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Figure 2. (a): Time history of the slope angle ¢ and the displacement components |u;| and u, at the tip point T' of the
LCE beam, (b): deformed shapes of the beam for t € {0.1,0.2,...,0.9,1,1.2,1.5,2} (s)

In this example, we consider a cantilever beam composed of LCEs subjected to light loading above its top surface. This
scenario has been experimentally investigated by White et al. [29]. The apparent intensity of the light is 7, = 1000
mW/cm?. The length, width, and height of the beam are L = 6 mm, b = 1 mm, and h = 8 um, respectively. Variation
of the tip slope angle ¢, and the tip displacement components |u{| and ug (scaled by 10) of the beam are displayed
in the left panel. The maximum values of the mentioned parameters are obtained to be d)g = 13.87°, ule, £ = 2.75
mm, and uszax = 4.53 mm, respectively. Moreover, it is observed that the curve corresponding to the time history

of the tip slope angle ¢” are in good agreement with the experimental data reported in the literature. Furthermore,
deformed shapes of the beam at various time values, namely ¢ € {0.1,0.2,...,0.9, 1, 1.2, 1.5,2} (s) are illustrated in the
right panel.
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A hyperelastic beam model for the photo-induced response of nematic liquid crystal elas-
tomers

Farzam Dadgar-Rad,Mohammad Mehdi Mahjoub,Mokarram Hossain

A hyperelastic beam model for analyzing large deformations in thin and slender LCEs under illumination has
been developed.

The formulation is applicable to ideal, non-ideal, isotropic genesis, and nematic genesis LCEs.

A total Lagrangian FE formulation for the numerical solution of the problems is developed.

e The numerical results align excellently with the data available in the literature.
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ARTICLE INFO ABSTRACT

Keywords: Liquid crystal elastomers (LCEs) are a novel class of materials created by combining polymeric
Liquid crystalline elastomer solids with stiff, rod-like molecules known as nematic mesogens. These materials exhibit large,
Nematic mesogens reversible deformations under mechanical, thermal, and optical stimuli. In this work, we develop
Beams anonlinear beam formulation for analyzing the finite elastic deformation of beam-like structures
Photo-actuation made of LCEs under photo-actuation. This formulation applies to ideal, non-ideal, isotropic
Finite element method genesis, and nematic genesis LCEs. We establish the variational form of the problem based on

the principle of virtual work. To solve numerical examples, we also develop a nonlinear finite
element formulation based on B-spline functions. Several numerical examples are presented to
demonstrate the applicability of the proposed formulation.

1. Introduction

Liquid crystal elastomers (LCEs) are a novel class of polymeric materials that merge the elastic deformability
of elastomers with the orientational properties of liquid crystals [1, 2]. Elastomers are filled with liquid crystalline
mesogens, which are rod-like and stiff molecules. If the mesogens are dispersed almost isotropically within the
elastomeric medium in the undeformed state, the LCE is termed isotropic genesis. Otherwise, it is termed nematic
genesis. These materials have been applied across various advanced technologies due to their capacity to undergo
substantial shape transformations in response to light and other stimuli. For example, LCEs are utilized in soft
robotic systems to develop actuators that replicate muscle movements. Their light-responsive properties allow for
precise motion control, enabling the creation of robots capable of moving, gripping, or manipulating objects with
high accuracy (e.g., Refs. [3, 4]). Additionally, LCEs are used in the fabrication of tunable optical components,
such as lenses, diffraction gratings, adaptive optics, and dynamic display technologies [4, 5]. Moreover, due to their
biocompatibility and ability to simulate biological tissues, LCEs are being investigated for applications in medical
implants and devices, including stents and spinal fusion cages [6, 7]. Furthermore, the photoresponsive behavior of
LCEs enables the development of materials that alter their properties or appearance under specific lighting conditions,
making them ideal for information encryption [8, 9]. Notable research on the synthesis and experimental analysis

of LCEs has been conducted by Finkelmann and his coworkers (e.g., Refs. [10—-15]). LCEs exhibit reversible finite
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deformations in response to mechanical [16-24], thermal [25-27], and optical [28-35] stimuli. Developing efficient
theoretical and numerical formulations to predict the behavior of structures made from LCEs is crucial for the optimal
and effective design of sensors, actuators and other devices. Accordingly, in this work, a nonlinear model along with its
finite element formulation is developed for the large elastic deformation analysis of beam-like structures made of LCEs
and actuated by light. Several general continuum-based formulations for the analysis of LCEs have been developed in
the literature (e.g., [2, 36—42]). Notably, the formulation proposed by Zhang et al. [2] includes viscoelastic effects.
Anderson et al. [36] introduced orientational momentum balance equations in addition to classical deformational
momentum balance equations. Fried and Sellers [40] proposed several forms of the free energy density function, with
and without contributions from volume change. The formulation by Brighenti et al. [41] is a micromechanical-based
model focusing on the evolution of the chain distribution tensor of the LCE network. DeSimone and his colleagues
[43-45] pointed out that the neo-classical free energy density introduced by Bladon et al. [46] is not convex, leading
them to introduce the concept of quasi-convexification of the free energy density of LCEs.

Extensive research has been conducted on the deformation of structures made of LCEs. The deformation of LCE
membranes has been examined in Refs. [47-54]. Additionally, LCE plates have been analyzed in Refs. [55-59]. Several
LCE beam formulations, particularly those emphasizing light-induced deformation, have also been proposed (e.g.,
Refs. [52, 60—69]). Specifically, the models developed in Refs. [62—65] focus on the infinitesimal deformation of LCE
beams. Moderately large deformations considering the von-Karman strain tensor have been investigated in Ref. [66].
Assuming the nematic field in an undeformed state is isotropic, Goriely et al. [68] developed a 3D beam model based on
the decomposition of the deformation gradient into an elastic part and a liquid crystalline part called the confirmation
or step-length tensor. The model proposed by Norouzikudiani et al. [69] incorporates both thermal and light effects.

A survey of the literature reveals that most formulations for LCE beams are simplistic and restricted to infinitesimal
deformations, while these structures exhibit finite deformations under photo-actuation in most cases. Many formula-
tions do not begin with the strain energy density function of LCEs, relying instead on the relation M = EI(x — k)
between the bending moment M, total curvature k, photo-induced curvature k), and bending rigidity EI. Furthermore,
the incompressibility of LCEs is often neglected in these formulations. Additionally, a comprehensive and reliable
computational formulation for the numerical solution of this problem has not yet been proposed in the literature.

Accordingly, the main novelties of this work are as follows:

e The formulation is based on the hyperelastic nature of LCEs, with the strain energy density of these materials

playing a crucial role in both the variational and numerical formulations.

e The incompressibility constraint is exactly satisfied in the present formulation.
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e The effect of finite photo-induced strain is included in the current step-length tensor, which leads to the classical

results at infinitesimal deformations.

e The formulation is applicable to all types of LCEs, including ideal, non-ideal, isotropic genesis, and nematic

genesis types.

The remaining sections of this work are organized as follows: Section 2 presents the basic kinematic quantities of
the beam model, taking light effects into account. In Section 3, the free energy density function and the variational
formulation of LCE beams are developed. Section 4 introduces a total Lagrangian nonlinear finite element formulation
based on B-splines. Numerical examples are solved in Section 5 to evaluate the applicability of the proposed

formulation. Finally, a summary of the work is provided in Section 6.

Notation: In this work, Greek and Latin indices obey Einstein’s summation convention and take {1,2} and
{1,2,3}, respectively. Upper-case calligraphic indices, e.g., .J, do not follow a general rule and take the values exactly
specified in the corresponding equations. For two second-order tensors A and B, the tensorial products of the form
(A®B);ji = A;jBi, (AKX B);ji; = Ay By, and (A © B);; = Ay By; are defined. Moreover, the notation A g

denotes the partial derivative of the tensor quantity .A with respect to the tensor /3, namely A g = d.A/0B.

2. Kinematics of the LCE beam model

Let the point sets B and B, represent the reference and current configurations of a beam made of LCEs at times
t = 0and ¢ > 0, respectively. To describe the beam deformation, as shown in Fig. 1, two common-frame rectangular
Cartesian coordinate systems X, X,, X5 and x, x,, x5 are positioned at the centroid of the left end of the beam. The
beam lies in the X; X, plane, so that the coordinate lines X, X,, and X5 are directed along the beam’s centerline,
thickness, and width, respectively. The basis vectors of both coordinate systems are denoted by the triad e, &,, €5.

The vector X = X, e; + X,G, with G = e, as the reference director, characterizes the position vector of an
undeformed material particle in the X X, plane. The material points on the undeformed centerline are described by
the vector X = X e;. Itis well known that in the Timoshenko beam model, a plane cross-section remains plane during

deformation. In this work, the following Timoshenko-type deformation field is considered (see, e.g., Refs. [70, 71]):
x = X(X1, 1) + [X + XIn(X, 0] g(X1,0). (1

Here, x is the position vector on the deformed centerline, g is the deformed director that signifies the cross-section
rotation, and the scalar function # describes the through-thickness stretching of the beam. Motivated by the expressions

for the reference and current position vectors X and x, the displacement vector of the centerline, 11, and the director
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difference vector, w, are defined as follows:

e, =x-X, w=wye, =g-GQG, 2

NN

X, ¢

€ up

Figure 1: Deformation of an LCE beam under illumination

Based on Eq. (1), the deformation gradient tensor F = Gradx is calculated as follows:

Fll F12 0
0 0 4

where 4 is the stretch in the X3 direction, and the planar components F,; of F are given by
Fll =1+ u’l + szll, F12 = (1 + 2X2n)w1, F21 = u’2 + sz,z, F22 = (1 + 2X27’])(1 + WZ). (4)

It should be noted that the higher-order terms involving X 22 are neglected. Additionally, a superimposed prime denotes
differentiation with respect to X ;. LCEs, like other polymeric materials, are generally assumed to be incompressible,

namely J = det F =1 [1, 72]. From this assumption, the thickness stretch A can be written as
A:f_l Wlth j=F11F22_F12F21. (5)

In the next step, let ny and n be the unit vectors that determine the direction of nematic mesogens in the reference and
current configurations, respectively. In the present beam formulation, it is assumed that ny and n are always parallel

with the X X,-plane. Therefore, as shown in Fig. 1, they can be expressed in terms of the angles (X ;) and 6(X) as
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follows:

ng = cy®; + oy, N =ce; +se, with ¢y =cosf,, s,=sinf,, c=cosh, s=sinb. (6)

Besides the deformation gradient tensor F, the deformation of LCE:s is highly dependent upon the step length tensors
L, and L, respectively, in the reference and current configurations. In this work, the expressions for L and L are

written in the following form (see, e.g., [1, 38, 53]):
Ly=R;'T+ (R} - R;')N;, L=R"I+(R*-R )N, @)

where I is the identity tensor in the 3D space. Moreover, the quantities denoted by N, N, R, and R are defined as
follows:

1/3

— /3
). R=rl ®8)

No=1ny®n;, N=n®mn, Ry=r

Here r and r represent the referential and current anisotropy parameters, respectively. In the special case where ry = 1,
one obtains L = I, signifying that the LCE is in isotropic state in the reference configuration. In contrast, from r* = 1
it follows that L. = I and the LCE is in isotropic state in the current configuration. It can be easily verified that the

inverse of the current length step tensor L, denoted here by L(6, R), is given by
< def
L=L'"=RI+kN with k=R ?>-R. 9)

For optical loading, it is assumed that the light intensity 7 decreases exponentially through the thickness of the LCE
beam. As illustrated in Fig. 1, let z = h/2 — X, represent the coordinate along the beam’s thickness. Under this
assumption, the intensity 7 will be proportional to exp(—kz), where k is a constant. Specifically, assuming that the
light intensity is 7, at the top surface (i.e., at z = 0), the expression for 7 through the beam thickness is approximately

given by (e.g., Refs. [66, 67, 73, 74]):

(10)

X, —h/2
d 9

1(z) = Iy exp <_§) = Tyexp (
where I is the light intensity at the top surface of the beam (i.e., at X, = h/2), and d =1/ k is the light penetration
depth. It is noted that at z = d, the light intensity will be I|,_,; = I,exp(—1) = 0.371,,.

Under illumination, the initially straight dye molecules, referred to as trans, bend into cis ones. If n; and n, denote,

respectively, the trans and cis fractions of the dye molecules, then the relation n; + n, = 1 holds. The differential
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equation governing the cis fraction n, can be expressed as follows (see also Ref. [67]):

0"°(')+(1+K)n(t)—1< with K==L and T, =L (11)
ot e 1 CT o

¢ T

T

where 7 represents the cis state lifetime, I" stands for the adsorption constant, and 7, is referred to as the characteristic

light intensity [60, 68]. Using the initial condition #,(0) = 0, the solution for n, is as follows:
K t
n(t) = H_—K{l —exp[-(1 +1<);]}. (12)

It is worth noting that in most cases, K is a small quantity, allowing for the approximate relation 1 + K =~ 1 to
be employed in various studies (e.g., Ref. [66]). However, in this work, such an approximation has not been utilized.
Adopting the approach outlined by Korner et al. [67], the intensity T, is adjusted to incorporate the effect of the relative
orientation between light and the beam surface, resulting in I, f (¢ — ¢). Here, ¢ denotes the slope angle of the beam,
while ¢ represents the illumination angle, as depicted in Fig. 1. It is noted that the thickness of LCE beams typically
ranges from 5 to 20 microns, which is extremely thin compared to conventional engineering beams. Additionally, LCE
beams are highly slender, with aspect ratios (length-to-height ratios) often exceeding 500, as illustrated in the examples
in Subsections 5.1 and 5.3, based on experiments from Refs. [29, 30]. Consequently, due to their minimal thickness
and large aspect ratio, the slope on the top surface of an LCE beam can be approximated by the slope at its centerline.

The slope angle ¢ and the function f are given as follows:

) = at dx, an [ 0X2/9%, t u) a3
s = atan| — ) = atan| ——— | = atan )
ul u2 dxl dxl/()Xl 1+u,

1

B B B Caef |1 for ¢ E(-m/2,7/2),
f(P) =(P)cosp with (¢) = (14)

0 otherwise.

where ¢ = ¢ — ¢y. The bending-type transformation of dye molecules induces the photo strain eﬁh along the director
n, given by
K*(¢ b
M = Cyn = - DVESD i ke = K {1 —exp [~ (14 KL (15)
I 1 + K{(¢)cos ¢ T

where Cy represents the chemical contraction coefficient.
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At the infinitesimal regime of deformations, the small strain tensor ¢ is additively decomposed as £ = £° + £
(e.g., [58, 63]). Here, €° and &Y represent the elastic and photo-induced parts of the strain, respectively. Specifically,

the expression for the photo strain tensor £?9 is given by

e = eif’l + (eﬁh - 6f_ﬁ)N with ei’h = —v*’f’eﬁh. (16)

is the photo strain component perpendicular to the director n. Moreover, v®! is the light-induced Poisson’s

Here, e’f’

ratio and is often considered to be % In particular, by assuming that the unit director vector n is the first basis vector

of a Cartesian coordinate system, the expression for the photo strain tensor €9 reduces to

e? = diag[1, -3, —3]eh". (17)

Now, it is assumed that the stretch parameter R in the current step length tensor L is the updated value of R, via the

following relation:

R= R0+g|‘|"’. (18)

»h

I is small, it then follows that

If Ry = 1 and assuming that ¢

R? =1+ 2577", le‘f =1- eﬁh, (19)

where the subscript inf denotes infinitesimal deformations. Now, from Egs. (7), (9), (15), and (19) the expressions for

L and L at infinitesimal deformations are obtained as:

Ly, =1+ 2eP, Nlef =1— 26", (20)

3. Free energy density of LCEs and variational formulation

To express the free energy of LCEs, we introduce the second-order tensors A and W as follows:
A =LFL,F", W =NFN.F, Q1)

where the tensor Ny = I — N is defined for simplicity in notation. In the literature, the tensor A is often referred to as

the relative strain or, more accurately, relative deformation tensor (e.g., [37, 38]).
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Remark 1: For regular materials with L = L = I, the tensor A reduces to the left Cauchy—Green deformation
tensor B = FF'. It is well-known that at infinitesimal deformations, the deformation gradient tensor reduces to
F|i“f = I+e+Q, where Q is the infinitesimal rotation tensor. Accordingly, due to the symmetry of £ and skew-symmetry

of Q, the tensor B at small deformations reduces to B|i“f =1+ 2e.

Remark 2: If Ly = I, at infinitesimal deformations, from Egs. (20), (21);, the expression for the relative

deformation tensor A reduces to Alinf =T1+2(e — €"9) =T+ 2¢°.

In this work, the free energy density function U" of LCEs is expressed as follows:
U®F,0,p)=U°—P*(J —1) with U*=TYA)+ U™ (W) (22)

Here, U'H(A) represents the ideal (or neo-classical) energy density, and U™ (¥) accounts for the non-ideal or semi-
soft contribution. Moreover, P* acts as the Lagrange multipliers to enforce the incompressibility condition J = 1. It
is worth noting that the effect of the slope angle ¢ has been incorporated in the formulation. The expressions for Ut

and U™ are as follows ([1, 46, 53,75, 76]):
i_ 1 ni_ 1
Ut = Eu(trA -3, UM= za,u(tr‘l‘ -3), (23)

where u denotes the shear modulus, and « represents the non-ideality parameter.

It is noted that the neo-classical energy density Ut has been derived under the assumption of a Gaussian distribution
of chains. However, as pointed out by Biggins et al.[75], real chains are neither perfectly Gaussian nor entirely
compositionally homogeneous. Real elastomers, cross-linked in the nematic state, retain a memory of the director
n at the time of cross-linking and minimize their free energy when their director aligns with this direction. This effect
is captured by incorporating the non-ideal term U™, as proposed by Verwey and Warner[76], into the free energy,

which promotes the alignment of the director along n,.

Remark 3: Let Y = Gradm = 0'(—se; @ & + ce, ® ;) be a second-order tensor that describes the gradient of the
current director vector. A simplified form of the Frank energy density [77], given by Uf(Y) = %kTO’ 2, could be added
to the free energy density function (e.g., Zhang et al. [2]). Here, kf denotes the Frank constant. However, in existing

LCE:s, the effect of Frank energy is negligible and is not considered in the present study.

From Egs. (22) and (23), the virtual free energy density can be expressed as

SU'(F, 0, ) = P:6F + Q60 + T5¢, (24)
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where the first Piola—Kirchhoff stress P, and the quantities Q and T are as follows:

P=VUp=U} - P*(Jg),_, = u(LFL, + aNFN,) — P*F~"
0=1,= % utr (£, gFLoF” + N JFN,F") L. 25)

T=VU,= % ptr (L 4FLF")

Moreover, with Eq. (13), the expression for 6¢ can be written as

u' 1+ ,
8¢ = S,ou,  with Slz—Bz, S, = D‘ and D=(1+u)*+u,. (26)

From the expression for the first Piola-Kirchhoff stress P in Eq. (25); and using (21), , it follows that the Cauchy stress

o takes the form
o= (J7"PF"),_ = u(A+a¥) - P°L (27)

which is an asymmetric tensor in LCEs, in general. Now, employing the plane stress assumption o33 = 0 to determine

the Lagrange multiplier P*, we obtain:
P* = uAy3 = uR;'RA* = uR-'RJ 2 28
= U3z = pIx, /1—/40 J, (28)

where use has been made of Egs. (5);, (7);, and (9) alongside W33 = 0.
In the subsequent step, to derive the expression for the element stiffness matrix in the nonlinear finite element
formulation, it is needed to compute the increment of the virtual internal energy AST". Accordingly, from Eq. (24) one

may write

ASU =6F: (AV:AF + AP : AF + DDAG) + 60(DV: AF + HDAQ)
(29)
+6¢(D@:AF + HYAO + HYAp) + P: ASF + TAS¢,

where the fourth-order tensors A(I), the second-order tensors D@ (I = 1,2), and the scalar functions H)

(J =1,2,3) are defined as follows:
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S\

AV = (LKL +eNRKINy) + P'FTOF", A® =2PF QF"

D(l) = P,0 = Q,F = M(iﬂFLO + aN,eFNo), D(z) = T‘,F = ML,(ﬁFLO
L i . (30)
HY=Q,= SHir (L ggFLoF" + aN 4yFN(F")

J

The tensor F in Eq. (30), is identical to the deformation gradient tensor F given in Eq. (3), except that the thickness

stretch 4 is replaced with 1. Moreover, the expression for A6¢ may be written as follows:
Abgp = 53(5u'1 Au’2 + 5u'2Au’1) + 54(5u'1 Au'1 - 5u'2Au;), 31
where the functions .55 and .S, are given by

2 72 ! /
ur— (1 +u) 2u (1 +u?)
S3= 20—, §5,=—2—L

Next, let B be a generic member of the set {F, Faﬂ, A J,P, (OR A(Z), DD, gHI )}. By neglecting higher-order terms in
X,, one may approximately write B = B + XZB(I). In particular, from Eq. (5),, the expressions for J(® and J

are calculated to be

7O — 0) — 70 50) _ £0) 0
JV =detFY = F11 F22 F12 F21

(33)
jay — 7O 01Dy — 7O (D D (0) _ 5O (1) _ (1) 0
S =TTu®TTE ) = FEy 4 B Ey - Fy By Fy By
Moreover, from Egs (5); and (33), one obtains A and A() as follows:
A0 = JO=1 () = _ j0) jO)-2, (34)
Now, from Eq. (24), the virtual internal energy §U" takes the form
. X,=L
sU = | sUdv, = / [IOP“) 16FD 4+ A (PO:6FO + 0080 + TOs¢) |dX, 35)
Vo X;=0
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where V), A, and I represent the reference volume, cross-sectional area, and the moment of inertia about the X5-axis,

respectively. Similarly, based on Eq. (29), the incremental virtual internal energy A6U" may be written as

X =L
AST = ! {AO [SF(O) . (A(IO) : AF© + A(ZO) c AF©O + D(]O)AO) + 80 (D(IO);AF(O) + H(IO)AH)
X,=0

+6¢(DPV:AFQ + HPOA0 + HOVAg) + T<°>A5¢]
+1, [51:(1); (A(IO):AF(I) + AUD:AFO 4 @0 ARMD +A(21);AI}(O)) (36)

+ 6FO: (AMD:AFD 4 ACD: AFD) 4+ sFD:DIDAG

+ (66D"D + 5DV : AFD 4 PO A(SF“)] }Xm.

In the following section, Eq. (36) is used to derive the expression for the element stiffness matrix.

4. Finite element formulation using B-spline functions

It has been shown that finite element formulations based on B-splines exhibit superior convergence properties (e.g.,
Refs. [71, 78, 79]). Accordingly, in this section, we develop the finite element formulation of the current LCE beam
problem using B-spline functions.

To define B-spline functions of order p over the real interval [a, b], with b > a, a knot vector Z is first considered.
This vector comprises m non-decreasing real numbers, denoted as E = {&,&,,....,¢,}. Here, & = a, ¢, = b,
m = p+ q + 1 is the number of members in Z, and g is the number of B-splines. The knot vector is said to be
open if a and b have the multiplicity of p + 1. In this work, open knot vectors are utilized. For a given knot vector Z,
the univariate B-spline basis functions N é’ (I = 1,2,...,q) and their first-order derivative are defined recursively by
the following relations [78]:

NP

? ks LELLY Vi ST CLael et —p< Loty INP_> 37)

a, a, I+1° 1¢ I+1

where a; = &7, — &7 and ay = &7, — &7,y It is noted that for p = 1, B-splines of the form Ng(é) are required.
These functions represent piecewise constant functions N, defined as N 2(5) =1ifé; <€ <é7.and N 2(5) =0
otherwise. Additionally, we adhere to the convention 0/0 = 0 in B-spline calculations. Further insights into B-spline
functions can be explored in the existing literature (e.g., [78, 80]). For simplicity, we drop the superscript p in N ;. A

one-dimensional B-spline curve is characterized by B-spline functions N7 and a set of g predetermined control points
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Zz as follows:

q
X&) = ), N1(OZ;. (38)
I=1

In one dimensional finite element method using B-splines, the interval [£7, &7, ] between two distinct knots defines
an element Q in the parametric space. This parametric element can be mapped to the corresponding physical element
Q using Eq. (38).

It is recalled that u;, u,, w;, w,, n, and @ represent the unknown field variables in the current formulation. To

simplify and compactly represent all variables, we use the notation vy (I = 1,2, ...,6), so that
Uy = uy, Uy = Uy, U3 = wy, Uy = Wy, Us =1, U6=0. (39)
Each field variable v7 is approximated via a set of distinct B-spline functions N ; of order p; in the following form:

a1
UI(Xl) = Z NIJ(XI)VIJ’ Z = 1,2,..., 6, (40)
J=1

where V7 5 represents the field vg at the J th control point, and g7 is the number of B-splines corresponding to v;. To

introduce a shorthand notation, the column vectors V7, and the row vectors N; and B; (I = 1,2, ..., 6) are defined as
Vi =1{Vr1. V125 0s VIqI 17, N;={N71. Nz s qul }, Br= {N}l, Niz’ e N;qz }. 41
From Egs. (40) and (41) it follows that each field variable v; and its derivative U’I may be written as

v (X)) = Ny(X))Vy, V(X)) =By(X))Vz, I=1,2..,6, (nosumonl). 42)

The generalized displacement vector V over a typical element is then defined as follows:

6
Vit = (V] V3,... V)T with =) q;. (43)
I=1
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Based on Egs. (4), and (41)-(43), variations of Féé) (T =01, u; , W,, ¥, and @ in terms of the virtual generalized

displacement vector 6§V can be expressed as

{5F(§§),5ua,5u;,5wa,5ll/, 660} = {Bzyp Ny By Ny, N, . Ny 16V, (44)

where the row vectors By,4, B4, Ny, N,,, and Ny are given by

S

By =[B4,0,0,0,0,0], By, =[0,0,N;3,0,0,0], By, =10,B,,0,0,0,0]

By, =10,0,0,0sN4,0,0], By;; =1[0,0,B5,0,0,0], B, =2[0,0,0sN3,0,0;N5, 0]
By =2[0,0,0,1B4,0,0], By =2[0,0,v5INy,0, (1 + v4)Ns, 0] 45

N, =[N,,0,0,0,0,0], N, =[0,N,,0,0,0,0], B, =I[B,;,0,0,0,0,0] 5 -

B, = [0,B,,0,0,0,0], N,, =[0,0,N;,0,0,0], N,,=[0,0,0,N,,0,0]

INV/ = [®7 ®a @9 @a IN59®]7 N0 = [@’ ®7 ®7 ®9 ®s Nﬁ]

Motivated by Egs. (33) and (34), partial derivatives of §4%) and 6 A1) with respect to Fo(l(;}) and Fo(,}; are expressed as

010 oA oA

W = oF") - aF;}Q’ “ = aFé‘;” (#0)
from which the expressions for 4 and 641 are obtained as

510 =W F), 640 = Z,56F ) + W6 F.). (47)
From Egs. (44); and (47), the vectorial representation of 6F; (I = 0, 1) may be written in the following form:

5Ty = (6F,6FQ,6FQ 6 F¥, 61017 = B o6V )

def (D) o pm(D) 2 (D o (D) 54T _
8F, = {6F,.6F)),6F,).6F, ,6 AV} = BV
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where B, and B, are given by

By By
By B
Bro=| By, | Bm= By, : (49)
By B
| WapBoap | ZapBoap + WapBiap |

Substituting Eqs. (44),_4 and (44) into (35), the discretized form of the virtual internal energy ST is obtained to be

A i : i 0 0 0
SU =6V'F™ with F™= / [40 (B P + QONG + TOBY) + 1,B], PV]dX |, (50)
where L, indicates integration over the length of the element, B, = §,B,; + .5,B,,, and [Fi" is the internal force
vector. For the case of light loading, both the virtual external work ) and the external force vector P! are identically

zero. Additionally, from Eqs. (36), (44), and (49) the stiffness matrix IK of the typical element Q is given by

K = /£ {AO [Blo(A"B g + ACYB g, + DUYTN,) + N (DUVBy + HION,)

T (14(20) (20) (30) 0) Q)] 2
+ B, (DBpy + HONy + HYB,) + TO(S; K, + S,K,) )] 51
+ Iy B}, (AYBe; + ACYBs + AMDBL, + ACVB, + DUDN,)

+ Bl (AMVB gy + APVBg ) + (N;DUD + BIDD) B, + PYKS) + PKS)] }Xm,
where the matrices Bz, (I = 0, 1) are the same as B g7 in Eq. (49) except that their last row is set to zero. Moreover,
the sub-matrices ]Kf;), ]Kf;), ]K(llz) and ]K(le) are as follows:

) _ T T 2) _ mT T
]K¢ = BulIBuZ + IBuleul, ]K¢ = IBMIIB,A - IBMZIBMZ

(52)

1 1
K\ = N] N, +N] N, K\ = N]N,, + NN,

Furthermore, from the motion field given in Eq. (1), the mass matrix of the typical element is approximately given by
M= /£ PoAo (N} Nyp + N, N, )d X, (53)

where py is the reference mass density of the beam. It is noted that due to the small thickness leading to a small value

for the moment of inertia, contributions from the director difference vector are neglected. Now, having the expression
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for IK, M, and '™, any dynamic algorithm can be used for the time-dependent analysis of LCE beams. In this work,

the well-known Newmark method is employed, details of whish are available in many textbooks (e.g., Wriggers [81]).

S. Numerical examples

In this section, we evaluate the performance of the developed formulation through three numerical examples. To
obtain numerical solutions, a home-written finite element code based on the developed formulation has been prepared.
We utilize the standard 2-point Gauss—Legendre integration rule to evaluate the integrals present in the element stiffness
matrix and the internal force vector. Through various numerical simulations, the B-spline functions of degrees q; = 3,
) = g3 = q4 = g¢ = 2, and g5 = 1 sufficiently approximate the unknown field variables v; to vg in Eq. (39). However,
it is worth noting that higher-degree B-spline functions could also be employed, although they are not considered in
this work. In all simulations, the non-ideality parameter is set to be a = 0.05. Moreover, due to the incomprehensibility

of LCEgs, the relation between the shear modulus u and the Young’s modulus E is given by u = E/3.

5.1. Non-uniform bending of a cantilever LCE beam towards light

In this example, we consider a cantilever beam composed of LCEs subjected to light loading above its top surface.
This scenario has been experimentally investigated by White et al. [29]. The light source illuminates in the —e,
direction, indicating that ¢y = O (see Fig. 1). The apparent intensity of the light is 7, = 1000 mW/cm?. However, due
to deformation, the effective intensity acting on the beam surface will be I, cos ¢, which leads to non-uniform light
loading and non-uniform bending. The length, width, and height of the beam are L = 6 mm, b = 1 mm, and 2 = 8 ym,
respectively. The reference director is along the length of the beam, i.e. ny = &;. The initial value of the anisotropy
parameter is assumed to be ry = 1. The material properties are specified as follows: Young modulus E = 1GPa, density
p = 1200 kg/m?>, adsorption constant I" = 0.001 m?/J, light penetration depth d = 0.5 ym, cis lifetime = = 0.35 s, and
=2s.

chemical contraction coefficient Cy = 0.021. Moreover, the time response is calculated for 7,

Through multiple numerical simulations, it was determined that 20 elements are required to obtain convergent
results. Variation of the tip slope angle ¢, and the tip displacement components |u1T| and u2T (scaled by 10) of the
beam are displayed in Fig. 2(a). The maximum values of the mentioned parameters are obtained to be d)ﬁax = 73.87°,
ulT =275 mm, and ! = 4.53 mm, respectively. Moreover, it is observed that the curve corresponding to the

max 2max
time history of the tip slope angle ¢ are in good agreement with the experimental data reported by White et al. [29].
Deformed shapes of the beam at various time values, namely ¢t € {0.1,0.2,...,0.9,1,1.2,1.5,2} are illustrated in

Fig. 2(b). The curves in Fig. 2(a) and (b) lead to the conclusion that for # > 1.5, the deformation nearly reaches a

saturated state. This is evidenced by the close proximity of the curves corresponding tot = 1.5sand t = 2s.
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Figure 2: (a): Time history of the slope angle ¢ and the displacement components |u,| and u, at the tip point T of the
LCE beam, (b): deformed shapes of the beam for 7 € {0.1,0.2,...,0.9,1,1.2,1.5,2} (s)

5.2. Deformation of an LCE beam under uniform central illumination

In this example, we study the deformation of a beam under a central light source that always acts perpendicular
to its top surface. In this scenario, the relative angle ¢ = ¢ — ¢, in Eq. (14) is identically zero for all points on the
beam surface. The problem has been analytically investigated by Corbett and Warner [60] and Goriely et al. [68]. The
reference director m is the e, direction, and the reference anisotropy parameter is ry = 1. The values of Young’s
modulus, density, adsorption constant, light penetration depth, cis lifetime, and chemical contraction coefficient are
considered to be E = 1 GPa, p = 1200 kg/m>, T" = 0.001 m?/J, z = 0.35 s, and C.y = 1, respectively. By defining the
dimensionless light intensity parameter K, = 1,/1, = tI'L, the light intensity I, = Z.K at the top surface of the
beam is computed. The time response is calculated for ¢ € [0, 2] s.

The total length of the beam is taken to be 2L. Due to symmetry, only one-half of the beam is discretized by
the proposed beam element. For the numerical simulations, the half-length and width are setto L = 0.8 and b = 1,
respectively. It is worth noting that the value of the width b is arbitrary and can be replaced by any other value.
Through several numerical simulations, it was determined that 20 elements along the half-length L are required to
achieve convergent results. The variation of the dimensionless parameter f, = kd, with k as the beam curvature,
versus the dimensionless parameter f; = h/d for various values of the light intensity parameter K|, is depicted
in Fig. 3(a). The results depicted in the figure demonstrate excellent agreement between the new results and those
obtained in Refs. [60, 68]. Figure 3(b) illustrates the deformed shapes of the entire beam at different values of time,
namely ¢ € {0.05,0.1,0.15,0.2,0.3,0.4,0.5,0.7, 1} s. The curves in Fig. 3(a) and (b) indicate that a nearly saturated

state of deformation is achieved for ¢ > 1.5. In other words, the deformed shapes remain almost identical for # > 1.5.

Dadgar-Rad et al. (2023): Preprint submitted to Elsevier Page 16 of 23



LCE beams

0.15 0.30
[ ]
® Refs. [60, 68] [ 1.0
0.25f
0.12
0.20
=
TT 0.09 -
~
<& %' 0.15F
0.06
0.10f
0.03
0.05F
(b) t=0.05s
0.00 = L 0.00 = == '
5 10 15 20 -1.0 -0.8 -0.6 -0.4 -0.2 0.0 0.2 04 06 08 1.0
py=h/d x/L

Figure 3: (a): Time history of the slope angle ¢ and the displacement components |u,| and u, at the tip point T of the
LCE beam, (b): deformed shapes of the beam at different times

5.3. Snap-through instability of a clamped-clamped LCE beam

In this example, the snap-through response of an initially buckled LCE beam with clamped-clamped (C-C)
boundary conditions under illumination is investigated. This problem has been experimentally studied by Shankar
et al. [30]. The beam dimensions are L = 14.3 mm in length, » = 1 mm in width, and A = 15 um in thickness. The
beam is composed of a monodomain liquid crystal network with the reference director n aligned along the X-axis,
and the reference anisotropy parameter is assumed to be ry = 1. The Young’s modulus, density, cis lifetime, and light
penetration depth are considered to be E = 1.25 GPa, p = 1200 kg/m3, 7 = 0.94 s, and d = 8 um, respectively.
Furthermore, the parameter § in Ref. [30] corresponds to 7I'Cyy in the present formulation and is considered to be
4.8 x 107> m2/W.

The end of the beam at X; = 0 remains fixed at all times. In the first stage, for the time ¢ € [0, 0.2] s, the tip of the

beam at X| = L is subjected to a purely mechanical axial compression, achieving the maximum axial displacement

T

|u1max

| = 0.01L at the beam tip. In this position, the maximum lateral deflection ué” /h = 61.98 (% 1 mm) is observed
at the midpoint of the beam. In the next stage, the ends of the beam remain fixed, and the beam is subjected to light
with an intensity of Z, = 690 W/m?. It is noted that only 5 mm of the middle section of the beam is subjected to light
loading for t € [0.2, 1] s.

Numerical simulations reveal that 20 elements are needed to achieve convergent results. Figure 4(a) displays the
time history of the displacement components Iu{I at the tip and ué” at the midpoint of the beam. After completing

the snap-through process, due to inertia effects, minot oscillations in the lateral deflection is observed. This is because

damping effects have not been included in the present formulation. Moreover, the data corresponding to the onset of
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Table 1
The onset of snap-through 7 and the time difference Az, required to complete it in the C-C beam
1 Aty
present  Ref. [30] present  Ref. [30]
0.7s 0.7s 0.08 s ~0.10 s
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Figure 4: (a): The dimensionless displacement components 3|u,|/h at the tip T and u,/h at the midpoint M of the
beam, (b): deformed shapes of the beam for * € {0,0.1, ...,0.6,0.69,0.7,0.708,0.8} s. Snap-through occurs within the time
interval t* € [0.7,0.708] s.

snap-through and its duration are presented in Table 1. It is recalled that the first 0.2 s of time is spent for the purely
mechanical compression of the beam. By defining t* = 7 — 0.2, it is found that the snap through phenomenon starts at
t* = 0.7 s, which is coincident with that observed by Shankar et al. [30]. Moreover, in that reference, the time needed
to complete the snap-through is approximated to be around 0.10 s. In this work, the calculated time is 0.08 s. In other
words, the beam transitions from positive to negative lateral deflection in approximately 0.08 s. The findings in Table |
demonstrate a high level of concordance between the newly acquired data and the experimental results documented in
Shankar et al. [30].

The deformed shapes of the beam at different times, namely t* € {0,0.1,...,0.6,0.69,0.7,0.708,0.8} s are
illustrated in Figure 4(b). A slight asymmetry in the beam’s response is observed at t* = 0.708 s. However, as time

progresses to t* = 0.8 s, the final deformed shape becomes symmetrical.

6. Summary

In this paper, a beam formulation for the finite elastic deformation analysis of beam-like structures made of LCEs

and stimulated by light was developed. The formulation is applicable to ideal, non-ideal, isotropic genesis, and nematic
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genesis LCEs. Notably, the incompressibility constraint is exactly satisfied in the present LCE beam model. The

variational form of the problem, based on the principle of virtual work, was formulated. Additionally, a nonlinear finite

element formulation based on B-spline functions was presented to solve numerical examples. The applicability of the

proposed formulation was examined through three examples. It was demonstrated that the new formulation successfully

captures both the experimental and theoretical results already reported in the literature. The modeling framework

developed in the present contribution can be applied to the optimal design of sensors and actuators composed of LCEs.

Furthermore, it has the potential to incorporate interdisciplinary concepts from fields such as chemistry and mechanical

engineering, fostering a synthesis of diverse perspectives in future research.
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