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Abstract This paper is concerned with stochastic differential equations (SDEs for short) with ir-
regular coefficients. By utilising a functional analytic approximation approach, we establish the
existence and uniqueness of strong solutions to a class of SDEs with critically irregular drift coeffi-
cients in a new critical Lebesgue space, where the element may be only weakly integrable in time.
To be more precise, let b : [0,7] x R? — R be Borel measurable, where T' > 0 is arbitrarily fixed
and d > 1. We consider the following SDE

t
Xt—a:+/b(s,XS)ds+Wt, t€[0,7], z € RY,
0

where {Wt}te[o,T] is a d-dimensional standard Wiener process. For p,q € [1,400), we denote by
Ciq ([0, T7; LP(R?)) the space of all Borel measurable functions f such that t%f(t) € C([0, T); LP(R%)).
If b = by + by such that [by(T — )| € Cy([0,T); LP(R?)) with 2/q + d/p = 1 and |by(T —

ey, (0,770 (ray) 18 sufficiently small, and that by is bounded and Borel measurable, then we show

that there exists a weak solution to the above equation, and if in addition lim; | HIL% b(T—t)|| Lo (ray =
0, the pathwise uniqueness holds. Furthermore, we obtain the strong Feller property of the semi-
group and the existence of density associated with the above SDE. Besides, we extend the classical
results concerning partial differential equations (PDEs) of parabolic type with L4(0, T; LP(R?)) co-
efficients to the case of parabolic PDEs with ng(o, T; LP(R?)) coefficients, and derive the Lipschitz

regularity for solutions of second order parabolic PDEs (see Theorem 3.1). Our results extend
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Krylov-Rockner and Krylov’s profound results of SDEs with singular time dependent drift coeffi-
cients [20, 23] to the critical case of SDEs with critically irregular drift coefficients in a new critical

Lebesgue space.
MSC (2020): 60H10; 60K35; 34F05
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1 Introduction

Let T € (0,400) be arbitrarily fixed. For a Borel measure function h : [0,7] — R, we set the
notation Zrh(t) := h(T —t), t € [0,T]. Furthermore, for a (joint) Borel measurable function
f:[0,T] x RT — R, we denote Zr f(t,z) := f(T —t,x), (t,7) € [0,T] x R%. We are concerned with
the following SDE in R%:

dXt(a:) = b(t,Xt(.T))dt + th, te (O,T},

1.1
Xo(x) =2 € RY, 4

where {Wi}ico.r1 = {(Wit, Waty., W) hejo,r) 18 @ d-dimensional standard Wiener process defined
on a given stochastic basis (2, 7, {Ft }sc[0,7], P), and the drift coefficient b : [0, T x RY — R? is Borel
measurable such that b € L1(0,T; L} (R4 RY)).

When b is Lipschitz continuous in = € R? uniformly for ¢ € [0, T], the existence and uniqueness
for strong solutions of (1.1) can be followed by the classical Cauchy-Lipschitz theorem. This result
was firstly extended by Veretennikov in the seminal work [36] to the bounded Borel measurable
function b. Since then, Veretennikov’s result was strengthened in different forms under the same
assumption on b. For instance, Mohammed, Nilssen, Proske in [25] not only showed the existence
and uniqueness of strong solutions, but also obtained that the unique strong solution forms a Sobolev
differentiable stochastic flow; Davie showed in [6] that for almost every Wiener path W, there is a
unique continuous X satisfying the integral equation (also see [9]); Wei, Lv and Wang in [39] further
proved that the unique strong solution forms a stochastic flow of quasi-diffeomorphisms if b is Dini

continuous in the spatial variable.

For integrable drift coefficient, i.e.
be L0, T; LP(RY; RY)) (1.2)

with some p, g € [2,4+00) such that

2 d
o<, (1.3)
q P

by applying Girsanov’s theorem and Krylov’s estimate, Krylov and Rockner [20] showed the ex-

istence and uniqueness of strong solutions for SDE (1.1). On the other hand, under the same



conditions (1.2) and (1.3), Fedrizzi and Flandoli [8] proved the a-Hélder continuity of z € R?
Xi(z) € R? for every a € (0,1). Some further interesting extensions for non-constant diffusion
coefficients can be found in Zhang [44, 45]. Recently, Menoukeu-Pamen and Mohammed in [24]
studied Malliavin regularity of SDE (1.1) with unbounded drift coefficient b but fulfilling linear
growth condition, and further proved the existence of Sobolev differentiable flows. More recently,

Yang and Zhang [43] established strong well-posedness for time-dependent Kato class drifts.

It is known that solutions of Navier-Stokes equations can be analysed by probabilistic represen-
tations based on SDEs with rough vector fields b, see, e.g., Rezakhanlou [28, 29], Constantin and

Iyer [5], and from the viewpoint of Navier-Stokes equations b can be taken in the critical case, i.e.

2 d
ng ]; =1, p,q€[2,+). (1.4)

Therefore, the study of the qualitative properties of solutions of SDEs in the critical case is of very
high importance. However, it has been a long-standing problem whether SDE (1.1) is well-posed or

not in the strong or weak sense under the critical case.

Inspired by Ambrosio [2], by introducing a notation of Lagrangian flow, Beck, Flandoli, Gubinelli
and Maurelli in [4] derived the existence and uniqueness, in the present setting, for SDE (1.1) for
every w € ) being fixed. Recently, Kinzebulatov and Semenov [15] constructed a weak solution
for (1.1) with time-independent drift and p = d. Later, Kinzebulatov and Madou [17] generalized
this result and established the weak well-posedness for time-dependent drifts (also see [16, 40]). For
more details about the weak well-posedness, we refer to [21, 22, 30]. More recently, Krylov in [23]
established the strong well-posedness for time-independent critical drift, and his result was then
extended by Réckner and Zhao in [31] to the time-dependent drift. For the drift in the critical
Lorentz space, the unique strong solvability for (1.1) was derived by Nam in [26], and for square
integrable (in the time variable) drift, the strong well-posedness was proved by Tian, Ding and Wei
in [35].

All the above research works are concerned with the Lebesgue integrable or weakly integrable
(with respect to the spatial variables) drift, which satisfies the critical condition (1.4), there is no
investigation to deal with the weakly integrable (with respect to the time variable) ones. In this
paper, we shall discuss the existence and uniqueness of strong solutions to SDE (1.1) with the
weakly integrable (with respect to the time variable) drift under another critical condition, which
is analogue of, but weaker than, (1.2) and (1.4). Before giving our main result, we first introduce

the following notion.

Definition 1.1 For q > 1, we denote by LF;](O,T) the space of all Borel measurable functions
h:[0,T] - RU{—00, 400} such that ess sup (t%\h(t)D < +o00, and the norm is specified by
te[0,7

1
1]l e 0,7y = ess sup (ta[h(t)]).
te(0,7



In case that q = 400, we then set L, ]( T) =:L>*(0,T). We use B([0,T]) to denote the subspace
of Lig, (0,T) such that for every h € B([0,T])

[”llB(o,ry) = sup [h(t)] < +oo.
te[0,T]

Similarly, for p > 1, we define Ly ](O,T; LP(R%)) to be the set of all LP(R?)-valued Ly (0,7)
functions f such that

1
[ £l oo 0,700 (RaY) := €ss sup (ta[|f(t)]|Lp(ray) < +o0.
la] tel0,7]

Let B([0,T]; LP(R%)) be the set of all Lis) (0, T; LP(R®)) such that for every f € B([0,T]; LP(R?)),
I £l B(o,);r(ray) = sup [If ()]l Leray < +00. (1.5)
te[0,7
Analogously, we define Ciq([0,T]) to be the subspace of LOO(O T) such that for every h €
L[Oqci(O T),t h(t) € C([0,T]). The norm of h in Cg([0,T)) is defined by

1
I7lley (o, == sup (te|h(2)]).
te[O,T}

C[Oq]([ T1) is the space consisting by all the functions h in Cig([0,T]) such that limtw(t%m(t)\) =0.
Respectively, for p > 1, we define Cjg([0,T]; LP(R?)) and C[ ]([O,T];Lp(Rd)), and the norms are
specified by (1.5).

Remark 1.1 Clearly, for p,q € [1,400] and T € (0,+00), spaces L‘["i(() T), L‘fq‘j(O,T; LP(R%)),
Cg ([0, T7; LP(RY)) and C[ ]([O,T]; LP(R%)) are Banach spaces.

Our main result is the following

Theorem 1.1 Assume that d > 1. Let b= by + by such that Ipby € Ciy([0, T); LP(R%; RY)) with p, q
satisfying

2 d
-—+-=1, p,qg€ell,+0), (1.6)
q P

and by is bounded, Borel measurable. Suppose that HITbl”c[q]([o7T];Lp(Rd)) is sufficiently small, then
we have the following consequences

(i) There is a filtered probability space (Q,]:", {ﬁt}te[O,T]a]p) on which there are two processes
{Xt}te[O,T] and {Wt}te[o,T} such that {Wt}te[O,T] is a d-dimensional {]}t}te[O,T}-Wiener process and

{Xt}te[O,T] s an {]:"t}te[oﬂ—adapted, continuous, d-dimensional process for which

T
P(/w(t,fg)ydt <4o0) =1 (1.7)
0



and the equation

t
X; = x—i—/b(s,XS)ds—i—Wt, te0,7], P-—a.s. (1.8)
0

holds.

(i) If in addition I7b; € C&([O,T];LP(Rd;Rd)), then the pathwise uniqueness of solutions for
SDE (1.1) holds.

(11i) Assume that the condition in (ii) is fulfilled. Let P, be the unique probability law of the solu-
tion {Xy}epo,) on d-dimensional classical Wiener space (W([0,T1), BOW([0,T1))) corresponding
to the initial value x € R, For every f € L(R?), we define

Pif(x) :=E™ f(w(t)), t >0,

where w(t) is the canonical realization of the solution X; with initial data Xo = = € R? on
(W4([0,T1), BIW?([0,T7))). Then, the semigroup {P:}iejo) has strong Feller property, i.e. each
P, maps a bounded function to a bounded and continuous function. Moreover, P; admits a density
p(t,x,y) for almost all t € [0,T]. Besides, for every ty > 0 and for every r € [1,400),

T

//\p(t,:v,y)lrdydm +00. (1.9)

to R4

Remark 1.2 By Theorem 1.1 (i) and (ii), and with the help of Yamada-Watanabe’s principle (see
[41]), there is a unique strong solution to SDE (1.1). Let L%'(0,T; LP(R%)) (1 < q,p < o0) be the
Lorentz-Lebesque space. If b lies in L%1(0,T; LP(R?)) and condition (1.6) holds true, by utilizing
Girsanov’s theorem, Nam [26] also established the existence and uniqueness of strong solutions for
(1.1). We notice that Nam’s method follows exactly the approach developed in Krylov-Réckner [20]
wherein it required that p > 2 (remarked [20, p160] after inequality (3.3)) so Nam’s main result is
valid for p > 2, i.e. (1.4) holds. With a different start of point, in the present paper, we use an
approximation approach to establish the existence and uniqueness of strong solutions, as well as the
strong Feller property for SDE (1.1) with requirement that p > 1, i.e. (1.6) holds. Therefore, our

condition is obviously more general than Nam’s condition in the case of d = 1.

Remark 1.3 (i) Recently, for time independent drift Krylov [23] proved the unique strong solvability
for (1.1) by assuming b € LYR%RY) and d > 3. More recently, Rockner and Zhao [31] generalized
Krylov’s result to the time dependent drift and proved the unique strong solvability by assuming
that p > 3. In the present paper, we consider time dependent drift for p > 1, so it is different
from that in [23, 31]. Moreover, our methods and main results are very different from Krylov’s and

Rockner-Zhao’s as well.

(ii) In case of ¢ = 2, if one assumes further that Zpb; € CFQ]([O,T];CH(Rd;Rd)), where Cy,(R%)

1s the space of functions that are bounded and uniformly continuous, all derivations in the proof of

Theorem 1.1 are valid, thus Theorem 1.1 remains true in this setting.



The novelties of Theorem 1.1 are twofold: p is only assumed to be greater than d and the
space C[?]}([O,T]; LP(R%RY)) contains a class of weakly Lebesgue integrable (with respect to the
time variable) functions that are in L, ([0, T]; LP(R%; R%)), where L, ([0, T]; LP(R%; R%)) is the space
consisting by all the LP(R%; R%)-valued ¢-th order weakly integrable functions. And in this sense,
our “critical” is stronger than the “critical” in Krylov-Réckner [20]. To illustrate the novelty of our

assumptions on the drift, let us consider the following example.

Example 1.1 Let (1.6) hold. Supposeb € C([0,T]; LP(R%:R%)) with T = 1/2, so that ||B||C([0,T];Lp(Rd))

1s small enough. We set

1 1 1 1~
b(t,) = (5 — 1) 1[log(5 — )] wb(t, ), (1.10)
then
T log ¢ HB(% — ¢
a (5_ ,.’B)—’Og ‘ q (5_ 7:1:)7

which indicates that Z.b € CEJ]([O, 31 LP(RGRY)).  Let b be given by (1.10) in SDE (1.1). By
2

Theorem 1.1, there exists a unique strong solution to SDE (1.1). On the other hand, from the

explicit form (1.10), b € L, (0, 3; LP(R%GRY))\ L9(0, 5; LP(R%GRY)), the existing results do not imply

the existence and uniqueness of strong solutions to (1.1) with b given by (1.10). From this point

L LP(RYGRY)) with 2/q+d/p = 1

of view, it is clear that we extend the existing results on L1(0, 5;

partially.

The existence and uniqueness of strong solutions here is only for constant diffusion coefficient.
We do not know in the present setting for general d, whether the strong solutions do exist and
further, if they would exist, whether the uniqueness holds for non-constant and non-degenerate

diffusion coefficients. But for d = 1, we can give a positive answer.

Theorem 1.2 Let o : R — R be Borel measurable. Suppose that there are positive constants 61 and
6o such that 61 < o < 6. Consider the following SDE with non-constant diffusion in R

dX; = b(t,Xt)dt + O'(Xt)th, Xo=z€eR, te (O,T] (111)

Let p and q be given in Theorem 1.1, that b = by + by such that Irby € C&]([O,T];LP(R)) and
||ITb1Hc[q]([o,T];Lp(R)) is sufficiently small, by is bounded Borel measurable. Moreover, for this p, we
assume in addition that o' = &1+ G2, with 61 € LP(R) and ||61| o) s small enough, 52 € L=(R).
Then there exists a unique strong solution to SDE (1.11).

The rest of this paper is arranged as follows. In Section 2, we present some preliminaries. Section
3 is devoted to establishing the well-posedness for parabolic PDEs. In Sections 4, we derive a new
Krylov type estimate. Section 5 is devoted to the proof of existence result of Theorem 1.1 and in
Section 6, we prove the uniqueness, strong Feller property as well as the existence of the density.

In Section 7, the final section, we show Theorem 1.2.

When there is no ambiguity, we use C' to denote a constant whose true value may vary from line

to line. As usual, N stands for the set of all natural numbers.



2 Preliminaries

Let us start by showing that functions in Ci4([0,T ]; LP(R?)) possess certain fine approximation

properties, which will be used in Section 5.

Proposition 2.1 Suppose that p,q € [1,400). Given a function f in C[q}([O,T];Lp(Rd)), we set
fu(t,z) = (f(t,-) * pn)(z),n € N, where x stands for the usual convolution and

Pn 1= ndp( ) with 0 < p € C5° (Rd) support(p) C Bo(1), (2.1)
and [pa p(x)dz = 1. Then

lim sup (£41fa(t) = FO)lloza)) = 0. (2.2)

=00 t2(0,T]

Proof. Let f € Cq([0,T]; LP(R?)) and set g(t,x) = téf(t,:c). Then g € C([0, T); LP(R?)), if one
defines the value at 0 by its right limit. Thus, to prove (2.2), it is sufficient to show that for
fec(o,T]; LP(R?))

limsup sup |[[fn(t) = f()|lLray = 0. (2.3)

n—oo  tel0,T]

By virtue of properties of the convolution, for every fixed ¢ € [0, 7], then

i [|£alt) — £(2) oy = 0. (2.4)

On the other hand for ¢,y € [0,T], by utilizing Young’s inequality,

[Falt) = Falt2) Iy g / (F(t1,) = F(t2, ) * pu(x)Pda
/ F(tra) — Flta ) Pd. (2.5)

From (2.5), for any ¢ > 0, there exists § > 0 such that for |t; — t2| < 6, then one has uniformly in

n the following

[fn(t1) = Fu(t2)[Lomay < [1f(E1) = f(t2) ]| o (ray < % (2.6)

Let ¢t € [0,T] be given, then (2.4) holds. With the aid of (2.5) and (2.6), then

lim sup sup | fn(s) — f(S)HLP(Rd)
n—0oo  selt—4,t+6]N[0,T]
< limsup sup | fn(s) = f(s) = fult) + f(t)HLp(Rd) + limsup || fn(t) — f(t)HLP(Rd)
n—00  selt—6,t+6]N[0,T] o
< €.

Since € > 0 and t € [0,T] are arbitrary, we conclude that (2.3) holds. O



Remark 2.1 We claim that the above approximation property is not true if one takes the function
in LE(O, T; LP(RY)) instead of in Cig([0,T7; LP(R%)). For simplicity, we assume that T =d = 1 and
p=2. For k € N, we define fr(x) by the following

) = kl[k,mk%) (),

and further set

k k+1 k Ck+1 k
k=1 k=1
Then
/’f(t, z)|*de = ; 1[kk1,L)(t)/kzl[k,mkg)(fﬂ)dﬁ = ; 1[%,kjl)(t) = 10,1y (¢)
R - R =

Hence f € L*(0,1; L?(R)). We estimate (2.3) by the following

/|fntx f(t,z)|*dx

/ fty)pn(e —y)dy — f(t,z)

R
2
= /Zle[kkl’il)(t) /1[}”€+ yW)pn(z —y)dy — 1y 1y (@)] do
R k=1 R
. ket 9
_ /Zk%w’kil)@) ol — y)dy — 1y, 1 (@) do
R k=1
ket k+5 9
2
> 1[%1’&1)(1&) k on( Ydy — 1| dz.
3 3

k4 —=
For any fized n, for sufficiently large k, we have |fk+k2 pn(z —y)dy| < % Thus

sup/|fntx f(t,z)|*dx

t€(0,1]

> sup sup Ly (f) / K’
k tefo,1] © F kFL
k
Therefore

1
liminf sup /|fn (t,x) — f(t,z)|%dx > -.

=00 4el0,1]



3 Parabolic partial differential equations

Let g € L'(0,T; LY (R%LRY)) with p > 1, f € LY(0,T; L}, (R?)). Consider the following Cauchy

problem for u : [0,T] x RY — R

Ou(t, x) = A (t,2) + g(t,x) - Vu(t,z) + f(t,z), (t,z) € (0,T] x R4, 51)
u(0,2) =0, z € R, .

We call u(t, ) a weak solution of (3.1) if it lies in C([0, T; W1P(R?)) such that for every test function
¢ € C([0,T) x RY), the identity

/T/u(t,a:)atsa(t, x)da:dt+;/T/u(t,x)Ago(t,x)dxdt

0 Rd 0 Rd
T T

+ g(t,x) - Vu(t, z)p(t, v)dxdt + f(t, x)p(t, x)dzdt (3.2)
/] /]

holds.

The following proposition is routine and we therefore omit its proof. For more details, the reader

is referred to [46, Proposition 3.5].

Proposition 3.1 Let p € [1,400) such that g € L'(0,T; LP(R%: R?)), f € LY(0,T; LP(RY)) and
u € C([0,T]; WHP(R?)). The following statements are equivalent
(i) u is a weak solution of (3.1);

(ii) For every v € C*(R?) and every t € [0,T], the following identity

/ u(t, D) (@)de = % j / u(s, 2) A (z)dads + /t / o(s, ) - Vuls, )ib(x)dads

Rd 0 R4 0 R4
//f s, x)(x)dxds
0 Rd
holds;
(i4i) For every t € [0,T] and for almost everywhere x € R%, w fulfils the following integral
equation
t ¢
/K (t—s,)*(g(s,-) - Vu(s,-))(x)ds + / (t—s,-)* f(s,-))(x)ds, (3.3)
0 0
2
where K(t,z) = (27Tt)7g67| 3 , t>0, v € R

We now state our main result of this section.



Theorem 3.1 Letd > 1 andp,q € [1,+00). Letg € L9(0, T} LP(R%RY)) and f € L%(0,T; LP(R%))
such that (1.6) holds true and HgHLﬁ(O 1,1 (ReY) 08 sufficiently small. Then the Cauchy problem (5.1)
q 7 )

has a unique weak solution u. Moreover, the unique weak solution lies in B([0,T];CL(R?)) and there

is a constant Cy(p,d) such that

Co(p, )||f||L<>° (0,7;LP (R4))
HUHB ([0.T]:CL(R)) S 1 — Co(p, d)

, (3.4)
||9||qu°] 0,7;L?r (R4))

where CL(R?) is the space of functions which are bounded and uniformly continuous and have bounded

and uniformly continuous 1 order derivatives, and

lull Bjo,77:c1 (ReY) = sup lu(t, z)| + sup |Vu(t, z)|.
(t,2)€[0,T]xRd (t,2)€[0,T]xRd

Proof. We prove the result by first assuming that g = 0. With the help of Proposition 3.1, it

suffices to show that
u(t,z) = /(K(t —8,) % f(s,7))(x)ds (3.5)
0

is in C([0, T); WP (RY))NB([0, T]; CL(R?)). Firstly, by the explicit representation (3.5) and observing
from (1.6) that p > d, for every (¢,z) € (0,T) x R%, we have

—1 (Rd)

uto) < [ 1 o[ K -9, o,
0

\ =

t
d
< HfHLO“(OtLP R )/3 i(t—s) ds
0
1 11 1
= t2 ||f||L‘[>;](0,t;LP(Rd))B(1 7 + 5)7
where B is the Beta function.
Therefore u € B([0,T] x R%) and
1
HUHB([O,T]XRd) <COTz ||f||L<[>q°](0,T;LP(Rd))- (3.6)

For z € R* and 1 < i < d, by (1.6) it follows that

ouita)| = | [ [onK(t—ra ) )dyar
0 Rd
p—1
4 lz—y|? P p
< d/ufHLde) )t ) /]e T oyl Ty | dr
2
t
_1 141
< OWlaggopmiay [ 14— ar
0
= Ol ooz (37)

10



where the constant in (3.7) is given by

(d+1)p d 11

oo ER RGO o

and I is the gamma function. Since 1 < i < d is arbitrary, |[Vu| € B([0,7] x R%). By (3.6) and

(3.7), it remains to check that the derivatives of u in x is uniformly continuous in x.
For z,h € R% and 1 < i < d, we estimate the difference of O, u(t,z + h) — Oy, u(t, z) by

|0, u(t, x + h) — Op,u(t, x)|
t

== //(%iK(t—r,y)[f(r,m—i—h—y)—f(r,x—y)]dydr

1
p

(tr,y)lpfldy] [/If(h:v+hy)f(r,xy)lpdy] dr
Rd

N
o
—
&
=

3 =

< C/t—r [/|f (ryy+h)— (r,y)]pdy] dr. (3.8)
0

Note that (1.4) is true, from (3.8) and p > d, therefore,

sup
(t,x)€[0,T] x R4

Op,u(t,x + h) — Oy, u(t, :1:)‘

P

< C sup /tr dr. (3.9)

t€[0,T]

/If?"y+h f(ry)Pdy

We set hy(r) = (t — r)_1+%r_%, then h; € L'(0,t). Notice that f € LE(O,T; LP(R%)), so for every
t € (0,T), hef € L*(0,¢; LP(RY)), and it implies that there exists Ty € (0, T] such that

t

P
sup / (t—r)Fa [/ [f(r,y +h) = f(ry)lPdy| dr
te[0,7)
0 Rd
Ty 1
= / (To — 1) [/|f r,y+ h) (ij)|pdy] dr. (3.10)
0
With the help of Lebesgue’s theorem, from (3.9) and (3.10)
lim sup |0z, u(t, x + h) — Oy, u(t, x)|
h=0 (1 2)€[0,T] x R4
To 1
< Clim /(To—r [/\fry—i—h (r,y)|pdy] dr =0,
h—0
0

which implies 0,,u € B([0,T];Cy(R?)). And 1 <4 < d is arbitrary, so Vu is uniformly continuous

in x and uniformly respect to ¢.
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Now we will show that v € C([0,T]; WhP(R%)). To prove this result, for p > 1, 8 > 0, let
HPP(RY) := (I — A)=P/2(LP(R?)) be the Bessel potential space with the norm

12l ooy = 101 = 2)72R]l Lo (gey-

For h € LP(R%), we use the notation T;h to denote K (t,-) * h with K given in (3.3). Then by a
same discussion as [46, Lemma 2.5], we have the following claims:
(i) For p > 1, # > 0 and every h € LP(R%), there is a constant C(p, d, 3) > 0 such that

_B
I Tehll go.p@ey < C(p:d, B)t 2 ||| Lo (ga)- (3.11)
(ii) For p > 1, 0 € [0, 1], there is a constant C(p,d,#) > 0 such that for every h € H?P(R9)
9
ITeh = Wl sy < Cp. B8 [l g0 (312

For every 0 < s <t < T, then

ult, z) - u(s,) = /ﬁrf dr—/Tq L

- / Teof(r)dr + / (Timr — Toer () dr

_ /ﬁrf dr+/T o~ O Tee f(r)dr: (3.13)

Noticing that WP(RY) = HYP(R?) (see [1]), from (3.13), (3.11) and (3.12), then

[u(t) = w(s)llwre e

< W f O imrogdr + [ ITocs i = DTese £ o
0
t s
< 0 [e= MO adr + € [ = 1) HITis = DT £ o
s 0
t s
_1 6 _1
< € [t =) IO amadr + O =) [ (5= 1) H T £ o s
s 0
t s
1 146
< O [= O pgadr + O =) =" F U0 peodn. (614)
s 0

for some 0 € [0, 1].
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Since f € LE(O, T; LP(R%)), if one chooses # = (q—2)/q, from (3.14) by using Holder’s inequality,
it then yields the following

[u(t) — u(s)llw1r(ra
t

S HfHL OTLPRd))[/<t—7") 2r qd?“+ t—SZ/s—r Tz édr]
s 0
0
< CHfHLf;(O,T;LP(Rd))’t—3’2- (3.15)

From this, one completes the proof for g = 0.

For any g, since u € B([0,T];CL(R%)), we conclude that: if g € L[Ocj(O T; LP(R% R%)), then

g-Vue L[Oq‘i(O, T; LP(R%)). We define a mapping from B([0, T]; CL(R?)) to itself by

/th—s (9(5,-) - Vs, ds+/t K(t—s,-) % f(s,))(z)ds.
0 0

Noticing that ||g|] LES (0.7 Lr (RY)) is small enough, the mapping is contractive, so there is a unique
q k) k)

u € B([0,T];CL(R?%)) satisfying u = Tu. This fact combining an argument as g = 0 implies the

existence and uniqueness of weak solutions of the Cauchy problem (3.1).

Since (3.3) holds, by virtue of (3.6) and (3.7), there is a constant Cy(p, d) such that

”uHB([QT];Ci(Rd)) < Co(p, d) [HQHLFQ (o,T;Lp(Rd))HUHB([O,T];Q{(Rd)) + HfHLf;](O,T;LP(Rd))}a

which suggests that (3.4) is valid since | g|| LES (0,757 (RY)) is sufficiently small. O
q ) k)

Remark 3.1 If p,q € (1,+00), f € L9(0,T; LP(RY)) and g € L(0,T; LP(R%RY)), from classi-
cal LI(LP) theory for second order parabolic PDEs, there is a unique u € WhH4(0,T; LP(R%)) N
L0, T; W2P(R%)) solving the Cauchy problem (5.1). Using the Sobolev embedding theorems (or
see [20, Lemma 10.2]), if 2/q + d/p < 1, then Vu is bounded and continuous in x. But this em-
bedding is not true in general when 2/q+ d/p = 1. By extending the Banach space L1(0,T; LP) to

[q] (0, T; LP), under the critical case 2/q+ d/p = 1, we further get the boundedness and continuity
for Vu in x. This result is new and interesting which can also be as a supplement for the classical

regularity theory of second order parabolic PDEs.
In case that both f and g are more regular, we can then obtain the continuity of Vu in (¢, x).

Corollary 3.1 Let p and q be given in Theorem 3.1, such that f € CO]([ T]; LP(RY)) and g €
C[ ]([O,T]; LP(R%RY)) and Hch ([0,7);Lr (R4)) s small enough. Then u € C([0, T];CL(RY)).

Proof. We only need to prove the continuity in ¢t for Vu and for simplicity, we show the case of
g = 0. We first show the continuity at 0. In view of (3.7), then for ¢ > 0,

1
lgﬁ)lzsgﬂgi\@ au(t, )] < lgigC[HIIf(t)Hm(Rd)] =0. (3.16)
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Noting that «(0,z) = 0, it implies |Vu(0,z)| = 0, so Vu is continuous in ¢ at 0.
For t > 0, we only prove the right continuity of Vu at t since the proof for left continuity is
similar. Let ¥ > 0, t € (0,T) such that t + 9 € (0,T), then for every 1 <i < d

Op,u(t + 9, 2) — Oy u(t, x)
t4+0

t
= //axiK(t—I—ﬁ—s,x—y)f(s,y)dyds—//aziK(t—s,x—y)f(s,y)dyds
0 Rd

0 Rd

9
//%K(t +9 = s,2 —y)f(s,y)dyds

0 Rd

N

+ //&mK(t—S?x—y)[f(s—{—ﬁ,y)—f(&y)]dyds

0 Rd

= :L(t,9) + Ix(¢,9).

By using (3.16), then I;(¢,9) — 0 as ¥ — 0. Now let us calculate I(¢, ).

t
Lty)| < C / ) f (s 4+ 9) — £(5)l|pogeayds
Ot
< c / (t— )" Fa (s +9) 77 (s + 0)5 f(s +9) — 55 F(5)| ograyds
0

+C/(t—8) (s 0) (s + 0)3 £(5) — 5 £(5)]| o grads

0
t
il 1 1 1
< 0/<t—s> FsTE|(s 4 0)5 £ (5 + 0) — 5% F(5)l| ocrayds

0

t

14l 11 s 1
+C/(t—s) 15 qHS‘Zf(S)HLp(Rd) {1 — (m)q]ds.

0

Noticing that as the functions of s on (0,t), (¢t — s)_H%s_% € LY0,t), ||(s + ﬁ)%f(s + ) —
1 1 1
s9 ()|l Lr(ray and [[s9 f(s)|| Lp(ra) [1 —(s/(s+ 19))5} are bounded. Applying the dominated conver-
gence theorem, we then have I5(t,19) — 0 as ¥ — 0. We thus complete the proof. O
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4 A Krylov estimate

Let {Wi}ico,r] be a d-dimensional standard Wiener process, Xo € Fo, {&}ejo,r] 18 @ {Ft}eeio.n]

adapted process, we define
¢
X, :X0+/£sds+Wt. (4.1)
0
We now derive a Krylov estimate, which will be pivotal in our proof towards the existence of

weak solutions.

Theorem 4.1 Suppose X; is given by (4.1) and Xo = x € R?. Let p,q € [1,+00) and Irf €
L‘fq‘i(O,T; LP(RY)) such that (1.6) holds. Let Co(p,d) be given in Theorem 3.1, then

T T
E/f(t,Xt)dt < Co(p,d) (1 + E/ |§t\dt> ”ITf”Lf;](O,T;LP(Rd))- (4.2)
0 0
Proof. Let u be given by
t
u(t,x) = /(K(t —8,+) *Ipf(s,-))(x)ds.
0

Noticing that Zpf € Ly (0, T; LP(R?)) with p,q satisfying (1.6), by virtue of Theorem 3.1, then
u € C([0, T]; WHP(RY)) N B([0,T]; CL(RY)) and it solves the following Cauchy problem

duu(t,z) = 3Au(t,z) + Irf(t,x), (t,z) € (0,T] x R,

u(0,2) =0, x € RY,

in the sense of (3.2). Moreover, (3.4) holds with g = 0.
Noticing that (1.6) holds and Zp f € Ly (0, T; LP(R%)), we conclude that for every Ty < T and

every m > 1, u(T — -,-) € L™(0, Tp; W2P(R%)) n W1™(0, Tp; LP(R?)). By virtue of Ité’s formula
(see [20, Theorem 3.7]), for every ¢ € [0, Tp], we have
dU(T — t, Xt)
1
= —8tu(T — t, Xt)dt -+ §AU<T — t, Xt)dt + ft . VU(T - t, Xt)dt + VU(T — t, Xt) . th

Since Vu is bounded, if we integrate the last term in (4.3) on (0, Tp), then the stochastic integral is

a martingale, which implies that

TO TO
w(T,z) — u(T — Ty, Xr,) = E / £t X))t — E/&t V(T — 1, X,)dt. (4.4)
0 0
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Hence

Ty T
E/f(t,Xt)dt < sup lu(t, z)| + sup ]Vu(t,a:)|E/ |&e|dt — (T — To, X17,). (4.5)
9 (t,z)€(0,T) x R4 (t,z)€(0,T) xR 0

In view of the fact u € C([0, T]; W'P(R%)) — C(]0, T];Cy(R?)) and by virtue of Theorem 3.1, from
(4.5), by letting Ty tend to T', we obtain that (4.2) holds true. O

Remark 4.1 Krylov’s estimates will play a crucial role in proving the existence of weak solutions
for SDE (1.1). Observing that, when verifying a Krylov estimate, the central part is to estimate the
boundedness of Vu (u is the unique solution of a second order parabolic PDE). With this observation,

we only assume that f € Lﬁ;’](O,T; LP(RY)) with 2/q +d/p = 1.

5 An existence result for weak solutions

We now consider SDE (1.1) and our main result is concerning the existence of weak solutions. We

have

Theorem 5.1 Assume that p,q € [1,400). Let b= by + by be such that Irby € Ciy([0, T]; LP(R?))
with p,q satisfying (1.4), ba is bounded and Borel measurable. Let Cy(p,d) be the constant from

(4.2) and
IZrb1lle,, (jo.7): L0 (reyy < (2C0(p, )™ (5.1)

There is a filtered probability space (X, F, {ft}te[oﬂ,]@), two processes {Xt}te[O,T] and {Wt}te[o,T]
such that {Wt}te[o,T] is a d-dimensional {]}t}te[ovT]—Wiener process and {Xt}te[o,T] is an {ﬁt}te[O,T}‘
adapted, continuous, d-dimensional process for which (1.7) holds, and almost surely, for all t €

[0,T7], (1.8) holds.

Proof. We follow the proof of [19, Theorem 1, p.87]. Firstly, we smooth out b; (i = 1,2) using the
convolution: b7 (t,z) = (bi(t,) * pn)(x), b5 (¢, z) = (b2(t,) * pn)(x) with p, given by (2.3).

According to Proposition 2.1 and the properties of convolution, it is clear that, as n — oo,
| ZrbT — ITblHC[q]([O,T];LP(Rd)) — 0, [|b5 — b2HLq(0,T;Lfoc(Rd)) — 0, (5.2)
and for every n > 1, by Hausdorff-Young’s convolution inequality, we have

IZ207 N, (0,1:Lp (ra)) < I Z1bille, (01700 (R2))s
105 1| oo (0,7 x ) < [1b2]| Lo ((0,7) xR -

Moreover there is a sequence of integrable functions A" on [0,T7], such that

b7 (t, @) = 0 (4, y)| S P (Dl —yl, Yo,y eRY i=12.
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Using Cauchy-Lipschitz’s theorem, there is a unique {ft}t€[07T]—adapted, continuous, d-dimensional

process X{' defined for [0,T] on (2, F, {F¢}se[o,7), P) such that
¢ ¢ ¢
X! =z+ /b”(s,Xg)ds +W, =2+ /b’f(s,Xg)ds + / by (s, X )ds + W. (5.4)
0 0 0
With the help of Theorem 4.1 and (5.3),

T T
B [ (e X0 < <1+E / rb"<t,Xf>|dt) Colp. &) T8 e, o.10 )
0 0

< <1 + Tllba| oo (0,1 xret)

T

+E/ |07 (¢, Xf)|dt> Co(p, )| Zrb1llc,, (0,17;10 (R))-
0
Noticing that (5.1) holds, then
1
Co(p, DI Zrbulley, oy ) < 5
therefore
T
E/ DT (¢, X¢")|dt < 2(1 + T||b2||L°°((O,T)><]R'1)>C0(p> d)[| Zrbille,, (o,15;L0 (mA)) - (5.5)
0
On the other hand, b is bounded uniformly in n, with the help of (5.3), one concludes that
T
B [ 1050t X0t < Tl oy (56)
0
By (5.4)—(5.6), then
sup sup E|X['| < C < 4o0. (5.7)
n tel0,T]

If one replaces the time interval [0, 7] by [t1, t2] for every 0 < ¢1 < to < T, similar calculations
from (4.3) to (4.4) also yields that

to
E / B, X7 de
t1

to
< EUn(T — t0, X)) — Un(T — t, X))+ sup HVUn\E/ybn(t,Xt”)]dt
(t,2)€(0,T) xRY 7

< sup ‘Un(T_t%x)_Un(T_tl;x)’

z€eR4

to
+ sup HVUn|y<E\Xg Xy +E/\b”(t,X{‘)\dt>, (5.8)
(t,2)€(0,T) xRY

t1
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where U, is the unique weak solution of
8tU7L(t7$) = %AUn(ta J}) + |ITb?(t7$)’? (tvx) € (07T] X Rd7
Un(0,2) =0, = € R?

With the aid of Sobolev’s embedding theorem, (3.15) and (5.3), from (5.8)

t2
B [ 1 e, X7
t1
< CIUWT = t2) = Un(T = t1) w1 way + Co(p, )| ZrbY lle,, (0,73;20 () (E|XZ§ — X1
to
+t2 — tall[b3 ]| Loo ((0,7) xR +E/ |b7f(t7th)|dt)
t1
Q mn T n n
< Clta = tal2 | Zrby lley, (o.ry;Le ey + Colps I ZrbT ey (0,710 (Ra)) <E|Xt2 - X3
to
+[t2 — tal[b3 ]| Loo ((0,7) xR +E/ |07 (2, X?)W)
t1
9 n n
< Cltz =l 2l Zrbille, (jo.1y:Loray) + Co(p, I Zrbille,, (0.07:L0 (me)) (E\th - Xi|

2]
+lt2 = talllb2ll Lo (0,7 xR +E/|b’f(t7Xf)|dt),
t1

which suggests that

to
Co(p; )| Zrb1lle,, (jo,17;00 (R)) 0
IE/ Vit X[)|dt < g o o Clta — 12
. o£(5, X201 1= Colp, d)|Zrbille,, (0,13;10 () [
1
EIX], — X7 |+ It — talllboll e 0.1y xme) | (5.9)

where 6 is given in (3.15).

By (5.1), there is a § > 0, such that

Co(p, D\ Zrbille, (o,11:20®ay) < (1= Colp, d)) | Zrbrlle,, ((0,17;10 () ) (1 = 6).

Combining (5.4) and (5.9), it yields that
to to
BIX; - XAl < B [ (XDl +E [ 86 XPlde + EW, — Wy
t1 t1

[’]
< (1= OEIXE = X2+ C(lt2 = taff + lt2 = 1] + |t — 11|

< (1= E|XP — X7 |+ Clta — t1]7,
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which implies that
c ) )
E!XZ;—XZiKg\tz—tlh < COltg — t]2. (5.10)
By (5.7) and (5.10), for every € > 0, one concludes that

lim sup sup P{|X}'|>¢c} =0 (5.11)
€= 1 te0,T]

and

lim sup sup P{| X — Xi| > €} =0. (5.12)
hi0 n t1 tge[O T] |t1 t2|<h

In view of Skorohod’s representation theorem (see [19, Lemma 2, p.87]), there is a probability
space (€, F,P) and random processes ()N(t", Wt"), (X, W;) on this probability space such that
(i) the finite-dimensional distributions of (X[, W}") coincide with the corresponding finite-

dimensional distributions of the processes same as (X', W}");
(ii) (X", W") converges to (X.,W.), P-almost surely.

In particular W is still a Wiener process and
t t
=z+ /b D)ds + /bg(s,X:)ds + W (5.13)
0 0

For any k € N, by virtue of Theorem 4.1,

T
E(/%H&XQ—WK&XJW%
T
(/w sX”—M@X“m§+ﬂ(/wﬂa&n—%@ﬁmw)
+E</|bksX)—b15X |ds>

< ClITrb = Trbt e, oryiogeey) + I1ZrbE = Trbilloy qoriswr sy |

+E</|b’f(s,5(§) —b’f(s,Xs)|ds>. (5.14)
0
By letting n — +oo first, £ — +00 next, from (5.2) and (5.14) we arrive at
¢ ¢
li_>m b (s, X™)ds = /bl(s,Xs)ds, P—a.s.. (5.15)
0 0
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Similarly, we obtain

T
E(/\bg(&f(ﬁ) - bg(s,ffs)|ds>
0
T

T
< E(/wﬂaXﬁ—w&&X?wm>+E</MQ&X9_WQ&XQW%
0

0
T
+E(/@@jg—@@Xmm>

0

= P JY 4T (5.16)

For k fixed, as n — +o0, J3* — 0. For JJ', we have

T T
Ji < HbQHLOO((O,T)XRd)fE/ 11— 1|Xg|gR’d3 ‘HE(/ 1|Xg|gR’b§(San) - bg(San)’d3>
0 0
o T
< FE / X715 + Cll 1< rlb5 — 511 ooz (s (5.17)
0

for every R > 0.
By taking n — 400, k = +00, R — +o0 in turn, then J{" = 0 as n — 400. And the same

conclusion for J3' is true by a same discussion. Combining (5.2), (5.16) and (5.17) we arrive at

¢ ¢
lim [ b3 (s, X)ds = /bg(s,Xs)ds, P—a.s.. (5.18)
0

n—00
0

From (5.13), (5.15) and (5.18), one reaches at
¢
X, =x+ / b(s, Xs)ds + W;.
0
From this one finishes the proof since by using Theorem 4.1, (1.7) holds true obviously. [J

6 Uniqueness and the strong Feller property

We first discuss the uniqueness in probability laws. Before proceeding, let us present some useful

lemmas.

Consider the following SDE:

dX; = b(t, Xp)dt + o(t, X;)dW;, Xo==z€cRY te(0,T], (6.1)
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where o(t,z) € R¥™9, b(t,z) € R The regularity assumptions on o and b should guarantee
the existence of weak solutions to (6.1) (e.g. ¢ and b are bounded Borel measurable, and o is
uniformly elliptic, see [19, Theorem 1, p.87]). Let (X, Wi)eo,m) be a weak solution of (6.1) on
a probability space (2, F,P) with a reference family {F:}.c(o,r), and let (X, Wt)te[o,T} be another
weak solution of (6.1) on a probability space (Q,F,P) with a reference family {F:}cj0m). We
denote the probability laws of {Xi},cjo,m and {Xi}eo,7) on d-dimensional classical Wiener space
(We([0,T7), BOW([0,T]))) by P, =Po X! and P, = Po X!, respectively. Then we have

(i) for every = € R%, P, (w € W[0,T]); wo = z) = Pp(w € W0, T));wo = z) = 1;

(i) for every Ay, Ay € B(W4([0,T])), the mappings = — P,(A1) and = — P,(As) are B(RY)
measurable.

Moreover, from [13, Theorem 20.1, p.182] (or [14, Proposition 2.1, p.169]), for every f € CZ(R%)

(iii) the processes

f(X / V(X Xs) + ;trac( (S,XS)O'(S,XS)TVZ(f(XS)))}dS, t€[0,7],
0
and
/ 1 o T2/ r( ¥
£ — @)~ [ (VAR b5, %) + Gtnactols, K)ol X V(L)) | ds, t€ 0.7),
0

are locally continuous {F};c(o,7] and {ﬁt}te[O,T] martingales, respectively.

Combining the above conclusions (i)-(iii) and [13, Theorem 20.1, p.195] (or [14, Corollary,
p.206]), we have

Lemma 6.1 P, = ]@x s equivalent to
/ flw - [ twok ), (62)
4([0,77) W ([o,T])
for every t € [0,T] and every f € Cy(R?).
Now we give our uniqueness result on weak solutions.

Lemma 6.2 Let p,q and b be stated in Theorem 5.1. We assume that Zrb; € C%]([O, T]; LP(R%: R%))

in addition. If there are two weak solutions of (1.1), then the probability laws of them on d-
dimensional classical Wiener space (W4([0,T]), B(W4([0,T]))) are the same.

Proof. We show the uniqueness by using It6-Tanaka’s trick (see [10]). Consider the following vector

valued Cauchy problem
QU (t,z) = $AU(t,x) + Irby(t,z) - VU(t, z)
+Zrby (t,2), (t,2) € (0,T] x RY, (6.3)
U(0,z) =0, = € R%
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According to Theorem 3.1, there is a unique weak solution U to (6.3). Moreover by Corollary 3.1,
U € C([0,T);CL(RY; RY)) and there is a § > 0 such that

Co(p,d)||Zrby ||c[0q] ([0,T);LP (RE;RD))

1Ulleo.ryies memay) < 7= Col <1-4,

P, d)l[Zrbilley (jory:r (meray)
since (5.1) holds.
We define ®(t,x) = x + ZrU(t, x), then

0 < [IV®lle(po,yc ey <296, (6.4)

575 < IV¥lleqorc, @) < 5

where U(t,z) = ®!(¢,7). By the classical Hadamard theorem ([27, p.330]), ®(¢, -) forms a nonsin-

gular diffeomorphism of class C! uniformly in ¢ € [0, T7.

Noticing that Zpb; € qu] ([0, T]; LP(R% R%)), thus the unique weak solution of (6.3) also belongs

to L™(T — To, T; W2P(R%RY)) 0 WE™(T — Tp, T; LP(R%, RY)) for every Ty < T and every m > 1.
Therefore, ZpU € L™(0,To; W3P(R%GRY)) 0 WE™(0, To; LP(REGRT)). I (Xy, We)iepo,r) 1s a weak

solution of (1.1), we can use It6’s formula (see [20, Theorem 3.7]) to ®(¢, X;) and obtain
dB(t, X;) = ba(t, Xp)dt + (I + VIrU(t, X;))dWs,  t € (0,Ty).
By Corollary 3.1, we can take Ty approaching to T, then get

dq’(t, Xt) = bQ(t, Xt)dt + (I + VITU(t, Xt))th, t e (0, T],
®(0,X0) =2+U(T,x).
Denote Y; = X; + ZrU (t, Xy), then
0Y, = bo(t, (6, Vo))t + (T + VIrU(t, U(t, Yi)dWs, 1€ (0,7], (6.5)
with Yy = y.
Now we assume that (X, W) and (X, W) are weak solutions of (1.1) and the probability laws
of X and X on (W([0,T7]), B(W?([0,T]))) are P, and P, respectively. Correspondingly, we denote
P, and P, the probability laws of Y and Y. Since Y; = ®(t, X;) and ® € C([0, 1];C}(R% RY)) is a

diffeomorphism on R? uniformly for every ¢ € [0, T, the relationships of P, and P,, P, and I~P’y are
given by

Py =P,0®7 ! P,=P, 0! (6.6)

where for a given measure 1 on a Banach space S, and ¥ a map on S, we use the notation g o9~!

to denote image measure of y by the map 4, i.e.

[ odtwoi) = [ ow)an
S S
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Combining (6.4) and noting that by is bounded Borel measurable, ZrU is continuous in (¢, x), and
I + Z7U satisfies uniformly elliptic condition, applying [32, Theorem 5.6] (also see [14, Theorem
3.3, p185] for time independent o), the uniqueness of probability law for (6.5) is true. So P, = ]f”y.

For every f € Cp(R?) and every t € [0, 7], by (6.6) then

/ fw@)Bade) = [ FOUE B 0(0)) P i)

4([0,77) W([0,77)

- / Ut w(t))Py (dw) (6.7)

wd([0,17)

and

/f OB, (dw) = /f (1, D (2, w(t)))) B (duw)

4([o,1]) a([0,77)

_ / FOU(Ew(t)B, (dw). (6.8)

d([0,T7)

Since P, = P, and for every t € [0,T], f o U(t,-) € Cp(R?), from (6.7) and (6.8) one ends up with
(6.2). By applying Lemma 6.1, it is unique and we finish the proof. O

We are now in the position to give our strong uniqueness result.

Theorem 6.1 Let p,q,b and by be stated in Lemma 6.2. Then there exists a unique strong solution
to SDE (1.1).

Proof. Clearly, by Yamada-Watanabe’s principle (see [41]) and Theorem 5.1, one only needs to
prove the pathwise uniqueness. In view of Lemma 6.2 and the fact the uniqueness in probability
law implies the pathwise uniqueness for d = 1 (see [42, Proposition 1.1]), so we need to show the
pathwise uniqueness for d > 1.

Since (1.6) holds and ¢ < +o00, we conclude p > 2 when d > 1 and for every Ty € (0,7,

by € L™(0, Ty; LP(R%; RY)),

with p > 2 and every m > 1. Therefore, b is in Krylov-Roéckner class up to time Ty, and this implies
the pathwise uniqueness of solutions for SDE (1.1) up to time Ty < T (see [20]). Particularly, we
can choose Ty = T — ¢ (¢ > 0 is sufficiently small) and it yields the strong uniqueness of solutions
on [0,T — ¢]. By letting € tend to 0, we conclude the the strong uniqueness of solutions on [0, 7).
On the other hand, by virtue of Theorem 5.1 all the solutions of SDE (1.1) are continuous, so the

strong uniqueness of solutions holds true on [0,7]. O

Remark 6.1 We divide the proof for the strong uniqueness into two cases: d =1 and d > 1. When
d > 1, Krylov-Rdockner’s result is adapted here directly. However, when d = 1, the assumption 2/q+
1/p =1 only implies that p > 1(# p > 2), so b is not in Krylov-Rdckner class and Krylov-Rockner’s
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result (see [20]) can not be used here. Fortunately, when d = 1 the uniqueness in probability law
and the pathwise uniqueness are equivalent. Therefore, it is sufficient to show the uniqueness in
probability. To reach our aim, we introduce a useful lemma (Lemma 6.2) before stating our main

theorem.

Remark 6.2 (i) When the Banach space C[q]([O,T];LP(Rd)) is replaced by L(0,T; LP(RY)), with
q,p meeting condition (1.3), there are many elegant works [44, 45]. For example, under the hypoth-
esises that

(1) o(t,x) is uniformly continuous in x € R% uniformly with respect to t and there is a positive
constant § such that for all (t,z) € [0,T] x R4,

1
Sl¢* < lott, 2)él? < 51eP

(2) |[Vao(t,z)|, |b] € L0, T; LP(RY)). Zhang [{5] obtained the existence and uniqueness of the
strong solution to SDE (6.1.)

(ii) Other topics on SDE (6.1) such as existence, uniqueness of solutions, stochastic homeomor-
phism, weak differentiability for b and o in different classes, we refer to [3, 7, 11, 12, 34, 37, 38]

and the references cited up there.

Now we discuss the Feller property and the existence of density and initially we give a lemma.
Lemma 6.3 ([33]) Consider the following SDE

dXt({L‘) = b(t, Xt(ﬁ))dt + O'(t, Xt(ﬁ))th, t e (S,T], (6 9)
X,(z) =2 € R4 .

Suppose that b is bounded and Borel measurable, o is bounded continuous and (a; ;) = (> ) i k0jk)/2
is uniformly continuous and uniformly elliptic. Then there is a unique weak solution of (6.9) which
18 a strong Markov process. Let P(s,x,t,dy) be its transition probabilities and for every bounded

function f, we define

Posf(r) = / ) P(s, .1, dy). (6.10)
Rd

then we have the following claims:
(i) Psif(x) is continuous in s and x for s < t.

(ii) p(s,:p,t,dy) has a density p(s,x,t,y) for almost all t € [0,T] which satisfies

T
// p(s, 2, t, y)|"dydt < 400, (6.11)

to Rd

for every r € [1,4+00) provided s < ty.

Now we give our second result.
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Theorem 6.2 Let p,q and b be described in Theorem 6.1. Consider the following SDE:

dXi(z) = b(t, X¢(z))dt + dWy, 0<s<t<T, 612)
6.12
Xs(z) =2 € R

Let P(s,x,t,dy) be the transition probabilities associated with the solution of (6.12) and for every

bounded function f, we set Psif(x) by (6.10). Then Ps;f(x) is continuous in s and x for s <t
and P(s,z,t,dy) has a density p(s,x,t,y) for almost all t € [0,T] which satisfies (6.11).

Proof. In view of Theorems 5.1 and 6.1, there exists a unique strong solution to SDE (6.12).

Let Ps, = Po X! be the probability laws of {Xt}ie[s,r) on d-dimensional classical Wiener space
(W([s,T)), B(W?([s,T]))). Consider SDE (6.5) with initial data Y;|;—s = ®(s, x) and let IP’S@(S’I) =

PoY ~! be the probability laws of {Y; },¢(5 7] on d-dimensional classical Wiener space (W ([s, T]), BIW([s, T1))).
By virtue of Lemma 6.3, P, (s, is a strong Markov process and then by (6.4) and (6.6), Ps , is also

a strong Markov process. Let P(s,x,t,dy) and ]5(.97 ®(s,x),t,dy) be the transition probabilities of

P and fP)s,@(s,xy respectively. Then for every f € L®(R?),

Ps,tf( ) Engf /f 5 x,tady)

and

Pyof () = EPvoteon fluw / 1) (s, (5,2), 1. dy).

With the help of (6.6), it yields that

Pyif () = Poof(U(t, 7)) = /f(‘I’(tjy))P(S#I)(M)yt, dy). (6.13)

So Ps;f(x) is continuous in s and x for s < ¢. In particular, the semi-group Py (=: P;) has the

strong Feller property. And by Lemma 6.3, ]55 + has a density p(s, ®(s,z),t,y). From (6.13), then

Pyof(x /f (t, )5 s@(sxtydy—/f B(s, B(s, ), 1, Bt )| V(L. )| dy.

Hence, for almost all t € [0,T], Ps; has a density p(s, x,t,y) which is given by

p(s,z,t,y) = (s, (s, x),t, ®(t,y))|[VO(t,y)|. (6.14)
From (6.14), for every r € [1,+00) and s < tp
T T
[ [wstwrae = [ [ i o606 000000 i
to Rd to R4

- / / 55, B(s, ), £,9)| VO (L, W(t, )| [VU(E, )| dydt
to R4

N

C//\ﬁ(8,®(8,$),t7y)lrdydt < +o0,

to Rd
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where in the last line we have used (6.4). O

7 SDEs with non-constant diffusion coefficients

Theorems 5.1 and 6.1 can be generalized to the case of non-constant diffusion if the diffusion
coefficients are regular enough. For simplicity, we give an extension in this short section and we

assume that the diffusion coefficient is time independent and d = 1.

Theorem 7.1 Let o : R — R be Borel measurable. Suppose that there are positive constants 61 and
0o such that 01 < o < da. Consider the following SDE with non-constant diffusion in R

dXt = b(t, Xt)dt + O'(Xt)th, X[) =T € R, t e (O,T] (71)

Let p and q be given in Theorem 5.1, that b = by + ba such that Zrby € Cg([0,T]; LP(R)) and
||ITb1Hc[q]([O’T];Lp(R)) is sufficiently small, by is bounded Borel measurable. Moreover, for this p, we
assume in addition that o' = &1+ G2, with 61 € LP(R) and ||61| o) 4s small enough, 52 € L=(R).

(i) There is a filtered probability space (Q, F, {ﬁt}te[o,T}yﬁ)), two processes X; and W, defined for
[0,T] on it such that {Wt}te[O,T} is a 1-dimensional {ft}te[o’T}—Wz’ener process and {Xt}te[O,T] is an
{ft}te[ovT]—adapted, continuous, 1-dimensional process for which (1.7) holds, and almost surely, for
allt € (0,7

t t
X, = x+/b(s,Xs)ds+/a(Xs)dWS.
0 0

(ii) We suppose Irb; € C&]([O,T]; LP(R)) further, then there exists a unique strong solution to

(7.1).

Proof. (i) The proof here is inspired by Zvonkin’s transformation. Let us define

i 1
q)(x):o/a(y)dy’

and since §; < 0 < do, P! exists. Moreover, for every =,y € R,
0y o —yl < |@(x) — B(y)| < 6y |z —y,
dilz —y| <[ Hz) — 27 (y)] < dolx —yl.

Let us consider the following SDE

Vi) =yt [ s, 07 (¥)o™ (@) — 5o’ (87U (V)))ds + Wi (7.2
0

Noting that Zrb1 € Cig([0,T]; LP(R)) and HITbl”C[q]([O,T];LP(]R)) is small enough, so Zrb; (-, ®71(-)) €
Cig ([0, T]; LP(R)), [ Z7b1 (-, @‘1(-))||C[q]([O’T};Lp(R)) is sufficiently small too. And this conclusion holds
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for &1(®~'). Upon using Theorem 5.1, there is a weak solution (Y;, W;) of (7.2) on a filtered
probability space (Q,F, {f}}te[o,ﬂ,l@’) for which {Wt}te[o,T} is a standard 1-dimensional standard
Wiener process to {ﬁt}te[O,T]-

Initially, we assume o € C*°(R), then ®~! is smooth. By utilizing It6’s formula, one derives that

AT =[BT (Favi - [ (@ (V)] e (@A
= 0@ (T bl 7 (V) (@7 (7)) — o' (@ (7

Fo(@ 7 (T)dIV, + Zo(@(V)o' (@7 (V)dr
= bt &7 (V) dt + o(@7 (V) dIW, (7.3)

which implies (X;, W) = (@~ 1(Y;), W;) is a weak solution of (7.1).
For general o, we smooth it by convolution o. = ¢ * o-, where g, is a regularising kernel on R,
i.e.

1 .
0: = g@(g) with 0 < o € Cg°(R), support(o) C (—1,1)

and [ o(r)dr = 1. For ®_! one gets an analogue of identity (7.3). With the same argument as in

Theorem 5.1, by taking € — 0, one derives the conclusion (i).

(ii) Clearly, it suffices to prove the pathwise uniqueness. By the relationship between (7.1) and
(7.2), it suffices to show the pathwise uniqueness for (7.2). Since the form of (7.2) is the same as
(1.1), we need prove the pathwise uniqueness for (1.1) on d = 1. When d = 1, the uniqueness in
probability law implies the pathwise uniqueness (see [42, Proposition 1.1]) and by Lemma 6.2 the

uniqueness in probability law is valid, so we finish the proof. [J

Remark 7.1 (i) The proof for the existence of weak solutions to SDE (7.1) is inspired by Zvonkin’s
transformation. For more details in this topic, one can consult to [47].

(i) Here we do not arque the general case, i.e. o is time dependent and d > 1. As discussed in
[18], we may prove the existence and uniqueness for weak solutions, such that the uniqueness holds
only in the sense of finite dimensional probability laws. For more details in this topic one can refers

to [18] and the references cited up there.
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