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Abstract

We study asymptotic behaviour of positive ground state solutions of the nonlinear Choquard equation

—Au+ eu= (I * [ul”)ulP~2u + u92u, nRY, (P)

where N > 3 is an integer, p € [%, %tg], q €2, %), 1y, is the Riesz potential of order o € (0, N)

and ¢ > 0 is a parameter. We show that as ¢ — 0 (resp. &€ — 00), the ground state solutions of (P;), after
appropriate rescalings dependent on parameter regimes, converge in H LRy to particular solutions of five
different limit equations. We also establish a sharp asymptotic characterisation of such rescalings, and the
precise asymptotic behaviour of u¢ (0), ||Vug ||%, llug ||%, fRN (Ig * |ug|P)|ug|? and |lug ||Z, which depend in
anon-trivial way on the exponents p, ¢ and the space dimension N. Further, we discuss a connection of our
results with a mass constrained problem, associated to (Pg) with normalization constraint fRN |u|2 =c2.
As a consequence of the main results, we obtain the existence, multiplicity and precise asymptotic behaviour
of positive normalized solutions of such a problem as ¢ — 0 and ¢ — oo.
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1. Introduction

We study standing wave solutions of the nonlinear Schrodinger equation with attractive com-
bined nonlinearity

iV =AY + g % W IDIWIP 2 +alyf72y, inRY xR, (1.1)

where N > 3 is an integer, ¥ : RV xR — C, p € [NI'\,"“, %Jjg], q € (2,2%) with 2* = %, and

I, is the Riesz potential defined for every x € RV \ {0} by

Aq(N) rde)
Ae) = gy e

Ia(x) = |x|N—°‘ s

where I" denotes the Gamma function.

A theory of NLS with local combined power nonlinearities was developed by Tao, Visan and
Zhang [45] and attracted a lot attention during the past decade (cf. [1,2,7,10,19,24-27,34,36,51]
and further references therein). Nonlocal equation (1.1) in the case p =2 and o = 2 was pro-
posed in cosmology, under the name of the Gross—Pitaevskii—Poisson equation, as a model to
describe the dynamics of the Cold Dark Matter in the form of the Bose—Einstein Condensate
[4,8,47]. In this model the nonlocal convolution term in (1.1) represents the Newtonian gravi-
tational attraction between bosonic particles. The local term takes into account the short-range
self—interaction between bosons. The non-interacting case a = 0 corresponds to the Schrodinger—
Newton (Choquard) model of self—gravitating bosons [40], which is mathematically well-studied
[38]. When a = 1 the quantum self—interaction between bosons is focusing/attractive, while for
a = —1 the self-interaction is defocusing/repulsive, see surveys [9,39] for the astrophysical back-
ground. Mathematically, the repulsive case a = —1 was recently studied in [34], see also further
references therein. In this work we are concerned with the attractive case a = 1.

A standing wave solutions of (1.1) with a frequency ¢ > 0 is a finite energy solution in the
form

Ut x) = e Fu(x).

In the case a = 1, this ansatz yields the equation for u in the form

—Au+su = (I % [ulP)|ulP2u+ |u|?%u, inRV. (Pe)
A solution of (P;) is a critical point of the Action functional defined by

1 e 1 1

ta =5 [+ 5 [l o [y =2 [ a2
2 2 2p q
RN RN RN RN

A ground state of (P;) is a nontrivial critical point of I with a minimal energy amongst all
nontrivial critical points of /.

The existence and qualitative properties of ground states u, € H'(RV) to (P,) for every
& > 0 have been studied in [24,25] (see also Theorems A, B, C below). In this work we are
interested in the limit asymptotic profile of the ground states u. of the problem (P.), and in the
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asymptotic behaviour of different norms of u,, as ¢ — 0 and ¢ — oo. Of particular importance
is the L2—mass of the ground state

M(e) = |luel3, (1.3)

which plays a key role in the analysis of stability of the corresponding standing wave solution
of the time—dependent NLS (1.1). The importance of M (¢) is for instance seen in the Grillakis-
Shatah-Strauss theory [15,16,41,50] of stability for these solutions within the time-dependent
Schrodinger equation. The latter says that the solution u, is orbitally stable when M'(¢) > 0
and that it is unstable when M’(g) < 0. Therefore the intervals where M (¢) is increasing furnish
stable solutions whereas those where M (¢) is decreasing correspond to unstable solutions. The
Grillakis-Shatah-Strauss theory relies on another conserved quantity, the energy, which is defined
below and for which the variations of M (¢) also play a crucial role.

Alternatively to the ground states with a prescribed frequency, one can search for standing
wave solutions of (1.1) with a prescribed mass, and in this case the frequency is part of the
unknown. That is, for a fixed ¢ > 0, search for u € H'(RV) and A € R satisfying

—Au=u+ (I * [ulP)|ul?2u+ |ul?2u, in RV, L4
{ ue H'RY), [pwlul*>=c% 1.4

A solution of (1.4) is a pair (u, A) called a normalized solution. Here A € R arises as an a-
priori unknown Lagrange multiplier. This approach seems to be particularly meaningful from
the physical point of view, and often offers a good insight into the dynamical properties of the
standing wave solutions for (1.1), such as stability or instability. It is standard to see that critical
points of the Energy functional

1 1 1
E<u>=5/|W|2—5/(1a*|u|")|u|”—5f|u|q (1.5)
RN

RN RN

restricted to the (mass) constraint
S(e)={ue H'®RY): |u|}=c? (1.6)

are normalised solution of (1.4), and every normalised solution of (1.4) is a solution of (P,) with
& = —A\. We refer the readers to [26,27,51] and the references therein.

In [36], the second author and C. Muratov studied the asymptotic properties of ground states
for a class of scalar field equations with a defocusing exponent p and a focusing larger exponent
q. More precisely, the following equation

—Au+eu=ulP>u—|u?%u, inR", (1.7)
is discussed in [36], where N > 3, ¢ > p > 2. Later, in [23], M. Lewin and S. Rota Nodari prove
a general result about the uniqueness and non-degeneracy of positive radial solutions to the above
equation. The non-degeneracy of the unique solution u, allows the authors to derive its behaviour

in the two limits ¢ — 0 and ¢ — ¢,, where ¢, is a threshold for the existence. Amongst other
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things, a precise asymptotic expression of M(g) = ||u5||% is obtained in [23]. This implies the
uniqueness of energy minimizers at fixed mass in certain regimes.

In [34], Zeng Liu and the second author extend the results in [36] to a class of Choquard type
equation

—Au+eu= Iy * |ul”)|ul”*u — |u)?>u, inRN. (1.8)

Under near optimal assumptions on the exponents p and ¢, the limit profiles of the ground states
are discussed in the two cases ¢ — 0 and ¢ — oo. But the precise asymptotic behaviour of the
mass of the ground states was not studied in [34].

The nonlinear Schrodinger equation with two focusing exponents p and ¢,

—Au+eu=ulP2u+ pulu/?%u, inRY, (1.9)

where N > 3,2 < g < p <2* and u > 0 is a parameter, was considered in [1,2] by T. Akahori et
al. When u =1, p =2* and ¢q € (2, 2*), the authors in [2] proved that for small & > 0 the ground
state is unique and as ¢ — 0, the unique ground state u, tends to the unique positive solution
of the equation —Au + u = u9~!. After a suitable rescaling, authors in [1] establish a uniform
decay estimate for the ground state u,, and then prove the uniqueness and nondegeneracy of
ground states u, for N > 5 and large ¢ > 0, and show that for N > 3, as ¢ — 00, u, tends
to a particular solution of the critical Emden—Fowler equation. More recently, Jeanjean, Zhang
and Zhong [22] also studied the asymptotic behaviour of solutions as ¢ — 0 and ¢ — oo for
the equation (1.9) with a general subcritical nonlinearity and discussed the connection to the
existence, non-existence and multiplicity of prescribed mass positive solutions to (1.9) with the
associated L2 constraint condition fR N |u |2 = ¢2. For other related papers, we refer the reader to
[35] and the references therein.

For quite a long time paper [18] was the only one dealing with existence of normalized so-
lutions in cases when the energy is unbounded from below on the L?-constraint. More recently,
however, problems of this type received much attention. We refer the readers to [43,44,48,49]
and references therein for the existence and multiplicity of normalized solutions to the equations
(1.9). In [48], Wei and Wu studied the existence and asymptotic behaviour of normalized solu-
tions for (1.9) with p = 2*, and obtained a precise asymptotic behaviour of ground states and
mountain pass solutions as & — 0 and p goes to its upper bound, where A := —¢ arises as a
Lagrange multiplier. We refer the readers to [20,22,43,44,49] for the asymptotic behaviour of
normalized solutions when the parameter u varies in its range. Roughly speaking, the param-
eter u modifies thresholds for the existence but does not change the qualitative properties of
solutions. In a sense, changing the parameter u is equivalent to changing the mass ¢ > 0. More
precisely, it follows from the reduction given in [49] that finding a normalized solution of (1.9)
with p =2* and mass constrained condition f]R v |u|? = ¢? is equivalent to finding a normalized
solution of the problem

—Au+ecu= |u|2*_2u + |ul? 2y, inRY,
(1.10)

2
ue H'RY), g lul> =cpi=,

where y, = %{;2). In particular, sending © — 0 (resp. . — 00) is equivalent to sending the
mass ¢ — 0 (resp. ¢ — 00).
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In [20], taking the mass ¢ > O as a parameter, Jeanjean and Le also discuss the asymptotic
behaviour of normalized solutions of (1.9) with p =2*. In the case N > 4,2 <¢q <2+ %,
amongst other things, Jeanjean and Le obtained a normalized solution u, of mountain pass type
for small ¢ > 0 and proved that

lim [V 2= 8%, lim Eu,) = —s% (1.11)
im =52, lim =—S572. .
c—0 Uell2 c—0 te N

The relationship between action ground state and energy ground state is discussed in [11,17,20,
21,49]. In particular, in these works it is shown that the energy ground state is necessarily an
action ground state. So some of the results in the present paper can be used for the analysis of the
asymptotic behaviour of normalized ground states. However the connection between normalized
solutions of mountain pass type and action ground states is less understood. We shall address this
problem in a forthcoming paper.

Organization of the paper. In Section 2, we state the main results in this paper. In Section 3, we
give some preliminary results which are needed in the proof of our main results. Sections 4 and
5 are devoted to the proofs of Theorems 2.1 and 2.2, respectively. Finally, in the last section, we
prove Theorem 2.3 and 2.4, and present some further results.

Basic notations. Throughout this paper, we assume N > 3. B, denotes the ball in RY with radius
r > 0 and centred at the origin, | B,| and Bf denote its Lebesgue measure and its complement in
RY, respectively.

C2°(RN) is the space of the functions infinitely differentiable with compact support in RV,

LP(RM) with 1 < p < oo is the Lebesgue space with the norm lullp, = (fRN |u|”)1/p.

H'(RV) is the usual Sobolev space with norm lull g1 ryy = (fRN |Vu|? + |u|2)1/2.

H'RN) = {u e H'(RN) : u is radially symmetric}.

DY 2RNy = {u e LY RY) : |Vu| € L2RM)).
As usual, C, c, etc., denote generic positive constants. For any small € > 0 and two nonnegative
functions f(e€) and g(€), we write:

(1) f(e) < gle) or ge) 2 f(e) if there exists a positive constant C independent of € such
that f(e) < Cg(e).

(2) f(e) ~gle)if f(e) S gle) and f(e) 2 g(e).
If | f(e)] < |g(e)], we write f(e) = O((g(€)). We also denote by ® = ®(¢) a generic positive
function satisfying C1e < ®(¢€) < Cz¢ for some positive numbers Cy, C> > 0, which are inde-
pendent of €. Finally, if lim f(€)/g(€) = 1 as € — €(, then we write f(€) >~ g(€) as € — €.

2. Main results

Consider the family of rescalings

v(x) =efu(ex).

2+a
4(p-1)

It is easy to see that if we choose s = — and r = —% then (P,) transforms to the equation

—Av+v=(y* 0"V 2v + e |7 20,
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where
>0, if g> 222t
A _4CH0—20p+e) | T if"_z(gﬁa)
- A4(p — 1 - - 24a
(P=1 <0, ifg< —2%{:;“).
If we choose s = —qsz and t = —% then (P,) transforms to the equation
—Av+v=2e™2(I, * v |v]P v + |v]? v,
where
<0, if g> 220t0)
22p+a)—q2+a) T g,
TP ) P
i >0, if g< %.

Motivated by this scaling consideration, in what follows we consider the equations
—Av4v= (I * [|") P20+ A 20, inRY, (01
and
—Av+v=plyx )P Po+ 4%, inRY, (Q)0)
where A, u > 0 are parameters and we assume p € [%, %], q € (2,2*]. It is well-known

that with these assumptions on the powers p and ¢ the problems (Q; ) and (Q,) are variationally
well-posed in H!(RY), and the corresponding energy functionals, defined by

1 1 A

L(v) :=—/|Vv|2+|v|2——f(la*|v|f’>|v|ﬁ——/|v|‘f
2 2p q
RN RN RN

and

1 1% 1
1,(v) :=5f|Vv|2+|v|2—5/(Ia*|v|f’>|v|f’—5f|v|‘1,

RN RN RN
respectively, are of class C! on H!(R"). The ground states energies given by
my = inf I,(v) and my,:= inf I, (v
- veM;, »(0) " veMy M( )

are well-defined, here M and M, denote the corresponding Nehari manifolds

M, = Jve H'®RY)\ {0} /|Vv|2+|v|2=/<Ia*|v|f’)|v|"+x/|v|‘f ,
RN RN RN
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M, = {ve H'®RY)\ {0} f|Vu|2+|v|2=u/(1a*|v|P>|v|P+/|v|‘f
RN RN RN

The ground state solutions of (Q3) and (Q,) will be denoted by v, and v, respectively. The
existence of these kind of solutions is proved in [24,25]. In particular, the following theorems are
proved in [25].

Theorem A. Let N >3, 2 € (O, N), p= % and A > 0. Then there is a constant Ay > 0 such
that (Q,) admits a positive ground state vy € H'(RN) which is radially symmetric and radially
nonincreasing if one of the following conditions holds:

(1)g€@2+3);

(2) g €2+ %.2") and 1 > Ao

Theorem B. Let N >3, « € (O, N), p = %fg and ) > 0. Then there is a constant L1 > 0 such
that (Q;.) admits a positive ground state v, € H'(RN) which is radially symmetric and radially
nonincreasing if one of the following conditions holds:

(I) N>4and g € (2,2%);

(2) N=3and q € (4,2%);

(3) N=3,qge€2,4] and » > 1.

Theorem C. Let N >3, a € (0, N), p € (2582, X9 ¢ € (2,2%) and & > 0. Then (Q;) admits

a positive ground state v; € H' (RN which is radially symmetric and radially nonincreasing.
The exponents p = and p = % are known in the literature as lower and upper critical
exponents for the Choquard type equations, respectively. The case covered in Theorem C is
known as Choquard subcritical.

N+ta
N

We are interested in the asymptotic behaviour and limit profiles of the ground states v, when
X is small or large.

In lower critical case p = & ;?“, and when A > 0 is small, we are going to show that after a

suitable rescaling the limit equation for (Q;) is given by the critical Hardy-Littlewood-Sobolev
equation

U=, *|U'")U¥, in RV, @.1)

It is well-known [31], that the radial ground states of (2.1) are given by the function
N
A 7
U =—-7 2.2
1) <1+|X|2> 2.2)
with a suitable constant A > 0, and the family of its rescalings
_N
Up(x):=p~2Ur(x/p).  p > 0. 2.3)

In the lower critical case we prove the following.
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Theorem 2.1. If p = 2%, g € (2,2 + N) and {v,} is a family of radial ground states of (Q}),
then for small A > 0

v,.(0) Nk%,

2 4 q N(g=2)
Vol ~ AFNG@=2D oy flg ~ A3FNG@D

Nia N+o Nita 4
Iy * loal MV )lual ¥ =8, + O0OQ*N@D),

RN
5 Nta 4
lal3 =5, + 007,
Moreover, there exists ¢, € (0, 400) verifying
2
o~ A~ NG
such that for small A > 0, the rescaled family of ground states

w(x) = &7 v (6x)

satisfies

2 Nta Nta 2
IVw; (15 ~ llwslld ~ /(Ia* lwal ¥ ) wal ¥~ lwalls ~1,
RN
and as . — 0, w;, converges in H 1 (]RN ) to the extremal function Uy, where

2
B 2q f]RN |VU1|2 4-N(g-2) 2.4)
-~ \N@—2) [gn UL ' '

Furthermore, the least energy m;, of the ground sate satisfies

o N+ta 4
TS A,
o
as » — 0, where
2
u
Sy=  inf J RY ] 2.5)

e H BYNOL (f (1 % Tl 7)o

In the upper critical case p = & +°‘ and when A > 0 is small, we are going to show that after
a suitable rescaling the limit equatlon for (Q,) is given by the critical Choquard equation
Nta 2+a

—AV = (I, %|V|¥2)V¥2 in RV, (2.6)
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It is known [12] that the radial ground states of (2.6) are given by the function

N2

N2 1 Tz
V =[NN -2)] ¢ 2.7
1(x) = [N(N —2)] (1+|x|2) 2.7)
and the family of its rescalings
_N=2
Vpx):=p" 2 Vilx/p), p=>0. (2.8)
In the upper critical case we prove the following.
Theorem 2.2. Let p = % and q € (2,2%), and {v,.} be a family of radial ground states of (Q,.).
If N =5, then for small ). > 0
1
v (0) ~ A a2,
2N—g(N=2) 4
[ l§ ~ AT=2GD v, |5 ~ AW2G,
Nta 4
IVorll3 =S¢ ™ + O T=2aD),
Nto Nto oo 4
(o 03| VD)0 |V = §57 + 0L T2,

RN
Moreover, there exists &), € (0, +00) verifying
2
5.~ A DGD

such that for small A > 0, the rescaled family of ground states

N—2
wy(x) =¢, * v (8ax)

satisfies
2 q Nta Nta 2
IVwallz ~ llwallg ~ | o [wa | ¥=2)[wy | V=2 ~ lwpll; ~ 1,
RN

and as . — 0, w;, converges in H'(RYM) 10 Vo With

2
<2<2*—q>/w|v1|q>m
po = .

2.9
q(2* =2) [gn V112 @

In the lower dimension cases, we assume that g € (2,4) if N =4, and q € (4,6) if N =3, then
for small A >0

621



S. Ma and V. Moroz Journal of Differential Equations 412 (2024) 613—-689

;.(0) ~ { )L_q:j(ln%)q%’ N =4
AT, if N=3,
A%(lnl)‘% if N=4

lvallg ~ 6—g ' '

ra*, if N=3,
)\'q%Z Ini _4% ; —

Josg~ {20 N =4

A4 if N=3,
pe [ oGizmnl)y i), if N=4
||m||§=s;+“+i (o ) 750 N =4,
O (L7%), if N=3,

N+a 2 1,—34 . _
(o 1o | V5 | 25 = g 2% | OG0Ty ), if NV =4,
O(rd%), if N=3,

RN
and there exists &), € (0, +00) verifying
1 1
. A2 (Ind)"2,  if N=4,
S~
Aa—% if N=3,

such that for small A > 0, the rescaled family of ground states

wr(x) =&, 7 va§x)

satisfies

2 q N+ta N+ta
IVwi [l ~ llwallg ~ | o [wa ¥=2) [wy | V=2 ~ 1,

]RN
Inl, if N=4,
||wk||%~{ *

2

ATaE, if N=3,

and as . — 0, w,, converges in DL2(RN)Y and L1(RYN) 10 Vy. Furthermore, the least energy m;,
of the ground state satisfies

ATDTD if N>5
24+a S 2 iy -
m o« T My )qu;(lnx) =2, if N=4,
A3, if N=3,
as A — 0, where
Vol?
Sy:= inf Je 19| . (2.10)

DL2RNM {0 Nta N+a\ Nra
ve (RM\{ }<fRN(Ia*|U|N7J:2)|U|N7J:2)N+
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2
Remark 2.1. If N > 5 and @ > N — 4, we can choose ), = A ¥-26-2 in Theorem 2.2.

In the subcritical regime the limit equations are given by “formal” direct limits with no rescal-
ings involved, both when A — 0 or u — 0.

Theorem 2.3. Let p € (NI"\,"“, N+“) and q € (2,2*). Let v, be the radial ground state of (Q5),
then for any sequence A, — O there exists a subsequence, still denoted by \,, such that v,
converges in H'(RN) to a positive solution vg € H'(RN) of the equation

—Av+v=(y*|v|P)vP L. (2.11)

Moreover, as . — 0, there holds

N+o—p(N-2) . 22p+ )
2 p -1
= Sy o —
lluallz 2 +0M), ifqg< ta
N+a—p(N-2) . 2@2p + )
2 p 1
= — OO > —"
lluallz 2 a), fqz= Tt
Np—-D—a ;5
Vo= —————587 o),
Vorlla 2 » +O0®)
and the least energy m), of the ground state satisfies
1 P
_51’ my ~ A,

2p
as . — 0, where
Jrw VU2 + [v]?

Sy, = inf ) (2.12)
veH ®VNO) (fo (L % o) 0]P) 7

Theorem 2.4.1If p € [ N+°‘, IX,Jrg] and q € (2,2%). Let v, be the radial ground state of (Q,,),

then as (1 — 0, v, converges in H'(RN) 1o the unique positive solution vy € H'(RN) of the
equation

—Av+v=07"" (2.13)
Moreover, as i — 0, there holds
2N —g(N — 2) : 2Q2p+a)
2
== - 0] —_—,
loells = 2 S row, ifq> rta
2N —g(N — 2) . 22p 4+ )
2
= - @ - —® < —")
lvells = 2 (W), ifqg=< T
Ng-2) 4
Vvl = S P+ o),
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q
”u,u”q ~ /(101 * |u,u|p)|uu|p ~1,
RN

and the least energy m,, of the ground state satisfies

L2897 —my, ~ ,
2 q uw~ M

as p — 0, where

2 2
S,= inf M. (2.14)
ve HL(RN)\{0} (f]RN |v|‘1)5
Remark 2.2. The key novel results in the present paper are:

(D) In the lower critical case in Theorem 2.1 for all N > 3 and the upper critical case in
Theorem 2.2 for N > 5, we obtain optimal explicit rescaling in a sense that it is unique up to a
multiplicative constant such that the rescaled family of ground states converges in H!(RV) to a
particular solution of the limit equation.

(IT) This paper is inspired by [36], but the technique in the present paper is very different from
that used in [36]. In [36], the second author and C. Muratov studied the asymptotic properties of
ground states for a combined powers Schrodinger equation with a focusing exponent p > 2 and
a defocusing exponent ¢ > p. By considering a Berestycki-Lions type constrained minimization
problem, the authors in [36] obtain a precise estimate of least energy which implies the uniform
boundedness of the rescaled family of ground states in L9(R"). Berestycki-Lions constraint
technique is not applicable in the nonlocal problems which involve multiple scaling regimes
associated with the gradient and nonlocal parts of the problem. Instead, in the present paper, we
first use the Nehari manifold and PohoZaev identity to obtain the uniform boundedness of the
rescaled family of ground states in L9 (R™) and then establish a precise estimate of least energy.

Connection with problem (P;). Converting equations (Q;) and (Q,,) back to the original equa-
tion (Pg) using the explicit rescalings introduced in the beginning of this section, we can deduce
from Theorems A, B, C and Theorems 2.1-2.4 asymptotic properties of ground states of (Pg).
Figs. | and 2 below depict the limit equations of (P;) as ¢ — oo and € — 0 when (p, q) belongs
to different regions in the (p, g) plane, and reveal the asymptotic behaviour of rescaled family of
ground states to (P;) as ¢ — oo and ¢ — 0, respectively.

In what follows we denote

M) := lirrz)M(s), M(00) := Ell)rgo M(e).

The following three propositions give a summary of our main results in this paper, stated in terms
of equation (P;). They are direct consequences of Theorems 2.1-2.4, Theorems A, B, C [24,25],
and Lemma A.1, which is formulated and proved in the Appendix.

Proposition 2.1. If p = % andq e 2,2+ %), then the problem (P;) admits a positive ground
state u, € H'(RN), which is radially symmetric and radially nonincreasing. Furthermore, the
following statements hold true:
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q
I dipl ¢=22p+0)/(2+0)
2% ®
1 — —AV:(IQ*‘V|%)V%
: _— AW =W
Qo@-mmmmm= — —Av+v=0"
1
1 a a
. U = (I x|V ¥*)U¥
1
4o I
1
" No+a) | [ -2v+v= (I o)
1
: I:] —Av+v=1207"1
2 : >
>p
N
N':-u Po Nf;

Fig. 1. The limit equations of (Pg) as & — o0o. (For interpretation of the colours in the figure(s), the reader is referred to
the web version of this article.)

@ . 9=2p+0)/(2+0)
2% -—
i — —AU+U:(IQ*|’U|p)’Upﬁ1-
: — —Av+v=0""L
Qo @ isicieiini i iini e —Av +v=07"1
1
I s
, —_— U= (I |U" U
1
4a I
1
" Ne+d : [0 -Avto= (s P,
1
: M -avso=w
2 : > p
N
N;u Po Nt;

Fig. 2. The limit equations of (Pg) as € — 0.

__Ng=2 .
I) As ¢ — O, there exists &, ~ & *4=NG-D1 sych that the rescaled family of ground states
yorg

1 1
& 1 2ug(e" 2x), if qe€(2, 2+N(2+a))

We(x) = N N
& 2"‘58 ug(fgx), lf q € (2+ N(2+ot)’2+ N)

converges in H'(RN) to the unique positive solution of the equation —Aw + w = wq_1 if q €
2,2+ N(2+a)) and converges in H LRY) to the extremal function Uy if g € 2+ w— N(2+a) ,24+ N)
Moreover,
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975, if  q€@24 53],
ug(O)~ 1 v N<2+a>
£ NG | if gqe@2+ N(2+a) 2+ N)
4_2?/((42_)2) f (2 2 ]
g “a= if qce€ +
luelz ~1{ " » N(2+a>
e« if g€+ 5522+ )
2V —g(N-2) f 22
e 24-2 if ge( + 1,
IVatel3 ~ 1 wow—goen Wit
& @l4=N(g-2)] ,

lf q€(2+ N(2+a)’2+ N)

2N—g(N—-2) NQ+a)(g—2)—4a
e M |: %S" Pr06 e )|, if qe@.2+ N(2+a))
E(ug) = Neta N N;—a NQ+ta)(g=2)—4a
g «a 2(N+a)S + O (g oF=NG=2T ) |, if qe(2+N(2+a)’2+N)

N(g
(I1) As € — o0, there exists £, ~ & “=NG=21 sych that the rescaled family of ground states

e 2"‘ gs U (ng)

€ qzu(e 2x)

We(x) =

2)

if qe22+ N(2+a))
i qeQ+ g2+ b,

converges in H'(RN) to the extremal function Uy if g € (2 + N(2 pwot 24 N) and converges in
H'(RN) to the unique positive solution of the equation —Aw+w = wi~'ifq € 2,2+ N(2+a))

Moreover,
2N
sTNGD,if  qe 2,2+ 1,
us(o) ~ o . N(2+Ol)
472, if qe(2+N(2+a),2+N)
N .
2 @, if qe2,2+ N(2+ot)]
g lly ~ 4-Ng=2) .
& 242 if qe(2+N(2+a),2+N)
N[2N—q(N-2)]
2 e NG f g€ Q.24 gata)
||v“e||2 ~ 2N—g(N-2)
e 24D if qe(2+N(2+a),2+N)
Nia N Nie NQ+a)(g—2)—4a
) e | =S¢+ O0(e NG if qe(2, 2+N(2+a))
Ug) = IN—g(N=2) a4 NQ+a)(g—2)—4a
e M2 [—%Sﬁ + O(ezqu))], if g€+ yosa 2+ )
(I11) M(0) =0, M(400) = +00, and if M (¢) is of class C' for small ¢ > 0 and large & > 0,

then there exist some small ey > 0 and some large €5, > 0 such that
M'(e) >0, forall ¢ € (0, £0) U (800, +00).

In the upper critical case we have the following.
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Proposition 2.2. If p = %, q € (2,2%) for N >4 and q € (4,6) for N = 3, then the problem

(P:) admits a positive ground state u, € H'(RN), which is radially symmetric and radially
nonincreasing. Furthermore, the following statements hold true:
(I) As € — 00, there exists & € (0, +00) verifying

S T
e W2GD

1
(¢lng) a2,
1

g a4

l:f‘ NZS$ q€(272*)7
if N=4,q€e(2,4),
if N=3,q€(406),

Ee ~

bl

N=2
such that the rescaled family of ground states we(x) =&, > ug(E.x) converges to Vi in H'(R"Y)
if N >5and in DV2(RN) N LYIRYN) if N =4, 3. Moreover,

ga2 if N=5,qe (22,

g2q=4

4

g W24

2 __2_ _ 4=
luellz ~ e” a2 (Ing) a2,

e

[

if N=4,qge(2,4),
if N=3,q9¢€40),

if N=z5 qe@22,
if N=4,ge2.4,

872517:24), if N=3,ge4,60),
_2N—q(N-2)

Nta O(e W=2@=2), if N>5, q€(2,2%),

IVuels =S5 + 0((81n8)_3%%), if N=4, qe(2,4),

0(8‘%), if N=3, g€ (4,6),
@(e‘%w) if N>5,q¢e(2,2%
E(ue) = “7“5;513 - @((slns)‘%; if N_=;1 ge (’2 4),
2(N +a) e, ’ 0
O~ 2a9), if N=3, g€ (46).

1
(I1) As ¢ — 0, the rescaled family of ground states wg(x) =& 42u, (8_%)6) converges in

H'(RN) to the unique positive solution of the equation —Aw + w = w9~'. Moreover,

w0 ~ e, if {

5 4-N(g=2)
luelly ~& 2=, if

5 IN—q(N=2)
IVuel3 ~e™ 2

E(u,)=¢ 262

2N—g(N-2) [N(q —-2)—

4q

N=4, q€(2,2,
N=3, qe40),

N=>4, qge(2,2%),
N=3, qge40),

if {N24,q€(2,2),

N=3, qge460),
4

2(q-2)

qu (2+a)2N—g(N-2))
SITP+06 M@ ).

627



S. Ma and V. Moroz Journal of Differential Equations 412 (2024) 613—-689

(IID)IfN=>4,q€ 2,2+ %), then M(0) = M (4o00) =0, and if M(¢) is of class c! for
small ¢ > 0 and large € > 0, then there exist some small ey > 0 and large e, > 0 such that

M'(e) >0, foree(0,ep), M'(e) <0, fore € (8c0,+00).

If N >4, q €EC+y & ,2%), or N =3,q € (4,6), then M(0) =400, M(+00) =0, and if M (¢) is
of class C! for small & > 0 and large ¢ > 0, then there exist some small ey > 0 and large €50 > 0
such that

M (e) <0, for e € (0, g9) U (gco, +00).

In the subcritical case we establish the following results.

(N'H", %"’%) and q € (2,2%), then the problem (P;) admits a positive

Proposition 2.3.If p €
ground state u, € H' (RN), which is radially symmetric and radially nonincreasing. Further-
more, let S, and S, be the constants given in Theorems 2.3 and 2.4, respectively, then the
following statements hold true:

(I) As ¢ — 0, the rescaled family of ground states

. 1

g - 2ue(s_ix) if q< 2(5{:!0()7
we(x) = 4o 202p+a)

e DU (e 3x),  if > e

converges in HY(RN) (up to a subsequence) to a positive solution of the equation

“Aw+w=wi"l, if q<2(2{;_+ot)’
—Aw+w = (I * |lwP)wP~!, if q> 2(2{7:;0:)_
Moreover,
1
o e a2
Ug ~ 2+
gfr-D,  if q> z%’jrz"‘),
4—N(g—2)
T i ‘1<%,
Ugllp ™~ 24+a—N(p—1)
and
N(g —2) L5 2N—q-2) ) 2Q2p+«a
||Vu8||%:LS; 2gT 2D | lfq?gL
2q 24+«

Ifq # 2(2p+a) , thenas e — 0
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4-N(g-2) 2Q2p+a)—qR+a)
S (g o B g2
M(e) =
2+oz 24+a—N(p—1) £ q(2+0)—2(2p+a)
- <N+°‘ p(N— 2)55*1 N YCRE = )), if q> 2%{:;“),
2N—q(N=-2) 4 2Q2p+a)—q(2+a)
© (M"Zif)“‘sq“w(sizw ). <2,
E(u€)= D
N+a—p(N=2) IR q(2+0)—2Q2p+a)
e D <7N<P J;} N I )), if q> 2500,

(Il) As € — oo, the rescaled family of ground states

_ _24a 1
e b, g < 25,
we() =1\ _ 1 22p+a)
& 12ug(e" 2x), if q>=F5

converges in H'(RN) (up to a subsequence) to a positive solution of the equation

—Aw+w= Iy x|w/P)wPL, if q< 2(2i+a),
_ 202
—Aw4w=wi"l, if q> (2{:{“)'
Moreover,
2
84(;&1)’ if q< M’
ug(0) ~ i 2(5;(3“)
g4-2, if q> “Sra
2+a—N(p—1
s | T g2
||Ma||2 4-N(g=2) ’ @’
I 22pta)
22
g 262 | if q> e
and
N(p — 1) - P Nta—p(N-2) 2(21) =+ Ol)
2 p—1 _ —=— .
Vu ~ 8 e 20D _
Vuell3 2 p if q # ta

If g # 2(%:;_:05) then as € — 00

24a—N(p—1) _ 2@2pta)—q(2+a)
g b (Mtesptiod) 2)S” "roe T e ), i g < 2
M(e) =
4—N(g—2) q(Q2+a)—22p+a)
S (g o )y g 2
N+a— 1)(N 2) 2Q2p+a)—q(2+a)
N G AR R IER RS
E(ug) =
W—qV=2) o4 Ly _ Q0 =2Cp+a)
P ) <—N(‘14qz) 4S¢;”2 + 0@~ 2@ )), if q> Z%{f‘;"‘).

629



S. Ma and V. Moroz Journal of Differential Equations 412 (2024) 613—-689

(III)Letpozzl—I—z""T“andqo =24 %, then

0, if  q<gqo or p<po,
NI ) 4 q =q0 an p > pO,
M(O) = N;Z 0 N;—2+a
N:ﬁia Sp ™, if q>gqo and p= po,
00, if  q>qo and p> po,
and
0, if  g>qo or p> po,
~i3 ) l q =qo and p < po,
M(o0) = N;j_ 1 N2+2+a
NioraSeo ©» if g <qo and p= po,
0, if gq<aqo and p < po.

Moreover, if q # % and M g) is of class C' for small & > 0 and large & > 0, then there

exists a small ey > 0 such that for any ¢ € (0, &9),

M'(e) >0, if q<qo or p<po,
M'(g) <0, if q=gqo and p> po

M'(e) <0, if q>qo and p=pg (2.15)
M'(e) <0, if g>qo and p > po,

and there exists a large €5, > 0 such that for any € € (50, +00),
MOS0 1 e ad ey (2.16)
M/(E,‘) > O’ lf q <4qo and P < po. .

Remark 2.3. From the asymptotic expressions for M (¢) in Propositions 2.1-2.3, and under an
additional assumption that M (¢) is of class C! for small and large ¢, the sign of M’(g) follows
from Lemma A.1 in the Appendix. Note that by Proposition 2.3(I), as ¢ — 0 we have

Me)= 25,0 —0E" ), it d
— — 2 =
(&) N2 0 (e ), ifg=gqoand p > po,
24« Nizta N(g=2)—4
M@E)= ——85,°" —O(e 1 , ifg > and p = po.
(&) N12ra ( ) q > qo P=Do

Therefore, to prove the second and third inequalities in (2.15), we replace M (¢) by

N+2 24w N+24a
S, 2 —M(¢) and ————S,7 — M(e),
@ © N+2+a ™ ©)

N+2
in Lemma A.1, respectively.
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q
I 1453 4=22p+0)/(2+0)
2% @
(0’0) ( ) ) (Ni;ias:gz:"yo)
....... o Nizsi’t:)
—_ (2 e
(0,0) (N+2Sq° ’0)

N+a
N-2

Fig. 3. The variation of M (¢) for small and large ¢, here (-, -) = (M (0), M (00)).

Fig. 3 outlines the limits of M(¢) as ¢ — 0 and ¢ — oo and reveals the variation of M (A)
for small ¢ > 0 and large ¢ > 0 when (p, g) belongs to different regions in the (p, ¢) plane, as
described in Propositions 2.1-2.3.

Connection with normalised solutions of (P,). It is clear that if u, € H'(RV) isa ground state
of (Pg), and for some ¢ > 0 it holds

M(e) = ucl3 = ¢, 2.17)
then u, is a normalized solution of (1.4) with A = —g. We denote this normalized solution
by a pair (u., A.) with A, = —¢, or just u. for simplicity. As direct consequences of Proposi-

tions 2.1-2.3, we deduce the following results.

Corollary 2.1. Let p = N;\?o‘, qge 2,2+ %), then for any ¢ > O the problem (1.4) has at least

one positive normalized solution u. € H' (RN), which is radially symmetric and radially nonin-
creasing. Moreover, as ¢ — 0,

) 22N—g(N-2)
[Vucl ~c Va2 =0,

2(%‘1\/;;1(1\/;)2)) _ ) o
By~ ¢ 07 =0 i ae@ 2 yorm).
Uc 2N+ _ . o 4
—c N —>07, if q€(2+m,2+ﬁ).
As ¢ — 00,
5 2QN—q(N=2))
IVucll3 ~ ¢ FVa - 4oo,
2(N+a) . dat
—Cc N — —0Q, lf q€(2,2+N2—),
E(uc) ~ 22N—g(N=2) @)

— T > —00, if q Q@+ yi 2+ )
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Corollary 2.2. If p = {14
statements hold true:

(I) If g < qo, then there exists a constant ¢y > 0 such thatfor any c € (0, cp), the problem (1.4)

has at least two positive normalized solutions u u e H'(RYN), which are radially symmetric
and radially nonincreasing. Moreover,

) for N >4 and q € (4,6) for N = 3, then the following

22N—g(N—2))
||VM ||2’\'C =N — 0, asc— 0,

1 46] %2 22N—g(N=2)) _
E.) >~ ———=—8/"¢ *¥Va2 =07, asc—0,
N(g—2)
N+a 24+« N+a
V22:S2+a’ E 2 7524—&’ — 0.
IVugll; >~ Sq (uy) > N 1) asc

(Il) If g > qo, then for any c > 0 the problem (1.4) has at least one positive normalized
solution u, € H'(RN), which is radially symmetric and radially nonincreasing. Moreover,

N+a 2+Ol N+a
\V ~87 . E ~ g2 — 0,
IVuel3 () N 1) e asc

22N —g(N-2))
IVuell3 ~ ¢ #7250, asc— oo,

q g(N—
4q 4 22N—g(N-2)

E(u;) >~ 755’7 ¢ #NaD 0" asc— oo.
N(g—2)

Corollary 2.3. Let p € (¥4« IJ\;“, N +0‘) q € (2,2%), then the following statements hold true:

() If p < po,q < qo or p > po,q > qo, then for any ¢ > 0 the problem (1.4) has at least one
positive normalized solution u. € H'(RN). Moreover, if p < po,q < qo and q < 22pta) pop

24+«
4 . 2N—g(N—=2)
7 -Ng-2)
Ng=2) ¢7-2 i
20 S IN— q(N %54 — 0, as c¢— 0,
Vuels =
IVuelly = » , Nta—p(N-2)
=1 - 24+a—N(p—1)
N(p=D—a ¢p-T 2p 1 2
2p Sp <N+otp(N2)SP ¢ — 400, as c¢— 0o,
4 p 2N—g(N=2)
7= -4 NG
Ng=2)—4 ¢a-2 2g -2 2 _
4q Sg 2N—q(N-2) Sq " ¢ - 07, as c¢— 0,
Euc) > , N+a—p(N-2)
< 24+a—N(p-1)
N(p—1D)—2—a ¢p— = 2p -1 _
4p Sp (N+ot—p(N—2)SP ¢ — —00, as c¢— oo.
202
If p < po.q <qo and g > 2552 then
N(p—D—a ¢p-T 29 —72 o\ WPPENam
2 P N € — 400, as c¢— o0,
IVuelly = , (p=D@N—g(N-2)
- @—2)2+a—N(p—1))
N(q 2) 72 2p 12
Sq (N+a—p(N—2)SP ¢ — 0, as ¢— 0,
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. . 2N—g(N-2)
_q_ _ 4 I=N(q-2)
N(g—2)—4 ¢q-2 2q q-2 2 _
—a Sq IN=G(N=D) Sq c — —00, as ¢ — 00,
E(uc) >~ N+a—p(N—2)

B

N(p—1)—2—« Sﬁ ( 2p 57

> 24a—N(p—-1)
NTFa=p(N=2) c -0, as c—0.

If p> po,q > qo and g < 2359, then

2N—g(N=2)

4 _4q_ —N(g—2)
N@@=2) ¢a-2 29 -2 2
) 2 Sq IN=g(N=2) Sy c — 0, as ¢ — 00,
Vucll; ~ , , N+a—p(N-2)
_ 2ta—N(p—1)
N(p—D—a ¢p-1 2p p—T1 2
%y Sp <N+a—p(N—2)SP c — 400, as c¢—0,
. . 2N—g(N—2)
4 _ 4 I—Nqg—2)
N(@g—2)—4 ¢q-2 2q -2 2 +
e Sq <2Nq(N2)Sq c — 0T, as ¢ — o0,
E(Mc) ~ B » N+a—p(N=2)
P 24+a—N(p—1)
N(p—1D)—2—a ¢p-1 2p p—1 2
I Sy N+a—p(N—2)SP c — 400, as c¢— 0.
Ifp > po.q > qoand g > 22259 thepn

2+oa

: )\ ERE
N(g=2) ¢a-2 2p PV
) 7 Sq N+a_p(N_2)Sp c — 0, as ¢ — 00,
Vucll; =~ ) ] (G- (N+a—p(N-2)
= -4 (p—D(@E-N(g-2))
Np—D—a ¢p-T 29 )
T Sp 2N—q(N—2)Sq c — 400, as c¢—0,
» » N+a—p(N=2)
£ R 24+a—N(p-1)
N(p—1)—2—a op-1 2p —1 2 +
I Sp <N+ap(N2)SP c —- 0", as c¢— o0,
E(uc) ~ . . INZg(N=2)
9 49 I—Nq—2)
N(@—=2)—4 ¢q-2 2q -2 2
1 Sq IN=g(N=D) Sy c — 400, as c¢— 0.
N+2+a
mifp= d = qo and h 0,/ bt S
(I) If p = po and q # qo (resp. ¢ = qo and p # po), then for any ¢ € 0,/ 55555 Sp” )

Nt2
(resp. ¢ € (0, NLHS%4 )), the problem (1.4) has at least one positive normalized solution u. €

HI(RN). Moreover, if p = po,q < qo, then as ¢ — 0,

NG —2) 4 2 VRN = =
V|2 ~ L =2 g q S, 22 -0,
2g T \2N —gq(N -2)"1
2N—q(N-2)
Eu ):N(q—Z)—4 75 2q qu"jcz =N o
¢ 4q 7 \2N—q(N-2)"1

If p=po,q > qo, then as ¢ — 0,
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2(g—=2)
N N+2+a 2 _ % 4—N(g—2)
IVucl = w80 (5 S 62 — oo,
N+2+ao 2N —g(N —2)
M-~ R
q_ _q_ =
E(u)~—4— S; =2 el S, 22 — 400,
4q 2N —q(N —-2)
N+2+4a
and as ¢ — Ni_g‘iaS 2(”“),
NG i 24w mme ) CRRE
a o q— q—2)—
||Vuc||% LS; 2= o —c? — 0,
2q N+2+a
2+Ol N+2+a N(g—2)
E =0 (————5§,2 — Va2 | 0.
(uc) <<N+2+a o) )
If p < po,q = qo, then as c — 0,
IVuel = === 5, 5,7 e —0,
N+2 N+oa—p(N-2)
Np—D—-2—a 2 2p MR = =
E(uc) >~ Sy S," ¢ — 0.
4p N+4+oa—p(N-2)
If p > po,q = qo, then as c — 0,
, _ Np—D—ea b 20 ~1 o\ T
Vuclls ~ ———5; S," ¢ — +o00,
2p N+o—p(N—-2)
Np—D—2-a 2 2 —Er o\ R
E(uc) >~ Sy S," ¢ — 400,
4p N+oa—p(N-2)
N+2

and as ¢ — N+2Sqo R

2
N N+2 2 N+2 N(p—1)—2—«a
Ve ~ N+25q02 (NHS%Z —c2> -0,

2 5 g Nerhoe
E(Mc)=0 (N——}—quo —C )N(I’ ) « )] — 0.
(I If p < po,q > qo, then for any c € (0, sup,..o+/M(e)) the problem (1.4) has two positive
normalized solutions u Ll, and u% satisfying
(p—1DH@2N—-g(N-2))

N -2 4 _ 2 __r q—2)2+a—N(p—1))
IVl |3 = 4 )S,;*Z <N+ p(N 55 f’lcz) ! T 0, asc— 0,
a— p(N—
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N+a—p(N=2)

Np—1)—-2—-a ;& 2 - 2ta—N(p—1)
E(ul.)’_v V) OlS[’,’_l 4 Sy r1e2 ' —-0,asc—0,
4p N+oa—p(N-2)

(G=2)(N+a—p(N=2))

N(p—=1) — p 2 __q_ —D@—N(@G=-2)
IIWEI@:%S;_] (W(QN_Z)SQ - 2) ] ! — 400, asc— 0,
o Ng-2-4 4 2 s o\ D

If p > po,q < qo, then for any c € (0, sup,..og~/M(¢)), the problem (1.4) has two positive nor-
malized solutions ug and u% satisfying

2N—g(N=2)
N@g—-2) -4 2 _L —Ng=2)
NHEE @ )s,;"z el =P L0, asc—0,
2q 2N—q(N—2)
I =
Euly~—"91" S; 2 cl = 0-, asc— 0,
4q 2N—61(N—2)
N+a—p(N-2)
Np—1)—a -2 2 —p N\ T NG
||Vuz||%2MS;71 P Sy P2 ' — +00, asc— 0,
2p Nta—p(N-2
N+a—p(N-=2)
Np—-1)-2—-—a ;X4 2 - 2Ha=N(p=T)
E(u%): (=D aS,ﬁH P S,,”ilc2 ! — 400, asc— 0.
4p N+o—p(N-2)

We note that some similar existence results on normalized solutions are already obtained in
[26-29,51,52] in the whole possible range of parameters, but the precise asymptotic behaviour
of the normalized solutions is not addressed there.

Remark 2.4.In the case N =3, p =2, ¢ =4 and « € (0, 3), the problem (P;) is known in
astrophysics as the Gross-Pitaevskii-Poisson equation [4,8,47]. By Theorem 2.3, Theorem 2.4
and Proposition 2.3 we conclude that (P,) admits a positive ground state u, € H'(R"), which
is radially symmetric and radially nonincreasing. Moreover, as ¢ — 0, we have

24a 3 1
ue(0) ~ &7, | Vuel3 = 2 5ge2,

et (14 a e (1 —a o
M(s):=||u5||%=a 2 <TS[2,—®(£2)), E(u,)=¢72 <TS[2,+0(82)>.

As & — o0, we have

3—

Ita
2

SZ

1
ue(0)~e?, | Vuel3~=——Spe>,

M(e) = ||u8||%=8£(% q+0(sz)> E(u8)=85<% q+0(ez)>

Therefore, we conclude that

635



S. Ma and V. Moroz Journal of Differential Equations 412 (2024) 613—-689

(1) when « € (1,3) and ¢ € (0, sup,. o~/ M(¢e)), (1.4) admits two positive normalized solu-
tions u and u? satisfying

24a
lut o ~ (—2—5722) " 0, ase— 0
c oo 1+a p ’ )

3 4 =
12 ~ 2 -2.2
”VMC‘”z_ZSq (1—|——()[Sp Cc ) —)O, asc—>0,

4 e —A 204w _
) 1S, c o1l — (07, asc— 0,
l1+a

1 a—1
E(MC)Z—T(

1
||u%||Oo ~ ZS?C*2 — 400, asc— 0,

I+a

3 1 :
V2|3 = 4“5,2, <E53c—4> — +o00, asc— 0,

1
E(u%) ~ ﬁSjc_z — +o00, asc— 0.

Moreover, as ¢ — 0, the rescaled family

24«

4

4
14+«

2~ 4
)a—lSp co-1,

1
Ty = 1,.—2 N
wc (x) = 8]C MC(EICZ)C), Elc = (

converges in H'(R3), up to a subsequence, to a positive solution wg of

—Aw+w= Uy * wPHw, xeR3, (2.18)

if o = 2, the positive solution wq of (2.18) is unique [30] and wC1 — wp in H'(R?), and as ¢ — 0,
the rescaled family

1 1 1
20N . T2.2,.73 ~ 4 —4
wi(x) =8, ug(e, x), € 1_6qu ,

converges in H'(R?) to the unique positive solution we, of —Aw + w = w?.

(2) when @ =1 and ¢ € (0, ‘/TESP), (1.4) admits a positive normalized solution u. satisfying

L o _
luelloo ~ ZS;C 2 400, asc— 0,

1
Vi3 ~ 3—2312,53(4 — 400, asc— 0,

1
E(uc) ~ 3—2536‘_2 — 400, asc— 0,

1
luclloo ~ (555

c2)%—>0 asc — 2S
2 ’ 2
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V2
vah~—§( c%eﬂ,%ce—;%,
1 V2
E(wu.)=0 ((55127 — c2)3) — 0, asc— TSP.

Moreover, as ¢ — ‘/TESP, the rescaled family

3

3 1
we(x) i=e tue(ee *x), e~ (555 =)’

9

converges in H LR3), up to a subsequence, to a positive solution wg of (2.18) with @ = 1, and as
¢ — 0, the rescaled family

_1 _1 1
we(x) :=¢c “uc(ge *x), &= Es;l 741

converges in H'(R3) to the unique positive solution ws, of —Aw + w = w3.

(3) when o € (0, 1) and ¢ > 0, (1.4) admits a positive normalized solution u, satisfying

-2

1
Wﬂm~zﬁc — 400, asc— 0,

3—« 1 I+a
[ Viue||3 ~ 7 5 (ZS§C_2> — 400, asc— 0,

1
E(u;) >~ ng cr 400, asc— 0,

4 5 5\ 2@ D
luclloo ~ T S, — 0, asc— oo,
o

i
3 4 a-T

||Vuc||2 =7 q2 <m5;262> — 0, asc— 0o,
o

1-—
E(u.) >

Moreover, as ¢ — o0, the rescaled family

_2% _% 2 __4 4
we(x) :=¢c " uclee “x), &=( )l
l—i-oz

converges in H L(R3), up to a subsequence, to a positive solution wq of (2.18), and as ¢ — 0, the
rescaled family

_1 _1 1
. = 2 . 2 , . _S4 74’
we(x) g “uc(ge “X) Ec 164

converges in H'(R?) to the unique positive solution ws, of —Aw + w = w?.
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3. Preliminaries

In this section, we present some preliminary results which are needed in the proof of our main
results. First, we consider the following Choquard type equation with combined nonlinearities:

—Au+u = ply * lulP)ulP2u+ Aul!"u, inRY, (Qu.)

where N >3, a € (0, N), p e [232, 242, g € (2,2%], # > 0 and A > 0 are two parameters.
It has been proved in [25] that any weak solution of (Q,, ;) in H L(R¥) has additional regular-

ity properties, which allows us to establish the PohoZaev identity for all finite energy solutions.

Lemma 3.1. If u € H'(RY) is a solution of (Qpu,».), thenu € leo’cr (RN) for every r > 1. More-

over, u satisfies the PohoZaev identity
N =2 N N+« N

Py (u) :=—/|w|2+—/|u|2— u/(la*|u|f’>|u|ﬂ——x/ ul? = 0.
2 2 2p q

RN RN RN RN

It is well known that any weak solution of (Q,, ;) corresponds to a critical point of the action
functionals 1,  defined by

1 % A
Ly () :=§f|Vu|2+|u|2—5f(la*|u|”)|u|”—5f|u|q, (3.1)
RN RN RN

which is well defined and is of C! in H'(R™). A nontrivial solution u,, ; € H'(RN) of (Q.;)
is called a ground state if

Lua(uy,) =my p =inf{l, 3 (u): ue HI(RN) \ {0} and I;M(u) =0}. (3.2)
In [24,25] (see also the proof of the main results in [25]), it has been shown that

f L= inf I,,@), (3.3)

my ,»= in
ueM, ;. u€Py i

where M, ; and P, , are the corresponding Nehari and PohoZaev manifolds defined by

My = Lue H'®Y)\ (0) /IVu|2+Iu|2=M/(Ia*lul‘”)lul’”r?»/Iulq
RN RN RN

and
Pusi= {u e H'®RM)\ {0} | Py () = o} ,
respectively. Moreover, the following min-max descriptions are valid:

638



S. Ma and V. Moroz Journal of Differential Equations 412 (2024) 613—-689

Lemma 3.2. Let

ur(x) = { u(g)’ ,lffiig

then

My = inf sup I, (tu) = inf sup I 5 (uy). (3.4
WA IR0 120 " weH RV\(0) 12

In particular, we have m 5 = I, 3 (Uyu3) = Supsoo L (tuy3) =sup;o g L a ((Uy,3)0)-
When 1 =1 and A = 0, then the equation (Q, ) reduces to
—Au+u= (I |ulP)u”2u, in RY, (Q1.0)
when ¢ =0 and A = 1, then the equation (Q,, ;) reduces to
Au+u=ul""u, in RV, (Qo,1)

Then the corresponding Nehari manifolds are as follows.

Mio=ueH ®Y)\ (0} /|Vu|2+|u|2=/<Ia*|u|f’>|u|"
RN RN

Mot = Jue H'®Y)\ (0} /|Vu|2+|u|2=/|u|q

RN RN
It is known that
mi,= inf I, mpo:= inf I o(u), 3.5
1,x s 1,. () 1,0 ol 1,0(u) (3.5)
and
my1:= inf I,1(u), mo.1:= inf Ip1(u 3.6
”w, ueM,, ", ( ) 0, weMo 0, ( ) ( )

are well-defined and positive.

Let u,, ; be the ground state for (Q,, ), then we have the following.
Lemma 3.3. The solution sequences {uy,,} and {u, 1} are bounded in H'RN).
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Proof. It is not hard to see that m; » <mj o <C < +o00.If ¢ >2p, then

myy = Dia(uin)=1Iia(uy) — H(ulx)uu
11 2 1
= 273 fRN|VM1,A| +|M1,A| (5—5))Lf]RN|M1,A|q
11
> (3= 25 ) Jro IVural? + lunal,

and if ¢ < 2p, then

mp, = Il,x(ulx)=11,\(ul,\)—ll/)\(uu)uu
= (3= 1) faw IVunaP P+ (3= o5 ) o Gt o alPluen 117
= (5= 1) Jan IVuraP o fur o .

Therefore, we conclude that {u; ;} is bounded in H LRY).
Arguing as above, we show that {u, 1} is bounded in H L(RN). The proof is completed. O

The following well known Hardy-Littlewood-Sobolev inequality can be found in [31].
Lemma 3.4. Let p,r > 1 and 0 <o < N with 1/p+ (N —a)/N +1/r =2. Let u € LP(R")

and v € L"(RN). Then there exists a sharp constant C(N, «, p), independent of u and v, such
that

[flu(x;(wy)a = CWN, o pllullplivll.

pr:r:ﬂ then

N+a’
) e T [rd) 77
R

Remark 3.1. By the Hardy-Littlewood-Sobolev inequality, for any v € LS (RY) with s € (1, %),
I, xve L%(RN) and

Mo vll_xs < Aa(N)C(N, &, )[[0]ls- (3.7
Lemma 3.5. (P. L. Lions [32]) Let r > 0 and 2 < q < 2*. If (uy) is bounded in H'(RN) and if

sup /lun|q—>0, asn— oo,

eRN
B )

then u, — 0 in LS(RN) for 2 < s < 2*. Moreover, if ¢ =2*, then u, — 0 in L¥ (RM).
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Lemma 3.6. Let r > 0, N > 3, & € (0, N) and Y3¢ < p < 342 If (u,,) be bounded in H' (R")
and if

p 14
im_ s / / G A I,

n—>00 |x—y|N o
Br(l) By (2)

then

lim | |u,|*dx = lim /(Ia s |un | |up'dx =0
n—oQ

n—oo

RN RN

N+a

forany 2 <s <2* and N;\;"‘ <t< . Moreover, if p = N*“ , then

n—o0

RN RN

. 2% . Nta Nta
lim |lun|© dx = lim Iy * |y | N-2)|uy | ¥-2dx =0
n—oo

Proof. Similar to the proof of [6, Lemma 3.8], for any p € [N ;,'“, %fg ], it is easy to show that

P P
lim Sup f / |ien (0|7 [un ()] lun QO a1 vy = 0

n—>00 |x—y|N a

B (2) Br(2)

is equivalent to the following condition

. 2Np.
lim sup |up|Vredx =0
n*)ooZGRN

Br(2)

Then the conclusion follows from Lemma 3.5. The proof is complete. O
Lemma 3.7. (Radial Lemma A_.II, H. Berestycki and P. L. Lions [3]) Let N > 2, then every radial

function u € H'(RYN) is almost everywhere equal to a function ii(x), continuous for x # 0, such
that

i) < Oyl P ull gy, for x| = e, (3.8)
where Cy and oy depend only on the dimension N.
Lemma 3.8. (Radial Lemma A.IIl. H. Berestycki and P. L. Lions [3]) Let N > 3, then every

radial function u in D“>(RN) is almost everywhere equal to a function ii(x), continuous for
x # 0, such that

()| < Cylxl 2 lull progyy  for x| = 1, (3.9)
where Cy only depends on N.
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Lemma 3.9. Let 0 <o < N and 0 < f € L'(RN). Assume that

d
m f|y|5\x|f(Y)|)’| y

=0, (3.10)
|x]—00 |x|
) fdy
1 LT (. 3.11
b f Ix — y|N— @10
ly—x|<lxl/2

Then as |x| — oo,

fOdy _ Iflp +0( ! ) (3.12)

lx — y|N=o x|V |x|N—e

Note that f € L'(R") alone is not sufficient to obtain (3.12) even if f is radially symmetric,
see [42].

Proof. Fix 0+#x € RY, we decompose R as the union of three sets B = {y : |y —x| < |x|/2},

={y¢B: [yl<Ixlfand C={y & B: [y| > |x]}.
We want to estimate the quantity

1 1 1 1

_ dyl| < — dy.
|/f(y)<|x—y|N—°‘ |x|N_°‘> = / f(y)’|x—y|N_a |x|N - Y
AUC AUC

Since |x|/2 <|x — y| <2|x| for all y € A, by the Mean Value Theorem we have

1 1
lx —y[V= x|V

cilyl
- |x|N_0‘+1 ?

(yeA),

where ¢; = (N — o)2V=2*! Thus

1
/f(y)< e =i a>dy §| e a+1/f(y)|y|dy~

On the other hand, since [x — y| > |x|/2 for all y € C, then

1 1
| —y[N= x|V

1
< i’ (yeO),

from which we compute that

1 1
d d
/f(y)(|x NI a) y §| |N ” / fdy.

AUC
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Then

‘fRN f) dy £l
|x

,y|N—a mN—a

< e [ SOOIy + [ R dy + o= [pue FO)dy.

The conclusion follows from (3.10), (3.11) and since f € L'(RY). O
Lemma 3.10. Ler 0 < o < N, 0 < f(x) € L'(RN) be a radially symmetric function such that

| |hni FxDlxN =o0. (3.13)

If a < 1, we additionally assume that f is monotone non-increasing. Then as |x| — +00, we
have

0 Wl +0( ! ) G

e — y N Ve Ve

Proof. Using (3.13) by I’Hospital rule we conclude that

x|

/ f(y)lyldy=ff(f”)rNdV=0(IXI), (|x] = o0),

[yI=lx| 0

so (3.10) holds.
For |x| > 1, using radial estimates on the Riesz kernels in [13, Lemma 2.2] and (3.13) we
obtain for o > 1:

3lx|/2

/ |f(y)—dy Sl / frydr = o(lx|V);

x—yN-e ™
ly—x=lx]/2 1x1/2

for o = 1, additionally using monotonicity of f:

fl fOdy

31x|/2
Sy L
y=x|=Ix]/2 |x—yN-a ~ fl

=

1
/2 f(r)log —l—r/lxldr

31x1/2 o
f(IxI/Z)f‘x'l);'z/ logﬁdrzo(m (N=D)y.

for « < 1, additionally using monotonicity of f:

fl Sy

3172 f(r)
y—xl<lxl/2 omyivE S ] L
<

x1/2 Jr—|x|| e

3(x1/2 _(N—
FUx1/2) [)? i dr = o(x =V =),
s0 (3.12) holds. This completes the proof. O
The following Moser iteration lemma is given in [, Proposition B.1]. See also [33] and [14].
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Lemma 3.11. Assume N > 3. Let a(x) and b(x) be functions on Ba, and let u € H'(By) be a
weak solution to

—Au+a(x)u =b(x)u in By. (3.15)
Suppose that a(x) and u satisfy that

a(x)>0 fora.e x € By, (3.16)

and
/a(x)|u(x)v(x)|dx <00 foreachv e H& (By). 3.17)
By

(i) Assume that for any ¢ € (0, 1), there exists t; > 0 such that

I Xb1>2101 N2 By < €,

where [|b| > t]:={x € Ba: |b(x)| > t}, and x4 (x) denotes the characteristic function of A C
RV, Then for any r € (0, 00), there exists a constant C (N, r, t¢) such that

r+1

e ”Hl(Bl)SC(N,"J&)““”LW(BO'

(ii) Let s > N /2 and assume that b € L*(By). Then there exists a constant C(N, s, |bllrs(B,))
such that

lullzoosyy < C(N, s, 1Bl Ls By el 2% (g,

Here, the constants C(N,r,t;) and C(N, s, ||b|lLs(B,)) in (i) and (ii) remain bounded as long as
r,te and ||b|Ls(,) are bounded.

4. Proof of Theorem 2.1

N

In this section, we always assume that p = ;“, qge 2,2+ %) and A > 0 is a small param-

eter. It is easy to see that under the rescaling

w(x) = )»74*1\’12/‘1*2) v(k74*N%‘1*Z) x), “.D
the equation (Q}) is reduced to
A7 Aw +w = (I * [w]P)|[w]” 2w + 27 |w|? 2w, (03
where 0 1= ﬁq*% > 1. The corresponding functional is given by

1 1 1

Ji(w) :=—/x"|Vw|2+|w|2——/(Ia*|w|l’>|w|f’——x°/|w|q.
2 2p q
RN RN RN
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Lemma 4.1. Let & > 0, v € H'(RY) and w be the rescaling (4.1) of v. Then
(D) w3 =1vl3,  JgyUa* wP)w|? = [pn Lo * [v]P)|]P,
2)A°[Vwl3 = Vvl3, A% [wllf=rllvlE,

(3) L,(v) = Ji.(w).

We define the Nehari manifolds as follows.

Ni={weH'®RY)\ {0} A"f|Vw|2+/|w|2=/<la*|w|”>|w|p+xf’f|w|‘7
RN RN

RN RN
and
No={weH RY)\ {0} f|w|2=/<1a*|w|f')|w|1’
RN RN
Then

m, = inf J,(w), and mgo:= inf Jo(u
»i= it (W) 0 ot o(u)

are well-defined and positive. Moreover, Jj is attained on Ay and

o N+a

= inf J =—§ “ .
mo:= Il Jo(w) =335

For w € H'(RM) \ {0}, we set

fRN |w|2
Jrw o % [w[P)|w]P”

T(w) = (4.2)

Then (11 (w))% w € N for any w € H'(RV)\ {0}, and w € N if and only if 71 (w) = 1.
Define the Pohozaev manifold as follows

Py = {w e H' ®RY)\ {0} | P(w) =0},
where

Pw)y: = XED L Vw4 Y fen w)?
(4.3)

N AN
— B0k oy U w0l ) w]P — 22K o e,

Let v, € H'(RV) be the ground state for (Q;) and

N 2
wy(x) = A~ FNGD g, (AT FNGD x),
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Then by Lemma 3.1, w; € P,. Moreover, we have the following minimax characterizations for
the least energy level m,,.

my = inf sup Jy (fw) = inf sup Jy (wy). 4.4
weHI(RN)\{0} 10 weH!(RM)\{0} 1>0

In particular, we have my = Jy (wy) = sup,. o Jr(tw;) = sup,. o J5((wy);). A similar result also
holds for mq and Jj.

Lemma 4.2. The rescaled family of solutions {w;} is bounded in H'(R™).

Proof. Since {w;} is bounded in L2(R™), it suffices to show that it is also bounded in D'-2(RN).
By wy, € N NP, we obtain

“/Wwf+/WM=/ﬁwwmmww+vfmm,
)J’(N 2)
fw AP+ = /|

Therefore, we have

N(g—2) N(g—2)
anﬁzxﬂmeéz————%“/hmwz—————xfhm%
2q 2q
RN

Ry

Particularly, we have

NG -2
1935 = == llwa . (4.5)

By the Gagliardo-Nirenberg Inequality, we obtain

g N(g—2) 2N—q(N=2)
lvallg < ClIVall, * lloall, *

Therefore, we get

4—N(g—2) N(q _ 2) 2N—g(N-2)
Vuill, > < Czikllvxllz :
q
Hence,
2[2N—q(N-2)]

2 2 _ A N2
A7 [Vwills = [IVallz < CA Jlopll, 777,
which together with the boundedness of ||v; ||, implies that w; is bounded in D2RN). O
Now, we give the estimates on 71(w;,) and the least energy m,.
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Lemmad4.3.1 <ti(w) <1+ OQ) andmy =mg+ OX) as . — 0.

Proof. First, since w; € Ny, by (4.5), it follows that

) = —Jre Wi Jen ATV P P A7 f el o
Jrv U * [wa]P)[wi]P Jrv e 5 [wy |P)|wy | P
and by Lemma 4.1 and the Sobolev inequality, we have
_ fRN ‘w?\‘z
nw) = P
Jrn A7 IVw P Hwy %)
SN Tk wa P wi | P40 [pn [wald =A% [pn [wild ’

— loal> 1
loal2=Allvall§ = 1=ACllva 142

Since ||v, || is bounded, it follows that 1 < 71 (wy) <14+ O(A) as A — 0.
For w € H'(RV), let

_Jwkx/ty >0,
wf(x)—{ 0, =0,
Then by Lemma 3.2 and PohoZaev’s identity, it is easy to show that sup, .o J,((w3);) = Jr(wz) =
m;,. Therefore, we get

mo Sup;>o Jo((wy)s) = JO((w)\,)f)|[:‘[ ((wy)) /e

sup;=o Ja((w)r) + A7 (1 (w))N [pw [wy |7
my + A1+ 0NN v, ||
m) + O(A).

I IATA TA

On the other hand, let U e A" ¢ H'(R") be such that

Jgn U2
(Jan (o x1UPUIP)YP

S1 =

N+a N+a

2 Nia Nta = o R
Then fRN |U| = f]RN(IOl * |U| N )|U| N = Sl and moy = J()(U) = msl . By
Lemma 3.2 again, we obtain

my =< sup,5oJ/L(tU)
= s |5 Sen AT IVUR + (U = 5o fan U+ [UIDIUIP = 222 [ (U)9)
< S0 |5 San IUP = 55 fan Ua (UMY U17)
+ 37 50pp0 {5 S IVUP = & fu 1U1)

= Jo(U)+01%)
= mo+oL).

The proof is completed. O
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Lemma 4.4. ||wx||§ ~1lasi— 0.

Proof. By the definition of 71(w,), Lemma 4.3 and the Hardy-Littlewood-Sobolev inequality,

for small A > 0, we have

— 2
||wx||%=fl(wx)f(la*lwxlp)lwxlp§251 Pl
RN
and thus it follows that

2 N Nta
lwill; =27« 8 * |

which together with the boundedness of w, implies that ||w,\||§ ~ 1 as A — 0. The proof is

completed. O
Now, we give the following estimates on the least energy.
Lemma 4.5. Let N >3 and g € (2,2 + ), then
mg —my ~ A as rA— 0.

Proof. By Lemma 3.2, Lemma 4.3 and the boundedness of {w; }, we find

mo < sup;soJo((w;)) = Jo((wp)r,)
N N-2
< sup;so Ja((wi)r) +A° <% Jrv lwal? — tAT Jrw |wa|2>
< mu +Cx°,

where

2 &
= ( fRN |wy ) = (Tl(wk))é'

Jrv o * [walP) w; | P

(4.8)

For each p > 0, the family U,(x) := p’%Ul (x/p) are radial ground states of v = (/y *

[v|?)vP~!, and verify that

_ _N
IVU,II3 = p VU113, /|Up|q:pN 24/|U1|q.
RN RN

Let go(p) = %fRN |Upl? — %fRN |VU,|?. Then there exists pg = p(q) € (0, +00) with

2
( 29 Jpx IVUI? )“WM
0:

N(g —2) [gn U119
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such that

4
4—N(g—2) (N(@—2) [gn|U|9\FVaD
go(po) =sup go(p) = ( fR . / |VU1|2,

p>0 2N(q —2) 2q [gn IVUI J

Let Up = Up,, then there exists #; € (0, +00) such that

m;. =< sup,sq Ja(tUo) = Jr (6 Uo)
2 2p q 2
= % [y 1001 = %5 fgv e % 1U0IMIUoI? — 27 {% fpw 1Uol? = % [n VUG
2 2 q 2
< sup;sg (’7 — %) fRN |U0|2 _ )‘U{%fRN |Ugl4 — %fRN |VU0|2}

o t;} q t)% 2
= mp—A {;fRNIUol — % Jrn IVUOI7}

(4.10)
If t; > 1, then
2 )
/IUOIZH(’/IVUOIZZ&“‘“{”” } /(Ia*onlp)onlp-i-)»U/IUolq
]RN ]RN RN ]RN
Hence
1
o fRN |U0|2+A” fRN |VU0|2 min(2& 4-2)
A= .
Jrn Ua * |Uo|P)|Ug|P + 10 [ [Uole
If 1, <1, then
22 o
/IUOIZH"fIVUoIZStim“{”"’ 2 /(Ia*|U0|P)|U0|p+)»U/|U0|q
RN RN RN RN
Hence
1
. Jgw 1U0l? + 17 [gu IVU[? min( 2% g -2)
A=
f]RN(Iot * |Uo|P)|Uo|P + A7 fRN |Uol4
Since
/(Ia*onlp)|U0|p=/|U0|2 and /|U0|q> / IVU|%,
RN RN RN RN
we conclude that
1
Uo|?> 4+ A° VU, |? min( 3¢ g2}
Jrx 10l Jrx 1V Vol YU o <1 4.11)
Jrv U % 1Uo|P)|Ug|P + 10 [ [Uple
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Therefore, lim,_, ¢ #;, = 1 and hence there exists a constant C > 0 such that
m; <mg— CA%,
for small A > 0. The proof is complete. O

Denote

Nia Nta
D (u) 1=/(1a*lu| N luf N
RN

The following result is a special case of the classical Brezis-Lieb lemma [5] for Riesz potentials,
for a proof, we refer the reader to [37, Lemma 2.4].

Lemma 4.6. Let N € N, o € (0, N), and (wy,),,eN be a bounded sequence in L2@RMN). If w, —
w almost everywhere on RY as n — oo, then

nl_i)rgoD(wn) — D(wp — wop) =D (wop).

Lemma 4.7. ||w; |13 ~ D(wy) ~ [Vw;. |15 ~ lwy [lg ~ 1 as 1 — 0.

Proof. It follows from Lemma 4.3 that

Jo((x1(w;)) % w;) )
@)@ [willd = g5 ) "« o o s lwalHlwal?  (4.12)

(@) ¥ [ $1wal = 55 S (o D) 7]

mo

IA

Since w;, € Ny, by Lemma 4.4, we obtain

Jrv lwal?
fRN(Ia*lwklp)lwklp
Jrw lwal?
SN wil2 427 (Jpu Vw2 = frn [wil?) (4.13)
Jrw lwil?
SN lwal2=2r0 ZN%(;LZ) SN lwald

14+ CiA% Jws||f.

T1(wy) =

Therefore, by (4.5), (4.12) and (4.13), we obtain

1 2 2 1 20
my, szN )L"|Vw;\|2 + |wA|2 - ﬁfRN(Ia * |wy [P)wy P — 7/]RN [wy |4

> A7 IVwill = Flwall) + —"—
Ng—2)—4 g (t1(wp)) @ g
> LI lwy ]+ mo — CrA% [wa .

Recall that by Lemma 4.5, we have mg — m; > C1° . Hence, we get

650



S. Ma and V. Moroz Journal of Differential Equations 412 (2024) 613—-689

4—N(g—-2)
Tllwxllz > Cy — Ci|willd,
which yields

49Cy
lwalld > >0
4—N(g—2)+49C

Since wy, is bounded in H'(R™N), it follows that [|w; |7 ~ 1 as 1 — 0.
Since ||wy, ||§ ~ 1 as A — 0, the Gagliardo-Nirenberg inequality implies

g v
lwally < CIVwil, * .

which together with the boundedness of w; in HY(RM) yields ||Vwk||% ~lasi—0.
Finally, by the definition of 71 (w), ), Lemma 4.3 and Lemma 4.4, it follows that

N+ta N+ta —
D(wx)=/(1a*|wx| O wal M = (z1(w)) " wall3 ~ 1,
RN

as A — 0. The proof is complete. O

Lemma 4.8. Let N >3 and q € (2,2 + %), then for any A\, — 0, there exists p € [pg, +00),
such that, up to a subsequence, w;, — U, in LZ(RN), where

2
@) 2q Jgu VU2 \
po = po(q) :=
N(g =2) [gn U114
Moreover, w;, — U, in DV2(RN) if and only if p = po.

Proof. Note that w,, is a positive radially symmetric function, and by Lemma 4.2, {w,,} is
bounded in H'(R"). Then there exists wg € H'(RV) such that

w;, — wo weakly in H'(RM), w;, — wo in LP(RN) forany p € (2,2%), (4.14)
and
N ) N
wy, (x) = wo(x) a.e.onR™, wy, — wo in Lj (R™). 4.15)

Observe that

Pl A7 )
Jo(wxn)=fxn(wxn)+—"/Iw;\nlq—yn/Iwa,,I =my, +op(1) =mo + o,(1),
q]RN RN

and
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Jowa,)w = J; (wy,)w + Ay / lwy, 1972wy, w — AZ / Vw;, Vw = 0,(1).
RN RN
N4a
Therefore, {w,, } is a PS sequence of Jy at level mg = mSl @

By Lemma 4.7, we have wqg # 0, and hence my < Jo(wp). By Lemma 4.5 and Lemma 4.6, we
have

on(1) = my, —mg
Ag 20
> NV, I3 + 5wy, I3 = lwoll3] = sty (P (ws,) = D(wo)] = 2= flwy,, |1
= llws, —woll3 — gy D (ws, — wo) + 0a (D),
0 = (J; (wy,)— Jo(wo), ws, — wo)

27 fry Vws, (Vwy, — Vwo) + [ [wa, — wol?
Nia = Nia &
= Jrw Ua  fwy, | ¥V Ow;? (s, —wo) + fga (o * [wol ¥ )wy' (w, — wo)
=27 Jrw [wa, 1972wy, (wz,, — wo)
= [y, —woll — D(ws, — wo) + oa(1).

Hence, it follows that

lwy,, — woll3 < D (wz, —wo) +0,(1) = llwa, — woll3 + o (1),

N+« N+«

and hence

llws, —woll2 — 0, as An — 0.
By the Hardy-Littlewood-Sobolev inequality and Lemma 4.6, it follows that

lim D(w;,) =D (wo).
An—0

Since 71(wy,) — 1 as A, — 0 by Lemma 4.3, it follows that wg € Np.
On the other hand, by Lemma 4.1 and the boundedness of v, in H 1 (]RN ), we have

my, = Jy, (W)
n 1 n ng 2 2 1 Nta N+a )»Z g
= L fan AZIV W, P T, P = o fen o w15, 15— 2wy |
2 2 1 N+a N+to A
2w, 12 = 25 fra Ul 1, 1V |5 = 22 o g, 19

1 Nta N+a
Iz_ﬂfRN(la*|wkn| N ) |wy, |V — Chp.

1
= 3 RNWUA”

1
= ijN [w,

Sending A, — 0, it then follows from Lemma 4.5 that

1 1 N+ N+a
mOZ_/|w0|2__/(Ia*|w0| N ) wol N = Jo(wo).

2 2p

RV RN

Therefore, note that wo € N, we obtain Jo(wg) = mg. Thus, wo = U, for some p € (0, +00).
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Moreover, by (4.5), we obtain

. N(CI—Z)/
Vuwoll3 < lim ||V 2= = g,
[ wollz_kn_)oll wy, I3 2 lwol
RN

from which it follows that

2
2 \v/ 2 4-N(g-2)
o> < q fRN VU ) )

N(g —2) [gn 1U1I4

If p = po, then (4.5) implies that lim, o0 [|Vw;, 5 = [VUy 3, and hence w;, — Up, in
DL2RM). O

Proof of Theorem 2.1. Let
My, =w.(0), 2= M [Up(0)] 7",

where po is given in Lemma 4.8. We further perform a scaling

_2
Wy (x) = 25 'wi(z, V),
then
W3,(0) = 23 w3, (0) = Uy (0)M; w3, (0) = Uy, (0),

and w,, satisfies the rescaled equation

4 i, -
27N AW 4B = (I * [W|P) [P 20 + A7 202 )4 2.

The corresponding functional is given by

2

1 4 5 5 1 5 5 1 ) ~
Jx(wx)z—//\”Z,{VIVWAI2+IwAI2—2—/(1a*|wxlp)|wxlp——kazz [walq-
RN pRN 1 RN

Moreover, we have
(D) DI =llwl3, [fgnyTa* [DIPDIP = [pu o * [w]P)|w]P,
4

4 o
@ N IVDI3 = Vw3, zI2lf = (wlid.
By Lemma 4.8, for any A, — 0, there exists p > pp such that

N
Mj, = w3, (0) > Up(0) = p~ TU1(0) < p * U1(0) < +00,
which yields that M, < C for some C > 0 and any small A > 0.
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Suppose that there exists a sequence A, — 0 such that M;, — 0. By Lemma 4.8, up to a
subsequence, M;, = w;,, (0) — U,(0) # 0 for some p € (0, +00). This leads to a contradiction.
Therefore, there exists some ¢ > 0 such that M; > ¢ > 0.

Let

_2 2
=2z, AT NG,

Then
2
o~ A FNGD

and for small A > 0, the rescaled family of ground states

N
Wy, (x) = &7 v:3.(81x)

satisfies

~ 2 ~ ~ Nta =~ Nta ~ 12
IV ll3 ~ Nl (1 ~ /(Ia s [wy | V) wal NV~ flwyll; ~ 1,
RN
and as A — 0, w; converges in L?(RN) to the extremal function U 0o- Then by Lemma 4.8, we

also have w; — U, in DI"2(RY). Thus we conclude that w; — Up, in H!(RY).
Since w; € Ny, it follows that

my, = (———)AU/‘RNWWZH———)fRN|wx|2—(l 27 fgn [wal?

2 2p
IO E L Jrw [V, |* + 2(N+a) Jrw lwal? = zpq TotA? fRN [wal?
v Jry [wil> + 0G).

Similarly, we also have

‘ / Uy P
my— — .
ot ) !
]RN
Then it follows from Lemma 4.5 that

2N
/|U1| —/| (Nt )<mo—mx)+0(x“>=0<x“>.

Nta
Since ||Uj ||% = fRN (I % |U11P)|U11P =8, ¢ , we conclude that

Nta
||w)\||2— ||wx||2—S] + OA7%).
Finally, by w;, € N, we also have
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N+o

. Nito  _ Nio Nt Nio Nia
/(Ioc*|wk| NO)|wa| ¥ 2/(1a*|w/\| NO)|wy| N =||w)\||§+0()~0)251“ + 0.
RN RN

The statements on vy, follow from the corresponding results on w; and w,, and the proof is
complete. O

5. Proof of Theorem 2.2

In this section, we always assume that p = %f‘; and g € (2,2*) if N >4, and g € (4, 06) if

N =3. It is easy to see that under the rescaling

1 2%
w(x) =A12v(A2@D x), 5.1
the equation (Q,,) is reduced to
—Aw + 17w = (I * [w|") [w]P 2w + 27 [w] " w, (03)

where o 1= 2;%22 > 1. The associated functional is defined by

1 1 1
Ji(w) :=§f|Vw|2+x"|w|2—5f(la*|w|">|w|f’—;x°/|w|‘f.
RN RN RN

Lemma 5.1. Let A > 0, v € H'(RN) and w be the rescaling (5.1) of v. Then
(DIVwlZ=1Vol3,  [fey U * wP)|w]P = [pn Ty * [v]P)|v]?,
)2 wl3=1vl3, A lwllf =rlvld,
(3) I(u) = Jr(w).

We define the Nehari manifolds as follows:

N ={weH' ®RY)\ {0} /|Vw|2+x"/|w|2=/<la*|w|”>|w|p+xf’/|w|‘f
RN RN

RN RN
and
No=YweH'RY)\{0) f|Vw|2=f<1a*|w|P)|w|f’
RN RN
Then

:= inf J)(w), and = inf J,
m, ot (W) mo ot o(u)

are well-defined and positive. Moreover, J; is attained on Nj.
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For w € H'(RV) \ {0}, we set

Jry IVw]?
Jrv o = [w]P)w]P

n(w) = (5.2

N-2
Then (t2(w)) ZZ w € N for any w € H'(RV) \ {0}, and w € N} if and only if to(w) = 1.
Define the Pohozaev manifold as follows:

Py = {w e H' ®RY)\ {0} | P(w) =0},
where

Pw): = Y22 fon IVwl?+ 2 oy w?
(5.3)

N AN
— ke o U [P w]P — 22K o ),

Then by Lemma 3.1, w; € P,. Moreover, we have a similar minimax characterizations for the
least energy level m; as in Lemma 3.2.

Lemma 5.2. The rescaled family of solutions {w;)} is bounded in H'(RN).

Proof. First, we show that {w,} is bounded in H'(R"). Since {w,} is bounded in D-2(RN), it
suffices to show that it is also bounded in LZ(RN ). By wy, € N3 NP, we obtain

2 o 2 P P o q
/qu 42 /wal —/(Ia*hm wal? + 2 /wal ,
RN RN RN RN

N =2 AN N+« AN
T/'V““'2+ 5 f|wA|2=7/(Ia*|wA|p)|wA|p+ /walq-
RN RN RN i RN
Thus, we obtain
2(2*% —
/Iwﬂz:H/hﬂxﬂ (5:4)
RN 1 RN

By the Sobolev embedding theorem and the interpolation inequality, we obtain

2¥—q 9=2 2*—q 2*(q=2)
) 2F= ¥ 20%2)

2
« 1
/lwxlqi /hm2 /walz < f|wu2 E/quz ,
RN RN RN RN RN

where S is the best Sobolev constant. Therefore, we have
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q=2 2*(g-2)
2F 22 2(2%-2)
2 2% —
/wal2 ((2* 9) f|Vw 2
RN q
It then follows from Lemma 5.1 that
2%/2

2(2% —
f|w ?< ( ((2*_”) fwmz , (55)

which together with the boundedness of v, in H LRYM) implies that w, is bounded in
L*RM). O
Now, we give the following estimate on the least energy:
Lemma 5.3. [f N > 5 and q € (2,2%), then
mg —my ~ A as A — 0.
If N=4and g € (2,4), or N =3 and q € (4,6), then
mo —my SA%, as A— 0.

Proof. First, we claim that there exists a constant C > 0 such that

I <np(wy) <1+CA°. (5.6)
In fact, since wy € Ny, we see that
ooy = — SRy VWil fea lwal? — fan s
Jrv U [wy |P)|wi ] P Jrv U [wi | P)|wi] P
Since
2*—q q-2
2%_2 2%_2
/lwxqu /|wu2 /wa|2* ,
RN RN RN
we see that
ws |4 — w 2 _bg
Su I f]%’l' g <670 -6 = Go),
Jrw [wil
where
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2* —q ¢ fRN|U)»|2
) A= o
f]RN |val?

Therefore, by the boundedness of w; in D'?(RY), we get

S lwil?
n(wy) = 1+A"G(q)m

N
_ N (fpn [Vwp P2

o 2 _JRAXTTTA
1+2°G(g)S ¥ SN Uaklwy|P) wy, [P

N 2
1+ 127G (@)S™ ¥ 212 (wy) (Jpu [Vwi [} 72
14+ A°Cry(wy),

IA

Al

and hence for small A > 0, there holds

(wy) < ! 10— 1yloe
T (w —_— = _— — .
2OV =100 l—xC— 2

On the other hand, by (5.4), we have that [y lw; |2 = f](éi:g; Jrv lwil? < [pw lwi]?, therefore,
we get T2(w;) > 1. This proved the claim.
If N > 3, by Lemma 3.2 and the boundedness of {w, }, we find
mo = P L) + A7 (L fw walt = 5 fn w3 ?) 57
my + CA°,

INTA

where

( fRN |Vwk|2
tHh =

T (o T3P w7

24a .
) = (r2(wp)) 7.

For each p > 0, the family V,(x) := p‘N%z Vi(x/p) are radial ground states of —Av = (I *
[v|?)vP~!, and verify that

_N=2
IV,ol13 = o2l V113, /|vp|q=pN 2 4/|v1|q. (5.8)
RN RN

Let go(p) = qlf]RN [V,l9 — %fRN |V,|2. Then there exists po = p(g) € (0, +00) with

2

<[2N —q(N =2)] Jgv |V1|q)‘N2)("2)

po =
2q f]RN |V1]?

such that

go(po) = sup go(p) =

p>0 451

2»*_g
(N—=2)(g—2) ([ZN—q(N—z)]f]RN |V1|q>qu / e
2q [gy IV I -
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Let Vo = V), then there exists 7, € (0, +00) such that

m; < sup;sg J/\(ZVO):zJ/\(Z/\VO)
12 I I 12
= % Jan IVVOP = S5 (L% VoI VoI? =27 (% fign IOl = % e Vo)
2 2 4 2
supio (5 = 55 ) frn 19Vol2 =27 (% fan Vol = 5 fie 1Vol?)

_ oty q 7 2
= mo—A {;fRN|VO| —jf]RN|VO| }.

IA

If t;, > 1, then

/|vvo|2+x"/|vo|zzr§‘2 f(la*lvolp)lVolp-i-)»U/|V0|q
RN RN RN RN

Hence

1
Jr IVVO? + 29 [pn IVoI?
Sy o % [VoIP) [ Vol? + 29 [ [Vold

t, < max l,(

If 1, <1, then

f|vv0|2+x"/|v0|25r;f*2 /(Ia*|v0|f’>|v0|f’+xf’/|v0|q
RN RN RN RN

Hence

1
Jon IVVOI> + 1% [pu [Vol?
R R

t, >min{ 1,
Jry U [ VolP) [ VolP 4+ 1% [ [Vold

Since

/(Ia*lVolp)|V0|p=/|VV0|2 and /|V0|q>/|V0|2,
RN RN RN RN

we conclude that

1

o (9P 41 f P\ 510

== .
Jrw e * [VoIP)[VolP + 29 [pu [Vol4

Therefore, lim;_, ¢ #,, = 1 and hence there exists a constant C > 0 such that
m; <mg— CA%,
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for small A > 0. The proof is complete. O

Lemma 5.4. In the lower dimension cases, there exists a constant w = w(q) > 0 such that for
A > 0 small,
_4q

4—q

mo—ka(ln%) “‘2w:mo—)\‘1272(1n%) 2@, if N=4,
w,

74 if N=3andq e (4,6).

m) = _
mo — )L“+7<q35t6><532> @ =mg— M34
Proof. Let p > 0 and R be a large parameter, and ng € Ci°(R) is a cut-off function such that
nr(r)=1for |r| < R,0<ng(r) <1for R <|r| <2R, ng(r) =0 for [r| > 2R and [ny(r)| <
2/R.

For £ > 1, a straightforward computation shows that

2(N+a) -2 : _
V(e V)2 = 77 Mo+ O™, if  N=4,
nevi 2(N+a) 10) E*l) if N =3
RN 2+0{ m0+ ( ’ 1 - .
2(N + @) _
f(la*mzvn!’)mzvnp=2+—amo+0(@ My,

RN
i = [ e+, it N =4,
TV =0 001 +0(1)), if N=3.
RN

By Lemma 3.2, we find

my < sup,so JA((MrRVp)) = Ji(MrV))1,)
N-2 N+a
= supg (55 S IVOIRVA)P = 5 fig U 5 10V, V) 12Vl )

o N 1 1 2 (511)
=36 | faw L Volt = SV, ]
— () —A°(ID),

where ¢, € (0, 400) is the unique critical point of the function g(¢) defined by

N-=-2 N
gty = ’TNJRN VRV + 527 [gu |nRgp|2
+a
—IW fRN(Ia * MRV, P) IRV, |P — t?)hﬂ fRN R Vpl.

That is, t =1, solves the equation £{(t) = £, (), where

N-=2 2
G0 === [ IVrY,)
]RN
and
N+« N N
bH(t) == 2 [a/(I(x*|7lRVp|p)|77RVp|p+;)\o/|77Rvp|q_3)\0/|77Rvp|2-

RN RN RN
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If t; > 1, then

N2 Jan IVORVDP = 55 [ (% IngV, 1) g Val?
%’\ LA %AU Jry InRV,|%,

and hence
1
f < Jrw IVOR V)2 2
= U UarlngVolP)lne Vo P+297 (L o 1R Vo9 =1 Jn InkVolP)
| (5.12)
- Jrn IVR V)2 2
- fRN (a*[MRVpP) IR Vp|P :
If 1, <1, then
57 Jey VRV = 55 [ e RV, 1)) nR V1P
+207 o MRVl = 527 [ IRV, I,
and hence
1
P SR IVORV)I? 2
=\ Urw UarlngVolP)lne Vo P29 (L o 1RV l9 =1 Jn IneVolP) (5.13)
Jr VRV, 2 w1 s SrN MRV 19=5 [N IRV,
R 1=2 )\0 q
fRN (La*[MRVpP) IR Vp P fRN Tax IR Vp|P)INR Vp|P ’
Therefore, we obtain
2 3
fRN IV(nr Vp)‘
— < —
=1 = |(fRN<1a*|nRvp|ﬂ)|nRvpp !
1
e (- Jrn IV1R V)2 2 2*4(p)
Trnv Taxng Vo P) e Vol? | Jan Uakng VolP)ngVol?
where ¢ (0) := £ [gn MRV, |7 = 5 [gn MRV, >
Set £ = R/p, then
Nto
) = . 2te N [V VD) ZHe
I = 2(N+a) N2
(_/RN(Ia*|77£V1|p)|77£V1‘;)2+°‘
+a
2o (”ﬁt")moww*znm N —4
2(N+a) 2(N+a) =2 it N=4,
_ (Frra—mo+0(t=) 5 (5.14)
2+ (2(§]++zxa)m0+0(57]))2+" i -3
TN+ vear =, It N=3,
CPED mg+0(6-3)) e
| mo+o0@™?), if N=4,
= | mo+o0w™, if N=3.
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Since

¢ (p)

¢ Jrv INRVo1® = 5 [ InR V)|
_N=2
= PN Joy IneVild = 507 [ IneVal?

take its maximum value ¢(p,) at the unique point

2
o ([2qu(N72)]fRN ERAL ) WG
pe- = 2q [N IneVil?

2
(Inf)"®2GT  if N=4,
CIITD if N=3,

we obtain
¢(pe) = sup,-o9(p)
41g(N-—2N N-%324
= +q(N4q ) Npg : fRN [ne V1|4

2N—q(N-2) 4

_ 44q(N=2)—2N [(2N—q(N-2)\ @@ ([gn IneV1|9) N-2=2)
- 4q 2q IN=g(N=2)
(frn IneVi]?) N=20G=2)

Srg(N-2)-2N (2N—q(N—2)\ VD=3
+g(N—=2)—2N [ 2N—q(N—=2)\ (N-2)a— o
< — ( o ) Jrw IneVil
44g(N—2)—2N (2 2\ VI
+g(N—=2)—2N [ 2N—q(N—2)\ (N-2a— 2%
- 4q ( 2l] ) fRN |V]| )

as £ — +o0, where we have used the interpolation inequality

*

2 =9 g9—<
2% 2 )
fmvms /|77£V1|2 /IWVHZ*
RN RN RN
Since
/|ngV1|q—>/|V1|‘1,
R¥ RV
as £ — 400, it follows that
2N —g(N—2)] [on Ine Vi 9\ V93
_ 4+q(N-2)-2N —q(N— N IneVi|9\ =22
Blp) = HANDN (BEGRer il ) S IneVal#
_2N—g(N-2)
C(ne(1 +o(1))” ®2G2 if N=4,
= _ 2N—q(N-2)
Ce(l +o(1))” 2G> if N=3.

Since ¢ (p) is bounded, we find
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1
2 2
I —1] < ‘( Jpn [V V) >—1

SN Taxlne Vil ne Vi |P

1
JrN VeV 2 2*C
Trv Uakne Vi eVil? ) T aklne ViIP)[ne Vi1
R R
_ren
Jrn Sa* V1P VI|P?
R

+40

as £ — +o00. Thus, for small A > 0, we have

(I = ¢(po) + & — D (pe)

{ (o) 0 HaD . if N=4,
~ _ON—g(N-2)
L (N-24-2) | if N =3.
It follows that if N =4, then
m, < (I)—A"(I)
-2 ZN=g(N=2) (5.15)
< mg+ 00U ) —CA°(Int)" (N Ha— D

Take £ = (1/A)M. Then

) 2N—g(N-2) 1 _2N—q(N-2)
my) <my+ O(L M) —CA°M W= 2><q‘ D (In - ) N=2(q-2) ,

If M > 2, then 2M > o, and hence

1

g(N=2) 2
2

4—
my, <mo — A% (In — ) V5D g = mg — A2 (In =) . (5.16)

>

for small A > 0, where

2N—g(N—-2)
——CM W-2(4-2) ,
If N =3, then
m, < ()—x7(1)
' _2N—gwv-y (5.17)
< mo+ O ) —Cr¢” WD,

Take £ =8"'1~7. Then

IN—g(N=2)  IN—g(N-2)

my <mgy—+8O(AT) — CA®§ = z)(q D \F V=2@=D

Ifg€(4,6) and

B 2(N —=2) 2
T 24g(N—=2)—2N g—4
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then
IN—q(N—2)

2
my <mo+ (80(1) — CE§N-2@-2)jq-%,

Since

_2N—q(N -2
(N—-2)(g—-2)°

it follows that for some small § > 0, there exists = > 0 such that
2
my, <myg—Ai*w.
This completes the proof. O
Combining Lemma 5.3 and Lemma 5.4, we get the following.

Lemma 5.5. Let 8, :=mqy — my, then

A%, if N=>5,
2 4-
M z&z b i N=4,
L4 if N=3andq e 4,6).

Lemma 5.6. Assume N > 5. Then ||w; |l ~1as A — 0.

Proof. By (5.7), we have
mo<mx+A%mom»%w4113—]ﬂwuq
- q(2*=2) ‘
RN

Therefore, it follows from (5.6) and Lemma 5.5 that

mo — n, 61(2*—2)rg - Cq(2*—-2)
N ) = N
(p(wp) 2+ 4 (g —2)(12(wy)) 7+

lwalld > >C >0,

which together with the boundedness of {w;} implies the desired conclusion. O

Lemma5.7.Let N > 5, a > N —4 and q € (2,2%), then wy, — V), in HYRY) as A, — 0, where
Voo 18 a positive ground state of the equation —AV = (I, * |V |P) V=1 with

2
(M?—qU@www>w4wm
po =
4@ =2) [y VI

(5.18)

In the lower dimension cases N =4 and N = 3, there exists &, € (0, +00) with &, — 0 such that

N-2

wy—& 2 VigT') =0
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as A — 0in DV2(RN) and L* (RV).
Proof. Note that w, is a positive radially symmetric function, and by Lemma 5.2, {w,} is

bounded in H'(R¥). Then there exists wg € H (RY) verifying —Aw = (Iy * wP)wP~1 such
that

w) — wo weakly in H'RY), wy— wo inLPRY) for any p € (2,2%), (5.19)
and
wy (x) = wo(x) a.e.onRY, w) — wo in LIZOC(RN). (5.20)

Observe that

A° A0 5
Jo(wx)=Jx(wx)+—/walq—T/Iqul =mj +o(l) =mo +o(1),
qRN RN

and

Jow)w = J; (w)w + A° / lwa |9 2wyw — A7 / wyw = o(1).
RN

]RN
Nta

Therefore, {w;,} is a PS sequence of Jy at level mo = %Sﬁfa .

By Lemma 3.6, it is standard [46] to show that there exists Q(]) € (0, +00), w) € DL2(RY)
with j =1,2,---, k, k a non-negative integer, such that
k . N=2 .
w, = wo+ Y )T wP (@) ) + iy, (5.21)
j=1

where w; — 0 in LY (RY) and w) are nontrivial solutions of the limit equation —Av = (Iy *
vP)vP —I, Moreover, we have

k
tim sup w11 g, 2 ol ey + 2 10 11 e, (522)
A—> ;
j=1
and
k
mo = Jo(wo) + Z Jo(wP). (5.23)
j=1

Moreover, Jo(wo) > 0 and Jo(w')) > mg forall j=1,2,--- k.
If N =5, then by Lemma 5.6, we have wg # 0 and hence Jo(wg) = mo and k = 0. Thus
wy, — wo in L2 (RN). Since Jj(w;) — 0, it follows that wj, — wg in DV2(RN).
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Since wy (x) is radial and radially decreasing, for every x € R™ \ {0}, we have

|B|x||/' wl’ —||N/'

Byy|

w)h(x) =

then

wi(x) <Clx|"2,  |x[>1. (5.24)

N+oz

If « > N —4, then we have p = > 2 and hence

N N
lwalP1x|¥ < Clx|72PT™N = Clx|7 2P~ - 0, as |x| — +o0.
By virtue of Lemma 3.10, we obtain
(o # |wa )0 < Clae 7VF a2 1,

and then

) _ N?-Notda -
(Lo * [wa] ") o) w72 (x) < Clx|™ -2, x| = R. (5.25)
Since

2
N“—Na+4a g—2

(—A—C|x|_ 2N-2) )wA§<—A+)»”—(Ia*|wA|p)wf — 27w, )w)\zo,

for large |x|. We also have

Clxl- N227Na2+4a 1 N2 Clxl (N—;)(N—za)-%—S 1
A — N-2) - _n_ _ N=2) -
A —Clx] Pl eo( eo) — Clx| e

which is positive for |x| large enough. By (5.24) and the maximum principle on RY \ Bg, we
deduce that

w}»(R)RN72780 - CRN/Z*Z*SU
w)”(x) — |x|N—2—80 - |x|N—2—80 ’

for |x| > R. (5.26)

When ¢y > 0 is small enough, the domination is in L2(RY) for N > 5, and this shows, by the
dominated convergence theorem, that w; — wq in L%(RY). Thus, we conclude that w;, — wy
in HL(RY). Moreover, by (5.4), we obtain

2( 2%
llwoll3 = / |w

from which it follows that wo = V), with
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2

(2(2* — ) fgx V11 ) WG

po = .
92" =2) fgn V12

If N =4 or 3. By Fatou’s lemma, we have ||w0||% <liminf,_ ¢ ||wy ||% < 00, therefore, wg =0
and hence k = 1. Thus, we obtain Jo(w") = mg and hence w" = V, for some p € (0, +00).
Therefore, we conclude that

SN
wA_SA VI(E)\ ) —>0

in L2 (RN) as A — 0, where &, := ,o{(l) € (0, +-00) satisfying &, — 0 as A — 0. Since

_N=2
Jow =&, 7 Vitg ")) = Jyws) + Jy(Vi) +o(1) = o(1)
_N=2
as A — 0, it follows that wy — &, > Vi(§, ') — 0in DV2(RY). O

Lemma 5.8. Let N > 5 and q € (2,2%), then there exists a ¢, € (0, 00) verifying

%2

&~ A2aD

such that the rescaled ground states

N2
w;. (x) =&, 7 va(6x)

converge to Vy, in H'(RN) as » — 0, where V,, is given in Lemma 5.7.

%2
Proof. If o > N — 4, then the statement is valid with {) = A2¢-2 _ If « < N — 4, then for any
An — 0, up to a subsequence, we can assume that w;, — V, in DM2(RY) with p € (0, po].
Moreover, w;, — V, in L*(RY) if and only if p = py. Arguing as 1n the proof of Theorem 2.1,

2% -2
we can show that there exists a £, ~ A 2<q 2 such that wy (x) = {A vx(gx) converges to V), in
L>(R"), and hence in H'(R"). This completes the proof. O

In the lower dimension cases N =4 and N = 3, we further perform a scaling
w(x) = EA w(éw) (5.27)

where &, € (0, +00) is given in Lemma 5.7. Then the rescaled equation is as follows

N+a

— AW+ AT E2D = (I * || V2 i W +,\°sN’¥"u~ﬂ—1 (R
A= A . A)

The corresponding energy functional is given by
~ L 1 - B 1 _ » 1 N—N=2 B
S (0) :=5/|Vw|2+x".¢;f|w|2—5/(10,>«|w|1’)|w|P—;x’gA z ‘1/|w|‘1. (5.28)
N N RN
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Clearly, we have (@) = J(w) = L(v).

Furthermore, we have the following lemma.

Lemma 5.9. Let v, w, w € H'(RVN) satisfy (5.1) and (5.27), then the following statements hold
true

(1) VD3 = Vw3 = VI3, [gy e * [BI)BIP = [gv e * [wP)|w]? = [pu Ty *
[v|P)|v]?,

2015012 2 - 2 (N-T7Ta - g q 1— q
)& llwll; = llwlz=A2"vllz3, & ° "lwlg=Ilwly=r""lvlg.

N-2
Set W (x) =&, *

w; (€,x), then by Lemma 5.7, we have
IV (wy — V)|, — 0, lw; — Vill2x — 0, as L — 0. (5.29)
Note that the corresponding Nehari and PohoZaev’s identities are as follows
-2 > [~ 2 - ~ N-%324 -
f Vs |~ +A7&; / [wy|” = /(la | wp M)Wy ]7 + 478, ° / w2 ]? (5.30)
RN RN RN RN

and

1 I TE NS TR ey S - g
> [V, | +§?» & | lwal = % (Lo # [wa] ) [wa +3)» &, [wal?,
RV RN RN

RN
(5.31)
it follows that
1 2 - 2 1 1 N g ~
(3-3)we [ime=(G- 5w [
RN RN
Thus, we obtain
(N=2)(g=2) _ 2(2*_q)/ ~
2 i g 14 q, 532
£ /wal o2 | ™ (5.32)
RN RN

To control the norm || ||2, we note that for any A > 0, w; > 0 satisfies the linear inequality

N=-2

— Ay 4 AR, = (T * | )" 4208 2 pd T 0, xeRN.  (5.33)
Lemma 5.10. There exists a constant ¢ > 0 such that
. (0) = elx|" NV Dexp(-2TglxD), x| > 1. (5.34)

The proof of the above lemma is similar to that of [36, Lemma 4.8]. As consequences, we have
the following lemma.
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Lemma 5.11. If N =3, then || |2 > 2~ 2",
Lemma 5.12. If N =4, then ||, |13 2 — In(A°&2).

We remark that w, is only defined for N =4 and N = 3. But the following discussion also
applies to the case N > 5. To prove our main result, the key point is to show the boundedness of

lwallg-

Lemma 5.13. Assume N >3, > N —4 and 2 < q < 2*. Then there exist constants Ly > 0 and
Co > 0 such that for any small A > 0 and |x| > Lo)\_”/zéil,

_ 1
II})L(X)SCO)\'U(N—Z)/4E)(\N 2>/26Xp(—§)»0/2§)h|x|).

Proof. By (5.25) and (5.26), if |x| > Lo)\_”ﬂgk_l with Ly > 0 being large enough, we have

(I, * [ |P) (x) 103,72 (x) gNTR@TDTE L s fw |P) (&) |wa P2 (Ex)

N2—No+da

2* o Ol
< cgry R
< Iaogl,
here we have used the fact that
N2 — Na + 4«
A LN
4(N —2)

which follows from the inequality N < N +2 < 2442 Vo € (N —4, N).

By (5.24) and (5.26), for |x| > Lo)»_"/zék_l, we get

N_N=2 N_N=2, N=2(,_ 5 _
S A “ )wf HGE))
N

AL - Clgx| =202
—N(@—=2)/2, 6+ (q-2)£2
CL, AT (=22

1yog2
A&

>
Q
vy
>
.
<
I3
>l
|
[\
~~
=
A
I

IATA A

Therefore, we obtain
1
— AW, (x) + E)J’g Wy (x) <0, forall |x| > Loa /% 1.

We adopt an argument as used in [1, Lemma 3.2]. Let R > Lor~°/ 2&; 1, and introduce a
positive function

1 _ _ 1
YR() = exp(=5 4726, — Loa™ 267 ) + expGAT 26,0 = R).
It is easy to see that
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’ 1 a/2 " 1 0s2
VR = SA7THYR(), YRr(r) = 7 A7E YR ().

We use the same symbol ¥ to denote the radial function ¥x(]x]) on RY. Then for
LOA_J/ZSA_I <r <R,if Lo >2(N — 1), then we have

~AvR+ %AGS’%%{ —11% _2Nr_1 w%qul%)J’zf;‘wal 2 1 2
—gMTEYR = M ATE - 0P8 YR + AT E YR
0.

IV IVl

Furthermore, wR(Lo)ﬁ”/zék_l) > 1 and ¥g(R) > 1, thus we have

N-2 (N— N-2

. (R) < Dr(Lod "7y < CLy 2 A% g, %

2) . _ _
&7 min{yr(Lor "6 ), Yr(R)).
Hence, the comparison principle implies that if Lor /26! <|x| < R, then

_N=2 sN-2)

" N2
By (x) <CLy = A8, 7 y(lx)).

Since R > Lok“’/zé)fl is arbitrary, taking R — oo, we find that

N2 o=y N2 1,
iy(x) < CLy 7 M2 T o970,
for all |x| > Lo /%, !. The proof is complete. O

In the following proposition, we establish an optimal uniform with respect to A decay estimate
of w, at infinity.

Proposition 5.14. Assume N >3, « > N —4 and 2 < q < 2*. Then there exists a constant C > 0
such that for small A > 0, there holds

W (x) <C(1+|x)~ V=2, x eRYN,

To prove Proposition 5.14., we first consider the Kelvin transform of w,. For any w €
H'(RY), we denote by K [w] the Kelvin transform of w, that is,

Kwl(x) := x|V 2y (i> .

x|
It is easy to see that || K[W;]]|Lo(p,) < 1 implies that
D) S~V e = 1
uniformly for small A > 0.
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Thus, to prove Proposition 5.14, it needs to show that there exists Ao > such that

sup [[K[w; ]l By) < 0. (5.35)
re(0,10)

It is easy to verify that K [w;, ] satisfies

og_-)? AC V/2

C AR+ 5k K i) = —— (T % |5217) (=) B2 (<) K (1] +
M T e T R et

K[w,1977,
(5.36)

II”

here and in what follows, we set
y:=2N — (N —2)q > 0.

We also see from Lemma 5.13 that if |x| < A°/2&, /Lo, then

_2 N-2 _
o(N=2) == —%}»”/ZEAIXI 1.

1
K[w](x) S WA 7 gk 2 e (5.37)

Let

)\‘0' 2 )\’U v/2
ax) = |x|§j, b(x) = ||4<1 Al |2) G |2> f'

KW 1972 (x).

Then (5.36) reads as
—AK[w; ]+ a(x)K[w;] = b(x)K[w;].

We shall apply the Moser iteration to prove (5.35).
We note that it follows from (5.37) that for any v € H] (Bs),

/ lgsk K[w]1(x)|v(x)|dx < o0o. (5.38)

Since Wy, — V; in L2 (RY) as A — 0, and for any s > 1, the Lebesgue space L*(RV) has the
Kadets-Klee property, it is easy to see that

. p p 2
lim lw;, — V| |V+edx =0
r—0

RN

and

2 2N
lim |w |[e=N+aidx =0.
)»%0
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Therefore, by the Holder inequality and the Hardy-Littlewood-Sobolev inequality, we find

‘x|4 (o # (102} = |V1|1’))(|x|2) (|x|2) ‘L 7 (RN)
= Jrn [ Uecx (0]? = VI (Y2 1] ‘X|2)|N/2dx
= Jr U % (1217 — |V1|P))(z>|N/2|wk 2(2)N2dz (5.39)

—N+4
V4 4(N 2) ~ 0¥ « 4+
f]RN|w)L -V |N+ fRleﬂ

—>0, as A—0

and
X - N7
H‘ |4(I >|<|V1|p)( 2) _2)_Vp |x2)]HL2(RN£
= fin o *|v1|ﬂ)>(|x|2>|N/2| R~V Gl
= Jaw e VP @M1 > @) = V™ Sorea: 040

2 a—N+4
* ) 2 N\ T
N (fRN Vil? )MN : (fRN [y " (z) = V{ (Z)|a—N+4> i

—0, as A—0.

It follows from (5.39) and (5.40) that

| e 0P (200 (25 = e VP () V2 (2)
< | e e Vin G [0 2 (2 = v 2<M2>]ﬂ

+H| 7 (e * ([wal? = ViI?)( 2) (\xIZ)H
—0, as A—0.

s
LI RY)
N
L2 (RN) (5.41)

L% ®RY)

Lemma 5.15. Assume N >3 and 2 < g < 2*. Then it holds that

éy/z , N/2
li 0,177 =0.
Jim N K[wy]?7"(x)| dx=0
|x|=<4
Proof. We divide the integral into two parts:
N/2
N )\O’EV/2 _ B
1) = / LK)y,
|x|<A9/28, /Lo
v/2 N/2
(2 E ._ A% T )
I, (2)._ f N K[w, ]9 “(x) dx.

19728, /Lo<|x|<4
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It follows from (5.37) and the Holder inequality that

DN on LN 5
L) = aTg] f)»"/z\x|<§)\/Lo|x| K] 42 (x)dx
< A5 <4+<N 2)(g— 2))54(V+(N 2)(q—2))
,M,M 7N((4—2))\a/2 _1
f|x|<)af/2&/L0 x| 7 117 gy
— A B-2y-(N-D(- 2>>$§(4 y—(N-2)(g-2))
* l‘;OO S%_N(N*%)(q—Z) _N—le—N(q472) Sds
< AFWN-DE-D)
and
@ /N on 1N T
L7(3) = 272§ ?»Nf?»"/zéx/Lo<|x|<4|x| K[wy]2 “ (x)dx V
Feo * N\ 4
S Az g!t f)”U/ZS)L/L0<|x\<4K[w)~] dx) (fl"/ZSA/Loglx\54|x| dx)
2 —N-1
S k )‘ (f)‘“/zél\/Lo dr)
< AFWN-DE-D),

From which the conclusion follows. O

Proof of Proposition 5.14. Since the Kelvin transform is linear and preserves the D'2(RV)
norm, it follows from (5.38), (5.41), Lemma 5.15 and Lemma 3.11 (i) that for any r > 1, there
exists A, > 0 such that

sup | K[W2] |l g1,y < Cr- (5.42)
1€(0,A,)
Since @ > N — 4, we have A%iva Flrstly, we show that for some rg € (¥ 3 NN ), there
holds
lim 7, (r9) =0, (5.43)
A—0
where

ro

I(ro) = f ‘| 3 [(1 #1017 (g |2>—(1 VIl g |2>} (&) dx.

lx|<4

Sincea>N—4,f0ranyroe(N, jo a) we have

2N 2N
s |=—-——>1, H=—"7---—>1
2N — (N —a)rg (N —a)rg

and
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Note that (N — a)roso = 2N, by the Hardy-Littlewood-Sobolev inequality, we get

Jrn e e x (10217 — [VIP) () I"02dx
= Jrw e (1017 = V1IP) @)% d (5.44)

(N-2)p
(N=2)p—2
<C (f]RN ! — lel“"*z”’) 50, asa—0.

By the Holder inequality, we have

L0 = [z

= (fx|<41([wk](p 2)ros1)

s o (0P — VIIP) () KT 172 )| dx

1
08 B
(Sl eIV | e il = i (E [ dx) ®
which together with (5.42) and (5.44) yields (5.43).
Next, we consider the function
p P2 "
how= || |4(1 Vi G o |2) PG|
[x|<4
Then it follows from the Holder inequality that
_ ~p—2, .|
B0 = [y 2072 e s ViID @] )] dz
i
= (ﬁgmm |2 402051 ([ % |V Ip)(z)lr"s‘dz> . (5.45)
1
(frn 187 @I2dz)
where
2N 2N
S1 = , SH=—
—(a—N+4Dry (a—=N+Dro
Since p %Jjg > NN 5, we have

N 2N 2N
< = .
2 a—N+4 (N-2(p-2)

Consider the function
h(rg) := (4rog —2N)s; — (N —a)ros1 + N.
It is easy to check that h( ) =—N <0, and hence h(rg) < 0 for rop > =5 Wthh is close to
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Since p > %, we have fRN |V1|P < oco. Notice that
VilP x|V < x|~V 2PN 0
as |x| — oo, by Lemma 3.10, we have

I3 <tey o0 1402V (L 5 VA1) @)1 2

5 f%§|z|<oo |Z|(4r0—2N)s1 |Z|—(N—a)rosldz (5.46)
— floor(4r0—2N)s1—(N—ot)ros1+N—1dr < 00.
1

On the other hand, noting that rosy = (N_%%, we have
~p—2 1082 j., ~ 2% _ 2%
/ lw;  “(2)] dz—/ |w; | —/|wx| <C < o0. (5.47)
N RN

Thus, from (5.45), (5.46) and (5.47), it follows that there is Ao > 0 such that

sup J,(rp) < —+o0,
2€(0,X0)

which together with (5.43) implies that for some Ao > 0, there holds

dx < +o00.

2 X 1o
sup / ‘| |4(1 >|<|wxl”)(| |) oy (W)

re(0, A())

It remains to prove that there exists ro > = and Ao > 0 such that

\C v/2 "o
sup f K3 )972(x)| dx < Cpp. (5.48)
2e(0,10) [x[¥
Ixj<4

It is easy to see that 0 < y < 4. Put ;= A°/%£, /Lg. Let @ € (0, 1) and so > 1, then by (5.42),
(5.37) and the Holder inequality, we have

1

1 2
I)E )(V0)3 = )\UrOS)):rO/ (f|x|<m |x\yroéoK[wk](q 2)9r050(x)dx)

_@=20-6rgs 1—5

(N=2)(q=2)0 L +w
org+ =G24, o 370
< A 1 g}» |
- —(N= — Y /28 1y~ S0
.</|x|<m x| ¥ "0s0 (N=2)(q=2)0r050 o= 5 (g —=2)r0A/ =83 |x]| dx) 50
L
S ATi00s00)gR200:50.0) (f;:)“’tVroso+<1v—2>(q—2)9roso—/v—1e*%(qu)eroso,dt)SO

where
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o(N —2)(q—2)0r9p o N
I'1(ro, 50,0) =0rg + 7 +E[—VV0—(N—Z)(q—2)9ro+—],
50
org  o(N —=2)(g —2)0rg N
La(ro.50.0) = 50 + 7 ~7r0 = (N =g =200+ .

Since ' (5, 1,0) = ¥ (4 —y) > 0and T2 (¥, 1,0) = ¥ (4 — y) > 0, we choose rg > &, 59 > 1
and 6 > 0 such that " (rg, 59, ) > 0 and I'»(rg, so, 8) > 0. Therefore, we obtain

lim 1V (rp) = 0. (5.49)

By (5.42) and the Holder inequality, we also have

2 2 ~ _ o
I)E )(r()): = )‘aros)}:m/ fmi\xli‘l WK[w)‘](q 2)()6)‘ dx
1
@250\ 1= 55 1
yro/2 ~ S— 0 — S
= Mg (fx|s4K[wk] o ) (fms|x|s4 x| W"S"dx) ’
5 )"UVOS)}:”)/2 (‘/;tL r—)/r()S()—Q—N—ldr)%
__yroso—N
5 )\UV()%—)}L’VO/2”A S0 — )\'1—‘3(r(),so)%—{4(’"0»50)7

where T'3(r0, 50) = 2Z-[N — (v — 2)rosol, and T'4(ro, s0) = ﬁ[ZN — yrosol. Since T'(§, 1) =
%(4—)/) >0and4(X, 1) = %(4—)/) > 0, we choose rg > %, so > 1 such that I'3(rg, s9) > 0
and I'4(rg, so) > 0. Therefore, we obtain

BETG))
lim 1 =0. 5.50
Jim I (ro) (5.50)

Finally, (5.48) follows from (5.49) and (5.50), thus, by Lemma 3.11 (ii), it follows that (5.35)
holds, and hence

D) S~V x> 1,

uniformly for small A > 0.
Let a(x) =A°&2 and

N ~ o N-N=2,
b(x) = (I * [Pyl > +37€, 2 ‘0l

Then
— AWy + A(x)W; = b(x);.

Applying the Moser iteration again, it is easy to show that there exists a constant %0 > 0 such
that

sup ||w;llzoep)) < C < 00.
1€(0,20)
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Thus, we conclude that ; (x) < (14 |x][)~® =2, The proof of Proposition 5.14 is complete. O

Lemma 5.16. If g > % then ||1DA||Z ~ 1 as » — 0. Furthermore, ;, — Vi in LY R") as
A— 0.

Proof. Since w; — V] in LY (RM), as in [36, Lemma 4.6], using the embeddings Lz*(Bl) —
L9(By) we prove that liminfj ¢ ||w; ||Z > 0.

On the other hand, by virtue of Proposition 5.14, there exists a constant C > 0 such that for
all small A > 0,

8 C N
wk(x>§7(1+|x|)N—2’ Vx e RY,

which together with the fact that g > % implies that w;, is bounded in L7 (R") uniformly for
small A > 0, and by the dominated convergence theorem w; — Vp in L4 (R¥)asA— 0. O

Proof of Theorem 2.2. For N > 5, the conclusion follows directly from Lemmas 5.5, 5.6 and
5.8. We only consider the cases N =4 and N =3.

We first note that a result similar to Lemma 3.2 holds for w; and J; - By Lemma 5.9, we also
have 1 (w; ) = 2(w;,). Therefore, by (5.32), we get

~ . N N-N=2 - -
mo < supyzo S (@) + A7 T2 () 2 {qléx T v 0219 — 387 [pu walz} 5:51)
_ I P S . |
= m+ A0 myé, Jrv [0219,
which implies that
N-2224 2% _
/ II))\|q >A° q( 2) 5)“
BN (¢ —Dr(wy)?
Hence, by Lemma 5.5, we obtain
N-Y24 g - (In 1)~ 4*3 if N=4,
&, [w; |7 227768, 2 M6-g) (5.52)
o A(q—2><q—4), if N =3.
Therefore, by Lemma 5.16, we have
1
7, ; —
£ > (lnA) if N=4, (5.53)
A 2)<q 9, if N=3.

On the other hand, if N = 3, then by (5.32) and Lemma 5.11 and Lemma 5.16, we have

g—2 1

<A

T llwally
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Then

q—4
£ <A

NIQ

Hence, noting that o = % = iz for g € (4, 6), we have

& 5 )\(q72)4(q74)_
If N =4, then by (5.32) and Lemma 5.12 and Lemma 5.16, we have

T S
ldnl3 ~ —In(.o8))

Note that

In(A°£2) 1n1 +21In . 1n1
- =oln—- —>o0ln—,
» A £~ A

it follows that

_ 1 1!
e tos(nl)
lwa I3 A

Hence, we obtain

N2 ATl i
2 q < (n)n) g ’ 1
A%, if

2 A2y i N
e L R
ATH, if N
By (5.28) and (5.32), we get
N_
/IVw,\I ——[(1 * [y |P) W] — ﬁ/\”%

By (5.30) and (5.31), we get
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N =4,

N =3,

4, (5.56)
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N(g—=2). , N-%32q
/ |V, |2 —/(1 Wy D) Wi |P + ———— 2 —— 1§, walq

Therefore, we have

2+a ) AN =2D(g=2) , N2 / ]
my = N ta )/W A2 —4 N +a) &, [w; |7
N

Similarly, we have

24« /
moy = |VV1|
2(N+ )

Thus, by virtue of (5.56), we obtain

IV = IVinly = 265525 —“%Kz)z’vg " fg i1
0072 2(ln ) = =, if N=4, (5.57)
0T, it N=3.

By (5.28) and (5.31), we have

<%—%>/RN|V@|2N+2<;* ) San U 11017 10,17
= %IRNIWAIHWIRNU s [ B3P i |

my

Similarly, we also have

N -2
/IVVll2 201l\7((N+)) /(Ioz*|Vl|p)|Vl|p-

Then it follows from (5.56) and (5.57) that

Jry (Lo % VD) IVAIY = Jgy (Lo 12317 12317
= [(mo — m;) - N Uy IVVIE = fpa (Vi P)]
O(M 2(1n )~ i 2) if N=4,
0(M4) if N=3.

(5.58)

Nta

Since [|[VV1 13 = [pn e * [ViIP)|V1]P = S, it follows from (5.57) and (5.58) that

2
. Mo o2 (nl)y"2), if N=4,
||VUJ)\||% — Sot2+ 4 ( ( )\) )

O(\T7), if N=3,

and
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2 1\—3x .
O(M—Z(lnx) q-2), if N=4,
2

N+a
/(Ia*|ﬁ)x|p)|lbx|p=5a2+“ +
2 =) if N=3.

Finally, by (5.32), Lemma 5.11 and Lemma 5.12, we obtain

Inl if N=4
~ 2 A’ E)
w ~ 2
;.11 {xw, N =3

The statements on v, follow from the corresponding results on w; and w,. This completes the
proof of Theorem 2.2. O

6. Proofs of other results and final remarks

In this section first we prove Theorem 2.3 and Theorem 2.4. We consider (Q;) and its limit
equation

—Av+v =y [v|") 0P 0. (6.1)
The corresponding energies of ground states are given by m; = inf,crq, 11 (v) and
mo := inf Iy(v),
0:= It o(v)
where

1 1
Io<v)=—f|W|2+|v|2——/(Ia*|v|P)|v|P, (6.2)

2 2p

RN RN

and

Mo=1ve H' RY)\ {0} /|v|2+|v|2=/<la*|v|f’)|v|f’
RN RN

Then m; and mq are well-defined and positive. Moreover, Iy is attained on Mg by positive
solutions of (6.1).

Lemma 6.1. Assume that the assumptions of Theorem 2.3 hold. Then for small ). > 0, there holds
mo —my ~ .

Proof. The proof is similar to that of Lemma 4.5 and is omitted. O
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Proof of Theorem 2.3. Since vy, is bounded in H!(R"), there exists vg € H'(RY) verifying
—Av4v=_~I* |v|”)|v|”_2v such that up to a subsequence, we have

vy —vp weakly in HI(RN), v, — vy in LP(RY) for any p € (2,2%),
and
v (x) = vo(x) a.e.onRY, vy — vy In leoc(RN).

Being a ground state solution, v, satisfies

1 1 1
ml=—/|vw|2+|vk|2——/(la*wn")wuf’——xfmw. (6.3)
2 2p q
RV RV RV
Since vy, € M, we also have
/|va|2+|vx|2=/(Ia*wuf’)wupﬂf|vA|‘1. (6.4)
RV RV RN
Furthermore, by Lemma 3.1, the PohozZaev identity is given by
N-=-2 N N+« N
—/|VUA|2+—/IUA|2=—/(la*lvxlp)lvxlp-i-—)»/IUAIq- (6.5)
2 2 2p q
RV RN RN RV

Let

Ax=/|vvx|2, BA=/|UA|2, CA=/(Ia*|UA|p)|U/\|p, DA=/|UA|q~
RN RN RN RN

Then by (6.4) and (6.5), we have

Ay —Cy=—=By+AD;,
]\177214)L — —NZJ;O[ Cy = —%B}L =+ %)\D)L.

Solving this system to obtain

1 2Np
Ay =-— [(N(p -1 —a)By+(N+a— T)ADA} .

=

1 2Np
C.= " 2pB; + (p(N —2) — T))»DA ,

where n = N 4+ o — p(N — 2) > 0. Therefore, we obtain
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my = %A)L‘F%B)L_ﬁc)»_%)\DA
_ I’T—IB)L 4 q(2+a)2—2(2p+a)kDA

—1 2 24+a)—2Q2p+a
— prRNWM +%)‘IRN|UA|(I‘

Moreover, the ground state vg of (6.1) also satisfies the following identities:

1 1
mo=—/IVv0|2+|v0|2——/(Ia*lvolp)|v0|", (6.6)
2 2p
RN RN
/|Vvo|2+|vo|2=/(Ia*wov’)wow, (6.7)
RN RN
N =2 N N+«
—/IVUOI2+—/IUOIZZ—/(Ia*IUOIP)IUOIP- (6.8)
2 2 2p
RN RN RN

In a similar way, we show that

p—1
mo=2—1 / fvo 2.
n
RN

Therefore,

q2+a) —2(2p+a)/\/ I, |4

p—1
—/valz—llmlz:m)x—mo—
n o 2ng

RN
. . 2Q2p+a) - .
which together with Lemma 6.1 and g > =57~ implies that
2 2
lvollz — lloallz ~ A.

Arguing in a similar way, we show that

—1 a(g —2)
p7[|wx|2—|wo|2=mx—mo+ 4 A/wm.
Np— (N + ) 2g[Np — (N + o)]

RN RN

Therefore, we obtain
IVvlI3 = [ Vwoll3 = O ().

We have proved ||Vuyll2 = [[Vull2 and |[vill2 — |lvoll2, therefore, we obtain v, — vg in
H'®RM). O
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Now, we consider (Q,,) and its limit equation

—Av+v =P . (6.9)

The corresponding energies of ground states are given by m, = infye a1, 1, (v) and

mo:= inf Iy(v),
0:= inf o(v)

where

1 1
Io(v)=§/|Vv|2+|v|2——flv|q, (6.10)
RN qRN

and

Mo=3ve H RY)\ {0} /|v|2+|v|2=/|vl‘f
RV RN

Then m, and mg are well-defined and positive. Moreover, Iy is attained on My by the unique
positive solution of (6.9).

Lemma 6.2. Assume that the assumptions of Theorem 2.4 hold. Then for small . > 0, there holds
mo — Ny ~ 4.
Proof. The proof is similar to that of Lemma 4.5 and is omitted. O

Proof of Theorem 2.4. Arguing as in the proof of Theorem 2.3, Theorem 2.4 follows from
Lemma 6.2 and the details will be omitted. O

Finally, we consider the case A — oo in (Q3) and u — oo in (Q,,). Itis easy to see that under
the rescaling

1
w(x) =A72v(x),
the equation (Q;) is reduced to
_2(p-D 5 )
—Aw+w=A" 2 (I x|w|?)|w/’ 7w+ |lw|? ~w.

Therefore, by Theorem 2.4, we have the following.
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Theorem 6.1. Let N >3, p € [NI'\’I'D‘, %], q € (2,2%) and vy, be the ground state of (Q}.), then

1
as h — oo, the rescaled family of ground states W; = »7-2 v, converges in H' (RN) to the unique
positive solution wy € H'(RN) of the equation

—Aw+w=wl""l,

Moreover, as A — o0, there holds

_2_ 2(p—1)
P <2N q(N— 2)Sq 2 OO T )) if gq> 2Q2p+a)

lualls = “ e
Vall2 2 q 2(p-1)
ATaz <—2N GNAST 00 2 )>, if q<202h

_2 (N@g-2) % 2p-1)
IV} =277 (%S;‘2 +on T ))

and the least energy m;,_ of the ground state satisfies

as h — 0o, where Sy is given in (2.14).
Under the rescaling
1
w(x) = p2r=Du(x),

the equation (Q,,) is reduced to

-2
—Aw +w = (Lo * wl?) [w]P 2w + 70 )42
Then by Theorem 2.3 we have the following.

Theorem 6.2. Let N >3, p € (N+“ N+0‘) qg€,2*land Uu be the ground state of (Q ), then

as p — oo, the rescaled family of ground states w,, = %D vy converges up to a subsequence
in HY(RY) to a positive solution wg € H'(RN) of the equation

—Av+v=(y*|v|P)vP L.

Moreover, as |1 — 00, there holds

— _ 92
. w <N+Ol 21;(1\’ 2)SP Ty o(n 2(pl))) , if q< 2(%{7"_—‘&&)7
=1 N
p <%}7(N2)551 _ @(M—m)> . i q> 2(2p+a)’
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Np—1—a L E
Vo2 = 71 (M - g )

Sp '+ 0 2 )
2p

and the least energy m,, of the ground state satisfies

-1 2 1 q=2
p—Slf_ _Mpflm”’r\,u/ 2(1) D,

as p — oo, where S, is given in (2.12).
Our main results may be applied in other contexts. As an example, we consider
—e? A+ u = (L * 1) ul P+ a2, inRY, (Qe)

where p, g and o are the same as before, and ¢ > 0 is a parameter. Set v(x) = u(ex), then we
have

—Av+v=2¢"y * [v|") [P >0+ [v|9 %, in RV,

then as a direct consequence of main results in this paper, we have the following result.

Theorem 6.3.If p € (NI'V"", N+°‘) and q € (2,2%). Then the problem (Q.) admits a positive

ground state u, € H'(RN), which is radially symmetric and radially nonincreasing, and the
rescaled family u.(¢-) converges in H LRY) 10 the unique positive solution vo € H LRM) of the
equation

—Av+v=071""

Moreover, as € — 0, there holds

2N —gq(N —2) . 202p + a)
||us||2—‘é—q5" Ny 0N, if g > 2’17“
2N —g(N =2) 4 N N . 22p +«)
=857V — eV, <=r 7
luell3 = > ), if g ==
N(g—2) -4
1Vue g = YT 572 eN 2 4 oV,

2q
and the least energy m. of the ground state satisfies
P e Nm, ~ e,
as € — 0, where S is given in (2.14).
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Appendix A

In this appendix, we prove the following elementary lemma.
Lemma A.l. Let n > 0 be a constant and M (¢) is of class C! on (0, 00). Then the following
statements hold true:

(I)If M(g) ~ &" as € — 0, then there is gy > 0 such that M'(¢) > 0 for ¢ € (0, &).

(2)If M(g) ~ &7 as € — 0, then there is g9 > 0 such that M’ () < 0 for & € (0, &9).

(3)If M(g) ~ & as € — o0, then there is so0 > 0 such that M'(¢) < 0 for € € (00, 00).

(4)If M(g) ~ " as € — o0, then there is £ > 0 such that M'(g) > 0 for € € (850, ).
Proof. Since n > 0, we can choose § > 0 such that
max{l,n} <§<n+1.
To prove (1), we let M(e) =e'=9M (e) for e € (0, 00) and M (0) = 0. Since
0<M() <Ce' ™ 0, ase—0,
it follows that M (¢) is of class C' in (0, co) and continuous on [0, 00). Moreover,

N M) — M(0 M
M’'(0) := lim Me)—MO = lim (58) > lim ce"® = +o0.
e—0t & e—>0t & e—0t

Therefore, there exists £y > 0 such that M '(¢) > 0 for any ¢ € (0, &g). That is,
M'(e)=(1—8)eM(e) +&'°M'(e) > 0,
which together with § > 1 implies that
M'(e) > (8 — e~ 'M(e) > 0.

The proof of (1) is complete.

To prove (2), we let M(e) = —% for e € (0, 00) and M (0) = 0. Since

1-6

. I3
0>M(E)>————>0, ase—0,
ce M

it follows that M (¢) is of class C Lin (0, 00) and continuous on [0, 0o). Moreover,
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Y Y -5 -5
M(e) — M(0) g e - lim+ g =
e—0 e

M'(0):= lim — <
e—>01 & e—0t M(g)

Therefore, there exists £y > 0 such that M’ (¢) <O for any ¢ € (0, g9). That is,

(1 =8~ M(e) — el M’ (¢)
M(g)?

M'(e) = — <0,
which together with § > 1 implies that

M'(g) < (1 —8)e ' M(e) <0.

The proof of (2) is complete. B
To prove (3), we let M (e) = —sl_sM(%) for ¢ € (0, c0) and M (0) = 0. Since

0>M(e)>—Ce' %t 50, ase—0,

it follows that M (¢) is of class C' in (0, co) and continuous on [0, c0). Moreover,

- M) — M
M'(0) ;== lim M < —c lim eh 8 — _ 0.

e—01 & e—01

Therefore, there exists g9 > 0 such that M’(g) < 0 for any ¢ € (0, &9). That is,
r/ _ ) 1 —1-=6 34/ 1
M@E)=—1—-8c °M(-)+¢ M'(-) <0,
& e
which together with § > 1 implies that
1 1
M(-)<(1-=8eM(-)<O.
e e

Take eo0 = %, then M’ (g) < 0 for € € (00, 00). The proof of (3) is complete.

To prove (4), we let M(e) = ;II(_E) for & € (0, 00) and M (0) = 0. Since

1-6
—0

0< M) < , ase—0,

ce M
it follows that M (e) is of class Clin (0, o0) and continuous on [0, co). Moreover,

M@)—M©O) . &d
m ——— > lim =400
e—0t & e—0t Ce™"

Therefore, there exists £y > 0 such that M’ (¢) > 0 for any ¢ € (0, g9). That is,

(1=8)e M) +e M (D)
>

i1'(e) =
© M52

Oa
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which together with § > 1 implies that
! 1
M (=)> (@ —1)eM(-)>0.
e e

Take e = %, then M'(¢) > 0 for ¢ € (£c0, 00). The proof of (4) is complete. O
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