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ARTICLE INFO ABSTRACT

Keywords: This paper focuses on the numerical scheme of highly nonlinear neutral multiple-delay stochas-
The tamed Euler-Maruyama scheme tic McKean-Vlasov equation (NMSMVE) by virtue of the stochastic particle method. First, under
Neutral multiple-delay stochastic general assumptions, the results about propagation of chaos in L? sense are revealed, where

McKean-Vlasov equation
Strong convergence rate
Propagation of chaos

the convergence rate loses a little due to the proof technique. Then the tamed Euler-Maruyama
scheme to the corresponding particle system is established and the convergence rate in L£? sense
is obtained. Furthermore, combining these two results gives the convergence error in £” sense
between the objective NMSMVE and numerical approximation, which is related to the particle
number and step size. Finally, two numerical examples are provided to support the finding.

1. Introduction

The theories of stochastic McKean-Vlasov equations (SMVEs) have been investigated by plenty of scholars, since SMVEs appear
in many research fields, such as biological systems, chemistry and mean-field games [1-3]. The salient feature of SMVEs is that the
coefficients depend on the distributions of state variables, which brings difficulties to the research. SMVEs are also called distribution
dependent stochastic differential equations (SDEs) or mean-field SDEs. Reviewing the pioneering works, SMVEs were studied by
McKean in [4-6], which were inspired by [7]. The existence and uniqueness of SMVEs were discussed in [8-10]. As for other
theories of SMVEs, we refer the readers to [11-16].

As so often is the case, the true solutions to SMVEs cannot be expressed explicitly. Hence, analyzing the numerical solutions is
a common way to get the properties of the true solutions. However, the classical Euler—Maruyama (EM) scheme cannot be used
to simulate SDEs with superlinear coefficients well [17]. By borrowing the ideas in [18-20], the tamed EM scheme for SMVEs
with superlinear drift coefficients was proposed in [21]. The tamed Milstein scheme for SMVEs was established to improve the
convergence rate in [22]. In addition, after the existence and uniqueness of the solution to SMVE with superlinear drift and diffusion
coefficients were proven by using the new method, the tamed EM and Milstein schemes were also analyzed in [23].

When the time-delay is taken into consideration, the theories for SMVEs with delay were discussed in [24-27]. The neutral
SMVEs with delay refer to a class of SMVEs which not only depend on the present, past state variables, but also contain derivatives
with delay. The neutral SMVEs with delay were approximated by the tamed EM scheme in [28]. However, the equation form is
limited. For example, the following scalar equation is not included in [28]:

AdIYO+Y t=p=[-2YO + Yt —p) = 2Y (1 — p) + EYD]dt + [Y () + Y (¢ — p)ld B(?). (1.1)
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Here, p is the constant delay. Actually, some numerical schemes for neutral stochastic differential delay equations (NSDDEs), whose
coefficients are not dependent of the distributions, also have this limitation, such as [29-33]. To overcome this shortcoming and
relax the constraint of the delay variables, we use the techniques in [34,35] to approximate the highly nonlinear neutral SMVEs
with delay.

In this paper, we focus on a class of highly nonlinear neutral multiple-delay stochastic McKean-Vlasov equations (NMSMVEs) of
the form:

dIY(®) = DY (i = p)] = (Y(z)7Y(t = P2e e Y = 9 Ly Lypy)s - ,Lm_m) di

1.2)
+5 (Y(:), Yt = p)s e Yt = ). Ly Ly - ,Ly(,_m) dB(@),

ont € [0,T], where Ly_, ) is the law of Y at time ¢ — p, for v € S, := {1,2,...,r}. Moreover, for v € S, let 0 < p, < p. Here,
D :R? > RY, a: RYY X (PR = RY, p 1 (RY) X (Po(RY)y — R,

In reality, the multiple-delay systems are very significant, and they turn up on many occasions [36-39]. Then in this paper, the
tamed EM scheme is established for NMSMVEs (1.2). Additionally, the convergence rate in £? sense is shown, which is differential
from the previous papers [21,22,24,26,28,40,41], where only the convergence rate in £> sense was given. After analyzing the
existing results, we find that the key to overcome this problem is to obtain the propagation of chaos in £? sense. By virtue of the
theory in [42], we give this result in Theorems 3.1 and 3.2.

All in all, the main contributions of the present paper can be stated as follows.

o There is only one delay in [26,28], but we shall deal with multiple delays in (1.2). Moreover, the coefficients of (1.2) depend
on the distributions of the delay variables.

o The form of the equations and the constraint of the delay variables are more general, which are allowed highly nonlinear.

o The requirement for the neutral term is also allowed highly nonlinear.

» The propagation of chaos in £? sense is shown with the aid of the theory in [42]. Then the convergence rate in £? sense of
the tamed EM scheme is presented.

The organization for the rest of the paper is as follows. We simplify the NMSMVEs by the projection operator and give the
moment boundedness of the true solution in Section 2. The propagation of chaos in £ sense is shown in Section 3. In Section 4, the
tamed EM scheme is established to approximate NMSMVEs. Section 5 contains a one-dimensional example and a two-dimensional
example.

2. Preliminaries

Let (£, F, {F,};50.P) be a complete probability space with a filtration {F,},5, satisfying the usual conditions (i.e., it is increasing
and right continuous while F contains all P-null sets). For x € R¢, let |x| be its Euclidean norm. For the real numbers b, b,, denote
by Aby =min{b;,b,} and b, v b, = max{b;,b,}. Let |b;] be the largest integer that does not exceed b,. For a set .S, define I¢(x) = 1
if x € S and I4(x) = 0 if x ¢ S (i.e., I is indicator function). Assume that C := C([—p,0];R?) is the family of all continuous
functions ¢ from [—p,0] to R? with the norm ||¢|| = sup_ »<0<0/@(0)|. The probability expectation with respect to P is defined by E.
For p > 1, LP := LP(Q,F,P) is the set of random variables X with E|X|? < c. Let B(¢) be an m-dimensional Brownian motion on
the probability space. Denote R, = [0, +c0).

Let 6,(-) stand for the Dirac measure at point y € RY. Assume that P(R?) is the family of all probability measures on R¢. For
q > 1, define

1/q
PR = {/4 € P(RY) : < /R , |y|"u<dy>) < oo},

and set W, (1) = (/ga |y|";4(dy))1/q for any 4 € P,(R?). For ¢ > 1, the Wasserstein distance of u,v € P,(R?) is defined by

1/q
W,(u,v) = inf / [y1 = »lin(dy,, dy,) ,
R4xR4

re(p.v)

where €(u, v) is the family of all couplings for u, v, i.e., z(-,RY) = u(-) and z(R9,-) = v(-).
We quote Lemma 2.3 in [8] as the following lemma.

Lemma 2.1. For any u € P,(R?), we have W, (u, 8y) = W (u).

Define the segment process y, = {y(t + 0) : —p < 6 < 0} for any ¢ > 0. Then y, € C. In order to simplify the equation form, we
introduce the following projection operator. Let Iy(¢) : C — R9, I'y(¢) = ¢(8) for ¢ € C and 6 € [—p,0]. In addition, we set

I'(p) = 5 (@), T, (@), ... T5 (),

Lr@) = @Cr; o Ly, @ - Lry, )
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for any ¢ € C and 5,,5,,...,5, € [-p,0]. Let 5, = 0, 5, = —p throughout the paper. For another, it should be noted that we can
arrange the r-delays in (1.2) into a non subtractive sequence {p,,p,,...,p,}. Then set p, = =5, = 0, p, = =5, = p and p, = -5,
v € {2,3,...,r—1}. Based on these notations, NMSMVE (1.2) can be rewritten as

dIY(t) = DY (1 — p))] = (r(Y,), er)) di+p (F(Y,), Lr(m) dB@), 1e€[0,T], 1)

with the initial value Y, =¢ € C‘;’,O([—p, 0]; R9), where Ci’,o([—p, 0]; R?) is the family of all F;,-measurable C-valued random variables
& with E||¢||” < oo for any j > 0. Moreover, D : RY — RY, a : (RY)" x (P,(RD)" - RY, p : (RY) x (P,(RY))" - R are all
Borel-measurable.

Remark 1. One can observe that
F(G) =(I5, (V). T5, (Y. ... T5,(Y,))
=Y (51), Y((5,), ..., Y4(5,))
=Y (), Y(t +35),.... Y[ +5,))
=Y ®),Y(t—py),.... Y= p)).

The Theorem 1 in [42] is cited as the following theorem.

Theorem 2.2. Let {X,},» be a sequence of independent and identically distributed (i.i.d.) random variables in RY with the distribution

ue Pﬁ(Rd ) and define the empirical measure yuy = % Zj\; 1 0x, for j € Sy. Then for p > p > 2, there exists a constant C, ; ; depending on
p, b, d, such that, for all N > 1,
N-Y2 4 N~-D/, if p>d/2 and jp # 2p,
E (WZ(MN, /4)) <C,5a 9N~ log(1+ N)+ N=P=P/P if p=d/2 and j # 2p,
NP/ 4 N~0-P/p, if2<p<d/2

Then the special case is stated as the following corollary.

Corollary 2.3. Assume that the settings in Theorem 2.2 hold. Then for p > 2p and p > 2, there exists a constant C, ; ; depending on p,
P, d, such that, for all N > 1,

N-1/2, ifp>dJ/2,
E (WZ(yN, ,4)) <Cppa{N"log1 + N),  if p=4d/2,
N/, ifa<p<d)2.

In order to make assumptions on coefficients, we denote U; : R? xRY — R, i = 1,2,3 and there exist constants K;; > 0 and /; > 1
such that

0 < U(% %) < Ky(1+ =] + %), (2.2)
for any %, € R? and i = 1,2,3.
Let x* = (x1,x5,.... %), Y7 = (y,y5.....¥) for x;, yy € R, i € S, and u® = (. pyseecvpty), V0 = (viuvy,..ouv,) for p,
v, EPR(RY), i €S,.

Assumption 2.4. There exist positive constants K, K;,, K;3 such that

|a(x(’), 1) = a(y”, i)

-
<Ky Z [Ul(xi’yi)lxi - Yi|] s
i=1

r
|a(x(’), H) = ax® V)| < Ky YW, v,),
i=1

(x1 = D(x,) = 1 + D))" (ax?, 4?) = a(y®, V7))
r—1 r
<Kj; Z |x; — yi|2 + Uzz(xrayr)lxr - y,|2 + ng(ﬂi,vi)] ,
il i=1
for any x, y € (R?)" and u®,v? € (P,(R?)).

Assumption 2.5. There exists a constant K, > 0 such that

r—1
B0 =BGV U < Ky | 1 = il + Un(xpe ), = y,|] :
i=1

|6 4 = e, v)

r
< Kz Z Wz(lli, V,')»
i=1
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for any x, y € (R?)" and u®, v € (P,(R?)).

Assumption 2.6. D(0) = 0 and there exists a constant K3 > 0 such that
|D(x,) = D(y,)| < K3U3(x,, y,)1x, — ¥, 1,

for any x,, y, € R?.

Assumption 2.7. There exists a constant K, > 0 such that for all positive p,

E( sup |cf<t1>—»:<z2>|f’>5K4|t1—tz|1’/2.

—p<ty,1r<0

Remark 2. In the numerical examples, for the third inequality in Assumption 2.4, we need to check the case u” = v(") as follows

(x1 = D) =y + D))" («x®, 1) = a7, u®))

r—1
<c [2 x; = yil? + U3 (5, p)lx, — y,|2] : @3
i=1
In fact, one can see that

(x1 = D(x,) = 1 + D))" (ax?, u?) = a(y®, V7))

= (xl — D(xr) -y + D(yr))T (a(x(r)’y(r)) _ a(y(’),y(’)))

+ (%1 = D) =31+ D)) (@ 1) = @ )

Note that

(x1 = D) =y + D))" (a6, u?) = a(”,v)

)
1
< (xy =P+ 1DG) = DO + 5K, 3 Wik, v)
i=1

,
1
< (g = P4+ KSUZ Gyl = v )+ 5Ky 3 Wik, ),
i=1

where in the last inequality, we have chosen sufficiently large /, such that U;(x,,y,) < U,(x,,y,) hold with the aid of (2.2) and
Assumption 2.6. Then the third inequality in Assumption 2.4 holds by the above inequality and (2.3).

Moreover, by Assumptions 2.4-2.6, one can see there exist some constants C;,C,, C; such that

‘a(x(r)7 W < ¢ (1 + ) (U1 (x,, 01, + wz(ﬂi)]>, 2.4
i=1
r—1 r
(x; = D(x,)" ax?, 4"y < &, [1 + ) P+ UG, 0l P+ Y sz(y,.)] , (2.5)
i=1 i=1
5 r—1 r
‘ﬂ(x(’), N <G [1 + ) 1P+ U, 0l 2+ Y w§<,4,.)] , (2.6)
i=1 i=1

|D(xr)| < K3U3(xr’0)|xr|’ (2-7)

for any x® € (R?) and u® € (P,(R?))". In the rest of this paper, let I;; = max{l,,l,,1;} and & € Cf;o([—p, 0];R?) for any p > 0 for
simplicity.

Theorem 2.8. Let Assumptions 2.4-2.6 hold. Then there exists a unique strong solution Y (¢) to (2.1) and Y (¢) satisfies for any p > 0 and
T >0,

E( sup |Y(’)|ﬁ> < Ce, ity

0<t<T

where the notations C,, 1., p ; are defined in the proof.

Proof. We divide the proof into three steps, and the techniques used here can be found in [28,34,43].
Step 1: For t € [0,T] and n = 1,2, ..., let Y,,(?) solve the distribution-interaction equation:

dl¥ (1) = DYyt = pD] = & (r(n)()/t)7 Lr(nfl)(y,)> dr+p (r(n)()/t)’ LF(,,,,)(Y,)) dB(), (2.8)

4
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with the initial value Y(,,(6) = £(6),6 € [-p,0]. In this step, we shall prove that (2.8) admits a unique solution Y{,,(r) and give the
moment boundedness of Y,,(t). Here, L. (Y is the law of I7,,(Y;), where

T @) = (5, O T, (V) T3, (Vi)
= (Y G Y32 Yo (1 (5))
= (Yot + 3D Yyt + 5. ... Yy (1 +5,)
= (Yo, Yt = p2)s o, Yt = 1)) -
Moreover,
Y0 (0) =&(0), 0 €[-p,0],
{Y«n(t) =¢£0), t€I[0,T]
When n = 1, the drift and diffusion coefficients of (2.8) depend on the state variable Y{;)(-) and distribution of ¢. Then the NSDDE
is independent of the distribution ILY( () We obtain from [43] that it admits a unique solution Y(;,(#) under the given conditions.

Since WZZ(JLYM(S +§,)2 < E||&||? for i € S,, the procedure to estimate the moment of Y(1)() is similar to Step 3, we omit the details here.
For every integer N > 1, define

tyay =T Adnf {r €[0,T] : |[Y;,(®)| > N}.

We can get from Hoélder’s inequality, Gronwall’s inequality and the Burkholder-Davis-Gundy (BDG) inequality that, for 5 > 2 and

te[0,T],
¢ l*) , (2.9)

O<usinty 1y O<usinty 1y

p N N
IE< sup ‘Y(])(u)‘)SCT*+CT*(T+1)E< sup ‘Y(])(u—p)

where Cp, = C,eTC, I, =1, + 1, and

¢, = [(1 + A +PE|ENP) v (ngﬁ—l +rV 1_7(172— 1) Vﬁ]
p — 4/ 2P (2(5 — 1)PCP
[(C2 + G221 v KD (1’_2 v 2)] v M
p p pp—z

Define the sequence p; by

-i+15)

_ T ] , T
p,=(2—J+L;J)pl* , J=1,2,...,l;J+l-

For u € [0, p], we derive from (2.9) that

P A A Pl
E sup (Ym(u)( "V<é, +Cn @+ DE( sup |Y(1)(u)| !
OSuSp/\‘rN»(l) —pZu<0

< Cr, + Cr (T + DEJ|E||P .

Then for u € [0, 2p], using (2.9) with Holder’s inequality gives that

E( on )Y<n>(u))2)SCr*+cn<T+1>[CT*+CT*<T+1>E||¢||"1’*]

0<u<2pAty M

By induction, we derive that

E sup (Y(n(”)‘p < Cep, el 5y
osus( (AL 1+1p)Ag, |

where j =1,2,..., L%J + 1. Then Fatou’s lemma leads to

b
E sup |Y<1>(”>| <Cep, el 5y
05us[(L§J+1)p]

Now, we assume that

5
< A .
E <Oi‘,‘£T|Y<nfl>(’)‘ ) . AT
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Replacing (1"(1)()/,), Lroq, )) by (F(,,)(Y,), L Ty )> and repeating these procedures give that (2.8) admits a unique solution Y{,(r)
and it has the property that

5
E( sup ¥ ) ) < Cep. it s;

0<t<T

Step 2: We mainly prove that the limits of the sequences {Y{,,(-)} and {]Ly(n)(,)} (as n — o) satisfy P-a.s.

d[Y(t) = DY (t — p))] = a (F(Y,), Lr(m) dt+p (r(Y,), er)) dB(®), 1el0,T].

Then the uniqueness of the solution can be shown. This proof can be completed by using the Step 2 of Theorem 3.8 in [28] and the
iterative technique, we omit it.
Step 3: We will give the moment boundedness of the solution Y (¢) in this step. Set p > 2 first. For any ¢ € [0, T], by It6’s formula,

we have
[Y(0) = DOY(t = p)IP — |£(0) — DE(=p))|?

t
<p /0 [Y(s) = DY (s = )P (¥ (5) = D(Y (s = p)))| (rm), er)) ds

55— 1 t B
+ 222D /O ¥ = DO = )2 19 (1), Ly, ) s

t
+p /O [Y(s) = DY (s = p)IP > (¥ () = D(Y (s = p)))" (F<YS>,LF<YS>) dB(s)

55 — 1
=: 5l,(1) + ’%lz(r) + L (0).
Define 7y = T Ainf{t € [0,T] : |[Y(*)| > N} for every integer N > 1. By (2.5), (2.6), Holder’s inequality and Young’s inequality, we

derive that

E [ sup  (£1(s) + 12(3))]

0<s<tAty

(G, + C)E /O " ¥ (s) = DOY (s - )P

r—1 r

1+ Z 1Y (s +35)17 + UZY (s = p).O)Y (s — p)I* + Z WLy (ss)) | ds

i=1 i=1

IATR
<G + G2 (1 v KIE /0 T (PR U0 G- . 0lY s - pIP?)

r—1 r T
L+ D Y (s + 5D + UZY (s = ), O)1Y (s = p)I* + Y, Wi(ILys5,) | ds

i=1 i=1

r—1

_ _ B 5 p— 2 2 INTR _ _
G, + G2 PV KS )(Tv;>E/ L+ ) [Y(s+5)1P + 1IN’
0 i=1

+ (U, (X (5= p).0) VU (Y (s = 9).0)) [Y (s = p)IP + Y W;’(ILY(SH,.))] ds
i=1

r—1

_ _ _ o ) AT _ B
<Gy + C22(1 v KT <PT v %) E/ [1 +IENIP+ ) 1Y (s +35)17
0 i=1

,
+KY (1+1Y (s = p|2Y3) Y (s = p)I7 + ) WZ”(LYM,))] ds
i=1

t
s<C’2+C’3>2ﬁ-2<1vK§‘2><’%2v%)/ [1+E||5||"+(r—1>15< sup |Y<u)|">
0

O<ussaty

+1<gzﬁ-1E< sup |Y(u)|P>+ngﬁ-llE|Y(s—p>|’w+p+rE( sup |Y(u)|”)] ds

O<u<sAty O<ussAty

G+ G272V KIDHIA +ENENP) v (KD 27 + 1) <’%2 v %)

t
-E/ <1+ sup |Y(u)|f’+|Y<s—p>|<’v+”ﬁ>ds.
0

O<ussatgy
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Using Young’s inequality, Holder’s inequality and BDG’s inequality gives that

E[ sup I3(s)]

0<s<tAty

It 2 172
<4V2E [ / ") = DOrs = P2 |5 (T L) ds]
0

5%]E< sup |Y(s)—D(Y(S—P))|p>

0<s<tAty

44/2)P2(p — 1)1 CP thTy -l
. 24 (Z . ) *E(/ ' [1 + DY (s +5)17 + U3 (Y (s = ), O[Y (s = p)?
P 0 i=1

. P/
+ 2 wg(LY(Mi))] ds>

i=1

5%]E< sup |Y(S)—D(Y(S—P))|p>

0<s<tATy

V2P - 1)y €
+

= 1 — =
e [+ EJelP) v (K527 + IR / <1+ sup |Y<u>|”+|Y(s—p>|<’v“>”>ds.
- 0

O<u<sAty

Thus,

E< sup |Y(u)|1’>

O<ustAty
<or-! [E< sup | DY (u— p))l”) + E( sup  [Y(u) — D(Y(u— p))l”)]
O<u<tAty O<u<tAtgy
. t B t/\'r,v B _
<C, |1 +1E/ sup  |Y()|? )ds +IE/ Y(s—p)|WwHDPgs + B sup |Yu—p)|lvtD? )|,
0\ O<ussAry 0 O<u<inty

where

¢, = [(1 RNV (K2 +r)y L2ZD vﬁ]

o i - @V27 @G - )YPEr

[(02 +Cy)2P2(1v Kg‘z) ("—2 v 2)] v —2*
p p pP-

Thanks to Gronwall’s inequality, we get that

]E< sup |Y(u)|”>§éT*+C'T*(T+1)]E< sup |Y(u—p)|pl*>, (2.10)

O<u<tAty O<u<tAty

where Cr, = C,e’ and I, = I;; + 1. Define a sequence j; by

. T
l_jﬂFJ
s

_ . T, . . T
Pj=(2—J+L;J)Pl* J=1,2,---7[;J+1-

One can see that Pisils < b; for j=1,2,..., L%J +1 and 13[£J+1 = p. For u € [0, p], (2.10) means that
P

E( sup |Y(u)|m) <Cr, +C‘T*<T+1>1E< sup |Y(u>|ﬁl’*> < Cr, + Cru(T + DE[E[171".

O0<u<pAty —pZu<0

Then for u € [0, 2p], using p,/, < p; and (2.10) with Holder’s inequality gives that

1E< sup |Y(u)|’32)§C‘T*+C’T*(T+1)E< sup |Y(u—p)|pzl*>

0<u2pAty 0<u=2pAty
121
. . _ 2y
<Cr +Cr @+ |E[  sup Y- pl?
0<u<2pAty
Pl

< Cp, + Cr (T + D[Cp, + Cro (T + DE|[E|P1] 1

7
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By induction, we get that

E sup Y@< Cep e s,
OSuS[(([%JH)p)/\rN]

where j =1,2,..., L%J + 1. The Fatou lemma leads to

E sup Yw|?| < Ce,,

; T 5
0<u< [([;j-ﬁ—] )p]

When j € (0,2), the desired result follows by the Holder inequality. []
3. Propagation of chaos

In this section, we will use the stochastic particle method in [44,45] to approximate NMSMVE (2.1). For any i € Sy,
let (B',&) be independent copies of (B,&) and all (B/,&') are i.i.d. Moreover, for & € C;O([—p,O];Rd) and any p > 0, set

E (sup_ﬂgl,lzgo |EHty) — §f(t2)|ﬁ> <Kyt — tzlﬁ/z. A non-interacting particle system is given by

dIY' () = DOt = ) = o (T Ly ) d+ B (T, Ly, ) 4B @G.1)
with the initial value &, where

rQ))=Is ), T () = @), ... Y (0 = p)),

LF(Y:) = (]Lfg, iy ]Lr§r(yri)) = (]Ly,(,), ey ]Ly,(,_ﬂ)).
One can see that L roy = Lr,) i € Sy. To deal with L racy We introduce the following interacting particle system of the form

AN ) = DOV = gl =@ (TGN Lo, ) de+ (1O Lyn, ) dB), 32
with the initial value &, where

roNy =5, 0N, L, ) = (r N @, L YN - ),

Lrapy = @ry qpy oL o) = Torn e oo Ty p)-

and
| X
LyN-5,)() i= N /;1 OyiNg-sy(), VES,.
In the following of this paper, let p > 2. The theory of the propagation of chaos is stated as the following theorem.

Theorem 3.1. Let Assumptions 2.4-2.6 hold and (ply; + €)p < €p hold for € € (0,1]. Then there exists a constant C independent of N
such that, for any i € Sy,

(N=1/2) 0, ifp>d/2,
. ( sup |Y'(1) = YN <r>lp> <CJIN"log(1+ N 72, if p=d/2,
0<t<T
(N=PlyTes, if2<p<d/2,

- 1Z]
where Ay, , =(”Tf) o,

Proof. For any i € Sy and 7 € [0, 7], set
E0=Y'0)-DY't-p) - YN®+ DN - p)).
Then using It6’s formula leads to
1= ol” ~ 1= 0)"

t
=i =2 i i i,
<p /0 2P E @) [a (PO Lpay ) —a (FOEY). Ly, )] ds
pp=1) " i 2
+ T/o RO

+p /0 JEIS e [6(rardLras ) =8 (PO Ly, )] dB )

=1 J] () + Ty + T

2
ds

) (r(yp, L,(Yb) -5 (r(Y;’”),erN))
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For € € (0, 1], we get from Holder’s inequality, Young’s inequality and Assumptions 2.4, 2.5 that

E [Osup i)+ Jg(s))]
<s<t

t r—1
SCIE/ =4O i [z Yis +5,) = YN s +5,)I°
0 v=1

.
. . . . 2
+ U (s =) YN (s = )Y (s = p) = YN (s = )" + D) Wayi(sus,)- Lyw(mv))] ds

v=1
t t [r-1
SCIE/ |E’(s)|pds+CIE1/ [Z|Yi(s+§u)—Yi'N(s+§,,)|p
0 0 v=1

,
+ UL (s = ) YN s = )Y s = p) = YN = p” + Y Wﬁ(lLyiw),LYMHE,,))] ds

v=1
t . t . X
SCIE/ |5'(s)|”ds+c/ IEI< sup |Y'(u)—Y'~N(u>|”> ds
0 0 0<u<s

t . . p/e e/p
n c/ []E(l FYi(s = p)ure |Y”N(s—p)|[up+£> ]
0

(p—2)/p
] ds

. [Ew"(s —p)=YN—p)f

t r
+ CE /0 2 WALyi(sss,): Ly N o4,))ds

v=1
! . ! . .
SCIE/ |5'(s)|”ds+c/ E< sup |Y’(u)—Y’*N(u)|p> ds
0 0 0<u<s

! . ) (r—€)/
+ c/ [E|Y’(s—p)—Y”N(s—p)|p] T s
0

t r
+CE /0 D WA (Lyigsas,) Ly N (sis,))dS-

v=1

By Assumption 2.5, BDG’s inequality, Young’s inequality and Holder’s inequality, we derive that

E [ sup J;(s)]

0<s<t

1
<CE [ / 1= ()"
0

t [r-1
%E < sup |_="(s)|"> +CE [/O [Z Yi(s+35,) = Y™ (s +5,)

0<s<t v=1

2 1/2
ds]

b (F(Ysi>’]1‘r<¥£>) - (F(Y;’N)’H‘”Y:N))

IA

v=1

’ »/2
i i i i 2
+ UV (s =, YN (s = )Y (s = p) =Y N(s = p)|” + D) Wa(ILyi(yus, - Lyw(sﬂv))] ds]

1
S%E < sup |5"(s)|”> + c/ E ( sup |Y'(w) — Yi'N(u)|p> ds
0

0<s<t 0<u<s
! ; N P 0=6)/p ' <
+C [E|yl(s — ) =Y"N(s— ) ] ds+CE | Y WhLyigrs,) Ly o5, )ds.
0 0 =]
Thanks to Gronwall’s inequality, we have

t
E ( sup |5"(s)|”> sc/ 1E< sup IYi(u)—Yi’N(u)|p> ds
0

0<s<t 0<u<s

e . -1/
+ c/ [E|Y’(s—p)—Y”N(s—p)|p] PO s
0

t r
+ CE /0 X W Lyig1s,)0 Ly (55,
v=1

9
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Therefore, we get from Assumption 2.6 and the technique in the estimation of J { )+ Jé(t) that

E ( sup |Y(s) — Y"~N(s)|”>

0<s<t

<CE ( sup |E"<s>|”> +CE ( sup [D(Y'(s = p)) = DOY*N(s - p)>|”>

0<s<t 0<s<r

t (p—€)/p
sc/ E < sup |[Y'(u)— Yf~N(u)|”> ds+C [IE < sup |[Y'w—p)=Y"Nwu-— p)|”>]
0

0<u<s 0<u<t

t r
+ CE /0 > WALyigsas,) Ly N (s5,))d5-
v=1
Using Gronwall’s inequality again yields that
E ( sup Y () ~ Y"~N<u>|”)

O<u<t

(3.3)
) ) » (r—e)/p t T
<C [E < sup [Yiu=p) = YN p)| )] +CE / D WA(Lyigss,) Ly d (s1s,))d5-
0 =

0<u<t v=1

For u € [0, p], we get from (3.3) that

0<u<p

. . ’, "
E( sup Y/ () - y:,N(u)y’) <CE / X WA Lyi(sas, Ly (s45,))5-
0 p=1

To deal with the Wasserstein distance, for v € S, and 7 € [0,T], we give the definition Ly~ +w(-) by

N
1
]LY*'N(HE,,)(') = ﬁ 2 SY/(HEU)(')'
Jj=1

One can observe that, for v € S, and s € [0, p],

W Wyi(ss,) Ly v ses,))
< CWﬁ(ILy,(ng), ILY*~N(S+EU)) + Wi(LY**N(s+§U)’ ]LYN(S+§U))
1 < P
< CWA(Lyigors, Ly oas,) + C > ‘Yf(s +5)- YN 435,
j=1

Since all j are identically distributed, we have

N
1 i _ i _ P i _ i _ P
E(NZ‘;}W(H%)—WN(H%) >=E|Y(s+su)—YN(s+sU) .

Jj=

Thus,

IE< sup [Y'(u)— Yi’N(u)|p>

0<u<p

P | .
SCIE/ 2|Y’(s+§u)—Y“N(s+§U)
0 =1

P P
ds + CE/ Wi(LYi(S+EU)’ Ly*.N(S+§U))dS
0

P P
i i p
<c /O E ( sup 1Y) = YN )| )ds+CIE /0 W2(Lyi(sa5, LyeN (545,))d5-

0<u<s

Applying Gronwall’s inequality and Corollary 2.3 yields that

N-1/2, if p>dJ2,
E < sup |Y'(u) — Yi’N(u)|p> <C{N~'"2log(1 + N), ifp=d/2,
0<u<p
NP/, if2<p<d/2.

10
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For u € [0,2p], using Holder’s inequality and (3.3) gives that

E < sup |Y'(u)— Yi’N(u)|p>

0<u<2p

(r=e)/p 2
<cC |:E< sup Yiu—p)— YI,N(u — p)|p>:| + CE/ ZWg(]l‘yi(s+§v)’]I‘Y'V(S+3,,))ds
0

0<u<2p v=1

(p—e)/p 2%
<C [E < sup |Y'(u) — Ytﬂ(u)l”)] + CE/O Z WZ(]LY,-(SHU),]LY*,N(SH"))ds
v=1

0<u<p

2p
+C / ]E< sup [Y'(u) - Y'*N<u>|"> ds.
0

0<u<s

The Gronwall inequality means that

E < sup |Y'(u) — Yi’N(u)|p>

0<u<2p

(r—e)/p 2% T
<C |:]E < sup |Yi(u) _yiN (ll)|p>:| ds + CE/ Z Wi(ﬂ“yi(é'+§“)’H“Y*'N(S+§v))ds
0 =i

0<u<p
(N*I/Z)(pfe)/p, if p>d/2,
< CI[N~V2log(l + N)|@=a/r,  if p=d/2,
(N—P/d)p=o)/p, if2<p<d)/2.

For u € [0,3p], we can similarly get that

E < sup |Y'(u)— Yf~N(u)|")

0<u<3p

(r—e)/p 3 r
<C|E ( sup |Yi(u) — Y",N(u)|P>] ds + CIE/ 2 Wﬁ(ﬂayl(s+§y),Ly*,N(S+§l)>)dS
| \0=u<2p (U —

€2
(N1 5 if p>d/2,

=2y
<SCYN"logl+ N7 ", ifp=d/2,

peV2
(N1 T if2<p<d/2.

Repeating the same procedures, we obtain that

(N~12)70p, if p>d/2,
E sup Y @) = Y"Nw)|"| < CIIN-2log(1 + NP rew, if p=d/2,
T
osusi(L S 1+ (NI4T, if2<p<d/2,

T

=]
where A7, , = (%) " fore e (0,11. O

Remark 3. From Theorem 3.1, we know that the value of € influences the rate of convergence of YN () to Y'(-). If the value of ¢ is
close to 0, the convergence rate will become larger but j needs to be relatively large to make (I;p+¢€)p < ¢ hold. On the contrary,
if the value of ¢ is close to 1, the requirement for j is not strict but the convergence rate will become smaller.

If we impose stronger conditions on delay components, the following theorem reveals the corresponding propagation of chaos.

Theorem 3.2. Let Assumptions 2.4-2.6 hold with U,(x,,y,) = 1, K3U;(x,,y,) = Kp € (0, 1). Then there exists a constant C independent
of N such that, forany i € Sy and 2 < p < p,

N~1/2 4 N=G-n)/P, if p>d/2 and p # 2p,
E ( sup |Yi(t) — Y"~N(t)|”> <CINY2log(1+ N)+ N~0=P/P,  if p=d/2 and p # 2p,
0<t<T _ _
N—P/d 4 N=(=P)/P, if2<p<d/2

11
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Proof. Let the notations in this proof be the same as these in Theorem 3.1. We only show the main differences of the proof but
omit the same procedures. From the proof of Theorem 3.1, we know that

E [ sup (J](s) + Jzi(s))]
0<s<t

—2
<CIE/| =Y [|Y (54 5) = YN (54 5,01 +WLyiean,p Lyweas, )] d5

t
<c/ E|5"(s)|”ds+c/ ]E( sup |Y'(w) = Y"N @) >ds+C]E/ ZW (Lyi(ee5,)> Ly N (545,))d5.
0 0

0<u<s

This result with the estimation of J;(t) in the proof of Theorem 3.1 gives that

E ( sup |5"<s>|”>
0<s<t

3.4
t
sc/ E < sup [Yiw) — YN @)’ ) ds+ CIE/ ZW Lyists,) LN 515,05,
0 0<u<s
where the Gronwall inequality has been used. Recall the elementary inequality
1
p P P
la+bl" < ——la|” + A=Ky [bI7, (3.5)

D
for p>2,0< Kp <1 and a,b € R?. For any ¢ € [0, T], using (3.5) and Assumption 2.6 leads to

i) - Y N @)
= |+ DO = p) = DOV i = )|

1 i i p 1
< icy _ iN¢p —_l
< [pOr'a = = Do = ) + G 1T
Qe N _yiNg _ AP 1 =ice)l?
<Kp[Y'a-p-Ya-pf + g—sIZ 0l
Thus,
sup [Yi(s) = YN (5)|”
0<s<t
; i P 1
<Kp sup [Yis—p) =Y "N —p| + ————— sup |E(s)
Do, g M H Tk op ! "

1
<—L _ wpEe).
T=Kp) ooy

By the above inequality, (3.4), Gronwall’s inequality and the technique in the proof of Theorem 3.1, we have

E ( sup [Y(s) — Y"’N(s>|”)
0<s<t
< CE/ ZW (Lryicsrs,y Ly Nses,))ds

SC/ ]E( sup [Yi() - Y‘N(u)| >ds+C]E/ ZW (H-AYI(S_*_SL),ILYkN(S_*_A )ds.
0

0<u<s

Applying the Gronwall inequality and Theorem 2.2 leads to

E ( sup |Y'(s) — Yf’N(s)|">

0<s<t

t r
<CE /0 X W Lyigts,)» Lye (s15,))dS
v=1

N-1/2 4 N=0-P)/p, if p>d/2and p # 2p,
<C{N~log(1+ N)+ N--P/p,  if p=d/2 and j # 2p,
N-P/d 4 N~G-D)/b if2<p<d/2.

|

Remark 4. By comparing Theorems 3.1 and 3.2, we can find that: to relax the constraints of the delay term and neutral term, we
introduce the functions U,(-,-) and Us(-, -), which makes the convergence rate of YN (-) to Y'(-) less ideal.

Remark 5. The techniques in Theorems 3.1 and 3.2 can be used in the theory about the propagation of chaos in £? sense.

12
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4. Numerical scheme for NMSMVEs

In this section, we establish the tamed EM scheme for superlinear NMSMVE. Firstly, the moment boundedness of the numerical
solution is analyzed. Then the strong convergence rate is obtained by using propagation of chaos. To investigate the tamed EM
scheme for (3.2), for 4 € (0,1) and y € (0, 1/2], define

a(l'(), Lr((p))

a,(IF(@), L) = , 4.1
4 TO7 ™ 1+ arja(T (). L)l
where I'(p) € (RYY, L r) € (P,(RY))". Assume that there exist two positive integers M and My such that 4 = ﬁ = ML and other
- B B T
positive integers k,, k3, ..., k,_; such that _k—sf = _k—S: = = % = A Sett, = kA, k=-M,...,0,1,..., My. Define the tamed EM
2 3 r—1
scheme as:
ZWN@) =E@), k=-M,-M+1,...,0,
Zi’N(lkH) = D(ZI’N(TkaM)) = Zi’N(lk) - D(Zi’N(fka)) + aA(F(Zf;N),Lr(Z/Z))A
iN i _
+AUIZ) Ly )ABL, k=0.1,.... My~ 1,

where

AB] = B'(t,,,) — B'(1}),

rzi™ = (260, 2N @) 2V pn))

LF(Z,IZ) = (LZN(I,()’LZN(I,‘%Z)’ ’LZN(Ik,M)) ’
and

| X
Long )0 =& Z} 821N () VES,
i=

Remark 6. In this discrete-time numerical scheme, we use (Z NG, Z0N (tk_,;z), ey ZEN (1 M)) to approximate

(YN @, Y"’N(t,(_kz), <, YN (@, _yp) for any i € Sy. This can be achieved in the numerical simulation. The reason is that: for
the largest delay constant p, we have assumed that there exist a positive integer M such that 4 = %, which means that there exist
M -1 time grids to divide the delay interval into M parts. Then other delays may be at these time grids, otherwise, we can make

M larger to achieve this goal. Ideally, we have _k—” = ;—33 == % = ﬁ = A for the most appropriate M.
2 3 r—1

The continuous-time step process numerical solution on ¢ € [—p, T] is defined by

Mp

ZWN (1) = Z ZN (), O
k=—M

For t € [0, T], the continuous-sample numerical scheme is defined by
ZWN () - D(Z"N (1 - p))

t

: _ . ' . : 4.2)
=¢'(0) - DE' (=) + /0 ay(N(ZgN), Lpzn)ds + /0 B (ZGN), Ly zn ) B(s),

where I(Z;™) = I(Z;™) for t € [t 1) and Lyony () = 5 T 8

Similar to [28,29], we know that Z"N(1,) = Z#N(z,) = Z4N (1) for any 1 € [ty,t,,,). We get from (4.1) that

er.N)(~). We can find that ]LF(Z,N) = LF(Zr]Z> for any t € [1;,t,1)-

las(F(@), L)l < 477 Ala(T(@), Lpp)ls (4.3)
for any I'(p) € RY)", Ly, € (Py(RY))". By (2.5), we derive that
r—1 r
(1 = DO ay O,y < C |14+ Y Ix, 17 + U x,, Ol P+ ) Wi | (4.4)
i=1 i=1

for any x € (R?)" and u € (P,(R)y". For simplicity, define ¢, = L%JA for any t € [-p,T].

Lemma 4.1. Let Assumptions 2.4-2.6 hold. Then for any p > 0, we have

max sup sup E|Z"N@)’ <C, VT > 0.
€SN 0<A<1 0<t<T

13
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Proof. Let p > 4 first. Applying Itd’s formula gives that

|28 - Dz N = gy = €0 - DE )’

te_ _. -2 . . T .

<P /0 |Z0%(5) = DN s = | (29 (5) = DZN (s = p) " g (TZEV) Ly, ) ds

+ ’# /0 t |7V (5) = DZN (s —p)))’i'2 'ﬁ (F(Z‘Q’N)’Itnzsm)‘zds

+ 7 /0 1Z(5) = DZN G5 = )P 5) = DY 5 = T (T Ly, ) dBG)

= o/ "+ +0" 0.
Moreover,

0N

=C /O ’ |2 ()= DZ"N (s - p))(’a'2

A(ZN(5) = D(ZN (s = p)) = ZPN () + D(ZN (s = p)) | ay (r(ng),LF(ZSN)) ds
+c /0 206 = D= | (295 = DEZ s = ) ay (12 Ly, ) s,

= Q1Y (0 +07 ).
By (4.2), Young’s inequality, Holder’s inequality and Assumptions 2.4, 2.5, we have

EQi (1)

ro_ . 2| [ )
<CE / |2 (5) = DZ™N (s = p)| / ay (FZE) Ly gy, ) du
0

Sa

ay (F(Zi’N),LF(Z}V)>

ds.

+/ B(rZiM Ly, ) dB'@

t ~
<CE / |z"'sN(s) —D(Z"N(s - p))‘” ds
0

1 s
+CA—"’/21E/0 </ aA(r(z;;N),JLr(ZMN))du

Sa
, _
<ci [ |2%0) - pz N - ) as
0

'
+C <A(1/27)ﬁ + A*Vﬁ/ZE/
0

t ~
< CIEZ/ |Z_i’N(s) —D(ZMN (s - p))‘p ds
0

'
+CA(1/2—7)[7+CA—VI7/2/ E(/S
0 S

t
<CE / |Z""”(s> - D(Z"N (s - p))
0

b/2
+

/2
>ds

/Ssﬁ(F(Zf;’”),Lr(Z;v))dB"(u)

p/2
ds>

2 p/4
du> ds

/ i (r(z;;N), ILF(ZMN)) dB ()
A

p (ML)

" ds + CAV/200

' r-1 _
+CA(1/2‘7W2/0 E [1 +Y 12N (s + 5,7
v=1

r
o _ -2 ]
+UY(ZN s = . OIZ N (s = ) + Y w;’/z(LZN(WU))] ds

i=1

t ~
< CE/ |Z_i’N(s) — D(ZMN (s - p))‘pds
0

t r—1 r
; I (Uy+1p ;
+C <1 + /0 E [2 12N (s 451" + 12N s = )T+ Y] wg(JLZN(mU))] ds>
v=1 i=1
1 = t ~
< CIE/ |Z_i’N(s) —D(Z"N (s - p))‘pds +C <1 +/ sup E ’Z_i'N(u)’p ds>
0 0 O<u<s

t ~
+c/ E|ZN (s — p)| U as.
0

14
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By Holder’s inequality, Young’s inequality, (4.4) and Assumptions 2.4-2.6, one can see that
iN i,N
(0 0+ )
te_. N _iN =)
<CE / |2 (5) = DZ"N (s = p))
0

r—1 r
. 2 . : 2
: [1+ D NZMN (s 45,7 +URZN (s = p). )| Z"N (s = p)|” + Y, Wi gw (g5, | ds

v=1 i=1

t - o B . r—1 ) -
< CIE/ [1 +1ZMN )"+ UNZN (s = p). 0| 2N (s = o) + Z 12N (s +5,)°
0

v=1

r
+UN(ZMN (s = p), 01 ZFN (s = p)I” + Y WE(Lgw 5,0 | ds

v=1

t - o . -
<ci [ [1+1280F + U Z N = 0.0 4126 = pf”
0

r—1 r
) s 4 v ]
+ 212N (s +5)1" + U Z N (s = ), 0)+ 12N (s = p)| ™ + Y wg(LzN(mv))] ds
v=1 v=1

t = - ~
< c/ [1 + sup E(z‘f~N(u)(”+ 1ZEN (s — )P 412N (s = )
0

0<u<s

: 2p : 2p
HZN (s = pI Y 4124V (s - pI 7| ds

i
sc/
0

where /7, = 2I;; + 2. Combining these inequalities with the Gronwall inequality leads to

_ ; » . N
1+ sup E‘Zi‘N(u)‘p] ds+C/ ]E(lZi’N(S_p)lpIU +Zl'N(S—p)|pIU)ds.
0

0<u<s

sup E |Z_[‘N(s) —D(Z"N(s— p))‘ﬁ

0<s<t

t ' i
§C<1+/ sup IElZ_i’N(u)lﬁds+/ E(lZ_i’N(s—p)|"’u +Zi’N(s—p)|”’u)ds>.
0 0

0<u<s
Thus, we can immediately get that

sup E|Z"N(s))” < € < sup E )Z_i’N(s) —D(ZMN (s - p))(’7 + sup E|D(Z"N (s — p))|ﬁ>

0<s<t 0<s<t 0<s<t

t . - . 5I*
sc<1 +/ sup E|ZN @) ds + sup ]E‘Z"N(s—p)‘pu>.
0

0<u<s 0<s<t

Thanks to Gronwall’s inequality, one can see that

. 5 _. pl*
sup ]E|Z”N(s)|p <C <1 + sup E|Z”N(S —p)|pu> .
0<s<t 0<s<t

By recalling the proof of Theorem 2.8, we can construct a finite sequence {p,,p,, ..., Ppr41} such that p, Ij; < p; and pyy =5
for j =1,2,..., My + 1. Then using the same technique means the desired result when j > 4. The case when j € (0,4) follows from

the Holder inequality. []

Lemma 4.2. Let Assumptions 2.4-2.6 hold. Then for any p € [2 we have

_b
2y +2 )

max  sup E< sup |Z_i*N(t)|ﬁ> <C, VT >0.

iENy g<a<l1 0<t<T

15
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Proof. After analysis, we know that the key difference is to estimate E (SUP()gxgx Q;’N (s)). Using BDG’s inequality, Young’s inequality
and Holder’s inequality gives that

E ( sup Q;N(s)>

0<s<t

<CE

<CE

lg
2

IA

+ CE

IA

1g
2

2 1/2
ds]

5 1/2
ds> ]

/0 2% - Dz s - 7 o (rzi L)

[ . - p-1 d .
sup |2V (5) = D(Z*N (s = p)|] ( /0 |ﬂ(F(Z;'N),Lr(zy))

0<s<t

<0sup |21V ) - Dz (s - )] )
<s<t

r

t r—1 /2
i =32 i i 2
/ [1 + Z 1ZMN (s + 5,17 + U2(ZN (s = p), 0| 2N (s — p)|” + ZWZZ(LZN(H%))] ds]
0 .

v=1 i=1

( sup | 2¥(5) = DZN s = || )

0<s<t

t _ _
+c/ (1 + sup E|1ZNw|” + sup E|z"'~”(u)|”U“)”> ds
0

0<u<s 0<u<s

< %]E ( sup | Z4N (s) — D(Z"N (s — p)))ﬁ ) +C.

0<s<t

Then by the results in the proof of Lemma 4.1, we derive that

E ( sup | Z4N () = D(Z"N (s = p>>|ﬁ>

0<s<t

t _ t -
< c+c/ sup E|Z"‘~N(u)|"ds+c/ sup E|ZNw—p)"Vds < C,
0 0

0<u<s 0<u<s

where pl* < p has been used. Thus, we derive that

E ( sup |Z'*N(s)|”)

0<s<t

<CE ( sup | ZN (s) = D(ZPN (s — p»|ﬁ> +CE ( sup |D(Z"N (s - p))I” )

0<s<t 0<s<t

- pl
< C+CIE< sup |Z"N(s—p)|pv> .

0<s<t

Similar to the last part in the proof of Lemma 4.1, we get the desired result. []

Lemma 4.3.

ieNy

Let Assumptions 2.4-2.6 hold. Then for any p € [2, ﬁ], it holds that
U

0<k<M7p 1 <t<tpqg

max ]E< sup sup | ZPN () - Zi’N(t)|ﬁ> < CAP/2,

Proof. By (4.2), for any ¢ € [t;,1,,), we have

Z'N@w) = 2N (@) = DZPN (0 = p) = D(ZN (1 = p)) + y (1),

where y(t) := /f:i ay (I"(Zﬁ’N),]Lr(ZXN)) ds +/,£ p (F(Zi’N),]Lr(ZSN)) dB'(s). By Assumption 2.5, Lemma 4.2 and (4.3), we derive that

IE< sup |w(r>|ﬁ>
13 SISty

t b
<2-1g sup / ay (F(Zi’N),]Lr(ZN))ds
StStqy [J 1 s
~ 4 . . ﬁ
+27 ([  sup / ) (r(zg"’ ), ILF(ZN)) dBi(s)
(<1<t |J 1y ¥

16
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ﬁ]
r—1 R . N r .
<Al P 4 AR <1 + 2 NZ N )+ UNZN (), 12N op) + Y, WL, ))>

v=1 v=1

B <F(Z;LN)’H‘F<Z,’Z>> (B'(1) - B'(ty))

<CAUP L CE | sup
(<<t
<CaP?,

Thus, using Assumption 2.6 means that

1E< sup |Zi'N(t)—Zi'N(t)|ﬁ>

13 St<tiq )

< CE< sup  |D(Z"N(t - p)) — D(Z"N(t - p»|ﬁ> + CIEZ< sup |w(t>|f’>

1 St<tp SISt
1/2 1/2
o . -, . 5 (4.5)
<c [E( sup U ZN(t - p), 2N (1 - p)))] [IE ( sup | Z"N(t—p)—2Z"N@t - p)lz”)]
1 <I<tiq 1 <I<tiq
+Ca?
1/2
<caH’?4c [E( sup | ZWN(t—p)— Z"N(r - p)|2p>] )
1 SISty
Define

By =Wy +2-ppMr¥I=l i =12, My +1.
One can observe that
2pj < B; and ﬁMT+] =p j=L2,....Mp+1

We only discuss the case when T > p (i.e., My > M), otherwise, the result is immediately obtained. For 0 < k < M — 1, (4.5) leads
to

]E< sup | ZPN() - z"vN(z)|ﬁ‘> < can/?, (4.6)
1 S1<t4
For M < k <2M - 1, combining (4.5) and (4.6) with the Holder inequality gives that

]E< sup |z"'-N(z)-z"»N(t)|ﬁz>

1 <1<ty

1 SIStq

X b2/b1
<car? 4 [IEI < sup |ZWN(@—p) = ZWN@ = p)|"! )]
< CAP2/?,

The desired result is obtained by induction. []

Theorem 4.4. Let Assumptions 2.4-2.6 hold. Then, for any p € [2,13 (L N ﬁ)] and 41, +4 < 2ly +2)p < p, we have
U

p+ply
max E < sup [Y*N(@)— Z0N (z)|”> <CA?, VT >0, 4.7)
€Ny 0<1<T
and
max E ( sup [Y*N(1) - z"’N(z)|”> <CAP, VT >0. (4.8)
i€Ny 0<t<T

Proof. For anyi € Sy and 7 € [0,T], set
N1 =Y"Nw) = Z'"N () - DN (1 = p)) + D(ZMN (¢ - p)).

17
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Application of It6’s formula yields that

10"~ @)
<p/ 0N IO N o (PO, Lyw, ) = ag (M2 Ly, )| ds

pp—1) ; i ’
+ / [N (s)|" |ﬂ I, )LF(YN)) ﬂ(r<zx~N>,Lr(Z:N)) ds

(r
(re;
+p / N 2@ N [8(rOMLpgy,) = (TEZ Ly, )| dB )
<p/ 1Y )" @ N 5D [a (PO Ly, ) = a (MZ), Lz, )| ds

p / 16N )" @ N )T [a (FZ)Lpzy, ) = a (FZE), Ly, )| ds
+p/ 16N )" @ N ()T [a (MZ) Lz, ) = a (FZEN), Ly, )| ds
+ /0 0¥ )" @ N 5T - [a (M(ZM) Lz, ) = as (FZE) Ly )| ds

t
+ P(Pz—l)/ l@i,N(s)lpr
0

» /0 O IO ) [5(rO).Lygn, ) =8 (P Ly, )| 4B )

p(ra™ Ly, )-8 (r(zﬁ»”),Lan)'z ds

= AN O+ AN O+ AN @0+ AN O+ ALY 0 + AT ).

Using Lemma 4.2, Young’s inequality and Assumption 2.4, we have
E < sup A (s))
0<s<t
) _ -2 . - -2
<CE / ()Y"N(w = 2|+ [DarN (s = p) - D2 (s = )| )
0
r—1 )
: [2 Y*N(s+5,) — Z"N (s +5,)]
v=1

,
. . . - 2
+ U N (s = ), ZWN (s = DY N (s = p) = ZN (s = ) + ), WLy 5,0 sz(ml,))] ds

v=1
t
<CE /
0

+ [0, N (s = p). ZMN (s = p) v Us (YN (s = p), ZMNV (s — p))]”

r—1
YN +5,)= 2N (s +5,)I"
v=1

,
Y N(s=p) = ZHN(s = p))f + Z Wg(lLyN(Hsv),]LZ-N(HSP))] ds

v=1

’ . 172
< c/ E < sup [Y"N () - Z”"”(tt)l") ds+ C/ <E [y e—p -2t p)‘2p> @
0 0

0<u<s
w1 ul P
+CE Z — Z YiN(s+5,) - Z/N(s+5,)] d
/) v=1 N j:]| « SU) « SU)) ’

; , 1/2
s [ (g - ztwr)asse [ oo p-2eoaf) s
0 0

0<u<s

Applying Lemma 4.3 and Assumption 2.4 gives that
E < sup A (s))
0<s<t
. p—1 "
< CE/ |@"N(S)’ ZW2(H-‘Z_N(s+§u)’]LZN(.erf,,))ds
0 v=1

18
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. p—1 r
<CE [sup @!,N(S)‘ / E Wz(]LZN(ng),]LZN(SHU))ds
0<s<t 0 =1
1
< =E|( sup |©6"N(s >+CE/ E ZIN(s+5)— Z"N(s+5 ds
5 <0<5}Zr| ( )| Z‘ ( ) ( 2

< %]E ( sup @"~N(s)|"> +CA%.

0<s<t

By Lemma 4.2, Holder’s inequality, Young’s inequality and Assumptions 2.4, 2.7, we derive that

E < sup A (s)>
0<s<t

< CIE/ |@’N(s)) [U](Z’N(s+s ), ZN (s + S ZN (s 4+ 5,) — Z5N (s +5,)]| ds
v=1
_ [
<CE [sup @i’N(S)‘p 1/ D UWZ N (s +5,), 2N (s + 5D ZN (s +5,) = 20N (s + 5,)] ds]
0<s<t 0 ;=1

< é]E < sup |9i*N(s)|p>

0<s<t

p
+CE</ Z U(Z™N(s+5,), 2N (s +5,)1 Z"N (s +5, )—Z’N(s+sv)|]ds>

J

=

'e.‘

t I b
%]E < sup @"»N(s)|”> +c/ ¥ [E (1 +1ZN s+ 51" + 12 (s +5,)[" )”’1]
0 p=1

0<s<t
p-prly

P p
[E Zi’N(s +5,)—Z"N(s+ Eu)l") o ] ds

p—prly

t b 7
%]E ( sup 9"~N(s)|p> + c/ []E ( sup (|Z"N () — Z"sN(u)|m)>] ds
0

0<s<t 0<u<s

IN

%IE < sup @’N(s)| >+CA§

0<s<t

By Assumption 2.4, Holder’s inequality, Young’s inequality and (4.1), we get that
E < sup A (s)>
0<s<t
t PN p—1
< CIE/ o™V )|
0

. p—1 ! . .
<CE < sup [0V (s)| /0 ‘a (r(ng),Lr(ZSN)) —ay (FZM)\ Ly

0<s<t

a (M@ Ly, ) - as (T(ZEY), LF(ZSN))‘ ds

)

. p
(P L)) = as (FEZ) Ly, )

ds

< %]E ( sup [0 (s)|" > +CIEZ

0<s<t

0
2p

. o (F(Z;’N)»LT(ZSN)>
< EJE < sup @’N(s)| > +CAW/ E ) 7[99
Os<t 0 (1 + Ayla(F(Z;’N)’Lr(z?"))l)

<! ( sup |@"»N(s)|”>
5 0<s<t
t r 2
+ Ca¥ / E <1 + Z [Wz(]LZN(mP)) +U(Z"N (5 +5,),0|Z"N (s + s,,)l]) ds
0 v=1 )

<lg ( sup @"~N(s)|"> +CA.

5 0<s<t
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Applying Young’s inequality, Holder’s inequality, Assumptions 2.5-2.7 and the estimation of A;’N (s) gives that

E < sup A;’N(s)>

0<s<t
! iN SiN P2 iN >i,N p-2
SCE/O YN = 2N @]+ DOV - o) - DEZHN (s - )

r—1
PN +5,) = ZN s+ 51+ UV (s = p), ZEV 5 = YN s = p) = ZEV (s = )

v=1

’
2
+ W2(]LYN(S+SU)’]LZN(S-I—SU)):| ds
=1

t
<CE [ |- 20| U0 = . 28 s = N = )= 28 = ol
0
r—1

+ 2 VN +5,) = ZN s+ 51 + SN (s = p), 2N (s = YN (s = p) = 2PN (s = p)”

v=1

r
+ ) WLy N (545, LZNMU))] ds

v=1

1
< C/ E < sup
0 0<u<s

+C E , 7N +5,) - 2N (s +5,)| | d
/0 (Zl‘ (s+5,) (s+5,) > N

v=

t
YN () — Z_i'N(u)‘p> ds+ c/ (1E|Y"~N(s —p) = ZWN(s - p)|2">]/2 ds
0

)

. _. ! ) . 1/2
YN () — Z"N(u)‘p> ds+ c/ (]E|Y"N(s — )= 7N (s = p)|2”> ds+CA%.
0

r

N
+ C/OIIE [Z (% ; [N (s +5,) - 2N (s +5,)

v=1

t
<C / E < sup
0 0<u<s

Similar to the estimation of A;’N (1), using BDG’s inequality, Young’s inequality means that

E < sup AgN(s)>

0<s<t

5 172
ds}

< é]E < sup |9i*N(S)|p> +CE [/0’ |ﬂ (F(Y;’N)aLr(YXN)) -p (F(Zé’N), ]Lr(zf’))

s CE [/ot )Qi’N(”‘M |ﬂ (PO Loy ) =8 (1) Ly, )

2 p/2
d s]

0<s<t
r—1

t
< %]E < sup |@"»N(s)|”> + CIE/O [Z YiN(s+5,)— Z"N(s+5,)"

0<s<t =1

,
+HULQCN (5= ). ZN (s = DIV N (5 = ) = ZPN (s = )l + D) WALy w45, LZWM,,))] ds

v=1

< %IE < sup @"»N(s)|”> +CA5.

0<s<t

Combining these inequalities gives that

t
E < sup ‘@i’N(s)‘p> < z—‘]E ( sup ‘Qi*N(s)|p> +C/ E < sup
0<s<t 5 0<s<t 0 0<u<s

v . 12
+c/ (]E|Y"N(s—p)—Z"N(s—p)|2p) ds+CA".
0

YN ) - Z_i’N(u))p> ds

Therefore, using Assumption 2.6 yields that

E < sup
0<s<t

<CE < sup

0<Zs<t

t
<C / E < sup
0 0<u<s

YN () = 2V )| )

@"’N<s)(”) +CE < sup [DON (s = p)) = D(Z*N (s = p))(”>

0<s<t

1/2
YN () — Z"’N(u)\p> ds+C [E < sup YN (s —p) = ZMN(s - p>|2p>] e

0<s<t
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Thanks to Gronwall’s inequality, we have

E < sup

0<s<t

Define p; = (My +2 - Hp2Mr+1=ij = 1,2, ..., My + 1. Applying the same technique in Lemma 4.3 gives the desired result (4.7).
Then (4.8) is obtained by Lemma 4.3 and (4.7) immediately. []

1/2
YN (s) - Z_”N(s)‘p> <CA” +C [E ( sup [Y*N(s—p)— ZMN (s - p)|2">] :

0<s<t

Remark 7. The optimal convergence rate is %, which can be obtained in Theorem 4.4 by choosing y = %

Theorem 4.5. Let all conditions in Theorems 3.1 and 4.4 hold. Then,

(N~V/2)2T0p 4 pP7, if p>dJ2,
E ( sup [Yi(0) = Z"N@0)|" ) < CJINTlog(l + N)*Tow + 477, if p=d /2,
0<1<T
(N=P/4YTpp 4 APY | if2<p<d/2,
pee\ 7!
where Ay, , = (7) .

The above theorem follows directly from Theorems 3.1 and 4.4.

Theorem 4.6. Let all conditions in Theorems 3.2 and 4.4 hold. Then,

N~V2 4 N=-D)/P . AP if p>d/2 and j # 2p,
E ( sup |Yi(t) - z"'~N(t)|”> < CINV2log(14+ N)+ N~0-P/b LAY if p=d/2 and j # 2p,
0<t<T _ _
N-P/d 4 N=0-P/P 4 APY, if2<p<d/2.

The above theorem can be achieved easily by using Theorems 3.2 and 4.4.
5. Example

We would like to point out that our theory can cover the numerical example in [28]. Moreover, the delay component in our
results can be more general. In the following two examples, we can see that the neutral term is highly nonlinear and the constraint
of delay variable is general.

Example 5.1. Consider the scalar NMSMVE
diY () + Y3t -2)1
=[2Y () +Y(t—025) - 2Y (1 —2) - / [Y (@) = y|Ly(dy) + EY (¢ - 0.5)]d? (5.1
R
+[Y () +0.25Y(t — 0.125) + EY( — 0.5)]d B(),

with the initial data &(6) = |sin(B(0 +2))|, & € [-2,0]. One can observe that p, = 0.125, p; = 0.25, p, = 0.5, p5 = 2. All assumptions
are satisfied. We only check (2.3):

(xy +xg - —yg)(—le + X3 —2x§ +2y,—y; +2y§)
= (x) = y)(=2x) + 2y + x5 — y3) + G = y)(=2x] +2y2) + (x3 — yD(=2x; +2y; + x3 — y3)

+ (3 = yI(=2x] +2y7)
<_2|x_21_21_21_21_243 2.2 3, 42
< 1=l +2|x1 il +2|x3 3l +2|X1 yil +2|X5 V517X + x5ys + x5y5 + x5¥% + ys

1 2
+§IX5—ysI2IX§+X5y5+y§I +a4lx; =y 1P+ I =y
+ x5 — y5|2(x§ + x5y5 + yg)(xg + x§y5 + xgyg + x5y§ + yg)
3

<3lx =3P+ §|x3 —y2+2501 +x§ +y§)|x5 —ysl%

Hence, Assumption 2.4 holds with U,(xs, y5) = 1+x‘5‘+ y‘s‘. Thus, the NMSMVE (5.1) admits a unique strong solution. In the numerical
simulation, set T = 4 and N = 500. The numerical solution with 4 = 2712 is regarded as the true solution, since the true solution
cannot be expressed explicitly. We focus on the error between the numerical solution of tamed EM scheme and the interacting
particle system with N = 500, which is defined by

1

2

N
_ |1 i\N N oy 2
err = NZ:JZ; M =-zZNO| (5.2)
pan
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T T
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Fig. 1. Convergence rate of tamed EM scheme for (5.1).

where Z,i’N (T) is the numerical approximation to the tamed EM scheme of Z“N at time T with 4 = 27'2 and Z,i’/N (T) is the
numerical approximation of Z"N at time T with the level of the time discretization u;, and u; € {u;,u,,us,us} which matches
A e {2711,2710 279 2-8} Let y = 0.5 in the definition of a, (4.1), so

Yk

14405 o2 |

PN

aA(r(Z;k )7LF(Z/;(’)) = -
a

Ak

where
1 < 1 <
* i,N i,N i,N 5 i,N ji,N j,N
@y = 22N 00+ 2N () = 22V (@, _ss ) —ﬁ;w' -2 (tk)|+ﬁj§Zf (t_20)-

After simulation, Fig. 1 gives the approximation error defined by (5.2) as the function of stepsize with the level of the time
discretization u; € {u,u,,us,u,}. From Fig. 1, we observe that the rate of convergence is about 0.5, which supports the finding.

Example 5.2. Consider the two-dimensional NMSMVE

Y, (1) + 2 sin(Y, (1 — 4))
Y1) +4Y7(t - 4) ]
=3Y,() + Y (1 = 0.125) — 4Y} (1 = 4) + EY,(t — 0.125) - 3EY, (¢ — 1)
—4(VR () + 4Y 7t — DY) + 4V (1 = )| + 30V (1 — 4) + 6Y,5(1) — 2Y, (1 — 4)
. [Y, O +EY -1 )] 4B,
Y,(0) + EY,(t = 1)

(5.3)

2
with the initial data £(0) = |6|3 + 1, 6 € [-4,0]. We know that p, = 0.125, p; = 1, p, = 4. Let us make an explanation for x,, € R:
it is the bth value of the ath element in the solution Y (r). For example, Y| (1) = x,1,Y5(1) = x5;, Y1(t = 4) = x4, Y5(t — 4) = xpy. All
assumptions are satisfied. We only check (2.3):

[(Xu + 2Sin(X14)> ~ <Y11 + 251[1()’14))] !
Xp1 + 4){%4 Vo1 + 4y§4
[( —3xy; +x12—4x?4 >
—4(xa +4x2)| X0y +4xZ, | +30x2, + 6y — 2x3,
_ ( =3yt - 4Y?4 >]
—4(ya; + 431y + 453, + 3053, + 6351 =233,
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=[xy + 2sin(xy) — ¥y — 2sin(y4)1[—3%x9; + x5 — 4x?4 +3y -y + 4y?4]
+ [xp + 4x§4 - Y1 — 4y§4][—4(x21 + 4x%4)|x21 + 4x§4| + 30x§4 + 6xy; — 2ch4
+40n1 + 47311 + 43,1 = 303, — 631 +253,]
=: NU, + NU,.
Using the Young inequality and the inequality |sin A — sin B| < |A — B| for any A, B € R gives that

NU; ==30xqy = y1)(xar = ya) + (X =y 2 = i2)
— 4(xy) — Y1), = i, — 6(sin(x ;) — sin(y14))(xg; = ¥21))
+ 2(sin(x14) — sin(y;4))(x1p — y12) — 8(sin(x14) — sin(y14))(xi4 - yi‘)
S%lxu -yl + %|X21 -yl + %|X11 -yl + %|X12 -yl
+ 20xy =y 1P+ 20x0 — yialPIx], + xavi + Yf4|2
+ 314 = yial? # 31x = vor 1P+ Iy = yiglP + Ixp = vl
+ 4lx1y = yial” + Ax1 = vl Ix] + X + Y%4|2-
Note that
NU, =[(xy; +4x3,) = (g +4¥2 N[ —4(x; + 4x2)|xy; + 452, |
+ 401 + 473 a1 +4y3, ] + 600y +4x3,) = 6y +43))]
+ 6[(xg; +4x3,) — (1 + 41313, — ¥3,)
= 2[(xy; +4x3,) — (a1 + 43I, — ¥3,)-

[§)

Applying the inequality (|A| + |B|)(|A| — | B])?> < (A — B)(A|A| — B|B]) for any A, B € R leads to
[(x2y + 4x§4) = + 4)’54)][—4()‘21 + 4x§4)|x21 + 4x§4|
41 + 403 )|y + 495, | + 6(xy) +4x3,) — 6(yy; +4y3,)]
< —A{lxy; + 43,1+ o1 + 455, 11xg; + 43, | = [ +4y5, |17
+ 610y +422)) = iy + 4021
< 120x51 = Yo 1P + 192004 — y24 %04 + yau |-
Thus,
NU, <12|x3; = yo1 1> + 1920594 = ya4 |* [X24 + 241
+ 31x5; = v 1 + 31x04 = ¥4l 1x04 + ¥2ul” + 241x04 — y24l¥[x04 + y2ul’
+ |xgp = v 1P+ [xag = ya P15, + X3, 000 + X3, 03, + X273, + y34|2
+ 813y — you P [Xoq + Vou | X5y + 33,904 + 33,35, + X413, + V3,
Combining these results means that
2
NU, + NU, <21 <x11> _ <Y11> + 3 <x12> _ <Y12)
X21 Y21 2 \x2 Y22
8

8
X y X y
+5901+(14) +<l4> <14>_(14>
X24 Y24 X24 Y24

Hence, Assumption 2.4 is satisfied with

8
X y X y
U, 14 ’ 14)) —14 14 + < 14)
X24 Y24 X24 Y24
Obviously, the NMSMVE (5.3) admits a unique strong solution. In the numerical simulation, set 7 =4, N = 500 and the numerical

solution with 4 = 2712 is seen as the true solution. We also focus on the error between the numerical solution of tamed EM scheme
and the interacting particle system, which is defined by (5.2). Moreover,

2

2

8

#,(1)
ik
#,(2)
iN Ak
aA(F(Z,;( ), Lr(zrll\:)) = B

2 2
142054 (101 + 1o
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Fig. 2. Convergence rate of tamed EM scheme for (5.3).

where

and

N N
i =37 N+ 20 ) -4+ S X 2 0 ) - 5 X2 )
j=1 j=1

) == 42N ) + A2 @2 @) + 42N e )P+ 302N ()

+ 625N () - 2(25'”(:,(_%4 ).

Fig. 2 shows the approximation error for the NMSMVE (5.3). We observe that the convergence rate is approximately 0.5, which is
consistent with the theory.
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