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Abstract

In recent years, extensive correlation studies have been conducted between microstructure

characterizations and macroscopic properties and performance in polycrystalline materials.
These studies have revealed that the mechanical properties, including stress-strain curve,
stress and strain response (peak strength, effective stress, crack damage stress, ultimate
tensile strength, yield stress, Von Mises stress, Tresca stress, effective strain, cumulative
effective plastic strain, etc.), and elastic and plastic anisotropy, are closely connected to and
significantly affected by morphological (grain size, grain size heterogeneity, grain shape,
etc.) and crystallographic (grain orientation, etc.) features. Meanwhile, the influence of
microstructure characterization on the mechanical performance of polycrystals has also been
examined by researchers. It has been well established that ductile failure initiation and
growth in polycrystals are extremely sensitive to crystallographic (grain orientation, etc.)
and grain boundary (coincidence site lattice (CSL), misorientation, tilt and twist angle, etc.)
conditions.

However, in current practice, studies of the microstructure effect on ductile failure have
certain limitations. For example, the research methodologies are mainly limited to representa-
tive volume elements (RVEs)-based experimental observations or crystal plasticity numerical
simulations. In practice, the microstructure characterizations exhibit some degree of random-
ness during deformation processing, and microstructure randomness reveals polycrystalline
materials’ probabilistic properties and performance. Consequently, the vast size and number
of the microstructure RVE necessary to build the process—structure—properties—performance
(PSPP) linkages is computationally prohibitive and challenging to investigate. Meanwhile,
the simplified polycrystalline microstructures, such as single crystals, bicrystals, Voronoi
and ellipsoid polycrystals, fail to capture all the statistical microstructure characterizations
of the heterogeneous grains. Furthermore, to the author’s knowledge, these features that
influence ductile failure are still contentious, and the association between microstructure
characterizations and ductile failure in polycrystals is not yet wholly researched. In addition,
it is difficult to quantify the impact of microstructure on ductile failure in polycrystalline
materials without a straightforward and efficient method. In the end, the datasets between
microstructural characteristics and ductile failure are unlikely to be built without sufficient
data.

This research comprehensively investigated the recent progress in microstructure recon-
struction and characterization (MCR) of polycrystalline materials. After that, the patch-based
texture synthesis reconstruction algorithm was proposed to perfectly capture the statistical
microstructure characterizations of the heterogeneous grains. The crystal plasticity finite ele-
ment (CPFEM) method that can reflect the stress-strain response in nickel-based superalloy
was established to reveal the ductile failure mechanisms. Then, the established CPFEM model
combined with explicit characterization algorithms was used to perform quantitative analysis
on Inconel 718 superalloy to fully understand the macroscopic properties and performance
responses (ultimate tensile strength (UTS), Von Mises stress, ductile failure initialization
and propagation) in terms of morphological, crystallographic, and boundary characteristics.
Finally, the patch-based texture synthesis coupled with explicit characterization algorithms
was developed to determine the ductile failure sets using the microstructural parameters, such
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as grain orientation and boundary characters. Research conclusions can be excellent guidance
for microstructure sensitive design (MSD), materials knowledge system (MKS), uncertainty
quantification (UQ), and surrogate crystal plasticity modeling (SCPM) in polycrystalline
materials.
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Chapter 1
Introduction

Polycrystalline materials consist of aggregates of grains with varying lattice orientations and
sizes separated by grain boundaries. The most common materials are polycrystalline, includ-
ing metals [302, 304, 376], alloys [431, 337, 336], rocks [141, 459] and ceramics [310, 11],
etc. Controlled by the processing history, the grains exhibit heterogeneous (Fig. 1.1) and
multiscale (Fig. 2.5) characteristics. A notable example is the heat treatment of metals.
Grains are deformed and coarsened during the compaction, solidification, rolling, extru-
sion, and recrystallization process, resulting in random grain distributions in boundary,
morphology and crystallography. Grains’ physical and geometric reconstruction during the
processing undoubtedly changes polycrystalline microstructures’ anisotropic behaviour and
further governs their macroscopic mechanical response (Table 1.1). To establish a vital
link among processing-structure-properties (PSP), materials science and engineering (MSE)
have developed into a distinct field of research. Here, the mechanical experiments have
been conducted, the significant features of microstructure have been characterized, and the
empirical databases between microstructural characteristics and macroscopic mechanical
properties have been built to facilitate the selection of material structure and processing for
suitable specific engineering requirements [125].

Empirical, trial-and-error methods of analyzing, designing and discovering materials in
the MSE are costly and time-consuming. The computational materials engineering (CME),
in particular, multiscale modeling of heterogeneous materials in a representative volume
element (RVE), is more appealing [276, 28]. As illustrated in Fig. 1.2, two computational
homogenization approaches are used in polycrystalline materials: the mean-field and full-
field methods [96, 119]. Before the computational implementation in CME, analyzing
realistic microstructures is critical for achieving PSP connections. With the development
of imaging technology (Fig. 2.2), especially for orientation imaging microscopy (OIM)

analysis in polycrystalline materials, the concept of image-based multiscale modeling has



2 Introduction

Fig. 1.1 Schematic illustration of multiple scales for Ni-based superalloys (used extensively
in gas turbine engines). Adapted from [195, 126, 45, 5], Copyright (2015,2016,2021,2021),
with permission from Elsevier.

Fig. 1.2 Mean-field versus full-field approach. Reprinted from [96], with permission from
Springer.



Table 1.1 Examples of microstructural effects on properties and performance in polycrystalline

materials

Microstructure characterizations

Macroscopic properties and performance

Morphology (grain size, grain size
heterogeneity, grain shape, etc.)

Fatigue indicator parameters [411, 462]; Ductile failure
criterion [62, 80]; Free surface roughening [68]; Stress-
strain curve [62, 192, 462, 68, 302, 44, 4]; Strain hardening
[302]; Elastic and plastic anisotropy [302, 439, 92]; Yield
stress [443, 302, 4, 430, 92, 225]; Ultimate tensile strength
[443, 4]; Peak strength [141]; Fatigue crack damage stress
[141]; Fatigure crack initiation stress [141]; von Mises Stress
[44]; Ductile fracture stress and strain [62, 68]; Tresca stress
[439]; Strain deviation [46]; Cumulative effective plastic
strain [411]; Elastic modulus [141, 439, 92]; Poisson’s ratio
[141]

Crystallography (Schmid factor, ori-
entation, etc.)

Fatigue crack initiation and growth [469, 54]; Ductile failure
initiation and growth [55, 75]; Ductile failure criterion [73];
Yield stress [7, 144]; Elastic and plastic anisotropy [439, 92];
Stress triaxiality localization [55]; Strain localization [46];
Effective stress and strain [231]

Boundary (coincidence site lattice
(CSL), misorientation, tilt and twist
angle, etc.)

Fatigue crack initiation and growth [277, 469, 411, 54, 307];
Ductile failure initiation and growth [62, 72]; Strain local-
ization [46, 307];

Fig. 1.3 Schematic illustration of image-based computational materials engineering.
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Fig. 1.4 Schematic illustration of solving the inverse problem where the performance require-
ments are examined first, and then the creation of new materials is backed out at the end.

been established. It generally begins with microstructure reconstruction and characterization
(MCR) through experimental data collection and imaging processing. Based on this generated
digital data, multiscale modeling is then conducted (Fig. 1.3).

The CME establishes the PSP relationships in a cause-and-effect manner, and their calcu-
lations do not include the life-cycle performance. In the emerging field of integrated computa-
tional materials engineering (ICME) [159], researchers seek to derive the properties, structure,
and processing conditions directly from a performance specification (Fig. 1.4). Thus, the PSP
relationships in CME should be updated as the process—structure—properties—performance
relationships (PSPP) in ICME. ICME focuses on connecting the multiple length scales
(vertical ICME) or bridging the sequential materials processing (horizontal ICME) [159]. In
this work, we highlight recent progress in MCR associated with ICME. MCR plays a vital
role in achieving the PSPP linkages, especially in the optimal performance design [51, 303].
As illustrated in Fig. 1.5, MCR can be roughly classified into physical and geometric types
[28, 215]. The microstructure characterization provides a reliable quantitative analysis of
design parameters. In addition, the physical reconstruction establishes the PS linkage based

on a physical description of the manufacturing process governing the microstructure for-



mation. Meanwhile, geometric reconstruction generates the individual grains as a realistic
virtual microstructure for subsequent properties calculation. As mentioned before, the grains
exhibit some degree of randomness during processing regarding microstructure characteriza-
tions (Table 2.2). Microstructure randomness reveals polycrystalline materials’ probabilistic
properties and performance. To perform ICME in this way, one should first reconstruct
an ensemble of microstructure samples, often termed statistically equivalent representative
volume elements (SERVESs) [316, 116, 276], to capture the randomness, evaluate their prop-
erties to build PSPP linkages, and conduct statistical analysis for optimal performance design.
Therefore, in this context, MCR refers to the statistical representation of its possible inherent
randomness, and reconstruction is the process of generating an ensemble of statistically
equivalent microstructure samples. Characterization and reconstruction are complementary.
The reconstructed microstructure embodies the prescribed characteristics, which can recon-
struct statistically equivalent microstructure. Besides the correlation analysis mentioned
before (Table 4), SERVEs-based MCR has also been widely used in properties prediction
[222, 293, 430], parametrically homogenized constitutive model (PHCM) [208, 323, 207]
and microstructure-sensitive design (MSD) [116, 349, 7, 462, 430, 144] (Fig. 1.5).

After generating MCR in polycrystalline materials, the next step for building PSPP
linkages is to specify the relationship between microstructure characterizations and macro-
scopic properties and performance. Ductile failure as a phenomenon is often observed in
polycrystalline materials. In recent years, extensive correlation studies have been conducted
between microstructure characterization and macroscopic ductile failure (Table 4). How-
ever, in current practice, studies of the microstructure effect on ductile failure have certain
limitations. For example, the research methodologies are mainly limited to representative
volume elements (RVEs)-based experimental observations or crystal plasticity numerical
simulations. In practice, the microstructure characterizations exhibit some degree of random-
ness during deformation processing, and microstructure randomness reveals polycrystalline
materials’ probabilistic properties and performance. Consequently, the vast size and number
of the microstructure RVE necessary to build the process—structure—properties—performance
(PSPP) linkages is computationally prohibitive and challenging to investigate. Meanwhile,
the simplified polycrystalline microstructures, such as single crystals [75, 72], bicrystals
[72], Voronoi [62, 192, 75], and ellipsoid polycrystals, fail to capture all the statistical mi-
crostructure characterizations of the heterogeneous grains. Furthermore, to the author’s
knowledge, these features that influence ductile failure are still contentious, and the asso-
ciation between microstructure characterizations and ductile failure in polycrystals is not
yet wholly researched. In addition, it is difficult to quantify the impact of microstructure on

ductile failure in polycrystalline materials without a straightforward and efficient method. In
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the end, the datesets for microstructural characteristics and ductile failure are unlikely to be
built without sufficient data.

This research comprehensively investigated the recent progress in microstructure recon-
struction and characterization (MCR) of polycrystalline materials. After that, the patch-based
texture synthesis reconstruction algorithm was proposed to perfectly capture the statistical
microstructure characterizations of the heterogeneous grains. The crystal plasticity finite ele-
ment (CPFEM) method that can reflect the stress-strain response in nickel-based superalloy
was established to reveal the ductile failure mechanisms. Then, the established CPFEM model
combined with explicit characterization algorithms was used to perform quantitative analysis
on Inconel 718 superalloy to fully understand the macroscopic properties and performance
responses (ultimate tensile strength (UTS), Von Mises stress, ductile failure initialization
and propagation) in terms of morphological, crystallographic, and boundary characteristics.
Finally, the patch-based texture synthesis coupled with explicit characterization algorithms
was developed to determine the ductile failure sets using the microstructural parameters, such
as grain orientation and boundary characters. Research conclusions can be excellent guidance
for microstructure sensitive design (MSD), materials knowledge system (MKS), uncertainty
quantification (UQ), and surrogate crystal plasticity modeling (SCPM) in polycrystalline
materials.

The remainder of the thesis is structured into seven Chapters. Chapter 2 and Chapter 3 aim
at comprehensive literature reviews of MCR in polycrystalline materials. Chapter 4 focuses
on the SERVEs-based texture synthesis reconstruction. Chapter 5 provides the details of the
explicit characterization algorithms. Chapter 6 elaborates on the micromechanical simulation
in nickel-based Inconel 718 superalloys. The quantitative analysis between macroscopic
properties and performance responses and microscopic characterizations in nickel-based
Inconel 718 superalloys is conducted in Chapter 7. This is followed by the ductile failure
sets using the most relevant microstructural parameters. A summary is provided in the final
Chapter.
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Chapter 2

Literature review: experimental
reconstruction and microstructure
characterization in polycrystalline

materials

2.1 Introduction

With the development of imaging technologies, especially for orientation imaging microscopy
(OIM) analysis like X-ray diffraction and electron backscattering diffraction in polycrystalline
materials, the concept of digital representation has been established. The mesoscopic digital
representation (DR) (Fig. 1.1) of polycrystalline materials is of extreme importance in ICME.
On the one hand, the mesoscopic DR can be used as a representative volume element (RVE)
for multiscale modeling in polycrystalline materials [28, 276]. On the other hand, the DR at
the mesoscopic scale gives us information about how the grains are arranged, which helps
us understand the detailed morphological, crystallographic, and boundary characterizations
[51]. The digital representation based on imaging techniques, also known as experimental
reconstruction, can be further divided into destructive and non-destructive types. They are
both used in building the PSPP linkages in polycrystalline materials (Fig. 3.1).

After digitally representing polycrystalline materials, the next step is to discretize the
whole analyzed space so that the grain morphology can be accurately identified. In general,
there are two methods for implementing discretization: (a) grid discretization and (b) vertex-
edge-face discretization [372, 125] (Fig. 2.1). The grid-based method uses regular shape
units to discretize the entire domain. On the other hand, the vertex-edge-volume method
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Fig. 2.1 Schematic of the grid and vertex-edge-face discretization in the digital reconstruction
of polycrystalline materials: (a) grid discretization; (b) vertex-edge-face discretization; (c1-
c4) flowchart of vertex-edge-face discretization for a single grain. (d1-d4) flowchart of
vertex-edge-face discretization for a polycrystalline internal structure.

starts from the discretized vertices to provide the coordinate points for generating grain edges.
After that, the grain faces originating from the grain edges construct the grain volumes in
the space. The grid-based method is independent of the grain shapes. It is easy to perform
and widely used in data collection for experimental reconstruction. Nevertheless, grain
morphologies represented by grain discretization are restricted to basic domain geometries
and frequently influenced by grid anisotropy. In contrast, the vertex-edge-face discretization
is highly dependent on the grain shape. It can represent the most significant degree of grain
morphologies, like the grain topology and boundary, and is widely used in the interface
representation in polycrystalline materials.

This Chapter provides an overview of the two ways of experimental reconstruction:
destructive and non-destructive. Specific attention will be focused on each methodology’s
steps, innovations, strengths and weaknesses. Besides, a detailed illustration of the two

categories of characterization: first-order and higher-order description, is also presented.
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Similarly, the application and innovations of microstructure characterization will be examined

in detail.

2.2 Experimental reconstruction

There are many imaging techniques capable of providing information in the polycrystalline

microstructure. Generally speaking, these techniques could fall into three categories:

* Plan-section microscopy techniques: such as optical microscopy (OM) [230], scanning
electron microscopy (SEM) [262, 280] and their derivatives (ion-induced secondary

electron (ISE)) [320], secondary ion mass spectroscopy (SIMS) [99], etc.).

* Tomographic techniques: using X-rays [169, 249, 244], atom probe tomography (ATP)
[194], electron tomography in transmission electron microscopy (TEM) [278, 285],
etc.

* Orientation imaging techniques: involving X-ray and neutron diffraction [20], electron
backscattering diffraction (EBSD) [392], etc.

The plan-section microscopy and tomography can perceive the variance in atomic number
and concentration, so it has an advantage in detecting the morphological features in the
polycrystalline microstructure, e.g., grain boundaries, multiple phases, twins, precipitates, in-
clusions and voids. The orientation imaging techniques could measure the lattice orientation
information via Bragg diffraction, so it has an advantage in segmenting the crystallographic
features over limited scales. There are mainly two techniques used in the experimental
reconstruction: destructive and non-destructive. The destructive reconstruction, also known
as serial sectioning, acquires data through the serial removal of material sections. The
non-destructive reconstruction obtains data principally via a suite of transmission images
from various projection angles. The destructive techniques characterized by commonly
founded imaging instruments are more prevalent and accessible in experimental reconstruc-
tion. However, the practice uses up the specimen and could be time-consuming. Moreover,
the reconstruction accuracy is unstable and highly dependent on the slice thickness. The
non-destructive schemes keep samples intact after the experiment but involve high-intensity
sources. Fig. 2.2 shows the classification of imaging techniques based on their spatial

resolution and capability to be non-destructive.
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Fig. 2.2 Imaging techniques in polycrystalline materials: the destructive and non-destructive
classification and their approximate spatial resolution.

2.2.1 Destructive reconstruction

In the destructive reconstruction methods, early attempts to reconstruct 2D microstructure
were successful. Obviously, the 3D characterizations, e.g. the grain size, shape, neighbor
distributions affected by the spatial connectivity, can not be precisely quantified from the 2D
images. In recent decades, the serial sectioning methodology that collects and assembles 2D
microstructure data has been successfully developed to acquire the 3D characterization data.
This method is generally achieved by three primary steps:

* Data collection: collecting continuous 2D characterization data for future 3D recon-
struction through either manual or automated approaches (Fig. 2.3). Manual collections
can be traced back to the 1960s [209]. It begins with preparing repetitive, thickness-
constant, falt sections through sputtering, ablating, polishing, etching, cutting, etc., and
ends until the sample volume reaches the desired value. The imaging techniques in-
volved could be the utilization of OM, TEM [285] and SEM to image grain boundaries,
multiple phases, precipitates or the employment of EBSD to characterize the grain
orientation information [229, 402]. The repetitious nature of the manual collection is
ideally suitable for automation utilizing instruments. Automation can improve effi-

ciency [189] and reduce data variability concerning image sharpness and serial section
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Fig. 2.3 The flow diagram of destructive reconstruction. Adapted from [124], Copyright
(2008), with permission from Elsevier.

thickness [136]. Currently, there are three automation devices for serial sectioning ex-
periments: the Alkemper and Voorhees micromiller [9], Robo-Met.3D [405, 404] and
focused ion beam—scanning electron microscopes (FIB-SEM) [433, 434]. The Alkem-
per and Voorhees micromiller and Robo-Met.3D characterized by optical microscopy
(OM) yield sufficient micron-level precision, making them widely used in imaging mil-
limetre scale features, e.g., dendrites, dispersoids and voids [188]. The main difference
between the Alkemper and Voorhees micromiller and Robo-Met.3D is that Robo-
Met.3D utilizes a more precise polishing scheme for thin section preparation rather
than micro milling in the Alkemper and Voorhees micromiller. The FIB-SEM founded
on scanning electron microscopy (SEM) can achieve accurate featural characterization
in micron and submicron scale, e.g., grains and precipitates. Also, it can provide more
refined serial sections with approximately 10-15 nm thickness through closed-loop
control measurement [25, 157]. In addition, other imaging techniques, such as electron
backscattering diffraction (EBSD) [433, 136] for crystallographic information and
ion-induced secondary electron (ISE) [320] for chemical spectra mapping, can be

incorporated to provide a comprehensive microstructure characterization.

» Data processing: combing the collected 2D data files into the entire 3D stack via data
alignment and data segmentation. During the data collection step, scaling, translation
and rotation between serial sections can occur and thus must be aligned via the

transformation matrix in Equation (2.1).

T = RPS 2.1)
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where S is the scaling matrix, P is the translation matrix R is the rotation matrix. Two
primary methods have been used in data alignment. The first is the use of fiducial
marks associated with manual and automated apparatus. The second scheme involves
applying image processing techniques. As for fiducial markers, [210] utilized the
multiple hardness indentations to present an independent reference for data-position
correction. [441] glued a chip to the sample to provide both in-depth and plane removal
information. [402] proposed machining patterns directly onto the samples to record
their spatial position relative to the automation device. Regarding image processing
techniques, methods including mutual information [339], least-square difference fitting
and image convolutions [138, 398] have been introduced to determine the terms in
the Equation (2.1). When it comes to specialized data, such as EBSD, [124] created a
misorientation-related parameter to correct the misalignment in consecutive sections.

[467] developed an alignment tool based on the orientational correlation function.

The next step following data alignment is data segmentation to identify and separate
the features of interest, i.e.,, multiple phases, grain boundariespitates, precipitates, etc.
Taking the grain feature as an example [136, 134, 124], it is segmented as the set of
voxels whose misorientation angle (Equation 2.10) is under a certain threshold.

—1
cos™! [tr(chAgB Se) = 1)] ‘ (2.2)

0 = min

2

where g4 and gp are the orientation of seed voxel A and its neighbour B in a grain
(Table 4.1), S, is the the crystal symmetry operator, 6 is the misorientation angle
between voxel A and B, (¢;, ¢, ¢,) are the Bunge Euler angles of the voxel. Besides
the thresholding method, other segmentation techniques, including the watershed
transformation [440, 283], Euclidean distance transformation [291], etc., have also
been widely used in polycrystalline structure. The selection of specific segmentation
techniques relies on the research features. For further information, readers are directed
towards the books by [401] and [377].

Space discretization: specifying the domain of the feature using either grid or vertex-
edge-face discretization. The grain-based discretization methods are mainly applied in
the data collection and data processing, and they play a role as input into the vertex-

edge-face discretization schemes. There are two chief techniques conducted in the
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Fig. 2.4 The flow diagram of non-destructive reconstruction

vertex-edge-face scheme: the marching cubes algorithm [253] and the CAD-based
surfing fitting [136]. The marching cubes algorithm [228, 388] can take reasonable
consideration about the topological information of single grains (quadruple junctions,
triple junctions edges and grain surfaces). It begins with substituting voxels with
marching cubes, then the intersection of isosurface, and ends with the smoothing
and mesh decimation algorithm [391]. The CAD-based surfing fitting [43, 124] can
provide a smooth representation of the grain surface. It starts with identifying the set
of boundary voxels, then the fitting of spline or polynomial surface, and ends with the

overlaps and gaps cleaning through overlaying the initial voxel data.

2.2.2 Non-destructive reconstruction

The non-destructive schemes do not require the removal of material sections in the data
collection step. Instead, they mainly combine a range of 2D projection images under
continuous small angles to generate the 3D digital microstructures (Fig. 2.4). The process of
the non-destructive is similar to the serial sectioning method. But the algorithms involved

are entirely different. Details are illustrated below:

* Data collection: collecting a series of 2D projection data either in morphological
or crystallographic information. The morphological information emphasises the em-
ployment of X-ray and neutron tomography for grain boundaries reconstruction by
absorption and phase-contrast techniques. The absorption contrast mechanism, such
as the X-ray attenuation [183], measures the intensity distribution in the sample pro-
jections via the synchrotron radiation at appropriate X-ray energies and a detector for
suitable size and resolution. The grain boundaries can not be detected directly via
the absorption contrast due to the limited sub-nanometre width unless it is decorated

with a thin layer of a second phase. This is exemplified in works introduced by [315]
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for wetted grain boundaries, by [257, 335] for infiltrated edges with liquid Gallium.
The phase-contrast system evolving from Fresnel diffraction [400, 77], apart from the
monochromaticity, requires the X-ray beam’s spatial coherence. Illustrations include
diffraction enhanced X-ray imaging [66], hard synchrotron radiation X rays [78], and
X-ray phase imaging with a grating interferometer [450]. The coherent X-ray imag-
ing techniques exhibiting two orders of sensitivity increase can detect the interphase
boundaries unperceivable in absorption contrast very well [79]. Examples of this are
the study carried out by [77] for precipitates identification, by [78] for two-phase

(austenitic, ferritic) structure segmentation in stainless steel.

In crystallographic information, the focus is the utilization of X-ray Bragg diffraction
for orientation-based grain reconstruction. Illustrations involve the differential-aperture
X-ray microscopy (DAXM) [221, 227, 168], the three-dimensional X-ray diffraction
microscopy (3DXRD) [347, 344, 345], the diffraction contrast tomography (DCT) [261,
181, 202, 259]. The DAXM combines polychromatic synchrotron X-ray microbeam
and charge-coupled device X-ray area detector to measure intra- and intergranular
orientations and grain sizes. DAXM data are collected in a point-to-point way through
the stepping of profiling wire with submicrometre resolution. The 3DXRD, also termed
high-energy X-ray diffraction microscopy (HEDM), has been established at Denmark’s
Ris¢ National Laboratory to reconstruct 3D maps of grain orientations and boundaries.
The 3DXRD use a monochromatic planner beam equipped with three detectors: two
semitransparent near-field detectors and one far-field detector. Given this, the 3DXRD
techniques can be further classified as near-field and far-field methods [345]. The
former utilizes the near-field detector with a few micrometres resolution [224, 415].
In contrast, the latter employs the far-field detector with lower resolution (50-200um)
[272, 275]. 3DXRD collects the 2D projection data on detectors by measuring the
cross-sections near the center of the sample under various rotation angles. The layers
with the same thickness are perpendicular to the vertical axis. The DCT has been
developed by [202], in collaboration with the Denmark’s Ris¢ group [261, 181, 259],
and it inherits the principles of projections reconstruction from 3DXRD. The DCT
collects data with full 360° scans using a monochromatic wide beam and one near-field
detector. The larger beam setup and standard tomographic detector save the scanning
and analysis times and make it possible to combine with the X-ray tomography. For
example, [259, 260, 258] combined the DCT with X-ray tomographic imaging to prsent

a complete data collection in both morphological and crystallographic information.

Data processing: combing the collected 2D projection data to generate the 3D polycrys-

talline microstructure incorporating both morphological and crystallographic informa-
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tion. The data processing procedures are highly dependent on data collection, such as
the conventional filtered backprojection reconstruction for the absorption sources, the
filtered backpropagation algorithms for the Fresnel diffraction sources and polycrystal
indexing schemes for Bragg diffraction sources. For detailed introductions, readers
are referred to the books by [184] and [344]. There are some open-source packages
for data processing, including the 3DXRD software IceNine [415, 239] and DCT
software (https://sourceforge.net/projects/dct/). Reconstruction of the polycrystalline
microstructure needs the incorporation of both morphological and crystallographic

information. The primary steps of combined reconstruction are summarized as follows:

— Preprocessing: applying the background removal and normalization procedures to
the collected projection images encompassing both the direct and diffracted beams
[181, 261]. Firstly, the morphological microstructures are reconstructed from
direct beam data via the filtered backprojection reconstruction algorithm. These
are followed by the removal of projection images founded on the morphological
background and the calculation of diffraction contrast intensity originating from
the direct and diffracted beam. Finally, the composite images are formed by the

normalization of intensities among the direct and nondirect areas.

— Spots segmentation: identifying the spots through segmentation methods [181,
261] and determining their properties, such as the position, shape and integrated
intensity.

— Diffraction determination: establishing the geometry of related diffracted X-rays
(e.g., plane normal and scattering vector). The ray-tracing method can be used
in the situation of several near-field detectors, and the Friedel pairs are utilized
in the data acquisition with full 360° rotation [259, 260, 258]. As for far-field
detectors, the diffractions are determined assuming that all grains are located at

the nucleus of rotation.

— Indexing: seeking the orientation matrices of the grains and classifying the
scattering vectors based on the grain of origin. The indexing programs, including
Grainindex [224], Grainspotter [389] and the software by [41], focus on the
calculation of the theoretical scattering vectors from a specified orientation.

— Grain reconstruction: reconstructing the 3D grain boundary network from indexed
orientations. Several approaches have been established for grain reconstruction:
a) forward-projection [415], b) algebraic reconstruction technique [346], and ¢)

GrainSweeper [390].
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— Postprocessing: Integrating the reconstructed data incorporating both the mor-
phological and crystallographic information [260]. The morphological and crys-
tallographic data are first aligned through the scaling, translation and rotation
operations. Then the imaging segmentation techniques (e.g., region growth algo-
rithm, 3D watershed algorithm, etc.) are implemented to extract the features of

interest, such as the grain boundaries, precipitates and multiple phases.

* Space discretization: specifying the domain of the feature using either grid or vertex-
edge-face discretization. Similar to destructive reconstruction, the grain-based dis-
cretization methods are mainly applied in the data processing step, and two primary
techniques are performed in the vertex-edge-face scheme: the marching cubes algo-
rithm [201] and the CAD-Based surfing fitting [259, 258]. There exist some software
packages in reference to the vertex-edge-face based discretization for destructive
reconstruction, including the OOF2 [364] and Amira (http://www.amiravis.com/).

2.3 Microstructure characterization

At the microscopic scale of polycrystals, each material point in a representative volume
element (RVE) is closely associated with a distinct local state, 4. The local state & [116,
316, 8] is described as a combination of concurrent local properties. Using an annealed
multi-phase alloy as an example (Fig. 2.5), the local state may involve the thermodynamic
phase identifier, the phase’s elemental composition, boundary character, systemic energy and
the crystal lattice orientation (Table 4.1) [360, 372, 327]. The local states and their properties
present in the microstructure can vary significantly as one moves from one representative
volume element (RVE) to another. Meanwhile, the local state 4 is considered a component
of the local state space H, which contains all possible local states located at any spatial
point in a given material Cartesian space Q. For example, the local state space for the
thermodynamic phases «, 3, ... could be defined as a discrete set H = {«, 3,...}, and the
crystal lattice orientation, g, could be described as a continuous three-dimensional space

(Fig. 2.6), expressed in the Euler angles form as
H={h=g(¢1,0,¢)] 0<¢@ <2z, 0<¢p<m, 0<¢@,<2m} (2.3)
or in the axis-angle form

H={h=g(0,n)=g(x,y2)| *>+y*+72<r} (2.4)
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To adequately express polycrystalline microstructure in a statistical form, a microstructure
function m(x,h) [116, 316, 8, 186] is introduced to integrate the local state information on
the product space (Q x H):

m(x h)dh—vhi%(x) / mlxhydh =1, — / / m(x, h)dhdx =1 (2.5)
T V) T hen T vol(Q) Jxe@ Jhen o

where V (x) indicates the volume of the measured polycrystals constrained at spatial locations

x V. 0 (x) is the part of V (x) associated with local states within element (h— %L, h+ <),
and dh is an invariant measure of the local state space. When the local state space is defined
as a discrete set H = {a, 3, ...}, and each spatial point x of a specific sample volume Q;
(thermodynamic phase, grain, subgrain, twin, void etc.), is limited to a single local state,
the microstructure function can also be expressed in the indicator functions [429, 116, 232]
form:

. 1 if h(x)=i
x'(x) = _ (2.6)
0 otherwise
In reality, the imaging techniques in the experimental reconstruction always measure the
polycrystalline microstructure on a discrete grid. Therefore, the microstructure function
can be extracted by discretizing the Cartesian and local state space into individual bins

[116, 232, 186, 329, 198, 293], denoted as

N S—
Ahzzz my xn(h

N (2.7)
0<my, Y mj=1, Zm: n=12..,N, §=0,1,2,...8—1

where the indicator functions y;() are defined analogously to Equation 2.7 such that it is
equivalent to one if and only if the value belongs to the bin labeled I and zero otherwise,
my; denotes the condensed form of the discrete microstructure function, Ah indicates the
size of the local state space bin used. n and s are indexes of the labeled bins in Cartesian
and local state space, N and S are the number of individual bins in Cartesian and local
state space, and V" is related to the volume fraction of local state n in the polycrystalline
microstructure. Historically, the microstructure characterization can be classified into two
categories: first-order and higher-order description. The first-order description is often
referred to the one-point statistics and considers only the information on the distinct local

states. Higher-order statistical description involves the spatial distribution of the local states.
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2.3.1 First-order statistics

First-order statistics provide information about the likelihood of finding a specific local state
at a single point sampled from the material. This data is best represented as distribution
functions in the local state space. According to the different emphasis of local state 4, the one-
point statistics are further subdivided into two large groups: physical and geometric. Physical
characterization shall be recognized as the appropriate input for physical reconstruction.
Simultaneously, the geometric characterization will be identified as the central player in the

control of geometric reconstruction.

Physical characterization

There are three primary characterizations describing the microstructure evolution of poly-
crystalline materials during the manufacturing process: phase volume fraction, boundary

condition and systemic energy. The summarized information is as follows:

* Volume fraction: the discrete indicator functions typically define the one-point proba-
bility function as

Si(x) = (x'(x)) = P(x'(x) = 1)
= Probability density associated with phase i found at position x

(2.8)

where () is the ensemble average over all sample volume (Q;,Q>,...,Q,,). It is
possible to interpret the S (x) as V' (the volume fraction of phase i) for all x in the
case of statistically homogeneous materials. Otherwise, it can be considered as a
position-dependent volume fraction. The volume fraction as a prerequisite for physical
reconstruction has been widely used to characterize the thermodynamic phases, twins,
precipitates, voids, etc. (Table 2.1).

* Grain boundary character distributions (GBCD): grain boundaries play a critical role
in the manufacturing process of polycrystals, including solidification, grain nucleation
and growth, etc. The structure and properties of the grain boundaries depend on
five-dimensional crystallographic parameters: the boundary plane orientation (two
parameters) and misorientation between the two neighboring grains (three parameters)
[12, 478]. Details are as follows:

— Misorientation: the misorientation Myp of a grain boundary between the two

neighboring grains A and B is established as the active rotation operation neces-



2.3 Microstructure characterization 21

sary to align grain A with grain B, expressed as
Mg = 0,'0p =Mz, = (05'04)7" (2.9)

where O4 and Op are the orientations of grain A and B, respectively [327]. For
every misorientation M, there exist n> symmetrically equivalent descriptions,
represented as (S.) "' M (SZ), where S’ and S/ refer to crystal symmetry operators,
and 7 is the order of the point group associated with the crystal system. Mean-
while, the same misorientation descriptions Myg(= M) and Mg (= M~) are
often known as grain exchange symmetry. Thus, the entire set of equivalence

descriptions for a grain boundary misorientation is given as

M~M "~ (S)TIM(SH) ~ (D) TIM(SL), i j=1,2,...,N (2.10)
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Fig. 2.5 Schematic illustration of the local state in polycrystalline materials.
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Fig. 2.6 Schematic illustration of the three-dimensional orientation space: (a) the Euler angles
form, and (b) the axis-angle form. Generated from the open-source software MTEX [19].

Table 2.1 Illustrations of volume fraction in polycrystalline microstructure

Name Application Reference
Twin fraction Additively manufactured metals  [302, 304]
Porosity fraction Additively manufactured steels  [376]

Precipitate fraction

Al, Ti or Ni based superalloys

[431, 337, 336, 427]

Thermodynamic
phase fraction

Advanced high strength steel,
Mo-Si-B alloys

[55, 56, 268, 324, 71, 406]

Grain fraction

All polycrystalline materials

[136, 71]
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Fig. 2.7 Schematic illustration of the fundamental zone for the orientation and misorientation
axis-angle spaces of point group O(432). Generated from the open-source software MTEX

[19].

With these equivalence relations, the rotation space can be divided into equiva-
lence groups commonly referred to as the fundamental zone or the asymmetric
domain. The misorientation is frequently described in terms of axis-angle parame-
terization (Table 4.1). Fig. 2.7 shows the fundamental zone for the orientation and
misorientation axis-angle spaces of point group O(432). For further details about
the point group symmetries, we refer the reader to the following books and articles
[148, 299, 104, 327]. The axis-angle parameterization of misorientation enables
the distinction between low-angle and high-angle grain boundaries (LAGB and
HAGB, respectively), which are connected to grains with different properties
(Fig. 2.8). Coincident site lattices (CSL) [446, 368] have been one of the most
central concepts in studying particular misorientations. [212] discovered that cer-
tain grain boundary misorientations frequently observed in copper after secondary
recrystallization corresponded to lattice rotations that superimpose on a fraction
of atomic sites. The inverse of the number of coinciding sites is used to name
CSL misorientation. Taking the misorientation between parent and twin in fcc
crystal structure as an example, one-third of the atomic sites are superimposed, so
it is referred to £3 (60° < 110 >) boundary [179]. When two pre-existing twins
interact during boundary migration, £9 = X3 x X3 (38.9° < 110 >) boundaries

are formed (second-order twin GB). Interaction between X3 and X9 GBs results
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Fig. 2.8 Schematic illustration of low-angle and high-angle grain boundaries. Generated
from the open-source software MTEX [19].

in £3, ¥27a (31.6° < 110 >) and X3 (35.4° < 210 >) boundaries (third-order
twin GB) (Fig. 2.9) [267, 203].

Plane orientation: the orientation of the grain boundary plane is determined
by the normal vector n [197, 359], which is typically specified by the Miller
indices, [uvw], of the adjacent crystals’ interface planes (Fig. 2.10). The plane
normal is further described by two angles: the in-plane angle and the azimuthal
angle [392]. After the experimental reconstruction in Section 2.2, either grid or
vertex-edge-volume space discretization scheme has been utilized to quantify the
plane normal. In the grid discretization, the boundary plane normals calculation
derives directly from integer grid-based data. [158, 292, 202] obtained the normal
vectors through fitting tangent planes to some specified grid points. [243] utilized
first-order Cartesian moments of binary indicator functions to establish boundary
plane normals from a grid-based microstructure image. In the vertex-edge-volume
discretization, the boundary plane normals calculation is based on generating
vertex-edge-surface from grid-based data. Three main types of methodology exist,
namely, the line segment method, the stereological scheme, and the triangular
surface mesh approach. The first step in the line segment method [94, 367] is
to reconstruct the straight-line boundaries. This can be achieved by the OIM
software [460]. The triple junctions are then acquired by specifying all sets of
three segments that share the same coordinate of an endpoint. Finally, the cross
product of two vectors on the boundary plane will identify the grain boundary
normal. The stereological method [386, 392] was created as a statistical measure

for deriving the grain boundary normal from observations on a two-dimensional
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Fig. 2.9 Schematic illustration of the CSL boundaries. Generated from the open-source
software MTEX [19].

data set. The normal of the grain boundary plane is a member of a set of planes
that contain the boundary trace /;; in the corresponding 2D section and satisfies
the criteria /;; - n; jx = 0, where n; i are a set of normals related to the possible grain
boundary planes. As for the triangular surface mesh method [369, 93, 201, 21],
the interfacial areas between two adjacent grains are segmented into triangular
area sets using the marching cube algorithm described in Section 2.2. The plane
normal is then computed independently for each triangle of this mesh.

» Systemic energy: the microstructure evolution in physical processing is an energy
dissipation process. During processing, there are two main energy types: dislocation
density energy and grain boundary energy. The two cases are summarized as follows:

— Dislocation density: the dislocation density is caused, for example in AM materi-
als, by the thermally induced stresses during fast solidification [204, 444, 245].
The TEM images show that the dislocation density presents a heterogeneous
cellular block substructure [302, 304, 305]. Their boundaries having a high
density of dislocations are identified as incidental dislocation boundaries (IDBs).
In descriptions of boundaries, dislocations fall into two classes: geometrically-
necessary dislocations (GNDs) and statistically-stored dislocations (SSDs). The
SSDs arising from the random traping process during plastic deformation mainly
comprise IDBs. In contrast, the GNDs evolving from strain gradient fields due to
geometrical constraints of the crystal lattice principally makes up the subgrain
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Fig. 2.10 Schematic illustration of the grain boundary plane distribution. Generated from the
open-source software DREAM.3D [137].

or geometrically necessary boundaries (GNBs) [13, 161, 35]. The GNDs pro-
vide additional storage of dislocations required to handle the lattice curvature
that results from non-uniform plastic deformation [121]. It can be resolved by
conventional EBSD at each slip system through reduced-component curvature
and dislocation density tensors (available in MTEX software) [326], defined as

M , N
Ponp = Z Pt = min Z Pt
=1

t=1
N

1 N
=Y (b;.z; 15 jbgnz;n> p'= Yot @.11)
t=

=1
N
_ 1t ~t
Oij = ijlip
=1

where N is the total number of dislocation types, M is a limited number of
dislocation types, pexp 18 the the total dislocation density, p’ are the individual
dislocation densities, k;; are the components of curvature tensor, ¢;; are the
components of dislocation density tensor, b; are the components of Burgers
vector b’ and /! are the components of line vector I'.

— Grain boundary energy: grain boundaries are imperfections with extra free energy
per unit area. The grain boundary’s extra energy acts as a stimulus for grain
growth, roughly estimated as

Y=2y%—B (2.12)
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Fig. 2.11 Illustrations of the balance of interfacial energies at triple junctions. Reprinted from
[368], with permission from Springer.

where r is the grain boundary energy, ¥; is the surface energy and B is the binding
energy between the two surfaces [368]. [362] established the first successful
model to present a reasonable explanation for grain boundaries energy with
low misorientation angles [128]. In addition, it allows for the representation of
any potential grain boundary as a group of dislocations [396]. Another eight
fundamental polyhedra models have been developed to provide a simplified
description of the local atomic packing at the boundary [449, 14, 130]. This
has been demonstrated to be significant in interpreting the energy of tilt grain
boundaries [130]. [456—458] were pioneers in computing grain boundary energy
over a broad crystallographic domain using consistent methodologies. The
findings indicated that grain boundary energy is highly dependent on the grain
boundary plane. All measurements of grain boundary energy are implemented
by assuming that the geometry of interface junctions exist in a thermodynamic
equilibrium state. [150] defined the equilibrium of interfacial forces at a triple

line in the form

)

where 7¥; are the boundary energy of the ith interfaces, t; and n; are vectors

'}’iti+a_l'};inizo (2.13)

tangential and normal to the interfaces, respectively and f is the rotation angle
(Fig. 2.11.a). There are several ways to simplify the Herring equation. For

example, if the differential terms are small enough to be neglected, the tangential
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forces balance yields a simplified form

n o __rr _ "
sinQy  sin@y  sin@3

(2.14)

where @; are the equilibrium separation angles (Fig. 2.11.b) [146, 145, 385].
When a grain boundary comes into contact with a free surface, the equation
can be simplified further by assuming that the surfaces have the same energy,

B _2cos (%) (2.15)

N

described as

where 7; are the boundary energy of the free surface (Fig. 2.11.c) [306, 387]. The
grain boundary energy can be calculated by conventional EBSD at triple junctions
through the capillarity vector reconstruction method [298]. The capillarity vector
reconstruction method employs the vector formulation of the Herring equation
[155, 60], expressed as

(&1 +8,+8&3)x1=0 (2.16)

where 1 is the triple line vector, &, &, and & are the capillarity vectors cor-
respond to three grain boundaries. Once the capillarity vector is obtained, the
grain boundary is calculated from y = &, - n;, where n; are vectors normal to grain
boundaries.

The combined information of the grain boundary plane normal vector n and lattice
misorientation M4 g provides specific descriptions of the boundary characterization. Examples
are the tilt and twist boundaries, the grain boundary character distribution (GBCD), and
the grain boundary energy distribution (GBED). The twist boundaries are those for which
the axis of the lattice misorientation Myp is parallel to the normal vector n. The tilt grain
boundary is the one for which the normal vector n is perpendicular to the axis of the lattice
misorientation M4p. The term symmetric tilt refers to the fact that the crystallographic planes
surrounding the grains on each side of a boundary are identical. The remainder of the tilts
are asymmetric. The grain boundary character distribution (GBCD) categorized based on
grain boundary plane normal vector and lattice misorientation A (Myp,n) is known as the
relative areas of grain boundaries. Similarly, the grain boundary energy distribution (GBED)
determined as a function of the grain boundary plane normal vector and lattice misorientation
Y(Map,n) is described as the relative energies of grain boundaries. Many researchers have
performed correlation studies between GBCD and GBED [94, 237, 367, 34, 33]. One general
conclusion is that GBCD is inversely correlated to GBED in microstructures formed by

normal grain growth.
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Geometric characterization

Geometric characterization can be classified into two broad categories: morphological and
crystallographic. The following section aims to quantify a number of characteristics that
determine the morphology and crystallography of polycrystalline materials. Additionally, the

improvement and correlation of various characteristics are reviewed.

* Morphology: the morphological characterization provides necessary statistical in-
formation on the grain-level features, such as the distribution of grain volume, size,

topology and neighbourhood. Summarized details are as follows.

— Grain volume: the grain volume (grain area in 2D) is determined through the grid
discretization in most cases. Each grid voxel is assigned to a grain during the
grain reconstruction process based on its misorientation concerning its neighbours
(Equation (2.10)). The grain volume Vg, 1s then defined by Verhin = Nyoxer -
Vioxel» Where V.01 is the volume of a voxel and N,,,,; is the number of voxels in
the grain. The mean grain volume is calculated in the following

ZNgm,-n Vgrain

<Vgrain> = (217)

Ngrain

where N4y 18 the number of grains. Next, one can define the grain volume
distribution (GVD), f(v), in a way that f(v)dv is the number fraction of grains
falling in a grain size of v — %V <v<v+ d—zv. The full definition of grain volume

distribution function between continuous variable interval is given by

/0 " Fv)dv = Ovm fdv=1, pla<v<b)= / ’ fdv  (2.18)

where v,,qy 1s the volume of the largest grain. GVD is affected by the stereological
strategies for determining the number of grains in a sample volume, such as
the disector, selector, unbiased brick, center-of-mass, boundary inclusion and
boundary exclusion. The study revealed that the disector, selector, unbiased
brick and center-of-mass showed a good estimation of GVD while the boundary
inclusion and boundary exclusion showed over- or underestimation of GVD
[190].
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— QGrain size: the grain size R is specified by the equivalent sphere radius (ESR)

(circle radius in 2D), computed as

1
3 3
R=ESR = | —Vyrain 2.19

(Vo) 2.19)

where Vg4, 1s the grain volume. The mean grain size (R) [302] and grain size
distribution (GSD), f(r), are defined in the same way as in Equation (2.17) and
Equation (2.18). Most of the time, the grain size distribution follows a log-normal

pattern [110, 134, 435, 248], written as

b |- {m)}]
= m 2.20
1) = roe (220
where r is a constant, and ry, is the median value in the log-normal distribution. In
addition to log-normal fit, Hillert [153] proposed a grain size distribution function
by merging the theory of Ostwald ripening with grain growth, established as

f(r) ZAmexp <_22fr) (2.21)

r

where A is a constant, B = 3 for growth in 3D, r = 1% and R, is determined by
(R) = 8%. Studies have found that the Hillert distribution significantly shifts
the peak and shows a considerably shorter tail compared with the experimental
dataset [134, 435]. Alternatively, Louat [254] developed a grain size distribution
function by assuming the growth of boundaries as a diffusion-like process, given
as

f(r)= Cr-exp(—ocrz) (2.22)

where C and « are constants. The Louat distribution also deviates considerably

from the experimental data by overestimating the smaller grains [134, 435].

— Grain topology: the grain topology is mainly decided using the vertex-edge-
volume discretization scheme (Section 2.2). Correspondingly, characteristics
investigating grain topology involve four types: the grain vertices, the grain edges,
the grain faces and the grain shape (Table 2.3). The grain edges (triple lines)
are formed where three neighboring grains are connected. Meanwhile, the grain
vertices (quadruple points ) occur where four mutually adjoining grains, four
triple lines, and six-grain faces intersect at a single location (Fig. 2.12). Like

the boundary plane normals calculation, the methodology for grain topology
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characterization of vertices, edges and faces per grain falls into three categories:
the line segment method, the stereological scheme, and the triangular surface
mesh approach. The first step in the line segment method [248, 136] is to
locate the special boundary point. The straight line segments connecting all the
special points are then acquired using an error-per-unit-length algorithm. This
can be achieved by the Micro-Imager software [136]. Finally, the grain faces
(boundaries) are defined as the area enclosed between the line segments. The
stereological method [142] was built as a statistical measure for characterizing a
twin-dependent triple junction from a section plane. Concerning the triangular
surface mesh method [436, 435], the iso-surface between two adjacent grains
are rendered into triangular area sets using the marching cube algorithm [228].
The grain topology is then computed independently for each rendered surface.
In addition to the aforementioned methods, the grain surface area distribution
(grain perimeter in 2D) can also be estimated through equivalent sphere surface
(equivalent circle perimeter in 2D), mean lineal intercept strategy [470, 82]
pattern matching library approach [82] or the grid discretization scheme [134].
For the grid discretization scheme, the surface area per grain can be quantified by
the number of voxels on all-grain faces. Another way to assess the surface area
from grid data is to consider the fraction of voxels located on the grain’s surface.

This value represents the surface-to-volume ratio.

When it comes to grain shape types, the irregular shapes of grains in a poly-
crystalline microstructure make it hard to characterize grain shapes in general.
Most shape descriptions can be based on combining groups of size factors to
produce a unitless value [312]. One common practice is to generate ellipsoidal
inclusions from voxel data from grid discretization data [134, 256]. The first step
in this method is to calculate the zeroth-order moments (1, ), first-order moments
(Iy,1y,I;) and second-order moments (Iyy, Iy, I ;) for each grain. Following that,
the centroidal coordinates (x.,y.,z.) of the best-fitting ellipsoid are determined
using the zeroth- and first-order moments as
Ye = >

Y
o

Xe = Ze = (2.23)

= =
1, 1,

The principal axes orientation are determined by solving the eigenvalue problem

for the moment of inertia tensor. Next, the major axis (2a), minor axis (2¢) and
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Table 2.3 Tllustrations of grain topology in polycrystalline microstructure
Type Name Reference
Grain vertices Number of vertices per grain [435, 247, 248]
. Number of edges per grain [435, 142, 247, 248]
Grain edges Grain edge length distribution [435]
Number of edges per face [193, 435, 248]
Number of faces per grain [136, 435, 248, 87]
Grain faces Grain surface area distribution [470, 136, 435, 134, 82, 248]
Aspect ratio [134, 256, 302, 113]
Grain shape Principal axes orientation [134, 256, 423, 302]
p Third moment invariant [264, 256]

intermediate axis (2b) of the ellipsoidal grain are solved in the following

1 1
A4 10 B4 10 C4 10
— h=|— = |— 2.24
o IR e R e R
. L+h—I L+5—1
where A, B and C are given byA:(%)-<%>,B:(%)-<%>,

C= (%) . (b“%h) Finally, the aspect ratios (g, ¢) per grain are calculated.

However, aspect ratios cannot distinguish grain shapes with different surface

curvatures. Thus, the third moment invariant Q3 independent of translation,

rotation, and isotropic scaling has been proposed to characterize the smoothness

and complexity per grain [264], expressed as

V2 2 2
Q3 = 0y O3 = HaooMo20H002 + 2110101 Ho11 — H200M011 — Hoo2Mi1o

(2.25)

where V is the volume per grain, and the (1, terms represent the second-order

moments.

Grain neighborhood: neighbor grains are any grains that have at least one face in
common with the grain under investigation [136, 134, 256]. Meanwhile, grains
sharing a conjunct edge or corner are also considered as neighbors [247]. The
mean number of neighbors (N) and number of neighboring grains distribution,
f(n), are defined in the same way as in Equation 2.17 and Equation 2.18.

The effects of voxel resolution on the grid-based characteristics like grain size, grain

shape and grain neighborhood have been conducted [256]. The data analysis found that

grain size and the number of neighbouring grains generally have insensitive resolution
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Fig. 2.12 Schematic illustration of the triple lines and quadruple points. Adapted from [435],
Copyright (2014), with permission from Elsevier.

changes. In contrast, shape characteristics such as ellipsoid aspect ratios and the
third moment invariant have more significant sensitivity. Simultaneously, correlations
among morphological characteristics are also studied. The results revealed that the
ellipsoid aspect ratios and the average neighbor diameter are unrelated to the grain size,
whereas the number of grains and the surface-to-volume ratio are inversely correlated
to grain size [134]. Moreover, the number of quadruple points, triple lines, faces,
neighbours, the edge length and the surface area per grain is highly correlated with
grain size [134, 435, 248]. Finally, considering the effects of nearest-neighbor grains,
the relationship between grain size and grain face number, grain edge length and grain

face number exhibit an excellent linear correlation [435].

* Crystallography: the morphological characterization of the grains can not examine the
crystallographic nature. The orientation distribution function (ODF), misorientation
distribution function (MODF) and micro-texture function (MTF) are presented in this

part to describe the crystallography of the grains.

— Orientation distribution function: the orientation g is a quantitative assessment
of a material’s macroscopic texture [104]. It represents the rotation relation-
ship between the crystal axes of grains in a polycrystal and reference frame.
The orientations can be equivalently described in different mathematical and
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Fig. 2.13 Schematic illustration of the orientation distribution function. Generated from the
open-source software MTEX [19].

non-mathematical parameterizations, each with three independent parameters
(Table 4.1). The continuous orientation distribution function(ODF) is often used

to quantify the preferred crystallographic orientation [116], expressed as

\
Flg)dg =2, /g _ fle)dg=1 (2.26)

V. _dn
. . . == . .
where H is the orientation space, and v 2 denotes the volume fraction associated

with orientation g lying within an invariant measure dg. The ODF is commonly
represented graphically through a stereographic projection for holding a particular
crystallographic direction constant (Fig. 2.13).

Misorientation distribution function: the misorientation distribution function
(MDF) represents another texture related aspect of microstructural heterogeneity.
The definition of MDF is the same way as the ODF, and it is typically described
in axis-angle notation. A material’s MDF is unquestionably linked to its ODF.
When morphological characters are randomly distributed, the MDF completely
depends on the ODF [304].

Micro-texture function: the micro-texture function (MTF) quantifies the degree
to which orientations and misorientations are clustered. It is similar to the MDF
but provides data at a more local level. The MDF represents the total number
of misorientations in the structure, whereas the MTF depicts how the lowest
misorientations are spatially distributed relative to a specific grain [88, 134].
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2.3.2 Second and higher order statistics

The higher-point statistics provide the distribution information both on the Cartesian and
local state spaces. For instance, the two-point correlation f (4, 4|r) is the volume probability
density associated with finding the local state 4’ at the head of a random vector and the local
state A at the tail [116, 329], defined as

Flh,H|r) = Wlﬂlr) /x M Im ) (2.27)
where Q|r = {x|x € Q,x+r € Q} is the spatial region under the assumption of ergodic-
ity and homogeneity and m(x, /) is the microstructure function. Applications of the two-
point correlation statistics could be the two-point orientation correlation function f(g,g’|r)
[343, 122, 112, 357], orientation autocorrelation function p, [112, 357], and two-point
misorientation correlation function f(6,D) [32, 408] (Equation (2.45)), described as

Np) = ; /
f(gag ’r) - VOZ(Q”') /errm(x’g)m(x+r7g )d‘x
1
5, = Py 2.2
pr=y [ fle.glrds 228)
N(B

/é/[_)f(G,D)deD: ]_V’D), / [ f(6.D)d6aD =1

Where Vrz is the fundamental zone volume, 0 represents the the misorientation angle,
D;j = |r; — rj| denotes the distance between the centers for each pair of grains, (6,D)
indicates the intervals of length (A@,AD) centered on the misorientation angle and distance
values (6,D), N is the total number of grains, N(0,D) is the number of pairs encountered
concurrently in these two intervals, and 6* and D* are the largest misorientation angle and
distance interval.

For the same reasons as previously stated in Equation 2.7, a more practical, discretized
form of the two-point correlation [185, 186, 196, 329, 330, 171, 132, 198, 271] can be

expressed in an analogous manner as

ﬂMWMW%ZZ;ﬂ%WMMMﬂ

p=1n=1 (2.29)
. 1 S:—1 P
tp =S Z memg ¢

‘ t‘ s=0
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Where f;'” represents the condensed form of the discrete two-point correlations reflecting
the probability of finding local states located in the local state bins n and p at spatial bins
whose centres are connected by the set of vectors indexed by ¢, and |S;| represents the total
number of spatial bins involved when s is utilized as a multidimensional array index.

Three-point and higher-order correlations can be defined in the same way as

f(h07h17"'7hn*1|r17r27 -~~7rn71)
B 1
ol (Qlry,ra,..., Ty 1)

/ m(x7h0)7m(x+rlvhl)a"-7m(x+rn—l7hn—1>dx
XEQ|r,r,...,Fy—1

(2.30)

where Q|ry,ry, ..., = ﬂ;’;llﬂlr,-. One example is the n-point orientation correlation
function (n-OCF) presented by [160]. Regarding the discrete local state definition, the

two-point correlation is formally expressed as
S5 (x1,x2) = 857 (r) = (' (x1) 1 (x2)) (2.31)

where () is the ensemble average, y(x1), x/(x>) are the indicator functions and r = x; — x;.

The discrete n-point probability function is expressed as

i) ] yeeesk [y Jyeeesk
Sil (X1, X0y ey Xn) = ST (P, Py ey )
= Probability density associated with local state i, j, ...,k found in n points at positions x1,X>,...,X,
(2.32)

where r; = x;, 1 —x;. The two-point correlation based on indicator functions has been widely
utilized in the characterization and reconstruction of dual-phases [293] and precipitates [431]
in polycrystals. In addition, [223] employed the chord length distribution to quantify and
represent diverse polycrystalline microstructures. [107] developed an imaging method based
on two-phase rotary chord length distributions to obtain the high-dimensional statistical
information necessary for identifying the morphology and size characteristics of Ni-based

superalloys.

2.3.3 Reduced-order representations

Besides the image processing techniques used in the experimental reconstruction, the mi-
crostructure characterization can also be precisely quantified through the machine learning
(ML) [65] method. The ML method for autonomous microstructural characterization can be

roughly classified into three primary steps, similar to the data collection and processing in the
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experimental reconstruction. It starts with the distinction between polycrystalline structures
and their boundaries via topological classifiers. The unsupervised ML algorithms, such as
K-means, DBSCAN, mean-shift, and Gaussian mixture models, are then utilized to cluster
the preconditioned voxels labelled by topological classifiers. Finally, a refinement step can
further enhance the grain number and size of microstructures obtained by unsupervised
ML. Since the high-dimensional explicit representations of the microstructure using the
microstructure function make the PSPP linkage difficult [186, 51], the characterizations can
also be implicitly extracted from the experimental images through some low-dimensional
reduction techniques. For instance, principal component analysis [413, 414, 394] converts
the high dimensional features of input images into latent vectors, and Karhunen—Loeve
expansion [242, 451] decomposes random polycrystalline microstructure into a few modes
at the macroscale and mesoscale. Variational autoencoder (VAE) [63, 200, 461] and deep
learning models have also been proposed to obtain a reduced dimensional representation of
the polycrystalline microstructure images. Analogous to PCA, the VAE collects the input
images’ characteristics and turns them into latent vectors. Due to more profound encoder
layers, VAE can manage far more complex features than PCA [200]. The deep learning (DL)
models, including deep convolutional belief network (CDBN) [64], deep neural networks
(DNN) [325] and convolutional neural networks (CNN) [206, 340], learn the microstructure
characterization from image data and can provide a reduced-dimensional, parametric feature
representation of the experimental images (embedding layers).

The microstructure characterizations can be used directly as input for the data-driven
model to capture PSPP linkages [186]. For instance, the characterizations describing the
morphology (grain size, shape, and topology) and crystallography (ODF, MDF) have been
utilized to generate feature vectors for training a random forest learning algorithm that
predicts the grain’s stress hotspots [269, 270]. Similar characterizations have also been
served as inputs for the Ridge regression and XGBoost models to predict microstructure-
dependent mechanical properties in additively manufactured metals [151]. In addition, pole
figure images and 3D orientation maps have also been explored as input data for the two- and
three-dimensional convolutional neural network (CNN-2D and CNN-3D) to estimate biaxial
stress-strain curves of sheet metals [463]. In recent years, [84] developed a graph neural
network (GNN) model incorporating the grains’ orientation, size, and number of neighbors
to achieve an accurate and interpretable prediction of the properties of polycrystalline
materials. [397] proposed a grain knowledge graph model capturing the node representation
of grain size and orientation to realize the effective microstructure-property prediction. And
[271] employed the two-point spatial correlations of the microstructure as the input to the

robust CNN model for achieving the linkages between microstructures and properties and
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building property closures in support of material design. Robust reduction techniques,
including spectral methods (SM), principal component analysis (PCA), and representative
aggregated microstructural parameters (RAMPs), have also been developed to transform
the characterization spaces into lower-dimensional features. These reduction techniques,
including spectral methods (SM), principal component analysis (PCA), and representative
aggregated microstructural parameters (RAMPs), transform the characterization spaces into
lower-dimensional features. These specified features are highly effective when used as
inputs in the microstructure sensitive design (MSD), materials knowledge system (MKS),
parametrically homogenized constitutive models (PHCMs), uncertainty quantification (UQ),
and additive manufacturing (AM) (Table 2.4). Next, we focus on the three major reduced-

order techniques.

Spectral methods

The spectral methods can reduce the infinite spaces to limited dimensions constituted with
significantly compact and computationally efficient coefficients and bases, and thus increase
the likelihood of formulating highly efficient PSPP relationships. Three techniques are mainly
used in the spectral representation of varying complexity: the primitive basis, the discrete
Fourier transform (DFT), and generalized spherical harmonic function (GSHF) [116, 186].
It should be noted that Equation 2.4 and Equation 2.29 are the spectral representations (the
indicator functions are also termed as the primitive bases) of the microstructure function
and two-point correlation that allows us to extract a discrete form of the continuous spaces.
Furthermore, it might be more practical to utilise the DFT as the spectral representation of

the discrete microstructure function my, stated as

S—1 2miks
{=S(ml) = Y mle 3
s=0
2.33
n -1 n 1 K1 n 2x;isk ( )
ms:S ( k):mZMkeK
k=0

where 3 and 3! represent the Fourier transform and the inverse Fourier transform. Mean-
while, the DFT representation of the ODF is defined as

1 B—1 rikh
fo=1 kZOer B (2.34)

where F; = 3(f}), B denotes the number of individual bins in the orientation space indexed

as b. The same DFT can be conducted on the discrete two-point correlations [117, 116, 186,
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293], expressed as

1 Si— 181 _ 2mikt 1 Si—1 _ 2mikt

F:p P Z Z myml e S Z Z mb, e S (2.35)
~ s -
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Let s +¢ = z, then

Si—1 St I+s _ 27ik(z—s) 1 S;—1 _ 2mik(—s) St—I+s _ 2mik:
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Under the assumptions of periodic boundary conditions m’ = f 7> We can get the following
form:
n 1 Si _ 27ik(—s) S I 27ikz 1
R’ = Z mye St Z mye S = ——(My)*M} (2.37)
A= = S|

where * indicates the complex conjugate. When we take n = p, the autocorrelations can then
be stated as

1 ES
o (M) My =

B =15 IM”le"’”rM"|e—’91? P (2.38)
t

where |M}| represents the amplitude of the DFT and 6" is the phase. Finally, a more efficient

IS:|

spectral representation of microstructure characterizations can be achieved through GSHF.
For instance, the GSHF representation of the ODF [117, 116, 186] is defined as

o 4+l

SO YD WTEE

=0m=—In=—1 (2.39)
7" (8) =T""(¢1,0,¢2) = " P (cosg)e™ "

where P/"" are generalizations of associated Legendre functions, M;"" denotes the GSHF
Fourier coefficients, and 7;""(g) represents GSHF bases. It is critical to understand that
the GSHF basis can be customized to reflect any desired crystal and sample symmetries
by determining appropriate linear combinations of the unsymmetrized basis. For instance,
symmetrized GSHF bases Tl“ "(g) [186] for cubic-triclinic symmetry can be found as

+1
H(e) =Y A ()T (3) (2.40)

m=—1
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where A;"“ (g) are the coefficients responsible for cubic crystal symmetry in GSHF. Another
desired cubic-orthorhombic GSHF bases 7" (g) [86] are built as

+1 +1 . ' )
=Y Y AMAM™M ()T (g) 2.41)

m=—Im=—I|

where A;"“ (g) are the coefficients responsible for sample symmetry in GSHF. Then, the
microstructure function with lattice orientation state [329] can be expressed as

(x,8)dg~ Y ZM’"”T Xs(x)dg
L, $= (2.42)
2041

v = e / e )T} ()2 (x)

where M;" denotes the GSHF Fourier coefficients, 7/""(g) represents symmetrized GSHF
bases, * indicates a complex conjugate, FZ is the fundamental zone, and |Ax| is the uniform
volume of a spatial bin. In the particular case of a single crystal with lattice orientation g, in

a spatial bin s, the appropriate GSHF Fourier coefficients are given by
MY = 21+ 1)1 (go) (2.43)

When we replace the indicator functions with GSHF bases in Equation 2.29, the similar

spectral representation of the two-point orientation correlation [329] by GSHF is defined as

f(g.&'|r)dgdg =~ Y. ¥ Y F¥T1(8) Tk (8') e (r)dgdy’
K L t

5 (2.44)

- & Z MM

Where T; (g) and ML are the abbreviated forms of T;™" and M;"", respectively. Combining

the GSHF representation of microstructure function in Equation (2.42), the definition in
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Equation (2.45), the GSHF representation of autocorrelation [357, 112] may be derived as

1
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Where m = m* since m is a real value function, and [, 7™ (g)T;”/”*/ (g)dg = ﬁ if all the
indices match else 0. The GSHF has been demonstrated to be more efficient for orientation
and texture representation than DFT. In contrast, the DFT representation provides many
computational advantages because of the fast Fourier transform (FFT) algorithms [116].

Principal component analysis

Principal component analysis (PCA) transforms high-dimensional data into a new orthogonal
frame with axes sorted by observed variance. It is thus possible to derive an objective (data-
driven) reduced-order representation of the original data using a truncated PCA representation
[185]. For example, let { f,|r = 1,2,...,R} denote the truncated set of the independent two-
point correlation. It is typically anticipated that PCA will identify a maximum of (I — 1)
orthogonal directions in R-dimensional space ordered by decreasing degrees of variance in
the provided ensemble of structures. Then the two-point correlation of the k-th microstructure

in the ensemble can be mathematically expressed as

min )

' ((I-1),R v _
fr( ) = Z OCi( )(pir+fr (246)
i=1

where k = 1,2, ..., K indexes all microstructures in the ensemble, a (known as PC weights)
represent an objective representation of the k-th structure in the new orthogonal reference
frame identified by ¢;, (referred as PC bases). In contrast to other basis expansions (Fourier,

Laplace, etc.), PC bases are not defined a priori and are instead determined based on the data.
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In addition, maintaining the components correlated to the most significant inherent variance
makes it frequently possible to generate an objective reduced-order representation of the

two-point correlation with only a few parameters [171, 198, 293, 132], expressed as

® & W
fr ~ Z ;" Qir +fr (247)
i=1

where R* < min((I—1),R). The selection of R* will rely on the particular qualities associated
with the structure metrics.

The previous notions of PCA can be easily extended to other microstructure character-
izations, including the orientation distribution function (ODF) [466], generalized Fourier
series coefficients [330, 331], autocorrelation [112, 357], and chord length distribution
[223, 107]. The PCA representations of the microstructure characterizations can perceive
the inherent variance and perform quantitative analysis (regression, classification, etc.) in
polycrystalline materials. This low-dimensional representation approach has been success-
fully used to extract high-fidelity PSPP linkages in terms of materials knowledge systems
(MKS) [86, 430, 107, 198, 331, 422, 171, 330, 329], uncertainty quantification [112, 422],
and surrogate crystal plasticity modeling [466, 293].

Representative aggregated microstructural parameters

Representative aggregated microstructural parameters (RAMPs) have been widely used in
parametrically homogenized constitutive models (PHCMs) [322, 430, 447, 207, 323] and
uncertainty quantification (UQ) [430, 322, 438] for accelerating PSPP linkage in the polycrys-
talline microstructure. The RAMPs provide a reduced representation of the crystallographic
Df, DY }, where I'®*
denotes the second-order texture tensor, OMA 4 indicates the lattice orientation with respect

mis

and morphological characterizations by a set Xg = {I’ex ;OMA Ag

to material-symmetry axes, Ag, . represents the grain-pair misorientation parameter, Dg and
Dg are the mean and standard deviation of the grain size distribution. Detailed descriptions

are itemized below:

* Texture intensity parameter and material-symmetry axes (gq,V¢): The aggregated
crystallographic c-axis orientation of hexagonal close-packed (HCP) crystals within a
SERVE of the polycrystalline microstructure can be completely characterized by the
symmetric, second-order texture tensor. It describes a weighted average of the c-axis
poles, calculated as

1 Ngrains

1 Ngrains
Itex — V Z é‘(k) ®é(k)v(k), I[{Jé?x — V Z é(k @(k)V(k) (248)
k=1 k
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where é*) and V(¥) denotes the unit vector along the crystallographic c-axis and the
volume of k-th grain in the microstructural SERVE of the total volume of V with the
Ngrains NUMber of grains, The eigenvalues (g¢) and eigenvectors (v¢) of I'** reflect
the respective RAMPs, also known as “texture intensity parameters” and “material-

symmetry axe”, respectively.

 Lattice orientation with respect to material-symmetry axes (OMAaﬁ) this RAMP
quantifies the crystallographic slip system orientations in a reduced form by evaluating
the density of the easy < a > type slip systems relative to the material symmetry axes,
defined as

eSS v JY® 249)

0,prism

DA _ 1 ngraim'M S(k)
af = V kzl axs Vg - ,

where S( ) and S( )

0.basal 0, prism correspond to the Schmid tensors for basal-< a > and

prism-< a > slip in the k-th grain.

« Grain-pair misorientation parameter (Ag, . ): this RAMP quantifies the misorientation
distribution by measuring the fraction of grain-pairs with less than 15° misorientation
angle between their c-axes, defined as

- Grain boundary area with 6,,,;; < 15°

A, — 2.50
Onis ~ Total grain boundary area in the polycrystalline SERVE (20

* Mean and standard deviation of the grain size distribution (D} ,D7): these RAMPs
quantify the grain-size distribution by the mean Déf and standard deviation Dg of a

lognormal grain-size distribution.

The texture tensor I'®* can accurately capture individual micro-textures, so it is often selected
as the basis for high-order characterization. This is exemplified by the two-point correlation
function S, (r) [323], expressed as

Sim (1) =7 / [e(x) @e(x) —I'hsp) : [e(x+r) @e(x+7) — IEhsp) dA
_gBSD A/ (1" (x) = Ipsp) = [I'"(x+1) = Ipp) dA (2.51)

2.0y () = 1 Z (1 (xe) — Igsp) + [ (xe +ric) — Igsp) Ve

Where Sgl(glf)D (r) is the two-point correlation function for microstructural EBSD scans on

each of the orthogonal planes labeled with a subscript p, 551(33) (r) is the generalized form
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Table 2.4 Reduced-order algorithms for characterization representation in polycrystalline materials

Applications Algorithms

Microstructure sensitive de- Spectral methods (SM) [116, 8, 246, 438]

sign (MSD)

Spectral methods (SM) [363, 422, 331, 112, 171, 330, 329],
Principal component analysis (PCA) [107, 198, 331, 422,
171, 330, 329]

Materials knowledge system
(MKS)

Parametrically homogenized Representative aggregated microstructural parameters
constitutive models (PHCMs) (RAMPs) [322, 430, 447, 207, 323]

Representative aggregated microstructural parameters
(RAMPs) [430, 322, 438], Spectral methods (SM) [422],
Principal component analysis (PCA) [112, 422]

Uncertainty  quantification

UQ)

Surrocate crvstal olasticit Spectral methods (SM) [86], Principal component analysis
mo del% ng (S C}I;M) p y (PCA) [466, 293], Representative aggregated microstructural
& parameters (RAMPs) [430, 447]

Additive manufacturing (AM) Spectral methods (SM) [111, 357]

for macroscopic scale analysis, S??;;"(rk) is the 3D case for macroscopic scale analysis, &(x)

denotes the unit vector along the crystallographic c-axis, r is a 2D vector separating two
points x on the EBSD surface A, I'®*(x) centered at x is assessed over a sampling box in the
EBSD image, r; indicates a 2D separation vector between two elements on a given plane p,

and V, is the element volume such thatV =), V..



Chapter 3

Literature review: physical and geometric
reconstruction in polycrystalline

materials

3.1 Introduction

Relying solely on imaging techniques to obtain the required microstructural data is insuf-
ficient. Firstly, getting high-quality microstructural images can be time-consuming and
expensive. Secondly, capturing all random characteristics formed during processing is diffi-
cult, either because the experimental reconstruction lacks the required statistical homogeneity
or because the parameter space is too vast to sample in an acceptable amount of time [215].
Synthetic microstructure (SM) models have recently become a reasonable alternative to
experimental reconstruction for digital representation in polycrystalline materials. The SM
models rely on a restricted number of parameters and allow for the reduction of stochas-
tic errors in the underlying measurements. Generally, there are two types of SM models:
physics-based and geometry-based [215, 28]. The physics-based models establish the PS
linkages based on a physical description of the microstructure evolution that regulates the
microstructure formation of polycrystalline materials during manufacturing processes. The
cellular automata, Monte Carlo, vertex/front tracking, level set, machine learning, and phase
field approaches are all used in the physics-based reconstruction of polycrystalline microstruc-
tures (Fig. 3.1). Meanwhile, geometry-based models generate an ensemble of statistically
equivalent polycrystalline microstructures, often termed statistically equivalent representa-
tive volume elements (SERVESs) [316, 116, 276, 393], for the SPP linkages. The effective
properties and statistical characterizations of the polycrystalline microstructure obtained by
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Fig. 3.1 Overview of digital reconstruction methods in mesoscopic polycrystalline materials
for building PSPP linkages.

averaging the results from many geometric reconstructions are equivalent to those obtained
from an RVE reconstruction [51, 393]. The simplistic morphology, Voronoi tessellation,
ellipsoid packing, texture synthesis, high order, reduced order, and machine learning methods
are all used in the geometric reconstruction of polycrystalline microstructures (Fig. 3.1).

This Chapter is a detailed description of physical and geometric reconstruction in poly-
crystalline materials. The steps, innovations, strengths and weaknesses in each reconstruction
scheme will be elaborated on in detail.

3.2 Physical reconstruction

The energy is aggregated in polycrystalline microstructure during processing, and various
evolutionary processes, such as solidification, grain coarsening, phase transformation and
recrystallization, are activated to release the stored energy. One of the essentials for energy
dissipation is grain nucleation and growth. Mechanisms of grain nucleation and growth are

to some degree based on minimization of energy. Detailed descriptions are as follows:

* Grain nucleation: The classical Kolmogorov—Johnson—-Mehl-Avrami model [205, 182,

16-18] introduces a variable X to establish the rate of grain nucleation, expressed as
X =1—exp(—Bt") (3.1)

where 7 is the time, B and ny are the Avrami coefficient and Avrami exponent, re-
spectively. Drawbacks and improvements of the KIMA model could be found at
[118, 428, 109]. Other models establish that there exists a critical dislocation density
p. for nucleation to take place [366, 333, 334, 375, 40]. The critical dislocation density
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[366] is defined as

o\ 1/3
B 20yse fF (32)
Pe =\ 3pimz2 '

where éf if is the rate of effective plastic strain, Y is the grain boundary energy, b is the
Burgers vector, [ is the dislocation mean free path, T = ub?/2 is the dislocation line
energy and u is the shear modulus, A temperature-dependent Arrhenius relation can

describe the grain boundary mobility m in the form

Onm
m = moexp (_ﬁ) 3.3)
where Q,, the activation energy for grain boundary migration, R is the universal gas
constant, and 7T is the absolute temperature. The pre-exponential term m can be
considered as a function of temperature and crystallographic misorientation over the
grain boundary [163]. The critical dislocation density is sometimes converted to
a uniaxial, critical strain, and the strain can be further associated with the Zener-

Hollomon parameter Z [165], written as

. Ou
Z = &‘fffexp (R_T) (3.4)

where &7 ir is the rate of effective plastic strain, O, is the deformation activation energy,
R is the universal gas constant, 7T is the absolute temperature. The rate of nucleation
n corresponding to the proportional nucleation model [333, 334] takes into account a

continuous nucleation process instead of the site-saturated nucleation, expressed as

n= céfffexp (g—;) 3.5

where c is a constant, and Q,, is the activation energy for nucleation.

* Grain growth: after nucleation, the grains grow under a driving pressure p acting upon

the grain boundaries. The velocity v at a grain boundary can be defined as
v=mp (3.6)

where m 1s the boundary mobility [58, 133, 165]. The driving pressure p contains three

components on the form

P=pp+tpct+pz 3.7
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where the component pc = —277 is established on the grain boundary energy 7y and the
local grain boundary radius r. Additionally, the term pp = 7 [p] is related to the jump
[p] in dislocation density over the grain boundary. Finally, the term arising from the
impurity particles drag through particle pinning is given by
D
pz=-uy- (3.8)
p
where the z; and z; are the z; parameters [399, 255, 313, 167], y is the grain boundary
energy founded on the crystallographic misorientation angles [362, 455] and fy is the

volume fraction of particles with radius rp.

For further elaboration on the mechanisms of grain nucleation and growth, readers may
refer to the review papers [162, 98, 289, 139] and books [356, 174, 165]. Consequently,
numerous models have been successfully developed to reconstruct the physical processing
based on grain nucleation and growth. Illustrations of the range of techniques include the
cellular automata, Monte Carlo approaches, vertex methods, level set and phase field models.
The cellular automata and Monte Carlo approaches focus on the reconstruction of grain
geometry through grid discretization. Moreover, the vertex methods, level set and phase field

models focus on the generation of grain boundary via motion equation.

3.2.1 Cellular automata

The cellular automata [355, 356, 174, 139, 28] algorithm is founded on three basic principles:
(a) grid discretization (discretizes the domain into cells allocated with various state features),
(b) cell neighborhood (identifies its closest neighbors) (Table 1.1), and (c) transformation
rules (update the changes in the cell states) aiming for the prediction of both spatial and
temporal evolution in polycrystalline microstructures. Summarized steps are illuminated

below:

 State generation: the analytical domain is first discretized into grids of sub-regions,
namely the cells. The grid is regular in most cases, but random [173] and irregular [465]
cases are feasible as well. The next step is to assign state variables (e.g., dislocation
density or crystal orientation) to each cell. The initial state can be performed by random
setting at suitable nucleation sites or collected through experimental data from physical

samples.

* State update: after state generation, the discrete-time steps solutions are conducted to

update the state variables of all cells according to the transformation rules. In each
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Fig. 3.2 Illustration of the 3D cellular automata with square cells. Two common types of
neighborhood for a cell are illustrated: von Neumann neighborhood and Moore neighborhood

time step, the neighborhood of each cell is determined. Then the transformation rules
are employed to identify the update state of each cell relying on its previous state and
the previous state variables of its neighbors. Both deterministic [152] and probabilistic
[353, 371, 140] switching rules are possible, and one of the probability criteria could

be defined as
V

(3.9)

Wiwitch =
max

where wy,,izc; 18 the local switching probability, v is the local grain boundary velocity
in Equation. 3.6 and v,y 1s the maximum velocity in the analytical domain for the
previous time step. In each time step, a random number € C [0, 1] is created. if

€ < wyyireh, the switch is approved, otherwise it is denied.

The cellular automata are efficient and relatively easy to perform once an appropriate
transformation rule is selected. Therefore, it has been widely used to capture the mi-
crostructure evolution during processing in polycrystalline materials. Illustrations include
solidification [81, 361, 403, 57, 479, 332, 442], recrystallization [152, 353, 95, 173, 213,
477, 465, 140, 49, 380, 476, 342, 214] and phase transformation [49, 476]. In addition,
parallel computing is viable in cellular automata since each cell’s state update is established
on the data from a local neighborhood. Finally, grid discretization contributes to a convenient
structure for automatic mesh generation, which makes cellular automata well combined with
computational simulations. On the one hand, the simulation results can be assigned to the
initial state generation [289, 381, 380, 342, 220]. In addition, the evolutional microstructure
from cellular automata can be conveyed to the computational simulations for mechanical
investigation [381, 380, 342]. Drawbacks of cellular automata lie mainly in the aliased

representation of grain boundaries and the time and length scale explanation.
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Fig. 3.3 Illustration of a 2D grain structure mapped onto a square lattice. All lattice sites
belonging to a common grain share the same lattice index S;. Grain boundaries are drawn
with thicker lines.

3.2.2 Monte Carlo approaches

The key idea of the Monte Carlo method [370, 289, 356, 174, 139, 28] aims to perform
a quantitative probabilistic analysis of practicable polycrystalline microstructure through
repeated random sampling. Both grid discretization and discrete solution steps are imple-
mented in the Monte Carlo approach. In each time step, a set of random states 1s proposed
and validated until the expected grain distributions are met. Detailed information is presented
as follows:

 State generation: similar to the cellular automata, the analytical domain is first dis-
cretized into grids of sub-regions, namely the lattices. The next step is to map the
lattice structure into a polycrystalline structure with N lattice sites. Each lattice site s;
corresponding to the single grain is represented by a set of neighboring lattices with the
same parameters (e.g., dislocation density or crystal orientation) (Fig. 3.3). The state
parameters for each lattice site can be performed by random generation or collected
through experimental data from physical samples. The total energy E of the analytical

L (L

domain could be defined as

E = Y(si,8;) + Es (s,)) (3.10)

l\)l'~

™=

1
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where n is the number of neighboring lattice sites for each individual lattice site s;,
the grain boundary energy Y(s;,s;) as discussed in Equation (3.8) is a function of the
lattice site s; and its neighbors s, E the stored dislocation density energy at the lattice
site s;, and the grain boundary energy ¥(s;,s;) on lattice sites can be expressed as [474]

Y(siisi)=J ), (1 - 5051.0Sj> (3.11)
j=1 |

where J represents constant, § means the Kronecker symbol, and O, and O; ; are

orientations of the current lattice site s; and its neighbor.

 State update: after state generation, Monte Carlo sampling of the analytical domain
is performed to update the state parameters of lattice sites. This can be achieved by
suggesting new state parameters for individual lattice site or switching state parameters
between lattice sites in pairs. In each time step, the energy change AE from Equa-
tion (3.10) is calculated to determine the random sampling is accepted or rejected, and

one of the probability criteria could be written as

1 AE
Wswilch<AE) = EWO |:1 _tanh(ZkTs)l (3.12)

where wy,,ircp, 18 the switching probability, wy is the reduced mobility, k is the Boltzmann
constant and 7 is the simulation temperature. For each sampling, a random number

€ C [0,1] is created. if € < wyyicn, the switch is approved, otherwise it is denied.

Like the Cellular automata, the Monte Carlo approach is straightforward for implemen-
tation. Additionally, high computational efficiency can be realized via parallel computing.
Therefore, it has been widely used not only to represent various physical processes [354, 172]
but also to simulate the microstructure evolution under different processing conditions
[156, 356]. In terms of reconstruction and simulation, software packages are available for
public utilization, including the SPPARKS [338], PCLab [251] and MCMicro [265]. Limita-
tions of Monte Carlo approaches lie mainly in the undesired derivation of grain boundaries

and the physical length and time scales explanation.

3.2.3 Vertex methods

Vertex or front tracking methods [191, 311, 370, 452, 453, 289, 139, 28] simplify the

complexity of polycrystalline microstructure during the evolution process since they only
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Fig. 3.4 Vertex model representation of polycrystalline microstructure. a triple junction
between three boundaries have the interface energies ¥ » 3 and the separation angles @ 5 3.
The nodes are indicated by circles and the local velocity v of a node is shown.

concentrate on the movement of vertices rather than the curved grain boundaries. Details are

elaborated below:

 Structure representation: the grain boundaries are represented by line segments con-

nected at vertices or nodes (Fig. 3.4). The vertices could be located solely at triple (in
2D) or quadruple (in 3D) junctions [311, 162, 166] or possibly at additional intermedi-
ate positions along the grain boundaries [452]. The triple or quadruple junctions in

vertex models are hypothetically subjected to an equilibrium state, represented as

n __n _ "
sin@p  sin@y  sin@3

(3.13)

With the notation demonstrated in Fig. 3.5, where ¥; are the grain boundary energies
and ¢; are the equilibrium separation angles.

Motion equation: the evolution process of a line segment is modeled as completely

dissipative. The grain boundary energy is defined as

C(x) = / vda (3.14)
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and the dissipative function is given by

2
R(x,v) = /a%da (3.15)

where a is a segment length between two vertices, Y is the grain boundary energy
discussed in Equation (3.8), v and m are the local grain boundary velocity and boundary
mobility introduced in Equation (3.6). The total grain boundary energy and dissipation

function are performed over all boundary segments, expressed as

1
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where N is the total number of vertices in the analytical domain, 2521 is the summation
for all the segments j connected at vertex i, x;; is a boundary segment between the
points x; and x;, ¥;;, m;; and n;; are the grain boundary energy, boundary mobility and
normal vector related to the boundary segment between the points x; and x;, v; and v;
are the local grain boundary velocity at the points x; and x ;. The motion equation for a
single vertex k can then be acquired from

JdC OR
— 4 — =
Xk Vi

0, i=1,2,...N (3.17)

More details on the above derivations are reported in [311, 452].

* Discrete solution: discretizing the grain boundaries by triangular elements and the new

locations of the vertices are calculated as
xi(t+ A1) = x5 (1) +ve(t)Ar, k=1,2,..,N (3.18)

where the velocities v, are obtained from Equation (3.18), At is the time step. Topolog-
ical difficulties can arise during the discrete solution, and corresponding treatment of
vertices has to be established. Examples include, non-planar grain boundaries [115],
biased small grains [452], detaching grains [454, 417] and quadruple junction mobility
[297, 296].

The merits of vertex methods are reasonable physical time scale interpretation [452]

and better representation of grain boundaries. However, the additional intermediate vertices
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Fig. 3.5 Schematic representation of a grain microstructure using the orientation parameters
Nk. Grain boundaries are indicated with solid lines.

for curved grain boundaries are more computationally demanding, and special numerical
techniques concerning topological variations have to be employed. This makes it less
widely used in physical reconstruction as compared to cellular automata and Monte Carlo

approaches.

3.2.4 Phase field models

In phase field models [69, 356, 294, 409, 174, 350, 348, 139, 28], the polycrystalline mi-
crostructure is identified as phase field variables. Meanwhile, the grain boundaries are
illustrated as diffuse transition interfaces where the value of phase field variables (ranging
from O to 1) between adjacent grains changes continuously or sharply. Possible boundary
evolutional conditions are described as partial differential equations, and phase field variables
can be calculated from the motion equation through discrete solutions. The principal steps

are described below:

 Structure representation: the phase field variables in polycrystalline microstructure
are further subdivided into conserved and non-conserved variables. The conserved
variables measure the local composition information and could represent a conserved
concentration of solute atoms [106]. In contrast, the non-conserved variables include
local structure information and could describe the crystallographic orientation [105].
Generally, there are two phase-field methods based upon non-conserved phase fields:
a) the continuum phase field approach [211, 295] and b) multi-phase field approaches



3.2 Physical reconstruction 57

[410, 199, 295]. In both methods, a large group of non-conserved phase field vari-
ables or order parameters 1) are utilized to describe the crystallographic orientations
(Fig. 3.5). The main difference is the explanation of the phase field variables. In
the continuum phase field approach, the phase field variables are independent, and
the value of these variables vary monotonously between diffuse boundary interfaces
without any restrictions. However, in the multi-phase field approach, the N coexisting
phase field variables correspond to the volume fractions of each phase and are subject
to the constraint

N
Y mc=1, where m>0, Vk (3.19)
=1

which has to be satisfied at each position in the analytical domain.

* Motion equation: the energy in the phase field models is defined as a function of the
phase field variables and their gradients, written as

N
Sk
EZ/V [f(ciank)+i_ (vei)? ; 5 (VM) (3.20)

where c; and 1y are the conserved variables and non-conserved variables respectively,
n and N are the corresponding number of conserved variables and non-conserved
variables, V is the entire volume of the analytical domain, f is the local energy density
function for each conserved variable ¢; and non-conserved variable 1y, € and §; are
the gradient energy coefficients related to the interface width and the interface energy
controlling the diffuse translation of interfaces. After establishing the energy equation,
the evolution laws for the conserved variables c¢; and the orientation variables 7n; are
followed. This can be performed by utilizing the Cahn—Hilliard Equation [61] for
the conserved variables ¢; and the time-dependent Ginzburg—Landau or Allen—Cahn
Equation [10] for the non-conserved variables 7y, expressed as

73
=L k=1,2,..
n ksnk < 7N

B T

where L; and D; are kinetic coefficients associated with the grain boundary mobilities

(3.21)

and atomic diffusion, respectively.

* Discrete solution: The conserved and non-conserved variables in Equation (3.21) can

be solved via numerical methods, such as finite differences, finite elements, or spectral
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Fig. 3.6 Schematic representation of a grain microstructure using the level set function ¢;(x,z).
Grain boundaries are indicated with white lines.

algorithms. In addition, grid adaptability is frequently performed to represent the
diffuse transition interfaces better. Random small values are first assigned to the phase
field variables. Then they are computed iteratively at every node of the discretized

domain in each time step until the convergence criterion is met.

The diffuse transition treatment of grain boundaries can trace arbitrary interface geome-
tries and generate complex and large grain morphologies. Thus, the phase field models can
better reconstruct the grain boundaries than cellular automata and Monte Carlo approaches,
which makes it successfully applied to simulate solidification [425, 47, 211, 445, 314, 199,
295], grain coarsening [426] and recrystallization [425, 211, 295, 199]. The disadvantages
mainly reside in the high-intensity computation and less implementation for parallelization.

3.2.5 Level set models

The level set models [252, 37, 36, 39, 38, 139, 103, 102] are the relatively latest development
compared to cellular automata and Monte Carlo approaches. Similar to the phase field models,
the moving interfaces I'(¢) represent the grain boundaries. Possible boundary evolutional
conditions are described as continuous equations ¢ (x,¢), and boundary location information
can be calculated from the motion equation through discrete solutions. The core content is

presented as follows:
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* Structure representation: for polycrystalline microstructure containing N grain, an
independent level set function ¢;(x,7) is assigned to each grain (Fig. 3.6). The zero set

of the function then determines the boundary interfaces I'(z), expressed as
oi(x,t) =d(xI'), T'={xeQ,¢i(x,t)=0} x€Q, i=12,..,N (322

where x is any point in the analytical domain Q, and d(x,I’) is the Euclidean distance
between any point x and boundary interfaces I'(¢). Moreover, the level set function

0i(x,t) is greater than zero inside grain G; and less than zero outside grain G;.

* Motion equation: the motion of the interfaces I'(#) is described as

g—?JrVV‘P:Oa i=1,2,...N (3.23)

where v is the interface velocity corresponding to the grain boundary velocity in
Equation (3.6), and the location of the interface I'; of grain G; is specified implicitly
by the equation ¢;(x,¢) = 0. The initial value of the Equation (3.23) is often treated
as a signed distance function. Meanwhile, the re-initialization techniques [39] are
introduced and applied periodically to maintain the properties of a distance function

during the numerical treatment.

* Discrete solution: the Equation (3.23) can be solved through the finite element method
[252, 37, 36, 39, 38] or the finite difference scheme [103, 102]. Each level set function
can evolve independently during each time step in the discrete solution. A correction
or smoothing operation is utilized at the end of each time step to restore the topology
aiming for avoiding overlapping domains or voids between interfaces [281]. Also, the
sharp interfaces defining grain boundaries must be resolved for the adaptivity of the

element mesh or solution grid [39].

As with the phase field models, the level set models avoid the complex problem of explicit
tracing of interfaces as in the vertex methods. Also, they can provide a direct representation
of interfaces and curvature, which is challenging to achieve in cellular automata and Monte
Carlo approaches. Disadvantages reside in the expensive computational consumption and

unpractical parallel computing.
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3.3 Geometric reconstruction

Geometric reconstruction methods ignore the physical microstructural formation process and
focus solely on polycrystalline materials’ morphological and crystallographic information
generation. Generally, geometric reconstructions are grouped into three major categories:
shape-based reconstruction, texture synthesis, and others. Details of them will be elaborated
on in the following section.

3.3.1 Shape-based reconstruction

In shape-based reconstruction, some simplified shapes like cubes [31], rhombic dodecahe-
drons [287, 286], truncated octahedrons [180], Voronoi polyhedrons [127], ellipsoids [384],
have been used to represent the grain morphologies. A considerable amount of literature
has been published on grain-based reconstruction, most of which is associated with Voronoi
tessellation and ellipsoid packing. In light of this, the grain-based reconstruction could be di-
vided into three groups: (a) simplistic regular morphologies (cubes, rhombic dodecahedrons,
and truncated octahedrons); (b) Voronoi tesselation; and (c) ellipsoid packing. The next part
sheds light on these three sections.

Simplistic regular morphologies

As pioneers in polycrystalline reconstruction, simplified grain morphologies have been
widely used to establish a connection between microscopic structure and macroscopic
properties. The regular microstructures (Fig. 3.7) facilitate numerical modeling and provide
a novel mechanism to investigate the grain shape effects on grain interaction [382, 437],
crystallographic texture evolution [383, 30], intergranular stress corrosion cracking [180]
and aggregate response [365]. In [187], the grains were represented by 2D homogenized
finite square elements to simulate the crystallographic texture evolution. In [31], the finite
brick element has been used to represent a single averaged grain for the connection study
between micro and macro variables in crystal plasticity deformation. Another regular
morphology has been employed by [287, 286], who hypothesized the single fcc grain as a
rhombic dodecahedral. They aims to investigate the crystal shape effect on the intergranular
interaction. The main conclusion is that it is easier to study how grains interact with each other
when they have better shapes and smaller gaps between them. The truncated octahedra-based
grains have been proposed by [180] to check the stress corrosion cracking between grains.
Moreover, it is concluded by [89] that the truncated octahedra grains can achieve a better

crystallographic texture evolution prediction than the cubic grains. [365] represented grains
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Fig. 3.7 Schematic presentation of the reconstructed polycrystalline microstructures with
simplistic regular morphologies: (a) Cubes, (b) Truncated octahedrons, and (¢) Rhombic
dodecahedrons;

as the cubic, rhombic dodecahedral, and truncated octahedral morphologies simultaneously
to examine the shape effect on grain aggregate mechanical response. They found that
these simplified regular morphologies caused similar intergranular and intragranular stress
distributions.

Voronoi tessellation

The Voronoi tessellation [127] originates from the Johnson and Mehl recrystallization model
[182]. It divides the space into Voronoi polyhedrons, which form when random seeds start to

grow and join together. The primary steps are summarized as follows:

* Seeds generation: defining a 3-D space D € R* and allocating N seed points {S; €
D|i=1,2,...,N} to it. The coordinates of each seed could be random or achieved by
the Poisson point process.

* Voronoi tesselation: each seed is associated with a Voronoi polyhedron VP(S;), the
space area of VP(S;) is identified in Equation (3.24) with the set points P(x,y,z).

VP(SZ> = {P(X,y,Z) S D’d(PaSl) < d(P7S])a Vi 7& JiJ= 1527-"7N} (3.24)

where d(P,S) is the Euclidean distance between the set point P and seed point S.
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Fig. 3.8 Schematic presentation of the grid and vertex-edge-face-volume discretization for
Voronoi polyhedral. Generated from the open-source software Neper [351].

* Space discretization: specifying the space area of each Voronoi polyhedron VP(S;) by

discretizing the whole domain.

* Orientation assignment: assigning crystallographic orientations to each Voronoi poly-
hedron VP(S;).

For more efficient calculations, the hierarchical queue algorithm [358] has been used to
implement the Euclidean distance function. The boundary recognition of the Voronoi poly-
hedron depends primarily on the distance to the corresponding seed. Alternatively, the
relief immersion algorithm [284] derived from the watershed division has also been adopted
to identify the boundary. The crystallographic orientation assignment could be based on a
uniform distribution or a map extracted from an image reference [177]. Focusing on the space
discretization, either grid [26, 319, 91] or vertex-edge-face-volume [217, 218, 91] method
has been used in the Voronoi tessellation (Fig. 3.8). In the grid discretization, [468] generated
3D random Voronoi polyhedrons with a common constrained surface. They first produced
the grains below the constrained surface through eroding or expanding neighbouring voxels
and immediately implemented the Voronoi tessellation to fill the remaining space. In the
vertex-edge-face-volume discretization, the level set method and Voronoi tessellation have
been combined to model recrystallization [37]. [114] developed the grain edge splitting pro-
cedure for generating 3D periodic high-quality elements. To address the over-discretization

refinement problem caused by the inevitable emergence of small Voronoi polyhedrons, [351]



3.3 Geometric reconstruction 63

Fig. 3.9 Schematic presentation of the multi-meshing and re-meshing of 3D large-scale
Voronoi polyhedrons. Generated from the open-source software Neper [351].

proposed a novel algorithm for the geometry regulation, multi-meshing, and re-meshing of
3D large-scale random polycrystals (Fig. 3.9).

[97] compared Voronoi tesselation with experimental reconstruction and highlighted that
Voronoi tesselation overestimated the grain nearest neighbor distribution and underestimated
the grain volume distribution. This is because the Voronoi tessellation, also known as
the Poisson-Voronoi tessellation, randomly chooses the seed points following the Poisson-
Voronoi distribution [29], which undoubtedly leads to a biased representation of the grain
size distribution compared with experimental observations [215]. To obtain a more realistic
grain size distribution, the controlled Poisson-Voronoi tessellation model involving a single
control parameter has been developed to capture realistic grain morphologies [472, 473]. In
[318], molecular dynamics and discrete element techniques have been combined to pack the
particles with controlled grain size distributions. [395, 29, 416] utilized genetic algorithms
to modify the Poisson-Voronoi tessellation to represent the size distribution more accurately,
and [120] proposed a constraint Voronoi model to generate an approximate representation of
the 3D polycrystalline microstructure for interpreting surface microstructural measurements.
The power diagram (also known as the Laguerre diagram [15, 108, 352]) helps set the size of
each Laguerre polyhedron LP(S;) by adding a non-negative weight w;:

LP(SI) = {P(x,y,z) GD‘dL(PaSl) < dL(P7SJ)7 VZ%]%] = 1727~'7N}

3.25
du(P.5.) = dip (.52 —ws (329)

where dJ is the power distance and df is the Euclidean distance. In recent years, Laguerre-
Voronoi (LV) has been widely adopted as an alternative to Poisson-Voronoi (PV) [215,
143, 90, 352, 300]. It has been demonstrated that the LV diagram generates more accurate
polycrystalline structures than the PV diagram. There are some open-source packages
for Voronoi tessellation, such as Neper [351] (https://neper.info/) (Fig. 3.9), Voro++ [379]


https://neper.info/
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(http://math.Ibl.gov/voro++/), Qhull [27] (http://www.ghull.org/), and MicroStructPy [143]
(https://docs.microstructpy.org/en/latest/).

3.3.2 Ellipsoid packing

Microstructural features generated by Voronoi tessellation could deviate directly from ex-
perimental observations. So, to make a polycrystalline structure whose morphological and
crystallographic descriptions match the observed values, we need more precise geometric
units and better statistical algorithms. Due to its good geometric properties, the ellipsoid
seems to be one of the best choices. Initially, significant improvement was made by [384]
where ellipsoids were used to represent grains for the reconstruction of the aluminium

polycrystal. The details of the algorithm are given as follows:

* Ellipsoid generation: generating ellipsoids from the 2D experimental observations.
Fig. 3.10 depicts the generation process. Fig. 3.10(a) presents the 2D EBSD scan
perpendicular to the sample’s normal direction. Fig. 3.10(b) shows that grains are
fitted by ellipses. After that, distributions of ellipse semiaxes f(a’), and f(b') can be
accessed. Similarly, when selecting the 2D EBSD scan perpendicular to the sample’s
rolling direction, distributions of ellipse semiaxes f(b’), and f(c’) can be accessed as
well. Here {d’,b’,c'} are the semiaxes of the ellipse. What follows is an approximate

calculation of the distribution of ellipsoid semiaxes,

<d >=an/4,a~4d |n,<b >=br/4b=~4b /n;< ! >=cn/4,c~=4d /n
(3.26)
where {a,b,c} are the semiaxes of the ellipsoid (Fig. 3.10(c)). Moving on next is
to quantify the joint probability distribution f(a,b) or f(c,b) and the conditional
probability distribution f(c|b) or f(a|b). Finally, the true 3D ellipsoid distribution can
be estimated by Equation (3.27) [384].

f(a7b7c):f(aab)'f(c‘b):f(cvb)'f(a‘b) (327)

* Ellipsoid packing: packing ellipsoids into a specified space. This is implemented by
sampling a set of overlapping ellipsoids from the distribution f(a,b,c) and randomly
putting them into the specified space.

» Space discretization: specifying the space area of each ellipsoid without overlapping
by discretizing the whole domain. The grid discretization is applied first to partition the

entire domain into cubic lattices. Immediately after, the cellular automaton algorithm
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Fig. 3.10 Ellipsoid generation: (a) EBSD scan, (b) ellipse fitting, (c) ellipsoid projection.

Fig. 3.11 Schematic presentation of the reconstructed polycrystalline microstructures through
ellipsoid packing. Generated from the open-source software DREAM.3D [137].

fills the whole space with voxels where new ellipsoids are nucleated at the lattice
centre of the initial ellipsoids and grow according to their original dimensions until

they impinge other ellipsoids or the space boundaries.

* Orientation assignment: assigning crystallographic orientations to each new ellipsoid.
This begins with assigning random orientations to the new ellipsoids in the recon-
structed microstructure [288]. The simulated annealing algorithm can be then adopted
to search for an optimum configuration of orientations and misorientations consistent
with the experimental statistics. Fig. 3.11 presents some examples generated by the

ellipsoid packing algorithm.
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Fig. 3.12 Schematic presentation of the reconstructed polycrystalline microstructures with
elongated grains. Generated from the open-source software DREAM.3D [137].

In the space discretization step, the grain boundaries made by the cellular automaton process
are not natural and show a deviation from reality. To overcome this deficiency, the Monte
Carlo grain growth method [373] has been adopted to relax the final grid-based structure
and allow the grain boundaries to approximate the natural observations. The orthogonal
EBSD scans-based method has been extended by [52] to reconstruct the commercial purity
aluminium with elongated grains (Fig. 3.12). Instead of discretizing the space by grids, they
implemented the vertex-edge-face-volume discretization to represent the grain boundaries
through Voronoi tesselation. The Voronoi cells were then aggregated and scaled by an
affine stretch to match the observed aspect ratios of grains. Another 2D scan-based method
has been proposed by [407] to reconstruct 3D anisotropic polycrystalline microstructures
with constrained surface ellipsoids. The above-mentioned 2D EBSD section methods can’t
accurately show how the grains are connected in 3D space. Additionally, other morphological
descriptions, such as the grain neighbor and shape orientation distribution, can not be inferred
from that work. To overcome such biases and limitations, [134, 135] reconstructed the
polycrystalline structure directly from the 3D experimental data [136] (Fig. 3.13). In their
ellipsoid generation step, each ellipsoidal grain’s volume, aspect ratio, and shape orientation
are created by sampling from their probability functions based on the 3D experimental data.
In the ellipsoid packing step, besides the overlapping constraint, the placement of ellipsoids
is also dominated by their neighbors’ size and number. The most surface area criterion
assigns the voxels, which are not included in any ellipsoids. The space discretization step
resembles the way organized by [52], except that the generation of the Voronoi seed is
guided by the boundary centroid between two grains instead of a random process. In the
orientation assignment step, the orientation, misorientation, and microtexture are made and
assigned using the probability assignment approach [88]. The DREAME.3D software [137]
(http://dream3d.bluequartz.net/) contains most of the ellipsoid packing methods mentioned

above.
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Fig. 3.13 Schematic presentation of the reconstructed polycrystalline microstructures from
3D experimental data. Generated from the open-source software DREAM.3D [137].

Recent research on ellipsoid packing has focused on improving the efficiency of el-
lipsoid packing algorithms, synthesizing polycrystalline microstructures with more than
one phase, capturing more precise and accurate characterizations, making annealing twins
and precipitates, and reconstructing polycrystalline microstructures through AM. In the
optimized algorithms, [424] employed the ellipsoidal growth tessellations to replace the
ellipsoid generation and ellipsoid packing steps. The reconstruction starts with the ran-
dom field model with a marked point process for representing stochastic parameters. In
terms of grains’ aspect ratio, size, and nearest neighbor distributions, the results of the
reconstruction are pretty close to what was observed in the experiments. [170] developed
the advancing layer algorithm for dense ellipse packing. This method can achieve higher
packing densities with low computational cost and simultaneously captures grains’ shape,
size, and spatial orientation distributions. The random sequential addition algorithm founded
on grid discretization has been developed by [149] for efficient ellipsoid generation and
packing. The proposed algorithm can successfully synthesize elongated grains and martensite
bands. In the multiphase microstructures, the first-phase grain structure is created using
the same procedure in [384]. The second and third phases are nucleated randomly on the
first-phase grain boundaries and then grown until their volume fraction reaches an expected
value. Illustrations of this algorithm can be found at [70, 406]. Beyond that, [71] inserted
the second-phase particles into the synthetic polycrystalline microstructure in accordance
with the pair-correlation function. [324] reconstructed the dual-phase titanium structure by
employing the transformation phase insertion algorithm. [268] proposed a general framework
for generating, validating and quantifying 3D anisotropic two-phase polycrystal materials.
As for better characterization representation, the reconstructed polycrystalline microstruc-
ture generated by the log-normal size distribution can lead to unnatural large grains. [432]
resolved the problem by applying truncated grain size distributions. Furthermore, the two-

point correlation function [408, 71] has been employed to statistically characterize grain
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morphology, orientation, and spatial distribution for highly heterogeneous polycrystalline
reconstruction. Concerning the annealing twins reconstruction, [432] developed the twin
insertion algorithm on the assumption that the twin grain does not inhabit the boundary of
the parent grain and completely divides the parent grain. [22] reconstructed the twins on
account of the parent grain size distribution, the conditional probability distributions of twin
distance and thickness, and the joint probability of the number of twins. When it comes to
the precipitate reconstruction, [337, 336] dispersed the precipitates into the reconstructed
polycrystalline microstructure based on the precipitates’ shape, size, volume, orientation,
two-point correlation, 3D distance to surface, and random vector channel-width distributions.
[431] utilized a genetic algorithm-based numerical algorithm for optimized selection of
precipitate characterizations. Next, the precipitates with optimized descriptors were spa-
tially inserted into the polycrystalline parent grain microstructure to construct 3D polyphase
aluminum alloys. Finally, regarding polycrystalline microstructures involving AM, [423]
proposed a universal material template for the standardized reconstruction of commonly
used polycrystalline materials in AM processes. [113] introduced a new framework for
reconstructing polycrystalline microstructures. The framework regenerates grain growth and
allows for a specification of growth properties. This makes it easier to simulate and estimate
materials with spatial differences, like those produced by AM.

Compared to Voronoi tessellations, the ellipsoid packing model generates polycrystalline
microstructures closely matching the experimental observations. This is why the ellipsoid
packing method is often used to investigate the SPP linkages in polycrystalline materials. For
example, [302] investigated the effect of grain size and crystallographic polarity on stress
hardening and anisotropic plasticity in additively manufactured metals generated by ellipsoid
packing. [208] combined the ellipsoid packing algorithm with the uncertainty-quantified
parametrically homogenized constitutive model to build a link between mechanical prop-
erties response and microstructural characterizations. [293] integrated machine learning
with ellipsoid packing reconstruction to predict cyclic stress-strain responses. Addition-
ally, ellipsoid packing has been applied in the microstructure sensitive study for optimized
performance. Examples are the research carried out by [349, 462], who analyzed and de-
signed the microstructure characterizations to quantify the probability of occurrence of the
fatigue cracks; by [324], who created a database on the elasto-viscoplastic deformation in
dual-phase titanium alloys; and by [430], who utilized the Bayesian regression machine
learning model and data-consistent inversion to build the inverse linkage between the average
grain size and average yield strength. In recent years, ellipsoid packing has been widely
used in the ML-based surrogate model to predict the properties of polycrystalline materials.

The microstructure data reconstructed by ellipsoid packing can be used directly as input for
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the surrogate model. Then, DL networks, for instance, the convolutional neural network
[340], the graph neural network [84] and the deep neural network [325], can be used to
obtain low-dimensional microstructure embeddings (physical features) of the polycrystalline
microstructure. Finally, the embeddings are connected to the target properties.

3.3.3 Texture synthesis

Texture synthesis [341, 85, 147, 480] has been a popular research topic in computer vision
for filling in occlusions, compressing images and videos, removing the foreground, etc.
The seminal and widely recognized work by [101, 448, 100] reframed the texture synthesis
problem in an exemplar-based framework and provided more practical solutions. These
works assume the original given image, X, as a form of stationary Markov random field

(MRF) with the following properties:

e Locality: f(X;|all particles except i) = f(X;|neighbors of particle i) i=1,2,...,N,
where N is the number of particles that correspond to the pixels or voxels in X, X;
represents the local state in polycrystalline materials, like the orientation colormap,
phases, etc., f(Xj|all particles except i) and f(X;|neighbors of particle i) are the
conditional probability density of X;.

e Stationarity: f(X;|neighbors of particle i) does not depend on the location of X;.

The texture synthesis model has been successfully applied to reconstruct polycrystalline
materials [412, 216, 6, 176, 175]. Section 4.3 presents some examples generated by the

texture synthesis model. The basic steps are summarized as follows:

* State generation: the synthesized domain, Y, is first discretized into grids, namely pix-
els or voxels. The next step is establishing the ¥ as MRF. Pixels or voxels representing
various local states are bonded to their neighbors. A pixel (voxel)’s neighborhood is
determined by enclosing it in a area and connecting the pixel (voxel) to other pixels
(voxels) inside the area. The initial state can be achieved by randomly allocating states
to each grid in Y [412, 176, 175] or start from a small seed image taken randomly from
the original given image, X [216, 6].

* State update: after state generation, the conditional probability density sampling from
the original given image, X, is performed to update the local state of the selected pixel
(voxel) in the synthesized domain, Y, based on the known states of its neighboring
pixels (voxels). The update path could be implemented by random order [412, 176,
175], raster-scan order [448] or layer through layer form [101, 216, 6]. In each update
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Fig. 3.14 Schematic presentation of the reconstructed 3D polycrystalline microstructures
from experimental 2D polycrystalline microstructures through texture synthesis. Adapted
from [176], Copyright (2020), with permission from Elsevier.

step, the conditional probability density f(X;|N%) in X is assumed to be equal to the
conditional probability density f(¥;|N') in ¥. NX and NY are the neighborhood of
particle i in the X and Y, respectively. The best matching of Ng is determined by

solving the following minimization problem:

N¥ = arg mé{nij HNJY —Nj(H2 (3.28)
N* j

J

where j denotes the particles in NX and N, and @ is the Gaussian weighting function
[176, 175]. Equation (4.13) is an exhaustive search for comparing all the NX in X to
the same corresponding size N¥ in ¥ and identifying N5 that results in the smallest
squared distance.

The multiple-point simulations (MPS) method is analogous to texture synthesis in that
the microstructure is considered as MRF and then reconstructed by searching for the condi-
tional probability density f(X;|NX) in the original image that best matches the conditional
probability density f(¥;|N") in the synthesized image [273, 51]. MPS has been widely used
in geostatistical reconstruction [418, 419, 421, 464, 1, 23]. The main difference between
MPS and texture synthesis is that MPS needs to integrate the conditioning constraint data
representing geostatistical features. In addition to the global information from the original
image, the synthesized image should be coherent with the local conditioning data and locally

generate constraint values at constraint locations [273]. The exhaustive search and match
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for similar neighborhoods in the original image, X, make the texture synthesis method
computationally prohibitive. Therefore, recent studies have focused on improving efficiency
and accuracy. For example, the usage of patches instead of pixels for better computational
implementation [100, 418—420] and the introduction of image quilting for better structural
connectivity [100, 266, 3, 154]. Also, more advanced search methods have been proposed.
[llustrations include random search [420, 464], adapted graph cuts [266, 240, 418, 420],
and multi-scale search [464, 421, 308]. Meanwhile, pattern databases [464, 123], transform
domains [3, 123, 421], edge features [1, 309, 2], and machine learning [23] have been utilized
to accelerate template matching.

Polycrystalline microstructures generated by shape-based methods are largely idealized
and fail to account for the complexities of real-world grain shapes [42]. Texture synthesis,
especially the patch-based scheme, can be an attractive substitute for shape-based models
due to its ability to capture complex features such as grain boundaries [418, 216]. Beyond
that, texture synthesis can be used to reconstruct larger regions of microstructure (order of
centimeters) required for engineering analysis by utilizing small-scale experimental data
(order of microns) [6]. However, the quality of the reconstruction results in texture synthesis
is unstable because it is easily affected by some specific parameters, including neighborhood
size, overlap size, number of replicates, etc. As a result, sensitivity analysis should be
conducted to optimize the parameters for the best quality [123, 24, 176]. Additionally, the
reconstruction path frequently impacts the results, as spatial correlations may be lost [123, 51].
Finally, direct colormaps between orientation and color space are currently the most common
techniques used for orientation coloring [327, 317, 176]. Due to the discontinuity and
ambiguity issues inherent in representing the crystallographic features, texture synthesis has

not been widely applied to the construction of SPP linkages.

3.3.4 Others

Other geometric reconstruction approaches have also been used to capture morphological
and crystallographic features, such as high-order characterization models, reduced-order
strategies, and machine learning. Fig. 3.15 presents some examples generated by these
approaches. The reconstruction approaches mentioned above have not been widely applied
in building SPP linkages compared to shape-based reconstruction models. Therefore, we
briefly review each approach’s concepts, strengths, and weaknesses. A detailed step-by-step

description of each approach is beyond the scope of this review.
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Fig. 3.15 Schematic presentation of the reconstructed 3D polycrystalline microstructures through phase recovery (a), simulated
annealing (b), principal component analysis (c), nonlinear dimensionality reduction (d), and transfer learning (e). Adapted from
[117, 126, 413, 242, 50], Copyright (2008,2016,2004,2010,2020,), with permission from Elsevier.
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High-order characterization models

System energy, or objective function, is the difference in high-order correlation functions
between the target and reconstructed images in high-order characterization models. The
difference can be minimized until a threshold is reached using optimization methods such as
simulated annealing [76, 178, 71] (Fig. 3.15(b)) and phase recovery [117] (Fig. 3.15(a)). The
high-order characterization models are an effective tool for generating statically equivalent
representative volume elements for the high-order characterization distributions. Never-
theless, the local material state in the high-order characterization models is restricted to a
discrete, limited number of material phases. Further refinement of high-order characterization
models might be necessary when more complex local states of the polycrystalline material

(i.e., crystal lattice orientation) are investigated.

Reduced-order strategies

Similar to the reduced-order representations used in characterization extraction, low-dimensional
reconstruction strategies have also been utilized for geometric reconstruction. One of
the famous dimensionality reduction method is principal component analysis [413, 414]
(Fig. 3.15(c)). The microstructures are initially represented by a class of eigen-microstructures
using principal component analysis. A support vector machine is then utilized to classify
eigen-microstructures according to their characteristics. After that, the eigen-microstructures
will continue to evolve as new target microstructures are dynamically added to the database.
Finally, a series of microstructures will be reconstructed by employing various fractions of
eigen-microstructures. Other reduction tools, such as nonlinear dimensionality reduction
(Fig. 3.15(d)), and multiscale approach [242, 451], have also been adopted to reconstruct
polycrystalline materials initially with high dimensionality for texture. Reduced-order strate-
gies demonstrate an advantage over high-order characterization models for computational
efficiency and complex material state representations. Future research should concentrate on

the model reduction of realistic microstructures instead of idealized stochastic characteristics.

Machine learning

Recently, machine learning-based methods have been applied to generate morphological and
crystallographic information in polycrystalline materials. Unsupervised learning approaches
based on convolutional deep belief network (CDBN) [64] and variational autoencoder (VAE)
[63] have been developed to extract statistical features from the granular microstructures of
alloys. The CDBN model, consisting of convolutional restricted Boltzmann machine layers,

generates a reduced-dimensional, parametric representation of the granular polycrystalline
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images. The stochastic reconstructions are derived from the final layer of the trained CDBN
and inversely sample the previous layers via deconvolution. A VAE has an encoder that
turns granular microstructure images into a set of statistical descriptions in the latent feature
space and a decoder that uses the latent feature vector to reconstruct the granular polycrys-
talline images. Another machine learning-based method is deep transfer learning [50, 241]
(Fig. 3.15(e)). Transfer learning is a mechanism for transferring information from pre-trained
deep learning models to a new task. The pre-trained deep learning models can provide
a reduced-dimensional feature representation of the granular microstructures. Stochastic
microstructure reconstructions are generated using target microstructure feature values by
adjusting the pixel/voxel values (gradient-based optimization) to minimize the loss function
(gram-matrix differences). Machine learning-based methods can represent morphological
information well. However, similar to texture synthesis, the disadvantage is that it is difficult
to capture the crystallographic features due to discontinuity and ambiguity issues.



Chapter 4

Novel strategies for texture synthesis
models applied to microstructure
representation of polycrystalline

materials

4.1 Introduction

As mentioned in the Chapter 2, the polycrystalline microstructures generated by shape-based
methods are largely idealised and fail to account for the complexities of real-world mi-
crostructures [42]. Texture synthesis, especially the patch-based scheme, can be an attractive
substitute for these models due to its ability to capture features such as grain boundaries
[216, 176]. Beyond that, texture synthesis can be used to reconstruct larger regions of mi-
crostructure (order of centimeters) required for engineering analysis by utilising small-scale
experimental data (order of microns) [6]. Given this, the texture synthesis model has been
widely used in the microstructure representation of polycrystalline materials in recent years.
For example, Liu and Shapiro [250] utilized the Markov Random Field (MRF) texture synthe-
sis approach to reconstruct the granular polycrystalline images. Acar and Sundararaghavan
[6] modeled the spatio-temporal evolution of polycrystalline microstructures using the MRF
texture synthesis approach. Javaheri and Sundararaghavan [176] combined the MRF and
histogram matching to reconstruct the 3D polycrystalline microstructures from 2D sections.
Javaheri et al. [175] used the MRF texture synthesis approach to synthesize the large-scale
metal additively manufactured polycrystalline microstructures.
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However, in current practice, polycrystalline microstructure reconstruction using texture
synthesis does have certain limitations [176]. For example, the orientation colormaps em-
ployed in polycrystalline microstructural visualization are often directly colored by Euler
angles (@1, ¢, @) or Rodrigues-Frank vector (p;,p2,p3) (Table 4.1) [360, 327, 317, 176].
This is easily achieved by assigning each of the three independent orientational parameters to
one of the components in the RGB triplet. The apparent topological discrepancy between the
unconnected orientation and connected color spaces will undoubtedly lead to color disconti-
nuities. In the meantime, ignoring the crystal symmetry may cause color ambiguity, i.e., the
same orientations can be represented by certainly diverse colors [327, 317]. In addition to the
Euler angle colormaps, computational efficiency is also an issue. The exhaustive search and
match for similar neighborhoods founded on the minimum weighted squared distance in the
original image make the pixel-based texture synthesis method computationally prohibitive
and morphologically deviant [176].

In this Chapter, the authors proposed to adapt the inverse pole figure (IPF) coloring
algorithm to solve the discontinuities and ambiguity coloring problem. After that, the patch-
based texture synthesis algorithms combined with image quilting techniques were utilized for
better honoring the microstructural connectivity. Simultaneously, the raster path method and
fast template matching schemes were adopted to improve the CPU performance. Moreover,
the inverse orientation coloring algorithm was developed to derive the orientation dataset
in the synthesized images through mapping orientations from the IPF coloring. Finally, the

microstructure characterizations and comparison studies were presented.

4.2 Orientation coloring

4.2.1 Background

In polycrystalline materials, the lattice orientation G represents the rotation relationship
between the crystal axes of single crystals and the reference frame. It can be equivalently
described in different mathematical and non-mathematical parameterizations with three
independent parameters (see Table 4.1) [327]. The lattice orientation coloring is the first
consideration for microstructural visualization in polycrystalline materials because it plays
a determining role in identifying grains. The two neighboring lattice points are located
in the identical grain if the misorientation angle between them is under a specific value
[135, 327, 317]. Therefore, the remarkable orientation changes defining grains or phase
boundaries should preferably be visible through a significant color variation.
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Table 4.1 Summary of parameterizations of orientation

Name Parameters Definition
cosQcosPr— Sin@cos@y+ Sin@sing
Euler angles (01,0, 0) SINQ|Sin@ycosP  cosQSin@rcosP
gij= | —cosQisingy—  —sinQisin@y+  cos@asing
sin@icos@rcosP  cosPicosPrcosP
SinQsin@ —cos@Qsing cos¢
u r h
Miller indices (hkI) [uvw)] Vidediw? VRt (i
vV S
8= | et Rrs2 Rl
w t 1
Vit 4w2 P24 2R
Matrix ajj anedidns
gij=|axn axn a3
a1 4z as
Axis-angle (6,n) gij = 6;jcosO +nin;j(1 —cos®) + Y1 3 & jingsind
Rodrigues-Frank
) ) 5 5 =tan(60/2)n
vector (P1,p2,p3) (P1,p2,P3) (6/2)
Quaternion q=1(91,92,93,94) (¢94) = (sin(6/2)n,cos(6/2))

Direct colormaps between the orientation and color space are currently the most com-
mon orientation coloring technique. However, some things should be improved with direct
orientation-to-color mapping. One is the discontinuity issue induced by the apparent topo-
logical inconsistency between the orientation and color space. The color spaces, e.g., the
hue-saturation-value (HSV), the hue-saturation-lightness (HSL), or the red-green-blue (RGB),
are connected three-dimensional Euclidean (R3) spaces. Namely, it can deform or shrink any
closed path within the color spaces indefinitely to a single point. In contrast, the orientation
spaces are not inextricably linked and can not be incorporated into R3 [327]. Even though
the three independent orientational parameters specify the three components in the RGB
triplet, it has been accepted that G can not be continuously one-to-one mapped to any space
lower than five dimensions [328]. In addition, ignoring the crystal symmetry may cause
color ambiguity. For example, symmetrically equivalent orientations can be represented by

divergent colors [317].

4.2.2 Perfectly colored orientations
Standard IPF coloring

To address the visualization issues in direct orientation-to-color mapping, the IPF coloring

based on the Miller index has been proposed for improved orientation coloring (see Fig. 4.1).
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The initial step in IPF coloring is to establish a direction vector r in the specimen coordinate
system, e.g., parallel to the normal direction (ND) or rolling direction (RD)), and then
transform it as the vector A in the crystal coordinate system through the following formula:

h=G'r 4.1)

where G is the lattice orientation (see Fig. 4.1.a). Each possible but crystallographically
unequal vector h identifies the fundamental sector (FS) of a symmetry group P (see Fig. 4.1.b).
Each point % in the FS corresponds to the unique vector h. Two particular variables are
introduced to define the location of /4 inside the FS: the polar angle 6 and the azimuthal angle
p. The 0 is determined by the line distance (hp) between the point 4 and p (barycenter of
the FS). The correspondence between the ip and the value of 0 is built on the rule that the
maximum distance span has the maximum polar angle of 90°. The polar angle 0 ranges from
0° to 90° on the HSL colorization of the upper unit hemisphere and from 90° to 180° on
the HSL colorization of the lower unit hemisphere. The angle between the pA and ph lines
determines p. The value of p ranges from 0° to 360° (see Fig. 4.1.c). The asymmetric HSL
distribution is then calculated through the polar and azimuthal angles to obtain the one-to-one

coloring of A. Details of the HSL colormap are summarized as follows [317]:

* Customized hue gradient: the hue H, as the description of the azimuthal angle p, is

expressed as
(O]
H= [ vip)dp (4.2)

where v(p) is the the speed function. The speed function is customized to ensure a

more even distribution of colors, defined as

2n

v(p) = d(p) (0-5 e t0l 4 oilo-%) +e“7‘["+2ﬂ2) @3)

where d(p) is the distance between p and the boundary point b in FS (see Fig. 4.1.c).
The barycenter and the three corners divide FS into three sections. The three interior
angles @, @y, s (see Fig. 4.1.c) of the three sections may be pretty dissimilar. In
order to compensate for the angle differences, it is necessary to normalize the speed

function in the following way

;+0) 2n

(] 1
/0 v(p)dp = v(p)dp = v(p)dp =3 (4.4)

] 0+
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* Nonlinear lightness scaling: the nonlinear scaling map between the lightness L and

polar angle 6 has been introduced for a more balanced key, described as
0 0
L=h_+(1- ?LL)sinzz (4.5)

where the parameter Az, allows adjusting the central white or black region size in the
IPF key.

» Lightness dependent saturation: the disadvantage of the central white or black orien-
tation coloring through nonlinear lightness scaling is that no remaining color can be
utilized for annotations, drawing grain borders, and marking non-indexed pixels. To
overcome this limitation, the lightness dependent saturation has been proposed to color

the central region with bright or dark gray, expressed as
S=1-2Ag|L—0.5] (4.6)

where the parameter Ag specifies the degree to which the center is grayish.

There are several inherent advantages to using the P-specific IPF-color key: Firstly,
the FS of the symmetry group P can ensure that similar orientations correspond to similar
colors. Secondly, the asymmetric HSL distribution makes it possible to correlate the color
difference between two orientations with the size of the misorientation angle. Finally, and
most importantly, discontinuous-free color distributions can be achieved as long as each
boundary in the FS is a crystallographic mirror plane. Specifically, suppose R is defined as
the main rotation axis. In that case, all symmetry groups satisfying the conditions (a) 2 L R
and (b) 2 L 2 can present smooth color transitions at the boundary of the FS through the
standard asymmetric HSL distribution. Table 4.2 shows the symmetry point groups that meet
this condition in the column “standard". Examples of standard symmetry groups are m3m,

43m, 6/mmm, 62m, 6m2, 6mm, 3m1, 4/mmm, dmm, mmm, mm2, m2m, 2mm, and 1ml.

Extended IPF coloring

Table 4.2 also distinguishes the symmetry groups by the order k and lattice types. The order
k of all symmetry groups specifies the FS’s equivalent size (but not shape). For a certain
symmetry group P listed in the column “extended" of Table 4.2, the order is half the value of
the matching super symmetry group P in the column “standard". Consequently, the diversity
of P is precisely twice that of P,.. The FS of P in the column "extended" is not entirely
enclosed by mirror planes. Applying the standard asymmetric HSL distribution directly to it
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Fig. 4.1 Flowchart of the standard IPF (e.g., the normal direction) coloring for the m3m
symmetry group.
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Table 4.2 Point groups are distinguished by lattice type, standard or extended color distribution.
k specifies the relative order of the various groups. Neither the standard nor the extended color
distribution is appropriate for 3,4 and 1.

lattice type k standard k extended no
. 48 m3m 24 432 m3
cubic -
24 43m 12 23
24 6/mmm 12 622 6/m 3ml 3lm
. 12 62m, 6m2 6 6 321 312
hexagonal, trigonal
12 6mm 6 6
6 3ml 6 3
16 4 /mmm 8 422  2m  dm2  4/m 4
tetragonal
8 dmm 4 4
8 mmm 4 222 112/m 12/ml 1
orthorhombic, monoclinic | 4 mm?2 2 112
4 m2m, 2mm 2 121
triclinic 2 1ml 1 1 no

will undoubtedly result in color discontinuities. To address this potential issue, the extended
asymmetric HSL distribution has been proposed as a means of defining discontinuity-free
keys for all symmetry groups P in the column "extended" [317]. The implementation
is achieved by coloring half of the FS of P consistent with the FS of P, with a bright
center through the standard asymmetric HSL distribution from the unit upper hemisphere.
The remaining half will be colored with a dark center using the standard asymmetric HSL
distribution from the unit lower hemisphere. The general process for orientation coloring
through the extended asymmetric HSL distribution is defined as

* Calculate the crystal direction 4 via Equation (4.1) and transform it into the FS of the
symmetry group P through the symmetric operation W € P.

* Transform 4 into the FS of the super symmetry group P via the symmetric operation
W € P, and identify the polar angle 6 and the azimuthal angle p for W __h.

* Verify whether Wh and W _h are identical. If not, mirror the polar angle 6 and the
azimuthal angle p to the lower hemisphere.

* Allocate a color to the polar angle 0 and the azimuthal angle p using the HSL colormap

mentioned before.

Fig. 4.2, Fig. 4.3, Fig. 4.4 and Fig. 4.5 depict the P-specific IPF-color key, stereo

diagrams for symmetry elements, upper spherical surface projection, and lower spherical
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surface projection for different symmetry groups distinguished by lattice types, standard
or extended color distributions. For symmetry groups, 3, 4 and 1, no images are displayed
because no discontinuous-free color distributions are available. As previously stated in
Section 4.2, the parameter Az, adjusts the central white or black region size in the IPF key, and
the parameter Ag specifies the degree to which the center is grayish. We take A;, = 0.25 and

As = 0.25 in the flowing P-specific IPF-color keys for a more balanced orientation coloring.

4.3 Texture synthesis

As discussed in Section 4.2, the direct colormaps between the orientation and color space
inevitably lead to discontinuity and ambiguity. Therefore, in the following section, we
first employ the P-specific IPF-color key for improved visualization of the original image
X. After that, the patch-based texture synthesis (PTS) method with the raster-scan order
is proposed for the stochastic geometric reconstruction of ¥, followed immediately by
utilizing the fast template matching and image quilting techniques to avoid exhaustive search,
preserve better microstructural continuity, and reduce required computational cost. Finally,
we map orientations from the P-specific IPF-color key for the applications of microstructure

characterizations and structure-properties-performance linkages.

4.3.1 Patch-based texture synthesis

Algorithm 1 An algorithm for patch-based texture synthesis

1: procedure PTS (X, sizer, sizeor, Ncan, Nde) > Nean 18 the number of candidates
2 fori=1:n4 do > ng4. 1S the number of data events
3 T « randomize (sizer,X)

4 path < randomize_raster (path origin, path direction)

5: for each location u along path do

6 OL, <+ extract_current_overlap (u, T, sizepr)

7 OL, < template matching (X, OL,) > OL, are candidate overlap regions
8 cand_loc < extract_candidate_locations (OL¢, neqy)

9 loc < randomize (cand_loc) > cand_loc are candidate locations in X

10: Dy (u) < assign (loc, X, sizer)
11: end for

12: end for

13: return all data events Dy (u)

14: end procedure
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Fig. 4.6 Illustration of the patch-based texture synthesis (PTS) algorithm with the raster-
scan order.

Fig. 4.6 summarizes the central concepts of the PTS algorithm with the raster-scan order.
It begins at the origin of the raster path in the synthesized domain Y, accompanied by the
data event Dy (u) A. A patch T is chosen randomly from the initial given image, and inserted
into D7 (u) A at the location u(x,y). Then, a small bottom overlap area OL,, is specified
(Fig. 4.6a). The original image X is scanned for a patch that best matches the overlap
area OL; based on the similarity measures. If multiple patches share the same similarity,
one is randomly chosen and superimposed into Dy (u) B alongside the raster path. This
procedure is repeated until the Dy (u) C at the end of the first raster path are inserted into
the patch matched from X (Fig. 4.6b). The PTS algorithm then proceeds upward, selecting
another raster path adjacent to the previous one. The first patch inserted into the D7 (u) D
must match the left overlap area OL; (Fig. 4.6¢) and the second patch inserted into the data
event(D7 (u) E must match the overlap areas OL;;, on the left and bottom sides (Fig. 4.6d).
The pseudo-code for the PTS model is given in Algorithm 1. The initial image X, the size
of the patch T, and the size of the overlap region OL are all required inputs for the PTS
algorithm. The random raster path origin, raster path direction, patch location in X, and
patch size ensure sufficient stochastic realizations (lines 3-4 in Algorithm 1). Only the
information of the overlap region OL from each data event D7 (u) along the raster path is
used for calculating the template matching function, which measures the similarity between
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the overlap region OL and the initial image X (lines 6-7 in Algorithm 1). The three RGB
channels could be performed synchronously in the template matching algorithm (line 7 in
Algorithm 1) to generate a unifying matching location in X. Implementing template matching
using the grey-scale channel is a simple and effective way. The candidate locations cand_loc,
corresponding to the overlap candidate regions OL,, are then extracted from X (line 8 in
Algorithm 1). A random location is selected, and the patch at that location is assigned to the
data event Dy (u) at location u(x,y) (lines 9-10 in Algorithm 1). For example, the three RGB
channels are allocated synchronously to the current data event based on a unifying matching
location in X. The algorithm then proceeds along the raster paths, repeating the processes
until all the data events Dy (u) are allocated with the patches (line 11 in Algorithm 1).

Fast template matching

Various template match methods have been successfully applied in the PTS model. One of the
most standard implementations is the sum of squared differences method for accurate target
detection [123, 3, 176, 175]. [418] discovered that the cross-correlation method could signifi-
cantly improve the simulation speed and patch reproduction. Given that the cross-correlation
calculation serves as a filtering template through convolution, the computational performance
can be further improved by calculating the cross-correlations using the convolution theorem
[421], written as

X®OL=3""[3(X)*3(OL)] (4.7)

where ® indicates the convolution between X and OL, * denotes the pointwise product
operation, 3 and 37! represent the Fourier transform, and the inverse Fourier transform,
respectively. In brief, the Fourier transform of the convolution between X and OL equals
the pointwise product of the Fourier transforms of X and OL. Thus, the improved template
match algorithm entails converting the X and OL to the frequency domain via the fast Fourier

transform (FFT), expressed as

I1-1J-1

SIf(x )] =Fuyv)=Y Y exp[-2mi(ux/I+vy/J)] (4.8)

x=0y=0

where f(x,y), forx=0,1,2,....]—1,and y=0,1,2,...,J — 1, indicates an [ x J image in
the spatial domain. After that, the pointwise product of the Fourier transforms of X and OL

is calculated, and then the inverse Fourier transform converts the pointwise product result
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Fig. 4.7 Tllustration of the imaging quilting (IQ) algorithm: (a) patch-based texture
synthesis without imaging quitting; (b) patch-based texture synthesis with imaging
quitting.

into the spatial domain, described as

1-1J

= Lj i i (u,v)exp 2mi(ux/I1+vy/J)] (4.9)

Image quilting

Algorithm 2 An algorithm for image quilting

1: procedure PTS (T, T,, OL,, OL;)

2: e+ (OL;—OL)?

3 fori=1:mdo > m is the row number in e
4 for j=1:ndo > n is the column number in e
5: E;;j< e j+min (Ei—l,j—17 E; 1, Ei—l,j+1)§ ifj=2,...,n—1

6 E,-,j<—e,-,j—|—min (Ei—l,j; Ei—l,j+1>; if j=1

7 E,-’j<—e,-7j—|—min (Ei—Lj—la Ei—lJ); if j=n

8 end for

9 end for

10: k < min (E,, j); j=1,...,n >k denotes the arrival point of MCP on the last row of

E
11: MCP < min (Ei,k—la Ei,lm Ei,k—i—l); i=n—1,..,1
12: end procedure

Fig. 4.7 shows the synthesized results using the PTS method. It is apparent that the

vertical and horizontal incompatibilities appear at the edges of overlapping patches (see
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Fig. 4.7.a). The noticeable seam in the overlap areas can disorder the grain boundary
structures and further affect the properties and performance. The inconsistencies are due
to the considerable overlap error caused by the suboptimal patch chosen. To address this
issue, the imaging quilting (IQ) algorithm [100, 266, 3, 154, 24] is introduced into the PTS
model. The IQ algorithm examines the overlap error between the selected patch in X and the
patch in Dy (u). A minimum cost path (MCP) then defines the new boundaries in the overlap
areas. Fig. 4.7.b shows the 1Q algorithm’s results. It can be seen that the IQ algorithm can
significantly improve patch continuity and better capture boundary features in polycrystalline
materials.

The pseudocode in the Algorithm 2 computes the MCP for a vertical overlap area. The
input parameters are the two overlapping patches T| and T, with overlapping areas OL,
and OL,. It starts with identifying the surface error e through the smallest squared distance
between OL| and OL; (line 2 in Algorithm 2). Then, the cumulative minimum error E is
calculated along the vertical direction (lines 3-9 in Algorithm 2). In the end, the smallest
value of the last row in E will indicate the final arrival point £ of MCP, and one can trace
back the arrival point k for eachrow i (i=n—1,...,1) asmin (E;x_y, E;, E; 1) and find
the MCP (lines 10-11 in Algorithm 2). The same principle applies to the computation of

MCP for a horizontal overlap area.

4.3.2 Mapping orientations from the IPF coloring

The microstructure generated by the IPF-color-based PTS model can not specify the crystal-
lographic characterizations due to few studies investigating the inverse mapping from the
IPF coloring to the G. Since the properties and performance in polycrystalline materials are
highly dependent on the crystallographic characterizations [302, 55, 301], it is critical to
establish the orientation information in the synthesized polycrystalline microstructure. In this
section, we develop the new methods pioneered in mapping orientations from the P-specific
IPF-color key. They are composed of two parts: the inverse IPF-color key for transforming
the RGB triple into the azimuthal angle p and the polar angle 8 and the orientation probability

assignment for quantifying the azimuthal angle ¢.

Inverse IPF-color key

The colormap in the standard or extended P-specific IPF-color key represents the one-to-
one mapping between the RGB triplet and the vector h in the crystal coordinate system
(see Equation (4.1)). Therefore, the first step in mapping orientations from the P-specific
IPF-color key is to convert each RGB triplet into the crystal direction h, stated as
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* Transform the RGB triplet into the HSL triplet.

* Convert the hue H into the azimuthal angle p based on Equation (4.2). Similarly,
calculate the polar angle 6 from Equation (4.5) and Equation (4.6) based on the
lightness L and the saturation S (see Fig. 4.8).

* Determine the symmetrically equivalent crystal direction h based on the polar angle 6

and the azimuthal angle p (see Fig. 4.9).

It may take a long time to solve the azimuthal angle p and polar angle 6 from the nonlinear
Equation (4.2), Equation (4.5) and Equation (4.6). Recognizing that the relationships between
H and p in Equation (4.2), S and L in Equation (4.6), and L and 0 in Equation (4.5) are
monotonic, it is possible to precompute the function curves to avoid the time-consuming and
expensive procedure of solving Equation (4.2), Equation (4.5) and Equation (4.6). Fig. 4.8
illustrates these precomputed curves between H and p, S and L and L and 6. The derivation
from the polar angle 6 and the azimuthal angle p to the crystal direction h is expressed as
(see Fig. 4.9)

* Calculate the vector N, through the conditions (a) Ny, L p and (b) Ny L b.

* Calculate the vector h via Equation (4.10).

h'Np — 0
h-p=cos(0) (4.10)
h-b = cos(6py)

where - is the dot product of two vectors, N, is the normal vector perpendicular to the plane
Py, and 6y, is the angle between the vector h and p in the plane Pp.

Orientation probability assignment

One crystal direction can not determine the lattice orientation G in polycrystalline materials.
For instance, the Miller indices (hkl)[uvw] for orientation parameterization are specified by
the rotation relationship between the two crystal directions [001] and [100] in the crystal
coordinate system and the normal direction ND and rolling direction RD in the specimen
coordinate system. With one crystal direction [Akl], e.g., the ND in the crystal coordinate
system, solved via the inverse P-specific IPF-color key, the other crystal direction [uvw], e.g.,
the RD in the crystal coordinate system, can be established through the proposed azimuthal
angle ¢ illustrated in Fig. 4.10.a. The ¢ is the angle between the vector Ry and RD in the
plane Py, perpendicular to the vector ND. The vector Ry is the intersection line between
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Fig. 4.8 Precomputed curves: (a) the H — p, (b) the S — L, and (c) the L — 6.

the plane (010) and the plane Py,. The derivation from the azimuthal angle ¢ to the crystal
direction [uvw] is expressed as (see Fig. 4.10.b)

* Calculate the vector R, through the conditions (a) Ry | ND and (b) Ry L R;.

* Calculate the vector RD via Equation (4.11).

RD-ND =0
RD - Ry = cos(¢) 4.11)
RD-R; = cos(¢y)

where @y is the angle between the vector Ry and RD in the plane Py, the relationship between
¢ and @ is expressed as

'7r/2—(p 0<op<m/2

—n/2 m/l2<@p<Tm
P /2 m2s9 (4.12)
o—n/2 w<@<3n/2

2n—¢ 3m/2<¢@<2m

After establishing the relationship between ¢ and [uvw], the next step is utilizing the orienta-

tion probability assignment (OPA) method to randomly sample the ¢ from the conditional
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Fig. 4.9 Flowchart of converting the RGB triplet into the symmetrically equivalent
crystal direction h.
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Fig. 4.10 Illustration of the proposed azimuthal angle ¢ defined by the RD and ND in
the crystal coordinate system.

Fig. 4.11 Illustration of the flowchart for calculating the f(@|(p;, 6;)), using the m3m
symmetry group as an example.
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probability density f(¢k|(pi, 6;)) (k=1,2,...,K) calculated from the orientation dataset in

the original image X. The steps for calculating the f(¢x|(p;, 6;)) are summarized as

Convert the orientation dataset in the original image X into the Miller indices (hkl)[uvw]
(see Fig. 4.11.a).

Project [hkl] to the FS via the symmetric operation W and simultaneously perform the

same symmetric operation on [uvw] (see Fig. 4.11.b).

Transform the crystal direction [hkl] into the polar angle 6 and the azimuthal angle p.
Meanwhile, describe the crystal direction [uvw]| through the azimuthal angle ¢ (see
Fig. 4.11.c).

Discretize the polar angle 0, the azimuthal angle p, and the azimuthal angle ¢ into bins.
For example, the azimuthal angle p ranging from 0° to 360° degrees is discretized
into / bins p; (i = 1,2,...,1) of dimension 27 /I; The polar angle 6 ranging from 0°
to 180° degrees is discretized into J bins 6; (j = 1,2,...,J) of dimension 7/J; The
proposed azimuthal angle ¢ ranging from 0° to 360° degrees is discretized into K bins
o (k=1,2,...,K) of dimension 27 /K

Calculate the f(@k|(pi, 0)) (k=1,2,...,K) by dividing the number of orientations
NG 7K in the (pi, 0, @) element over the total number of orientations N in the
orientation space elements ranging from (p;, 8, ¢;) to (p;, 6;, ¢x), expressed as

NOIY (see Fig. 4.11.0).

Once the polar angle 0, the azimuthal angle p, and the azimuthal angle ¢ are determined

(see Fig. 4.12.a), we can obtain the orientation dataset in the synthesized images Y by

transforming the polar angle 6 and the azimuthal angle p into the crystal direction [hkl] and

derivating the crystal direction [uvw] from the azimuthal angle ¢ (see Fig. 4.12.b-Fig. 4.12.d).

Fig. 4.13 shows the results of the orientation dataset in some synthesized images. It can be

concluded that the orientation datasets in the synthesized images are statistically equivalent

to the orientation dataset in the original image.

4.4

Applications

4.4.1 Microstructure characterizations

As mentioned in Section 3.3, the geometry-based reconstruction aims to synthesize the

SERVEs whose microstructure characterizations are statistically equivalent to those of the
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Fig. 4.14 The microstructure characterizations of the original orientation dataset for an
FCC nickel-based Inconel 718 superalloy.

corresponding RVE. This part will validate the reconstruction results generated by the en-
hanced PTS algorithm in terms of morphological and crystallographic characterizations. The
sample of interest is a face-centered cubic (FCC) nickel-based Inconel 718 superalloy. It
was prepared through a grinding and polishing machine. An electron backscatter diffraction
(EBSD) map was then acquired to characterize the microstructural lattice orientation informa-
tion using a scanning electron microscope (SEM) equipped with an EDAX DigiView EBSD
camera. Fig. 4.14.a illustrates the EBSD pattern in which the crystallographic orientation is
represented with the m3m IPF coloring. Fig. 4.14.b depicts the labeled grains reconstructed
as the set of pixels whose misorientation angle is under a certain threshold.

Section 2.3 has revealed that the grain size distribution (GSD) correlates strongly with the
grain size, volume, topology, and neighborhood distributions. Therefore, the GSD is utilized
to validate the SERVEs generated by the enhanced PTS algorithm. Fig. 4.14.c shows the
grain size histogram and fitted lognormal distribution in the original EBSD pattern (RVE).
Crystallographic characterizations of polycrystalline materials can not be quantified by the
GSD. Frequently, the orientation distribution function (ODF) is often used to characterize the
preferred crystallographic orientation of grains. Fig. 4.14.e depicts the ODF of reconstructed
grains in terms of sigma sections [19]. Fig. 4.15.c presents the reconstructed grains generated
from the synthesized images Y. It is clear that incompatible small grains appear in the
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Algorithm 3 An algorithm for merging grains

1: Generate the synthesized images Y

2: Mapping orientations from the IPF coloring
3: QGrain reconstruction

4: repeat

5 Initialize S,

6 Eliminate small grains

7 Fill in the voids

8 Grain reconstruction

9: until stopping criterion is met

intragranular and intergranular regions. The inconsistencies are caused by experimental
measurements and overlap errors. To address this issue, the grain merge algorithm (see
Algorithm 3) is proposed by assigning the small grains to the surrounding big grains. It
begins by initializing a critical value of the grain area (S,) in order to identify small grains
(line 5, Fig. 4.16.a2). The small grains, or errors, are then chosen and eliminated (line
6, Fig. 4.16.a3). Following that, the deleted regions are filled using the spline filter (line
7, Fig. 4.16.a4). Finally, the algorithm repeats the process until the required grain size is
reached. An additional crucial function of the grain merge algorithm is to eliminate ineligible
representations (see Fig. 4.15.d-Fig. 4.15.e). The qualified synthetic images are identified by

satisfying the following criteria:
IGSDx — GSDy||> < & (4.13)

where € is the threshold value, GSDyx and GSDy are the distributions of grain size in the
original and synthetic images, respectively. Due to the absence of small grains, the grain
merge algorithm will invariably overestimate the GSD of synthetic images. The grain split
algorithm (see Algorithm 4) has been suggested as a solution for this issue (see Fig. 4.15.e).
The first step of the algorithm for grain splitting is the random selection of a grain (line
3, Fig. 4.16.b2). The grain’s triple points are then determined by identifying the grain’s
boundary points shared with two adjacent grains (line 4, Fig. 4.16.b3). Following that, the
split line between the triple point and centroid will divide the selected grain in half (lines
5-7, Fig. 4.16.b4). Fig. 4.15.f and Fig. 4.17 show the GSD and the corresponding GOD for
the synthesized polycrystalline structure. Lastly, the algorithm repeats the process until the
required GSD threshold value (see Equation (4.13)) is reached. It can be concluded that the
microstructure characterizations of the synthesized polycrystalline structure are statistically
equivalent to the counterpart of the original RVE.
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Fig. 4.16 The merge-and-split rules in grain size characterizations: (a) the grain merge
algorithm for error elimination, (b) the grain split algorithm for bias correction.
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Fig. 4.17 Ilustration of the grain orientation distributions for the synthesized grain
orientation dataset.



4.4 Applications 103

Algorithm 4 An algorithm for splitting grains

1: Initialize the merged grains

2: repeat

3: Random grain selection

4 Specify the triple point

5 Bisect the selected grain
6: Orientation assignment

7: Grain reconstruction

8: until stopping criterion is met

Fig. 4.18 Comparisons of microstructural reconstruction and characterization using
Voronoi tesselation, ellipse packing, and improved PTS schemes.

4.4.2 Comparison studies

We further validate the improved PTS method in this section by comparing it to the Voronoi
tesselation and ellipse packing methods. The synthetic images, grain size distributions, and
boundary conditions generated by the Voronoi tesselation, ellipse packing, and improved
PTS methods are shown in Fig. 4.18. The Voronoi tesselation and ellipse packing methods
clearly underestimate the grain size distribution, whereas the improved PTS method perfectly
matches the grain size distribution in the original image. In the meantime, the improved PTS
method is superior to Voronoi tesselation and ellipse packing in grain boundary representation,

especially for twin boundaries.
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4.5 Conclusions

This Chapter presents some novel strategies for texture synthesis models applied to the
microstructural reconstruction and characterization of polycrystalline materials, such as
perfect orientation coloring, patch-based texture synthesis, fast template matching, image

quilting, inverse IPF coloring, and grain merge-split rules. The main conclusions are:

* The IPF coloring scheme resolves flawlessly the discontinuity issue caused by the
apparent topological inconsistency between the orientation and color space, as well as
the ambiguity issue caused by crystal symmetry. Meanwhile, the inverse IPF coloring
can generate orientation datasets in synthesized polycrystalline microstructures that

are statistically equivalent to the counterpart in the original RVE.

* The grain size and orientation distributions generated by the improved PTS models
correspond perfectly to the experimental observations. Furthermore, the improved
PTS models outperform the Voronoi tesselation and ellipse packing methods in grain
boundary representation, particularly for twin boundaries.



Chapter 5

Explicit characterization algorithms for
texture synthesis models applied to
microstructure representation of

polycrystalline materials.

5.1 Introduction

Besides the discontinuity and ambiguity coloring issues solved in Chapter 2, the characteri-
zations generated by texture synthesis models are implicit and do not explicitly quantify the
microstructural features [51]. Therefore, this Chapter explicitly proposes some algorithms
to quantify the microstructural characterizations of polycrystalline materials. Fig. 5.1 pro-
vides a flowchart of the explicit characteriszation algorithms with their governing principles,
objectives, and input requirements. They consist of three primary algorithms to provide a
comprehensive description and representation of grain-level microstructures: grain nucle-
ation and growth, constrained grain orientation generation, and constrained grain boundary

generation. Details of each algorithm are presented below.

5.2 Algorithm A: Grain nucleation and growth

In the physical reconstruction of polycrystalline materials, the Monte Carlo (MC) model is
built using a probabilistic method based on the reorientation of lattice sites. This makes the
model very effective for problems with multiple length and time scales. Besides, the MC
model offers attractive benefits for grain growth reconstruction because it is simple and easy
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Fig. 5.1 Flowchart of the explicit characterization algorithms procedure. Each algo-
rithm’s governing principles, objectives, and required inputs are enumerated.
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to implement. Furthermore, the model has minimum computational requirements, especially
considering the algorithm’s extreme suitability for parallelization. Thus, we use the MC
model to simulate the grain growth of polycrystalline materials during processing.

During each MC time step, grain nucleation is accomplished by introducing new grains
at random points along grain boundaries. Each embryonic grain comprises a small collection
of adjacent lattices with a new orientation and zero stored energy. Meanwhile, grain growth
is achieved by changing the orientation of a randomly selected lattice site to one of its nearest
neighbor orientations. After the activation of nucleation and growth, the lattice states and
sites are updatated, and the energy change AE from Equation (3.10) is calculated to determine
whether the grain nucleation and growth are accepted or rejected. The probability criterion
can be stated as [474]

I, AEZO0

P= 5.1
exp (kATF) , AE>0

Grain nucleation and growth are accepted when AE decreases. When AE increases, grain
nucleation and growth are accepted with Boltzmann probability.

Fig. 5.2 shows the grain nucleation and growth results through the MC model. The
input data is the morphological information and grain labels taken from the improved PTS
models in Chapter 4 (Fig. 5.2.a), and the output data is the morphological microstructure
evolution process of polycrystalline materials during processing (Fig. 5.2.b1-Fig. 5.2.b6).
Fig. 5.3 quantifies the morphological microstructure changes in terms of the fitted grain size
distribution.

5.3 Algorithm B: Constrained grain orientation generation

Fig. 5.4 shows the flowchart of the constrained grain orientation generation algorithm
(CGOQG). The input data is the orientation dataset from the EBSD experimental reconstruction
and the morphological information in each microstructure evolution step (Fig. 5.4.a). The
target of the CGOG algorithm is to explicitly and stochastically generate the grain orientation
distributions (Fig. 5.5.al-a6) under the same morphological conditions (Fig. 5.5.b1-b6).
The pseudo-code for the CGOG model is given in Algorithm 5. The initial morphological
information (MT) and the orientation dataset from the EBSD reconstruction (EBSDg) are
all required inputs for the CGOG algorithm (line 1 in Algorithm 5). It begins with the grain
reconstruction based on the orientation dataset from the EBSD reconstruction (Section 2.2)
(line 2 in Algorithm 5). After that, we merge the grain orientation to its neighbors when their

misorientation angle is under a certain threshold (line 3 in Algorithm 5). The probability of
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Fig. 5.2 Flowchart of the grain nucleation and growth algorithm.
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Fig. 5.3 The grain size distributions at different evolutionary time steps.

Algorithm 5 An algorithm for constrained grain orientation generation

1: procedure CGOG(MI, EBSDg)

2: Graing <+ Grain_reconstruction (EBSDg)

3 Grain_mergeg < Grain_merge (Graing)

4: fa,, < Probability_calculation (Grain_mergeg)
5: while existing unassigned grain in M1 do
6
7
8
9

Graingjection < Random_selection (unassigned grains)

if all the neighboring grains of Graing,jecsion 1S Unassigned then
Gielection < Discrete_sample (fg )
Graingejecrion <— Orientation_assignment (Gejection)

10: else

11: 16y, < Probability_calculation (Grain_leftg)

12: Gelection < Discrete_sample ( fgleﬂ)

13: Graingejection <— Orientation_assignment (Gejection)
14: end if

15: end while

16: end procedure
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Fig. 5.5 Illustrations of the grain orientation distributions under the same morphological
conditions in each microstructure evolution step: (al-a3) the morphological conditions,
(b1-b3) the grain orientation distributions.
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Fig. 5.5 Ilustrations of the grain orientation distributions under the same morphological
conditions in each microstructure evolution step: (a4-a6) the morphological conditions,
(b4-b6) the grain orientation distributions.
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Algorithm 6 An algorithm for constrained grain boundary generation

1: procedure CGB G(Mlortgmah CIorzgmal)

2: GSBs < Morphological _characterization (M1 ,iginar)

3 Noriginal < Morphological_characterization (M1, ;ginar)

4: GBD,riginal < Morphological _characterization (M1 ,yiginar)
5: fGsps < Probability_calculation (GSBs)
6
7
8
9

Initialize GBD,pgatea =0

. 2
while ||GBD,,iginat — GBD ypaatea||” > € do
Bilgpiection < Random_selection (fGsps)
Grain_pairgection < Random_selection (grains belonging to the Bingjection)

10: Cl,paareq < Orientation_exchange (Clyigina1, Grain_pairieection)
11: M1, ,4410q < Grain_reconstruction (Cl,pqateq)

12: GNypdated < Morphological_characterization (MI,,q4104)
13: if Nupdated = Noriginal then

14: Exchange accepted

15: CIupdaled = CIoriginal

16: else

17: Exchange rejected

18: CIoriginal = CIupdated

19: end if

20: GBDypiated < Morphological_characterization (MI,pqateq)
21: end while

22: end procedure
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Fig. 5.7 Illustrations of the grain boundary conditions under the same morphological
and crystallographic information in each microstructure evolution step: (al-a3) the
morphological conditions; (b1-b3) the grain orientation distributions; (c1-c3) the grain
boundary distributions.
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the ith merge grain orientation (Grain_mergeg) (line 4 in Algorithm 5) is then calculated as

V(Gi)
V(Gall)

fe, = i=1,2,..,.N (5.2)
where N is the total grain number, G; is the ith grain orientation, V(G;) is the total grain
volume or area, and V (G;) is the ith grain volume or area whose grain orientation is equal to
G;. Next, we randomly select a grain, sample a grain orientation from the grain orientation
probability (fg,,) and assign the sampled orientation to the selected grain. If the neighbors
of the selected grain have been assigned, the calculation of the grain orientation probability
should not include the orientation of the neighboring grains (lines 5-13 in Algorithm 5). This

procedure is repeated until all grains are assigned.

5.4 Algorithm C: Constrained grain boundary generation

Fig. 5.6 shows the flowchart of the constrained grain boundary generation algorithm (CGBG).
The input data is the orientation dataset from the EBSD experimental reconstruction and the
morphological information in each microstructure evolution step (Fig. 5.6.a). The target of
the CGBG algorithm is to explicitly and stochastically generate the grain boundary distribu-
tions (Fig. 5.7.c1-c6) under the same morphological (Fig. 5.7.al-a6) and crystallographic
conditions (Fig. 5.7.b1-b6). The pseudo-code for the CGBG model is given in Algorithm
6. The original morphological information (M1,,;4is.) and the original crystallographic
information CI ,;giny are all required inputs for the CGOG algorithm (line 1 in Algorithm
6). It begins with the microstructure characterization of grain size bins (GSBs) (line 2 in
Algorithm 6), grain number (Nyigina1) (line 3 in Algorithm 6), and grain boundary distribution
(GBD,yiginat) (line 4 in Algorithm 6) (Section 2.3). The probability of the ith grain size bin
(line 5 in Algorithm 6) is then calculated as

(NGsss;)
Ny

fsps; = i=1,2,...N (5.3)
where Ngsps,; 1s the number of grains whose grain size is located in the ith grain size bin
(GSBs;) (Fig. 5.6.b). Next, we sample a grain size bin from the grain size bin probability and
randomly select a grain pair located in the chosen grain size bin (lines 8-10 in Algorithm 6).
We exchange the orientation information of the grain pair can calculate the updated grain
number. The exchange is accepted if the original grain number is equal to the updated grain
number. Otherwise, it is rejected (lines 11-20 in Algorithm 6). This procedure is repeated

until the GBD convergence criteria are met.
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5.5 Conclusions

This Chapter presents some explicit characterization algorithms for texture synthesis models
applied to the microstructural reconstruction and characterization of polycrystalline materials,
such as grain nucleation and growth, constrained grain orientation generation, and constrained

grain boundary generation. The main conclusions are:

* The grain nucleation and growth algorithm can capture the morphological evolution of
the SERVEs generated from the improved PTS models in Chapter 4. The constrained
grain orientation generation algorithm can stochastically characterize the grain orienta-
tion variations based on the orientation dataset generated from the EBSD reconstruction
under the same morphological conditions. The constrained grain boundary generation
algorithm can stochastically describe the grain boundary variations under the same
morphological and crystallographic conditions.

* This research represents the first endeavor to develop a fully automated method for
generating accurate and quantitative characterizations in texture synthesis models.
The output of this synthetic microstructure generator can be readily interfaced with

micromechanical models to construct PSPP linkages in polycrystalline materials.



Chapter 6

Micromechanical simulation in
nickel-based superalloys

6.1 Introduction

Grain structure and continuum material deformation can be explicitly illustrated using multi-
scale full-field homogenization of polycrystal models based on the finite element method,
and grain interactions can also be considered carefully to produce the collective response of
a polycrystal aggregate [393]. When subjected to macroscopic loadings, each grain is sus-
ceptible to substantially localized deformations due to the deformation incompatibility with
neighboring grains. These finite local deformations can cause significant lattice distortion,
altering grain orientation distributions (texture development) and the subsequent mechanical
response (e.g., ductile failure) [234].

As discussed in Section 4.4, the sample of interest is a face-centered cubic (FCC)
nickel-based Inconel 718 superalloy. The characteristics of nickel-based superalloys are
high strength, exceptional welding and hot working properties, excellent fatigue resistance
and fracture toughness. They are commonly used for turbine blades in aerospace engines
(Fig. 1.1). The following Chapter will briefly introduce the micromechanical simulation
in nickel-based Inconel 718 superalloy. We will begin with the single crystal model based
on the finite element method, compare it to micropillar compression experiments, calibrate
the material parameters from the experimental results, and then conduct polycrystalline

micromechanical simulations using the calibrated material parameters.
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Fig. 6.1 Illustration of the single crystal micropillar in the unconfined compression
testing.

6.2 Micromechanical simulation of the single crystal model

6.2.1 Micropillar compression test

The micropillar compression test is a novel technique for investigating the mechanical
properties of materials at micro and nano length scales. To minimize the surface damage
caused by FIB, the micropillars chosen for this experiment were prepared using the ring
milling technique in the center of the selected grains, followed by a polishing step using the
current of 230 pA. As shown in Fig. 6.1, the geometric diameter of the micropillar is 5 um,
the angle of the lateral slope of the circular table is 1.5°, and the length-to-width ratio of the
micropillar is 2.5.

Fig. 6.2 shows the original and calibrated stress-strain curves in the unconfined micropillar
compression testing with the 10~*s~! strain rate and <235> loading direction. It is well
known that the difficult alignment between the flat punch and the micropillar head strongly
influences the initial loading slope in micropillar experiments. This misalignment at the
initial contacts of the micropillar and flat punch head leads to late material yielding and a
significant reduction in the initial loading stiffness. Therefore, it is necessary to calibrate
the original stress-strain curve using Equation (6.1) [219] to get an early material yielding,

expressed as
Ounloaded (6 1)

gcalibrated(c) = 80riginal(6> - S roaded
unloade
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Fig. 6.2 The original and calibrated stress-strain curves in the unconfined micropillar
compression testing.

where sorigmal(c) is the unloaded stress, and S,;,;044¢4 18 the unloaded stress-strain slope.

6.2.2 Single crystal plasticity constitutive model

Crystal plasticity (CP) models have been extensively developed and utilized to study the
slip-controlled deformation of crystalline materials. To describe how the microscopic de-
formations in nickel-based superalloys respond to the loads imposed by their environment
(simplification by neglecting thermal expansion), the Cauchy stress ¢ in conventional continu-
ous theory must be characterized by a constitutive law based on the history of the deformation
gradient F. A flow rule is then required to describe the evolutionary slip in response to
the resolved shear stress to generate a closed-form constitutive equation for polycrystalline

materials.

Kinematic equations

Most CP models start with the multiplicative decomposition of F into its elastic (F¢) and

plastic (F?) parts [226], expressed as
F =F°F? (6.2)

where F¢ indicates the elastic deformation gradient in the deformed configuration concerning

the relaxed or intermediate configuration, and F? denotes the plastic deformation gradient
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concerning an initial configuration. As a means of representing the plastic flow [48], [226]
proposed the plastic velocity gradient of a single crystal depends linearly on crystallographic
slip rate as follows:

N
L’=F'(F")"' =} 7*m*@n” (6.3)
o=1

where the dot over a variable shows the absolute difference relative to time 7, N indicates
the total number of slip systems, 7%, m® and n“ are the slip rate, slip direction, and slip
plane normal of the slip system o respectively, and ® refers to the dyadic product. Next,

continuum mechanics defines the work rate per unit reference volume W [48] as

W=Jo: L

—Jo: [F(F)' +FL'(F)'] (64)

= (F)"Ye(F*) T E° + i (FHTJo(F)™T: m* @n*~
a=1
where : represents a double tensor contraction, N indicates the total number of slip sys-
tems, J = det(F), L= F(F) ! and E® = § [(F¢)TF® — I refer to relative volume change
(Jacobian), velocity gradient, and the elastic Green strain, respectively, Jo and L are a
work-conjugate pair. For dissipative metals, it is assumed that the stress work rate per unit
volume can be split into elastic and plastic portions [234] as

W=T"E+ f‘, % (6.5)
a=1
where T™ indicates the second Piola-Kirchhoff stress elastically work-conjugate to the elastic
Green strain, and T% refers to the resolved shear stress plastically work-conjugate to the slip
rate. When Equation (6.4) and Equation (6.5) are compared, the expressions for the second
Piola-Kirchhoff stress T* and the resolved shear stress 7% are obtained as

T =(F°) 'Jo(F°) "

6.6
,L.(x — (Fe)TFeT*Z (moc ®na) ( )

Here, T is commonly assumed to be linearly dependent on the elastic Green strain for
metals, expressed as
T*=3:E° (6.7)

where S represents the fourth-order elastic stiffness tensor reliant on three independent
elastic constants for cubic crystals [236].
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Flow rule

The Orowan equation [321, 234] related to dislocation kinetics initially describes the flow

rule of crystalline materials as

7" = pmbv*® (6.8)

where p,, indicates the density of mobile dislocations, b denotes the length of Burgers
vector, and v* represents the average dislocation velocity in the direction of a slip system .
Depending on the response of dislocation density and velocity to applied stress, the slip rate
can then be written in the flow function form [374] as

7= f(7%5%) (6.9)

where f refers to a flow function independent of slip system type, and S represents the slip
resistance (scalar or tensorial) variable related to the dislocation density in the slip system .
In [279], an explicit connection has been defined between S* and the dislocation density. In
this article, the thermally activated flow rule proposed by [59] has been employed to simulate
the ductile failure in the nickel-base single crystal superalloys, stated as

a_ po|_ o P\ 4
¥ = F(z%,5%) = mexp( 150T<1_<|r iOL/Hi “/“"> >)sgn(r°‘—B“) (6.10)

where Y, p, g are the exponents and pre-exponential constants, Fy indicates the total free
energy required to overcome the lattice resistance, K represents the Boltzmann constant, B*
signifies effective back stress, 7' denotes the absolute temperature, 7 refers to the lattice
friction stress at OK, u and yy mean shear moduli at temperature 7" and 0K, respectively.
The brackets () define a function that gives (x) = x for x > 0, and (x) =0 for x < 0. The

evolution of slip resistance S* is governed by
_Sh
Z 1P ( sat ) | 6.11)
sat

where h%P is the hardening matrix, and Sy, is the saturated slip resistance from the initial

value Sp. The hardening matrix h*B is further defined as

h*P = h [wo + (1 —w1)Syp] (6.12)
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Fig. 6.3 The CPFEM model for the single crystal micropillar structure.

where h%P is the hardening matrix, and Sy, is the saturated slip resistance from the initial
value Sy. hy is a material constant, J, B is the Kronecker delta, and the values of wy and w

represent the hardening behaviour of the material.

6.2.3 Finite element implementation of the single crystal plasticity con-
stitutive model

Fig. 6.3 shows the CPFEM model for the single-crystal micropillar structure. The geometry
of the micropillar in the CPFEM model is the same as the single crystal micropillar in the
unconfined compression testing. The analytical domain was discretized with eight-node brick
elements. The flat punch head was modeled as a rigid body. The contact surface between
the flat punch and micropillar head was modeled using the Coulomb friction model with a
coefficient of friction of 0.1. The base of the micropillar was entirely confined, whereas the
flat punch head was subjected to a vertical load with the constant velocity.

The accumulated equivalent plastic strain €, in the ductile failure model is numerically
updated by solving a nonlinear equation system using the time discretization approach. To
accomplish this, it is necessary to calculate the consistent tangent (Jacobian) to obtain a
solution to the global Newton-Raphson iteration at each time step. In general, the consistent
tangent C of a rate-form constitutive law is defined as

1 dAT
= - (6.13)
J 0A€
where T denotes the Kirchhoff stress, AT stands for the co-rotational Kirchhoff stress incre-
ment, and A€ refers to the the strain increment. The derivation of the consistent tangent for
a particular constitutive model depends on how to characterize the co-rotational Kirchhoff

stress increment in terms of strain increment. [279] used the Jaumann rate of Cauchy stress
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rather than the incremental-form formulation in Equation (6.13) to define the global material
Jacobian. In this work, a more efficient consistent tangent proposed by [234] is utilized to
achieve an improved convergence rate. The proposed co-rotational Kirchhoff stress increment
is established as

AT = TAt

6.14
=(T-QT+1Q)Ar €19

where 7 indicates the Jaumann rate of Kirchhoff stress [67] at the end of the increment, and
Q= %(L — LT) represents the spin rate [48] in terms of the skew part of the velocity gradient
L. Following Equation (6.6), the time rate of Kirchhoff stress can be represented as

i-:Fe(Fe)ilf—FT(Fe)iT(Fe)T+F€T*(F6)T

. (6.15)
=(D+Q L)t +1(D—-Q— (L") +FeT"(F°)T
where
L=D+Q
=F(F)"!
=F'(F) "+ FF’(F") 1 (F¢)™ (6.16)
:Fe(Fe‘)fl_{_FeLp(Fe)fl
:Le _|_Lp>k

Here D = %(L + LT) represents the strain rate [48] in terms of the symmetric part of the
velocity gradient L. Substituting Equation (6.15) into Equation (6.14) gives

AT = <(D — L)t +2(D— (L)) +FeT*(Fe)T> At 6.17)
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Following Equation (6.7), the time rate of the second Piola-Kirchhoff stress can be stated as

e

[(FE)TFe + (F6>TF6}

| == = by

[(Fe)T(Le)TFe + (Fe>TLeFe}

Tl e\T e e
S (L) +LF
1

|
a

2 (F°)

[(Fe)T(Fe(Fe)—l)TFe + (FE)TFE(Fe)_lFe}

(6.18)

=3: (FE)T5 [L—LP*+L" — (L) F°

1

=3: (F)! lD —5 (L (L”*)T)] F*¢

Substituting Equation (6.18) into Equation (6.17) gives

AT = D L")t +1(D— (L)) +F€T*(F6)T) At

1

(
(D L")t +1(D— (LP)T)+F¢ [S: (F)T [D—
-((

(DL e (D (L)) + FA(S: ()7 D= S0+ (W) F) P )

L | e ) a

(D—L")t+1(D— (L)) +3": [D—%@”*HLP*)T)D”

(6.19)

Here 3" = (3);,uF°EiQ F°E; @ F°E; @ F°E|, and (), 1, indicates the tensorial compo-
nents of L connected to the orthogonal Cartesian basis (E |, E, E3) at the initial configuration.

All variables without further indications are defined at the end of the increment, and Euler

backward time discretization is implemented. Note that

DAr = A€

N
L"Ar=Y AY*F‘m*@n*(F°)™"

a=1

(6.20)



6.2 Micromechanical simulation of the single crystal model 127

Substituting Equation (6.20) into Equation (6.19) yields

“:((D—L”*)rH(D—<LP*>T>+8*: D—%<LP*+<LP*>T>D“

* * 1 * *
—AET+ TAE+3": Ae — LP*Art — t(L"*) At — 3" E(Ll’ At 4 (LP*)T Ar)

N
=AeT+TAE+3": Ae— Y AV [F’m® @n®(F¢) 't 4+ tn®(F¢) ' @ F*m®]

a=1

- AY“S* F

a=1

Fm*@n®(F*)~' +n%(F)"' @ F°m*|
(6.21)

Equation (6.21) demonstrates that the Kirchhoff stress increment A7 is exclusively dependent
on the strain increment A€ and the slip increment Ay* of active slip systems. The primary
point of the consistent Jacobian is thus to establish the link between A€ and Ay®*. Following
Equation (6.9), the slip rate of a slip system can be obtained as

o AV
V= At

If
aa" Jsg°"

= f(z%8%) =1 +¥rAr= f(5),S)) + 55 (6.22)
where 7%, 7% and S stands for the slip rate, resolved shear stress and slip resistance variable
of the slip system « at the start of the increment n, respectively. Next, we concentrate on the
two rate terms in Equation (6.22), namely t%At and S¥At, to derive the link between A€ and
Ay“. Taking the time rate of the resolved shear stress of a slip system on Equation (6.6) and
applying Equation (6.16), and Equation (6.18) give

[(Fe TReT* 4 (Fe)TFeT*+(Fe)TFeT*] : (m* @ n®)

)
|:F6)T )TFeT* (Fe>TF€(Fe)71FeT*+(Fe)TFeT* . (moc ®na)
T

(F)T [(F“(F) ™) e+ F(F) e+ FT" (F)T| (F) T (m* @n®)
(F)T [(L L") r+(L—L”*)1:+FeT*(F"’)T] (F)T: (m® ©n®)

(=L g+ (L-L) T+ FT (F) | (Fm® @n®(F*)™")

{ LP* T Lp*)'t—l—(L Lp*),c_|_3* { %(Lp*—{—(Lp*)T)}} . (Fema®na(Fe)—1)
(6.23)
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Multiplying Equation (6.23) by At on both sides and applying Equation (6.20) result in

t%Ar = {(w— (LPT — Pyt + (L- L")t 4+ 3*: [D— %(LP* + (LP*)T)H At: (Fém*@n®(F¢)™h)

—(2AeT+3%: Ag): (Fm®* @n®(F¢)™1)

N
WY [Femﬁ @nP (FO)~! +nP(F)~! ®Femﬁ] Jo: (F‘m*@n%(F¢)™")
p=1

Al AYB a o -1 * B B -1 B -1 B
- Y - (Fm®@n®(F)): 8" [Fem onP(F)"' +nP(F) "' @ F’m
B=1
(6.24)

The term S*At in Equation (6.22) depends on a particular evolutionary law for internal
variables. For efficiency, it is assumed that applying the evolutionary law for internal
variables results in a linear relationship between S*At and the slip increments of all slip
systems, stated as

N
S*Ar =Y g*PAyP (6.25)
p=1

where g® indicates the cross coefficient between the slip systems & and 3. Generally, g%h
is dependent on all state variables. Further, substituting Equation (6.25) and Equation (6.24)
into Equation (6.22) gives

% + Bil AP (CP P Py =g +C%: Ae (6.26)
where
Co =f(77.5y7)
Cf‘ﬁ :;TJ’; Femﬁ®nB(Fe)*1+nﬁ(Fe)*l®Femﬁ} T: (Fm®* @n*(F°)~1)
ceP :;T;(Fem“@;n“(b‘e)—l): % FemP onP(Fe)~ 4 nP(F) " o FemP| (¢ )
C:f‘ﬁ :_;TJl;gaﬁ
c* :8&;; 2(Fm*@n®(F*) )1+ (F'm* @n*(F¢)~"): "]

n
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Overall, there are three steps involved in determining the Jacobian matrix. First, the plastic
slip increase can be obtained as a linear function of the strain increment by using Equa-
tion (6.26). This result is then substituted into Equation (6.21) to establish a linear relationship
between the Kirchhoff stress increment and the strain increment. Finally, the consistent

tangent can be determined based on its definition in Equation (4.7).

6.3 Calibration of the single crystal plasticity constitutive

model parameters

Table 6.1 presents the simulation’s material parameters regarding elastic constants and flow
properties. Here, the elastic parameter set, E, G, and v, denote the cubic plane modulus,
shear modulus, and Poisson ratio respectively. They are calculated from the alternative elastic
stiftness constants (C11, C12, C44) taken from [274] for a nickel-based superalloy, described

as

[C1y Cia Ca 0 0 0
Co Ci Co 0 0 O
Co C ¢y 0 0 O

0

g =
0 0 0 Cy4 O
0 0 0 0 Cyu O
(0 0 0 0 0 Cuf (6.28)
£ (C11+2C12)(C11 —C12)
Ci1+C2
v Ci2
Cii+Ci2
G =Cy4

The flow parameters are set to optimally accommodate the measured stress-strain data in the
unconfined micropillar compression testing. The current framework takes wo = 1 and w; =1
for the case of Taylor latent hardening [234] but does not consider the back stress in line with
the method described in the references [131, 471, 53]. The material’s plastic hardening and
yield strength are controlled mainly by changing S, So, and i, during calibration. Fig. 6.4
presents single crystal micropillars’ measured and simulated unconfined compression testing
results under the 10~%s~! strain rate and <235> loading direction. The solid red line is
the calibrated stress-strain curve from the unconfined micropillar compression test, and the

dashed black line is the simulated stress-strain curve from the finite element implementation
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Table 6.1 Material properties of nickel-based Inconel 718 superalloy used in simulations

Parameter Dimension Value

E GPa 113.494
G GPa 109.6

\% - 0.408

Yo s~! 450

F kJ mol~! 286

p - 1.0

q - 1.9

u GPa 138.6
o GPa 150.4

0 MPa 781.3

So MPa 2.04

Ssat MPa 5529.95
hy MPa 330.0
wo - 1

Wi - 1

Fig. 6.4 Calibration of the single crystal plasticity constitutive model parameters for the
nickel-based Inconel 718 superalloy.
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of the single crystal plasticity constitutive model. It can be concluded that the simulated and

experimental stress-strain curves are in good agreement.

6.4 Verification of the single crystal plasticity constitutive

model

This Section further verifies the calibrated parameters for the single crystal plasticity con-
stitutive model through comparison studies between the simulation and experiment of the
unconfined compression test. Fig. 6.4 presents three unconfined compression tests with dif-
ferent strain rates (10~%s~1, 1073571, 10’2s’1) and loading directions (< 235 >, < 235 >,
< 213 >). It can be concluded that the simulated stress-strain curves from the finite ele-
ment implementation of the single crystal plasticity constitutive model are very close to
the experimental results. Meanwhile, the single crystal plasticity finite element model can
accurately capture the deformed micropillar’s shape and the slip bands’ location. Therefore,
the predictive capability of the single crystal plasticity model for nickel-based Inconel 718
superalloy is verified.

6.5 Micromechanical simulation of the RVE model

This Section applies the single crystal plasticity constitutive model to simulate polycrystalline
nickel-based Inconel 718 superalloy. It starts from the manual EBSD reconstruction of the
RVE for polycrystalline nickel-based Inconel 718 superalloy (Fig. 2.3). Fig. 6.5 shows the
reconstructed polycrystalline nickel-based Inconel 718 superalloy with different RVE sizes.
Fig. 6.6 shows the simulated stress-strain curves with different RVE sizes under the uniaxial
tension condition. As described in Fig. 6.5, the stress-strain curves of the four different RVE
sizes under the uniaxial tension condition are relatively close in both the elastic and plastic
stages. Therefore, the 3D RVE is representative in simulating polycrystalline nickel-based
Inconel 718 superalloy under the uniaxial tension condition. However, to better describe the
micromechanical response of the nickel-based Inconel 718 superalloy, the RVE4 with the
largest size is used here for the micromechanical analysis of the polycrystalline nickel-based
Inconel 718 superalloy. Fig. 6.5 shows the compared stress-strain curves between the RVE
polycrystalline simulation and the uniaxial tension experiment. The solid red line is the
macroscopic experimental curve under the uniaxial tension condition [282], and the dashed
black line is the simulated stress-strain curve under the uniaxial tension condition from

the finite element implementation of the RVE4 microstructure. It can be concluded that
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Fig. 6.4 Stress-strain data from measurements and simulations of unconfined compres-
sion tests from single crystal micropillars.
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Fig. 6.5 The reconstructed polycrystalline nickel-based Inconel 718 superalloy with
different RVE sizes.

the simulated and experimental stress-strain curves are in good agreement. Therefore, the
predictive capability of the single crystal plasticity constitutive model for the polycrystalline
nickel-based Inconel 718 superalloy is verified.

6.6 Conclusions

This Chapter established a single crystal plasticity constitutive model to analyze the mi-
cromechanical behavior of nickel-based Inconel 718 superalloy. Meanwhile, we utilized it to
predict the micromechanical behavior of the single crystal and polycrystalline microstructure.
The main conclusions are:

* The single crystal plasticity finite element model can accurately capture the stress-
strain curve, the deformed shape, and the slip bands’ location in the single crystal
micropillar microstructure. Therefore, the predictive capability of the single crystal
plasticity constitutive model for the single crystal nickel-based Inconel 718 superalloy
is verified.

* The single crystal plasticity finite element model can accurately capture the stress-
strain curve of the polycrystalline microstructure. Therefore, the predictive capability
of the single crystal plasticity constitutive model for the polycrystalline nickel-based
Inconel 718 superalloy is verified.
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Fig. 6.6 The simulated stress-strain curves with different RVE sizes under the uniaxial
tension condition.

Fig. 6.7 The compared stress-strain curves between the RVE polycrystalline simulation
and the uniaxial tension experiment.



Chapter 7

Processing-structure-properties-
performance linkages in nickel-based
superalloys

7.1 Introduction

As discussed in Chapter 1, the nucleation and growth phenomenon occurs during the evolu-
tionary processes of polycrystalline materials, leading to random morphological and crystal-
lographic microstructure characteristics (e.g., grain size, grain orientation, grain boundaries,
etc.). Undoubtedly, the random characteristics formed during processing are responsible for
the anisotropic behavior of polycrystalline microstructures and determine their macroscopic
properties and performance. This Chapter focuses on building the processing-structure-
properties-performance linkages in nickel-based superalloys. The novel reconstruction
strategies developed in Chapter 4 and the explicit characterization algorithms proposed in
Chapter 5 are coupled with the crystal plasticity constitutive model built in Chapter 5 to
study the ductile failure in nickel-based Inconel 718 superalloy under the uniaxial tension
condition. This Chapter comprises three parts: the ductile failure mechanism in nickel-based
superalloys, the correlation study between the microstructure characterizations and the ductile

failure, and the ductile failure sets. Their details are discussed below.
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7.2 Micromechanical simulation of the ductile failure

7.2.1 Ductile failure mechanism

Ductile failure as a phenomenon is often observed in polycrystalline materials. Damage
initiation and propagation in ductile metals are closely linked to the accumulated equivalent
plastic strain &, [235, 233]. &, serves as a representation for localised deformation, defined

1 :
seq:/o (gDP:DP) dt (7.1)

where ¢ indicates the current time, and the symmetric part of the plastic velocity gradient

as

gives the plastic strain rate D” as

Dr— (L + (L))

(FELP(F)~'+ (F¢)~ (L") (F*)") (7.2)

=

,}-,oc [Fem(x ®na(Fe)—l + (Fe)—Tnoc ®m(x(Fe)T}

N = N =D —

)
[N

where LP* = FCLP(F¢)~! stands for the plastic velocity gradient in the final configuration,
and L? refers to the plastic velocity gradient in the intermediate configuration. A strain-
controlled variable @ for accounting for damage is introduced such that material damage
occurs when a threshold plastic strain €. is achieved. The variable @ takes O for no damage

and 1 for total damage. Thus, the damage criterion is expressed as

0, iféeq <eé
o= (7.3)

1, otherwise

A modified local elastic stiffness tensor 3™ is utilised to interpret the reduced load carrying

ability due to the existence of damage, given as
8 —3(1-0) (7.4)

An abrupt change in the value of w in a FE model might result in substantial fluctuations
in the local stress state and, as a result, make it difficult to achieve equilibrium. Thus,

the modified Cauchy-Lorentz cumulative distribution function is proposed to present a
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Fig. 7.1 llustration of damage evolution with d = 0.1.

continuously varying @ as

—1
1 1 & 1 Eoy — &
0=1+ {5 + Earctan(j)} [Earctan(%) —= (7.5)
A nonzero value of d allows for a smooth transition from @ = 0 to @ = 1. In this work, we

take d as 0.1 (Fig. 7.1).

7.2.2 Finite element implementation of the ductile failure

Fig. 7.2 shows the CPFEM model of the ductile failure simulation for the 2D polycrystalline
RVE of the Inconel 718 superalloy. The input polycrystalline microstructure is the 2D RVE
of the Inconel 718 superalloy mentioned in Chapter 6 (Fig. 7.2.a). The base of the 2D
polycrystalline microstructure is entirely confined, whereas the top of the 2D polycrystalline
microstructure is subjected to the vertical tensile stress (Fig. 7.2.c). After the grain recon-
struction in Fig. 7.2.b, the orientation points in the individual grain are discretized with
eight-node brick elements. A particular color represents each brick element sharing the same
lattice orientation characterization (Fig. 7.2.d).

We incorporated the verified constitutive parameters (Table 6.1) and the ductile failure
model into the CPFEM implementation to simulate the damage initiation and propagation
at different time steps (Fig. 7.3). The yellow area at each time step represents the most

prominent accumulated equivalent plastic strain. Consistent with physical observations,
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Fig. 7.2 The CPFEM model of the ductile failure simulation for the 2D polycrystalline
RVE of the Inconel 718 superalloy.
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Fig. 7.3 Prediction of damage initiation and propagation controlled by accumulated
equivalent plastic strain.

it is concluded that ductile failure initiates around triple junctions due to highly localized
plastic deformation and extends along grain boundaries. Some transgranular damage may be

observable in Fig. 7.3, but intergranular damage dominates the failure response.

7.3 Correlation study between the microstructure charac-

terizations and the ductile failure

Fig. 7.4 demonstrates the flowchart of the microstructure characterization influences on
ductile failure. The novel reconstruction strategies in Chapter 4 and the explicit character-
ization algorithms in Chapter 5 are applied to the 2D polycrystalline RVE of the Inconel
718 superalloy to generate stochastic microstructure characterizations regarding grain size,
orientation, and boundary. The stochastic microstructure characterizations then serve as input

to the CPFEM model to investigate their corresponding properties and performance.

7.3.1 Grain size

We take the nine illustrations of explicit characterization algorithms with grain size decrease
in Fig. 7.5 as input for the established CPFEM ductile failure model. Fig. 7.6 exhibits the
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Fig. 7.4 Flowchart of the microstructure characterization influences on ductile failure.

grain size distribution of the nine illustrations. Fig. 7.7 reveals the Von Mises stress-time step

curves. Fig. 7.8 presents the ductile failure localizations.

7.3.2 Grain orientation

We randomly select four illustrations of explicit characterization algorithms with grain ori-
entation as input for the established CPFEM model. Fig. 7.9 exhibits the grain orientation
distribution (inverse pole figure in x ([100]), y ([010]), and z ([001]) direction). Fig. 7.10 re-

veals the Von Mises stress-time step curves. Fig. 7.11 presents the ductile failure localizations.

7.3.3 Grain boundary

We take the twelve illustrations of explicit characterization algorithms with varying grain
boundary conditions in Fig. 7.12 as input for the established CPFEM model. Fig. 7.13
exhibits the grain size distribution of the twelve illustrations. Fig. 7.14 reveals the Von Mises

stress-time step curves. Fig. 7.15 presents the ductile failure localizations.
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Fig. 7.5 llustrations of explicit characterization algorithms with increased grain sizes.

Fig. 7.6 lustrations of the grain size distributions with increased grain sizes.
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Fig. 7.7 llustrations of the Von Mises stress-time step curves with increased grain sizes.

Fig. 7.8 Illustrations of the ductile failure localizations with increased grain sizes.
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Fig. 7.9 llustrations of explicit characterization algorithms with varying grain orienta-
tions.

Fig. 7.10 Illustrations of the Von Mises stress-time step curves with varying grain
orientations.
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Fig. 7.11 Illustrations of the ductile failure localizations with varying grain orientations.
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Fig. 7.12 Illustrations of the explicit characterization algorithms with varying grain
boundary conditions.
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Fig. 7.13 Illustrations of the grain size distributions with varying grain boundary condi-
tions.

Fig. 7.14 Illustrations of the Von Mises stress-time step curves with varying grain
boundary conditions.
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Fig. 7.15 Tllustrations of the ductile failure localizations with varying boundary condi-
tions.

7.4 Ductile failure sets of statistical microstructure charac-

terizations

Based on Fig. 7.7, Fig. 7.10, and Fig. 7.14, we can observe that the properties, such as the
ultimate tensile stress and Von Mises stress, are sensitive to grain size and orientation charac-
terizations, especially for the grain orientation characterization. The ultimate tensile stress
changes from 1000 M pa to 2500 M pa in Fig. 7.10. Meanwhile, the different failure locations
in Fig. 7.8, Fig. 7.11, and Fig. 7.15 verify that ductile failure performance (failure initiation
and propagation) is strongly sensitive to boundary conditions. Therefore, two ductile failure
subsets can be built: the properties subset for grain orientations and the performance subset
for grain boundaries. The SERVEs-based texture synthesis algorithms (Chapter 4) can be
utilized first to generate all possible statistical microstructure characterizations from experi-
mental observation. After that, explicit characterization algorithms with grain nucleation and
growth can be employed to expand or shrink the grain size to a particular range (Fig. 7.16).
Finally, generated samples through explicit characterization algorithms with grain orientation
serve as input for the established CPFEM model to build the properties subset. Or, generated

samples through explicit characterization algorithms with grain boundary serve as input for
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Fig. 7.16 Illustration of expanding or shrinking the grain size distribution.

the established CPFEM model to construct the performance subset. By doing so, complete
and closed ductile failure sets can be established. Fig. 7.17 shows the flowchart of ductile
failure properties subset related to grain orientation. Fig. 7.18 shows the flowchart of ductile
failure performance subset related to the grain boundary. Reduction techniques, including
spectral methods (SM), principal component analysis (PCA), and representative aggregated
microstructural parameters (RAMPs), can be applied to the ductile failure sets to improve
efficiency (Subsection 2.3.3).

7.5 Conclusions

This Chapter established the ductile failure model to analyze the damage initiation and
propagation of nickel-based Inconel 718 superalloy. Meanwhile, the correlation study
between the microstructure characterizations and ductile failure has been conducted, and the

PSPP linkages have been built. The main conclusions are:

* The properties, such as the ultimate tensile stress and Von Mises stress, are sensitive
to grain size and orientation characterizations, especially for the grain orientation
characterization. The ductile failure performance (failure initiation and propagation) is
strongly sensitive to boundary conditions. Therefore, two ductile failure subsets can be
built: the properties subset for grain orientations and the performance subset for grain
boundaries.
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Fig. 7.17 Flowchart of ductile failure properties subset related to grain orientation.

Fig. 7.18 Flowchart of ductile failure performance subset related to grain boundary.






Chapter 8

Conclusions

8.1 Conclusions

The main innovation of this thesis is to propose some reconstruction and characterization
algorithms in texture synthesis models applied to the microstructure representation of poly-
crystalline materials. Besides, the micromechanism of the nickel-based superalloys has been
simulated, and the linkages between processing-structure-properties-performance have been

established. The main conclusions of the thesis can be summarized as follows:

* Microstructure reconstruction in polycrystalline materials is generally classified into ex-
perimental, physical, and geometrical reconstruction. The experimental reconstruction
aims at reconstruction through experimental measurement of realistic microstructure,
such as serial sectioning and non-destructive reconstruction. The physical reconstruc-
tion focuses on the processing simulation of grain nucleation and growth responsible
for the microstructure formation under specific constraints, including the cellular au-
tomate, Monte Carlo approaches, vertex methods, level set and phase field models.
The geometrical reconstruction ignores the physical microstructural formation process
and targets the morphological and crystallographic information generation in polycrys-
talline materials, for example, the Voronoi tessellation, ellipsoid packing, and texture

synthesis.

* Microstructure characterization in polycrystalline materials can be classified into first-
order and higher-order descriptions. The first-order statistics provide information
about the likelihood of finding a specific local state at a single point sampled from the
material. According to the different emphasis of local state 4, the one-point statistics
are further subdivided into two large groups: physical and geometric. Three primary

characterizations describe the microstructure evolution of polycrystalline materials
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during the manufacturing process: phase volume fraction, boundary condition and
systemic energy. Geometric characterization can be classified into two broad categories:
morphological and crystallographic. The morphological characterization provides
necessary statistical information on the grain-level features, such as the distribution of
grain volume, size, topology and neighbourhood. The crystallographic characterization
examines the crystallography of the grains, including the orientation distribution
function, misorientation distribution function and micro-texture function. The higher-
point statistics provide the distribution information on the Cartesian and local state
spaces. For instance, the two-point correlation, chord length, two-point orientation
correlation, orientation autocorrelation, two-point misorientation correlation, and n-

point orientation correlation.

Robust reduction techniques can transform the characterization spaces into lower-
dimensional features, including spectral methods, principal component analysis, and
representative aggregated microstructural parameters. These lower-dimensional fea-
tures are highly effective when used as inputs in the microstructure sensitive design,
materials knowledge system, parametrically homogenized constitutive models, uncer-

tainty quantification, and additive manufacturing in polycrystalline materials.

The patch-based texture synthesis reconstruction algorithm can perfectly capture the
statistical microstructure characterizations from experimental observation. It can be
served as an alternative geometric reconstruction for Voronoi tessellation and ellipsoid
packing.

The single crystal plasticity finite element model can accurately capture the stress-
strain curve, the deformed shape, and the slip bands’ location in the single crystal
micropillar microstructure. Therefore, the predictive capability of the single crystal
plasticity constitutive model for the single crystal nickel-based Inconel 718 superalloy
is verified. The single crystal plasticity finite element model can accurately capture
the stress-strain curve of the polycrystalline microstructure. Therefore, the predictive
capability of the single crystal plasticity constitutive model for the polycrystalline

nickel-based Inconel 718 superalloy is verified.

The grain nucleation and growth algorithm can capture the morphological evolution of
the SERVEs generated from the improved PTS models in Chapter 4. The constrained
grain orientation generation algorithm can stochastically characterize the grain orienta-
tion variations based on the orientation dataset generated from the EBSD reconstruction
under the same morphological conditions. The constrained grain boundary generation
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algorithm can stochastically describe the grain boundary variations under the same

morphological and crystallographic conditions.

* Correlation studies between microstructure characterization and macroscopic ductile
failure in nickel-based superalloy reveal that the properties, such as the ultimate tensile
stress and Von Mises stress, are sensitive to grain size and orientation characterizations,
especially for the grain orientation characterization. The ductile failure performance
(failure initiation and propagation) is strongly sensitive to boundary conditions. There-
fore, two ductile failure subsets can be built: the properties subset for grain orientations
and the performance subset for grain boundaries.

8.2 Perspectives

The main task of this thesis is to solve the reconstruction and characterization problems
in texture synthesis models applied to the microstructure representation of polycrystalline
materials. This thesis has effectively accomplished its intended purpose. However, more
interesting concerns come out. They are beyond the scope of this thesis due to the time
constraints of my Ph.D. but will be the subject of my future research. The future works of

this thesis can be summarized as follows:

* The 3D characterizations, e.g., the grain size, shape, and neighbor distributions affected
by spatial connectivity, cannot be precisely quantified from the 2D reconstructions.
Therefore, future work should be focused on applying the improved patch-based texture
synthesis model to the 3D reconstruction of polycrystalline materials.

* The morphological and crystallographic characterizations (e.g., grain size, grain orien-
tation, etc.) that are correlated with materials processing parameters (e.g., deformation,
thermal history, etc.) as well as specific materials properties and performance (e.g.,
stress and strain responses, stress and strain field, ductile failure, brittle fracture, fatigue
failure, etc.). This enables us to construct the forward and inverse PSPP linkages in
data-driven modeling to optimize manufacturing processes (cause-effect design) or

create new polycrystalline materials (goals-driven design).

* The ductile failure sets using the most sensible microstructural parameters, such as
grain orientation distributions and boundary characters, can facilitate the selection of
material structure and processing for suitable specific engineering requirements. It can

be excellent guidance for microstructure sensitive design, materials knowledge system,
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uncertainty quantification, and surrogate crystal plasticity modeling in polycrystalline

materials.
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