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Recent pulsar timing array (PTA) collaborations show strong evidence for a stochastic gravitational
wave background (SGWB) with the characteristic Hellings-Downs interpulsar correlations. The signal may
stem from supermassive black hole binary mergers, or early Universe phenomena. The former is expected
to be strongly anisotropic, while primordial backgrounds are likely to be predominantly isotropic with
small fluctuations. In the case the observed SGWB is of cosmological origin, our relative motion with
respect to the SGWB rest frame is a guaranteed source of anisotropy, leading to Oð10−3Þ energy density
fluctuations of the SGWB. For such cosmological SGWB, kinematic anisotropies are likely to be larger
than the intrinsic anisotropies, akin to the cosmic microwave background (CMB) dipole anisotropy. We
assess the sensitivity of current PTA data to the kinematic dipole anisotropy, and we also forecast at what
extent the magnitude and direction of the kinematic dipole can be measured in the future with an SKA-like
experiment. We also discuss how the spectral shape of the SGWB and the location of the pulsars to monitor
affect the prospects of detecting the kinematic dipole with PTA. In the future, a detection of this anisotropy
may even help resolve the discrepancy in the magnitude of the kinematic dipole as measured by CMB and
large-scale structure observations.
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I. INTRODUCTION

Various pulsar timing array (PTA) collaborations
recently reported the detection of a stochastic gravitational
wave background (SGWB) of unknown origin [1–5].
Determining the sources of the SGWB—whether it is
generated from the mergers of supermassive black hole
binaries [6,7], or via high energy processes in the early
Universe (see, e.g., [8] for a review)—requires the detection
of SGWB properties beyond the spectral shape and
amplitude of the SGWB intensity. The anisotropy of the
SGWB is one such key property that can discriminate
among an astrophysical or cosmological origin of the
observed signal. On the one hand, a strong level of
anisotropy is expected for an astrophysical signal, due to
the clustering of galaxies where the GW sources reside, as
well as Poisson-type fluctuations in the source properties
[9–18]. On the other hand, cosmological sources are
expected to have a small (∼10−5) level of intrinsic
anisotropy (see, e.g., [19–25] for a review). However,
in addition to intrinsic anisotropies, cosmological SGWB

are expected to be characterized by a level of kinematic
Doppler anisotropy similar to what has been observed
by cosmic microwave background (CMB) experiments.
According to CMB observations, our velocity with
respect to the cosmic rest frame has a magnitude
β ¼ v=c ¼ 1.23 × 10−3, and is directed towards ðl; bÞ ¼
ð264°; 48°Þ in galactic coordinates [26–30].
The capability of PTAs to detect SGWB anisotropy has

been previously studied in [10,11,31–38], also applying
and extending techniques developed in the context of
ground-based and space-based experiments; see, e.g.,
[39–49]. Although the SGWB has not yet been detected
with sufficient sensitivity to allow for the detection of its
anisotropies [50,51], longer observation times, as well as
the addition of more pulsars and a better determination of
their intrinsic noise [52–54], might change the situation.
This will be particularly true in the SKA era: see, for
example, [55] for a general analysis of prospects of GW
detections based on the SKA experiment. If the observed
signal is indeed cosmological, it is conceivable that the
Doppler anisotropy will be the next fundamental property
of the SGWB to be measured. The dipole of this anisotropy,
henceforth referred to as the “kinematic dipole,” will be the
main focus of this paper. It has an amplitude of the order β
and is also strongly dependent on the spectral shape of the
SGWB. The PTA response to the dipole has also been
previously investigated in [10,31,56], and a significant
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dependence on the locations of the pulsars being observed
has been found. Thus, the detection of the kinematic dipole
depends crucially on all these different parameters, making
it important to investigate how best to maximize PTA
sensitivity to this specific SGWB anisotropy. Notice that
kinematic anisotropies are also a topic of active research in
the context of GW interferometers [25,57–61].
Besides helping us understand the origin of the SGWB, a

detection of the kinematic dipole with PTA may well serve
another purpose by providing us an independent measure-
ment of our velocity with respect the cosmic rest frame.1

Another way tomeasure the kinematic dipole is through large
scale structure (LSS) observations—using the number counts
of radio sources and of quasars. This method has recently
come in tension with the results obtained from the CMB.
While the CMB and LSS results broadly agree on the
direction of our motion, they differ significantly on the
magnitude of the velocity. See, e.g., [66–74], as well
as [75] for a critical assessment. It is thus also interesting
to explore if GWobservations can provide insights related to
this discrepancy. Last, but not least, information on kinematic
anisotropies with PTA measurements can be used to set
constraints onalternative theories of gravity; see, e.g., [56,76].
Motivated by these facts, in this paper, we investigate the

current and future sensitivity of PTAs to the SGWB
kinematic dipole, focusing on cosmological SGWB where
this dipole anisotropy is expected to be dominant. We begin
in Sec. II by reviewing the generation of kinematic
anisotropies and the PTA response to them. In Sec. III,
we estimate the sensitivity of the current-type PTA datasets
to the kinematic dipole, and in Sec. IV, we provide Fisher
forecasts for its measurement with a futuristic SKA-type
PTA experiment. We focus on the parameters associated to
the SGWB intensity (the amplitude A and the spectral
shape γ) and the kinematic dipole (β; v̂), highlighting the
role played the SGWB spectral shape and locations of
pulsars in the determination of these quantities. We also
estimate the PTA sensitivity required for a measurement of
β at a level precise enough to shed light on the CMB-LSS
dipole tension discussed above. We will learn that mon-
itoring a large number of pulsars is needed for acquiring
sufficient sensitivity, and their positions in the sky might be
the key property to detect kinematic effects. Finally, we
present our conclusions in Sec. V, followed by three
technical Appendixes.

II. SETUP

In this section, we briefly review how to describe the
kinematic anisotropies of the cosmological SGWB and

how to measure them with PTA experiments. We are
particularly interested in investigating how the PTA sensi-
tivity to Doppler effects depends on the pulsar positions,
and on the frequency profile of the intensity of the SGWB.
For more details, the reader may consult [56] and refer-
ences therein. GW correspond to transverse-traceless per-
turbations of the flat metric. They are controlled by a
tensorial quantity hijðt; x⃗Þ, small in size with respect to the
background,

ds2 ¼ −dt2 þ ðδij þ hijðt; x⃗ÞÞdxidxj: ð2:1Þ

The tensor hijðt; x⃗Þ can be decomposed in Fourier modes as
(we set c ¼ 1)

hijðt; x⃗Þ ¼
X
λ

Z
∞

−∞
df

Z
d2n̂e2πifðt−n̂·x̂Þeλijðn̂Þhλðf; n̂Þ:

ð2:2Þ

The quantities eλijðn̂Þ are the polarization tensors for the two
GW helicities λ ¼ þ;×, which depend on the GW direc-
tion n̂. Besides n̂, the GW Fourier mode hλðf; n̂Þ depends
also on the GW frequency f. We assume that the two point
function among Fourier fields hλðf; n̂Þ obeys the relation,

hhλðf; n̂Þhλ0 ðf0; n̂0Þi ¼
1

2
δλλ0δðf − f0Þ δðn̂ − n̂0Þ

4π
Iðf; n̂Þ;

ð2:3Þ

valid for Gaussian, unpolarized, and stationary SGWB. In
principle, the GW intensity Iðf; n̂Þ depends both on
frequency and direction of GW. In this work, its directional
dependence will be associated with Doppler effects. We can
define an isotropic version of the intensity by averaging
over directions,

ĪðfÞ ¼ 1

4π

Z
d2n̂Iðf; n̂Þ: ð2:4Þ

ĪðfÞ is a quantity which we use in what follows.

A. GW and PTA experiments

We now briefly review how PTA experiments respond to
GW (see, e.g., [77] for more extensive discussions). We
introduce the time delay zaðtÞ of light geodesics, induced
by GW crossing the space between the earth and a given
pulsar a,

zaðtÞ≡ΔTa

Ta
¼
X
λ

Z
dfd2n̂e2πifteλijD

ij
a ðn̂Þhλðf;n̂Þ: ð2:5Þ

Ta is the pulsar period in absence of GW, and

1It is reasonable to assume that the SGWB and CMB rest
frames coincide, unless there is significant CMB-GW isocurva-
ture in the early Universe. See, e.g., [62–64] for studies exploring
this possibility. Other options include deviations from the
cosmological principle; see, e.g., [65] for a review.
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Dij
a ðn̂Þ ¼ x̂iax̂

j
a

2ð1þ n̂ · x̂aÞ
ð2:6Þ

is the so-called detector tensor. While the Earth is located at
the origin of our coordinate system, the pulsar is located at
position x⃗a ¼ τax̂a, with τa the time of travel of the pulsar
signal from emission to detection.
Using the previous ingredients, in particular relation

(2.3), we can build the two point function for time delays
between a pulsar pair ðabÞ,

hzaðt1Þzbðt2Þi¼
1

2

Z
dfd2n̂γabðn̂ÞIðf;n̂Þcosð2πfðt1− t2ÞÞ:

ð2:7Þ

The tensor γabðn̂Þ depends on the GW direction and is
given by

γabðn̂Þ ¼
X
λ

eλijD
ij
a ðn̂ÞeλpqDpq

b ðn̂Þ

¼ ðx̂a · n̂Þ2 þ ðx̂b · n̂Þ2 þ ðx̂a · n̂Þ2ðx̂b · n̂Þ2 − 1

8ð1þ x̂a · n̂Þð1þ x̂b · n̂Þ

þ ðx̂a · x̂bÞ2 − 2ðx̂a · x̂bÞðx̂a · n̂Þðx̂b · n̂Þ
4ð1þ x̂a · n̂Þð1þ x̂b · n̂Þ

: ð2:8Þ

We can also explicitly perform the integration over direc-
tions in Eq. (2.7). Defining Δt12 ¼ t2 − t1, we obtain

hzaðt1Þzbðt2Þi ¼
1

2

Z
df cos ð2πfΔt12ÞΓabðfÞĪðfÞ; ð2:9Þ

where we use the so-called PTA overlap function,

ΓabðfÞ ¼
Z

d2n̂γabðn̂Þ
Iðf; n̂Þ
ĪðfÞ : ð2:10Þ

So far, our formulas are general. We will soon specialize to
the case of anisotropies in the GW intensity, as induced by
kinematic effects. But first, we introduce the concept of
time residual,

RaðtÞ≡
Z

t

0

dt̃zaðt̃Þ; ð2:11Þ

more commonly used in analyzing PTA experiments.
Analogously to the time-delay case, we can form its two
point correlation function,

hRaðtAÞRbðtBÞi ¼
1

2

Z
tA

0

Z
tB

0

dt1dt2

Z
dfd2n̂½cos ð2πfΔt12Þγabðn̂ÞIðf; n̂Þ� ð2:12Þ

¼
Z

dfd2n̂
sinðπtAfÞ sinðπtBfÞ

πf2
γabðn̂ÞIðf; n̂Þ cos ð2πfΔtABÞ; ð2:13Þ

with γab defined in Eq. (2.8). The sin and cos coefficients
give order one contributions, and they are usually neglected
in the definition of the time residual correlation functions
(see, e.g., [77], Chap. 23). We consequently parametrize
Eq. (2.12) as [77]

RGW
ab ¼

Z
dfd2n̂γabðn̂Þ

Iðf; n̂Þ
ð4πfÞ2 ð2:14Þ

¼
Z

dfΓabðfÞ
ĪðfÞ

ð4πfÞ2 ; ð2:15Þ

where in passing from line (2.14) to (2.15), we integrate
over directions and use the definition (2.10). Besides the
GW signal of Eq. (2.14) (if present), we expect that
undesired noise sources give contributions RN

ab to the time
residual correlation functions. We write the total signal as

Rab ¼ RGW
ab þ RN

ab; ð2:16Þ

where

RN
ab ¼ δabσ

2
a; ð2:17Þ

and σ2a is the variance of the noise sources at each pulsar,2

hNaðfÞN�
bðf0Þi ¼ δab

δðf − f0Þ
2

σ2aðfÞ: ð2:18Þ

B. Kinematic anisotropies

We now specialize to the case of kinematic anisotropies
of the SGWB. We make use of formulas first developed
in [57]. We assume that the GW intensity is intrinsically
isotropic: ĪðfÞ (it is straightforward to extend our formulas
to the general case; see, e.g., [57]). The intensity only

2Here, we assume that noise is uncorrelated across pulsars.
However, common noise sources do exist; see, e.g., [78].
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develops a kinematic anisotropy, due to our motion with
respect to the SGWB rest frame whose velocity has
magnitude β and direction v̂ (in our units with c ¼ 1).
This assumption might be justified for a cosmological
SGWB, while astrophysical backgrounds are characterized
by intrinsic anisotropies of size larger than the kinematical
ones (see the discussion in Sec. I).
Using the formulas in [57], one finds [56]

Iðf; n̂Þ
ĪðfÞ ¼ D

ĪðD−1fÞ
ĪðfÞ ; ð2:19Þ

where the quantity,

D ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
1 − βn̂ · v̂

; ð2:20Þ

is a kinematic factor, depending on the angle between
the GW direction n̂ and the relative velocity v̂ among
frames. The structure of (2.19) makes manifest that
kinematic anisotropies are not factorizable in a part
depending on frequency, times a part depending on
direction. Kinematic anisotropies are factorizable only
for intensities with a power-law frequency dependence
profile [57,61].
CMB experiments indicate that the typical size

of β is small, of order one per mil (see the discussion
in Sec. I). Hence, we can Taylor expand (2.19) in terms of
the small parameter β and keep only the first terms in
the expansion. In this work, we mainly focus on the
leading contribution of order β, corresponding to dipolar
anisotropies. But, in principle, we can also consider the
next-to-leading contribution of order β2, associated with
quadrupolar Doppler effects. For this reason, we develop
our formulas up to order β2. Taylor expanding Eq. (2.19),
we find

Iðf; n̂Þ
ĪðfÞ ¼

�
1−

β2

6
ð1− n2I − αIÞ

�
þ βn̂ · v̂ð1− nIÞ

þ β2

2

�
ðn̂ · v̂Þ2 − 1

3

�
ð2− 3nI þ n2I þ αIÞ þOðβ3Þ:

ð2:21Þ

The tilt parameters are defined as

nI ¼
d ln Ī
d ln f

; αI ¼
dnI
d ln f

: ð2:22Þ

Notice that, in general, these quantities depend on
frequency. Plugging expression (2.21) into Eq. (2.10),
we can straightforwardly perform the angular integrations
[56] and obtain the following expression:

ΓabðfÞ ¼
�
1 −

β2

6
ð1 − n2I − αIÞ

�
Γð0Þ
ab þ βðnI − 1ÞΓð1Þ

ab

þ β2

2
ð2 − 3nI þ n2I þ αIÞΓð2Þ

ab ; ð2:23Þ

for the PTA overlap function among a pulsar pair ðabÞ.
The quantities ΓðiÞ

ab are given by [56]

Γð0Þ
ab ¼ 1

3
−
yab
6

þ yab ln yab ð2:24Þ

Γð1Þ
ab ¼

�
1

12
þ yab

2
þ yab ln yab
2ð1 − yabÞ

�
½v̂ · x̂a þ v̂ · x̂b�; ð2:25Þ

Γð2Þ
ab ¼

�
3 − 13yab
20ðyab − 1Þ þ

y2ab ln yab
2ð1 − yabÞ2

�
½ðv̂ · x̂aÞðv̂ · x̂bÞ�

þ
�
1þ 2yab − 4y2ab þ y3ab þ 3yab ln yab

12ð1 − yabÞ2
�

× ½ðv̂ · x̂aÞ2 þ ðv̂ · x̂bÞ2�; ð2:26Þ

with

yab ¼
1 − x̂a · x̂b

2
¼ 1 − cos ζab

2
; ð2:27Þ

and ζab the angle between the two pulsar vectors x̂a
and x̂b.
The quantity Γð0Þ

ab is the well-known Hellings Downs
overlap function [79] (see also the recent [80,81] for nice
discussions and new perspectives on its physical proper-
ties). Kinematic effects modulate the Hellings Downs curve
through a frequency-dependent coefficient, starting at order
β2 in our expansion. Moreover, they add new dipolar (at
order β) and quadrupolar (at order β2) contributions to the
PTA response function. See, e.g., Fig. 1 for a graphical

representation of the quantity Γð1Þ
ab .

We stress two important properties of the results
reviewed so far.
(1) The quantities Γð1;2Þ

ab vanish for pulsars with vectors
orthogonal to the velocity: see Eqs. (2.25) and
(2.26). Hence, the magnitude of kinematic anisot-
ropies depend on the geometric configuration of the
pulsar set: pulsars located along the direction of the
velocity vector v̂ are more sensitive to kinematic
effects.

(2) The effect of anisotropies depend on the frequency
profile of the GW intensity: if ĪðfÞ has features
in frequency which amplify the spectral tilts,
anisotropy effects can get enhanced as they multi-
plied by combinations of nI and αI . In fact, the study
of Doppler anisotropies provides additional tools for
probing the frequency dependence of the GW
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intensity, besides more direct reconstruction tech-
niques (see, e.g., [82] and references therein).

The formulas presented in this section constitute the
theoretical background we need next for analyzing to what
extent PTA experiments can probe kinematic anisotropies
in the SGWB.

III. KINEMATIC ANISOTROPIES
AND PRESENT DAY PTA DATA

We are interested in measuring kinematic Doppler
anisotropies in the SGWB with the present generation of
PTA measurements, starting from the theoretical formulas
discussed in Sec. II.
For the case of astrophysics backgrounds, the size of the

intrinsic anisotropies is larger than the kinematic ones we
are focusing in. For cosmological SGWB, though, intrinsic
anisotropies are usually small in amplitude, and kinematic
effects provide the main contribution to anisotropies (see
our discussion in Sec. I). GW experiments, if able to detect
kinematic anisotropies, offer an independent tool to mea-
sure our motion relative to the cosmic source of GW,
possibly helping to address the current anomaly in the
measurements of the size of the relative velocity β among
frames reviewed in Sec. I. Additionally, they can provide
independent tests for alternative theories of gravity [54,56].
For this reason, it is worth exploring at what extent Doppler
effects can be detected with PTA experiments.
In this section, we focus on current generation PTA

experiments, which monitor a finite number of pulsars
(around one hundred), placed in specific positions in the
sky. We consider this kind of experimental setup as
“realistic.” So far, SGWB anisotropies have not been
detected with PTA data: only upper limits on their size
have been placed [51]. Using an approach based on the
Fisher formalism, we develop tools for quantitatively
searching for Doppler anisotropies, and for investigating
to what extent realistic current-type PTA experiments

should be improved towards this aim.3 In particular, we
consider the current NANOGrav dataset, (hereafter, NG15)
[1], and we then proceed demonstrating how including
extra pulsars at specific positions in the sky can improve the
sensitivity to Doppler effects. In fact, we are interested in
developing the first of our comments at the end of Sec. II.
But before forecasting the capabilities of PTA experi-

ments to measure kinematic effects by developing a
dedicated Fisher formalism, we start by using the most
recent NG15 data to extract what information they can
provide on Doppler effects. Namely, we analyze for the first
time the current NG15 dataset [1], searching for the
presence of the kinematic dipole, fixing the dipole direction
to the one measured by CMB experiments.4 The parameters
that we vary are flog10 A; γ; βg (see Appendix A for our
conventions on the quantities characterizing the SGWB),
and we fix the red noise parameters (amplitude and spectral
index) for each pulsar to their median values from the
NG15 analyses for ease of computation. Varying the red
noise parameters as well will lead to slightly weaker
constraints on β, but the results are not going to be
significantly different. We access the likelihood used by
the NANOGrav Collaboration through ENTERPRISE [83]
and ENTERPRISE_EXTENSIONS [84]. The parameter
space is explored using a Markov chain Monte Carlo
sampler [85,86], through its interface with Cobaya [87]. Our
results are plotted in Fig. 2 using GetDist [88]. The parameter
limits for the SGWB amplitude and spectral shape are

FIG. 1. Left: the magnitude of the PTA response function Γð1Þ
ab to kinematic dipole anisotropies, as defined in Eq. (2.25). We fix the

velocity vector v̂ along the direction measured by the CMB (v̂ and −v̂ are denoted by red and yellow stars, respectively). We plot the
response as a function of the positions of a pair of pulsars, for simplicity oriented in the same direction. Right: the dipole response as a
function of the angle between the pulsars, without including the ðv̂ · x̂a þ v̂ · x̂bÞ factor in Eq. (2.25).

3In Sec. IV, we will further develop the topic considering
idealized, futuristic experiments monitoring very large numbers
of pulsars isotropically distributed in the sky. We then show that
the prospects of detection of Doppler anisotropies improve
considerably.

4We have checked that varying the dipole direction parameters
does not provide any meaningful constraints on the dipole
direction. This is to be expected given that the isotropic back-
ground is only detected with an SNR ∼ 5 at present.
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consistent with those obtained in [1], and we set an upper
limit β < 0.297 at 95% C.L., assuming a cosmological
origin for the SGWB. Clearly, current data do not reach the
per mil sensitivities on β, which are needed to set mean-
ingful constraints on this quantity. The upper limit we
obtain is consistent with the results of [51], which shows
that the current sensitivity to SGWB anisotropy is limited to
about 10% (or larger) relative to the isotropic monopole.
Furthermore, we stress that the upper limit we consider
should be understood to apply only if the SGWB is of
cosmological origin, a case in which the kinematic dipole is
expected to be the largest anisotropy by far. Otherwise the
intrinsic anisotropy of the SMBHB scenario must also be
accounted for in the analyses.

A. Extracting information from data

We now develop our own application of the Fisher
formalism, tailored to extract information onDoppler effects
from PTA results. We start with a general discussion on how
to extract information on model parameters from data. We
find it convenient to adopt the approach and notation from
[36,37].We denote a given pulsar pair ða; bÞwith the capital
letter A: ða; bÞ → A. The GW-induced time residual is

RGW
A ¼ γA · I

ð4πfÞ2 ¼
ΓA · Ī
ð4πfÞ2 : ð3:1Þ

The dot · here indicates that we areworkingwith bandwidth-
integrated quantities, centered at frequency f, that is,

ΓA · Ī
ð4πfÞ2 ¼

Z
fþΔf=2

f−Δf=2
df̃

ΓAðf̃ÞĪðf̃Þ
ð4πf̃Þ2 ; ð3:2Þ

where ĪðfÞ is the isotropic value of the frequency given in
Eq. (2.4), and ΓA ¼ Γab is the overlap reduction function of
Eq. (2.23). We include kinematic effects up to the quadru-
pole of order β2. In the equalities of Eq. (3.1), we can use γA
or ΓA, following the steps between Eqs. (2.7) and (2.10), and
integrating over all directions for passing from one equality
to the other. In fact, in the first equality of Eq. (3.1), the dot
also includes integration over directions.
We approximate the likelihood as Gaussian in the timing

residual cross spectra [36]. We can then write

−2 lnL ¼ const:þ
X
f

X
AB

�
R̂A −

γA · I
ð4πfÞ2

�

× C−1
AB

�
R̂B −

γB · I
ð4πfÞ2

�
ð3:3Þ

¼ const:þ
X
f

X
AB

�
R̂A −

ΓA · Ī
ð4πfÞ2

�

× C−1
AB

�
R̂B −

ΓB · Ī
ð4πfÞ2

�
; ð3:4Þ

where R̂ indicate the measured cross-correlated timing
residuals, and C−1 is the inverse covariance matrix. In
passing from line (3.3) to (3.4), we integrate over direc-
tions. As derived in [36], the covariance matrix of the
timing residual band powers is a combination of time-
residual correlatorsRA ¼ Rab with the following structure:

CAA0 ¼ 1

2TAA0Δf
ðRaa0Rbb0 þRab0Ra0bÞ; ð3:5Þ

with TAA0 the effective total time of observations of the four
pulsars ðaba0b0Þ, and we assume that the bandwidth Δf
satisfies 1=T ≪ Δf ≪ f. Furthermore, in the weak signal
limit,

I ≪ ð4πf2σ2Þ; ð3:6Þ

which we assume from now on, we have [recall the
definition of RA in Eq. (2.16)]

RA ≈ RN
A ¼ σ2a; ð3:7Þ

where σ2a is the (band-integrated) variance of the noise in
pulsar a. Thus, in this limit, the diagonal elements are much
larger than the off diagonal ones. Therefore, the covariance
can be effectively approximated as diagonal in the pulsar

FIG. 2. Parameter distributions and 95% C.L. limits for the
SGWB amplitude A (A8), spectral index γ (A3), and dipole
magnitude β. (See main text and Appendix A for the definition of
these quantities.) The recovered amplitude and tilt are consistent
with the NG15 results (gray markers). We also obtain β < 0.297
at 95% C.L.
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pairs A, A0 [36] (see also [89] for the same approximation
in the context of interferometers, as well as our
Appendix B),

CAA0 ≈
RN
AR

N
A0

2TAA0Δf
δAA0 : ð3:8Þ

Its inverse is also diagonal,

ðCÞ−1AA0 ¼ 2TAA0Δf
RN
AR

N
A0

δAA0 : ð3:9Þ

This property renders our analysis particularly straight-
forward. Notice that, in this approximation, the covariance
matrix depends only on noise parameters.
From the likelihood (3.4), we can determine the best-fit

values of parameters, and their errors. We assume that the
combinations Γ · Ī appearing in the likelihood of Eq. (3.4)
depend on a vector Θ⃗, whose components correspond to the
parameters we wish to determine. For example, the behav-
ior of the intensity ĪðfÞ as function of frequency. Or, the
size of our velocity β with respect to the SGWB rest frame.
The best fit values for the parameters are found extremizing
the function lnL,

∂ lnL
∂Θi

¼ 0: ð3:10Þ

The errors on the determination of parameters are con-
trolled by the Fisher matrix, defined as [90] (see also [91]
for a pedagogical account)

F ij ¼
�
−

∂ lnL
∂Θi∂Θj

�
; ð3:11Þ

in terms of the expectation value of the second derivatives
of lnL. The minimum error on the measurement of the
parameters Θi is (no sum on repeated indexes)

ΔΘi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðF−1Þii

q
; ð3:12Þ

giving us an estimate of a lower bound on the experimental
errors to measure our signal parameters.

B. Best-fit values for the model parameters: An example

We already emphasized that the PTA response to
Doppler anisotropies depend on the relative position of
the monitored pulsars with respect to the direction of the
velocity vector among frames, see Sec. II. We now discuss
how to practically exploit this property. We focus in this
section on the specific case of power law frequency profile
in the SGWB intensity rest frame,

ĪðfÞ ¼ I0ðf=f⋆ÞnI ; ð3:13Þ

with I0 a constant amplitude, nI the constant spectral tilt,
and f⋆ a reference frequency. By extremizing the log
likelihood along the parameter models, see Eq. (3.4), we
discuss how combinations of measurements allow us
to determine the values of I0—the amplitude of GW
intensity—and β—the magnitude of the relative velocity
among frames.
We vary lnL of Eq. (3.4) along β, I0, nI , and we set the

variations to zero. To simplify next formulas, after taking
the variations, we evaluate them on a frequency band
around the reference frequency f⋆; hence, Īðf ¼ f⋆Þ ≃ I0.
Calling the combination Î0 ¼ I0=ð4πf⋆Þ2, we find three
conditions, that can be expressed as

0 ¼
�
Î0 −

ðΓð1ÞR̂Þ
ðΓð0ÞΓð1ÞÞ

�
þ βÎ0
3ðΓð0ÞΓð1ÞÞ ½ð1þ nIÞðΓð0ÞΓð0ÞÞ þ 3ðnI − 2ÞðΓð0ÞΓð2ÞÞ þ 3ðnI − 1ÞðΓð1ÞΓð1ÞÞ�

−
β

3ðΓð0ÞΓð1ÞÞ ½ð1þ nIÞðΓð0ÞR̂Þ þ 3ðnI − 2ÞðΓð2ÞR̂Þ�; ð3:14Þ

0 ¼
�
Î0 −

ðΓð0ÞR̂Þ
ðΓð0ÞΓð0ÞÞ

�
þ βðnI − 1Þ
ðΓð0ÞΓð0ÞÞ ½2Î0ðΓ

ð0ÞΓð1ÞÞ − ðΓð1ÞR̂Þ�; ð3:15Þ

0 ¼
�
Î0 −

ðΓð1ÞR̂Þ
ðΓð0ÞΓð1ÞÞ

�
þ

−
βÎ0

6ðΓð0ÞΓð1ÞÞ f9ðΓ
ð0ÞΓð2ÞÞ þ 6ðΓð1ÞΓð1ÞÞ − 2nI½ðΓð0ÞΓð0ÞÞ þ 3ðΓð0ÞΓð2ÞÞ þ 3ðΓð1ÞΓð1ÞÞ�g

þ β

6ðΓð0ÞΓð1ÞÞ ½3ð3 − 2nIÞðΓð2ÞR̂Þ − 2nIðΓð0ÞR̂Þ�: ð3:16Þ

In writing the previous expressions, we adopt the abbreviations,
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ðΓð0ÞR̂Þ≡X
A

Γð0Þ
A R̂A; ð3:17Þ

and analog ones for the other round parenthesis. In the
previous formulas, R̂A indicate PTA measurements, while

the overlap functions ΓðiÞ
A , for i ¼ 0; 1; 2, depend only on

the geometrical configuration of the pulsar set. See their
definitions in Eqs. (2.24)–(2.26).
Taking the difference between (3.14) and (3.16), sim-

plifications occur. We find the following condition involv-
ing a linear combination of the GW intensity only,

Î0 ¼
2ðΓð0Þ · R̂Þ − 3ðΓð2Þ · R̂Þ

2ðΓð0Þ · Γð0ÞÞ − 3ðΓð2Þ · Γð0ÞÞ : ð3:18Þ

Plugging Eq. (3.18) in (3.15), we find the relation,

ðΓð2ÞΓð0ÞÞðΓð0ÞR̂Þ − ðΓð2ÞΓð0ÞÞðΓð2ÞR̂Þ

¼ ð1 − nIÞβ
3

f4ðΓð1ÞΓð0ÞÞðΓð0ÞR̂Þ
þ ½3ðΓð0ÞΓð2ÞÞ − 2ðΓð0ÞΓð0ÞÞ�ðΓð1ÞR̂Þ
− 6ðΓð0ÞΓð1ÞÞðΓð2ÞR̂Þg; ð3:19Þ

which provides information on the size of kinematic
effects. Suppose to make a set of measurements, we build
the combination in the left-hand side of Eq. (3.19). This
quantity is expected to be small but generally nonzero: it is
proportional to the parameter β as dictated by the right-
hand side of this relation. Hence, Eq. (3.19) suggests a
practical way to estimate the size of the small parameter β
by appropriately assembling PTA measurements. While the
formulas discussed so far are evaluated at a frequency
around the reference frequency f⋆, it is straightforward to
generalize them to arbitrary frequencies and take the sum
over all frequency bins. Notice also that if the pulsar
positions x̂a are orthogonal to the frame velocity v̂, then the

functions Γð1;2Þ
A vanish. In this case, the previous equality

(3.19) is trivially satisfied and provides no information.
We now turn to estimating the errors in the measure-

ments using the Fisher matrix approach.

C. Fisher forecasts

The Fisher formalism, based on a manipulation of
second derivatives of the log-likelihood, allows one to
make forecasts of the capabilities of a given experiment
(current or future) to measure a given set of parameters. We
now investigate how an expansion of current pulsar set of
NANOGrav Collaboration [92–95] improves the prospects
to detect Doppler anisotropies, if certain conditions are
satisfied. See Fig. 3 for a plot of NANOGrav pulsar
positions in the sky, along as the direction of the velocity
vector v̂ as measured by CMB experiments [96].
In fact, currently the isotropic part of the SGWB is only

detected with an SNR ∼ 5 in the NG15 dataset [1]. Given
that the size of dipole anisotropy is at per mil level relative
to the monopole, we do not expect the data to provide
accurate information on kinematic anisotropies at this
stage: this is indeed what we found in plot 2. However,
the Fisher formalism allows us to quantify what gain in
sensitivity is required, for the measurement of the kin-
ematic dipole.
We model our intensity signal as a power law, as in

Eq. (3.13), and we are interested in estimating the quantities
I0 and β at first order in a Taylor expansion in β. Hence, we
focus on the kinematic dipole.5 The Fisher matrix (3.11),
when evaluated around the reference frequency f⋆ of
Eq. (3.13), reads

F ijðf⋆Þ ¼
1

ð4πf⋆Þ4
X
A

2TAΔf
ðRN

A Þ2
"

ðβκΓð1Þ
A þ Γð0Þ

A Þ2 I0κΓ
ð1Þ
A ðβκΓð1Þ

A þ Γð0Þ
A Þ

I0κΓ
ð1Þ
A ðβκΓð1Þ

A þ Γð0Þ
A Þ ðI0κΓð1Þ

A Þ2;

#
; ð3:20Þ

where the overlap functions Γð0;1Þ
A are given in Eqs. (2.24), (2.26), and we introduce

κ ¼ nI − 1: ð3:21Þ

FIG. 3. Representation of the sky position of the monitored
NANOGrav pulsars (yellow), and the directions (positive and
negative) of the velocity vector v̂ among frames (red and dark
blue stars), in galactic coordinates. Light blue stars indicate the
position of pulsars in random positions orthogonal to the velocity
vector.

5See Appendix C for the Fisher matrix with the quadrupole and monopole correction included.
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Equation (3.20) corresponds to the Fisher matrix for a given
frequency f. The full Fisher matrix is obtained by then
summing over the individual frequency bins,

F ij ¼
X
f

F ijðfÞ: ð3:22Þ

For our fiducial model, we assume6 the following
parameter reference values for our plots [see (A8)]:
log10 A ¼ −14.6 and γ ¼ 13=3.

I0 ¼ 9.9 × 10−23; f⋆ ¼ 1=year; ð3:23Þ

γ ¼ 13=3 ⇔ nI ¼ −7=3; ð3:24Þ

and

β ¼ 1.23 × 10−3; v̂ ¼ ðl; bÞ ¼ ð264°; 48°Þ; ð3:25Þ

for the frame velocity amplitude and direction (the latter in
galactic coordinates).
We can now discuss how our general approach allows us

to forecast how further developments in PTA experiments;
for example, monitoring more pulsars can improve the
sensitivity of kinematic anisotropies. As explained in
Sec. II, the response of PTA experiments to kinematic
anisotropies substantially depends on the position of the
pulsars with respect to the velocity vector v̂ among frames.
We consider two cases including additional pulsars to the
existing data set; see Fig. 3. In the first case, we add 67 extra

pulsars beside the 67 ones of NANOGrav Collaboration, for
simplicity each characterized by the same noise as an NG15
pulsar. The additional pulsars are all located in directions
orthogonal to v̂. Doubling the number of pulsars allows us to
build many more pulsar pairs.
However, when pairing among the additional pulsars

only, one finds that the sensitivity to Doppler anisotropies
vanish, because the contributions Γð1;2Þ

ab ¼ 0 in Eqs. (2.25)
and (2.26) since the pulsars are orthogonal to v̂. As a
consequence, although we somewhat gain in sensitivity, the
error in the parameter β is still large. See Fig. 4, left panel.
We then consider a second case, where we add 67 extra
pulsars beside the 67 ones of NANOGrav Collaboration, all
located in a direction parallel to v̂. We represent the result
in Fig. 4, right panel. In this case, formulas (2.25)
and (2.26) indicate that the sensitivity to kinematic anisot-
ropies should increase. In fact, we find that the error bars
considerably reduce with respect to the first case discussed
previously. In the most optimistic case with the additional
pulsars located in directions parallel to the kinematic
velocity, we find β ¼ 1.23 × 10−3 � 0.092 at 95% C.L.
using our Fisher analysis, which is also an improvement
over the current upper limit of β < 0.297 by a factor ∼3.
Nevertheless, for both cases, working with order Oð100Þ
pulsars do not seem sufficient to achieve the desired per mil
sensitivity on the value of β. In what comes next, we
discuss futuristic PTA experiments that might be able to do
so, by monitoring many more pulsars.

IV. DOPPLER ANISOTROPIES
AND FUTURE PTA DATA

After estimating the prospects for the present generation
of PTA experiments to detect kinematic anisotropies in the
SGWB, we now look towards the future, and we consider
futuristic PTA experiments monitoring a very large number
of pulsars. We assume to observe Npsr ≫ Oð100Þ identical

FIG. 4. Results of our analysis with parameter means and limits at 68% C.L. when adding 67 additional pulsars to the NG15 data set,
in directions orthogonal (left panel) and parallel (right panel) to the velocity vector v̂, as explained in the main text.

6These correspond to the amplitude observed by NANOGrav
[1] at the chosen reference frequency for a fixed γ ¼ 13=3, and
the dipole parameters are the ones measured from the CMB [96].
For plotting our results, we adopt the conventions of expressing
the intensity magnitude and slope in terms of the parameters A
and γ, as explained in Appendix A.
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pulsars distributed isotropically across the sky and
observed for the same time period T. This is an optimistic
condition, but in some approximation, it might be achieved
in the SKA era [55]. Given that the pulsars are assumed to
be isotropically distributed, in this section, we do not
exploit their particular positions in the sky. Instead, we
investigate how a large number of pulsars improve the
prospect to detect Doppler effects and consequently, the
magnitude and direction of the kinematic dipole. In first
approximation, we can expect that the signal-to-noise ratio
scales as the square root of the time of observation, times
the square root of the number Npair of pulsar pairs [31].
Since the latter scale as Npair ¼ NpsrðNpsr − 1Þ=2 ∼ N2

psr=2
for a large number of pulsars, increasing the quantity of
pulsars considerably improves the prospects of detection.
For our forecasts, we use the same approach of

Sec. III A. Additionally, in order to handle our formulas
more easily, we use the techniques developed in [36]. We
express the GW-induced two point correlators among time
residuals as in Eq. (2.12): i.e., we do not integrate over
directions, and we make use of the tensor γab of Eq. (2.8).
The Fisher matrix, evaluated at frequency f, reads

F ijðfÞ¼
2TΔf
ð4πfσÞ4Npair ×

1

Npair

X
A

γA ·
∂I
∂Θi

γA ·
∂I
∂Θj

; ð4:1Þ

where σ2 is the (common) noise variance. We assume that
all pulsars have the same intrinsic noise in order to carry on
analytical arguments in this section. In writing (4.1), we
vary over the parameters we wish to determine, as
explained in Sec. III A.
Using the results of [36], in the limit of large Npsr pulsars

distributed isotropically across the sky, we can write

1

Npair

X
A

γA ·
∂I
∂Θi

γA ·
∂I
∂Θj

¼
Z

d2a
4π

d2b
4π

Z
d2n
4π

d2n0

4π

× γabðn̂Þγabðn̂0Þ
∂Iðn̂Þ
∂Θi

∂Iðn̂0Þ
∂Θj

;

ð4:2Þ

where we replace the sum over pulsar pairs with an integral
over the pulsar pair directions. Then, exchanging the order
of the integrals, we can define a new function F∞ as

lim
Npsr→∞

1

Npair

X
ab

γabðn̂Þγabðn̂0Þ ¼
Z

d2a
4π

d2b
4π

γabðn̂Þγabðn̂0Þ

≡ F∞ðn̂ · n̂0Þ: ð4:3Þ

Defining χ ≡ n̂ · n̂0, the function F∞ðχÞ results in [36]

F∞ðχÞ¼
16

9ð1þχÞ2×
��

1−χ2

4
þ2−χþ3

1−χ

1þχ
log

1−χ

2

�
2

þ
�
2−χþ3

1−χ

1þχ
log

1−χ

2

�
2
�
: ð4:4Þ

We emphasize that χ controls the angle between two GW
directions. It is distinct from the angle ζab used
in Eq. (2.27).
At this point, given the isotropic distribution of the

system, it is convenient to expand the quantities involved in
spherical harmonics and use their orthogonality properties.
For the function F∞ðn̂ · n̂0Þ, we have

F∞ðn̂ · n̂0Þ ¼ 4π
X
lm

F lYlmðn̂ÞY�
lmðn̂0Þ; ð4:5Þ

while for the anisotropic intensity—whose anisotropy is
induced by kinematic effects as in Eq. (2.21)—we can write

Iðf; n̂Þ ¼ ĪðfÞ
�
1þ 4π

3
βðnI − 1Þ

X
m

Y1mðn̂ÞY�
1mðv̂Þ

�
: ð4:6Þ

We consider only dipolar anisotropies up to order β
(but notice that in the previous formula nI can depend
on frequency). The first three coefficients of F∞ in
Eq. (4.5) read F 0 ¼ 4=27, F 1 ¼ 32ζð3Þ − 346

9
≈ 0.02,

F 2 ¼ 46742
135

− 288ζð3Þ ≈ 0.04, with ζðnÞ the Riemann zeta
function.
Substituting expression (4.6) into our formula (4.1) for

the Fisher matrix evaluated at a given frequency f, we find

F ijðfÞ ¼
2TΔf
ð4πfσÞ4 Npair

×

�
F 0

∂Ī
∂Θi

∂Ī
∂Θj

þ 4πF 1

9

X
m

∂I1m
∂Θi

∂I�1m
∂Θj

�
; ð4:7Þ

where

I1m ≡ ĪβκY1mðv̂Þ; ð4:8Þ

[recall our definition of the parameter κ ¼ nI − 1
in Eq. (3.21)].
We vary along the intensity amplitude Ī—for simplicity,

we then evaluate the Fisher matrix at a reference frequency
f⋆—along with the size of the frame velocity β, as well as
along the dipole direction fθ;ϕg (which we later translate
to galactic coordinates). We find
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F ijðf⋆Þ ¼
2TΔf
ð4πfσÞ4 Npair

2
666664

F 0 þ F 1κ
2β2

3
ĪβF 1κ

2

3
0 0

ĪβF 1κ
2

3
Ī2F 1κ

2

3
0 0

0 0 F 1 Ī2κ2β2

3
0

0 0 0 F 1 Ī2κ2β2sin2θ
3

3
777775: ð4:9Þ

Once again, the full Fisher matrix will then be obtained by summing over the individual frequency bins.

A. Estimating the parameters in specific examples

We now apply the previous formulas to specific examples, in order to forecast in the idealized case of this section, the
accuracy in determining the model parameters, including the frequency dependence of the background.

1. Power-law scenario

Let us start with the example of a power-law frequency dependence of the SGWB in its rest frame, as the one of
Eq. (3.13). Kinematic anisotropies, up to order β, lead to an anisotropic intensity of the form,

Iðf; n̂Þ ¼ I0ðf=f⋆ÞnI ð1þ βκn̂ · v̂Þ; ð4:10Þ
with κ ¼ nI − 1 as in Eq. (3.21), and f⋆ a reference frequency. Adding up the Fisher matrix over the frequency bins leads to

F ij ¼
X
f

2TΔf
ð4πfσÞ4Npair

�
f
f⋆

�
2nI

×

2
6666664

F 0 þ F 1κ
2β2

3
I0βκ2F 1

3
0 0

I0βκ2F 1

3

I2
0
κ2F 1

3
0 0

0 0
F 1I20κ

2β2

3
0

0 0 0
F 1I20κ

2β2sin2θ
3

3
7777775
: ð4:11Þ

We now focus on the component F ββ, in order to Fisher
estimate the error on the velocity amplitude (see Sec. III C).
We obtain

F ββ ¼
X
f

2TΔf
ð4πfσÞ4 Npair

�
f
f⋆

�
2−2κ I20κ

2F 1

3

¼ SNR2
iso;tot

κ2F 1

3F 0

; ð4:12Þ

where we identify the signal-to-noise ratio of the isotropic
part as

SNR2
iso;tot ¼

X
f

2TΔf
ð4πfσÞ4Npair

�
f
fref

�
2−2κ

I20F 0: ð4:13Þ

Therefore, the error in the measurement of β becomes (at
lowest order in β)

Δβ ¼ ½F−1�1=2ββ ≈
�

3F 0

SNR2
iso;totκ

2F 1

�
1=2

: ð4:14Þ

Such estimates for the minimum detectable magnitude of
the dipole anisotropy (not specific to the kinematic dipole)
have been previously derived in [35,36]. Note however that
those estimates are presented in terms of the overall dipole

magnitude, which in our case corresponds to the product
κβ. Thus, estimates of β depend on the spectral slope
parameter κ ¼ nI − 1. As we know, CMB measurements
give a value β ¼ 1.2 × 10−3, which implies that for PTA
experiments to measure this parameter with a precision of
Δβ ∼ 10−3 (in order for being competitive with other
datasets) we must ensure at least

SNRiso;tot ∼ 104: ð4:15Þ

Starting from these considerations, we can derive quanti-
tative estimates for the error bars on the parameters
involved, making some assumptions on the PTA
measurements.
We take the time of observation Tobs ¼ 20 years, and for

the pulsar white noise parameters, we fix Tcad ¼ year=20 as
the cadence of the timing observations, Δtrms ¼ 100 ns the
rms error of the timing residuals [97]. For the red-noise
parameters we take ARN ¼ 2 × 10−15 and αRN ¼ −2=3.7

7This choice of red-noise parameters ensures that, to good
approximation, we remain in the weak-signal limit, where the
results of Eq. (3.8) and onwards apply. This corresponds to a red-
noise amplitude somewhat towards the higher end of what has
been observed in the NANOGrav pulsar set [93]. We also discuss
below what we expect would happen for a lower noise level.
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We then use Hasasia [98] to generate the noise curve. We
perform a frequency binning, taking Δf ¼ 1=Tobs and
f∈ ½1=Tobs; 20=Tobs�. For our fiducial parameters, we
assume the same values as in Sec. III C. Fixing this noise
level, we choose the number of pulsars so as to obtain at
least a 95% confidence level detection of β. We find that for
this we need 4000 identical pulsars with the above noise
properties to obtain such a precision. For this configuration,
we plot the joint 68% and 95% confidence intervals for
log10 A; β and the dipole direction parameters in Fig. 5. The
marginalized parameter limits, we obtain at 68% level are

log10A ¼ −14.6� 0.000094; ð4:16Þ

β ¼ ð1.23� 0.61Þ × 10−3; ð4:17Þ

b ¼ 48� 30; ð4:18Þ

l ¼ 264� 40; ð4:19Þ

where the two parameters ðl; bÞ indicate the dipole direc-
tion in galactic coordinates. Hence, we conclude that two
decades of observations as well as the observation of 4000
pulsars in this idealized case allows us to measure param-
eters controlling Doppler effects, with sufficient accuracy
so that the results can be compared to other (CMB and LSS)
datasets. In fact, since Npair scales quadratically with Npsrs,
the accuracy in the determination of the dipole parameters
scales linearly with the number of pulsars in this idealized
limit. The number Npsrs of pulsars we need to monitor is
large even for future experiments in SKA [55]; hence, our
scenario is futuristic. Nevertheless, such large numbers be
achievable with astrometry (see, e.g., [99]).
The measurement error on β scales as Δβ ∝ 1=SNR with

the following SNR scaling in the weak-signal limit [100]:

SNR ∝
INpsrT2−nI

σ2
; ð4:20Þ

which suggests that decreases in the noise level can
significantly improve the prospects of detection of the
kinematic dipole. However, this is only true in the weak-
signal limit. Given that several pulsars monitored by current

PTA experiments are already in the intermediate signal
regime, it is likely that future PTA observations will reach
the strong-signal regime where SNR ∝ Npsr

ffiffiffiffi
T

p
[100]. This

means that decreases in the intrinsic pulsar noise level will
only provide minor, rather than significant improvements to
the constraints on the dipole magnitude. For example,
going from σ2 → σ2=10 will not imply Δβ → Δβ=10;
rather, a more modest improvement will be expected.
Irrespective of the regime in which future PTAs will

operate, increasing the number of monitored pulsars will
still be the best strategy to improve constraints on the dipole
anisotropy, and on the size of anisotropies in general. The
position of the pulsars being observed will also be crucial,
and as we have seen from Sec. III C, a PTAwith pulsars in
the dipole direction will be much more suited to detecting
the dipole as compared to pulsars distributed uniformly.
Further improvements could be also be brought about by
increasing the frequency of observations (cadence), thereby
allowing for the use of information from the high frequency
part of the spectrum as well.
We also explored whether in this particular example we

can use kinematic anisotropies to better constrain the slope
of the spectrum κ, with respect to monopole measurements
only. The answer is negative since for power law case
information on the dipole anisotropy does not break any
degeneracy between amplitude and slope of the spectrum.
Instead, kinematic anisotropies are more informative with
respect to the spectra slope for backgrounds more complex
than a power law, as we are going to examine next.

2. Log-normal frequency spectrum

Our formalism is sufficiently flexible to allow us to go
beyond the case of a power law. Let us consider a log-
normal frequency profile in the SGWB rest frame, with a
peaked frequency feature,

FIG. 5. Fisher forecast for β and the dipole direction param-
eters, as discussed in the main text around Eq. (4.16).

FIG. 6. Fisher forecast of the dipole magnitude β for log-normal
spectrum of Sec. IVA 2. The parameter choices are shown in
Table I, we obtain β ¼ ð1.23� 1.5Þ × 10−3 for Δ ¼ 1 and β ¼
ð1.23� 0.4Þ × 10−3 for Δ ¼ 0.4 (at 68% C.L.).
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ĪðfÞ ¼ I0ffiffiffiffiffiffi
2π

p
Δ
exp

�
−
ln2ðf=f0Þ

2Δ2

�
; ð4:21Þ

with Δ ≪ 1 corresponding to a sharply peaked narrow
spectrum and Δ≳ 1 to a relatively broader spectrum.
The resulting Fisher forecasts, obtained following the

same procedure of Sec. IVA 1, are plotted in Fig. 6, for the
two cases Δ ¼ 0.4 and Δ ¼ 1.
To illustrate our point regarding the role of the frequency

dependence, we focus only on the estimation of the dipole
magnitude β.8 We consider two cases, namely a narrow and
a broad spectrum with the parameter choices for both
presented in Table I.
The parameters are chosen in a manner such that the

isotropic SNR for both cases is the same. We learn that
sharper features in the frequency spectrum enhance kin-
ematic effects, making them easier to detect in the Δ ¼ 0.4
case compared to the Δ ¼ 1 case. This is a particular
example among many showing how the possibly rich
frequency dependence of the GW spectrum can affect
the detection of Doppler anisotropies.

V. CONCLUSIONS

The recent detection of a stochastic gravitational wave
background by PTA Collaborations represents a significant
milestone in the field of GW astronomy. Given that the
origin of this background is currently unknown, it is a task
for theorists to identify signatures that could be used to
discriminate between astrophysical and cosmological ori-
gin of the signal. In the near future, the IPTA DR3 release is
likely to lead to more precise measurements of the
amplitude and spectral shape and may provide hints to
origin of the SGWB [5]. Another key signature is the
anisotropy of the SGWB intensity, with astrophysical
models predicting a much larger level of anisotropy
compared to cosmological ones. Thus, future observation
of anisotropies may decisively tilt the scales in favor
of a cosmological or astrophysical original of the PTA
signal.
Promisingly, recent forecasts of the detectability of

astrophysical anisotropies suggest that a significant fraction
of the predicted level of anisotropy may be detected in the

current or near future data [51]. Although the prospects for
detecting the intrinsic anisotropy of cosmological back-
grounds are currently quite dire, the kinematic dipole
anisotropy, which is generated due to our motion with
respect to the SGWB rest frame, is expected to be much
larger than the intrinsic anisotropy for such backgrounds.
Using the NG15 dataset, we are able to place an upper limit
β < 0.297 at 95% C.L. on the magnitude of this dipole,
assuming a cosmological origin for the signal and the
dipole direction to be the same as inferred from the CMB.
We also quantify the number of pulsars that will be required
with future datasets to detect the kinematic dipole, finding
that it will require N ≈ 4000 pulsars, for the pulsar red
noise parameters that we have chosen. We stress that our
results are derived under the weak-signal approximation,
which may not hold for futuristic PTAs. Thus, it would be
interesting to explore how the detection forecasts for the
dipole anisotropy change in the opposite regime where the
signal might dominate, even though the results are not
expected to be notably different. Also, it would be
important to exploit the dependence on the position of
pulsars (as discussed in Secs. II and III) to improve the
forecasts and reduce error bars in PTA systems, going
beyond some of the analytical approximations used in
Sec. IV. Moreover, it would be interesting to extend and
apply some of our techniques developed for PTA to the case
of astrometry, where a large number of stars can be
monitored with the aim of detecting GW.
Future observations of SGWBwith PTAs may also allow

us to test whether the rest frames of the CMB and
cosmological SGWB coincide. While one would naturally
expect this to be the case, the emergence of the recent
CMB-LSS dipole tension underscores the importance of
verifying this assumption experimentally. In this way,
observation of the SGWB kinematic dipole could enable
us to not only pinpoint the origin of the PTA signal but also
serve as an independent test of the cosmological principle.
Last, but not least, Doppler anisotropies can also provide
independent tests of modifications of Einstein gravity. The
search for their presence with PTA experiments is definitely
worth pursuing.
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APPENDIX A: CONVENTIONS ON THE SGWB
PARAMETERS

The spectral energy density parameter ΩGW is related to
the intensity I through

TABLE I. Parameter values for the narrow and broad log-
normal power spectra.

Parameter Narrow Broad

log10I0 −20.4 −20.4
f 0 0.2=year 0.2=year
Δ 0.4 1

8The results can be easily extended to include the dipole
direction parameters using Eq. (4.9).
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ΩGW ¼ 4π2f3

3H2
0

I: ðA1Þ

Besides the GWenergy density, another important quantity
is the characteristic strain hc, which we parametrize as a
power law,

hcðfÞ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2fIðfÞ

p
¼ A

�
f
fref

�
α

: ðA2Þ

Note that for a background of supermassive black hole
binaries, the expected parameters for the characteristic
strain are α ¼ −2=3 and A ≈ 10−15. PTA Collaborations
typically report their results in terms of the parameters A; γ
where

γ ≡ 3 − 2α: ðA3Þ

The NG15 results for the amplitude A, when fixing
α ¼ −2=3 and taking a reference frequency of fref ¼
1=year are [1]

A ¼ 2.4þ0.7
−0.6 × 10−15 ðat 90% C:L:Þ: ðA4Þ

For such a power law characteristic strain model, the
spectral energy density can be expressed as

ΩGWðfÞ ¼
2π2f2

3H2
0

A2

�
f
fref

�
2α

¼ ΩGW;0

�
f
fref

�
nΩ
; ðA5Þ

where

ΩGW;0 ≡ 2π2

3H2
0

f2refA
2; nΩ ≡ 2αþ 2: ðA6Þ

Similarly, for the intensity, we have

IðfÞ ¼ A2

2f

�
f
fref

�
2α

¼ I0

�
f
fref

�
nI
; ðA7Þ

where

I0 ≡ A2

2fref
; nI ≡ 2α − 1: ðA8Þ

Plugging in the value of A measured by NANOGrav (A4),
we have

ΩGW;0 ≈ 8.1 × 10−9; I0 ≈ 9.1 × 10−23½s�: ðA9Þ

If instead, we take as our reference frequency
fref ¼ 0.1=year, we obtain

ΩGW;0 ≈ 5.6 × 10−10; I0 ≈ 6.3 × 10−21½s�: ðA10Þ

APPENDIX B: COVARIANCE MATRIX IN THE
WEAK SIGNAL LIMIT

We now provide arguments to explain why the covari-
ance matrix in our likelihood is effectively diagonal in the
weak signal limit—see the discussion after Eq. (3.5). Our
arguments are not specific to PTA experiments, but they are
also applicable to ground based interferometers. Let dI
denote the data recorded by a given detector9 andNI denote
its noise PSD. The data are the sum of the signal and
noise, i.e.,

dI ¼ sI þ nI; hdIi ¼ hsIi; hnIi ¼ 0: ðB1Þ

We write the likelihood as

−2 lnL ¼
X
IJ

ðd̂I − sIÞC−1
IJ ðd̂J − sJÞT; ðB2Þ

where the covariance CIJ is given by

CIJ ¼ hdIdJi − hdIihdJi: ðB3Þ

Suppose for simplicity, we have only two detectors, so that
CIJ is a 2 × 2 matrix. Then assuming the noise is
uncorrelated across detectors, and that the detectors have
the same noise variance, we find

CIJ ¼
�
N þ hs2I i hsIsJi
hsIsJi N þ hs2Ji

�
: ðB4Þ

For ease of notation, we assume hsIi ¼ hsJi ¼ s and
hs2I i ¼ hs2Ji ¼ hsIsJi ¼ hs2i. Evaluating the full likelihood
for the signal with the above covariance matrix gives

−2 lnL ¼ 2ðd̂ − sÞ2
N þ 2s2

≈
2ðd̂ − sÞ2

N
ðB5Þ

in the weak signal limit s2 ≪ N. Thus, in this limit, we
approximate the covariance matrix as effectively diagonal,

CIJ ≈
�
N 0

0 N

�
; ðB6Þ

as claimed.

APPENDIX C: FULL FISHER MATRIX WITH
CONTRIBUTIONS UP TO ORDER β2

For convenience, in this appendix, we express the
intensity as

9This can be either the single detector output or the cross-
correlated output, in which case, the subscript I denotes either a
pulsar or interferometer pair.
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Iðf; n̂Þ ¼ I0HðfÞ
�
1þmIðfÞβ2 þ ξdIðfÞβ

þ 1

2
ð3ξ2 − 1ÞqIðfÞβ2

�
; ðC1Þ

with ξ ¼ n̂ · v̂ and

mIðfÞ ¼
1

6
ð−1þ n2I þ κIÞ; ðC2Þ

dIðfÞ ¼ ð1 − nIÞ; ðC3Þ

qIðfÞ ¼
1

3
½κI þ ðnI − 2ÞðnI − 1Þ�: ðC4Þ

We consider two cases. A realistic case with finite number
of pulsars, as in Sec. III, and an idealized case with a very
large number of pulsars distributed isotropically in the sky,
as in Sec. IV.

1. Realistic case

The full likelihood with quadrupole and monopole
correction added is

−2 lnL ¼ const:þ
X
f

X
pq

�
R̂pq −

I0HðfÞðΓð0Þ
pq ð1þ β2mIÞ þ βð1 − nIÞΓð1Þ

pq þ β2qIΓ
ð2Þ
pq Þ

ð4πfÞ2
�2

N−1
pq; ðC5Þ

with

Γð2Þ
pq ≡ 1

2

Z
d2n̂
4π

γpqðn̂Þð3ξ2 − 1Þ: ðC6Þ

We obtain the following Fisher matrix for fI0; βg:

F ij;f ¼ 1

ð4πfÞ4
X
pq

2TpqΔf
σ2pσ

2
q

H2ðfÞ
�
aI0I0 aI0β
aβI0 aββ;

�
ðC7Þ

with

aI0I0 ¼ ðβðκΓð1Þ
pq þ qβΓð2Þ

pq Þ þ Γð0Þ
pq ðβ2mþ 1ÞÞ2 ≈ ðΓð0Þ

pq Þ2 þOðβÞ ðC8Þ

aI0β ¼ aβI0 ¼ I0ðβðκΓð1Þ
pq þ qβΓð2Þ

pq Þ þ Γð0Þ
pq ðβ2mþ 1ÞÞðκΓð1Þ

pq þ 2βΓ0mþ 2βΓð2Þ
pqqÞ ðC9Þ

≈ I0κΓð0ÞΓð1Þ
pq þOðβÞ ðC10Þ

aββ ¼ I20ðκΓð1Þ
pq þ βðmΓð0Þ

pq þ qΓð2Þ
pq ÞÞ2 ≈ ðI0κΓð1Þ

pq Þ2 þOðβÞ: ðC11Þ

Thus, in the limit β ≪ 1, the contributions of the quadrupole and the monopole correction are subdominant compared to the
dipole. However, in the realistic case, the Fisher matrix also depends on the exact configuration of pulsars. Although both
the dipole and quadrupole response vanish for pulsars orthogonal to the velocity, the exact dependence is slightly different,
and it is indeed possible that for certain configurations of pulsars the quadrupole response is as or more important than the
dipole.

2. Idealized case

Proceeding similarly to Sec. IV, we obtain

F ij;f ¼
2TΔf
ð4πfσÞ4 NpairH2ðfÞ ×

2
66664
aI0I0 aI0β 0 0

aβI0 aββ 0 0

0 0 aθθ 0

0 0 0 aϕϕ

3
77775; ðC12Þ

where
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aI0I0 ¼ F 0ðmIβ
2 þ 1Þ2 þ 1

3
β2F 1ðnI − 1Þ2 þ 1

5
F 2q2Iβ

4 ≈ F 0 þOðβ2Þ ðC13Þ

aββ ¼
1

15
I20ð12β2ð5F 0m2

I þ F 2q2I Þ þ 5F 1ðnI − 1Þ2Þ ≈ F 1I20ðnI − 1Þ2
3

þOðβ2Þ ðC14Þ

aI0β ¼ aβI0 ¼
1

15
βI0ð30F 0mIðmIβ

2 þ 1Þ þ 5F 1ðnI − 1Þ2 þ 6F 2q2Iβ
2Þ ðC15Þ

≈ βI0

�
2F 0mI þ

F 1ðnI − 1Þ2
3

�
þOðβ3Þ; ðC16Þ

aθθ ¼
1

15
β2I20ð5F 1ðnI − 1Þ2 þ 9F 2q2Iβ

2Þ ≈ F 1I20ðnI − 1Þ2
3

β2 þOðβ4Þ ðC17Þ

aϕϕ ¼ 1

15
β2I20sin

2θð5F 1ðnI − 1Þ2 þ 9F 2q2Iβ
2Þ ≈ F 1I20ðnI − 1Þ2

3
β2sin2θ þOðβ4Þ: ðC18Þ

Incorporating all higher multipoles (l ≥ 1) of the anisotropy induced by kinematic effects, i.e.,

Iðn̂Þ ¼
X
l≥1

IlPlðn̂ · v̂Þ ¼ 4π
X
l≥2

Xl
m¼−l

Il
ð2lþ 1ÞYlmðn̂ÞY�

lmðv̂Þ; ðC19Þ

we obtain a Fisher matrix of the form,

Fij ¼
2TΔf
ð4πfσÞ4Npair ×

�
F 0

∂I0ð1þmIβ
2Þ

∂Θi

∂I0ð1þmIβ
2Þ

∂Θj
þ 4π

X
l≥1

Xl
m¼−l

F l

ð2lþ 1Þ2
∂Ilm
∂Θi

∂I�lm
∂Θj

�
; ðC20Þ

where we defined Ilm ≡ IlYlmðv̂Þ.
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