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Listen to the reed as it tells its tale,

Of love’s separations, a sorrowful wail.

Since they cut me from the reed bed so deep,

My cries of lament make both men and women weep.

Rumi
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To a lover who is given such an early morning wine,
It would be infidelity to love if he did not become a worshiper of the wine.
The laughter of the wine cup and the captivating curls of the beloved,

Oh, how many vows of repentance have been broken like Hafez’s.
Hafez
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Abstract

In this PhD thesis, we study different supergravity backgrounds which correspond to dual
field theories based on Gauge/Gravity correspondences. We calculate different properties and
observables in the dual field theory, such as Wilson loops and mass spectra, using holographic
methods, to shed light on the nature of the theories. Some of these setups are used in the
context of composite Higgs models to address the Naturalness problem in the standard model
of particle physics.

First, we focus on holographic models for describing Higgs compositeness, both in the con-
text of Higgs as a dilaton or as a pseudo-Nambu-Goldston boson of SO(5)/SO(4) symmetry-
breaking pattern. Next, other supergravity backgrounds with asymptotic AdSg or AdSs
factors in their geometry are studied, which are deformations of previously well-studied so-
lutions. In their field theory duals, we establish that these deformations lead to a transition
from conformal behaviour to confining or screening. A variety of observables are calculated

in these backgrounds to assess the field theory properties.

Keywords: Gauge/Gravity Duality, Holography, Composite Higgs Models
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Chapter 1

Preface

Quantum field theory (QFT) has provided a successful, self-consistent framework for a de-
scription of diverse phenomena in Nature. It has been implemented on a range of different
subjects, extending from elementary particle physics to condensed matter systems, cosmolog-
ical models and quantum gravity. This theory emerged during the 20th century in attempts
to merge quantum mechanics with principles of special relativity while respecting the condi-
tions imposed by locality and unitarity. It was shown that any quantum theory respecting
relativity at low enough energies would resemble a quantum field theory [1]. A generic QFT
is better understood in the regions of its parameter space in which one has access to a small
expansion parameter or coupling. In this so-called perturbative regime, one can study the
weakly coupled theory by expansions of the observables in this small parameter. There exists
a systematic approach using namely the Feynman diagrams to capture this expansion, which
was developed and extensively used during the 20th century. The strongly coupled regime of
the theory is cumbersome to deal with, and a unique framework for understanding it does
not exist.

One of the approaches to understanding the strongly coupled regime of field theories is
making use of dualities. Dualities, in their strong form, provide an equivalence relation be-
tween observables of different QFTs, which results in them being the same theory formulated
in different formalisms. For our purposes, it is desired for a duality to provide a relation
between the weakly coupled regime of gravity theory and the strongly coupled counterpart of
the other party. Then, the dictionary for duality can be implemented to derive the observables
that are not easily calculable in the strongly coupled realm.

The AdS/CFET correspondence [2] conjectures a duality between quantum string theory
on anti-de Sitter (AdS) spacetime, with a compact internal manifold, M, and a conformal
field theory (CFT). The duality is usually between the strongly coupled dynamics of one
theory and the weakly coupled dynamics of the dual one, hence being useful to understand
the non-perturbative dynamics.

The AdS/CFT correspondence was subsequently refined in Refs. [3, 4]. Later, it was
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extended to more generalised settings with less supersymmetry preserved and backgrounds
without conformal symmetry. In its final form, Gauge/Gravity correspondences provide new
tools for the study of both gravity and field theory topics. They make calculations feasible
in strongly coupled field theories, some of which are realised in Nature, and also opens new
formal methods of classification of gravity backgrounds and their field theory duals.

In this PhD thesis, we focus on two subjects related to this formalism: holographic
composite Higgs models and investigation of quiver gauge field theories. We seek
comprehensive methods to study a broad set of quantum field theories with or without con-
formal symmetry and supersymmetry. Using field-theoretic and holographic methods, we
compute observables such as spectra of bound states and Wilson loops. This thesis is based
on the papers [5—-10].

One of the outstanding problems in the Standard Model (SM) is the so-called hierarchy
problem. The mass of the Higgs boson is UV sensitive, and even if one finds a UV completion
for SM, this mass will remain a free parameter not derivable from parameters in higher
energy theory. We construct a new formal framework for the investigation of certain classes
of composite models based on symmetry breaking in strongly coupled theories [5—7]. These
theories are difficult to solve without using gauge/gravity dualities.

As the Standard Model possesses an approximate scale invariance (explicitly and spon-
taneously broken), the Higgs boson itself can be identified as a dilaton, the pseudo-Nambu-
Goldstone boson (pNGB) associated with dilatations. The question is the possibility of the
Higgs boson originating as a composite dilaton from a more fundamental theory. If this is
the case, the underlying dynamics required to yield realistic values for its couplings and mass
should be investigated carefully.

The dilaton effective field theory had been under consideration for many decades [11, 12].
More recently, there had been an interpretation of lattice data specially the numerical work
on particular SU(3) gauge theories that indicates of a light scalar mode in the spectrum of
the theory [13-24].

Another line of thought is the idea based on the fact that Higgs scalar fields would arise
as pseudo-Nambu-Goldstone Bosons (pNGBs) in the low-energy description of a more generic
fundamental theory [25](see also Refs. [26-31]).

To further study these ideas, we begin the thesis in Chapter 2, with a review of the crucial
material used in the development of our work.

In Chapter 3, we consider a class of six-dimensional gravity models and solutions within
the bottom-up approach to holography. These can be interpreted as dual five-dimensional
CFTs deformed by scalar operators. The scaling dimension of this operator appears as a free
parameter. To mimic confinement in the dual four-dimensional theories, one dimension in the

geometry is compactified on a shrinking circle [32]. We calculate the mass spectrum of bosonic
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states using numerical methods. In a region of parameter space, the lightest scalar can be
interpreted as an approximate dilaton with a parametrically suppressed mass, which will be a
candidate for Higgs. Unfortunately, the dilatonic region is hidden behind a first-order phase
transition, and the approximate dilaton appears in the metastable region of solutions.

In Chapter 4, we show how to repurpose the gravity background in a new context, as a
CHM with vacuum misalignment. We add a SO(5) global symmetry to our model and study
its spontaneous breaking to a SO(4) subgroup, trying to find a composite state with the right
quantum numbers to be a suitable candidate for the Higgs particle [6].

Chapter 5 deals with vacuum misalignment. We weakly gauged another SO(4) subgroup
of the SO(5) global symmetry of the field theory living at the boundary. At that stage, we
consider the symmetry-breaking boundary terms while retaining the spontaneously broken
gauge SO(5) symmetry in the bulk. This will generate a new symmetry-breaking pattern,
causing vacuum misalignment phenomena and giving a small mass to the NGBs, identified
with Higgs mass [7].

At this stage, we pass on to quiver field theories and their deformations. The classification
of SUSY Type II and M-theory backgrounds with AdSg,; factors is of crucial importance
as they are holographic duals to SCF'Ts in d dimensions. For the case of half-maximally
supersymmetric solutions, major progress in classifying string backgrounds corresponding to
families of QFTs has been achieved. We focus on the conformal and supersymmetric linear
quiver field theories in different dimensions, dual to backgrounds engineered by branes in type
IIB or IIA string theory. These string theory embeddings of various QFTs clarify the diverse
properties of their strong coupling dynamics. The field theories under consideration here are
of a specific type and are non-trivial interacting theories; on the other hand, good analytic
control is available on their dynamics. The deformations of these field theories achieved by
the deformations in dual supergravity background are of interest in this work.

In Chapter 6, we investigate a six-dimensional supergravity solution which terminates
with a cap, contains nontrivial solitonic background fields and is asymptotic to AdSg geome-
tries. This solution can be uplifted to an infinite family of solutions in Type IIB. We calculate
observables such as the holographic central charge, entanglement entropy and Wilson loops
in dual four-dimensional effective theory to study properties like confinement, screening and
symmetry breaking [8].

Later in chapter 7, we perform this process for some 5d supergravity solutions, this time

preserving the original supersymmetry partially [9, 10].



Chapter 2

Introduction

In this chapter, we provide some introductory material on gauge/gravity dualities and review
the hierarchy problem of the SM. The concepts discussed here will be useful throughout this

thesis.

2.1 Review of Gauge/gravity dualities

In this section, we briefly review the concept of gauge/gravity dualities. We will first provide
an overview of some aspects of string theory and AdS space before the definition of the duality.
These essential ideas are summarised following Ref. [33] while more detailed reviews can be
found in Refs. [34-37].

2.1.1 Superstring theory and its supergravity limit

String theory initially emerged as a prospective theory to describe strong interaction, which
was later accounted for by quantum chromodynamics. Nonetheless, string theory remained in
scientific interest owing to being one of the few examples of self-consistent quantum theories
of gravity. The idea of gauge/gravity dualities has its roots in string theory, with both string
theory and M-theory offering examples of this duality. In this section, we will provide a brief
overview of some concepts related to these topics.

The fundamental constituents of string theory are strings, which are one-dimensional
objects having a two-dimensional worldsheet. Fluctuations of these strings are quantised,
with the various modes of fluctuation corresponding to different particle fields. Interestingly,
the spectrum of fluctuations includes a massless spin-2 field is identified as the graviton. This
evidence makes string theory a suitable candidate for a quantum theory of gravity.

One can identify five distinct supersymmetric string theories, denoted as types I, IIA,
IIB, and the SO(32) and Eg x Eg heterotic theories. Each of these variants requires a ten-
dimensional spacetime to be anomaly-free [38]. These theories have been proposed to be
different limits of the parent M-theory [39].
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There is only a dimensionful parameter in string theory, which is the Regge slope, denoted
as o/, and it has a dimension of [a/] = [M~2]. The masses of the massive string fluctuations
scale inversely with the square root of a’. If one is interested in scales below 1/ V!, one
should consider only the massless sector, as the massive sector effectively decouples. This
yields an effective theory at lower energies called the ten-dimensional supergravity (SUGRA),
with different supergravity theories related to the low-energy limits of various superstring
theories mentioned before. For the type ITA and IIB SUGRA theories, the relevant massless
bosonic fields are the metric, an antisymmetric two-form, a scalar known as the dilaton, and
n-form gauge fields C), (where n is odd in type ITA SUGRA and even in type IIB SUGRA),
along with their corresponding fermionic counterparts.

String theory, besides fundamental strings, contains dynamical and extended objects
known as D-branes. A Dp-brane is a (p + 1)-dimensional object that carries the electric
charge of the C)p,1 gauge field. Open strings can have their endpoints attached to these D-
branes. A U(1) gauge field can be accommodated on the world volume of a D-brane, with
the endpoints of open strings carrying charge with respect to the U(1) gauge field. When N
D-branes are stacked together, the gauge symmetry will be enhanced to an U(N) symmetry.
In this case, the string endpoints furnish the fundamental representation of this gauge group.

For type IIA string theory, only Dp-branes with even values of p are stable, while in
type IIB, branes with odd p. In the context of supergravity, Dp-branes emerge as classical
solitonic charged solutions to the background equations of motion. As an example, a planar

arrangement of N coincident D3-branes within type IIB supergravity is given in Ref. [40] as

1 AT
ds? = ﬁnw,d:ﬂ“dx +\/1+ ol (dr2 + r2ds§5) ,
T

~ ~ ~ 4 _1
Fy = dCy + +dCy, 045(1+l—4) dz® A dxt A da® A da. (2.1.1)

r
Here, the Cy and dilaton fields are constants while other potentials are zero. We denote as
N the four-dimensional Minkowski metric, dsk%,5 is the metric on a unit radius five sphere, *
is the Hodge star in ten-dimensions, and F5 = dCy. The parameter [ is given as {* = 4ra/?g,N,
with g, representing the string coupling constant.

The near-horizon limit of stacks of branes leads to an AdS space in supergravity. For

example, for the (r <« [) limit of the solution in Eq. (2.1.1) corresponding to the D3-brane,
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the solution would read

dQ—ﬁ datdx” EdZ 1%ds?
s-lQnm,x $+r2r+ Sg5,

_ 4
Cy= %dmo Adxt Adz® A da®, (2.1.2)

After performing a coordinate change, z = I2/r, the resulting solution takes the AdSs x S°
form, with AdSs and S° factors both having the same radius .
We also need a definition of asymptotically locally AdS spacetime, in which there exists

a coordinate choice with the metric taking the Fefferman-Graham form [41]

L2
ds? = GyndXMax™ = — [dz2 + g (z, 2)datdz" ] . (2.1.3)
z

Now, z = 0 corresponds to the boundary. One can expand the metric, g,,,, near the boundary
as
g(z,2) = ¢ (z) + 22gP(2) + ..., (2.1.4)

The so-called Poincaré AdS solution is achiavable by choosing ¢(©) = N While g("2) = .

2.1.2 Gauge/gravity dualities

Gauge/gravity dualities consist of correspondence between a d-dimensional QFT and a gravi-
tational theory living in an asymptotically AdSgy.1 spacetime. The QFT living in one dimen-
sion less than its gravitational counterpart is the reason for the terminology of “holography”
ascribed to this duality. This equivalence provides a correspondence between gauge invariant
physical quantities across both theories. Given the intricate nature of quantum gravity, nor-
mally, a classical limit on the gravitational side is taken, wherein the generating functional of

the quantum gravity is treated within its saddle-point approximation— see also Refs. [3, 4]

Zarr[d0)] = Zex[d(0y] » e ermmaaelé@] (2.1.5)

Here, ZqpT is the generating functional of the QFT, which depends on the sources for
the QFT operators. These sources are collectively denoted as ¢(). For any gauge-invariant
operator living on the QFT side, there is a corresponding counterpart in the gravity theory.
In the gravity context, ¢() act as boundary conditions for the fields in the gravitational
theory. The final equality in Eq. (2.1.5) represents the classical approximation, using the
saddle-point method, to the generating functional of the gravitational theory, Zgr[¢(0)], where
Tgr—saddie[ @(0)] denotes the Euclidean-signature on-shell action.

There can be divergences when the action is evaluated on-shell, which will make the clas-

sical variational problem ill-defined [42-45]. In this case, one needs to introduce counterterms
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on the gravity boundary to regulate the infinities and eventually renormalise the observables.
This is the process of holographic renormalisation, which is the holographic version of the
QFT renormalisation.

One of the earliest examples of gauge/gravity correspondences was the proposed equiv-
alence between the type IIB string theory on the AdS5 x S5 background and the N = 4
supersymmetric Yang-Mills theory (SYM) with gauge group SU(N) [2]. We use this exam-
ple to elucidate key facets of the duality.

The examination of the low-energy modes of a stack of N coincident D3-branes in asymp-
totically flat space was the starting point for the connection between the two theories. In
the regime of small closed string coupling constant, g, two distinct sets of low-energy modes
can be identified, which turn out to be decoupled. The first set consists of low-energy closed
strings that propagate away from the branes and are described by type IIB theory. The
second set includes massless open strings with their endpoints attached to the branes, whose
dynamics are captured by a four-dimensional N' = 4 SYM theory. This gauge theory has a
gauge group SU(N), and a coupling strength denoted as gyn = v/47gs.

In contrast, in cases where the closed string coupling constant, gs, is large, the character-
isation of the D3-branes can be described using the closed string dynamics. The D3-branes
curve the spacetime in the large g; regime, creating a geometric configuration which possesses
a horizon. The geometry near to this horizon has an AdSs x S form. Notably, these modes
get highly redshifted for an observer at infinity. In the low-energy theory, this requires the
inclusion of the whole set of modes of the near-horizon string states.

Consider starting from the weakly coupled regime described by weakly coupled SYM
theory, where we disregard the presence of decoupled closed strings. Subsequently, by in-
crementing gs (and consequently gyn), we scan through a spectrum of values. Notably,
Yang-Mills theory is well defined across all gyn regimes, suggesting the theory should be con-
sistent even as g5 takes large values where the D-barnes are described by string excitations in
AdS5 x 5. The Maldacena conjecture [2] proposes that both descriptions are valid, thereby
asserting the equivalence between N' =4 SYM with gauge group SU(N) and type 1IB string
theory on AdSs x S°. Importantly, the radii of AdSs and Ss are related to the gauge group
rank,

I = (4ma?g N4, (2.1.6)

As mentioned earlier, to facilitate computations within the framework of string theory, it is
more practical to adopt a classical limit. Moreover, as a result of the inherent complexity
of string theory on curved backgrounds, it is customary to consider a regime where stringy
effects remain marginal, effectively approximating string theory by type IIB supergravity.

This classical limit is achieved by imposing the weak coupling conditions, denoted by
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gs < 1. Gauge/gravity dualities furnish a relation between the Yang-Mills coupling, denoted

as gymM, and the string coupling, gs,

2
gym = 477—987

thus, the classical limit requires gym < 1.

Given that o’ governs the characteristic length scale of stringy phenomena, the supergrav-
ity regime requires [ > /o', indicating minimal curvature in string units. Using Eq. (2.1.6),
this translates to gsIN > 1. Satisfying both conditions means N > 1. In this regime, it is
conventional to introduce the 't Hooft coupling, defined as A = g%MN . This quantity cap-
tures a better sense of the coupling among fields in the YM theory. Consequently, the limits
are summarised as the first classical limit (N — oo, ) followed by the supergravity limit
(A > o0). Evidently, taking the supergravity limit leads to the strongly coupled regime of the
dual YM theory.

It is expected that the symmetries on the two sides of the correspondence should be re-
lated, and this is observed. The group SU(2,2) x SU(4) will be the bosonic symmetry group
of the N =4 SYM where the SU(4) part corresponds to the R-symmetry of N=4 supersym-
metry. Meanwhile, SU(2,2) reflects the theory’s invariance under conformal transformations,
serving as a double cover of the more familiar 4d conformal group SO(4,2).

On the gravitational side, SO(4,2) x SO(6) is the isometry group of AdSs x S°. Consid-
ering that type IIB supergravity contains fermionic fields, it becomes necessary to take the
double covers of these groups, resulting in SU(2,2) x SU(4), precisely matching the N = 4
SYM bosonic symmetry. Further examination shows that with the inclusion of fermionic
counterparts, the complete superalgebra of both theories is PSU(2,2[4) [34].

This highlights two key principles of gauge/gravity dualities. First, gravity theory defined
on AdS space holistically corresponds to a CFT because the isometries of the AdS space
include the full set of conformal transformations. Second, the gauge symmetries present
in the gravitational theory correspond to global symmetries in its dual QFT; interestingly,
large gauge transformations that act non-trivially on the boundary play the role of global
transformations on the boundary, demonstrating a profound interplay between local and
global aspects of the theories involved.

A vast range of dual theories has been proposed since the introduction of gauge/gravity
dualities. Some of them we will explore in more detail in the following chapters. While
definitive proof of gauge/gravity dualities remains elusive, there is overwhelming evidence
supporting its existence. Numerous calculations performed on both sides of the correspon-

dence have yielded identical results, providing strong support for this remarkable connection.
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2.1.3 The correspondance dictionary

Now, we discuss the holographic dictionary, which is the map between observables in a grav-
itational theory and its dual QFT.

There is a direct relation between the renormalisation scale, p, in the corresponding QFT
and the z coordinate in Eq. (2.1.3), parametrising the radial direction. Indeed, the p scale is
inversely proportional to z. As we approach the boundary of AdS space (where z approaches
zero), the renormalisation scale tends towards infinity, corresponding to the ultraviolet (UV)
regime of the QFT. Conversely, as z increases, we move towards the infrared (IR) regime of
the QFT. It is a common conceptualisation to imagine the d-dimensional QFT as residing at
the boundary of the d + 1-dimensional asymptotically AdS manifold.

Equation (2.1.5) outlines a method to calculate correlation functions in a QFT using
its corresponding gravity theory. For a given set of operators in the QFT, which are re-
lated to specific fields in the gravity theory, the correlation function of these operators can
be determined by taking functional derivatives of the gravity theory’s action evaluated on
classical solutions (on-shell action), with respect to the boundary values of the corresponding

fields [3, 4]. For the Euclidean signature we have,

0 ) L oddle
(Ol(wl)...On(xn)):(—W)...(—W)e gr-saddie[d0] (2.1.7)
where x; is the position that the operator O; is inserted and ¢; (o) is the bouandary value of
the corresponding ¢; field. g _saddle is the gravity on-shell action.

We examine a bulk field ¢, considering a scalar field for simplicity, which corresponds
dually to an operator O in the theory at the boundary. The equation governing the dynamics
of the ¢ field, derived from the gravitational action, Iy, is a second-order differential equa-
tion. Consequently, two boundary conditions are necessary for a complete description. An

expansion of ¢ in the neighberhood of z = 0 has a general form of:

d(x,2) = 27 hoy(2) (L+...) + 22 a gy () (1+...). (2.1.8)

The omitted terms within the equation involve higher-order powers of the radial coordinate, z.
The coeflicients ¢(g) and ¢(3a_q) are determined by the specific boundary conditions imposed
on the system. The A parameter, related to the scaling dimension of the corresponding
operator in the QFT, is fixed by the mass of the scalar field. It is obtained as the largest

solution to the following equation:

m?L? = A(A - d). (2.1.9)
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A derivation for this formula can be found in Ref. [36].

The field ¢g) is identified with the source for the operator O with a mass dimension of
[gb(o)] =d-A, which aligns with the expected dimension of the source for an operator O with
scaling dimension A. The relation [qﬁ(QA_d)] = A can be checked by dimensional analysis.
Through the application of the method outlined in Eq. (2.1.7), it can be demonstrated that
this coefficient is related to the VEV of the operator O. One has [42, 43]

(010(2)[0) = -(2A - d)p2a-a) (2) + fd(0) (2) ]. (2.1.10)

Here, f depends on the boundary field ¢(gy(z) and derivatives of it. The general form of f
is determined by the Iy, action. The condition imposing that A must be the largest solution
to Eq. (2.1.9) is a condition in the CFT called the unitarity bound. In a CFT which respects
unitarity, except for the identity operator, all scalar operators possess a scaling dimension A
higher than %l -1.

However, for masses falling within the range —% <m??

< 1—%, there exists an alternative
interpretation. In this specific scenario, we can select the smaller root of Eq. (2.1.9) for A
while still ensuring the theory remains unitary [46]. Notably, scalar fields in AdS space can
remain stable even when their mass squared is negative, provided it exceeds a specific lower
bound, known as the Breitenlohner-Freedman (BF) bound [47, 48]. This bound, given by
m22 > —%,
An important operator within this framework is the stress-energy tensor, TH", repre-

is essential for maintaining stability in the AdS spacetime.

senting the conserved current related to the invariance of the system under translation.
Gauge/gravity dualities establish a connection between translational symmetry in the QFT
and diffeomorphism invariance in the gravitational theory. As a result, the stress-energy ten-
sor stands as the counterpart to the metric tensor, which defines the geometry of spacetime
in the gravity theory.

In the Fefferman-Graham coordinates, as described in Eq. (2.1.3), where the metric has
the near-boundary expansion of Eq. (2.1.4), the first coefficient g(g),, is identified as the
stress-energy tensor source in the dual theory. Correlation functions for the stress-energy
tensor can then be calculated by taking functional derivatives respective to the boundary

metric gy [42],
2 o0lnZ d

=- - = P U
Vet g 59?0) 167rGNg(d)“

where the omitted terms depend on g(5) and other sources.

(T,) (2.1.11)
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2.1.3.1 Gauge/gravity dualities at non-zero temperatures

We will also review systems at finite temperatures and chemical potential. The holographic
counterpart to a gravitational solution with the temperature T is a QFT at the same finite
temperature [32]. The free energy of the QFT can be obtained from a generating func-
tional related to the gravitational action as Z = exp(-F/T), with F representing the free
energy. Normally, this gravitational solution takes the form of a black hole or black brane,
characterised by a Hawking temperature identical to the QFT temperature. To establish a
thermodynamic framework for the QFT, we typically employ a Wick rotation to the imaginary
time, introducing a time coordinate with a period inverse to the temperature.

Consider the case of a QFT with a U(1) global symmetry, and its associated Noether
current J#. In bulk, this current corresponds to a U(1) gauge field, here denoted as Ay;.
Specifically, The temporal element of this gauge field, A;, corresponds to the density of charge,

Jt. In asymptotic boundary of AdS4,1, the near-boundary expansion of A; takes the form:
Atz,u+jzd_2+....

Employing the holographic dictionary, we recognise u, the leading coefficient, as the source
coupled to the density of charge, representing the chemical potential, by definition. The

sub-leading coefficient, j, is directly proportional to the charge density.

2.1.4 Two-point correlation functions

Throughout this thesis, we will make use of holography to study the correlation functions of
a QFT at non-zero temperatures and their pole structure. The retarded Green’s function in
the QFT side can be written as [49]

Gap(z1 —12) = 0(t1 — 12)(O0(21)Op(22)) + O(t2 — t1){Op(72)O4 (1)), (2.1.12)

In the given expression, 6 denotes the Heaviside step function, while 1 » represents the time
component of z12, and (a,b) labels the operators within the theory. Expressing G, as
a function of the separation x1 — x9 is a result of assuming the theory’s invariance under
translations both in space and time.

The significance of the retarded Green’s function G lies in its role in determining the

linear response of the operator, O,, to a fluctuation in the source of Oy [50],

50u(@)) = [ d'y Ganlx = 1)50(0)a(v). (2.1.13)
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The Fourier transform of the Green’s function is
Gop(w, k) = [ Al R G (%), (2.1.14)

with x = (¢,x). For a given momentum, k, the function G, (w,k) has poles in the complex
w plane, located at frequencies denoted as w = w, (k). These poles are related to the virtual
propagating modes within the field theory, characterised by a frequency Re (w.) and a decay
rate —Im (w.). It is worth noting that we assume Im (w,) < 0; if instead Im (w.) > 0, the
mode experiences exponential growth over time, indicating instability in the system.

In the context of gauge/gravity dualities, the poles present in the two-point functions of
the boundary theory correspond to the frequencies of the quasinormal modes in the gravita-
tional theory [51, 52].

When considering small fluctuations about a black brane solution in the gravitational
theory, which is holographically dual to a thermal state of the boundary QFT, we express
the fluctuation of a field ¢q, as ¢, > ¢q + 0P (t,x,2). We focus on fluctuations of a single
Fourier mode for each field, as different Fourier modes are decoupled owing to the translational

invariance of the background solution,
8da(t,x,2) = e kX0 (W k, 2), (2.1.15)

for a fixed frequency, w, and momentum, k. We aim to find solutions to the linearised
equations of motion for the Fourier modes that meet two criteria: normalizability at the
boundary and the regular behaviour at the Horizon.

Each Fourier mode exhibits a near-boundary expansion like Eq. (2.1.8) (with distinct
values of A). We impose the condition that the leading coefficient at the boundary vanishes.
From a holographic perspective, this maintains the sources for all operators fixed.

In the vicinity of the horizon, the equations of motion for the fluctuations have two
independent solutions, corresponding to waves propagating into or out of the horizon. We
should choose the boundary conditions ensuring that the solution is ingoing. In holographic
terms, this fixes that the quasinormal modes correspond to poles of the retarded Green’s
functions, rather than the advanced counterparts.

Solutions obeying these boundary conditions typically exist only for a discrete set of
frequencies for a given momentum. These frequencies represent the quasinormal modes.

To compute the two-point function Gy, the procedure involves the following steps [51,
53, 54].

We analyse fluctuations of the fields ¢, expressing their Fourier-transformed fluctuations
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as:
d%k

(2m)
where A; denotes the dimension of the operator dual to ¢, k = (w,k), and Fu(k,0) = dap

We impose the ingoing boundary conditions on F; at the horizon. Here, 5¢(0)7a(k) represents

5¢a(t,x,z) = eikmFab(kvZ)Zd_Ab5¢(O),b(k)7 (2116)

the Fourier transform of the perturbation in the source, d¢ ) o().
Upon substituting Eq. (2.1.16) into the linearised action for the fluctuations, and by using

the equations of motion, the action can be expressed as:

d?k =z
5= | amyt [900a (R Fu 25005
where zp denotes the location of the brane horizon, and F,; depends quadratically on Fyy.
The specific form of F,;, is dictated by the gravitational theory action.

Finally, the retarded two-point functions, G, are derived from:
Gab = _2]:ab(k7 z= 0).

In the next section, we will describe the SM’s naturalness issue.

2.2 Naturalness problem

To understand the Naturalness problem mentioned in Chapter 1, we provide a review here,
following Ref. [26]. The SM is an effective field theory, implying that its operator coeffi-
cients, currently treated as fundamental input parameters, are ideally derived from a more
comprehensive beyond-the-Standard-model (BSM) theory in the future. This scenario is sim-
ilar to the historical development of the Fermi theory of weak interactions, where the Fermi
constant, G g, served as a fundamental input parameter governing the strength of the weak
force. It became apparent that the true microscopic framework describing weak interactions
is the Electroweak (EW) theory, which enables the prediction of Gr in terms of its under-
lying parameters gy and myy, consistent with experimental observations and lower energy

description. The expression for G in the standard model, at the tree level, is

2
Gp=—W__
2
42 myy
To compute Gr and compare it with low-energy observations, one can measure the micro-
scopic parameters gy and myy at high energy. The success of this program allows us to assert

that the microscopic origin of the weak interaction is described in terms of the EW theory.
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Figure 2.1. Some representative top, gauge and Higgs boson loop diagrams that contribute to the
Higgs mass.

Now, we will explore how the Naturalness problem obstructs performing the same procedure
for the Higgs mass and, consequently, for the Electroweak Symmetry Breaking (EWSB) scale.

If we know the UV completion of the theory of EWSB, this theory would predict the
Higgs mass term, u?, or equivalently the physical Higgs mass, m%{ = 242, derived from its

intrinsic parameters, ptrue. 1his prediction can be expressed as:

9 (e}
my = dE
H \/0

where the integral over energy covers contributions to m%{ from all energy scales, extending

2

dmi;
E; pirue ), 2.2.1

potentially up to the high cutoff of the UV completed theory. The integration could get main
contributions from a region around a specific scale.

Now, we consider dividing the integral into two regions based on an intermediate scale
slightly below the Standard Model cutoff,

SAsm dm? 00 dm?
2 _ H (1. H (.
miy —[0 dE 1B (E; Ptrue) + SASﬁE 1B (E; Ptrue)

= 55Mm%1 + 5BSMm12LI . (2.2.2)

Here (5BSMm12g represents an entirely unknown contribution arising from energies equal to
or above Agy, whereas 5SMm§{ originates from virtual particles below this cutoff, whose
behaviour is described by the SM. Before understanding the specifics of the BSM theory, we
cannot make any definitive statements about 5BSMm%{. However, we can readily estimate
55Mm12q using the diagrams illustrated in Figure 2.1 leading to

3y? 3g%, (1 1 3A
seum? Uiy __w<_+—) 2 _SA N2 2.2.3
SMIH = g 2 8SM ™ 0 0\ 1 7 Beos2 6y | SM T gp2 M (2:2.3)

obtained from the top quark contributions, EW bosons, and Higgs boson loop, respectively.
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Irrespective of the physics at Agyr, the SM dictates the above-mentioned terms in Eq. (2.2.3)
for qu Now, one can realise the problem of Naturalness. In the finite formula for m%{ derived
from the full theory, there are two contributions that are entirely independent because they
originate from distinct energy scales. One of these contributions, 5SMm%{, is expected to
be significantly large especially if Agyr is large. Consequently, the other contribution must
be similarly large in magnitude but opposite in sign to 63Mm%{ in order to account for the
observed lightness of the Higgs mass. This cancellation between the two contributions is

quantified by a parameter called fine-tuning,

2 ) 2 2
As 5SM727LH _ 3y (ASM) :( Asmt ) . (2.2.4)
m3y; 8t \mpy 450 GeV

This is a lower bound on fine-tuning as only the top particle contribution in Eq. (2.2.3) has
been kept for the estimation. This is because of the domination of the top as a result of its

considerable Yukawa coupling and also its colour multiplicity.

2.2.1 Dimensional transmutation

The composite Higgs scenario provides a straightforward resolution to the Naturalness prob-
lem. Instead of the Higgs being a point-like particle, as in the SM, it is assumed as an extended
object with a finite size, {7;. This revision occurs by postulating that it is the composite state
of a new strong force, characterised by a confinement scale m, = 1/l on the order of a few
TeV.

In this revised framework, the behaviour of the integrand T—Efq in the Higgs mass formula
in Eq. (2.2.1), which carries the influence of virtual quanta at different energies, is peculiar.
At lower energies, the wavelength of quanta exceeds lj7, and the Higgs manifests itself as an
elementary particle. Consequently, the integral increases linearly with E, showing the same
behaviour seen in the SM, leading to quadratic growth with the upper limit of integration.

However, this trend is changed by the introduction of the finite-size effects that emerge
as E become closer and surpasses m,. Similar to how a proton becomes transparent to high-
energy photons with wavelengths smaller than its radius, the composite Higgs also exhibits
reduced interaction with high-energy quanta. This alters the linear SM behaviour to feature
a peak around E ~ m,, followed by a rapid decline in the integrand. The generation of the
Higgs mass is thereby localised around m, = 1/ly, with my being insensitivity to higher
energies. This is evident from the absence of any Higgs particle at energies much beyond
my, ensuring no corresponding Higgs field or problematic dimension-two Higgs mass terms
emerge to create concerns.

It is noteworthy that this scenario is useful if the Higgs size or the associated confinement

scale of the new sector is Natural itself.
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At the UV scale Ayy (for instance Ayy ~ Mgur), the composite sector of the theory will
be close to a fixed point in its Renormalization Group (RG) flow, assuming that there are no
strongly relevant deformations around this fixed point. This characteristic ensures that the
RG flow towards the infrared IR regime progresses ‘slowly’. The rate of departure from the
fixed point is governed by the RG ‘time’ parameter t = log[Ayy/E], where E is the energy
scale. This parameter ¢t indicates how far the theory deviates from the fixed point before
confining and ultimately forming the composite Higgs bound state. This confinement occurs
at an scale m, which is exponentially suppressed and it is defined by t = log[Ayy/m.].

The RG running can be arbitrarily long depending on how close the theory parameters are
to the fixed point at Ayy initially. This expectation behaviour for a prolonged RG evolution
allows for a naturally large hierarchy between Ayy and m,. For instance, t could be small, of
the order of 10, establishing a significant hierarchy between the UV scale and the confinement
scale m..

Drawing an analogy to QCD is illuminating in this context. In QCD with 3 light quark
flavours and starting the running at myz = Ayy, the familiar relation for QCD confinement

scale Aqcp = m. can be expressed as:

1 (472
log[AUV/m*]:E(g—S) ,

The departure from the free fixed point is controlled by the loop expansion parameter, %,
where gg is the strong coupling constant evaluated at Ayy = myz. This parameter’s inverse
determines the total RG running time, thereby establishing the hierarchy in Ayy and m.,.
The process by which the scale m., is generated solely through RG running, without the need
for dimensionful parameters but instead relying on d = 0 (dimensionless) couplings in the
UV theory, is the so-called “dimensional transmutation.” This concept is well-known in QCD
and is applicable in the broader context considered here. In the composite Higgs scenario,
compatibility with the SM gauge symmetry is essential, particularly in how the composite
sector interacts with the elementary gauge fields that represent the SM vector bosons.

The composite sector is governed by an exact symmetry group G, which includes an
SU(2)r x U(1)y subgroup. This subgroup corresponds to the electroweak gauge symmetry
of the SM. The elementary W, and B, fields are associated with this subgroup through
the usual gauging procedure, thereby making SU(2); x U(1)y a local symmetry. These
elementary gauge fields are coupled to the global conserved currents of SU(2)y x U(1)y
within the composite sector. This coupling establishes an interaction channel between the
two sectors.

Drawing an analogy with QCD, where the elementary sector contains the light leptons

and photons, the global symmetry group, G is SU(3)z x SU(3)g (chiral symmetry), with the
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Figure 2.2. The schematic structure of the composite Higgs scenario.

photon gauging the U(1)cy,. subgroup. In QCD, the chiral symmetry, SU(3); x SU(3)g, is
also explicitly broken by the masses of quarks.

The breaking of the global symmetry group, G, is implemented in the composite sector
through interactions with the elementary sector, characterised by Liy. This process is anal-
ogous to what would happen in QCD if quark masses were set to zero, where the breaking of
the chiral symmetry would then primarily stem from the coupling to the elementary photon
field.

Similarly, in both QCD and the composite Higgs scenario, at the confinement scale m.,
the global symmetry group G spontaneously breaks to a subgroup H. This breaking mech-
anism generates a spectrum of exactly massless Nambu-Goldstone bosons (NGBs) corre-
sponding to the coset space G/H. The Higgs boson in our scenario emerges as one of these
Nambu-Goldstone bosons. However, unlike in traditional composite Higgs models (such as
those proposed in [55-57]), where the Higgs was considered a generic bound state of some
composite sector, here it retains a crucial property: it is a pseudo-NGB. This designation
arises because the Goldstone symmetry G is explicitly broken by interactions with the ele-
mentary sector. The explicit breaking of G causes the Higgs boson to acquire a small mass
and a potential, leading to EWSB.

To sum up, the composite Higgs framework consists of three foundational components,
illustrated in Figure 2.2: a composite sector, an elementary sector, and an interaction term
Ling that mediates the explicit breaking of the global symmetry G from the elementary to the
composite sector. The main objective of this work is to investigate the essential characteristics
these elements must exhibit and formulate a viable and realistic theoretical framework to

study it using holographic.



18

Chapter 3

Phase transitions and light scalars

in bottom-up holography

The Standard Model possesses an approximate scale invariance which is explicitly and spon-
taneously broken. The Higgs boson in this context can be identified as a dilaton, the pNGB of
the dilatations. It is important to ask if this symmetry is accidental, without resulting from a
more fundamental and original property of the SM or not [58]. Especially if the Higgs boson
originates from a more fundamental theory as a composite dilatonic state. If it is composite,
it is crucial to understand what underlying dynamics are required to achieve realistic values
for its couplings and mass.

The dilaton EFT had been studied for many decades [11, 12], and its applications in the
context of dynamical electroweak symmetry breaking [59-61], extensions of the SM [62-72],
and, the interpretation of lattice data [73-89], has been discussed extensively.

Lately, numerical lattice calculations in certain SU(3) gauge theories have detected a
light scalar bound state within the spectrum performed by numerical calculations [13-24].

To further investigate the mentioned ideas, gauge/gravity dualities [2—4, 37] have been
useful for describing both the appearance of the dilaton and its dynamical origin, either in
bottom-up [90-106] or top-down [107-111] approaches.

We aim to study a bottom-up holographic model capturing features related to dilatonic
Higgs. In the following, we focus on holographic duals where the geometry of a smooth
classical background in a higher-dimensional gravity theory includes a shrinking circle. This
shrinking circle is utilised to mimic confinement in the dual field theory, as proposed in
Ref. [32] and further explored in Refs. [112-118]. In the strongly coupled theory, the spectra
of bound states can be computed perturbatively within its gravity dual. This is achieved by
employing the holographic gauge-invariant formalism developed in Refs. [119-123], and also
discussed in Refs. [109-111, 118, 124]. See also [125] for earlier studies.

In order to identify (approximate) dilatons in the spectra we use the probe approximation,
as discussed in Ref. [124] and Appendix B.
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Among different scenarios for the realisations of the dilaton in EFTs, we focus on the
ideas presented in Refs. [126-129]—see also Ref. [130] and references therein. The idea is
described in more detail in Section 3.1 that proposes the emergence of a light dilatonic state in
strongly-coupled theories when their renormalisation group (RG) flow approaches the vicinity
of a tachyonic instability.

In this chapter, following the references [131-133], we construct a set of bottom-up models
that merge the quadratic superpotential framework from [91] with the confinement mechanism
outlined in [32]. Our approach assumes a holographic description of the dynamics, encapsu-
lated within a model featuring a single real scalar field coupled to gravity in a six-dimensional
spacetime, with one dimension compactified on a circle.

In the physically relevant branch of solutions, the circle contracts to a point at a fi-
nite position along the holographic dimension, introducing a dynamic scale. Importantly,
the resulting geometry remains smooth and regular throughout. This setup proposes a dual
representation of the hypothetical class of four-dimensional confining theories. At short dis-
tances, these theories are most effectively characterised by the circle compactification of a
five-dimensional conformal field theory (CFT), incorporating an operator with a non-trivial
dimension determined by max(A,5— A), where A represents a free parameter in the scalar
potential of the gravity theory.

The generic model behaviour for each value of A closely resembles that presented in
Refs. [131-133], as we shall discuss. The bottom-up approach, besides featuring a significantly
simpler bosonic action, enables us to flexibly adjust A. Our focus will be on revealing the
relationship between A and the mass spectrum, particularly concerning the lightest scalar,
in the vicinity of the phase transition.

The structure of the chapter is as follows: We begin with the gravity theory in D =
6 dimensions in Section 3.2. Following this, in Section 3.3, we present various classes of
classical background solutions. Then, in Section 3.4, we study the spectrum of fluctuations,
concentrating on the regular (confining) branch of solutions. In Section 3.5, we compute
the free energy for different branches of solution to detect the stable branch, depending on
various parameters in the theory. The key numerical findings are summarised in Section 3.6.

Technical details are relegated to the appendices.

3.1 Conformal transition by fixed-point merging

Theories that are nearly conformally invariant are of significant interest because they can
produce large hierarchies of scales [90, 95, 134-136]. This interest motivates us to understand
how theories behave at the critical point where varying some parameters initiates a transition
from a conformal to a non-conformal regime. We follow [129] to review this phenomenon

here.
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This behaviour is particularly compelling in strongly-coupled theories. A prime example
is QCD, where the theory is expected to become conformal at a critical value for the number
of flavours Np = Nf;rit. Although the precise value of Nf;rit is uncertain, lattice simulations
suggest values near Nl%rit ~10. For Np > Nl%rit, the long-distance behaviour of QCD transitions
into a CFT up to Np = %Nc, where N, is the number of colour degrees of freedom. At this
point, the theory reaches the Banks-Zaks fixed point and becomes IR free for the reange
Np > %Nc. The range Nl‘%rit <Np< %Nc is referred to as the conformal window.

Recent lattice simulations indicate that, unlike real QCD, theories close to the conformal
transition contain a 0** state as the lightest resonance, aside from the pions as Goldstone
bosons [15, 137]. The reason for the lightness of this state remains unclear. Some conjectures
propose it to be a dilaton associated with scale invariance breaking. If so, in the large-N,
limit in which pr”t [/N¢ = zerit becomes a continuous parameter, it would be intriguing to
check if the dilaton mass reduces as Np/N, — Z¢pi from below.

Here, we review the physics of conformal transitions and related ideas concerning the
holographic approach. We proceed the review to build upon the framework presented in
Ref. [126], which postulates that the departure from the conformal window in large-N. QCD
occurs when the IR fixed point merges with a UV fixed point. Near the conformal window,
the theory incorporates a marginal operator Oy, whose dimension acquires a small imaginary
part when we lose the conformal invariance (further details in the subsequent section). As-
suming this scenario, the AdS/CFT correspondence can offer a straightforward realisation,
where a complex dimension for an operator corresponds to a scalar field with mass below the
Breitenlohner-Freedman (BF) bound with M2 = —4/L?. At this point, the scalar becomes
tachyonic, inducing a departure from the AdS geometry [126].

The potential existence of a light dilaton could be suggested by the appearance of a
marginal operator Oy in the model, as discussed in works such as [69, 103, 138]. The argument

revolves around the effective dilaton potential, typically written as

Vert (0) = Nett (¢a) Dy

where the dilaton mass is determined by the minimum of the potential

2

O B (44 B
(6q)? = Pen Aett 7

with 8y, = ﬁlﬁ and 6;\63 = i\zf . Here, 8, arises from an explicit breaking of scale invari-

ance, proportional to 3, if the breaking originates from a term like g O, in the Lagrangian.
According to this framework, if the dimension of Oy is close to 4 (denoted as 4 + ¢ with

d < 1), the dilaton can be parametrically light, characterised by méd o< 4. It is important
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that § «< 1 (or B4 « 1) must be a small and controllable parameter along the RG-flow.

This scenario aligns with the Goldberger-Wise mechanism [90], where Oy corresponds to
an almost massless scalar in a 5-dimensional setup, protected by a shift symmetry [69, 103,
138].

3.1.1 Fixed-point merging and conformal transition

As an example let us consider a 4 dimensional QFT. As we adjust the parameters of the theory,
an IR fixed point can be lost in several ways: it can approach zero, diverge to infinity, or merge
with a UV fixed point. Following Ref. [126], we discuss conformal transitions characterised
by the merging of the IR fixed point with a UV fixed point, as illustrated in Fig. 3.1.

The beta function governing the coupling, g, of the theory, not necessarily the gauge

coupling in gauge theories, can be approximated as:

By =—e=(9-9.)" (3.1.1)

where g. represents the fixed point value of g, and e depends on the theory parameters, such

as Np. The IR and UV fixed points are respectively located at:

g =0« FV/—€.

By variation of € from negative to positive values, the IR and UV fixed points merge when
€ = 0. For € > 0, the theory leaves conformality, with the IR fixed point at a complex coupling.
According to Ref. [127], in the vicinity where € is negative and close to zero, the operator

O, associated with the coupling g has a dimension given by:

Dim[O,] =4+ C;—ig ~ 4+ 2/~ (3.1.2)
This operator O, drives the renormalisation group flow towards the IR fixed point. At
the point where € = 0, O4 becomes marginal. As e turns positive, O, acquires a complex
dimension, thereby indicating the end of conformal behaviour.

One can provide a dual description for the mentioned phenomenon in the holographic con-
text. Operators O in the CFT4 correspond to scalar fields ® in AdSs, where their dimensions
and masses are related through the AdS/CFT correspondence by:

Dim[O] = 2 ++/4+ M212,

where Mg is the mass of the scalar field ¢ and [ is the AdSs curvature radius.

Equation (3.1.1) indicates that the dual of a CFT4 operator with a complex dimension
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Figure 3.1. The approximated beta function in Eq. (3.1.1) for the coupling ¢ for different values of
€.

is a scalar ® in AdS5 with a mass slightly below the BF bound, specifically M2 = —(4 +¢€)/I>.
As € - 0, the operator O, with complex dimension approaches dimension 2 instead of 4, as
described in Eq. (3.1.1). Hence, Oy, can be identified as O, = |O,|?, and in the large N, limit,
Dim[O,] = 2Dim[ 0O, ], consistent with the dimension given in Eq. (3.1.2).

The existence and properties of O, during a conformal transition are not universally true
but rather specific to large-N, limits or particular scenarios. As discussed in Ref. [126], in
QCD O, is expected to correspond to the g operator, whose dimension transitions from
approximately 3 when entering the conformal window to 2 when leaving it and becoming
complex [139-141].

When the theory is near the conformal window with 0 < ¢ «< 1 the RG flow “time”
required to traverse the region where g ~ g, and |3y << 1 is calculable. This provides us with
the infrared scale Aig at which the theory is anticipated to confine, corresponding to when g

is large. From Eq. (3.1.1) one have
A ~ e Ve Apy, (3.1.3)

with Ayy the scale at which g < g«. The Eq. (3.1.3) is referred to as Miransky scaling or
walking.
In the following section, we will describe our model for realising a system analogous to

the conformal transition behaviour described here.

3.2 The model

This section presents a model formulated within the framework of bottom-up holography,
containing a real scalar field, ¢, coupled to gravity in D = 6 dimensions, featuring a simple

quartic scalar potential as detailed in Ref. [91]. The scalar field ¢, within the gravitational
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context, encapsulates the effects of deforming the dual five-dimensional CFT by a scalar oper-
ator, and the formation of its corresponding condensate. Additionally, one spatial dimension
is compactified on a circle, both in the field theory and gravitational perspectives.

As discussed in Section 3.3, this system exhibits solutions where the circle smoothly
shrinks towards the IR end of space which introduces a physical low-energy scale. This
behaviour mimics the confinement effects observed in top-down models of the dual four-
dimensional field theory [32]. Moreover, we provide a description of the resulting gravity

theory in D =5 dimensions following the dimensional reduction over the compact circle.

3.2.1 Action in six dimensions

Following the conventions in Ref. [124], summarised in Appendix A, for the model to resemble

the dual of a confining four-dimensional theory, we opt for working in D = 6 dimensions. The

action is
Se :Sébulk) i Z Ssi, (3.2.1)
i=1,2
U ~ R 1 ~MN
Séb k) _ fde _gG{Iﬁ_E MN8M¢8N¢_V6(¢)}’ (3.2.2)

, (3.2.3)
p=pi

Ss,i = (—)ifd5w\/—_§{§ +Ai(@) + fi (éMN)}

which contains a bulk part, Sébulk)

, and two boundary actions, Ss;, chosen to be localised
at the two boundaries of the radial coordinate, p; < p < p2. The index M = 0,1,2,3,5,6
is our space-time index. The extrinsic curvature I depends on the induced metric on the
boundaries, §M 5> and appears in the Gibbons-Hawking-York (GHY) term for the boundary
actions.

The bulk potential, Vg, is chosen as the following

()5, 02
) = 3 (T2 - Sico)

~ A(5-A) 5, BA? ,

-5 B0 B (3.2.4)
with the ‘superpotential’ given by [91]

We(¢) = -2 - %& (3.2.5)

The adoption of a simple quadratic superpotential offers a clear interpretation within field

theory for configurations where the background value for ¢ is non-zero. In the asymptotic UV
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regime, the dual field theory undergoes a flow towards a CFT in D —1 =5 dimensions. This
flow is deformed by the insertion of an operator, O, with a scaling dimension determined by
max(A,5-A). In the context of field theory, the two parameters emerging from the solutions
of the corresponding second-order classical equations correspond to the coupling strength and
the condensate related to O.

In contrary to the top-down models in which the counterparts of the A parameter descend
from first principles, A is kept as a free parameter here. In the examples discussed in the
literature [131-133], the choice of A > (D-1)/2 has been made for the first-order background
equations. Later in the chapter, the differences emerging for cases with 0 < A < (D-1)/2=5/2
are discussed.

The counter-term necessary for holographic renormalisation matches with Wg for A < 5/2,

but for A >5/2 one needs the following superpotential

25(2A-5) , 125(2A-5) (4A% - 15A +25)
16(4A-15)"  64(4A-15)2(6A - 25)

We = —2—%(5—A)¢2—

5 + - (3.2.6)

that is only known perturbatively in ¢. Nevertheless, this potential solves Eq. (3.2.4). There
3 % I
what follows, we will not use these special values. The case of A =5/2 is also a special case,

are some pathological values for A at A = % --, that appear at higher orders in ¢. In
and it is treated separately later in the chapter.

The boundary terms described in Eq. (3.2.3) contribute to establishing the boundary
conditions for the classical background solutions, ensuring the consistency of the variational
principle. These terms are also instrumental in computing the spectrum of fluctuations around
these background solutions.

Moreover, these boundary terms are essential in the calculation of the free energy. It
is important to note that adjustments to the UV-boundary terms are necessary for this
calculation. Specifically, Ao (and f2) must be altered by appropriate counter-terms necessary
for the holographic renormalisation. These counter-terms guarantee that the free energy
calculation is properly regularised and finite, particularly in the ultraviolet region where

divergences may arise.

3.2.2 Dimensional reduction to five dimensions

The coordinate 0 < 1 < 27 is chosen to parametrise our compact circle in the background.

The metric, after reduction to five dimensions, is written as

dsZ = e 2Xda? + % (dn+ XMdSL'M)2 , (3.2.7)
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where the space-time index is chosen as M =0,1,2,3,5. Thus, the reduced action reads

S5 = Sébum) + > Su, (3.2.8)
i=1,2

U r1 N
85(b lk) _ fd5$ 7 Z _ §gMN |:6aMXaNX + 8M(Z)8N¢:| —-e 2XV6(|¢|)

L sy MP_NQ () (x)
R CFNFRG | (3.2.9)

Sii= (=) f d4$\/__§{§+€_X>‘i(¢)+€_xfi(X)} (3.2.10)

P=pPi

The five-dimensional metric gasy has determinant g5, with the induced metric on the bound-
aries gpsny. The five-dimensional Ricci scalar is represented by R, alongside K, the extrinsic
curvature. The form F ]%)\, = Oy xN — Onxar is the field strength for the vector xs. Since
we want to produce solutions that lift to geometries in six dimensions with a circle shrinking
smoothly, the functions f; in the six-dimensional theory must depend explicitly on the x field.

Two scalars ®* = {¢, x} can be considered as a sigma-model coupled to gravity with the
action being the same as Eq. (A.1.1) where D =5 and sigma-model metric is G, = diag(1, 6).
We concentrate on the background solutions that x s is zero, although gpsn, ¢, and x have a
non-trivial profile that depends only on the radial coordinate. In five dimensions, The metric

is chosen to be of the domain-wall (DW) form
ds? =dr? + eZA(T)d:ci;s = 2P gp? + eZA(p)dx%’S . (3.2.11)

Here, the change of radial coordinate dp = e™Xdr is introduced, which will be used extensively
later. The equations of motion (EOM) for the background fields are

oV

056 + (40,A = 0,X) 0,0 = 8—; : (3.2.12)
YV
Opx+ (40, A= px)0px = = (3.2.13)
1
3(8,4)2 - 5 (0,0)* = 3(0,x)* = Vs, (3.2.14)

with the following boundary conditions

1l
]

mi) (3.2.15)

(5p¢> - 8_¢

0, (63PX+)\i+fi— afi)

3%

:07 (gapA+)\z+fl)
Pi

Pi Pi

If f; =0, one has the solutions that can be lifted to the domain walls in 6D.
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It is noteworthy that the solutions also satisfy the following equation:

0=12(9,A)* + 3954 - 30,X0,A + 4V, (3.2.16)

which in combination with Eq. (3.2.13) yields the conservation law (see also Ref. [131])
ap[e4A-X(apA—4apX)] -0, (3.2.17)

This introduces a conserved quantity that vanishes for DW solutions in 6D. In this case the
metric ds? in Eq. (3.2.7) has the warp factor A=A -y = 3y (or A =4y).

3.3 Classes of solutions

This chapter uses three primary classes of solutions, which are investigated subsequently.
First, we clarify our naming conventions for the solutions.

The first class of solutions that are interesting to us is solutions derived from the first-order
equations from the superpotential formalism. In the direction of the fake supergravity [142],
we term them supersymmetric solutions. Despite the absence of actual supersymmetry in this
bosonic theory, we adopt this name in analogy to top-down models where first-order equations
align with the Bogomol'nyi-Prasad-Sommerfield (BPS) constraints found in supersymmetric
theories.

The most important class of solutions is labelled as confining solutions. This solution
is used for our subsequent analysis of fluctuation spectra. The naming convention is bor-
rowed from contexts involving higher-dimensional supergravity derived from string theories.
Such models permit the computation of Wilson loops, analogous to other holographic models
discussed in [143-148], revealing the anticipated area-law behaviour characteristic of con-
finement. However, in our bottom-up approach, such detailed calculations are not feasible.
Nonetheless, our solutions exhibit smooth behaviour and introduce a mass gap in the spec-
trum of fluctuations, fulfilling some of the expected criteria for a gravity dual of a confining
theory.

Lastly, we introduce another set of backgrounds termed domain-wall solutions, named
after their resemblance to Poincaré domain walls in six dimensions. It is noteworthy that these
solutions exhibit singularities, which, strictly speaking, disqualify them as proper background
solutions. This caveat requires cautious interpretation, as discussed in Ref. [149].

Despite their singular nature, domain-wall solutions are included in our study because
they provide insights into the properties and stability of the other classes of solutions we

examine.
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3.3.1 UV expansions

For p — oo, all of the solutions under study approach to the critical point ¢ = 0 of Vg, where
X ® %p and A ~ %p (equivalent to A » p). This behaviour shows that asymptotically, in the
UV, the gravity duals can be interpreted uniformly as relevant or marginal deformations of
the same five-dimensional CFT.

To classify these solutions systematically, we utilise a power expansion in the small pa-
rameter z = e . These expansions are parameterised by five free parameters: Two of them,
xu and Ay, represent additive contributions to x and A, respectively. Another one is x5
that appears in the coefficient of the z® term in y expansion. To ensure consistency with the
DW solutions, which satisfy A = 4y, a constraint is imposed: x5 is fixed such that x5 = 0
corresponds to the DW solutions.

Two remaining free parameters, for generic values of A, emerge in the asymptotic ex-
pansion of ¢ at orders z® and z°®. We name the coefficient of the term with the smaller

(larger) exponent Ay (Ay) as ¢ (¢y). The expansions have the following generic form:

o(z) = G2+ + Pyt 4 e, (3.3.1)
x(2) = xv - %log(Z) ot (s 4 )2 4 (3.3.2)
A(z) = Ay - glog(z) + o (3.3.3)

The case of A =5/2 is special as the two independent parameters mentioned above appear as

5/21og(z) terms in the expansion of ¢. They are indicated as ¢y

coefficients of the 2%/ and =
and ¢, respectively.

As we will explore in detail, these coefficients xy, Ay, and x5 determine the physical
characteristics of the solutions and their corresponding field-theory duals. Each parameter
plays a crucial role in shaping different aspects of the field-theoretical descriptions. It is
noteworthy that for simplicity and without loss of generality, one can focus on solutions
where Ay =0 and xy = 0.

The UV expansion of the fields depends on A in a non-trivial manner. We mention the

case of A =3 here while more cases can be found in Appendix C of Ref. [5]:

B(2) = 652+ 92 = 240 - 2R oyaT 1 O(2Y) (3.3.4)
1 1 2 1

x(2) =xv - 5 log(2) - ﬁqﬁfl + (X5 - %ﬁbﬂiﬁv) 2" - ﬁdﬁ/ze) +0(2), (3.3.5)
4

A) = Ay - Slog(2) - 503t + (s - prduov ) £ - b0+ O(5) . (3.30)
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3.3.2 Supersymmetric solutions

The fact that the scalar potential, Vg, is obtained from a superpotential Wg, enables us to

find a class of six-dimensional DW solutions by solving the first-order equations

DpA = —%Wﬁ =1+ %¢2, (3.3.7)
W
Oy = 6 - Ag. (3.3.8)

In this solutions A(p) =4x(p) = %A(p) and we call them supersymmetric solutions:

$(p) = pee ™ = o2, (3.3.9)
Ap) = p= 562 = —log(=) - L2 2. (3:3.10)

Alongside ¢., another additive integration constant has been absorbed in A. For ¢. = 0 one

recovers the AdSg background.

3.3.3 Confining solutions

In this section, we describe the properties of the confining solutions. For this case, the circle
parametrised by 1 coordinate shrinks to zero radius at a finite point, p,, of the radial direction,
p. Hence, the range of the p coordinate is bounded as p, < p1 < p < p2 = +oo. Since there is
no conical singularity and the metric in 6D has finite curvature invariants, the background is
regular and smooth all along the range of p. Near the end of space, by expanding the solution

for small (p - p,), one finds

o(p) = ¢r - 11—6A¢>1 (20+ A (567 -4)) (p=po)* + O ((p - po)*) , (3.3.11)

x(p) = xr + élog(p ~ o) + % (=80 +8(A =5) AgT - 5A%67) (p=po)* + O (0= p0)") ,
(3.3.12)

A(p) = Ar + élog(p—m + % (80 +A¢7 (40 + A (567 -8))) (0= po)* + O ((p=po)") -
(3.3.13)

Here p,, ¢1, x1, and Ay are constants of integration.
To check the regularity of the metric near the end of space, we calculate the induced

metric on the sub-manifold spanned by (p,n),

ds? = dp? + Xdn? = dp? + X1 (p - po)2dn? + -, (3.3.14)



Chapter 3. Phase transitions and light scalars in bottom-up holography 29

To evade the conical singularity, we fix x;y = 0. With this choice, the metric is of the two-
dimensional real plane, in case 1 has the periodicity 27.

Different curvature invariants in six dimensions can be defined. We calculate the Ricci
scalar R = Rg, the squared Ricci tensor R% = Re NRﬁM N , and the squared Riemann tensor
R2 =R KR RgRﬁM NRS, They can be simplified and re-written in terms of a quantity defined

here as
d=A-4y. (3.3.15)

This non-trivial quantity vanishes for the DW solutions. By using the equations of motion,
one has [131]:

R = 6Vs +2(0,0), (3.3.16)
R3 = 6V2 +4Vs(9,0) +4(0,0)", (3.3.17)

R3 = i(32(8pd)2(4apd\/ 36(0,d)2 + 15V5\/6R2 — R2 - 30R + 24(9,d)*

250
+5v/5\/6R3 - R? - 10R) - 25 (R? - 10R3) ) . (3.3.18)

By making use of the IR expansions, it can be checked that all of these quantities are

finite in the limit of p — p,,

15A2

lim R = =30 - 3A(5 - A)g; - < ot (3.3.19)
P=Po

1 2
lim R3 = ~ ( lim R) : (3.3.20)
p=Po 6 \p—po

1 2
lim R3 = —(lim R) : (3.3.21)
pP—po 3 \p—=po

However, for A # 0, and for ¢; - oo all of the invariants diverge. The divergences suggest
a constraint on the allowable values for ¢, namely, that ¢; should not be taken arbitrarily

large.
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3.3.4 Singular domain-wall solutions

The final set of solutions considered here is the singular DW solutions. They satisfy the

relation A =4y = %A and they have A dependent IR expansions. One has the following,

&(p) = 61~ \/g log(p - po)

222 (5 /15681080 - pu) (31080 - o) (Alog(p - o) (Blos(p - po) +2)
25920 ’ ’ ’ i

—23A +60) + 37A + 60) — A(47A +660) + 5400)
+15A0; (~6067(6Alog(p -~ po) + A) + 6v/1061(6A10g(p - po) (310g(p - po) + 1)
—23A+60) — 4(6log(p — po) (3Alog(p = po) (21og(p = po) +1)

~23A + 60) + 37A +60) + 45v/10A¢7 ) ) + O((p - po)"). (3.3.22)
A(p) = %log(p—po)
(p=po)* _ _ _ IR
+ (2(6Alog(p - po)(3log(p = po) (Alog(p - po)(3log(p - po) - 10)

12960
+7TA+60) -5(A+60)) + (1140 — 17TA)A + 5400)

+3A¢1 (2\/ﬁ(5(A +60) - 6log(p — po)(3Alog(p = po)(2log(p - po) = 5) + TA +60))
+15¢7 (2(6Alog(p = po)(3log(p = po) = 5) + TA +60)
#8061 (2V10(5 - 6log(p - po)) + 1561)) ) ) + O((p = po)"). (3:3.23)

Here, ¢; is an integration constant, and an additive integration constant is omitted in A
without loss of generality.

We note that the system of equations has a symmetry under the transformation ¢ - —¢.
Consequently, a new branch of solutions can be derived simply by changing the sign of ¢.

These solutions are characterised by singular behaviour at the end of space. Their in-
terpretation within the gravity theory remains unclear, and they lack a straightforward field
theory counterpart. In particular, we refrain from computing the spectrum of their fluctua-
tions, which would otherwise correspond to bound states in a putative dual theory, as such
an analysis may not yield meaningful information about observable quantities.

However, we will compute their free energy later. This computation reveals that for
certain parameter configurations, solutions from this class are energetically preferred over
the confining solutions. This finding anticipates a more detailed discussion later, where we
will need to restrict our physical interpretations of the confining solutions to a subset of the

parameter space.
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3.4 Mass spectrum of fluctuations

In this section, to study the fluctuations over the background, we focus on confining solutions.
For a given background solution in the gravity theory, we linearise the equations of motion
for small fluctuations around it. According to the gauge/gravity duality dictionary, as dis-
cussed in Section 2.1.4, the mass spectra resulting from the fluctuations of the bosonic fields
correspond to composite particles with spin-0, 1, and 2 in the dual confining field theory.

To carry out these calculations, we employ the gauge-invariant formalism that has been
developed and refined in several works, including Refs. [119-123]. This formalism is essential
for accurately capturing the spectrum of fluctuations and interpreting them in terms of phys-
ical particles and their properties within the context of the dual field theory. By focusing on
confining solutions and utilising this formalism, we aim to get insights into the nature of the
mesonic particles that would exist in the corresponding four-dimensional field theory.

The scalar fluctuations, a® = a®(q, p), are the starting point where ¢* is the four-momentum.

The equations of motion for these fluctuations are (see also Appendix A.2):
(22 + (49,4 - 9,3)8, - 2 2Ag?|a" — P A% = 0. (3.4.1)

As a result of having a simple sigma-model metric Gy, = diag(1, 6), in the ®* = {¢,x}
basis, the sigma-model connection is zero. This simplifies the equations of motion drastically,

leading to the expression for X%,

a 9 ab8(6_2XV6) 4 aa(e_zxvﬁ) ab 8(6_2XV6) d
X% =
¢ a<1>c(G gt | T304\ " g YT g O Ca
16(672XV6) a b
+Wap<b 3p<1) Gbc . (342)

The functions A, ®* = {¢, x}, and Vg appearing in this equation are taking their background
value.

By implementing the following boundary conditions, a discrete spectrum is obtainable:!

e 2X0,8°0,8G g,0,0°

. (3.4.3)

30,A
= [ —2p 2425 + 8,)(1)‘3( Vs 9,2Glap + s )] a’
Pi

30,4 oP

pi

One can satisfy the boundary conditions at the two boundaries simultaneously for just a

discrete set of choices for ¢?. Thus, the physical composite states in the dual field theory will

have a mass with M? = —¢%.

'There is an equivalent form for the boundary conditions of the scalars derived in Eq. (14) of Ref. [109]
and is more convenient for numerical methods.
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Now we move to the transverse and traceless tensor fluctuations, ¢*,, and the gauge-

invariant transverse polarisations of vector, x s, which obey the following equations of motion
[118]:

0- [ &% + (40,A - 8,%)0), - er_QAQQ] o (3.4.4)

0= P [ 02+ (20,A + 70,x)0, - eQX_ZAqQ] Xo - (3.4.5)

Here the projector is defined as P*¥ = pH¥ — q:—g”. Neumann boundary conditions are imposed
on the fluctuations of interest in the boundaries. This condition will enable us to compute
the spectrum of masses with M > 0 for the mesonic bound states in the dual field theory.

The spectrum is first calculated for finite values of p; and ps, and then extrapolated
towards the limits p; — p, and ps — +o00. More details for this method are provided in
works such as [117, 118, 123]. Another numerical strategy is also implemented, helping us by
improving convergence, by using UV and IR expansions of the fluctuations. In this method,
one decomposes fluctuations into subdominant and dominant modes. Utilising boundary
conditions to suppress the dominant modes, one matches the solutions to their asymptotic
expansions evaluated at finite positions of the boundary at pi 2.

This method requires higher order expansions in z, in the UV boundary, and p — p,, in
the IR. Nevertheless, it overcomes the necessity to solve the nonlinear equations for the back-
ground in the regions at large or small p—p, that are numerically challenging. This numerical
strategy adopted here has proven successful in studies like the Klebanov-Strassler system
[121] and its baryonic branch [110, 111]. Details of IR and an example of UV expansions for
fluctuations are provided in Appendix E.

As detailed in Ref. [124] and further discussed in Appendix B, the probe approximation
neglects the coupling of states to the trace of the energy-momentum tensor. This results in
the exclusion of the mixing effect among the dilaton field with other physical states. However,
this approximation fails to accurately predict the masses of states that strongly interact with
the dilaton field. When such states have low masses, they can be interpreted as approximate
dilatons. Thus, this approximation serves as a diagnostic tool for identifying approximate
dilatons within the spectrum. In this chapter, we specifically analyse the mass spectrum in
the probe approximation for the case where A = 5/2. This choice turns out to be particularly
interesting within the context of our study.

We compute the mass spectra of fluctuations numerically, and the results are reported in
Figs. 3.2, 3.3, 3.4, and 3.5, for some choices of A. For each A, states with spin-0, spin-1 and

spin-2 are presented. The spectra are normalised to the mass of the lightest tensor state. For
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each value of A, it is crucial to assess the convergence of the mass spectrum with respect to
the parameters p; and ps independently. This evaluation ensures that the results are reliable
and accurate, meeting a numerical accuracy goal.

In our numerical computations, we chose values of p; and ps2, where the dependence on
these cutoffs can be safely neglected within the desired accuracy threshold of 0.5%. Addi-
tionally, in our plots, we include the position of critical value ¢;(c) obtained from the study

of the free energy, which will be explained in the subsequent section.
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Figure 3.2. Mass spectrum of fluctuations on the background solution as a function of the IR
parameter ¢y, calculated for confining backgrounds, with different A. For each A, states with spin-0,
spin-1 and spin-2 are shown in blue, black and red, respectively. The IR and UV cutoffs are chosen
respectively as p; — p, = 107 and py — p, = 5. The masses are normalised to the mass of the lightest
tensor (spin-2) state. The critical value ¢;(c) is denoted by vertical dashed lines.
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Figure 3.3. Mass spectrum of fluctuations on the background solution as a function of the IR
parameter ¢y, calculated for confining backgrounds, with different A. For each A, states with spin-0,
spin-1 and spin-2 are shown in blue, black and red, respectively. The IR and UV cutoffs are chosen
respectively as p; — p, = 107 and py — p, = 5. The masses are normalised to the mass of the lightest
tensor (spin-2) state. The critical value ¢;(c) is denoted by vertical dashed lines.
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Figure 3.4. Mass spectrum of fluctuations on the background solution as a function of the IR
parameter ¢y, calculated for confining backgrounds, with different A. For each A, states with spin-0,
spin-1 and spin-2 are shown in blue, black and red, respectively. The IR and UV cutoffs are chosen
respectively as p; — p, = 107 and py — p, = 5. The masses are normalised to the mass of the lightest
tensor (spin-2) state. The critical value ¢;(c) is denoted by vertical dashed lines.
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Figure 3.5. Mass spectrum of fluctuations on the background solution as a function of the IR
parameter ¢y, calculated for confining backgrounds, with different A. For each A, states with spin-0,
spin-1 and spin-2 are shown in blue, black and red, respectively. The IR and UV cutoffs are chosen
respectively as p; — p, = 107 and py — p, = 5. The masses are normalised to the mass of the lightest
tensor (spin-2) state. The critical value ¢;(c) is denoted by vertical dashed lines.
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3.5 Free energy

The free energy density in our backgrounds can be calculated as:

: (3.5.1)

p2

F=- lim e4A—X(gapA+W2)

p2—>+00

where Wy = W for A < 5/2, and W = Wg for A > 5/2. This expression can be obtained
by using the results in Ref. [131]. The contributions from the bulk action after evaluation
of the equations of motion, and the contribution from the boundary terms are included in
the calculation. It is also essential to include the suitable UV-localised counter-term, W,
to remove the UV divergences and is required in the procedure of holographic renormalisa-
tion [43, 44, 150]. In order to evaluate a term defined at the IR boundary, p;, the conservation
law of Eq. (3.2.17) is used and enables us to evaluate the expression at ps (the UV boundary)
only.

For each choice of the parameter A, F is expressed in terms of the coeflicients that
appear in the UV expansion of the background. These coefficients are extracted by matching
the expansions to numerical solutions. It is essential to ensure that the results converge as
p2 = +oo.

Empirically, we find that for A <5/2, the free energy density is given by:

1
F = —EeMU*XU (16A (g N A) PPV — 75X5) , (3.5.2)

whereas for A > 5/2, retaining a sufficient number of terms in Wg to ensure the absorption

of all divergences, the free energy density is given by:

F =g (16(a-5) (2 - &) dsor - 75x ). (35.3)

We have explicitly verified that this expression accurately describes the free energy density

for all values of A examined in this work. For the special case of A =5/2, we have

_ 9 2.2
Wh=-2- -6 (1+5log(kz)), (3.5.4)

and the free energy density is given by

F= %64‘4”_’“] (20¢ JOV — 4d% + T5xs — 2005 log(k)) : (3.5.5)
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A residual scheme dependence is introduced by the logarithmic term, which is encapsulated
in the parameter k. In our subsequent analysis, we adopt k = A.
Building on the framework established in Refs. [131-133], we find it advantageous to

define a scale A using the approach outlined in [151]:
Al= /  dpeX(M-A) | (3.5.6)
Po

where p, is the end of space. While other choices for k are possible, selecting k = A aligns
with previous studies. This choice is particularly useful because it enables direct comparisons
between the confining and DW classes of solutions.

Consequently, we proceed by expressing all relevant quantities in units of this scale A.

Specifically, we define the rescaled free energy density

. F
and the rescaled source takes the form
5 oy;
¢5 = 35, (3.5.8)

Here, the dimension, Ay, represents the scaling dimension of the source related to the dual

operator with dimension Ay =5 - A ;. Therefore, we also define the rescaled condensates as

by = fAVV , (3.5.9)
05 = % (3.5.10)

For a background solution, the computation of the free energy proceeds as follows.

Initially, the background solution is matched to its UV expansions. This process deter-
mines coefficients such as Ay, xu, ¢J, ¢v, and x5. To impose constraints Ay = 0 = xy,
both the radial coordinate, p, and the definition of the function A(p), are additively shifted.
This adjustment ensures that the background solution meets these specific conditions. After
applying the shifts, all of the coefficients are recalculated to reflect the new configuration of
the background solution and implemented in the free energy expression.

Then, the scale A is computed for each background solution after the shifts in p and
A(p). Finally, the quantities of interest, including the rescaled free energy density and other
relevant parameters, are plotted. This allows for comparative analysis between confining and
singular DW solutions, and these are shown together for each value of A in the provided
plots. Examples of such plots are depicted in Figures 3.6, 3.7, 3.8, and 3.9.

By examining the figures, a consistent pattern emerges: For small values of the source,



Chapter 3. Phase transitions and light scalars in bottom-up holography 40

|q3 J|, the confining solutions minimise the free energy, F, in all cases. In contrast, the singular
domain-wall (DW) solutions are the solutions with the lowest F for larger values of the source.

A critical value |7 (c)| emerges, which corresponds to a critical point in the IR parameter
|¢1(c)|, marking a first-order phase transition. For |¢;| < |¢7(c)|, the confining solutions are
physically viable. However, for |¢;| > |¢7(c)|, the physical interpretation of the solutions
becomes uncertain, leading us to discard these regions of the parameter space. It is noteworthy
that we do not assert the physical realisation of the singular solutions themselves. Instead,
we acknowledge the possibility that another branch of solutions not explored in this study
could exist and dominate the long-distance dynamics.

Upon closer inspection of the figures, additional features become apparent. For A >
5/2, above a certain threshold value |¢(max)| > |¢s(c)|, no singular and confining solutions
exist. This observation aligns with our earlier understanding that for large |¢s| > |¢s(c)],
another branch of solutions must exist, potentially in a more complete theory. Therefore, this
outcome is not unexpected and is consistent with similar findings in the analysis of top-down
holographic models as reported in Refs. [131-133]. Interestingly, this feature is absent for
A < 5/2, where confining and singular solutions persist across all ranges of |¢].

In thermodynamics, stability considerations often rely on concavity theorems applied
to the free energy functional dependence on specific parameters of the theory. However,
applying such arguments directly to our current context is challenging due to divergences and
scheme dependencies present in holographic models (see also Ref. [152] for related discussions).
Therefore, one should be cautious in interpreting stability solely based on thermodynamic
analogies.

Nevertheless, upon comparing Figs. 3.6, 3.7, 3.8, and 3.9 with Figs. 3.2, 3.3, 3.4, and 3.5,

several observations can be made:

e A tachyonic mode appears in the spectra of confining theories for values of A > 1.8, but

this occurs only within a specific range of the parameter ¢;.

e The region of parameter space where the tachyon appears consistently lies beyond the

phase transition point.

e There exists a parameter space region where the mass of the lightest scalar is signifi-
cantly small, particularly near the point where it becomes tachyonic. Importantly, this
phenomenon occurs exclusively beyond the phase transition, where confining solutions

are probably metastable.
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Figure 3.6. The free energy density F for different choices of A as a function of the source parameter
¢s. Quantities are reported in units of the scale A. The plots feature confining solutions represented
by the black curve, alongside singular domain-wall solutions plotted in red and blue.
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Figure 3.7. The free energy density F for different choices of A as a function of the source parameter
¢s. Quantities are reported in units of the scale A. The plots feature confining solutions represented
by the black curve, alongside singular domain-wall solutions plotted in red and blue.
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Figure 3.8. The free energy density F for different choices of A as a function of the source parameter
¢s. Quantities are reported in units of the scale A. The plots feature confining solutions represented
by the black curve, alongside singular domain-wall solutions plotted in red and blue.



Chapter 3. Phase transitions and light scalars in bottom-up holography

T =5

10

T 5

T -5

10

oy}

A=175

44

—0

5

A =185

10

=Ty

_5

A =195

10

—10

5

10

oy

Figure 3.9. The free energy density F for different choices of A as a function of the source parameter
¢s. Quantities are reported in units of the scale A. The plots feature confining solutions represented

by the black curve, alongside singular domain-wall solutions plotted in red and blue.
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3.6 Summary

Our numerical results are summarised in Table 3.1. For selected values of A, we present
critical parameters such as ¢(c) (source) and ¢;(c) (IR asymptotic value of ¢), along with
the mass of the lightest scalar, M(c), near the phase transition which is normalised by the
mass of the lightest tensor. Additionally, we include values of the condensates in the dual
field theory: qgv(c) and Y5(c). Fig. 3.10 displays the mass spectrum and free energy for the
A =5/2 case, while Fig. 3.11 shows the mass spectrum computed at ¢;(c) for various A.

In summary, our model allows for a comprehensive study of the spectrum and free energy
across different values of the parameter A, which corresponds either to the dimension of the
coupling deforming the dual CFT or to the related condensate. We focus on non-singular
backgrounds for each A, ensuring the dual field theory features a mass gap and discrete
spectrum of bound states. These regular solutions in five-dimensional gravity lift smoothly
to six dimensions with a finite radial endpoint p > p,. Termed “confining” solutions for their
behaviour, they undergo a first-order phase transition for 0 < A < 5, imposing an upper bound
on the source qg J associated with the scalar field ¢. At large deforming parameters, singular
domain-wall solutions in six dimensions become energetically favoured over the regular ones
despite their singularity. For A > 1.8, the mass spectrum exhibits a tachyon, yet this only
occurs in an unphysical region far beyond the phase transition. In the physically meaningful
parameter space, all fluctuations have positive M? > 0 and are not parametrically light.

Examining Figs. 3.2, 3.3, 3.4, and 3.5, we observe that the mass of the lightest scalar
state decreases as the source, qAS J, approaches its critical value. Thus, the minimum mass
M(c) of the lightest scalar is found in close proximity to the transition point. For each A,
we precisely compute the mass spectrum of bound states at the phase transition, detailed in
Fig. 3.11.

An interesting finding is that the mass of the lightest state exhibits a minimum near
A =5/2, where its mass is approximately one-third of the lightest tensor mass. The top panel
of Fig. 3.10 illustrates the mass spectrum computed in the probe approximation, highlighting
significant deviation from the actual mass of the lightest scalar for large |¢;|. In such cases, the
lightest scalar particle exhibits overlap with the dilaton [124], albeit this occurs only within
metastable or tachyonic regions of parameter space. Conversely, the probe approximation
accurately reflects the mass of the lightest scalar in the physical region where |¢;| < |¢7(c)|.

Additionally, the summary plot reveals a discontinuity precisely at A =5/2 (as is visible
in the inset of Fig. 3.11). The mass of the scalar at A =5/2 closely matches those obtained
for A >5/2 and represents the absolute minimum of this mass across all studied values of A.
However, the series of masses for A < 5/2 converges to a slightly higher value. The reason

behind this second feature remains unclear, underscoring the inherent numerical challenges in
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Figure 3.10. Mass spectrum of fluctuations on the background solution as a function of the IR
parameter ¢y, calculated for confining background, with A = 5/2. States with spin-0, spin-1 and
spin-2 are shown in blue, black and red, respectively (left panel). The plot also includes the scalar
states in the probe approximation shown in orange. The IR and UV cutoffs are chosen respectively
as p1 — po = 107 and py — p, = 5. Every mass is normalised to the mass of the lightest tensor (spin-2)
state. The free energy density F for A =2.5 as a function of the source parameter qg 7 (right panel).
Quantities are reported in units of the scale A. The plot features the confining solution represented by
the black curve, alongside singular domain-wall solutions plotted in red and blue. The critical value
¢1(c) is denoted by vertical dashed lines in the left panel, derivable from the right panel.

our analysis. Nonetheless, this discontinuity is a minor effect compared to the more significant

finding that the mass of the lightest scalar is minimised at A = 5/2.
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Figure 3.11. Mass spectrum of fluctuations on the confining background solution calculated at the
critical ¢;(c) as a function of A, calculated for confining backgrounds. States with spin-0, spin-1 and
spin-2 are shown in blue, black and red, respectively. The IR and UV cutoffs are chosen respectively
as p1 — po = 107 and ps — p, = 5. The masses are normalised to the mass of the lightest tensor (spin-2)
state.
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Table 3.1. Summary table. For each A, the critical value of the normalised source gz§ J(c) is reported
at the phase transition point. The critical value for ¢;(c), and the mass M(c) of the lightest scalar
state at the transition (all normalised in terms of the mass of the lightest tensor state for the same
set of parameters) is also stated. We present the value of the ¢y (¢) and ¥5(c), in addition.

A 0@ | e | M@ || sl | wl)
0.50 2.373 1.89 0.571 -0.063 -0.176
1.00 1.149 0.845 0.553 -0.208 -0.328
1.50 0.990 0.567 0.512 -0.369 -0.368
1.70 1.010 0.494 0.482 -0.471 -0.377
1.75 1.022 0.477 0.473 -0.504 -0.380
1.80 1.038 0.459 0.464 -0.539 -0.382
1.85 1.059 0.442 0.455 -0.579 -0.384
1.90 1.084 0.424 0.446 -0.625 -0.386
1.95 1.115 0.407 0.436 -0.677 -0.388
2.00 1.153 0.388 0.427 -0.736 -0.390
2.25 1.567 0.281 0.385 -1.276 -0.401
2.30 1.756 0.254 0.379 -1.496 -0.403
2.35 2.045 0.223 0.374 -1.821 —-0.405
2.40 2.554 0.186 0.370 -2.371 -0.408
2.45 3.748 0.136 0.367 -3.618 -0.410
2.49 8.750 0.063 0.368 -8.691 -0.412
2.499 27.82 0.020 0.369 -27.80 -0.413
2.50 -0.295 0.107 0.359 0.439 -0.411
2.501 147.3 0.107 0.359 -147.2 -0.411
2.51 14.79 0.107 0.362 -14.69 -0.411
2.55 3.001 0.108 0.372 -2.899 -0.411
2.60 1.528 0.108 0.384 -1.426 -0.411
2.65 1.038 0.108 0.397 -0.935 -0.411
2.70 0.793 0.109 0.409 -0.689 -0.411
2.75 0.647 0.109 0.421 -0.542 -0.411
3.00 0.358 0.113 0.481 -0.246 -0.411
3.50 0.225 0.127 0.586 -0.068 -0.411
4.00 0.189 0.150 0.616 -0.102 -0.410
4.80 0.136 0.204 0.620 -0.179 -0.410
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Chapter 4

Toward minimal composite Higgs
models from regular geometries in

bottom-up holography

In this chapter, we introduce a new bottom-up holographic model of the SO(5)/SO(4)
symmetry-breaking pattern essential for minimal CHMs. This model extends the simpler
version in Chapter 3, previously studied in Ref. [5], employing similar background geome-
tries. While the previous chapter primarily identifies parameter space regions crucial for
understanding the physics of the dilaton following the programmatic approach outlined in
Refs. [126-128, 131-133], our focus in this chapter and the subsequent one is to explore the
potential of PNGB states obtained from the SO(5)/SO(4) coset for constructing CHMs.

We will make use of holography to study our model. Earlier applications of similar holo-
graphic methods are the holographic description of confinement phenomena [32, 153-155],
the glueball (composite) mass spectra calculations [109-111, 114-117, 119-123], masses of
mesons [112, 113, 156-158], and the study of chiral symmetry breaking [159-161]. Embed-
ding realistic models to achieve the low-energy theories usable for CHMs in string theory and
supergravity is very challenging. A top-down study towards a CHMs within SO(5)/SO(4)
coset has been done in [162]. Other bottom-up approaches to holography for the minimal
SO(5)/SO(4) coset has been developed in Refs. [163—-170]. Other CHMs have been investi-
gated that are also suitable for lattice explorations [171-174].

Here, we first review the key aspects of the model discussed in Chapter 3. The model
involves a single scalar field coupled to gravity in six dimensions, where the scalar dynamics
are governed by a polynomial potential. A free parameter within the potential determines the
dimensionality of the operator or deformation in the dual interpretation of the model in five-
dimensional field theory. Additionally, one of the spatial dimensions in this six-dimensional
spacetime is compactified into a circle, with its size decreasing along the holographic direction.

This geometric configuration leads to a smooth termination of space in the regular geometry.
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In the dual field theory interpretation, this compactification effectively introduces a mass gap
akin to what is observed in confining theories.

In this chapter, we promote the scalar field to an SO(5) vector multiplet. This SO(5)
is gauged within the framework of six-dimensional gravity compactified on a circle. We pick
the R¢ gauge, following the approach in Ref. [118], and calculate the mass spectrum for the
new states with SO(4) quantum numbers. Central to our approach is the identification of the
single scalar field from Section 4.1.1 with the modulus of the SO(5) vector multiplet. This
identification ensures that both fields obey the same equations of motion and enables us to
consider the previous classical background solutions. As a result, in the dual field theory, a
global symmetry breaking pattern SO(5) - SO(4) emerges.

While our primary interest lies in CHMs, we describe the theory in isolation in this chap-
ter. We refrain from coupling it to external weakly-coupled elementary fields, deferring this
mission to the next chapter. Remarkably, we find that within certain parameter regimes,
in a metastable region, the spectrum includes parametrically light PNGBs alongside a light
pseudo-dilaton, though not parametrically light. This observation suggests the necessity of
incorporating a dilaton into the low-energy description of the theory [11, 12, 58]. Even when
considered independently, the appearance of a dilaton field carries important phenomeno-
logical applications, explored extensively in the literature such as Refs. [62-72, 130], and
references therein.

The chapter is structured as follows. We introduce the model in Section 4.1 and discuss
the relevant classical solutions making use of key findings from Chapter 3. Subsequently, in
Section 4.2, we analyse the mass spectrum of the states, especially states with SO(4) quantum
numbers. We investigate these findings compared with the singlet states, exploring the three-
dimensional space of parameters in the model. Technical details necessary for replicating our

primary results are transferred to appendices.

4.1 The model

In this section, we outline the gravity description of the model under analysis, which is related
to the one studied in the previous chapter. The gravitational dynamics in D = 6 dimensions
are governed by a two-derivative bulk action, where gravity is coupled to a real scalar field
X charged under a gauged SO(5) symmetry.

To regulate the system, we introduce two boundaries positioned at p = p; and p = p2 along
the radial direction. Consequently, the action needs appropriate boundary-localized terms.
It is important to note that these boundaries serve solely as regulators; physical predictions
are obtained by going to the limit where the boundaries are removed.

In the bulk description, the gauged SO(5) symmetry faces a spontaneous breaking to
SO(4) due to the non-zero VEV of the field ¢ = VXTX. This field ¢ corresponds to the
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scalar field discussed in Chapter 3. The assumed dual field theory possesses a global SO(5)
symmetry, which corresponds to the SO(5) in the bulk. The breaking of this symmetry is
normally understood as a combination of spontaneous and explicit breaking, influenced by
the coupling and VEV of the operator dual to the ¢ field. In our study of the bulk section, we
choose the R¢ gauge, following the methods and notation outlined in Ref. [118]. This gauge
choice necessitates the inclusion of both bulk and boundary terms, although specific details

are omitted in this section.

4.1.1 The six-dimensional action

The model D = 6 dimensions is an extension to the Eqgs. (3.2.1-3.2.3). The field content is the
metric, scalar fields, X, furnishing the 5 of the gauged group SO(5), and AMaﬂ which are
the SO(5) gauge fields. The index M = 0,1,2,3,5,6 is our space-time index while the Greek
indexes o = 1,---,5 mark the components of the 5 of SO(5). The matrices t* (A = 1,---,10)

are the generators of SO(5) and normalised as Tr(tAtB ) = %5’43 . Hence, the action reads

86 = Sébmk) + Z 8571‘, (411)
=12
Sbuk) _ [ 46 —|Re 1. un p-\'D.x PO MPNQE
6 = V=96 59 (DyX)" DX —Ve( )—5 1"[9 9 F N pQ] :
(4.1.2)

S10= O [ ST S a0 i) |

Sébulk)

, (4.1.3)
P=pi

which contains a bulk part, , and two boundary actions, Ss;, chosen to be localised at
the two boundaries of the radial coordinate p; < p < pa. The quantity gg is the determinant
of the six-dimensional metric, gy, 5, with mostly plus signature. The Ricci scalar in 6D is
Re. The extrinsic curvature, K, depends on the induced metric on the boundaries, § v and
appears in the GHY term for the boundary actions.

The convention for the covariant derivatives is
(DMX)a = 0y, Xa +ig Ay P X5, (4.1.4)
with the field-strength
Firna’ =2 (a[MAN]aB +i9A[Ma”AN]f) : (4.1.5)

Here the comutator is defined as [ninz2] = %(nlng —ngny) with the coupling g as a free

parameter.
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The bulk potential, Vs(&X'), and the the boundary potentials, \;(X’), are assumed to be
invariant under SO(5), and thus depend only on the single variable ¢ = VXTX. Following
the approach in Ref. [5], we adopt the specific form of Vg(¢), which is expressed in terms of
W superpotential (this is chosen for convenience though the model is not supersymmetric).

The potential is given by

1 aWG 2 5 2
- _Z 4.1.
Ve 2;(6)@) 478 (4.1.6)
with the superpotential defined as
We 5—2—%XTX = —2—%& (4.1.7)
Hence A A A2
Ve = -5 - (5= )¢>2—5 Pt (4.1.8)

2 16

4.1.2 Dimensional reduction

The coordinate 0 < n < 27 is chosen to parametrise the compact circle. The metric, after

reduction to five dimensions, is written as
2
ds? = e 2Xda? + % (dn+ XdeM) , (4.1.9)

where the space-time index is chosen as M = 0,1,2,3,5. The five-dimensional metric is

assumed to be of the domain-wall form

ds? =dr? + eZA(T)dxig = 2P gp? + 62A(p)da:i3 . (4.1.10)
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Thus, the reduced action reads

S5 =S 1 S 5,4, (4.1.11)
i=1,2
Sébulk):/‘d% 7 %

1 5 10
- 5gMN [GaMXaNX + 3 (D X)), (DNX)o + e XS (DarAs) (D Ag)™
a=1 A=1

1 1
—e WXy - 5926_8XXTA%X - TGeBXgMPgNQF]E}J)VF](fg
1
- §€2X Tr [gMF gV e Frn Frq]
—gMN(ig)XMXTAgDNX - 262XgMNgOPXM Tr (FnoDpAg)

1
—§g2gMNXMXNXTA§X + eQXgMPgNQXMXN Tr (DpAsDgAs) (4.1.12)

_QQXQMNQPQXMXNTT(DPA(SDQA(‘)) ,

Si=() [ d‘*w—_g{% L) + e-sz(x)} (41.13)

p=pi

Here, g5 is the determinant of the five-dimensional metric, gasn, with the induced metric on
the boundaries gpsny. Also, R is the five-dimensional Ricci scalar, alongside K, the extrinsic
curvature. The form F]E/;(J)V = Oy xN — OnXar is the field strength for the vector x,s. Since
we want to produce solutions that lift to geometries in six dimensions with a circle shrinking
smoothly, the functions f; in the six-dimensional theory must depend explicitly on the x field.
The notation Ag = A4 is defined, where A% is a scalar in the adjoint of SO(5). This scalar
is obtained from the sixth component of the gauge field in the six-dimensional theory.

We concentrate on the background solutions that Ag = 0, Ay = 0, xar = 0, although
gMN, Xa, and x have a non-trivial profile that depends only on the radial coordinate. The

equations of motion for background fields are

Ve

0o+ (40pA = 0px)0p o= 52 (4.1.14)
YV
Opx + (40,4 = 9,X)0px = = (4.1.15)

1
3(9,A4)% - 500Xa0pXa - 3(9,x)* = Vs, (4.1.16)
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and boundary conditions

i ;
(3an_8 ) =0, (Gapx+)‘z+fz_af) =0, (§8pA+)\Z+fz) =0.
aXa ) aX ) 2 )
p74 p74 pz
(4.1.17)
If f; =0, the solutions lift to domain walls in six dimensions, with
A=A-x=3x. (4.1.18)

The solutions of our interest introduce a non-trivial background profile for the ¢(p)
field, hence breaking the SO(5) symmetry to SO(4). We decompose X, in accordance with
irreducible representations of SO(4) as 5 = 1 @ 4. This defines ¢ and 7 fields respectively.
One has

X =exp [2mAtA] 60Xy,  Xy=(0,0,0,0,1)T, (4.1.19)
with the chosen decomposition
B _ A(A A(A
Agro” = At (#4) P+ Ay (1Y) P - (4.1.20)

Here the broken as well as unbroken generators of SO(5) with respect to X are denoted by
A (A=1,--,4) and A (A =5,---,10) respectively. A representation for the basis of generators
is provided in Appendix C with the normalisation conditions Tr(tAtB ) =0, Tlr(t“itB ) = %5’2”% ,
and Tr(tAtB) = %5;‘3.

Since potentials A\;(¢) in the boundary are SO(5) invariant, the X, boundary conditions
in Eq. (5.5.12) simplify as

8>‘z Xa . A, A
0= ([ap¢ -5 ]? " 228p7rA(tA)aﬂX5) ~ (4.1.21)
and solved by requiring
8)\i A
0,0, = 36 b 9,1, = 0. (4.1.22)

With these boundary conditions, one can choose background solutions with 7A = 0, without

loss of generality. The only non-trivial background functions will be A, ¢ and x.
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4.1.3 Truncation to quadratic order

As ¢, A, and x are the primary non-trivial functions in the background, we can simplify the
reduced action further by expanding the other scalar and gauge fields and keeping the expan-
sion at quadratic order. This approach respects the same classical solutions while retaining
sufficient information to compute the linearised equations of motion for the fluctuations in
all fields.

Besides ¢, x, and gprn, the other degrees of freedom are kept as perturbative degrees of

freedom; hence the 5D action truncated at the quadratic order is

5O - kD | S g, (4.1.23)
i=1,2

where the bulk action reads as

" R 1 a a
55(b 1k,2) =fd5$ _95{Z _ 5gMNGaban) IND® — V5(D%)

~ 19MNG£>3M¢(0)¢18N¢(0)12 B %mg)z@(o)aq}(o)b

2
1 1
- igMNGSéHE\})AHﬁ)B - ZQMOQNPHI(;]%FMNAFOPB}y (4.1.24)

while the boundary terms are

Si= () [ de/G{ S w0+ i) (4125

p=pi

Two scalars & = {¢, x} can be considered as a sigma-model coupled to gravity where D =5
and sigma-model metric is G5 = diag(1, 6), with the potential Vs(¢,x) = e >Vs(¢). The

non active scalars ®(0 = {Ag_‘, Aé} have their sigma-model metric as

-6y
GO [ £ Iexs (4.1.26)
‘676X14x4
and mass matrix
m®% [ Lo (4.1.27)
5 - 1.
g ‘}@26 X1 g
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The field strengths for the 1-forms Va2 = {xu, AMA,AMA} are Fy 3 = 28[MVN]A, and

Ze
HD = X g6 , (4.1.28)

2
e“X 14x4

while HE\}[)A = {0,0,8]\47#21 + %AMA} which are a combinations of derivatives of the vectors

and pseudo-scalars chosen to be gauge-invariant. Finally we have

G = | 0g : (4.1.29)

? 14nq

By the choices made here, the details of the background solutions are the same as so-
lutions discussed in Section 3.3; hence, we avoid repeating the details and use the same

parametrisation mentioned there.

4.2 Mass spectrum of fluctuations

Chapter 3, based on Ref. [5], presented the spectrum of fluctuations for the SO(5) singlet
sector. The fluctuating variables for the fields ¢, x and metric are represented, respectively,
by a®, aX, and e. The fluctuations associated with ya; are denoted by v. Building on
the same background solutions, we investigate the additional fields that transform under
SO(5) multiplets: A4 Agi, Af/l, Af;[, and 4. These additional fields do not acquire VEVs,
ensuring they do not mix with components of the metric. However, due to the presence of
SO(5) gauge symmetry in the bulk, we adopt the R, gauge to compute the spectrum of their
fluctuations. To ensure gauge invariance and identify physical combinations, we follow the

formalism developed in Ref. [118] (also see Ref. [162]). The gauge-invariant combinations of

fluctuating fields are named as a?, a, v4, v

, b and pA, respectively.
We focus on the SO(5) multiplets and their corresponding equations of motion, avoiding

a repetition of details discussed in Chapter 3. The equations can be summarised as follows:
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0 =02+ (40,A-70,x) 9, - e2X2Aq2]u¢, (4.2.1)
[ 2 92¢2 2y-24 2| x

0= |05+ (40,A=T0,x) 0, - =~ —e ¢ |a¥, (4.2.2)

0=|05+ (20,4 + 0,x)0, - 62"2Aq2]t1‘4 : (4.2.3)
- 92¢2 .

0=]02+ (20,4 +0,x)0, - - eQX_MqQ]nA : (4.2.4)
- 20 2.2 .

0=102- (2@,,4 +dpx + qf‘b) - % - e2X2Aq2]pA : (4.2.5)

where ¢* is the four-momentum and ¢ = Nuwq"q”.

The solutions of the linearised equations are studied numerically for p; < p < po, with
p1 > po- The process is performed using the IR and UV expansions described in Section 3.4.
The boundary conditions for the scalars a® and aX are Dirichlet at both boundaries, p = p;
and, p = py namely, a®X| p; = 0. The vectors v and b4 obey Neumann boundary conditions,
8PUA7A| p; = 0. The pseudoscalar pA is chosen to have Dirichle boundary conditions at p = p;
but Neumann for p = py [162, 173]. See Appendix E for the relevant IR and UV expansions.
In Chapter 5, we will discuss how the conditions are altered by the introduction of other
non-trivial boundary terms in the action which will generate the coupling of the theory to
other external fields.

To discuss our new findings and interpret them properly, it is essential to clarify the
physical significance of the parameters ¢; and g. The parameter ¢; governs the magnitude
of SO(5) symmetry-breaking effects. Interestingly, in spite of ¢ satisfying a second-order
nonlinear differential equation, the requirement for geometric regularity at the end of space
imposes a non-trivial relationship between the two free parameters typically found in a con-
fining solution. Specifically, these parameters can be associated with coefficients like ¢; and
¢y in UV expansions, which relate to explicit and spontaneous symmetry breaking in the
corresponding field theory.

Numerical investigations in Section 3.5 illustrate that for 0 < A < 5, there exists a critical
value ¢r(c). When ¢; > ¢7(c), an alternative classical solution should emerge with a lower
free energy for the same source value. This observation indicates the presence of a phase
transition. In our presentation, we choose ¢; = ¢;(c) in the plots as this case minimises the
mass of the lightest scalar state.

Self-coupling strength of the bulk gauge fields is the g parameter. It plays a role in

determining how composite vector mesons couple and decay into two PNGBs within the
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effective description of the dual field theory. However, it is useful to clarify these statements
within the notational conventions adopted. A multiplicative factor of 2/x? is omitted in the
action Sg. For our purposes in this paper, where we focus on solving classical background
equations and linearised fluctuations around these backgrounds, the factor 2/x? acts as an
overall scaling factor that does not affect the final results. These classical results remain exact
in the limit where x — 0, with g and ¢ held fixed. Approaching the classical regime can be
calculated by perturbative corrections in terms of loop diagrams, assuming g is not large. A
rough upper bound estimation suggests ;’g;—iz «< 1 [175].1

We present examples of mass spectra in Figs. 4.1 and 4.2 for different choices of A where
A< g and A > g, respectively. For each selected value of A, we provide two plots: one with
fixing g = 5 and varying ¢ and second with fixing ¢; = ¢7(c) and varying g. In these plots, all
states of the system are depicted, differentiated by colour and marker shape corresponding
to different SO(4) representations. Additionally, we include results for SO(5) singlets for
completeness and to highlight their physical role. Further numerical results can be found in
Appendix C of [6].

For any given values of A, we observe that the masses of the axial vectors, which transform
as 4 under SO(4), are consistently larger than those of the vector states, and this difference
increases with g. Additionally, the mass of the lightest PNGBs also increases with g. For
¢ variation with A <2 and with fixed g, we find that the mass of the spin-0 states, which
transform as 4 under SO(4), increases with ¢;. In field-theory dual, in this region of parameter
space, the explicit symmetry breaking effect dominates over the spontaneous breaking effect,
and these states cannot be considered as genuine PNGBs contrary to their quantum numbers.
Conversely, for A > 2.5, we observe that the mass of the lightest spin-0 states transforming
in 4 of SO(4) can be made arbitrarily light by going to the larger values of ¢;. However, the
critical values of ¢; where this occurs are very small, often leading to tachyonic regions in the
spectrum. In conclusion, across all values of A and g, if we confine our analysis to the stable
region of parameter space where ¢; < ¢r(c), we find no evidence that the masses of PNGBs
are suppressed.

A novel observation arises when we focus on the regime where 2 < A < 2.5. Previous
work in Ref. [5], described in Section 3.4, identified a metastable region of parameter space
characterised by large values of ¢;, where the lightest scalar state is identified as a dilaton. In
our study, we additionally find that the PNGBs transforming as 4 under SO(4) are also light
in this parameter region, having suppressed masses compared to other bound states. This is
observable in the bottom-left panel of Fig. 4.1.

To further illustrate the capability to tune the masses of these states to be arbitrarily

'The second Casimir of the adjoint representation Cz2(Adj) = 3 for SO(5) determines the factor of 3 in
this expression; for SU(N.), it is C2(Adj) = Ne.
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small relative to the typical mass scale of other bound states, represented by the mass of
spin-2 particles, Fig. 4.3 provides detailed information for A = 2.35, A =2.40, and A = 2.45.
The left panels of the figure illustrate the dependence on g of the spectrum for a fixed choice
of ¢; = 3, which falls within the parameter space region where both a light dilaton and a set
of light PNGBs in the 4 representation of SO(4) coexist.

While we previously identified metastable confining background solutions for large values
of ¢7, we present here three expanded and detailed plots that demonstrate the near-degeneracy
of the free energy with another branch of solutions. The right panels of Fig. 4.3 display the
holographically renormalised free energy, F , as a function of the source, é 7, appropriately nor-

malised. These plots expand upon those presented in Section 3.5, derived from the following

relations:
1 ya. 5
T (16A (5 - A) PsPv - 75X5) ; (4.2.6)
Atz [Tapexm-Ae) (4.2.7)
Po

with the rescaled F = F/A® and gZ;J = QSJ/AA. In the plots, choosing ¢; = 3 lead to confining
solutions with parameter g[ﬁj = 6.78 for A = 2.35, QgJ = 6.83 for A = 2.40, and qgj = 6.88 for
A = 2.45. The plots illustrate not only the confining solutions but also the analysis of free
energy for (singular) solutions that respect five-dimensional Poincaré invariance, providing a
graphical comparison. Specifically, they demonstrate that for ¢; = 3, as shown in all three
examples here, the confining solutions do not have minimal free energy. As ¢; becomes
large, these metastable solutions could potentially have a long lifetime. The question of
whether regions of parameter space exist that could support the construction of a viable
CHM that relies on the presence of a long-lived metastable vacuum is important and needs
further dedicated investigation. The model may also have other interesting phenomenological

implications, that are valuable for improving in the future.
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Figure 4.1. Mass spectrum of fluctuations as a function of the IR parameter ¢; with g = 5 (left),
and as a function of parameter g for ¢; = ¢r(c) (right), calculated for confining backgrounds, for
different A choices. For each A, states with spin-0 scalar, spin-0 pseudo-scalar, spin-1 and spin-2 are
shown in blue, purple, black and red, respectively. The IR and UV cutoffs are chosen respectively as
p1—po =107 and ps - p, = 5. Disks represent singlets of the unbroken SO(4), reported in Section 3.4,
diamonds are the 6 of SO(4), and crosses represent the 4 of SO(4). Every mass is normalised to
the mass of the lightest tensor (spin-2) state. As the singlets masses are independent of g, we do not
show them in the right panels that contain only the non-trivial multiplets charged under SO(5). The
critical value ¢;(c) is denoted by vertical dashed lines.
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Figure 4.2. Mass spectrum of fluctuations as a function

of the IR parameter ¢; with g =5 (left),

and as a function of parameter g for ¢; = ¢r(c) (right), calculated for confining backgrounds, for
different A choices. For each A, states with spin-0 scalar, spin-0 pseudo-scalar, spin-1 and spin-2 are
shown in blue, purple, black and red, respectively. The IR and UV cutoffs are chosen respectively as
p1—po =107 and ps - p, = 5. Disks represent singlets of the unbroken SO(4), reported in Section 3.4,
diamonds are the 6 of SO(4), and crosses represent the 4 of SO(4). Every mass is normalised to
the mass of the lightest tensor (spin-2) state. As the singlets masses are independent of g, we do not
show them in the right panels that contain only the non-trivial multiplets charged under SO(5). The

critical value ¢;(c) is denoted by vertical dashed lines.
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Figure 4.3. Mass spectrum of fluctuations on the confining background solution for A =2.35 (top),
A =2.40 (middle), and A = 2.45 (bottom), with ¢; = 3 as a function of g (left), and free energy, F,
as a function of the normalised source parameter qg s (right). For each A, states with spin-0 scalar,
spin-0 pseudo-scalar, spin-1 and spin-2 are shown in blue, purple, black and red, respectively. The IR
and UV cutoffs are chosen respectively as p1 — p, = 107 and ps — p, = 5. Disks represent singlets of the
unbroken SO(4), reported in Section 3.4, diamonds are the 6 of SO(4), and crosses represent the 4 of
SO(4). Every mass is normalised to the mass of the lightest tensor (spin-2) state. The critical value
¢1(c) is denoted by vertical dashed lines. Normalised free energy, f and normalised source, ¢ J, are
discussed in Section 3.5. For the confining branch, we mark the regions of the curve with black for
stable, grey for metastable, and dashed black for tachyonic parts; singular solutions are plotted in red
and blue. The solutions with ¢; = 3 are denoted by the black dots on the right panels.
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Chapter 5

Holographic Vacuum Misalignment

In this chapter, we will take our final step towards a holographic composite Higgs model. One
of the important goals of the composite Higgs models is keeping the scale of new physics, de-
noted as f, considerably higher than the electroweak scale v. The dynamics of strong coupling
should lead to this little hierarchy, where small destabilising perturbations of the vacuum arise
due to perturbative weak interactions with an external sector. As we will describe in more
detail, and as mentioned in the Ref. [176], the electroweak scale is suppressed by the so-called
vacuum misalignment angle, 6 ~ v/f << 1 — see Section 5.1 and also Section 2.2.1 of Ref. [28]
and related references. In this case, the constraints imposed by phenomenology can be met
with a relatively modest suppression of 6, requiring only mild parameter tuning. However,
calculating 6 based on first principles needs non-perturbative treatment.

In this chapter, we advance the development of a minimal holographic CHM. Our moti-
vation stems from the requirement of building a foundational groundwork in formalism before
undertaking the ambitious task of embedding holographic CHMs within a rigorous top-down
holographic context. This simpler work is essential to ensure that subsequent model-building
and phenomenological studies are based on a firmer theoretical framework. In the following
subsections, we discuss the basics of vacuum misalignment and also why this preparatory
work is necessary. Our focus here is on refining and testing the formalism using a bottom-up
model. The simpler model we develop encapsulates many of the important aspects of the

CHM scenario and stands independently as a valuable model in its own right.

5.1 Vacuum misalignement

To review the vacuum misalignment phenomenon, following Ref. [26], we assume a new sector
alongside the SM gauge fields and fermions, characterised by a global Lie group symmetry
denoted as G. This sector, referred to as the “composite sector,” aims to tackle the naturalness
problem through the mechanism of dimensional transmutation (see Section 2.2.1), which is
similar to QCD-like confining theories. In this scenario, we consider a strongly interacting

composite sector where the vacuum state, in case of no explicit breaking, has an invariance
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only under a subgroup H c G. This leads to a spontaneous breaking G — H, resulting in a set
of massless NGBs living in the coset G/H. The subgroup H is normally assumed to include
the electroweak group Ggw = SU(2)p x U(1)y. In the case of our work, for simplicity, it
will contain a larger SO(4) group, which will be gauged at a later stage. Yet, the process is
extendable to the desired EW group. The group G should be sufficiently large to accommodate
at least one Higgs doublet within the coset G/H, crucial for generating masses of SM fermions
and gauge bosons via the Higgs mechanism.

To analyse this system rigorously, we begin by establishing a reference coordinate in
the Lie algebra of G. This involves selecting a basis of linearly independent generators T4
and dividing them into “unbroken” and “broken” sets denoted by A=a=1,...,dim[H] and
A=a=1,...,dim[G/H] indices, as expressed by the decomposition:

(T4} = {T°, 0%} . (5.1.1)

The {T°}s are the generators of the subgroup # algebra. The F vector is chosen as a reference
vacuum configuration for the composite sector that represents one of the degenerate vacua,

among other choices. It is defined by
T°F=0, O %0. (5.1.2)

Here {©%F} are linearly independent vectors over the reals.

Note that Eq. (5.1.1), and hence Eq. (5.1.2), represents a conventional selection of the
reference framework within the G algebra. For the isolated composite sector exclusively,
where G manifests as an exact symmetry, no specific direction holds preference. Normally,
different embeddings of H subgroup into G, achieved by applying G elements to Eq. (5.1.1),
are equivalent. Yet, in our construction, G will finally be broken by relating some of its
generators with the generators of the EW group. It is advantageous to select the reference
direction so that H includes all generators of the EW group. Indeed, the Wﬁ’Z’?’ and B,, fields
from SM, which gauge the Ggw group, will couple to certain global currents associated with
{T%} and not the broken {©%}. This defines our choice of the {7} set and the reference
vacuum F.

The NGB fields manifold is parametrised by {©%} generators and we do a field definition
as

B(z) =" @O (5.1.3)

The four real components of one Higgs doublet, along with potentially other scalars from an
expanded Higgs sector, can be extracted from the 6; fields. When a Higgs field acquires a
VEV, it ultimately breaks Ggw down to the EW group, analogous to the SM. To study this
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Figure 5.1. A diagram presenting the vacuum misalignment concept, in the example for G = SO(3) to
H =SO(2) breaking. v = fsin(f) is the projection of F' to the SO(2) subgroup plane and proportionally
determines the SO(2) breaking as a result of vacuum misalignment.

mechanism, we focus on the composite sector alone, disregarding G-breaking effects coming
from interactions with SM fields. In this isolated scenario, the 6 fields act as exact NGBs
and thus have no potential with a non-constrained VEV (6;). As any constant configuration
of @ corresponds to an equivalent vacuum obtained by applying a G transformation to F,
specifically exp[—i(&d)@d], the VEVs are unobservable.

When considering G-breaking effects and 6 becoming a pNGB, the dynamics change.
Now, 0 gets a potential, losing the arbitrariness in its VEV. This VEV, denoted as (),
becomes observable because it is not possible to remove it by a symmetry transformation. Its
physical role will be in breaking Ggw, in H, by initiating EWSB.

From a geometric perspective, as illustrated in Fig. 5.1, (§) quantifies the angle by which
the vacuum state deviates from the chosen reference vector F, which is set orthogonal to the
plane spanned by H 2 Grw. The 0 field behaves analogously to the SM Higgs field: EWSB
is trigeered by its non-zero VEV. Specifically, we anticipate that different EWSB-related
observables, such as the masses of SM particles, are governed by the projection of F onto the
Ggw subgroup plane, v = fsin(f), where f = |F| represents the scale of spontaneous breaking
from G to H.

The specific value of (6} is determined by the details of the new sector and the symmetry-
breaking interactions within each explicit model. It can be found by minimising the potential
of the pNGB. Unless there exists a special mechanism or a cancellation, on general grounds,
one expects (#) to be around 1 in magnitude. This indicates that the vacuum state does not

align closely with F, leading to maximal EWSB, where v ~ f. In such scenarios, our framework
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resembles a non-minimal technicolour model where H is extended to include not only the
electromagnetic U(1) but also the broken SM generators. The CHM becomes particularly
distinct from standard technicolour when the misalignment angle () is small, namely (0) << 1.
In such cases, a hierarchy develops between f and the EWSB scale v, creating a gap. This is

the virtue of the so-called “vacuum misalignment” mechanism, [25, 177, 178],
v2
1

To obtain a small £ in the model, cancellations of the order of one part in ten might be

€= — =sin’(0) « 1. (5.1.4)

acceptable from the point of view of the Naturalness issue discussed in the introduction.
In the next section, we will draw the mainlines to follow to obtain a holographic model
for our study of CHMs.

5.2 A roadmap towards top-down holographic composite Higgs
A path to construct a top-down holographic CHM may pass through the following stages:

1) Find a theory of gravity, which may also have a low energy supergravity description, that
provides a dual for a field theory. This field theory undergoes spontaneous symmetry

breaking involving the G/H coset relevant to the specific CHM under consideration.

2) Solve for gravity solutions that holographically correspond to confinement within the

dual four-dimensional field theory.

3) Calculate the free energy and spectrum of fluctuations, corresponding to bound states

of the field theory. Ensure there are no tachyons or other signs of instability.

4) Extend the gravity theory to incorporate the gauging of a subgroup of the field theory
global symmetry. The coupling strength should be sufficiently weak to allow for a
perturbative study.

5) Expand the gravity theory to include the explicit breaking of the field theory global
symmetry, respecting gauged symmetries principles and unitarity. This may require

additional auxiliary fields called spurions.

6) Conduct a vacuum alignment study on the gravity side to ascertain the structure of

field-theory vacua.

7) Check the absence of mass spectrum pathologies like tachyons after the introduction of

symmetry-breaking terms.
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8) Introduce SM fields to the theory and relevant couplings alongside identifying suitable
ranges of parameter space. This step may require incorporating other concepts like top
partial compositeness [179] (also discussed in Refs. [67, 180-183]).

Points 1)-3) are investigated in Ref. [162]. The relevant CHM coset for us, being the
minimal SO(5)/SO(4) coset, arises within D = 7 maximal supergravity, with uplifts to type-
ITA supergravity in D = 10 dimensions. The spectrum of bosonic fluctuations is computed
in Ref. [162] after compactification on a 2-torus. These computations are carried out for
backgrounds that are dual to a confining four-dimensional field theory, utilising the formalism
established in previous works [119-123]— also Refs. [109-111, 118, 124, 132, 184].

The bottom-up D = 6 dimensional model, described in Refs. [5, 6] and Chapters 3—4,
revisits points 1), 2), and 3) with some technical advantages. This model features a simpler
spectrum and an action that includes only minimally required fields with canonical normalisa-
tions and limited set of interactions. Unlike constructions in higher-dimensional supergravity,
this model avoids the complexities associated with supersymmetry while preserving key as-
pects such as confinement and symmetry breaking.

The model presented in these works builds upon earlier work in Ref. [5] and represents a
bottom-up holographic model for mechanisms similar to those found in top-down construc-
tions like Refs. [131-133]. However, it is tailored specifically for the context of CHMSs, focusing
on parameter ranges relevant to our considerations.

To clarify further, unlike the approach taken in Chapter 3, the present study does not dive
into exploring relationships involving classical instabilities within certain parameter spaces,
as discussed in Ref. [126], nor does it engage with topics like scale invariance spontaneous
breaking, unitarity bounds, walking dynamics, etc. which have been extensively discussed in
the literature (Refs. [127-129, 139, 185-190]). Instead, the examples presented in later sections
of the chapter focus on parameter regions where the background solutions remain stable.
Particularly, in the regions of parameter space under consideration, there is no presence of a
light dilaton within the spectrum.

In this chapter, we tackle points 4), 5), 6), and 7) concerning the bottom-up model intro-
duced in previous chapters, extending our approach to also add the ability to accommodate
more complex cosets and geometries. We weakly gauge the SO(4) subgroup of the global
symmetry within the field theory framework. This gauging is facilitated by introducing a
spurion field that explicitly breaks SO(5) down to SO(4). Then, we explore the implementa-
tion of gauge-fixing procedures within this context, ensuring consistency with the dynamics
of the background. Both the gauging of SO(4) and the explicit breaking of SO(5) to SO(4)
are governed by actions localised on the boundaries in the gravity theory. The interaction
between these newly introduced features and the background dynamics, particularly vac-

uum (mis)alignment, plays a pivotal role. It determines whether the mass spectra exhibit
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SO(5) - SO(4) breaking, where the gauged SO(4) remains unbroken, or SO(5) - SO(3)
breaking, with the gauged SO(4) subgroup being Higgsed to SO(3).

Compared to the other bottom-up models [169], our model with smooth geometry fea-
tures a considerable deviation from AdS. Here, the mass gap arises from the appearance of
an endpoint in the radial direction, as discussed in Ref. [32]. Symmetry breaking in our setup
is initiated by bulk fields, resembling the soft-wall models previously explored in the litera-
ture [168, 191, 192]. Due to these distinctive features, certain formal developments deserve
special attention and constitute the primary focus of this chapter.

The implications of holographic vacuum misalignment are developed within this simplified
model to underscore general outcomes applicable across a broad spectrum of holographic
realisations of CHMs. We provide an in-depth discussion of necessary and yet rigorous aspects
of the formalism, as well as nuances involved in the weak gauging of symmetry that extends
concepts of holographic renormalization [43, 44, 150]. Our aim is to defer the construction of a
realistic bottom-up holographic CHM, which involves gauging the standard-model SU (2), x
U(l)y € SO(4) xU(1) p-r, and incorporating fermions either in bulk or at the boundary to a
later work.

The remaining parts of the chapter are structured as follows. In Section 5.3, we complete
our six-dimensional bottom-up gravity model featuring an SO(5) gauge symmetry discussed
in Section 4.1.1. In Section 5.4, we take a detour to discuss a generic description, in effective
field theory terms, of non-linear sigma models with the SO(5)/SO(4) coset. This discussion
helps clarify the distinctions between the notion of gauge and global symmetries, as well as
explicit versus spontaneous symmetry-breaking mechanisms.

Returning to the gravity theory in Section 5.5, we address the incorporation of boundary
terms necessary to weakly gauge an SO(4) subgroup of the global SO(5) in the dual field
theory. We explore the implications for the vacuum structure of the theory and analyse the
resulting pattern of symmetry breaking. Section 5.6 focuses on detailing the vacuum structure,
while in Section 5.7, we present the mass spectrum of fluctuations within the gravity theory.
Additionally, we provide many technical details in the appendices to complement the main

text.

5.3 The gravity model

The bottom-up holographic model is based on the model in Section 4.1.1 in D = 6 dimensions
with a bulk scalar field, X, transforming in 5 of a gauged SO(5) symmetry, and one dimension
is compactified to mimic confinement. We consider background solutions with a non-trivial
profile for X, leading to the spontaneous breaking of the SO(5) gauge symmetry on the
gravity to its SO(4) subgroup.



Chapter 5. Holographic Vacuum Misalignment 69

5.3.1 Six-dimensional action

The action in D = 6 dimensions is rescaled respective to Eq. (4.1.2) by an overall factor of %
for convenience,
(butk) _ 1 6 —|Re 1. un T Lo [P ANG
Sy = %fd T —gg{T—Eg (D X) DNX—VG(X)—§Tr[g g QfMprQ] .
(5.3.1)

The convetions and parametrs are described in Section 4.1.1. The detailed field content
is summarised in Table 5.1.
For (¢) # 0, we can write X explicitly,
- T
X = ¢(sin(|7r|)ﬁ,cos(|7r|)) , (5.3.2)
7t
containing the the four PNGBs, # = (!, 72, 73, n*), which span the SO(5)/SO(4) coset.
The dimensional reduction to 5D, Background profiles for the fields and their UV and IR
expansions will be followed from Section 4.1.2.
In the previous chapter, we picked (7) = 0. However, on this chapter, we will keep the

same backgrounds for ¢(p), x(p), and A(p), but (7) # 0 will arise as described in Section 5.5.
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Table 5.1. The model field content is categorised based on irreducible representations of symmetries
across different dimensions: in D = 6 dimensions (as SO(5) multiplets), D = 5 dimensions (as SO(4)
multiplets, with (X) # 0), and D = 4 dimensions (as SO(3) multiplets, with (7) # 0). When discussing
D =4 dimensions, we describe the field content in terms of representations under the massive represen-
tations of the Poincaré group, focusing on gauge-invariant combinations of degrees of freedom. Cases
denoted with Ngof = — indicate representations where degrees of freedom are accounted for within
propagating degrees of freedom of other fields, forming gauge-invariant states. For the space-time
indexes we have, M = 0,1,2,3,5,6,and M =0, 1, 2, 3,5, while =0, 1, 2, 3. For internal symme-
try indices, a, 8 =1, -+, 5, with A =1, -, 10, A=1, -, 4, and A = 6, ---, 10. After SO(4) to SO(3)
breaking, we use the notation A= 1,2,3, A=56,7, and A=8, 9, 10.

D =6, SO(5), D=5, 50(4), D=4, SO(3),
massless irreps. massless irreps. massive irreps.
| Field | SO(5) | Naot || Field | SO(4) | Naot || Field | SO(3) | Naot |

N 1 9 JGMN 1 5 G 1 5

us 1 -

955 1 -

XM 1 3 Xu 1 3

X5 1 -

X 1 1 X 1 1

X, 5 5 é 1 ) 1 1

i 1 4 || oA 3 3

md 1 1

AgP |10 40 || Ay 4 12 || A4 3 9

Al 1 3

AA | 3 -

Al 1 -

AL | 4 4 | aA| 3 3

Agt 1 1

A |6 18 | A4 3 9

Al |3 9

AA 3 -

AA |3 -

Al |6 6 || AA| 3 3

AA |3 3

Psq 5 5 || Py | 4 4 | Py | 3 3
Psy 1 1

P55 1 1 P55 1 1
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5.4 Effective Field Theory

This section aims to illuminate the role of explicit and spontaneous breaking of internal
continuous symmetries within the framework of four-dimensional EFTs. Specifically, we aim
to highlight the distinctions and similarities in how global and local symmetries can be treated.
It is noteworthy that this section does not present the exact effective field theory description
of the main theory discussed elsewhere in this chapter. Our focus here is not on aligning
these descriptions, as such an endeavour exceeds the scope of our current objectives.

We begin by formulating the Lagrangian density of a nonlinear sigma model. This cap-
tures the long-distance behaviour arising from the spontaneous breaking of a gauged SO(5)
symmetry down to its SO(3) subgroup. The field content comprises two real fields, > and =,

both transforming under 5 of SO(5), such that under a symmetry transformation:
(%, ) » (UX, U35),

where U € SO(5) represents a special orthogonal real matrix.

The generators of SO(5), t*, are normalised as Tr (+1t7) = %5‘43 and the basis introduced
in Appendix C is mostly used in our calculations. The SO(5) symmetry, can be gauged by
definition of A, =3 4 AﬁtA, with the covariant derivatives

DS = 9,5 +igA,S, (5.4.1)
D,EZ=0,E+igA,=, (5.4.2)
Fl = 0,4, -0, A, +ig[Ay, A | (5.4.3)

with g presenting the (weak) gauge coupling strength. The Lagrangian density respecting

AM

Figure 5.2. Schematic presentation of the SO(5)/SO(4) EFT (figure generated with axodraw?2 [193]).
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SO(5) is:*
f? K220 = -
Lsoes) = 5 [(DME)T (D“E)] = [(Du:)T(D“:)]
—%Tr [F,F*]+ (1-#*)ETF,, F'E (5.4.4)

Dnf (TS 1) = A2 (ETE 1) - Vo) (5, D),

with f parametrising the scale of the theory. Here he couplings are chosen as &, &, Ax;, and
A=. The potential, VSO(5)(E, =), and its physical significance will be discussed later here.

We need take a limit on the couplings \y; - +00 and Ay — +o0 to impose ¥7¥ =1 =22
constraints. These VEVs break SO(5) to potentially two different SO(4) subgroups. In our
conventional approach, we select a basis for SO(5) where A (with A = 5,...,10) are the
generators satisfying tA(E> = 0. These generators form an SO(4) subgroup within SO(5).
The generators A (with A=1,...,4) describe the SO(5)/SO(4) coset.

We then introduce parameterisations for the two scalar fields:
c=Y Mt 0= oMt
A A

as

0

0
Y=e/|0], and (5.4.5)

0

1

(1]
[
®
¥
LS
_H O © o o

In case two VEVs are in the same direction, the SO(4) symmetry is respected. Otherwise,

only an SO(3) symmetry is left, by relying on it, one can write the most general vacuum

'A term like =7 F, w F*YY can be added to the Lagrangian. It will change the cubic and quartic interactions;
hence, needed to be added to a more complete analysis.
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configuration as

0
0
, and (=)=10]-. (5.4.6)
0
1

A generic value for the %, the so-called misalignment angle, would lead to the SO(4) to SO(3)
breaking. In Eq. (5.4.6), the vacuum is specified by the choices (o) = 0 and (c) = v#*.

Having established the non-linear constraints, the first two lines in Eq. (5.4.4) determine
the leading-order, two-derivative terms in the EF'T governing all two-point functions, includ-
ing gauge fields. Higher-derivative terms, which provide minor corrections to observables
at low energies, are disregarded. To advance further, we investigate the expected proper-
ties of the potential term, Vgo(5) (%, =), described in Eq. (5.4.4), which governs the vacuum
(mis)alignment. The important quantities for current purposes are the position of the poten-
tial minimum and its second derivative at this minimum. The first determines the vacuum
misalignment angle, while the latter fixes the masses of scalar excitations. Given our omis-
sion of interaction terms and higher-order effects, we opt for an illustrative approach for the
remainder of this section rather than going into detailed power counting. More realistic and
physically motivated choices will be explored in Section 5.4.1. We assume a form for the
potential as

4
Vsos) = )\% (27% - cosh)” (5.4.7)

with 6 and A, two free parameters related to the mass and VEV. Now, we substitute the
configuration of the vacuum given in Eqs. (5.4.6) and study the resulting potential as a

function of v:

- )‘_f4 (cos (%) - cos9)2 . (5.4.8)

0=0=A,,¢=vt* 2

Vstatic = — 'CSO(5)

The minima for the potential will be at v = 6 f, along with the second derivative at this point,

2
0 Vstatic

502 = Af2sin?6 >0 (forA>0). (5.4.9)
v

v=0f
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The mass matrix for the spin-0 states, evaluated at v =6 f, reads

0000000 0
0000000 0
0000000 0
000 1 000-2
0000000 0
0000000
0000000
000-1000

M3 = Af%sin?6 , (5.4.10)

o o o =

0
0

7

presented in the basis of (¢!, ¢2, ¢3, ¢4, o', 02, 0%, 0*). The x dependence arises due to the
normalisation choice in the kinetic terms in Lgo(5). IF 6 # 0, the seven massless states
correspond to NGBs corresponding to the symmetry breaking SO(5) - SO(4) - SO(3).
Additionally, one scalar field has a mass squared m?2 = 1:;—’;”2)\ f?sin?(0).

The matrix M? containing the mass of the gauge fields, calculated at the minimum of

potential, v = 0f, is

cos(202)’%-+—22&2+1 0 0 0 sing(sﬁ) 0 0 000
0 cos(20)+ 21 0 0 0 =D 5 ggg
0 0 cos@2el g g 0 =) 0
0 0 0 K 0 0 000
IME cin(26) 0 0 0 sin?2(d) 0 0 00%413
g2 f? 0 sin(26) 0 0 0 sin2() 0 000]
0 0 @) 90 0 sin%(6) 000
0 0 0 0 0 0 0 000
0 0 0 0 0 0 0 000
0 0 0 0 0 0 0 000

provided in the basis (A}“ Ai, Az, Ai, AZ, Ag, AZ, Az, Az, A}P). The &% factors originate
from the normalisation of the kinetic terms for the gauge bosons in the case of (Z) # 0.
Specifically, the kinetic matrix is given by diag (/?52, R2R%R%,1,1,1,1,1, 1). In this setup,
the three massless states Aﬁ,Az, and A}lo correspond to the gauge fields of the unbroken

SO(3). In the case of 6 =0, (A,i, Ai, Ai, Af‘t) will acquire a mass. When 6 # 0, with v = [0,
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seven gauge fields find mass, and the seven massless pions are eaten as the longitudinal
mode of the gauge field in the Higgs mechanism. Just one real scalar remains massive in the
spectrum. Our choice for the unitary gauge is ¢' =¢2 =¢3 =0 = o' = p? = o3, and ¢+ /{94 =0.

Up to now, all symmetries considered have been local, and only spontaneous symmetry
breaking has been implemented. However, this framework is generally applicable and also
covers scenarios involving global symmetries and their explicit breaking. In the following, we
demonstrate how to systematically take relevant limits and explore more diverse symmetry-
breaking patterns. Specifically, we focus on describing a situation where only the SO(4)
subgroup of SO(5) is gauged, alongside an additional independent explicit SO(5) breaking
to SO(4). Together, these factors induce further spontaneous breaking to SO(3) through

vacuum misalignment. Our approach is as follows, building on Eq. (5.4.4).

e the non-linear constraints, 27% = 1 = Z7Z, are imposed by the limits Ay, Az — +oo.

The constant k, can be rescaled as k = a k.

o If & > 1, A}L, AZ, Ai, and Aﬁ have small couplings as their kinetic coefficients are
large, and have approximately diagonal mass matrices. Then, one takes another limit,

K — +00, to get

M3 - \f?sin? 6 diag ( 0,0,0,1,0,0,0, 0) , (5.4.12)
g f?
M3 = — diag (a2, a?, a?, a%, sin?(0), sin?(0), sin®(h), 0, 0, 0) . (5.4.13)

The unitary gauge is applied by ¢! = ¢? = ¢3 =0 = p! = p? = ¢? = p* = 0, where ¢* still has
the role of a physical spin-0 field.

o When a > 1 and holding g and f (in addition to A and #) fixed, the four gauge bosons
Aﬁ belonging to the SO(5)/SO(4) coset become parametrically heavy and decouple
from ¢*. Hence, they can be integrated out. In this limit, @ - +oo0, the EFT field

content simplifies as follows: Scalar ¢* with a mass given by m2 = A\f?sin?(0). There

are three massive gauge fields, Ai, Ag, and AZ, emerging from the spontaneous breaking

SO(4) - SO(3). Their masses are %192 f?sin?(#), and their longitudinal components

9
o

massless. These gauge fields correspond to the unbroken SO(3) subgroup.

are ¢',¢2, and ¢3 respectively. The remaining gauge bosons Ai,A and A}LO remain

As a result, we have the following Lagrangian:

) ~ 10
[(D.3)" (D2)] - ;1,425 FuF* = AsfH (578 -1)" = Vs (8).

(5.4.14)

2
Lso) = 5
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Here, the second field, =, is replaced with a spurion, P = (0, 0, 0, 0, 1) with the covariant
derivative being restricted to SO(4):

~ 10
DX =09,% +ig Yy, Ay, (5.4.15)
A=5

similarly for the kinetic terms of the gauge field. By setting As; - +o0, the non-linear con-
straint 7% = 1 is imposed. Based on the choice in Eq. (5.4.7), the potential term is given
by Vso) = )\f—; (P5T Y —cos 9)2. This potential induces vacuum misalignment and adds a
mass to ¢*. In this case, in the Lagrangian, the global SO(5) is explicitly broken by both the
gauging of an SO(4) subgroup as well as by the interaction with the spurion Ps.

To sum up, in the presence of a combination of explicit and spontaneous breaking of
continuous global symmetries, it is crucial to only gauge the unbroken subgroups to ensure
consistency with the Higgs mechanism. However, there may exist elegant descriptions of the
entire system solely in terms of gauge symmetries undergoing spontaneous breaking without
reference to the explicit symmetry-breaking terms. If such a formulation can be achieved, the
desired physical scenario can be recovered by appropriately taking limits of the parameters.

It is important to exercise caution in the ordering of limits to avoid violations of unitarity,
the emergence of ghosts or negative norm states, and to maintain weak coupling throughout
the analysis. These considerations ensure the physical consistency and validity of the theory

at all stages of investigation.

5.4.1 External fields, Coleman-Weinberg potential, and vacuum misalignment

The potential choice given in Eq. (5.4.7) is convenient due to its simplicity and its ability
to induce vacuum misalignment while effectively suppressing the mass of the scalar field ¢*.
However, it is acknowledged that this potential is not realistic.

As previously indicated, our interest is primarily in the vacuum misalignment angle and
the mass of the scalar field, focusing solely on the two-point functions and not on interaction
terms. Therefore, the exact functional form of the potential is not crucial for our current
objectives. Nevertheless, it can be insightful to illustrate how a more realistic potential could
arise dynamically. In this brief subsection, we will provide a simple example demonstrating
such a potential.

To construct an example, we introduce couplings between the EFT and external fermions,
taking inspiration from ideas discussed in Eq. (116) of Ref. [169], albeit with significant
simplifications. We ensure that the couplings respect an SO(4) ~ SU(2)1 x SU(2) gr subgroup
of SO(5). Instead of implementing a version of top partial compositeness or external fermions

that couple to bulk fermions (representing baryons in the dual field theory), we adopt a simpler
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mechanism for fermion mass generation. This mechanism is similar to algebraic techniques
seen in technicolour theories [56, 61, 194-198]—see also [199-203].

Specifically, we couple fermion bilinears directly to scalar composite operators of the
strongly coupled theory, the composite state representing a meson. This approach simplifies
our analysis by focusing on the emergence of symmetries and symmetry-breaking patterns
rather than the detailed dynamics and precise magnitude of the involved couplings.?

We begin with the local identification of SO(5) ~ Sp(4). We choose a useful basis of
4 x 4 matrices that define the adjoint irreducible representation 10 and the antisymmetric
5 of Sp(4). The basis for the 5 representation is adapted from Refs. [205, 206], with some

modifications, as detailed in Appendix C. We express the symplectic matrix ) as

0 010
0 001
Qup = : (5.4.16)
-1 000
0-100
as well as the matrices, T, satisfying
QT4 +747T0 =0, for A=1,-- 10, (5.4.17)

for the 10 generators of Sp(4). The T'® matrices, which are the Hermitian and traceless

matrices are also introduced that satisfy
Qrf-rPTq = o, for B=1,--5, (5.4.18)

parametrising the 5 of the coset SU(4)/Sp(4), completing the basis of the embedding of Sp(4)
in SU(4). The normalisation Tr (T4T?) = %1(5AB = Tr (I'4T'P) is chosen for these matrices.

The elements of ¥, from Eq. (5.4.5), are reorganised to introduce the Hermitian matrix

o »l_ix? 0 —33 + 0t
5 PORINEPS SLIN 3R 3 Y 0
(e}
2% =4 ), ST = h oer s oL (a9
A=1 0 -7 = > DI DY

ins + n¢ 0 PIRIYS JLAN 32

2In a more realistic construction, one would like to extend to gauging the SU(2)r x U(1)y subgroup of
SO(4) x U(1) -, within the standard model context. Additionally, it would involve introducing bulk fermion
fields transforming appropriately under these symmetry groups. Such refinements are deferred to future
work, particularly in exploring the interplay between fermion partial compositeness and vacuum misalignment
(169, 174, 204].
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[0}

Similarly, for =, we define 2% = 4%%_; 4 (FA) 5

representation

Both these fields are in the adjoint

(L.~ (U0, UF0h), (5.4.20)

with U = exp(i 21140:1 aATA), 4 x 4 unitary matrices that describe the Sp(4) transformations.
Now, % = ¥Q will be a 4 x 4 antisymmetric matrix in 5 of Sp(4). Similarly for = = ZQ:

[1]2
[1]x

(%,8) - (UxuT,v=zv0"). (5.4.21)
We introduce 91, and g, as the chiral fermions. These furnish 4 of Sp(4), which
happens to be the spinorial representation of SO(5). We break the symmetry explicitly by

presenting the fermions as incomplete multiplets:

tr tr -br
0 - 4 1 0 0
wL = y and wR =0 wR =Q = . (5422)
bL bR iR
0 0 0

Fach entry of the matrix represents a chiral spinor with 2-component. This notation hints
that in an extension of the standard model, these spinors could potentially represent the top
and bottom quarks, although they do not carry QCD colour quantum numbers.

To complete the picture, we incorporate into the Lagrangian density, couplings between

scalars and fermions as
Ly = —yf%(i - é)qu + h.c., (5.4.23)
The Yukawa coupling is y in this equation. In case (X) # 0 # (Z), one has:

Ly = —E[yf (cos (%) - 1)] tr — E[yf (cos (%) - 1)] br + he. + -, (5.4.24)
where the interactions with the PNGBs are omited. The Dirac mass matrices obtained here
will break SU(2)xSU(2)r ~ SO(4), while preserving the diagonal SU(2) ~ SO(3) subgroup
with the fermion mass My, =y f (cos (%) - 1). If there is a vacuum alignment, the mass
vanishes, (X) = (Z).

At the one-loop perturbative level, the symmetry-breaking terms, induced by the Yukawa
coupling and the gauging of SO(4), generate a divergent input of the Coleman-Weinberg form

[207] to the effective potential, denoted as Vow. Introducing the matrix 7" = diag(1,0,1,0),
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the initial form of Vow reads

A2
Vew = WSTr{M}z (5.4.25)
A2 10 _ ~ ~ T
= . (3ng2 ST - 4y f2 Tr[ (2 - E)T(E - 5) T]) (5.4.26)
52T = £,2-(8),(8)

This potential has explicit dependence on the A, as a divergent cutoff, requiring introduc-
ing counter-terms and the adoption of a subtraction scheme. To achieve this, we introduce
two free parameters, denoted as Cy and C}, which control the overall magnitude of terms
proportional to g? and y? respectively. Typically, these parameters are of order O(1).

Given an estimate A ~ O(4xf), we complete the Lagrangian density in Eq. (5.4.4) by

incorporating to the potential

3 10 B ~ 5 - t
Vsow = 59°FC, 3, ST - 22 Tr[ (z - :)T(Z - :) T] (5427
A £,5-(5), (@)
2
- gng‘*Cg sin2(§) e (cos(%) - 1) . (5.4.28)

While the potential described in Eq. (5.4.27) differs from Eq. (5.4.7), it is straightforward
to recognise that a potential structured as in Eq. (5.4.27) will ultimately induce vacuum
misalignment. Moreover, it will exhibit the same long-distance features as those derived
from Eq. (5.4.7). Our focus remains on understanding the vacuum structure and the mass
of the scalar excitation around the vacuum, rather than on the interactions or the detailed
form of the potential away from its minimum. Additionally, there exist various possibilities
for the fermion sector that can produce other one-loop potentials. This model can also be
extended to incorporate fermion partial compositeness. In such extensions, the divergences
in the potential can be less severe or absent altogether, depending on the specific details of
the model. Having explored these aspects, we now conclude this discussion and return to

considerations related to the gravity theory.

5.5 Boundary terms and action to quadratic order

In this section, we revisit the gravity model and its interpretation through holography, aiming
to construct a model whose long-distance behaviour captures the qualitative features of the
EFT discussed in Section 5.4.

To achieve this, we gauge an SO(4) subgroup of the global SO(5)symmetry in 4D dual
theory. The explicit breaking of SO(5) to SO(4) is implemented by adding interactions

localised at the boundary of the 5D gravity discussed in Section 5.3. We maintain a general
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treatment of these explicit symmetry-breaking terms, without specifying their exact origin
in terms of either field theory or higher-dimensional gravity considerations. These details
are left for future investigations. We also avoid performing a perturbative effective potential
analysis similar to Coleman-Weinberg [207], as discussed in Section 5.4.1. Our focus remains
specifically on determining the misalignment angle and the mass of the lightest scalar states.
The shape of the effective potential and higher-order corrections are considered beyond the
scope of this current study.

On the gravity side, the challenge arises because the SO(5) symmetry is gauged, pro-
hibiting the introduction of explicit terms that break this symmetry directly. As discussed in
Section 5.4, this issue can be addressed by reformulating the entire action in a SO(5)-invariant
manner. This is achieved by introducing a new field, P5, which transforms under the 5 rep-
resentation of SO(5) and is localised at the UV boundary. By incorporating Ps, explicit
breaking of SO(5) down to SO(4) can be effectively reintroduced into the theory without
violating unitarity or introducing other undesirable pathologies. This is achieved through
appropriate limits that systematically decouple additional degrees of freedom, preserving the
underlying symmetries and ensuring the consistency of the theory.

The terms introduced at the boundary to the gravity model are crucial for gauging a
subgroup of the global symmetry in the dual field theory. These terms also add explicit
breaking of global symmetries in a manner that induces vacuum misalignment and sponta-
neous breaking of the SO(4) gauge symmetry in the dual field theory down to its SO(3)
subgroup.

The background solutions of interest spontaneously break the SO(5) symmetry to SO(4)
due to the radial dependence of the ¢ bulk scalar. Additionally, the boundary conditions
imposed on the background fields fix a constant value for 7rA, further breaking SO(4) to SO(3)
spontaneously. The detailed radial profiles of all other background fields were previously
discussed in Section 3.2 and remain consistent with those presented in Ref. [6]. To conclude
this section, we expand the action of the model to second-order around these background
solutions. This expansion is formulated in a way that is appropriate for computing the
spectrum of fluctuations, as discussed in Section 5.7. This approach will enable us to analyse

the physical spectrum of excitations around the vacuum configuration.

5.5.1 Boundary-localised interactions

In 5D, we add two boundaries at finite radial positions, p = p;, with ¢ = 1, 2, to play the
role of regulators; The limits p; - p, and ps — oo will be performed at the end of the
calculation. Similar to the Table 5.1, space-time indexes at the boundary are p = 0,1,2,3.

Several boundary terms are added the bulk action, Sébulk),—denoted as Sguy,is Sxi» Sps,2,
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Sv,,2, SA2, Sy2, and Sy o—to reach to the desired action, Ss:

S5 =S 4 3 (Samyi+Sni)+ Spya+ Svia+ Sas+ S+ Sus. (5.5.1)
i=1,2
Here, actions with subscript ¢ = 1, 2 are at positions p = p;. Each of these terms will be
discussed in both gravity and field-theory context.
Scuy,i (The Gibbons-Hawking-York boundary terms) is written as

, (5.5.2)

: - K
Scay,i = ()" f d'z\/-g )

p=pi

where ¢ is the determinant of gpsn, the induced metric on the boundaries. The extrinsic
curvatureis denoted as K and \;(X, x, Ag) are boundary-localised potentials for scalars, that

are respecting SO(5) symmetry,

Sxi = (—)i[d%\/—_ﬁ)\i(?\f,)(w%) (5.5.3)

p=pi

Both types of boundary terms are essential to ensure the variational problem is well-posed
in the holographic setup. They play an important role in allowing the background solutions
to be consistently truncated at the boundaries located at p = p;.

The terms Sp; 2 and Sy, 2 at UV boundary, contain the bulk scalar, X', and introduce a
new boundary-localized field, P5, which transforms as the 5 of SO(5). The P; field is referred
to as a spurion because its dynamics are effectively frozen in the appropriate limits.

These terms have a qualitative structure and implications analogous to those seen in the
second, sixth, and seventh terms of the Lagrangian of Eq. (5.4.4). They are expressed as

follows:

: (5.5.4)

— 1 . 2
Sraa= [ d4a:\/—g{—5Kgg“ (DuPs) Dy Ps = X5 (P5 Ps - v3) }
p=p2

SV4,2 == / d41"\/ _§V4(X7X7P5) (555)

p=p2

Here K35, A5, and vs are free parameters and the V4 (X, x, P5) potential is invariant under
SO(5). Besides Y, it also depends on two invariants, ¢ = VXTX and ) = X1 P;.

For a constant and boundary-localised Ps5, the background equation for it reads

A\s(PL Ps —v2)Ps o + %Xa =0. (5.5.6)

By taking the limit A5 — oo, we freeze one component of the spurion Ps;, denoted as
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|P5s| = vs. To maintain SO(5) invariance, we fix the background value of Ps along its fifth
component:

P5=(0,0,0,0,v5) . (5.5.7)

In the next section, we will discuss a limit involving K5, which decouples the remaining four
degrees of freedom of the spurion Ps;. There is the assumption that there is a value of
for which 9yV4 = 0. Since Vy depends on SO(5) invariants x, &, and |7, it respects SO(4)
too. Thus, Sy, is effectively a boundary-localised potential for X (and x) at UV, capturing
the explicit breaking of SO(5) to SO(4) induced by an external sector.” The mechanism
described in Section 5.4 is applied within the framework of five-dimensional gravity with
boundaries by the above-mentioned steps. The term, S4 2 provides the (weak) gauging of an
S0O(4) c SO(5) subgroup of the global symmetry in the dual field theory side in the gravity
theory. One has

4
Sap= ] d*az/- { -— g gwpg}—#ufpol% - ZDQ g"rg”’ (]:;?V]:l;i - U—5Pg.7:w,.7-"ng5) }
p=p2
(5.5.8)
By fixing the spurion P5 = P5, we get
o 1~ ~pp ~vo A A
Sazlp_m fd4x\/ {— Dy g5 Fib, FA o= D29"5" ff,,f;},} (5.5.9)

p=p2

To illustrate how the coefficients Dy and Dy relate to the gauge coupling of SO(4) in the
field theory context, we note that these coefficients are similar to terms that are analogous
to the third and fourth terms in the Lagrangian density given by Eq. (5.4.4). Their role will
be described later.

During the circle reduction process, an Abelian symmetry is formed in the five-dimensional
gravity theory. This symmetry necessitates the inclusion of a boundary action for the U(1)

gauge field:

(5.5.10)

~ 1 ~Up ~VO
Sx.2 = / d'zy/ —g{ ~ 1 Px29"9 Fﬁﬁ)Féé‘)}

p=p2

where D, 5 is a constant necessary for the holographic renormalisation and possibly divergent.
This term does not play a significant role in our purposes.

On the contrary, the next term is required for holographic renormalisation and carries an

3In subsequent discussions, we assume V, is written in a way that at Ps = D, it is vs independent.
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important role in the work, which is an action for the bulk scalar, X, at the boundary:

1
Sxa= f d*z/-g { - EKXQQ’“’(D“X)TDVX} (5.5.11)

p=p2
The final action of the model also incorporates gauge-fixing terms necessary to establish
the R, gauge. Details of these terms are provided in the Appendix D, following the formalism

outlined in Ref. [118], with adjustments made to accommodate the treatment of the additional

boundary-localised spurion.

5.5.2 Boundary conditions for the background solutions

The equations of motion satisfied by the background fields in the bulk, Eqs. (4.1.14)—(4.1.16),
are not altered by the addition of the boundary localised terms. The boundary conditions

change compared to the previous chapter, as:

oamy| Do V|
(M‘@) =0, (@Xa‘axa*axa) =0,
P1 P2
(o0 2| w0, (s 22| 2o,
8X P1 8X aX P2
3 3
(58TA+>\1) ~0, (garAmg—w) -0, (5.5.12)

P1 P2

Remembering 1) = X7 Ps, and Ps = P5 = (0,0,0,0,v5)7, one can rewrite the second equation,
at p = pz (the UV boundary), as follows:

Oy OV Xa o A AN B OVy—-
02([& ——+—]—+2187,7T t7)a" X+ — P a) 5.5.13
¢ 9 00 | @ (t7)a” X3 90 15 3 ( )
By imposing the algebraic constraints of
Oy 3V4) A OVy
X === _-=== , - =0, — =0. 5.14
ooh=(G5-G)| 0 o0 (55.14)

the previous equation can be solved.
The boundary conditions of ¢, x, and A fields are minimally affected by the presence of
V4. Any modifications induced by V; can be absorbed into a redefinition of the A; boundary

potentials. Therefore, there are no new elements introduced in this regard, and the solutions
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remain consistent with those presented in Section 4.1.1.%

The primary difference lies in how the third condition in Eq. (5.5.14) is implemented.
Specifically, we select 7 such that |7| = v, where v characterises the vacuum misalignment angle
and controls the spontaneous breaking to SO(3) symmetry. We assume that without loss of
generality, only the fourth component of the vector 7 is non-vanishing on the background

4

solutions, hence 7* = v, which aligns with the discussion in Section 5.4.

5.5.3 Truncation of the action to quadratic order

The primary goal of this paper is computing the mass spectrum of fluctuations around the
identified gravity backgrounds, which correspond to the vacuum configurations in the dual
field theory. To facilitate this calculation, we simplify the action by expanding it in terms
of the fields that deviate from their vacuum values and truncating the resulting action to
quadratic order. This approximation captures all necessary information to compute two-
point functions, which are crucial for understanding the spectrum of bound states in the field
theory.” Throughout this process, we maintain the full functional dependence of the action
on fields ¢, x, and gasn that have non-trivial profiles.

We fix the background value of the spurion Ps to Ps by taking the limit where A5 — oo,
ensuring that the mass of its fifth component is infinite. Consequently, we consider only the
first four components of P5 as small perturbations.

The resulting truncated five-dimensional action at quadratic order is expressed as:

S-S 5,050, 8 Y, 657
1=1,2

with Sébulk’m representing the bulk part of the action, 81(322 and 5\822 denote the boundary
actions localised at p = p3, and Sﬁ.) are localised at p = p; for ¢ = 1,2. In the following part,
we will explicitly outline the forms of these terms.

To analyse the fluctuations around the background where 74 = v, breaking SO(4) to
SO(3), we adopt indices suited to SO(3) conventions: A=1,2,3, A=5,6,7 for the broken

4If we consider that we have already obtained background solutions qu(O) , X(O), A© from the system
without V4, as discussed in Section 3.2, these solutions adhere to the boundary conditions determined by the
(0) . . .
boundary term A5 . Then, after inclusion of V4, one may write

X2 (6, %, As) = A (6, x, As) + Va(6 XD, [7] = v) (5.5.15)
oV, oV
(0) 4.,(0) (0) 1= _ (0) 4.,00) (0) = _
+(¢_¢ ) 8(}5 (¢ s X ,‘TF|—’U)+(X—X ) 3X (¢ s X ,|7I'|—’U), (5516)

In this case, one can choose the potentials in order to have the same background solutions for ¢, x, and A
again to solve the new boundary conditions. Therefore, the solutions of ¢, x, and A fields remain exactly as
presented in Section 3.2, regardless of the inclusion of V.

°It is essential to note that the gauging of SO(4) must be sufficiently weak for this approach to be valid.
We will revisit and elaborate on this point later in the chapter and in the appendices.
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other generators of SO(5), and A = 8,9,10 for the remaining unbroken SO(3) generators.

4 = p+II*. The physical mass eigenstates in the spin-1 sector

The fluctuation of 7 written as 7
arise from mixing between the A and A indices. For clarity and simplicity in the equations,

we define the following linear combinations:

Bé‘i = cos(v)Aé‘i + sin(v)Aé‘i+4, (5.5.18)
BG~ = —sin(v).zélgi_4 + cos(v).Ag{, (5.5.19)
Bu? = cos(v) Ay +sin(v) Ay A, (5.5.20)
B g —sin(v)AM“‘L4 + cos(v)AMA. (5.5.21)

Thus, the following set of basis for the fields in the model is adopted, except for the metric,

that allows us to fluctuate over the background:®

% = {¢,x}, (5.5.22)
o0 = (B, AL, B, AG'Y (5.5.23)
Vart = O But Anr, Bar, An 'y (5.5.24)
DA - {0, SIn(®) 5 nd 4 gBMA, Oy I + gAM4, 0, 0}. (5.5.25)
v
The action is rewritten here, for the bulk part,
(bulk,2) _ 5. E 1 oun a b a
55 = d°x gs 1 29 GabaM(I) 8N<I> V5(q) )
1 1
_ 5gMJ\fG((lg)81\4(1)(())[13]\[(1)(o)b _ §m£)2<1>(0)“<1>(0)b
1 1
_igMNtégﬁg?A%S)B_ZgMOgNPﬂﬁgFMNAPbPB}7 (5.5.26)

with Fyyny? = 28[MVN]A, and the scalar potential as Vs(¢, x) = e 2XVg($). All of the entries

of the sigma-model matrices which are independent of v are reproduced here, [6]:

Gup = diag(l,G) ’ G(O) _ 6_6X]]_4><4 m(Z)Q _ le¢2€—8x]l4x4 |
‘6_6X]16x6 I ‘(DGXG
G = |¢*10a . HO- e (5.5.27)
D6xs X Lgxg

SFor v = 0, this basis, up to a reordering of the fields, matches with Ref. [6] and Chapter 4.
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For the boundary-localised actions, 81(32) 51()2)2, and Sﬁ), by using the variables

1 gvs gvs
pLA {8PA s Ao+ 22,0

- {8 P5 + 7 (cos(v)B A—sm(v)B A+4) 0, P + g;ﬁs “4} , (5.5.28)

one has
S = fd4x\/ {— —§K 6AB73(1)A7?(1)B} (5.5.29)
p=p2
The quadratic order expansion of V4 can be formally given as
s, == [ d4x\/—g{V£°’<¢,x,v) + v4<2>(¢,x,v,P54,H4)} , (5.5.30)
p=p2
with Vio) , the zeroth-order contribution, computed for the background solution and
2
2 1 P . . 82V4
Vi ) = 5331/4 (H4 - i) , with 02V = sin?(v) 02 902 (5.5.31)
at second order.
The S fi) term reads
8% = () f d'zy/- {— F i 5 K 0000
~uv ~(1 o~V 1
@ OO HD P — 5 DL F Fy } , (5.5.32)
p=pi
where Cl(l) =0, Dgl) =0, as well as
0
L3x3
iV = Ky ¢ 1 : (5.5.33)

03x3

03x3
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with
DY
Dy
%[DQ"!‘DQ +C08(2’U)(ﬁg—D2)] 13 %Sin(?v)(Dz _ﬁQ) 13
D,
%sin(Qv)(Dg —ﬁg) ]]_3 %[D2+b2 +COS(2’U)(D2—D2)] ]]_3
Dy 15
(5.5.34)

Here, the notation 13 = 1343 is implemented.

5.6 Fluctuation equations and the model parameters

In this part, we explore the fluctuations of the fields around the confining background and
outline the key aspects of the gauge-invariant formalism utilised to compute the mass spec-

trum discussed in Section 5.7. For a comprehensive understanding, including our use of the

Table 5.2. Summary of the field content in 5D theory (left) to their associated fluctuations in the
4D, ADM formalism (right). There is a mixing in the physical fluctuating states marked by the

parenthesis: the eigenstates of (a?,aX) and (t) #A, v #A) are combinations of the originals in the theory.

Degeneracies of masses for some of the spin-0 states survive even after SO(4) — SO(3) spontaneous
breaking; thus, the states can be rewritten together in the SO(4) notation.

H Field H Fluctuation H

IgMN Cuv

XM v,
(¢, x) (a?, )

Byt a_ et
Al } T { at
Bé‘i } i { at
Ag{ T aA
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ADM formalism [208] and the choices of gauge-invariant variables from fluctuations, refer to
Appendices A and D. The SO(4) language (where indices are A=1,-4and A=5,, 10)
and the SO(3) language (using indices A=1,23 A=5,6,7 and A = 8,9,10) are used
based on providing clarity or convenience. We distinguish the original fields in the action and
their gauge-invariant fluctuation counterparts using distinct symbols. A summary of these
correspondences is provided in Table 5.2.

The gauge-invariant formalism is discussed more in Chapters 3 and 4. Scalar fluctuations
{Bé‘i, Ag{} transform under non-trivial SO(3) irreducible representations, and with {Bé‘i, AR,
forming SO(4) multiplets that transform in the adjoint and fundamental representations of
SO(4), respectively (see Table 5.2). While these fields are treated similarly to a® and aX in
terms of the gauge-invariant formalism, they do not mix with components of the metric and
do not introduce new elements to the study. For further details, refer to Appendix A.

The vector fluctuations, denoted as v, (or simply v), correspond to the U(1) gauge field
xn and complete the set of SO(4) singlets in the model. Gauge fixing is necessary for their
study, but for the study of the mass spectrum, we focus on the gauge-invariant and transverse

part of the fluctuations. This transverse part satisfies the differential equation derived in [5]:
0= [8,3 +(20,A+70,x)0, - eQX_QAq2:|U , (5.6.1)

with the UV boundary condition as

0= [67X8p + DX7262Aq2]0A‘ , (5.6.2)
p=p2

and the Neumann boundary condition d,0|,-,, =0 at the IR boundary. The mass spectrum is
determined by the values of M? = —¢? for which solutions satisfying both the bulk equations
of motion and these boundary conditions exist. In this context, we choose D, 2 = 0, reflecting
that the U(1) gauge symmetry corresponds to a global symmetry in the dual field theory.
Our focus is primarily on the fluctuations influenced by SO(5) and SO(4) symmetry
breaking, which include the vectors UA, n“‘{, UA, and v?, related the fields defined in Eq. (5.5.24)
(excluding xs). Additionally, we consider the pseudoscalars p“‘i and p*, associated with ’HE\})A
and HEVIIM as qouted in Eq. (5.5.25). The investigation of these vector and pseudoscalar modes
needs the inclusion of relevant gauge-fixing terms. We choose the R, gauge for this purpose,
and detailed procedures are outlined in Appendix D. The bulk equations of motion for these

(gauge-invariant) transverse polarisations of spin-1 fluctuations and for the pseudoscalars
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respect the SO(4) symmetry. They can be expressed as follows

0= a§+(2apA+a,,X)a,,—e2X2Aq2]nA, (5.6.3)
0——62+(28A+8 9,- S0 _ -2y 4
= |9, b LX) 0, , e q° v, (5.6.4)
- 242 N
0=10;- (2a A+ dyx + (g‘é) , %—e2x2‘4q2:|p‘4. (5.6.5)

The spontaneous symmetry breaking in the pattern of SO(3) c SO(4) is induced by
the UV boundary conditions, at p = p2. The fluctuations, pA and v, are the vectors that
transform as 3 of SO(3), but are placed in the SO(5)/SO(3) broken directions. They mix

due to the boundary conditions and satisfy the equations:

2
0= [exap + gz sin(v) K502 + (D2 + Dy + cos(20) (Dy = Dy) )e 2]0A|
p=p2
in(2 2 ~ .
SO 24 (Dy - Dy)e g 2|04 (5.6.6)
2 4 p=p2’
92
0= [exap + (K 20 + cos(v) K502 + (D2 + Dy + cos(20)(Dy - Dy) )e Q]DA‘
4 p=p2
in(2 2 ~ .
SO 24 (Dy - Dy)e g 2o (5.6.7)
2 4 p= P2
The fluctuations, vA and v*, satisfy the boundary conditions
0= [exap+Dge ] A| (5.6.8)
p=p2’
9 -
0= [exap + —(KX’Qd)Q + K5’U§) + D2€_ :|U ‘ (569)
4 p=p2

The boundary conditions for the pseudoscalar triplet, p“‘i, is not affected by the presence of

the spurion, Ps,

0= [KX 2e7X0), +1] A| (5.6.10)
p=p2’

although, there is change for the boundary condition at p = po for p* which is the SO(3)
singlet

Ksv:  Ksv? 24,2 K5U5 e 24,2 |t
0=|[Kyxo+ + K X0, + . (5.6.11
[( 2t T 2V, x,2€ e 82124 ||k |p=p2 ( )
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The boundary conditions at the IR, p = p;1, are considerably simpler. The vectors obey
Neumann boundary conditions as 8,)1)“‘1(;)1) = ava(pl) = apv“‘i(pl) = 9,v*(p1) = 0, and
pseudoscalars obey Dirichlet boundary conditions as pA(pl) = p*(p1) = 0. They do not
introduce any additional symmetry-breaking effects and can, hence, be written as SO(4)

multiplets.

5.6.1 Model parameters and SO(4) gauging

It will be illuminating if we calculate some of the propagators, especially (Af(q)A’f(—q))
and (Ai(q)Af,(—q)), and find their behaviour. The transverse and longitudinal parts of
e and B,

their dependence on M, and Mé which are gauge-fixing parameters. They are defined in

the propagators are separated by the projectors, P,, = 1, - pinpointing

Appendix D and only appear in the longitudinal polarisation:

4 1 — 04\ !
(A () A (=q)) = (=i) lim {6_2A(D2€_2Aq2+€xp—) Pyy
p2—>00 UA
p=p2
1 9,0\ 5
+e 2A(—e Mg+ e ”AL) L4 } (5.6.12)
M, o7 p=p2 4
-1
(AL DAL 0)) = (-0) tim {2 (Do 4+ C 2+ L inet v e 2 | g
my 1/( Q)> _( Z)p;inoo € 2€ q +Z 5”5"‘1 ;\{,Qd) +e ol v
p=p2
1 2 2 904 -1
—24 24 2 9 2.9 2 PV, qudv
+e (@6 q +ZK5’U5+ZKX’2¢ +€X?) - q2 .
=pP2
(5.6.13)

Here, U4L’A denotes the longitudinal components (L) of the respective gauge fields. These
components manifest in the unphysical longitudinal segments of the two-point functions,
which carry gauge-fixing parameters. They are included for completeness, and their detailed
equations in the bulk and boundary conditions are provided in Appendix D. An examination
of the UV expansions in terms of small z = e™ reveals that A ~ 4y ~ —% log(z) and ¢ =~ ¢ ;227
The contributions from the second and third terms are relevant for (Aﬁ(q)Aﬁ(—q)), provided

we impose the scalings:

k

K5 =228, (5.6.14)
U5

Ky =ky 2728, (5.6.15)

where ks and ky are introduced as new parameters independent of z.

To determine the fixing of Dy and Ds, we examine the example where A = A = 2. While
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the extension to arbitrary A requires an analysis specific to each case, the approach remains
straightforward. Referring to the small-z expansions detailed in Appendix E, it becomes

apparent that to omit the divergences, one must select:

Dy=-z"1+ Dy=-z1+ (5.6.16)

g2’ g2’

where £2 and £2 represent two independent parameters not depending on z. By implementing
these substitutions, it becomes feasible to consider the limit z — 0, resulting

o pv A A . (]2 3”5),& N o
prop ’Y(A,u (Q)Au (_Q)> =1 - T i P 77 (5617)

=2 A
g UO

2 4 2 2 2
o q 3v gk g kxod
PP (A () Ay (—q)) = —i (5—2 -
0

-1
) P, (5.6.18)
Selecting the values of € and & leads to a choice for the strength of the weak gauge couplings.”
Following the rescaling of the field normalisations, setting ¢ — 0 implies that only the SO(4)
subgroup remains gauged in the dual field theory. For small &, the coupling strength associated
with this subgroup is approximately g4 = £g.® The procedure is valid for small ¢? and &. For
a comprehensive treatment across all ¢2, the elaborated study on how to refine these results
and deriving the physical two-point function is studied in Appendix D of Ref. [6].
Also, to find a non-trivial contribution to the boundary condition in Eq. (5.6.11), coming
from 92V, we impose
2V = m?2 2103 (5.6.19)

for any A, that introduces the mi parameter. This parameter corresponds to the combination
Af?sin? 6, discussed in Eq. (5.4.7).

Here, we summarise the sequence of limits, similar to how it was discussed in Section 5.4.
Initially the limit A5 — oo introduces an infinite mass in the action Sp, (refer to Eq. (5.5.4)),
freezing the absolute value of P5. Second, the limit of k5 — oo is taken. As ks becomes
very large, the couplings associated with the remaining degrees of freedom in P5; goes to
zero. At this stage, P5 transitions into a spurion initially introduced as a field transforming
under a symmetry but is now reduced to a set of real numbers. Then, é - 0 gauges the
SO(4) subgroup by freezing the gauge bosons along the coset SO(5)/S0O(4).” We effectively

"If we set £ = € = ¢, then in the dual field theory, the entire SO(5) is weakly gauged. When ¢ is small, the
gauge coupling in four dimensions, evaluated at ¢* ~ 0, approximately equals g4 = € g.

8This can also be achieved by setting Dy =0 and allowing € — 0 depending on z — 0. Both approaches are
related to the limit discussed in Section 5.4, where & — oo.

9Importantly, the limits ks — oo and & — 0 commute with each other. It also corresponds to setting D, = 0,
keeping consistency with the previous limits.
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recover an approximate symmetry, which is also spontaneously broken in the dual field theory
(as discussed in Section 5.4), while respecting the gauge principle and maintaining unitarity.
Fourth limit is p2 - oo, which removes the UV regulator.

We provide an example of how to establish the UV boundary conditions for the pseu-
doscalar and vector modes, focusing on the case where A = 2. For other values of A, a
case-by-case calculation is required. Our approach utilises the UV expansions of the fluctua-
tions, as stated in Appendix E. These expansions are substituted into the boundary conditions
specified in Egs. (5.6.6-5.6.11), allowing us to derive relationships between the leading and
subleading coefficients that appear in the solution of second-order linearised equations in the

bulk. This procedure yields the following relationships:'’

2
P x _

0= 5—21)54 - 303, (5.6.20)

0 = cos(v)v) —sin(v)vy), (5.6.21)
- 2 R ) 2 . "

0=-3 COS(U)UBA + sin(v) (gzk;(d)?,b{f - 3034) + Z_—2 ((:03(1))064 + sin(v)bb‘l) , (5.6.22)

0 = vy, (5.6.23)

0= pgt = kb, (5.6.24)

4 mi 4

0= po - k')( + 52 pi. (5625)

q ¢J

Our numerical investigation, illustrated by the plots in Section 5.7, extensively explores
the parameter space of the model. We carefully examine how the entire spectrum of fluctua-

tions varies with the remaining free parameters. Here is a summary.

o The functions of the background are chosen by parameters A (related to the dimension
of the dual operator inserted to break SO(5)) and ¢; (controlling the profile for ¢ in the
IR expansion, including its departure from 0). We constrain A to % <AL % and ¢; in
the region of the stable branch of solutions identified in Chapter 3, ensuring ¢; < ¢7(c)

where ¢7(c) is the critical value for a first-order phase transition.

o The gauge coupling of the SO(4) in the dual field theory, denoted approximately as
g4 = £g, with g as the bulk coupling, requires € to be sufficiently small for perturbation

theory to apply.

« Adjustments in the vacuum misalignment angle v and the mass m> of the lightest scalar
particle are made to create large separations between parametrically light modes and

heavy resonance towers.

19711 these expressions we reintroduce the dependence on Ay and yp via the substitution ¢* — e?xvu—24u 42,

Additionally, to maintain consistency, it is necessary to reintroduce Ay and xy in Egs. (5.6.14)—(5.6.16).
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e The constant ky is discussed further in subsection 5.6.2.

e When numerical results are presented, we report the values of p; — p, and p2 — p, used
in the calculation. We confirm that the outcomes are insensitive to these choices within

the desired numerical accuracy of our study.

Two important clarifications should be noted in the conclusion. First, only eigenstates
with M? = —¢% # 0 are studied by the bulk equations and boundary conditions discussed
herein. For massless modes, the spectrum is already determined by the system symmetries;
for instance, the unbroken SO(3) symmetry yields three massless vectors. Another point to
mention, the gauging process described occurs in the presence of a bulk profile for ¢ within
a D-dimensional asymptotically AdS gravity background, aligning with the discussions in
Section 5.4. This process happens if A falles within the range % <AL %, where the
scalar field interpretation in the dual description corresponds to more than one interpretation
for the operators inserted in the dual field theory [46]. Notably, in our numerical examples,
we adopt A = 2 with D = 6. This choice will be further explained in the subsequent brief

subsection.

5.6.2 More on the gauging of SO(4) and the role of ky

It is beneficial to digress momentarily to discuss the role of the parameter ky. In the con-
text of gravity theory, the action maintains SO(5) gauge invariance, but the background
solutions exhibit X, # 0, spontaneously breaking the SO(5) symmetry down to SO(4). The
conventional interpretation in field theory involves a combination of explicit and spontaneous
breaking of a global SO(5) symmetry, characterised by the parameters ¢; and ¢y found in
the UV expansion of the background solutions.

The asymptotic boundary values of the bulk fields, which act as sources for operators on

the dual field theory side, appear as a deformation given by:

f FrxO0%  where  X® =lim (27 X,) (5.6.26)

z—0

with O representing the composite operator corresponding to X,.
The SO(4) symmetry preserved by the deformation described is different from the gauged
SO(4). Tt is not possible to gauge the explicitly broken symmetries due to inherent obstruc-
tions. Therefore, to restore the full SO(5) invariance of the field theory, the boundary value
Xo(lo) must be transformed into a dynamical field. Then a limit needs to be taken to freeze
this spurion. However, for this field (spurion) to be applicable within a unitary field theory

framework, its scaling dimension must satisfy:
D-3 < D+1

A< ,
2 2

(5.6.27)
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where D = 6 in the current context. In simpler terms, Xcso) must adhere to these scaling
dimension constraints to ensure it can be effectively integrated into the unitary field theory
description.

The A; terms, which are the boundary-localised potentials for the sigma-model fields,
contain mass terms, which are taken to infinity to set up boundary conditions that freeze
the magnitude of X,. This freezing process is analogous to the limit where A5 — +oo for
the spurion Ps, and also relates to Ay — +oo0 limit discussed in Section 5.4. Likewise, the
parameter ky plays a role analogous to ks. In Chapter 4, the limit ky — +o00 was implicitly
imposed on the boundary conditions, causing the decoupling of the four additional massless
degrees of freedom (the PNGBs of the spontaneous breaking of SO(5) to SO(4) due to the
Xéo) VEV). In this study, however, we retain ky as a possibly finite free parameter. Three of
the massless scalars are absorbed via the Higgs mechanism, becoming the third polarisation of
the massive gauge fields in the SO(4)/SO(3) coset. The last component, which conceptually
corresponds to the Higgs boson in a CHM realisation of the model, gets massive as a result

of the explicit breaking introduced by m?l #0.

5.7 Spectrum

In this section, we show some numerical results illustrating the mass spectrum of fluctuations
and its dependence on various model parameters. Throughout this analysis, we fix A = 2,
b1 = ¢r(c) ~ 0.3882, py — po = 5, and p; — po = 1072, Figures 5.3-5.6 depict how the mass
spectrum varies with the remaining parameters: &, g, v, m3, and ky. Note that all spectra,
except for Fig. 5.6, are normalized to mass of the lightest spin-2 fluctuation e, .

Let us first focus on Figure 5.3, which specifically shows the dependence of the mass of
pseudoscalar fluctuations pA and p* on the parameter mi, for two distinct choices of ky. The
masses in these sectors are independent of € or v. Some notable observations from Figure 5.3
are the following. The spectrum of p“Zl includes three exactly massless states, which vanish
when the SO(4) subgroup is gauged as we work in the unitary gauge. These states correspond
to the longitudinal polarisation of three vector bosons. There is a tachyonic region in the
spectrum of p* for mi < 0, hence this range is physically forbidden. Small positive values
of m? result in a small mass for the state associated with the PNGBs of the spontaneous
symmetry breaking of SO(4). In the context of a CHM, this state would analogously be
identified with the Higgs boson.

Figures 5.4 and 5.5 provide full depictions of the mass spectra under different parameter
choices for g, A, ¢7, kx, and mi, as functions of v and &2, respectively. Upon examining these
spectra, several interesting observations can be made despite their apparent complexity. The

spectra reveal that only a small subset of states are light, namely the zero modes in the
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unbroken, gauged SO(3) sector, which are massless vectors, the lightest p* pseudoscalar and
finally, the lightest admixture of vectors in the SO(4)/SO(3) coset. These states stand out as
having masses significantly lower than the typical scale of the theory, which is often associated
with the mass of the lightest spin-2 state. There is a visible hierarchy between these light
states and the rest of the spectrum. As anticipated, the mass of the lightest vector states

increases when v or 2

are small and increasing. Conversely, these masses tend towards zero
when either parameter approaches zero. These trends align with expectations for vector
bosons linked to the Higgs mechanism in spontaneously broken gauge theories with weak
couplings.

Figure 5.6 illustrates three numerical examples of the spectrum, aimed at providing a
semi-realistic depiction of how this model could be implemented as a CHM. For illustrative
purposes, we overlook the differences with the SM and interpret the lightest state among the p*
fluctuations as the Higgs boson. In this case, we denote its mass as my and normalise all other
masses respective to my. To set up these examples, we choose A =2 and ¢ = ¢7(c) ~ 0.3882.
We impose the condition g4 = £g = 0.7, which is roughly of the order of the SU(2)y coupling
in the SM. We tune the remaining parameters such that the ratio of masses between the
lightest vector states (v“‘i and UA) and the spin-0 sector (p*) is approximately Mz /my ~ 0.73.
Here, My represents the mass of the Z boson in the SM.

It is important to note that this model is not intended to be realistic, and this exercise
should be interpreted cautiously. Nonetheless, it serves its purpose by demonstrating that
within this framework, it is possible to generate a small difference between the masses of
the Higgs boson and the Z boson, alongside the towers of the predicted new bound states
in the theory. Furthermore, it is observed that the first states, heavier than the light sector,
generally correspond to spin-0 states, with spin-1 and spin-2 states appearing much heavier

in comparison.
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Figure 5.3. The mass spectrum of fluctuations for the pseudoscalar, p“‘i (lines) and p* (crosses) for
2

two choices of kx =1 (top panel) and kx =5 (bottom panel) as a function of mj. The spectrum is
before gauging the SO(4); thus, the p* states contain massless modes, to be higgsed away in the case
of gauging. Other parameters are fixed as A =2, g =5, ¢5 = ¢1(c) » 0.3882, and the IR and UV cutoffs

are, respectively, at p; — p, = 107 and ps — p, = 5.
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Figure 5.4. Mass spectrumof fluctuations, for spin-2 tensors, ¢ (red dots), graviphoton v (black dots),
active scalars, a®, aX (blue dots), pseudoscalars, p* (purple crosses), pA (purple diamonds), vectors o
(black diamonds), v* (black crosses), v* and v (green crosses) and scalars a* (blue diamond), and

a? (blue crosses), as a function of v, the misalignement angle, for fixed values of parameters kx,m>,
and &. The bottom panel is a zoomed version of the top panel. Masses are normalised to the mass of
the lightest spin-2 tensor. Plots have A =2, g =5, ¢; = ¢7(c) » 0.3882, and the IR and UV cutoffs are
located, respectively, at p; — p, = 107 and py — p, = 5.
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Figure 5.5. Mass spectrumof fluctuations, for spin-2 tensors, ¢ (red dots), graviphoton v (black dots),
active scalars, a®, aX (blue dots), pseudoscalars, p* (purple crosses), pA (purple diamonds), vectors o
(black diamonds), v* (black crosses), v* and v (green crosses) and scalars a* (blue diamond), and

a? (blue crosses), as a function of £2, for fixed values of parameters kx,m3, and v. The bottom panel
is a zoomed version of the top panel. Masses are normalised to the mass of the lightest spin-2 tensor.
Plots have A =2, g =5, ¢1 = ¢7(c) ~ 0.3882, and the IR and UV cutoffs are located, respectively, at
p1—po =107 and ps - p, = 5.
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(purple dashed), and vectors, v and v* (green), v (black), v* (black dahsed), v (black dotted), for
three different choices for the coupling g: (A) g =2, v =0.15, g4 = 0.7, m? = 0.185%, (B) g =5, v =
0.1724, g4 = 0.7, m3 = 0.19%, (C) g =8, v = 0.17, g4 = 0.7, m2 = 0.185%. The plots are calculated
using A =2, ¢5 = ¢r(c) ~ 0.3882, and ky = 1. The IR and UV cutoffs are chosen, respectively, as
p1=po =107 and py - p, = 5.
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Chapter 6

From conformal to confining field

theories using holography

6.1 Motivation and background

From this chapter onwards, we move to a new subject in the context of formal supergravity
backgrounds and their holographic interpretation from gauge/gravity duality.

Following the formulation of Maldacena’s conjecture and subsequent improvements [2—4],
there appeared a compelling initiative to extend these ideas beyond N =4 Super Yang-Mills
to more phenomenologically relevant QFTs. This endeavour focused on exploring concepts
such as CFTs and QFTs with minimal or no supersymmetry, aiming to find geometric in-
terpretations of phenomena such as symmetry breaking, confinement, and the presence of
condensates.

Pioneering efforts in this direction included early works in Refs. [32, 209, 210], followed
by subsequent contributions from [211-213] and others. Notably, advancements were made
through the series of papers from [153, 214-218] (summarised in [219]), which provided a
comprehensive geometric framework for understanding non-perturbative aspects of a quiver
field theory with two-nodes and N =1 supersymmetry.

Simultaneously, another line of investigation based on wrapped branes, by [32, 154, 220~
228] which further developed through works like [229] (reviewed in [230-232]), offered a
complementary perspective on the same non-perturbative phenomena. Remarkably, both
approaches demonstrated a consistent geometric realisation of strong coupling effects such as
confinement and symmetry breaking. The convergence of these two research directions was
elegantly demonstrated in the works [233-236], which effectively unified the insights gained
from both sides.

An advancement beyond the earlier works, which primarily involved adjoint or bifunda-
mental fields, was the incorporation of fields in the fundamental representation of the gauge

group. Initially, this extension was performed in the probe approximation, where “flavour
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branes” were introduced to probe the geometry without backreacting, similar to a ‘quenched’
approximation. For reviews on this approach, see Refs. [112, 156, 159, 160, 237]. Subse-
quently, efforts were made to refine this probe approximation by the smearing of flavour
branes, which allowed for only studying BPS ordinary differential equations instead of more
complex BPS partial differential equations. For detailed discussions, refer to works such as
[238-246).

However, a recurring issue in these models is that when the high-energy behaviour of the
QFT corresponds to a deformed 4-dimensional CFT, the IR region of the holographic dual
background often exhibits singularities. This characteristic is observed in earlier models like
those discussed in [211], [213], as well as in more recent developments covered in [247-249].
Notably, this IR singularity concern can be mitigated to some extent at finite temperatures.
Conversely, models with a smooth IR geometry tend to show a different issue: their UV part
typically does not resemble a field theoretical setting because the space is not asymptotically
AdS. We will now elaborate on the contents of this chapter, which is a step forward in solving

some of these issues.

6.1.1 General structure

To address the previously discussed issues, we focus on a five-dimensional quiver field theory
that maintains eight Poincaré supersymmetries and is balanced. At high energies, this theory
asymptotes to a strongly coupled CFT. The holographic description of this five-dimensional
fixed point is given in works such as [250-252].

Next, we proceed by compactifying this family of 5D Superconformal Field Theories
(SCFTs) on a circle, introducing anisotropic VEVs to the stress-energy tensor 7),, and an-
other global symmetry current. This setup initiates an RG flow that culminates in a four-
dimensional QFT without supersymmetry. The holographic dual describing this dimensional
flow is situated within the framework, albeit with differences, of solutions recently explored by
Anabalén and Ross [253]. Related previous backgrounds can be found in [254], with further
developments and applications detailed in subsequent works such as [255] through [256]. Our
study employs holography to explore various aspects of this family of QFTs. The forthcoming
sections of this chapter are organised as follows.

In Section 6.2, we introduce a new family of supergravity backgrounds in Type IIB that
form the foundation of our investigation. A notable feature of these backgrounds is their
overall smoothness, except at specific locations where localised D7 brane sources, known as
flavour branes, are situated. By computing the Page charges, we find that the configuration
includes a combination of D5-NS5 and D7 branes, resembling the typical setup described in

Hanany-Witten constructions [257] for five-dimensional field theories. The number and type
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of present branes, directly correspond to the contents of the balanced dual linear quiver, as
elaborated further below.

In Section 6.3, we propose a dual QFT corresponding to this supergravity background.
As expected, in the far UV, the theory is described by a family of balanced linear quiver
SCFTs in five dimensions. These are compactified on a circle and subjected to deformations
involving an anisotropic VEV for T}, and a global symmetry current, which collectively
break supersymmetry. Using holography, we explore various aspects of the low-energy QFT,
including a monotonic quantity referred to as the flow-central charge and related to the
number of degrees of freedom. This quantity serves as an indicator of the presence of a
four-dimensional IR-gapped system that is UV-completed by the underlying five-dimensional
SCFT.

We also investigate the behaviour of Wilson loops, observing their initial CFT-like be-
haviour at small separations of the non-dynamical quarks, followed by a transition to confining
behaviour. By constructing an appropriate QCD string configuration, we argue that the pres-
ence of localised sources (D7 flavour branes) introduces the possibility of screening effects.
Additionally, we compute the Entanglement Entropy on a rectangular strip. This quantity
is then related to the free energy of the underlying 5-dimensional SCFT, and we analyse the
contributions from the RG flow to this entropy.

Moreover, we propose a method to compute the Holographic Complexity for these di-
mensional flow scenarios, particularly focusing on transitions away from SCFTs using the CV
conjecture [258]. We find that the holographic complexity is connected to the free energy of
the 5D SCFT and includes contributions from the RG flow away from the fixed point. At
the end, we calculate the masses of spin-2 excitations within the four-dimensional Minkowski
theory. Notably, the spectrum reveals positive masses, providing evidence for the stability of

our non-supersymmetric QFT.

6.2 The supergravity background

In this section, we introduce a family of new supergravity backgrounds investigated in this
chapter and the related brane charges. Appendix F provides detailed derivations and descrip-
tions of the origin of the solutions.

The background solution is written by using the coordinates (t,z1,x2,x3,7,¢,0,0,0,1),

functions H(r), f(r), seven other functions f;(r,o,n), parameters (c, g, 1), as well as another
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function V' (o,n). In the convention of o’ = g5 = 1, one has

1/2 ~2
dsst-fl[ H'P(r)r? dzy 3+ zg Hf( ()T) dr2+2%H(r)‘3/2f(r)d¢2
+f2 (d0% +sin 6 (dip - AT)?) + f3 (do® + dop®) | (6.2.1)
F0) = E gt e, Hw)=1-5) A§3>=A§3)<r>d¢=@<1—ﬁ>d¢,

\/ H'(r _
F2(3):dA§3) c ];I(E'))2 dr ndg, Co= fr, 62<D:f6’ F5:4(G5+*10G5)7

By = f4Vol(5?%) + §ncos 0F2(3) . Co= f5Vol(5?%) +49,(aV) cos 0F2(3) .

Vol(5%) = sin6dd a (dip + AT (r)dg).

Functions denoted as f;(r,o,n) are written as:

f _ 3 2 3X40'8UV 1/2 f _ XQaUV@%V — X2872]V (6 2 2)
17 ox2 a2v ’ 2 30 27 360,V -
1o 3X*(0%0, V)(82V) )\ oo 1 3X4080V8§nv
= = +
fo (3X48 V o+ 0’82‘/) ’ fr K 3X40,V + U@%V
P 00,V V P 00,V (8,V 02,V - 3X*92V 8,V )
2 A ’ °7 2 A ’
402 2 2 212 1
A=3X'OVO,V +a[(9,V) + (03V)], X(r)= oI V(o,n),
with Gy representing the differential form
52 5
Gs = —4927 2#T4H,(’F)f1(’l”, o,n) dt Adxy Adxe Adrs Ad (cos 6’0280‘/) . (6.2.3)
c

Here, 52 sphere is fibered over the ¢-circle. The metric of the subspace spanned by (6, )

coordinates reads
2
ds%2 = df* + sin® H(dcp - Agg)) . (6.2.4)
If one chooses the periodicity of the circle parametrised by the angle ¢ to be

+5)\2 2 \2
sm(or) (1-55) 2 (2H(7‘*))2 (6.2.5)
=27 : 2.
(=8G2ct + 4G2r*6 + 4G2c2r*3 + 27r* 1) fr(r)

¢~¢+L¢, L¢=
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this circle shrinks smoothly at r = *. In this case, the Ricci scalar will be bounded for the
range of coordinate r € [r*, 00).

In 7 — oo limit, one has H(r) ~ 1, therefore F2(3)(’I“ — o0) ~ 0. For regularity of the gauge
field, the condition of Agg)(r) =0 is imposed at the end of space r = r* by doing a large gauge

transformation as

A§3):\/ﬂ(1_ 1 1 )d¢ZM( 1 1

7 T HE “Hr T HG

)) de. (6.2.6)

The gauge field F2(3) remains unchanged by this transformation. It is noteworthy that the
space approaches to AdSg x S%(6, ) x Xo(0,7) as r - .
After performing this transformation, if we compute the magnetic flux of the background

current, we get

1 V20 1
o=-¢ AP (r= :——/ﬁﬂwy A da” = ~1|L 2.
95 o (r=00)dp=—2 el A dz” = o) & (6.2.7)

which is related to the holonomy of the background gauge field. Therefore, the solution is
characterised by two parameters: p and ¢, or equivalently Lg and ®, which are a more natural
parametrisation from the perspective of the dual theory living on boundary.

A two-dimensional Riemann surface ¥ is parametrised by the two real coordinates, (o, 7).
In order to satisfy the equations of motion of Type IIB supergravity, the so-called “potential
function,” V(o,n), must satisfy a Laplace-like differential equation with suitable boundary

conditions. The equation is
05 (0%0,V) +0°0;V = 0. (6.2.8)

It is convenient to do a redefinition defined as

V(a,m)

= @ (6.2.9)

to obtain the Laplace equation. Using f/(a,n) and introducing a function as a density of

charge named as R(n), our Laplace problem is,

2V + 0V =0,
V(J—’iooaﬁ)=0, V(Uaﬁ=0)=v(0’,n=P)=0~
h%(awqa:+gn)—ajxa:—qnn:7any (6.2.10)

Tt is important to note that for a given periodicity L4 and magnetic flux ® chosen at the boundary, there
can be multiple background solutions in bulk. This means that fixing a pair of values for Ly and ® at the
boundary does not uniquely determine the corresponding u and ¢ values in bulk, leading to different branches
or families of background solutions. Our study investigates one such branch.
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~ The fields and warping factors of the background depend on a potential function, V(,7) =

@, defined on the two-dimensional internal space. This potential function satisfies a dif-
ferential equation (referred to in Eq. (6.2.8)), leading to all equations of motion of the back-
ground configuration, as described in Eq. (6.2.1), being satisfied. We have checked that the
background does not preserve supersymmetry. The stability of this solution remains a subject
for future investigation, with some details given later.

The configuration described by Eq. (6.2.1) provides an infinite family of backgrounds
that are asymptotically AdSg within Type IIB supergravity. This family is parameterised
by the function V' (o,n), which solves the differential equation in Eq. (6.2.8). As the radial
coordinate r tends towards infinity, corresponding to higher energies, the dual field theory
approaches a five-dimensional fixed point.

The potential function V (o, 7), subject to appropriate boundary conditions described in
Eq. (6.2.10), can be expressed through a Fourier expansion technique, described further in

Ref. [259]

. A . ] .,
V(o,n) = @ V(o,n) = k;ak sin (k%n) el gy = # fo R(n) sin(%rn) dn.
(6.2.11)

As will be explained below, the Page charges’ quantisation conditions force the ‘Rank function’

or ‘density of charge’ to be a convex polygonal,

Nin 0<n<l
R(M) = {Ni+(Npa = N)(n=1) l<n<l+l, l=1,..,P-2 (6.2.12)
Np-1(P-n) (P-1)<n<P.

The coordinate 7 is bounded to be in the interval [0, P] while ¢ has the range (—oo, c0).
Now, the behaviour of these solutions is studied near the special points in the internal

space.

6.2.1 Behaviour at special points

We examine how the metric and dilaton behave near specific points, focusing on =0, n = P,
and the limits ¢ - o0, as r — oo.

We begin by analysing the metric behaviour at the boundary, starting with n = 0, and
note that identical results apply to 7 = P. As r approaches infinity, indicating X (r) - 1, we
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observe that at this boundary, the functions f; and f3 remain finite,

s 2 _klo]
fQ(T 00,0,0) —97T2 Zzil?}fak((ﬂ_llga) +3|J|7r1]—€’0+3)€ P
1 o i 3 _rklg| )
! oo () e
3 k|o|
1 leilak(w—k) o
f3(7ﬂ_) 00,(7,0) :§ P _wklo| ?

o 2
Sitvan ((3) o]+ 5 e
while fo - n? f3(+00,0,0). The metric at these boundaries, using these results, is

N0 dsly=fi(+00,0,0) (ds*(AdSe) + fa(+00,,0)(1%ds* (%) + dn* + do?) ),

NP dsty=fi(+o0,0, P)(ds*(AdSs) + fs(+00,0, P)((n - P)*ds*(5%) + d + do?)).
(6.2.13)

For r — oo, Agg) - C}\{?T_‘i)dgb, thus the 52 fibration on AdSg is trivial.

In these limits, the metric remains regular, structured as a warped product AdSg x R*

with non-singular warp functions. The fact that the dilaton remains finite further supports
the regularity of the entire solution at these boundaries.

Now, turning to the limit where 0 — +o0 and r — oo, we utilise the Fourier expansion
given in Eq. (6.2.11). Here, the dominant contribution to the potential V = oV results from

the k£ =1 mode. To study the asymptotic behaviour of space-time, we have the expansion

oV(o,n)~ 82(0‘/) ~ sin (%77) e Pl 620,V ~|o]sin (%n) Pl A~ o e Tl

(6.2.14)
Up to constant factors, the metric reads
0 — +00 ds? = |o|ds*(AdSg) + sin? (%n) ds*(S?) +dn® + do*. (6.2.15)
While the dilaton is .
-d 6_?|g|
o> 00 e~ (6.2.16)

o] -
By performing a change of coordinates where |o| - —logz with z being small and positive,
the metric and dilaton can be expressed in the form of a (p, ¢)-five-brane in the asymptotic
regions o — +oo, as detailed in Ref. [250]. Our family of six-dimensional backgrounds show
some singularities in the fluxes, dilaton, and metric at ¢ = 0. To analyse their behaviour,
we compute the conserved Page charges. Notably, the constraints imposed on the Rank

function R(n), specifically that the charge density forms a convex polygonal shape as defined
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in Eq. (6.2.12), gaurantees that the quantisation conditions for charges are satisfied.

6.2.2 Page charges

In this section, we consider the analysis of the quantised Page charges within the background
described by Eq. (6.2.1). Specifically, we demonstrate that the constraint imposed on the
function R(n), as defined in Eq. (6.2.12), to be a convex, piece-wise linear function leads
directly to the quantisation of these charges.

The volume element of the fibered sphere is Vol(S?) = sin0df A de — sin 6A§3)(r)d9 A do,

so the fluxes are
- 2 -
H; = dBy = d[ fyVol(5%) + 1 cos 0F] = (9, fado + By, fadn) AVOL(S?) + -, (6.2.17)
Fy = Fy = dCy = 3, frdo + O, frdn + 8, f-dr,

F3y=F3~ByAFy =d(Cy—CoBa) = [0 (f5 — frf1) + 0y (f5 — frfa)] A VOl(S?) + -,

where the Page fluxes definition F = F e P2 has been used, and only terms that are relevant
for our calculation are kept in the expressions.

By choosing o’ = g5 = 1 one has,

1 ~
QD P = f Fg_ .
p,Lrage (27_‘_)7,1) ngp P

Implying,

1 ) 1 ,
-~ [ &, :/ £, -~ [ & 6.2.18
@nss 12 fM3 3, Qb7 5, Qps 3 ( )

47T2 Y3

We define the cycles Ms, 31, X3 as,

Mgz[n,5’2],witha—>ioo, r — oo, ¥ =[n],with o =0 ,7 > oo,
Y3 = [0, %], with 7 = fixed, r — oo.

Here, a large gauge transformation By — By + Adf)s is allowed in the calculations. This does
not affect NS5 or the D7 brane charges, but it has an impact on the D5 brane charges.

The field strength F5 =F5—-BonF5+ %Bg A Ba A F1 does not carry any quantised charges
of D3 branes since there are no compact five-cycles. Now, we check the possible quantised

charges, case by case.
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NS-5 branes: By computing the NS-5 brane charges, one has

TQNgs = i []\/[3 Hj; = ] dndy fa(r - 00,0 — +00,n) = f4(o0,x00, P) — f4(00,+00,0).
(6.2.19)
By making use of relations derived in Appendix C of [8] one can check that the number of
NS-5 branes is given by
Qnss = P. (6.2.20)

Both contributions from o = +00 and o = —oo are included. This indicates that P NS-5 branes
are present in the background.

One can also consider another cycle
M =[n,0,¢],with r > 00, 0 — +o0,

which gives the NS-5 brane charge as

1
7"@9\755 = . Hj = - f dUA?)(T = Oo)anfz;(r — 00,0 = £00,7))
3
=—AB) (r = 00) (fa(00, 200, P) = f4(00,+00,0)),

Qygs = -AP (r = 00) P, (6.2.21)

The quantisation of this charge requires the quantisation of the c-parameter in Eq. (6.2.1)—
see also Eq. (6.2.6). However, the cycle M is topologically 5?2 x S, not an S3. Now we move

to the D7 brane charge calculation.

D7 branes: The D7 brane cherges reads

~ P
Qpr = /21 b= /0- dnoy f7(00,0,1) = f7(00,0, P) — f7(0,0,0). (6.2.22)

After symplifications one has
Qp7=(R'(0)-R'(P)). (6.2.23)

Because of the integer slopes, one can check that in the interval of 0 <7 <1 one has R = Nin
and in P—1<n< P one has R = Np_1(P —n). Thus the final number of D7 branes is

Qpr = (N1+ Np_1). (6.2.24)

D5 branes: A large gauge transformation is performed as By — Ba + AVol(S?). Note
that the volume element of the sphere S? at r — oo of our metric is Vol(S?) = sin8df A dy



Chapter 6. From conformal to confining field theories using holography 109

which is well-defined and fibration is trivial in this case. The D5 brane charges are

WQD5= %A3 Fg—(Bg+AVOl(S2))/\F1 = [: dU@U [f5—f7(f4+A)] =

[ oults= et M)+ [T 05lfs - r(fas D) (6.2.25)

The expression f5 — f7(fs + A) should be evaluated at ¢ - +oo and o = +e then we need
to take € - 0. The details of calculations are provided in [8]. The function f5 — f7(fs+ A)
evaluted at 0 — +oo vanishes. Therefore, we only want to calculate

—€
€

TQps = f5—f7(f4+A)] , (6.2.26)

evaluated at the limit » — co and some fixed value of 7. After simplifications, we find

Qps =R(n) -R'(n) (n-A4). (6.2.27)

It is important to note that within each interval specified by Eq. (6.2.12), the function R(n)
is linear, distinguished by an integer intercept and slope. This gaurantees that the Page
charge @) ps associated with D5-branes, as derived in Eq. (6.2.27), is an integer. In particular,
by implementing a large gauge transformation A = k specific to each [k,k + 1] interval,
Eq. (6.2.27) simplifies to:

Qps = Ny. (6.2.28)

Here, Ny represents an integer that we interpret as relating the gauge group node SU(Ny)
in the quiver theory to the interval [k, k + 1] along the n-coordinate axis.

One can also consider another cycle, (similar to the case of the NS-5 calculation)
¥4 = (0,0, 6], with n = fixed, r - oo .

with the charge of D5 branes as

"y =1 [, F= (Bas AVOUS?) A Fi == [~ do A (= 00)d [fs = fo(fa+ )] =

3 —€
AP (r = 00) (f5 - Fr(fa+ A)) ],

Qs = -AP (r = 00) N, (6.2.29)
To ensure the quantisation of charges as discussed, a quantisation condition must be imposed
on the parameter ¢ in Eq. (6.2.1), as indicated by Eq. (6.2.6). It is noteworthy that the cycle
¥4 is not topologically S, it rather forms S% x S1.
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Summarising the total number of branes in this background configuration we have

Qnss =P (6.2.30)
P
Qprlk.k+1]=R"(k) = (2Ny = Ngs1 — Ni-1), Qp7totar = (N1 + Np_1) = _[0 R (n)dn,

P
Qps[k,k+1]=R(n) -R'(n)(n-A)=Ni, Qpstotal = fo R dn.

Moving forward, we will consider the associated QFTs. Given the presence of branes
in our configuration, particularly D7 flavour branes, which introduce singularities in the
background, it is crucial for the reliability of the background that we consider, to have large
values of P. This ensures that the D7 branes are sufficiently separated. In essence, the
backgrounds described by Eq. (6.2.1) are dual to field theories in the UV regime that feature

long linear quivers with scattered flavour groups.

6.3 Dual field theories and observables

In this section, we explore the field theories that are dual to the family of Type IIB solutions
introduced in Section 6.2.

The determination of the holographic dual proceeds as follows: at large radial coordi-
nates where r — oo, the backgrounds asymptotically approach AdSg, and X (r - oo) ~ 1.
Additionally, the gauge field, A§3), behaves as a pure gauge field with the form given by
Ags)(r - 00) ® Cfl\{g)dqﬁ (as described in Eq. (6.2.6)), and the field strength F2(3) tends to-
wards zero. The presence of fluxes and the non-trivial S? fibration over the ¢-coordinate alter

the isometries of AdSg as one moves deeper into the bulk, towards r*. This feature has a
resemblance to twisted compactifications discussed in [251] and reviewed in broader contexts
in [260]. In the cases investigated in [251], there is an infinite family of SCFTs in 5d, selected
by the function V' (o,n) that solves a Laplace-like equation, which is compactified on a curved
manifold. Twisted compactifications, originally introduced by Witten, have been explored
extensively across various examples and contexts [220, 227, 229, 261, 262]. However, it is
important to note that in our case, the compactification on S(Zlﬁ does not preserve supersym-
metry, as evidenced by the absence of massless spinors in our background (see Appendix A of
[8]). Therefore, the solution described in Eq. (6.2.1) does not constitute a twisted compact-
ification. Furthermore, the manifold on which we compactify, Sdl), remains flat and does not
introduce curvature into the compactification.

In the current context, we interpret our backgrounds as providing a holographic descrip-
tion of the compactification of five-dimensional QFTs on a circle, augmented by the inclusion
of a Wilson line. This Wilson line is holographically represented by the A§3) fibration as

given in Eq. (6.2.6). The backgrounds we investigate belong to a class of solutions recently
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No Np_q

Fy Fo Fp Fp

Figure 6.1. Diagram for a linear quiver. The balancing condition is F; = 2N; — N;_1 — N;41

explored by Anabalén and Ross [253]. These backgrounds build upon earlier work, such as
the solutions discussed in [254], and have been further developed and applied in subsequent
papers [255, 256].

The 5D linear quivers discussed, approach a conformal fixed point towards high energies.
This UV conformal field theory is deformed by the introduction of operators that characterise
the compactification process. Moreover, within the holographic framework provided by our
geometries described in Eqs. (6.2.1)-(6.2.2), a QFT Wilson line is added and represented by
the field AES) as given in Eq. (6.2.6). The key insight from our gravitational backgrounds is
that at lower energies compared to the finite size of the compact space Sé, the field theories
undergo a transition away from the UV conformal behaviour. Instead, they evolve into non-
conformal field theories in (3 + 1) dimensions.

The compactified 5D CF'Ts described here have the strongly coupled dynamics of lin-
ear (balanced) quiver field theories at high energies, as those in Fig. 6.1. The numbers
Ny, Ns,.....Np and F1,...., Fp determine the function V' (o,n) in a unique fashion. The func-
tion R(n), which following Eq. (6.2.11), determines V' (o, n), is also fixed by these numbers.

In the UV regions of the field theories discussed, relevant operators deform the conformal
fixed points. The dimensions of these operators can be extracted from the near AdSg boundary
expansion of the gauged supergravity metric, as detailed in Appendix F, and further analysed
for the near boundary behaviour.

The parameters 1 and ¢ in our gravitational backgrounds control the subleading modes
of the metric, the scalar field X, and the gauge field in their asymptotic expansions. These
parameters correspond to the VEVs of the corresponding dual operators in the field theory.
The asymptotic expansions are given in Appendix F.2. The gauge field A§3) in the bulk,
produces a VEV of a global symmetry current in the dual field theory, which can be interpreted

as a background current insertion. The scalar field X induces the VEV for an operator of
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Energy
Deformations 5d SCFT A
<T>><J>7"' A
4d QFT
5d QFT

Figure 6.2. RG Flow of the 5d SCFTs under deformations

dimension three. The VEVs are given as, (¢ = \/g has been set within this section.)

62

(J) = =3ev/ii, (Ox) =" (6.3.1)

For the components of the boundary stress tensor, the VEVs are as follows:

(Tu) =~ (Toiw) =0 {To) = 4. (6.3.2)

There are some important features. The energy density, represented by (T}), is negative for
positive . The VEVs in the ¢-direction and the other flat x;-directions are different, sug-
gesting an anisotropic insertion of relevant operators in the boundary theory. These relevant
operators, initiate an RG flow within the dual field theory. This RG flow culminates in gapped
four-dimensional QFTs corresponding to the gravitational backgrounds under consideration.
Fig. 6.2 provides a schematic representation of this RG flow, illustrating the field theory evo-
lution under the influence of these deformations and transitions from the UV conformal point
to the gapped 4D QFTs.

In the upcoming sections, we compute several observable quantities within the dual QFT.
Beginning with the holographic central charge in Section 6.3.1, this quantity serves as a
measure of the number of degrees of freedom or, equivalently, the Free Energy of the strongly
coupled lower dimensional QFTs. Specifically, we find that it is expressed as a function of the
energy scale and involves transcendental functions of the parameters appearing within the

quiver structure, capturing the non-perturbative characteristics of these QFTs.
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6.3.1 The holographic central charge

In this section, we determine the holographic central charge, which quantifies the number
of degrees of freedom throughout the flow. Drawing from Refs. [263] and [264], we initially
define this quantity at conformal points and subsequently compute it in specific examples
from our type IIB family of geometries.

After analysing the conformal UV regime, we present the central charge along the flow,
as originally introduced in [263]. Notably applicable to flow-describing geometries, its key

feature is being constant at both ends of the flow.

6.3.1.1 The holographic central charge at fixed points (r - )

In the first stage, we provide a brief summary of the holographic central charge concept. For

a (d+1) dimensional QFT, which is dual to a background, with metric and dilaton given by,
ds® = a(r,0)(da? g+ B(r)dr?) + gi; (r, 6)d0"do7, o(r, ), (6.3.3)

we can calculate a weighted internal volume, V;,;, defined below, and hence, the central charge

as

Vit = [dé\/det[gij]e*‘@ad, f[zViit,
~ 2d+1

2

(H)d

Chol = d—dﬁd/Q (6.3.4)
Gy

We apply the aforementioned procedure to the UV fixed point solution of the AdSg back-

grounds that emerge at r — oo and correspond to the far UV limit of our QFTs. We set

d =4 in Egs. (6.3.3) and (6.3.4) and pick Poincaré coordinates for AdSg. By comparing with

Eq. (6.2.1) in the large-r limit and making the necessary coordinate redefinitions, we have

2 252 dr® 2 1

ds*(AdSe) =r°dzi s+ —, a=fi(e,n)r", B=—, d=4 (6.3.5)
oo r

9i;d0°d07 = f1 f2dS* + f1f3(do® + dn?), Vips = N7, N = fde dp do dn sin® f} fafsfe.

From Eq. (6.3.4) and X(r — o0) =1 in Eq. (6.2.2) and the form of the functions f;(r —

00, 0,1), we get the holographic central charge as

1
16GN-N-7

P oo
Gy =875, N =330 fo dn f do 0, VOV, (6.3.7)

Chol = (6.3.6)
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Examples
We now present two examples. For each case, we present the rank function R(7), related
Fourier coefficients aj, and the potential function V(o) from Eq. (6.2.11). We also display
the corresponding 5d quiver field theory and compute its holographic central charge.

First, we consider a gauge theory denoted as T’ ~,p- The IR behaviour of this gauge theory
is characterised by the following quiver diagram:

_/

The rank function of this quiver is,

Nn 0<n<(P-1)
N(P-1)(P-n) (P-1)<n<P.

R(n) =

The potential function V(a,n) defined in Eq. (6.2.11) and the coefficients aj, are given as,

NP3 k
ar, = (—1)"”1—,{:37r3 sin(?ﬂ) , (6.3.8)
. NP3 T (loleisi A
V=" 5 Re (Lig(-e Py — g (=B Ul (6.3.9)
T

Making use of Eq. (6.3.6), the holographic central charge in this case is

N2P6 s} s
chot = - (2¢(5) ~ Lis (e 7 ) = Lig(e™ 7)) . (6.3.10)
{7710

It is noteworthy that this calculation is reliable for long-quiver limits. Hence, the P — oo

limit should be taken, and up to the leading order, one has

N2p?
om8

(6.3.11)

log P )
Chol = .

<(3)+o( £

The appearance of ((3) highlights the fundamentally non-perturbative nature of this quantity
and its association with the 5d SCFT. This finding can be verified using a Matrix Model
framework, as demonstrated in references [265-268].

Next, we explore another example known as the +p y theory. The rank function for this
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theory is expressed as follows:

Nn 0<n<l
R(n)=4N 1<n<(P-1)
NP-n) (P-1)<n<P.

This represents a linear balanced quiver field theory given by

N N N N

N >4
~

P-1

The potential function V (o,7) defined in Eq. (6.2.11) and the coefficients ay are given as,

NP? | (krm et
ay = Wsm(F) (1+(-1)%1), (6.3.12)
. NP?

V=

Re(ng(e Flol=mri)y _ Lig(—e~FUol=my 4 Lig(—e~F om0y _ Ljg (e # (ol-in- Z))).

Finally the holographic central charge reads

N2pt y
Chol = 3570 (31((5) + 8Lis (- e%) + 8Li5(—e*2T) _ 8Li5(627) 3 8Li5(ef2T)) '
7]\72P2 log P
Chol ~ ¢(3) + O( 08 ) . (6.3.13)

Central Charge Along the Flow
Now, we calculate the central charge for the solution described in Eq. (6.2.1). This is dual to

a 5-dimensional CFT, which is compactified on a circle and flows to a QFT with a mass gap.
We substitute d = 3 into Eq. (6.3.4). This choice effectively handles the QFT as being in
(3+1) dimensions. By comparing Eqgs. (6.2.1) and (6.3.3), we derive the following:

a(r) = f1(o, n) H1/2(r)r B(r) = ——— (6.3.14)

r2f(r)
H2 [ (r)dg? + fo (d6? + sin?(dp - AP))?) + 3 (do® + dn )]

dSmt = Gij (7, 0)d92 e’ = J1 [

Vi = NI, N = [ do db dp do dn (sinb £} fofsfs).
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Calculating N we find,
252 P oo
N=(%)233WBL¢A dy [~ do a0,V 32V. (6.3.15)

The holographic central charge in this case is,

N (f(r)*r?)

8GN (f(r) +r/6fl(r))3’ (6316)

Chol =

with Gy = 87%. Fig. 6.3 shows an example plot of the holographic central charge, chor,

respective to the radial coordinate.

8 Gn
—— %ol

Figure 6.3. The holographic central charge with parameters c=1,u =1

For r — co and 7 — r* limits, we find that Eq. (6.3.16) behaves as

243
8GN —128§2r+0(1/7") 7 = 00
Chol = $T0 16,222 %2 15~2. %5 _q,\2
N 1944r* " (=12c g*r* “+12g°r*°-9u) (T —’I“*)2 " O(T—T*)g r—

(4c2§2-20c2g2r*3+16g2r* 0 —27r* )3

This quantity diverges at high energies, indicating the need for a UV completion within a
5-dimensional theory. Essentially, it signifies that the infinite tower of Kaluza-Klein modes
resulting from the Sdl) compactification of the QFT introduces a divergent count of degrees of
freedom as we move to higher energies and are captured by this quantity. Additionally, the
central charge described in Eq. (6.3.16) becomes zero when f(r*) = 0, indicating the presence
of a gapped system.

It is worth noting that the factor A/ defined in Eq. (6.3.15), besides constants, incorporates
the same integral found in the totally conformal case (as seen in Eq. (6.3.7)). Physically, this
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implies that the degrees of freedom of the 5-dimensional UV, that are proportional to N in
Eq. (6.3.7), are ‘weighted’ by the volume of the compact manifold. This perspective aligns
with the framework discussed in Ref. [262] and is further explored in Ref. [269]. Essentially,
the free energy along the flow includes contributions from the evolving nature of the flow
itself (the r-dependent part of ¢py) and from the UV SCFT (represented by the factor N in
Eq. (6.3.16)).

Because of the compactification on the circle S2, one choses d = 3 in Eq. (6.3.16), rather
than d = 4. This adjustment is necessary as the 4d observable does not fully capture the 5d
UV conformal completion.

At the UV limit, the central charge exhibits a linear divergence. This divergence in the
free energy towards the UV is anticipated. Massive fields originating from the Kaluza-Klein
compactification on the circle Sé typically possess masses inversely proportional to the radius
of the circle and remain frozen at low energies. As the system flows towards the UV, the
massive fields have the possibility to become excited, leading to an increase in the number
of these Kaluza-Klein modes with energy, ultimately causing the divergence of the central
charge. Similar phenomena have been studied and explained in Refs. [270, 271].

In the upcoming section, we will compute a different quantity known as the ‘flow central
charge.” This quantity addresses the aforementioned deficiency by being sensitive to both the
gapped QFT in the IR and the UV fixed points. Moreover, it is monotonic, making it suitable
as a measure of the number of degrees of freedom (density of states) across the flow through

different dimensions.

6.3.2 The flow-central charge

In scenarios where the QFT exhibits dimensional flow (QFT with anisotropy in spatial dimen-
sions), we explore a refined definition of the central charge, as presented in [263]. Consider

the metric and dilaton taking the following form:

ds? = —agdt® + ardy? + andy3 + ... + agdy? + HZC-l:l(041....oacl)5l)(7“)d7“2 +

gij(d6" — AV (¢ - A)),  ®(r,6). (6.3.17)

Here, we consider the case with d = 4, addressing a five-dimensional system (¢, x1,z2, 3, )
with anisotropy. Our goal is to define a quantity that is monotonic along the flow, identifying
the fixed point in the UV limit and distinguishing the gapped nature of the IR phase. Follow-
ing the approach in [263], we define this quantity for our background as given in Eq. (6.2.1),

dsty = ardy? + agdys + ... + agdy’ + gi; (d0" — A} (d67 — A{), ®(r,0). (6.3.18)

int —

9ij (0" — ALY (97 — AL) = fi [ f (07 + sin 62 (dp — AD)?) + f3 (do® + dn?)] .
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We choose the combination,

Vint = [X\/det[gint]e*“’, H=V2,. (6.3.19)

The integral is over the X manifold, which comprises the internal space g;;. The holographic

central charge along the flow, denoted as cqoy reads

dd ﬁQdJl
LI NORY.
Cllow = Gn b(r) T (6.3.20)

Setting d = 4 in the five-dimensional case we have,

~2

2 25>
ap=o1=ay =03 = %f1(0777)H(7")1/27“2, Qy = %ﬁ(aaﬁ)&

H(r)3/?’

B H(T)1/2 B -
b(r)—W, Vine = N2\ f(r), H =N f(r).

2\' N H(@r)rtf(r)?
3) Gy (f(r) N #)4’ (6.3.21)

Cflow = (

with N given in Eq. (6.3.15). Figure 6.4 shows an example of the flow central charge.

0.0622

0.0621

0.0620

0.0619

0.0618F 2

Figure 6.4. The flow central charge with choices c=1,u=1

We observe that the flow central charge cqoy is actually monotonic. In previous stud-
ies involving SUSY cases [251, 263], it was demonstrated to be monotonic using the BPS
equations. In our current non-BPS background, this property still holds. The quantity cgoy
effectively identifies the UV fixed point and reveals the gapped nature of the theory in the

IR phase, indicated by zero degrees of freedom at r = r*.
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Now, we proceed to calculate a different observable of the QFT, namely Wilson loops.

6.3.3 Wilson loops

In this section, we compute the Wilson loop expectation values in QFT to examine the
proposed mass gap and phenomena like confinement or screening at lower energies. We begin
by summarising the general formalism used to compute Wilson loops in holographic QFTs,
following the methodologies detailed in references such as [148, 272]. These methods are useful
for analysing other probes that can be simplified as an effective action in the background,
such as Entanglement Entropy or 't Hooft loops. For further insights, refer also to [273]. For

a general background like
ds? = —gudt* + gurd@® + grrdr® + g;;d0'd6’ (6.3.22)

where gy, gzz, and g depend only on the r-coordinate, we introduce an embedding for a

string, with the Nambu-Goto action as

t=r w=a(y), r=r(),
Sna =TF1 / de'y\/gtt(r)gm(r):L"2 + gt (r) grr (1)1r"2, (6.3.23)

where, (7,7) are the worldsheet coordinates that parametrise the embedding of the string.
Following the approach outlined in Ref. [148], the equations of motion for the string dynamics

in this background are expressed as

dr dx
=iV, : 6.3.24
&y " Vers () ( )

We define an ‘effective potential” as in Ref. [148]

Veff (7“) = CFG(ZZ) V F2 (7’) - 02 ’ F2 (7“) = gtt9zx, G2 (7“) = gttGrr, (6.3.25)

F2g!
In this formalism, when fixing the coordinate as x(v) = 7, Eq. (6.3.24) can be derived

with constant C = obtainable from the equations of motion.
from the conserved ‘Hamiltonian’ using the relation C' = F'(r¢). Here, r¢ is the position where
the string embedded in the background turns back, satisfying /() = 0. We adopt this gauge
throughout and henceforth choose C' = F(rg).

In this setup, we have an open string whose endpoints terminate at a D-brane located at
r — oo. Dirichlet boundary conditions are imposed on the string at r — oo, ensuring Veg|;— 00 ~
oo. The separation between these string endpoints corresponds to the distance between a

quark-antiquark pair in the dual gauge theory. The energy between the quark-antiquark
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pair is computed using the Nambu-Goto action. A subtraction procedure is implemented
to regularise the computation. This subtraction involves subtracting the self-energy of two
infinitely massive strings that extend through the entire range of the radial coordinate [r*, 00),
effectively removing the rest mass contribution of the quark-antiquark pair.

The string forms a U-shape in the bulk. The separation Log(ro) and energy Egg(ro) of
the quark-antiquark pair can be expressed in terms of the distance from the turning point of

the string rg as follows:

+00 d
LQQ(m)=2U/ & (6.3.26)

o Verp(z)’

+00
Eqq (ro) = F (r0) Laq (ro) +2 [ dz
To

G(2)
F(z2)

VF (2)* - F (ro)* -2 f;w d> G(2) . (6.3.27)

The detailed conditions for confinement or screening of the theory are discussed in
Ref. [148].

Now, we apply the aforementioned general procedure to the solution described by Eq. (6.2.2).
Assuming the embedding of the string in the ¥ plane is at a fixed point (o,7) = (6*,1*), we

choose coordinates t = 7, © =y, and r = (). In this setup, we have

ds?nd = %gzﬁ(r, a*,n") (—H(r)1/2r2d72 + H(T)1/2T2 (1 + %) d’y2) , (6.3.28)

2~2
Sy = Try / drdyy/det[gas], = TplT% f A2+ G2, (6.3.29)

where the definitions

H{(r)
f(r)

F(r)=\H(r) fi(r,0",n*)r*  G(r) = fi(r,o*,n*)r, (6.3.30)

are used. The effective potential reads

_ f(?")?" * k)2 4 _ * k)2 4
Verr = o mr(%wl(r,o )2H (r)rt — fi(ro,o*, n* )2 H(ro)rd.  (6.3.31)

One can expand the effective potential near to ro = r*, Vegr ~ (r —r*), and see that Lgg

diverges when r advances towards 7*, see also [148]. This observation could suggest potential

confining behaviour in our dual QFT. We will examine this in greater detail below.
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To explore the low-energy behaviour of the QFT and examine the possibility of confine-
ment or screening, we investigate the expressions for the length and energy of the quark-
antiquark pair. From Egs. (6.3.26)-(6.3.27), we find that the length Lgg of the quark-

antiquark pair and its corresponding energy Eqgg are given by

Lgg (10) = fi(ro, o 0" )W H(ro)rg x
1

(6.3.32)

(o] d 7
»/1?0 \/fl(r70*a77*)2H(7’)7“4_fl(TOaU*vn*)QH(TO)Té\/f(T)T '
Eqq (r0) = F(r0)Loq (ro) +2 /oo dr Vo) H ()t~ fi(ro, 0% n7)2H (ro)ro

o0 H(r) -
2[» dm‘ Foy ot (6.3.33)

This integrals are calculated using numerical methods.

Figure 6.5 shows plots for the length of the string connecting the quark-antiquark pair
and the corresponding energy as functions of this length, evaluated for specific background

parameter values. The configurations for the profile of the string, depicted with ¢=1 and u =

Eaa
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Figure 6.5. The string length between quark anti-quark pair and its energy for c=1,u=1

1, for different separation lengths, are illustrated in Fig. 6.6. These figures exhibit the typical
behaviour expected in confining QFTs. We have fixed ¢* = 0 and kept n* constant. One can
check that the function fi(r,0*,n*) does not depend on r, leading to major simplifications
in the calculations. The n* position is directly linked to the gauge node associated with the
Wilson loop insertion (see also Ref. [274] and references mentioned there).

It is noteworthy that the energy curve Fqq as a function of Lgg has downward concavity,

indicating the stability of the embedded probe string configuration described by Eq. (6.3.23).



Chapter 6. From conformal to confining field theories using holography 122

L
— ro/r'=1.01
051 ro/r*=1.1
ro/r*=1.3
oofp——tb b e e roir=1.5
— rp/r*=3
— rp/r*=5

-0.5+

Figure 6.6. String profile related to the Wilson loop calculations for c=1,u =1

Additionally, for large values of Lgg, the energy increases linearly, which is suggestive of
confinement.

Below, we discuss a phenomenon that is not fully captured by the embedded strings
considered in this section. This new configuration is associated with the presence of flavour

branes within this family of background solutions.

6.3.3.1 Screening

In our dual QFT setups, massless flavour quarks are present. Specifically, each kink in
the rank function R(7n) corresponds to a flavour group, represented by a set of D7 branes
localised in the n-direction, as discussed in Eq. (6.2.30). The presence of these flavour groups
facilitates the screening phenomenon. This occurs when a pair of flavour quarks is created,
which can disrupt the flux tube connecting the heavy probe quark to the anti-quark pair,
thereby screening the interaction.

Even in cases where the Wilson loop is attached to a gauge node that does not have flavour
quarks directly attached, interactions among the quiver degrees of freedom can eventually
excite the flavour quarks. To rigorously investigate this, one would need to insert a probe
string into the bulk that could extend not only in the spacelike x; and radial r directions but
also along the n coordinate, associated to the gauge nodes in the quiver.

Generally, the embedding is parameterised by (7,7) variables. The induced metric is
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given by

t=7, z=x(y), r=r(v), n=n(v), (6.3.34)

252 .
dsznd (%)fl(rva 777)><

[ H(r) Y2472 + dy? (HOﬁU22x +L?Ztﬂ a+9ﬁi%§_ﬁﬂn&)]

By performing the integration on 0 < 7 <T', the Nambu-Goto action takes the form,

Sne = TTr1 f dy/F222 + G272 1 52472, (6.3.35)

H(r)r2
fr) 7

2 2 2 2
F? = (29 ) fi(r o MH@),  G?= (2 ) fi(r,o" )

§2_ (%)le(r’U*»U)fS(T,U*,U)H(r)l/%«?_

One should minimise this action to investigate whether a configuration extending in the 7-
direction can approach the nearest flavour group. This is a cumbersome problem and is
deferred for future study. Here, we undertake a simpler procedure that captures the idea of
the calculation. Specifically, we introduce a probe string parameterised by t = 7 and 7 = 7,
while keeping other coordinates fixed. We compute the Nambu-Goto action by taking a string
that extends from a specified node at 1 = n* to another node that may include flavour degrees
of freedom.

If the energy associated with this configuration is lower than the Wilson loop expectation
value derived in the previous section, a new stable solution emerges, leading to a phase
transition. This transition signals the breakdown of the flux tube when the separation between
the probe quark-antiquark pair gains an amount of energy sufficient to produce a dynamical
quark pair. Hence, we consider a setup with x = xg, r =7, and ¢* = 0. For this configuration,

we get,

2~2 * — — _ % _ %
dsig = —%fl(f,a ) H(P)PRdr? + fu (70" ) fs(F 0" m)dn®,  (6.3.36)
Sna =TF1 f de'y\/det[gag],z TFlT[ dnV S2. (6.3.37)
The o* = 0 choice had been made and the simplified results are

X28 174
00,V

f12(f70*’77) =

on2 (3X%00,V + 0202V
T ( n (6.3.38)

4 X4 8%‘/— )’ fg(T g 777) -

37r2 0'82V 97T2 - 7T2~7
f12f3:m( U +3X4)|a*=o:TX2(T), 522797«

0,V



Chapter 6. From conformal to confining field theories using holography 124

Therefore, we obtain
g _
Sna =T T—r/d , 6.3.39
NG F1 \/5 n ( )

which is minimized whenever 7 = r*. The integration over n ranges from n* (corresponding
to the gauge group where the Wilson loop is inserted) to the desired position 1 = np where
the flavour branes are located. We observe that, there exist constant-energy configurations
that dominate and are preferred over the embedding discussed in the preceding subsection.
This phenomenon can be interpreted as screening due to the dynamic fundamental degrees
of freedom.

In Appendix D of [8], we investigated a string extending in the n-direction as = increases.
We observe a phase transition when the turning point 79 approaches the position of the flavour
brane. Extending this analysis to strings embedded in the r,n directions is a very interesting

topic for future investigation.

6.3.4 Entanglement entropy

The entanglement entropy (EE) between two regions of a QFT with a string theory dual is
calculable using the prescription given by [275, 276]. This method involves finding an eight-
dimensional surface in the gravity dual that minimises a quantity such that the boundary of
this surface matches the boundary of the two entangled regions on the dual QFT side. In this
approach, we divide the spatial region into two parts: one is a strip of length Lgg, and the
other is its complement in the space. The entanglement entropy of this system is determined

by minimising the following action, as described in Refs. [275-277],

1
Spp = fz dB /e det[ ginal. (6.3.40)
8

4G N

Multiple eight-dimensional surfaces might minimise the entanglement entropy Sgp as
given by Eq. (6.3.40). Consequently, a phase transition between different minimal surfaces
is possible. In Ref. [277], it was suggested that the presence of such phase transitions in
entanglement entropy could serve as an indicator of confinement. However, this proposal was
scrutinised in Refs. [278, 279], which revealed that phase transitions might be absent in some
confining models and that non-confining models could exhibit phase transitions.

Building upon the work of [275, 276] and considering the generalised framework from
[277, 278], we compute the EE for a strip-like region in the QFT. This involves calculating the
area of the eight-dimensional surface parameterised by [x1, 22,23, ®,0,,0,n] with r = r(z1),

within the background described in Section 6.2. The induced metric on this eight-dimensional
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surface, as well as the resulting entanglement entropy, are given by:

dsst = f1 [H(r)l/2 2( (1+ Yda? + dad +d:v3 )+H(r) 3/2 f(r)de ] (6.3.41)

2f( )
+f1fzd(22 + f1f3(do” + dn?).

Ve _4¢det (98] \Jf1f2f3f6 sin 9_ f(T)TG(

e >)

SEE = —— G fds Ve 1® det[gs] Nf dw\j rOf(r)(1+ Qf( )) (6.3.42)
Where,
o 3375
N=1a- 3 L2 )f dn/ do 030, VO2V. (6.3.43)

From Eq. (6.3.25), we read

F(r)y=r’\/f(r), G(r)=r% (6.3.44)

Using the Hamiltonian technique introduced in the Wilson loop calculation section and
given in Eqs. (6.3.22)-(6.3.27), one can minimise the Sgp quantity. To properly compute Sgg,
it must be regularised by subtracting the volume contributions of the two eight-dimensional
surfaces that extend from infinity to the cutoff, r*. To determine the entanglement entropy,
we first calculate the length of the interval as a function of ro. We then find the entanglement
entropy by evaluating the regulated area of the eight-dimensional surface that has a turning

point at 7g,

o0 dr
Lgg (ro) = QTSW-/T rFNTOF(r) =78 f (ro)

SeE (ro) = Nf \/rﬁf(rv){(;)f(ro)d —/\A/frooﬂdr. (6.3.46)

(6.3.45)

We perform the integrals numerically and an example plot for choices of ¢ =1, =1 is
given in Fig. 6.7.

In the left panel of Fig. 6.7, it becomes evident that Lggr does not exhibit a monotonic
behaviour. Instead, it starts from a vanishing value at rg = r* and asymptotically approaches
zero as rg — oo. This suggests the potential for a phase transition. Indeed, the conditions
for a phase transition, as outlined in [278], are met. Specifically, Egs. (2.26)-(2.29) from [278]
indicate that j = 3, allowing for the possibility of a phase transition.
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Figure 6.7. Lggr and entanglement entropy as a function of L

Furthermore, by setting ¢ = 0 and p = 0, which returns our solution to the AdSg con-
figuration, Lgp demonstrates a monotonic behavior and the phase transition vanishes. In
this scenario, the integrals in Eqgs. (6.3.46) can be computed explicitly, yielding Lgp ~ % and
SEE ~ %

In the right panel of Fig. 6.7, the plot of Sgg(r¢) as a function of Lgpp exhibits a
downward concavity, indicating the stability of the configuration. This graph also presents
the disconnected solution, normalised to zero. Following a phase transition, the system favours
the disconnected solution over the connected one.

Considering the discussions in Section 6.3.3.1, it becomes apparent that more com-
plex eight-dimensional surfaces may need to be considered than the one discussed below
Eq. (6.3.40) to check the stability. For instance, allowing dependencies like r(z1,7n) could
provide additional insights. However, these considerations are deferred to future research

efforts.

6.3.5 Holographic complexity

We begin with a short overview of the complexity in QF Ts. Afterwards, following the approach
in Ref. [280], we introduce a proposal to calculate this quantity holographically using the
backgrounds specified in Eq. (6.2.1). Our primary focus is on exploring the CV conjecture.

Quantum computational complexity is defined as the minimal number of elementary
gates required in a quantum circuit to construct a generic state in the Hilbert space, starting
from a designated reference state. This concept, initially discussed in Ref. [281], proposes
a connection between the bulk geometry and the corresponding boundary state. According
to Susskind’s conjecture, the complexity of the dual boundary theory correlates with the
evolving geometry behind an AdS black hole horizon.

Building upon this idea, the conjecture proposed in Ref. [258] refines the relationship

further. It suggests that the complexity of the boundary state at a particular time (on a
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spacelike slice of the boundary) is linked to the volume of a maximal spacelike slice within
the bulk, terminating on the designated boundary slice. This refined conjecture is commonly
referred to as the CV conjecture.

In this context, when we specify a spacelike slice 3 on the boundary of the spacetime of
interest, the complexity C of |¥) as a pure state in the holographic field theory is conjectured
to be related to the volume of a co-dimension one slice B within the bulk spacetime. This
slice B in the bulk is characterised by having a boundary on Y, and its volume is subject to

a maximal condition.

V(B)

Cy < .
v Gnlads

(6.3.47)

To explore issues concerning divergences encountered in the holographic complexity cal-
culation, refer to Ref. [280].
An illustrative instance involves considering vacuum AdSg described in Poincaré coordi-
nates:
o P, 1P 2, 322
ds* = —dr®+ 2 (-dt* +dz3), (6.3.48)
which corresponds to a CFT residing in flat spacetime. At fixed time ¢ = 0, the maximal

volume slice within the bulk with a specific boundary, has its volume as
V= M V=
V(B) = [ drd*z/h = g—; fo r3dr = 4—237“%/1, (6.3.49)

with Vz denoting the volume in the non-compact Z4 directions, revealing an IR divergence.

Consequently, following the CV conjecture, the calculated complexity is given by:

Vi 4
4Gt M

Cy o< (6.3.50)
This is directly proportional to the spatial volume of the field theory formulation space and
scales with the UV cutoff power, which indicates a UV divergence.

To extend our analysis, we can lift the AdSg background to type IIB, as elucidated in
Appendix F, as also discussed in Ref. [251] and [282]. The uplifted type IIB background in
Eq. (6.2.1) under the conditions X (r) =1, H(r) =1, A§3) =0, and with parameters c=p =0,

contains a time slice with a nine-dimensional line element and a dilaton specified by

2 o (28°) dr? ]
dsg=f1[(%)r2dx§+(%) 1A+ S+ o€+ fo(di” +do®) |, =

A proposal to calculate the complexity

Here, we propose a method to compute the complexity in this scenario (noting that we are
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considering the case of zero temperature). The complexity is defined as the volume of the
nine-dimensional manifold, multiplied by factors of the dilaton field and the global conformal

factor A (where in this instance, A = f1). This is expressed as

-4
Cy o fd:vg e Mdetlgo] (6.3.51)

GN 10 A

Explicitly one has

fd 9\/@ dm V( ) [fdadnf1f2f3f6]f ridr,

337T5 2g2 5/2
Cr o< (7 Vi( f dodno®0,V O,V )ri. (6.3.52)

Now, we examine this relation. Firstly, observe that the factor ( / dadn0380V8$V) was
also present in the expressions for holographic central charges and entanglement entropy (see
Egs. (6.3.7), (6.3.21), and (6.3.43)). This indicates that the complexity is directly proportional
to the number of degrees of freedom within the UV CFT and is influenced by the parameters
defining the UV quiver structure (as presented in Section 6.3.1.1).

Crucially, when combined with the volume of the two-sphere and the ten-dimensional
Newton constant Gy 10, this factor gives rise to the six-dimensional Newton constant Gf,
aligning with Eq. (6.3.50). The divergence with respect to the UV cutoff rj; remains consistent
across computations in both the original and lifted backgrounds, as well as the IR divergence
associated with Vz. Note that this outcome relies significantly on the definition outlined in
Eq. (6.3.51), which notably includes normalisation by the overall conformal factor A.

We validate our proposal by applying it to the complete background specified in Eq. (6.2.1).
In this scenario, incorporating the radial functions X (r), H(r), Ag?’), and the non-zero pa-
rameters ¢ and pu, transforms the underlying CF'T5 into a confining four-dimensional QFT at
lower energies. By utilising the prescription in Eq. (6.3.51) with the dilaton and metric from
Eq. (6.2.1), we reach to

e 12 det[go]/A = (252/9)° FL 3 2 12rOVH

Cy o fd:ng\/e*@det[gg]/A
GN,10
2 T
%( 92Y512 Volp, Ly( fdadna 0, Vo2V )[T*Mdrrng/‘l, (6.3.53)

with Volg, presenting the volume of the three flat directions (z1,z2,x3).

The analysis presented above, which connects complexity with the central charge of the
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UV CFTs, applies directly to this expression. It is important to note that while the UV
behaviour in terms of the cutoff rj; resembles that in Eq. (6.3.52), the IR contribution from
the background differs from the behaviour observed in the CFT case. If we were to compute
the complexity in the six-dimensional solution that uplifts to the background described in
Eq. (6.2.1) (see also Appendix F), we would encounter the same factor [’ drr3H 14,

In Eq. (6.3.53), the complexity exhibits a UV contribution emerging from the upper limit
of the integral, which is proportional to r%/[, consistent with the behaviour observed in the
pure AdSg case in Eq. (6.3.52). Importantly, there is an additional contribution from the IR
region of the geometry, which is in proportion to a Hypergeometric function evaluated at r*.
This introduces a scale related to the mass gap into the complexity calculation, similar to
the observations in Ref. [283]. Comparing the complexity calculated in Eq. (6.3.52) with the
one in Eq. (6.3.53) provides insights into the complexity of formation, following the approach
in [284]. Exploring other definitions of complexity for comparison, as discussed in Ref. [284],
would further enrich our understanding.

It is noteworthy that in Refs. [285, 286], an infinite family of observables defined on
codimension-one slices of asymptotically AdS spaces were introduced as potential duals of
complexity. These observables exhibit desirable features for complexity duality. Further
investigation is required to determine whether our proposed approach aligns with this broader

framework.

6.3.6 Spin-two glueballs

Regarding the four-dimensional QFT, holographically described by the background in Eq. (6.2.1),
we utilise its 6d reduction as given in Eq. (F.1.11) to explore glueball-like fluctuations. These
excitations are investigated by examining fluctuations of the background fields within the
six-dimensional action. Due to the nonlinear and coupled nature of the equations of mo-
tion, any fluctuation in a particular field can induce fluctuations in other fields within the
background. This coupling makes the dynamics of small fluctuations governed by a set of
linear and coupled second-order differential equations, which pose significant challenges for
solutions.

Here, we focus on a specific subset of fluctuations that are more tractable. We briefly
outline and summarise the procedure for analysing these special fluctuations, drawing insights
from Ref. [287]. For further details, Appendix C of the paper [256] is also referenced, providing
additional context and methodology for this analysis.

The metric for the background in the Eq. (F.1.11) is,

dsg = H(r)'* (PP daty + f(r) " dr®) + H(r) P £(r) do”, (6.3.54)
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where f(r) and H(r) functions are defined in Eq. (6.2.1). We intend to investigate the metric

fluctuations as
_ _ hap(x ) 0
2Ah,u,y, h'uy = b( ;w(y) 0 5 (6355)

O0guw =e

where the fluctuations are transverse to the flat subspace, with z® representing the coordinates
of flat spacetime (t,x1,z2,73), and y° corresponding to directions (r,¢). We adopt the
transverse-traceless gauge:

he, =0, Vah% =0.

a

As presented in Ref. [287], considering vanishing fluctuations for other fields is consistent.

Henceforth, we write the background metric as
ds? = 240 (dsQ(M4) + gab(gj)dyadyb) . (6.3.56)

where My denotes a maximally symmetric space with metric dx% 3, representing four-dimensional

Minkowski space. Comparing two equations Eq. (6.3.54) and Eq. (6.3.56), we derive:

AW =2 [H(r), (6.3.57)
7“2;{(;()7“) d¢” +

2

Gupdy®dy® = d
gab y y 7'2f(7") r

Here, \/det ggp = TQTl(T)
If we use the variable change ¢ (y) = e AW (y), similar to Ref. [287], the function ¥(y)

satisfies a Schroedinger-like equation
-0,0 + V(y)¥ = M*T, (6.3.58)

where the potential is

6_2A

Vi) =e 240 24 - ¢
W= e,

e [ det gabg“babe“] : (6.3.59)

When this procedure is performed for the background specified in Eq. (6.3.54), we check

the glueball excitations depending on the r and ¢ coordinates.

i 2m
U(r,¢)=e Lo "W(r), nel, (6.3.60)
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where the potential from Eq. (6.3.59) reads,

V(r) = /H()d, ( IJ; ((7;)) 8r(r2\/H(r))) . (6.3.61)

Eq. (6.3.58) is,

f(r)
H{(r)

-r2H(r —n27"2H2(7“)(2_7r)2 r) = M2U(r
H( )aT( 7 \L U(r) = M2U(r).  (6.3.62)

(9T\Il(r)) + (V(r) +

dr

Similar to Ref. [256] it is convenient to go to the tortoise coordinate dp = Vo] and

~1/4
introduce the variable change ¥(p) = ( 1(p) ) / ©(p)

p2H?(p)
‘227? LV(p)0 = M6, (63.63)
O e 0 (2_7r)2 ey d [ 10) 4 ( £(p) )‘”4
Vip) (V()+ o \z) O G @\ ) rer(p)
(6.3.64)

which should be evaluated in the p coordinate. Our potential after simplifying will be

=3r2f (r)2 +4rf(r) (rf”(r) +3f'(r) +4 (?—:)2 r3H(r)2) +12f(r)?
1672 f ()2

V(p) =

r=r(p)

(6.3.65)

We provide the effective potential plots for some values of n given in Fig. 6.8.
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Figure 6.8. V(p) potential with for n =0 (left) and n =2 (right) for ¢= 1, = 1.

The fluctuations spectra for various values of n, ¢, and p are depicted in Fig. 6.9. These
fluctuations exhibit positive mass values, indicating the absence of any tachyonic instability

in the background under consideration, when focusing on these specific spin-two fluctuation
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Figure 6.9. Spectrum of spin-2 fluctuations. Top Left: Variation of ¢ for fixed u = 1. Top Right:
Variation of u for fixed ¢ = 1. Bottom: Variation of n for ¢=1,u = 1.

6.3.6.1 A stable background?

While the positive spectrum of masses for spin-two glueballs in the previous section is a step
toward showing stability, this alone does not serve as proof of stability for our backgrounds
defined by Egs. (6.2.1)-(6.2.10).

This study does not discuss the detailed stability analysis of our backgrounds, though we
will offer some comments on this matter.

A comprehensive analysis of fluctuations in our system is highly complex, involving the
fluctuation of all Ramond and NS fields, as well as considering the effects of flavor branes.
Restricting the number of fluctuating modes could simplify the analysis. One approach is
to reduce the 10-dimensional background to six-dimensional SU(2) gauged supergravity, as
described in Appendix F. This reduction focuses on studying fluctuations in six dimensions,
thereby involving fewer fields.

In the context of six-dimensional gauged supergravity, we can consider formulating first-
order equations as an approach to solving the second-order equations of motion for fluctua-

tions. While these first-order equations may not be conventional BPS equations associated
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with supersymmetry, they could provide insights into stability aspects. This method aligns
with approaches seen in “fake-supergravity” arguments for stability, as discussed in references
such as [142] and related literature.

It is noteworthy to draw on an argument used in a similar context [288]: Our QFT
exhibits a mass gap, as demonstrated in Section 6.3.1 where cyjo,, vanishes in the far IR,
indicating the presence of a gap. This feature suggests that our deformation from the SUSY
background, is not a small deformation. At large r, as the solution is nearly BPS, one can
think that it is stable. However, this argument cannot be extrapolated to the region near
r ~ 1", where the departure from the CFT5 dual background is substantial. Conversely, in
the smaller r regime where the dual QFT exhibits a gap, one might anticipate that minor
fluctuations in the background would not yield negative mass states. In other words, small
fluctuations are unlikely to destabilise it significantly.

In conclusion, further rigorous analysis and computations of fluctuations will be crucial

to substantiate these insights and ascertain the full stability properties of our backgrounds.
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Chapter 7

SCFT deformations via uplifted

solitons

7.1 Background and motivation

Following the discussions in Chapter 6, in this chapter, we continue the study of models that
provide holographic descriptions of UV CF'Ts deformed by VEVs of operators, which undergo
flows towards gapped and confining systems. This topic is approached from both holographic
and field-theoretic perspectives based on works [9, 10]. Our exploration is motivated by
several considerations. Initially, we aim to address certain undesirable features existing in the
present frameworks and mentioned in Section 6.1. Specifically, we focus on four-dimensional
SCFTs that contain an AdSs factor in their dual geometries. These SCFTs feature numerous
localised flavour branes and are subject to deformation by VEVs of operators, initiating an
RG flow that culminates in a state with confinement and a mass gap.

The holographic correspondence produces this field-theoretic evolution, by an asymptot-
ically AdSs space that smoothly terminates at a fixed radial coordinate. This setup allows for
a consistent exploration of the non-perturbative aspects of the RG flow within the quantum
field theory. To implement this idea, we introduce a specific deformation within the holo-
graphic framework. Subsequent sections elaborate on this deformation and provide a detailed

analysis of its implications and outcomes.

7.1.1 The deformation

The objective of this study is to provide a generic holographic mechanism that transforms
known four-dimensional SCFTs into confining, three-dimensional SQFTs. Our inspiration
stems from the work by Ref. [253], which introduced a supersymmetry-preserving AdSs soli-
tonic solution. This solution, discussed in subsequent works [8, 255, 256, 273, 289-291],
represents a compactification of A' =4 Super Yang-Mills theory.

From the AdS;/CFT, perspective, the findings of [253] lead to an A/ = 2 SYM theory

in three dimensions, coupled with massive multiplets. Importantly, this compactification
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process preserves some supersymmetry due to mixing between the R-symmetry of N = 4
SYM and the isometry associated with the compact circle. This configuration is referred
to as a ‘twisted’ compactification despite small differences with the common examples in
the literature. The field-theoretic implications of this construction for N' =4 SYM theory are
detailed in Ref. [292]. This mechanism is generalised here to different SCFTs with holographic
dual backgrounds like

AdSs5 x M, (7.1.1)

with n = 5 and n = 6 for Type II and 11d supergravity cases, respectively. Specifically, by
utilising established embeddings of d = 5 minimal gauged supergravity solutions into back-
grounds of the form of Eq. (7.1.1), we have successfully uplifted the solitonic solution described
in Ref. [253]. This effort has led to the discovery of new families of smooth backgrounds struc-

tured as
AdS; x M, (7.1.2)

where the hats signify a deformation summarised as follows:
e One AdSs direction is compactified into a circle S(}, of radius Lg/27.

o The AdS5 geometry is deformed by introduction of a warping function f(r) that smoothly
caps off the Sé circle at a finite radius r = r,, satisfying f(r.) =0,

1?2 dr?

2 m, (7.1.3)

2 2 2
%(—dt2+dx§+dx§+d¢2)+i—2dr2 R %(—dt2+dx§+dx§+f(r)d¢2)+

where the parameters are chosen such that Ly = %% to prevent conical singularities.

o An appropriate U(1) subgroup of the isometry group of the internal manifold M, is
identified and gauged by

A=q(ri2—%)dgb, (7.1.4)

with adjustments made to all fluxes to ensure consistency with the equations of motion

of ten- or eleven-dimensional supergravity.

The choice r, = (ql)l/ 3 is required to preserve four supercharges specific to the d = 5 gauged
supergravity solution being uplifted [253]. Relying on the embedding frameworks established
in Refs. [293-295] guarantees the preservation of higher-dimensional supersymmetry. Con-
sequently, all examples presented maintain ten- or eleven-dimensional supersymmetry under
this parameter configuration.

Returning to the field theory interpretation of our new solutions, the internal manifold
M,, in the undeformed backgrounds Eq. (7.1.1) has essential data of the dual SCFT4. Our
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examples span a range of cases: from Mz = S° corresponding to the N = 4 SYM dual, to
M5 = YP4 describing N = 1 toric quiver field theories, as well as internal manifolds for N = 2
linear quivers and N = 1 SCFTs with non-Lagrangian descriptions.

When we deform each background as described earlier, we effectively implement a specific
twisted compactification in the dual field theory. Compactifying on S(}) requires us to specify
boundary conditions for the various fields in the SCFT. Typically, this breaks SUSY, as
scalars and gauge fields adopt periodic boundary conditions while fermions become anti-
periodic. However, SUSY can be preserved by introducing a background gauge field A =
Ay dg, which mixes a U(1) from the R-symmetry with the U(1), isometry of the compact
circle Sqlb. Importantly, this background gauge field is constant in the boundary field theory
but possesses a non-trivial holonomy, and cannot be absorbed by a gauge transformation.
This gauge field alters the covariant derivative and, when appropriately adjusted in terms of
its charge, allows for the existence of massless fermions that can form supermultiplets.

Introducing the background gauge field A4 and the compactification scale Ly into the
field theory indeed breaks conformal symmetry while preserving supersymmetry under suit-
able parameter choices. At low energies, our holographic approach to this twisted compact-
ification transforms the original SCFT, into a strongly coupled SQFT3, performable due to
the shrinking of the circle Sé. Utilising a range of holographic observables, we observe signs
of confinement in these resulting (241)-dimensional IR theories.

This study is divided into two main sections.

In Section 7.3, we explore three new families of backgrounds of the form AdSs x Ms.
Here, AdS; represents a deformation of AdSs (and the dual CFTy), while M5 encodes various
properties of the CFTy4. The first family originates from D3 branes located at the tip of Y74
cones [296]. The second family is obtained from systems of D4-D6-NS5 branes, which are
UV duals to four-dimensional N = 2 SCFTs presented by Gaiotto and Maldacena [297]. The
third family involves configurations of D6-D8-NS5 branes that, upon compactification on a
two-manifold, lead to A/ =1 SCFTs [298, 299]. These SCFTs are subsequently deformed, as
outlined earlier. We provide detailed backgrounds illustrating the deformation away from the
conformal point for all three families, noting that our constructions are smooth except at the
positions of flavour branes, if present.

In Section 7.4, we employ holographic methods to compute various observables for each
dual QFT3. Our analysis focuses on detecting signs of confinement using Wilson loops and
Entanglement Entropy as primary diagnostics. Additionally, we also study the flow central
charge that smoothly interpolates between the degrees of freedom of a gapped 3-dimensional
system and a 4-dimensional CFT.

These appealing new backgrounds offer a valuable approach to enhance our understanding

of the dynamics of QFTs exhibiting strong coupling effects. Importantly, they enable the
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holographic investigation of the impacts of fundamental matter, particularly scenarios where
the number of flavours, Ny, is comparable to the number of colours, N., with an SU(Ny)

global symmetry. This introduces a new avenue for future exploration and study.

7.2 Review of the supersymmetric AdS; soliton

In this section, we review the original 5-dimensional minimal gauged supergravity solution
discussed in Ref. [253], which serves as a template for exploring various uplifts in this study.
The details regarding the supersymmetry of this solution can be found in appendix A of [9].

The focus is on the Einstein-Maxwell-AdS system in five dimensions, which has been

developed across multiple studies [300-305]. The bosonic sector of the action is

1 12 3 1
e fee(me 2 Sme) e L e
S(g,A) e d’x gR+l2 4.7:#.7-" +167TG gFAFAA (7.2.1)

with [ as the AdS radius. The equations of motion read
dxF+FnAF=0,
-1 6
Ry = 59 R = 5[ Fup 7 - %gw}—po}-p 1- 72 9w = 0. (7.2.2)

We consider cases with 7 A F =0 hence the Chern-Simons term will not contribute.
The solution of [253] is derived from the double wick rotation of a black hole solution

with an electrical charge having a flat boundary. The resulting solution is

2 2 7.2 2 2 272
2 T 2 ) 2 l“dr T 9 /,Ll q l
d$5=l—2(—dt +d$1+d$2)+w+l—2f(r)dqb, f(’f’)=].—r—4—r—6,
1 1 2
A=gq (—2 - —2)d¢, F=dA=-"2drndg, (7.2.3)
r Ty r

with 7, being the largest positive root of f(r), as f(r.) =0. We have

_ (P-4

s (7.2.4)

The ¢-coordinate represents a circle with a finite radius at r — oo, but shrinks to zero size at
r =r,. The smoothness of the solution at the end of space requires the periodicity of ¢ to be

fixed to

A7l?
Ly=————. 7.2.5
¢7 r%f’(r*) ( )

The magnetic flux induced by the gauge field at r > oo is @ = - § A= TiL¢.
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To gain a deeper understanding of the solution space, it is advantageous to invert the
relationships above and express the bulk parameters r., ¢ and p in terms of the boundary

parameters Ly and @ as

2 2
L F ‘f , (7.2.6)
L, oL, o2

with @0, = ;—%

The parameter u can be expressed in terms of boundary parameters from Eq. (7.2.4).
For ® < ®,,,:, there exist two branches of solutions. For ® — 0, the branch denoted as +
approaches the AdS soliton, while the other (—) branch to Poincaré-AdS. Our interest lies in
the + branch of the solution. These two branches merge at ® = ®,,,4,.

As given in [9], supersymmetry preserving solutions need p = 0. This condition is satisfied

6 2[

when 7% = ¢?12, specifically

@2l2 (I)2 P2
rle—0 = 2-3_—x2\|1-——=0. (7.2.7)
L¢ (I)macc (I)macc

The supersymmetric point is &g = %“l on the + branch. We will assume this condition is met
when we want to study supersymmetric backgrounds.
It is also useful to have a new parameter () defined in order to have a simple form for
the boundary gauge field as
A(r = 00) = Qdg¢ (7.2.8)

for the supersymmetric choice in the parameter space. This can be achieved by defining
q = —Q3?. The supersymmetry preserving condition, y = 0, corresponds to 72 = (QI)2.

Finally, the solution takes the form of

2 12 dr2 2 10\
1= s dit s i) ST it 0 =1-(F) L r29)
213 213
A:(Q—lr—Q)dqﬁ, Feda=2Larrdo

It is noteworthy that the holonomy of the gauge field at the boundary reads

= yf A= %ﬂl. (7.2.10)
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7.3 Geometry: new families of backgrounds

In this section, we introduce three new infinite families of solutions. Our focus is on highlight-
ing their shared geometric origin across these families from Section 7.2. Despite considerable
variations in the dual QFT for each background, there exists a clear continuity from the
geometry perspective.

We commence by describing a background within the framework of AdSs x S°, as pre-
viously given in Ref. [253]. Subsequently, we transition to an internal space T before
presenting deformations of general AdSs x YP9 backgrounds. Following this, we introduce
additional novel infinite families of backgrounds in Type IIA and massive Type ITA theories,

respectively.

7.3.1 Deformed AdS; x S° and AdS; x YP? backgrounds

Consider the deformation of AdS5xS® as studied in Ref. [253]. We provide the metric, vielbein
basis, and the five-form solving the Type IIB equations of motion. The ten-dimensional metric

is given by

2
dsfy = ds? + l2{d02 +sin” fdyp® + sin® @'sin” (d(pl + ?)
2 2
+Sin29‘305290(d<ﬂ2+ %) +cos20(d<,03+ ?) }, (7.3.1)

with ds? representing the line element and A the one-form from Section 7.2 restated as

o 17 2 2 2 oy, 1P dr?
l2 q2l2 1 1
GO B Y (R B (7.3.3)
T T r [

Here dA = F, is the field strength of A. We choose i = 0 throughout this section to preserve
supersymmetry. The parameter 7, = (¢l)'/? marks the end of the space where f(r,) = 0.

As described previously, to ensure the smoothness of the background, we restrict the
angular variable ¢ to vary within the range [0, %] The other angular coordinates vary
as follows: 6 € [0,7/2], ¢ € [0,7/2], and ¢1,p2,p3 € [0,27]. This choice avoids conical

singularities in the metric. Our vielbein read,
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ld
el = Cdt, e? = td;vl , e = Cd.ﬁl)g et = e , e = t\/f(r)dqﬁ,
l l l r/f(r) l

e =1d0, e =1sinfdy , € =Isinfsingp (dgol + ?) (7.3.4)

e = lsianos<p(dg02 + ?) , el = —lcos@(dcpg + é)
One can introduce the following quantities

(1 =sin@sin, o =sinfcosy, us = cosb. (7.3.5)
In terms of these, we can write
41 92 3. 4. 5
F5:(1+*10)G5, G5:——e Ne Ne Ne ANe +J2/\*5f,

l
3 2 2
Jo =12 > pidp A (dgpi + ?) , F=290 4 et x5 F = ——zel el ned, (7.3.6)
i=1

r3 r
where, *5 is presenting the Hodge star operation restricted to dsg. The quantisation condition
for Dp-branes, specifically D3-branes in the context of type IIB supergravity, involves the flux
of the Ramond-Ramond field Cy over the compact manifold on which the branes are wrapped.

For D3-branes, the quantisation condition on the manifold ¥5[6, ¢, ¢1, @2, @3] is given by:

(7.3.7)

Now, we proceed to introduce new families of solutions. In these solutions, the five-sphere
is substituted with a YP¢ manifold [306, 307]. The approach mirrors that of the background
described by Eqs.(7.3.1)-(7.3.3). Here, we introduce a U(1)g isometry that is fibered over the
¢-direction, compactified with a radius, chosen to prevent singularities. The functions in ds%
are selected similarly to those in Eq. (7.3.3). Analogously, a structure similar to Eq. (7.3.6)

emerges for the Ramond forms. As a preliminary example, we study the case of T,
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7.3.1.1 Deformed AdS; x T!! background

The TY! manifold can be expressed as a fibration of an S' over S? x 2, with coordinates

(017¢1)927¢2)7

2 2 2
ds = é Z (d67 +sin® 0;d¢7 ) + % (dw + Y cos Hid@) , (7.3.8)
i=1 i=1

with ¢ € [0,47]. The metric and vielbein for Type IIB theory are,

2 2
ds2) = ds2+ 12| 1 d6? + sin” 0;d¢? +— dy + cose ide; + = A 7.3.9
10 5 6 ~
I dr

=1
\/f(T do,

r r r
el =—dt, e*= —dz; e = —dzo et =
l 9 ) )

l l

rFr)

l l l
6 7 : 8

e’ =—=db;, e = —sinfid¢; , e = —dbs,

V6 ' V6 1d¢1 V6 2

el = _ja sinfadgy , e'¥ = é (dw +cosOde + cos Oadgs + %A) .

The Fj field is described using the volume element of the 5d manifold ds% and the gauge field
A=gq (— - —) do as

4
F5 =G5+ +Gs, , G5=7V015—J/\*5-7:7

vols=e! ne? A net ned, J=-e®ne"—eBne’. (7.3.10)
The D3 Page charge quantisation is similar to Eq. (7.3.7) as we integrate over T11,
Np3=——. (7.3.11)

7.3.1.2 Deformed AdS; x Y4 backgrounds

Similar to the previous section, we also provide a metric with Y?¢ submanifold, see [307].
One has,

w0 @)0() Y2+ w(y;g(y) (dB + cos Ody)?

2
+% (dd) —cosOdy +y (dB + cosOdp) + %A) ] ,

1
ds?y = ds2+1 [T d92 +sin? Adg )
(7.3.12)
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where

2(a——y2) v(y) = M (7.3.13)

w(y) = e Py

with @ representing a parameter'. The vielbein for this background is given as,

dt e? dxl €3 = Cdx et = Ldr ed = rv /()
K NGOR l

do,

1-y (7.3.14)
=l\/—2df, e =1 6d
Ve g fH(y)
o = H\ﬁ?j) (dB + cosfdy) | (d¢—cos€dgp+y(d,8+cos€dgp) + ?A)

with H(y) = \/% . For the four-dimensional base manifold parametrised by [6,¢,y, 5], the
Kéhler form is
J=e®neT+efned. (7.3.15)

Similar to Eq. (7.3.10) the five-form flux is

4 4 2q
F5:—V015——66/\67/\68/\69/\610+—61/\62/\6 ANJ

l l r3

7.3.16
_2q 4 7.8 0 ( )
3 )

etne®n(efne’+efned)nel

while D3 brane charges are quantised similar to Eq. (7.3.7).

It is worth emphasising that all the backgrounds discussed in this section satisfy the
Einstein and Maxwell equations in Type IIB supergravity, along with the corresponding
Bianchi identities. Moreover, these solutions preserve four supercharges.

Next, we introduce two distinct families of backgrounds. The first family is based upon
solutions in 11-dimensional supergravity described by Gaiotto, and Maldacena [297]. The sec-
ond family is based on massive Type IIA backgrounds given by Bah, Passias, and Tomasiello
(BPT) [308].

7.3.2 Deformed Gaiotto-Maldacena backgrounds

We investigate a new infinite family of backgrounds inspired by the Gaiotto-Maldacena so-
lutions [297]. The goal remains to maintain N' = 1 supersymmetry (four supercharges),
while modifying the original backgrounds through a fibration involving the R-symmetry,
SU(2) x U(1), and the compactified ¢-direction within dss?.

ISpecifically, when 0 < a < 1, the base manifold B can be topologically represented as a product of two-
spheres. The coordinate y ranges between the two smallest roots of a — 3y* + 2y® = 0, denoted as y1 and
Y2.
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Using the definitions of p; from Eq. (7.3.5) and the one-form A from Eq. (7.3.3), we

introduce the differential operators and the volume element for the 52 as follows:

Dpy =dpr +2p2A,  Dpz =dps -2 A, Dug = dus,

~ 1 ..
VolS? = éewkmpuj A Dy, (7.3.17)

Using these differential forms and a function V(o,7) and its derivatives, V = ¢,V and
V' =0,V, we can construct a configuration within eleven-dimensional supergravity that solves
the equations of motion, provided the “potential function” V(o,n) solves the Laplace-like
equation:

005 (00,V) + 0?0,V = 0. (7.3.18)

The metric and four-form field strength are then given by,

ds? - = N2
K2—}§ = f1|:4d8§ + ng,uzDul + f3 (DX)2 + f4(d0’2 + d?’]2) + f5 (d,@ + f6DX) ],
% =d [f7D)~< + fgdB] AvolS? + d(pusV) A x5 F
K

+2(f7rDX + fsdB) Adps A F - [d(psV') A DY +d(usn) AdB] A F.

.~ 1 .

VA3 V"V 40 2V
fl_(2V,,) ) f2_ A 5 f3—T7 f4_ V )

2AV" 2VV! V2yr 1{vv’

f5_V—Aa fﬁ‘ﬂ? f7__ A ) fS_E(A - )7
i ' o 7
A=AV"?+ (V" A= VV”V, Dy =dx+A. (7.3.19)

To ensure the consistency and physical relevance of the configuration described by V (o, n),
appropriate boundary conditions must be imposed. These boundary conditions carry specific
features of the dual linear quiver field theory, through a Rank function similar to the model
in Section 6.3. This formalism is comprehensively discussed in Refs. [309] and [310].

In this context, each solution corresponds to an infinite series of backgrounds, with each
background associated with a distinct 4-dimensional N' = 2 SCFT described by a linear quiver.
As we compactify on the ¢-circle, these UV fixed points evolve into confining quantum field
theories.

Upon reducing to Type ITA supergravity along the S-circle to preserve supersymmetry

(as explained in Ref. [310]), the resulting ten-dimensional string frame background is given
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by,
3 1
ds® = f2 f2 [4ds§ + foDpi Dy + f4(do? + dn?) + f3(dy + A)? |,

4 ~
e3® = fifs, Hs=4r d[fs AvolS® —nus A F], Ci= feDX,
Cs = 4k frDX AvolS? + 4k sV (x5F = DX A F) .

Here, the relation d[volS?] = —2d[u3] A F has been used. Thus
Fy=dC3 - Hy A Cy =4k d[frDY A volS? + psV (+5F - DX AdA)| - Hs A Ch.

We have verified that the equations of motion for this background are satisfied when Eq. (7.3.18)
is imposed. Following the analysis in Ref. [310], we can proceed to construct the Page fluxes
and determine the quantised numbers of D4-branes, D6-branes, and NS5-branes. A thorough

discussion of the charge quantisation is given in a more comprehensive study in Ref. [9].

7.3.3 Deformed D6-D8-NS5 AdSs; backgrounds

In this section, we explore another infinite family of solutions as deformed holographic duals
corresponding to a family of four-dimensional non-Lagrangian CFTs. These backgrounds are
derived through a twisted compactification over a hyperbolic base space involving D6, DS,
and NS5 branes [308, 311, 312]. Further compactification of the ¢-direction of the CFTy leads
to the emergence of a confining 3-dimensional theory.

The metric in the massive Type ITA theory is expressed using a function a(z) that satisfies

the following third-order ordinary differential equation:
& (2) = 16273 Fy, (7.3.20)

where Fj denotes the RR field, which is the “mass” in massive Type IIA theory. This param-
eter Fy is chosen to be piecewise continuous and constant. The solution to this differential
equation requires appropriate boundary conditions, with constraints on @(z) reflecting the
properties of the dual UV-CFT. For a detailed discussion, refer to Refs. [271, 313]. The

background solution for the metric and the dilaton are given by,

dsfo = 18w, /—@ [dsg + gds% - @dz2 T a2 — 9%d (d92 + sin” 9D¢2)] )

a2 — 9ad
~4® 1 &\ o A2
€ = 2531710 <_E) (204 - 3aa) , Dy=dy-3A-Ax (7.3.21)
1 1 2(111 d’U2 — V2 d’Ul) 2 (dv% + dv%)
A= — - —|do, Asx= . dsi=q4——A 27
q(r2 7“2) ¢ Az 1-v? -2 oz (1- 02— 02)?
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Different RR and NS sector fields and field strengths are

1 i &
By=—£ADY, )= ——cosDb,  Cy= ——DiAvols,
2=36nDY 1= Tgam2 80PV 5= Toap DV MOl

H3 = dBQ, FQ = FOB2 + dCl, (7322)
1 . 1 .

F4 = (ng + B2 N F2 - —F() B2 A BQ) - &dz N (*5?- —F A D¢) - i]—"/\ VOlz,
2 187 3 54w

given in terms of &, the U(1) field strength F = dA, and the Hodge dual restricted to the
five-dimensional submanifold,

204 2
E=3rm (cos 0dz - -L(;" sin 9d0) , F= ——gdfr Andp, *5F =-2q dt Adzy Adxy. (7.3.23)
T

262 - 3acy

We have verified that all equations of motion are satisfied when Eq. (7.3.20) is applied.

To conclude this section, we offer some general comments. Similar to the previous section,
all backgrounds presented here share the same ds? metric as given in Eq. (7.3.3). Each
background described by Egs. (7.3.1), (7.3.9), (7.3.19), (7.3.21) is smooth provided the period
of the ¢-coordinate is appropriately chosen, as explained in Section 7.2. These backgrounds
asymptotically approach AdSs with a compact ¢-direction, and exhibit a deformation away
from pure AdSs characterised by the warping function f(r). A U(1)r symmetry within the
internal manifold is fibered over the ¢-direction, and if necessary to preserve supersymmetry,
over other compact directions. For the specific case of p = 0, resulting in f(r) =1- qj—ég, these
backgrounds have four Poincaré supercharges.

These shared features across the backgrounds suggest common points in the correspond-
ing deformed 4-dimensional UV-CFTs. Moving forward, we now explore some holographic
observables of these QFTs.

7.4 Field theory and observables

In this section, we study some observables of the QFTs using the holographic methods on
the backgrounds of Section 7.3. There are particular universal features among all of the
families of solutions, showing common properties for their corresponding field theories. Other
observables also exist that behave differently among different QFTs. For each family of
backgrounds, we provide a brief description of the dual QFT followed by the calculation of

the observables.

7.4.1 Comments on the dual QFTs

Following the discussion from Section 7.3, we provide some details about the QFT interpre-

tations.
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2rl?
3ry

The interaction between the R-symmetry and this compactified circle, in holographic terms,

First we focus on N = 4 SYM theory after compactification on a circle of radius Ly =

corresponds to the form of the A gauge field introduced in Eq. (7.3.3). This mixing is crucial
because, without it, the boundary conditions on the ¢-circle would break supersymmetry.
Notably, as r - oo, A becomes a constant one-form with a non zero holonomy ¢ d> A= %L¢ =
%”l. This gravitational observation reflects the twisting mechanism described in Section 7.1.

The presence of A along with the function f(r) in Eq. (7.3.3) introduces a scale through
L, thereby breaking conformal symmetry. In lower energies, emerges a (2 + 1) dimensional
strongly coupled QF T in the IR. This mechanism is universal across all the examples discussed
in this work. The infrared QFT is expected to exhibit confinement, discrete vacua, and
should be described by a Chern-Simons topological quantum field theory (TQFT) with level
N (corresponding to the number of colour branes) below the energy gap, as discussed in
references such as [314] and [292].

The first background presented, described by Egs. (7.3.1)-(7.3.6), implements the ‘twisted
compactification’ for ' = 4 SYM on a circle, as discussed before. The solution given in
Eqgs. (7.3.9)-(7.3.10) is holographically dual to a similar compactification scenario for the
Klebanov-Witten CFT. Notably, this CFT lacks a weakly coupled regime, and its holographic
description through the background, mirrors the twisted compactification over a Klebanov-
Witten geometry. In Eqgs.(7.3.12)-(7.3.16), we present a holographic description for the quiver
QFTs on D3 branes living on the tip of a cone in a generic Sasaki-Einstein space which the
twisted compactification has been performed on them.

Moving to N = 2 4-dimensional linear quiver theories, the twisted compactification pro-
cedure becomes more complicated. Here, we twist the ¢-symmetry with a U(1) subgroup
embedded within SU(2)gx U(1)g. This twisting is represented by the one-form A as defined
in Eq. (7.3.3). Each gauge group in the linear quiver undergoes a similar compactification
procedure, presented by a rank function resolving the Laplace-like Eq. (7.3.18), described in.
Refs. [309, 310].

The example provided in Egs. (7.3.20)-(7.3.22) describes the N = 1 non-Lagrangian CFTs,
twisted compactified, where each distinct function a(z) corresponds to a different CFT. De-
spite these theories lacking a Lagrangian description, the holographic approach allows us
to perform the twisted compactification and investigate the strong infrared dynamics of the
resulting (2 + 1)-dimensional, V' =2 QFT.

Performing the holographic renormalisation to our backgrounds reveals common features:
a current J, acquires a VEV, specifically (Jg) ~ g. This observation indicates that we are
investigating families of 3-dimensional QFTs with four supercharges where a global current
obtains a non-zero VEV. If we had set u # 0 in f(r) as defined in Eq. (7.3.3), supersymmetry

would be broken due to an (anisotropic) VEV for the stress-energy tensor 7}, as discussed in
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Section 6.3. More detailed discussions on this can be found in references such as [8, 253, 255].

Moving forward, we proceed to calculate different observables from these holographic
backgrounds. One notable aspect that emerges is that several observable quantities can be de-
composed into a contribution arising from the flow dynamics and another stemming from the
four-dimensional UV SCFT. This separation is particularly evident in computations involving
entanglement entropy or the flow central charge, as discussed below. This phenomenon in
QFT aligns with the proposal by Gauntlett and Varela [315], suggesting that by considering
fields in the supercurrent multiplet of the SCFT, one can reduce the ten-dimensional super-
gravity to the minimal gauged AdSs supergravity. This gauged supergravity represents the
‘universal’ part related to the aforementioned flow. Notably, all backgrounds discussed here
can be obtained as uplifts of the seed solution within this gauged supergravity framework,
discussed in Section 7.2. A comprehensive treatment of this perspective can be found in the

work [9].

7.4.2 Observables

In this section, different observables are calculated based on the backgrounds introduced in
Section 7.3. We provide brief details of each computation for various backgrounds while pin-
pointing the universal behaviours. Note that, many details about procedures for holographic

calculations are given in the previous chapter.

7.4.2.1 Wilson loops

To begin, we calculate the Wilson loop expectation value across the backgrounds given in
Section 7.3 using the standard holographic approach (also used in Section 6.3). This involves
embedding a string with fixed endpoints at x = £L/2 and r = oo [272]. The worldsheet
coordinates are chosen such that 7 =t, o = 1 = x, with r = r(z), while all other coordinates
remain constant. The induced metric on the worldsheet and the corresponding Nambu-Goto

action are given by:

L/2 r \/F 24 G(r)2r2,
NG = 27ra L/2 f(r) 27ra L/2 ey F(r)*+ Glr)*r

Notably, these results in Eq. (7.4.1) are universal across all backgrounds discussed in Sec-

(7.4.1)

tion 7.3. This universality stems from the backgrounds sharing the same five-dimensional

metric structure in the directions probed by the string, differing primarily by overall warp
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factors that depend on internal coordinates. Therefore, with coordinates t¢,r,x; fixed, the
differences among these backgrounds manifest as constant rescalings of the induced metric.

The radial coordinate, r, spans from r, to oo, where r, is determined by the largest root
of f(r.) = 0. Specifically, r, satisfies % = %12, assuming x = 0 as parameterized in Eq. (7.3.3).
The quantity F(r.) = ;—22 is important as it relates to the effective tension Teg of the string, as
discussed in references such as [145, 278, 316, 317]. This relationship provides insight into the
confinement characteristics of these systems. Further detailed analysis is necessary to fully
confirm the presence and nature of confinement, noting that for the supersymmetric case of
interest, p = 0.

Regarding the separation of the quark pair, an approximate expression as a function of
the turning point, rg, of the string probe was derived in previous studies [278, 317]. In this

case, this approximate separation length is given by:

_nG(r)| 7Tl27“(2]
F'(r) |, 2/r8—pul2r2 - eIl

(7.4.2)

In the context of the background geometry described here, the behaviour of the effective
potential, Veg(r), plays a crucial role in understanding confinement properties, as suggested
in Ref. [318].

The effective potential is defined as:

F(r)

Vis(r) = s /FG Y = P,
where

F(r)= 55— 212 0 f B+ ),
and G(r) =

\/f( )’

This potential satisfies certain key conditions. As r — rg, Veg(r) — 0, indicating that
the potential between the quark—anti—quark pair becomes weak, allowing for large separations
between them. As r — oo, Vig(r) ~ %, demonstrating a confining behaviour where the
potential grows indefinitely with separation.

These features are essential for the proper definition of the Wilson loop and are indicative
of confinement. The confining nature of the backgrounds is further evidenced by studying
the separation and energy of the quark-anti-quark pair, as detailed in Ref. [318].

In summary, the effective potential provides a clear signature of confinement in these
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backgrounds, showing a weakening potential at small separations and a strengthening poten-

tial at large separations, aligning with the expected behaviours in confining gauge theories,

dr r

Loo(ro) 2[0 m 22[ NCE (743

lQ(q +72p)]
s
I f* ViG]

Eqq(ro) = LQQ(ro) + - (7.4.4)
Although these integrals cannot generally be computed analytically, we can determine Lo (7o)
and Egqg(ro) through numerical methods, followed by creating a parametric plot of Egg(Lgq)-
The outcomes are presented in Fig. 7.1. This plot reveals that the energy scales with the
separation of the quark-anti-quark pair in a Coulomb-like manner for small separations, in
accordance with conformal behavior. As the separation increases, the scaling transitions to a
linear relationship, which signifies confinement.

To ensure the reliability of the string embedding used in these computations, it is essen-
tial to examine the stability, as discussed in Ref. [319]. A convenient check is to compute the
derivative of the length of the separation respective to the turning point of the string embed-

ding, as given in Ref. [273, 316, 317]. The approximate expression in Eq. (7.4.2) provides:

dL(ro) I 4¢* 219 2u
Z(r) _ A 2 2 745
()= e = T3 () Ea (7:45)

The negative sign of Z(r) indicates the stability of the string embedding.

Two key points stand out. Firstly, the universality of these findings spans across the di-
verse backgrounds we have examined. This universality is a direct consequence of holography
but is not immediately apparent from a QFT standpoint. Indeed, QFT’s confining nature can
only be definitively understood through holographic analysis. Secondly, the results rely on a
specific embedding of the probe string. It would be interesting to explore more generalised
embeddings that probe the internal compact manifold. Such investigations could uncover new
physical phenomena like screening.

Moving forward, we check the Entanglement Entropy of the QFT on a strip.

7.4.2.2 Entanglement Entropy on the strip

To compute the Entanglement Entropy on a strip-like region, we adopt the standard Ryu-
Takayanagi prescription [275], incorporating necessary adjustments for backgrounds having
excited NS fields [277, 278]. Initially, we define an eight-dimensional manifold and evaluate
the determinant of the induced metric on this manifold, accounting for the dilaton’s influence.

Below, we provide the construction of the eight-manifold and the metric for each background
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Figure 7.1. The left panel depicts the separation length of the quark-anti-quark pair in Eq. (7.4.3)
varying with respect to the string turning point, ry. Here, we set [ = = ¢ = 1. The right panel presents
the energy in Eq. (7.4.4) relative to the separation length of the pair. This graph demonstrates a
transition: initially demonstrating the Coulomb-like behaviour due to conformality and progressing
towards linearity for larger L, indicating confinement.

introduced in Section 7.3.

o Deformed AdS; x S° from Eq. (7.3.1)

28,55 = [x17x27¢707§07§017§027903]7 7’(.%'1),

FET Y P U2 +daz + f(r)de? ) + 12162 + sin? 0do? +
S35 = 72 | 471 W xy + f(r)de sin“ Odp

2 2 2
sin® § sin” ¥ (dwl + ?) + sin? 6 cos? P (d<P2 + ?) +cos® 0 (d(,D3 + ?) }
o Deformed AdSs x YP? from Eq. (7.3.12),

ES,Yqu = [$1a$2a¢707¢>y76a¢]7 T(ZL’l),

a2 o = T faa2 (14 L7 +dad + f(r)de® | + 12 l_—y(d92+sin2€d<p2)
sYre = U Tt y) T 6

dy? W) (5 costdon? +
o) T a6 (W reostde)

2
+$ (dw —cosfOdp +y (df +cosOdyp) + 3A) }

ol
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o Deformed Gaiotto-Maldacena backgrounds from Eq. (7.3.20),

Yg.aom = [x1,22,0,0,0,X,0,1], r(z1),

ds3 ang = (fi”fs,)% {ﬁ (dxf (1 + ﬁ) +da? + f(r)d¢2) +
’ 12 rf(r)

ng,uZD,ul + f4(d02 + dnz) + f3(d)~( + A)2}

¢ Deformed Bah-Passias-Tomasiello family of backgrounds,

BPT: ES,BPT = [96'1,%'2,?5’97%01,@273]’ T($1)7

a [ r? 4,72 1 i
ds§ ppr = 18/ ‘@{1—2 (de% (1 + W) +daj + f(r)dqbQ) + §d522 - @sz

L9046 4 sin? 9%2)}.

6¢2 - 9acy

To calculate the EE, one has [277, 278)]

1
SEE = Gn f d®z\/e-4® det[gzg]. (7.4.6)

The form of the result will be

M L/2 76 (4712

with the index i € {S°, YP4, GM, BPT}, and

5 /2 3 /2 2T Ly 5 3
Ngs = Ly, /0- sin” @ cosf do fo sin g cos p dy fo dipy dys dips ]0- d¢ =1°Ly,m Ly,
3 5 Y2 B T 2 2 4 Ly 5
Nypa = Lyl dy(1-vy) | sin 0do ; de ; dp A dy ; d¢ =1° Ly, Volyr.a Ly,

Y1

1% P .
Near = 2562 Ly, Ly /0 do fo dn V'V

2 P .
Nopr = QTBLML(ﬁVolng dz(-ad).

The contributions to the EE result can be divided into two components. One component
arises from the deviation from the CFT, captured by the integral in Eq. (7.4.7). Notably, for
f(r) =1, this yields the CFT result. The integral in Eq. (7.4.7) remains universal across our
different backgrounds and will be elaborated upon below. The second component, represented

by the coefficient N, is characteristic of each specific background (or its dual CFT). It contains
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Figure 7.2. The length of the strip and the approximated function as a function of ro (left panel).
The EE relative to the strip length (right panel).

information on the far UV regime of the QF T, precisely at the conformal point. For instance,
Ngs and MNypaq are linked to the volume of the internal space at the UV and provide the
central charge for the dual CFT. The quantities Ngy; and Ngpr are also related to the
central charges of the UV CFT. The results for Ngys and Ngpr are comparable to the
Egs. (2.37) in [309], (2.21) in [320], or (2.14) in [313] to establish these connections. This
observable has contributions from a component arising from the deformed AdSs and another
from the UV-CF Ty (the coefficient N;). This explains the notion of how the Gauntlett-Varela
proposal [315] manifests itself in this particular QFT observable.

Let us revisit the EE in Eq. (7.4.7), which is computed using

J (7') L ) - [P a v

L/2 16 rdf(r) ~L/2

This integral is universal across all the backgrounds examined here. The approach to solve
this variational problem is similar to the one described for the Wilson loop. Detailed treat-
ments of these integral expressions can be found in Ref. [278]. Relying on this analysis, we
compute Lgg(rg) and Sgg(rg) numerically, and then make the final plot for Sgp(Lgg). Fig-
ure 7.2 presents the results for Lgg(rg) alongside its approximation, analogous to Eq. (7.4.2).
The multi-valued nature of Lgg(ro) indicates a phase transition in the EE, as proposed in
Ref. [277]. Figure 7.2 also illustrates the EE as a function of Lgg, highlighting the phase tran-
sition more prominently. Similar to the Wilson loop, exploring more generalised embeddings

may display additional insights into the system dynamics.
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7.4.2.3 Flow central charge

The objective of this section is to calculate the flow central charge, cfjoy, introduced in
Section 6.3.2, as this quantity can detect fixed points along flows across dimensions. To
bring it to the form of our desire, consider a background considered to be dual to a (d + 1)-

dimensional QFT. The metric and dilaton are of the form:

ds? = —apdt® + aldx% + agdx% + ot addx?l + (041.042....0[(1)% B(r)er + gij(déﬂ - Ai)(de - Aj),
= d(r,0%). (7.4.8)

Where,

Gi;d€'d¢? = arda? + agdal + ... + agda? + gij(d' — A7) (d@7 - AT),

2d+1

. 2 d
- [[ dHZ\/e‘*‘I’det[Gij]] , cow = g2 (7.4.9)
GN

(H')

For CF'T duals, which are isotropic systems where all o; are equal, the quantity ¢y, cor-
responds to the free energy of the CFT. For the theories under consideration here, we are
dealing with field theories in d = 3 dimensions. The specific values of the parameters a;, 5(r),

and H(r) are as follows:

case of 85ia1=az=;—22, a3=z—§f(r)7 5:#7 H= sz\[z; ;6 fr), (7.4.10)
case of YP9: g =y = ;—22, g = ;—jf(r)a B = #7 H = 252;;52 7;6 F(r).
caseofGM:alzagz\/%éll—gz7 az=aif(r), B= 4l4 I H_64£\/G2Mrf()
. rif(r)s Loke, 1

case ofBPT:a1=a2=187T\/%;—22, as = a1 f(r), ﬁ=#7 H = Q/Q%L}?;@f( ):

The quantities N are defined in Eq. (7.4.7), with i € {S° YP¢ GM, BPT}. From Eq. (7.4.9)
one has
s, /()
T 3"
SLoLasGy (7(r) + 57'(7)

Cflow = (7.4.11)

Here, for the GM-case s; = 8, while s; = 1 for other cases.
Similar observations apply to cfio, as with the EE. From the results, it is evident that
Cflow includes a contribution from the UV part, denoted by N;, which reflects the number of

degrees of freedom of each CFT,4. The flow contribution is governed by the r-dependent terms.
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Specifically, when p = ¢ = 0, the function f(r) =1, leading to cfjow = corr,. Additionally, as
r — 1y, we find cyfp, — 0, indicating the gapped nature of the IR QFT3.
In summary, we have identified a monotonic quantity that smoothly interpolates between

the degrees of freedom of a CFT4 (UV theory) and a gapped QFTj3 (IR theory).
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Chapter 8

Conclusions

The thesis elaborated on two subjects in the context of holography. We will provide conclusory
remarks on these subjects separately.

For the CHM project, through Chapters 3-5, we illustrated the construction of a bottom-
up holographic model where, at low energies, a sigma model with SO(5) global symmetry
breaking to SO(4) is manifest. Within this framework, an SO(4) subgroup is gauged. The
introduction of explicit interactions that break the SO(5) symmetry causes vacuum mis-
alignment, leading to the spontaneous breaking of the gauged SO(4) to an SO(3) group. A
significant portion of this study focuses on the intricate development of formalism, demon-
strating that symmetry breaking can be consistently induced by a bulk scalar field within the
gravity theory where SO(5) is gauged. Notably, this mechanism respects the gauge principle
despite explicit symmetry breaking present in the dual field theory. Crucially, this consistency
hinges on the requirement that the bulk field responsible for symmetry breaking in the dual
theory is related to an operator with a scaling dimension in the range % <AL %, as
elaborated in the main text.

A notable characteristic of this proposal is the complete smoothness of the gravity back-
ground, which mimics the confinement of the field theory side and introduces a mass gap.
While more advanced holographic descriptions of confinement may require further devel-
opments, and while a realistic implementation of the electroweak model has not yet been
achieved, our analysis of the spectrum presented here suggests straightforward phenomenol-
ogy, as anticipated in CHMs in the SO(5)/SO(4) coset. All newly introduced particles are
significantly heavier than the bosons fulfilling the roles of the Higgs bosons, Z and W. The
incorporation of a (custodial) SO(4) symmetry into the model suggests that a realistic CHM
based on this framework would likely have evaded indirect detection, although careful com-
putation of all precision electroweak parameters remains necessary.

To construct a more realistic model that is potentially detectable in direct collider experi-
ments, several other steps are required. Firstly, the model features a gauged SO(4) symmetry,

whereas the SM gauge symmetry is SU(2)r x U(1)y. Moreover, ensuring realistic quantum
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assignments for SM fermions necessitates identifying an additional U(1) global symmetry
linked to baryon and lepton numbers to align with hypercharge assignments. Addressing
these challenges remains a subject for future research.

Secondly, the current theory lacks fermions. As outlined in the main text, we proposed
two potential ways for their inclusion: either assuming all fermions are localised on the UV
boundary or introducing additional bulk fermions that transform under the spinorial repre-
sentation 4 of SO(5). These components would dictate the mechanism for generating masses
for SM fermions and influence their contribution to the effective potential, which, through
vacuum misalignment, triggers spontaneous symmetry breaking of the gauge symmetry. Ex-
ploring these aspects further will be interesting for later studies.

Lastly, the methodologies demonstrated in this paper are applicable to a broad category
of holographic models where bulk scalar fields drive symmetry breaking. Notably, there
are significant parallels between the gravitational framework presented here and the one
detailed in Ref. [162], which utilises 7d maximal supergravity and contains bulk SO(5) gauge
symmetry. As highlighted in the Introduction, a persistent challenge remains in constructing
a UV-complete CHM on the SO(5)/SO(4) coset, with embedding the gravity theory within
a recognised supergravity framework. The findings of this work represent a substantial step
toward addressing this objective.

Concerning the solitonic deformations of the supergravity backgrounds explored in Chap-
ters 6 through 7, we utilised holography to introduce a SUSY-breaking or SUSY-preserving
deformation into various dual 5d and 4d SCFTs. This deformation essentially involves a
twisted compactification that induces a flow to a gapped 4d or 3d field theory, respectively.
Our approach in Chapter 7 is applicable to any SCFT whose holographic dual truncates con-
sistently to the d = 5 minimal gauged supergravity. The field theories investigated in Chapter
7 can be categorised into two main groups. First are the field theories that can be described
as a weakly coupled theory using Lagrangian and elementary fields. N = 4 SYM and the
electrostatic case of N' = 2 theories of Gaiotto-Maldacena are some examples. These QFTs,
after the deformation, exhibit a dual description represented by the backgrounds in the main
text. The second set is the field theories with no weakly coupled description and/or lack
of a Lagrangian formulation. Examples of such theories are associated with the BPT and
generic Gaiotto-Maldacena backgrounds. These QFTs and their corresponding high energy
limit SCFTs are strongly coupled. However, the field theories dual to TV and YP¢ back-
grounds are inherently strongly coupled due to large anomalous dimensions of elementary
fields, yet a superpotential can still be formulated.

In this study, we analysed both categories of examples using holographic observables.
Regarding the QFTs in the first category, insights can also be gained from their perturbative
descriptions, as discussed for N' = 4 SYM in Ref. [292]. Extending such analyses to the
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Lagrangian Gaiotto-Maldacena theories would be of interest. For the QFTs of the second
type, exploring additional holographic observables or potentially employing algebraic methods
could yield further insights.

Here we summarise some of the key conclusions drawn from the final chapter:

o The dual QFT preserves four supercharges when the parameter p in Eq. (7.2.3) is
zero. This preservation of SUSY in the ten- or eleven-dimensional background comes
from the four supercharges preserved in the 5d minimal gauged supergravity solution.
Additionally, the R-symmetry in the QFT is broken by the VEV of a current, controlled
by the parameter ¢ in Eq. (7.2.3).

e The density of degrees of freedom in QFTs is quantified by a monotonic quantity denoted
as Cflow- This quantity decreases along the energy flow, interpolating between the value
of the SCFT at UV and zero.

e Throughout the energy flow, the QFTs remain strongly coupled. In deep IR, the absence

of degrees of freedom requires a TQFT description of the system.

e The deformed QFTs exhibit confinement of external non-dynamical quarks, particularly

evident when Wilson loops do not probe the internal manifold.

 Certain observables such as EE, ¢4, and Complexity exhibit a dual contribution: one
factor from the UV SCFT and a second factor from the flow dynamics. The UV contri-
bution can be seen as kinematical in nature, while the flow contribution is dynamically
driven. This type of factorisation of observables might be a result of the conjecture in
Ref. [315] by Gauntlett and Varela. Specifically, fields within the current multiplet of the
SCFT may contribute dynamically, dependent solely on the 5d supergravity solution,
which is truncated in Eq. (7.2.3).

Extending the methodology to embed solitonic solutions into supergravity backgrounds
featuring other appropriate AdS, factors represents a straightforward direction for future
research. It would be instructive, wherever feasible, to explore this holographic concept of
the Sé compactification with a Lagrangian analysis of the deformation. It would be particu-
larly interesting to understand how this compactification impacts fields that transform under
fundamental representation.

Further investigation into the deep IR regime of the deformed QFTs is also appealing.
Drawing from insights in Ref. [314], one anticipates that the 3d IR description may manifest
as a Chern-Simons theory with a level determined by the number of colour branes. Under-
standing how this framework applies specifically to the IR theories discussed here would be

valuable.
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Lastly, it would be of interest to find observables that do not exhibit a straightforward
“factorisation” into contributions from the flow dynamics and the background lower dimen-
tional solution. Utilising probes that are inserted in both the deformed AdS directions and
the internal dimensions in more intricate manners could potentially disrupt this observed

pattern.
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Appendix A

Sigma-model coupled to gravity

A.1 The sigma-model

To establish our conventions, we present the action of the two-derivative sigma-model in D

dimensions, which involves n scalars ®* (with a = 1,---,n), coupled to gravity:
S =[dPx/~g| & - LgMN G 00 P OND - V() |. (A.1.1)

The D-dimensional space-time indexes are denoted by M =0,---, 3, 5, ---, D. Here, g is the
determinant of the D-dimensional metric gpsn, with signature mostly + and R is the D-
dimensional Ricci scalar. The sigma-model metric is written as G, with its inverse denoted
as G The potential, V, is chosen to be a function of the scalars ,®%.

If we adopt the ansatz that the background solutions take the form of DW solutions and
the scalar fields, %, depend only on the radial coordinate p, the action simplifies under these

assumptions,

ds% = dr® + ezA(T)dxiD_z, (A.1.2)

T = (r), (A.1.3)

and the equations of motion are

2% + (D - 1)8, 40,9 + G% 0, 8°0,9° - G“b% =0, (A.1.4)
4

(D—l)(@rA)2+8fA+D_2V =0, (A.1.5)

(D -1)(D -2) (8,A)* - 2G 0,90, 8" + 4V = 0, (A.1.6)

with the sigma-model connection reading

1
gdab = §Gdc ( 8aCTch + 8cha - ac(;zzl>) . (Al?)
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In case one finds a solution for W(®%) solving the partial differential equation

Low@WOW D-1

- 2 A.1.8
27 Qe HPpb D—QW’ ( )

V=

one can conclude that any solution to the following first-order equations

2

A =-5—W, (A.1.9)
0, ®" = G“b%, (A.1.10)

will also be a solution of the second-order classical Eqgs. (A.1.4), (A.1.5), and (A.1.6).

A.2 Linearised equations for scalar fluctuations

The linearised equations of motion can be formulated in a gauge-invariant manner, as dis-
cussed in Refs. [119-123], where more comprehensive details are provided.
Regarding the scalar fields, the gauge-invariant combination of fluctuations a® satisfy the

following equation
D} +(D-1)0,AD, - ¢’ |a" - X%a® = 0. (A.2.1)

We use the following notations. For a field X, the sigma-model covariant derivative is defined
as Dp X = 9, X *+G%,. X ¢ and background-covariant derivatives is D, X = 0, X*+G%,.0,®* X .
These are written in terms of the sigma-model connection G%, in Eq. (A.1.7). The Riemann
tensor of the sigma-model will be R%cq = 3:G%a — 334G %%e + G%ceG%d — G%4eG%e. Hence, the

matrix X9, takes the form

oV 4 oV v
X% = -RY_,0,8°9,8% + D [ G 9P —— + G ——8,8Gy,
¢ bed " ( acpb) " (D—z)arA[ aoe " pab d
16V 9,00, 0°Gly, . (A.2.2)

"(D-2)2(9,A)

The boundary-localised masses for all the fluctuations of ®* are chosen to be infinite;
thus, the Dirichlet boundary conditions are imposed. The boundary conditions emerging for

the gauge-invariant variables combination a® will be

iid 8T<I’deb + 8—V):| Clb

0,89, 81G 4D, A
b=t (D—2)8,A aP
(A.2.3)

~ [(D -2)0,A

= 5 e 2425 + BT(IJC(

Ti
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Appendix B

Probe approximation

In this appendix, we explore further the probe approximation, with additional insights avail-

able in Ref. [124]. The fluctuations, a® = p* — ggﬁ:h, arise from the interaction between the

scalar fluctuations, ®* = (¢, x), and the fluctuations, h, of the trace of the four-dimensional

metric component. The second element couples to the trace of the stress-energy tensor in

the boundary theory. When a® is predominantly composed of h, meaning a® ~ gg?;h, the
interplay of the states sourced by the boundary operators are effectively described by the
dilatonic counterparts.

Conversely, in the probe approximation used for compution, the mixing between the
scalar and metric fluctuations is neglected. This approximation remains valid only if a® ~ ¢®,
allowing the contribution of h in Eq. (A.2.1) to be disregarded.

Hence, the probe approximation is achieved by removing some contributions from the
metric, especially h, in Egs. (A.2.1) and (A.2.3), resulting in [124]

0= [Df +(D-1)0,AD, - e‘2Aq2] p - [ 4 - R“bcd&@b&@d] pe, (B.0.1)

le

for the bilk. The boundary conditions are reduced to

(B.0.2)

Ti

Here, a® is replaced wth the probe fluctuations denoted by p®.

In the main body of the text, we compute the spectra of scalar fluctuations for A =5/2
using two distinct methods. First, we solve the exact equations (A.2.1) with the boundary
conditions given by (A.2.3), which allows us to determine the spectrum of masses. Second,
we perform the calculation using the probe approximation, solving equations (B.0.1) with
boundary conditions (B.0.2) for the same background.

If these two methods yield different spectra, it indicates that the overlap with the dilaton
cannot be neglected. Specifically, discrepancies between the spectra obtained from the exact

equations and those from the probe approximation suggest significant mixing between the
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scalar and metric fluctuations in the system.
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Basis of SO(5) generators
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Here for the convenience of the reader, we provide a basis of SO(5) generators. They are
chosen such that the generators, ¢, with A =1, -, 4, span the the coset of SO(5)/S0O(4),
following the convention in Eq. (4.1.19). The remaining unbroken SO(4) is parametrised by

A, with A=5, -, 10.

pol

2
£l

2
#=L

2
matrices.

0000 -1
00000
0000 O
0000 0
1000 0

000-10
0000 O
0000 O
10000
0000 O

00-100
00000
10000
00000
000O0O0

00000
0000 -1
00000
00000
01000

0000 O
000-10
0000 O
01000
00000

00 00O
00-100
01000
00000
000O00O0

th

N | .

0000 O
0000 O
0000 -1
0000 O
00100

0000 O
0000 O
000-10
00100
0000 O

0-1000
10000
00000
00000O0
000060

0000 O
0000 O
0000 O
0000 -1
00010

(C.0.1)

A basis for SU(4), taken from Ref. [205], is also provided in terms of 4 x 4 Hermitian
The adjoint of SU(4) in terms of Sp(4) ~ SO(5) representations decomposes

as 15 = 5 ® 10, and both are used in the body of the thesis. I'4, for A = 1, -, 5, cover
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the coset SU(4)/Sp(4). This can also represent the 5 of Sp(4). The Sp(4) generators are
denoted as T4, with A = 1, ---, 10. The normalisation for all SU(4) matrices is chosen as
Tr (TATB) = 1648 = Ty (I'T'P). The I's are

0100 0-i 00 000 —i
Fl_11000 Fzzliooo 5 1|00 0
410001 4100 0 410-i0 0
0010 00 —i0 i 000
00 01 1000
00 -10 0-10 0
o1 s 1 (C.0.2)
41o-10 0 41oo10
10 00 000-1
The Sp(4) generators, also parametrising 10 of Sp(4) ~ SO(5) are:
04 00 010 0 0001
oL 4000 T2:11000 T3:10010
41000 i 4100 0 -1 410100
00—-i0 00-10 1000
0 00:; 0040 0010
i L 00340 oL 000 —i po L 0001
410 -i00 41 500 0 411000
000 0400 0100
1000 0010 00 —i 0
oo 0 -100 T8:1000_1 o _1[000 i
410 o010 411000 41500 0
0 001 0-10 0 0i 0 0
1000
1lo-100
T - = (C.0.3)
4100 -10
00 01
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These matrices can be presented as commutators of two of the I'* matrices, for instance,
T'=-2i [, T°].
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Appendix D

Gauge fixing formalism

D.1 Vectors, pseudoscalars, and spurions

In this appendix, we present the gauge fixing terms and equations of motion governing the
spin-1 and spin-0 fluctuations discussed in Section 5.5. The derived equations for the fields
introduced in Eq. (5.5.24) (excluding xar), along with other fields that interact with them,
are detailed in the subsequent subsections. Section D.1.1 covers the equations of motion
and boundary conditions of B MA and B MA, including those for the associated spin-0 states.

Section D.1.2 focuses on A%, while Section D.1.3 considers AMA.

D.1.1 The BM and BM sectors

Following the methodology of Ref. [118], we pick the required gauge fixing terms for BMA
and By as

Sgl) = [d4q dr

7O . :
{ % iq"B,A(~q) - £520) £ GO (—q) - o (e 854 () | »

2 (1) (1)
His Hys
oy Ao gsin(v) & (1) 24_A (1) 24 A
| =g B = 5 G T (@) - (1) o (HO B (@) | (D11)
Hih Hih

and

(1)
Sél) - f d*q dr {—22:4 [iq“BuA(—Q) - fl) Or (H(}ZGQABE’A(_Q))] X
H5 i

x [—z’quﬂq) - (B “65*‘@)” , (D.1.2)

AA
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with é and é representing the gauge-fixing parameters. The gauge fixing terms at the r =y

boundary-localised are

S](\;) = f d*q dré (r —rg)

1 . . ; . :
- o A (1) 245 A~ _ gvs 24 A
{ i [zq By (-a) + N H P4 B5A (~g) - VK 2 cos(0) PA(-g)  (D.1.3)

and

S](é) = f dtq dré (r—r)

{——2;2[2 [iqﬂBu«i(_q) +M2HS%€2AB5A(—Q) +J\7[2K5%62A sin(v)Pgi(—q)] x (D.1.4)
x[(g—>-a)]}-

The gauge fixing parameters for the boundary theory, My and Mg, do not depend on the
dynamics of the bulk. The gauge fixing process at r = r; is similar. Considering the action
Eq. (5.5.17) and all gauge fixing contributions form Eqs. (D.1.1), (D.1.2), (D.1.3), and (D.1.4),
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the equations of motion and boundary conditions of BMA and BM“‘I are the folllowing

|1 2HWD _o. (gWM 24 (1) 24| puwpp A
0—[q 7Y -0, (HQ0,) + (2) aWe ]P B, A(q,r). (D.1.5)
g/U v A
0= [ 2D;2A+H(1) 2‘48 +€2A( ) 02(2,4 (75)2K5cos(fu)2:| P* BVA(q,T)
r=ro
2 (1) gus 2 : wp A
|00~ A s costwpsn) | P A (D.16)
2 2 n vV .
| g (1) 24 9 (1) 249490 5, A
0‘[5HAA 0, (H{ e 81")*(2) Gaa° ]—q2 B, (a,7), (D.1.7)
2 2
4q qtq” -
Oz[MA—2+H£&e2A8T+62A(g) C§2A+e (g 5) K5 cos(v) ] A(q,r)
r=ro
[ costwysin)] TEB A D19
r=ro
0= [ 2H(1) (H(~1)~€2A87»):| P”VBM'A((],T’), (D19)
g/l) . vV A
0 :[ QDS/)M (~1)~€2A8T +€2A(75)2K5 sm(v)2] P B,A(q,r) .
21(1) g5 \2 : wpp A
[ ¢D, ;¢ 24 5 )K5cos(v)s1n(v)]P B, (q,7) . (D.1.10)
| Ly D249 V| 7 g 4
0_[5 AA a’"( AA€ aT)]q_QBu (¢,7), (D.1.11)
q (1) 24 24, 9V5 2 2| d'd” . A
0=|=—+H "0+ (==)"Kssin(v) ]—BV (q,7)
|:]\42 AA 2 q> .
LV
- [62’4(%)2[(5 cos(v) sin(v)] %B,,A(q,r) (D.1.12)
r=ro

Equations (D.1.5), (D.1.7), (D.1.9), and (D.1.10) can be compared to Egs. (5.6.3), (5.6.4),
and (5.6.6) in the body of the paper.

The equations for pseudoscalar and spurion fields are derived from the variation of the
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action respective to B5A, B5A, 74 in the bulk and boundary and Pg‘i in the boundary:

0=|¢*-0, ( fl)a (#) 2f‘))]za5f‘((1,r), (D.1.13)
| A.A
[ 24 3 - B A
0=|€S (1)8 (H(~1)~62A)+M2HS%]B5A(q,r) + [%Mgkgsin(v)]Pg“(q) , (D.11)
- AA r=ro e
ooy g, [ € W) 24) |, 920 24| 5 4
0=|¢’H) - HY a( (1)8(H ))+§Gme }Bs (g,7)
| .AA
sin(v) G(l) 24 i
+gT GQlezAar—Hg}‘ar £ Af(t1) (g, 1), (D.1.15)
AA
24 . 1 . o - )
O:[ (1)8 (§H(A1)A62A)+M2HJ(41JZi B5A(q,7“)—[g2—5M2COS(U)K5]P5A(q)
AA - r=r9
gsm(v) G i
AA (1) A
50 EH(D — M, C2AA (q,7) , (D.1.16)
r=ro
O_Sin(v) ) (G(1)64A8)—G(1) 24 2 (9 2 f e4A(G(1) )2 71“4( r)
|t )T a1 \g) 4o AA e
Ad
+g 0, (G Ve - Hfl) ¢ Lo, (H 2A)]B5A(q,r), (D.1.17)
S o) o242 M \2, Mg | A
O_T[Cwme +M( ) (CQAA) +GAA8T 7 (q,T)
r=ro

)
r=ro

9 (1) 1 9~ A
- [$ane) pu - 460 B an)

r=ro

9 A
+ [Mz% (g) COS(U)K5CQ(2A] Pg“(q)
(D.1.18)

=T

2 B A
0= [K5e_2Aq2 + (%) K? (cos(v)2M2 + sin(v)2M2)] PA(q)

gv5) cos(v)sin(v)c(l) ] A(qu)

[M2K5 ( 2 2 AA

r=ro

r=r9

(D.1.19)

| Kasin(o) Z20nH ) | B ()

r=ro

- [K5 cos(v)%MgHi&] 85/\((1, T)
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Here, after introducing the redefinitions

BsA = -z g, (D.1.20)

44 (1)
G v
A A A
Sin(v
Y

one can conveniently separate the gauge-invariant combinations from the gauge-dependent
ones. The equations for gauge-independent and physical scalar fields, X#, as well as gauge

dependent, non physical VA read

87~G(A1)A g2 1 X
0=[0%+|-20,A(r) - (l“é)lA R % XAq,7), (D.1.22)
! Gaa 4
[ o, H" 2,-24(r)  2G) )
0=|8%+|20,A(r) + H(;;A)@Jr(-q eé - 4H(fl‘34 YA(q,r). (D.1.23)
| AA AA
The boundary cnditions for X A are:
a1
0=|8,+ (fl‘)A XA(q,7) (D.1.24)
Cyia v

Equations (D.1.22) and (D.1.24) are rewritten in Eqs. (5.6.5) and (5.6.10).

D.1.2 The Ay* sector

The gauge fixing for Aj;* field in bulk can be performed by introducing terms as:

(1)

H

s =fd4q dr{—%[iq“v‘lu‘l(—@—g g(1)Gz(xi)emm(“l)‘ g(na?“ (Hii)@2AA54(_Q))]X
Hy, Hy,

% [—iq”Al/l(q) _ QLGZ&)€2AH4(Q) _

2 g 50 (Hii)foAAs“(q))]}, (D.1.25)
H44

1 Yr
Hiy)

with & being the gauge-fixing parameter. The gauge-fixing terms at r = ro boundary are

] v
S = [ aa drs (r=ra) - i 4, (o) Mo e 5" (=0) - Mo 262 P ()

DB (<) < [ - -0} (D.1.26)
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where My is our free parameter. The equations of motion and boundary conditions of AM4

are written as

o=[q2ﬂg> O (H{y e, ) + (g) GiYe 2A]P‘“’AH4(q,r)7 (D.1.27)
D 24 2 (1) 9 o, Qv5 2 24 puv 4 4
0= [ €0 +q D244Jr (5) bay T (5) Kse ] A (q,7) ; (D.1.28)
r=ro
2 WV
0| Cap -0, (1Y) « (4) Gféﬁe“] T A ), (D129
2 m v
1 1 gus q-q
0= [Hi4) 240, + — M2 + QA(Q) C§4)4+(7)2K562A] ?Af(q,r) . (D.1.30)

Equations (D.1.27) and (D.1.28) are comparable to Egs. (5.6.4) and (5.6.9).
The equations are obtained for the pseudoscalars, and the spurion is derived from the

variation of the action respective to As* and II* in bulk and boundary and P54 in the boundary.
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They are written as follows:

o=[q2H4<;>_H4<1>ar( o (1 QA)) (2 )GggezA]A;(q,r)

(1) 24

G
Gaye%ar—ﬂﬁar(—g )
44

*(g,7), (D.1.31)

-2A
0=|e50, (H ) + MaH) | A5 (g.7)
H,y

r=ro

. ——§T5c1“) M08 W (qr) - | M Ksus | P (D.1.32)
r=ro
2
0={0, (6e*0,) - 6l (5) 5(1) (G ]H4<q,r>
+ 210, (G - _E_e24G 0, (HiY ) | As*(a.7), (D.1.33)
2 HD
[051346“ 24 My ( ) (CS0)2+ 02V, + G o, ]H4(q,r)
r=ro
2y 1
T g[aggg 08 H | Asta.r) + [%MQKE)(J&L - 0—583124] Pig)| ., (D.1.34)
r=rg
v 1
0:[1(56 q +M(925) K2+ —28 ]P5(q)
U5 =T
1
[MQ%&HAE?] As*(q,r) + [%MQK;,CZE}A - v—am] 1 (q,r) (D.1.35)
5 r=ro

By the introduction of fields

x4 2
Ast = — Zo,1I*, (D.1.36)
etAay 9

we find the equations for gauge-invariant, physical field X*:
' 0,GY zG(n
0=|02+[-20,4A- "2 15, + 24 _ Y
GtV el
44 Hy,

0={a, +cV) OpVse* ™) +K5vgq2 X*(q,r)
r 44 2 2 2A(r) (1) 92 2A(r) (1) ’
i QvV4K51)5e + 02448vV46 + K5CQ44U5Q

X*(q,7), (D.1.37)

(D.1.38)

r=r9

Equations (D.1.37) and (D.1.38) are given in Egs. (5.6.5) and (5.6.11) in another notation.
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D.1.3 The Ay sector

For AMA the gauge fixing terms are chosen to be

. a7 i 3 1 A
s = [t dr{—%ﬁ““[iq“AuA(—Q)‘ 8 (Hil€2AA5A(‘Q))]X

o
Hii
~ig"A,*(q) - fl) 3T(H%1%62AA5A(q)) } (D.1.39)
Hiz

in the bulk, with € as the gauge fixing parameter. The gauge fixing terms at r = ro boundary

are chosen as

SJ(‘;) = [ d*q dré (r —rs)

(-5 19 A0 + 3B e 45 0) ] [-ig" A (@) + M H e A7 @) ]}

2M,
(D.1.40)
where My is the gauge fixing parameter at the boundary.
The equations of motion and boundary conditions for AMA fileds are
- L . LI
0-[¢?H -0, (H G 0,) | P A (ar), (D.1.41)
1 1 v A
0=[H e, + D) ;] P AZ,A(q,r)‘r:m, (D.1.42)
[ 2 oV _
1 ) (1) 24 qaq A
0| FH 0 (H e ar)] A (g,7), (D.1.43)
2 "V _
_| 9 (1) 244 |49 4, A
0 —[M2 +H 7 qe Or] 7z A, (g, 1) . (D.1.44)

Equations (D.1.41) and (D.1.42) are given in Egs. (5.6.3), and (5.6.8). In this sector, the
fifth component of the gauge field is non-physical and pure gauge; hence, we do not consider

them here.
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Appendix E

Asymptotic expansions of the

fAuctuations

In this appendix, some of the asymptotic expansions of the fluctuations used in the text are
provided— check also Ref. [6].

E.1 IR expansions

We set p, = 0 and Ay = 0 in this section,’ and x; = 0 is chosen to avoid the presence of a

singularity.

'The p, and A; dependence can be reintroduced by substituting p — p — po and ¢* — e 247¢? in the

provided IR related expressions.
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For the scalar fluctuations, one has

a® = af o+
+a?}llog(p)+ip2[—%A(a?O(A(l&b?—él)+20)+6¢1(a10 af)) (A (507 - 4) +20))
+q2(a10 a”) 18a”( (25A¢7 +20(10 - 11A)¢7 +48(A - 5)) +400)
+log(p)(a}i)7l (- > :‘bl +(A—5)A+q2)——a”A¢1( (5¢%—4)+zo))]+o(p4),

(E.1.1)
1 1
a* = af o +aj log(p) + ZPQ[ - ZA(Z)I(Q?,O - a?l) (A (5¢7 —4) +20) + q2(a}‘70 —aj,)
- §a§o (Ap7 (A (5¢7 - 8) +40) +80) + i—za}<l (Ap7 (A (507 - 8) +40) +80)

+log(p)(——a”A2 I+a”(A 5)A¢1+a”(——A2 1+3(A-5)A¢? +¢° —30))]

+0(p") | (E.1.2)
- _ 1 _ -

at = af"0+p2(§a?’0q2 log(p) +af2) +(’)(p4) , (E.1.3)
N N 1 qs N

al = a‘;‘,0+p2(2 (q + I)log(p)+af2)+0(p4) : (E.1.4)

While for the pseudoscalar fluctuations, one has

R R . 1 i 2
pt=pio+p’ [pf‘,z + P70 (q2 + gqu?) log(p)] +0(p") . (E.1.5)
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The vector fluctuations follow

_ 1
v=07_2p 2, §q2017_2 log(p)+

+970 Lp2[1536q%1,0 +80A%0; _2¢7 (2 (8A% - 50A +75) - 3¢%)

" 12288
+128(A - 5)Avs 297 (-3(A - 5)A +3¢* - 50) — 64 (9¢* + 60g° - 500) v/ _o
+125A% 7 265 — 1000(A - 2)APv; 568 + 768 07 2 1og(p)] +0(p"), (E.1.6)

— — — 1 — — —
v = 07 + 07 log(p) + %ﬁ[zzxq?(n;{o —v7)) + 07 (-5A%G] + 8(A - 5) A7 - 80)

+ 24¢%07, 1og(p)] +0(p"), (E.1.7)
pA = néo + nIA:l log(p) + %pz[ (24¢% + 69%¢7) néo

+ (80 - 24¢° - 6g%¢7 - 40A¢7 + A? (8¢7 - 5¢7)) v7,

+ (2447 + 66707 log(p)o7ly | + O (p*) . (E.1.8)

Finally, for fluctuations of the tensor, we get

1
¢ :eLQ + 2[71 10g(,0) + @p2[48q2(2170 - 2[71) - 25A28[7l¢é}

+40(A - 5)Aes 167 — 400e ; + 48¢;, 167 log( p)] +0(p"). (E.1.9)

E.2 UV expansions

In this section, A = 2, and Ay = 0 = xy is chosen.? The expansions are written in terms of
z=e”.

For the scalar fluctuations, one has

1 1 1

a® = a92% +al2% + §a§q2z4 + Ea§q2z5 + 2—4a§ (¢" -12¢7) 28+ O (27) (E.2.1)
1 1 1

a¥ = aj - gc%(quQ + ﬂa§q4z4 + a§z5 + maqu (q4 - 14¢%/) 2+0 (27) , (E.2.2)

1 4 1 j 1 L 4
Asgd taapz i Taagpa, Loaps  Loae i 1062) 254 0(7),

a :a0—§a0q2 +a3Z 8 10 144
(E.2.3)
i i1 2 A 1 ; 1 ; ;
al = ag‘ - —aOAq222 + a?zg + —a{;‘ (92¢2J - 2q4) A (a()492¢qu5V + 2a§‘q2) 2P
2 16 20
1 ~
——af' (2¢° + (20 + ¢*) 9% - 4g%0% ) 2 + O (7). (E.2.4)

288

2The xu and Ay dependence can be reintroduced by substituting ¢* — e?Xvu=24v 2 iy the provided UV
related expressions.
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For the pseudo-scalar fluctuations, one has

. . . A 2 A A 2 A 249 A2
pt=pg +pilz (—pOQq v —plfv ) 224 T OI0V +§(;2q QI 3, 0(4) . (B25)
J J

For the fluctuations of the vectors, we have

1 1 1
V=109 —q20022 + —q4boz4 + 0525 + —q200 (q4 - 14¢%/) 20

6 24 144
L 5 B 7 8
+ 2e54 (350005 — 3809dy ¢y + 2505)z" + O (%) , (E.2.6)
o4 1og i3 laaa 1 oas 1 54
v = 064 - —q2b6422 + 03423 - —q4UOAz4 + —q2U§425 - —q2nf)4 (q4 + 10¢%/) 28
10 144
1 ) ) 26 1
+ oo (q%g‘ +6¢%07 (155 — S Oves)+ 45n§‘¢>‘é) 2T+ 0 (2%, (E.2.7)
A_ A lodo as L afa 6 oYa, (24 9° i 5 6
0 :UO_—qnoz +U3Z _—UO q__¢J Z + — 03+—00¢J¢V Z+O(Z).
2 8 2 10 2
(E.2.8)
The tensor fluctuations obey
1 1
e=eo— —e0q’2% + —epgizt +e52° + O (zﬁ) . (E.2.9)

6 24
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Appendix F

Six Dimensional Background

F.1 The Supergravity Background Origin

In this section, we outline the method for deriving the background described in Eq. (6.2.1).
These configurations originate from solutions found within the context of 6-dimensional Ro-
mans’ gauged supergravity [321], which are subsequently uplifted to Type-IIB theory. Below,

we provide a detailed explanation of this process.

F.1.1 Six-dimensional Romans F; Supergravity

Here, we summarise the key aspects of six-dimensional Romans’ Fy gauged supergravity [321].
In addition to the vielbein, the bosonic sector includes a real scalar field, X, and a non-Abelian
SU(2) gauge field, A, where
Fi-dAi+ %eijkAj A A, (F.1.1)
with a three-form
F3=dA,, (F.1.2)

and, A, an Abelian gauge field with
2
Fg =dA1+§gA2. (F13)

g is presenting a coupling in the 6d theory.

The bosonic part of the Lagrangian reads

WA g (2xt - Sxtax?) (F.14)
X2 9 3

1 1 1 o
+§X4 xg Fy A Fy — 5)(—2 (*6F2 AFy+ — 6 F' A F)
7

£=R*61+4

1 - 2 4 1 . )
——A5 A (dA1 ANdA + ZGdAy A As+ —GPAs A Ay + —=F A FZ) )
2 3 27 g2
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While the equations of motion are

1 1 2
A(X %6 Fy) = ~Fo N Fy+ —F AN F' + 25X 2 %6 Fh, (F.1.5)
2 22 3
A(X 2 %6 Fy) = -Fy A Fy (F.1.6)
D(X 2% F')=-F3 A F* (F.1.7)
1 -2 1 —
d(Xil*GdX)ZZ—lXZL*GFg/\Fg— (*6F2/\F2+~—2*6FZ/\FZ)
g
1 2 1
~92 -6 -2 2
-Fl=xC-Zx?+ X 1 F.1.8
g (6 3 2 ) oh (F-18)

with D being the SU(2) covariant derivative. The action of the derivative on a generic

differential form C' is given by
DC* = dC" + e AV A CF (F.1.9)

The Einstein’s equations of motion are written as

2 ol o 259 1 5 x4 1 5
RHV:ZLX (%X@,,X—i—g (EX —§X _EX )g'u,y‘i'T( SM'FSV_éguuFii)
X 1 AV i1 iN2
S (F2u'F2u—§9uuF2)+2—§2 Fap Fay = Sou (F3) ), (F.1.10)

Here, F), = ¢, F is representing the contraction with the vector d,, F'- G = F,; _,,G"~Fr,
where F2=F - F.

By setting all matter fields to zero as (As = A; = A =0) and X = 1, we obtain a simple
solution. In this case, the metric corresponds to AdSg with a radius of R? = % §* preserving
eight Poincaré supercharges.

We will now explain a particular solution within this six-dimensional framework.

F.1.2 The background in 6d Romans Supergravity

We consider a solution that has a non-trivial background metric, equipped with only one of
the components of the SU(2) gauge fields, F2(3), and a dilaton [322],

dst= —H(r)2 f(r)dt> + H'? (f(r) " dr? + 2 di?),

¢ = % log H(r), A3=v2(1-H(r)™) %dt,

2

I c
£() - SRR HG?, HE) =145,
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1
with the dilaton, ¢, and X field related by X =e 2v2 ¢ Two free parameters, u and ¢, appear

in the solution.

F.1.3 Double Wick rotation
By applying a double wick rotation for the coordinates t — i¢, ¢ — it and also analyticly
continuing the ¢ parameter we obtain our new solution:
ds2 = HY? (f(r) dr? + 72 (=dt? + da? + da2 + da2)) + H(r) 2 f(r) d¢?, (F.1.11)
6= logH(r), AI=v3(1-H ™)Ly,
c
2
c

[0 =-5 432 HE? . H()=1- 5.

Because of the presence of the term H(r)™%/2 f(r) d¢? in the metric, after compactifying
the geometry on the ¢ coordinate, it can shrink to zero radii at the position of the roots of
f(r). We take r* as the largest positive root of the function f(r) and choose a period for
this coordinate to produce a smoothly closing manifold in the (7, ¢) plane, that is performed
in Eq.(6.2.5).

F.1.4 Uplift to Type IIB

Following [259], solutions in 6d Romans supergravity have an uplift to Type IIB supergravity

in the form of an infinite family of solutions. Our solution uplifts to a solution in type IIB as,
ds2, = f1 (dsg + f2ds®(S?) + f3ds*(R?)) (F.1.12)
Co=fr. €?®=fs,  F5=4(Gs5+*10G5),
&2y 2 g
By = f4Vol(S7) - g
Co = f5Vol(5?) - 40,(aV)y'F" .

Where ds% is given by the six-dimensional gauged supergravity solution as

29
dS% = ?dszauged sugra. (Fll?’)
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The functions f; are defined as:

1/2 2 2 242
h"- 9 . 3X409,V b= X0, Vo,V - X0,V (F.1.14)
3X2 Q%V ’ 3A ’ 300,V
fo = (18)? 3X4(0280V)(8%V) A o 18 (8 v 3X4080V8377V )
6= ) 7= + )
(3X40,V + 002V T 3X10,V + 002V
2 2 442
=2 (n- 00, VI,V boafv- 00,V (8,V 02,V - 3X192V 9,V )
9 A ) 5 A ;
2 2
A=3X'0}V0,V + o [(02,V) + (95V)].
The sphere 52 has fibrations over the 6d spce,
Vol(5?) = eyt Dyl A Dy¥, d5252 = Dy' Dy, (F.1.15)

with 4/° chosen as an embedding coordinates for the S? sphere. For instance, one choice is

y' =sinfsin o, y? = sinf cos o1, y® = —cos. (F.1.16)
The covariant derivative D is
DC* = dC" + e, A7 A CF (F.1.17)
with G5 form given as
Gs = _3)2(2 (x6F") A D(y'020,V). (F.1.18)
The final form of the 10d metric using the Eq. (F.1.15) is
ds?, = fi (dsg + f2(d0? +sin0*(dpr — A)?) + f3(do® + dn*)) (F.1.19)

The solution in Eq. (6.2.1) is derivable following this procedure.

F.2 Near Boundary Expansions

In this section, we examine the asymptotic expansion of the fields at the boundary r — oo,
aiming to understand the deformations inserted at the UV fixed point of the dual QFT. This
analysis is conducted within the framework of 6-dimensional supergravity discussed in the
previous section. The quantum field theory data we require includes the operators inserted
by the deformations and their corresponding vacuum expectation values. As the metric at the

boundary (or the boundary conformal structure) is coupled to the stress-energy tensor of QFT
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at the boundary, the VEV of this tensor can be derived from the asymptotic behaviour of the
metric and other associated scalar fields. Following the approach outlined in Refs. [42, 43],

near the boundary of an asymptotically AdS background, the bulk metric takes the form

ds? = %(er +gij(z,r)da’da?), (F.2.1)
r

in the Fefferman-Graham coordinates with the boundary at r» — 0. The tensor g;;(x,r) is

given as

gij(x,7) = 90yij; +r9(1)ij t+ 7”29(2)17‘ +..., (F.2.2)

The coeflicients g(y;j,k > 0 are derivable from Einstein’s equations. In a new coordinate

p =12 we obtain

ds* = G datdx” = % + %g,-j(x,p)dxidacj, (F.2.3)

9(x,p) = gy + -+ p*Pgay + hayp™*Inp+ ...

The asymptotic expansion of different fields in the background near the boundary, has a

form as

F(x,p) = p" (Foy (@) + Feay(@)p+ -+ p"(fiany () + 108 pf(2my (€)) + --.) - (F.2.4)

In p coordinate, the equations of motion are of second-order differential equation form, in-
dicating the presence of two independent solutions. These solutions asymptotically behave
as p™ and p"™*". In the holographic context, the boundary field, f(y), that scales with p™ is
interpreted as the source for the corresponding operator in the dual field theory. Conversely,

the coefficient, f(2y), associated with p™*"

represents the 1-point function of this operator.
Since our boundary is five-dimensional, we apply the holographic renormalisation proce-
dure outlined in Ref. [42]. This approach enables us to calculate the expectation value of the
stress-energy tensor at the boundary, which, after completing holographic renormalisation, is
expressed as
(Tij) = 519515 (F.2.5)

with [ representing the AdS radius and the cosmological constant given as A = —}—9 in terms

of I. We choose to set 16mG =1 in this expression.
The metric of Eq. (F.1.11) does not have the Fefferman-Graham form in Eq. (F.2.1).

Hence, some coordinate changes follow. Initially, r — 1/z is performed that takes the boundary
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from r - oo to z = 0,

ds? = H(2)'? ( dz? + ( —dt? + dz? + da3 + dxd)) +H(2)P f(2)d¢*.  (F.2.6)

f(z)z
Now, using the expansion of the metric near z — 0, we perform a coordinate transformation
as z — 7(z), which brings the metric to the required form, up to the necessary order in the
asymptotic expansion. The coordinate transformation along with its inverse are (g = \/g is

chosen for simplicity)

7(z) =z + Cf + “120 +0(27), (F.2.7)
2(7 Sl L 0(7). (F.2.8)

Elements of the metric in the new coordinate system take the asymptotic form as

gu(F) = -5 — 1=+ O (%), (F.2.9)
Gaia; (T) = =5 + H- ( Y, (F.2.10)
966(T) =75 = 4’”" O (7). (F.2.11)

Thus, we can find the expectation values of the stress-energy tensor at the boundary from
Eq. (F.2.5),

The asymptotic expansion for X and Agg) reads

X(7) =1 = e + 37 — 116327 + 1/2(cPea — 6cac3) ™ + O (79) (F.2.13)
Agg) (f) =ag+ a3f3 +0 (776) . (F'2‘14)

Comparison to the expansion for our solution in Eq. (F.1.11)

X -1 =<P+0(), (F.2.15)
AP (7) = 3eym® + 0(7), (F.2.16)

shows that the subleading terms in the expansions are present in the background, leading to
2
(J)=-3cy/p, (Ox)= T (F.2.17)

We realise that X corresponds to the presence of a dimension three operator with the given

VEV and AEB) leads to a global R-symmetry background current inserted to the boundary.
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The latter is interpreted as a Wilson loop insertion to the dual QFT.
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