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Abstract

This thesis explores the use of analytic techniques for calculating pure Yang—Mills am-
plitudes. The main focus is on deriving two-loop amplitudes, representing the forefront
of current efforts, using the methods of four-dimensional unitarity and augmented re-
cursion. To this end, the two-loop all-plus helicity amplitudes are presented in full
colour, for six and seven gluons. Results are analytic, compact expressions with mani-
fest symmetries. A detailed discussion of augmented recursion is presented, including
an algorithmic way to determine the required off-shell currents. Wider issues of the
reduction of analytic results to simpler forms are also discussed, with various examples

considered over one and two loops.
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1 Introduction

The Standard Model of Particle Physics is the most successful theory of nature devised
so far, with scattering amplitudes being the tool through which it makes its predictions
in modern experiments. Describing three of the four fundamental forces and all the
known particles, it successfully predicted the existence of the W and Z bosons, gluons,
the top and charm quarks, as well as the most recently experimentally verified Higgs
boson. The latter detection, at the Large Hadron Collider (LHC), relied heavily on
perturbative amplitude calculations to set out the expected behaviour of the theory,
which were then confirmed in high-energy scattering events. As the LHC, and future
experiments, probe higher energy levels and greater precision, we will require scattering
amplitudes to be calculated to correspondingly higher orders and numbers of particles
1, 2].

Although it is highly impressive in its scope and predictions, the Standard Model
does not account for all phenomena. Most significantly, it does not contain the force
of gravity, for which we must turn to general relativity. Cosmology also calls for some
form of dark matter, to explain the form of the cosmic microwave background, galactic
dynamics and gravitational lensing. In addition, some form of dark energy is expected
to cause the accelerating expansion of the universe we see today.

The hope is that at higher energies, experiments may find deviations from the Stan-
dard Model that point towards a more complete theory, incorporating some or all of
the above features. So far, no signs of postulated new physics, such as extra symmetry
supersymmetry, have appeared. But some candidate particles for dark matter, such
as certain types of weakly interacting massive particles, are of masses that should be
produced in upcoming collision experiments if those theories are correct. In order to
determine whether such events occur, the Standard Model prediction must be known

precisely in order to compare to experiment. For that, we must calculate amplitudes.

The Standard Model is a gauge theory, with symmetry group SU(3)x.SU(2)xU(1). The
portion SU(2) x U(1) contains the electroweak symmetry, which is partially broken by

the Higgs mechanism, leaving a new U(1) symmetry with the photon as its associated



1 Introduction

gauge boson. The SU(3) symmetry is that of QCD, or the strong interaction, and
has the gluon as its force carrier. Particles with a colour charge interact under the
strong interaction, with the strength of the strong coupling constant decreasing at
higher energy scales [3]. This fact makes a perturbative approach appropriate when
considering, for example, high-energy collider experiments.

The phenomenon of colour confinement means that particle colliders do not detect
free quarks. Rather, they detect jets of strongly bound particles, produced from the
energy put into separating two quarks bound by the strong force. While the photon is
not charged under electromagnetism, the gluon does have a colour charge, which allows
them to interact with each other. As a result, a theory with only gluons already has
significant complexity. Calculating perturbative amplitudes in such a theory will be
the topic of this thesis.

1.1 Yang—Mills Theory

Yang—Mills theories are quantum field theories based on non-abelian gauge groups [4].
Both the electroweak (SU(2) x U(1)) and strong (SU(3)) interactions in the Standard
Model fit this description. It is the gluons of the Standard Model that this thesis
will investigate, but a more general symmetry group SU(N.) can be chosen with N,
colours, rather than the three of the Standard Model. In fact, further generalising to
consider the group U(N.) will lead to additional useful identities when we come to
inspect the colour structures of the resulting amplitudes. These will be described in

detail in Chapter 2.
The Lagrangian of pure Yang—Mills is

1
£YM = _ZTr(F;wFMV)? (1'1)
where the field strength F),, is
Fu =0,A, —0,A, —iglAu, A, (1.2)

written in terms of the gauge field of the gluons, A,. Specifying the gauge group to be
U(N.), the A,, are Hermitian N, x N, matrices. (For an SU(N.) group, they would
also be traceless.)

We can consider local transformations U(x), where U(zx) is a matrix of the gauge

group at each point in space. The transformation is applied to the gauge field according



1.1 Yang—Mills Theory

to the rule
Au(a) = V@A) (@) + V@0 @) (1.3)
leading to the field strength tensor transforming as
F, — U(z)E, U (z). (1.4)

With U(z) being unitary, the Lagrangian is invariant under the transformation. The

group U(N,) is a local symmetry of the Lagrangian.

Typically, the next step taken when analysing a theory is to consider infinitesimal
gauge transformations, to gain an understanding of the generators of the Lie algebra.
Expanding around the identity and showing matrix indices explicitly,

U} (z) = 6] — ig6®(x)(T*)], (1.5)

7

where (T a)‘Z are the generators of U(N.) and 6%(x) are their small parameters. The
generators are N, X N, Hermitian matrices, as a result of the the unitarity condition
on Uij (x). There is an implied sum over the repeated index a = {1,2,--- , N2}, and the
matrix indices run over 7,7 = {1,2,--- , N.}. (For the case of an SU(N,) gauge group,
the generators would also be traceless and as a result there would be one fewer entry

in the sum over a.) The commutation relation of the generators,
(7%, T = i febere, (1.6)

defines a structure constant f¢ for the gauge group, where a choice of normalisation
has been made. With this, the gauge field and field strength tensor can be expanded

in a basis of generators T¢ as

(Al () = A%(@)(T")],
(Fu)l(z) = Fit () (T, (1.7)

which allows us to re-express the field strength via
Ff, = 0, A% — 0,A% + g f** AL AL (1.8)

The structure constant appears in the self-interacting term, so this constant of the

colour algebra appears whenever interactions between gluons take place. Choosing a
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convenient basis for the generators such that
Te[TT] = 69, (1.9)

it is possible to express the structure constants back in terms of generator matrices if

desired, through
fobe = —iTe[T[T®, T7). (1.10)

The normalisation here is a result of previous choices.

With the Lagrangian of the theory specified, it is possible to write down Feynman rules
for gluon interactions. A traditional way of calculating amplitudes would then be to
draw all the allowed Feynman diagrams for the desired set of incoming and outgoing
external states, interpreting each as an expression according to the rules. Evaluating
each diagram, the sum yields the amplitude.

Such a procedure might begin as follows. First, the gauge is fixed according to the
Faddeev—Popov procedure, to avoid problems in the path integral formulation. When
making a gauge choice, ghosts are generally added to the Lagrangian and must also be

included in the Feynman rules. However, the choice of axial gauge,

Lor = 5 (@ AL (111)
is particularly convenient in pure Yang—Mills, as it leads to ghosts decoupling from
gluons.! Light cone gauge can be used to fix the remaining ambiguities. The resulting
Feynman rules are stated in Table 1.1, where ghosts have been ignored. External gluons
require a polarisation state eff (p), where p-€e*(p) = 0 and p? = 0, to be contracted with
the propagators and vertices. Any loops in diagrams will contain momenta not fixed
by the external particles, which should be integrated over.

To work in perturbation theory, the coupling constant of the theory must be small.
With the constant as = ¢?/(47) defined in terms of the Yang-Mills coupling g, the
condition required for an expansion to be meaningful is that as; < 1. The values ex-
perienced in a collision at the LHC are, for example, around a,(Q?) ~ 0.1 for an

interaction energy of @ ~ 1TeV [3] and decrease with greater interaction energies.

't will also be appropriate for use with the spinor-helicity formalism introduced in later chapters,
as the reference momentum introduced must have ¢> = 0. Where calculation techniques in the
following chapters call for a reference momentum, they can also be identified with the same q.



1.1 Yang—Mills Theory

Propagator
1 _I:_ VoAb = i6% (—77 4 Pudv T qupu>
L AVAVAVAVAVAY m p? - pq
a b
Vertices

Vb (p1, p2, p3) = igf (" (p1 — p2)”
+ 0" (p2 — p3)"*
+ 0 (p3 — p1)¥)

V/.:llf);g(pl)pZapS)p4) =

7;92 (fabefcde (n,upnl/d . n,uanl/p)
-+ facefdbe (77“077,)1/ - 77#1/77;)0)
+ fadefbce(nuunap - nupnou))

Table 1.1: Feynman rules for the propagator and vertices of pure Yang—Mills theory,
in the axial gauge. Ghosts decouple from gluons, so are not featured. In
addition to these, each external particle will require a polarisation vector,
and loop momenta should be integrated over.

Therefore it is acceptable to expand an n-gluon amplitude A, in terms of loop am-
plitudes, multiplying successive powers of this small constant. (The explicit definition
of the expansion is chosen in Chapter 2.) The loop amplitudes, written A&f ), can be
found in the Feynman diagram approach by evaluating all the valid diagrams featuring
¢ loops. The hierarchy of scale means that the £ = 0 “tree” amplitudes are expected
to give the largest contribution to the overall amplitude. They are also the simplest to
calculate, so are generally obtained first. More precise predictions require calculations
of higher loop numbers.

This procedure is intuitive, and works well for tree amplitudes with small numbers of
interacting particles. However, the number of diagrams that must be evaluated grows
exponentially as the number of interacting gluons, and number of loops, increases. Re-

stricting only to tree amplitudes, the number of diagrams needed makes the calculation
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n 41 5 6 7 8 9 10
Tree 41251220 | 2485 | 34300 | 559405 | 10525900
One-loop 227 585

Table 1.2: The number of Feynman diagrams required to calculate an amplitude in
pure Yang-Mills theory, where n gluons interact [5].

become intractable for even a modest number of interacting gluons, and the situation is
even worse at loop level, as illustrated in Table 1.2 [5]. Additionally, the diagrams cor-
responding to interactions of more gluons, or higher loops, will individually be longer,
more complicated expressions. Clearly, other methods are needed for calculating more
difficult amplitudes. A core issue with the Feynman diagram approach, which is sugges-
tive of the way forward, is that each diagram is dependent on the gauge choice taken.
In contrast, the overall amplitude must be gauge-invariant because it is an observable.
The many diagrams must combine in some complex way to arrive at a gauge-invariant
result, meaning significant effort will be needed to write that result in a simple, compact
form. As an example, the choice of axial gauge means a reference momentum ¢ has
been introduced into every propagator, but must eventually cancel out of the result.
The issue of gauge invariance suggests that in general, the Feynman diagram ap-
proach is not a particularly efficient method for calculating amplitudes. It takes a
Lagrangian of a theory, with no particular gauge dependence, then through labori-
ous gauge-dependent intermediate steps arrives at a gauge-independent amplitude. A
reasonable question to ask would be whether a derivation process could exist that
dealt with gauge-invariant objects throughout, therefore avoiding introducing redun-

dant gauge information that must be subject to cancellations and simplifications later.

1.2 Tree Amplitudes

A major step towards such a scheme was made in 1988 with ref. [6], where a new
way of decomposing an amplitude on a basis of colour structures was presented. The
key insight employed was to use the relation of eq. 1.10 to replace structure constants
that arise from diagram vertices with traces of the generator matrices. Collecting
together terms containing equivalent traces, it was found that amplitudes separated
into kinematic functions multiplying distinct colour trace strings. Those kinematic
functions, which are referred to in this thesis as “partial amplitudes”, are individually
gauge-invariant. For tree amplitudes, only one type of partial amplitude occurred in

the decomposition, with the difference between terms being solely one of leg ordering.
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Calculations of that partial amplitude followed straightforwardly from “colour-ordered
Feynman rules”, where the colour factors are stripped out of the usual Feynman rules
and only diagrams with a particular cyclic order of legs are considered. The partial
amplitudes showed further useful properties, such as being invariant under cyclic permu-

tations of their arguments, matching the symmetry of their associated trace structure.

Later work on one-loop amplitudes [7] and above [8] would demonstrate how this
colour trace decomposition works for general loop amplitudes. More types of trace
structure appear at greater numbers of loops, due to the increased number of ways
that the structure constants can combine in a diagram. The precise forms of these
tree- and loop-level colour decompositions are deferred to the next chapter, along with
the statement of the previously mentioned colour ordered Feynman rules. Colour trace
decomposition is an important technology used up to the present, including in this

thesis, so Section 2.2 is devoted to specifying it, and its consequences, in detail.

The choice of U(N,) as the Yang-Mills gauge symmetry group, rather than the more
typically used SU(N,), also allows a procedure for obtaining identities relating differ-
ent partial amplitudes, known as “decoupling identities”. (See Section 2.2 for its full
description.) In ref. [7], the authors show how repeated application of one-loop de-
coupling identities allows any one-loop partial amplitude to be expressed in terms of
a single “leading in colour” partial amplitude.? For two-loop and greater amplitudes,
the leading in colour partial amplitude does not fully determine the amplitude. How-
ever, decoupling identities do still reduce the number of independent partial amplitudes

needed to specify the “full colour” amplitude.?

We see that the colour trace decomposition contains redundancy, as shown by the
existence of decoupling identities between the structures. In fact, those identities do not
fully exhaust the redundancies between partial amplitudes. Additional relations were
found in refs. [9, 10] for some specific one-loop amplitudes, by considering alternative
ways of presenting the colour structure of an amplitude. Different types of colour
decomposition have been developed, with purposes such as expressing the amplitude

in terms of a minimal set of independent structures [11, 12].

2At one-loop, the partial amplitude multiplying the single colour trace is often referred to as “leading
in colour”, due to it being accompanied by a factor of N., which is not present in the two-trace
“sub-leading in colour” partial amplitudes. The terminology generalises straightforwardly to greater
numbers of loops, where N! multiplies the leading in colour partial amplitude. Although this
language might usually imply an expansion, N, is not necessarily large in this thesis and all partial
amplitudes are of importance.

3The term “full colour” is often used to emphasise that a complete loop amplitude is being referred
to, rather than one of the partial amplitudes that constitute its colour decomposition.
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An early success in realising simple forms for Yang—Mills amplitudes came from Parke
and Taylor, who postulated an n-point form for the maximally helicity violating (MHV)
tree partial amplitude [13], which is the amplitude with two gluons of negative helicity
and the rest of positive helicity. That form was later proved in ref. [14]. The result
is particularly compact and possesses a cyclic denominator factor that is ubiquitous in
later amplitude calculations, becoming known as the Parke—Taylor denominator.

Up until this point, amplitude calculations had been carried out in terms of the four-
momenta of the external gluons. However, work by several authors established that
amplitudes could be represented more compactly if spinors were used to represent the
momenta of massless particles [15, 16, 17, 18], in what is known as the “spinor-helicity
formalism”. Briefly, the approach taken is to replace each four-momentum p!' with a

pair of two-component spinors A$* and 5\?, according to
P = p“&fja = X4\, (1.12)

The factor 63‘“ = (I, &) contains the Pauli matrices. Expressions can then be built out

of Lorentz-invariant spinor products, defined

(i) AN ja = €agAPN] = —(ji),

AN = ], (1.13)

[2]] E)\id)\? = _Edﬁ i

where the Levi-Civita antisymmetric tensor raises and lowers spinor indices.

The spinor-helicity formalism is another technology of great importance to present-
day work, and the work in this thesis. As such, a detailed discussion of its definitions
and consequences is presented in Section 2.3 of the next chapter.

A key part of the efficiency improvement of the formalism comes from the fact that
spinors can only represent null momenta, (ii) = [ii] = 0. So the p? = 0 condition is
built into the variables, rather than representing redundancy in the description, as it
does in the four-momenta description of massless particles. Even so, some redundancy
remains in the spinor notation, as expanded upon in Section 2.3.

Calculations in the new formalism yielded simple, often very symmetric results [6, 14].

A significant step forward in methods for calculating tree amplitudes efficiently came
in 2005, with the description of Britto—Cachazo—Feng-Witten (BCFW) recursion [19].
This was not the first recursive technique developed, for example in ref. [14], Berends

and Giele proved the Parke—Taylor result using a recursive technique, where the ingre-
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dients were amplitudes with one off-shell leg. Later, the discovery of a way to transform
Yang-Mills to twistor space [20] helped to motivate Cachazo—Svrcek—-Witten (CSW)
recursion, which presented a set of rules for constructing tree amplitudes from on-shell
Feynman-type diagrams containing MHV amplitudes [21]. Due to the helicities of the
ingredients, to construct an amplitude with ¢ external legs of negative helicity required

drawing diagrams with ¢ — 1 MHYV vertices.

BCFW recursion improved upon previous work by presenting a way to construct
tree amplitudes from factorisations involving only two on-shell amplitudes. Treating an
amplitude as a rational function of its momenta, a complex shift was applied to spinors
in two of the momenta, introducing a new parameter z. The resulting expression is
an analytic function, with corresponding properties to exploit. In particular, it was
observed that the complex function will contain poles whenever z occurs in a (complex
shifted) propagator factor. At the values of z where propagator momenta go on-shell,
the shifted amplitude splits into two smaller on-shell amplitudes. Applying Cauchy’s
residue theorem, it was shown that the original, unshifted amplitude can be rewritten

as a sum of factorisations around such poles.

With recursive methods building amplitudes from smaller amplitudes, a natural ques-
tion is what the smallest building blocks are. Somewhat surprisingly, these are the
three-point tree amplitudes with helicities either MHV, (— — +), or MHV, (+ + —).
For real, null external momenta, these amplitudes vanish as a result of momentum

conservation,

Py + b +ph =0,
= p1-p2=p2-p3=p3-p1=0. (1.14)

The three momenta are collinear and there are no non-vanishing invariants out of which
to build an amplitude. But by allowing the momentum spinors in an amplitude to take
complex values in general, the spinors \; and \; can be determined independently.
Choosing either (12) = (23) = (31) = 0 or [12] = [23] = [31] = 0 is sufficient to
satisfy eq. 1.14, with the opposite set of spinor products allowed to remain non-zero.
These three-point tree amplitudes can be found by considering the Parke-Taylor n-
point result [13, 14] for n = 3, or can be identified (up to some constant) as the only
possible structures with the correct helicities, built from the non-vanishing invariants.
In the twistor space description of ref. [20], amplitudes become algebraic curves, and

the three-point amplitudes appear as the special case of degree zero curves (points).

BCFW recursion has allowed huge steps to be taken in amplitude calculation. Prior
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to the publication of its proof in terms of complex analysis, the postulated procedure
was used to express many tree amplitudes in their most simple spinor-helicity forms
[22]. Later, Risager demonstrated that CSW recursion is expressible as a particular
application of BCEFW recursion [23], albeit using an alternative momentum shift which
involves three spinors. As will be seen in the discussion of loop amplitudes, its utility
does not end at rational functions such as tree amplitudes. The logic of shifting an
expression to become a complex analytic function, then exploiting that analyticity, is
applicable to rational terms in any amplitude and continues to be used to great effect

in work ongoing today.

1.3 One-loop Amplitudes

The step up from tree amplitudes in Yang—Mills, to one-loop amplitudes, represents a
huge increase in complexity. Unlike the tree amplitudes, one-loop amplitudes in Yang—
Mills are not necessarily finite, rational functions. Loop integrals occur, which give
rise to logarithms and cannot be written as factorisations of smaller amplitudes as in
BCFW recursion. Furthermore, both UV and IR divergences can occur in general in
D = 4 dimensions. UV divergences relate to the region of an integration where the loop
momentum becomes large, and occur when the overall power of momentum appearing
in the integrand and measure is greater than or equal to zero. For example, they
are present in the one- and two-point scalar integrals. IR divergences occur when the
loop momentum becomes small, or collinear with null external momenta, and there are
enough propagator factors that this outweighs the momentum factors in the measure.
It is necessary to introduce a regularisation scheme to control the singularities that
occur, with the common approach being to analytically continue the theory from taking
place in four dimensions, to D = 4 — 2¢ dimensions [24]. Calculations then give rise
to poles in €, when ¢ — 0, in place of divergences. Variations on this dimensional
regularisation method exist, where different choices are made for the dimensions of
the internal and external momenta, and the numbers of helicity states on spinors [25].
Table 1.3 summarises the choices made in the original scheme of ’t Hooft and Veltman
(HV) [24], the conventional dimensional regularisation scheme (CDR) [26] and the
four-dimensional helicity scheme (FDH) [27]. The FDH scheme has the external states
remain in four dimensions, as well as the Dirac algebra, while integrals are carried out in
D dimensions. This is particularly convenient for amplitude calculations in the spinor-
helicity formalism, because that four-dimensional technology continues to be applicable

even when the chosen methodology exposes internal momentum states. In comparison,
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1.3 One-loop Amplitudes

CDR HV FDH
External particles Momentum dimension | 4 — 2¢ 4 4
Helicity states 2 — 2¢ 2 2

Internal particles Momentum dimension | 4 —2¢ | 4 — 2¢ | 4 — 2¢
Helicity states 2—2¢ | 2—2¢ 2

Table 1.3: Momentum dimensions and helicity state choices made in different
dimensional regularisation schemes. Listed are Conventional Dimensional
Reduction (CDR) [26], the 't Hooft-Veltman scheme (HV) [24] and the
Four-Dimensional Helicity scheme (FDH) [27].

CDR is conceptually simpler, treating all momenta uniformly, but calculationally more

complicated due to the presence of e-dimensional helicity states.

The difficulties posed by one-loop amplitudes would lead to a new technique of uni-
tarity cutting [28], which forms one of the major strands to amplitude calculations up
to the present day. The method is motivated by the idea that instead of considering
the many distinct Feynman diagrams that contribute to a given loop amplitude, that
amplitude should instead be thought of in terms of the types of loop integral that
it can contain, of which there are far fewer. Crucially, it was realised by Passarino
and Veltman [29] that any general one-loop tensor integral can be reduced to a sum
of scalar box, triangle, bubble and tadpole integrals with rational coefficients, as well
as a rational piece and terms of order e. Hence a basis for any one-loop amplitude
could be built out of readily evaluated integral functions, and the task of calculating a
loop amplitude is converted to one of determining their coefficients. This was done by
applying rules proposed earlier by Cutkosky [30] that allow propagators to be “cut”,
or placed on-shell. Applying these unitarity cuts to propagators in a loop diagram
breaks it into a product of rational tree diagrams. Then applying the same cuts to the
amplitude’s expansion in terms of integral functions causes those functions not con-
taining the cut propagators to vanish, and the rest to simplify. Equating the two forms
yields information on the coefficients of the various integral functions present in the
full amplitude. This procedure is explained in greater detail in Chapter 3. The unitar-
ity method was first applied in the FDH scheme, where the spinor-helicity formalism
makes evaluation of the cuts straightforward [28, 31]. The tree amplitudes encountered
are on-shell, with the formerly internal legs treated like any external momentum. The
drawback of the FDH approach, however, is that by considering internal momenta to be
four-dimensional, rational and order € information is missed and only the coefficients of

the integral functions are “cut-constructible”. Any remaining information must be de-
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termined through other methods, for example the rational terms being determined via
collinear limits [32]. Alternatively, by carrying out unitarity cuts in the D-dimensional
CDR scheme, various authors have more recently shown how it is possible to obtain
the information to fully determine one-loop amplitudes [33, 34], albeit following more
involved algebraic manipulations.

Early examples of unitarity used double propagator cuts to reduce a loop diagram
to tree amplitudes. This is depicted in Figure 1.1. Each way of applying the two cuts
produced constraints on the unknown coefficients in the integral basis. So by carry-
ing out various cuts, a system of equations in the unknowns was produced, and could
then be solved. The later development of generalised unitarity [35] improved upon the
standard technique by showing the utility of applying more cuts at once to a diagram.
A quadruple cut was shown to determine the coefficients of the corresponding box
function in a natural way in terms of four tree amplitudes, which could be subtracted
from the overall amplitude. Next, triple cuts determine the coefficients of triangle func-
tions, and so on. The systematic nature of the process greatly helps calculation of loop
amplitudes, and those pieces that are cut-constructible in the FDH scheme are partic-
ularly easily obtained through spinor-helicity manipulations. As before, the rational
pieces missed by employing a four-dimensional unitarity approach can be obtained by
applying generalised unitarity in D dimensions [36], or by other means.

Although one-loop amplitudes in general contain transcendental functions of the
momenta, necessitating the use of one of the above unitarity procedures, there are
specific exceptions to this story which can offer useful insights. In particular, the all-
plus helicity and single-minus helicity amplitudes are fully rational at the one-loop
level, which can be considered to be a result of them vanishing at tree level. Because
of this, they are in theory amenable to techniques akin to those used to generate tree
amplitudes, while also being structures that a four-dimensional unitarity procedure
would entirely fail to generate. In ref. [37], an attempt was made to calculate some
of these amplitudes using BCFW recursion, to investigate how factorisation techniques
fare at the loop level. New behaviour was encountered, because one-loop amplitudes
can contain double poles, going beyond the simple poles of tree amplitudes. Such
double poles were captured by the recursion procedure in factorisations where one of the
amplitudes is the one-loop three-point amplitude. However, the simple pole behaviour
beneath this double pole is also required to complete the BCFW expression, but was
not found to emerge from any factorisation. This reveals a limitation of factorisation
methods, in that they can only determine the leading pole information. To complete

the rational expression, the sub-leading coefficients of the Laurent expansion must be
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1.3 One-loop Amplitudes

= -
(a) double cut AN

(b) quadruple cut

Figure 1.1: Diagrams depicting unitarity cutting. The dashed lines represent
propagators being put on-shell, or “cut”, to reduce a loop diagram to a
product of tree diagrams. Unitarity was originally carried out using
double cuts [28]. Generalised unitarity introduced quadruple and triple
cut diagrams to hone in on the coefficients of the box and triangle
integrals, respectively [35].

obtained by other means.

Augmented recursion is one such technique, presenting a way to obtain the sub-leading
information in the rational part of an amplitude. It was demonstrated for various one-
loop amplitudes in Yang—-Mills (and gravity) [38, 39, 40], and provides an alternative
treatment for the channels which produce double pole terms in recursive methods such
as BCFW. Rather than drawing a factorisation involving a three-point one-loop ampli-
tude as BCFW would suggest, the double pole contributions are re-drawn as diagrams
featuring an off-shell loop, which once integrated over captures both the leading and
sub-leading Laurent coefficients. One side of those loops are structures that are akin
to amplitudes with two legs taken off-shell, known as currents. For the calculation to
be carried out in the language of spinor-helicity objects, it is necessary to define a way
to represent off-shell momenta with spinors, which individually can only represent null
momenta. That issue was solved with the axial gauge formalism, which represents non-
null momenta in terms of the usual null spinors, as well as a new reference momentum
[41]. For the channels that produce only simple poles, BCFW recursion can be used
as it is for tree amplitudes, with no further complications. We see that with the intro-

duction of a reference momentum, and calculation of off-shell currents, the procedure
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1 Introduction

is not gauge-invariant like earlier recursion or unitarity procedures. The particular
choice of axial gauge means that ghosts do not occur in the calculation of purely gluon
amplitudes, but the reference momentum will appear. Choosing augmented recursion
also allows four-dimensional spinor-helicity to continue being used, the simplicity of
which may make up for the gauge-dependent step, if compared to a gauge-invariant
but D-dimensional approach. Regardless of method used, in the final result, a gauge-
independent amplitude must emerge, meaning the overall cancellation of the axial gauge
reference momentum can be used as a consistency check of the augmented recursion

procedure.

1.4 Two-loop Amplitudes

With generalised unitarity and various recursive techniques giving a good handle on
one-loop amplitudes, two-loop amplitudes presented the next major challenge to theo-
reticians. At the same time, collider experiments continued to probe greater energies
and better precision, so field theory predictions at higher orders in perturbation theory
were also desirable from a phenomenological perspective. Compared to the advances
in techniques required between tree and one-loop amplitudes, the jump to two-loop
amplitudes does not present such a significant challenge in principle. The techniques
required are extensions of those already seen. For example, unitarity can be applied
at two loops, although the number of possible cuts to two-loop diagrams is greater.
(A maximally cut four-point two-loop diagram requires seven cuts, rather than the
quadruple cuts of a one-loop diagram, for example.) A corresponding basis of two-loop
integral functions is also required, in general. Carrying out unitarity cuts in D dimen-
sions would fully determine the amplitude. However, the greater complexity of two
loops may make four-dimensional unitarity the more practical choice above a certain
number of points.

Catani presented a general form for the IR divergent piece of two-loop amplitudes in
ref. [42]. (The UV divergences were removed in the MS scheme, by a renormalisation
of the coupling constant.) The singularities appear in factorisation structures that
involve lower loop amplitudes multiplied by e-pole-containing operator functions. It
was known that one-loop amplitudes have divergences in 1/¢? and 1/e, multiplied by
the tree-level amplitude [43]. In comparison, two-loop amplitudes are more complex,
containing poles up to 1/e* in general. Those terms with poles in 1/¢*, 1/€3 and 1/€
are fully specified, but there is also a non-universal O(1/¢) piece multiplying the tree-

level amplitude, which must be determined for the specific amplitude of interest. The
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1.4 Two-loop Amplitudes

discovery of a universal factorisation formula for two-loop singularities demonstrates
an impressive simplicity in these amplitudes, and provided a valuable validity check for
all derivations of full amplitudes that followed.

The first two-loop pure Yang—Mills amplitude to be obtained was the four-point
amplitude, calculated for all-plus helicity in ref. [44]. The authors carried out the
calculation using D-dimensional unitarity, in the HV scheme where internal cut propa-
gators are considered to be in D = 4 — 2¢ dimensions, but external legs remain in four
dimensions. It was found that diagrams containing up to four cuts were required to
obtain all integral coefficients, an increase on the two required for one-loop unitarity.
(One-loop generalised unitarity does make use of up to quadruple cuts, but this is for
reasons of calculational simplicity. The same one-loop unitarity result can be obtained
through application of only double cuts, as was done historically.) The form of the
divergence structure was found to be similar to that expected for a one-loop amplitude
[43]. This matched the prediction of Catani [42], with the simplicity being a result of
the tree-level all-plus amplitude vanishing. Since all-plus and single-minus helicity am-
plitudes vanish at tree level for any number of gluons, the simpler two-loop divergence
structure can be expected to be a general occurrence for either of those helicity choices,
at any number of points.

Following papers calculated the full four-point two-loop amplitude for all helicity
choices, in various dimensional regularisation schemes: in CDR [45], then in HV and
FDH [8]. In ref. [46], the amplitudes were calculated again, but with additional orders
in the dimensional regulator (up to O(e?)), which are required by future higher loop
calculations.

The five gluon two-loop amplitude is a further step up in difficulty, so its calculation
proceeded in pieces. Most, but not all, of its structures have now been obtained. As the
simplest structure, the all-plus leading in colour partial amplitude was calculated first,
using a generalised unitarity procedure [47]. The authors used a novel variation on
the D-dimensional unitarity procedure where the tree amplitudes used in integrand re-
duction are six-dimensional. The extra dimensions accommodate the —2e-dimensional
information of the D = 4 — 2¢ integral, and allow a six-dimensional spinor-helicity for-
malism [48] to be used. That derivation also benefitted from the previously identified
one-loop-like singularity structure, and due to the colour structure, only diagrams with
a planar momentum arrangement are required. The full colour all-plus partial ampli-
tude was derived soon after [49], using a method that still avoided evaluating the tricky
non-planar pieces. Instead, BCJ relations [50], which allow the legs of a four-point tree

amplitude to be interchanged, were used to express non-planar cuts in terms of planar
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ones.

Due to the number of contributions to the derivation method, and complexity of the
resulting expressions, the previous five-point results were not particularly simple. More
efficient ways of stating the results were required to make them human-readable, so that
interesting properties or symmetries may become manifest. In ref. [51], such a step
was taken for the leading in colour partial amplitude. The authors produced a set of
planar two-loop master integrals, with which the result of ref. [47] was re-expressed in
a compact, analytic form that can be stated in a few lines. The same partial amplitude
was then re-calculated using an alternative method of four-dimensional unitarity and
augmented recursion [52]. Carrying out generalised unitarity in the FDH scheme, so
that the amplitudes appearing are four-dimensional and can be expressed in terms of
spinors, many potential unitarity cut diagrams vanish. Those diagrams that remain are
only those containing an uncut one-loop amplitude, with the maximal number of non-
vanishing cuts being four, as in the one-loop case. All diagrams where both loops are
cut give zero contribution, and this is easily seen without calculation when working in
the spinor-helicity formalism. The unitarity procedure effectively reduces to a one-loop
one, but with an all-plus one-loop amplitude inserted as a vertex in the cut diagrams.
What remains of the amplitude, the rational piece missed by four-dimensional unitarity,
was obtained through augmented recursion. That step, too, required at most one-loop
integration. The authors arrived at compact form matching ref. [51], but without
requiring laborious two-loop integration.

A compact form for the full colour all-plus amplitude followed in ref. [53], which
continued with the master integral approach by computing those additional two-loop
integrals needed for non-planar structures. The same full colour amplitude was also
re-calculated using four-dimensional unitarity and augmented recursion [54]. To obtain
a full colour result, the constituent amplitudes in the unitarity and recursion diagrams
were each dressed with their full colour structures, and a new current, appearing in
some non-planar arrangements, was calculated.

The single-minus helicity leading in colour partial amplitude was obtained in ref. [55],
using a finite fields technique to perform integrand reduction onto a basis of pentagon
integral functions. The finite field approach is a recent development, first proposed in
ref. [56] as an efficient computational procedure for applying integration by parts iden-
tities to integrand reduction. The rationale is that as amplitude calculations become
harder, there is a tendency for symbolic expressions in intermediate steps to become
increasingly large, particularly in D-dimensional techniques, so avoiding symbolic eval-

uation can be beneficial. For the single-minus amplitude, what this means is that
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rather than working with unwieldy analytic expressions, the calculation was performed
numerically over a finite field arithmetic. After multiple evaluations of that algorithm,
an analytic form for the result was then reconstructed. Following on from that success,
the remaining leading in colour helicity configurations were obtained in [57], also using
finite field numerical methods. Although the leading in colour parts of the two-loop
five-point amplitude have now all been presented, calculating the partial amplitudes
that complete the full colour results with one or two negative helicity gluons represents
an open challenge.

Six gluons with two loops is the level at which some of the previous derivation meth-
ods become prohibitively difficult to carry out, given the step up in complexity. As is
generally the case, the all-plus helicity amplitude was the first focus of research, being
the simplest structure. It is also the only helicity choice that has been found in an
analytic form for pure Yang-Mills to date. The first six-point all-plus calculation, of
the leading in colour partial amplitude, was performed in ref. [58], using the meth-
ods of four-dimensional unitarity and augmented recursion. The full colour all-plus
amplitude was then completed in ref. [59], using a colour dressed form of the previous
paper’s methodology. (And the contributions to ref. [59] by the author of this thesis are
detailed in Chapter 3.) The analytic form expressed in the paper is remarkably simple,
considering the complexity, and number, of contributions to the derivation procedure.
The approach benefits greatly from the way that it reduces the unitarity problem to
one analogous to a one-loop calculation. For this helicity choice, the complexity of four-
dimensional unitarity tends to scale with gluon number like a one-loop problem. On the
other hand, a method based on D-dimensional unitarity, where genuine two-loop cuts
are organised and evaluated, will tend to feature a complexity that scales accordingly.
Either approach should reach the same answer following various cancellations and sim-
plifications, but if the intermediate steps feature excessive complexity then this can be
a barrier to performing the calculation with that methodology. Six-point happens to
be the arena where calculations begin to fill the available resources of a typical desktop
computer, and with that comes an increased focus on efficient methods that leverage

symmetries of the problem to avoid complex intermediate stages.

Despite the mounting complexity, a seven-point partial amplitude was also derived re-
cently. Again using four-dimensional helicity and augmented recursion, the all-plus
leading in colour structure was determined in ref. [60] and presented in a compact,
analytic form. Using a D-dimensional unitarity approach, a numerical form was then

published for the full colour all-plus amplitude [61], confirming the previous result, and
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presenting new sub-leading in colour partial amplitudes. Finally, the full colour ampli-
tude was determined independently in a compact, analytic form using four-dimensional
helicity and augmented recursion [62]. (A detailed account of this derivation appears
in Chapter 4 of this thesis.)

The availability of compact analytic amplitude forms has also allowed some authors
to look to m-point generalisations of certain structures. An n-point expression for
the all-plus single colour trace, N.-independent partial amplitude was conjectured in
[63], satisfying various consistency conditions. The proposed form was arrived at by
inspection of the previously found analytic results for four, five and six points. That
an expression for a general number of gluons could be found from a few examples of
specific compact, analytic forms is a perfect demonstration of the value to theoreticians
of performing these calculations. The conjecture was recently found to hold up to nine
points, tested numerically in ref. [61].

Another impressive recent achievement is the derivation of an n-point form for the
non-rational (divergent and polylogarithmic) parts of the all-plus helicity two-loop am-
plitude, for all colour structures [62]. That result represents the completion of the
four-dimensional unitarity scheme’s application to two-loop all-plus amplitudes. Fur-
ther derivations of pure Yang-Mills amplitudes of this type need only focus on the

rational piece, for which techniques such as augmented recursion are applicable.

1.5 Thesis QOutline

This thesis is structured as follows:

Chapter 2 provides further technical detail and elaboration on the key technologies
used in Yang—Mills amplitude calculations and in this thesis. First, colour trace decom-
position will be explicitly defined for tree, one-loop and two-loop amplitudes. There is
a discussion of the various symmetry properties that occur in the partial amplitudes
that arise. Decoupling identities, which form a large part of the reasoning behind ex-
tending the symmetry of Yang-Mills to U(N.), will be derived. Following that, the
spinor-helicity formalism will be described in detail. The use of spinors will be fur-
ther justified, and additional definitions relevant to the rest of the work will be made.
There is also discussion of the freedoms remaining in the spinor description of variables,
including Schouten identities and a useful little group scaling.

In Chapter 3, the method for deriving the full colour two-loop six-point all-plus he-
licity Yang—Mills amplitude is set out. By applying a colour trace decomposition to the
U(N,.) gauge theory, photon decoupling identities between the partial amplitudes act as
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validity checks. The calculation is separated into parts, handled by different methods.
Divergent and polylogarithmic terms are determined by four-dimensional unitarity, the
procedure for which takes a particularly simple form with only one-loop cuts required.
The remaining terms are rational, so can be generated through a recursive method.
Due to the presence of double poles in momenta, augmented recursion is required. The
final amplitude results obtained are those previously published in ref. [59] and are the
product of collaboration. Chapter 3 therefore focuses on the contribution of the author
of this thesis. In particular, explicit results for two of the partial amplitude rational
pieces are derived in a compact analytic form, and their validity is tested.

Chapter 4 presents the derivation of the full colour all-plus helicity amplitude with
seven gluons, in a compact, analytic form. This involves re-deriving the previously
identified leading in colour partial amplitude and confirming the form of the single trace
N.-independent piece, as well as calculating the other colour structures for the first time.
Non-rational parts are derived using four-dimensional unitarity, finding agreement with
the n-point polylogarithmic result [62]. For the rational parts, augmented recursion is
used. That process requires two new seven-point currents, in addition to the one used
in the leading in colour calculation. Finally, the result is reduced to a compact analytic
form. The derivation of currents and the reconstruction of the analytic result are both
topics in their own right, which deserve further elaboration. So they are skipped over
in the seven-point explanation, to be presented in detail and with additional context in
the following two chapters. The expressions found have also been described in ref. [62],
together with other work carried out in collaboration.

A detailed account of currents and their integration is provided in Chapter 5. When
the intended use is in augmented recursion, it is not necessary in general to calculate
all the terms in a current, only those that contribute to the residue after integration
and a complex shift has been applied. Currents with unnecessary terms omitted are
sometimes called “good enough” currents, and the main result presented in this chapter
is an intuitive new way of thinking about deriving them. The procedure is algorithmic,
so suitable for automation, which may aid future calculations of more complicated
currents. As verification, the previously found five-point one-loop current is re-derived
in the new methodology. Seven-point one-loop currents, used in the derivation of
the seven-point two-loop amplitude of Chapter 4, are also presented. Finally, the
integration of current diagrams in augmented recursion is described in detail. Various
useful integral results are arrived at, which are applicable in general calculations.

In Chapter 6, techniques to simplify rational analytic results emerging from aug-

mented recursion (and elsewhere) are discussed and applied. While recursive proce-
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dures lead to far simpler expressions than directly evaluating Feynman diagrams, their
complexity does still grow with the number of gluons involved, necessitating simplifi-
cation. The increasing number of terms involved, as well as the presence of a reference
momentum in augmented recursion results, are two challenges that are addressed. To
improve the compactness of recursion results, the smallest available versions of the
one-loop ingredients are desirable. New forms of several one-loop amplitudes are deter-
mined with fewer terms, and are in some cases manifestly free of spurious poles for the
first time.* A process of reconstruction is applied to two of the partial amplitudes of the
two-loop seven-point calculation of Chapter 4. By identifying the leading poles from
direct factorisations, and comparing the sub-leading poles to an ansatz basis, sizeable

expressions are reduced to very compact, symmetric functions.

4Spurious poles are those factors which appear in a denominator of a particular statement of an
amplitude, but due to overall cancellations do not lead to singular behaviour when they become
small.
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2 Foundations of Amplitude Techniques

2.1 Introduction

In this chapter, two major technologies in the calculation of amplitudes are described.
Specifically, these apply to the loop amplitudes A$f ) which appear in the perturbative

expansion of the complete amplitude,

A, =g"? Z a’ AV, (2.1)

>0

where the constant a = g?e =7 /(47)?~¢ contains the Yang-Mills coupling g, the Euler—
Mascheroni constant vg and the small parameter € introduced by dimensional regular-
isation.’

The first technology, colour trace decomposition was proposed as a way to separate
the colour degrees of freedom from the kinematic degrees of freedom in a loop amplitude.
By manipulating the colour factors into a standard form, the calculation can focus on
finding only the kinematic functions, which inherit additional useful properties from
the decomposition.

The second technology, spinor-helicity formalism is an alternative, arguably more
natural, choice of variables in which to present an amplitude for massless particles.
Instead of working with the Minkowski four-momenta of the external gluons, each
gluon is associated with two Weyl bispinors.? These spinors automatically encode the
null condition of the momenta, so lead to simpler amplitude expressions.

Both rest on the standard definitions related to Yang—Mills theory, which are made
in Chapter 1. However, the following techniques (and the unitarity and recursive tech-
niques described in Chapters 3 and 4) mean that the traditional ways of deriving
amplitudes, such as the Feynman rules of Table 1.1 are no longer the best route for-

ward. We also choose a symmetry group for our theory that moves beyond direct

Loop integrals in four dimensions may diverge, so they are regularised by analytically continuing the
integration dimension to D =4 — 2e.

2In group theory terms, the vector transforming under SO*(1,3) is replaced by two spinors, each
transforming in one of the SL(2,C) covers of SO'(1,3).
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investigation of the Standard Model. The Yang-Mills symmetry is often generalised
from the three-colour SU(3) of the strong force, to SU(N,) with an arbitrary number
of colour charges, which this thesis further extends to U(N,). The reasons for doing so

are expanded upon in the following sections.

2.2 Colour Decomposition

Colour trace decomposition is the procedure through which loop amplitudes are sepa-
rated into a number of individually gauge-invariant structures, according to the types
of colour structures which appear with them. Historically, this was first carried out for

tree amplitudes [6], then one-loop amplitudes [7] and later two-loop amplitudes [8].

The chosen colour basis is written in terms of traces of the generators of the colour
symmetry, (Ta); In earlier work, amplitudes were calculated using Feynman rules that
made use of structure constants f2%¢ (such as those in Table 1.1). Colour decomposition

required these constants to be rewritten in terms of the generator matrices using
[ = —i(Tx[TT*T*] — Te[T*T°T?)). (2.2)

Applying that change to a Feynman diagram, strings of (traced over) generators are
obtained. Colour indices related to external legs will appear once each, with a single
factor of {T, T2, ---} donated by the vertex receiving the external {p1, p2, - - - } momen-
tum. For internal propagators, the associated colour indices will appear contracted in
pairs, with a factor of T® occurring in both vertices ending the internal p, momentum.
Completeness relations can then be applied to the pairs of generators which appear

contracted over their colour indices, simplifying the expressions.

Working with colour generators in an SU(N,.) theory, the completeness relation reads
. , 1 .
D (T = dj6f — ﬁc&;aﬁ. (2.3)
a

The final term is present to enforce the traceless property of the generators. Extending
the symmetry group to U(N,), as is done in this thesis, allows the application of the

simpler completeness relation

D (TTF = 5705, (2.4)

a
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which makes the handling of generator strings very straightforward. Those paired
generators are removed from the expressions, leading to the sewing together of trace
factors in some cases, and the introduction of factors of 6 = N in others. Considering

the ways that traces can appear gives the possible combinations

Tr[ X T Te[T°Y] =X} (T°)}(T*), YV} = X] 6,0ty = Te[X Y],
Tr[XTTY] =X (T*)5(T*)LY) = X]6FsLY) = N Tr[XY],
Tr[XT YT =X (T*)5YHT*)i = X]66:V] = Tr[X]Tx[Y], (2.5)

where X and Y represent some general generator strings. Summation over repeated
indices is implied. For tree amplitudes, only the first of the three relations is needed, and
it is found that only single traces, containing a colour generator for each external gluon,
appear in the colour basis. Loop amplitudes require all three relations to establish their
colour structures, which can contain multiple colour traces in the same term. In fact,

for an f-loop amplitude, the generators can form into up to £ + 1 separate traces.

2.2.1 Colour trace basis

The colour trace decomposition will now be defined for tree, one-loop and two-loop
amplitudes. In each case, the function A% ) on the left is the £-loop, n gluon ampli-
tude, which contains both the kinematic and colour information. The expansion then
pulls out the colour structures explicitly, defining a number of new, purely kinematic
functions known as partial amplitudes. In this thesis, the complete amplitude will
be referred to as a “full colour” amplitude, to ensure clarity when individual partial

amplitudes are also mentioned.

Tree amplitudes can be written in the colour trace basis as [6]

A2, )= Y T[T T A (ar, - an), (2.6)
Sn/Pn:l
where the functions Ag)l (a1,--- ,ap) are partial amplitudes. The matrices 7% are gen-

erators in the fundamental representation of the symmetry group, which we choose to
be U(N.), but could also be interpreted as SU(N.) without requiring any modifica-
tion to the expansion. The summation is over non-cyclic permutations of the external

momentum labels. These are denoted using S,,/Pn.1, where S, is the full group of
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2 Foundations of Amplitude Techniques

permutations of n elements and
73’rl:l - Zn(ah ag,: - 7an) (27)

is the cyclic group of n elements. The partial amplitudes have a number of notable
features. They are functions of the external momenta only, and are individually gauge-
invariant. They also possess a cyclic Pp.1 symmetry in their arguments, matching the

symmetry of the trace structure.

For one-loop amplitudes, generator matrices join up to form either a single trace and

a factor of N., or two separate traces, in [7]

AD@A2, ) =N S T T A (0, )

n

Sn/Pn:I
[n/2|+1
+ > > m(r T T[Tt T A (0, ar1i by, by).
r=2 Sn/Pn:'r

(2.8)

1
n:1
factor of .. It possesses the same cyclic symmetries as, and could be considered anal-

20)1 of the tree decomposition. The partial amplitude AR possesses a

The partial amplitude A 7 can be called “leading in colour”, because of its associated
ogous to, the A
new symmetry of its arguments, encountered at one-loop level and above, in connec-
tion with the cyclic symmetries of two trace strings. Explicitly, the group Py, which

describes these is
Pn:r - rfl(ab e 7ar71) X anr+1(br7 e abn) X Gn:ra (2~9)

where

QW:{@qm,uﬂpggmuwmn,ﬁv_n:nm, 2.10)

1, otherwise.

An additional Zs symmetry is present when the traces are the same length, which
interchanges the full sets of their momentum labels. Note that r # 1, and that by
convention, the traces are arranged shortest to longest, so the label r ranges over
r=42,3,---,|n/2] + 1}. The S,,/Ppn.r sum is over permutations of the momentum

labels, up to the cyclic symmetries of the traces, so that each allowed colour trace
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2.2 Colour Decomposition

structure appears once in the overall expansion.

Two-loop amplitudes can be expanded in the colour trace basis as [54]

AP (1,2, n) = N2 Z T[T - Tan]A( )1(a1,... , )

S /P7L1
[n/2]+1
+N Z Z Tr Tal ”TaTil]Tr[TbT Tbn]Aggv)"(ah 7a7’—1;b7‘7'” ,bn)
=2 Sp/Pn:r

Ln/3] L(n—s)/2]
+ Z Z Z Te[T - . T Te[T0s+1 - .. TOs+¢ | Ty[TCs+t+1 ... T
t=s n/Pn s,t

(2) . .
Anst(a17"' 7a87b8+17"‘ 7b8+tacs+t+17”' ’Cn)

+ 3 e 1A (- an). (2.11)
Sn/Pnzl

In addition to the leading in colour partial amplitude Aff)l and the two-trace partial

amplitudes Ag%, there also appear three-trace partial amplitudes Agi

single-trace N.-independent partial amplitude A7(12)1 - A new symmetry type is defined,

, and a new
bl

describing the symmetries of the three-trace terms and their partial amplitudes,

Pn:s,t = Zs(ah Tt 7a’8) X Zt(bs—i-la ce 7bs+t) X Zn—s—t(cs—i-t—i—ly Tt ucn) X Gn:s,t’ (212)

where
53({a17 T aas}a {bs+1a t 7b8+t}7 {Cs+t+1a te acn})7 ifs=t= n/3,
G _ ZQ({aly"' 7a’8}7{b5+17”' 7b8+t})7 lfS:t#n/?),
n:s,t — .
Zo({bs+1, s bstthy {Csrtr1, s enb)s ifs#t=(n—s—1),
1, otherwise.

(2.13)

The final factor accounts for traces occurring that are of the same length, so can be
interchanged. The conventional way of labelling the partial amplitudes has the trace
groups ordered in ascending length, which imposes a condition s <t < (n — s —t) on
the labels.

The above colour expansions are valid for a U(N,) symmetry group. To obtain the

SU(N.) version, it is sufficient to remove those terms containing factors of Tr[T].
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2 Foundations of Amplitude Techniques

(The SU(N,.) generators are traceless, so these pieces vanish.) Specifically, the partial
1) 42

amplitudes A, 5, A5 and Ag)lt do not appear. The partial amplitudes that appear in

the SU(N,) expansion are therefore a subset of those appearing in the U(N,) expansion.

It can be useful to be able to refer to a partial amplitude of a general type, for which
we will use Afﬁ))\ in future sections. The label A is a stand-in for any of the previously

defined colour structures, out of those allowed at the specified ¢-loop, n-point level.

2.2.2 Partial amplitudes

Having carried out colour decomposition on an amplitude, the partial amplitudes be-
come the objects of interest. They possess a number of notable properties. As pre-
viously mentioned, each is an individually gauge-invariant function of the kinematic
variables.
Symmetries are inherited from their associated colour trace structure, so the partial
amplitude Agﬁ))\ will be invariant under permutations of its momenta in the group Py,.».3
A flip symmetry also appears in the arguments of the partial amplitudes, which

inverts each trace grouping of momentum labels according to

A ar, - an) = (1" AR (@, ),
A (a1, s ap1iby, o bp) = (1) AGN (@1, @13 by, by),
Aq('?:l,t(ala"' 2 @s3 D51, 5 Dsits Csppg1s o 5 Cn)

= (—1)nA£z2:l,t(as»"‘ ;01505445 Dsy15Cny e 5 Corer),
Ao, an) = (1" A p(an, o). (2.14)

The expressions for two-loop partial amplitudes are shown, but the pattern generalises
straightforwardly. This particular symmetry can be traced back to the Feynman rules,

and emerges as a consequence of symmetries in the vertex rules.

An understanding of the form taken by the colour trace basis allows the construction
of a version of the Feynman rules that is “colour ordered”. These are most useful when
working with tree amplitudes, due to the smaller number of diagrams required, and can
be used to describe how to construct the partial amplitude AS):)l directly, rather than

the full colour amplitude A%O). Whereas a standard Feynman diagram approach would

3The notation P,.x is used to refer to any of the previously defined symmetries Pp.1, Prnir OF Pris.t,
with a general colour structure label .
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2.2 Colour Decomposition

Propagator (colour ordered)

p .
m > v AC (p) = - <_ quV+quu>
p) = Ny +
ANNNN\\e H p? a pq
a b

Vertices (colour ordered)

V/fyp(pl)p27p3) = zg(n'wj(pl - p2)p
+ 0" (p2 — p3)*
+ 1 (p3 — p1)”)

V,u?ypcr(plap%p&pll) —
ig2 (277,up77ua - 77,u1/77pa - 77,ua77yp)

Table 2.1: Colour-ordered Feynman rules for the propagator and vertices of pure
Yang—-Mills theory, in the axial gauge. Colour factors no longer appear in
the propagator or vertices. The rules give rise to a partial amplitude, when
diagrams of a particular external leg ordering are drawn.

require diagrams with each possible permutation of external legs to be considered, the
colour-ordered rules require only diagrams with a fixed cyclic ordering of legs, as these
are the ones that contribute to a certain partial amplitude. By stripping out the colour
factors from the usual Feynman rules, such that those factors form the expected traces

of colour generators, laborious matrix manipulations are also avoided.

Table 2.1 collects the new ingredients for the colour-ordered Feynman rules. Both
vertices show a symmetry under the reversal of their momentum labelling, justifying

the earlier claim on the origin of the flip symmetry of the partial amplitudes.
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2 Foundations of Amplitude Techniques

2.2.3 Decoupling identities

As a consequence of extending the symmetry group of Yang—Mills theory to U(N.),
beyond the SU(N,) more commonly seen, various relations occur between the partial
amplitudes. These are known as “decoupling identities” and a procedure for generating
them is as follows.

The U(N,) group possesses one more generator than SU(N,), reflecting the possi-
bility for elements of the group to have non-zero traces. It is convenient to choose the
extra generator of the U(NV,) theory so that it lies in the U(1) part of U(N,), taking
the form of the N, x N, unit matrix in the fundamental representation. Then the rest
of the generators can be identical to those used in the SU(N,) theory. Physically, the
interpretation is that by going from SU(N,) to U(N.), a photon state with no overall
colour is introduced to the theory. We expect such a state to decouple from the N2 — 1
standard gluons, meaning any amplitude describing gluons interacting with photons
should be vanishing.

Applying this fact to the colour decomposition, one or more generators can be re-
placed with the U(1) generator explicitly, via 7 — TV = 1. With such a choice, the
full colour trace decomposition becomes equal to zero and traces involving that V@)
simplify somewhat. The coefficients of each new type of colour trace present can be
consolidated, yielding sums of partial amplitudes that must equal zero individually, to
satisfy the overall vanishing of the amplitude. Each of these sums multiplying a certain

colour trace is known as a decoupling identity. At tree level, the only identity found is
AD1,2,3,- )+ AD(2,1,3,--- n)+ -+ AD2,3,-- [ 1,n)=0,  (2.15)

originally observed when the first tree-level partial amplitudes were calculated [6] as a
symmetry in addition to the cyclic permutation and flip symmetries of the momenta.
The identity relates n — 1 versions of the single type of partial amplitude that occurs
at tree level.

At one-loop level, there are more types of partial amplitude and more decoupling
relations. It is possible to re-write any one-loop partial amplitude in terms of the
leading in colour structure, by repeated application of those identities [7]. For higher
loop levels, the leading in colour partial amplitude is no longer sufficient to describe
the entire amplitude, but decoupling identities do allow a smaller subset of the partial
amplitudes to describe the whole set.

In general, identities can contain a mixture of partial amplitudes, including both

structures that are present in the SU(N,.) expansion, and those that are exclusive to
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2.3 Spinor-Helicity Formalism

the U(N,) theory. This gives a strong justification for calculating the U(N,)-specific
partial amplitudes, even if SU(N,) is ultimately the theory of interest: they are consis-
tent gauge-invariant structures, which are required to produce cancellations with the

SU(N,) structures when unphysical photon states are considered.

This thesis makes use of the colour trace basis in its calculations. Other types of colour
decomposition also exist, with uses such as expressing the information of the partial
amplitudes in terms of fully independent structures [11, 12]. We calculate all the partial
amplitudes associated with a U(N.) Yang-Mills theory, so that decoupling identities

between them can be used as a validity check on the results.

2.3 Spinor-Helicity Formalism

The spinor-helicity formalism is a way of restating amplitude calculations in terms
of spinor variables, rather than the usual four-momentum kinematics. This brings a
number of benefits, particularly when working in theories of massless particles, and is
central to many modern amplitude techniques. The formalism was originally set out
in a series of papers by several authors [15, 16, 17, 18], the key steps of which we

summarise in this section.

As a first step, the conversion from four-momenta to spinors can be motivated by

constructing 2 x 2 matrices from the momenta,

0 3 1 )
; —od pH+p’ p—ip
prh=plo =", Ty 5] (2.16)
p +ip® p’—p
where
oot = (L, 7). (2.17)

The matrix is indexed with the spinor indices @ and ¢, and the Pauli matrices (o;)*®
are used in the conversion. For massless particles such as the gluons of Yang—Mills
theory, their momenta are null, meaning p?> = 0. In terms of the above matrix, this is
equivalent to p®® having zero determinant. In general, a 2 x 2 matrix would have rank

2, but one with zero determinant has rank 1 or less. Therefore the momentum matrix
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2 Foundations of Amplitude Techniques

can be represented as a single product,
P = ANE, (2.18)

where A and A are recognised to be Weyl spinors in the (1/2,0) and (0,1/2) represen-

tations of the Lorentz group, respectively.

2.3.1 Spinor definitions

An explicit form for the two spinors can be written down for completeness, although
it will not be necessary to return to four-momentum components in spinor-helicity

calculations. We have

h Po — P3
AN = 2.19
VPo — P3 (—pl — ipg) ( )

and

Xd—ifl<p°_?3>, (2.20)
VPo —P3 \ —p1 +1p2

where there is still some freedom in these definitions, contained in the choice of value
h. (That leads to a little group scaling, discussed in Subsection 2.3.3.) If it is assumed
that momenta are real, then the two types of spinor are related by complex conjuga-
tion. However, momenta are usually considered to be complex-valued in spinor-helicity

calculations, leading to independent spinors and allowing techniques such as BCFW

recursion [19] to be used.

Amplitudes themselves can then be considered functions of the spinors {\;, 5\1}, where
7 ranges over the external momenta, rather than the four-momenta. Expressions are

built out of Lorentz-invariant spinor products, defined

(i) =X Nja = eaphdX] = —(ji),
[i5] ZXia AT = €45 AN = [, (2.21)

where the antisymmetric Levi-Civita tensor is used to raise and lower spinor indices.

Further useful structures can be defined in terms of spinors and spinor products. The
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2.3 Spinor-Helicity Formalism

common Mandelstam variable s;; is expressed as
sij = (pi +pj)* = 2pi - pj = (i5) [j ] (2:22)
and in this thesis we also define a three-particle momentum factor
tiie = (pi + pj +pk)* = 8ij + Sjk + Skis (2.23)

for later convenience. A way of compacting the notation, by joining two spinor products
of opposite type, is also suggestive of how one can convert between full four-momentum

factors and their spinors if desired,

[ilj[k) = [i4] (G k) = A pjudhaAf- (2.24)

A pair of polarisation definitions can now be made for historical purposes, although
these do not tend to be used explicitly when applying modern spinor-helicity amplitude
techniques. The polarisation vectors of external gluon legs can be rewritten using the

helicity spinors [18], as

_ (gi]7|pi)
(6?)u-—;757§;;i— (2.25)
and
(€ Ju="— pilulas) (2.26)

V2 (i qi)’

where the momentum g; is a reference momentum, which the final amplitude will have
no dependence on. The 7, are Dirac matrices. The helicity spinor polarisation states
obey all the required relations, such as being orthogonal to the momentum of their

gluon,

(P)*(€)u =0, (2.27)

(E)ule)™ = (F)uleF) = 0. (2:28)
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2 Foundations of Amplitude Techniques

Constructing Feynman diagrams using these spinor states, and the other colour-ordered
rules of Table 2.1, is one way of obtaining partial amplitudes directly in a spinor-helicity
form. However, that has been superseded by recursive methods, which build a desired
amplitude from products of amplitudes with fewer legs. (See Chapters 3 and 4 for an

in-depth discussion.)

2.3.2 Using spinors in amplitudes

One of the earliest demonstrations of the efficiency of the spinor-helicity formalism
comes from the statement of the “maximally helicity violating”, or MHV, tree ampli-
tude. (The amplitude featuring two gluons of negative helicity, and the rest positive.)
The original result by Parke and Taylor [13] was proved in a compact spinor form [14]
to be

o (ij)*
AOat i T nt) = 0223 (=D n) D)’ (2.29)
where here {i,j} are taken to be the two gluons with negative helicity, and the re-
mainder have positive helicity. One notable feature, beyond the impressive simplicity,
is that only spinors of the type \; appear in the expression. That the \; can be wholly
absent from some expressions demonstrates how helicity spinors are a natural choice of
variables for the system.

The simplest possible amplitudes, which form the basis for recursive procedures,
are the three-point trees. This may be unexpected, as these are all vanishing when
considering real four-momenta. With momentum conservation enforcing py + p2 + p3 =
0, there is no non-vanishing momentum invariant out of which to build any structure.
(s12 = (p1+p2)? = p3 = 0 etc.) However, if the choice is made to allow complex spinors
in the momentum representation, then only one of the pair (12) or [12] need to equal
zero to satisfy sj2 = (12)[21] = 0. That way, we can obtain both MHV and MHV

amplitudes, respectively,

3
AP (1727 31) = <2<31>2<>31> (2.30)
and
3
APt 2t 37) = —[2[31]2[]31], (2.31)
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2.3 Spinor-Helicity Formalism

where either [12] = [23] = [31] = 0, or in the alternative case (12) = (23) = (31) = 0.
These can be considered a special case of the Parke-Taylor result (eq. 2.29) for n = 3,
or can be identified as the only allowed structures with the particular non-vanishing

spinor products (see Subsection 2.3.3).

Why are such compact expressions for amplitudes possible in the spinor-helicity formal-
ism? One reason is that spinors can only represent null momenta, having (ii) = [ii] = 0.
This makes them a natural choice when describing massless gluons, because the mass
condition is built into the variables. In a four-momentum picture, there exists some
additional redundancy in the variables of the amplitude expression, which must be fixed
with the additional constraints p? = 0.

However, some redundancy does remain in the spinor-helicity notation. Schouten

identities exist between the spinor products,

(5) (kD) + (k) (L7) + (i) (k) = 0,
[i 5] [k 1)+ [i k) [15] + [i1] [j K] = 0. (2.32)

2.3.3 Little group scaling

The explicit spinor definitions made in eq. 2.19 contain a freedom to choose some overall
factor, which we denote with a constant h. Although this means an ambiguity when
moving from four-momenta to spinors, it also gives rise to a beneficial little group
scaling. Re-scaling the spinors by some constant o, so h — ah, the spinors relating to

a particular gluon transform as
>\i — Oé)\i and 5\1 — 01_15\1', (2.33)

which leaves the momentum, p; = A;\;, invariant. Considering a whole amplitude
expression, it will contain as variables a spinor pair for each external gluon, which can
each be separately re-scaled by some «;. The powers of «; which emerge from the
amplitude under re-scaling depend on how many factors of the A; and \; appear in the
numerator and denominator. The overall exponent can be considered to be a “spinor
weight” for that gluon.

Inspection of the spinor-helicity Feynman rules shows that only the external polar-
isation vectors contain spinors not paired into momenta, so only external gluons have
non-zero weight under little group scaling. Spinor-helicity versions of the polarisation

states also allow the scaling of any given momentum to be anticipated. Based on the
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helicities of the external momenta, it is found that
A (L% n) = aP2AL (1, Li5, - n), (2.34)
after applying a scaling h — ah to the spinors {A;, A }.

In other words, we find that for any amplitude, a spinor weight can be assigned to each
leg according to its helicity. A leg with positive helicity has overall weight —2, and a
leg with negative helicity has overall weight +2. These must be fulfilled by the spinors

in the amplitude, which individually have the spinor weights:
e +1 for \; spinors in the numerator,
e —1 for 5\, spinors in the numerator,
e —1 for \; spinors in the denominator,
e +1 for \; spinors in the denominator.

This provides powerful constraints on the possible forms of amplitudes. In the simplest
case, the three-point trees are fully determined, up to an overall constant, by their little

group scaling.
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3 The Six Gluon Two-Loop Amplitude

3.1 Introduction

Perturbative scattering amplitudes are an essential tool, both in comparing theory to
experiment, and for inspecting symmetries of that theory that may not be apparent
from the Lagrangian. We chose Yang—Mills as a focus, because it can give insight into
the Standard Model of Particle Physics, both being gauge theories, and particularly
into the behaviour of gluons of the strong force.

Currently, there is interest in predictions for two-loop amplitudes, or “Next-to-Next-
to-Leading Order” (NNLO) predictions, which are of relevance to the energy scales and
precision probed at the LHC [1, 2]. This represents the cutting edge of analytic Yang—
Mills amplitude calculations. Significant progress has been made towards calculating all
tree and one-loop amplitudes, but two-loop amplitudes present challenges that have not
all been overcome. To proceed, amplitudes are separated into components which are
calculated separately. Generally, this means making a specific choice of helicities for the
external gluons, and colour decomposing the amplitude into “partial amplitudes” each
multiplying a particular colour structure. (See Section 2.2 for details on this procedure.)
All-plus helicity, being the most symmetric, tends to be the easiest calculation so the
most progress has been made here. The partial amplitude multiplying a single colour
trace and an N2 factor is particularly simple, often being referred to as “leading in
colour” and calculated before the other colour structures.

Prior research relating to two-loop amplitudes, also discussed in Chapter 1, guides the
work undertaken in this chapter. Most structures of the five gluon amplitude have now
been calculated: the all-plus leading in colour partial amplitude was first calculated
using a generalised unitarity procedure [47, 49] (then presented more compactly in
ref. [51]). It was re-derived using a simpler method of four-dimensional unitarity and
augmented recursion in ref. [52], which is the method we use. Later, the remaining all-
plus colour structures were calculated in refs. [53, 54], completing the all-plus amplitude.
The single-minus helicity leading in colour partial amplitude was obtained in ref. [55]

and the remaining leading in colour helicity configurations were obtained in ref. [57],
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3 The Six Gluon Two-Loop Amplitude

both using finite field numerical methods.
For six gluons at two loops, the leading in colour all-plus partial amplitude (which we
denote with Agz (17,2%,3%,4%,57,6)) was computed in ref. [58] using four-dimensional

unitarity and augmented recursion.

In this chapter, we describe how all the partial amplitudes Ag/)\ (1F,2%,3%,4% 57, 6%) of
the full all-plus amplitude are calculated. The final results are a product of collaboration
and were previously published in ref. [59]. As such, the emphasis of this chapter is on
the work performed by the author of this thesis, and the explicit results contained
within are those elements obtained by this author. For a complete statement of the
amplitude, the reader is directed to the related paper.

The next section describes how an amplitude is decomposed according to colour
trace structures, then into different types of function each with their own derivation
process. The following sections contain overviews of the methods of unitarity cutting
and augmented recursion. Finally, it is demonstrated how compact forms for the ratio-
nal terms are reconstructed, then how the amplitude can be validated using collinear

limit testing.

3.2 Structure of the Amplitude

We outline how a full colour amplitude is divided into parts, to be treated separately
in later sections. The colour decomposition process, and the spinor-helicity formalism

used throughout, was set out in Chapter 2.

3.2.1 Colour decomposition

Working in perturbative Yang—Mills, we can expand an ¢-loop amplitude with n gluons
in terms of its colour structures, as detailed in Section 2.2. A general statement of the

colour trace decomposition is [6, 7, 8],

AY =5 4Ya, (3.1)
A

where the Ag:)/\ are known as partial amplitudes, and the C'\ contain traces over the
SU(N,) (or U(N.)) colour symmetry generator matrices, as well as factors of N.. A

general label ) is used to refer to the various types of colour structure which occur.
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3.2 Structure of the Amplitude

For the specific case of interest, the two-loop six-point amplitude, the U(N,) colour

decomposition is [54]

AP(1,2,3,4,5,6) =N? " T[TUTRTSTUT T AL (a1, a2, a3, a1, as, ag)

SG/P()':l
+Ne > T[T T[T TS T T T A (a1; ap, a3, as, a5, ag)
S6/Pe:2
+ N, Z Tr[T‘”TaQ]Tr[Ta3Ta4Ta5Ta6]A6?%((11, as; as, aq, as, ag)
S6/Pe:3
N a1 pag as aspasas 4(2) .
+ N, Z T[T T2 T3] Te[T“ T T) A (a1, as, az; as, as, ag)
S6/Pe:4
+ Z ﬂ[Tal]TY[Taz]T‘r[Ta3Ta4Ta5T%]Agi,l(al;612;@3,(14,(15,&6)
S6/Pe:1,1
+ Z T‘I[Tal]T‘I‘[TQ2TQ3]’I‘I‘[TQ4TG5TQG]Aé?%’Q(al;CLQ,CLg;CL4,(L5,(I6)
S6/Pe:1,2
+ ) T[T Te [T T Te[T* T“G]Aé?%,g(al, ag; as, ay; as, ag)
S6/Pe:2,2
’I‘r TalTGQTGBTGALTaSTaG A(2)
+ [ ] 6;1B(a1aa27a37a47a57a6)7
S6/Pe:1

(3.2)

where the T% are the generator matrices of the colour symmetry. Each sum is over
the permutations (Sg) of the momentum labels {aj,as, -+ ,ag}, up to the cyclic and

interchange symmetries of the trace structures (Pg.»).

The partial amplitudes A((f/)\ are gauge-invariant objects, with cyclic and interchange

symmetries Pg.y in their momentum arguments that match those of the associated trace
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structures. In full,

= Zs(1,2,3,4,5,6),
— 75(2,3,4,5,6),
= Z5(1,2) % Z4(3,4,5,6),
Pou = Z3(1,2,3) x Z3(4,5,6) x Zo({1,2,3), {4,5,6}),
Poia = Z2(1,2) x Z4(3,4,5,6),
Po:1,2 = Z2(2,3) x Z3(4,5,6),
Pons = Za(1,2) x Za(3.4) x Za(5.6)  $5({1,2}. (3,4}, {5.6}),
Ps1s = Ps1 = Z6(1,2,3,4,5,6). (3.3)

The colour decomposition of eq. 3.2 is written for a U(N.) gauge theory, however it
is also applicable with a smaller SU(N.) gauge group. In that case, generators must be
traceless, so terms involving Tr[T%| vanish. The specifically SU(N,) partial amplitudes
Agls AGy Al A and AG remain,

Even if the aim is to ultimately calculate amplitudes in an SU(N,) theory, the partial
amplitudes found exclusively in U(N,) are useful to derive. Dependence in the com-
plete set of partial amplitudes means that decoupling identities exist, as discussed in
Section 2.2. For example, choosing to set 7' — TV =T and inspecting the coefficient
of N2Tx[T*T3T*T5T®], there is

A2 (1:2,3,4,5,6) + ALZ)(1,2,3,4,5,6) + A% (2,1,3,4,5,6)
+ A2)(2,3,1,4,5,6) + AL)(2,3,4,1,5,6) + A5)(2,3,4,5,1,6) = 0.  (3.4)

With the same generator choice, inspecting the coefficients of Tr[T?T3T*T5T°] that do
not contain N? gives another identity,

AP (1,2,3,4,5,6) + AL) 5(2,1,3,4,5,6) + AL) 4(2,3,1,4,5,6)

+ A% (2,3,4,1,5,6) + AL 4(2,3,4,5,1,6) = 0. (3.5)

While the former can be used to determine the U(N,) partial amplitude A‘(“) from the

leading in colour, the latter relates only to Aé?i B

By calculating all U(N,) structures independently, the decoupling identities between

partial amplitudes can be used as a powerful consistency check on the results.

38



3.2 Structure of the Amplitude

3.2.2 Singularity structure

We will use dimensional regularisation when presenting the amplitude, to control the
singularities that occur in both IR and UV regions. When the dimension is analytically
continued to D = 4 — 2¢, divergences are replaced by poles in ¢. Various schemes exist

to carry out the calculation, of which we use the four-dimensional helicity scheme [27].

As the singular structures of these partial amplitudes are known in general [42], we
can subdivide ours into terms that contain divergences Uﬁf/)\, or those that are finite
(2)
F, n\’

AP = UZ + F2 + 0(e). (3.6)

Following the lead of ref. [42], the UV divergences can be removed by expressing
the bare coupling in terms of the running coupling defined in the MS scheme. The

amplitude Ag; above could be considered the renormalised form, although this has no

(2)

bearing on the finite pieces F) 7y, which are the focus of this work. In general, we would
expect to see soft IR divergences and collinear IR divergences appearing in Ug))\, with
contributions up to 1/e* [42]. However, due to the all-plus tree amplitude vanishing
with our choice of all-plus helicity, the new divergent factor that appears in a general
two-loop amplitude does not get to contribute. As such, poles have at most 1/¢? as in

the one-loop case.

We note that the vanishing tree amplitude, and finiteness of the one-loop amplitude,
mean that any regularisation scheme dependence appears only at O(¢) in the two-loop
all-plus amplitude. Both the divergent piece and finite piece are regularisation scheme
independent [42].

The form of the IR singular structure for an all-plus two-loop amplitude was presented
in a colour trace basis in [54], which we reproduce here (with some notational changes):
define

and for a list S = {aj, a2, -+ ,as},

LIS = Li{ar,az, - 0} = Tapara (3.8)

=1
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3 The Six Gluon Two-Loop Amplitude

where Iy, .., = Iq, q, is included in the sum. Also

Ij[Sl,SQ] = Ij[{al,GQ, T 7a5}7 {b17b27’ o bt}] = (Ial as +Ibl by — [al,bl - Ias,bt)7

Ik[Sl,SQ] :Ik[{a/laa@a”' 7a5}7{b17b27” bt}] < ay,bt +[b1 as _Ial,bl _[as,bt)7
(3.9)

so that
Ir[Sl D SQ] = IT[Sl] + IT[SQ] + Ik[Sl, SQ] — Ij [Sl, SQ], (3.10)
where {al,QQ, e 7as} ® {b17b27 T 7bt} == {a17a27 e 7a'sab17b27' t 7bt}-

For two-loop all-plus partial amplitudes, we have

+ Anlz“(S%S/ D SS) X I [ 1782/3]
+ An17)”(537sl ®SQ) X I [ 17‘95]7

(
UZ)5(S) = AL(S1; 85) % IS}, 53], (3.11)

where C(S) is the set of cyclic permutations of S. U(S) is the set of all distinct pairs
of lists (S7,S5) such that S7 & S5 € S (and the size of S/ is greater than one). For our

six-point amplitude specifically, we need

U({1,2,3,4,5,6}) = {({ 12,3}, 14,5,6}), ({2, 3,4}, {5,6,1}),
({3,4,5},{6,1,2}), ({1,2},{3,4,5,6}),
({2,3},{4,5,6,1}), ({3,4},{5,6,1,2}),
({4,5},{6,1,2,3}),({5,6},{1,2,3,4}),
({6,1},{2,3,4 5})}, (3.12)
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3.3 Unitarity

for example.

Having dealt with the singularities, we turn to the finite remainder function Féz))\ This

can be separated into polylogarithmic terms Pf))\ and rational terms ng\,

2) _ p(2) 2)
Fn:)\ - Pn:)\ + Rn:)\' (313)
We can calculate the polylogarithmic piece using four-dimensional unitarity and the

rational piece using augmented recursion.

3.3 Unitarity

It was shown by Passarino and Veltman [29] that a one-loop amplitude can be decom-

posed in terms of n-point scalar integral functions I?,
AN =" al + > 0+ el + Ry + O(e), (3.14)
7 j k

where a;, bj, ¢, are rational coefficients and R, is a rational remainder. This provides a
convenient way to calculate an amplitude, because the integral functions are relatively
simple and may be re-used once calculated. What remains is determining the rational
coefficients that appear, for which the unitarity technique [28, 31] was developed. This
proceeds by considering making cuts to propagators in the loop amplitude, to reduce
it to a basis of box, triangle and bubble integrals. The coefficients of the reduction are
the amplitudes that remain after propagators have been cut and their momenta put
on-shell.

For example, as the first step of following the generalised unitarity procedure [35],
four cuts are made to the amplitude. This means choosing four propagators in the loop

integrals to replace with delta functions that nullify their momenta,

1 4 p2

)22 — §H(P7), (3.15)
where P = {4 p; + - - - contains the loop momentum and some external momenta. The
outcome is that every contribution to eq. 3.14 vanishes, except the particular integral
function I} matching the cut choice, which becomes the identity. The coefficient a; is
then equal to the amplitude with those four cuts applied, which can be represented as

a product of four tree amplitudes with their (previously internal) momenta determined
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3 The Six Gluon Two-Loop Amplitude

by the cut conditions. (See Figure 3.1 for a graphical example that will be used later.)
Once the box function coefficients are determined in this way, three cuts can be made

to find the triangle coefficients, and so on.

We will use the technique of four-dimensional unitarity cuts [64] to obtain the poly-
logarithmic pieces of the partial amplitudes. Due to the constraints of helicity in four
dimensions, any set of unitarity cuts that cut both loops will create a vanishing coef-
ficient [65, 60]. Therefore, one of the loops can be treated like a vertex insertion for
the purposes of unitarity and our calculation can be analogous to that of a one-loop

amplitude.

Previous work has used D-dimensional unitarity techniques to obtain two-loop ampli-
tudes [47, 51]. The four-dimensional method differs in that the spinor-helicity formalism
may be used straightforwardly, allowing for simpler calculations. We also do not need to
consider two-loop integrals, because the unitarity procedure simplifies for all-plus helic-
ity amplitudes in four dimensions. The trade-off in our method is that four-dimensional
unitarity does not capture the rational piece, which we calculate separately by recursion

methods, and the singularity structure is only found to O(€?).

For finding ng, we need only consider the box integrals in eq. 3.14, shown in Fig-

ure 3.1. The bubble integrals are shown to have zero coefficient in ref. [64] and the
triangle integrals contribute to UG(:Q)? only. The box integrals can be separated into

contributions to Uﬁ(?g and to Péi? [54],

2

Ime(S, T, K3, K3) = If™ T ST KK
2184

F?™(S,T, K3, K}), (3.16)

IR

where F?™ is a dimensionless function of polylogarithms. The superscript label of I37¢
indicates a box integral with two opposite corners “massive”. (Possessing more than
one external momentum each.) Combining all the singular terms, the IR piece is again
obtained, but truncated to O(e®) [65, 54]:

§ 2me
< ai[zl,i
7

+ bﬂ&j) = U2 (1t 2t ), (3.17)
R J n

1 A

The function UT(L:Q;\’EO can be promoted to its all-e form to find agreement with the full

singularity structure.
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3.3 Unitarity
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Figure 3.1: The quad-cut four-dimensional unitarity diagrams which provide the
coefficients of polylogarithms in PG(:Q/\)(1+, 2+ 3% 47 57 67). The one-loop
amplitude (blue) acts like an insertion, due to the helicity choice. Colour
dressing the four amplitudes is necessary to obtain the full colour result,
and each of r = {1, 2} should be evaluated.

The polylogarithmic piece can therefore be expressed as
9 .
P =" dFm, (3.18)
i

where the cf\ are rational coefficients found by drawing unitarity cuts. The F?™ are box
functions containing dilogarithms and logarithms squared, obtained from evaluating the
box integral itself [65],

K2 K2 KQ
F>™(S,T, K2, K?) =Liy (1 — ;) + Lip <1 - TQ) + Liy (1 — S4>

K3 K3K?\ 1
+ Lis (1 - T4> — Liy (1 - ;T4> + §1n2 (;) . (3.19)

and when K2 = 0,

2 2 2
F?™(S,T,0, K?) =Liy (1 — %) + Lis ( — K‘*) + L2 <S> + % (3.20)

43



3 The Six Gluon Two-Loop Amplitude

The full results for Péi\), in terms of rational coeflicients and the above functions, are

found in ref. [59] as derived by this author’s collaborators.

3.4 Augmented Recursion
The rational pieces of the amplitude, Ré?/)\, are then determined using a procedure of
augmented recursion. The technique is an extension of an earlier recursive method,

which we first outline.

Tree amplitudes are fully rational, and Britto, Cachazo, Feng and Witten showed
how these can be obtained recursively from lower-point amplitudes by treating the
amplitude as a function of complex momenta, and investigating its pole structure [19].
For BCFW recursion, a complex shift is applied to two of the gluon momenta, p; and

po, shifting the spinors as

5\1 — 5\1(2) = 5\1 - 55\27
Ay — )\Q(Z) = Ay + 21, (3.21)

where z is a new complex variable. The momenta pi(z) and pa(z), containing the
shifted spinors, remain on-shell and overall momentum conservation is preserved. The

rational amplitude can now be considered to be a complex function R(z).

Applying Cauchy’s theorem to R(z)/z over a contour at infinity, and assuming that

R(z) vanishes at large |z|, gives

: (3.22)

where z;; are the positions of poles in R(z). R(0) is the original unshifted function
that we wish to find. For tree amplitudes R("¢¢), considering their Feynman diagram
decomposition shows us that they will only contain simple poles, appearing as a result

of (shifted) propagators

1 1
pL(z) (it 4 pi(2) + -+ pj)?
1 1 (=1

_ _ 7 3.23
P% — 2@pyll] ~ 2= 25 (2lpglT] o
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3.4 Augmented Recursion

where

2
2= — 3.24
= oy ] (3:24)

When a particular propagator goes on-shell, the structures on either side can be

written as lower-point amplitudes,

-1) 1
lim Rme®)(z) = (=) R (2i)——— R (245), 3.25
Parel ( <2’p”’1] h:Zil L( J z — 2 R ( J) ( )

where Ry, and Rg are amplitudes and the superscript 4A is shorthand for the helicity
on the p;; leg entering the propagator. Comparing to a Laurent expansion around the
pole z;;,

(7)

a_y

R (z) = +0((z = 2)°), (3.26)

Z = Zij
we identify the residue as these amplitudes and see that eq. 3.22 becomes

(i)
r a_ 1 -
RO = — N =L = N N Ri(zi5)— R (zi5)- (3.27)

270 Y 2470 h==41 Pij

That is, the desired amplitude can be determined entirely by its factorisations into
smaller (complex-shifted) amplitudes. The BCFW procedure allows the easy calcula-
tion of any tree amplitude, which can be built up recursively from the simplest ampli-

tudes (the three-point tree amplitudes).

For two-loop amplitudes as approached in this thesis, the situation is more complex.
The amplitudes are no longer purely rational, also containing polylogarithmic terms
emerging from loop integrals. The BCFW argument about shifted propagators does
not apply to these terms. (They were instead calculated using unitarity cutting in
Section 3.3.) Eq. 3.22 does still apply to the rational piece Rfﬁg\, however there is now

the possibility of double poles occurring. If we Laurent expand our rational piece,

(i) (i)
R (2) = a2 - O((= — 2;)°) (3.28)
A (z = 2)* (2= 2) .
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3 The Six Gluon Two-Loop Amplitude

P

at

Figure 3.2: The augmented recursion diagram for the two-loop six-point rational
piece. It generates both the double and simple s,; poles, for use in
recursion. An explicit loop integral must be carried out over off-shell
internal propagators, marked with thick lines. A current, which is a
structure with two off-shell legs, is involved.

then the residues in eq. 3.22 are

Res [R(Z)]

However, only the residue of the leading pole can be found by a straightforward factori-
sation. The sub-leading pole receives non-factorising contributions, meaning we must
find these through other means.

Augmented recursion provides a way to capture both the leading and sub-leading pole
information, by drawing diagrams involving partially off-shell objects known as currents
[52]. To illustrate this, the diagram required for the six-point calculation is presented
in Figure 3.2. Carrying out the loop integral over the internal off-shell momenta, both
leading and sub-leading poles are obtained and can be used in the recursion procedure
in an analogous way to a factorisation diagram. Generating the current required, which
is an object similar to an amplitude with two off-shell legs, is non-trivial and we describe
that process in detail in Chapter 5. The difficulty of representing off-shell momenta with
spinors is overcome by using an axial gauge formalism [66, 41, 67], which introduces a
reference momentum into the derivation.

To obtain each colour structure Ré?;, all possible factorisations (in the case of sim-
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3.5 Rational Piece Reconstruction

ple poles) and augmented recursion diagrams (in the case of double poles) must be
identified, and their components dressed with colour. An appropriate complex shift
is required, such that the expression vanishes at large 2z as required by the contour

integral. In this case, the Risager shift [23],

Ao A (2) = A+ 2[23)\,,
Ay — )\Q(Z) =X+ 2[31])\77,
As = As(2) = As + 2[12)A,, (3.30)

has this property, but requires the introduction of a reference spinor, A,. Finally, the
residue is taken to obtain the rational piece results.

The output expressions are analytic and can be confirmed to follow the decoupling
identities, possess all the expected symmetries, and are not affected by varying the
reference momentum. However, they still contain occurrences of the reference momen-
tum (both that introduced by the axial gauge formalism and by the complex shift) in
their explicit forms. Having been constructed via recursion from multiple complicated
objects, the rational pieces contain many terms and are hard to work with, showing
none of their symmetries in a manifest way.

The next section demonstrates how these expressions can be reconstructed to obtain
simpler, analytic forms with manifest symmetries and no remaining reference spinors.
Doing so is desirable from a theoretical viewpoint, to better view and understand the
properties of the theory. And from a practical viewpoint, optimising the expressions

allows them to be evaluated more rapidly in numerical applications.

3.5 Rational Piece Reconstruction

The results of the augmented recursion procedure are analytic, but large and inefficient,
rational piece expressions. Symmetries are not manifest, and a reference momentum
appears throughout despite the functions being independent of it overall. To resolve
these issues and obtain a compact, readable form, the rational pieces are reconstructed.

At this stage, the part of the derivation based on complex analyticity is complete.
However, thinking about poles is still useful for understanding the structure of the
amplitude. This thesis refers to “t-poles” and “s-poles”, which are denominator factors
of t;; and s;;, respectively. These diverge when the momenta involved become small or
collinear. “Angle bracket poles” and “square bracket poles”, relating to (i j) and [i j],

also occur and diverge when their spinors become collinear. Note the different usage of
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3 The Six Gluon Two-Loop Amplitude

“poles” to in the recursion process, where divergence happens due to a specific value
of a complex shift.

The reconstruction method chosen is to consider the leading poles and sub-leading
poles of the rational pieces separately.

Following a cutting-type argument, the leading poles can be written in terms of
factorisations where the pole appears explicitly in a propagator. Unlike in BCFW
recursion, the factorisations are used directly, rather than applying a complex shift to
certain momenta. To obtain all pole types, a sum must be taken over all momentum
arrangements. However, where a factorisation happens to include another leading pole,
care must be taken not to double count that overlap between the factorisations. As
with previous stages in the derivation, the factorisations should be dressed with colour
in order to obtain the contributions to all partial amplitudes.

Subtracting the leading piece from the known rational piece expression, the remaining
sub-leading poles can be identified, using pole tests where the function is evaluated
numerically on a kinematic point chosen to make that pole blow up. Having removed
the leading structures, what is found should be relatively simple, and can be fitted to a
suitable compact ansatz. If necessary, the form of the ansatz can be further constrained
by using pole tests where multiple poles become large simultaneously. The scaling of
the overall numerical result, against the individual poles, reveals how many of those
poles can occur together in a term.

The procedure is considered in greater detail in Chapter 6. Its use is now demon-

strated for the colour structures R((fgg and Rt(fi.

3.5.1 Rational piece R((f%Q

The six-point rational piece Ré?gg(l*, 2%, 31,47 57 6™) has simple angle bracket poles,
as well as multiparticle ¢4p-type poles. Those t-poles will be considered to be the leading
pole structure, to be determined from factorisations. Although the angle bracket poles
are also technically leading poles, several appear in each term, so attempting to untangle
the overlap between factorisations would be impractical.

Colour dressing the factorisation

?

— AV k- dt et £, (3.31)

abe?

Ail)(a"’, b, et —k%c) n
abce

summing over permutations of external momenta, then extracting the coefficient of the
relevant colour trace structure Tr[T*T?|Tr[T¢T?) Tr[TT/] returns one type of factori-

sation for Rg% 9. The different versions can be written under a sum, which matches the
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3.5 Rational Piece Reconstruction

expected symmetry of the colour structure,

1 i _
1 2 Ab(an e k) e Al gy d e ). (3:32)

Pe:2,2

That the cyclic symmetries of the partial amplitude can be made to appear as a man-
ifest sum over a basis function is quite a general feature when working with lead-
ing pole factorisations. In this case, the factorisation provided a sum over Zs(c,d) x
S3({a, b}, {c,d},{e, f}), which was promoted to the full Pg.22 by recognising that the
basis is invariant under Z3(a,b) and Zs(e, f) due to the symmetries of its constituent
amplitudes. Inserting sums over those symmetries, with corresponding factors of 1/2
as normalisation, allows the leading poles to be written in this compact, manifestly

symmetric form.

Evaluating the basis, we have

lead 1 1 7 1 _
B€(5:2,2) = 1145‘:?),<a+7b+50+7 _k;_bc)tabcAé(h%(kabc?d+;€+7f+)
1, ckae® 0 (kavelef|kabe)

= 1720000 ) e ®) 1) (e ) (F )
_ i [6 f] [C|kabc|e> [C|kabc|f> 0
"t @ en) () O (833

where the kq;. appearing in spinor products are “nullified” in the axial gauge formalism
[41], then are paired up to form non-null momentum factors. It is sufficient to know
that the extra terms created this way are O(t2,.), so do not affect the leading pole

piece. (Further detail on nullified momenta is in Chapter 5.)

We note that there is no (a b)2 double pole in the partial amplitude itself, but one does
appear in the factorisation. This is considered to be a “spurious” structure, because it
implies the presence of pole behaviour that the amplitude does not possess. Therefore
it should be removed, so that misleading “poles” do not appear in the final result.
If not removed in the factorisation stage, the spurious pole must also appear in the

sub-leading fitting stage to give an overall cancellation.

One manipulation that removes the spurious pole is to introduce factors of a genuine

pole, (bc), to the numerator and denominator. Then carrying out a Schouten identity
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with a kgp.-containing numerator factor,

(lead) _ i [6 f] [C|kabc’e>[c|kabc|f> <b C>
S22 tae (ab)® (be) (de) (e f) (f d)

_L e f][c|kabele)
|

([clkavelb) (¢ ) + [clRavelc) (F 1))

I
tabe (ab)* (be) (de) (e f) (f d)
_L [ Hc‘kabc’ >
¢)
ab

cal{ab){c abe — Sa b
are (@)% (b) (de) (e f ><fd>([ [ (ab){cf)+ (ta v) (f )

o i lef]lelkavele)([cal (c f) — [bal] <fb>)+(9(t0 )

twe  (ab) (be) (de) (e f) (£ d) abe
i [e ) [elkanele)[alkael )
= e (a0} ) () (e ) (7 ) + O lae) (3.34)

a form for the leading poles is obtained that is compact and manifestly free of spurious

poles.

For the ansatz fitting stage, pole tests find that the sub-leading terms contain only
simple poles (ab), (bc), and those that are equivalent to these under the Pg.2 2 symme-
try. Choosing an ansatz basis with these poles, placed under a Pg.22 sum to ensure a

symmetric result, a fit is easily obtained.

The full rational piece result, incorporating the leading poles from factorisations and

sub-leading poles from ansatz fitting, is [59]

Glad (a,b,c,d, e, f) + G, (a,b,c,d, e, f)
(2) . . o L6:2,2 U Uy 6 1 6y 6:2,2\%y U; &y &y €,
Roplabicdie )= 3 i @ envg %)
where
abc
Gg;u2b72(a’ b,c,d,e, f) = Sad[€|kbC’e> - Sac[€|kfa’€> — SaeSaf — SaeScd- (3'36)

The final form is manifestly symmetric, free of spurious poles, and contains only the
physical gluon momenta. Very few terms are required to describe the full behaviour,
which is a significant simplification compared to the tens or hundreds present in the

expression produced by augmented recursion.
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3.5 Rational Piece Reconstruction

3.5.2 Rational piece Rgi

The six-point rational piece Ré?i(1+,2+,3+,4+,5+,6+) contains multiparticle poles
tabe, double poles (a b)2, and all those equivalent under the Pg.4 symmetry. Poles
in (cd) are also present, but are at most simple.

To find all the leading poles, both types of factorisation that can occur must be

considered. Schematically, these are

1
AP (@t bt et =)= = A e d* e ),
Aél)(a'—i_’b—i_’_k(—;;) SLb_A(l)< ab’ +7d+7€+7f+)7 (337)

where the three-point one-loop amplitude provides the second factor of s, in the double
poles. Summing over colour dressed, distinct permutations, the relevant structures are
those accompanying N, Tr[T*T*T¢|Tr[T¢T*T/]. The specific factorisations to evaluate

are

1 1 1 1
Z gAglzl)(a+7b+7c+7 _k:bc)t b Az(l )(kabc’d+ * f+)

Pé:4
S AR b e, k) AL (kT e ),
Po:a tabc
1 7 1
Z A() k(erbc; +’b+’c+)t7A4(1:%(kabc’d+ +7f+)
7)64 abc
1 .
> S AR (@t b k) — Af (kg e d T et ), (3.38)
ab
Pe:4

which can again be treated as a basis appearing under a Pg.4 sum.

Treating each basis piece separately in turn, the first contribution gives rise to

1

1 1 —
Bé4 = Al(l:%(a—i_’ b+7 + ka—‘;)c) Al(l:%(kabc7 d+ +7 f+)

tac

E[ b] [Ckabc] 7 Z< bc|d€’kabc>

- Vo enird
)

Wl Wl

3W Labe
11 [ ][ ’kabcd6|kabc

_§tabc (ab> <Ck7ab0>< e) (e f) <fd>,

(3.39)
where the (¢ kqpe) represents a new type of spurious pole. It is common for the nullified

propagator momentum to appear in factorisation denominators, so one of the main

tasks in assembling leading pole factorisations is dealing with spurious poles such as
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this. At six-point, the issue can be resolved trivially by introducing a square bracket
spinor product to pair with the spurious pole. Choosing outer momenta that cancel
against the factor of kg, within,
i 1 [ab][c|kapcde|kape) [Kabe al
Bl' = "ar + 0O 7fa c
= 8 e (ab) (elhasela] (de) (e ) (7 )+ o)
1 b [c|kapedekape
_3 [(I ][C| bcAERqb |CL] +O(tab(3)
9tape (ab) (clbla] (de) (e f) (f d)

_3. 1 [C|kabcdekabc|a]
0 tpe (D) (b0) (de) (e f) (fd) T Otase); (3.40)

the piece is rendered free of spurious poles.

The second contribution can be evaluated similarly,

1 1 _ 7 1

Bg:4 - gAz(h%(a-i_v b+7 C+7 _kabc)t Az(h%(k;—bcv d+ * f+)
_Lli swefad” iy hapeldelfase]
33(ab) (be) [ckave] [kabe a] tave " (de) (e [) (f d)
i1 Sac [Cl 0]2 <b|kabcd€kabc|b>

= 9 tue (a0 (00) [clFapel ) [alkaelD) (de) (e ) (fd) O(tape)

_ EL Sac <b|kabcdekabc|b>
~ O tupe (ab)? (b2 (de) (e ) (fd) T Otane), (3.41)

with two spurious double poles occurring. Making use of the [e|kqpc|b) remaining in the

numerator,

i1 s {de) [dlkaedb) el kel
Ot (ab)? (b (de) (e ) (Fd)

i1 Sac (de) [d|kape|) edl la ool le
O e (ab)? (o) (de) (e ) () |10 Flecl )

2 _
B6:4_

_ i1 (de) <3ac e a] [d|kape|b) _ Sac led] [d|kab0’b>)
9tape (de) (e /) (Fd) \ (ab) (be)? (ab)” (be)

il (de) (fcltta_Jeclld _ et o)
St ([de) (€N (FD) “\ (be)” ~ (ab)(be)  (ab)(be)  (at)” )’

(3.42)

the number of spurious poles in a term is reduced. Recognising that this basis lives

under a Pg.4 sum, a Z3(a, b, c) rotation can be made to bring one spurious pole type to
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match the other. Then recombining the terms,

< leal[da] lec]ldc] sepleclde]  sqclec][d]
b ( (be)? ! (ab)? > - (ab)? " (ab)®
— (Sbc + Sca) [6 C] [dC]
(ab)?
_ (tabc - Sab) [6 C] [d c]
(ab)?
[ab][ec][dc]

T @b + O(tabe), (3.43)

the remaining spurious pole cancels. Redefining the basis function,
g2 ¢ 1 (de) leal[dc] lec][da] [ab][ec][d]
T 9t (de) (e ) (Fd) (‘S“<ab> (be) ~ "lab)be) " (ab) >

7 1
= Gt (ab) (b () (e fy (F ) (ocleldelal ¥ saclaldele] = lafbedele))  (3.44)

captures the poles of interest.
The third contribution is comparatively straightforward,

B64_ Ai%( kleia

1 _
abc’ ,b+,C+)t b A( )(kabc7d+ +7f+)

[ abc‘ab’k’abc] 1 _ i<kabc’de‘kabc>

(ab) (be)(ca) tape ' (de) (e f)(fd)
1 (ab) [b|kapedekape|al

tane (ad) (be) (ca) (de) (e f) (fd)’

containing no spurious poles from the start.

(3.45)

1
9
1
"9
1
"9

The fourth contribution is also free of spurious poles,

1 1
Bgy = S A (a® b5 —kj) — Aé%(ka,,, ctrdt et £

W =

Sab {cd)(de) (e f){fe)

3 35ab Sab
a 1 [ab] ([blkapcdkap|a] + [blkabe fEap|a])
2 5o ddden U (3.46)

_ Lifab) (b [Fasa) i ( z’<<kabcdkab>+<kabefkab>>)
Zs(doer)

Z3(d,e,f) 9 sap

The Zs(d,e, f) sum is duplicated in the overall Pg.4 sum, so can be replaced with a
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3 The Six Gluon Two-Loop Amplitude

factor of 3,

.1 [ad] ({aled) + (alef|D))
Boa = =307 e (o) e 1) (o) (3.47)

With the four pieces of Bg.4, a compact basis for the leading poles has been identified.
Subtracting from the augmented recursion result leaves only sub-leading poles, to be

fitted to an ansatz. An ansatz is prepared, with a basis of

G1 + G2
(ab) (be) (ca)(de){ef) (fd) ~ (ab){cd){de){ef)(fc)

under a Pg.4 sum. The G1, G2 represent numerators of terms with the correct spinor

(3.48)

weights and unknown coefficients. These denominators are chosen to match the struc-
tures that appear in the leading pole terms, which are postulated to be present through-
out the rational piece.

The fitting is successful, validating that choice. With the fitting result included, the

full partial amplitude rational piece can then be written compactly as

(2) . _ i Gl (a’ bv G, d7evf) +G2‘: (a, bv Cy d,e,f)
Rgi(a,b,cide, f) = %Z ( 0 (ab) (be) (ca) <de()ﬂ<lef) 7 d)

Pe:4
Giala,b.c.d,e, f) + Gala,b,c.d.e, f)
{ab) (cd){(de) (e f){fc) >, (3.49)

with

k b)|eldkqpe|b
Gé:4(avb,6,d,e,f) :4<6’ abca|b) e dkape|b]

)

Labe
G2.4(a,b,c,d, e, f) = 525+ 106845544 + 102[albed|a) — 4[albde|a) — 4[a|dbe|a),
b
Gialab.cvd e, f) = =2y} (laledlt) + Galef ),
Gha(a,be.dc, £) = aled]t] + [ale ], (3.50)

This compact form is a significantly simpler expression than the form produced by
augmented recursion. Reference momenta have been removed, and the cyclic symme-

tries are guaranteed by the overall sum.

The remaining partial amplitudes can be found in ref. [59] in their compact, recon-
structed forms. This completes the derivation of the two-loop six-point all-plus helicity

full colour amplitude. The partial amplitudes possess all the expected symmetries and
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satisfy the decoupling identities. An additional test on the result’s validity is carried

out in the next section.

3.6 Collinear Momentum Limits

Collinear momentum limits are a powerful validity check of amplitude results. These
entail taking two momenta to be parallel, with the particular choice used here being
a— zK, b — (1 —z)K. The expected behaviour in this limit is that the amplitude
reduces to lower point amplitudes multiplied by splitting functions.

The general behaviour for a two-loop collinear limit is [68]

AP (yare b, ) Al $ (Split(_og\(z;a)‘a,b’\b).Af)l(...,KA, )
A=+

+ Split(f;\(z; at, bAb)ASEI(..., K*,..)

+Split?) (z; a2, ) A (. K, )) . (3.51)

where Splitgf) are splitting functions of differing loop level ¢ and helicity h. Work-

ing with all-plus helicity amplitudes, the tree amplitudes A;O_)l are zero, leading to
simplification.

An example of such testing was carried out in detail for the five-point leading in
colour partial amplitude, Ag (at,bT,cT,dT e"), in ref. [52]. Extending the procedure
to be able to test the full colour result is straightforward. Amplitudes on either side
of eq. 3.51 should be interpreted as the full, colour-dressed forms. In order for the
colour structures to be consistent, each splitting function must also be accompanied
by a colour trace of Tr[T*T*TX]. Those colour traces can be joined to those of the

lower-point amplitudes using unitary relations,
T[T’ TR Te[TETe - - - T9) = Te[ToTT° - - - T9), (3.52)

and the collinear limits re-expressed in terms of partial amplitudes by inspecting the
coefficients of a certain colour structure. Immediately from this, we see that certain
collinear limits can be predicted to be zero: any limit where the collinear momenta a
and b are not adjacent in the partial amplitude, and in the same colour trace, cannot
have any corresponding structure in terms of splitting functions.

Unlike when testing cyclic symmetries or decoupling identities, the divergent, polylog-

55



3 The Six Gluon Two-Loop Amplitude

arithmic and rational parts of the amplitude cannot be treated separately in a collinear

2)

limit test. The contributions interact, with finite terms relating to Pé? and Ré; )\, emerg-

(2)

ing from the divergent piece Uy y, in the limit. The most straightforward route therefore
is to test the collinear limits numerically on the full amplitude, on multiple numerical

points and with high precision.

Doing so, relations are obtained for each partial amplitude. The six-point result is

found to satisfy them, as required. Namely,
A(ﬂ(a b,c,d,e, f) Spht( )( cat )Ag2 (K, c,d,e, f)

o) AN (K e de, f)
zat b AN (KT e dye, f),

+ Spht( )(
+ Spht(l)(

ch

Aé%(a b,c,d,e, f) —

Ag?))(a,b; c,d,e, f) G—>Split(0)( cat b+)Aé23(K+; c,d,e, f)
+ Spht( )( 1)
+ plit! )(z,a bh)

AP (abie,d,e, £) %0

Aé2)2(a b;c,d;e, f) Spht( )( +,b+)Ag,2(K+;c, d;e, f),

Hc

(3.53)

and so on, for the remaining partial amplitudes. As expected from the colour structure
arguments, a collinear limit is zero if it involves non-adjacent momenta, or momenta
belonging to different cyclic colour trace groupings. In the case of the non-vanishing
limits, a partial amplitude splits into the equivalent lower-point amplitudes with a+b —
K, with appropriate splitting functions. (The “equivalent” five-point partial amplitude
meaning the one where the cyclic group containing the collinear momentum is one entry
smaller compared to the six-point partial amplitude of interest.) There are no triple-
trace or Nc-independent single-trace partial amplitudes at one-loop level, so for those
collinear limits only the two-loop amplitude appears on the right hand side. One-loop
amplitudes contain leading in colour and sub-leading in colour structures, so two-loop
partial amplitudes with those structures can also split into one-loop lower-point partial

amplitudes.
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3.7 Conclusions

We have calculated an analytic form for the full colour six-point two-loop Yang—Mills
amplitude for gluons of all-plus helicity. The final result is a product of collaboration,
with the results presented in this chapter being those of this author. The full expression
is available in ref. [59].

The method employed was to decompose the amplitude into its gauge-invariant colour
components, known as partial amplitudes. Each of these can be separated into pieces
depending on the types of function involved. The polylogarithmic finite piece was
derived using four-dimensional unitarity cuts, for which the problem simplifies to a one-
loop one. An augmented recursion procedure was then used to calculate the rational
terms not captured by unitarity. This technique goes beyond BCFW recursion by using
current diagrams to describe sub-leading pole behaviour.

A procedure of reconstruction was employed to remove occurrences of reference mo-
menta and express the result in a more efficient form. The leading poles were re-derived
by hand, from a handful of factorisations. Results tend to be manifestly symmetric,
often showing a surprising simplicity when compared to intermediate steps. Ansatzes
are used to fit the remaining sub-leading poles, allowing the same symmetries to be
enforced. The ability to reduce complicated amplitude expressions to simpler forms
will be increasingly useful when working with greater numbers of gluons, so we devote
Chapter 6 to developing the topic further.

The final six-point partial amplitudes obtained are compact, free of spurious poles
or reference momenta, and show their cyclic symmetries explicitly. Validity checks
such as decoupling identities, which inter-relate the partial amplitudes, and collinear
momentum limits, which relate the amplitude to those of a lower point, are successful.
Therefore high confidence can be placed in the results and the methodology employed
to achieve them. The natural next step is to perform the procedure for the more

challenging case of seven gluons, which is carried out in Chapter 4.
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4 The Seven Gluon Two-Loop Amplitude

4.1 Introduction

Following the successful calculation of the six-point two-loop amplitude with all-plus
helicity in the previous chapter, we will move on to calculating the amplitude with
one further gluon: the full colour seven-point two-loop all-plus helicity amplitude. As
before, the goal will be to find a compact, analytic form. Once again, this result has
utility in high-precision experimental tests of the Standard Model and in investigating
the symmetries of the theory. Additionally, obtaining another compact full colour
amplitude using the same procedure allows the methodology itself to be improved and
its suitability to more difficult calculations to be assessed. Any patterns that can be
identified in the set of results may also present clues towards a general n-point two-loop
amplitude form.

For six gluons at the two-loop level, only the all-plus amplitude has been computed
(leading in colour [58], then full colour [59]), using four-dimensional unitarity and aug-
mented recursion as described in Chapter 3. The seven gluon all-plus leading in colour
partial amplitude has also been calculated using this methodology [60]. An n-point
expression for the all-plus single colour trace, N partial amplitude was conjectured in
[63], satisfying various consistency conditions.

This chapter presents a compact analytic form for the two-loop seven gluon all-plus
amplitude, at full colour, Agz)(l“‘, 2+ 3T, 4% 5T 6%, 7T). This involves re-deriving the
leading colour piece and confirming the structure of the single trace N.-independent
piece, as well as deriving the remaining partial amplitudes for the first time. We use the
method of four-dimensional unitarity [28, 31, 35] to obtain the polylogarithmic parts
of these results in a simple way. Due to the presence of double poles in momenta,

augmented recursion [39] is used to obtain the rational parts.

We will structure the chapter as follows: the next section describes the colour de-
composition of the seven-point amplitude and lists the decoupling identities that arise

between partial amplitudes. The following section describes the separation into pieces
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4 The Seven Gluon Two-Loop Amplitude

to be treated with differing techniques. The method of four-dimensional unitarity is
then carried out, followed by the resulting polylogarithmic contributions to the par-
tial amplitudes. Augmented recursion will then be presented in detail, however the
intermediate steps of generating the required currents will be omitted, to be covered in
Chapter 5. This is done to maintain the flow of the present calculation, as the topic of
currents is a somewhat separate one that requires its own in-depth treatment. Finally,
the rational piece results are presented in a compact, analytic form. The process of
reconstruction used to obtain the particularly simple version stated here is the topic of

Chapter 6, so the detailed method used is postponed to that chapter.

4.2 Full Colour Amplitudes

The colour trace decomposition was specified for general tree, one-loop and two-loop
amplitudes in Section 2.2. For the current task of a seven-point two-loop amplitude,
we now provide an explicit decomposition. As before, our notation is inclusive of both
the SU(N.) and U(N,) theories, allowing for the structures of both symmetry choices
to be present. While the structures of SU(N.) may be of more interest experimentally,
the partial amplitudes exclusive to the U(N.) symmetry still play a useful role in our
calculations as consistent gauge-invariant objects that take part in overall decoupling

identities.
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4.2 Full Colour Amplitudes

At the two-loop level, the seven-point amplitude has an expansion [54]

AP (1,2,3,4,5,6,7) =
Nc2 Z Tr[TmTaQTagTa4Ta5Ta6Ta7]A( )(a17a2,a3,a47a5’a6’a7)

S7/Pra
+Ne S T[T T[T TS T4 TS T T AR (015 a2, a3, aa, a3, ag, az)
S7/Pr:2
+ N, Z T[T T [T“3Ta4Ta5Ta6T“7]A%(a1,ag;ag,a4,a5,a6,a7)
S7/Pr:3
+ N, Z Tr[T‘“T“2T“S]Tr[T“‘*TaE’T%TW]A%i(a1,ag,ag;a4,a5,a6,a7)
S7/Pr:4
+ Z Tr T“l]Tr[Taz]Tr[TaSTa4T“5T“6T“7]A( ) 1(a1; ag; a3, a4, a5, as, ar)
S7/Pra
+ Z Tr T“l]Tr[T”T“S]Tr[T““T%T%TC”]A( )2(a1,a2,a3,a4,a5,a6,a7)
S7/Pr1,2
+ Z Tr T““]Tr[T“2T“ST““]Tr[T%T“GTC”]A( )2(a1, as, as, aq; as, ag, ay)
S7/Pr:1,3
+ Z Tr T“lT“2]Tr[T“3T“4]Tr[T“5T“6T“7]A( )2((11,(12,@3,@4,&5,&6,&7)
S7/Pr:2,2
+ Y MTUTeTETHTSTST AR (a1, as, a3, aa, a5, ag, ar) (4.1)
S7/Pra

in a colour trace basis. The T% are generators in the fundamental representation of
U(N.) (or SU(N.)) and the partial amplitudes A;?{, A(ﬁz, A%t and A%B are indi-
vidually gauge-invariant functions. The symmetry factors P7.1, Pr., and Pr.s; in each
case describe the symmetries of cycling the arguments of the trace structures, or in-
terchanging two trace structures when they are of equal length, as previously defined
in Chapter 2. The partial amplitudes themselves are invariant under the relevant Pr.1,
Pr.r or Pr.sy.
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Specifically, the symmetry factors appearing in the seven-point expansion are

=27:(1,2,3,4,5,6,7),

= 76(2,3,4,5,6,7),

= Z5(1,2) x Z5(3,4,5,6,7),

Pra = Z3(1,2,3) X Z4(4,5,6,7),

Pra1 = Z5(3,4,5,6,7) x Zo({1},{2}),
Prio = Z2(2,3) X Z4(4,5,6,7),
Praaz = Z3(2,3,4) x Z3(5,6,7) x Z2({2,3,4},{5,6,7}),
Proo = Z2(1,2) X Z3(3,4) x Z3(5,6,7) x Za({1,2},{3,4}),
Prap = Pra = Z7(1,2,3,4,5,6,7). (4.2)

The sums in the expansion are then over all permutations of the legs, up to these
symmetries, written as S7/Pr..

In the SU(N,.) theory, factors of Tr[T"] vanish, so those terms would not appear in the
above expansions. We also note that this is not the only possible colour decomposition;

others exist [12] and may be more useful for certain tasks.

4.2.1 Decoupling identities

As discussed in Section 2.2, decoupling identities exist between the partial amplitudes
in U(N,) Yang-Mills theory. In full, the two-loop seven-point amplitude possesses five
SU(N,) partial amplitudes: A(721), A(723)), Aﬁ, A% 5 and Ag:% - It has four purely U(N,)
partial amplitudes: Agzg, A%’l, A(7:%,2 and A;Qig

The following decoupling identities can be derived, inter-relating both sets:

2

—~

R)(1,2,3,4,5,6,7) + R
)

(1,3,4,5,6,7,2) + R\ (1,4,5,6,7,2,3)
+R)(1,5,6,7,2,3,4) + R (

1
2(1,7,2,3,4,5,6)

2)(1,6,7,2,3,4,5) + RV
+R)(1:2,3,4,5,6,7) =0,  (4.3)

)
1
)
1

1
2)
(2) .9, (2) (9. (2) (9.
R7 1,1(17 27 37 47 57 67 7) + R7:2(27 ]-a 35 47 57 67 7) + R7:2(2’ 17 4a 5a 65 75 3)
+R(2:1,5,6,7,3,4) + RD(2:1,6,7,3,4,5) + RY)(2:1,7,3,4,5,6)
(2)

+R(1,2:3,4,5,6,7) =0,  (4.4)
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2)(2,3:1,7,4,5,6) + RY)(1,2,3:4,5,6,7)

+RY)(1,3,2:4,5,6,7) =0,  (4.5)

R7?%,2(1§ 2,3;4,5,6,7) + R%(Z,S; 1,4,5,6,7) + R%(Z 3:1,5,6,7,4)
+R)(2,3,1,6,7,4,5) + RY)

R 4(132,3,4;5,6,7) + RY)(2,3,4;1,5,6,7) + RY)(2,3,4;1,6,7,5)
(2)

+R)(2,3,4;1,7,5,6) + RY)(5,6,7;1,2,3,4) + RY)(5,6,7;1,3,4,2)

+R)(5,6,7;1,4,2,3) =0, (4.6)

(2
7
(2
7

®) (2:3;1,6,7,4,5)
)
1

2 2(3:1,2:4,5,6,7) =0, (4.7)

71(2; 37 17 57 67 77 4)

R [(2:3:1,4,5,6,7)
% 72(2;173;47576, 7)

+R7: ,1(2; 37 17 77 47 5, 6)

+ +
SR
+ +
5

(2
7
(2
7

~

R%,Q(Q; 3,4;1,5,6,7)
+RY) 5(2:1,3,4;5,6,7)

2(2:3,4;1,6,7,5)
,3(2; 17 47 37 5, 6, 7)

&) 5(2:3,4,1,7,5,6)

1
?) (1,23,4;5,6,7) = 0, (4.8)

—

+ +
S

+ 4+
Y

R$)5(2,3;4,5;1,6,7) + RY)5(2,3;4,5; 1,7,6) + RY)5(2,3;6,7;1,4,5)
+RY)5(2,3:6,7;1,5,4) + R ,(4,5;6,7;1,2,3) + R} ,(4,5;6,7:1,3,2) =0 (4.9)
and
R (1,2,3,4,5,6,7) + R? .(1,3,4,5,6,7,2) + R ,(1,4,5,6,7,2,3)
T:1B\ ) <y &y M T:1B\ Y 5y My by T:1B\ -y Fr & My by &y
+RP) (1,5,6,7,2,3,4) + R 5(1,6,7,2,3,4,5) + RY) 5(1,7,2,3,4,5,6) = 0. (4.10)

The decoupling identities do not fully exhaust the relations between structures in
this colour decomposition. Further relations have been derived explicitly for four,
five and six gluons [10, 69], by exploiting remaining redundancy in the colour trace

decomposition.

We will independently calculate all nine U(N,) partial amplitudes with our method-

ology, then use the above decoupling identities as a consistency check on the results.
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4.3 Structure of the Amplitude

Each partial amplitude can be further separated according to its singularity structures,
so that an efficient derivation method can be applied to each piece. This process was
described in greater detail in the previous chapter, in Section 3.2.2.

General forms for the singular terms, which we denote as U7(2£ for the seven-point
amplitude, were determined in ref. [42]. They take a particularly simple form due
to the vanishing of the all-plus helicity tree amplitude. Of the finite terms, both

polylogarithmic pieces, P7(:2>?, and rational pieces, R%\, are encountered. In total,

A??,)\ = U7:2,\) + P7:2A) + R??,)\ + O(e). (4.11)

)

Four-dimensional unitarity cuts are employed to calculate the polylogarithms P7(2 .

Augmented recursion is used to obtain the rational contribution Rg;\

4.4 Polylogarithmic Terms

As previously discussed for the six-point amplitude in Section 3.3, loop amplitudes can
be decomposed in terms of n-point scalar integral functions and a rational remainder
[29]. Unitarity techniques were developed to identify the coefficients of these integral
functions, by making cuts to propagators in the loop integral [28, 31].

For the seven-point calculation, the approach of generalised unitarity [35] is used
again. The momenta inside the unitarity cuts are treated as four-dimensional [64],
rather than the more general D dimensions of dimensional regularisation. This simpli-
fies the procedure, particularly for all-plus helicity amplitudes. No non-vanishing cut
diagrams exist where both loops are cut simultaneously, so the procedure is essentially
a one-loop calculation with an extra one-loop amplitude as a vertex [65, 60].

The drawback of working with four-dimensional cuts is that they do not capture the
rational piece of the amplitude, or any O(e) terms. Four-dimensional unitarity is used
in this derivation only to find the polylogarithmic terms P7(:2/\), so this is not an issue
here.

It has been shown that bubble integrals have zero coefficient [64] and triangle integrals
only contribute to divergences in U7(2/\) [65, 54]. Therefore quadruple cuts, relating to
box integrals, are the only diagrams that need to be evaluated. These are shown in
Figure 4.1. These are also the most convenient, as the four conditions freeze the loop

momentum.
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Figure 4.1: The quad-cut four-dimensional unitarity diagrams that determine the
coefficients of polylogarithms in Py(fi(lﬂ 2% ... 'nT). At all-plus helicity,
only diagrams where the one-loop amplitude (blue) acts like an insertion
are non-vanishing. To obtain the full colour result, the four amplitudes
must be dressed with colour.
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4.4.1 Basis functions

The box function F?™, resulting from the general scalar box integral [65], is defined in
egs. 3.19 and 3.20 in Section 3.3. We can expand the polylogarithmic piece in terms of

it as

2 i m
PR =" Fm, (4.12)

)

where the rational coefficients cf\ are determined only by the quadruple cuts.
Three types of cut diagrams occur, shown in Figure 4.2. Each four-amplitude factori-
sation is written out in full colour, then colour traces combine according to the U(N,.)

identity
J J2 _ sj25d
(1), (T%)i; = 63703, (4.13)
so that
T[Tt T*TF) x Te[T*T3 .. T4 = Tx[T* - - T2T3 ... T4,
Te[T! - T*T%) x Te[T*] = Te[T! - - - T2,

=
£
M
=
£
1
=

(4.14)

Summing over all distinct ways of permuting the external legs of the factorisation
yields all the colour-dressed quadruple cuts. (Here, “distinct” means permutations of
{1,2,---,7}, up to permutations of legs on the same amplitude.) For each partial
amplitude, the cuts to be evaluated can be read off as the coefficients of the relevant
trace structure. In all but the P;.;p case, we see a Pr.) sum naturally arise. Factoring

this out makes the symmetry of the partial amplitude explicit.

Four types of factorisation appear, for which general coefficient functions can be defined.
Borrowing the notation of ref. [62] for convenience, the box function is redefined in terms

of sets of arguments as

F(a,b; Ay; Ag) = F*™ (K2, K3, K3, K3,),
F(a, b;O,Az) = F(a, b; Al,O) =0. (4.15)

In the following definitions, sets of momenta occur and are denoted by capitals S, T.

The symbol Kx refers to the momentum that sums all elements of the set X. Finally,
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Figure 4.2: The three unitarity structures that contribute to P7(:2)?(1+, 2% T,
labelled with the number, r, of external momenta originating on the MHV
tree amplitude. All amplitudes are colour dressed. A sum over distinct
permutations of the external legs must be taken to obtain all diagrams.

the momentum K} is defined to be K4y = K, + K7, when a coefficient involves the sets

Ty and Ty, or K4 = K1, + K1, + K;; when a momentum ¢3 has also been specified.

The Parke—Talyor factor appears repeatedly, defined for arguments in terms of sets
X,---,Y as

CPT(X7' o 7Y) :CPT(XEB ce @Y)

1
= <.’L‘1 1‘2> <x2 x3> - <ym—1 ym> <ym x1> ’ (416)

where the elements of the sets X = {z1,2z9, - ,zn}, -+, Y = {y1,y2, - ,ym} have

67



4 The Seven Gluon Two-Loop Amplitude

been joined into one set to form the cycle in the denominator. The spinor structure

r[ijkl] = (i) [j k] (k1) [14] (4.17)

also appears.

Each coefficient arises from a different generalised quad-cut diagram. With the above

definitions, and reproducing the notation of ref. [62], they take the forms

Cl(a b Sl; S27T17T2)

_Afg')EBS ‘(k_7517l 82)A( )( * k+ )AgO)(lJr?b+>i_)A(1)(i+7Tlaj+aT2)

_§ (ab)? Cpr(a, S1,b,89)Cpr(b, T1,a, Tp)

. <(b|T1T2|b>(a|T1T2|a>+ St fwowr ¢ Y K2(bluv|a) + (a|TyuvKy|b)

<CL b> u<v<w<x€eKy u<veTl <b CL>

N Z b|K4ung|a> n Z (bluvwKy|a) n Z (b| Kyuvw|a)

u<v€ETs u<v<weKy <a b> u<v<weT] <a b>
(aluvwK4|b)
-_ F(a,b; S So; T & T 4.18
+ Z ba) x F(a,b; 51 © S2; 11 @ T), (4.18)
u<v<weTr

Ca(a,b, S1, 52,11, T, T3)

=) oo (681,17, 8) AD (at, i+, )AL (1, 67, 7) AN, T, 5, T Ty)
2

—2i{ab)’ Cpr(b, Ty, a, To) Cpr(Ty)Crr(a, 1,6, ) x (K3,)

X F(a,b; S1 @ Sy @TQ@Tg), (419)

Cs(a, b, S1,52,T1,T>)

_Afgg@s (k™ 81,0  S5)AD (@t Kkt )ALV bt i) AD G Ty i Ty)
:22<a|KT2KT1|b> Cpr(aS1bS2)Cpr(bTh)Cpr(Tha).
X F(CL, b; S1 @ Sy; 11 & TQ) (420)
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4.4 Polylogarithmic Terms

and

Cy(a, b, S1, 82,11, T, t3)
=AY k8,17, 8) AV (at kT, )AL (1 b i) AD (4 5i T, Ty, 5 T)

|51€BSQ| » P11y )y 2 3 ’ ) J 3 ) ’ 3 y 41,7 542
=i (ab)* Cpr(a,Si,b,82)Cpr(b, T1,a,Ts)

. ([t3|K4|a>[t3|<KT1 — Kr,)|b)

{ad) + 20t ToThfts] + > [tglvw]t;),})

v<weEKy
x F(a,b;S1 @ S2;T1 & Ty @ t3). (4.21)

The polylogarithmic pieces of each partial amplitude are expressed in terms of these

general functions in the following subsections.

In our results, the external on-shell momenta {1,2,---,7} will always be of positive
helicity. We omit writing an explicit helicity designation for brevity. The helicities of
the ¢; match those depicted in Figure 4.2. A negative sign will appear on one of each
£; pair to account for propagator direction, potentially introducing an overall factor of

(—1) in the factorisation.

442 P,y

For the first partial amplitude, the cuts to evaluate can be written schematically as

cutt5h = AL (4,5,6,7, 01, 0) A (1, 6, 00) A (2, 05, 05) A (45,3, 04), (4.22)

1

cut?5? = AN (5,6,7,01,0) AV (1, b, 0) AL (05,4, 04) AV (2,3, 05, £5) (4.23)

and
cutt 33 = AU (6,7, 01, 00) AL (1, 09, 00) AL (05,5, 0) AL (2,3, 4, 05, 05), (4.24)

where /¢; are the on-shell cut momenta. The label » = 1, 2,3 indicates which factori-
sation structure of Figure 4.2 resolves to a given contribution, once colour dressing is
applied. The full cut diagram actually yields all permutations of the above structures
under a Pr.; sum, which must be applied to the basis to complete the polylogarithmic

piece.
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4 The Seven Gluon Two-Loop Amplitude

Evaluating the cuts, we find a straightforward correspondence to the first general coef-

ficient function. The result is simple and has a manifest symmetry,

P (1,2,3,4,5,6,7) = > (C1(1,3, {2}, {}, {4,567}, {})

Pra

-+ 01(1, 47 {2’ 3}a {}v {57 67 7}7 {})

+C1(1,5,{2,3,43, {1, {6, 7}, ().

4.4.3 P,

The cuts to evaluate can be written schematically as

Ag{u 04,2,3,4, 0, 5,42, 01 6, (3, 2
+AN(152,3,4, 01, 44 5,09, 0 6,03, 0
+AG(2,3,4,5,01,0) A (6, 05, 0) A (7, 03, £5) AY ’(eg,e4, 1),

cut?! = AN (2,3,4,5, 41, 0) A (1, o, £5) ALV (6, £, £1) AL ( )
+AN(2,3,4,5,01,4) A >(1 01, 05)A )(6 03, 05) AL (05,7, 04)

) A ( ) AP ( )A3 7 ( )

) A ( ) AP ( )AL )

cut?5? = AN (23,4, 01, 0) AL (5,05, 00) AL (05,7, 04) AL (1, 05,6, £5)
+AW (2,340, 0) AD (1,01, 0) AL (05,7, 0) AL (5,6, 03, £2)
+AN(1,04,2,3,0) AL (4, 09, 0) AL (03,7, ) AL (5,6, 5, £5)

Aé%(l 2,3,01,0) A (4, L5, ) AL (3,7, £4) A) (5,6, 5, £2)
+AM(©2,3,4,0,0) A0 (5, 05, 0) AV (¢35, 04, 1) A (6,7, 03, £2)

5:1 1,44 3 2,41 3 3,44, 4 3,42

and

cut?5? = AN (2,3, 01,0 A (4, 05, 00) AV (03,7, 00) AV (1, 0, 5.6, 05)
+A8 (23,00, 0) AV (1,01, 05) A (05,7, 04) AL (4,5, 6, €3, £5)

+ AN (1,04,2,00) A0 (3, 05, 00) AV (03,7, 04) AV (4, 5,6, 15, £5)

+ AN 152,00, 00) A0 (3,05, 00) AP (03,7, 04) AV (4, 5,6, 15, £5)

+A4(1:%(27 37 617 64)A£(’) )(47 627 el)Ai(% )(637 647 1)Aé )(57 67 77 637 62)7

(4.25)

(4.26)

(4.27)

(4.28)

where ¢; are the on-shell cut momenta. A Pr.5 sum must then be applied to this basis.
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4.4 Polylogarithmic Terms

Evaluating the cuts, the full result takes the form

Pi31,2,3,4,5,6,7) = >0 (PR + PR P,

Pr:2

where

2),r=1
P7(:2) =
+ 04(5’ 7, {6}7 {}’ {2’ 3, 4}7 {}’ 1)7
2),r=2
P7(:2)

+ 04(47 7’ {5a 6}3 {}’ {2a 3}7 {}’ 1)

and

2),r=3
P7(:2) = - Cl

+ C4(3

4.4.4 Py

Cl(l’ 7, {6}7 {}’ {2a 3,4, 5}7 {}) + Cy
- C'1 (6’ 1’ {7}7 {}’ {2’ 3’ 4’ 5}7 {}) + Cl

= - Cl(la 7> {5a 6}7 {}’ {Za 37 4}7 {}) +
- Cl (5> 1’ {6a 7}3 {}’ {Qa 3a 4}7 {}) +

(17 77 {47 57 6}7 {}’ {27 3}7 {}) + Cl
—C1(4,1,{5,6,7},{},{2,3},{}H) + 1
,7,44,5,6} {1, {21, {1 1)

(4.29)

(5,7,{6}, {}.{2.3,4},{1})
(6,7, {3, {1}.{2,:3,4,5},.{})
(4.30)

Cl(4a 7a {53 6}7 {}a {23 3}7 {1})
C1(5a 7a {6}> {1}7 {2> 3’ 4}a {})
(4.31)

(3,7,{4,5,6}, {}, {2}, {1})

(4,7,{5,6}, {1},{2,3},{})
(4.32)

The cuts to evaluate can be written schematically as

O

e

cutl 3! 1,2:3,4,01,04)A

G

5(1, )

1(3,4,5,6,01,04)A
U(1,04,3,4,5,6,)A
U(1,44,3,4,5,6,)A
V(1,2,04,3,4,6,)A
1(3,4,5,6,01,04)A
( )

IS CIC I CIC)
e e e e

3,4,5,6,01,04)A
’6473a4a5a£1)‘4

—
“3

71

(5, 62,01) A5 (6, 3, £
(1,01, 05) AL (2, 0, 05
(2,09, 3) Al
(2,01, 05)

(5, £, 1) AL) (6, 43, £,
(1, o, £3) AL (7, 05, 0,
(1,01, 05) AL (7, 43, 0,
(6,5, 0,) A

6, 05, 0,

AP (6,5, 05

~— N~ ~— ~— v ~— ~—
—
wO

(7,63,62>A§°>(£3,f4,2>, (4.33)



4 The Seven Gluon Two-Loop Amplitude

DN |

r=2
cutz;g

(
+A)(3,4,5,01,44)A
+AN)(3,4,5,01,44)A
+A)(3,4,5,01,44)A
(1,04,3,4, 6,
(

(

(

(

(
5:
(
5:
(
5:
(
5:
+AY
+AU
(
5:
(
5:
(
5:

)
1
)
1
)
1
)
1
)
1
)
1
)
1
)
1

and

4

)
)
)
)
)
)
t1)
)

A

ly)A
ly)A

A

1,04,3,01)A
1,04,3,01)A

A

)
)
)
)
)
)
)
)
)

AN 1,2:3,01,04)A

1,04,3,4,0,)A
+AM(1,2,04,3,00)A
+AY)(3,4,5,01,04)A
+AN(1,04,3,4,0)) A

—~
O O

O

O

O O

(0)

3

(0)

3
(
3
(

3
(

AL
(0

3
(
3
(

3
(0)

(3,
(
(
(
(
(
(
(

0

0

0

0

0)

67627 1

)6, £, 0,) A

( )

( )

( ) 3

(1,01, 05) AL
(5,6, 01) AL

(2,01, 05) AV

(4,65, 01) AL

(1, 01, 05) AL (45
(5, 62, (1) Al

5,09, 01) AL (03,

O

5 €2a 1 A30
(

5,09, 01)AY)
(

)AL
)4
)
1 gl; 2)A
4 627 1)A30
t)AY)
0)AY)
) (

2 El; 2
3 627

4,00, 00) AL (03,7, 0,) A
AQ (05,7, 04)

$) (03, 04,2)
(3,7, 05) A
(3,7, 04) A
(65,7, 05) A
(63,7, 04)
( )
( 2)

647
647

(l3,7,44

(03,7,04) A

(£3,04,2)AL)
O ey, 7,0)AY
2

(03,7, 04

(03,7, 04

(

1,61, 02) A (€3, 4, 2) AS
7€4a3 zl)Ai(’) )( 7£2a£1)Ai(’> )(637647 2)"45(30)(576771 é3,£2),

(4,
(1,
(
(
03,7,0) A (2,0, 5,6, 05
O
(
(5,

5,6, 03,0

( )
(1,2, €2, £3)
(1,02, 7,03)
(2, 02,6, 03)
(22,6, 03)
(® )
( )
( )
( )

4

24

AL
(

4

(0)

40 67637 2

A (5.6, 05,0,

2)AY) (6,7, 43, £
(

2) A (6,7, 43, £

AL (4,56, 05,0,
01,2, 05,6, 5

0(1,05,6,7, f5

0)

5

(
0)

A5 475767637 2
(

A50) 47 57 67 637 2
(0)

0)

)
)
)
2,05,5,6,(3)
)
)
)
)

5,6,7, 03, lo

(4.34)

(4.35)

where ¢; are the on-shell cut momenta. A Pr.3 sum must then be applied to this basis.

Evaluating the cuts, we have

P3(1,2,3,4,5.6,7) = (P%,r:l

Pr:3
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r=2 +P7(:23),'r=3)’

(4.36)



4.4 Polylogarithmic Terms

where

P =20x(5,7,(6), 11, 3,41, (0, 01, 2) + Ca(1,2, {7}, 1), £3,4,5,6), {))
— (1,7, {},{2},{3,4,5,6}, {}) — Cu(2,7, {6}, {},{3,4,5}, {1})
+ Cl(5a 7? {6}> {}’ {37 4}7 {L 2}) - Cl (67 2> {7}7 {}? {37 4a 5}7 {1})
+ Cl(6a 7a {}a {2}a {33 47 5}7 {1}) - 01(77 2> {}a {1}> {3a 4a 5a 6}3 {})a (4'37)

P = 00,7, 45,63, {3, (31, 01, {1,2) + Gr(1,2,46,7), {1, (3,4,5}, ()
~ (17,46}, {2}, {3, 4,5}, {}) - C1(2.7,{5,6}, {}, {3, 4}, {1})
+C1(4,7, 5,6}, {1, {31, {1,2}) = C1(5, 246, 7}, {}. {3, 4}, {1})
+ C1(5,7. {632}, 13,4} {1}) — C1(6,2.{7}, {1}, {3.4,5}. {})
+C1(6,7,{},{1,2},{3,4,5},{}) (4.38)

and

PR = 00(3,7,4,5,6), 11, 01, 0 (1,21) + Cu(1,2,(5,6,7), (0, {3, 41, 1)
— G1(1,7, 45,6}, {2}, {3,4}, 1) = C1(2.7,{4,5,6}, {}, {3}, {1})
+ C1(3,7,{4,5,6}, {1 {1 11,2}) - C1(4,2,{5,6, 7}, {}, {3}, {1})
+ 14,7, 45,61, {2}, {3} {1}) — C1(5,2.6, 7. {1}, {3, 4}, {})
+ C1(5, 7,46} {1, 2}, {34}, 1)): (4.39)

73



4 The Seven Gluon Two-Loop Amplitude

445 P74

The cuts to evaluate can be written schematically as

r=1
Cllt7:4

AS(1,2,3:4, 00, ) AL (5, €, 02) AL (6, 63, 2) AL (83,7, 04)

0 (0,3,

W

201, 0454,5,6, 1) AL (1, £, 0,) AL (2, 05, 05) A
( (

O

)
03,7, 64)
03,7, 64)
l3,7,0y)
l3,7,4y)
l3,04,1)
03, 04,2
U3, Ly,
(63, 04,3),

w—

) )
+A61 1,04,4,5,6,0,) AL (2,05, 03) AL (3,01, 05) A
1,2,04,4,5,01) AL (3,05, 03) AL (6, 05, 1) A
1,2,04,4,5,0) AL (3,01, ,) AL (6, 03, 0,) A
) A ) Af
) )
) )
) )

MICIRNC)

1,2,3,04,4,0) AL (5,05, 01) AL (6, 03, £,
( (

4,5,6,7,01,0) A (2, £, 05) A (3,01, 05) A
1,04,4,5,6,0,) AL (3,09, 03) AL (7, 05, 01) A
1,04,4,5,6,0,) AL (3,01, 0,) AL (7, 03, 05) A

1,2,04,4,5,01) AV (6, 05, 01) AL (7, 05, 05) A

CRCRSCIC

)AL
)AL
)AL
)AL
)AL
)AL
)AL
)AL

)
2)

“S o

AL (05,7, 0) A (5,6, 15, £
3,01,05) A (03,7, £4) A

6,09, 01)AY) (03,7, 4) A
7,05, 01) A

)3517 2145,0

)A37( )
)A3 7 ( )
)A3 7 ( )
)A3 7 ( )
) Ay ( )
3,01, 42) AL )
5,09, 01)AY) (03,7, 04)
6, 02,0 1)14:(), ( )
3,01,05)AY) (03,7, 04) AL (5,
4,05, 01) AL (03,7, £4) A
)A3 7 ( )
)A3 7 ( 3)

03, 04,2 A40)
L 3)A

0 (0, 04,2) A0 (3,
(

(3,41, £,) AL
(5,5, 0,) AL

e~ o~ o~ —~ o —~ —~ =< —
|_|
(‘\
i
N
—_
[ N N e N N N - g N ~—
PRl —

)
)

05,0

74

(4.40)

(4.41)



4.4 Polylogarithmic Terms

and

cut?5? = AL (4,5, 01, 0,) AL (6, 05, 00) AL (05,7, 0) AL (1,2, 3, 05, £3)
+ AN 4,500, 00) AV (3,01, 05) AP (03,7, 04) AV (1,2, 05,6, 05)
+ AN (1,04, 4,00) AV (5, 05, 00) AP (03,7, 04) A (2,3, 05,6, 05)
+ AN ,5,00,00)A (6, £, 00) A (03, 04,1) A (2,3, 05,7, 05)
+ AN (1,04, 4,00) AV (3,01, 00) AP (03,7, 04) AV (2, 05, 5,6, £5)
+ AN 4,500, 00)A0 (3,01, 05) AP (03, 04,1) A9 (2, 05,6, 7, £5)
+ AN (1,204, 00) AP (4, £, 00) AP (03,7, 04) AV (3, 05, 5,6, £5)
+ AN (1,04, 4,0) AV (5, 09, 00) AP (03, 4,2) A (3, 0,6, 7, £5)
+ AN (1,2,04,00) A0 (3,01, 02) AP (03,7, 04) AV (4, 5,6, 43, )
+ AN 1,04, 4,00) AV (3,01, 05) AP (03, 04,2) A (5,6, 7, 43, )
+ AN (1,2, 04, 0) AV (4, 0, 00) A (03, 04,3) A (5,6, 7, 43, 5), (4.42)

where ¢; are the on-shell cut momenta. A Pr.4 sum must then be applied to this basis.

Evaluating the cuts, we have

PE(1,2,3,4,5,6,7) = > (P + PR+ PR,

P4
where
P(Q) r=1

+Ch
—
+Ch
+Cy

~ o~ o~

75

(4.43)

*Cz(l 3,25 {1 {1 {1, {4,5,6,7}) + 02(5 746} {1 {45 {3, {1,2,3})
3,1, {3, {2}, {4,5,6, 7},{})+01(3’2,{7}7{}>{475,6}7{1})

3,7, {3, {2},{4,5,6}, {1}) -
5, 7,{6}, {}, {4}, {1,2,3}) —
6,7, {3, {3}, {4,5},{1,2}) -

01(37 77 {6}7 {}7 {4a 5}7 {17 2})
01(6’ 37 {7}7 {}7 {4a 5}7 {17 2})

01(7’27{}’{3}’{4a5’6}7{1})7 (4'44)



4 The Seven Gluon Two-Loop Amplitude

PE be(4 745,61 {} {3 {3 {1,2,3}) + C1(3,1,{7}, {2}, {4,5,6}.{})

+C1(3,2,{6,7},{}, {4,5},{1}) = C1(3, 7, {}, {1,2},{4,5,6}, {})
= C1(3,7,{6}, {2}, {4, 5}, {1}) = C1(3, 7, {5, 6}, {}, {4}, {1,2})
+C1(4,7,{5,6}, {}, {},{1,2,3}) = C1(5,3,{6, 7}, {}, {4}, {1, 2})
+C1(5,7, {6}, {3}, {4}, {1,2}) — C1(6,2, {7}, {3}, {4, 5}, {1})
+C1(6,7,{},{2,3}, {45}, {1}) = Cu(7, 1, {},{2,3}, {4,5,6}, {})

and

P =01(3,1,46,7}, {2}, {4,5}, {}) + C1(3,2,{5,6, 7}, {}, {4}, {1})
- C1(37 7’ {6}7 {17 2}7 {4? 5}7 {}) - Cl (3’ 77 {57 6}7 {2}7 {4}’ {1})

(4.45)

- Cl 37 7a {47 5a 6}’ {}a {}a {1’ 2}) - 01(47 37 {5> 6’ 7}a {}a {}7 {L 2})

+Cq
+Cq

(
(
(
+C1(6,7,{}, {1, 2,3}, {4,5}, {})-

4.4.6 P7q,

The cuts to evaluate can be written schematically as

cuthsly = A (153,4,5, 01, £4) AY (2, £o, 03) AL (6, £2, 1) A (83,7, £4)
U (153,4,5, 01, 0) AL (2, 01, 05) AL (6, b5, 0,) AL (05,7, £4)
12,04,3,4,00) AV (5, 05, 0) AL (6, 3, 02) AL (03,7, 04)

5(1
)(153,4,5, 01, 0) AL (6, 62, 0) AL (7, b5, 6,) A (05, 4, 2),

1;3,4,01,0) AL (5, 65, £,) A
4+A1%1 3,4, 01,0) AL (2, 01, 05) AL (¢4

JAY (4, 62, 00) A5 (6
+A0) (153,401, 0) AL (5, 49, 0) AV (04

)(2 02,6, 03
67637 2
67637 2

(
(
(
( 6,7, 03,0

AA,_\,_\

= AL)( )

£ )
+AY1:2,04,3, 0 )

(

52 ( )

76

4,7,45,6}, {3}, {},{1,2}) — C1(5,2,{6, 7}, {3}, {4}, {1})
5,7.46},{2,3}, {4}, {1}) — C1(6,1,{7},{2,3},{4,5},{})

(4.46)

(4.47)

(4.48)



4.4 Polylogarithmic Terms

and

AL (4,05, 0,) AL
( (

AL

cuthg = A)(153, 41, 4

i ) )Ay" (£3,7, 4
+ A (153,01, 0) AL (2, 01, 2)

(1) (

4:2 ) )

) )AD (2, 05,5,6,05)
)(537 7,04) (
) )

A5O) (47 57 67 637 62)

+ AN 12,04, 00) AV (3, 00, 00) AL (03,7, 0) AL (4,5, 6, 5, £5)
+ AN 153,00, 00) AV (4, 05, 00) A (03, 04,2) A (5,6, 7, 45, 5), (4.49)

where ¢; are the on-shell cut momenta. A P7.; ;1 sum must then be applied to this basis.

Evaluating the cuts, we have

PEL1,2,3,4,5,67) = > (PRI + PET+ PRTT), (@s0)
Pr.1,1

where

P! == Ca(2,7.46}, {3, {3,4.5), {3, 1) + Ca(5.7, {6}, {}. {8,4}. {2}, 1)
- C4(67 27 {7}7 {}7 {37 47 5}7 {}7 1) + C4(67 77 {}7 {2}7 {37 47 5}7 {}7 1)7 (4‘51)

P7(:21),7{:2 - - 04(2’ 7’ {5’ 6}7 {}7 {3’ 4}7 {}7 1) + 04(4a 7’ {57 6}7 {}’ {3}7 {2}7 1)
= C4(5,2,{6, 7}, {}, {3,4}, {}, 1) + Cu(5,7,{6}, {2}, {3,4},{},1)  (4.52)

and

PR = = Ca(2.7.{4,5,6}, (3. {8}, {1, 1) + Ca(3.7.{4,5,6}. {}, {}. {2}, )
- C4(4, 2, {57 6, 7}7 {}7 {3}7 {}’ 1) + 04(47 7, {57 6}’ {2}7 {3}7 {}7 1)' (4'53)

77



4 The Seven Gluon Two-Loop Amplitude

447 P,

The cuts to evaluate can be written schematically as

@]
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.
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o~ o~
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0N
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PRGN

o=

1

—_
[N

1

— — — — —

l\?: Ne—e N— N— N — DN ~—

~—

L —

—

2,3:4,5,01,0,) AL (6, 05, 1) AL
1;4,5,6,01,44)
1;2,£4,4,5,01) A
1;2,04,4,5,01) A
1;2,3, 04,4, 01) A’
1:4,5,6, 01, 04) AL
134,56, 01, 04) AL (3,01, 05) A (7, 5, £2) AL (05, £,
132,04,4,5,0,) AL (6, 05, ) AL (7, 83, 0) AL (£5, 14, 3),

(01, 04:4,5,6, 1) AD (2, b5, 03) AL (3, 01, 05) A (05,1, 04)
(01, 0454,5,6,7) AV (1, 5, £2) AL (3,01, 05) A (03, 04, 2)
D1, 04:4,5,6,7)AD (1, L5, 00) AL (3, 05, 03) AL (U3, 24, 2)
D0(2,3:4,5,01,04) A (1, 05, 03) AL (6, o, 0) AL (03,7, £4)
D0(2,3:4,5,01,0) A (1,01, 05) AL (6, 03, £2) AL (03,7, £4)

%(27 37 17 647 47 el)AZ(’)O) (57 627 el)Ai(’,O) (67 £37 62)141(30) (637 77 64)

(7,05, £2) AL (05, 04,1

25823 3 (3a‘€1a 2

35823 3 Ago)(6a‘€27 1 A3O
( (

( ) )

AD (2,05, 65) )
( ) )

(3,61, £2) AL (6, 03, ) A

( ) A ) Al

( ) t)

( ) )

AL
0 (

AL (03,7,0,
(

AL
(

55‘627 1 A30)(65‘€37 2 A30
0 ( (

AL
(

( )

( )
(£3,7,44)

(5,7, 54)
(£3,7,44)

3,02, 03 A30)(7a£2a ( )
< (03, 04,2)
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4.4 Polylogarithmic Terms

1
cuth = SAU(2 314, 01, €0) AP (5, o, ) AL (63, T, £2) AP (1, 62,6, 03)
%Ag;,( 34,01, 0) A (1,01, ) AL (05,7, 0) AL (5,6, 05, £5)
1
+§A§j§,(2, 3:1, 04, 00) AV (4, 05, 00) A (03,7, 04) AV (5,6, 03, 05)
1
+§A§.}§(2 3:4,01,0) AV (5,05, 00) A (03, 04,1) A (6,7, 13, 05)
+Aé1%(1 4751617 4)A§(’,0 67£2a 1)A§(’,0 (£3a7 64)"44(10 (2737£2a 3)
+AN (14,5, 01, 04) ) A (05,7, ) AL (2, 05,6, 05)
—i—A(l) 1;2,04,4,01)A ) 5,09, 01 A(O 03,7, 44 A(O 3,09,0, fg)
5:2 3 4
+ALY (14,5, 01, 04) ASY (6, L2, 01) AL (3, 04, 2) AL (3, 02,7, 63)
+AU (152, 04,4,00) AL (3,01, 02) AL (€3, 7, ) AL (5,6, £3, £)
5:2 3 4
+AU (152,38, 04, 00) AL (4, 09, 00) AL (03,7, ) AL (5,6, 3, £)
5:2 3 4
+Aﬁ(’)1%(1 4751617 4 )Ai(’)o (€3a€4a2)A4(10)(6777£37 2)
+ AN 132,04, 4,00) AL (5, 05, 00) AL (05,04, 3) A (6,7, 45, £5)
and
_ 1
cuthii’y = SAGH(2, 3500, L) AP (4, 0, ) AP (65,7, £2) AS (1, £2,5,6, 63)
1
+§A§};( 3; zl,£4)A§0)(1,e1,ez)A§°)(zg,7,e4)A(0)(4 5,6, (3, (o)
1
+§A§j§(2 3:01, 0y Ago (£3,04,1) A% (5,6, 7, 5, £5)
+AN (154,00, 0 O (03,7,00) A0 (2,3, 65,6, 03)
+AN 154,00, 0 O 5,7, 0,) A9 (2,05, 5,6, 03)
4:2 3 5
+ AN (12,04, Ago (£3,7,04) A (3,0,5,6, 5)
+ AU (14,01, 0) AL (05, 04,2) AL (3, 05,6,7, 03)
+AN ;20,60 0)AY (03,7, 004 (4, 5,6, 03, £5)
4:2 3 5
+ AN 14,00, 00) AV (3,01, 00) AL (05, 04,2) AL (5,6, 7, 5, £,)
(152, 04, 00) A ’(4,ez,e1)A§ (03, 04,3) AL (5,6,7, 45, 62),

where /; are the on-shell cut momenta. A P7.1 2 sum must then be applied to this basis.



4 The Seven Gluon Two-Loop Amplitude

Evaluating the cuts, we have

PR == 202,01 81 {1 (1 {45,6.7) — G0, 1, {1 {21 (1 11, 44,5,6,7))
702(‘9’7 27 {1}7 {}7 {}7 {}7 {47 57 67 7}) - %02(17 77 {6}7 {}7 {47 5}7 {}7 {27 3})
+ 702(57 77 {6}7 {}7 {4}7 {1}7 {27 3}) - 302(67 L {7}7 {}, {47 5}7 {}, {27 3})

+ 502(67 7, {}7 {1}7 {47 5}7 {}7 {27 3}) + 04(37 2, {7}7 {}7 {4? 9, 6}7 {}7 1)

— Cu(3,7,{},{2},{4,5,6},{}, 1) — Cu(3,7,{6},{},{4,5},{2}, 1)
+ Ca(5,7,{6}, {},{4},{2,3},1) — Cu(6,3,{7},{},{4,5}, {2}, 1)
+Cu(6,7, {3, {3}, {4,5}, {2}, 1) — Cu(7,2,{},{3},{4,5,6},{}, 1),  (4.58)

— ] s

— N

PRI =~ 21,7, 5,6}, 01, (43, 1), 12,81) + 5 Ca(4,7, 05,6}, 01, {1, (1), 2,3))

- 302(57 L A6, 75, {1 {4} {3, {2,3)) + 302(5’ 7,46}, {1}, {4}, {},{2,3})

+Cu(3,2,{6, 7}, {}, {4,5}, {}, 1) — Ca(3,7,{6}, {2}, {4,5}, {}, 1)

— Ca(3,7,{5,6},{}, {4}, {2}, 1) + Cu(4, 7, {5, 6}, {}, {}, {2,3}, 1)

= Ca(5,3,{6, 7}, {}, {4}, {2}, 1) + Cu(5,7, {6}, {3}, {4}, {2}, 1)

= Ca(6,2,{7}, {31, {4,5}, {}, 1) + Cu(6,7,{},{2,3}, {4, 5}, {}, 1) (4.59)

and

PR == 21,7, {4,561, (1 {1, {1 (2.3 + —5Ca(4,1,(5,6, 71 {1 01 {1, £2.3)
+ 302(47 77 {5a 6}7 {1}a {}7 {}7 {Qa 3}) + 04(37 2> {5a 6’ 7}7 {}7 {4}7 {}v 1)

— Cu(3,7,{5,6}, {2}, {4}, {}, 1) = Cu(3,7.{4,5,6},{}, {}, {2}, 1)
— Cu(4,3,{5,6, 7}, {}. {}, {2}, 1) + Cu(4,7,{5,6}, {3}, {}, {2}, 1)
— Cu(5,2,{6,7}, {3}, {4}, {}, 1) + Cu(5,7,{6},{2,3}, {4}, {}, 1). (4.60)
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4.4 Polylogarithmic Terms

448 P73

The cuts to evaluate can be written schematically as

—

Shy]
Il
-
N

D(2,3,455, 01, 04) AP (1, 05, £3) AL (6, o, 01) AL (03,7, £4)

o

Ag.

@]
o
=+
)
-
w
I

AN (2.3,4:5, 01, 00) AL (1,41, 02) AL (6, 05, £2) AL (03,7, £4)

o~

_l’_

A

+2 AN (1, 04, 00:2,3,0) A0 (5, 05, 01) AL (6, 05, 02) AL (03,7, 04)

@/\

O A (7,5, 0
( (

1(2,3,4;5, 01, £1) A ) JAY) (65, 04,1)
D(152,8,04,5,00) A (4, 05, 03) AL (6, o, 0,) AL (03,7, 1)
2(1; ) Af ) Af 1A ( )
2(1; 1A ( )

A

+
WP Wk W —W|—

6,05, 0 AL
(

(6,
(
132,3,04,5,01) AL (4, 01, 05) AL (6, 05, ) AL (45,7, 0,
1:2,3,4, 04, 0,) AL (5, 05, ) AL (6, 83, 02) AL (05,7, 04
132,3,04,5,0) AL (6,09, 0) A (7, 05, 0) AL (5, £4,4),  (4.61)

_|_
N
S~
0§
—~

A 1%(617 64; 27 37 4)Ai(’)0) (57 62, gl)Ai())O) (€3a 77 64)"44(10) (17 g?a 6a 63)

@]
=
=+
X
=
w
I
S~

AN (01, 04:2,3,0) A0 (1, 01, 0,) AV (05,7, 04) AV (5,6, 03, 05)

+

D01, 0452,3,4) AV (5, 05, 00) AL (03, £4,1) AL (6,7, 43, £5)

_I._
=

2(152,04,5,01) A (6, £a, (1) AS) (05,7, 04) AL (3,4, 63, 05)

T~

A

_|_

D(1:2,04,5,06) A0 (4, 1, 02) A (03,7, 04) AL (3, 2,6, 03)

ot~

A

+
NN RN RN RWRWRW -

_l’_

(1;2, 44, 5,61>A§°)(4,61,EQ>A§,°>(63,64,3)A§°)<6,7, 03, 05)

0N
o~
o=

D

g g gy gt
—

4, 05,7, 05)

+

1,2, 04,5, 0, A 3)Al"
( (

—

+Ax
+Ax
+Ax

1:2,3, 04, 04

—
[\3\_/ [\3\_/ [\3\_/ [\Dv

2(L; ) )A3 7 ( 3)A;7(

D(152,3,04,00) AL (5,05, 00) A (03,7, 04) AL (4, 05,6, £3)
D, VAL (4, 01, 02) AL (05,7, 04) ALV (5,6, 5, )
pIcE ) JAS (€5, £4,0) AL (6,7, 03, 62)

1:2,3, 04, 01) AL (4.62)
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4 The Seven Gluon Two-Loop Amplitude

and
cuth gy = A(152, 4, (1) AY (5, b, 0) AL (3,7, 4) ALY (3,4, £, 6, £3)
+ AW 152,04, 00) AP (4, 01, 05) AP (03,7, 04) A (3,04, 5,6, 05)
+A£§;< 12,04,01) A (5, 05, 0) AL (05, 04,3) A (4,0, 6,7, 03)
+ AN 152,04, 0) AV (4, 01, 05) A (03, 04,3) A (5,6, 7, 43, 5), (4.63)

where /; are the on-shell cut momenta. A P7.1 3 sum must then be applied to this basis.

Evaluating the cuts, we have
2 2),r=1 2),r=2 2),r=3
P7(:1),3(17 2,3,4,5,6,7) = Z <P7(:1),3 + P7(:1),3 + P7(:1),3 )> (4.64)
Pr:1,3
where
r= 1 1
P == 5017 {6}, (1 {5, {0 {2:3,4)) + 5 Co(5.7. {6}, {}. ). {1}, {2.3.4))
1 1
- §02(67 1, {7}, {}7 {5}, {}7 {27 3, 4}) + §C2<67 7, {}, {1}7 {5}7 {}7 {27 3, 4})

- 04(4a 7, {6}’ {}’ {5}> {2’ 3}7 1) + 04(57 7, {6}7 {}? {}’ {27 3, 4}7 1)
- 04(6a 4a {7}’ {}a {5}> {2’ 3}7 1) + 04(67 7> {}a {4}> {5}7 {27 3}7 1)7 (4'65)

P = %@07{5@{}H{}9349—7@61{6ﬂ{}ﬁ{}&349

+ %02(57 746} {1} {3 {1, {2,3,4}) + 504(4, 3,46, 7} {}, {5}, {2}, 1)

- 304(47 77 {6}7 {3}7 {5}7 {2}a 1) - %C4(67 3, {7}7 {4}7 {5}7 {2}7 1)
+ 304(6, 7.{5 {345 {5} {2} 1) — Cu(4,7,{5,6}, {}, {},{2,3}, 1)

— Cu(5,4,{6,7},{}, {}.{2,3}, 1) + Cu(5,7, {6}, {4}, {}, {2, 3}, 1) (4.66)

and

P =Cy(4,3,{5,6,7), (1. {}. {2}, 1) — Cu(4,7.{5,6}, {3}, {}. {2}, 1)
— C4(5,3,{6,7}, {4}, {}. {21, 1) + Cu(5, 7, {6}, {3.4}, {}. {2}.1).  (4.67)
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4.4 Polylogarithmic Terms

4.49 Py,

The cuts to evaluate can be written schematically as

r=1
Cutz.g o

r=2
cutz.on

1

N

A (17 Ela £47 57 67 7)AZ(30) (3’ £27 £3)A§(30) (4a éla ZQ)AZ(%O) (£3a 2a Z4)

D
_

Re

A

—+

(1,01,04:5,6, 1) A (2, 05, 0,) AL (4, 01, 5) AL (035, 04, 3)

o~

REe

(1,01,04;5,6,7) AL (2, 09, 01) AL (4, 05, 03) AL (05, 04, 3)

o~

A

_l’_

D(1,2:5,6, 01, 0) AL (3, 3, 3) AV (4, 01, 62) A0 (05,7, €4)

o~

A

+
RN RW R WI W~

2 AN (1,258, 04,5,00) AL (4, 0, 05) AL (6, £, 0) AL (€3, 7, £4)

+
— DN

+7Ag%(17 2; 3a 647 57 El)AigO) (4a élv £2)Ai(’)0) (6a €3a KQ)Ai(’)O) (€3a 77 €4)

A

+

D(1,2:3,4,04,0) AV (5, 05, 1) A (6, 63, ) A (03,7, £4)

o~

AN (1,2:5,6,01,00) A0 (4, 05, 05) AL (7, 0, 0,) AL (83, 04, 3)

+
>~

NI~ N RN =N

1%(1) 25 57 67 Ela 64)‘4;0) (47 Ela KQ)A;(?,O) (75 637 EQ)Ag,O) (637 647 3)

o~

A

_l’_

—
Lo —

A

+
N | =

(1,2;3, 64,5, 00) AL (6, by, 01) AV (7, 05, ) AL (€3, 04, 4),

D~

= Z AW (01, 04:5,6, 1) AL (3, 00, 01) AL (03,4, ) AL (1,2, 05, 03)

+ Aé)lg(gl? 647 57 67 7)Ag0) (2? 617 KQ)A:(?,O) (£37 47 £4)A4(10) (17 £27 37 63)

Wl =Wl

1
—i-ng%(l, 23 5’ ela £4)Ai(’;0) (67 62, gl)Ai(’;O) (€3a 77 54)144(10) (37 47 £2a g3)

A

+

D1,2:5, 01, 0)AD 4, 1, ) AL (05,7, 0) A (3, £2, 6, £3)

Tt~

AN (1,23, 04, 00) AV (5, 0, 01) A (05,7, £4) AV (4, 0, 6, 05)

_l_

A (1,2:5,00,0) AL (6, 02, 0) AL (U3, 04,3) AV (4, 05,7, £5)

—+

(1,23, 04, 0)AD (4, 01, ) A (03,7, 0) AL (5,6, 05, )

T~

A

+
RPN RPN RPN RN -

+§A§?§(1, 2:5,01,0) AV (4,01, 02) A (05,04, 3) AV (6,7, 5, 0,)

1
+§A§j§(1, 2;3, Ly, 51)14:(30) (5, £, ﬁl)Az(gO) (€3, 04,4) A (6,7, 43, £2)
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4 The Seven Gluon Two-Loop Amplitude

and

—_
W ~—

(1,201, 0) AL (5, b, 01) AV (05,7, £4) A (3,4, 0, 6, 05)

S~

cut%g =_-A

A2 00,00) AL (4,01, 02) A (63,7, 00) AL (3, 2,5, 6, £3)

+
S~

D01,2;01,0) A (5, 05, 0) AL (03, 04,3) A9 (4, 0,6, 7, 05)

S~

A

+
N~ N~ N

1
+5 AL 2500, )AL (4, 00, ) AP (03,04, 3)AD (5,6, T, 5, 1), (4.70)

where ¢; are the on-shell cut momenta. A P7.2 2 sum must then be applied to this basis.

Evaluating the cuts, we have

P,(1,2.3,4,5671) = > (PR + P57+ PR, @
Pr.2,2
where

PRI == 2023, 01, (41 (110, 5,6,7H) - 3642, 0 BL {11 1. 5.6.7)
+ é02(47 3,25 {1 {1}, {3, {5,6,7}) + 302(47 3.A7)H 145,63, {3, {1,2})
- 302(47 7, {}7 {3}7 {57 6}7 {}7 {17 2}) - %02(47 7, {6}7 {}7 {5}7 {3}7 {17 2})
+5C06,T (61 0 0 341 {1,2D) - G604, (71 (1 45} 43}, 1,2
+5Co(6,7, 01, 141, {5}, (31, {1,2) = 5Ca(7,3, 01, 141, 5,6}, {1, {1,2}),

(4.72)

P7(?2),g:2 == é02(27 47 {3}a {1}’ {}a {}7 {5? 67 7}) + %C2(3> 4’ {}a {17 2}’ {}a {}7 {57 67 7})
+ %CQ(ZL» 37 {6’ 7}7 {}7 {5}’ {}7 {1’ 2}) - 302(47 7’ {6}7 {3}’ {5}7 {}7 {17 2})
- 302(47 77 {57 6}7 {}7 {}7 {3}7 {17 2}) - 202(57 47 {67 7}7 {}’ {}7 {3}7 {17 2})
+ 302(57 77 {6}’ {4}7 {}, {3}7 {L 2}) - %CQ(& 37 {7}7 {4}7 {5}’ {}’ {17 2})
+ 502(6,77{},{374}7{5}7 {1, {1.2}) (4.73)
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4.4 Polylogarithmic Terms

and

2),r=3
P33

=5Ca0,3,05,6, 71 (1 {1 (1 {1,2D) - 5Cald

745,63, {35 {1, {3 {1,2})

— 502(5,3, 16,71, {41, 01, (1, (1,2)) + 5Co(5,7, {6}, £3, 4, 0, 3, (1,2).

4.4.10 Pr;p

The cuts to evaluate can be written schematically as

AWM
4

1)
4

1)
4

1)
4
1)
:3
)

Q
=
[y
3
=
Sy}
|

1,2,01:4,5,0,) AV (6, 05, 05) AL
( (

( (

(1,2,01:5,6,0,) AV (
(1,2,01:5,6,0,) A0 (
(1,2,0136,7,04) AL (
( AP
( AP Ay
(1,04:3,4,5,0) AL (2,01, £5) AL
(1,04:2,3,4,0,) AL (5,45, £1) AL
( (
( (
( (
( (
( (
( (
( (

3,03, 0,) AL
(

3,09, 01) AL
3,09, 01)AY)
AP

(

+A
A
A
+A
+A
+A
+A
+A

+ 4

1)64;45556761 27625 3

—

1)64;35455561 27625 3

:3
)

—

:3
)

—

=

:3
) 17€4;556575‘€1 Ag)) 37£2a 3 Ag,O)

AD (3,05, £5) AY)
(0 (0

1764;4a5565‘€1 A3) 37615 2 A3)
( (

1764;3a4555‘€1 A30) 67£25 1 A30)
( (

D(1,2,01:3,4,0) AL (6, o, £5) AL
©)(3, 3, £5) AL
3 (

=

:3
)

+
s

:3 17£4; 45 55 65 ‘61
)

—

A

+

:3
)

+
N

:3
AWM
+A
+A

+

(1,2, 6154,5,£4) A
(

w 17 27 gla 45 55 ‘64)‘430)

) )
) )
) )
) )
) )
) )
) )
) )
) )
) )
) )
) )
) )
) )

,_. e N N o N = N N - R R e R N - N - N S g;/\

+
o
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(7,41, £2) AL ( )
(7,01, 62) A (03,4, £4)
(7, L, 63) A (03,4, £4)
(4,63, 6) A (03,5, £4)
(3,01, 62) A (05,7, £4)
(6, Lo, 1) A (05,7, £4)
(6, L3, £2) A (05,7, £4)
(6,05, L) AL (z3,7, 04)
(4,61, 6) A ( )
(7,62, (1) A ( )
(7,63, £2) A ( )
(7,63, £2) A ( )
(7,61, 6) A ( )
(7,61, 6) A ( )
A o, 1) AL(T 1y, 03) AS) ( 6)
1 (1,2,01:5,6,04) A (3, 09, 0) AL (4, L5, £5) AL

(4.74)

AL (£5, 44,

(U3, 04,7), (4.75)



4 The Seven Gluon Two-Loop Amplitude

(1,6155,6,0) A (T, 01, 6) A (03,4, £4) A (2,3, 43, 05)

—~
—0

= Al

~A

i1

T
cuty

(4.76)

)(f?)a 35 ‘64)‘44(10) (27 €3a 65 ‘62)
(05,2, A (5,6, 65, 3)

0

3
0

3

. (1a gla 35 45 €4)A§,0) (75 615 82)A§0) (f?)a 645 5)A4(10) (27 €3a 65 ‘62)
86

D(1,0156,7,04) AL (2, 05, 00) A (03,5, 04) AL (3,4, L3, £5)
D(1,01:5,6,04) AL (2, 09, 00) A (03, 04, 7) AL) (3,4, 03, £5)
D(1,0135,6,04) AL (2, 05, 00) AV (03,4, 04) AL (3, 05,7, £5)
D(1,0154,5,04) AL (2, 05, 00) A (03, 04, 6) AL (3, 05,7, £5)
D(1,01:3,4,00) A0 (7,01, 05) A

D(1,0132,3,0) AQ (7,01, 05) A (03, 04, 4) AL (5,6, £, £3)
D(1,0134,5,04) AL (2, 05, 00) A (03,3, 04) AL (6,7, £, £3)
D(1,01:3,4,04) AL (2, 05, 00) AV (03, 04, 5) AL (6,7, £, £3)

. (1a gla 45 55 64)14'5,0) (7’ 615 62)‘4

} (1a 0154, 5, 64)"4:(30) (75 b, 52)14;0) (£3a Ly, 6)A4(10) (27 3,43, ‘62)



4.4 Polylogarithmic Terms

and

cutr 5% = AW(1, 016,00 A (7,01, 05) AV (43,5, 0) A (2,3, 4, 15, £5)
+ AN, 0155, 00) A (7,00, 05) AP (03, 04,6) A (2,3, 4, 15, £5)
+ AN 0055, 00) A (7,00, 05) AP (03,4, 04) A (2,3, 03,6, )
+ AN 54,00 AP (7,00, 05) AP (03, 04,5) A (2,3, 03,6, )
+ AN 54,00 A (7,00, 05) AP (03,3, 04) A (2, 05,5, 6, £5)
+ AN 0053, 00) A (7,00, 05) AP (03, 04, 4) A (2, 05,5, 6, )
+ AN 057,00 AP (2, 09, 00) AP (03,6, 04) A (3,4,5, 05, 05)
+ AN, 056,00 A (2, 05, 00) AP (03,04, 7) A (3,4, 5, 05, 05)
+ AN, 01:6,00) A (2, 05, 00) AP (03,5, 04) A (3,4, 05,7, £5)
+ AN, 0055, 00) A (2, 09, 00) AP (03, 4,6) A (3,4, 05,7, 05)
+ AN, 055,00 A (2, 05, 00) AP (03,4, 04) A (3, 05,6, 7, 45)
+ AN 054,00 A (2, 09, 00) AP (03, 04,5) A (3, 45,6, 7, £5)
+ AN, 053,00 A0 (7,01, 05) AP (03,2, 04) AV (4, 5,6, 05, 05)
+ AN 052,00 A0 (7,00, 05) AP (03, 04,3) A (4, 5,6, 5, 05)
+ AN 054,00 A (2, 09, 00) AP (03,3, 04) A (5,6, 7, 5, £5)
+ AR, 153,00 A0 (2, 09, 00) AP (03, 04,4) A (5,6, 7, 2, 05), (4.77)

where ¢; are the on-shell cut momenta. In this case these are all the cuts required,

rather than a basis for a sum. A simple sum cannot be factored out of these terms.

Evaluating the cuts, we have

2)
:1B

2),r

P?(1,2,3,4,5,6,7) = <P7(IB
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2),r=3
o P

+ 7:1B

).
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where

PE=" = — 052,746}, {1 {1}, {3,4.5}) + C5(3, )
+ C5(3,4,{}, {7}, {5,6}, {1,2}) + Cs( )
— C5(3,6,{}, {7}, {4,5}, {1,2}) — Cs( )
— C5(3,7, {4}, {3, {5,6}, {1,2}) + Cs(4,2, {}, {3}, {1}, {5,6,7})
( ( )
( ( )
( ( )
( ( )

) 2,7} {3 {1}, {4,5,6}
)
) —
)
+C3(5, 7, {6}, {}, {1}, {2,3,4}) — C5(6,2, {7}, {}, {1}, {3,4,5}
) =
) =
)

C3(3,5,{4},{}, {6, 7}, {1,2}
C3(3,7,{}, {2}, {1}, {4,5,6}

4— —%

+ C3(6, 7, {}7{2}7{1}7{3a47 5} Cs(7,2 {} {3} {1} {4 5 6}
_03 7,3, {}7{6}7{475}7{172} C’3 7 4 {3} {} {5 6} {1 2}

+ C3(7,5,{},{6},{3,4},{1,2}) + C3(7,6,{3},{},{4,5},{1,2}), (4.79)

P = C5(2,3,{3.{6. 7). {4,5}, {1}) + C5(2.4, {3}, {7}, {5.6}. {1})
—C5(2,5, {3,467}, {3.4}, {1}) + (2.5, {3,4}, {}, {6, 7}, {1})
~C5(2,6,{3}, {7}, {4,5}, {1}) — C5(2,7, {3,4}, {}, {5.6}, {1})
~C3(7,2,{},{5,6}, {3,4}, {1}) — C5(7,3, {2}, {6}, {4,5}, {1})
+C(7,4,{}, {5.6},{2. 3}, {1}) — C3(7. 4, {2,3}, {}. {5,6}, {1})

)

+C3(7,5,{2}, {6}, {3, 4}, {1}) + C5(7,6,{2, 3}, {},{4,5}, {1} (4.80)

and

P= = C3(2,3,{},45.6,7}, {4}, {1}) — C5(2.4,{}.{5.6,7}. {3}. {1})
+C5(2,4, {3}, {6, 7}, {5}, {1}) — C5(2,5, {3}, {6, 7}, {4}, {1})
+C5(2,5, {3, 4}, {7}, {6}, {1}) — C5(2,6,{3,4}, {7}, {5}, {1})

+C5(2,6, 13,45}, {3, {7}, {1}) — C5(2,7,{3.4,5}, {}, {6}, {1})
~C3(7,2, {},{4.5,6}, {3}, {1}) + Cs(7.3,{}, {4,5,6}, {2}, {1})
~C5(7,3, {2}, (5,6}, {4}, {1}) + C5(7,4,{2}, {5,6}, {3}, {1})
~C5(7.4, 12,3}, {6}, {5}, {1}) + C5(7,5,{2,3}, {6}, {4}, {1})

—Cy(7,5,{2,3,4}, {1, {6}, {1}) + C5(7,6.{2,3,4}, {}. {5}. {1}).  (481)

4.4.11 Validity checks

We confirm that the polylog results P7(2£ satisfy the decoupling identities. The explicit

Pz sums in all pieces except P7(:21)B ensure that the expected cyclic symmetries in
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momenta are present. The P7(:21)B piece also has the expected cyclic symmetry, despite

not having an explicit Pr.; sum. This result agrees with the n-point result in ref. [62].

4.5 Rational Terms

We now turn to calculating the remaining rational pieces of the partial amplitudes, RS;\

The procedure used is augmented recursion [52], which was described in Section 3.4
for the six-point amplitude calculation. This method builds on the technique of Britto,
Cachazo, Feng and Witten, who demonstrated how a rational tree amplitude could
be determined recursively from lower-point amplitudes [19]. However, for two-loop
amplitudes there is the possibility of double poles occurring. The simple poles beneath
double poles are not accessible via factorisations and can instead be obtained from
augmented recursion diagrams involving currents.

As before, the original BCFW complex shift does not lead to R(z) vanishing as |z|
becomes large [52], so cannot be used here. Therefore we make use of the Risager shift
[23], defined in eq. 3.30, which does have this property.

Applying the Risager shift to Rg/)\ excites three types of pole structure:

e tree to two-loop factorisations;

e one-loop to one-loop factorisations where the propagator is a sum of three mo-

menta (giving rise to at most simple poles);

e “one-loop to one-loop” non-factorising structures where the pole is a sum of two

momenta (giving rise to double and simple poles).

The first two situations cause only simple poles, so can be treated with BCFW recur-
sion. The third situation introduces the double pole complication that we treat with

augmented recursion. We now address these three contributions to Rg;\ in turn.

4.5.1 Tree to two-loop factorisation

The first contributions considered are factorisations involving a lower-point two-loop
amplitude. These lead to simple pole propagators, so BCFW recursion can be used.
The only such (non-vanishing) diagram is shown in Figure 4.3. Note that the fac-
torisation is dressed with colour, so all Ré?/)\ partial amplitudes are present and will
contribute to different R?}\ structures. We have also adopted general momentum la-

bels {a,b,c,d, e, f, g} to avoid confusion with the specific shifted set {1,2,3,4,5,6,7}.
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d+
b+

ko i

A
A

Sab

f+

+

g

Figure 4.3: The tree to two-loop factorisation, which gives rise to a simple pole in sg.
The two-loop rational piece R((f), and three-point tree amplitude, are
dressed with colour.

The BCFW residue will pick up contributions whenever {a, b} is assigned one or two
of the shifted momenta {1,2,3}, because there will be a value of z for which s, — 0.
Therefore we collect all distinct momentum assignments of this diagram, discarding
those where {a, b} does not contain a shifted momentum. For each diagram R;(z), the
residue Res[R;(z)/z] is taken for the value of z which causes the shifted propagator to

vanish. The sum of these residues contributes to R%\, according to eq. 3.22.

4.5.2 One-loop to one-loop factorisation

The next contributions considered are factorisations between two one-loop amplitudes,
such that the propagator is a sum of three external momenta. These lead to simple
poles, so BCFW recursion can again be used. Two helicity configurations are allowed,
shown in Figure 4.4. The one-loop rational pieces involved are colour dressed, to find

the contributions to each R(72))\ structure.

Any external leg assignment where the shifted momenta are split across the two
amplitudes will contribute to the BCFW residue. We collect all distinct diagrams with
this property. For each diagram R;(z), the residue Res[R;(z)/z] is taken for the value of
z which causes the shifted propagator to vanish. The sum of these residues contributes

to Rg/)\, according to eq. 3.22.
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abc 1 abe

kJ ki

b+

tabc

f+

+

at g

Figure 4.4: The one-loop to one-loop factorisation, which gives rise to a simple pole in
tabe- The rational pieces Ril) and Rgl) are dressed with colour.

4.5.3 Non-factorising augmented recursion piece

The final contributions to consider are more complicated, being those that give rise to
both double and simple poles. Naively, we may wish to draw the one-loop to one-loop
factorisation that gives rise to double s, poles, shown in Figure 4.5, then proceed
with BCFW recursion. However, this would miss any simple s,; poles originating from
similar but non-factorising structures. We require all pole information to evaluate the
residue in eq. 3.22, so a different approach must be taken.

Following the procedure of augmented recursion [52], we draw a diagram containing
both the leading double poles and sub-leading simple poles, Figure 4.6. The aug-
mented recursion diagram contains the structure shown in Figure 4.5, occurring when
the current factorises into a three-point tree and six-point loop, but also non-factorising
structures that provide simple poles once integrated.

A current 7'7(1) has been introduced, which is an object like an amplitude but with
two off-shell legs. The spinor-helicity formalism only accommodates on-shell spinors,
so we use an axial gauge construction for off-shell internal momenta [66, 41, 67]. The
diagram is not a factorisation and the loop integral must be carried out. Deriving
and integrating currents is a relatively in-depth procedure, which could be considered
its own topic entirely. Therefore we discuss the detailed handling of the seven-point
currents in Chapter 5, rather than interrupting this chapter with a lengthy aside.

As with the simple pole diagrams, we must colour dress the parts of the aug-

mented recursion diagram to obtain results for all seven-point colour structures. The
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bt dr

Sab

at fr
contains S

Figure 4.5: The one-loop to one-loop factorisation that gives rise to double poles in
Sqp- Although the propagator only provides one factor of 1/s,5, an
additional factor is present in the three-point amplitude. We do not
evaluate this diagram, instead opting for augmented recursion.

a

Figure 4.6: Augmented recursion diagram containing both double and simple s,; pole
contributions. The structure on the right is a current — an extension of an
amplitude that has two off-shell legs. Thick lines are off-shell propagators,
over which a loop integral must be carried out.
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colour-dressed current contains multiple configurations of the external legs, including
new currents that have not been required in previous work. The leading in colour
rational piece Rﬂ required only 7'7(:11)(04_, Br,ct,dt et fT,g7) for its derivation in
ref. [60]. Exploiting symmetries and decoupling identities allows us to reduce the num-
ber of distinct currents appearing in our problem. We arrive at two new currents,
7'7(:11)(oz_,c“‘,ﬁ“‘,d*,e*,f“',g“‘) and 77(}1)(@_,0+,d+,5+,e+, ft,g%), to derive and inte-
grate. They are presented explicitly in Chapter 5.

With a complete set of integrated currents, what remains is to collect all distinct
diagrams where at least one shifted leg appears in {a,b}. As previously, we calculate
a residue Res[Ry(z)/z] for each diagram Ry (z), at the value of z for which the shifted

Sap — 0. The sum of all these residues contributes to Rg?/)\, via eq. 3.22.

4.5.4 Results and consistency checks

The sum of all recursion contributions for each colour trace structure gives us the partial

amplitude rational pieces R(72/)\

We confirm that the results are independent of the choice of Risager shift spinor A,
which is strong evidence that the procedure was successful and that an appropriate
shift was chosen. (If R(z) did not vanish as |z| became large, as eq. 3.22 requires it
to, then a A, dependence would likely remain [52].) The result is also independent
of the reference spinor introduced with the axial gauge formalism. That the result is
gauge-invariant as expected, despite this gauge-dependent intermediate step, is another
strong consistency check. We find that the rational pieces RS}\ have the correct cyclic
symmetries Pr.) in their arguments. The rational pieces also satisfy all decoupling

identities.

The augmented recursion procedure involves combining a large number of contribu-
tions at the seven-point level, leading to results with many terms (although orders of
magnitude fewer than would be generated with a Feynman diagram approach). There
is room for a large degree of simplification, although at this point the amplitude has
been obtained and any further work is only an improvement in its representation. A
procedure of reconstruction is set out out in Chapter 6 and applied to the seven-point
amplitude found. (We postpone the detail until then.)

The resulting compact, analytic Rg;\ results are presented in the following subsec-

tions, organised by partial amplitude.
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455 R,

We confirm the result from ref. [60] and reproduce that form here for completeness,

where

9 (ab) (be) {cd) (de) (e f){f 9) (ga)

Pra

1 _ (9@ [ (cd)leg]ld|kabc|e)[a|kabe|e) c|Kabe| f)
(;7:1 -

tabelefg (e f)

_ ({de) [ca][d|kegg|c)[glkerqlc) el kesq|b)

(be)
(e f)(cd)[ca][f g][elkergla)d|kesq|b)

i (ab)

_{be) (de) [eg] [ab] [c|kabc|g) [d|kabe | f)
(f9) ’

) 1
G7q = mscdsde (ga) [Q\kefgkabc\@]v

3 _ 1 s Sef{clkavksgald) _ Sbe €|k fakgap|d)
G ( (0 i)
(e f) (be) [f B] [clkedel|g) [e|kede|a)

(9a)
n (bc) [clkcge|b)[e|Keae|a) [Dksqle)
(ab)

elkeaclg) [frkab|c>>
< ,

+

<€Qf>[e|kcdeLf
i f9)

6t = 1% () @0 ({7 (@) @ay + R o) tra).

61 = — ( [ee] (e 1) [d f] {elkark rgald) + (be) [4] (elksghgunld))
Lede

+(be)(ef) (2(ga)[cel [f glab] + [bf] [6Ikabkfg|6])>,
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]_%7:1(a7 b, c, d, e, f,g) _° Z 7:1 7:1 7:1 7:1 7:1 7:1 7:1

I

(4.82)

(4.83)

(4.84)

(4.85)
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4.5 Rational Terms

1
ngl = <g a> (<g|fk3bc|a>t6fg - <a|bkef|g>tabc) (4'88)
and
GI, :sgf — 23§a — 35apSaf + 45daSdg — 65acSeq + T(SebS fe + SeaSge) + SabStg
+ 35 fa8gb + Sce(Scf + Seb — 4(Sab + S5g + Sga) + 5(8dg + Sad))
+ 4lelbefle) — 2[f|gablf) + 3[glbaf|g) + 2[g|cealg). (4.89)
4.5.6 R,

Expressed in terms of the leading in colour partial amplitude, via a decoupling identity,

we have

R7a(asb,c,d e, f,g) = — Rra(a,b,c,d,e, f,g9) — Rya(a,c,d,e, f,g,b)
— Rra(a,d,e, f,g,b,¢) — Ry.a(aye, f,g,b,¢,d)
— Rra(a, f,9,b,¢,d,e) — Ry.q(a, g,b,¢,d, e, f)
=— Z R71(a,b,c,d,e, f,g). (4.90)
Ze(bedefq)

4.5.7 R;3

The first new SU(N,) rational piece to be calculated is R7.3. Using the decoupling
identity, we can express it in terms of the previously defined partial amplitude and the

new R7.11,

Rrs(a,bye,dse, f,g9) = — Rraa(asbie,dse, f,9) — Rra(bya, ¢, d,e, f, g)
— Rra(bia,d,e, f,9.¢) — Rra(bia,e, f, g, c,d)
— Rra(bia, f,9,¢,d, e) — Rra(bia, g, ¢,d,e, f)
=— Rri1(a;bsc,d,e, f,g9) — Z R7a(bya,c,dye, f,g). (4.91)

Zs(cdefg)

We make this choice because R7.1,1 contains only simple poles whereas R7.3 also contains

double poles, so the former can be stated more compactly.

4.5.8 Ry,

The second new SU (N, partial amplitude to be calculated is R7.4. The result obtained

from augmented recursion is analytic, however the manifestly symmetric form presented
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here required some additional work to obtain in such a compact form. That process of

reconstruction is described in Chapter 6, after which we obtain

R7:4(a7 ba (X da €, fa g) = Z B7;4(CL, b, c, da €, f7 9)7 (492)
Pr.a

where the basis

Bra(a,b,c,de, f,9) =BY + BYY + BYY + BYY
+ B(t4) + B 4+ B (4.93)

can be divided into various denominator structures:

(ts) _ 22 Saf [de]
9 (f ) trga (ab) () (ca)
20 Sey e d]?
9 (f 9)* tesq (ab) (be) {ca)’

(4.94)

Bty _ 1l 1 1
7 Itape (be) (ca) (de) (e f) (fg) (gd)
(lalkabe|€} [blkabe|d) [de] + [alkabe|€)srq [be]
+ [blkggld)sgglad] + spq (f g) lag] [bf]
+{ef)(fa)laf]bflleg]), (4.95)

gt _1i  [al] 1
T 9tgpe (ab) (be) (ca) (de) (dg) (e f) (f g)

tab
([f[Kabelb) (a g) (e f) [e g = [fKabc|b) (a d) (e f) [de]
[g|kabc|b>sef< > [d|kabc’ >[g|kabc|b> <dg>)’ (4'96)
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(t3) _ 1 1
T Ot (e f) (f9)

([elkesqlb)[glkergle) (be] + [elkerg|a)[glkesgld) [d al)
(ab) (be)(cd)(da)
. Uelkerglallglhesglc) e al + [elkerq|b)[g|kegld) [d])
{ad) (be) (ca) (db)

(lelkergla)(glhesq|b) [ab] + [elkegglc) glkesq|d) [d])
* (ab) (bd) {ca) (de) ) (4.97)
(t) _ 20 1 1
"9 g, (ab) (be) (ca)
[fgllde® | leg]ldg]lde] (eg)
( R TIT ) (499
b _ @ [a] 1
i 3 (ab)? (cd)(de) (e f)(fg){gc)
(—(blclgla) + (bldle|a) + (bld|f|a) + (ble|f|a)) (4.99)
and
B(SQ) =63 1 G%A 1 1
i (f g)* (ab) (be) (ca) (de) (e f) (g d) {ad)
1 1 G%A + G%A + G%A 1 1
Y8e? anpdled @alend g Y
The numerators in the latter piece can be written
Gra={(af)(bd)(bf)(dg)[bd[bf]+ (af)(bd){cg)(df)bf]lcd]
+<a ) (b f)(cd){dg)[bd][cf]+ (af)(cd){cf)(dg)lcd]|cf]
2(a f) (b f)(de)(dg)[bfllde] —{af){be)(df){dg)bf]lde]
2(ae)(cg)(df)*[cfllde] = (a f)(ce) (df)(dg)[cf][de]
< Hbf)de)(dg) bel[df]—(ae)(cg) (df)*[ce] [d f]
+{ae)(df)(dg)(ef)|de][ef], (4.101)
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GFa=—12(ag) (bd) (b f) (ce) [be] [bd] +44{ag) (bd) (b f) {ed) [bd]’

—32(af) (bd)* {eg) [bd]* + 138 (ag) (be) (b f) (ce) [be] [be]

—138(ag) (be) (b f) (ed)[bd][be] —T40{a f) (bd) (be) (eg) [bd] [be]
2 > 2

—T70(af)(be)"{eg)[be]” +12(a f) (bd) (b f)(eg) [bd] [b f]

+646 (a f) (be) (b f) (eg) [be] [bf]+8(ag) (b f) (bg) (ed)[bd][bg]
—32{ag) (bd) (bg) (e f)[bd][bg] +36(ag) (bd) (b f)(eg)[bd][bg]
—138(ag) (be) (b f) (eg)[bel[bg] +8{ag) (bd) (cf)(ed)[bd][cd]
—12(a f) (bd) {cg) (ed) [bd][cd] + 36 (ad) (bd) (cg) (e f) [bd] [cd]
—32(a f) (bd) (cd){eg) [bd][cd] — 54 (a f) (bd) (ce) {eg) [be][cd]
—8(a f)(bf){cg)(ed)[bfllcd] —24(ag) (bd)(c[f)ef)[bf][cd]
+32(a f) (bd) (cg) (e f) [b f][cd] — 40 (a f) (cd) (cg) (e d) [cd]®
+40 (ad) (cd) (cg) (e f) [cd]* + 24 (ag) (b f) (ce)? [b] [ce]
—48(ag) (be) (c f) (ed)[bd][ce] — 106 (a f) (be) (cg) (ed) [bd] [ce]
+690 (ad) (be) (cg) (e f) [bd][ce] — 710 (a f) (bd) (ce) (e g) [bd] [ce]
+40(ae) (be) (cg) (e f) [be][ce] —T0(a f) (be) (ce) (eg) [be] [ce]
—40(ag)(be) (c f) (e f)[bf][ce]l +560(af)(be)(cg)(ef)[bfllce], (4.102)
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54 (a f) (b f){ce){eg)[bfllce] —24(ag) (bg)(ce)(ef)bg]lce]

3 _
74 —

— 108(a f) (be) (cg) (eg) [bgl[ce] — 104 (a f) {ce) {cg) (e d) [cd] [ce]

+108{ae) (c f) {cg) (ed) [cd][ce] + 664 (ad) (ce) (cg) (e f)[cd][ce]

—24(af){cd){ce) (eg)[cd][ce] — 14(ae) (ce) (cg) (e f) [ce]”

+706(a f) (b f)(ce)(eg) [be][c f]+44(a f) (c [f){cg) (ed)[cd][cf]

+8{af){cd)(cg){ef)lcd][cf] —52(ad

(cf)(cg)lef)lcd][cf]
ae)(cf){cg)(ef)cellcf]
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and

[dg] — 506 (a f) (bd) (ed) (e g) [bd] [ed]
ed] =491 (a f) (be) (ed) (e g) [be] [ed]
) [belled] +832(a f) (b f) (ed) (eg) [bf][ed]
b flled) +54(a f) (bd) (eg)* [bg][ed]
) [cel[ed] — 87 (ad) (ce) (e f) (eg) [ce] [ed]
(cg) <ed> (e f)[eflled) + 167 (ad) (cg) (e [)*[c ] [ed]
9 leflled) —24(a f) (cd) (e f) (eg) [c f] [ed]

]
[

(cg) <6f> <69> [cglled] +24(a f) {cd) (eg)® [cg][ed]
df){ef)(eg)ldflled +48{af)(dg) (ed)(eg)ldg]led]
df)(e9)’[dgled] +16 {ag) (ed)* (e f) [ed]”
ed)(eg)[ed]® +89(ad) (ed) (e f) (eg) [ed]”

(eg) [bd] e f] — 764 (a f) (bd) (e f) {eg) [bd] [e f]
eg)[belle f1+78(a f) (b f)(ef)(eg)[bfllef]
Ibglle f1+32(ad) (cg) (e f)* [ed] e f]
eg)lcdl[efl—48(af)(cd){ef)(eg)cd][ef]
+195 (ae) {cg) (e f)* [ee] [e f] = T40{a f) (cg) (e f) (e g) [cg] e f]
(cf)(eg)’[cqlle fl—24(af)(dg) e f)*[d ] e f]
dg) (e f){eg)[dglle f] —8T7(ad) (e f)* (eg)[ed] e f]

eg)*[bd][eg] —T0(af) (be) (eg)* [be] [eg]
eg)* b f][eg] —601(af)(cg)(ed)(eg)lcd]leg]

)ledl[eg] —24(a f) (cd) (eg)* [cd][eg]
(eg)[celleg] +692(a f) (cg) (e f) (eg) [c fl]eg]

[ f]leg] = 87 (ad) (e f) (e 9)* [ed] [e g]
df][fgl—48(af)(eg)*(fo)legl[fg].  (4.104)

e
e

)
e f)(

+ 1269 (ad) (cg)
+ 1175 (ae) (cg)
—112(a f)(
+32(af)(df){eg

4.5.9 Ry,

The first new exclusively U (V) partial amplitude to be calculated is R7.1,1. Although
it is a structure not present in the SU(N.) theory, we chose to reference it in the

statement of the R7.3 rational piece because it is the simpler of the two structures. As
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with the other partial amplitudes, the result produced by augmented recursion was
analytic, but not very compact. Simplifying manipulations were therefore carried out,

with details in Chapter 6, yielding the form:

Rraa(aibse,dye, f,g) = Y Braa(a,b,e.de, f,g), (4.105)
Pr11

with a basis function
_p(t) (ts)
B7:171(a) ba c, d7 €, f: g) _B7:1,1(a’7 b7 (& d) €, f7 g) + B?:l,l(a’a b7 ¢, d7 €, f7 g)
+ B (a,b,e,d,e, f.g) (4.106)
containing the structures

{ G%:l,l
taeftvea (ae) (a f) (ag) (be) {cd) (e f)
i lalker|b)[glkbcald) [ae] [bd]

Bg?,l(aa b7 ) da €, f?g) =

aettred (b€) (bd) {cd) (e f) ([ 9) (4.107)
() (0 b e d e _ v G%zl,l 1
Bran(ab.e.de. f.0) = o P lag) (60) (5d) (bg) ed) eg) (e 1) F 9)
(4.108)
and
) (4 b ede B G;:1,1+G$:1,1+G?:1,1 1 1
Bl e d e 0) = Cplae e h T oo oo od ey
The numerators are
Gr.11 = —[blkocala) [d|kyeala)[g|kpeale) [a ]
~ [elkbealg) sa (a€) [bg] [dg] (4.110)
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2 _
G7:1,1 -

—lalkqerla) [Dlkpeala)[d] kpealc) (b d) (bg) (f g)
)

+ [blkbcala)[d|kacsla) (bd) (bg) {ce) (f g) [ae]
+ [alkacs |0} [f[Racs|d) (a f) (ag) (bg) (c f) [bd]
[blkbcala) (a f) (be) (bd) (bg) (f g)[a f][bd]
[alkacs|b)[flKacslg) (a f) (ag) (be) (f g) [bg]
[d|kaerla) (ag) (bd) (bg) (cg) (fg)lag]bg]
(ae)(ag) (bd)(bg)(cg)(fg)lag]bg][de]
blkacslc) (a f) (ag) (bd) (bg) (f g) [ag]d f]
alkacs|c)[f1Kaes|b) (a f) (ag) (dg) (f g) [dg]
alkaer|b)[f|kaerlc) (a f) {ag) (dg) (f g)[dg]
blkpeala) (ae) (bd) (bg) (cg) (f g) lae][dg]
(a f){ag)(bd)(bg)(cd)(fg)lag]lbd][fd]
(a f){ag)(bd)(bg)(cd)(fg)lad]bd][fg]
[alkaes|d) [flKaerlc) (a f) (ag) (bg

— lalkacs|e)[f|kacr|d) (a f) (ag) (bg
[f|kaerle) (a f) (ag) (bd) (bg) (

.
N
.
.
.
.

-

[
[
-1
=

o~ o~

+ f
+ [f
+ fa)
fa)

gd]
d]

ag)(bg) (f9)l
){f9)lg

+
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3 —
G?:l,l -

123

27
7o (@) {ad) (be) (b f) [ab]” + 1o (ab) (ae) (be) (d f) [ab]?

~ 5 (ab)(ad) (b) e ) [abl® — 3 (ac)? (be) {d f) [ob] o]

2 4ac) (ad) () (e 1) [ab] [ac] — 5 (@) {bd) (e ) at]fac]
+ D) ad) (be) (d1) ab) [ad] — & (ac) (ad) (bd) e f) [at]fad

+ 2 (ac) d) (be) {e ) labllac] — 3 {ac) (ae) (b ) (d ) ab] o f

S ab) () (e) (e Flab]Ioe] + 3 (ab) (b) (e f) (de) at] o]
21

+ 5 {ab) (be) {ce) (d f) [ab] [be] — % (ab)(cd)(ce)(cf)lad][bd]

2 ab) {ed) (e} (e £) [ac] [be] + 2 (ad) (b {ce) {d £) [ad] ]
— P ab) e (de) (d1) [ab] [od) + 5 (ab) {ed) (de) (d ) ad) b
~ Dab) ted) d ) {e ) la f]bd] — 2 (ab) {ed) (d1) e g) lag] o]
— S (ab) be) (ee) (d ) lab] [oe] + % (ab) (b (ee) (e ) ] o)

432 (ab) (o) (de) e f) ab] [be] — 5 (ac) (b {ee) (e 1) lac] e
— 2 {ac) (bd) (de) (e 1) [ad)[pe] + 5 (ab) {ce) (de) {7 o) [ag] [be]
o (ab) e (e f) (df) 0] ]~ ac) (b (d ) (e £) [ad] b ]
+ ) {ee) () (F)lagl b ]~ 5 (ab) (be) (e ) (dg) [at] o)
+ 2 (ab) {ee) o) (F o) lag) o] + 5 {ac) (b (e ) (de) [ab] ed

~ 2 ac) (o) (de) d P lablfed 5 {ac) b (e f) e Hlablef], (4112)

103



4 The Seven Gluon Two-Loop Amplitude

=) S deﬂ = <
S, - = =2 = 5 o =,
S — TR YUY T e =T =
ST 28887 88 3T ATA?
S — = O — RO T~ = = T
T T e S R e T
S ~~ S22~ 3Ty s
oS o ) e BT Ot T
= S - D o s - T S s SIS
O~ = f/\\//\\/\//C\/\ /\/\w/\/\
/\eddd\/e\/ef \/\d/ >~
\/CC/\/\@ edC\./d @@>dd
S N - R e ) v 3
3 ) —~
TS S T T TN S s 8T s vEsReS
S N — R I~ = 3 = 3 S 3
= = O S s = 3 S
ST T ISR R0 TTITCLTST 0o
o™ —_—— L — —_— —_—
I 8 v v v o © =" o Y o
T | Pt T T sl 88235022
ST 4 TR YT R"SS e O eSS
T2 EL s s RS s sS s s s S s
I —— o = = —~ = O .|.>
g T T T T T S SUL N
L e s = o ~
e e TR NI RO
—
~ T e m o 9T T TR TSY T T o e Yww
\//\/\/\/\CCC/\C ~ =
L = 2 S L L © ARG
2T T OR e~ T s L L] LI
P e
ST S ST ST SR~ S SN SR S~ B~ - ~ B~ R DR O
02222/\/\/\2 T~ Y~ L Y~ Y~ S~~~
=
Nﬂ%\@@@@\@@@@wwa\@w\@ww
O 3 8 8 83 38 38 38 38 8 &8 38 Y38 -8B 388 - -
a<<<<<<<<<<<8<<<<<
S =T~ S B~ B~ BN B e B RS I - B (=T~ B = A o
S 4+ + I+ 4+ L+ L+ o+
Il
—
=
<1<

104



4.5 Rational Terms

7(ab) (bd) {c f) (e f)ad][bf]l—6(ac)(bd)(cf){ef)lac][bf]

5
71,1 —

and

<t
—
—
<
S—
= . — . - = =
= 3 28T = = =,
= = = = L = = e = = —
> —_— T — = — — 3 S
OUs VUV =N U o LT
S =T LSS s YEaRsEE o=
o B = aeffAC/fcafa B3
> 2 0 S EER Y 0 SEES R el
—~ QU ~ o~ ~ ~~ = ~— N >~ " @
A R N I ORI SR
S ~ S
B2 om0 RamR
\/\//\/\\/\//.\/\/\/\/\/\/\\/\/P\I//\\/
—~ T~ \/\/f =
fwfw@ﬂmmff\ﬁ@\ﬁfecfdew
/\/\bC/\/\CCCbCCC/\/C\/\/C\/\
~ = —_ O = S = T —~
aaccceCC\C/ccddcdce
~ ~  _~ /\/\/\/\/\/\/\\//\\//\/\
66336\0/6339366d6rw66
FH_I_’/&\/@_ I+ _._v/a\_Mm_.T
= S e > U o © —
22 0 0l ]l e ds s ts s
S e S YT TS TSN T TR ET IS TT
S =8 2 8 3 8 3 8 8 383882585
—~ e T — [ e P i A S J—
— e _ -~ —~
SIS IdliiSsSssIyiszgsSsITIsIss
N . e T~ T T S T = T < T ~ ST~ e B SR
—
R T T I TR
SR ORI AR ARG A A
— —
ﬁwm@@@@@@f@@@@ﬁ@ﬂf
R I e U U S TGS
)
T TR"RRIR"ORR"R"R" T T T TTR®
I ~ 3 383 3 8 8 8 8 8 8 B 8 B8 8 8 8-
/\2/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\
O H O M M N O M MmO MmO O OO O © ©
I+ I+ + + + 1 + + + I + + I + |

- R7:4(CL, ba G da €, f’ g) - R7;4(CL, C, b, da €, fa g)
105

- R7:3(b7 ca, d, €, fa g) - R7:3(b7 ¢a,e, fag’d)
- R7:3(b7 ¢ a, fag7d7 8) - R7:3(b7 G aag7da €, f)

The second new exclusively U(N,) rational piece can be expressed in terms of the new
R?:I,Q(a; b7 (& da €, f7 g)

SU(N,) structures via a decoupling identity,

4.5.10 Ry,
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== Z R7:3(b,c;a,d e, f,g) — Z R7.4(a,b,c;dye, f,9). (4.115)
Zy(defg) Z3(be)

4.5.11 Ry 3

From the decoupling identity, the new U(IN.) rational piece R7.13 can be expressed

solely in terms of Ry,

R7:1,3(a; b7 ¢, d7 €, fa g) = R714(b7 ¢, da a, e, fv g) - R724(b> ¢, d’ a, f?g? 6)
- R7:4(b7 c, d, a,g,e€, f) - R7:4(67 faga a, ba ¢, d)
- R7:4(€, f?g, a,c, dv b) - R7;4(€, faga a, d? b? C)

=— Y Rubcdae f,g)— Y Rrale, f.gia,b,c,d). (4.116)
Z3(efg) Z3(bed)

4.5.12 R;.,

The final new SU(N,) rational piece can be expressed in terms of the previous two
U(N.) structures,

R71272(a7 b7 ¢, d7 €, f7 g) = - R7:1,2(b; c, d7 a, e, f7 g) - R7:1,2(b; C, d7 a, f7 g, 6)
- R7:1,2(b; c, d7 a, g,e, f) - R7:1,3(b; a,c, d7 €, f? g)
- R7:1,3(b; a, da c e, fv g)

= - Z R7:172(b;c,d;a,e,f,g)— Z R7;173(b;a,c,d;e,f,g). (4117)
Zs(efg) Z>(cd)
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4.5.13 R

Lastly is R7.1p, the SU(N.) partial amplitude that appears with a single colour trace
and no factors of N, in the colour decomposition. (This differs from R7.;, which ap-
pears multiplied by N2 and a single trace.) The augmented recursion result calculated
here finds agreement with the n-point postulate in ref. [63]. We reconstruct a version
matching that form. The function has cyclic symmetry in the momenta, but unlike

other colour structures does not appear with an explicit Pr.) sum.

For compactness, the Parke—Taylor denominator is defined with

1

Crrlbed el ) = g cadach faga
Also useful is the epsilon function

€(a,b, ¢, d) =[alblc|d|a) — (alb|c|d]|a]

=[ab] (bc)[cd] (da) — (ab)[bc] (cd)[da], (4.119)
with a further compact notation
Ty
e({ar, . az},boe {dy, oy dy}) =Y e(aib,c,dy). (4.120)
i=1 j=1

With these identifications, the partial amplitude can be written in two pieces,
R?:lB(aa ba c, d7 €, f? g) = RélB(av b7 ¢, d7 €, fv g) =+ RﬁlB(av b7 ¢, d7 €, fv g): (4121)
where

R2.p(a,b,c,d e, f,g) = —2iCpr(a,b,c,d,e, f,g)x
(({asb,eh.d, £.9) + el{a,b} e, {f,9))
+e({a,b},¢, f,9) + €(a,b,d,{e, f,g})
+e(ab,e, {f,g}) + e(a,b, f, g)) (4.122)
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and

R$13<avb7 c,d,e,f,g) =
+4l (CPT(CL’ ba ¢ e, fa da g)e({a, ba C}a ¢, d,g) - CPT(aa ba c, f7 €, da g)e({a, bv C}a fa da g)

+ Cpr(a,b,c, f,d,e, g
+Cpr(a,b,d,e, f,c.g
— Cpr(a,b,e,d, f,e,g
+ Cpr(a,b,e,c,d, f,g

+ Cpr(a,b,e, f,c,d, g
— Cpr(a,b, f,c,e,d, g
+ Cpr(a,b, f,c,d, e, g
+ Cpr(a,c,d,ed, f, g
— Cpr(a,d,c,bye, f, g
— Cpr(a,d,e,c,b, f, g
— Cpr(a,d,e,c, f,b,g
+ Cpr(a,d,b,c,e, f, g

+ Cpr(a,d,e,b,c, f,g

+ Cpr(a,d,e,b, f,c, g
+ Cpr(a,e,d,c,b, f,g

+ Cpr(a,e,d, f,c,b, g
— Cpr(a,e,b,d,c, f,g

— Cpr(a,e,b,d, f,c,g
— Cpr(a,e,d,b, f,c,g
— Cpr(a,e, f,b,d,c, g
+ Cpr(a,e,b,c,d, f,g

+ Cpr(a,e,b, f,c,d, g
— Cpr(a, f,e,d,c,b,g
+ Cpr(a, f,e,b,d,c, g
— Cpr(a, f,b,c,e,d, g
(

- CPT CL, eabv ¢, d)g

c({a,b,c}, f,e.g) + Cpr(a,b,d,e,c, f,g)e({a, b}, d, ¢, {f,g})
¢({a,b},d,c,g9) — Cpr(a,b,e,d,c, f,g)e({a, b}, e, c,{f, g})
e({a,b},e,c,g9) = Cpr(a,b.e, f,d,c,g)e({a, b}, e, c,g)
e({a,b},e,d,{f,g}) + Cpr(a,b,e,c, f,d,g)e({a,b},e,d, g)
€({a,b},e,d,g) + Cpr(a;b, f,e,d, c,g)e({a, b}, f, ¢, g)
e({a,b}, f,d,g) — Cpr(a,b, f,e,c,d, g)e({a, b}, f,d, g)
¢({a,b}, f,e,9) + Cpr(a,c,d;b,e, f,g)e(a, c,b,{e, f,g})
e(a,c,b,{f,9}) + Cpr(a,c,d,e, f,b,g9)e(a,c,b,g)
c(a,d,b,{e, f,g}) — Cprla,d,c,e,b, f,g)e(a,d,b,{f,g})
e(a,d,b,{f,9}) — Cpr(a,d,c,e, f,b,g)e(a,d,b,g)
e(a,d,b,g) — Cpr(a,d,e, f,c,b,g)e(a,d, b, g)

e(a,d,c,{e, f,9}) + Cpr(a,d,b,e,c, f,9)e(a, d,c,{f, g})
e(a,d,c,{f,9}) + Cpr(a,d,be, f,c,g)e(a,d, c, g)
e(a,d,c,g) + Cpr(a,d,e, f,b,¢c,g)e(a,d, c,g)
e(a,e,b,{f,g}) + Cpr(a,e,d,c, f,b,g)e(a, e,b, g)

e(a,e,b,9) + Cpr(a,e, f,d,c,b,g)e(a, e, b, g)
c(a,e,c.{f,9}) — Cpr(a,e,d;b,c, f,g)e(a, e, c.{f, g})

( Cpr(a,e,b, f.d,c,g)e(a,e,c,g)
e(a,e,c,g) — Cpr(a,e,d, f,b,c,g)e(a, e, c,g)

( Cpr(a,e, f,d,b,c,g)e(a, e, c, g)

(

(

(

(

(

(

)
)

e(a,e,c,g) —

e(a,e,c,g) —

e(a,e,d,{f.g}) + Cpr(a,e,b,c, f,d,g)e(a, e, d,g)
e(a,e,d,g) + Cpr(ase, f,b,¢c,d, g)e(a,e,d, g
e(a, f,b,9) + Cpr(a, f,b,e,d,c,g)e(a, f,c, g
a, f,e,d,b,c,g)e(a, f,c, g
a, f,bye,c,d,g)e(a, f,d, g
+ Cpr(a, f,b,c.d e, g)e(a, f e, g

e(a, f,c,g) + Cpr
e(a, f,d,g) — Cpr
.9)

e(a, f

)
)
)

vv\_/\_/\_/\_/\_/\_/\_/\J\_/\_/\_/\_/\_/\_/\_/\_/\_/\_/\_/\_/\_/\_/vv

(
(
( )

( )). (4.123)
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4.6 Collinear Momentum Limits

As a final validity check on the results, collinear limits are tested.

Collinear limits are those where two momenta are taken to be collinear, meaning
that a — zK and b — (1—2)K. In this limit, we expect the amplitude to factorise into
splitting functions and lower-point amplitudes. This behaviour is a useful and common
test of the validity of newly derived amplitudes. For example, the process is shown
explicitly in [52], where it is applied to Ag(a*, bt et dt et).

In general, a two-loop amplitude factorises as [68]

AD (coade b, ) Al § (Split@;\(z;a)‘“,b)‘b)Af)l(...,K’\,...)
A==

+ Split(_lg\(z; ata, bAb)Ale(..., K*,..)

+Split(_z/)\(z;aA“,b’\b)A;O_)l(...,K)‘,...)). (4.124)

In our all-plus helicity case, the Afﬂ)l tree amplitudes are vanishing, so we do not need

any two-loop splitting functions.

The validity of the epsilon and polylogarithmic structures have been previously con-
firmed, so let us focus only on the rational piece collinear limits. We will make use of

the splitting functions [68]

Splitgf)(z; at,bt) =0,

Split' Y (z;at,bT) = L (4.125)
z2(1 —2)(ab)
and

) 1—2)[ab]

g ht(o) z;a+,b+ ra :_'2(—7

plit . 3 (ab)>
() _ V21 —2)

Split=" (z;a™, 0" )|rat = 5ah) (4.126)

where only the rational pieces have been kept in the one-loop functions.

Numerical evaluation shows that the augmented recursion results are consistent with
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the collinear limit relations:

Ag?il(a;b;c,d,e,f,g) fllg Spht ( f*,g*)A()1(a;b;c,d,e,K*), (4.127)

AP (asbie d.e, f,9) =50, (4.128)

Aga(a, b,c;d,e, f,q) LSpht( )( at,bt)A éz (KT, c;d,e, f,g)
—i—Split( (z;a™ b+)A((51§( ye;dye, f,q)
+Split™ (250", 07 ALY (KT cide, £ g),

A®(a,b,c;d,e, f,9) D58plit® (z: 1+, g7 ) AR a,b, s d, e, KT

6:4
+ Sphtg- z f, +)A¢(514(a,b, c;d,e, K7)
+ Split ™ (z; £, +)Aéli<a7b7 c;d,e, KT) (4.129)
and
A(fi(a,b, c;d,e, f,q) ﬁl—@) 0,
AZ)a,b,cidse, £,9) D 0.

(4.130)

Checking these two partial amplitudes is sufficient, as Agi and A;Qi p have been checked
previously. Together with the decoupling identities, this confirms the collinear structure

of the whole amplitude.

4.7 Conclusions

Using the techniques of four-dimensional unitarity cutting and augmented recursion,
we have obtained the two-loop seven gluon all-plus helicity Yang—Mills amplitude in a
compact, analytic form. By separating the procedure into two parts, by the type of
function involved, we have avoided the need for a more difficult D-dimensional unitarity

approach. Our method has only required evaluation of one-loop integrals, to obtain a
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two-loop result.

The final result for the amplitude is gauge invariant, as is required for its use in
experimentally testable observables. The technique of four-dimensional unitarity is
manifestly gauge invariant throughout, involving on-shell amplitudes which are them-
selves gauge invariant, as well as box integrals. Working in four dimensions allows the
spinor-helicity formalism to be used straightforwardly. Helicity considerations greatly
constrain the number of diagrams that contribute to the unitarity.

The BCFW recursion is also manifestly gauge invariant. The only ingredients are
gauge-invariant lower-point amplitudes. Although the process introduces a new refer-
ence momentum to allow the amplitude to be treated as a complex function, the result
is independent of this reference and it is not a gauge choice.

Some gauge dependence occurs in intermediate steps of the augmented recursion
portion. To ensure that both leading and sub-leading poles are accounted for, we carry
out explicit loop integrals involving currents. Internal off-shell legs are treated in the
spinor-helicity setup with an axial gauge formalism, which introduces a reference mo-
mentum gauge choice. Despite the individual contributions being gauge dependent, the
overall result is independent of the reference momentum, which is a powerful consis-
tency check. The particular choice of axial gauge for the gauge-dependent step is also
convenient because ghosts decouple from gluons in this gauge, meaning they did not
appear in our diagrams.

Our calculation finds agreement with two n-point conjectures, firstly for the two-
loop all-plus polylogarithmic piece Pé?))\(1+,2+,~-- ,nt) [62], and also for the N,-
independent single-trace rational piece Rgg(l*ﬂ*, -+ ,nT) [63]. These were both
found by extrapolating from patterns in compact analytic amplitude expressions, demon-
strating the value of calculating such objects. With the seven-point amplitude now
available in a simple form, general expressions for other partial amplitudes may be-
come apparent.

This thesis continues with discussions of currents and their integration in Chapter 5
and amplitude reconstruction in Chapter 6. (Including the detailed procedure omitted
from this chapter.) The successful application of these techniques to the two-loop seven-
point amplitude identifies them as valuable tools in whichever amplitude calculation is

pursued next, be it of a different helicity choice, or a greater loop or gluon number.
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5 Currents and their Integration

5.1 Introduction

BCFW recursion [19] allows an amplitude to be constructed from knowledge of its pole
structure. At tree level, diagrams showing factorisation into two amplitudes connected
by the desired propagator suffice to capture all pole information. However at loop
level, the possibility of non-simple (double etc.) poles means that factorisations are
not sufficient. They can provide all leading pole information, but pole-under-the-pole
behaviour is missed.

Augmented recursion [52] was devised to overcome this limitation. New diagrams,
featuring loop integrals involving currents, are introduced to the procedure. Contained
is both the leading and sub-leading pole information.

We illustrate this with an example from the recursion process for the seven-point
all-plus two-loop rational piece. Naively, we might draw factorisations involving two

one-loop amplitudes such as

Rigl)(a7 b7 ki) - L - Rf(il)(k+7 c, d7 €, fa g)? (51)

Sab

as shown in Figure 4.5 on page 92, and conclude that we have identified the pole

structure. However, this only contains 1/s2, terms.

Instead, we can draw

0)/ 5— i 0)/,— i 1, — i

_Ré )(ﬁ 7b7l+) - ﬁ - Ri(), )(l ,G,Oé+) - ? - 7—7( )(Oé 7B+7C7da€7f7g) - @_ (52)
as depicted in Figure 4.6 on page 92.

It is easy to see that part of the domain of this loop integration corresponds to the
previous diagram. However, the rest of the integration contains extra information,
including terms with sub-leading 1/s45 poles that are required for the recursion.

In the following sections, we will discuss the derivation of currents and present a new,

more intuitive perspective. We will derive the currents necessary for the calculation
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of the seven-point amplitude in Chapter 4. Finally, we will consider the integration of

current diagrams to obtain the contributions to the augmented recursion procedure.

5.2 Deriving Currents

Currents are similar structures to amplitudes, but where external momenta are allowed
to be off-shell. For our purposes, we are interested in doubly off-shell currents for use
in augmented recursion diagrams.

In the spinor-helicity formalism, we can represent null momenta sz with spinors )\i):i,
which automatically encode the on-shell condition p? = (ii) = [ii] = 0. Off-shell mo-
mentum requires a different treatment, for which we use the axial gauge formalism
[66, 41, 67]. A null reference momentum ¢ is introduced, so that any non-null momen-
tum K can be represented as a sum of a null momentum K° and a piece proportional
to ¢. Momentum K is said to be “nullified” according to

K2
K=K — PR (5.3)
where (K”)? = 0, ¢*> = 0 and K2 # 0. The spinors relating to K” = AgAg can be

written

Ak = Klq],
1 Klg
A= lKq) (54)

We note that a superscript (b) will be used to denote the nullified form of off-shell
momenta when they appear in our calculations. However, spinor labels will not use
these superscripts as there is no ambiguity — spinors are on-shell objects and any spinor
we use could be considered to be nullified.

As such, an easy algebraic mistake to make would be to incorrectly apply the relation
[ba] (ac) = [bla|c), (5.5)

which applies for null momenta {a, b, ¢}, to a case involving non-null momenta. In the

case of non-null K, the equivalent expression is

e — bl 2 o)
K] 4 ) = BKle) = [IE]e) — K> (5.6)
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5.2 Deriving Currents

The extra term resulting from a non-null momentum often appears in manipulations

involving currents, so should be treated with care.

It will be helpful to use axial gauge forms for the three-point tree amplitudes, incor-

porating the reference momentum ¢ [67],

Cc| {a 2
A bt ct) = =il
2
AP (@t b ) = im, (5.7)

as these can simplify expressions involving nullified momenta. In an object such as
[a|K|q), the term needed to nullify K vanishes and we can interchange [a|K|q) =

[a| K”|q) whenever that aids manipulation.

We do not need to derive the entire current, because only those terms with poles
in relevant momenta contribute to the recursion process. Therefore we can derive a
simpler “good enough” current approximation that contains only necessary structures.
Two conditions on these structures have been identified previously, which allow them
to be generated [52, 70]. For a current with legs {a, §} that are in general off-shell, we

have the rules:

: o s o . ’

(C1) The current must reproduce the leading s, singularities as so3 — 0, for any
choices of momenta {a, 8} with o2, 5% # 0.

(C2) The current must reproduce the appropriate amplitude when o2, 32 — 0 and

sqp takes a general value (which can be s,g # 0).

By following these rules, the terms involving poles in s,z are specified, but various

other contributions can be omitted.

In the recursion procedure, the s,g become so3 = s, = (ab) [ba] and we consider

residues of the pole introduced by shifting momenta in (ab). Therefore we are justified
(1)

in only deriving 7, (e, - -+ , B, -+ - ), where the full current,

s full o oo gy =7 Wy B, +(’)(825), (5.8)

contains additional pieces that have no bearing on the augmented recursion procedure.
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5 Clurrents and their Integration

5.2.1 Note about poles

The following current derivation requires that the rules C1 and C2 refer to s, as the
structure that leads to poles. Although (a ) or [« 5] may also be present, treating
these as also equivalent to poles would be erroneous.

Expanding s,g for general off-shell a, 8, we obtain

2 , o , BN
sap = (a4 f) :<a +mq+5 +2ﬂ~qq>
2 2

(8]
n B
2a0-q  2B-¢q

~(ap(gal + )Jou@sn. 69
where o’, 3" are null, ¢ is a suitable (i.e. mnot a function of {a, 8}) null reference
momentum and we interpret all momenta in spinor products as referring to the nullified
versions.

Crucially, the condition a?, 3% # 0 (appearing in C1) means that (o ) [ 8] must
remain non-zero when s,3 — 0. In other words, 1/ (a8) , 1/ [a 5] factors do not become
poles in the limit where 1/s,3 diverges and can safely be treated as finite throughout
the derivation.

In the following sections, denominator factors of s,z will be referred to as “poles”.
Strictly speaking, this is a shorthand for “the structure that leads to poles”, because
the complex shift of the recursion process has not yet been applied. Anticipating how
the various current structures will contribute to the recursion step, or not, allows effort

to be devoted to only developing the pieces that will survive into the result.

5.2.2 A systematic method

Existing literature does not tend to present an intuitive procedure for deriving currents.
We present a new systematic approach to derive the “good enough” current satisfying
C1 and C2:

1. Start by writing the “good enough” current as
7',,(11)(0(, By ) = A%1)|a2,52=0(043 By ) + 0(a27 52)7

where Ag)| o2,82=0 Tepresents the amplitude AS), with nullified o® and £” as

arguments. Any instances of s,g have been replaced by (a ) [5 o.
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5.2 Deriving Currents

The justification for this step is that it is clear that a current must contain some version
of the corresponding amplitude, extended for off-shell legs. This is encoded in condition
C2. It is also required that only the amplitude remains when o« and 5 go on-shell, so
the extension must be of O(a?, 52). However, there is ambiguity about how to adapt an
on-shell amplitude to off-shell momenta. Where spinors appear, they can only refer to
null momenta, but where momenta themselves appear (eg. in [a|blc) or s = (a + b)?)
a choice must be made whether these should be replaced by the full off-shell or nullified
momenta.

We choose to interpret all occurrences of the momentum to be taken off-shell inside
the amplitude as being the nullified form, including when the momentum itself appears.

By doing this, any apparent s-pole of o and 8 will appear as
swp = (@ + 8 =(ap)[Ba], (5.10)

which does not contribute a pole for the purposes of our derivation. (Our poles are s,z
only, where (o’ + 3°)2 # 5,4 for general a2, 32 # 0.)

Therefore we have satisfied C2 — the current will reduce to the regular on-shell am-
plitude when all momenta are on-shell. We have also avoided introducing any sg

singularities in the o2, 32 # 0 case, so have had no impact on C1.

2. Add the leading singularities to the current. These are given by all the lower-
point amplitude factorisations where the propagator is s,g. In this case, it

is the full off-shell s,g that should be written. We denote the contribution

1
)

This satisfies condition C1 straightforwardly. Because we avoided including singularities
in step 1, there is no risk of double counting. The only issue left to correct is that C2 no
longer holds, because TSS) gives some extra contribution to the current in the o2, 32 — 0

limit.

3. Subtract the piece TSS) |a2,52—0, which represents the leading singularity terms
with off-shell momenta replaced by the nullified forms o — o’ and 3 — 3°.
(In particular, sog — (o 83) [Ba].)
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5 Clurrents and their Integration

(1)

Doing so cancels those unwanted contributions when a2, 32 — 0 (because 7.4 and
nglazﬁzzo are equivalent in that limit), meaning that C2 holds once again. The
subtraction does not contain any s,g singularities, by construction, so C1 continues to
hold.

Recalling equation 5.10, we see that
Thd = Thdlaz g2 € O(0?, B) (5.11)

is required in order for the derivation to be consistent. Indeed, algebraic manipulation

of the difference gives the identity

(1) (1) 1 (e B2 2k - q
LS TLS’a2752:00(5a6 (aﬁ)[ﬁa]_ <2a~q+2ﬂ~q>sa5<aﬁ>[ﬁa]’ (5.12)

where k = o+ 8. As expected, the structure is explicitly O(a?, 3?), providing a 1/s,s

pole contribution only when o?, 32 # 0.

4. Identifying the O(a?, 3?) piece of step 1 with 7'15152 — Tﬁg)|a2752:0, the entire
“good enough” current, satisfying both conditions C1 and C2, can be written

as

(e, 8, ) = AD |2 gog(a, By )+ 70 =7 e . (5.13)

In this form, writing down a current is a straightforward algorithmic procedure, assum-

ing the relevant amplitudes are known.

5.3 The Two-Loop Five-Point Current

We will illustrate our derivation method by re-deriving the one-loop five-point single-
minus current 75(11) (a,BT,a™,b%,ct), used in the calculation of the two-loop all-plus
amplitude [52].

To match the notation used in that original derivation, the off-shell legs {«, 5} are
chosen such that o+ 8 = d+ e. Therefore the poles of interest to augmented recursion
are those in (de) in this example, which will become relevant when simplifying the

result.
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5.3 The Two-Loop Five-Point Current

5.3.1 Previous result

The current in question was previously presented in [52], following significant algebra,

7’5(11)(04_,B+,a+,b+ o) =
. lqc] [alq|b) [c|qlb)
ﬁ“P+W<[mem+mmmmww+MWMMwwﬂ
n i {ag)? [(d a) [a|B[b) . (ac)[bc] <[Q\Paﬁ\b)3 (ga)(qd) [q|alg)
(ab)? (Bg)* | (be){cd) (be)?* \lglPaplg)® (da)[q|Pagla)
_glab) [QIPaﬁ|b>2[q|ﬂ|q>)]
| Popla)?a| Pasla)
i B’ [g] ([cB[B4) [k q) + [Bg)* [cK))
+f%+am&<‘kﬂm@+“M® b % g )’ (514
where k = P,3 = o + 3. The pieces written as
i {ag)? (glaBlg) (ca)lac]®
T0 = 3507 sas (ab) (b0) [APasl0) 0l Pasla) (5.15)
and . ) 1 2
Fup = — i (ak) [5 Q] [C ] (5.16)

3 [aglkq] sap (ab)?
come from leading pole factorisations in that derivation and will also appear in our new

derivation.

5.3.2 New derivation

Following the steps outlined earlier, we first write down the appropriate amplitude,

i1 [ B (@b adbd | (ea)’
3an? | @Allcal " (ap) Bay bt

Aég(a_, Bt at, bt ct) =

?

pI{bA)
)

[
(ac) (be) (ap)?
(5.17)

This contains no s,g, so can be included in the current as it is, therefore satisfying C2

without affecting Cl1.
Now consider the leading s,3 poles when a?, 3% # 0. These are given in full by the

factorisations involving an s,z propagator. Labelling according to the previous scheme,
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5 Clurrents and their Integration

the factorisations we find are

0 Nt (), —
Fap = A0, —kF5, B )QAE1 J(kigrat b, c"),

Fsb = A(O)

3.0 at bt eh), (5.18)

i
(™, —kyg. 8 )%Ag)(kiﬁ’

which differ only by the helicity assignment on the propagator. No further s,z pole
factorisations can be found.

Subtract the piece with s,z replaced by (a 3) [ 8] to obtain the O(a?, %) contribu-
tion. Explicitly,

o _iteq?, oo (11 (ca)lac]’
sitlo e =37 507 10P1) (oo~ BB 53 e
Cifak)[Bg? (1 1 [ck)?
3 [l (B d] <sa5 (@ B) B a]) @h)? (5.19)
Hence, the total current is
D, 8t at,bt ¢ty = AL + (Fap + Fa) <1 - w;;l[ﬂﬁaﬁ , (5.20)

or, in full,

T5:1 =

00 g+ a* gt oty = b L [_ B {ab)lac) be +<aa>3[aﬁ]<bﬁ>]

" 3(ab)? | [aBlleal T (aB)(Ba) (be)?  (ac)(be) (ap)?
g?, (11 (ca} [adf®
R (w @) [5@]) @B 00) | Pag @)l Papld)
Cilak)[Be’ (1 1 e k2
3 [aq) [kl <saﬁ (aB) [Ba]) (@b’ (5.21)

Note that some manipulations are needed before this current can be integrated, so we
have not avoided all the non-trivial steps of the earlier derivation. However, our method
follows a straightforward logic, which streamlines the derivation and makes errors less

likely to occur.

5.3.3 Checks with simplifying reference momentum

The current we have derived does not match the exact form of the previous result. This

is not unexpected, as the “good enough” current is defined up to some O(a?, %) piece
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5.3 The Two-Loop Five-Point Current

that does not contribute to the recursion process. Therefore to validate our derivation
process, we should perform manipulations to explicitly confirm that our current is the
same as the previous derivation to O(a?, 32). Some of these steps relate to the process
of preparing the current for integration, although others are added complexity that our
new method avoids.

As a first test, we choose a convenient reference momentum, ¢ = )\bj\c, that we expect

to lead to significant simplification. The old current reduces to

* (bd) (ac) [c|afb)

(ot _p 01 1 {(ab)
T5:1 —}—dp+ 3 (ab>2 <,3b>2 <da> <bc>2
i 1 (ab)®(da)alB|b)
+3<ab>2 (Bb)% (be) (cd) +Fab (5.22)

The new current becomes
(1) new __ T
ML 3 (ab)? (Bh) (Ba)
i 1 A« ) [a
_’_7
3 (ab)® (arc) (b

Terms 1 and 7 in eq. 5.21 cancel to give no 1/ [a 3] piece in eq. 5.23. Terms 2 and 5 in

be
f“ 8) 5 + Fap + Fep. (5.23)

eq. 5.21 combine to form term 1 in eq. 5.23 and no 1/ (« 3) piece.
(1)

To prepare 75 MY for integration:
e Multiply term 1 by (8b) (va) top and bottom.

e Apply a Schouten identity to (5 b) («a) in the numerator, discarding the O({a 3))

piece.
e Multiply term 2 by (3b)* top and bottom.

e Apply a Schouten identity to (8b)? (o a)? in the numerator, discarding the O((a )

pieces.

e Apply the approximation

(Xa) Xa)(Yd) (Xd)
Yoy~ (vaywa ~ (va HOUxd): (5.24)

e Discard pieces of O((ad)). (These factors will integrate to (de). In the derivation

of ref. [52], it is (de) poles that are the target of recursion, which we copy here
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5 Clurrents and their Integration

for the comparison. Therefore O((de)) terms do not give contributions and can

be discarded from the “good enough” current.)

Following these steps, we obtain an identical expression to Téll) ’Old, demonstrating the

required agreement for a specific choice of reference momentum.

5.3.4 Checks with a general reference momentum

Following the success with a specific reference momentum, we complete the comparison
by considering a general reference momentum. Again, consider the newly derived cur-
rent in eq. 5.21. This should match the older version in eq. 5.14 (once manipulations

to prepare for integration have been carried out).

Terms 4 and 6 in eq. 5.21 are already in a matching form, being Fy, and Fg. We
now group terms in the new current by their 1/ (a ) or 1/ [« ] structures. It should be

possible to remove these factors by manipulation to obtain the form of the old current.

Piece with 1/ [« 5] factor

The new current contains the terms

oo mm i BP i (@k[Bg? [k
P =P = g P Bl cal T 3(ab)? ladkd @B Bal O

Expand the first of these using

sb i [,80}2 c
Pl - 3<ab>2[065][004][04q][ Q][ﬁ ]
i [Bd’lad] i [Bd[aB)

== - — psb sb
= T3@hllcollod  3(ab)? [aBllag et (5.26)
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5.3 The Two-Loop Five-Point Current

where we recognise P;° as term 9 in the old current. The remaining terms now combine,

b om0 (BB (ka)[Ba® [ch]
Pt hy _3(ab>2< allad " faqllka (@B)lap ])
3
|

i (e Bl
_3 3 oq ( [5 ] [Qﬁ] [k:q]2 )

(ab)? [ag] e f]

:3<cfb> ? [kq] [;\IZ%[[BQQ]H A [k al” [ + [ [ck]?)

B <i> 2 [k H< ]>[(£z %]% G FdleBl 1B lek))(=kd][cf] +[Ba]lck])
_3<:b> [< ]>[[ ]][OE ?]2[ ]([kq] e8]+ [Bql[ck])

:3<cjb> [aq}[[ﬁljj]'([]i[ﬁc]q; ([e B8] [B4] [k q) + [B4)* [cK])

(leB][B 4] kg + (B4 [ck])

= 3P ka0 (5.21)
yielding term 10 in the old current.
Piece with 1/ (a ) factor
The new current contains the terms
Pab _ Pab rpab = 3 1 <Oé b>3 <CL C> [b C]
U = 502 (0 p) (Ba) by
_ifeg)®, 1 (ca) o]’
3 (57 1010 (wor5a) worva paaram ©2
To begin, consider be and apply the identity
1 _ 1 (qglaBlg)alPaple) | (qB){qa)lglalq)
@B (Ba) ~ (aq) (Ba) (w5 Bellamla * G e ) ©
to obtain
par_ i1 {ac)fbd(a q)* (ab)’ < (gleBla)g|Papla) | (aB)(qa) [Q|O4Q>>
"3 ah)? (b (Bg)® (aq)® \(aB)[BallglPasla) T (Ba)lq|Pasla) )

(5.30)
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5 Clurrents and their Integration

We can expand the factor (ab) /(o q) to remove unwanted spinor as as follows:

(ab) _ [Baj(ab) _ [Bla’]b) _ [Bla” + B|b)

(aq)  [Ba]{ag)  [Blalg) (8] Pagla)
_ Bl + B1b) [al Pagla) _ [Bla” + B°[b) lala” + B’la)
Bl Pagla)  [alPasla) [BlPasle) gl Pusla)

[q| Pag|b)[B| Pagla) + (a” + 8°)2 (qb) [B 4]
(B Pugla)q| Pasla)
[dPuslt) | (aB)[Ballgd) [Bd]
= W Posld) T BlPasl) [l Posla) (5.31)

where we have used a Schouten identity and been careful with a’+3" # Pg P (specifically,
(o® 4+ B°)% = (aB) [Ba] vs. (P(I;B)Z = 0). This factor appears cubed in P, but we can
ignore pieces of O({« 5)) which will not contribute when we eventually take residues.

The terms of interest are

i 1 (ac)[bd {aq)® [alPaslb)® [ (aloBl)lalPasly) <qﬁ><qa>[QIaIQ>>
3(ab)® (be)* (Bq)? dlPaple)® \(aB)[BallglPusla) — (Ba)[q|Pusla)

i 1 {ac)[be] {q)” [qlPaslb)?® [, {ab) [Bd] (gloBlg) .
3a0? 0? (3q) [q|Pa5|q>2< B1Pasla) [q|Paﬁ|a>>+O(< p)

=P 4 P L P L O((afh)). (5.32)

Pyl =

We can immediately see that

ab __
Py =

1 (ag)’(ac)[be] ([q|Paﬁ|b>3 (qd) (qa) [q|clq)

3(ab)? (Bq)® (be)? \lalPasle)® (da)[q|Pasla) >+0(<5d>), (5.33)

which gives term 6 in the old current. It is also trivial to rewrite

ab __
7ch -

W =.

1 {ac)[be] (aq)? [q|Paglb)? <3<qb> 184] <QIozB|q>>
(ab)? (e (Bg)? [alPapla)? " [Blalg) [q]Pagla)

i 1 {aq)*(ac)be] [, [alPaslb)® (a]) [a]Blg)

27 (be)? ( 3l Papla)? [0l Pasla) ) (5:54)

3 (B

which is term 7 in the old current.

Further expanding Pfé’ with its unwanted denominator, using

[bc] [Q|Paﬁ|b> = [Q|Paﬁb|c] = _[Q|Paﬁ(a +c+ Pa5)|c] =—lad [Q‘Paﬁ’a> — Sap [gc],
(5.35)
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5.3 The Two-Loop Five-Point Current

leads to
pa 1 1 (o 9)° (alaBlg) (ac)[bd] gl Paplb)®
B ab) (Bg) (@B) [Bal (be)? [alPapla)?[alPasla)
i{aq)®  (qloBlg)  (ca)
3(Bq)?* (ap)[Ba]lab) (bc)
[a c] [q] Pas|b)? . [q ] [q] Pogplb)?
. <<ab>< be) [q|Pagla)? TS T (o) [QIPaﬂ\Q>2[cJIPaala>)
_ifag)®  (glaplg)  (ca)
3(8q)* (apB)[Bal(ab) (be)
[ac}2( [ac] [ Pag|b)® s [ ] [q] Pagplb)? )
lac]® \(ab) (bc) [ql Pagla)® "7 {ab) (bc) [al Pasla)2[a| Pasla)
_i(ag)®  (glople)  (ca)
3(Bq)* (aB)[Ba](ab) (be)
5 la.c]” [q| Pagb)> b la.c]” [q ] [q| Paslb)?
[al Pag ) [c| Pag|b)[a| Pagla)? " [al Pag b} [c| Pag|b)[a| Pagla)2[a| Pagla) |
(5.36)

Multiply numerator and denominator by [a|Pag|q)[c|Paglg), then use the Schouten

identities

[alPapla)|al Paslb) = [q| Paslg)|al Paplb) + sap g al (gb) ,
[¢|Pasl@)[q| Pas|b) = [g|Pasl@)[c|Paslb) + sap [gc] (gb) (5.37)

to reach the form

3(@ 0)° (aaBla) (ca)ac)’ 1
3(8q)* (aB)[Ba] (ab)(be) [alPaslg)[c|Paslg)

B
4 alglt) clal) 2
<[t s (G + e+ i) + O]
(5.38)

ab
Pla -

where the O(siﬂ) terms will not contribute to the eventual (de) poles.
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5 Clurrents and their Integration

Notice that the first term here cancels P§°. The remaining three can be written
_ SaB
{aB) 8 o]

_8 [q ] [a|q|b) [c|q|b) E .
oo (i) * P WPl o) + O

:]:dp (1 + O(a2sa5, 525,15))

% -8 [q c] [a|q|b) (c|q|b) E -
oo (aatoironia * WPl o) * Pt ) O

Pla + ,Pgb :fdp

-, lqc] [alqlb) [clalb)
= [ s <[ac] [a[Pagla)  [alPasla)lalclb) [qrpamq>[c|a|b>ﬂ
+ O(saﬁa 0423a,6’a staﬁ)a (5.39)

where we have obtained terms 2, 3 and 4 in the old current. The pieces of O(a23a5, 5280§)

do not contribute to either the leading pole, or when o2, 32 = 0, so can be discarded.

Piece without 1/[a ] or 1/ [a 3] factor

The new current contains the term

f] b5 (5.40)

pufo_ 1 1 _(B0)°(aa)*[aB](bF)
31ah? (69)7 (ac) o) (ah)
i 1 (Bablag)+ (eq) @A) (a)apl (5)
3 at)? Gy (@) (be) (aP)’
_ i 1 (ag)’(aa)[al8lp)
TS (o P feay OO
. 2
i G <ot + Oea). (5

which gives us term 5 in the old current.

This completes the demonstration that the new current-derivation method repro-
duces the version derived in [52]. We have shown that our new method is valid, and

allows currents to be derived rapidly in an intuitive way.
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5.4 The Two-Loop Seven-Point Currents

We derive the new currents required for the augmented recursion step of the seven-point

two-loop amplitude derivation. These were used during the procedure of Chapter 4.

Our derivation is in full colour, so the augmented recursion diagrams must be dressed
with colour to obtain the various contributions to each seven-point colour structure.
The colour-dressed current contains “partial currents” associated with each possible
trace structure that occurs at one loop, denoted by 7'7(1)? in an analogous way to the
colour decomposition of an amplitude. There are also two allowed helicity layouts
represented on the diagram, which must both be taken into account. In total, all

currents of the following forms appear:

77(12( o, BT, ),
77(12( at o B ),
77(12( B at, ),
T B aT ), (5.42)

for A = {1,2,3,4}. Out of the structures listed, only the current with adjacent off-shell
legs, 7'7(11) (o=, BT, ct,d¥ e", fT,g7), has been previously derived. This was done as
part of the derivation of the leading in colour partial amplitude Agi in ref. [60], for

which this was the only required current.

The other currents are new. We can reduce the number that must be determined to
a smaller set by exploiting symmetries. Because currents are colour decomposed in the
same way as amplitudes, decoupling identities exist between partial currents, and the
arguments of each colour structure obey the same sets of cyclic and flip symmetries as

the arguments of an amplitude.

First, the one-loop seven-point decoupling identities can be used to express all sub-

leading in colour partial currents 77(12) , 77(13) , 77(:14) in terms of the leading in colour struc-

ture 7'7(11) . An elegant expression for this relation was presented in ref. [7], which for our

situation is written as

A= )= Y 20, (5.43)
ceCOP{a}{B}

where a = {r — 1,--- ,1}, = {r,--- ,n} and the function COP{a}{S} provides all

permutations of {1,2,---,n} for which n is fixed, and the cyclic orderings of the sets
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o and S are preserved.

The resulting set, now containing only leading in colour partial amplitudes, has a

large range of leg arrangements. The flip symmetry of the arguments
(1) _
7_7:1 (Cb,b, c, da€7f7g) - 7—7:1 (gaf767d7 c, b7 a) (544>

allows the momentum « to be placed before 5. We can also make use of the Pr.q

symmetry in the momenta,
77(}1)(% ba c, d7 €, fa g) = 7(11)(b7 C, d7 €, f7 g, a) == T7(11)(gv a, b7 c, d7 €, f)7 (545)

to bring « to the first position. The set of currents now contains only six different
structures, up to an unimportant relabelling of the on-shell legs. These are
1), — 1 -
7'7(;1)(04 9 B+7 C+, d+7 €+, f+)g+)a Té;l)(a—i_a ﬁ 9 C+, d+) 6+) f+7g+)7
1 1 -
Wam et 8t dt et g, r et et BT A et ),
)
1

7:) B
A et dt Bt et gt m (ot et dt B et 1 gh). (5.46)

\]

A final insight is that the two different helicity assignments can also be related by
a momentum relabelling. In this case, the reassignment affects the whole augmented
recursion diagram. We exchange the « and S labels on the current, which must be
matched by a relabelling of the o and f in the three-point amplitudes. A flip symmetry
and rotation of the arguments allows the current to be placed in the standard (o~
first) arrangement. Therefore, if a particular helicity choice on an augmented recursion
diagram integrates to give a contribution F'(a,b,c,d, e, f, g), then the contribution from

the other helicity choice can be seen to be —F(b,a,g, f,e,d, c).

We can continue by choosing a principal helicity arrangement for the current of {a ™, 87 }.
After integration, we account for the other helicity configuration by also including
F(a,b,c,d,e, f,g) = —F(b,a,g, f,e,d,c) contributions.

Three independent currents remain as requirements for the augmented recursion

procedure. Of these, one is the known current

rl(a” Bt et db et f L"), (5.47)

128



5.4 The Two-Loop Seven-Point Currents

The two new currents which must be derived are
77(1)(04*,cﬂﬂ*,d*,e*,fﬂg*),
(o™ et dt Bhet, £ 7). (5.48)

We see that the difference between these structures is the degree of separation between

the two off-shell legs. Referencing this fact, we name the currents the “adjacent”,

”

“singly non-adjacent” and “doubly non-adjacent” currents, respectively.

5.4.1 The adjacent current

We re-derive the adjacent current 77(:11)(04_,ﬁ+,c+,d+,e+,f+,g+) as a check of our
method and that of the previous derivation [60].

Following the procedure set out in Section 5.2.2, we identify the one-loop seven-point

single-minus amplitude [37] as the basis for our current. Condition C2 is satisfied by
(e, BT et dt e fTgT) = AQj (a7, BT et d et T gh) + 002, 8). (5.49)

We write down the leading s,z poles for a?, 3% # 0, which come from all the allowed

factorisations involving an s,3 propagator. Labelling them for convenience,
0, — (1), —
Fi=AD(a ,5+,_k;/3>§14g Mk et db et frogh),
(03

Fo= AP, 87, —kgﬂ)é/lél)(k;ﬂ,c*,d*,e*,f*,g*), (5.50)

which differ by the helicity arrangement along the propagator. Subtracting the un-
wanted o?, 32 — 0 contribution, we satisfy C1. Therefore the total current can be

written
n, _ 1y, _
7.7(:1)(& ,B*,c*,d*,e*,f*,g*) —A :2(0‘ ,ﬁ+,c+,d+,e+,f+,g+)

___ SaB
+ (F1+ F2) <1 @ B) 8 Oz]) . (5.51)

Which (after integration) finds agreement with the previous result.
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5 Clurrents and their Integration

5.4.2 The singly non-adjacent current

We derive the singly non-adjacent current 7'7(1) (a=,ct, BT, dt,et, fT,g7) by following
the procedure set out in Section 5.2.2.

The basis of the current is the seven-point amplitude, with the off-shell momenta in-
serted on non-adjacent legs, A%(a_, ct, B, d" et fT,g7), to satisfy C2. In a change
from previous currents, we find that there are no factorisations involving s,g poles.
Should any propagator contain both a and 3, we would expect it to also contain ¢ due
to the arrangement of the external legs. (Factorisations where the order of external
legs does not match the desired current also cannot contribute, because their colour

structures do not combine to give the correct overall structure.)

Therefore the full singly non-adjacent current can be written

Tél)(a77 C+7 /6+7 d+? e+7 f+7.g+) :%’?aSiS(ai? c+7 5+7 d+7 e+7 f+7.g+)

_ %é)asis(a77g+7f+’e+’d+76+7c+), (5.52)
where we define
%'?asw(a_? C+, 6+7 d+a €+7 f+7 g+) =
( ) (alkesld) (B ) {ord)?
3 (Bd)? (cB) (de)* (e f) (f g) {go) (evc)

N (alkeslg]?
dlkeglg) (Bd) (cB) (e £)* (ac) tesy
<a‘k06kde’a>3
(alkepac| f)(@lksgkacl B) (¢ B) (de)? (f g) (g ) (rc)
(cd) (o 8)” [c ]
(Bd)* (cB)* (de) (e f) (fg) (ga)
[cg]’® (1[5f]— [clkgaker|g]sde [f\kdek‘eﬂg])
Bd) (de) (e f)[gal o tgac \ 2 2(Blkaclgl (flkgalc] ~ (Blkaclg]
{alkeplg)? (<a|kcg|d1sde . [frkdekef\g1> )
Blkaclg) (c B) (de) (e F) (@ 0) taestacs \ (alkeskaclf) ~  (dlkerlg]

—~

N |

1

1
(5.53)

We integrate this current in the following section, to obtain its contribution to the
augmented recursion procedure. Because the current itself does not contain any s.g,

the only poles will come from the loop integration and will be at most simple poles.
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5.5 Integrating Currents

5.4.3 The doubly non-adjacent current

The doubly non-adjacent current 77(1)(a_,c+,d+,6+,e+, ft,g") is derived by again
following the procedure set out in Section 5.2.2.

The current is based on the amplitude A%(a‘, ct,dt, Bt et fT,g"), with the off-
shell momenta placed with two on-shell legs between them. As a non-adjacent current,

again there are no factorisations containing s,z poles.

Re-using the function defined in eq. 5.53, we can write the current as

Tél)((}{i? c+7 d+75+7 e+7 f+7g+> :%’?aSiS(O{i? c+7ﬂ+7 d+7 e+7 f+7g+)

_%?aSis(Oé_,g+,f+,€+,6+,d+,c+). (5.54)

Having obtained all required currents, we can now progress to integrating the aug-

mented recursion diagrams which they are used to construct.

5.5 Integrating Currents

After deriving expressions for the currents (or “good enough” versions that contain all
the relevant structures), the next stage in the procedure is to carry out the loop integral
in the augmented recursion diagram.

With the standard leg arrangement of Figure 4.6 on page 92, the momenta on the
3-point corners are {a, b} and the internal off-shell momenta are defined to be & = a+/¢
and 8 = b — £. The integrals take the form

D ; ; )
z.- [ (;W)ED;Aé?g(—ﬁ_,b,—€+)Z2A§2(€_’a’_a+)oj277(ll)(a_’” BT)
__ i [ 4% BOBa?lealla’ - gr
(2m)P ) 228 (bg) (L) (ag){aq) "~
o 1 e Ba)° w0 g
- 7 <aq><bq>/£2a2ﬂ2[ la)bltla); g am e BY ), (5:55)

for the o, 31 choice of helicities.

We can relate this form to that of the alternative helicity choice by relabelling a <> 3
and permuting the arguments of the current. The form used for the three-point trees
is the axial gauge version defined in eq. 5.7, which makes possible the manipulation
[aa] {aq) = [alalg) = [a]f]g) in the third line.
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5 Clurrents and their Integration

For future reference, we will use the more concise notation

_ Ba)® 1y, - +
T, = | dA (- B, (5.56)
(aq)
with the definition
i 1 Py
dA = — [al€]q)[b]¢]q)- (5.57)

(2m)P (aq) (bq) (>a?5?

We may refer to this as “integrating the current”, although strictly speaking it is the
whole augmented recursion diagram that is being integrated.

The expressions Z,, give rise to Feynman loop integrals, but generally with some in-
convenient dependency on the nullified loop momentum appearing inside spinor prod-
ucts. It is necessary to manipulate the integrand into a form without these, at which

point the integration can follow standard techniques.

5.5.1 Manipulations to aid integration

We would like to manipulate our integrals Z,,, so that they are in a form that we recog-
nise how to integrate. A barrier to this is that the nullified forms of loop momenta
¢, a(f), p(¢) can appear in spinor products, giving the integrand a complicated de-
pendence on £. If possible we would like to remove these, leaving only full off-shell
momentum factors.

The following manipulations may be useful when dealing with spinors of nullified
momenta, allowing reduction to an easily integrated form. That we only need to identify

rational terms containing s, = sS4 poles also allows for some contributions to be

discarded.

Firstly, some loop momentum dependence in the denominator can be simplified by

expanding in powers of (« 3), such as in

1 1

[X[5+Y]a)  [X]|Bla) + [X[Y]a)

B Y P TV R WS B
- XYa) (1 X|Y]a) > [X‘Y‘aﬁ@(( B).  (5.58)

This should be carried out where possible, since the O({« 3)) piece can cancel an explicit

(a B) in the denominator, if one is present.
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5.5 Integrating Currents

After simplifying the denominators, remaining (« ) , [ 8] factors can be converted
to propagators via

L _leollfd _ _lgollfdl _ [aodlfal _ lgollBdl | 2y 550

(aB)  lglaBlgl  lglafa+D)lq]  [qlalk)[kq]  (a+x)?[kq]

and

L _Go)(Ba) _ o) (Ba) _ o) Ba) _ )B4 oo 560

[@fB]  (glaBlg)  (glafa+Db)lg)  (qlalk](kq) (a+x)?(kq)

where k = kg, = a + b and we define new on-shell momenta x = )\kj\q and ¥ = )\qS\k.
The denominator spinor containing kZb that we introduce may cancel a factor in the
numerator, or survive to influence the recursion result, but is no longer a concern for
the integration process.

Numerator factors can also be modified so that loop momenta are accompanied by

a q spinor, by expanding

(aY)
(aq)

This can be helpful because the loop momentum can now be considered to be g-nullified

[XlalY) = [X[a"]Y) + O(?) = [X]alg) +0(a?). (5.61)

or not, depending on which is more convenient. The ¢ spinor will also tend to cause
cancellations with the Feynman shift we apply to the loop momentum when performing
the integration.

In the previous two steps, terms containing additional factors of a2, 4% can usually be
discarded when they occur, as these cancel a propagator factor and reduce the resulting
power of (ab) obtained from the integration. We are only interested in the residue, so
terms that only contribute to O({ab)?) have no effect and can be discarded whenever
they are identified. The exception occurs when an explicit factor of s,g = sq is
already present in the denominator before integration. In that case, even those integral
contributions that produce no s, themselves form part of the residue. Care should be
taken not to discard these pieces erroneously.

An additional manipulation which clears some loop momentum spinors is

(Xa) (Xa){Ya) (Xa)

(Ya) - (Ya)(Ya) - (Y a) +O0((aa)). (5.62)

Generally, («a) can be combined with other numerator factors to produce factors of

(ab). (For example, the sequence of manipulations may be (aa)[aq] = (a|alq] =
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5 Clurrents and their Integration

(all]g], with a Feynman shift used in the integration process itself introducing b where
the loop momentum appears.) These terms can be discarded if the overall result would
be O({ab)?), which occurs when there are no explicit denominator factors of (ab) to
cancel the effect of (aa).

Various trivial substitutions can also be made, based on the relationship between
a+ B =k=a+b, such as

[(XI8]Y) = [X[E]Y) — [X]|a]Y), (5.63)

where k is constant with respect to the integral.

Following the above substitutions, we reduce the denominators of our currents to a
series of propagator factors. The numerators are constant spinor structures, or contain
factors of the loop momentum ¢#. We recognise this form as one which can be integrated

using the method of Feynman parameters.

5.5.2 Feynman integration

We follow a standard procedure to integrate the currents once prepared in the ap-
propriate form. Firstly, the denominator is put in a symmetric form using Feynman
parametrisation. The loop momentum integral is carried out, then the Feynman pa-
rameter integrals are interpreted in terms of gamma functions. For the purposes of

augmented recursion, we are only interested in the rational, O(e") pieces of the results.

1. Introduce Feynman parameters to combine propagator factors into single denom-

inator,

1 / 5(1_2?[:1 zj)

5.64
Z1D1+2’2D2+"‘+ZNDN)N ( )

DDy Dy

2. Complete the square in the denominator, to yield a form ((I + A)2 4+ M)

3. Redefine the loop momentum, ¢ — ¢ — A, to obtain the symmetric denominator
form (¢2 + M)N

4. Looking at the numerator, discard vanishing terms that are antisymmetric in £.
Even powers of ¢, where both are contracted with |¢), will also vanish due to the

Fierz rearrangement formula [i|v*|7)[k|v,|l) = 2 [i k] (I j) yielding (qq) = 0.
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5.5 Integrating Currents

5. Perform the momentum integral. We derive the general result, which can be

applied straightforwardly:

L(N - %)

e R L

(5.65)

6. Perform the z; integrals. This tends to produce gamma functions, defined as

F(z):/ " e dx.
0

Applying the beta function definition,
1
Bley) = [ £ 0pan,
0
for Re(z) > 0,Re(y) > 0, followed by the relationship
B(z,y) =

may be appropriate.

7. Expand the gamma functions in powers of € and keep the rational piece.

(5.66)

(5.67)

(5.68)

To illustrate the process, let us pick a particular current structure to show the integra-

tion steps in detail. Choosing

the integration to evaluate is

I, = /dA[1]

1 dPe
= | Bezgleldalbita).

(2m)P {aq) (bg)

(5.69)

(5.70)

To proceed with the integration, use Feynman parametrisation. Recalling that o =
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5 Clurrents and their Integration

a+fand g =b—{, we have
01—z — 22 —a3)
= F
20232 252 3) / / / a1dT2ds (z102 + 2982 + x302)3
1—x2 1
3 dx1d
)/0 /0 X200 (mra — aab) )

1—x2 1
3 dx1d . 5.71
)/0 /0 a:1 xz((£+$1a*$2b)2 + T12254p)3 (5.71)

Using the substitution ¢ — £ — x1a 4+ x2b, the denominator reaches a convenient form.

This substitution must also be applied to the rest of the integrand. We have

= 3 / iy / / e walalblg)ablalg)
" (27r)D {aq) (bq) (02 + z1w954p)3
1-22 1T
— b)? [ aPe dxyd 172 72
( @) la / / / O R g a5 a)® (02 + 212954p)3 (5.72)

which after momentum integration with R? = 12254, becomes

D
B ) D 1 1—zo 4D
I, = —7(%)[)1“ <3 - 2) a b]Q/O /0 drydeawiza(e12950) >3
D
T2 D —g42 (L plmm D_
= —WI‘ (3 - 2> [ab]? S, T2 / / drydzy(z129) 2 2. (5.73)
o Jo

The integral over Feynman parameters becomes

-+ 0 5.74
TG-20 1-¢ 219 (5:74)
where we have made use of the fact that D = 4 — 2¢ to expand in powers of e.
Therefore overall,
- 1 1 Jab]
I, =~ —+0 5.75
2 @2 (apy T O (5:75)
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5.5 Integrating Currents

The denominator factor of (47)2, or (47)2~€ in the all-e form, is part of the constant
factor a = g?e~E /(47)?~€ that accompanies loop amplitudes .Aq(f ) in the overall decom-
position of an amplitude (equation 2.1 on page 21). The loop integration has created a
two-loop structure from a one-loop structure, so an additional factor of a was expected
to arise. Strictly speaking, we should also expect factors of the coupling constant g2 to

emerge from the calculation, so that

[a b]
(ab)

1
Inzia

+O(e). (5.76)

Noting that each of the three-point tree amplitudes should be accompanied by a factor
of g in the full expansion, but have not been here, shows where these factors have been
omitted from our derivation.

For the results that follow, we will state only the functional form relevant to the

augmented recursion procedure. For example,

1 ad]
"2 (ab)

+O(e). (5.77)

Factors of 1/(47)? (and ¢?) can be assumed to have been absorbed into the correct

definition of the loop amplitude expansion.

5.5.3 Integration results

We carry out the integration of currents piece-wise, recording the results of each struc-

ture encountered here.

Triangle integrals, or those involving three propagator factors, take the forms:

/ﬁMu:;53+0@, (5.78)
/ﬁAﬂﬂM@]:égﬁth+2M@+(Xd, (5.79)

[ AN IBla)] = G X2+ ) + O (5.50)

[ ANIXI8107] = 15 ey (Xlla)? + 3LXlalg} X bla) + 3{X[big) + O(0), (581
[ dhltalala)] = g g tlabla) + O (5.82)
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5 Clurrents and their Integration

/ dA [0?] = / dA [5%] = 0. (5.83)

Four-propagator integrals occur when a denominator factor is promoted to propaga-
tor. The results contain transcendental functions (logarithms) and only some contain
rational pieces. For the following box integrals we state only the rational terms (denoted

with |g), as these give the contribution to augmented recursion:

o[z =rll,
/dA [(Eﬂ%] . 1 [ab] [X]alg)
b

= 2 (ab) [alY]a) (5.85)
(X[lg)* | _ 1 [ad] [X]alg) [bY'|b)
o [Gevm]l = st v (et (1= 2igps) - i) 650

When two denominator factors are promoted to propagators, we obtain pentagon

=0, (5.84)

integrals. In the following two cases, there are no rational contributions:

/dA [(Q+X)21(B+Y)2] ’@ =0, (5.87)
J [<a L y>2] ’@ =0 (5.58)

When calculating integrals with higher numbers of propagators, it can be useful to

expand the structure inside dA as

Oéz 2 a 2 —
(alllg) Bblilg) = {q|bllq) + B=(al l<|3>b>+l (g Kap(b—1)|q) (5.80)

to produce a sum of simpler integrals. This manipulation pulls out an explicit (a b)
pole, so a further factor is not expected from the integration step.

For integrals with more than five propagators, the integral reduction described by
Passarino and Veltman [29] is useful. Any integral greater than a pentagon can be

reduced to a linear combination of pentagons, by following the logic:

e We have for N > 5,

N 1
= I | - 5.90
i=1 d;’ ( )
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5.6 Conclusions

where d; = (£ + p;)? — m2.

(]

e It is possible to choose N > 5 unknowns «; such that the equations Zfi 10 =0,

Zf\il a;qt" = 0 have at least one non-trivial solution.

e With these «; chosen,

N N N
> aidi =Y ai(® 20 pi+p; —mi) = ai(p} —mj), (5.91)

SO N
> img @idi
Zf\il Oéi(p? - m?)

e The «; and denominator are independent of the loop momentum, so multiplying

1=

(5.92)

In by this factor produces a sum of In_i-type integrals with known coefficients.

Hence, hexagons and above can be reduced to pentagons, of which we have calculated
two commonly occurring types. Hexagons which reduce to the two pentagons calculated
above contribute no rational piece.

With all current integrals carried out, we collect the integrated pieces and sum over
the momentum configurations required for each partial amplitude colour structure.
Both helicity configurations in the diagram are accounted for by including relabelled
integrals as previously described. We divide by z, apply the shift, then take the residues

to obtain the augmented recursion contributions to the partial amplitudes.

5.6 Conclusions

The inclusion of currents with off-shell legs is the development that separates aug-
mented recursion from the original recursive method of BCFW for calculating rational
amplitude pieces. By integrating current diagrams, Laurent coefficients can be ob-
tained for the sub-leading poles in the rational part of an amplitude, an improvement
on factorisation diagrams which provide only the leading pole information. This allows
the whole of the rational piece to be determined by its analytic structure.

Calculating the necessary currents is a difficult task, but certain simplifications can
be made because it is known that the current is only required for its contributions to
a complex residue. Imposing two conditions that ensure the correct residue is later
obtained, the current can be determined up to some terms that do not affect the

procedure. An algorithmic way of writing down such a current was presented in this
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5 Clurrents and their Integration

chapter, and its validity demonstrated by reproducing an earlier result. New currents
used in the successful derivation of the two-loop seven-point all-plus helicity amplitude,
the subject of Chapter 4, were then presented.

Integrating currents presents its own challenges, as spinor structures can bear quite
complicated relations to the loop momentum of interest. However, there are often
manipulations that can be applied in a systematic way to each type of term, of which
we list a number. Existing Feynman integral results can also be used in new problems,
reducing the burden in future calculations.

The next chapter describes a procedure for reconstructing analytic amplitudes in
a simpler, more symmetric form. This can be applied directly to the complicated
expressions produced by integrating currents, to produce a more compact result. Or it
can be used on the amplitudes that form the initial ingredients of currents themselves,

so that the simplification filters through the entire process.
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6 Reconstruction of Rational Functions

6.1 Introduction

Various techniques exist for generating the rational pieces of amplitudes. Perhaps the
most conceptually straightforward is to write down and evaluate all Feynman diagrams
for the desired interaction. However, the drawback is that the number of diagrams to
draw grows rapidly with the number of external particles involved, making the approach
unfeasible for deriving more complicated amplitudes on typical computers [5].

Augmented recursion offers a way to obtain the rational pieces, by building them
from residues of a small number of factorisations and non-factorising current diagrams
[38, 39, 40]. As part of this process, a reference momentum is introduced to control
the analytic behaviour. The final result produced will tend to contain factors of this
reference momentum, but does not have any dependence on it overall. Therefore we are
motivated to find a way to reconstruct the rational piece result so that it is explicitly
free of this temporary inclusion. At the same time, we can also aim for a structure where
other symmetries are manifest, for example the cyclic symmetries in the momentum
labelling.

As we consider amplitudes of higher numbers of gluons, particularly those partial
amplitudes appearing in the full colour form, we also see an increase in the complexity
of the initial augmented recursion result. Although still more efficient than a Feynman
diagram approach, the result can require tens of factorisations and current diagrams.
The inclusion of multiple current diagrams can quickly cause expressions to become
(notationally) large, due to the complicated nature of currents, and their sizes being at
least as large as the corresponding one-loop amplitude from which they are built. The
issue is compounded for sub-leading in colour structures, which would tend to contain
integrals of sub-leading in colour currents. To avoid having to separately calculate these
sub-leading currents, they are re-expressed in terms of the leading in colour structure
using decoupling identities. The result is a further multiplication of the terms appearing
in the augmented recursion process and results.

More generally, our processes (such as forming factorisations and current-building)
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6 Reconstruction of Rational Functions

often rely on the form of one-loop amplitudes. Unnecessary complexity in these struc-
tures carries through to any new result we wish to find, making the interpretation and
tidy presentation of results more difficult. It can therefore be desirable to reconstruct

not only two-loop results, but existing one-loop results when they are inefficient.

Given a complicated analytic form for (the rational piece of) a partial amplitude, we
have established our desire to be able to reconstruct it in some way. Doing so, we
wish to remove reference momenta which the expression is independent of, and pro-
duce human-readable results that showcase the symmetries of the theory. Simpler
reconstructed amplitudes are also a valuable ingredient to any future recursion or fac-
torisation technique.

In the next section, we present our method for reconstructing the rational pieces of
amplitudes. In the sections following it, we carry out reconstruction on certain one-
loop amplitudes which are useful to the reconstruction of two-loop amplitudes, but
have not previously been written in an efficient form. Lastly, we devote sections to the
reconstruction of the two-loop seven-point amplitude results, obtained in an analytic,

but complicated, form using augmented recursion in Chapter 4.

6.2 Overview of the Method

To reconstruct amplitudes, we adopt an approach of dividing a given partial ampli-
tude’s rational piece into two parts, according to the pole structures present. For this
procedure, a “pole” has a slightly different meaning to in the recursion step, because
there is no longer a complex shift involved. We refer to denominator factors of ¢;;x, sij,
(17) and [i j] as t-poles, s-poles, angle bracket poles and square bracket poles, because
of the divergence caused when those factors become small.

Those terms with leading poles can be reconstructed by considering possible factori-
sations into smaller amplitudes. The remaining sub-leading poles are then fitted to an

ansatz with as many manifest symmetries as possible.

6.2.1 Leading poles

Our method is to divide a given partial amplitude’s rational piece into two pieces,
according to the pole structures present. In this section we reconstruct those terms
with leading poles, by inspecting factorisations which give rise to the leading poles in
the propagator. The procedure differs from BCFW recursion in that we do not apply

a momentum shift or take residues. Identifying the leading poles by hand this way
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6.2 Overview of the Method

allows them to be written in a compact form, with symmetries manifest. However,
the approach can introduce “spurious poles” into the expressions, which are spinor
structures that appear to relate to propagators not present in the overall amplitude.

For example, amplitudes will not contain poles of the type

1 1
bt ad) ~ brerxy Ol (6.1)

where X = |d)[a|, because X is not an external momentum. But such structures can
occur when viewing factorisations, as a result of the momentum sum in the propagator.
We do not want spurious poles polluting the compact form for the amplitude, because
this would obscure its symmetries and imply greater complexity, so a strategy for

dealing with them will be required.

For amplitudes of up to six gluons, spurious poles can be removed quite simply, if they
occur. This is done by performing manipulations that only introduce new terms which
are sub-leading in the factorisation pole, so can be discarded. Schematically, for a
factorisation about a t4,. pole, in six-point momentum, spurious pole structures such

as

1

tabc[a’kabc|f> (62)

may appear. Recalling that kup. is non-null as a momentum, but must be nullified
when treated as a spinor, we can separate the spurious pole into spinor products. Each
can be paired with a new spinor product, chosen to lead to a convenient cancellation.
Also recalling that external momenta must sum to zero, a typical spurious pole may

be removed following a procedure such as

1 1
= + O(t2,
75abc[a|kabc‘f> tabe [CL kabc] <kabc f> ( b )

= <kab€ C> [d kabc} 0
" tabe [a Eape] (Kabe €) [d kabe] (Kabe f) +O(tape)

[d]Kabe|c) 0
= + O(tgpe
tabc[a’kabc|c> [d‘kabc|f> ( b )

= — [d‘kabc|c> 0

B tabc[a|kabc‘c> [d’kdef|f> + O(tabc)

- _ [d|kabc‘c> 0

B tabc[a|b|C> [d|€|f> + O(tabc)a (63)
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where the momentum sum has been used to exchange some denominator arguments in
the fourth step. Because this derivation only aims to find the leading pole terms, those

pieces of O(tY, ) can be neglected.

A similar manipulation can be applied for all spurious poles that appear, so their

treatment with six-point momenta and below is straightforward.

However for seven-point amplitudes and above, this type of manipulation no longer
succeeds in removing all spurious poles. Consider how the above example plays out

with seven-point momenta. The condition on the momenta is now

Zpi =0, (6.4)

so the momentum swap used in step four no longer yields a non-spurious structure. We

instead obtain a factor of

[dlkabel f) = —dlkdeg|f) = —[d[keg|f) (6.5)

and there is no simple manipulation to remove structures of this type. These structures
are not present in the overall amplitude, so the only remaining strategy is to collect all
the terms containing a particular spurious pole, which we infer must undergo some sort
of cancellation. The poles can be removed by applying manipulations that make their
overall cancellation under the sum manifest at an earlier stage, but this is a considerably

more difficult process than the six-point manipulation.

Note that when applying this technique to a two-loop amplitude, the ability to find a
simple result, free of spurious poles, is affected by the simplicity of the one-loop ampli-
tudes that are fed into the factorisations. Often, one-loop amplitudes for sub-leading
colour structures have not been explicitly derived previously, because all one-loop par-
tial amplitudes can be represented in terms of the leading structure via decoupling
identities [7]. However, the decoupling identity form tends not to be the simplest possi-
ble statement of a partial amplitude, as a result of it containing structures that cancel
in the overall sum. In particular, it is often the case that a pole present in the leading in
colour partial amplitude is not present in the sub-leading in colour structure, so these

represent spurious poles in the decoupling identity form.

The outcome is that in order to find simple forms for two-loop amplitudes, we may

first have to find simpler forms for one-loop amplitudes.

144



6.2 Overview of the Method

6.2.2 Sub-leading poles

After the leading poles of a rational piece are obtained from factorisations and made
manifestly free of spurious poles, they can be subtracted from the large, notationally
inefficient expression that we wish to simplify. What remains is an expression, still
large, but that contains only the sub-leading pole terms. We can now attempt to fit an
ansatz to the sub-leading piece based on which poles are still present.

In principle, we could have started by attempting to fit an ansatz to the entire
expression. However, the leading pole structures would be additional possible factors
that could appear in the ansatz denominators, leading to a far larger ansatz being
required than for the sub-leading terms alone. By restricting our search to the smaller
set of sub-leading poles, we face a problem that is far more tractable with typically
available computing power. Deriving the leading poles by hand is also beneficial when
trying to make symmetries manifest. Although this is harder to do with ansatz fitting,
we can ensure some symmetries of the result are explicit by building them into the
ansatz. For example, when trying to fit a rational piece with a P,., symmetry in its
arguments, we can restrict the form of our ansatz to some basis function with unknown

coefficients, under a P,.\ sum.

To be able to choose an appropriate ansatz, we must know which poles are present in an
expression. Checking by eye is not sufficient, as structures that appear to be present can
cancel between terms, so that the overall result does not depend on them. A technique
of numerical pole testing is employed, where we evaluate our amplitude on a particular
kinematic point (a numerical choice for each external momentum), chosen so that
certain pole structures become large. Methodically testing which combinations of poles
are allowed to coincide in a term can greatly constrain the possible numerators needed
in the ansatz. A limitation of this procedure is that due to momentum considerations,
certain collections of spinor products becoming small require others to do so, so some
combinations of poles cannot be tested alone. For example, testing for (ab) and (bc)
poles automatically involves (a ¢) poles too.

With a knowledge of the allowed pole combinations, we select denominators that are
representative of all the required poles. Then choosing sets of independent numerator
terms, each with unknown coefficients, we obtain an ansatz that is relatively small,
but should be guaranteed to contain all the structures of the target amplitude. Or in
the case that the complete ansatz would still contain too many terms to work with,

simpler non-guaranteed subsets of the terms can be postulated and tested to look for
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6 Reconstruction of Rational Functions

a successful fit.

The ansatz fitting itself proceeds by setting the ansatz equal to the amplitude, and
numerically evaluating on multiple kinematic points, to create a system of equations for
the unknowns of the ansatz. As many evaluations are needed as there are unknowns,
so smaller ansatzes are desirable to reduce computation time. This is particularly true
when the amplitude we wish to fit is a large, inefficient expression. We use Mathemat-
ica’s Solve function to solve for the ansatz unknowns. If the ansatz is complete and
contains all the structures of the amplitude, we expect an integer (or rational, depend-
ing on normalisation) solution for the unknowns, where most are zero. The solving
stage presents another reason to desire a small ansatz, as the manipulations carried out

on the equation matrix can exceed computer memory if too large an ansatz is chosen.

6.3 One-Loop Partial Amplitudes

The augmented recursion procedure makes use of factorisations into one-loop ampli-
tudes. For recursion of leading in colour partial amplitudes, those factorisations tend
to involve leading in colour amplitudes, but when working at full colour, the factori-
sations also involve sub-leading in colour structures. As previously mentioned, these
do not always exist in an efficient form, because they can always be obtained from the
one-loop decoupling relations [7] and this is sufficient for most applications. However,

expressions free of spurious poles are useful for our purposes.

In the following subsections, we reconstruct a number of one-loop amplitudes. The
forms produced are better suited for use in recursion processes, or in constructing the

leading pole factorisations for a two-loop amplitude that we wish to simplify.

6.3.1 Single-minus helicity Aég(aﬂ b=, ct dt,e")

In determining the leading pole factorisation for the two-loop six-point full colour am-
plitude, we require the one-loop partial amplitude Aélg (at;b7, ¢, dt e™).

This can be obtained from a decoupling identity
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6.3 One-Loop Partial Amplitudes

involving the leading-in-colour partial amplitude with a single negative helicity [71],

Aé?%(a_,b+,c+,d+,e+) =

i 1 [pef +<ad>3<ce>[de]_ (a ) (db) [cD]
3(cd)® \ [abllea] ~ (ab)(be)(de)*  (ae) (cb)? (ed) )’
(6.7)

The decoupling expression contains apparent double poles of the type 1/ (c d)Q, orig-

é? partial amplitude. However, pole tests show that this type of pole is
not present in Ag%(cﬁ; b=, cT,d", e") once the sum has taken place — they are spurious.

inating in the A

We will reconstruct an expression for Ag%(a*; b=,ct,d",e") that is explicitly free of
spurious poles, so that these are not inherited by the two-loop factorisation we wish to
determine. The target amplitude only contains simple poles, so we can move directly

to ansatz fitting, rather than inspecting leading pole factorisations.

Pole tests on Aélg (a™;b7,c¢T,dT, e") show that it contains poles in the following spinor

products:
(ac),(ad),{ae),(bc),(be),{cd),(de),[bc],[be]. (6.8)

This allows us to postulate an ansatz of the form

G
SpeSpe (ac) (ad) (ae) (cd) (de)’

(6.9)

where G contains a linearly independent sum of numerator terms with unknown coef-
ficients, chosen to give the amplitude the correct overall spinor weight and little group

scaling in each momentum.

The ansatz fit is successful, yielding the result

iGE5°
sbeshe (ac) (ad) (ae) (cd) (de)’

Agg(a‘”'; b=, ct,dtet) = (6.10)
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6 Reconstruction of Rational Functions

where

G2 = (ac) (ad)® (bd) (be) [ad)* [ce] + 2 (ac) (ad)? (be)? [ad][ae] [ce]
+(ac) (ad) (ae) (be)? [ae) [ce] — (ac)® (bd)* (de) [ad] [cd] [ce]
+(ac) (be) (bd) (cd) (de) [cd]® [ce] —2(ac)? (bd) (be) (de) [ad] [ce]?
+3(ac) (be) (bd) (ce) (de) [ed] [ce]* —2(ac) (be)? (de)” [cd] [ce)?

+{ad)* (bd) (be) [ad]* [de] +3(ad)’ (be)* [ad] [ae] [d ]

+2(ad)’ (ae) (be)* [ae]’ [de] — (ac) {ad) (pd)* (de) [ad] [cd] [de]

+{ad) (be) (bd) (cd) (de) [cd]* [de] + 2 (ad)” (bd) (be) (ce) [ad] [ce] [de]
5{ac) (ad)(bd) (be) (de) [ad] [ce][de] +2{ad)” (be)* (ce) [ae] [ce] [de]
2{ac) (ad)(be)* (de) [ae][ce] [de] + (ad) (bd)* (ce)* [cd] [ce] [d ]
3{ad) (be) (bd) (ce) (de) [cd][ce] [de] — {ac) (bd)* (ce) (de) [ed] [ce] [de]
<d><b0>2<d6>[ d[ce]lde] + {ac) (be) (bd) (de)* [ed] [ce] [de]
<d><bd><be>< e)*[ce]’ [de] = 3(ac) (bd) (be) (ce) (de) [ce]” [de]
2{ac) (be) (be) (de)* [ce]* [de] — (ad)? (bd) (be) (ce) [ac] [de]’
<d>2<bd><b6>< e)lad][de]’ ~ (ad) (bd)* (ce) (de) [cd] [de]”

+(ad) (be) (bd) (de)? [ed] [de]” — 3{ad) (bd) (be) (ce) (de) [ce] [de]?

+3(ad) (be) (be) (de)? [ce] [de]?. (6.11)

This expression contains 31 terms, compared to the 12 terms present in the decoupling
identity expression, so is less compact. However, the new form contains no spurious

poles so is better suited for use in recursion and factorisations of larger amplitudes.

6.3.2 All-plus helicity A)(a*: 0", ct, dt,e?)

The five-point one-loop all-plus helicity amplitude Ag% (at;bT, ¢, dT, eT) appears when

writing down the leading poles of the seven-point two-loop amplitude.

An all-n expression for this partial amplitude was obtained in ref. [54], derived by

considering applying decoupling identities to the all-n leading-in-colour partial ampli-
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6.3 One-Loop Partial Amplitudes

tude of ref. [31]. It can be written as

Aé%%(a*;b*,cﬁd*,e*) =—1 <bc> <cd>1<de> <e b> Z [ai] <Z]> [J a]
b<i<j<e
- 1 ([albelal + [albdla] + [albela]

(be) (cd) (de) (eb)
+ [alcd|a] + [alce|a] + [a|dela]).
(6.12)

However, a simplification can be made by exploiting the linear dependence of the mo-
menta appearing in numerator structures. We can write the amplitude in a smaller

form,

1
(be) (cd)y (de) (eb)

AW (@b et dt et) = —i

([albe|a) + [a|dela]), (6.13)

which helps to reduce complexity in later steps of a recursion procedure. In fact, the
use of linear dependence to eliminate terms in amplitudes is more generally applicable

whenever such a sum of terms occurs.

Directly building in the linear dependence where possible can yield an n-point expres-
sion with fewer terms, making it more convenient as an ingredient for larger amplitudes.

For example, we can write

AW 1+ ) = i 1 {1201 + il |, 614
§ (23) (34)- - (n2) P

where the summation indices now exclude the two extreme values. This is an expression

with (n — 3)(n —4) + 1 terms, compared to 3(n — 1)(n — 2) in the original version.

6.3.3 Single-minus helicity A')(a=: b, ct,dt,e?)

The five-point one-loop single-minus helicity amplitude Aélg (a=;bT,cT,dT, eT) appears

when writing down the leading poles of the seven-point two-loop amplitude.

An all-n expression for this partial amplitude was derived in ref. [54]. It bears strong
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6 Reconstruction of Rational Functions

resemblance to the all-plus helicity expression. Specialising to our case, we have

At ) = i Y (ai)lid] G

b<i<j<e

T
(be) (cd) (de) (eb)
+ (aled|a) + (alce|a) + (alde|a)).

(6.15)

=

albcla) + (albd|a) + (albe|a)

Again, linear dependence between the external momenta allows terms to be eliminated,

yielding the smaller form

1

D, —. = —1
A5;2(a 7bJr’c+7d+7@+) = —1 <bC> <cd> (de> <eb>

((albcla) + (a|dela)), (6.16)

which we find more convenient for the recursion procedure.

As done in the previous subsection, if we wish to explore factorisations of larger
amplitudes then we can build the linear dependence relation into the all-n expression
with

(1) 1
A (23) (34) - (n2)

n:2(17;2+7 e 7n+) =—1

—(2nj1y + > lijly |, (6.17)

2<i<j<n

which reduces the number of terms in the sum.

6.3.4 Single-minus helicity A)(a~, b, ctidt, et f+)

The one-loop single-minus partial amplitude Aéﬂ(a_, b, ct;dt et fT) is of interest

when building the leading pole piece of the two-loop seven-point amplitude.

This partial amplitude has not been written in a simple form previously, but can be

obtained in terms of the leading-in-colour partial amplitude using decoupling identities.
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6.3 One-Loop Partial Amplitudes

The expression obtained is

Aéﬁ(a’,b*,c*-d* +,f+) _

~(Agl(a.e.bd e, f) + Ag)(a,e.d.be, f) + Ag(a,c.d,e,b, f)
+Aé1%(a d,c,bye, f) —i—Aéll(a d,c,e,b, f)+ A élz(a,d,e,c,b, f)
—i—Aél%( c,d,e, f, b)+Aé1%(a d,c,e, f, b)+Aé1%(a d,e,c, f,b
—i—Aél%( c,e, f,b,d) +Aé1%(a e ¢, f,b, d)+Ag%(a,c,f,b,d,e)
+Aé1%(a d,e, f,c,b) +Aé1%(a e, f,c,b,d) +Ag%(a,f,c,b,d,e)
+Aé1%(a e, f,c,d, b)+Aé1%(a fye,d,b, e)+Aé1%(a f,e,d,e,d)
+Aé1%(a c,be, f,d )+Aé1%(a c,e,b, f,d) +Agi(a,e,c, b, f,d)
+ AN (a,ce, f,d,0) + AN (a e, £,d,b) + A (ase, £od b e)
+ AN (e, f,d, c,b) + AN (a, f,d, c,b,€) + A (a, f,d, ¢, e, )
+ AN (a,¢,b, fod €) + AN (a, e, fod,e,0) + A )(a, f,d, e, ¢,b)),
(6.18)
where the leading in colour (originally obtained in ref. [72]) is
Al bt et dt et fT) =
( [f|kbc|a>3 . [bleala)
3\ [flkasl >< > de)’ tape  [blkeale) (cd)? (e f) (f a) thea

_l’_

[de][e f] [ce]
[ab] [ fa cde <[b|kcd] (de) [f|kab|c> (cd) + (cd) <de>>
(e )b L (e’ (df)[e]]
(be)* (c > < e) (e ><fa> (ab) (be) (cd) (de)® (e f)*
(a

_ [dlhude) (ed)® (ce) > (6.19)

(ab) (be) (cd)® (de)* (e ) (f a)

Overall, this representation of the partial amplitude contains many terms and various
spurious poles, making it unhelpful as an ingredient in building simple forms of larger
amplitudes. In particular, the double poles and t-poles inherited from the leading-in-
colour expression are spurious when they appear in Aéﬂ(a*, bt,ct;dt, et f1), which
does not show those structures under pole tests.

We can carry out pole tests to determine which structures are permitted in a form

of the partial amplitude free of spurious poles. Testing individual spinor products, we
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6 Reconstruction of Rational Functions

find poles in

(ab),(be),{cd),(de),{e f), (ac),(bd),(be),(bf),{ce),(cf),{df),
[ab],|ac], (6.20)

appearing as simple poles at most. There are no t-poles present and for a six-point
one-loop amplitude, we require an overall weight of —2 in spinor products. Inspecting

symmetries, we note that

A614(a_,b+,c+;d+,e+,f+) = A6%4(a_,b+,c+;e+,d+,f+). (6.21)

AD @ bt ctdt et ) = —AW (@, et bt dt et £,
(1) (1)

There is also the usual cyclic symmetry of the (second) momentum set

Aéﬁ(a_,b+,0+;d+,e+,f+) = Aéﬁ(aﬂb"’,c"‘;e"‘,f"’,d*‘) = A6ﬁ(a_,b+,0+;f+,d+,e+).
(6.22)

To make these symmetries manifest in the simplified amplitude, we will build them into

the ansatz as sums over an appropriate basis function.

In theory, the ansatz basis could be chosen to include all the types of pole found in
the amplitude, guaranteeing it would find a match to the structure. However, this
ansatz would be impractically large - to reach the correct overall spinor weight, the
numerator terms would each need to contain 12 spinor products to account for the
14 in the denominator. An ansatz containing all the linearly independent numerator
terms of this size, which satisfy the little group scaling, would be tens of thousands of
terms long and could not be evaluated in any reasonable time on a standard computer.
Solving the system of ansatz equations for the unknowns would also require excessive

memory usage.

Instead of this, we will choose simpler ansatz bases, consisting of one or more denom-
inator choices that do not contain every individual pole. This can still represent every
pole overall, because many poles are equivalent under the sums that we apply to the
basis to enforce symmetries. However, we no longer have a guarantee that the ansatz
will capture the amplitude so will in general have to test multiple ansatz denominator
choices. One principle that helps when picking denominators is to look to the structures

of known compact amplitudes for common patterns, then incorporating these into the
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6.3 One-Loop Partial Amplitudes

Diverging poles: | (12)(13)(23) | (12) (34) | (12)[12]
Weight —2 (be) (bd) (cd) | (ab)(cd)
(cd)(ce)(de) | (ab)(de)
(de)(d f)(ef) | (bc)(de)
(bd) (be) (de)
Weight —1 (ab) (ad)(bd) | (ad)(be) | (ab)ab]
{ad)(ae)(de) | (bd)(cf)
Weight 0 (ab) (ac) (bc)

Table 6.1: Results of numerical pole tests on Agi(a_, bt ct;dt et f1), to find
coinciding poles. Column headings indicate the type of poles that are taken
to be small. Each entry is a specific group of poles and their greatest total
weight in the amplitude. For example, an entry with “weight —1” means
that of that group of spinor products, only one can occur as a pole in a
given term, or two can occur as poles if the third group member (where
applicable) is in the numerator.

ansatz. An example of this would be to try the Parke—Taylor denominator,

1
(12)(23)---((n = 1)n) (n1)’

(6.23)

which is a common denominator for leading in colour partial amplitudes, but can also
occur over a cyclic subset of the momenta {1,2,--- ,n} in a sub-leading in colour partial
amplitude.

To constrain which poles appear together in a term, we can also run numerical pole
tests where multiple spinor products become small simultaneously. Those combinations
which do not appear together can then be removed from the denominator choice without

accidentally excluding any required structures.

The symmetries in the arguments of the amplitude mean that only a subset of all the
possible pole combinations must be tested, the results of which are recorded in Table 6.1.
We are unable to check some combinations without other spinor products also being
made small, which is why the three spinor product combination (1 2) (23) (1 3) is used.

The strongest constraint found is the “

weight 07 on the group (ab) (ac) (bc), meaning
that one of these poles can appear in a term only if it is accompanied by at least one
of the other group members as a numerator factor. In comparison, the “weight —2”
result for (ab) (cd) means that these poles can and do occur together in some terms of

the amplitude.
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Various ansatz denominators can be chosen that are in keeping with this set of rules.

The following five ansatzes were tested against the amplitude:

Gl
Z ZZ dy{de){ef)lac]’

Zs3(def) [bc] [de]

G
Z ZZ {(ab) (bd) (b f){cd)(de)(ef)[ac]

Zs3(def) [bc] [de]

G3
Z ZZ (ab) (be) (bd) (cd) (de) (e f)(fb)[ac]’

Zsz(def) [be] [de]

Gy
2 227 e (e ) T ad)

Zs3(def) [bc] [de]

Gs
2 22y e e f) bl fad) (6.24)

Zs(def) [bc] [de]

where the sums are over the antisymmetric and cyclic momentum symmetries identified

in equations 6.21 and 6.22. The antisymmetric sum notation,

Zf('” e, )= be )= f(-- e b)), (6.25)

[be]

is introduced as a shorthand for the former type of symmetry. Each G represents a
complete linearly independent set of spinor product numerators with unknown coeffi-
cients, satisfying overall momentum weight and little group requirements. The ansatzes
are not exhaustive — some combinations of poles occurring together are not represented.
However, they do contain every non-spurious pole identified in the amplitude, either

explicitly or as a result of the summation.

The first four ansatzes do not give rational coefficient solutions, which we interpret as
a sign that the ansatz is missing pole structures present in the amplitude. The fifth

ansatz succeeds, needing only a relatively small basis of 45 terms.

We write the partial amplitude, using the results of ansatz fitting, as

GSm
AL a”, b, ctidt et 1) = 6.1 , (6.26
o A L2 G Gakd e CnelEd ©®
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where

Gg'd = = 2[blcla) (bd) [b fl[ed] = 2[clkeslc) (a d) [b f][cd]
— 2[c|kaela) {cd) [bd] [c f]+ [clkbesla) (cd) [be] [d f]
— [clela) (cd) [bd] [c f]. (6.27)

The new expression is very compact and contains only genuine poles — the spurious
poles of the decoupling version have been removed. The symmetries have been made
manifest, in the form of summations over a basis. The pole structure now takes a
simple, almost Parke—Taylor form. These are useful features for an amplitude used
as a recursion ingredient, but also interesting in their own right as the structure of
the partial amplitude is seen more clearly. An n-point form for this type of partial

amplitude appears quite achievable given the form seen here.

6.4 Seven-Point Two-Loop Rational Pieces

The augmented recursion procedure used to find the rational part of the full colour
two-loop seven-point all-plus amplitude R(f))\(cﬁ, bt ct,dt e’ ft,g") was described
in Chapter 4. The outcome of this is a set of analytic, but large, expressions for each
partial amplitude. There is also a reference momentum ¢ present in the expressions,
although the overall function has no dependence on it, so we refer to the rational pieces
as R%)\’q.

We would like to reconstruct the R%\’q in new, compact forms for several reasons:

e The amplitude should be written in a human-readable way, so that symmetries

of the theory are manifest.

e The expressions are large and unwieldy, occupying large amounts of computer
memory when loaded and taking significant time to evaluate numerically on a

single kinematic point.

e The functions have no overall dependence on the reference momentum ¢, but
factors of ¢ appear in the detailed forms of Rg?/)\’q. Such a dependence is spurious

and should not appear.
The approximate sizes of the Rg}\’q can be found in Table 6.2. The six-point amplitude

could be expressed analytically in a few pages [59], so we infer that something similar

155



6 Reconstruction of Rational Functions

RO Ry | R RO RV | REDS | ROV | REoS | REDS
File size / MB 4.64 | 28.8 | 50.6 | 115 | 116 | 349 | 406 | 345 | 162
Memory usage / MB | 38.8 | 240 | 414 | 976 | 960 | 2920 | 3400 | 2810 | 1290
LeafCount/10° 1.44 | 894 | 155 | 35.9 | 35.7 | 108 | 126 | 104 | 48.5
Evaluation time /s | 13.3 | 77.5 | 146 | 436 | 323 | 1110 | 1270 | 1030 | 434

Table 6.2: Approximate expression sizes for the seven-point rational pieces calculated
using augmented recursion. Recorded are the size for a Mathematica file
storing each expression in terms of spinor products, the size of that
function when loaded into memory, and the Mathematica LeafCount value.
Evaluation time for one choice of numerical momentum values is also
checked. (To a precision of 70 figures, using a 2.60 GHz processor.)

should be possible for the seven-point amplitude. It is clear that what the augmented
recursion process outputs is not the most efficient description of an amplitude possi-
ble. Rather, recursion builds expressions from many contributions, each one being a
potentially complicated object like an integrated current diagram. When increasing
the number of gluons considered, even by a modest step of six to seven, the size of
results can increase by orders of magnitude due to the compounded effects of needing
to include more recursion contributions, and the greater complexity of each of those

contributions.

We confirm that the rational pieces Rg;\’q satisfy the decoupling identities of Sec-

tion 4.2.1. With that, we can sidestep having to do further work on the worst partial
amplitude expressions, instead expressing them via those identities, in terms of the
other structures. For example, we could express all the U(N,) partial amplitudes in

terms of the subset of the purely SU(N,) structures
2,0 »2)a »2)ha ),
RO REY RV R, (6.28)

so that it is only necessary to reconstruct these four in compact forms to obtain the

whole amplitude.

In fact, we choose to reconstruct the U(N,) partial amplitude Rﬁl instead of Rgzg

Pole tests show that R% contains t-poles as well as double angle bracket poles, but

R%J is simpler with only ¢-poles and simple angle bracket poles. We can write Rg?))

in terms of Rﬂ and Rﬂl via a decoupling identity, so the two are equivalent for our
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purposes. The set of interest is then

2), 2), 2), 2),
R'(Y% q7R7:% [1]7R;iq7R§i§ (629)

)

A compact form for Rﬂ was already found in ref. [60] and a compact form for Rg{ B

can be written down from the n-point postulate of ref. [63]. Therefore we focus our
attention on reconstructing Rﬂ‘f and R%’q, detailed in the two sections that follow.

6.5 Seven-Point Rational Piece Rﬁl

We aim to fit the reference-momentum-containing rational piece Rﬂ(f to a compact,

symmetric form. To simplify the problem, we first deal with the leading poles by hand,
which can be written down from factorisations. The sub-leading poles are fitted to an

ansatz.

6.5.1 Augmented recursion output

The output of augmented recursion is an analytic expression for Rﬁ;’, but in a large

and inefficient form that makes investigating its properties difficult. The Mathematica
code used to generate the expression can be modified to not expand terms all the way
down to their constituent spinors, to create a somewhat smaller result written in terms
of spinor products. For the case of Rgf?, this leads to a 116 MB Mathematica file. This
version of the expression contains 6782 terms and occupies 960 MB when in memory.
Given the number of recursion contributions involved, it is likely that the result
contains various repeated terms, which may not have been condensed in the summation,
inflating its apparent size. Checking for these reveals more than half of the expression
consists of duplicate terms. Once condensed, only 3032 terms remain in the expression.
Another possibility is that some collections of terms cancel completely, so can be
removed from the expression entirely. Checking for and removing cancelling pairs
further reduces the expression to 2528 terms. The possibility of a Schouten identity
taking place suggests that groups of three terms could experience cancellation, however
no such sets are found. Checking for larger cancelling sets is too computationally
expensive, because the search time scales exponentially with the number of terms.
The new Rﬁ:[{ has a file size of 27 MB, or occupies 231 MB in memory. One numerical
evaluation (on an i7, 2.60 GHz processor) takes one minute, which is an improvement
on the five minutes taken by the larger expression in proportion with the reduction in

file size.
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We briefly perform the same expression size checks on R%’q. Given its close rela-

tionship with Rﬂ(f via decoupling identities, there may be some benefit to using it in
some tasks if it has a more efficient form. The initial spinor product expression for
the rational piece is a 50.6 MB file, containing 2824 terms and occupying 414 MB in
memory. After condensing repeated terms, 1326 terms remain. Finally, removing three
cancelling pairs leaves 1320 terms, in an expression for R%’q that is 25 MB on file and
occupies 200 MB in memory. One numerical evaluation of the new expression takes

one minute, compared to the two minutes taken by the original.

6.5.2 Pole tests

Numerical tests are run on Rgi‘f to identify the types of pole which are present. By

arranging multiple spinor products to become small simultaneously, information on
which combinations of permitted poles occur in the same terms of the amplitude can
also be tested.

The partial amplitude has an overall P7.;; symmetry, meaning that if a pole such
as (bc) is present, then so is (ac), (bd), etc. We can make use of this fact to reduce
the number of pole tests that need to be run, and express the results in a simple way
where we record only one of each equivalent pole or combination type, leaving the rest
as implied.

The poles present are
tbcdv <b C> y <C d> (6.30)

and those which are as equivalent under the P7.1 1 symmetry. As mentioned previously,
this set of poles is significantly simpler than that of Rg)’q. There are no double poles
present, and poles in (ab) also do not occur. Multi-pole tests show that up to two ¢-
poles can occur in the same term, in a specific configuration ¢, tty.q where the momenta

sets involved do not overlap. Other configurations are not permitted.

6.5.3 Leading pole factorisations

The leading poles in Rﬂ(f can be obtained from factorisations involving Rfll) — Rél),

where the propagator creates a t-pole.
Those amplitudes must be colour dressed and multiplied, joining the colour traces
using matrix identities. Terms that contain the overall colour structure of interest are

selected, which in this case are the factorisations accompanying the U(N.) structure

158
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Te[T) T[T Tx[TeTTeTI T9).

We will work with basis expressions, which then have a Pr.; 1, or Za(a, b)Zs(c, d, e, f, g),
sum applied to reproduce the known symmetry of the amplitude. In this case, the lead-
ing t-poles are denoted by

Fra1= Z Bz, (6.31)
Pr.1,1

where the basis function built from factorisations is

T (1

Pl

Aé avkb_ape:f’g)

B7:1,1 ZAS%’GP(I% ¢, d7 _klj;d) t
)

1),a
tb dAg:%’ p(a7 k;;dve? fa g) (632)

+ ALY (b, — ks ¢ d)

Testing the factorisations

Pole tests confirm that F7.1 1 contains the desired ¢-poles, which are what we consider
to be the leading poles in this case. It is also likely that spurious poles have been
introduced by the factorisation, which are not present in the amplitude itself.

Inserting the amplitudes into the factorisation, spinor products containing nullified
kzgcd appear. Joining these into larger spinor structures such as [x|kpcq|y) allows the k
to be expressed in its non-nullified form. The extra piece from the nullification identity
contains a k:gcd = tpeq factor which cancels the pole, so can be ignored.

Where [z|kpeq|y) appear in the denominator, they represent spurious poles, which
we must identify and attempt to remove. The Ai?%’sm(b, —ky.4» ¢, d) piece in particular
introduces spurious poles stemming from [bkpcq], [¢ kpea] and [d kpeq]. Some of these

happen to be removable by using four-point manipulations, such as
Spd = — [C kbcd] <kbcd C> + O(tbcd), (6.33)

to express new factors of the spurious structure in the numerator, keeping only the terms
relevant to the leading poles. However, it can be seen that removing this spurious pole
type is in fact trivial wherever it appears, by using a manipulation such as

1 (Kpea d) (kbea d) (Kpea d)

Bhod] 0 Foea] ooa @) llpead) T O \0t) = Ty ey T Olloea)- - (6:39)

This way of removing spurious poles is guaranteed to be applicable for any number of
gluons up to six-point amplitudes.

However, we see that it fails for some spurious poles in the seven-point factorisation,
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6 Reconstruction of Rational Functions

due to the additional momentum in the zero total momentum sum. Specifically, spuri-
ous poles occur in the factorisation basis that are of the type [g|kped|g) and [e|kpedle).
These spurious poles are non-trivial to remove, in a way that has not occurred pre-
viously in our derivations. Attempting a manipulation like in eq. 6.34 on one of the
problematic spinor products,

1 (ke €) (Kped €)

[0 kvea] 19 kvea) (kvea€)  [glkpeale) + O(toed) = —

<kbcd €>
[g|kaf|e>

+ O(tyea),  (6.35)

we are unable to create a non-spurious denominator. New approaches will be needed

to remove these factors.

After performing some simplifying manipulations, including removing all spurious poles

of a trivial type, the basis containing the t;.4 poles can be written as
__ pnsp spE spG
Bray = By + By + By (6.36)

where the remaining spurious poles have been separated as much as possible and col-

lected by type.

‘We have
B NUMpsp 1
M= e (ed) (e ) (T ) {ae) () (ag)
_ (beldg] + gl [de]) [ag]
toea 0 ) (60) (e (e ) (6.57)
BspE: 4 [ag] [bd] [a‘kbcde|b>[e|kbcd|d> 1
M = {dl®) toea (0€) (ed) (e ) (f ) (00)
7 nUMspE 1
T Rood]e) tooa (60) () (e 1) {7 9) (@) {a f) {ag) (6.38)
and
o i [ael b [albyeggD)oleld) 1
M = heals) rea (<) (e d) (e f) (Fg) (D)
) NUM sp(y 1
(6.39)

 [9TFbedl9) toea (b€) (cd) (e F) {ae) a 1) (ag)’
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6.5 Seven-Point Rational Piece Rﬂl

with numerators

numnsp = — [blkbcala)[d|kocale) (a f) [ae]
— [blkbeal £)[d|kbeala) (e g) [e g]
+ [blkbeal ) [d|kbealg) (ae) [eg], (6.40)

numpr: = — lglkseale) [bel [de] (ae) (f g) sug

- )
il )
- )
— [blkpeala)
— )
- )
- )

blkpeala) [d|kveal £)[9]kbedlg)Sac (6.41)

and

numspc = — [elkuedlg) (ae) [bg][dg] sag
— [blkbcala)(d|kpeala) (gl kpeale) [ae] - (6.42)

A notable detail is that although the full rational piece contains pole structures like
tpedtaef, and numerical tests confirm that our factorisation captures the leading pole
behaviour, we do not see any explicit factors of ty.qtqe s in the denominators. Instead, we
see structures like tpcq[g|kped|g), which contain only one explicit ¢-pole and one spurious
pole.

Why this still gives the correct pole behaviour for ty.4 is that as tp.q becomes small,

[g|kbcd|g> = tbcdg — tbed = 7faef — tbed — taefv (643)

the spurious poles behave like regular ¢-poles.

Separating spurious poles from leading poles

It is found that the factorisation basis contains terms of the form

1

T 6.44
thed [g|kbcd|g> ( )

Bria1~
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6 Reconstruction of Rational Functions

which reproduce the t-pole behaviour without containing the expected pairs of t-poles
explicitly.

The factorisation must reproduce all the same (¢-pole containing) terms that appear
in the amplitude itself, so there must exist a way of re-expressing the summed factori-
sation so that it contains manifest double ¢-pole terms. Hence, it can be inferred that

the total factorisation is equivalent to a form schematically written as

1 1 1
Fra1~ Z < + + ) , (6.45)

Pria tbcdtaef @ [g‘kbcd‘g>

with appropriate numerators. There must be terms that explicitly contain two ¢-pole
structures, as well as terms containing only one, which can be identified with the terms
detected in the amplitude. Spurious poles do not appear in the amplitude, so any
spurious poles in F7.; 1 must appear in separate terms to the ¢-poles.

How this separation comes about is of interest to us. We would like to identify
whatever cancellations take place after the sum is applied, then use manipulations that
allow them to take place at the basis stage. With that, the spurious poles can be
discarded to leave only a compact form for the leading poles. And those poles would
appear underneath an explicit sum in the overall expression, making the symmetry of

the structure manifest.

The equivalence of the spurious poles to differences of t-poles, such as [g|kpeqlg) =
taef — toea, offers a potential removal method. Series expanding in the leading t.q4 pole,

which we consider to be small, gives

1 B 1 1 ( | _ thea > -1
tocdlglkbcdl9)  toca(taef — toea)  tocdlaes taef

1 t t;
- 14 2d oy Thed
75bcd75aef 75aef taef

1 1 thed
— + 4+ ...
tdetaef tgef tzef
1
= + O(thg)- (6.46)
tbcdtaef

It is tempting to discard the terms of O(tgcd) in the final step, leaving only the non-
spurious structure. This does maintain the correct pole behaviour in the basis when

tyed becomes small, but at the expense of incorrect pole behaviour in the summed
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6.5 Seven-Point Rational Piece Rﬂl

factorisation F7.11. This happens because the (’)(tgcd) terms contain poles in Z4f,
which is also leading. Once the P7.1 1 sum is applied, there are terms where t,.; poles
become tp.q poles with the rotated momentum assignment. So removing any specific
t-pole from the basis amounts to modifying the behaviour of all ¢-poles in the summed

factorisation, which we cannot do if we wish to retain agreement with the amplitude.

Various ansatzes are also tested, where an attempt is made to fit the factorisation
F7.11 to a structure with separated spurious poles, of the form shown in eq. 6.45. The
presence of up to two t-poles in a term leads to very large ansatzes being required, on
account of there being many possible permutations of the numerator factor needed to
balance the high spinor weight in the denominator. Even running ansatzes with on the
order of 10000 terms, a successful fit is not found, likely because those ansatzes still

omit many pole combinations.

The importance of, and complications introduced by, the presence of ty.qtqcs pole
structures in the amplitude motivates us to consider whether our choice to have the
basis contain all tp.q poles is the most appropriate. A more symmetric basis might
contain the tjcqtqer term and equal parts ty.q and t,.r terms, at the expense of not
fully capturing the pole behaviour for either structure. The full behaviour at each pole

would then only be regained after all the contributions to the P7.1 1 sum are collected.

A separate line of logic also leads to such a structure. In order for the spurious pole
terms to separate from the ¢-pole terms, as in eq. 6.45, then in general some interaction
must take place between all terms containing a certain type of spurious pole. Therefore
if we want this separation to be manifest at the basis level, then we must collect all
the spurious poles of a particular type in one basis. The overall sum allows us to freely
rotate the arguments of any given term in the basis according to the Pr.; 1 symmetry.
Doing so will cause the basis to no longer represent the full #,.q pole behaviour, but
will allow us to arrange for only one spurious structure to appear in the denominator
of the basis.

Choosing [g|kpeq|g) to be the spurious pole we wish to target, a change of
E G2 E
B — BT = B (b,aye, frg,¢,d) (6.47)

is made under the sum. The new basis contains only one type of spurious pole, which
is exclusive to this part of the overall sum. Numerical tests confirm that even without

applying the overall Pr.1 1 factorisation sum, the pieces containing the spurious pole,

_ G G2
B3 = BRY + BT, (6.48)
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resolve to something of the form

1 1 1 1

Bif~m ——— 4+ —+—+
it tbcdtaef tbcd taef [g ’ kbcd ’g>

(6.49)

with appropriate factors in the numerators and denominators. The desired separation
of spurious poles from t-poles that occurred in F%7.1 1 has been arranged to take place at
the earlier stage of the basis B7.1,1. Tests show that B7.; 1 contains the two ¢-pole term,
but no longer captures all t;.q poles, instead mixing tjcq and t4.7. The remaining task
is to perform this manipulation explicitly, to obtain the leading poles of the rational

piece in a symmetric form, manifestly free of spurious poles.

The new basis, written out in full, is

B = BIP 4 BG4 BEPG?, (6.50)
where
BISP —; NUMpsp 1 B
M teq (be) (ed) (e f) (f g) (ae) (a f) (ag)
B i([be] [dg]+[bg]lde])[ag]
trea (@ 1) 0) (cd) (e ) (6.51)
g _ 4 [ae] [bd] [alkpeaq|b) [9|kbeald) 1
T glkbealg)  tvea (be) (cd) (e f) (fg) (db)
) NUMspC: 1
T oThedlg) fooa (6} () (e ) {ae) {a f) {ag) (6.52)
and
G2 _ i a f][bd] [blkacsgla)(glkaer| )
M taerlglkacslg)  (ae){af)(ed) (e f)(ge)
: DM spG2 (6.53)

" tues 9lkacslg) (ae) (bc) (bd) {bg) (cd) (e F) (g )’
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with numerators

numnsp = — [blkbcala)[d|kocale) (a f) [ae]
— [blkbeal £)[d|kbeala) (e g) [e g]

g
+ [blkvcal f)[d|kpealg) (ae) [e g], (6.54)

Cb

numgspg = — [elkpedlg) (ae) [bg][dg] sag
— [blkbeala) [d|kpeala) [g|kpeale) [ae] (6.55)

and

numspcz = = s (bg) (cd) [a g [f 9] [d|kaclg)
— 59d (9 ¢) [bg] [alkacs[)[f|Kaes[b)
— (bg) {cd) [be]lg d] [alkaes|0) [f|Kacslc)
— sglalkacs|b) [d|Kacs|d) [ f|Kacyc)
— spg (¢d) [g d] [alkacy|b)[f1Facr|9)
— sga (¢ d) [gd] [alkaes D) fKacflg)
— (bg) (cd) [g d)? [alkaes|d)[fIKaes|9). (6.56)
Leading poles tp.q and t4. ¢ are present, although their overlap term containing a tpcqtae s

denominator factor is not yet explicit. The spurious poles present are all of the same

type, [9|kbcalg) = —[9lkact|9)-

Manipulations to clear spurious poles

Manipulations are carried out to express the basis in a clear, spurious-pole-free form.

By inserting an expression equivalent to the identity into B?Zf?,

1= taef _ thed + [g’kbcd’g>
taef taef

: (6.57)

that basis piece yields terms explicitly containing two t-poles. Other terms produced

spG2

containing one spurious pole and one t-pole are of the same type as appear in B7;",

namely their denominators contain tqe¢[g|kbcdlg)-

Redefining the pieces of the basis, we collect all those spurious poles in the same
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piece with
Bri = Byt + Byt + By, (6.58)

where

nuMnsp 1
thea (bC) (cd) (e f) (f g} (ae) (a f) (ag)
_(belldg)+ Bglde)) [ag
thed (a f) (b) (cd) (e ) (6.59)

nsp .
By =t

anpt _ { [CL 6] [b d] [a|kbcdg ’b> [g ‘ kbcd‘d> 1
T taeptba (Do) (cd) (e f)(fg) (D)
) NUM spGy 1

T taertoed 00) (cd) (€ 1) (ae) (a f) (@ g)

(6.60)

and

( [af] [bd] [b|kaefg‘a>[g’kaef|f>
tacs[9lkbcalg)  {ae)(af)(cd){ef)(gc)
7 NUMspG2
* lacslglkecalg) (ae) (be) (bd) (bg) (cd) (e f) (g )
n i [a ] [bd] [alkbcdg D) [g[Fpeald) 1
tacflglkvealg) — (be){cd)(e f)(fg)  (db)
) NUMspG: 1

" e 9lkvealg) (<) {ed) (e f) (ae) a f) (ag)

Sp__
B711 -

(6.61)

Numerical tests confirm that the ¢-poles and spurious poles in B;’fl separate fully, once
all terms are taken into account. To help in finding that separation explicitly, the

. . S . .
spurious piece B7€1 can be written over one denominator as

sp 7 nuMgy 1

Bt = oledlg) (@) (1) (ag) (60 (od) bg) (ed) () ) (Fg)” 002
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with a large number of numerator factors,

nums, = — [ae [b dl(ae) (a f)(ag)(bg)(cg) alkveig|b)g|kbeald)
d g] sag (bd) (bg) (cg) (f 9) [e|kealg)

bg) (cg) (f g) [blkbcala)[d|kped|a)[g|kbcale)

[

—[a6]<

—s0a (bg) {cd) [ag][f gl (af){ag)(fg)dlkacslg)

—sga{gc) bgl(af)(ag) (fg)alkacs|b)[f|Kacs[b)

—(bg) (cd) [be][gd] (a f) (ag) {f g) [alkacs[b)[f[Kacslc)

— sug (a f) (a g) (f 9) [alkacs D) [d|Kacy|d) [f|Kacslc)

— spg (¢d) [gd] (a f) (ag) (f 9) [alkacs|b) [f|Kacslg)

— sga{cd) lgd]{a f){ag) (fg)a|kacs|b)[f|Facs|g)

—(bg) {cd)[gd]* (a ) (ag) (f 9) [alkacs|d)[f|Kacs|9)

+la fl{bd]{ag) (be) (bd) (bg) (f g) [blkacrgla)|glkacs| f)- (6.63)

To eliminate spurious poles from the basis Bz 1, we must separate the parts of B3},
with t,c¢ poles from those spurious [g|ky.q|g) pieces. Numerical tests show this to be
possible, meaning that there exist manipulations to place the numerator terms into the
form

numsy = Atqer + Blg|kped|9) (6.64)

for some spinor functions A and B to be found. Then cancellations against the denom-
inator factors create a t-pole piece free of spurious poles and a spurious pole piece free
of t-poles. The latter can be discarded.

A strategy for finding the desired form for numg, involves numerical evaluation.
Suppose that each term is numerically evaluated, using a kinematic point where both
[9|kbealg) and tqcr are small. As a result of the structure in eq 6.64, the total value of
nums, will be small. However, individual terms in nums,, where the pole factors are
not explicit, will not necessarily be small. Since the larger terms must partially cancel to
produce the small total, we can inspect those large terms which show similar magnitudes
for ways in which they can be combined algebraically, to produce a single new large
term and/or small terms involving explicit pole factors. By repeatedly matching and
combining those terms of the greatest magnitude, the whole of numg, can be converted
to only small terms containing explicit poles, as required for the structure in eq. 6.64.

Performing the manipulations, the end result is a form for nums, where the t,.; and

[g|kbealg) factors are separated, leading to separable ¢-pole and spurious pole parts. In
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full, the numerator sum is expanded into approximately twice as many terms,

numsp = = [g|kacslg)alkacs|b)[f|Kacs|c)saq (a f) (ag) (f g)

— [9lkbeal ) [alkacr|a) [blkbcala) [ d|kpedle) (bd) (bg) (f )
+ [91kbeal 9) (Dl kpeala)[d|kaepla) (b d) (bg) (ce) (f g) [ae]
— [9lkbealg)[blglc) [d|kacs|a) (a g) (bd) (bg) (f g) [ag]
[9lkbealg) [alkaes[0)[f|Eacs|d) (a f) {a g) (bg) (c f)[bd]
[9]kbealg) [blkbeala) (a f) (bec) (bd) (bg) (f g) [a f][bd]
[91kvealg) (ae) {ag) (bd) (bg) (cg) (fg)lagl[bg][de]
[ )blkaerle) (a f) (ag) (bd) (bg) (f g)[ag][d f]
= )[blkbeala) {ae) (bd
+ [9kbeal g)[alkaer|d) [ f|Kaer|c
+ [9kbeal 9)[f|Kaegle) (a f) (ag
— tacflalkacs|b)[g|kbeald) (a f)
— tacf [blkbeala) (a g) (bd) (bg)

+ tacf[blkbeala) {ae) (bd) (bg)

+ tacs[blgle)((a g))® (bd) (bg) (f 9)[ag][dg
[
la

n
n
n
+ [glkbealg
(bg)(cg)(fg)lae][dg]
(a f){ag)(bg){fg)lgd

)
bg) (fg)lab][gd]
(cg)[bd]

9| kpedlg

)
c)

]
— tacf [blkbcal @) [d|kpealc) (a g) (bd) (bg) (f g) [ga]
— taerlalkaer|d) (a f) (ag) (bg) (cg) (f 9)[f 9] lgd]
—taer (a f) (ag) (bd) (bg) (cg) (f g)[ab] [f g][gd]
+ taetlalkaes|b)sag (a f) (ag) (cg) (f 9)[g f]
+ taetlalkaes|) (a f) (a g) (bg) (c f)(dg)[bd][g f]. (6.65)

~ ~
/\/\

However, only those that contain a [g|kseq|g) factor to cancel the spurious pole will
contribute to the leading pole behaviour overall.
The clean basis

We can discard the numg, numerators containing ¢,.; factors, as these correspond to
terms containing spurious poles but not ¢-poles once the denominator is considered.
Finally, we are also free to rotate the arguments of any part of the basis under the

P7.1,1 sum. Performing

B7P(a,b,c,d,e, f,9) = BrY(b,a,e, f,g,¢,d) (6.66)
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brings all the single ¢-pole basis terms over the same ¢,y factor. Combining and tidying
up, the basis for the t-pole part of R711 can be written in terms of single t-pole (st)
and dual t-pole (dt) parts

Br = B, + B, (6.67)
where
pit _ 7 NUMg;
M taertied (ac) (a f) (ag) (be) (cd) (e f)
i [alker|b)[glkbcald) [ae] [bd]
bacstood (60) (bd) (cd) (e ) (F 9) (663
and
pst _ 0 numst 1 (6.69)
M taer (ae) (a f) (ag) (be) (bd) (bg) (cd) {cg) (e f) (fg)’ '
with numerators
numgr = — [blkpcala)|d|kecala) [g|kpcale) [a €]
— le|kbealg)sag (a€) [bg] [dg] (6.70)
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and

numst = — lalkaes|a) [b|kbeala)[d|kpcalc) (bd) (bg) (f g)
blkpea|a)|d|kacsla) (bd) (bg) (ce) (f g) [ae]
alkact|0)[flKactld) (a f) {ag) (bg) (c f)[bd]
blkpeala) (a f) (be) (bd) (bg) (f g)[a f][bd]
[alkaer|)[f|Kacsl9) (a f) (ag) (be) (fg)[byg]
[d[kacrla) (ag) (bd) (bg) (cg)
(ae)(ag) (bd)(bg)(cg [
[blkaeslc) (a f) (ag) (bd
[ ) f|Kaerlb) (a f
— [alkacs |0} [flkaerle) (a f
— [blkbcala) (ae) (bd) (bg) (09) fg)laelldg]
f){ag)(bd) (bg)
af){ag)(bd)(bg)
alkaef|d)[f|kacslc) (a f
|kaefl)[flkaer|d) (a f
flkaesle) (a f) (ag) (bd) (bg) (f g) [a

[
[

[
[

+ o+ o+ + o+ o+t

CL| aef‘

(a
{

+ o+ o+

[
—[a
+ I lgd]. (6.71)

Numerical tests confirm this expression to be correct and to contain all leading ¢-pole
terms.
We can now move on to fitting the sub-leading poles of R%’({, to complete the compact

form.

6.5.4 Sub-leading pole fitting

The leading poles (meaning the ¢-poles) of the R%}l rational piece have been identified.
By subtracting these from the full Rﬂ‘f result obtained by augmented recursion, we
are left with only terms with sub-leading (angle bracket) poles. We now fit those poles
to an appropriate compact form via ansatz fitting.

We may investigate the pole content of our sub-leading piece by choosing specific
numerical points on which to evaluate it. Choosing momenta close to a particular pole

can be expected to cause the output to become large, if that pole is present in the
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Diverging poles: | (12)(13)(23) | (12)(34)
Weight —3 (bc) (bd) (cd)
Weight —2 (cd)(de) ({ce))

o0

~
PRt P

P e e
[SIRES SRS TR R
XL OO

~ S~ S~

o 0 Qe
e RO T =Y
~ S~ S~ ~— ~~—~

Weight —1 {ac)(bc) E(ab

Table 6.3: Results of numerical pole tests on R%(cﬁ, bt ct;dt et f1), to find
coinciding poles. Headings indicate the type of poles that are chosen to
become small simultaneously. Each entry is a specific group of poles,
associated with the lowest total weight they appear as in the amplitude.
For example, an entry with “weight —1” means that of the group indicated,
there can be at most one more member of the group in the denominator
than the numerator. Spinor products in parentheses are those that do not
appear as poles, so can only be in the numerator if present.

expression. As the leading and sub-leading pieces separately obey the P7.1 1 symmetry,
any insight into one pole structure can be applied directly to any of those equivalent
under the symmetry.

Individual pole tests confirm that no ¢-poles remain in the sub-leading piece, leaving
only the simple poles (bc), (cd) and those equivalent. The results of applying pole tests

to multiple poles simultaneously are recorded in Table 6.3.

Ansatz fitting

Only the two entries with weight —1 represent restrictions beyond those of the indi-
vidual pole tests, for example (a c) (bc) ((a b)) shows that a particular sub-leading term

may contain at most one of the structures

1 1 (ab)
{ {ac)’ (be) {ac)(bc) } : (6.72)

Given knowledge of the poles present, we can construct an ansatz function that encom-

passes any possible term in the sub-leading piece. Ideally, this ansatz will contain as
few terms as possible, so that when fitted to the large expression generated by recursion
we will see significant simplification. Starting with the denominator, all the poles that

might be expected to coincide in a term are selected.
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6 Reconstruction of Rational Functions

A first proposal might be

1 1 1
(cd)(de) (e f)(fg){gc)(be)(bd)(ae)(af)

which is one of the largest allowed structures if (for now) we assume the more compli-

(6.73)

cated structures like the third term of eq. 6.72 do not occur.

Filling in the numerator with terms with unknown coefficients, satisfying spinor
weight requirements, the basis for an ansatz is formed. These conditions are firstly that
the overall weight of spinor products should be —3 for a seven-point two-loop amplitude,
so each term must contain six spinor products. For correct little group scaling, we also
require an overall spinor weight of —2 for each positive helicity momentum present. (An
angle product is worth +1 in the numerator and —1 in the denominator. For square
bracket products the values are reversed.)

While choosing basis numerators, we must be aware of linear dependence between
terms, which can be caused by Schouten relations and the zero momentum sum. Using
matrix reduction, the full list of possible numerator permutations can be reduced to
a linearly independent set. Note that this reduction step is computationally difficult,
involving a matrix of size (number of numerators)?. As a result, it is not always feasible
to choose the largest possible ansatz denominator.

The ansatz basis is placed under a P71 sum, ensuring symmetry matching the
target expression, and meaning that other allowed poles not present in the basis will be
explored by the rest of the ansatz. Further linear dependence could also occur between
terms after we apply the P71 sum over the ansatz basis. We will be cautious of how

this may affect the fitting result.

Selecting numerators, the ansatz basis is

G
(cd)(de) (e f)(fg){gc)(be)(bd)(ae) af)

where GG contains 2625 linearly independent numerators and unknowns. Mathematica

Brag = (6.74)

is used to evaluate the equation where the summed ansatz is set equal to the sub-leading
part of Rﬂ(f on as many kinematic points are there are unknowns.

The resulting system of linear equations has a clean solution of zeroes and rational
values, showing that an appropriate ansatz was chosen. Of the initial 2625 unknowns,
all but 108 terms take a value of zero. The effect of linear dependence between terms
in the ansatz manifests itself as linear dependence in the solution for the unknowns.

However, those undetermined coefficients can be set to zero to obtain a valid solution.
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6.5 Seven-Point Rational Piece Rg%l

The compact sub-leading piece

The successful ansatz result, containing 108 terms, has a manifest P7.; 1 symmetry and
is free of factors of the reference momentum ¢. In full, the sub-leading pole terms for

Rﬂ , can be written

R =S BEY, (6.75)
Pria
where the basis is
1 2 3
(sub) — num(su)b + numgu)b + numgu)b 1 1

B (6.76)

(cd)(de)(ef)(fg)lgc) (be)(bd)(ae)(af)
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The numerator terms are

mum 1, =22 (a¢) ad) (be) (b ) [ab]? + o0 (ab) {ae) be) (d f) ab]?

~ 5 (ab) (ad) (be) (e £) [ob® — 3 () (be) (d ) ab] [a
~ 2 ac) ad) (b) e f) b [ac] — 5 (ac)? (b (e 1) 8] o]

+ 2 (ac) (ad) (be) {d ) [ab]fad] — L (ac) (ad) (bd) (e /) [at][ad]

+ 2 4ac) (ad) (be) (e ) ab][ae] — 5 {ac) (ae) (b) (df) [ab] [a f

~ 2 ab) (bd) (ce) (e ) [ob] el + 3 (ab) (b) {e 1) (de) [ad] b

+ 2 4ab) {be) (ee) (d f) lab] [be] — 2 {ab) (ed) (ee) (e ) fac] b

— 2 ab) (ed) {ee) (e ) lacl[oe] + 2 (ab) (bl (ce) (d f) ab] b

2 (ab) be) (de) (d) [ab] o] + 2 (ab) {ed) (de) (d ) fad] [bd

D ab) ed) (d ) (e £) o I bd) % (ab) (ed) (d 1) (e g) lag] ]

11

— 5 (ab)(be)(ce) (df)[ad] [be] + ? (ab) (bd)(ce) (e f)lab] [be]

+ 5 (ab) be) (de) {e ) lat][be] — 5 {ac) (bd) (ce) {e Hlac][be]
— 3 4ac) (bd) (de) (e 1) [ad][be] + 5 (ab) (ce) (de) (f g) ag] be]

g (ab) e (e f) (df) [ab] 5]~ 5 ac) (b (d ) (e ) [ad] o ]

+§<ab><ce><df><fg>[agnbf]—5<ab>< &) (¢ f) (dg) [ab] [bg]
+ 2 4ab) (ce) (dg) {7 ) [ag) gl + 5 {ac) (bd) (e ) (de) [ab] [ed]
21

- lac)(be)(de) (d f)[abd][cd] - g {ac)bd)(cf)(ef)labllef], (6.77)
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ad) (be) (¢ f)[ab][ac] = 6(ad) (be) (e f) [ab] [ad]
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and

num®, =7 (ab) (bd) (c ) (e 1) [ab] [b f] — 6 (ac) (bd
—6(ab) () (df) (e f)[afl[bf] -6 (ab)

(ce) {d f) [ab] [ed] + 6 (ad) (c

de) (df)[ag)led] - 3(ac) (be
de)lad][ce] + 3

) (e f)lac bl
{df)(eg)lag]bf]
) (de) [a f][ed]
(de) (e f)lab][ce]
(ac) (e f)(de)* [ad][ce]
[ad][ce] =3 (ac)(ce)(de) (d [)[ad][ce]
[Hce] (ac)(ce)(de) (e f)[ae][ce]
[abl[cf] = 6{ac)(cf)(de)(df)lad][cf]
[ J=3{ac)(cf)(de)(ef)lae]lcf]
cg)ladlcgl +3(ac){cf){cg)(de)lac][cg]
[ad][cg] +9(ac)(bd)(de) (e f)[ab] [de]
[de] =3(ac)(cf)(de
[de] —6(ad)(cf)

) {ef
{cf)

f
)
)
-3
-3

f
f

aelle

~  ~

=)
0,
=
=
|
(@)
)
&
)
=
SRy
T o
M&/\
_
S
s S —
Q
=
=~
=

df)(ef)laelldf]. (6.79)

(2)

We present the complete compact, analytic expression for R..] ;, of which this is a

component, in Section 4.5.9 on page 100.

6.6 Seven-Point Rational Piece Réﬂ

(2)

We aim to fit the reference momentum-containing rational piece R7:4’q to a compact
ansatz. To simplify the problem, we first deal with the leading poles by hand, which

can be written down from the factorisations.
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6.6.1 Augmented recursion output

The output of augmented recursion is an analytic, but very large, expression for Rg?i’q.

Generated using code that avoids expanding terms all the way down to their constituent
spinors, the expression is written in terms of spinor products and can be written as a
115 MB Mathematica file. The expression contains 4155 terms and occupies 976 MB
when in memory.

As was the case for R%’q and Rﬂff, immediate improvements can be made by
checking for duplicate terms. Condensing these, we are left with 1959 terms.

An additional small improvement can be made by checking for terms that cancel
in the overall expression. Twenty-four cancelling pairs are found, reducing the total
number of terms in the expression to 1911. No cancelling sets of three are found and a
search for larger sets is too computationally expensive.

The new R%’q is a 56 MB file, or 480 MB in memory. One numerical evaluation
of the expression (on an i7, 2.60 GHz machine) takes 4 min, in comparison to the 8
min taken by the larger expression. The long time taken by even a single evaluation
highlights the need to keep the ansatz fitting portion of the reconstruction as small as
possible, so that fewer evaluations are needed. It demonstrates why attempting to fit

the leading poles as well as the sub-leading poles would be unworkable.

6.6.2 Pole tests

We can run numerical tests on R;ﬂ’q to identify which poles are present. Tests involving

multiple spinor products becoming small can be used to find combinations of permitted
poles.

The P74 symmetry of the partial amplitude means that if a pole such as (ab) is
present, then so is (bc) etc. For simplicity, we will tend to record only one of each
equivalent pole or combination type, but the rest are implied.

The (leading) poles present are
tabes tdef7 <CL b>2 ; <d €>2 ) <a d> (680)

and all those which appear as equivalent to these under the P7.4 symmetry.
Checking the extent to which collections of poles are allowed to occur together in the

same term, we find the following constraints:

e At most one t-pole occurs per term.

e At most one double angle bracket pole occurs per term.
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e There is no overlap between t,,. and any double pole.
e Overlap between tq.; and (de)? is permitted.

e Overlap between t4.¢ and (a b)? is not permitted.

6.6.3 Leading pole factorisations
(1)

The leading poles emerge from factorisations involving R, — Rél) (t-poles relating to
the propagator) and Rél) - Rél) (double s-poles from the propagator and a factor in
RrM).

We colour dress those amplitudes and perform the multiplication, joining the colour
traces using identities. Those terms containing the overall colour structure of interest
are selected. In this case, the factorisations relating to R% are those that multiply the
traces Tr[TeTT) Te[T4TeTITY).

Let us work with basis expressions, which must be summed under the P74, or

Zs(a,b,c)Zy(d, e, f,g), symmetry to give the full factorisation,

Fra= Z B7.4. (6.81)
Pr.a

The t-poles occur in the factorisations

1 1),a 1 1),sm ; —
B'tYZ:)4(a’ bv ¢, d767f7 g) :§A4(1%7 p( k:bma b C)t b Aé% (kabdd’ €, f7g)
L (1),sm 1
+ gAZ(L; ( kabc7a b C)t b A( ) (kc—:—bc:d7evf7 g)
1 1),a ( 1),sm ; —
1A T (ke a,b,¢) AL (ki d.e, £ g)
abc
1 1),sm i 1),a
A (ki a,b. ) — ALY (ki doe, £ g)
abc
1 1),a i 1),sm
+ 1AL (a,bc, k;,c)tabcAg:g (kpeidse, f,9)
1« ,sm — i 1),a
AR (@b e k) AL (K doe, f0)
1« ,Q; { 1),sm
A (e f g, ki) ARy (ki gy dia,bic)
efg
1 (1),sm i 1),a
+ 3A4{ (619, ~kep) ALY (kY diabo),  (6.82)

where these are all one-loop partial amplitudes, either all-plus helicity (ap) or single-

minus helicity (sm) and the helicity of the propagator momenta are explicitly stated.
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6.6 Seven-Point Rational Piece Rga

Double s-poles occur in

s 1 a ] ,SM 9 —
B7:4(a’ ba c, da €, f: g) :ZA:(;%’ p(a’a ba _k(:;y)ibA((ili)‘) (kabv C; d’ €, f7 g)

Sa

1 1),a { 1),sm —
+ 3451 (1.9, —kﬁ,)%A&i (a,b,c; k7, doc).  (6.83)

The partial amplitude Aéﬁ’sm is one for which a simple compact expression does not
exist in other literature. A functional but complicated expression is available by ap-

plying decoupling identities to Ag%’sm; however, pole tests show that Agi’sm contains

many types of pole not present in Aég’sm. These unwanted poles appear to be present
in the decoupling expression, but must actually cancel overall. The presence of such
“apparent” double s-poles and t-poles in particular obstructs our work on factorisa-
tions, because they make it harder to see which leading poles are present. So we would
prefer a form for Agi that is explicitly free of apparent poles. This is achieved using

ansatz fitting in Section 6.3.4.

Testing the factorisations

We perform pole tests on the factorisations to confirm that they match R%’q to leading

order. In addition to the leading and sub-leading poles, there may be spurious poles
in some factorisations that do not appear in the full augmented recursion expression.
Accidental overlap can occur between the t-pole and double s-pole pieces (i.e. the t-pole
piece also contains some double s-poles, or vice versa), which should also be checked
for.

We write out the factorisations explicitly to check for unwanted pole types. Note
that the transition from spinor products containing complicated objects like kgp. (such
as (kape g)), to terms involving the external momenta only (such as [g|kupc|g)), can often
give rise to spurious poles.

Using the same term ordering as in equations 6.82 and 6.83, we assign some labels

for convenience,
BZ?,(a,b,c,d,e, f,g) = pt1 + pta + pt3 + pts + pts + pte + pt7 + pts (6.84)

and
B;:Izl(aaba ¢, d7€7 f7g) :pt9 +pt10- (685)

Each factorisation is written out in terms of its amplitudes, then spinor products con-
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taining nullified sums of momenta k” are joined together so that they can be promoted
to non-nullified momenta k. The extra piece created when moving from k* — k con-
tains an additional factor of k%, which cancels with the leading pole the factorisation
aims to capture. Discarding these pieces, we obtain
i1 1
" 9tae (00) (ca)
(M%M@WmM@me@wﬂ
(de)* (e f)* (f9) (gd)
| lagllbg] ( [dg]
[glkabelg) \ (e f)?

“d<mmwﬂ+Mﬂwm0, (6.36)

pty

lg f]
(de)?

dlkasclg) + mmww)

(e f)?

1 [0 b] 1 1
* tape (ab) (be) (ca) (de) (dg) (e ) (f 9) [9lkael9)
([9lEabc|b) Sdeses (a g) — [9|kave|b)Serssq (a g)
+ [flKave|b) [glkave|a) (d g) (e f) [de])
1 2 [a b] 1
~ Ytape (ab) (be) (ca) (de) (dg) (e ) ([ 9)
([dlkavela) [g]kae|) (d g)), (6.87)

pta

1 i 1 !
P = 12 bune (b) (ca) (de) (e ) (F 9) (g d)
([l Kasel ) ol Eapele) [d ] + alkiasel £ blkarelg) [f 1), (6.88)

o 1 i 1 [a b]
P = 12 1 ape (ab) (be) (ca) (de) (e f) (f g) (g d)
([d‘kab0|a> [e|kab0’b> <d e) + [f|kab6‘a> [glkabt:‘w <f g>)7 (689)

1 =2 1 1
P = T 12 e (be) (ca) de) e ) (F 9) (g )
([a’kabc|d> [b|kabc’e> [d e] + [a’kabc|f>[b’kabc|g> [f g])a (690)
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S 1 [a b]
P T 12 tape (ab) (b€) (ca) (de) (e /) (f g) (g d)
([d|kabc|a> [e|kabc‘b> <d €> + [f|kabc|a> [g’kabc|b> <f g))a (6'91)

1 2 1
Iterg (e ) (F9)
C[%m@@%m@%d+M%M@M%M@W@)
(ab) (bc) (cd) (da)

([elkesqla)[glkesgle) [ca] + lelkesy|b) [glkeryld) [dD])
(ad) (bec){ca) (db)

ﬁjM%M@M%mWMH+M%mMM%mWWdU

(ab) (bd) (ca) (dc)

ptr =

+

: (6.92)

2 i 1 [dlkesgl f) le 9]
Iterg {ab) (be) (ca) (e f){fg)

[d|kefg|g> [d‘kefg|e>
( o) el )’ (693

ptg = —

Dty = ONCL L
3 (ab)® (cd) (de) (e f) (fg)(gc)
(—=(blclgla) + (bldle|a) + (bld|f|a) + (ble|f|a)), (6.94)

and

ptio =33 " pti™, (6.95)

[ab] [de]

which makes use of the notation for antisymmetric sums defined in eq. 6.25, to sum
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over the basis

pi{0asi) 7%’ 1 i (e f) 1
(f g)° (ab) (be) (de) (ea) [d|kysg|d)[e|kfgle)
(—2[flgla) (da) [da] [d][ea] — 2[f|g|b) (da) [db] [d ] [ea]
—2[flgle) (da) [dd? [ea] — [flgla) (ea) [dc] [ea]?
+2[flgla) (eb) [dc] [ea] [eb] + 3[flgla) (ea) [da] [ea] [ec]
+2[flgla) (ec) [dc] [ea] [ec] + 3[f|g[b) (e a) [da] [eb] [ec]). (6.96)

Immediately, we see that pts + pts = 0 and pty + ptg = 0. Spurious poles, of the type
[z|k|z), are present in pt; and pts. The piece ptg contains both double angle bracket
poles and t-poles. The double angle bracket poles are not spurious because they are
of a type present in the amplitude, even though they appear in a t-pole factorisation.
What they represent is an overlap between the two types of pole factorisation, so we
expect some double counting of these poles overall, which should be identified and
removed. Similarly, the denominator [z|k|x) factors in ptip are equivalent to t-poles
and form another overlap. The double poles in pt; can be considered spurious, because

the factor tqp. (d e>2 does not appear as a denominator in the amplitude.

Clearing spurious poles

First, we clear the spurious poles appearing in pt; and pts.

We know that after applying the Pr.4 sum to all the factorisations, we must obtain
the leading pole structure as it appears in the amplitude, plus sub-leading parts which
we can discard. Since the spurious poles do not appear in the amplitude, by algebraic
manipulation it should be possible to move them out of the leading terms, to sub-leading

terms of our factorisations.

Applying Schouten identities, rotations of momentum labels under the sum, the zero
total momentum, etc. we can create numerator factors to cancel either the spurious

pole or a t-pole (and discard non-leading terms).

Begin with the spurious pole [g|kqpc|g) in pt1. This pole is also present in pty, so in

general its removal may require cancellation between the two pieces. In this case, no
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such cancellations are necessary and we obtain
e 1
9 Labe <b C> <C CL>
< . [a|kabc|€) [blkabele) [e[kabc|€) {d )

pt1 =

(de)? (e £)*(fg) (gd)

>2([a9] [bd] + [ad][bg])

+ gl bl (([d|kabc|e> L (ea)lfyg )) 697)

de) (e f)”  (de)*{ef)

after successfully removing [z|k|x)-type poles. Spurious double poles are still present.
With that, the clearing of pts should also be possible, without cancellations between

pieces. Indeed, we find
pty— L1 ___ladl L
9tape (ab) (be) (ca) (de) (dg) (e f) (] g)
([f|Kabe|b) (@ g) (e £) [e g] = [f[kave|b) (ad) (e f) [de]
+ [g|kabc’b>$ef <a > [d‘kabc|a> [g|kabc’b> <dg>) (6'98)

which is free of all spurious poles.

Returning to pti, there are two spurious double poles (d e>2 and (e f>2. To proceed,
we should attempt to separate them and rotate one under the P74 sum to match the
other. This will shift the cancellation from between different versions of pt; under the

sum to within the one basis pt;.
Doing so, we obtain

1 i 1 1

I tane (bc) (ca) (de) (e f) ([ g) (g d)
([alkabe|e) [Dlkae|d) [d €] + [alkane|e)s g [De]
+ [blksgld)ssglad] + 554 (f 9) [ag][bf]
+ (e f)(fg)laflbflleg]), (6.99)

pt1 = —

which is now free of spurious poles.
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Overlap between factorisations

Having cleared the spurious poles, we have expressions for the amplitude terms contain-
ing t-poles and for the amplitude terms containing double angle bracket poles. Due to
the full amplitude containing terms with both t-poles and double poles, there is overlap

between our two expressions.

The (summed) t-pole factorisation F;Z contains all the required t-poles, but also

(de)*-type double poles (in ptg).

The (summed) double s-pole factorisation F;¥ contains all the required double angle

bracket poles, but also ¢4 ¢-type t-poles (in ptig). When the basis is written as

4(basis) _ v 1 ef) 1
0 9(fg)* (ab) (be) (de) (ea) teggtrga
(—2[flgla) (da) [da][dc] [ea] —2[f|g[b) (da) [db] [dc] [ea]
—2[flgle) (da) [dc)* [ea] - [flgla) (ea) [dd] [ea)?
+ 2[flgla) {eb) [dc] [e a] [eb] + 3[f]gla) (e a) [da] [ea] [e ]
+2[flgla) {ec) [dc] [ea] [ec] + 3[f|g|b) {ea) [da] [eb] [ec]),  (6.100)

this becomes evident.

The presence of two t-poles in the same denominator complicates things, as ¢-poles
should only appear alone in the amplitude. Pole tests confirm that after all sums are
taken into account, this structure reduces to one involving at most one ¢t-pole. Before
we can resolve the overlap with pts, it may be necessary to deal with these “spurious”
second poles. (We can modify pt;o by a piece containing only leading ¢-poles, without

spoiling its agreement with the leading double poles.)

To check for cancellations, we carry out the sum in ptig over its basis, giving

ptio =pt$y + ptio, (6.101)
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where

i1 1 [f 9]
3(fg)%tesgtsga (ab){ac)(be)(de)
|
|

ptip =

(= 2[eld|g)[elkav|c) (e [) [cd] + 3lelalc)[e[blg) (e f) [ d]
+ 3lelalg)lelble) (e f) [ed] + 3[c|kap|c) [elkablg) (e f) [d €]
— 2[dlelg)[d|kap|c) (d f) [ce] + 3[d|alc)[d]blg) (d f) [ce]
+ 3[d|alg)

dlalg)[d[blc) (d f) [ce] + 3clkav|c) [d|ka|g) (d f) [e d]) (6.102)

elalg

and

p 0 11 {ef)1fg]
T3 (fg)2trga (ab) (ac) (be) (de) (ea) (eb)
(2(ac)(ag)(eb)lcd][eal +2(bc) (bg) (ea) [cd] [eb])

i 1 1 (df)[f4d]
3(f g)* terg (ab) {ac) (be) (de) (da) (db)

(2(ac)(ag)(db)[ce][da] +2(bc)(bg) (da)[ce][db]). (6.103)

The piece pt{, separates out those terms that need further work.

Fitting to an ansatz

We can attempt to fit pt{, to a basis of non-spurious allowed forms, plus a purely

spurious piece containing the two coinciding t-poles. Schematically, we wish to find

A L, B . C D
(FO)teratron  (FO)terg (f9)trea  (F9)terglyga

(6.104)

for some unknown spinor functions B, C, D. The terms containing B and C are leading
pole contributions, while term D contains only spurious and sub-leading poles so can
be discarded. That this separation takes place is a reasonable prediction, because we
know from pole testing that overall, the factorisations reproduce the leading poles of the
amplitude and these do not contain spurious poles. In actuality, however, the spurious
pole separation may require cancellations to take place with other terms in the Pr.4

sum which share a particular t-pole. It may be that

A B C D
+ + 6.105
7,2 (f 9) 2 tesat oa - PZ ((f Nterg  (F9)trga  (F9) tefgtfgd) (6.105)
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is the required relation. For this reason we propose ansatz bases, to which a Pr.4 sum

is applied before comparing to pt{, under a Pr.4 sum.

An initial ansatz basis is tested, containing only the poles present in pt{,

1 1 ansnumsi

(f 9)° tesg (ab) (ac) (be) (de)
1 1 1 ansnums

T 3 7 g2 trea (ab) {ac) (be) (de)
1 1 1 ansnums

T 377 9) tasat o (@b) ac) (bc) (de)

It is unsuccessful, failing to reach a rational solution for the coefficients. This suggests

By =

W | =.

(6.106)

that if manipulations do exist that can separate the two ¢t-poles and double angle bracket

poles, they involve new poles entering the denominators. Extending the ansatz to

By :z 1 1 ansnumi
301 9% tery (ab) ac) (be) (de) (e )
1 1 1 ansnums
317 9 trga (ab) (@) (b} () (e 1)
1 1 1 ansnums
3179 teratroa (ab) (ac) be) (de) (6.107)

is also unsuccessful. It is difficult to predict which additional poles are missing from
the ansatz, given the wide range that occur in the summed factorisation expression.
Having experienced the drawbacks of an ansatz-based approach for this task, we move

to a different approach.

Factorisation to find the overlapping leading terms

An alternative route to removing the spurious poles is to use factorisations to directly
obtain the overlapping terms containing tssq and (f g>2, rather than attempting to
extract them from a larger expression. These terms could be considered the “most
leading” pole terms, because they represent the part of the amplitude where both
types of leading pole structure occur. It is these “most leading” terms which appear in

both ptg and ptyg as the double counted overlap poles.

We can imagine two such diagrams that give rise to this structure:
1 U (0),,— i
Agd(a® 6%, —k) — AP (g ¢ — )

Sab abc

AV At et frgh),  (6.108)

abc’

186



6.6 Seven-Point Rational Piece Rga

which differ in the helicities across the t-pole propagator. To form the factorisation,
we colour dress each factor in this product, then join the colour traces using matrix
relations to eliminate repeated k-momenta factors. Then extracting only the coefficients
of the relevant colour structure, Tr[T*TPT¢|Tr[TTeT/T9], we obtain a factorisation

for the leading parts of R( ):

Rieg? =" Bl (6.109)
Pr:a
where
ea 1 .« i 0),, — 1 1
Bl7: a :iAi(B:%(a’ b, _k;;))?bAé )(kab’ G _k;'zc)t Ag:%(ki:bc’ dye, fr g )
1 i ) ) 1
+ gAgg< f.9, k;{g)s—A( (k. d, ko) — AL (KE g esa b)) (6.110)
fg trgd

and the two factorisations represented by the second term give rise to our structure
of interest. Writing those out in terms of their amplitudes, then eliminating factors

of k, we find that the ¢t-pole cancels in the factorisation helicity choice which includes

Rélz,))sm So only the factorisation involving R( )ap contributes, giving
4 9 (fg>2tfgd {ab) (bc) (ca) ’
as the overlap between 744 t-poles and (f g>2 double angle bracket poles.
In fact, we need to include an additional term in the basis
B%; Blead_'_Blead‘d(_)e (6.112)

to account for overlaps of the type tcsq (f g)2. Numerical tests that cause both pole
types to become large simultaneously confirm that this captures the most leading pole
structure of the amplitude. The same test also shows the structure matches the overlap

behaviour of both ptg and ptig, as expected.

Separating out the overlap poles

Now that we have an expression for the overlapping pole pieces, we want to see what
remains of ptg and ptig once it is subtracted off.
In principle, we know that summing ptg + pti1g causes a double counting of B7 %15 SO

just including a factor of —B7:4 in the overall factorisation basis when both t-poles

187



6 Reconstruction of Rational Functions

and double poles are included is sufficient to reproduce all the amplitude’s leading pole
structures. However, we are interested in results that present the properties of the
amplitude as clearly as possible. The separation of the most leading poles from other
leading poles will be carried out explicitly, to ensure that no spurious terms remain (for
example terms in ptjo with two t-poles).

Taking the difference BL,, = ptg — BL,, we obtain as a basis
2i 1 1
9 tefg (ab) (be) (ca)
2
([fg] def’ |, leg][dglde] <eg>>’ 6.113)

t
B7:4 -

(f9) {ef)(f9)

which as usual lives under the Pr.4 sum. With this, the terms containing only ¢-poles
(and simple angle bracket poles) have been fully separated from those containing double
angle bracket poles.

We would also like to find ptig — B?fz, which would hopefully contain only double
angle bracket poles as leading poles and no t-poles, but the expressions are larger and
a nice cancellation does not occur between the basis forms. Numerical testing confirms
that the subtracted poles only cancel once the Z(abc) part of the overall sum has taken
place. Rotating momentum labels of terms of the basis under the sum does not cause the
cancellation to take place sooner. (Every possible combination of momentum rotations
was applied to each term, but at no point did it lead to full ¢-pole cancellation.) We
might expect there to exist some combination of manipulations that allow the t-poles
to cancel before the sum is applied. But without a guiding strategy, searching for it is
impractical and unlikely to be successful on an expression of this size.

For now, we will move on from factorisation manipulations. Instead of fitting only
the sub-leading poles to an ansatz, we can propose ansatzes for sub-leading and (f g>2—
type poles. This leads to an increase in the complexity of ansatzes that must be tested,

however it is only of one spinor product so should not be too problematic.

6.6.4 Sub-leading pole fitting

We now perform ansatz fitting on the sub-leading poles, as well as (f g>2—type poles
that did not reduce to a clean form in the leading pole factorisation.

By choosing kinematic points near to multiple poles, knowledge of the sub-leading
pole structure can be gained. Due to the Pr.4 symmetry, testing a particular collection

of pole structures also determines those other structures that are equivalent under the
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6.6 Seven-Point Rational Piece R%

Diverging poles: | (12)(13)(23) | (12)%(13)(23) | (12)(34) | (12)*(34)
Weight —3 (ab) (ac)(be) | (de)’ (e f)((df)) (de)* (ab)
(de)* (f g)
Weight —2 (ab) (ad) (bd) (de)* (ad) (ae) | (ab)(cd)
Weight —1 (ad)(a f)({d[)) (ad) (be)
{ad) (b f)

Table 6.4: Results of numerical pole tests on R%(cﬁ, bt ct;dt et f1), to find
coinciding poles. Column headings indicate the type of poles that are
chosen to become small. Each entry is a specific group of poles, associated
with the lowest total weight they appear as in the amplitude. For example,
an entry with “weight —1” means that of the group indicated, there can be
at most one more spinor product in the denominator than the numerator.
Spinor products in parentheses are those that cannot appear as poles, so if
present will be in the numerator.

symmetry. We maintain this symmetry in our ansatz by choosing poles to place in a
basis under a P74 sum. Restrictions found on allowed pole groupings are described
in Table 6.4, where one form of each group has been shown as representative of those

under the symmetry.

Ansatz fitting

From these pole conditions and the allowed pole types ((ab) (ad) (de)?), potential
pole structures are constructed. Taking a specific example, the pole test result for

(ad) (a f) ((d f)) means that a particular ansatz denominator can contain only one of

1 1 {df)
{<ad>’ (ad)’ (ad) (af)}' (6.114)

It is not guaranteed that structures with compulsory numerator factors, like the third

the structures

one here, must occur in the amplitude. However, it is a possibility that cannot be ruled

out by pole testing. Assuming these structures do not appear, for the sake of simplicity,
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6 Reconstruction of Rational Functions

some initial potential ansatz structures are

1 1 1 1
(f 9)* {ab) (be){ca) (de) (e f) (g d) (ad)’
1 1 1 1
(f 9)* {ab) (be){ca) (de) (e f) (gd) (ae)’

1 1 1

(ab) (bey (ca) (de) (e f){fg)(gd) (ad) (6.115)

Assembling the first two into an ansatz basis, to which a Pr.4 sum is applied, forms
an ansatz containing all the required poles of the sub-leading (and (e f)*-type) partial

amplitude piece. We have the basis

1 G 1 1

" (fg)? (ab) (be) (ca) (de) (e f) (gd) (ad)
1 Go 1 1

702 (ab) (o) (ca) {de) (e ) (gd) (ae)

where GG1 and G2 are chosen as linearly independent sets of numerator terms with the

(6.116)

correct spinor weights and unknown coefficients.

The fitting is successful, yielding coefficients that are either zero or simple rational

values. This piece completes the compact R7.4 expression.

The compact sub-leading piece

The succesful ansatz fit for sub-leading (and double) poles, containing 133 terms, is

(sub ZB7sub ’ (6.117)
Pr.a
where
plown) _ 1 numg,, 1 1
M (f g (ab) (be) (ca) (de) (e f) (g d) (ad)
1 numgi)b 1 1

T g @b (be) (ca) ey (e f) (gd) {ae)’ (6.118)

190



6.6 Seven-Point Rational Piece Rg?i

with numerator terms

num{l), = 6i({a f) (bd) (b f) (dg) [bd] [b f] + {a f) (bd) (cg) (d ) [b ] [ed
<a ) (bf) (cd) (dg) bd) [e f] + (a f) (cd) (e £) {dg) [ed] e f]
2(a f) (b ) (de) (dg) (bS] [de] — af) (be) (d f) (dg) b f][de]
2(ac) (cg) (df)*[ef][de] - {(af) (ce) (d f) (dg) [ f][de]
< 1) (0 f) (de) (dg) el [d f] — (ae) {cg) (d f)?[ee] [d f]
+(ae) (df) (dg) (e f)[de][e f]) (6.119)

and

numgi)b = numgi)bA + numii)bB + numii)bc, (6.120)

where

num A = 3( —12(ag) (bd) (b f) (ce) [be][bd] + 44 (ag) (bd) (b f) (ed) [bd]”
2

@1 DO
—32(af) (bd)* (eg) [bd]* + 138 (ag) (be) (b f) (ce) [be] [be]
—138(ag) (be) (b f) (ed) [bd] [be] — T40(a f) (bd) (be) (eg) [bd] [be]
—70(a f) (be)® (eg) [be]® +12(a f) (bd) (b f) (eg) [bd) [b f]

+ 646 (a f (b f)
—32{ag) (

—138{ag

be) (b f

( (eg)[bel[bf]+8(ag) (b f)(bg)(ed)[bd][bg]
bd) (bg) (e f) (

(

b

e fy[bd][bg] +36(ag)
)(eg)[be][bg] +8(ag)
(ed)[bd][cd] + 36 (ad) (bd)
( bd] [cd] — 54 (a f) (bd)
b f]lcd] —24(ag) (b
) [0 f]led] —40(a f){cd
) [cd]” +24(ag) (b f)
be) (cf){ed)[bd][ce] — 106 (a f)
(cg) (e f)[bd][ce] = T10(a f) (bd) (c >< >[bd][ ]
1 (
f)

{
)
{ )
) (be) (b f
d) {cg)
) {cd) (eg
f)({cg) (ed)
bd){cg) (e[
f

)| {
)| {

—_—~ O~ o~

be]lce]l —70(a f) (be)(ce) (eg) [be]ce]

[bf][ce] +560(a f) (be) (cg) (e f) [0 f][ce]),
(6.121)
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mum®P = L(544a £) (0 1) (ce) (eg) b f]fec] — 24ag) (bg) (cc) {e ) o] [ee]
108 (a f) (be) {cg) {eg) gl lee] ~104(a ) (ce) (cg) (ed) [ed] [ee
+ 108 (ae) (c f) (cg) (ed) [cd] [ce] + 664 (ad) (ce) (cg) (e f)[cd][ce]
~24(a ) (ed) (ce) (eg) [ed]ee] — 14(ac) (ce) {cg) (e f) e
) {eg) [be]
|

—~

{
{

—~

(&

) (
+ 706 a f) (b f) )[bellefl+ 44 af)(cf)(cg)(ed)[cd]c f]
+8(af)(cd)(cy

ce) (e

) (e f)led e f1 =52(ad) (cf) (cg) (e f) [cd][c f]

{
+536 (a f) (ce) (cg) (e f) [cel [c f] = 652 (ae) (c f) (cg) (e [) [ce] [c ]
—16(a f)(ce) (cf)(eg)lcellcf]+8(ag) (bg) (c[) (ed)[bd][cg]
—8(ag) (bg) (cd) (e f)[bd][cgl —4(af){cg)’ (ed)[cd][cg]
+4(ad) (cg)? (e f)led)[cg) +54(ae) (cg)® (e f) [ce] [cg)
—108(a f) (ce) (cg) (eg) [cel[cg]l — 32(a f) (b f) (dg) (ed) [bd] [d f]
—32(af) (b f)(dg) (e )b FIIdf]+32(af)(bf){df)(eg)[bflldf]
—8(af)(bf)(dg)(eg)[bglldf]—231(af)(cg)(df) (ed)[cd]df]
+8(af)(cf)(dg)led)[cd][df]+ 183 (ad) (cg) (d f) (e f)[cd][d f]
+32(af) (cd)(df)(eg)lcd][df]—24(a f){cg) (df) (e f)lcf][d f]
—16(af)(cf)(dg) (e f)[c/1[df1+40(af)(cf)(df){eg)lc][df]
+16(a f) (cg) (dg) (e f)[cg) [d f1 =16 (a f) {cg) (d [} (eg) [cg] [d f]
—8{af){cf){dg) (eg)cglldf1+32(af)(df)*(eg)[d f]”
+8(ag) (b f)(dg){ed)[bd][dg] —32(af) (bd)(dg) (eg)[bd][dg]
+32(ag) (bg) (df)(ef)[bflldgl—24(af) (b f)(dg)(eg) b f][dg]
—24(a f)(cg) (dg) (e f)[cflldgl+32(af)(cg)(d[)(eg)lc][dg]
+32(a f)(d ) (dg)(eg)[d f][dg] — 506 (a f) (bd) (ed) (eg) [bd] [ed]
— 180 (ad) (bd) (e f) (e g) [bd] [ed] — 491 (a f) (be) (e d) (e g) [be] [ed]
+334 (ad) (be) (e f) (eg) [be] [ed] + 832 (a f) (b f) (ed) (eg) [b f][ed])

(6.122)

192



6.6 Seven-Point Rational Piece Rg?i

and

mum = L(32(a f) {d £) {dg) (e ) [d £] dg] — 506 {a f) {bd) (e d) (cg) [bd] [ed]
—180(ad) (bd) (e f) (eg) b [ed] = 491 {a f) (be) (e d) (e g) [be] e
+334(ad) (be) (e f) (eg) [bel led] +832(a f) (b ) (ed) (e g) b e d]
+6(af) (bd) e f)(eg)bSflled) +54(af) (bd)(cg)* byl led]
—203(ae) (cg) (ed) (e ) [ce] [ed] 87 (ad) (c€) (e f) (e g) [ce] e d]
—~199(a f) {cg) ed) (e f) e fl[ed) + 167 (ad) {cg) (e /) [c fl e d]
+40(af)(cf)led) (eg)lcflled) =24 (a f) (cd) (e f) (eg) [e ] ed
— 668 (ad) (cg) (e ) (eg) [egl[ed) +24(a f) (cd) (eg)* [eg] [ed
+48(ad) (d ) (e f) (eg) [d ) [ed] + 48 (a f) (dg) (e d) (e g) [dg] [ed
—48(ad) (d f) (e9)’ [dg)[ed) + 16 (ag) (ed)* (e f) [ed]
~192(a ) {ed)*{eg) [ed]* +89 (ad) cd) (e f) (e g) [e ]
—682(a f) (b f) (ed) e g) [bd] e f] — T64(a f) (bd) (e £) (e g) [bel] e f]
—70(a f) (be) (e f) (e g) belle 1+ T8 (a f) b f) (e ) (e g b f][e f
— 658 (a /) (b f) (e9)” Ibg) e f] +32 (ad) {cg) e /)’ [ed] [e f]
+32(a f) (e /) {ed) (e g) [ed] e f] 48 (a ) (cd) (e /) (e g) [ed] [e f
+195(ae) (cg) (e f)* [eel [e f] = T40 (a £} () (e /) (e g) [eg] [e ]

)
+160(a f) (¢ f) (e g)*[cglle /] — 24 (a f) (dg) (e [)* [d [ [e f]
—24(a f)(dg) (e f)(eg)ldg]le f] — 8T (ad) (e f)*(eg)[ed][e f]
— 740 (a f) (bd) (e g)* [bd] [e g] — 70 (a f) (be) (e g)* [be] [e g]
+ 736 (a f) (b f) (eg)* (b f)[e gl — 601 (a f) (cg) (ed) (eg) [cd][eg]
+1269 (ad) (cg) (e f) (eg) [cd][eg] — 24 (a ) (cd) (e g)* [cd] [e ]
+1175(ae) (cg) (e ) (e g) [ce] [e g] + 692 (a f) (cg) (e f) (e g) [c f][e g]
—112(a f) (c f) (e g)* [c f][e g — 87 (ad) (e ) (e g)* [ed] [e g]

9) 1

+32(a f)(df){eg) (fo)[df[fg)—48(af)(eg)® (fg)leg]fg])-
(6.123)

—~

e

—~ o~

iy
ef)
>2

(2)

We present the full compact expression for I2;, of which this is a piece, in Section 4.5.8

on page 95.

Reconstruction has greatly reduced the sizes of the expressions produced by aug-
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2 2 2 2 2 2 2 2 2
R;i Ré% R;?Z Rgi R;:%,l R$:£,2 R'(7:i3 R;:%,Q R’(Y:EB

File size / KB 5 5 16 13 11 29 13 29 6

Memory usage / MB | 0.201 | 1.21 |6.7810.995 | 0.757 | 29.1 | 5.97 | 99.3 | 0.135
LeafCount/10? 7.81 | 46.8 | 266 | 41.3 | 31.8 | 1150 | 248 | 3930 | 5.32
Evaluation time /s [0.0938 | 0.516 | 2.98 | 0.422 | 0.297 | 12.5 | 2.27 | 39.7 |0.0625

Table 6.5: Approximate expression sizes and evaluation times for the reconstructed
seven-point rational pieces. Comparing to the functions produced using
augmented recursion (Table 6.2 on page 156), there is an improvement of
three orders of magnitude in most cases. (Note the smaller scale choices
used on some rows of this table.)

mented recursion. Table 6.5 collects the sizes and evaluation times of the new compact
analytic expressions, which can be compared to those of the augmented recursion ver-

sions presented in Table 6.2 on page 156.

6.7 Conclusions

Any technique for generating amplitudes out of multiple contributions will tend to
produce increasingly complex results as the number of gluons involved rises. Amplitudes
can also be expressed in ways where their symmetries are not manifest, their structure
contains unnecessary reference momenta, or they contain spurious apparent poles that
cancel in the overall expression. These are all reasons why it may be desirable to
reconstruct an analytic amplitude expression in a more compact, symmetric form.

We have shown that by understanding the pole structure, it is possible to postulate
a simple ansatz to fit to a given amplitude. This was successfully applied to one-
loop amplitudes to obtain new forms free of spurious poles. In the two-loop case, the
required ansatz would be too large so we first identify the leading pole structures by
hand, from factorisations. This was demonstrated on the seven-point all-plus helicity
partial amplitudes, obtaining the compact, analytic forms presented in Chapter 4.

A new behaviour was also identified at seven-point in spinor product manipulations.
Whereas spurious poles in lower-point factorisations could be trivially removed by a
certain manipulation, this fails for seven-point algebra and above. That the removal of
spurious poles, and therefore the reconstruction process itself, experiences a disconti-
nuity in difficulty at a particular number of momenta was unexpected. Techniques for
addressing this were presented and will be useful in any future work involving ampli-

tudes of at least seven gluons.
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7 Conclusions

This thesis presents a number of new results in Yang—Mills amplitude calculations. We
use the methods of four dimensional unitarity and augmented recursion to obtain two-
loop results, specifying all the structures of a colour decomposition. These techniques
give rise to simplification, particularly with the choice of all-plus helicity, because they
reduce the problem to an essentially one-loop one. We also make a more general con-
tribution to augmented recursion by describing an intuitive algorithmic way to obtain
the currents required by the process. Lastly, there is discussion of amplitude recon-
struction, for when the results of a calculation require further manipulation to reach a
compact form with manifest symmetry.

In Chapter 3, the method used to derive the full colour six-point two-loop amplitude
with all-plus helicity was outlined. The complete amplitude was published in ref. [59]
as the outcome of collaboration. This author’s contribution is featured in the chapter,
relating to the rational piece and its reconstruction in a compact form.

Chapter 4 follows with the calculation of the full colour seven-point two-loop am-
plitude, in a compact, analytic form. The polylogarithmic parts are obtained using
unitarity cuts and agree with the n-point form described in ref. [62]. The remaining
rational parts are then calculated using augmented recursion. The partial amplitude
piece Rgi p agrees with the n-point postulate of ref. [63].

In Chapter 5, the currents used in augmented recursion are explored in greater detail.
A procedure for deriving currents is proposed, then shown to reproduce a previous five-
point result. Two new currents required for the full colour seven-point amplitude are
obtained.

Finally, Chapter 6 discusses the algebraic forms taken by amplitude expressions.
A number of one-loop partial amplitudes are re-expressed to remove spurious poles,
making them more suitable for use in recursive methods. The seven-point two-loop
amplitude result of Chapter 4 is also reconstructed using factorisations and ansatzes,
to remove reference momenta and bring it to a manifestly symmetric, compact form.

The results obtained in this thesis are not only of theoretical interest, but are also

relevant to experimental tests of the Standard Model, such as those undertaken at high-
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7 Conclusions

energy particle colliders. The methodology used could also be applied straightforwardly
to all-plus helicity amplitudes of greater gluon number. Such calculations would rely
increasingly on the reconstruction techniques explored in this thesis, if a compact result
is desired. An extension of the procedure to the single-minus helicity is another logical
next step. The main difference from an all-plus calculation is that the four-dimensional
unitarity step no longer behaves like a one-loop problem, although the algebra remains
simpler than in a D-dimensional approach. For the rational structures, augmented
recursion is anticipated to apply as before. Ultimately, the goal is to achieve a more
general understanding of two-loop Yang—Mills amplitudes, which compact, symmetric

results are a step towards.
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