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Abstract

Multicomponent commutations relations (MCR) describe plektons, i.e., multicomponent quantum
systems with a generalized statistics. In such systems, exchange of quasiparticles is governed by a
unitary matrix Q(z1,x2) that depends on the position of quasiparticles. For such an exchange to be
possible, the matrix must satisfy several conditions, including the functional Yang—Baxter equation.
The aim of the paper is to give an appropriate definition of a quasi-free state on an MCR algebra,
and construct such states on a class of MCR algebras. We observe a significant difference between
the classical setting for bosons and fermions and the setting of MCR algebras. We show that the
developed theory is applicable to systems that contain quasiparticles of opposite type. An example
of such a system is a two-component system in which two quasiparticles, under exchange, change
their respective types to the opposite ones (1 — 2, 2 +— 1). Fusion of quasiparticles means intuitively
putting several quasiparticles in an infinitely small box and identifying the statistical behaviour of
the box. By carrying out fusion of an odd number of particles from the two-component system as
described above, we obtain further examples of quantum systems to which the developed theory is
applicable.
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1 Introduction and preliminaries

Multicomponent commutations relations (MCR) describe plektons, i.e., multicompo-
nent quantum systems with a generalized statistics. In such systems, exchange of
quasiparticles is governed by a unitary matrix that depends on the position of quasipar-
ticles. For such an exchange to be possible, the matrix must satisfy several conditions,
including the functional Yang-Baxter equation.

The aim of the paper is to give an appropriate definition of a quasi-free state on
an MCR algebra and construct such states on a class of MCR algebras. We observe
a significant difference between the classical setting for bosons and fermions and the
setting of MCR algebras.



1.1 Multicomponent commutation relations

The first paper pointing out the possibility of a multicomponent quantum system was
the comment by Menikoff, Sharp and Goldin [10]. Such systems were rigorously derived
and studied by Liguori and Mintchev [13], see also Goldin and Majid [11]. The paper [§]
gave an overview of multicomponent quantum systems with concrete examples when
the number of components of a quantum system is two. That paper actually treated
a more general setting than the one considered in [11,13]. For other results related
to multicomponent quantum systems, see e.g. Bozejko, Speicher [6] and Jgrgensen,
Schmitt, Werner [12].

Let us briefly recall the definition of the MCR, for more detail see e.g. [8,11,13].
Let X := R¢ with d > 2 (the physically important case being d = 2) and let V := C",
r being the number of components (types of quisiparticles) in the quantum system.
Let {e1,...,e.} be the standard orthonormal basis in V' (the ith coordinate of e; being
1, the other coordinates being 0). Let J be the complex conjugation in V', i.e., the
antilinear operator satisfying Je; = e; for all i. Let £(V®?) denote the space of all
linear operators (matrices) in V2. We fix a map Q : R? — £(V®?) such that, for each

(y1,72) € R Q(y1,92) is a unitary operator, Q*(y1,%2) = Q(y2,y1), and the functional
Yang-Baxter equation is satisfied in V®3:

Q1(y1, Y2)Qa(y1, y3)Q1(y2, y3) = Qa(y2,y3)Q1(y1, y3)Q2(y1, ¥2) (1)

for (y1,y2,y3) € R3% 1In (1) and below, for a linear operator C acting in V®? and
k > 3, we denote by C; the linear operator in V®* acting by C on the ith and (i + 1)th
components of V&, We also define, with an abuse of notation, for z; = (z},...,z%) €
X (i=1,2), Q(x1,22) := Q(x},xd).

Let H := L*(X;V) be the L*-space (with respect to the Lebesgue measure on X))
of V-valued functions on X. We keep the notation J for the complex conjugation in
H. Let AT(f), A=(f) (f € H) be linear operators acting in a separable Hilbert space
§, with a dense domain ® C §F. We assume that the operators A*(f), A=(f) depend
linearly on f, AT (f)* o= A~ (Jf), and the operators A*(f), A~ (f) map D into itself.
We introduce operator-valued distributions

At () = (A (2),..., Al (2), A7(x) =(A[(2),.... A (x)) (z€X) (2
that satisfy, for all f(z) =>_, f*(z)er € H,

A(f) =3 /X o)A a) e, e (). (3)

For u,v € V, denote (u,v)y := (u, Jv)y = >.,_, u*v*. Then we may write formula (3)
in the heuristic form A*(f) = [, (f(x), A*(x))v dz. Analogously, we write, for a product
of two operators,

A (f1) AR (f) = /X2 (fi(z1) ® fo(wa), A™ (21) ® A (29)),0p dy da,  H1, 4 € {+,—}.
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We say that the operators AT (f), A~(f) satisfy the Q-MCR if
/ <f1($1) ® folze), AT (71) ® A+(x2)>v®2 dxy dzo
X2
= [ (@ o) 1) ® folin), A"(02) © A1)y i i 0
X2

/X2 <f1($1) ® fa(xe), A™(21) ® A_(x2)>v®2 dzq dzo

= /)(2 <@(~’E2, r1) f1(21) ® fa(22), A (22) ® A_(:L“l)>v®2 dx; dxs, (5)
[ 450 ® ol A7) © A )yndrr s = [ (1), B do
+ - <@($17 22) [1(21) ® folxs), AT (22) ® A_($1)>v®2 dxy dzs. (6)

In these formulas, Q(z1,2s) := S® Q(z, z1) S® , where the antilinear operator S@ in
V@2 is given by S®(u @ v) := (Jv) ® (Ju), and Q(x1, x) satisfies

<Q($1,x2)€i®€j,€k®€l>v®z = <Q($1,$2)6k®6i>6l®€j>v®z Vi, gk, e {1,...,r} (7)

Note that the double integrals appearing on the right hand side of formulas (4)—(6) are
assumed to be well-defined. Below, in Section 4, we will recall the Fock representation
of the Q-MCR.

Note that the Q-MCR (4)—(6) can be written in the following shorthand form:

A= (1) ® At (29) = 0(21 — ) Tr(+) + Q(21, w2)TA™ (23) @ A (7). (8)

Here, for M € L(V®?), M7 is the transposed of M; for v® € V®2 Tr(v?) :=
S (0P e, @ eg)yen is the trace! of v?); and for fi, f» € L*(X;C),

2 fl(xl)fg(x2)5(x1 — .l’g)d[)’}l dZL'Q = /X fl(x)fg(x)dx

When r = 1 (i.e., the quantum system has a single component), Q(z,xz) is just
a complex-valued function satisfying |Q(z1,22)| = 1 and Q(x1,z2) = Q(x2, 1) while

!Note that, in the usual way, V2 can be identified with £(V), and then Tr(v(2)) becomes the trace of the
linear operator v(?).



equation (1) is trivially satisfied. Furthermore, Q(z1, z2) = Q(x1, z2) and Q(z1, 5) =
Q(z1,x2). Hence, formulas (8) become

AT (1) AT (22) = Q(a2, 21) AT (22) AT (1), A™(21)A™ (22) = Q(w2, 1) A (22)A” (21),
A7 (21) AT (w2) = 0(21 — w2) + Q(21, 22) AT (w2) A™ (21). (9)

We will call formulas (9) the @Q-anyon commutation relations (Q-ACR), see e.g. [5,
13] and the references in [8]. For Q(xi,z5) = 1, formulas (9) become the canonical
commutation relations (CCR), and for Q(x1,z3) = —1 they become the canonical
anticommutation relations (CAR).

1.2 Quasi-free states

In the theory of the CCR and CAR algebras, quasi-free states play a fundamental role.
We refer the reader to e.g. [1,2], Chapter 5 in [7], or Chapter 17 in [9].

Let A be the unital x-algebra generated by the operators AT (f), A=(f) (f € H),
satisfying either the CCR or CAR. Define, for f € H, the field (or Segal-type) operators
B(f) = A*(f) + A~(Jf). Since A*(f) = L(B(f) — iB(if)) and A~ (f) = 3 (B(JF) +
iB(iJf)), the algebra A is generated by B(f) (f € H). Let 7 be a state on A. Then
7 is completely determined by the moments of B(f) under 7. Intuitively, the state 7
being quasi-free means that the moments of B(f) can be calculated similarly to the
case where 7 is the vacuum state on the Fock representation of the CCR or CAR,
respectively. For example, in the case of the CAR, this means that the odd moments
are equal to zero and

T(B(f1)B(f2) -+ B(fe)) = D (=17 [ 7(B(f)B(£))- (10)

¢ {ijyee
1<)
Here, the summation is over all partitions £ of the set {1,2,...,2n} into n two-point

sets and cross(§) denotes the number of crossings in £, i.e., the number of all choices
of {i,j}, {k, 1} e withi<k<j<lL.

A state 7 is called gauge-invariant if, for any ¢ € C, |¢| = 1, 7 remains invariant
under the transformation A*(f) — qA*(f), A= (f) — gA (f), equivalently

7(Blaf1) -~ B(afa)) = 7(B(f1) -+ B(f.)) Vn.

Due to the commutation relations, any state 7 is completely characterized by the
n-point functions,

ST (fry o s g1y gn) = T(AT (1) - AT (fn) A (1) -+ A7 (gn)) (11)

As easily seen, a state 7 is gauge-invariant if and only if S(™™ = 0 if m # n. In fact,
a state 7 is gauge-invariant quasi-free if and only if S(™® = 0 if m # n and

S(n’n)(fm...;fbgly...,gn):per[ (flvgj 1,5=1,..., o ZHS(ll fl’gﬁ ( )

TES, i=1



for the CCR algebra, and

Sm,n)(fna---7f1791;~-7gn>:det[ (f’w.g] ij=1,. - ngn )Hs(ljl)(fiagw(iﬂ
mweSh i=1
(13)
for the CAR algebra.

Araki, Woods [3] and Araki, Wyss [4] presented an explicit construction of the
gauge-invariant quasi-free states on the CCR algebra and the CAR algebra, respec-
tively. This has been done by constructing a non-Fock representation of the commu-
tation relations in the symmetric, respectively antisymmetric Fock space over H & H
(doubling of the underlying space) and applying the vacuum state to this representa-
tion.

In [14], gauge-invariant quasi-free states on the algebra of the anyon commutation
relations (ACR) were defined and constructed. The definition of such a state was based
on an extension of formulas (12), (13) to the ACR case. In particular, a counterpart
of the sign of the permutation 7 in formula (13) becomes the function

Qn(zr, )= [ Qai ;). (14)
1<i<j<n
7 (1)>m(j)
Note that, for Q(-,-) = —1, one indeed has Q. (z1,...,x,) = sgn(m). A gauge-invar-
iant quasi-free state on the ACR algebra was constructed as the vacuum state on
a representation of the ACR in the Fock space of Q-symmetric functions with the
underlying space X := X LU Xs. Here X; and X, are two copies of the space X and
the function Q is defined as follows: Q(z1,x2) := Q(x1, xz2) if both x; and x; are from
the same part, X; (i = 1,2), and Q(x1,xs) := Q(z2,x1) if z1 and x4 are from different
parts, X; and Xj, respectively, with ¢ # j. In the case of a CCR or CAR algebra
this construction of gauge-invariant quasi-free states reduces to the construction of
Araki-Woods or Araki-Wyss, respectively.

1.3 A brief description of the results

In this paper, we consider a multicomponent system with a continuous operator-valued
function Q(z1,x2). We define a Q-MCR algebra, which contains multiple integrals as
those appearing on the right-hand side of formulas (4)-(6).

For the vacuum state defined on the Fock representation of the Q-MCR, we calculate
the moments of the field operators. Similarly to (10), this allows us to come up with
formulas which may potentially be required for a state on the Q-MCR algebra to be
quasi-free. However, it appears that even the gauge-invariant quasi-free states on the
Q-ACR algebra constructed in [14] do not satisfy these conditions. The reason for
this is the very definition of the function Q(x1,x2). Indeed, when one evaluates the
n-point functions S for such a system, only the terms with all points from X; do
not vanish. But for such points, 1,22 € X, we have Q(z1,23) = Q(z1,22). Hence,



one comes up with an extension of formulas (12), (13) which contains the function Q.
given by (14) in place of the sign of the permutation 7 in the case of the CAR. However,
when one evaluates 7(B(f1) - B(f2n)), one has to deal with terms containing points
from both parts X; and Xs5. Because of this, one is unable to come up with the
function Q. (z1,...,x,), unless Q(x1,z2) = Q(x2, 7). But the latter formula means
that Q(x1, z5) is either identically equal to 1 (CCR), or identically equal to —1 (CAR).

Thus, instead of using the term a quasi-free state on the Q-MCR algebra, we use
the term a strongly quasi-free state on the Q-MCR algebra if a counterpart of formula
(10) holds for a state 7 on the @Q-MCR algebra. As a result, the gauge-invariant quasi-
free states constructed on the @Q-ACR algebra in [14] are not strongly quasi-free. If
S(mn) = ( for m # n and a counterpart of formulas (12), (13) holds for a state 7 on
the @Q-MCR algebra, then we call 7 gauge-invariant quasi-free.

Our next aim is to construct gauge-invariant quasi-free states on the )-MCR al-
gebra. One hopes that the construction from [14] of the gauge-invariant quasi-free
states on the Q-ACR algebra (which in turn includes the Araki-Woods and Araki-
Wyss constructions as special cases) can be extended to the case of a multicomponent
system. We show that this indeed can be achieved, however under additional assump-
tions on the operator-valued function (). It should be stressed that these assumptions
are essentially necessary for the Q-MCR to hold for this construction.

Furthermore, if it additionally holds that Q(z1,72) = Q(x2,z1), then the corre-
sponding gauge-invariant quasi-free states are also strongly quasi-free.

We show that the developed theory is applicable to systems that contain quasiparti-
cles of opposite type. An example of such a system is a two-component system in which
two quasiparticles, under exchange, change their respective types to the opposite ones
(1 = 2,2+ 1). More precisely, let ¢; and g, be complex-valued continuous functions
on R? satisfying ¢;(y1,y2) = ¢y, v1), |:(y1,92)] = 1, and let the permutation § € S,
be given by 6(1) = 2, §(2) = 1. Then the @-MCR in this case are of the following

form:

Af (21) AT (22) = @1(ya, y1) Aggsy (v2) Ag sy (1),

Af (21) AT (22) = @2(2, Y1) AT (2) A (1), 1 # ],

A7 (1) A7 (22) = q1(y2, Y1) Agyy (T2) Ag iy (21),

A (11) A (v2) = qa(y2, Y1) Ay (12) A (11), @ # J,

Ap (20) A (22) = 021 — 2) + ¢a (1, y2) Ay (22) Ay (1),

A7 (20)A] (22) = q(yn, ) A (y2) Aj (1), 0 # (15)

for i,j € {1,2}. For the corresponding @Q-MCR algebra A, our theory gives a class of
gauge-invariant quasi-free states 7 on A. _

If we additionally assume that ¢;(y1,y2) = ¢2(y2, 1), then the condition Q(x1, z5) =
Q(xq, 1) is satisfied. Hence, in this case, each gauge-invariant quasi-free state 7 con-
structed in the paper is strongly quasi-free, a property that the gauge-invariant quasi-
free states on the ACR algebra do not possess.



Fusion of (non-abelian) anyons plays a central role in topological quantum compu-
tation, see e.g. [15, Chapter 4] or [17, Section 12.1]. Intuitively, fusion means putting
several anyons in an infinitely small box and identifying the statistical behaviour of
the box. Let £ > 3 be an odd number. We show that fusion of k& quasiparticles that
are described by the commutation relations (15) leads to a new, nontrivial exchange
function Q(z1,x2) to which our theory of quasi-free states is applicable. Note that, in
this case, we have V = (C?)®* i.c., the quantum system has 2* components.

The paper is organized as follows. In Section 2, we define the Q-MCR algebra and
discuss some of its basic properties. In particular, we show that the ()-MCR algebra
allows Wick (normal) ordering. In Section 3, we briefly discuss general states on the
@-MCR algebra. In Section 4, we construct the Fock state on the Q-MCR, algebra.
The main result of this section, Theorem 4.2, gives an explicit formula for the moments
of sums of creation and annihilations operators with respect to the Fock state.

The main results of the paper are in Section 5 and 6. In Section 5, we use The-
orem 4.2 to define gauge-invariant quasi-free states and strongly quasi-free states on
the -MCR algebra. Under several assumptions on the exchange (operator-valued)
function @, we explicitly construct such quasi-free states (Theorem 5.7). In Section 6,
we present examples of the function () that satisfies the conditions of Theorem 5.7. In
particular, Theorem 6.4 states the form of a function () that satisfies the conditions of
Theorem 5.7 and describes a quantum system with quasiparticles of opposite type.

Finally, we remark that, in the case where the condition Q(x1,xs) = Q(x2, 1) is
satisfied and hence strongly quasi-free states exist, one may hope to construct strongly
quasi-free states that are not gauge-invariant.

2 The )-MCR algebra

Let Q : X? — L(V®?) be a continuous function as in Subsection 1.1. Our aim is to
define the @Q-MCR algebra.

To simplify notation, we denote Y := R, Z := R%!, so that X =Y x Z. Respec-
tively, for a given z € X, we denote y := 2! € Y and z := (2%,...,29) € Z, so that
z = (y,2). We denote G := L*(Z;C). Then

H=L*X;V)=L*(Y;V)®G.

We denote by Co(Y™; VE™) the vector space of all continuous functions o™ : Y™ — V/&n

with compact support. We denote by §™ the vector space spanned by functions
f™ o X" — V" of the form

f(n)(xla s 7$n) = SD(n)(yl, s 7yn)gl(21)7 T gn(zn) (16)
with o™ € Co(Y™; V®) and g1,...,9, € G.

Remark 2.1. Below we will use the trivial facts that, for f(™ € ™ ¢ ¢ F™ and a
continuous function C': Y2 — L(V®?),

f(m)<l'17 Ce ,l’m) ®g(n)(_jﬁm+17 Ce ,[L‘m+n) c Sf(m—i-n)?



and
C’i(yi, yi+1)f(m)($1, R TS [ 7 SRR ,$m> € S(m), 1= 1, cee, M = 1.
Furthermore, for u,v € V, (u,v)y = Tr(u @ v).

We define the Q-MCR algebra A as follows. Consider the following (formal for now)
operator-valued integrals:

/ P (@, an), A (21) ® - @ AP (1) )yen dar - - din (17)

with f® € ™ and #;,...,4, € {+, =} (n € N), the integral in (17) depending on
f™ linearly. To shorten notation, we will denote the integral in (17) by

St ta) = R (@ z)i b ). (18)

As a vector space, A is spanned by the identity operator and integrals of the form (17),
equivalently (18). Then A is defined as the unital x-algebra with the product

(I)(f(m)v ﬁla ety ﬁm)CI)(g(n)’ ﬁm-‘rl) ey ﬁm-i—n)

= @(f(m)(q:l, e X)) ® g(”)(me, e Ton )i 81y -y Bnan) (19)
and the x-operation
O(f™: k1, )" =SS (@, 1) s —Hh)- (20)

Here, for § € {+,—}, —f denotes the opposite sign of f, and the antilinear operator
S v 5 Ver is defined by

SMyy @+ @uy = (Jup) @ -+ @ (Juy), v1,...,0, €V.

Furthermore, elements of A are subject to the commutation relations (4)—(6). More
precisely, if i € {1,...,n— 1} and #; = #;11 = +, then

(I)(f(n)’ ﬁla s 7ﬁn) = @(Ql(l’“ xi+1)f(n)(x17 sy Ll Ty oo 7‘TTL)’ ﬁla s 7ﬁ'fl)7 (21)
if §; = f#iy1 = —, then

@(f(n)’ ﬁla SR 7ﬁn) = (I)(@Z(xlv xi+1)f(n)<x17 sy Tig1s Ty e e 7'1771)? ﬁla SR 7ﬁn)7 (22)
and if ﬁz = —, jo_l = ‘l‘, then

CID(f(”); ST ﬂn) - (I)(éi(xi—i-l;xi)f(n)(xl; sy L1y Ly - e ,iUn); 1S PR P P FH Jjn)
+(I)(g(n_Q);jjla"'7jji—lajji+27"'7ﬁn)7 (23)

where

gDz, ) = / Tr; f (21, .. @i, T, T, Ty o Tpo) d € FD 0 (24)
X



Here Tr; : V& — V®(=2) acts by the functional Tr : V®2 — C on the ith and (i +1)th
components of V&,

For m,n > 0 with m +n > 1 and f™* ¢ Fm+)  denote Wmm)(fmin)) .—
cD(f(ern);lea“ijm—I—n) with le = = ﬁm = +, ij—I—l = = ij—i-n = Thus7
W mm) ()Y s a Wick-ordered element of the Q-MCR algebra A. Let also GF™™

consist of all elements f(™+™ ¢ F™+™) that satisfy

FOF (g ) = Qi@ Tt f™ (T, i, Ty T (25)
foralle=1,...,m—1, and

f(m+n)(331> c s Tpgn) = @z(%, il?i+1)f(m+n) (T1s s Tig 1y Tis -+ s T
for alli =m+1,...,m+n—1. In words, FmHn) is Q-symmetric in the first m variables

and Q-symmetric in the last n variables.
The following proposition states that A is a Wick algebra, i.e., it allows Wick
(normal) ordering.

Proposition 2.2. Fach element of the Q-MCR algebra A can be represented in the
form

el Y Wmm(pimmy (26)

m,n>0, m+n>1
where ¢ € C and f™ € GF™™ . The sum in (26) is finite.

Proof. The commutation relation (23) implies that each element of A can be repre-
sented in the form (26) with ¢ € C and f(™™ € F™*+"). So we only need to prove that
the functions f™™ can be chosen from SF™™.

Fori=1,...,m—1, define U; : §m+t™ — Flm+n) by

(Ulf(m+n))<l'1, ce 7xm+n) = QZ(.CC“ $i+1)f(m+n)<llj'1, e s Lj 1, Ly - - - ,l’ern). (27)

The functional Yang—Baxter equation (1) implies that, fori =1,...,m—2, U;U; ., U; =
Ui+1U;Uiq (the Yang-Baxter equation). Furthermore, we obviously have U;U; = U;U;
if i—j| > 2, and U? = 1. Therefore, we can construct a representation of the symmetric
group Sy, by setting U, := U, U, - - - U;, where m € S,,, has an (arbitrary) representation
T = T, T, - m,. Here, for i =1,...,m — 1, m; is the adjacent transposition of ¢ and
i+1 Let Pp:=5% o U

Next, for i =m+1,...,m+n — 1, we define U; : §m+m — Fm+n) by

(Uif(m+n))($1, e 7xm+n) = QZ(ZEZ, Ii+1)f(m+n)($1, ey L1y Ly o e - ,Z)’Jm+n).

It follows from (1) and the definition of @(, -) that @(, -) also satisfies the functional

Yang-Baxter equation. Hence, we can similarly define ﬁn = % > res, ﬁﬂ, where S, is
interpreted as the group of permutations of m+1,...,m +n.



It is easy to see that PP, maps ™ onto SF™™. Furthermore, by (21) and
(22), for each f(m*+n) € Fm+1) we have

W) — W, B0

The following proposition shows that, under an additional assumption on the operator-
valued function @, the algebra A allows anti-normal ordering.

Proposition 2.3. Assume that, for all (z1,x5) € X2, the operator @(ml,xg) € L(V®?)
1s tnvertible. Furthermore, assume that there exists a constant » € R such that, for all
z € X and v® € V&2,

Tr (@(m, x)_lvm) =xTro?, zeX, v® ey (28)

Let ty, ... 4, € {+,—} be such that, for somei € {1,...,n—1}, #; =+ and #;1, = —.
Then, for all f™ e ™,

U (f™it, . )
= o) <C§Z(x,, Tip1) D (@1, T, Ty o )i s B B ﬁn>
— (g™ st i i ), (29)
where g2 is given by (24).
Proof. Applying formulas (23), (24) to

o) (@z’(%;fb’wl)*lf(n)(ﬂ?h sy L1y Ly o ,xn);ﬁh o Bigns s - ~;|jn)

and using the assumption (28), we get (29). O

3 States on the ()-MCR algebra

To study states on the )-MCR algebra A, we need to make an assumption on their
continuity. To this end, we equip Co(Y™; V") with the Fréchet topology in which a
sequence (fx)52, converges if and only if there exists a compact set K C Y™ such that
the support of each fi is a subset of K and (fx)52; converges uniformly on K. The
dual space of Co(Y™; V®™") is the space M(Y™;V®™) of V¥ -valued Radon measures
on Y, i.e., F™ is a continuous linear functional on Cy(Y™; V®") if and only if

FM (M) = / (@ (g, yn), m™ (dyy . dyn))yen, @™ e Co(Y™ VE),
where m™ € M(Y™ V®") see e.g. [16, Chapter 7]. Note that m(™ is completely
determined by its values on functions of the form o™ (y1, ..., yn) = ©1(y1)®- - -@@n(Yn)
with ¢1,..., 0, € Co(Y; V).

10



Let 7 : A — C be a state on A. For any f1,...,4, € {+,—}, we define a linear
functional Tn(f) g, - Co(Y™; Vo) x G" — C by

1111

™ g,y gn) =T (@D (™M (v (z1)  galza)i e 8a) - (30)

Obviously, these linear functionals uniquely identify the state 7. We assume that, for
n)

any fixed ¢1,...,9, € G, Tﬁ(l

ﬁn(SD

.....

jjn(-, g1, ---,0n) is continuous on Co(Y™; V&™), Hence,

.....

there exists a V®"-valued Radon measure mé?,)...,ﬁn (g1, -, gn] € M(Y™; V®") that can
be identified with Tﬁ(ﬁ?__7ﬁn(-, Glse s Gn)-

Below, for f € 3 and § € {+, —}, we denote A*(f) := ®(f;1), called creation,
respectively annihilation operators in the -MCR algebra A, and

B(f) = AT(f) + A(Jf). (31)

Proposition 3.1. Under the above assumption on the continuily of a state T on a
Q-MCR algebra A, the following statements hold.
(i) Form,n >0, m+n > 1, we define

S(m’“)(gpl ® Gy s Pm @ Gy Pl @ Gty -+ s Pmtn @ Jmin)

where p; € Co(Y; V), g: € G, and (p; ® g;)(x) = ¢i(y)gi(z) (i=1,...,m+n). Then
the functionals S'™™ uniquely identify the state 7.
(ii) Forn > 1, we define

M(n)(()ol X Ggr,---, Pn ®gn) = T(B(Sol ®gl) o B(@n ®gn))a

where p; € Co(Y;WR), . € G (i =1,...,n). Here Vg := R™ C C™ = V. Then the
functionals M™ uniquely identify the state 7.

Proof. (i) By Proposition 2.2, the state 7 is completely determined by the functionals

Tﬁ(f””}n Cwith 4y = -+~ = #, = + and §41 = -+ = fmn = —, where m;n > 0,

m +n > 1. Statement (i) now follows from the assumed continuity of the functionals
(m+n)

(ii) First, we note that the result of part (i) remains true if all ¢;’s are assumed to
be from Cy(Y; Vr). Next, for each ¢ € Cy(Y;Vk) and g € G, we have

1 . . _ 1 N -
Af(p@g) =5 (Blp®g) —iBlp®ig)), A (p®g)=5(Blr®g) +iB(p®ig)).
Hence, the functionals M(™ uniquely identify the functionals S(™™). O

11



4 The Fock state on the ()-MCR algebra

Let us briefly recall the Fock representation of the Q-MCR (4)—(6), for detail see [13]
or [8]. First, note that H®" = L?(X™; V®"). Define a unitary operator U € L(H®?) by
(UfD) (21, 29) := Q(x1, 29) fP (w9, 21). Fori=1,... ,n—1,let U; denote the operator
U acting on the ith and (7 + 1)th components of H®", compare with (27). Similarly
to the proof of Proposition 2.2, define P, := >  _¢ U;. Then P, is an orthogonal
projection in H®™. Denote by H*®" the image of P,,. This is the subspace of all functions
from H®" that are Q-symmetric, compare with (25). Let also H®° := C. Define the
Q-symmetric Fock space F9(H) := @7, H*"n!, i.e., FO(H) is the Hilbert space of all
infinite sequences F' = (f(™)22, with f(" € H®*" and ||F||2fQ(H) = 3o 1 F P Fennt <
c00. The vector Q = (1,0,0,...) is called the vacuum. Let F (#) denote the (dense)
subspace of F@(H) consisting of all F' = (f™)> € F9(H) such that, for some N € N
(depending on F), f™ =0 for all n > N.

Let f € H. We define a (standard) creation operator a™(f) as the linear operator
in ]—"{%(H) given by a*(f)f™ := P, (f ® f™) for each ™ € H®". Next, we define
a (standard) annihilation operator a~(f) as the linear operator in F(#) given by

(a_(f)f("))(:vl, ey Tp) = n/}((f(”)(:n,xl,...,xn_l),f(x))v dz. (32)

Here, for uq,...,u,,v € V, we denote
(U @+ @ Up, V)y = (U, V)y Ug @ -+ @ Uy, . (33)

Then a~(f) is the restriction to F& (H) of a®(Jf)*.

Similarly to (2), (3) one defines operator-valued distributions a*(z), a=(x). One
shows that the operator-valued integrals on the right-hand side of formulas (4)—(6),
with A*(-), A=(-) being replaced by a*(-), a(-), are well-defined and formulas (4)—(6)
hold.

Let us show that this construction can be easily extended to a representation of
the Q-MCA algebra. By formula (33) in [8], we have, for any fi,..., f, € H and
f(k) c H®n,

at(f1)at(f) - a" (fu) fP = Por(i® 2@+ ® frn @ [). (34)
Furthermore, by using (32) and (33), we have
(a™(f)a™ (f2) -+ a” (f) f) (@1, 2pn) = (K)n
« / (TC @ 1 ) (L@ ® fu) (@ 2 ) @ fO (a2, )
- di (35)

n

12



Here, (k), is the Pochhammer symbol, T??) : V®(2%) s C is the linear functional given
by

T(Qn) V1 @ QU = H Vi, U2n— z+1 Vly..., V2 € V7 (36>

and 1;_, is the identity operator in V®k=—7),
In view of formulas (34), (35), we define for ™+ € Fm+7) 4 linear operator
Wmm (femm) in Fg (M) by

(W(mm) (f(ern)) u(k)) (Qil, s 7xmfn+k> = menJrk |:/ (1m & T(2n) ® 1kfn)

Fr gy a2 @uP (22 T Topnk) A - da, | (37)

rn

for u®) € H®*. Due to the Q-MCR, the operators W™ (fm+7) uniquely identify
operators ®(f™;#;, ..., 4,) with f € ™ and #;,...,4, € {+,—}. Thus, we get a
representation of the )-MCR x-algebra A.

Next, we define the vacuum state 7 on A by 7(a) := (a2, Q) re(y) for a € A. Since,
for each f € I, a=(f)Q2 = 0, 7 is the Fock state on A. Note also that the state 7 can

be extended to the vector space of all linear operators acting in Feo (7—[)
(n)

.....

('agla ce 7gn>
are continuous on Cy(Y™; V®"). Hence, by Proposition 3.1, the functionals S(m.n)
uniquely identify 7, and so do the functionals M® Tt follows from the definition of
7 that all the functionals S are equal to zero. Our next aim is to calculate the
functionals M. To this end, we will first prove a slightly more general result. Before
doing that, let us introduce required notations.

For n € N, let P®" denote the set of all partitions of {1,...,2n} into n two-point
sets. Fix a partition & € P@". All the definitions below depend on the choice of &,
nevertheless for simplicity we will not show this dependence in some of our notations.

Let
g: {{11731}77{Zn73n}} (38)

Obviously, for the Fock state 7, the corresponding functionals 7,

with
i1<j1, i2<j2,...,in<jn, 1G>0y > >0, =1. (39)

Denote I := {iy,i2,...,in}, J := {J1,72,---,jn}. For k = 1,2 ... n, we define sets
J®) and J*®) as follows. Let

Vo={jedli<j<n}, IV:={jel|iu<j},
and for k=2,....n
Wo={jedin<i<jw j#dr, J# T J# i1}
Mi=ljeJ|ip<j, j#minIV, j#£minI® .. j#minJ* D}, (40)

13



We write

. -(k (k) «(k .
{]1 7]2 7’jl(k)}’ J(k):{.]g )7Jg )77J$7]§;1}7 (4]')
W< <<l i <) <<l (42)

Here I, and my, are the number of elements of the sets J® and J®)| respectively,
Remark 4.1. Note that

¢ = {4 i 02,37), o (i i)

belongs to P?". Furthermore, since Jgk) = minJ® the definition (40) implies that ¢’
is a non-crossing partition.

Recall that, for a linear operator C € L(V®?) and i € {1,2,...,m — 1}, we denote
by C; the linear operator in V™ acting as C on the ith and (i+ 1)th components of the
tensor product V®™. Now, similarly, for 1 < i < j < m, we define a linear operator
Cli, j] in V®™ that acts as the operator C on the ith and jth components of V&,

Let us now fix an arbitrary (z1,...,%s,) € X?". For k = 1,...,n, we define a linear
operator Q) (&, w1, 1y, ..., 29,) in VO as follows. If J® = {5}, ie., I = 1, then
QW (& 11, m9,. .., T9,) is the identity operator. If [ > 1, then we set

Q(k) (57 L1, L2y, xQn)

(k) «(k (k) o(k «(k «(k
Next we define a linear operator
Q(é-a L1, T2, ... 7x2n)
= Q(n) (67 L1, T2, . .. axQn)Q(n_l) (67 L1, T2, ... axQn) T Q(l) (57 L1, T2, . .. 7$2n)' (44)

Recall Remark 4.1. Similarly to (36), we define a linear functional T (¢) : V&2 —
C by
TEE)0n 12 © -+ & v = (v vty -+ vl (45)

Theorem 4.2. For f € H, let a™(f) and a~(f) denote the standard creation and
annihilation operators in the Q-symmetric Fock space FO(H). Let 7(-) = (- Q,Q) ro(n)
denote the Fock state. Let n € N and fi, fi,..., fon, f5, € H. Then

(@™ (f1) +a (f)) - (@ (fan-1) + @ (f2n1))) =0 (46)

and

(@A) +a () (@ (fan) + 0 (f5,) = D /2 Q) o (dw; dx;)
gepem ¥ X "{ii}fa
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X ']I'(Qn)@)Q(f; T1y ooy Ton)ha(21) @ ho(2) @ -+ @ han(T2n). (47)

Here 0 is the measure on X? satisfying
FO (1, 29)0P (day day) = / fO(x, z)dz (48)
X2 X

and hig(x) = fi(x) if k € I and hi(z) = fe(z) if k € J.

Proof. Denote by F(H) := €D, ,H®"n! the full Fock space over H, and by Fg,(H)
the vector space of all sequences F' = (f(™)>°, € F(H) such that, for some N € N
(depending on F'), f (") = 0 for all n > N. For each f € H, we define linear operators
AT(f) and A (f) in Fg,(H) by

(AT N (@1, Tpsr) = fla1) @ D @2, Tag),
(A~ (HL™) (1, m0a) :/ <f(:c),f(”)(:c,x1, o Zne1)

X
n—1

+ Z Q1 (2, 21)Qa(@, 22) -+ Qula, mp) f™ (21, .., 2y T, T - - ;In—1)>v dx
k=1

n—1

= / [Th (f(x) ® f(n)(l‘;l’h e 7xn—1)) + ZTH (Q2($;$1)Q3($71’2) o Qrya (7, )
X k=1

f@) @ f™(zy, ... 2@, Ty, - ,xn,l))} de, f™ e He", (49)
Lemma 4.3. For any fi,...,f, € H and t1,...,4, € {+, —}, we have
P () 0P () = (AP () - A ()2, ) -
Proof. 1t is sufficient to prove that, for each f™ e H®",

at ([)Pf™ = Port ANN ™, a” (HPS™ = B A(N) ™ (50)

It easily follows from the definition of the operator P, that P,1(1x ® P,) = P,.1,
where 14 is the identity operator in H. From here the first formula in (50) follows.
Next, it follows from the proof of [6, Theorem 3.1] that

1

n

P, Iy @P) A+ U+ UUs+ -+ Ui Uy -+ - Upa). (51)

Denote by ay,.(f) the linear operator in Fg,(#H) given by

(e (HF ) (@1, 20a) = ”/ (f(2), (w0, )y de, f7) € 1O
X
(52)
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By (32), (49), (51), and (52), we get, for each f™ ¢ H®",

a” (f)Puf™ = agoo(f)Puf™
1
= af_ree<f)ﬁ Ay ®@ P ) A+ U+ U Uy + -+ U Uy Uy ) f™

1
=P~ oo (YA + Uy + U Uy 4+ -+ Uy Uy - - - Uy ) £
= n—lA_(f)f(n)' U

Formula (46) trivially holds, so we only need to prove (47). By Lemma 4.3,

r((@(f) +a(F)) - (@ (fon) + 0 (F3))
= (AT +AT(D) - (AT (fn) + A ()2 D) (53)

For each f € H and k € N, we define a linear operator A~ (f, k) in Fg,(H) as
follows: if f(™ € H®" and n < k, then A~ (f, k) f™ =0, and if n > k, then

(A_(ﬁ k)f(n)) (T1,. 0 Tnr) = / Try Qo(z, 21)Qs(x, x2) - - - Qu(x, T4—1)
X
F@) @ f™ @y, . Tpy, T Ty e Ty d. (54)

Here, for k = 1, the operator Qs(x,z1)Qs(x,z3) -+ Qr(x,xx_1) is understood as the
identity operator. We may equivalently write formula (54) as follows:

(A_(f; k)f(")) (T4, Tty Tty o5 T) = / Tr1 Qo(, 71)Qs(w, 22) - - Qr (T, 3—1)
X2
f(l') & f(n)(xh vy L1y Ty T2y v v - 7:En) 0-(2)(d$ dl‘k) (55)

We will say that the operator A~ (f, k) annihilates the z, variable.

By (49) and (54) “(f) = a1 A (f, k), or equivalently, for each ) e H®",

A=(f)f™ = S0 A(f, k) f™. Hence, we can express the right-hand side of (53)
as a summation over all partitions & € P®" so that each & of the form (38), (39)
corresponds to the term in which the creation operators are at places ji,..., j,, the
annihilation operators are at places 71, ...,%,, and the annihilation operator at place
i, annihilates the variable created by the creation operator at place j,. By (40)—(42),
this gives

7((a +(f1)+a*(f{))--~( “(fen) +a”(f20)))
= D A (i L) A (hiyr) - AT (1)

£ep@n)
A7 (i ) AT (R 1) - A (R 1) - - A (hiy, 1) ARy 1) - - AT (han ) Q.
(56)
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For a fixed £ € P®", let us now calculate the value of the expression in the sum
appearing in (56). To this end, we introduce the following notations. Assume R is a
subset of {1,...,2n} and for some k € {1,...,2n} let S={k,k+1,...,2n} \ R. We
write R = {ry,rs,...,r;} and S = {sy,89,...,8,,} with s; < sy < --- <s,,. Then, for
a function (™ : X™ — C, we will use the notation

¢(m)($k7$k+1, ey Top \ Tpyy Ty ooy Tyy) 1= w(m)(xsl,xSQ, cey T ).
Next let (1, (a, - .., (y be different numbers from the set {k,k+1,...,2n}. Let
kk+ 1,203\ {C, Gy oo+, Gt = {7720 Vonkp1-21}
with 71 < 79 < -+ < Yon_rr1-2- We define a linear functional
T(r=k+1) (F; Gy G| Gy Ca | | Gty Cot) YeEnThEl) _y ye@En-kl-2)
by

T (ks G, Gl G Gal -+ | Gart, Got) Uk @ Vpst @ -+ @
= <UC17 UC2>V<UC37 UC4>V to <UCzl—17 UC21>V Uy ® Unyy Q- & Von—fpt1-2

for vg,...,v, € V.

Recall that, for a linear operator C € L(V®?) and 1 < i < j < m, we defined a
linear operator C[i, j] € L(V®™). Now, for k > 1 and k <i < j < k+m— 1, we define
an operator Clk; i,j] € L(V®™) by

Clk; i,5] :=Cli—k+1,5—k+1].

This definition can be interpreted as follows. We enumerate the components of V™ as
k,k+1,... k+m—1 and the operator C[k; i, j] acts as the operator C on the variables
i and j. In particular, C[1;1, j| = C[i, j].

We have

(AT (hiys1) - - AT (h2n)Q) (Tiy1, - -+ Ton) = hiy1 (T 41) ® -+ @ hop(T2)
and by (55),
hiys W) A (hiy 1) AT (h20)Q) (wiys - T,y \ @i, 25,
= / o (dx;, duj,) Try Qo(wy,, .§1>)Q3(xil,xj§1))

X2

Qll (I“?I (1) )hll (Ih) ® hiz (3312) K- hQTL(‘rQH)

= / 0' d‘rll d.ﬁ(ﬁ'Jl) T(2n7i1+1) (Zlu ilujgl))

X2
Qs o)lins 17, 381Q i ) lins 357,387+ Qa0 Jlins 3112131
b
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h'il (:Ell) ® hiz ($22> K- ® hzn(l‘zn).
Next, we have
(A+(hi2+1> e A+(hi1*1)~/4 ( 019 )A+< Zl+1) e A+(h2n)Q) (l’i2+17 Lig42 -+ -3 Ton \ :Ch?le)

N / o (dzi, dj ) hiys1 (Tiysr) @ -+ @ by (25,1) @ TE1HD (G5 ibjgl))
X2

Qi w0 lin: 31,38 1Q i, w0 in: 357, 357) -+ Qe o ins 311131
n

hil (xll) X Giy (:Eu) X ® an(xQn)
= / oD (dx;, da;,)T ™2 (iy + 1; i, i)
X2

Q<$z17$ (1))[22 + 1 J(11)7.]gl)]Q(xz1a x (1))[22 + 1 -]él)h]g )]

: 'Q(%‘z‘ul‘jl(l) iz + 1, .]l(ll) 17J1(11)]h12+1(56z'2+1) ® higo(Tiyi2) @ -+ @ hop(Tan).
11

From here, using the commutativity of the functionals, respectively operators, acting
in different variables, we similarly get:

(A (hiy, I2) A* (higya) - - - AT (hiy 1) A (hay, ) AT (hiy 1)
o A+(h2n)Q> (xizv Lig41y- -3 T2n \ Liys Ly Ligs $j2)
B / 0-(2)(d:132-2 dl‘j2)0(2)(d$i1 dle)T(Qn 12+1)(22’ Z17.]1 | 227.15 ))
X4

2 . «(2 «(2
Q("L‘izaxﬁ?))[z% iy )]Q(ﬂﬂiz,a?j@))[lm i35 Q(%gale@)l)[w; .]1(2),1,.]1(2)]
2

Q(zi,, flfﬁ ) li2; Jg )7.]% )]Q(xil,x 3 ) [i2; Jg )7J:(z,1)] : Q(%l,ﬂl?jl(l) 1)[i2; jl(f)_lajl(ll)]
-

hiy(Tiy) @ Niy 1 (Tig1) @ -+ + @ han(T2,).
Continuing by analogy, we get at the kth step:
(A™ (hiy, 1) AT (higsa) -+ - At (i 11) A (hig_y s lem1) AT (hiy_ 1) -+ - AT (i _y 1)
- A7 (g, b)) AT (Riy 1) - - - AT (hiy 1) A™ (Riy, L) AT (hiyga) - - AT (han)Q)
(Tigs Tigt1s - - - s Tan \ Tigs Tjys Tigy Ty« - -5 Tiryy L))
= /X% 0(2)(dxi1dle)a(2)(dmizdmh) . -0(2)(dxikdmjk)
T 5 iy, 31 |, 357 |-+ | ins 31)

k k
Qi w003 313 1Q i 2,00l 187, 357) - Qi w00 Vi i 1,3

k—1) +(k—1 k—1 k 1
Qe @ wn)lins it Qs w0l dy 3]

k—1 k—1
QT (: 1) )[zk,.ﬁk 1)1,Jl(k 1)]
L1
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Qi w)lins 3735 1Q iy ) ks 387,387 -+ QUi o ks 3l )
n,

hik ('le) ® hik+1 (wzk+1) ® ctt ® hQn(an).
Thus, after n steps, we get, by using the definitions (43)(45),

(A (i 1) AT (hiy—1) - AT (hiy 1) A (R 1) AT (1) -+ - A (hay 1)
c A_(hil, ll)A(hz‘1+1) A A+(h2n)Q) (171, To, ... 7l'n) (57)

= / 0(2) (dxll d‘rj1>a(2) (d$z2 dx]é) T 0-(2)(d'rin dx]n)
X2n
X T(zn)(f)Q(g, T1,T9y ... ,J]Qn)hl(ﬂfl) (029 hg(ZL’Q) R R hgn(l‘gn). (58)
Formulas (56) and (58) imply (47). O

Remark 4.4. We can unify formulas (46) and (47) into a single formula

(@ )+ a () @ ) ) = 2 [ @ oPdudsy

gep) {zzi}]eé
X T(Q(E; 21, -, wn)ha(21) ® h(wy) @ -+ & hi () (59)

which holds for all n € N. Indeed, if n is even, then (59) becomes (47) and if n is odd,
then the set P is empty, hence the right hand-side of (59) is equal to zero.

Recall that the operator Q(&; x1, . .., x,) was defined through ¢ € P™ and operators
Q(z,2'). But, for x = (y,2) and 2’ = (v/, 2'), we have Q(x,2") = Q(y,y). Therefore,
we can write the operator Q(&;xy,...,x,) as Q(&; Y1, -+, Yn)-

Similarly to the definition (48) of the measure 0® on X2, we define the measure
v? on Y2,

In accordance with (31), we define b(f) :=a™(f) +a~(Jf). We can easily see that
Theorem 4.2 implies the following

Corollary 4.5. Let 7 be the Fock state. For any g1, 92 € G, we define a complez-valued
measure \?[gy, go] on Y? by

A g1, ga] (dy1 dya) = (g2, g1)g @ (dys dyo). (60)

Then, for any p1,...,¢, € Co(Y;VR) and g1,...,9, € G, we have

T(b(e1 ® g1) -+ - b(on © gn)) Z/ Q) A@(gi, g;(dy: dy;)

gep) {i.jteg
1<J

TEQE Y1, - - Yn)p1(W1) @ pa(Y2) ® ++ @ P(Yn)-
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Below we will also need a formula for

T(a”(f1) - a (fa)a" (far1) -~ 0" (fon)) (61)
This is, of course, a special case of formula (47), which can be simplified in the case
of (61).
For each permutation 7 € S,,, we define a partition & € P® as follows:

£ = {{1,n+7r(n)}, {2,n+m(n—-1)},..., {n,n+7r(1)}}.

We denote by S, the subset of P?™ consisting of all such partitions. Equivalently, S,
consists of all partitions ¢ € P®™ such that, for each {i,j} € ¢ with i < j, we have
1 <n and 7 >n+ 1. The following corollary is immediate.

Corollary 4.6. Let T be the Fock state. Let p1,..., 0o, € Co(Y;V) and g1, ..., 920 €
G. Let the complex-valued measure A2 [9i, 9;] be defined by (60). We have

7'(617(901 @g1) " (Pn @ gn)a" (Pns1 @ Gny1) - a7 (Yon @ 92n))

= Z/ Q) A®(gi, 9;(dy: dy;)

£€Sn {i,j}e
1<J

X T(Zn)Q(€’ Y1y .. ,y2n)(pl(y1) X @2(y2) Q- & S02n(y2n)

Here T : V&2 5 C is the linear functional defined by (36) and the linear operator
Q& 1, ..., T2,) 1s defined by formula (44) in which

Q(k) (f; L1, 7332n) :Qn+k($n—k+17 xj§k>)Qn+k+1(xn7k+17 :cj;k))

. Qn+k+lk—1($n—k+1; 13j<k) ),
l—1

’th@’f’€, fOTf = {{17jn}7 {2>jn—1}a R {n7]1}} € Sru we denote J = {j17j27 cee 7]71} and

J<k>—{jeJngjk,j#jl,.--,j#jm}a

) () } (k) (k)

(k k
= {80 g < Js e

<']lk'

5 Quasi-free states on the ()-MCR algebra

Let 7 be a state on the -MCR algebra A. We assume that, for any fiy,...,8, €
{+,—} and any ¢1,...,9, € G, the functional Tti 77777 4, (591, .-+, gn) s continuous on

Co(Y™; V®™). In view of Corollaries 4.5 and 4.6, we now give the following

Definition 5.1. (i) Assume that, for any g¢i,92 € G, there exists a complex-valued
measure A [g;, go] on Y2 such that, for all o1, 0y € Co(Y; Vi),

(Bler® 0)Blea @ ) = [ (orlm)rale)v A, doe).
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We say that 7 is a strongly quasi-free state, if all p1, ..., ¢, € Co(Y;Vr) and g1, ..., 9, €
G, we have

T(B(e1®g1) - Blyn ® gn)) = Z/ Q) APlgi, g;](dy; dy;)

gepm V" {ij)ee
1<)

x TOEOQEyr, -, yn) 01 (y1) ® p2(y2) ® -+ ® @i (Yn).- (62)

(ii) Assume that, for any g1, g € G, there exists a complex-valued measure p g1, go]
on Y2 such that, for all o1, @y € Co(Y; V),

T (AT (1 ® g1)A™ (2 ® g2)) = /2 P91, g2l(dy1 dyo) (01(y1), 2(y2))v-
Y
We say that 7 is a gauge-invariant quasi-free state if for all m,n € N, p1,..., omin €
Co(Y;V) and g1, ..., Gmin € G, we have
T (A1 ®g1) AT (Pm ® ) A (L1 ® Gms1) -+ A (Prmsn ® Gmin))

= Omun Z /M ® P g:, 9;1(dy; dy;)

eesn Y™ {ijyee
1<

X TCOQ(E g, Yn)1 (1) © 92(92) @ -+ @ Pan(yn): (63)

In formula (63), d,,, denotes the Kronecker delta.

Remark 5.2. Both formulas (62) and (63) imply that the state 7 is completely deter-
mined by the operator-valued function Q(y1,y2) and by the values

7(B(p1 ® g1)B(p2 ® ¢2)) and 7 (A% (91 @ g1)A™ (92 ® g2)) ,

respectively.

Corollary 4.5 implies the following

Proposition 5.3. The Fock state on the Q-MCR algebra is strongly quasi-free and the
corresponding measure A\ [gy, go](dyy dys) is given by formula (60). The Fock state is
gauge-invariant quasi-free, with p'®[gy, go](dyy dyz) = 0.

We will now construct a class of gauge-invariant quasi-free states and strongly
quasi-free states on the ()-MCR algebra. We will be able to do this under additional
assumptions on the operator-valued function ).

Assumption 5.4. We assume:
(i) For all y1,y, €Y, @(yl, Y2) is unitary and @(yl,yg)* = é(yg,yl).
(ii) For all y1,y, € Y, we have @(yl7y2) = Q(?Jl,yz)-
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(iii) For all y1,55 € Y, we have Q(y1,12) = Q(v1,%2) and Q(y1,42) = Q(y1, a).-

(iv) There exists a constant » € R such that, for all y € Y and v € V®2 we have
Tr (Q(y,y)v@)) = 2 Tro®.

(v) Let Y7 and Y5 be two copies of Y and let Y := Y7 UY;. Define a (continuous)
function Q : Y2 — £ (V®?) as follows: Q(y1,92) := Q(y1,v2) if either y1,y, € V)

or y1,y2 € Yz, and Q(y1,42) := Q(y2,41) if either y; € Y1, yo € Y3 or y1 € V5,
yo € Yi. [Note that, by (i) and (ii), for any (yi,y2) € Y2, Q(y1,¥2) is a unitary
operator and Q(y1,%2)* = Q(y2,91).] Then the function Q : Y? — L (V©®?)
satisfies the functional Yang—Baxter equation point-wise, cf. (1).

Similarly to Assumption 5.4, (v), we define X := X; U X, and let Q : X? — L(V®?)
be defined by Q(x1,z2) := Q(y1,y2), where x; = (y;,2;) € X, i = 1,2. For

fe l’(X;V)=L*X;V)e L*( Xy, V) =H O H,

we construct the standard creation operator a*(f) and the standard annihilation op-
erator a~ (f) in the Q-symmetric Fock space FQ(L?(X;V)). Similarly to Section 4, we
then construct the Q-MCR algebra, denoted by A, and the Fock state on A, denoted
by 7. In particular, we think of A as the algebra spanned by operator-valued integrals

[ )b (@) @ @ @ )y day -+ da, (64

where fi1, ..., 4, € {+,—} and f € F™, where the space F™ is constructed similarly
to §™ but by starting with X instead of X, compare with (17)
Let 1,...,8, € {+, =}, i1,...,9, € {1,2} and let f™ € F™. We define

/ (FON ), (20) @ - @ () ven day - da (65)

to be equal to the operator-valued integral (64) in which

£ (zy. . o) = {f(")(xl,...,xn), i (21,5 n) € Xiy X X X 00 X X, 66)
0, otherwise.
In formula (66), we identified (z1, ..., z,) € X;, x X;, X+ --x X, with (z,...,2,) € X"
Thus, intuitively, for i = 1,2 and ¢ € {4, —}, a’(-) is the restriction of a*(-) to X;.
As easily seen, the algebra A is spanned by the operator-valued integrals of the
form (65). Similarly to (18), we denote the integral in (65) by ®(f™;dy,41,...,in, fn)-
Formulas (21)—(24), Proposition 2.3 and Assumption 5.4 imply

Lemma 5.5. Let f™ € ™ dy,... i, € {1,2}, t1,...,8, € {+ =}, and k €
{1,...,n = 1}. The following commutation relations hold: if # = tx+1 and iy = g1,

Q(f(n);ibﬁla S 7in7ﬂn) = ¢(Qk(l'k,$k+1)f(n)(x1, ey Tt 1, Ly - - - axn);ila ﬁla cee ai’na ttn)a
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if B = fkg1 and iy # igg,

Q(f(n);ibﬂla s 7in7ﬁn)

= @(@k(xk+1,xk)f(”)(x1,...,xk+1,xk,...,xn);i1,ﬁ1,...,ik+1,ﬂk,ik,ﬂk+1,...,in,jjn);
if By = —, B = + and iy = ipp,
S(f"5in, 4, i )

= @(@k(xkﬂ,xk)f(")(xl,...,:EkH,xk,...,xn);il,jjl,...,ik,ﬁk+1,z’k+1,jjk,...,in,ﬁn)

+ @(g(n*Q)’ i17 Jjb s 7Z'k717 ﬂk*la ik+27 ijJr?a s 7in7 ﬂn)7
where "= is given by (24); if f = —, b = + and iy # iier,
@<f(n)7 7;17 ﬂla s 77:717 ﬁn)

= ®(Qu(T, Tps) (@1, oo Tty Ths o s T )30 By v e v s it Bt B B < - <3 s )
if B =+, fkr1 = — and iy =i,
S(f"5in, 4, i, )
= ®(Qu(@p1, ) [ (B0 Tt Ty )30 B T Bt Gt Bl s )
— 3@ (9" i ket Bt s Br2s s ),
where g™~ is given by (24); if fx = +, 1 = — and iy # igy1,

q)(f(n);ilaﬁh s >in7ﬂn)
= Q(Qk($k7$k+l)f(n)(xla vy Th41, Ty v - - 7xn);2.17 ﬁl? s 7ik+17 ﬂk’—i—laik’a ﬁk’a oo 7in7ﬂn)'

Let us fix a bounded linear operator K € L£(G). In the case where » > 0, we
assume that K > 0 and in the case where » < 0, we assume 0 < K < —%. Let
K, := VK and K, := v/1 + »K. Furthermore, we assume that both operators K; and
K5 are not equal to zero, equivalently K # 0 and K # —i.

For a bounded linear operator C' € L(G), we denote C" := JCJ, the complex
conjugate of C'. Here, just as above J is the antilinear operator of complex conjugation.

Let f = p ® g with ¢ € Cy(Y;V) and g € G. We define

AF(f) = /X (o) (Eag) (=), 5 (@) dee + / (o) (Krg) (=), af (@) de,

X

A = [ ) Eig)).as @)+ [ (K. af @)vde. (6)

X

We define the corresponding operator-valued distributions A™(x), A~ (z) through the
formula

A (f) = /X (f(2), A @)y de,  A(f) = /X (f(o), A @)y do.  (68)
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Proposition 5.6. We have (AT(f))" = A~ (Jf) and the operators AT(f), A=(f)
defined by (67) satisfy the Q-MCR, see (4)—(6).

Proof. The proposition is a consequence of (67), Lemma 5.5, and the following obser-
vation: for any g, g2 € G,

/Z (K0) () (Kaga) ()= — 5 / (50 00) () (K1g2) (2)dz

z
= (K392, Ko Jg1)g — #(K192, K1 Jg1)g

= ((K22 — %K?)gs, ng)g = /Zg1(2’)gg(z)dz. ]

Inspired by Proposition 5.6, we will now construct a Q-MCR algebra A. Formally,
A is spanned by the operators

O(f™i .. ) ::/n(f(”)(xl,...,xn),Am(xl)®---®Aﬁ”(xn)>v®n dxy - dwy,

where f™ € F™ #,..., 4, € {+,—}. We now rigorously define ®(f™:t,,... ,) as
follows.

Denote K (+,1) := Ky, K(+,2) := Ky, K(—,1) := K{, K(—,2) := K}, and denote
Y(+,1) == —, y(+,2) ==+ (=, 1) := +, y(—,2) :== —. Let f™ € F™ be of the form
(16). Then we define

q)(f(n)aljlaaljn) = Z (I)(gp(n)<y1,,yn)

X (K ($1,41)91) (21) -+ (K (805 80)Gn) (20); 01, V(81 81), -y s Y (B Zn)) (69)

Next, we extend the definition of ®(f™;#,,...,4,) by linearity to the case of an arbi-
trary f e F.

By construction, each ®(f™:4;,... 4,) belongs to the Q-MCR algebra A. Let A
denote the unital x-algebra generated by these elements. Thus, A is a *-sub-algebra of
A. We will denote by 7 the restriction of the Fock state 7 to A.

Theorem 5.7. (i) The x-algebra A constructed above is a Q-MCR algebra, i.e., it
satisfies the conditions (19)—(24).

(ii) The state T on A is gauge-invariant quasi-free and the corresponding complez-
valued measure p g1, go] on Y? is given by

2g1, g2)(dyndys) = v (dyrdys) / () (2)g2(2) (). (70)

(11i) The state T is strongly quasi-free if and only if

Q(yl,?h) = Q(y2, 1) (71)
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In the latter case, the corresponding complex-valued measure A\ |[g1, go] on Y? is given
by

A (g1, go] (dys dya) = v (dyy dy2) (92, 91)g + (K g1, g2)g + #(g2, K g1)g). (72)

Proof. (i) By using (69), one shows that A is a -MCR algebra similarly to the proof
of Proposition 5.6.
(ii) For any (f1, fo) € H®H, we denoted by a*(f1, fo) = a;(f1) +ax(f2) (f € {+,—})

the corresponding standard creation and annihilation operators in the Q-symmetric
Fock space FRH D H). Let f = ® g with p € Co(Y;V) and g € G. By (67),

AY(f) = a3 (p @ (Kag)) + a7 (¢ ® (K19)),
AT(f) = a3 (p @ (K39)) +af (¢ ® (K1g)).

For fi = 1 ® g1 and fo = s @ go, we have
(AT (f1)A(f2)) = 7(a) (¢1 @ (Kig1)) af (p2 @ (Kg2)))
(01(y), p2(y))v dy (K191, K1Jg2)g

®g1, go)(dyr dy), (73)

—c

Y2<901(y1)7902(y2)>vp

where p[gy, go] is given by (70). Next, for any f; = ¢; ® ¢; (i = 1,...,m +n), we
have
T(AT(f1) - AT (f) A (fons1) - A (i) = 7 (a5 (01 ® (K191))
- ay (om @ (Kigm)) af (Pm1 @ (K1gm+1)) -+ af (Pmsn @ (K1gm+n))
=7(a (1 ® (K1g1)) -+ a” (o ® (K1gm)) a* (o1 @ (K{gm+1))
0 (P @ (K{9m+n))- (74)

In the last equality of (74), a*(-) and @™ (-) denote the standard creation and annihila-
tion operators in the Q-symmetric Fock space F?(H), and 7 denotes the corresponding
Fock state. Now the statement (ii) of the theorem follows from (73), (74), and Corol-
lary 4.6.

(iii) For f = ¢ ® g with ¢ € Cy(Y;Vg) and g € G, the operator B(f) = AT (f) +
A~ (Jf) is given by

B(f) =a*(p® (JK1g),» @ (Ka9)) +a (¢ ® (K1g), ¢ ® (JK3g)).

Therefore, for such f; = o1 ® g1 and fo = v ® ga,
T(B(fl)B(fz))
- /Y (1(9), au))v dy ( / (5190) (2) (T K1g2) (2)dz + / <JK291)<Z><K292><Z>dZ)
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—/Y<§01(y>>§02(y>>Vvdy((K191>K192)g+(K2927K291)H)

= [t ealmy A o gl ). (75)

where A®)[gy, go] is given by (72).

Assume that condition (71) is not satisfied. Then, by a straightforward calculation
of 7(B(f1)B(f2)B(f3)B(f1)), we see that formula (62) fails for the state 7 when n = 4.
Hence, 7 is not strongly gauge-invariant.

On the other hand, if condition (71) is satisfied, then for all (y;,y2) € Y? we have
Q(y1,y2) = Q(y1,y2), compare with Assumption 5.4 (v). Then that the statement of
the theorem about 7 being strongly quasi-free follows from (75) and a straightforward
analog of Corollary 4.5 when X is replaced by X. O]

6 Examples

We will now consider several classes of examples of the operator-valued function @) to
which our construction of quasi-free states is applicable.

6.1 Abelian anyons

Let V = C, which implies that Q : Y2 — C is a continuous complex-valued function
satisfying [Q(y1,v2)] = 1 and Q(y1,y2) = Q(y2,y1). Assumption 5.4 is now trivially
satisfied, with » = Q(y,y) € {—1,1} and Q(y1,v2) = Q(y1,%2). Thus, for each
appropriate choice of a bounded linear operator K in G, we obtain the corresponding
gauge-invariant quasi-free state 7 on the x-algebra A of the ()-anyon commutation
relations. This is essentially the construction from [14]. Note that, in the latter paper,
the function ) was not assumed to be continuous, which led to an arbitrary choice of
the value of »» = Q(y,y) € R, and to a different definition of the counterpart of the
space F™.

Unless Q(y1,y2) is not identically equal to 1 (which is the case of the CCR) or —1
(which is the case of the CAR), the function @) does not satisfy condition (71), hence
the state 7 is not strongly quasi-free.

6.2 Lifting of anyon commutation relations to multicomponent commuta-
tion relations

Let V = C" and, for each 4,5 € {1,...,7}, we fix a continuous complex-valued function
q(y1,2,1,7) on Y2 such that |q(yy,y2,7, )| = 1 and

q(yhy%%j) = Q<y27y17j7 Z)

We also assume that there exists a »c € {—1,1} such that ¢(y,y,i,i) = s« forally € Y
and i € {1,...,7}.
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For (y1>3/2) S Y27 we define Q<y17y2> crl (V®2) by
Q(ylny) 6i®€j = Q(yhy%i)j) €j®€i7 Za] € {17-..7T}- (76>

It is straightforward to see that Q(y1, y2) is unitary, Q*(yi1, y2) = Q(y2, v1), and Q(y1, y2)
satisfies the functional Yang-Baxter equation. Furthermore, Q(y1, y2) satisfies Assump-
tion 5.4, with

Q(?Jl; Ya)e; @ e; = q(y1,Y2,J,1)e; @ e;. (77)

In accordance with formula (8), for the corresponding operator-valued distributions
Af(x), A7 (z) , as in (2) and (3), the following commutation relations hold:

j q(ya, Y1, 1, J)A+(952)A+(551)
A; (21)AS (w2) = q(yo, v1, 4, ) A (22) A7 (1),
j_ 5 5( yQ) +q(y17y27]7 )A (1'2)142_(271)

fori,je{1,...,r}.
Remark 6.1. We may think of q(y1,ye,1,j) as a continuous complex-valued function ¢
on (Y x {1,.. }) which takes on values of modulus 1 and satisfies, for all v, v, €

Y x{1,... ,r} q(vl, v9) = q(vg,v1). Hence, the multicomponent system considered in
this subsection can be thought of as a lifting of the anyon commutation relations, for
which the underlying space is X x {1,...,r} and the exchange function @ is given by

Q(y17y27.j7i>'

By Theorem 5.7 (iii) and (77), a gauge-invariant quasi-free state 7 is strongly quasi-
free only in the trivial case where, for all y1,y2 € Y and 7,5 € {1,...,r}, we have
Q(yl»y%i:j) = qij with qij € {_L 1}7 and qi1 = " = Qrr-

Ezample 6.2 (Antiparticle). Let us consider the following example. Let r = 3, and
let a function q(y1,¥s2,7,7) on (Y x {1,2,3})? be defined as follows: q(y1,v2,1,1) =
q(Y1,92,2,2) = q(y1,92), q(Y1,92:1,2) = q(y1, 92,2, 1) = q(y2,y1) and q(y1,y2,1,7) = 1
if at least one of the numbers ¢ and j is 3. Here ¢ : Y? — C is a continuous function,
lq(y1,92)] = 1, and q(y2,y1) = q(y1,y2). Since AF(r;) commutes with all A;(x)
(1 = 1,2,3), the particle of type 3 is a boson. On the other hand, both particles of
type 1 and 2 are (abelian) anyons: A (z1)A] (22) = q(y2, y1)Af (22) A (21) (i = 1,2).

Recall the Introduction for an intuitive interpretation of fusion of quasiparticles.
The fusion of particles of type 1 and 2 can be understood as a (heuristic) operator-
valued distribution B(x) := A] (x2)A] (x). As easily seen, B(x;) also commutes with
all A;(x9) (i = 1,2,3), and hence also with B(zs). Hence, one can identify B(x) with
As(z). Thus the fusion of the particles of type 1 and 2 gives a boson. This means that
particle 2 is the antiparticle of particle 1, compare with [15, Section 4.1.1].

Remark 6.3. It follows from Example 6.2 that, for the construction of a gauge-invariant
quasi-free state on the algebra of the anyon commutation relations, one does doubling
of the underlying space by adding to the particle its antiparticle. Indeed, in that case,
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the doubling of the space is equivalent to an addition of a particle of type 2, and
the resulting commutation relations are A; (z1)Af (x2) = Q(y2, y1) A (22) A (21) for
1=1,2, and Aj(xl)Aj(xg) = Q(yl,yg)A;r(azg)A;r(xl) for i # j.

6.3 Systems with particles of opposite type

Let V = C" (r > 2), and just as above, let {eq,...,e,} be the standard orthonormal
basis in V. Let 6 be a permutation from S, such that §? = id, i.e., all cycles in 6 are
of length one or two. If 6(i) = j and i # j, we may think of ¢ and j as opposite types
of particles.

Theorem 6.4. For eachi,j € {1,...,r}, let q(-,-,i,7) be a continuous complex-valued
function on Y? that satisfies the following assumptions, for all y1,y» € Y and i,j €

{1,...,r},
lq(y1,v2,7,7)] =1, (78)
a(y1, 2.1, 5) = q(y2, Y1, 4, j), (79)
q(y1,Y2,4,7) = q(y1, Y2, 3, %), (80)
(Y1, 92, 0(),0(5)) = a(y1, y2, 1, j). (81)

We also assume that there exists a » € {—1,1} such that

q(y,y,1,1) =3 forallyeY andie{l,...,r}. (82)
For (y1,y2) € Y2, we define Q(y1,y2) € L (V®?) by
Qy1,y2) €i ® e; = q(y1,Y2,1%,7) eoj) @ €gy, 1,J € {1,...,r}. (83)

Then the following statements hold.

(i) Q(y1,y2) is unitary, Q*(y1,y2) = Q(y2,y1), and the operator-valued function
Q(y1,y2) satisfies the functional Yang—Bazter equation.
(11) Q(y1,y2) satisfies Assumption 5.4, with

Qy1,y2) € @ €5 = q(y1, 42, 0(2), J) €o() © oy = a1, ¥2, 1, 0(7)) eoi) @ €ggiy-  (84)
The corresponding Q-MCR are given by
A (@1) AT (22) = q(y2, y1, 1, §) Ay (@2) Ag ) (1),
A7 (@1) A (w2) = q(y2, y1, 1, 1) Ay jy (w2) Agy (1),
A7 (2)Af (22) = 8i, 5 0(21 — 22) + q(yn, Yo, 0(0), 1) Ay (w2) Aggsy (1) (85)

(iii) For each appropriate choice of the operator K, the corresponding gauge-invariant
quasi-free state T is strongly quasi-free if and only if

Q(yby%iaj) - Q(y%ylag@)?j) f07” all Zaj € {17 s 7T}' (86)

In the latter case, the commutation relation (85) becomes

A7 (20)Af (w2) = 0i, 5 0(21 — @) + q(Y2, 1,9, ) Ay (02) Aggsy (1)
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Proof. (i) The statement easily follows from (78)-(81).

(ii) Assumption 5.4 (i), (ii) and (iii) follow from (78)—(81) by straightforward calcu-
lations. Formula (82) implies Assumption 5.4 (iv). To show that Assumption 5.4 (v)
is satisfied, we note that the operator Q(yi,y2) acts as follows:

Q(y1, y2)e: @ e = q(u, y2,i,j)€9(j) @ €g(i),

where

.. q ylay%ivj ) if either Y1, Y2 S }/1 or Yi, Y2 S Y27
a(y1, Y2, 1,7) = { ( ) (87)

q(y1,92,0(3),7) if either y; € Y1, yo € Yo or yy € Ya, yo € Y.

Formulas (78)—(81) and (87) imply that the functions q(yi, y2, i, j) satisfy the formulas
(78)—(81) in which q(y1,ys,1,7) is replaced by q(y1,v2,4,7), and y1,y2 € Y =Y, U Y5,
Now, the functional Yang-Baxter equation for Q(y1,y2) can be checked completely
analogously to the proof of the functional Yang-Baxter equation for Q(yi,y2).
The corresponding commutation relations hold in accordance with formula (8).
(iii) The statement follows immediately from Theorem 5.7 (iii). O

We will now consider some special cases of the operator-valued function Q(y1,ys)
as in Theorem 6.4.

6.3.1 Two-component systems

Let V = C? Let § € Sy be given by 6(1) = 2, 6(2) = 1. We fix two continuous
functions ¢; : Y2 — C (i = 1,2) such that, for all (y1,%2) € Y2, |¢;(y1,92)] = 1 and

¢i(y1,92) = q(y2,31). We define Q(y1,42) € L(VF?) by
QY1 y2)ei ® €; = q1(Y1, Y2)€a) @ €as)
Qy1,y2)ei ® ej = (Y1, )6 @ €, 1 F# J. (88)
Thus7 formula (83) holds with q<y17 y27i7 Z) = Q1(y17 312) and Q<y17y27 Z?j) = (12(9172/2) if
i # j. The assumptions (78)—(82) are obviously satisfied. The corresponding @-MCR
are then given by (15).
Each corresponding gauge-invariant quasi-free state 7 is strongly quasi-free if and

only if ¢1(y1,y2) = qa(y2, 1) =: q(y1,92) for all (y1,92) € Y?. In the latter case, the
Q-MCR are given by

Af (1) Af (22) = Q(y2>yl)A;—(@ (@ )A;r(@)(iﬁl),
Aj(a:l)Aj(xg) q(ylva)Aer<x2)A+ x1), 1#J,

A5 (00) A5 (12) = a(o, 1) Ay () A ().

Ay (1) A (22) = q(y1, y2) A7 (12) Aj (1), 0 # J,

A7 (@) A (22) = 0(21 — 22) + q(y2, y1) Ay sy (2) Ay (21),
A7 (@) Af (22) = qly1, y2) AT (22) A (1), i #

for i,j € {1,2}.
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6.3.2 Three-component systems

We will now construct a three-component system by adding an abelian anyon to the
two-component from § 6.3.1.

Let V = C3, and let # € S3 be given by 0(1) = 2, (2) = 1, 0(3) = 3. We fix
four continuous functions ¢; : Y? — C (i = 1,2,3,4) such that, for all (y;,y2) € Y?,

lai(y1:92)] = 1 and qi(y1,92) = q(y2,91). We define Q(y1,42) € L(V®?) by (88) for
i,7 € {1,2}, and

Qy1,y2)es ® e3 = q3(y1, y2)es @ es,
Qy1,12)e; ®@ es = qu(y1, y2)es @ eo),
Qy1,y2)es ® e = qu(y1, y2)eo) @ ez, 1= 1,2,
We also assume that ¢;(y,y) = ¢3(y,y) = ». The assumptions (78)—(82) are obviously
satisfied. The corresponding Q-MCR are given by (15) for 4, j € {1,2}. The commuta-

tion relations for the operators A3 (), A3 (z) are the usual abelian anyon commutation
relations governed by the function g5. Finally, for i € {1, 2},

o (£1),
) ( ) = (y2>y1)A3( 2) Aggpy (71),
1) A3 (2) = qa(y1,92) A3 (22) 4, (Z)(xl%
VAT (22) = qa(y1, y2) Ay (1)

q4(Y1, Y2 Ag( (w2) A3 (21).

Each corresponding gauge-invariant quasi-free state 7 is strongly quasi-free if and
only if q1(y1,y2) = q2(y2,91) =: q(y1,92) for all (y1,42) € Y?, and both functions g3
and ¢4 are real-valued. In particular, this implies that the particles of type 3 must be
either bosons or fermions.

6.4 Fusion of quasiparticles

Let £ > 3 be odd. We will now discuss fusion of k quasiparticles described by the
commutation relations (15).
Recall that, for the quasiparticles discussed in § 6.3.1,

A;F(I‘I)Aj(lé) = Q(y27y177:7])A;(] ( )A;r(z)(x1>7 7’7.] € {172}7 (89)
where 6(1) =2, 6(2) = 1 and
. q1<ylay2)7 1fZ:]7
) 727 - . . . 90
1,41 5) {QQ<ylay2)7 ife#7. (50)

We start with a heuristic calculation of the corresponding exchange function Q(y1, y2).
To describe k quasiparticles at point z, we define, for i = (iy, 4o, ...,i) € {1,2}%,

Af(x) = A:(:U)A;; (x)--- A;; (x). (91)
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(Note that the right hand side of (91) cannot be rigorously understood as an operator-
valued distribution.) Since k is an odd number, the commutation relation (89) easily
implies that, for any x;, 2, € X and i,j € {1,2}*,

A1+<x1)A;r($2) = q<y27 Y1, I,J)A;F(J)(;E2>A;(l) (5(71) (92)

Here, we denote (i) := (0(i1),0(i2), . ..,0(ix)), and

q(ylay%iaj) = H q(yhy%emil(il)?elil(]‘m))' (93)

I,m=1

In view of the heuristic formula (92), we now proceed with a rigorous construction.
Let {e1, ea} be the standard orthonormal basis in C?, let V' = (C?)®* and we choose in
V' the orthonormal basis {ei |ie {1, 2}’“}, where ¢; :=¢;, ®e;, ® - ®e;, . We define
Q:Y?— L(V®?) by

Q(yl) ?J2)€i & € = Q(yl, Y2, iuj)ee(J) & €o(i)» (94>
where q(y1, y9,1,j) is defined by (93).

Proposition 6.5. Assume q1(y,y) = q2(y,y) = » € {—1,1} fory € Y. Then the
functions q(y1,y2,1,j) satisfy the conditions of Theorem 6.4. For each appropriate
choice of the operator K, the corresponding gauge-invariant quasi-free state T is strongly

quasi-free if and only if qi(y1,y2) = q2(y2, 1) = q(y1, y2) for all (y1,y2) € Y.

Proof. The statement easily follows from the fact that the function q(y1, y2, 7, j) satisfies
the conditions of Theorem 6.4 and the definition (93). O

Remark 6.6. Let Q : Y? — L(V®?) be an arbitrary continuous function such that
Q(y1,y2) is a unitary operator in V&2 Q*(y1,42) = Q(y2, 1), and Q(y1, o) satisfies the
functional Yang-Baxter equation. Let k& > 2 and W := V&, Let Q. : Y? — L(W®?)
be a function derived from fusion of k quasiparticles with the exchange function Q.
Then one can show that the continuous function @ is also such that Q(y;,y2) is a
unitary operator in W®2 Q*(y1,y2) = Q(y2,%1), and Q(yy,y2) satisfies the functional
Yang—Baxter equation. Note that, in the case where the operator @) is as in § 6.3.1, we
proved a stronger result: the operator-valued function () also satisfies Assumption 5.4,
and if @ satisfies (71), then so does Q.
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