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Within the bottom-up approach to holography, we construct a class of six-dimensional gravity models
and discuss solutions that can be interpreted, asymptotically in the far UV, in terms of dual five-dimensional
conformal field theories deformed by a single scalar operator. We treat the scaling dimension of this
operator, related to the mass of the one scalar field in the gravity theory, as a free parameter. One dimension
in the regular geometry is compactified on a shrinking circle, hence mimicking confinement in the resulting
dual four-dimensional theories. We study the mass spectrum of bosonic states. The lightest state in this
spectrum is a scalar particle. Along the regular (confining) branch of solutions, we find the presence of a
tachyonic instability in part of the parameter space, reached by a smooth deformation of the mass spectrum,
as a function of the boundary value of the background scalar field in the gravity theory. In a region of
parameter space nearby the tachyonic one, the lightest scalar particle can be interpreted as an approximate
dilaton, sourced by the trace of the stress-energy tensor, and its mass is parametrically suppressed. We also
compute the free energy, along several branches of gravity solutions. We find that both the dilatonic and
tachyonic regions of parameter space, identified along the branch of confining solutions, are hidden behind
a first-order phase transition, so that they are not realized as stable solutions, irrespectively of the scaling
dimension of the deforming field-theory operator. The (approximate) dilaton, in particular, appears in
metastable solutions. Yet, the mass of the lightest state, computed close to the phase transition, is (mildly)
suppressed. This feature is amplified when the (free) parameter controlling the scaling dimension of the
deformation is 5=2, half the dimension of space-time in the field theory.
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I. INTRODUCTION

Investigations into the fundamental nature and origin of
the Higgs boson, the latest particle of the Standard Model
(SM) to have been discovered [1,2], are among the most
topical in theoretical physics, in view of the ongoing
precision experimental program at the Large Hadron
Collider. Because of the approximate (explicitly and
spontaneously broken) scale-invariant nature of the SM
theory, the Higgs boson itself is in fact a dilaton, the
pseudo-Nambu-Goldstone boson associated with dilata-
tions. It is natural to question whether this is just an
accidental symmetry in the SM, or whether it has a more
fundamental, important origin and role [3]. In particular, is
it possible for the Higgs boson to originate as a composite

dilaton in a more fundamental theory? And if so, what type
of underlying dynamics would yield realistic values for its
mass and couplings?
The literature on the dilaton effective field theory dates

back many decades [4,5], and its applications have been
long discussed in the context of dynamical electroweak
symmetry breaking [6–8], extensions of the SM [9–19],
and, more recently, the interpretation of lattice data
[20–36], in particular in view of the numerical work on
certain SUð3Þ gauge theories that show indications of a
light scalar bound state in the spectrum [37–48].
The context of gauge-gravity dualities [49–52] is particu-

larly suitable for describing the dilaton and its dynamical
origin, both in its bottom-up [53–67] as well as top-down
[68–72] realizations. In what follows, we restrict our atten-
tion to holographic duals in which the geometry of a com-
pletely smooth classical background in a higher-dimensional
gravity theory contains a shrinking circle, the shrinking of
which can be used to mimic confinement in the dual field
theory, as suggested in Ref. [73]—see also Refs. [74–80].
The spectra of bound states of the strongly coupled theory
can be computed perturbatively in its gravity dual, by
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exploiting the holographic gauge-invariant formalism devel-
oped in Refs. [81–85]—see also Refs. [70–72,80,86]. A
useful diagnostic tool to identify (approximate) dilatons
within such spectra is provided by the probe approximation,
as discussed in Ref. [86]. Furthermore, one can apply
holographic renormalization [87–89] to compute field-
theory quantities, such as the free energy. We also find it
appealing to adopt a simple scale-setting procedure, such as
that proposed in Ref. [90].
Among all possible realizations of the dilaton scenario,

we concentrate on the ideas developed in Refs. [91–94]—
see also Ref. [95] and references therein. Namely, we want
to understand whether a light dilaton state might arise in
strongly coupled theories, the renormalization group (RG)
flow of which brings them in close proximity of a tachyonic
instability. In the holographic dual description of conformal
field theories (CFTs)—fixed points of the RG flow—the
notion of the Breitenlohner-Freedman bound [96] captures
the type of instability of interest. In the case of confining
theories, one can generalize this notion and ultimately
arrive to the following, similar conclusions for physical
observables [97–99]. In summary, the classical instability is
resolved by the presence of a first-order phase transition.
The unstable region of parameter space cannot be physi-
cally realized, which protects the physical spectrum from
developing a tachyon. Nevertheless, one may ask whether,
for choices of parameters close to the phase transition, the
lightest (neutral) scalar in the spectrum has mass and
properties that are influenced by the presence of the
tachyonic instability itself, even if the latter is only present
in an unphysical region of parameter space.
The analysis of Refs. [97–99] indicates that it is possible to

realize this scenariowithin well-established examples of top-
down holographic models, derived as classical solutions of
supergravities in various dimensions. In all three cases
analyzed so far, it has been found that for choices of the
parameters that are close to the phase transition boundary, the
lightest scalar state is not parametrically light, as was
predicted in Ref. [94], on the basis of the results from a
bottom-up model obtained in a dedicated construction—for
models in which no light dilaton is present, see for instance
Refs. [100,101].
In this paper, inspired byRefs. [97–99], we build a class of

bottom-up models that combine the quadratic superpotential
adopted in Ref. [54] and the confinement mechanism in
Ref. [73]. We assume that the holographic description of the
dynamics be encapsulated in a model consisting of one real
scalar, coupled to gravity inD ¼ 6 dimensions, one ofwhich
is compactified on a circle. Along the interesting, physical
branch of solutions the circle shrinks to a point at a finite
position along the holographic dimension, introducing a
dynamical scale, but the geometry is regular and smooth
everywhere.What results is the dual description of a putative
family of four-dimensional, confining theories, that at short
distances are best described by the circle compactification of
a five-dimensional CFT in the presence of an operator with

nontrivial dimension given by maxðΔ; 5 − ΔÞ, where Δ is a
free parameter appearing in the scalar potential of the gravity
theory.
The generic behavior of the model, for each value of Δ,

is qualitatively similar to that found in Refs. [97–99] and
described above, as we shall show. The advantage of the
bottom-up approach—aside from having a much simpler
bosonic action—is that it allows us to vary Δ. We are
interested in the relation between Δ and the mass spectrum,
in particular for the lightest scalar, and in proximity of the
phase transition.
The paper is organized as follows.We start by defining the

gravity theory in D ¼ 6 dimensions, in Sec. II. We present
several classes of classical solutions in Sec. III and then study
the spectrumof small fluctuations for one of these classes, the
regular (confining) branch of solutions, in Sec. IV. The free
energy of the different classes of solutions is discussed in
Sec. V, where we analyze which branch of solutions is
energetically favored, depending on the parameters of the
model. We summarize the most salient numerical results in
Sec. VI and outline future lines of research in Sec. VII, while
relegating to the Appendixes many useful technical details.

II. THE MODEL

This section introduces amodel, built within the context of
bottom-up holography, that describes a real scalar field ϕ
coupled to gravity in D ¼ 6 dimensions, with a simple
quartic scalar potential [54]. The scalar field captures, in the
gravity language, the effects of the deformation of the dual
five-dimensional CFT by a scalar operator, as well as the
formation of the corresponding condensate. Furthermore,
one of the dimensions is compactified on a circle (in both
field theory aswell as gravity). Aswe shall see in Sec. III, this
system admits solutions in which the circle shrinks smoothly
at the end of space in the IR, thus introducing a physical low-
energy scale, while mimicking (in analogy with top-down
models) the effect of confinement in what would be the dual,
four-dimensional field theory [73].We also find it convenient
to provide the description of the gravity theory in D ¼ 5
dimensions, obtained after reduction on the circle.

A. Action in six dimensions

We follow the conventions inRef. [86] (see also references
therein), which we summarize in Appendix A. In order for
the model to mimic the dual of a four-dimensional confining
theory, we choose to work inD ¼ 6 dimensions. The action
is the following:

S6 ¼ SðbulkÞ
6 þ

X
i¼1;2

S5;i; ð1Þ

SðbulkÞ
6 ¼

Z
d6x

ffiffiffiffiffiffiffiffi
−ĝ6

p �
R6

4
−
1

2
ĝM̂ N̂

∂M̂ϕ∂N̂ϕ − V6ðϕÞ
�
;

ð2Þ
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S5;i ¼ ð−Þi
Z

d5x
ffiffiffiffiffiffi
− ˜̂g

q �
K
2
þ λiðϕÞ þ fið ˜̂gM̂ N̂Þ

�����
ρ¼ρi

;

ð3Þ

and besides the bulk part, SðbulkÞ
6 , it contains also two

boundary actions, S5;i, localized at the boundaries of the
radial coordinate ρ1 < ρ < ρ2. The space-time index is
M̂ ¼ 0, 1, 2, 3, 5, 6. The extrinsic curvature K, appearing
in the Gibbons-Hawking-York term of the boundary actions,
depends on the induced metric on the boundaries,
denoted ˜̂gM̂ N̂ .
For the bulk potential V6, we choose to write

V6ðϕÞ ¼
1

2

�
∂W6ðϕÞ

∂ϕ

�
2

−
5

4
W6ðϕÞ2

¼ −5 −
Δð5 − ΔÞ

2
ϕ2 −

5Δ2

16
ϕ4; ð4Þ

where the superpotential is given by [54]

W6ðϕÞ≡ −2 −
Δ
2
ϕ2: ð5Þ

The choice of a simple quadratic superpotential provides a
neat field-theory interpretation for backgrounds in which ϕ
is nonzero: asymptotically in the UV, the dual field theory
flows toward a CFT inD − 1 ¼ 5 dimensions, deformed by
the insertion of an operatorO with scaling dimension given
by maxðΔ; 5 − ΔÞ, and the two parameters appearing in the
solution of the corresponding second-order classical equa-
tions correspond in field-theory terms to the coupling and
condensate associated with O.
We treat Δ as a free parameter—in top-down models, by

contrast, its counterpart descends from first principles. In
all three examples discussed in Refs. [97–99], the first-
order equations involve choices of Δ > ðD − 1Þ=2 (where
D is equal to 6, 7, and 5, respectively, in those three
models). Later in the paper, we will discuss the differences
emerging for 0 < Δ < ðD − 1Þ=2 ¼ 5=2. For the time
being, it suffices to notice that the counterterm used for
holographic renormalization coincides with W6 when
Δ < 5=2, while for Δ > 5=2 one needs the associated
superpotential

W̄6 ¼ −2 −
1

2
ð5 − ΔÞϕ2 −

25ð2Δ − 5Þ
16ð4Δ − 15Þϕ

4

−
125ð2Δ − 5Þð4Δ2 − 15Δþ 25Þ

64ð4Δ − 15Þ2ð6Δ − 25Þ ϕ6 þ � � � ; ð6Þ

which is only known perturbatively in ϕ yet also solves
Eq. (4). In Appendix B, we show this superpotential
expanded to higher orders. Pathological values of Δ ¼
15
4
; 25
6
; � � � appear at increasing orders in ϕ. In the following,

we will avoid using these special pathological values.
Another special case is Δ ¼ 5=2, which requires a separate
treatment, as we shall see.
The boundary terms in Eq. (3) play an important role in

this paper. They determine the boundary conditions for the
classical background solutions, via the consistency require-
ments on the variational principle. They are used in the
calculation of the spectrum of fluctuations around such
background solutions. And finally, they enter into the
calculation of the free energy—but notice that this last
calculation requires a modification of the UV-boundary
terms, in which λ2 (and f2) must be replaced by the
counterterms required for holographic renormalization.

B. Dimensional reduction to five dimensions

One of the dimensions is compact, the coordinate 0 ≤
η < 2π describing a circle. In reducing the action to five
dimensions, we write the metric as

ds26 ¼ e−2χdx25 þ e6χðdηþ χMdxMÞ2; ð7Þ

where the space-time index is M ¼ 0, 1, 2, 3, 5. The
reduced action then becomes

S5 ¼ SðbulkÞ
5 þ

X
i¼1;2

S4;i; ð8Þ

SðbulkÞ
5 ¼

Z
d5x

ffiffiffiffiffiffiffiffi
−g5

p �
R
4
−
1

2
gMN ½6∂Mχ∂Nχ þ ∂Mϕ∂Nϕ�

− e−2χV6ðjϕjÞ −
1

16
e8χgMPgNQFðχÞ

MNF
ðχÞ
PQ

�
; ð9Þ

S4;i ¼ ð−Þi
Z

d4x
ffiffiffiffiffiffi
−g̃

p �
K
2
þ e−χλiðϕÞ þ e−χfiðχÞ

�����
ρ¼ρi

;

ð10Þ

where the five-dimensional metric gMN has determinant g5,
the induced metric on the boundaries is g̃MN , the five-
dimensional Ricci scalar is R, and K is the extrinsic
curvature. The field strength for the vector χM is given

by FðχÞ
MN ¼ ∂MχN − ∂NχM. The functions fi of the six-

dimensional theory depend explicitly on χ, as is required in
order to obtain solutions that lift to geometries in six
dimensions in which the circle shrinks smoothly.
The scalars Φa ¼ fϕ; χg describe a sigma model

coupled to gravity, the action of which is the same as
in Eq. (A1) with D ¼ 5 and sigma-model metric
Gab ¼ diagð1; 6Þ. We consider background solutions in
which χM ¼ 0, while the metric gMN , ϕ, and χ depend on
the radial coordinate only. The metric in five dimensions
takes the domain-wall (DW) form

ds25 ¼ dr2 þ e2AðrÞdx21;3 ¼ e2χðρÞdρ2 þ e2AðρÞdx21;3; ð11Þ
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where we have adopted the convenient choice of radial
coordinate dρ ¼ e−χdr. The background fields satisfy the
equations of motion

∂
2
ρϕþ ð4∂ρA − ∂ρχÞ∂ρϕ ¼ ∂V6

∂ϕ
; ð12Þ

∂
2
ρχ þ ð4∂ρA − ∂ρχÞ∂ρχ ¼ −

V6

3
; ð13Þ

3ð∂ρAÞ2 −
1

2
ð∂ρϕÞ2 − 3ð∂ρχÞ2 ¼ −V6; ð14Þ

with boundary conditions given by

�
∂ρϕ −

∂λi
∂ϕ

�����
ρi

¼ 0;

�
6∂ρχ þ λi þ fi −

∂fi
∂χ

�����
ρi

¼ 0;

�
3

2
∂ρAþ λi þ fi

�����
ρi

¼ 0: ð15Þ

For vanishing fi ¼ 0, one obtains solutions that lift to
domain walls in six dimensions.
The solutions satisfy the following equation:

0 ¼ 12ð∂ρAÞ2 þ 3∂2ρA − 3∂ρχ∂ρAþ 4V6; ð16Þ

which can be combined with Eq. (13) to yield the
conservation law (see also Ref. [97])

∂ρ½e4A−χð∂ρA − 4∂ρχÞ� ¼ 0: ð17Þ

This defines a conserved quantity, which vanishes for DW
solutions in six dimensions, for which the metric ds26 in
Eq. (7) has the warp factor defined by A≡ A − χ ¼ 3χ
(or A ¼ 4χ).

III. CLASSES OF SOLUTIONS

Here, we introduce the three main classes of solutions
that we study in the following. We explain the naming
choices, before we exhibit the functional form of the
solutions, because they introduce some mild abuse of
language, driven mostly by analogy, which we want to
alert the reader to. We start from solutions to the first-order
equations derived from the superpotential formalism, along
the lines of fake supergravity [102]. We call them super-
symmetric solutions, despite the fact that there is no
supersymmetry—the theory is bosonic. The reason for this
naming convention is an analogy with top-down models
derived from higher-dimensional supergravity, for which
the first-order equations coincide with the Bogomol’nyi-
Prasad-Sommerfield constraints.

The most important class of solutions of interest, and for
which we compute the spectrum of fluctuations, later in
the paper, is denoted as confining solutions, again with
abuse of language. In models in which a lift to a higher-
dimensional supergravity derived from a string theory
exists, it might be possible to compute the Wilson loop,
along the lines of other holographic models [103–108], to
expose the area law expected from confinement. This being
a bottom-up model, such calculation cannot be carried out,
yet the solutions are completely smooth and introduce a
mass gap in the spectrum of fluctuations, which are weaker
requirements for the gravity dual of a confining theory.
Finally, we also introduce a set of singular back-

grounds, that we call domain-wall solutions, because in six
dimensions they take the form of Poincaré domain walls.
There is again abuse of language: strictly speaking the
singularity signifies that they should not be taken literally
as background solutions and used with caution—but see
Ref. [109]. Our reason for considering them is that, as we
shall see, they teach us something important about the other
classes of solutions and their stability.

A. UV expansions

All the solutions we work with have the same asymptotic
behavior for large ρ: they approach the ϕ ¼ 0 critical
point of V6, with χ ≃ 1

3
ρ and A ≃ 4

3
ρ (equivalently, A ≃ ρ).

Asymptotically in the UV, the gravity duals have common
interpretations in terms of (relevant or marginal) deforma-
tions of the same five-dimensional CFT. We hence classify
all the solutions in terms of a power expansion in the small
parameter z≡ e−ρ. The expansion depends on five free
parameters.
Two parameters are additive contributions to χ and A,

which we denote χU and AU, respectively. One free para-
meter appears in χ in the coefficient of the z5 term, and we
denote it as χ5. We fix an additive contribution to χ5 so that
if A ¼ 4χ (as is the case for the DW solutions), then χ5 ¼ 0.
For generic values of Δ, the remaining two free parameters
appear in the expansion of ϕ at orders zΔ and z5−Δ, and we
call ϕJ (ϕV) the coefficient in front of the term with the
smallest (largest) exponent ΔJ (ΔV). The expansions take
the generic form

ϕðzÞ ¼ ϕJzΔJ þ � � � þ ϕVzΔV þ � � � ; ð18Þ

χðzÞ ¼ χU −
1

3
logðzÞ þ � � � þ ðχ5 þ � � �Þz5 þ � � � ; ð19Þ

AðzÞ ¼ AU −
4

3
logðzÞ þ � � � : ð20Þ

In the special case with Δ ¼ 5=2, for which the two
independent parameters appear in front of the z5=2 and
z5=2 logðzÞ terms in the expansion of ϕ, we denote the
former as ϕV , and the latter as ϕJ. As we shall see, these
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coefficients are very important in determining the physical
properties of the solutions and their field-theory duals. For
example, the free energy depends on a combination of
ϕJϕV and χ5. We further note that, without loss of
generality, one may restrict attention to solutions for which
AU ¼ 0 ¼ χU.
The expansion depends nontrivially on Δ. For definite-

ness, we report here the case Δ ¼ 3, while more examples
can be found in Appendix C:

ϕðzÞ ¼ ϕJz2 þ ϕVz3 −
25

48
ϕ3
Jz

6 −
57

80
ϕ2
JϕVz7 þOðz8Þ;

ð21Þ

χðzÞ ¼ χU −
1

3
logðzÞ − 1

24
ϕ2
Jz

4 þ
�
χ5 −

2

25
ϕJϕV

�
z5

−
1

24
ϕ2
Vz

6 þOðz8Þ; ð22Þ

AðzÞ ¼ AU −
4

3
logðzÞ − 1

6
ϕ2
Jz

4 þ
�
1

4
χ5 −

8

25
ϕJϕV

�
z5

−
1

6
ϕ2
Vz

6 þOðz8Þ: ð23Þ

B. Supersymmetric solutions

As the scalar potential V6 is written in terms of a
superpotential W6, a special class of six-dimensional
DW solutions [for which AðρÞ ¼ 4χðρÞ ¼ 4

3
AðρÞ] is recov-

ered by solving the first-order equations

∂ρA ¼ −
1

2
W6 ¼ 1þ Δ

4
ϕ2; ð24Þ

∂ρϕ ¼ ∂W6

∂ϕ
¼ −Δϕ; ð25Þ

which, as anticipated, we call supersymmetric solutions:

ϕðρÞ ¼ ϕce−Δρ ¼ ϕczΔ; ð26Þ

AðρÞ ¼ ρ −
1

8
ϕ2
ce−2Δρ ¼ − logðzÞ − 1

8
ϕ2
cz2Δ: ð27Þ

Besides ϕc, a second, additive integration constant has
been omitted from A. We recover the AdS6 geometry
with ϕc ¼ 0.

C. Confining solutions

The aforementioned confining solutions are such that
the circle parametrized by η shrinks to zero size at some
point ρo of the radial direction ρ—which is hence bounded
from below as ρo < ρ1 ≤ ρ < ρ2 → þ∞—and are also
completely regular and smooth, as the metric in six

dimensions has finite curvature invariants and there is no
conical singularity. By power expanding near the end of
space, for small ðρ − ρoÞ, we find that such solutions have
the following form:

ϕðρÞ ¼ ϕI −
1

16
ΔϕIð20þ Δð5ϕ2

I − 4ÞÞðρ − ρoÞ2

þOððρ − ρoÞ4Þ; ð28Þ

χðρÞ ¼ χI þ
1

3
logðρ − ρoÞ þ

1

288
ð−80þ 8ðΔ − 5ÞΔϕ2

I

− 5Δ2ϕ4
I Þðρ − ρoÞ2 þOððρ − ρoÞ4Þ; ð29Þ

AðρÞ ¼ AI þ
1

3
logðρ − ρoÞ þ

7

576
ð80þ Δϕ2

I ð40
þ Δð5ϕ2

I − 8ÞÞÞðρ − ρoÞ2 þOððρ − ρoÞ4Þ; ð30Þ

where ϕI, χI, AI , and ρo are integration constants.
The induced metric on the ðρ; ηÞ submanifold is

ds22 ¼ dρ2þ e6χdη2≃ dρ2þ e6χIðρ− ρoÞ2dη2þ� � � ; ð31Þ

which is the metric of the plane, provided η has periodicity
2π and we fix χI ¼ 0, to avoid a conical singularity.
As a side remark, when Δ ¼ 0, we can write the solution

in closed form:

ϕðρÞ ¼ ϕI; ð32Þ

χðρÞ ¼ χo −
1

5
log

�
cosh

�
5

2
ðρ − ρoÞ

�	

þ 1

3
log

�
sinh

�
5

2
ðρ − ρoÞ

�	
; ð33Þ

AðρÞ ¼ Ao þ
4

15
log½sinhð5ðρ − ρoÞÞ�

þ 1

15
log

�
tanh

�
5

2
ðρ − ρoÞ

�	
; ð34Þ

where χo and Ao are additive integration constants.
The curvature invariants in six dimensions—the Ricci

scalarR≡R6, theRicci tensor squaredR2
2 ≡R6M̂ N̂R6

M̂ N̂ ,

and the Riemann tensor squaredR2
4 ≡R6M̂ N̂ R̂ ŜR6

M̂ N̂ R̂ Ŝ—
can be written in terms of the nontrivial quantity

d≡ A − 4χ; ð35Þ

which vanishes on the DW solutions. After using the
equations of motion, we find the following [97]:

R ¼ 6V6 þ 2ð∂ρϕÞ2; ð36Þ

R2
2 ¼ 6V2

6 þ 4V6ð∂ρϕÞ2 þ 4ð∂ρϕÞ4; ð37Þ
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R2
4 ¼

1

250

�
32ð∂ρdÞ2

�
4∂ρd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
36ð∂ρdÞ2 þ 15

ffiffiffi
5

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6R2

2 − R2

q
− 30R

r
þ 24ð∂ρdÞ2

þ 5
ffiffiffi
5

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
6R2

2 −R2

q
− 10R

�
− 25ðR2 − 10R2

2Þ
�
: ð38Þ

All of these quantities are finite when ρ → ρo, as can be
seen by explicitly using the IR expansions:

lim
ρ→ρo

R ¼ −30 − 3Δð5 − ΔÞϕI
2 −

15Δ2

8
ϕI

4; ð39Þ

lim
ρ→ρo

R2
2 ¼

1

6
ðlimρ→ρoRÞ2; ð40Þ

lim
ρ→ρo

R2
4 ¼

1

3
ðlimρ→ρoRÞ2: ð41Þ

Interestingly though, as long as Δ ≠ 0, all these invariants
diverge for ϕI → ∞, suggesting a priori that we should not
be allowed to take the value of ϕI to be arbitrarily large.

D. Singular domain-wall solutions

The last class of solutions of interest to this paper is
given by singular DW solutions. They obey the DW ansatz
A ¼ 4χ ¼ 4

3
A. Their IR expansion depends explicitly on Δ

and reads as follows:

ϕðρÞ ¼ ϕI −
ffiffiffi
2

5

r
logðρ − ρoÞ þ

ðρ − ρoÞ2
25920

ð2
ffiffiffiffiffi
10

p
ð6Δ logðρ − ρoÞð3 logðρ − ρoÞðΔ logðρ − ρoÞð3 logðρ − ρoÞ þ 2Þ

− 23Δþ 60Þ þ 37Δþ 60Þ − Δð47Δþ 660Þ þ 5400Þ
þ 15ΔϕIð−60ϕ2

I ð6Δ logðρ − ρoÞ þ ΔÞ þ 6
ffiffiffiffiffi
10

p
ϕIð6Δ logðρ − ρoÞð3 logðρ − ρoÞ þ 1Þ

− 23Δþ 60Þ − 4ð6 logðρ − ρoÞð3Δ logðρ − ρoÞð2 logðρ − ρoÞ þ 1Þ
− 23Δþ 60Þ þ 37Δþ 60Þ þ 45

ffiffiffiffiffi
10

p
Δϕ3

I ÞÞ þOððρ − ρoÞ4Þ; ð42Þ

AðρÞ ¼ 1

5
logðρ − ρoÞ þ

ðρ − ρoÞ2
12960

ð2ð6Δ logðρ − ρoÞð3 logðρ − ρoÞðΔ logðρ − ρoÞð3 logðρ − ρoÞ − 10Þ
þ 7Δþ 60Þ − 5ðΔþ 60ÞÞ þ ð1140 − 17ΔÞΔþ 5400Þ
þ 3ΔϕIð2

ffiffiffiffiffi
10

p
ð5ðΔþ 60Þ − 6 logðρ − ρoÞð3Δ logðρ − ρoÞð2 logðρ − ρoÞ − 5Þ þ 7Δþ 60ÞÞ

þ 15ϕIð2ð6Δ logðρ − ρoÞð3 logðρ − ρoÞ − 5Þ þ 7Δþ 60Þ
þ ΔϕIð2

ffiffiffiffiffi
10

p
ð5 − 6 logðρ − ρoÞÞ þ 15ϕIÞÞÞÞ þOððρ − ρoÞ4Þ: ð43Þ

In these expressions, ϕI is an integration constant, and
without loss of generality we omitted an additive integration
constant in A. We recall that the system of equations is
symmetric under the change ϕ → −ϕ; hence, a second
branch of solutions can be obtained by just changing the
sign of ϕ.
These solutions are singular at the end of space. Their

nature in the gravity theory is unclear, and they do not
admit a transparent field-theory interpretation. In particu-
lar, we do not compute the spectrum of their fluctuations
—otherwise interpreted in terms of bound states in a
putative dual theory—as there is no clear sense in
which this would provide information about observable

quantities. Yet, we do compute their free energy later in
the paper, because, as we shall see, for some choices of
parameters, solutions of this class are energetically
favored over the confining ones. We will come back
to this discussion in due time; we only anticipate here
that this finding will force us to restrict our physics
discussions of the confining solutions to a subregion of
the full parameter space.

IV. MASS SPECTRUM OF FLUCTUATIONS

In this section, we restrict our attention to the con-
fining solutions only. Given a background solution in the

ELANDER, FATEMIABHARI, and PIAI PHYS. REV. D 108, 015021 (2023)

015021-6



gravity theory, one can linearize the equations of motion of
small fluctuations around it. The resulting mass spectra of
fluctuations of the bosonic fields correspond, following the
gauge-gravity duality dictionary, to spin-0, 1, 2 composite
particles in the (putative) dual confining field theory in four
dimensions. To perform the calculations, we adopt the
gauge-invariant formalism developed in Refs. [81–85]. We
start from the scalar fluctuations aa ¼ aaðq; ρÞ, where qμ is
the four-momentum, which obey the following equations
(see also Appendix A 1):

½∂2ρ þ ð4∂ρA− ∂ρχÞ∂ρ − e2χ−2Aq2�aa − e2χXa
cac ¼ 0: ð44Þ

Because the sigma-model metric is simply Gab ¼
diagð1; 6Þ, in the basis Φa ¼ fϕ; χg, the sigma-model
connection vanishes, greatly simplifying the equations of
motion, as Xa

c reads as follows:

Xa
c ≡ ∂

∂Φc

�
Gab ∂ðe−2χV6Þ

∂Φb

�

þ 4

3∂ρA

�
∂ρΦa ∂ðe−2χV6Þ

∂Φc þGab ∂ðe−2χV6Þ
∂Φb ∂ρΦdGdc

	

þ 16ðe−2χV6Þ
9ð∂ρAÞ2

∂ρΦa
∂ρΦbGbc: ð45Þ

In all these expressions, the functions A, Φa ¼ fϕ; χg, and
V6 are evaluated on the background.
A discrete spectrum can be found by imposing the

following boundary conditions1:

e−2χ∂ρΦc
∂ρΦdGdb∂ρabjρi

¼
�
3∂ρA

2
e−2Aq2δcbþ ∂ρΦc

�
4V6

3∂ρA
∂ρΦdGdbþ

∂V6

∂Φb

�	
ab
����
ρi

:

ð46Þ

Physical composite states in the dual theory have mass
M2 ¼ −q2, corresponding to choices of q2 for which the
boundary conditions at the two boundaries can be satisfied
simultaneously.
The equations of motion for the (transverse and trace-

less) tensor fluctuations eμν are the following [80]:

0 ¼ ½∂2ρ þ ð4∂ρA − ∂ρχÞ∂ρ − e2χ−2Aq2�eμν; ð47Þ

while for the vector χM one looks at the gauge-invariant
transverse polarizations, which obey the bulk equation

0 ¼ Pμν½∂2ρ þ ð2∂ρAþ 7∂ρχÞ∂ρ − e2χ−2Aq2�χν; ð48Þ

where Pμν ≡ ημν − qμqν

q2 . To compute the spectrum of

masses, M > 0, of the bound states in the dual confining
theory, one can impose Neumann boundary conditions on
these two kinds of fluctuations.
The physical results can be recovered by first com-

puting the spectrum for finite values of ρ1 and ρ2
and then by repeating the calculations to extrapolate
toward the limits ρ1 → ρo and ρ2 → þ∞ [79,80,85].
Equivalent results can be obtained with an alternative
numerical strategy, which improves the convergence in
such limits by making use of the UV and IR expansions
of the fluctuations. One decomposes them in dominant
and subdominant modes, notices that the boundary
conditions are equivalent to suppressing the dominant
fluctuations, and then matches the solutions to the
expansions, evaluated at finite ρ1;2. This nontrivial
process requires knowing the appropriate expansions
at high orders in the small parameters (z in the UV and
ρ − ρo in the IR) but has the great advantage that one
does not require extending the background solutions of
the nonlinear equations of motion to numerically
challenging values at large (small) ρ − ρo. This strategy
was successful in the study of the Klebanov-Strassler
system [83] and its baryonic branch [71,72], and we
adopt it here. We report IR expansions, and one
example of UV expansions, for the fluctuations in
Appendix D.
As explained and exemplified in Ref. [86], as well as

Appendix E, the probe approximation is equivalent to
ignoring the coupling of the states to the trace of the
energy-momentum tensor and hence discarding the mix-
ing in the physical states with the dilaton field. This
approximation fails to reproduce the mass of states with
substantial overlap with the dilatation operator. When
such states are light, they should hence be interpreted as
approximate dilatons, turning this approximation into a
diagnostic tool for the identification of approximate
dilatons. We will perform the analysis of the mass
spectrum in the probe approximation only for the choice
of Δ ¼ 5=2, which turns out to be the most interesting in
the context of this paper.
The mass spectra are computed numerically, and we

report the results in Figs. 1–4, for a few significant
choices of Δ. For each of them, we compute the
spectrum of spin-0, spin-1, and spin-2 fluctuations. We
conveniently normalize the spectra so that the lightest
tensor state has mass M ¼ 1. For each value of Δ, we
check the convergence of the spectrum, as a function of
ρ1 and ρ2 independently, and report numerical results
obtained with choices for which the dependence on the
two cutoffs can be neglected in respect to our numerical
accuracy goal of 0.5%. Finally, we find it convenient to
report in the plots also the critical value of ϕIðcÞ,
obtained from the numerical study of the free energy,
as detailed in the next section.

1The equivalent form of the boundary conditions given in
Eq. (14) of Ref. [70] is convenient in numerical implementations.
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FIG. 1. Mass spectrum M2

jMj of fluctuations, computed for confining backgrounds, with various choices of Δ, as a function of the IR
parameter ϕI. For each Δ, we show the spectrum of spin-0 (blue dots), spin-1 (black dots), and spin-2 (red dots) states. The values of the
IR and UV cutoffs in the calculations are, respectively, given by ρ1 − ρo ¼ 10−9 and ρ2 − ρo ¼ 5. All masses are normalized to the mass
of the lightest spin-2 state. The vertical dashed lines denote the critical value ϕIðcÞ.
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FIG. 2. Mass spectrum M2

jMj of fluctuations, computed for confining backgrounds, with various choices of Δ, as a function of the IR
parameter ϕI. For each Δ, we show the spectrum of spin-0 (blue dots), spin-1 (black dots), and spin-2 (red dots) states. The values of the
IR and UV cutoffs in the calculations are, respectively, given by ρ1 − ρo ¼ 10−9 and ρ2 − ρo ¼ 5. All masses are normalized to the mass
of the lightest spin-2 state. The vertical dashed lines denote the critical value ϕIðcÞ.
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FIG. 3. Mass spectrum M2

jMj of fluctuations, computed for confining backgrounds, with various choices of Δ, as a function of the IR
parameter ϕI. For each Δ, we show the spectrum of spin-0 (blue dots), spin-1 (black dots), and spin-2 (red dots) states. The values of the
IR and UV cutoffs in the calculations are, respectively, given by ρ1 − ρo ¼ 10−9 and ρ2 − ρo ¼ 5. All masses are normalized to the mass
of the lightest spin-2 state. The vertical dashed lines denote the critical value ϕIðcÞ.
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FIG. 4. Mass spectrum M2

jMj of fluctuations, computed for confining backgrounds, with various choices of Δ, as a function of the IR
parameter ϕI. For each Δ, we show the spectrum of spin-0 (blue dots), spin-1 (black dots), and spin-2 (red dots) states. The values of the
IR and UV cutoffs in the calculations are, respectively, given by ρ1 − ρo ¼ 10−9 and ρ2 − ρo ¼ 5. All masses are normalized to the mass
of the lightest spin-2 state. The vertical dashed lines denote the critical value ϕIðcÞ.
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V. FREE ENERGY

The free energy density is given by the following
expression:

F ¼ − lim
ρ2→þ∞

e4A−χ
�
3

2
∂ρAþW2

�����
ρ2

; ð49Þ

where W2 ¼ W6 if Δ < 5=2 or W2 ¼ W̄6 if Δ > 5=2.
This expression has been obtained by adapting the results
in Ref. [97]; it includes the contribution of the bulk
action, evaluated by imposing the equations of motion,
the contribution of the boundary terms in the action, and
the appropriate UV-localized counterterm W2, which is
required by the rules of holographic renormalization
[87–89], as it removes the UV divergences. The con-
servation law in Eq. (17) has been used to evaluate at ρ2
(the UV boundary) a term naturally defined at ρ1 (the IR
boundary).
For each choice of the parameter Δ, one expresses F

in terms of the coefficients appearing in the UV expan-
sion of the background, which can be extracted by
matching the expansions to numerical solutions. Care
must be taken to obtain results that converge as
ρ2 → þ∞. We empirically find that, for Δ < 5=2, the
free energy density is

F ¼ −
1

40
e4AU−χU

�
16Δ

�
5

2
− Δ

�
ϕJϕV − 75χ5

�
; ð50Þ

while for Δ > 5=2—and retaining in W̄6 a sufficient
number of terms to ensure cancellation of all the
divergences—the free energy density is

F ¼ −
1

40
e4AU−χU

�
16ðΔ − 5Þ

�
5

2
− Δ

�
ϕJϕV − 75χ5

�
:

ð51Þ

We explicitly checked that this expression is accurate for
all values of Δ considered in this paper. In the special
case in which the operator has dimension Δ ¼ 5=2, we
find that

W2 ¼ −2 −
5

4
ϕ2

�
1þ 2

5 logðkzÞ
�
; ð52Þ

and the free energy density is

F ¼ 1

40
e4AU−χUð20ϕJϕV − 4ϕ2

J þ 75χ5 − 20ϕ2
J logðkÞÞ:

ð53Þ

The appearance of a logarithm introduces a residual
scheme dependence, encoded in the parameter k. In
the following, we make the choice k ¼ Λ.

Following Refs. [97–99], we find it convenient to define
a scale Λ as follows [90]:

Λ−1 ≡
Z

∞

ρo

dρeχðρÞ−AðρÞ; ð54Þ

with ρo the end of space—other choices are admissible, but
this choice makes contact with earlier studies, where it has
been shown that it allows one to compare the confining and
DW classes of solutions. We then express all of the
quantities of interest in units of such scale Λ, by defining
the rescaled free energy density

F̂ ≡ F
Λ5

ð55Þ

and the rescaled source as

ϕ̂J ≡ ϕJ

ΛΔJ
; ð56Þ

where ΔJ is the dimension of the deforming coefficient
(source) associated with the dual operator of dimension
ΔV ≡ 5 − ΔJ. We hence define also the rescaled conden-
sates to be

ϕ̂V ≡ ϕV

ΛΔV
; ð57Þ

χ̂5 ≡ χ5
Λ5

: ð58Þ

Given a background solution, in order to compute the
free energy we proceed as follows. First, we match it to the
UV expansions and determine coefficients AU, χU, ϕJ, ϕV ,
and χ5. We then shift additively both the radial coordinate ρ
and the definition of the function AðρÞ, to impose the
constraints AU ¼ 0 ¼ χU. We repeat the determination of
the coefficients and enter the results in the expression for
the free energy density. We compute the scale Λ for each
background—after the aforementioned shifts of ρ and
AðρÞ—and finally plot the resulting, rescaled quantities.
Examples are shown in Figs. 5–8. We do so for both
confining and DW singular solutions and show them
together for each Δ.
By inspection of the figures, we see the emergence of a

common pattern; in all cases, the confining solutions
minimize the free energy F̂ for small choices of the source
jϕ̂Jj, while the singular, DW solutions have the lowest F̂
for larger values of the source. There is a critical value of
jϕ̂JðcÞj, corresponding to a critical value of the IR para-
meter jϕIðcÞj, where a first-order phase transition occurs.
For jϕIj ≤ jϕIðcÞj, the confining solutions can be physically
realized, while for jϕIj > jϕIðcÞj, the physical solution is
unknown, so that we are forced to discard these latter regions
of parameter space. We are not claiming that the singular
solutions are physically realized but simply that some other
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branch of solutions, not identified in this study, might exist
and take over the long-distance dynamics in these cases.
When inspected more closely, the figures show other

interesting features. For Δ ≥ 5=2, both confining and
singular solutions cease to exist above some value of
jϕ̂JðmaxÞj > jϕ̂JðcÞj. As we already know (from the
aforementioned arguments) that, at large jϕ̂Jj > jϕ̂JðcÞj,
another branch of solutions must exist (possibly in a more
complete theory), this is not a particularly problematic

finding. While this finding agrees with the results of the
analysis of three distinct examples of top-down holographic
models, reported in Refs. [97–99], it is interesting that this
feature is absent for Δ < 5=2, in which case confining and
singular solutions exist for any choices of ϕ̂J.
In thermodynamics, one can use the concavity theorems

to discuss the stability of possible solutions, determined on
the basis of the shape of the functional dependence of the
free energy on the control parameters. These arguments do

FIG. 5. The free energy density F̂ as a function of the source ϕ̂J , in units of the scale Λ, for various choices of Δ. The black curve
denotes the confining solutions, while the red and blue solutions are singular domain-wall ones.
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not transfer directly to the case in question because of the
presence of divergences and scheme dependences (see also
Ref. [110] for examples of similar considerations in a different
context), and caution has to be exercised. Yet, by com-
paring Figs. 5–8 with Figs. 1–4, one notices the following.

(i) A tachyon exists in the spectra of confining theories
for values of Δ≳ 1.8 but only in a portion of para-
meter space (equivalently, for some range of ϕI).

(ii) The portion of parameter space in which the tachyon
appears is always past the phase transition.

(iii) There is a region of parameter space over which the
mass of the lightest scalar is parametrically small,
near the point at which it turns tachyonic. But once
more this happens only past the phase transition, in
regions in which the confining solutions are, at best,
metastable.

FIG. 6. The free energy density F̂ as a function of the source ϕ̂J , in units of the scale Λ, for various choices of Δ. The black curve
denotes the confining solutions, while the red and blue solutions are singular domain-wall ones.
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FIG. 7. The free energy density F̂ as a function of the source ϕ̂J , in units of the scale Λ, for various choices of Δ. The black curve
denotes the confining solutions, while the red and blue solutions are singular domain-wall ones.
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We performed an extensive study of the free energy for
values of Δ ≃ 1.8, nearby where the tachyon appears—
see also the details in Appendix F. We find that the free
energy of the confining backgrounds is a monotonic
function for Δ below Δ ≃ 1.7. As expected, the relation
between the behavior of F and the appearance a tachyon
is not precise, and furthermore these features always
appear in a region of parameter space that has already
been excluded, on the basis of earlier considerations.

We hence report on this feature, for completeness, but do
not explore it any further.

VI. SUMMARY

We collect in Table I our numerical results: for repre-
sentative values of Δ, we tabulate the critical parameters
ϕ̂JðcÞ (source) and ϕIðcÞ (IR asymptotic value of ϕ), the
mass of the lightest scalarMðcÞ (in units of the mass of the

FIG. 8. The free energy density F̂ as a function of the source ϕ̂J , in units of the scale Λ, for various choices of Δ. The black curve
denotes the confining solutions, while the red and blue solutions are singular domain-wall ones.
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lightest tensor), in proximity of the transition. For com-
pleteness, we also list the value of the two parameters
representing the condensates in the dual field theory: ϕ̂VðcÞ
and χ̂5ðcÞ. We show in Fig. 9 the mass spectrum and free
energy for the Δ ¼ 5=2 case, and in Fig. 10 we display the
mass spectrum computed at the critical value ϕIðcÞ, for
each choice of Δ.
The main results of the paper can be summarized as

follows. The model allows us to study the spectrum and the
free energy for any generic value of the parameter Δ, which
is equal either to the dimensionality of the coupling
deforming the dual CFT or to the associated condensate.
Furthermore, for each Δ we restrict attention to regular
backgrounds, the dual field theory of which has a mass gap
and a discrete spectrum of bound states. These solutions of

the gravity equations of motion in five dimensions lift to
completely regular and smooth solutions in six dimensions
and admit an end of space in the radial direction ρ > ρo. We
compute the spectrum of fluctuations of solutions of this
type, which with abuse of notation we call confining. We
find that for all values of the parameter 0 < Δ < 5 that we
studied, there exists a first-order phase transition, that
bounds from above the source associated with the scalar
field ϕ. This is demonstrated by the existence of domain-
wall solutions in six dimensions that, for large enoughvalues
of the deforming parameters, are energetically favored
(despite being singular) over the confining ones. We find
that for Δ≳ 1.8, the mass spectrum contains a tachyon,
provided the deforming parameter is large enough. But this
tachyon always appears only in an unphysical portion of
parameter space, well beyond the phase transition.
Conversely, in the physical portion of parameter space,
all fluctuations have positive M2 > 0 and are never para-
metrically light.
By inspecting Figs. 1–4, we notice that the mass of the

lightest state in the spectrum, in units of the mass of the
lightest tensor, becomes smaller when the source increases
toward its critical value. Hence, the minimum value MðcÞ
of the mass of the lightest scalar is found in immediate
proximity of the transition. For each choice of Δ, we
compute the mass spectrum of bound states of the dual
theory precisely at the phase transition point, which is
displayed in Fig. 10. We find two interesting, unexpected
features, which we highlight in closing this section.
First, themass of the lightest scalar state has aminimum in

proximity ofΔ ¼ 5=2, inwhich case themass of such state is
approximately one-third of the mass of the tensor. We show
explicitly in the top panel of Fig. 9 the mass spectrum
computed in the probe approximation, which shows signifi-
cant disagreement with the mass of the lightest scalar for
largevalues ofϕI . In this case, the lightest scalar particle has a
substantial overlap with the dilaton [86]. Unfortunately, this
feature appears only inside the metastable (or tachyonic)
region(s) of parameter space, while the probe approximation
captures well the mass of the lightest scalar in the physical
region, when jϕIj ≤ jϕIðcÞj.
Second, this summary plot displays a peculiar disconti-

nuity at Δ ¼ 5=2 (see the inset of Fig. 10). The numerical
value for the mass of the lightest scalar at Δ ¼ 5=2 aligns
well with those obtained for Δ > 5=2 and is the absolute
minimum of the mass. However, the sequence of masses
of the lightest scalar state one obtains for Δ < 5=2
converges to a slightly higher value. We do not know
why this second feature emerges and highlight to the reader
the intrinsic numerical difficulty of some of the analysis we
carried out. Yet, this discontinuity is a small effect, when
compared to the much more significant first feature we
found, namely that the mass of the lightest scalar is
minimized for Δ ¼ 5=2.

TABLE I. Summary table of our results. For each Δ, we report
the critical value of the normalized source ϕ̂JðcÞ at the phase
transition, the critical value of the IR expansion parameter ϕIðcÞ,
and the value of the mass MðcÞ of the lightest scalar state at the
transition—expressed in units of the mass of the lightest spin-2
state for the same choices of parameters. For completeness, we
also report the value of the two parameters linked to the
condensates in the dual field theory: ϕ̂VðcÞ and χ̂5ðcÞ.

Δ ϕ̂JðcÞ ϕIðcÞ MðcÞ ϕ̂VðcÞ χ̂5ðcÞ
0.50 2.373 1.89 0.571 −0.063 −0.176
1.00 1.149 0.845 0.553 −0.208 −0.328
1.50 0.990 0.567 0.512 −0.369 −0.368
1.70 1.010 0.494 0.482 −0.471 −0.377
1.75 1.022 0.477 0.473 −0.504 −0.380
1.80 1.038 0.459 0.464 −0.539 −0.382
1.85 1.059 0.442 0.455 −0.579 −0.384
1.90 1.084 0.424 0.446 −0.625 −0.386
1.95 1.115 0.407 0.436 −0.677 −0.388
2.00 1.153 0.388 0.427 −0.736 −0.390
2.25 1.567 0.281 0.385 −1.276 −0.401
2.30 1.756 0.254 0.379 −1.496 −0.403
2.35 2.045 0.223 0.374 −1.821 −0.405
2.40 2.554 0.186 0.370 −2.371 −0.408
2.45 3.748 0.136 0.367 −3.618 −0.410
2.49 8.750 0.063 0.368 −8.691 −0.412
2.499 27.82 0.020 0.369 −27.80 −0.413
2.50 −0.295 0.107 0.359 0.439 −0.411
2.501 147.3 0.107 0.359 −147.2 −0.411
2.51 14.79 0.107 0.362 −14.69 −0.411
2.55 3.001 0.108 0.372 −2.899 −0.411
2.60 1.528 0.108 0.384 −1.426 −0.411
2.65 1.038 0.108 0.397 −0.935 −0.411
2.70 0.793 0.109 0.409 −0.689 −0.411
2.75 0.647 0.109 0.421 −0.542 −0.411
3.00 0.358 0.113 0.481 −0.246 −0.411
3.50 0.225 0.127 0.586 −0.068 −0.411
4.00 0.189 0.150 0.616 −0.102 −0.410
4.80 0.136 0.204 0.620 −0.179 −0.410
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VII. OUTLOOK

In a broad class of bottom-up holographic models, in
which the background geometry ends smoothly, so as to
introduce a mass gap in the dual field theory in a way that
mimics a confining theory, and furthermore in thepresence of
an additional deformation (and the corresponding conden-
sate),we found evidence of the presence of a first-order phase
transition. The nature of the model allows one to treatΔ, the
dimensionality of the deformation or condensate, as a free
parameter and study the physics as a function of Δ. All the

fluctuations of the gravity backgrounds have positive mass
squared, M2 > 0, for all values considered, 0 < Δ < 5, in
the physical portion of the parameter space, before the
appearance of the phase transition. Interestingly, in portions
of the parameter space well beyond the phase transition, the
lightest scalar state in the theory becomes first an approxi-
mate dilaton, its mass being parametrically suppressed,
and then a tachyon. All of these results confirm and general-
ize the findings in the three top-down models studied in
Refs. [97–99], as well as the expectations of Refs. [92–94].
Restricting attention to the physical region of parameter

space, in which the confining solutions are stable, we found
some evidence that the mass of the lightest state in the
spectrum becomes smaller in the limit Δ → 5=2—half of
the dimension of the space-time of the CFT that the dual
theory flows from in the UV—in line with the suggestion,
in Ref. [91], that such values of Δ are special. However, the
lightest mass is light, but not parametrically so, as predicted
in Ref. [94].
This study suggests that the phase transition we uncov-

ered in this class of models cannot be rendered arbitrarily
weak, nor of second order, and the lightest state cannot be a
dilaton with tunable, small mass. The phenomena associ-
ated with confinement in the dual field theory and its
specific implementation—which we borrowed from
Witten’s model [73]—are playing an important role in
yielding this conclusion. These findings support the argu-
ments according to which inferring the properties of long-
distance dynamics on the basis solely of the short-distance
characterization of the theory (its fixed points and the
classification of their deformations) is misleading, as the
RG flow away from fixed points, ultimately leading to
confinement, adds important nonperturbative effects.

FIG. 10. The mass spectrum of fluctuations of the gravity
theory (corresponding to the bound states of the dual field theory)
evaluated at the critical ϕIðcÞ for each choice ofΔ. We display the
spin-0 (blue dots), spin-1 (black dots), and spin-2 (red dots)
states. The values of the IR and UV cutoffs in the calculations are,
respectively, given by ρ1 − ρo ¼ 10−9 and ρ2 − ρo ¼ 5. All
masses are normalized to the mass of the lightest spin-2 state.

FIG. 9. The mass spectrum of fluctuations for Δ ¼ 5=2, displaying the spin-0 (blue dots), spin-1 (black dots), and spin-2 (red dots)
states, in units of the mass of the lightest spin-2 state (left panel). The spectrum also includes the masses of the scalars computed in the
probe approximation (orange dots), for comparison with the complete calculation (blue dots). The values of the IR and UV cutoffs in
the calculations are, respectively, given by ρ1 − ρo ¼ 10−9 and ρ2 − ρo ¼ 5. The (normalized) free energy density F̂, as a function of the
source ϕ̂J , for Δ ¼ 5=2 (right panel). The black curve denotes the confining solutions, while the red and blue solutions are singular
domain-wall ones. The vertical, dashed line in the left panel indicates the position of the first-order phase transition evident in the
right panel.
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It is premature to try to generalize these conclusions: the
class of models analyzed here does not cover all possible
realizations of confining field theories, and possibly the
limitation of all these studies descends from the fact that
confinement is described always in the same way, in terms
of a shrinking circle in the internal geometry of a higher-
dimensional gravity theory. For instance, top-down holo-
graphic models in which the analysis of the spectrum of
fluctuations has been performed include Refs. [71,72,111],
and the results (in particular, regarding the presence of light
states) are model dependent, as the mechanism introducing
a mass gap is different from the mechanism of interest here.
We remind the reader that in Refs. [98,112] a similar model,
but derived from maximal supergravity in seven dimen-
sions, was studied. The main difference here is the fact that,
in the bottom-up model considered in the present paper, Δ
is a free parameter. The search for models that realize a
weak phase transition, and in which a parametrically light
dilaton can be realized, in the presence of a nearby
instability in the parameter space of the theory, continues.
We conclude by anticipating that we will further extend

this six-dimensional model, along lines similar to those
followed in Ref. [112], in the complementary context of
composite Higgs models, in future publications [113–115].
In this different context, we will extend the sigma model to
incorporate an internal gauge symmetry. We will study how
to break the corresponding global symmetry in the field
theory, how to (weakly) gauge a subgroup, and how to
exploit vacuum (mis)alignment to construct a composite
Higgs model, with semirealistic features—in particular in
reference to electroweak symmetry breaking.

All data displayed in the figures of this manuscript can be
downloaded from Ref. [116]. We refer the reader to
Refs. [117,118] and references therein for recent surveys
on open science.
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APPENDIX A: SIGMA MODEL COUPLED
TO GRAVITY

For the purpose of fixing our conventions, we write here
the action of the two-derivative sigma model in D dimen-
sions, consisting of n scalarsΦa, with a ¼ 1;…; n, coupled
to gravity:

S ¼
Z

dDx
ffiffiffiffiffiffi
−g

p �
R
4
−
1

2
gMNGab∂MΦa

∂NΦb − VðΦaÞ
	
:

ðA1Þ
We denote by M ¼ 0;…; 3; 5;…; D the D-dimensional
space-time indexes. The D-dimensional metric gMN has
determinant g and signature mostly þ. The D-dimensional
Ricci scalar is denoted by R. The sigma-model metric is
Gab, and its inverse is Gab. The potential V is a function of
the scalars Φa.
If we adopt the ansatz for the background solutions, that

the metric is of the DW form and that the scalar fields only
depend on the radial coordinate

ds2D ¼ dr2 þ e2AðrÞdx21;D−2; ðA2Þ
Φa ¼ ΦaðrÞ; ðA3Þ

then the equations of motion are given by

∂
2
rΦa þ ðD − 1Þ∂rA∂rΦa þ Ga

bc∂rΦb
∂rΦc − Gab ∂V

∂Φb ¼ 0;

ðA4Þ

ðD − 1Þð∂rAÞ2 þ ∂
2
rAþ 4

D − 2
V ¼ 0; ðA5Þ

ðD− 1ÞðD− 2Þð∂rAÞ2 − 2Gab∂rΦa
∂rΦb þ 4V ¼ 0; ðA6Þ

where the sigma-model connection is

Gd
ab ≡ 1

2
Gdcð∂aGcb þ ∂bGca − ∂cGabÞ: ðA7Þ

Furthermore, if one finds a solution, WðΦaÞ, to the
following partial differential equation:

V ¼ 1

2
Gab ∂W

∂Φa

∂W
∂Φb −

D − 1

D − 2
W2; ðA8Þ

then any solution to the first-order equations

∂rA ¼ −
2

D − 2
W; ðA9Þ

∂rΦa ¼ Gab ∂W
∂Φb ðA10Þ

is also a solution of the second-order classical
equations (A4)–(A6).

1. Linearized equations for scalar fluctuations

In general, the linearized equations of motion can be
put in gauge-invariant form following the formalism in
Refs. [81–85] (where more details can be found). For the
scalars, the gauge-invariant fluctuations aa obey the fol-
lowing equation:

½D2
r þ ðD − 1Þ∂rADr − e−2Aq2�aa − Xa

cac ¼ 0: ðA11Þ
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Here, we used the notation that, given a field Xa, the
sigma-model covariant and background-covariant deriva-
tives are defined by DbXa ¼ ∂bXa þ Ga

bcXc and DrXa ¼
∂rXa þ Ga

bc∂rΦbXc, respectively, in terms of the sigma-
model connection Ga

bc of Eq. (A7). The sigma-model
Riemann tensor is then given by Ra

bcd ¼ ∂cGa
bd −

∂dGa
bc þ Ga

ceGe
bd − Ga

deGe
bc. The matrix Xa

c reads as
follows:

Xa
c ≡ −Ra

bcd∂rΦb
∂rΦd þDc

�
Gab ∂V

∂Φb

�

þ 4

ðD − 2Þ∂rA
�
∂rΦa ∂V

∂Φc þ Gab V
∂Φb ∂rΦ

dGdc

	

þ 16V
ðD − 2Þ2ð∂rAÞ2

∂rΦa
∂rΦbGbc: ðA12Þ

We add infinitely large, boundary-localized mass terms
for all the fluctuations of Φa, that hence satisfy Dirichlet

boundary conditions. The resulting boundary conditions
for the gauge-invariant variables aa are the following:

∂rΦc
∂rΦdGdbDρabjri

¼
�ðD − 2Þ∂rA

2
e−2Aq2δcb

þ ∂rΦc

�
4V

ðD − 2Þ∂rA
∂rΦdGdb þ

∂V
∂Φb

�	
abjri : ðA13Þ

APPENDIX B: OF SUPERPOTENTIALS

The associated superpotential, Eq. (6), that is used for
example in the context of holographic renormaliza-
tion when Δ > 5=2, is not known in closed form. Yet,
we can write it as a power expansion in ϕ, and we
find that

W̄6 ¼ −2 −
1

2
ð5 − ΔÞϕ2 −

25ð2Δ − 5Þ
16ð4Δ − 15Þϕ

4 −
125ð2Δ − 5Þð4Δ2 − 15Δþ 25Þ

64ð4Δ − 15Þ2ð6Δ − 25Þ ϕ6

−
625ð128Δ5 − 480Δ4 þ 800Δ3 − 4 × 103Δ2 þ 11250Δ − 9375Þ

1024ð4Δ − 15Þ3ð48Δ2 − 410Δþ 875Þ ϕ8

−
625

4096ð25 − 6ΔÞ2ð15 − 4ΔÞ4ð16Δ2 − 142Δþ 315Þ ð3072Δ
8 þ 25600Δ7 − 433600Δ6

þ 1292 × 103Δ5 þ 1065 × 103Δ4 − 10862500Δ3 þ 18531250Δ2 − 12734375Δþ 3515625Þϕ10

−
3125

32768ð25 − 6ΔÞ2ð4Δ − 15Þ5ð192Δ3 − 2584Δ2 þ 11590Δ − 17325Þ ð24576Δ
10 þ 1320960Δ9

− 8153600Δ8 − 45968 × 103Δ7 þ 473 × 106Δ6 − 12998 × 105Δ5 þ 100425 × 104Δ4

þ 133625 × 104Δ3 − 25625 × 105Δ2 þ 109Δþ 87890625Þϕ12

−
15625

131072ð35 − 8ΔÞ2ð15 − 4ΔÞ6ð6Δ − 25Þ3ð336Δ3 − 4612Δ2 þ 21100Δ − 32175Þ ð4718592Δ
14

þ 714670080Δ13 − 2224128 × 103Δ12 − 140363776 × 103Δ11 þ 155181568 × 104Δ10 − 54067432 × 105Δ9

− 6193644 × 106Δ8 þ 107537295 × 106Δ7 − 3559741875 × 105Δ6 þ 53236421875 × 104Δ5

− 2431853125 × 105Δ4 − 318709765625 × 103Δ3 þ 450370605468750Δ2

− 162176513671875Δþ 823974609375Þϕ14

−
78125

4194304ð35 − 8ΔÞ2ð4Δ − 15Þ7ð6Δ − 25Þ3ð5376Δ4 − 98992Δ3 þ 683500Δ2 − 2097300Δþ 2413125Þ
× ð150994944Δ16 þ 57881395200Δ15 þ 1092472012800Δ14

− 27151204352 × 103Δ13 þ 8460660736 × 104Δ12 þ 13597392384 × 105Δ11

− 13484257056 × 106Δ10 þ 4795751472 × 107Δ9 − 398284926 × 108Δ8

− 254111197 × 109Δ7 þ 9657946325 × 108Δ6 − 14713569328125 × 105Δ5

þ 88646595703125 × 104Δ4 þ 26974482421875 × 104Δ3 − 617424755859375 × 103Δ2

þ 224028259277343750Δþ 61798095703125Þϕ16
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− 390625½16777216ð25 − 6ΔÞ4ð15 − 4ΔÞ8ð16Δ2 − 142Δþ 315Þ2
×ð48384Δ4 − 901680Δ3 þ 6301100Δ2 − 19569500Δþ 22790625Þ�−1
× ð7247757312Δ20 þ 6263874256896Δ19 þ 303911927808 × 103Δ18

− 5902748929228800Δ17 − 2758035111936 × 104Δ16 þ 13174340632576 × 105Δ15

− 115787186756608 × 105Δ14 þ 31365013166976 × 106Δ13 þ 17161524832384 × 107Δ12

− 18328634352128 × 108Δ11 þ 726376592369 × 1010Δ10 − 140457265478675 × 108Δ9

þ 3591879533675 × 109Δ8 þ 4946038879446875 × 107Δ7 − 126333638659140625 × 106Δ6

þ 1469488973640625 × 108Δ5 − 7281017740966796875 × 104Δ4 − 14333258841552734375 × 103Δ3

þ 322610068359375 × 108Δ2 − 10350940532684326171875Δþ 115871429443359375Þϕ18

− 390625½134217728ð25 − 6ΔÞ4ð9 − 2ΔÞ2ð4Δ − 15Þ9ð8Δ − 35Þ3×
×ð193536Δ5 − 4526016Δ4 þ 42336320Δ3 − 197998900Δ2 þ 462983 × 103Δ − 433021875Þ�−1
× ð463856467968Δ23 þ 870020787732480Δ22 þ 93468471475568640Δ21

− 537522325998796800Δ20 − 4220626598363136 × 104Δ19 þ 70461689518882816 × 104Δ18

− 24426057346514944 × 105Δ17 − 38568233605083136 × 106Δ16

þ 51863822701075456 × 107Δ15 − 27603786074733376 × 108Δ14

þ 5554033898884608 × 109Δ13 þ 1756207389007328 × 1010Δ12

− 1601187067059638 × 1011Δ11 þ 53057037376123675 × 1010Δ10

− 922419869075040625 × 109Δ9 þ 5120596044251203125 × 108Δ8

þ 138753717 × 103403125 × 1010Δ7 − 371419078250947265625 × 107Δ6

þ 4075653348253369140625 × 106Δ5 − 20041289228924560546875 × 105Δ4

− 9840867372802734375 × 107Δ3 þ 54259196491241455078125 × 104Δ2

− 169888076331138610839843750Δ − 60832500457763671875Þϕ20 þ � � � : ðB1Þ

We show explicitly terms up to Oðϕ20Þ in order to
allow the reader to inspect the presence of a pathology
in the expansion: for special choices such as Δ ¼
15
4
; 25
6
; 35
8
; 9
2
; 55
12
; 65
14
; 75
16
; 85
18
; 19
4
;…, some coefficients diverge.

APPENDIX C: ASYMPTOTIC EXPANSION
OF THE BACKGROUND SOLUTIONS

In the main body of the paper, we showed the IR
expansion for the confining solutions for any value of
Δ, in Eqs. (28)–(30). For the singular domain-wall

solutions, we provided the IR expansions in Eqs. (42)
and (43). Contrary to the IR expansions, the functional
form of the UV expansions depends explicitly on Δ. In the
main body of the paper, we reported the expansion for
Δ ¼ 3. In this appendix, we provide a few additional
representative examples of the UV expansions, expres-
sed as power series in z ¼ e−ρ. For simplicity, we set
AU ¼ 0 ¼ χU.
For Δ ¼ 1=2, and hence ΔJ ¼ 1=2, ΔV ¼ 9=2,

we have

ϕ ¼ z1=2ϕJ þ z9=2ϕV þ 3

5
z11=2ϕ2

JϕV þ 35

192
z13=2ϕ4

JϕV þ oðz7Þ; ðC1Þ

χ ¼ −
logðzÞ
3

−
zϕ2

J

24
þ z5

�
χ5 −

3ϕJϕV

100

�
þ z6

�
25χ5ϕ2

J

48
−

11

720
ϕ3
JϕV

�
þ z7

�
125χ5ϕ4

J

896
−
65ϕ5

JϕV

16128

�
þ oðz7Þ; ðC2Þ

A ¼ −
4 logðzÞ

3
−
zϕ2

J

6
þ z5

�
χ5

4
−
3ϕJϕV

25

�
þ z6

�
25χ5ϕ2

J

192
−

11

180
ϕ3
JϕV

�
þ z7

�
125χ5ϕ4

J

3584
−
65ϕ5

JϕV

4032

�
þ oðz7Þ: ðC3Þ
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For Δ ¼ 1, and hence ΔJ ¼ 1, ΔV ¼ 4, we have

ϕ ¼ zϕJ þ z4ϕV þ 21

40
z6ϕ2

JϕV þ oðz7Þ; ðC4Þ

χ ¼ −
logðzÞ
3

−
1

24
z2ϕ2

J þ
1

75
z5ð75χ5 − 4ϕJϕVÞ −

1

280
z7ϕ2

Jð6ϕJϕV − 125χ5Þ þ oðz7Þ; ðC5Þ

A ¼ −
4 logðzÞ

3
−
1

6
z2ϕ2

J þ
1

300
z5ð75χ5 − 64ϕJϕVÞ þ

z7ð125χ5ϕ2
J − 96ϕ3

JϕVÞ
1120

þ oðz7Þ: ðC6Þ

For Δ ¼ 3=2, and hence ΔJ ¼ 3=2, ΔV ¼ 7=2, we have

ϕ ¼ z3=2ϕJ þ z7=2ϕV þ 2

5
z13=2ϕ2

JϕV þ oðz7Þ; ðC7Þ

χ ¼ −
logðzÞ
3

−
1

24
z3ϕ2

J þ
1

100
z5ð100χ5 − 7ϕJϕVÞ −

1

24
z7ϕ2

V þ oðz7Þ; ðC8Þ

A ¼ −
4 logðzÞ

3
−
1

6
z3ϕ2

J þ
1

100
z5ð25χ5 − 28ϕJϕVÞ −

1

6
z7ϕ2

V þ oðz7Þ: ðC9Þ

For Δ ¼ 17=10, and hence ΔJ ¼ 17=10, ΔV ¼ 33=10, we have

ϕ ¼ z17=10ϕJ þ z33=10ϕV þ 42

125
z67=10ϕ2

JϕV þ oðz7Þ; ðC10Þ

χ ¼ −
logðzÞ
3

−
1

24
z17=5ϕ2

J þ z5
�
χ5 −

187ϕJϕV

2500

�
−

1

24
z33=5ϕ2

V þ oðz7Þ; ðC11Þ

A ¼ −
4 logðzÞ

3
−
1

6
z17=5ϕ2

J þ z5
�
χ5
4
−
187ϕJϕV

625

�
−
1

6
z33=5ϕ2

V þ oðz7Þ: ðC12Þ

For Δ ¼ 7=4, and hence ΔJ ¼ 7=4, ΔV ¼ 13=4, we have

ϕ ¼ z7=4ϕJ þ z13=4ϕV þ 51

160
z27=4ϕ2

JϕV þ oðz7Þ; ðC13Þ

χ ¼ −
logðzÞ
3

−
1

24
z7=2ϕ2

J þ z5
�
χ5 −

91ϕJϕV

1200

�
−

1

24
z13=2ϕ2

V þ oðz7Þ; ðC14Þ

A ¼ −
4 logðzÞ

3
−
1

6
z7=2ϕ2

J þ z5
�
χ5
4
−
91ϕJϕV

300

�
−
1

6
z13=2ϕ2

V þ oðz7Þ: ðC15Þ

For Δ ¼ 9=5, and hence ΔJ ¼ 9=5, ΔV ¼ 16=5, we have

ϕ ¼ z9=5ϕJ þ z16=5ϕV þ 301z34=5ϕ2
JϕV

1000
þ oðz7Þ; ðC16Þ

χ ¼ −
logðzÞ
3

−
1

24
z18=5ϕ2

J þ z5
�
χ5 −

48ϕJϕV

625

�
−

1

24
z32=5ϕ2

V þ oðz7Þ; ðC17Þ

A ¼ −
4 logðzÞ

3
−
1

6
z18=5ϕ2

J þ z5
�
χ5
4
−
192ϕJϕV

625

�
−
1

6
z32=5ϕ2

V þ oðz7Þ: ðC18Þ
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For Δ ¼ 37=20, and hence ΔJ ¼ 37=20, ΔV ¼ 63=20, we have

ϕ ¼ z37=20ϕJ þ z63=20ϕV þ 1131z137=20ϕ2
JϕV

4000
þ oðz7Þ; ðC19Þ

χ ¼ −
logðzÞ
3

−
1

24
z37=10ϕ2

J þ z5
�
χ5 −

777ϕJϕV

10000

�
−

1

24
z63=10ϕ2

V þ oðz7Þ; ðC20Þ

A ¼ −
4 logðzÞ

3
−
1

6
z37=10ϕ2

J þ z5
�
χ5
4
−
777ϕJϕV

2500

�
−
1

6
z63=10ϕ2

V þ oðz7Þ: ðC21Þ

For Δ ¼ 19=10, and hence ΔJ ¼ 19=10, ΔV ¼ 31=10, we have

ϕ ¼ z19=10ϕJ þ z31=10ϕV þ 33

125
z69=10ϕ2

JϕV þ oðz7Þ; ðC22Þ

χ ¼ −
logðzÞ
3

−
1

24
z19=5ϕ2

J þ z5
�
χ5 −

589ϕJϕV

7500

�
−

1

24
z31=5ϕ2

V þ oðz7Þ; ðC23Þ

A ¼ −
4 logðzÞ

3
−
1

6
z19=5ϕ2

J þ z5
�
χ5
4
−
589ϕJϕV

1875

�
−
1

6
z31=5ϕ2

V þ oðz7Þ: ðC24Þ

For Δ ¼ 39=20, and hence ΔJ ¼ 39=20, ΔV ¼ 61=20, we have

ϕ ¼ z39=20ϕJ þ z61=20ϕV þ 979z139=20ϕ2
JϕV

4000
þ oðz7Þ; ðC25Þ

χ ¼ −
logðzÞ
3

−
1

24
z39=10ϕ2

J þ z5
�
χ5 −

793ϕJϕV

10000

�
−

1

24
z61=10ϕ2

V þ oðz7Þ; ðC26Þ

A ¼ −
4 logðzÞ

3
−
1

6
z39=10ϕ2

J þ z5
�
χ5
4
−
793ϕJϕV

2500

�
−
1

6
z61=10ϕ2

V þ oðz7Þ: ðC27Þ

For Δ ¼ 2, and hence ΔJ ¼ 2, ΔV ¼ 3, we have

ϕ ¼ z2ϕJ þ z3ϕΔV
þ 9

40
z7ϕ2

JϕV þ oðz7Þ; ðC28Þ

χ ¼ −
logðzÞ
3

−
1

24
z4ϕ2

J þ
1

25
z5ð25χ5 − 2ϕJϕVÞ −

1

24
z6ϕ2

V þ oðz7Þ; ðC29Þ

A ¼ −
4 logðzÞ

3
−
1

6
z4ϕ2

J þ
1

100
z5ð25χ5 − 32ϕJϕVÞ −

1

6
z6ϕ2

V þ oðz7Þ: ðC30Þ

For Δ ¼ 9=4, and hence ΔJ ¼ 9=4, ΔV ¼ 11=4, we have

ϕ ¼ z9=4ϕJ þ z11=4ϕV þ oðz7Þ; ðC31Þ

χ ¼ −
logðzÞ
3

−
1

24
z9=2ϕ2

J þ
1

400
z5ð400χ5 − 33ϕJϕVÞ −

1

24
z11=2ϕ2

V þ oðz7Þ; ðC32Þ

A ¼ −
4 logðzÞ

3
−
1

6
z9=2ϕ2

J þ
1

100
z5ð25χ5 − 33ϕJϕVÞ −

1

6
z11=2ϕ2

V þ oðz7Þ: ðC33Þ
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For Δ ¼ 23=10, and hence ΔJ ¼ 23=10, ΔV ¼ 27=10, we have

ϕ ¼ z23=10ϕJ þ z27=10ϕV þ oðz7Þ; ðC34Þ

χ ¼ −
logðzÞ
3

−
1

24
z23=5ϕ2

J þ
z5ð2500χ5 − 207ϕJϕVÞ

2500
−

1

24
z27=5ϕ2

V þ oðz7Þ; ðC35Þ

A ¼ −
4 logðzÞ

3
−
1

6
z23=5ϕ2

J þ
z5ð625χ5 − 828ϕJϕVÞ

2500
−
1

6
z27=5ϕ2

V þ oðz7Þ: ðC36Þ

For Δ ¼ 47=20, and hence ΔJ ¼ 47=20, ΔV ¼ 53=20, we have

ϕ ¼ z47=20ϕJ þ z53=20ϕV þ oðz7Þ; ðC37Þ

χ ¼ −
logðzÞ
3

−
1

24
z47=10ϕ2

J þ
z5ð30000χ5 − 2491ϕJϕVÞ

30000
−

1

24
z53=10ϕ2

V þ oðz7Þ; ðC38Þ

A ¼ −
4 logðzÞ

3
−
1

6
z47=10ϕ2

J þ
z5ð1875χ5 − 2491ϕJϕVÞ

7500
−
1

6
z53=10ϕ2

V þ oðz7Þ: ðC39Þ

For Δ ¼ 12=5, and hence ΔJ ¼ 12=5, ΔV ¼ 13=5, we have

ϕ ¼ z12=5ϕJ þ z13=5ϕV þ oðz7Þ; ðC40Þ

χ ¼ −
logðzÞ
3

−
1

24
z24=5ϕ2

J þ
1

625
z5ð625χ5 − 52ϕJϕVÞ −

1

24
z26=5ϕ2

V þ oðz7Þ; ðC41Þ

A ¼ −
4 logðzÞ

3
−
1

6
z24=5ϕ2

J þ
z5ð625χ5 − 832ϕJϕVÞ

2500
−
1

6
z26=5ϕ2

V þ oðz7Þ: ðC42Þ

For Δ ¼ 49=20, and hence ΔJ ¼ 49=20, ΔV ¼ 51=20, we have

ϕ ¼ z49=20ϕJ þ z51=20ϕV þ oðz7Þ; ðC43Þ

χ ¼ −
logðzÞ
3

−
1

24
z49=10ϕ2

J þ
z5ð10000χ5 − 833ϕJϕVÞ

10000
−

1

24
z51=10ϕ2

V þ oðz7Þ; ðC44Þ

A ¼ −
4 logðzÞ

3
−
1

6
z49=10ϕ2

J þ
z5ð625χ5 − 833ϕJϕVÞ

2500
−
1

6
z51=10ϕ2

V þ oðz7Þ: ðC45Þ

For Δ ¼ 249=100, and hence ΔJ ¼ 249=100, ΔV ¼ 251=100, we have

ϕ ¼ z249=100ϕJ þ z251=100ϕV þ oðz7Þ; ðC46Þ

χ ¼ −
logðzÞ
3

−
1

24
z249=50ϕ2

J þ z5
�
χ5 −

20833ϕJϕV

250000

�
−

1

24
z251=50ϕ2

V þ oðz7Þ; ðC47Þ

A ¼ −
4 logðzÞ

3
−
1

6
z249=50ϕ2

J þ z5
�
χ5

4
−
20833ϕJϕV

62500

�
−
1

6
z251=50ϕ2

V þ oðz7Þ: ðC48Þ

For Δ ¼ 2499=1000, and hence ΔJ ¼ 2499=1000, ΔV ¼ 2501=1000, we have

ϕ ¼ z2499=1000ϕJ þ z2501=1000ϕV þ oðz7Þ; ðC49Þ
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χ ¼ −
logðzÞ
3

−
1

24
z2499=500ϕ2

J þ z5
�
χ5 −

2083333ϕJϕV

25000000

�
−

1

24
z2501=500ϕ2

V þ oðz7Þ; ðC50Þ

A ¼ −
4 logðzÞ

3
−
1

6
z2499=500ϕ2

J þ z5
�
χ5

4
−
2083333ϕJϕV

6250000

�
−
1

6
z2501=500ϕ2

V þ oðz7Þ: ðC51Þ

For Δ ¼ 5=2, and hence ΔJ ¼ ΔV ¼ 5=2, we have

ϕ ¼ ϕVz5=2 þ ϕJz5=2 logðzÞ þ
1

200
ð50ϕ2

VϕJ − 25ϕVϕ
2
J þ 8ϕ3

JÞz15=2

þ 1

8
ð4ϕVϕ

2
J − ϕ3

JÞz15=2 logðzÞ þ
1

4
ϕ3
Jz

15=2log2ðzÞ þ oðz8Þ; ðC52Þ

χ ¼ −
logðzÞ
3

þ
�
χ5 þ

1

600
ð−25ϕ2

V − 2ϕ2
JÞ
�
z5 −

1

12
ϕVϕJz5 logðzÞ −

1

24
ϕ2
Jz

5log2ðzÞ þ oðz8Þ; ðC53Þ

A ¼ −
4 logðzÞ

3
þ 1

300
ð75χ5 − 50ϕ2

V − 4ϕ2
JÞz5 −

1

3
ϕVϕJz5 logðzÞ −

1

6
ϕ2
Jz

5log2ðzÞ þ oðz8Þ: ðC54Þ

For Δ ¼ 2501=1000, and hence ΔJ ¼ 2499=1000, ΔV ¼ 2501=1000, we have

ϕ ¼ z2499=1000ϕJ þ z2501=1000ϕV þ oðz7Þ; ðC55Þ

χ ¼ −
logðzÞ
3

−
1

24
z2499=500ϕ2

J þ z5
�
χ5 −

2083333ϕJϕV

25000000

�
−

1

24
z2501=500ϕ2

V þ oðz7Þ; ðC56Þ

A ¼ −
4 logðzÞ

3
−
1

6
z2499=500ϕ2

J þ z5
�
χ5

4
−
2083333ϕJϕV

6250000

�
−
1

6
z2501=500ϕ2

V þ oðz7Þ: ðC57Þ

For Δ ¼ 251=100, and hence ΔJ ¼ 249=100, ΔV ¼ 251=100, we have

ϕ ¼ z249=100ϕJ þ z251=100ϕV þ oðz7Þ; ðC58Þ

χ ¼ −
logðzÞ
3

−
1

24
z249=50ϕ2

J þ z5
�
χ5 −

20833ϕJϕV

250000

�
−

1

24
z251=50ϕ2

V þ oðz7Þ; ðC59Þ

A ¼ −
4 logðzÞ

3
−
1

6
z249=50ϕ2

J þ z5
�
χ5

4
−
20833ϕJϕV

62500

�
−
1

6
z251=50ϕ2

V þ oðz7Þ: ðC60Þ

For Δ ¼ 51=20, and hence ΔJ ¼ 49=20, ΔV ¼ 51=20, we have

ϕ ¼ z49=20ϕJ þ z51=20ϕV þ oðz7Þ; ðC61Þ

χ ¼ −
logðzÞ
3

−
1

24
z49=10ϕ2

J þ
z5ð10000χ5 − 833ϕJϕVÞ

10000
−

1

24
z51=10ϕ2

V þ oðz7Þ; ðC62Þ

A ¼ −
4 logðzÞ

3
−
1

6
z49=10ϕ2

J þ
z5ð625χ5 − 833ϕJϕVÞ

2500
−
1

6
z51=10ϕ2

V þ oðz7Þ: ðC63Þ

For Δ ¼ 13=5, and hence ΔJ ¼ 12=5, ΔV ¼ 13=5, we have

ϕ ¼ z12=5ϕJ þ z13=5ϕV þ oðz7Þ; ðC64Þ
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χ ¼ −
logðzÞ
3

−
1

24
z24=5ϕ2

J þ
1

625
z5ð625χ5 − 52ϕJϕVÞ −

1

24
z26=5ϕ2

V þ oðz7Þ; ðC65Þ

A ¼ −
4 logðzÞ

3
−
1

6
z24=5ϕ2

J þ
z5ð625χ5 − 832ϕJϕVÞ

2500
−
1

6
z26=5ϕ2

V þ oðz7Þ: ðC66Þ

For Δ ¼ 53=20, and hence ΔJ ¼ 47=20, ΔV ¼ 53=20, we have

ϕ ¼ z47=20ϕJ þ z53=20ϕV þ oðz7Þ; ðC67Þ

χ ¼ −
logðzÞ
3

−
1

24
z47=10ϕ2

J þ
z5ð30000χ5 − 2491ϕJϕVÞ

30000
−

1

24
z53=10ϕ2

V þ oðz7Þ; ðC68Þ

A ¼ −
4 logðzÞ

3
−
1

6
z47=10ϕ2

J þ
z5ð1875χ5 − 2491ϕJϕVÞ

7500
−
1

6
z53=10ϕ2

V þ oðz7Þ: ðC69Þ

For Δ ¼ 27=10, and hence ΔJ ¼ 23=10, ΔV ¼ 27=10, we have

ϕ ¼ z23=10ϕJ þ z27=10ϕV −
125

966
z69=10ϕ3

J þ oðz7Þ; ðC70Þ

χ ¼ −
logðzÞ
3

−
1

24
z23=5ϕ2

J þ
z5ð2500χ5 − 207ϕJϕVÞ

2500
−

1

24
z27=5ϕ2

V þ oðz7Þ; ðC71Þ

A ¼ −
4 logðzÞ

3
−
1

6
z23=5ϕ2

J þ
z5ð625χ5 − 828ϕJϕVÞ

2500
−
1

6
z27=5ϕ2

V þ oðz7Þ: ðC72Þ

For Δ ¼ 11=4, and hence ΔJ ¼ 9=4, ΔV ¼ 11=4, we have

ϕ ¼ z9=4ϕJ þ z11=4ϕV −
25

144
z27=4ϕ3

J þ oðz7Þ; ðC73Þ

χ ¼ −
logðzÞ
3

−
1

24
z9=2ϕ2

J þ
1

400
z5ð400χ5 − 33ϕJϕVÞ −

1

24
z11=2ϕ2

V þ oðz7Þ; ðC74Þ

A ¼ −
4 logðzÞ

3
−
1

6
z9=2ϕ2

J þ
1

100
z5ð25χ5 − 33ϕJϕVÞ −

1

6
z11=2ϕ2

V þ oðz7Þ: ðC75Þ

For Δ ¼ 3, and hence ΔJ ¼ 2, ΔV ¼ 3, we have

ϕ ¼ z2ϕJ þ z3ϕV −
25

48
z6ϕ3

J −
57

80
z7ðϕ2

JϕVÞ þ oðz7Þ; ðC76Þ

χ ¼ −
logðzÞ
3

−
1

24
z4ϕ2

J þ z5
�
χ5 −

2ϕJϕV

25

�
−

1

24
z6ϕ2

V þ oðz7Þ; ðC77Þ

A ¼ −
4 logðzÞ

3
−
1

6
z4ϕ2

J þ z5
�
χ5

4
−
8ϕJϕV

25

�
−
1

6
z6ϕ2

V þ oðz7Þ: ðC78Þ

For Δ ¼ 7=2, and hence ΔJ ¼ 3=2, ΔV ¼ 7=2, we have

ϕ ¼ z3=2ϕJ þ z7=2ϕV −
25

6
z9=2ϕ3

J −
21

10
z13=2ϕ2

JϕV þ oðz7Þ; ðC79Þ

χ ¼ −
logðzÞ
3

−
1

24
z3ϕ2

J þ
1

100
z5ð100χ5 − 7ϕJϕVÞ þ

25

96
z6ϕ4

J −
1

24
z7ϕ2

V þ oðz7Þ; ðC80Þ

ELANDER, FATEMIABHARI, and PIAI PHYS. REV. D 108, 015021 (2023)

015021-26



A ¼ −
4 logðzÞ

3
−
1

6
z3ϕ2

J þ
1

100
z5ð25χ5 − 28ϕJϕVÞ þ

25

24
z6ϕ4

J −
1

6
z7ϕ2

V þ oðz7Þ: ðC81Þ

For Δ ¼ 4, and hence ΔJ ¼ 1, ΔV ¼ 4, we have

ϕ ¼ zϕJ þ
75

8
z3ϕ3

J þ z4ϕV −
7875

64
z5ϕ5

J −
51

10
z6ϕ2

JϕV þ 183125z7ϕ7
J

1536
þ oðz7Þ; ðC82Þ

χ ¼ −
logðzÞ
3

−
1

24
z2ϕ2

J −
75

128
z4ϕ4

J þ
1

75
z5ð75χ5 − 4ϕJϕVÞ þ

3125z6ϕ6
J

1536
þ 1

280
z7ð125χ5ϕ2

J − 156ϕ3
JϕVÞ þ oðz7Þ; ðC83Þ

A ¼ −
4 logðzÞ

3
−
1

6
z2ϕ2

J −
75

32
z4ϕ4

J þ
1

300
z5ð75χ5 − 64ϕJϕVÞ þ

3125

384
z6ϕ6

J þ
z7ð125χ5ϕ2

J − 2496ϕ3
JϕVÞ

1120
þ oðz7Þ: ðC84Þ

For Δ ¼ 24=5, and hence ΔJ ¼ 1=5, ΔV ¼ 24=5, we have

ϕ ¼ z1=5ϕJ þ
2875

168
z3=5ϕ3

J þ
589375zϕ5

J

1216
þ 1194097540625z7=5ϕ7

J

72930816
þ 40083780796875z9=5ϕ9

J

64827392

þ 206305363012094528125z11=5ϕ11
J

8070232375296
þ 51555188135555851650546875z13=5ϕ13

J

44741368288641024

þ 220895018700707881287319140625z3ϕ15
J

3872162055526023168
þ 143635271586199611133308619908203125z17=5ϕ17

J

45319784697876575158272

þ 2030227399573934911294696548892509765625z19=5ϕ19
J

9789073494741340234186752

þ 62734499516892742142454970327066041783203125z21=5ϕ21
J

3471858066134928669724901376

þ 703737750200907787167436115783648540622242333984375z23=5ϕ23
J

202562087010576278306429645881344

þ z24=5ϕV −
42889968257354026233434739048798684916940287126220703125z5ϕ25

J

102091291853330444266440541524197376

−
5313

125
z26=5ðϕ2

JϕVÞ þ
40372906759830069883219591463928127456136451751634521484375z27=5ϕ27

J

5811221188951714835775331565278593024

þ 512647z28=5ϕ4
JϕV

3024
þ 23451902891374040266318476466845032509323071584144748101806640625z29=5ϕ29

J

1344344664967333903248922102985288595800064

þ 2812375255z6ϕ6
JϕV

6664896
−
9356448978981275z32=5ðϕ8

JϕVÞ
786777643008

þ 3382994549224018067073083754105413390854841531398992869892655029296875z31=5ϕ31
J

12873444511727189457511678058187123593381412864

þ 63252672595173277436174439987322783944040397901181003729679595947265625z33=5ϕ33
J

11443061788201946184454824940610776527450144768

−
882653673174311913125z34=5ðϕ10

J ϕVÞ
1090473813209088

þOðz7Þ; ðC85Þ
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χ ¼ −
logðzÞ
3

−
1

24
ϕ2
Jz

2=5 −
2875ϕ4

Jz
4=5

2688
−
445840625ϕ6

Jz
6=5

12870144
−
1245177090625ϕ8

Jz
8=5

1000194048

−
12757500935258125ϕ10

J z2

266051616768
−
252462758077427834375ϕ12

J z12=5

129123718004736

−
219400845248171582865859375ϕ14

J z14=5

2607782608823648256
−
595634988671267098623623224609375ϕ16

J z16=5

155382118964148257685504

−
37370923454539023891704902220703125ϕ18

J z18=5

199777010096762045595648
−
3005589851661754675633072282749116796875ϕ20

J z4

299011699475735483516977152

−
390603999209272169612305206890628037373755859375ϕ22

J z22=5

607686261031728834919288937644032

−
1396398597179619157280207994845812226729262841796875ϕ24

J z24=5

19445960353015322717417246004609024

þ
�
−

1

625
ð8ϕJϕVÞ þ χ5

�
z5 þ 1306083301937461832252797063598660554434038579290771484375ϕ26

J z26=5

605197178106542873611459530155442044928

þ
�
−
4117ϕ3

JϕV

70875
þ 125ϕ2

Jχ5
216

�
z27=5 þ 5ϕ4

Jð−9784936ϕJϕV þ 55981125χ5Þz29=5
19994688

þ 13030865310005017933330153469549477844134773156086490478515625ϕ28
J z28=5

474474587635529612911384271641866563223552

þ 7032769665707387278806255307823137953470132552224159218505859375ϕ30
J z6

10754757319738671225991376823882308766400512

−
25ðϕ6

Jð2692663154104ϕJϕV − 10082616060375χ5ÞÞz31=5
590083232256

þ 5540969477438023313564601832074044301054003663389867568262069091796875ϕ32
J z32=5

290788393676661220687322610255520909403438972928

−
25ðϕ8

Jð35613091214958616ϕJϕV − 90309329147491875χ5ÞÞz33=5
155781973315584

þ 181830278970246170965622209207842711341265597685817924668243991119384765625ϕ34
J z34=5

294132460203942824725226820273459399861578521116672

þOðz7Þ; ðC86Þ

A ¼ −
4 logðzÞ

3
−
1

6
ϕ2
Jz

2=5 −
2875

672
ϕ4
Jz

4=5 −
445840625ϕ6

Jz
6=5

3217536
−
1245177090625ϕ8

Jz
8=5

250048512

−
12757500935258125ϕ10

J z2

66512904192
−
252462758077427834375ϕ12

J z12=5

32280929501184

−
219400845248171582865859375ϕ14

J z14=5

651945652205912064
−
595634988671267098623623224609375ϕ16

J z16=5

38845529741037064421376

−
37370923454539023891704902220703125ϕ18

J z18=5

49944252524190511398912
−
3005589851661754675633072282749116796875ϕ20

J z4

74752924868933870879244288

−
390603999209272169612305206890628037373755859375ϕ22

J z22=5

151921565257932208729822234411008

−
1396398597179619157280207994845812226729262841796875ϕ24

J z24=5

4861490088253830679354311501152256

þ
�
−

1

625
ð32ϕJϕVÞ þ

χ5
4

�
z5 þ 1306083301937461832252797063598660554434038579290771484375ϕ26

J z26=5

151299294526635718402864882538860511232
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þ
�
−
16468ϕ3

JϕV

70875
þ 125ϕ2

Jχ5
864

�
z27=5 þ

�
−
873655ϕ5

JϕV

89262
þ 181875ϕ4

Jχ5
51968

�
z29=5

þ 13030865310005017933330153469549477844134773156086490478515625ϕ28
J z28=5

118618646908882403227846067910466640805888

þ 7032769665707387278806255307823137953470132552224159218505859375ϕ30
J z6

2688689329934667806497844205970577191600128

þ 25ϕ6
Jð−43082610465664ϕJϕV þ 10082616060375χ5Þz31=5

2360332929024

þ 5540969477438023313564601832074044301054003663389867568262069091796875ϕ32
J z32=5

72697098419165305171830652563880227350859743232

−
25ðϕ8

Jð569809459439337856ϕJϕV − 90309329147491875χ5ÞÞz33=5
623127893262336

þ 181830278970246170965622209207842711341265597685817924668243991119384765625ϕ34
J z34=5

73533115050985706181306705068364849965394630279168
þOðz7Þ:

ðC87Þ

APPENDIX D: ASYMPTOTIC EXPANSIONS
OF THE FLUCTUATIONS

As described in the body of the paper, in order to
improve the numerical convergence of the spectra of
fluctuations, we write the asymptotic expansions of
such solutions, both in the IR and in the UV. For the
UV case, the expansion depends crucially on Δ; while we
did compute it explicitly for all the values of Δ used in the

numerical study, we report here only one example, for
illustrative purposes.

1. IR expansions

For convenience, we put ρo ¼ 0 and AI ¼ 0 in this
subsection,2 while χI ¼ 0 in order to avoid a conical
singularity, as explained in the main text. For the fluctua-
tions of the scalars Φa ¼ fϕ; χg, we have

a1 ¼ a1I;0 þ a1I;l logðρÞ þ
1

4
ρ2
�
−
1

4
Δða1I;0ðΔð15ϕ2

I − 4Þ þ 20Þ þ 6ϕIða2I;0 − a2I;lÞðΔð5ϕ2
I − 4Þ þ 20ÞÞ

þ q2ða1I;0 − a1I;lÞ −
1

48
a1I;lðΔð25Δϕ4

I þ 20ð10 − 11ΔÞϕ2
I þ 48ðΔ − 5ÞÞ þ 400Þ

þ logðρÞ
�
a1I;l

�
−
15Δ2ϕ2

I

4
þ ðΔ − 5ÞΔþ q2

�
−
3

2
a2I;lΔϕIðΔð5ϕ2

I − 4Þ þ 20Þ
�	

þOðρ4Þ; ðD1Þ

a2 ¼ a2I;0 þ a2I;l logðρÞ þ
1

4
ρ2
�
−
1

4
ΔϕIða1I;0 − a1I;lÞðΔð5ϕ2

I − 4Þ þ 20Þ þ q2ða2I;0 − a2I;lÞ

−
3

8
a2I;0ðΔϕ2

I ðΔð5ϕ2
I − 8Þ þ 40Þ þ 80Þ þ 13

48
a2I;lðΔϕ2

I ðΔð5ϕ2
I − 8Þ þ 40Þ þ 80Þ

þ logðρÞ
�
−
5

4
a1I;lΔ2ϕ3

I þ a1I;lðΔ − 5ÞΔϕI þ a2I;l

�
−
15

8
Δ2ϕ4

I þ 3ðΔ − 5ÞΔϕ2
I þ q2 − 30

��	
þOðρ4Þ: ðD2Þ

For the fluctuations of the vector χM, we have

v ¼ vI;−2ρ−2 þ
1

2
q2vI;−2 logðρÞ þ vI;0 þ

1

12288
ρ2½1536q2vI;0 þ 80Δ2vI;−2ϕ4

I ð2ð8Δ2 − 50Δþ 75Þ − 3q2Þ
þ 128ðΔ − 5ÞΔvI;−2ϕ2

I ð−3ðΔ − 5ÞΔþ 3q2 − 50Þ − 64ð9q4 þ 60q2 − 500ÞvI;−2 þ 125Δ4vI;−2ϕ8
I

− 1000ðΔ − 2ÞΔ3vI;−2ϕ6
I þ 768q4vI;−2 logðρÞ� þOðρ4Þ: ðD3Þ

2The dependence on ρo and AI can be reinstated by making the substitutions ρ → ρ − ρo and q2 → e−2AI q2 in the expressions.
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For the tensor fluctuations eμν, we have

e ¼ eI;0 þ eI;l logðρÞ þ
1

192
ρ2½48q2ðeI;0 − eI;lÞ − 25Δ2eI;lϕ4

I þ 40ðΔ − 5ÞΔeI;lϕ2
I − 400eI;l þ 48eI;lq2 logðρÞ� þOðρ4Þ:

ðD4Þ

2. UV expansions

In this subsection, we put Δ ¼ 3, and AU ¼ 0 ¼ χU.
3 We write the expansions in terms of z≡ e−ρ.

For the fluctuations of the scalars, we have

a1 ¼ a12z
2 þ a13z

3 þ 1

2
a12q

2z4 þ 1

6
a13q

2z5 þ 1

48
a12ð2q4 − 99ϕ2

JÞz6 þOðz7Þ; ðD5Þ

a2 ¼ a20 −
1

6
a20q

2z2 þ 1

24
a20q

4z4 þ a25z
5 þ 1

144
a20q

2ðq4 − 14ϕ2
JÞz6 þOðz7Þ: ðD6Þ

For the vector fluctuations, we have

v ¼ v0 −
1

6
q2v0z2 þ

1

24
q4v0z4 þ v5z5 þ

1

144
q2v0ðq4 − 14ϕ2

JÞz6

þ 1

70
q2ð70v0χ5 − 2v0ϕJϕV þ 5v5Þz7 þOðz8Þ: ðD7Þ

For the tensor fluctuations, we have

e ¼ e0 −
1

6
e0q2z2 þ

1

24
e0q4z4 þ e5z5 þOðz6Þ: ðD8Þ

APPENDIX E: PROBE APPROXIMATION

In this appendix, we further discuss the probe approxi-
mation. More details can be found in Ref. [86]. The
fluctuations aa ¼ φa − ∂rΦa

6∂rA
h are formed by the mixing of

the fluctuations of the scalars Φa ¼ ðϕ; χÞ and fluctua-
tions h of the trace of the four-dimensional part of the
metric. The latter couples to the trace of the stress-energy
tensor of the boundary theory. If aa is mostly composed
of h, and hence aa ≃ ∂rΦa

6∂rA
h, the couplings of the states

sourced by the operators at the boundary are well
approximated by the dilatonic counterparts. Conversely,
in the probe approximation for computing spectra, one
neglects the mixing between the scalar and metric
fluctuations. This will lead to correct results only if
aa ≃ φa, such that the contribution of h in Eq. (A11) can
be neglected.
The probe approximation is hence obtained by

neglecting the contributions from the metric fluctua-
tions, in particular h, in Eqs. (A11) and (A13), leading
to [86]

0 ¼ ½D2
r þ ðD − 1Þ∂rADr − e−2Aq2�pa

− ½Va
jc −Ra

bcd∂rΦb
∂rΦd�pc ðE1Þ

for the equations of motion, while the boundary conditions
reduce to

0 ¼ pajri : ðE2Þ

In these equations, we have replaced aa with the probe
fluctuations that we denote by pa.
We perform the calculation of the spectra of scalar

fluctuations in two ways for Δ ¼ 5=2 in the body of the
paper. First, by solving the exact Eq. (A11), with the boundary
conditions in Eq. (A13), and finding the spectrum of masses.
Then, we repeat the calculation for the same background, but
using the probe approximation and solving Eq. (E1), with the
boundary conditions in Eq. (E2). If the two processes result in
different spectra, overlapwith the dilaton cannot be neglected.
In the next subsections, IR andUVexpansions for fluctuations
in the probe approximation are given.

1. IR expansions

In this subsection, we put Δ ¼ 5=2. As in Appendix D,
we put ρo ¼ 0 and AI ¼ 0, while χI ¼ 0 in order to avoid a
conical singularity. For the fluctuations of the scalars in the
probe approximation, we have

3The dependence on χU and AU can be reinstated by making the substitution q2 → e2χU−2AUq2 in the expressions.
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p1 ¼ p1I;0 þ p1I;l logðρÞ þ ρ2
�
Δ
�
−
5p2I;lϕI

2
þ 5p2I;0ϕI

2

�
þ Δ2

�
p2I;lϕI

2
−
p2I;0ϕI

2
−
5p2I;lϕ

3
I

8
þ 5p2I;0ϕ

3
I

8

�

þ p1I;0

�
q2

4
−
5Δ
4

þ Δ2

�
1

4
−
15ϕ2

I

16

��
þ p1I;l

�
−
25

12
−
q2

4
þ Δ

�
5

4
−
25ϕ2

I

24

�
þ Δ2

�
−
1

4
þ 55ϕ2

I

48
−
25ϕ4

I

192

��

þ
�
5p2I;lΔϕI

2
þ Δ2

�
−
p2I;lϕI

2
þ 5p2I;lϕ

3
I

8

�
þ p1I;l

�
q2

4
−
5Δ
4

þ Δ2

�
1

4
−
15ϕ2

I

16

���
logðρÞ

	
þOðρ4Þ; ðE3Þ

p2 ¼ p2I;0 þ p2I;l logðρÞ þ ρ2
�
Δ
�
−
5p1I;lϕI

12
þ 5p1I;0ϕI

12

�
þ Δ2

�
p1I;lϕI

12
−
p1I;0ϕI

12
−
5p1I;lϕ

3
I

48
þ 5p1I;0ϕ

3
I

48

�

þ p2I;l

�
−
5

4
−
q2

4
−
5Δϕ2

I

8
þ Δ2

�
ϕ2
I

8
−
5ϕ4

I

64

��
þ p2I;0

�
−
5

6
þ q2

4
−
5Δϕ2

I

12
þ Δ2

�
ϕ2
I

12
−
5ϕ4

I

96

��

þ
�
5p1I;lΔϕI

12
þ Δ2

�
−
p1I;lϕI

12
þ 5p1I;lϕ

3
I

48

�
þ p2I;l

�
−
5

6
þ q2

4
−
5Δϕ2

I

12
þ Δ2

�
ϕ2
I

12
−
5ϕ4

I

96

���
logðρÞ

	
þOðρ4Þ: ðE4Þ

2. UV expansions

For the UV expansions we put AU ¼ 0 ¼ χU, as
explained in Appendix D. Also, the expansions are con-
sidered for Δ ¼ 5=2 and are written in terms of z≡ e−ρ.
The fluctuations of the scalars in the probe approxima-

tion are more complicated to derive in this case as some
of the exponents in expansions are nonrational numbers.
The part of the expansion which is of importance in our
calculations will be in the following form:

p1 ¼ logðzÞz5=2p15=2;lð1þ � � �Þ þ z5=2p15=2ð1þ � � �Þ; ðE5Þ
p2 ¼ zα−p2−ð1þ � � �Þ þ zαþp2þð1þ � � �Þ; ðE6Þ

where α� ≡ ð5� ffiffiffiffiffiffiffiffiffiffi
35=3

p Þ=2.

APPENDIX F: MORE ABOUT
THE FREE ENERGY

In this short appendix, we report some details of the free
energy density study for values of Δ close to Δ ≃ 1.8. In
Fig. 11 we show a detail of Fig. 8, that highlights the
evolution of the free energy of the confining solutions. We
notice that this is monotonic forΔ ¼ 1.7, while it has a local
maximum and minimum, and changes in concavity, when
Δ ¼ 1.95. It would be tempting to correlate this behavior
with the appearance of a tachyon in the spectrum, but, as we
comment in the main body of the paper, the presence of
divergences, treated via holographic renormalization, turns
the concavity of F into a scheme-dependent quantity.
We hence do not further pursue this line of enquiry in
this paper.
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