes and ,; = dw,/0x,

Pyi = 0w, /0y .
Substituting Eq. (54) into Eq. (24), the bending and shear strains can be expressed
in compact form as,

€ Bio s BsO

_ n no_ _ £ n ; n _

€ =48& = 21 B|1 g = E - Bibqi: V4 :{82} = 2 1’{8.51}% = z 1: Bi q; (55)
g, i= Bi2 i— 1 i i i=

where

¢, 0 000 oA 0
B.OZ 0 wi‘y 0 0O 0 (pi'ka , BiSO:|:
(pi,y (Di,x 0 0 0 goi,yp\k (Di,xck

00 ¢, -9 0 @B 0
00 ¢, 0 -g 0 @D

0 0 O —,, 0 goi'XBk 0
. | ga_[00000 g O
B,=/0 0 O 0 @, 0 §0i,yD v B = ’
k k 00000 0 ¢
0 0O _(/)i,y _(pi,x (Di,yB q)i,xD
0O 0 0 0O o 0
Bi2= 0O 00O O O o, |-
0O 0 0 0O Py s

(56)

Similarly, substituting Eq. (54) into Eq. (22), the displacement component is
expressed as,

0

c
)

n

@
= z dj.l i = élqi (57)
D -1

cl
I
cC C
=
N

N

2 i

where
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(5, 0 0 0 0 pA 0 000 - 0 @B O
@=/0 o 0 00 0 ¢oC| @=000 0 -p 0 @D
00 g 00 0O 0 000 0 0 0 0
00 000 ¢ 0
@ =00 000 0 ¢
000 00 0 0

(58)

Substituting Eqgs. (55) and (57) into Egs. (32) and (34), respectively, the discrete
forms of the governing equations for bending and free vibration of the plate can be
expressed as,

Kg=f, K=K"+K" (59)

(K-0’M)g=0 (60)

where K , M and f denote the global stiffness matrix, mass matrix and force vector,
respectively; w is intrinsic frequency. K™ is the stiffness matrix for the deformation of
the functional gradient plate, and K"is the stiffness matrix for the elastic foundation,
which are computed as, respectively,

K™= (B8) Q'Bda+ | (B) Q@Bda-4[ (VB) QB*do

-2 (v2B°) Q'Bde 1)
K" = jg(l—yvz)(éw )TKW B"dQ (62)

with
B"=[0 0 ¢ 0 0 0 0] (63)

General mass matrix is computed as:
_ 3 2 T —
M —Jg(l uv )¢ |, @dQ (64)
Force vector is computed as:
T
f=[ (1-49")g[0 0 ¢ 0 0 0 0]dO (65)

To compute the integrals, boundary conditions are imposed on governing
equations. Owing to the Kronecker delta function property of RPIM, the essential
boundary conditions in present model are imposed easily and directly as in standard
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finite element method. In this paper, the boundary condition of simple four-sided
support (SSSS) is taken as the main object of study. In contrast, the boundary condition
of four-sided solid support (CCCC) and two-side free two-sided solid support (SCSC
or CSCS) are taken as an additional object of study, as shown in Table 1.

Table 1. The boundary conditions for plates.

Type Conditions Values
SSSS At y=0,b (S) U=Wy = =P =0
At x=0,a (S) v=w, =y, =¢,=0
CCCcC At all edges (C) u=v=wy =Y, =9, =¢,=¢, =0
SCSC At y=0,b (C) U=v=wy =Y, =9, =, =¢, =0
At x =0,a (S) v=wo =Yy, =¢, =0
CSCS Aty=0b (S _ =W s =4 =0
AIXZO,Q(C) u_v_Wo_ll)x_lpy_(px_(py_o

4. Numerical examples and discussions

In this study, the functionally graded materials are mixtures of aluminium (Al) as
a metal and zirconium oxide (ZrO;) as a ceramic. Unless otherwise specified, the
material parameters utilized for subsequent examples are set to: E,, = 70 GPa, E, =
151 GPa, p,, = 2700 kg/m3, p. = 5680 kg/m?, v, = v. = 0.3. In addition, the
normalisation parameters for all numerical results analysis are evaluated in the
following form:

¢ Dimensionless central deflection:

10hE
W= °w(9,9,z) (66)
a“q, 2 2

where .
e Dimensionless axial stress:

2
A [E,E,ﬂ 67)
aq, “\2'2

e Dimensionless shear stress:

L (0, b ZJ (68)
aq, 2
;2100 007) ©9)
Xy anO Xy 1
e Dimensionless frequency:
&= wh [P (70)
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4.1 Verification and comparison

Initially, to verify the correctness of RPIM in combination with GL-HSDT,
nonlocal and strain gradient effects are ignored. A simply supported sandwich square
plate proposed by Srinivas [62] under a uniform transverse load q, is considered, which
has a ratio of face layer thickness %r to core layer thickness A as hg/h. = 1/8. The
material properties of face and core layers are determined as follow,

[0.999781 0.231192 0 0 0
0231192 0524886 0 0 0
Q.= O 0 0262931 0 0
0 0 0 0266810 O

0 0 0 0  0.159914 |

Qface = I:chore

In this example, the square plate is modeled by a set of 17 X 17, 21 X 21 and
25 X 25 nodes, and the normalized displacements and stresses are as follows,

W= 0.999781W(§,E,0);
2'2

0 _ of2ahy, e <1)(§§2_hj/ - 50 — 5@ Eﬂz_h]/ :
UXX JXX (272’2j qO’ GXX O-XX 2’27 5 qu O-XX UXX 2’2’ 5 qO’

A =op(5 5w o =ep (555 e o =op (555 e

Table 2 provides a comparison between the present solution and the exact solution
reported by Srinivas [60], HSDT-based finite element solution of Pandya and Kant [61],
the HSDT-based meshless solution of Ferreira et al. [62] and the closed-form solution
based on inverse hyperbolic shear deformation theory (iHSDT) by Grover et al. [63]. It
can be seen that the present results are nearly identical to the exact solution reported by
Srinivas. Particularly, for the case of R =15, the accuracy of our solution significantly
surpasses that of other HSDT-based solutions, which highlights the advantages of GL-
HSDT in dealing with sandwich structures. Moreover, it can be observed that the
accuracy of computed results improves as the node density increases, successfully
demonstrating the convergency of present model using the RPIM. Considering the
balance between computational cost and accuracy, a set of 21 x 21 nodes is used for
subsequent analysis and comparison.

Next, the nonlocal parameter u and strain gradient parameter A are introduced by
NSGT to validate the effectiveness of developed model in examining size-scale effects.
By referring to the parameter values recommended in existing literature, we choose
those utilized by Daikh et al. [46], applying them to the model for computation. As
shown in Table 3, the dimensionless central deflections of FGSNPs are computed for
the nonlocal effect and strain gradient effect, which are compared with the results
reported by Daikh et al. It is clear that the present results are in good agreement with
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those of the reference solution. This further demonstrates the correctness of the model
to provide reliable predictions for microscopic effects.

Table 2. Dimensionless displacement and stresses of the sandwich square plate under uniform load. (SSSS,a/4 =
10, = 1= 0)

R Method w oA @ ® 5)531/) 5)5;) )
5 FEM-HSDT [63] 256.13 62.38 4691 9.382 38.93 30.33 6.065
Meshfree-HSDT [64] 257.11 60.366 47.003 9.401 38.456 30.242 6.048
CFS-iHSDT [65] 255.644 60.675 47.055 9.411 38.522 30.206 6.041
Exact [62] 258.97 60.353 46.623 9.34 38.491 30.097 6.161
Present (17x17) 257.2691 59.7455 46.5821 9.0121 37.8472 29.7463 5.8838
Present (21x21) 257.9246 60.0124 47.1356 9.3543 38.3561 30.0355 6.1613
Present (25x25) 258.3055 60.2156 47.3237 9.3872 38.5218 30.1474 6.2467
10 FEM-HSDT [63] 152.33 64.65 51.31 5.131 42.83 33.97 3.397
Meshfree-HSDT [64] 154.658 65.381 49.973 4.997 43.24 33.637 3.364
CFS-iHSDT [65] 154.55 65.741 49.798 4.979 43.4 33.556 3.356
Exact [62] 159.38 65.332 48.857 4.903 43.566 33413 35
Present (17x17) 157.7876 64.6521 47.8846 4.5251 43.0457 33.0146 3.1025
Present (21x21) 158.4561 65.2872 48.6543 4.8103 43.5374 33.4051 3.5465
Present (25x25) 158.6233 65.3136 48.7127 4.9857 43.5788 33.5141 3.6451
15 FEM-HSDT [63] 110.43 66.62 51.97 3.465 44.92 3541 2.361
Meshfree-HSDT [64] 114.644 66.919 50.323 3.355 45.623 35.167 2.345
CFS-iHSDT [65] 115.82 67.272 49.813 3.321 45.967 35.088 2.339
Exact [62] 121.72 66.787 48.299 3.238 46.424 34.955 2.494
Present (17x17) 120.7152 66.0548 47.8463 3.0542 46.0725 34.6497 2.1024
Present (21x21) 121.2054 66.4671 48.2334 3.2136 46.4231 34.8526 2.4673
Present (25x25) 121.5437 66.5137 48.4103 3.3357 46.5332 34.9543 2.5451

Table 3. Comparison of dimensionless central deflections of square FGSNPs for several nonlocal and strain gradient

parameters. (SSSS,a/h = 10,p = 2).

u A Type
1-1-1 1-2-1 2-2-1
Daikh [46] Present Daikh [46] Present Daikh [46] Present
0 0 0.29777 0.29789 0.27308 0.27051 0.28494 0.27756
1 0.24868 0.24742 0.22806 0.22468 0.23797 0.23468
2 0.21349 0.20723 0.19579 0.18817 0.20429 0.19656
1 0 0.35655 0.35394 0.32698 0.32130 0.34119 0.33566
1 0.29777 0.29789 0.27308 0.27051 0.28494 0.27756
2 0.25563 0.25415 0.23443 0.23079 0.24462 0.24106
2 0 0.41533 0.41484 0.38089 0.37658 0.39743 0.39342
1 0.34686 0.34903 0.31810 0.31712 0.33192 0.33111
2 0.29777 0.29789 0.27308 0.27051 0.28494 0.27756
4.2 Parametric study

In this section, firstly, the macroscopic mechanical behaviours of TFGNPs are
examined for various condition parameters through bending and vibration analysis.
Here, the nonlocal and strain gradient parameters are set to zero to make the present
model revert to a classical elasticity theory model, which is utilized to obtain results for
the macroscopic counterparts. Then considering the size-scale effects of nanostructures,
the influence of the nonlocal and strain gradient parameters on the static bending and
free vibration of TFGNPs was investigated.



483  4.2.1 Static bending analysis

484 In order to show the advantages of TFGNPs, we compare their stress variations
485  with those of conventional FGSNPs. As shown in Fig. 7, the axial and shear stresses
486  of FGNPs along the thickness vary with the power-law exponent p. It is observed that
487  when p =5, there is a significant abrupt change in stress at the interface between the
488  core and surface layers. The situation is further aggravated when p = 10. Fig. 8 displays
489  the variation of dimensionless axial and shear stresses along the thickness of TFGNP-
490 A, with the parameter N ranging from 1 to 3. Similarly, the variation of dimensionless
491  stresses in TFGNP-B is presented in Fig. 9. It is clear that the proposed TFGNPs
492  possesses extreme continuous and smooth stress variation over the entire thickness,
493  which is attributed to its material gradation in each layer described by a unified cosine
494  function.
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496 Fig. 7 Dimensionless stresses along the thickness of square FGSNPs. (SSSS,a/h = 10,k,, = u = 2 = 0).
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498 Fig. 8 Dimensionless stresses along the thickness of square TFGNP-A. (SSSS,a/h = 10,k,, = u =1 =0).
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Fig. 9 Dimensionless stresses along the thickness of square TFGNP-B. (SSSS,a/h = 10,k,, = =1 =0).

Fig. 10 displays the dimensionless central deflection of TFGNPs as affected by the
parameter N. It can be seen that for TFGNP-A, the maximum deflection occurs at N =
1 and then decreases sharply up to N = 2. Continuing to increase N, the decrease in
deflection slows down until it eventually remains constant. Reviewing Fig. 5(a), we
find that the content of ceramic in core layer of TFGNP-A far exceeds that of the surface
layers at N = 1, while things are reversed at N =2. When N increases to 3, the ceramic
content becomes equal among the layers, although the ceramic contents of surface
layers are less than that at N = 2. The opposite is true for TFGNP-B in Fig. 5(b).
Combining Figs. 5 and 10, we can explain this by noting that the higher elastic modulus
of ceramics compared to metals means that when ceramics are concentrated in the
surface layers of TFGNPs, it leads to enhanced bending stiffness of the plate, resulting
in lower deflection. In addition, achieving a uniform distribution of ceramics among
the layers further enhances the overall stiffness of the plate, thereby reducing deflection.
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Fig. 10 Effect of parameter N on the dimensionless central deflection of square TFGNPs. (SSSS, a/h = 10, k,, =
nw=A1=0).
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Table 4 presents dimensionless stresses for various values of parameter N. It is
obvious that the effect of increasing or decreasing N on the stresses of TFGNPs is
significantly weakened when N is above 1. In combination with Fig. 10, a stable
material property of TFGNPs can be demonstrated. Further, Table 5 offers insights into
the influence of boundary conditions and width-to-thickness ratio on their central
deflection. It can be seen that TFGNPs achieve minimum deflection with four-sided
clamped, while an increase in width-to-thickness ratio serves to raise the deflection of
plates.

Table 4. Dimensionless stresses of square TFGNPs for several parameters N. (SSSS,a/h = 10,k,, = u = 1 = 0).

N TFGNP-A TFGNP-B
&xx(h/z) fxy(_h/z) fxz(o) O_-xx(h/z) fxy (_h/z) 7'_—xz(o)
1 1.61279 0.68656 0.05703 1.13248 0.48545 0.82978
2 1.33210 0.58012 0.13386 1.26060 0.54061 0.56583
3 1.31503 0.58822 0.42145 1.24481 0.54941 0.32472
4 1.27530 0.55627 0.12937 1.32446 0.56786 0.65624

Table 5. Dimensionless centre deflection of square TFGNPs with different boundary conditions edge-to-thickness
ratios and parameters N. (k,, = u =1 =0).

BCs a/h TFGNP-A TFGNP-B
N=1 N=2 N=3 N=4 N=1 N=2 N=3 N=4
SSSS 10 0.33966 0.28193 0.27594 0.27211 0.23410 0.26061 0.26262 0.27054
20 1.32106 1.08977 1.05828 1.04418 0.85856 0.98356 1.00716 1.02489
30 2.95573 2.43530 2.36125 2.33274 1.89824 2.18745 2.24718 227841
CCccc 10 0.13006 0.10963 0.10913 0.10559 0.10078 0.10643 0.10392 0.11143
20 0.47815 0.39638 0.38694 0.38025 0.32347 0.36351 0.36835 0.37919
30 1.05597 0.87231 0.84786 0.83609 0.69165 0.78953 0.80708 0.82273
SCSC 10 0.18201 0.15286 0.15158 0.14710 0.13734 0.14677 0.14433 0.15356
20 0.67848 0.56175 0.54763 0.53872 0.45442 0.51309 0.52129 0.53508
30 1.50339 1.24109 1.20552 1.18937 0.97971 1.12107 1.14748 1.16807
CSCS 10 0.18199 0.15285 0.15156 0.14709 0.13732 0.14674 0.14431 0.15354
20 0.67845 0.56173 0.54761 0.53870 0.45439 0.51306 0.52127 0.53505
30 1.50334 1.24105 1.20548 1.18933 0.97967 1.12103 1.14744 1.16803

Table 6 examines the effect of foundation parameters on the centre deflection of
TFGNPs, which show that an increase in both k and ¢ leads to a reduction in deflection,
but the impact of k is greater as compared to . Furthermore, Fig. 11 portrays the
deflection curves of TFGNPs with various foundations. The incorporation of elastic
foundations is evident in reducing plate deflection, with minimal variation observed
across different foundation types. This can be understood that although foundations
enhance the stiffness of plates, their contribution to stiffness is considerably minor
when compared to the inherent stiffness of TFGNPs, resulting in almost identical
effects caused by different foundations.

Table 6. Effect of several Winkler foundation parameters on the central deflection of square TFGNPs (SSSS, N =
1,a/h=10,u =1 =0)

Type K & Linear Parabolic Reverse Parabolic Sinusoidal ~ Reverse Sinusoidal
TFGNP-A 10 10 0.31730 0.32038 0.31428 0.31480 0.31983
100 0.26519 0.28839 0.24542 0.24871 0.28406
1000 0.10223 0.14945 0.07754 0.08120 0.13903
100 10 0.22745 0.22904 0.22589 0.22616 0.22876
100 0.19936 0.21223 0.18795 0.18987 0.20987
1000 0.09058 0.12585 0.07062 0.07363 0.11834
1000 10 0.05937 0.05948 0.05926 0.05928 0.05946

100 0.05726 0.05830 0.05625 0.05643 0.05811
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1000 0.04242 0.04894 0.03740 0.03822 0.04771
TFGNP-B 10 10 0.22326 0.22478 0.22175 0.22202 0.22451
100 0.19611 0.20853 0.18507 0.18693 0.20625
1000 0.08969 0.12394 0.07016 0.07310 0.11661
100 10 0.17470 0.17563 0.17377 0.17394 0.17547
100 0.15762 0.16557 0.15039 0.15162 0.16412
1000 0.08062 0.10732 0.06446 0.06693 0.10175
1000 10 0.05503 0.05512 0.05493 0.05495 0.05510
100 0.05321 0.05410 0.05234 0.05249 0.05394
1000 0.04013 0.04591 0.03563 0.03636 0.04482
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Fig. 11 Effect of different Winkler foundations on the central deflection of square TFGNPs: (a)TFGNP-A;

(b)TFGNP-B. (SSSS, k = 100,& = 10,N = 1,a/h = 10, = 1 = 0)

4.2.2 Free vibration response

In this subsection, we investigate the free vibration response of TFGNPs under
various parameters. Fig. 12 illustrates the effect of parameter N on the first
dimensionless frequency, where the maximum frequency of TFGNPs occurs in
TFGNP-B at N = 1. Referring to Fig. 5(b), it is observed that the ceramic content of
surface layers of TFGNP-B far exceeds that of the core layer at N = 1, which leads to
an enhanced stiffness of the plate and hence a higher vibration frequency. This further
supports our previous analysis. Moreover, in combination with Figs. 10 and 12, we can

conclude that TFGNP-B has higher stiffness than TFGNP-A.
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Considering two types of boundary conditions, simply supported (SSSS) and four-
sided clamped (CCCC), the first six dimensionless frequencies for several aspect ratios
are presented in Table 7. It is shown that higher frequency occurs for the CCCC while
increasing the aspect ratio of plates lowers the frequency, which is consistent with the
results reported by Phan-Dao [23] and Thai [22] et al. This is attributed to the fact that
the clamped approach imposes finer constraints on TFGNPs, consequently boosting the
stiffness of the plate. In contrast, an increase in the aspect ratio causes bending stiffness
of the longer side in the plate to decrease, resulting in a lower frequency.

Table 7. The first six dimensionless vibration frequency of TFGNPs with different boundary conditions and aspect

ratios. (N =1,a/h=10,,k,y, =u=1=0)

Bes Type b/a N N [N [N [N W,
SSSS TFGNP-A 1 0.05110 0.12390 0.12390 0.19153 0.19339 0.19339
2 0.03223 0.05111 0.08236 0.09679 0.10615 0.12336
3 0.02869 0.03707 0.05114 0.06449 0.07100 0.09648
TFGNP-B 1 0.06143 0.14186 0.14186 0.19339 0.19339 0.21128
2 0.03932 0.06144 0.09679 0.09683 0.12288 0.14127
3 0.03511 0.04504 0.06147 0.06449 0.08412 0.11236
ccce TFGNP-A 1 0.08915 0.17386 0.17386 0.24560 0.29455 0.29707
2 0.06197 0.07955 0.11126 0.15331 0.15607 0.16835
3 0.05856 0.06490 0.07705 0.09587 0.12119 0.15005
TFGNP-B 1 0.10021 0.18531 0.18531 0.25440 0.29842 0.30141
2 0.07115 0.09056 0.12467 0.16488 0.17104 0.18037
3 0.06736 0.07443 0.08797 0.10860 0.13571 0.16156

Fig. 13 reveals the correlation between the Winkler dimensionless foundation
parameter K, and the first four vibration frequencies of TFGNP-A with CCCC
boundary condition. As shown, the effects of foundation parameters on the first four
vibration frequencies are in growth as log(Ky,) equal to 2 and 3, while continuing to
increase K, has no effect on the vibration frequencies when log(K,,) equals to 5. Fig.
14 shows the first six vibration modes of TFGNP-A for CCCC boundary conditions
with log(K,,) equal to 2, 3 and 5. It is clear that when the log(K,,) increased to 5, a
chaotic vibration mode emerges in the plate structure. The findings derived from Figs.
13 and 14 lead to the conclusion that when increasing K, reaches a certain critical value,
further increments in K, do not alter the frequency amplitude. On the contrary,
excessive foundation stiffness will lead to vibration mode failure.
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576 Fig. 13 Effect of Winkler foundation parameters on the first four dimensionless frequencies of square TFGNP-A
577 with different CCCC boundary condition. (N = 1,a/h = 10,u = 1 = 0).
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Fig. 14 Effect of Winkler foundation parameters on the first six vibration modes of square TFGNP-A with CCCC
boundary condition. (N = 1,a/h = 10,4 = 1 = 0).

It can be understood that when the foundation stiffness is excessive, the physical
response of structures drastically varies on a very small scale. This non-uniform
variation leads to an increase in the condition number of stiffness matrix, making the
matrix pathological. As a result, the solved vibration modes are pseudo-modes that have
no physical meaning. However, this challenge could be addressed by increasing the
density of nodes in the computational domain and adjusting the weights to avoid
pathological matrix during the solving process.

4.2.3 Size-scale effect

In this step, a study is dedicated to examining the impacts of nonlocal and strain
gradient effects on the bending and free vibration of TFGNPs. Tables 8 and 9 provide
the dimensionless central deflections and the first dimensionless vibration frequency
for several sets of nonlocal and strain gradient parameters, respectively. It is obvious
that the nonlocal and strain gradient parameters have a strong influence on the stiffness
of plates and thus an important effect on the mechanical responses of plates.

Table 8. Dimensionless central deflection of square TFGNPs for several nonlocal and strain gradient parameters.

(SSSS, a/h = 10, ky, = 0).

I A TFGNP-A TFGNP-B
N=1 N=2 N=3 N =4 N=1 N=2 N=3 N=4
0 0 0.33966 0.28193 0.27594 0.27211 0.23410 0.26061 0.26262 0.27054
1 0.28108 0.23424 0.23027 0.22499 0.19951 0.21919 0.21926 0.22908
2 0.24531 0.20434 0.20079 0.19626 0.17354 0.19102 0.19112 0.19958
1 0 0.40435 0.33562 0.32849 0.32393 0.28416 0.31024 0.31263 0.32206
1 0.33987 0.28323 0.27844 0.27204 0.23544 0.26512 0.26503 0.27700
2 0.28024 0.23344 0.22937 0.22420 0.19825 0.21822 0.21833 0.22799
2 0 0.46211 0.38356 0.37541 0.37020 0.33242 0.35456 0.35729 0.36807
1 0.39757 0.33131 0.32571 0.31823 0.28220 0.31013 0.31003 0.32402
2 0.34270 0.28546 0.28049 0.27416 0.24243 0.26686 0.26699 0.27880

Table 9. The first dimensionless nature frequency of square TFGNPs for several nonlocal and strain gradient

parameters. (SSSS,a/h = 10, k,, = 0).

u A TFGNP-A TFGNP-B
N=1 N=2 N=3 N =4 N=1 N=2 N=3 N=4
0 0 0.05110  0.05602 0.05662  0.05717  0.06143  0.05825 0.05802 0.05802  0.05110
1 0.06989  0.07643 0.07703 0.07795  0.08247  0.07884  0.07893 0.07715 0.06989
2 0.08868 0.09684  0.09744  0.09873  0.10350  0.09943 0.09984  0.09628  0.08868
1 0 0.04108 0.04504  0.04552  0.04596  0.04938  0.04683 0.04664  0.04584  0.04108
1 0.05616  0.06142 0.06190  0.06264  0.06624  0.06334  0.06342 0.06199  0.05616
2 0.07125 0.07780  0.07828  0.07932  0.08310  0.07986  0.08020  0.07813 0.07125
2 0 0.03530  0.03871 0.03912  0.03950  0.04344  0.04025 0.04009  0.03940  0.03530
1 0.04826  0.05278 0.05319  0.05383  0.05691  0.05443 0.05450  0.05326  0.04826
2 0.06122  0.06685 0.06725 0.06815  0.07137  0.06860  0.06890  0.06712  0.06122

For a better presentation of these effects, Figs. 15 and 16 show the variation of
bending and vibration with nonlocal and strain gradient parameters, respectively. In Fig.
15, the nonlocal dimensionless deflection ratio and dimensionless frequency ratio are
defined as the ratios of the deflection and frequency predicted by nonlocal results (¢ #
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0,4 = 0) to the corresponding values predicted by the local results (A =y =0),
respectively. It is observed that the deflection ratio is over 1 while the frequency ratio
is below 1. This means that the local theory underestimates the deflection and
overestimates the intrinsic frequency of the TFGNPs compared to nonlocal theory.
Particularly, the deflection and frequency further increase and decrease with increasing
W, respectively. Moreover, it can be seen that the nonlocal effects perform more
dramatically for the CCCC boundary condition, and that the deflection ratio varies
nonlinearly with nonlocal parameters. Similarly, the strain gradient dimensionless
deflection ratios and dimensionless frequency ratios are defined as the ratios of the
deflections and frequencies obtained only by considering the strain gradient effect (u =
0,4 # 0) to the corresponding values obtained by neglecting the size-scale effect (4 =
u = 0), and that results are plotted in Fig. 16. It can be noticed that the effect of strain
gradient effect on both deflection and frequency is exactly opposite to the conclusion

drawn by considering the nonlocal effect.
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Fig. 16 Effect of strain gradient parameter on the dimensionless deflection and vibration frequency ratios for square

TFGNPs. (N = 1,a/h = 10,ky, = 0).

Fig. 17 shows the effect of nonlocal and strain gradient parameters on the axial
stresses of TFGNPs. It can be seen that the axial stresses along the thickness distribution
exhibit decrease and increase with increasing p and A, respectively. Also, the results on
the shear stress of TFGNPs as affected by nonlocal and strain gradient parameters are
posed in Fig. 18. The results demonstrate that the shear stresses along the thickness
distribution increase with both y and 4 increasing. Our numerical findings demonstrate
that through the modification of both parameters y and A using our proposed model
based on NSGT, it is possible to unveil the mechanisms of plate stiffness softening and
stiffness hardening.
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Fig. 17 Effect of nonlocal and strain gradient parameters on dimensionless axial stresses in square TFGNPs:

(a)TFGNP-A; (b)TFGNP-B. (SSSS, N = 1,a/h = 10, ky, = 0)
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Fig. 18 Effect of nonlocal and strain gradient parameters on dimensionless shear stresses in square TFGNPs:

(a)TFGNP-A; (b)TFGNP-B. (SSSS, N = 1,a/h = 10, k,, = 0)
5. Conclusion

In this paper, the governing equations for FG plates are derived employing the GL-
HSDT and weak-form NSGT. Then an effective size-dependent meshfree model is
developed in combination with RPIM. In addition, we propose a novel trigonometric
functionally graded nanoplates (TFGNPs) for the first time and consider the role of
variable elastic foundations. The numerical results show that:

e  Compared with finite element and meshfree models based on HSDT, the present
model employing the generalized layerwise theory achieves more accurate
computation for sandwich structures. Furthermore, in combination with NSGT, the
physical behaviour of structures at micro and nano scales can be investigated
effectively. The proposed TFGNPs achieve a perfect mixture between ceramics
and metals for stable material properties compared to the traditional FGSNPs.
Moreover, a continuous and smooth variation of axial and shear stresses along the
thickness distribution shows its superior mechanical properties.

e  Variation in parameter N affects the ceramics distribution along the thickness of
TFGNPs. Increasing the ceramic content of surface layers leads to an increase in
the stiffness of plates, and achieving a uniform distribution of ceramics across the
layers further enhances the overall stiffness of plates.

e Increasing the nonlocal parameter decreases the stiffness of TFGNPs, therefore
decrement in frequencies and an increment in deflections, while the opposite is
found when increasing strain gradient parameter.
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e  The size-scale effects of TFGNPs show that the axial stresses along the thickness
distribution decrease and increase with the growth of nonlocal and strain gradient
parameters, respectively, but shear stresses along the thickness distribution adjust
in direct proportion to the variations in the nonlocal and length scale parameters.

Notably, the model has certain limitations, primarily related to the distribution of
nodes and the selection of weights, both of which can affect its numerical stability. For
instance, excessive foundation stiffness induces numerical instability during
computation and hence failure of vibration models. However, this challenge can be
addressed by increasing the node density and adjusting the weights for the model.

In conclusion, despite some flaws, the model developed in this paper provides a
high precision tool for a comprehensive observation of the complex mechanical
behaviour of nanoplates across both macroscopic to microscopic scales. Additionally,
the proposed TFGNPs possess excellent mechanical properties, demonstrating their

potential for engineering applications.
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