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Abstract

The relationships between porous microstructures and transport properties are of fundamental importance in vari-
ous scientific and engineering applications. Due to the intricacy, stochasticity and heterogeneity of porous media,
reliable characterization and modelling of transport properties often require a complete dataset of internal mi-
crostructure samples. However, it is often an unbearable cost to acquire sufficient 3D digital microstructures by
purely using microscopic imaging systems. This paper presents a machine learning-based technique to hierar-
chically reconstruct 3D well-connected porous microstructures from one isotropic or several anisotropic low-cost
2D exemplar(s). To compactly characterize the large-scale microstructural features, a Gaussian image pyramid
is built for each 2D exemplar. Local morphology patterns are collected from the Gaussian image pyramids, and
then they serve as the training data to embed the 2D morphological statistics into feed-forward neural networks
at multiple length levels. By using a specially-developed morphology integration scheme, the 3D morphologi-
cal statistics at different levels can be inferred from the statistics-informed neural networks. Gibbs sampling is
adopted to hierarchically reconstruct 3D microstructures by using multi-level 3D morphological statistics, where
the large-scale, regional and local morphological patterns are statistically generated and successively added to the
same 3D random field. The proposed method is tested on a series of porous media with distinct morphologies,
and the statistical equivalence between the reconstructed and the real microstructures is systematically evaluated
by comparing morphological descriptors and transport properties. The results demonstrate that the proposed 2D-
to-3D microstructure reconstruction method is a universal and efficient approach to generating morphologically
and physically realistic samples of porous media.

Keywords: Porous microstructure; Hierarchical reconstruction; Statistics-informed neural network;
Long-distance correlation; Transport property; Small data.

1. Introduction

Stochastic porous media are ubiquitously encountered in various disciplines of science and engineering [1,
2, 3, 4, 5], and typical examples are rocks, soils, concretes, membranes, electrodes, catalysts and biological
tissues. Consisting of the solid skeletal frame and the void space, porous media usually possess complicated
internal microstructures. It has been generally recognized that the geometry and topology of porous microstruc-
tures fundamentally govern the macroscopic behaviour, performance and properties [6, 7]. There are various
types of transport phenomena occurring inside porous media, such as fluid permeation, mass diffusion, electric-
ity transmission and heat conduction. And they all rely heavily on the configurations of pore network systems,
which essentially determines corresponding transport properties including permeability [8], effective diffusivity
[9], electrical conductance [10] and thermal conductivity [11].

Pore-scale imaging and modeling [12, 13, 14, 15, 16] have been developed to be a key combined technique
to study structure-property relationships of porous media in a non-destructive manner. Advanced microscopic
imaging techniques, such as X-ray micro-computed tomography (micro-CT) or the scanning electron microscope
(SEM), are used to obtain 3D or 2D digital microstructures from physical porous media samples. Numerical
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modelling can then be performed on them to simulate physical phenomena at the pore-scale, thereby evaluating
the physical properties.

However, macroscopic properties of a certain porous medium can fluctuate dramatically and exhibit strong
uncertainty, due to the intricacy, stochasticity and heterogeneity of porous microstructures [6, 7, 17]. Investiga-
tion of the microstructure-property linkages can be considered as a statistical learning problem, which requires a
complete computational dataset that is far beyond a single porous microstructure sample. Generally, this complete
computational dataset should account for the representative volume elements (RVEs) or the statistical volume
elements (SVEs) with all possible configurations [18]. But it is often impractical to acquire a large number of
3D digital microstructure samples by purely using microscopic imaging techniques. On the one hand, physical
samples of natural porous media (such as rock cores) are usually not easy to obtain; on the other hand, volumetric
imaging systems are still technically demanding, time-consuming, and cost-intensive.

Stochastic microstructure reconstruction [18, 19, 20, 21, 22, 23, 24] provides an effective and economical way
to generate numerous virtual samples with certain microstructural characteristics varying systematically. These
virtual samples share some common statistical features (such as porosity, tortuosity, pore-throat size distribution,
coordination number, spatial correlation function, etc.), composing a computational dataset to capture the inherent
stochasticity of porous media. Besides, compared with 3D microscopy imaging, it is much cheaper and easier
to acquire high-quality 2D images of representative area elements (RAEs) using surface imaging devices. A 2D-
to-3D microstructure reconstruction method that can infer and synthesize 3D microstructures from the available
2D cross-sectional images by preserving statistical equivalence is very attractive [19, 20]. Roughly, stochas-
tic microstructure reconstruction can be divided into two categories [24]: Equidimensional reconstruction and
Dimensionally-upgraded reconstruction, as illustrated in Figure 1.

2D-to-2D
Equidimensional reconstruction
Stochastic
microstructure 3D-to-3D
reconstruction

Dimensionally-upgraded reconstruction: 2D-to-3D

Figure 1: Categories of stochastic microstructure reconstruction.

Dimensionally-upgraded reconstruction of porous microstructures is the special focus of this study. Stochastic
optimization-based reconstruction (SOR) [19, 25, 26] and Gaussian random field transformation (GRFT) [20, 27]
are the typical representatives of traditional 2D-to-3D reconstruction methods. SOR is flexible in choosing the
optimization objectives, which allows users to freely determine the microstructural characteristics to be preserved
in the reconstructed microstructures. However, the iterative optimization procedure makes SOR extremely time-
consuming and computation-intensive. GRFT treats a porous microstructure as a Gaussian random field, and it
reconstructs 3D samples by truncating manually generated random fields. Although GRFT possesses a high re-
construction efficiency, it can only capture the low-order statistical information of random microstructures. Other
reconstruction methods, such as process-based method [28], multiple-point statistics method [29, 30], Markov
Chain Monte Carlo simulation [31], patch-based method [32], texture synthesis method [33], descriptor-based
methodology [34] and packing algorithm [35] are frequently used in some specific fields. But these methods can
rarely provide a universal way to rapidly generate 3D well-connected porous microstructures when pore geometry
information is limited to 2D thin sections.

Recently, various types of machine/deep learning algorithms have been applied to stochastically reconstruct
3D random microstructures from 2D thin sections, such as support vector machine [36], convolutional neural
network (CNN) [37], generative adversarial network (GAN) [38, 39], transfer learning [40], feed-forward neu-
ral network [24], hybrid deep learning [41], variational auto-encoder (VAE) [42], and recurrent neural network
(RNN) [43]. These machine/deep learning-based reconstruction methods usually pay much attention to capturing
and preserving morphological details of random microstructures, therefore, they are usually powerful in gener-
ating morphologically-similar microstructure samples. However, few of these methods pay special attention to
the large-range microstructural metrics of porous media. Many deep learning-based reconstruction methods (in-
cluding CNN [37], GAN [38, 39], transfer learning [40] with pretrained CNN, hybrid deep learning [41], VAE
[42] and RNN [43]) use convolutional layers to characterize microstructures and then form the feature maps that
summarize the presence of detected features. The kernels (convolution windows) used to extract local features are
usually of small size (such as 3 x 3 or 5 X 5), which may not be large enough to capture the internal connections



and the relative spatial relationships between components. It is still not clear how many large-sized features be-
yond the kernel’s range are considered during the processes of microstructure characterization and reconstruction.
In recent studies [21, 22, 24], decision tree (DT) and feed-forward neural network (FNN) have been incorporated
into statistical characterization and stochastic reconstruction of random microstructures, and these methods exhibit
excellent performance to reproduce morphologically-similar microstructure samples. Due to the adoption of the
Markov random field (MRF) assumption [21, 22, 24] to model random microstructures, these methods also have
limitations in capturing large-sized microstructural features, although the scopes of MRF can be set with large
sizes. Furthermore, global microstructural characteristics (such as long-distance connectivity, large-range corre-
lation, and topological information) also pose a huge challenge for the convolution window-based or MRF-based
feature extraction to completely cover them.

Generally, stochastic reconstruction of porous microstructures should pay special attention to long-distance
connectivity and large-range correlations [28, 29], because transport properties are primarily dominated by the
global percolation of porous media [6, 12, 44]. In this study, a hierarchical strategy is used to overcome the in-
herent limitations of MRF-based characterization/reconstruction [21, 22, 24] in capturing/preserving large-range
microstructural metrics. Its basic idea is to hierarchically characterize local, regional and large- range microstruc-
tural metrics by separately training multiple sets of FNN models, based on which the morphology patterns at
different scales are stochastically reproduced through a multi-level reconstruction approach. To demonstrate the
effectiveness of this hierarchical strategy, it is initially applied to 2D-to-2D reconstruction for random microstruc-
tures with long-distance correlations, and the results are compared with that of the decision tree-based method
[21]. As shown in Figure 2, the hierarchically reconstructed microstructures satisfactorily preserve the large-
range correlations and long-distance connectivity existing in the original microstructures, while the reconstructed
microstructures from the decision tree-based method failed to maintain the large-sized features exceeding the
scope of MRF. Besides, this hierarchical strategy has already been applied to 3D-to-3D microstructure reconstruc-
tion in our previous study [18], and it also exhibits great advantages over the decision tree-based method [22] in
capturing and maintaining long-distance connectivity and transport properties of porous media.

(a) Original microstructure (c) Hierarchical reconstruction I  (d) Hierarchical reconstruction II
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(e) Original microstructure (f) DT-based reconstruction (g) Hierarchical reconstruction I  (f) Hierarchical reconstruction II
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Figure 2: Comparison between the decision tree-based (DT-based) method and the proposed hierarchical method, to highlight the effectiveness
of the latter in capturing and preserving large-range correlations and long-distance connectivity.

Following this hierarchical strategy, a machine learning-based technique is specially developed for 2D-to-
3D microstructure reconstruction in this work, aiming to stochastically generate 3D well-connected porous mi-
crostructures of arbitrary sizes from one (isotropic) or several (anisotropic) low-cost 2D exemplar(s). The pro-
posed 2D-to-3D reconstruction method distinguishes itself from existing methods in the following aspects: (1) It
is biased toward the large-range correlations and long-distance connectivity of porous microstructures, by devel-
oping a hierarchical characterization approach and a multi-level reconstruction approach; (2) Local, regional and
large-scale microstructural metrics are hierarchically captured and statistically characterized by training a set of
feed-forward neural networks; (3) Training a feed-forward neural network model only requires one or several 2D
exemplar(s) with representative significance to serve as the training image(s); (4) The 2D morphological statistics



at different scales are embedded in the feed-forward neural networks, and they are of good interpretability and
referred to as statistics-informed neural networks (SINNs); (5) A morphology integration scheme is developed
to derive 3D morphological statistics from the 2D morphological statistics embedded in SINNs; (6) Large-scale,
regional and local morphology patterns are statistically generated and successively added to the same 3D random
field via Gibbs sampling; (7) The reconstruction procedure is highly efficient, and the balance between recon-
struction speed and memory requirement can be made by adjusting the sampling ratio; (8) Various morphological
descriptors are used to quantify the long-distance connectivity and large-range correlations of reconstructed mi-
crostructures, and different transport properties are numerically evaluated to verify the physical equivalence.

The remainder of this paper is organized as follows: Section 2 explains the novel methodology to statisti-
cally characterize the 2D cross-sectional image(s) of porous media by training statistics-informed neural network
(SINN) models at multiple length levels; Section 3 describes the hierarchical procedure to reconstruct 3D porous
microstructures by using the 3D morphological statistics derived from the trained SINN models; In Section 4,
the proposed method is tested on a series of porous media with distinctive morphologies, and the microstruc-
ture reconstruction results are compared with that of the GAN-based reconstruction method [39], where various
morphological descriptors are used to quantitatively assess microstructure reconstruction quality; In Section 5,
transport properties of the reconstructed and the real microstructures are numerically computed to further evaluate
the physical equivalence between them; Section 6 discusses the strengths and weaknesses of the proposed method,
and the main contributions of this study are briefly summarized as well.

2. Statistical microstructure characterization

After acquiring 2D thin sections from microscopic imaging systems, image segmentation is performed on them
to separate the pore space from the solid skeleton, allowing subsequent studies including microstructural analysis
and pore-scale simulation, as illustrated in Figure 3. As shown in Figure 3c, porous microstructures usually exhibit
great disorder and strong randomness, and thus statistical characterization of the 2D planar sections is the first key
step to constructing equivalent 3D microstructure samples.
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Figure 3: Illustration of image segmentation: (a) A 2D slice of the micro-CT image of a Berea sandstone sample, where the pore space is
shown in dark; (b) The histogram of pixel intensity values, based on which the segmentation threshold is determined; and (c) The binary image
with two distinct phases, where the white phase denotes the pore space and the black phase represents the solid matrix.

Consider a 2D regular lattice of size /X w, in which each site (i, j) is associated with a random variable X;; € Q,
forming a random field X, given by:

X={X;:1<i<l1<j<w) (D

where i € Z* and j € Z* are the indexes of rows and columns. Filling a pixel value X;; into each site (i, j) of this
2D lattice yields a 2D digital image X. Generally, a 2D digital microstructure X in the binary format (as shown in
Figure 3c) can be represented by the indicator function as follows:

1, if (i, j) is located at pore space (white phase);
X = 2)
0, 1if (i, j) is located at solid matrix (black phase).



2.1. Markov random field

Here, a digital microstructure X is assumed as a realization of a particular random process. Since the pixel vari-
ables at different sites are statistically dependent, the full joint probability distribution function (PDF) of pixel vari-
ables is an ideal statistical model to characterize X. The full joint PDF, denoted by Pr(X) or Pr(Xi1, Xi2, ..., Xij, ...),
represents the probability that an image X is assigned with a certain configuration of all pixel values. Without
knowing any prior knowledge, deriving the full joint PDF Pr(X) requires enumerating all possible configurations
of pixel variables. Such a task is fiendishly intractable because of the extremely high dimensionality (W X L) of
pixel variables. In this study, the Markov random field (MRF) theory [45] is adopted to reduce the complexity
of image modelling problems. Essentially, MRF treats a digital microstructure as a realization sampling from
the underlying full joint PDF. The major advantage of MREF is that it allows for deriving a global microstructure
description by specifying the local statistical characteristics.

Let N;; represent a set of pixels adjacent to a central pixel X;; within a certain range, a 2D digital microstructure
X can be considered to be a Markov random field, if the following relation holds for each pixel X;;:

Pr (X, j’X(‘ij)) = Pr(X;|Ny) 3)

where X" denotes the remaining pixels in the 2D image X excluding X; ;. This condition is called the Markov
property, and it indicates that the pixel value at any site is only dependent on its neighborhood within a cer-
tain range. Compared to the full joint PDF Pr(X) or Pr(Xii, X12, ..., Xij, ...), the conditional probability distribu-

tion function (CPDF) Pr (X,- J-|N,- j) has a much lower dimensionality of pixel variables, allowing the derivation of

Pr (Xi j|N,- j) through enumerating all possible configurations.

R=3

M x;
LIy

Figure 4: The square-shaped data template to model local statistical characteristics of an image X (X;; denotes a central pixel, N;; denotes the
neighboring pixels, and the radius R is used to measure the neighborhood range).

To model the local statistical characteristics of a digital microstructure, the first step is to specify the geometry
of the neighborhood region. As illustrated in Figure 4, the dependence between a central pixel and its neighboring
pixels is considered within a square-shaped region measured by its radius R, and this square-shaped region is called
a data template. The data template DT can be used to scan the digital image X to collect local morphology patterns
for the derivation of Pr (Xi j|N,- j), as illustrated in Figure 6. Here, the observation of a local morphology pattern

(Xij, Nij) is called as a data event, and the CPDF Pr (X,- j|N,- j) can be estimated from the occurrence frequencies as

follows:
O0X;;,Nij)  OXi;,Nij)

i %;0X;;,Njy)  Oa
_ 0Ny O(Ny)
2. 2 O(N;j) Oan

where O(X;;, N;;) and O(N;;) are the occurrence times of the data events (X;;, N;;) and (N;;) respectively, and Oy
denotes the total number of all data events.

The core of statistical microstructure characterization is to determine the CPDF Pr (X[ j|N,- j) in Eq. (3), based
on which the full joint PDF Pr(X) can be recovered through Gibbs sampling (as explained in Section 3). According
to probability theory, the conditional PDF Pr (Xi j|N,- j) can be derived from the ratio between the local PDFs

Pr(Xij,Mj) and Pr(N,-j):

Pr(X;;, Nij) = 4

Pr(N;;) ©)

N - P& Ny OXij, Nj)
Pr<X1]|M_1)_ PrNy) Oy ©6)




where CPDF Pr (X,- j|N,- j) defines the probability of a pixel’s phase value equal to 1 or 0, given the phase values of
its neighboring pixels N;;.

2.2. 2D microstructure characterization via statistics-informed neural network
Despite the MRF assumption, it is still intractable to build an accurate probability dictionary for the CPDF
Pr (Xi j|Mj) by using Eq. (6), especially for porous microstructures with highly complicated geometry. In

this study, we approximate the CPDF Pr (X[ j|M j) by embedding it into a feed-forward neural network, called
statistics-informed neural network (SINN), and the methodology is graphically illustrated in Figure 6. For a 2D
digital microstructure in the binary format (as shown in Figure 3c), the pixel value at any site of it can only be 1
(pore space) or 0 (solid matrix), as defined by the indicator function in Eq. (2). Therefore, the CPDF Pr (Xi j|M j)
can be considered as the class probability of a binary classification problem, where the central pixel value X;;
corresponds to the classification category and the neighboring pixel pattern N;; is treated as the classification
feature.

Machine learning is good at solving classification problems by assigning the input feature to a predefined
category. The data events (X;;, N;;) here are paired observations, which comprise a perfect training dataset for
fitting a classifier in the supervised learning paradigm. As illustrated in Figure 6, data events (X;;, N;;) can be
quickly collected from the 2D exemplars by using the predesigned data template to scan it in the raster scanning
order [24]. By minimizing the misclassification chance, the class probabilities stored in the classifier will be
an accurate approximation of the CPDF Pr (X,- JiM j). The common machine learning algorithms [46] used for
classification include logic regression, decision tree, support vector machine, naive Bayes model, and feed-forward
neural network. By comparisons, we found that the feed-forward neural network is particularly suitable to solve
the nonlinear classification problem for image modeling.

Figure 5: Graphic illustration of a basic neuron.

As illustrated in Figure 6, a feed-forward neural network with a shallow architecture consists of an input layer,
1 or 2 hidden layer(s), and an output layer. Each layer contains a number of interconnected neurons, which are the
basic computational units possessing a certain degree of learning ability. A cohesive combination of many neuron
units forms a neural network that possesses a powerful learning performance. As illustrated in Figure 5, a neuron
generates a response z by acting a non-linear activation function f(-) on the weighted sum of the input data a;,

given by:
z= f[z wid; + b] @)
i=1

where w; is the weight, b is the bias, and n denotes the number of inputs.

In this study, the hyperbolic tangent function and sigmoid function are adopted as the activation functions for
training the neural network. The hyperbolic tangent function tanh(/) transforms a continuous data % output from
a hidden layer to the value between -1 and 1, which is mathematically expressed as follows:

h h

e’ —e”
tanh(h) = m

®)

The sigmoid function o (k) is connected to the output layer to transform a continuous data /4 to the probability
between 0 and 1, which is mathematically expressed as follows:

€))
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Obviously, the data events (X;;, N;;) collected from the 2D training image X are paired observations. To fit
a feed-forward neural network (FNN) model for classification, the neighborhood pattern Nj; is treated as the
classification feature (input), and the central pixel value X;; acts as the classification category (output). It is noted
that INV;; is reshaped to be a vector before inputting it to the FNN, as illustrated in Figure 6. The input feature vector
is passed to the hidden layers, and the final output )?, j can be computed through a series of forward-propagation
equations, given by:
Input layer : H? = N,

Ist hidden layer : ~ H" = tanh (W]TH(O) + bl)
2nd hidden layer : H® = tanh (Wg HY + bz)
Output layer : )?,»j = H*~ = 0'(W§H(2) + b3)

(10)

where H?, HV, H® and H denote the outputs from the input layer, the 1st hidden layer, the 2nd hidden layer
and the output layer, respectively.

In essence, the fitted FNN model is a vector-valued surrogate to approximate the N;;-X;; mapping for the
training image X, which can be mathematically expressed as follows:

FNN(Niji W.b) : N;j e R% — X;; € R (11)

where FNN( - ) denotes the approximation function of the FNN model; dy = R?> — 1 and dy = 1 denote the
dimensions of the input data and the output data, respectively; R is the radius of the data template in Figure 4.

The training process of FNN is to minimize the discrepancy between the targets X;; and the predictions X;; by
iteratively adjusting the weight matrices W and bias vector b. This optimization problem can be mathematlcally
expressed as follows:

ar%vrilin .E(XU,NU’Wb) mz X X’J +/l“vVH
, 12)

= LS [xy AN W+ aw)

where L(X;;, N;j; W, b) is the loss function of the neural network, m is the number of training data points, and A
is the weight regulation constant. The first term % 2 (Xij - X j)z of the loss function is the mean squared error to
represent the discrepancy between targets and predictions. The second term AHW”; is the L, weight regulation
term, also called weight decay, which can force the network response to be smoother and thus reduce overfitting.

Once the FNN model is properly trained, it is able to predict the response X;; for an arbitrary input feature
N;j. As explalned in Eq. (10), the final response X X;; ; of FNN is outputted from the sigmoid function (Eq. (9)), so
the value of X, j is between 0 and 1. In essence, X;; j is equivalent to the class probability stored in the fitted FNN
classier, based on which the CPDF Pr( ,‘,|N,‘,) can be accurately approximated:

PV(X,'_]' = 1|M/> = )’Zij = ?NN(M,, w, b)
Pr(Xi; = 0|Nj) ~ 1 = X;; = 1 - FNN(N;: W, b)

Therefore, the FNN model fitted by the data events <X, j» N ) can be considered as an implicit representation of the

CPDF Pr (X,- j|Ni j), and it is referred to statistics-informed neural network (SINN) in this work.

In this study, the scaled conjugate gradient algorithm [47] is adopted to train SINN models with shallow ar-
chitectures. Usually, a SINN model with one or two hidden layer(s) is able to capture the statistical characteristics
of porous microstructures. The training process iteratively adjusts the weights and biases of the neural network,
forcing it to evolve into the optimal state that best represents the CPDF Pr (X,-leij) for the training image X.
Besides, cross-validation [48] is required to reduce the risk of overfitting the SINN models, so as to improve
the generalization capacity for unseen data. More information about network training can be found in relevant
references [46, 47, 48, 49].



2.3. 3D microstructure characterization from 2D measurements

The above subsections explain the methodology to statistically characterize 2D cross-sections by training
statistics-informed neural networks (SINNs). However, the 2D morphological statistics embedded in the set of
SINN models cannot be directly used for the stochastic construction of 3D microstructures. To bridge the gap
between 2D characterization and 3D reconstruction, it is necessary to infer 3D statistical characterization from 2D
measurements.

As graphically illustrated in Figure 6, a morphology integration scheme is specially developed to derive 3D
morphological statistics from 2D statistical characteristics. Generally, a 3D digital microstructure of porous media
can be assumed as a 3D Markov random field, where the phase value of a voxel X at any site only depends on
its neighboring voxels N;j; within a certain range, so the flowing relation holds:

Pr (Xijk‘X(_ijk)) = Pr (Xijk|Nijk) (14)
where X% denotes the remaining pixels in the 3D image X excluding Xijr. In this work, the above MRF

assumption is further simplified to be that the phase value of a voxel X;j is only related to its neighboring voxels
on three orthogonal planes: xy-, yz- and zx-plane within a sufficiently large range, give by:

Pr (X;x|Niji) = Pr [X,- jk'(ij,f) UNZ U Nf.j,f))] (15)
where Nf;,i) Ngl? and NS;) represent the neighboring voxels on xy-, yz- and zx-plane, respectively.
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Figure 7: Graphic illustration of the 3D data template consisting of three 2D data templates on orthogonal planes: (a) The radii R of the
neighborhood ranges on three orthogonal planes; (b) The neighboring voxels on xy-plane; (c) The neighboring voxels on yz-plane; and (d) The
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As shown in Figure 7, a 3D data template is specially designed by combining three 2D square-shaped data tem-
plates (as shown in Figure 4) on orthogonal planes. Here, the morphology-consistency assumption is introduced
to establish the relationship between 2D and 3D morphological statistics, which is mathematically expressed as
follows:

Pr(Xij|Niie) = Pr(XiaN) = Pr(XiNG7) = Pr(Xi|NG) (16)
where the CPDFs Pr (Xi jk|M jk), Pr (Xi jkiNf.jZ)), Pr (X,- ANS?) and Pr (Xi fkiNE'jlf) ) statistically characterize the pri-
mary morphological features in 3D space and on three orthogonal planes, respectively. The above equation states



that the morphology patterns on three orthogonal planes are completely consistent with the morphological char-
acteristics in 3D space. Despite the above statistical equivalence between CPDFs, the neighboring vectors N;j,

ij]z) fo]? and Nf;]f) can be greatly different from each other. In the extreme case where R,, = R,; = R;, = 0, the

flowing relation holds:
Pr(Xie=1)=Pr(X0) =1) = Pr(X2 = 1) = Pr(x0 = 1) = ¢
a7

Pr (Xijk - 0) = Pr (xf;.‘g> - o) = Pr (X(;k) = 0) = Pr (ij,j) = 0) =1-¢

where ¢ denotes the volume fraction of pore space (porosity). As to the other extreme case when R,, = Ry, =
R, = +oo, the flowing relation can be obtained:

Pr (x,- jk|N,-jk) = Pr (Xijk|1\fi-;,f>) = Pr (X,-jk|Ngf,?) = Pr (X,-jk|N§;".;>) =1or0 (18)

Considering this morphology-consistency assumption, the CPDF Pr (Xi jk|Ni jk) in 3D space can be inferred
from the 2D CPDFs on three orthogonal planes through an average operation:

Pr (X Ny) = % ' [Pr (lek‘Nf);r/i)) vEr (Xi-”‘ |Ng’<)) v (X""'k'Nf;’f))] )

where Pr (X ; jk’ ij‘li))’ Pr (Xi jk| ijl?) and Pr (X,» /"'ijz)) are the 2D CPDFs to statistically characterize the primary
morphological features existing the cross-sectional images on xy-, yz- and zx-plane, respectively. In this morphol-
ogy integration scheme, equal weight is given to three orthogonal planes. It means that the phase value of a voxel
will be codetermined by comparing three orthogonal planes centred at this voxel with the given 2D exemplars,
during the process of microstructure reconstruction.

With the availability of 2D exemplars on three orthogonal planes, three SINN models can be separately trained

to represent the 2D morphological statistics, and they are denoted by ¥ NN, F NN, and F NN, respectively.
As explained by Eq. (13), these SINN models are the implicit representations of the 2D CPDFs Pr (Xl(;,f) iji)),
NS,?) and Pr (Xl(j”;) ij,f)) respectively. And the 3D CPDF Pr (X,- jkiNi jk) can then be accurately approxi-
mated from these SINN models according to Eq. (19), given by:

(y2)
Pr (Xl.ﬂi

Pr(Xije = 1|Nige) ~ 4 - [TNny(N(’.‘”) + FNN(N) + TNNZX(N(”‘))]

ijk ijk
Pr(Xij|Ni) = (20)
Pr(Xie = O[Ni) = 1= 4+ [FANG(NG) + FMN(NGF) + FANNG)]
where FANN (- ), FNN, () and FNN (- ) denote the approximation functions of the SINN models to
statistically characterize the 2D exemplars on xy-, yz- and zx-plane, respectively.
For isotropic microstructures, the morphological features on different planes can be considered equivalent.
Therefore, the cross-sectional images in one direction can be used as the only 2D exemplars to train the SINN

model. The fitted SINN model is the implicit representations of both Pr ( Xijk| Nf;i)), Pr (X,« jk| Nﬁ;}?) and Pr (Xijk| Nf;;(‘)),
from which the 3D morphological statistics can be inferred. As to anisotropic microstructures, the morphological
patterns in different directions can be greatly distinct from each other. Therefore, the 2D slices on three orthogo-
nal planes are all required to capture the microstructural anisotropy, which means the SINN models F NN (- ),
FNN(-)and FNN_(-) should be trained separately.

It should be noted that only the 2D measurements on three principle planes are used to interpret the 3D
microstructure in the above derivation process. Actually, the 2D exemplars on diagonal planes can also be involved
in the morphology integration scheme, to provide a better characterization of the 3D microstructure, as illustrated
in Figure 8. In this case, the 3D morphological statistics Pr (Xi jkiNi jk) can be estimated as the weighted average
of the 2D CPDFs on nine planes, given by:

_ xy) yz) zx) xy+45) yz+45) zx+45)
Pr(Xijk|Mjk) =Pr [Xijk‘(NEjk U Ni(jk U NEjk U NEjk UNgjk U Ngjk )]

1 2y 2 %
A 5

+ Pr (X[ jk’ Nﬁﬁ’ﬂ%)) + Pr (X,- jk| }vgl«’c.i45)) 4 Pr (Xijk‘ NE;;{@A&S))]

10



Figure 8: The 2D measurements on both principal and diagonal planes can be involved in the 3D microstructure characterization.

where the 2D CPFDs Pr i jk|Nf;,)(+4S) Pr ; jk|N@ Z+4S)) and Pr( i jk N(7X+45)) denote the statistical characteristics
of the 2D exemplars on six diagonal planes. This morphology integration scheme gives equal weight to nine
different planes. It means that the phase value of a voxel will be codetermined by comparing the nine planes
centred at this voxel with the given 2D exemplars, during the microstructure reconstruction process.

As explained by Eq. (13), these 2D CPDFs on different planes are implicitly represented by the pretrained
SINN models, and the 3D morphological statistics Pr (X,- jk|Ni jk) can be derived from these SINN models, given

by:

Pr(Xij = 1Nj) ~ & [TNN (N) + NN (N2 + F AN L (NED)

ijk ijk

NN (N + PN (N) PN M)

ijk ijk ijk
Pr (Xijk|Nijk) = (22)
Pr(Xi = ON) = 1= 3 [FANG(NG) + FANG (N + FAN (NG

ijk ijk

+F NN yyz45 (ijlz +45)) + F NNy a5 (N2;+45)) + FNN cass (Nf}fﬂs))]

where F NN y145( - ), FNNyaas(-) and FANN.45( - ) denote the approximation functions of the SINN models
to statistically characterize the 2D exemplars on different diagonal planes. For an anisotropic microstructure, a
total of nine SINN models are required to represent these 2D CPDFs on different planes; while for an isotropic
microstructure, the 2D morphological features on different planes can be considered equivalent, and thus only one
SINN model is required to be trained.

2.4. Hierarchical microstructure characterization

Section 2.2 and Section 2.3 describe the procedures of a single-level characterization approach to deriving
3D statistical characteristics from 2D measurements by training SINN models. Generally, the data template size
(as shown in Figure 4) should be sufficiently large to cover the primary microstructural characteristics of random
media. This single-level characterization approach may work well for random microstructures with short-distance
correlations [18]. However, the large-range correlations and the long-distance connectivity of porous microstruc-
tures are often global characteristics throughout the whole domain, which is usually beyond the capacity of the
single-level characterization approach to cover. Crudely increasing the data template size can bring an unbear-
able computation burden, because it will dramatically increase the computational complexity and the memory
requirement of training SINN models. Besides, important local features can be also diluted, due to the particular
emphasis on global features.

To overcome the limitation of this single-level characterization approach, we further developed a hierarchical
approach to separately characterize the local, regional and large-scale microstructural metrics by training mul-
tiple sets of SINN models, from which 3D morphology statistics at multiple length scales can be derived. The
methodology of this hierarchical characterization approach is graphically explained in Figure 9, where a typical
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anisotropic microstructure is used as the illustrative example. Besides, its algorithmic workflow is also concisely
summarized in Algorithm 1. The procedure of this hierarchical characterization approach is as follows:

» Step 1: Gaussian image pyramids [50] with three levels are separately built for the original 2D exemplars
X on different planes. The image pyramids from low level to high level are denoted by X{o%), x(middle)
and XV respectively. Gaussian image pyramids allow us to separately characterize the large-scale, re-
gional and local microstructural metrics in different steps, and the large-scale microstructural metrics can
be captured by using a relatively small data template.

* Step 2: The 2D low-level images denoted by X°¥) are statistically characterized by training three indepen-
dent SINN models, as explained in Section 2.2 and Section 2.3. According to Eq. (19), the 3D morpho-

N(IOW)) at the low level can be inferred from the 2D CPDFs on three orthogonal

(low)
X; ijk

ijk

logical statistics Pr(

planes, given by:

Pr (X(low) N(low)) _ [X(low) N(low ) N(low ¥ Nlow: zx))]
ijk ijk ijk ijk ijk
(23)
_ (low) low: xy) (low) low: yz) (low) low: zx)
- § ’ [P (thk M]k ) +Pr (thk Nf]k ) +Pr (thk M]k )]

where Ng‘;cw ) Ngzw ¥ and N(IOW: ) represent the neighboring voxels on xy-, yz- and zx-plane, respec-

tively. The 2D CPDFs Pr(XSZW) Nfﬁw w ) XSEW))NS(/’CW e ) and Pr(XSZW) Nfﬁw Zx)) can be obtained from

the pretrained SINN models according to Eq. (13). And the 3D CPDF Pr( xow MIOW) ) can then be approx-
imated as follows:
PrX( = 1IN = 3| FANG(NG )
STNNEI (NG ) + PN (NG )|
Pr(X5UINGY) = (24)
Pr(Xjp™ = ONG™) = 1= - | F AN (NG )
SFNNI(NG ) 4 PN (NG )|

where FANNEV(), FNN (IOW)( ) and FNNI( ) denote the approximation functions of the SINN

Xy
models to statistically characterize the low-level 2D exemplars on xy-, yz- and zx-plane, respectively.

o Step 3: The 2D middle-level images X™99®) are used together with the 2D low-level images X" to train
another set of SINN models for the statistical characterization at the middle level. It should be noted that the

classification feature (input) contains the voxel values of Ngﬁiddle) X% and N and the classification

ijk ijk
(mlddle)

category (output) is the voxel value of X This operation is not only to learn statistical informatics

from X™dd®) byt also to learn the correlatlons between X™44®) and X% such as the feature consistency
and the morphology continuity between adjacent levels. According to and Eq. (19), the 3D morphological

statistics Pr[X(jzlddle) (Ngﬁlddle) U XS:W) U N(IOW) )] at the middle level can be derived from the 2D CPDFs on

three orthogonal planes, given by:

. . 1 .
(middle) middle) (low) low)\| _ (middle) middle: xy) (Iow) low: xy)
Pr [Xl.jk (N9 U X U NG )] =3 {Pr X (NG U X U NG )]
(middle) middle: yz) (low) low: y~)
+Pr 7ijk (NG U X U NG ] (25)
(middle) middle: zx) (low) low: z
+Pr 7x”k (N U XY U N ] }

where Nmiddle: 1) N(mmldle ) and N(mlddle “ represent the neighboring voxels on xy-, yz- and zx-plane of

ijk
the middle-level image X™9%®) respectively. The 2D CPDFs Pr[Xf;.‘,:‘ddle) (N(m’ddle 2y XS;W) U NS(IZW w ))],
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(middle)
Pr{X5

middle: yz) (low)
(}Vf Jk U Xi jk

ijk ijk

middle)
ijk (IVf jk U

(middle)
Pr [X : ik

where F N N(middle)

xy

U Nng: yz))] and P r[ X{r'niddle)

X(low) U Iv(low)

=~

ijk

I

~

(. ), TNN;?iddle)( ) and TNN(middle)

Pr

ijk

(middle) _
[Xi Jjk -

ijk
i iddle:
+FN Ngrzmddle) ( Nfr]x]ll e

+7:NN§I)1C11ddle) (lvgl;(lddle:

(middle) _ middle) (low)
Pr[Xl.jk = O](N9 U X

Xy
(middle)

+FNNG;
(middle)

+F NN

-1 [7: A A (middie)

X

middle: zx)
(N =0
from the pretrained SINN models, as explained by Eq. (13). And the 3D CPDF Pr[X(;¢"”

xIow N(k’w))] can then be approximated as follows:

middle)
1'(N§ﬂ< v
1 (middle) middle:
Lo (ng

x o)y ptlow: ”))] can be obtained

ijk ijk
< Mr;iddle) U
tj

X(low)

low)
ijk U Ngjk )]
)y xow ) Now:
ijk ijk
}V(low:

¥2) U Xi(}zW) U i

20 X0 U NI
NG|

( Ng;r;{iddle: ) | XSZW) U Nﬁﬁw xy)

( Ng?]q{iddle: NS XS;W) U Now: 2

ijk
(Mmiddle: 2x) U XA(IAOW) U
ijk ijk

)
)

Nlow: zx))]

ijk
(26)

(+) denote the approximation functions of the SINN

models to statistically characterize the middle-level 2D exemplars on xy-, yz- and zx-plane, respectively.

« Step 4: The 2D high-level images X"V and the 2D middle-level images X™%®) are used jointly to train

a new set of SINN models, where the input feature vectors contain the voxel values of Nﬁ?,igh), X

\(middle)

ijk

(i) 41 g
ijk

. Similarly, this characterization manner is not only to learn statistical informatics from X(high), but

also to learn the correlations between X" and XMi4dl®) thereby maintaining the feature consistency and
the morphology continuity between adjacent levels. According to Eq. (19), the 3D morphological statistics

Pr{XE| (N xmiade
ijk ijk Jijk
orthogonal planes, given by:
(high high) (middle) middle)\| _ 1
Pr [Xijk |(Nf/k U X U Ngjk )] =3

{rfrze
| ijk

[y (high)
Xi jk

(lv(l?igh:

ijk

(Mhigh:

ijk

( high:

ijk

+Pr

thigh)

+P. ik

~

u Ng.‘;:ddlc))] at the high level can be approximated from the 2D CPDFs on three

xy) N(middle: xy)

(middle)
U Xijk U ijk

)
)
)}

¥2) U Xfrlnkiddle) U MI-I/Ziddle: yz) (27)
J L/

2X)

}V(middle: ZX)

(middle)
U Xijk U ijk

where Nﬁl;,i{gh: ), N;;igh: ) and Ng.’,igh: # denote the neighboring voxels on xy-, yz- and zx-plane of the high-

level image XMV respectively. The 2D CPDFs Pr[X S’;gh) |(Nf.?,igh: Wux fjmkiddle)UN(’?’iddle: )
)] and Pr[thigh)

(middle) middle: yz)
Xi jk U Nf jk

SINN models, as illustrated by Eq. (13). And the 3D PDF Pr[XE?;ghi(N?;,igh) u

ijk

|(1\Jg111(gh zX) U

(middle) middle: zx)
Xi jk U Nf jk

13

(high)
Xi Jk

)], Pr

)] can be obtained from the pretrained
U N(.r.“idd'e))] can then
ijk

high: yz)
ijk (A’f Jjk U

(middle)
Xi jk



be approximated as follows:

ijk ijk ijk
~ 1. (high) high: xy) (middle) middle: xy)
< 4 [FANGE(NGE U X U N )
(high) high: yz) (middle) middle: yz)
+F NN (NGE D U X0 U NG )

Pr [Xghigh) _ 1|(1V$]i(gh) U xmiddie) | N(middle))]

ijk
(high) high: zx) (middle) middle: zx)
+FNNE (ijk U Xy ijk )]

Pr | XOE (NG L (i) Ngiea) | =
ijk ijk ijk ijk

1 jk i ]k ljk ijk
~1-1. (high) high: xy) (middle) middle: xy)
~ 1 3 [TNNW (Mjk U Xijk U Mjk )

+FN Nﬁ,*;‘gh)( Nf?igh: YD) | x(middie) | | pfmiddle: yz))

Pr [X@igh) _ O|( Ahigh) || y(middie) | N(middle))]

ijk ijk
(high) high: zx) (middle) middle: zx)
HFNNGE (NG =0 U Xy N )|
(28)

where F NN E(l;igh)( ), FN. N;gigh) (-)and FNN S}fgh)( - ) denote the approximation functions of the SINN
models to statistically characterize the high-level 2D exemplars on xy-, yz- and zx-plane, respectively.

In summary, this hierarchical characterization approach yields multiple sets of SINN models, and they are
the implicit representations of the 2D morphological statistics at multiple levels. The 3D morphological statistics

including Pr{(XI2") [N, py{ ) (N xtow) | NI8)] gy xC2(NER) il ) i) |
then be derived from these pretrained SINN models, which statistically characterize the microstructural metrics at
different length scales. Specifically, large-scale correlations and long-distance connectivity are compactly captured
in the low-level characterization step by using a relatively small data template. The regional features and local
details are then captured in the middle-level and high-level characterizations steps respectively.

Generally, the level number of this hierarchical microstructure characterization is up to the microstructural
complexities. To improve the accuracy of 3D microstructure interpretation, the 2D measurements on diagonal

planes can also be involved in this hierarchical characterization approach, as explained in Figure 8 and Eq. (21).

What’s more, the obtained 3D CPDFs (including Pr(X?l."W)'N(.lf’W)), Pr[XFmiddle) (N(.’.“idd]e) u xow y N(.l.ow))] and
ijk ijk ijk ijk ijk ijk

Pr[Xgl,ighKNﬁ?,igh) U lejmk‘ddle) U Ngﬁlddle))]) can be directly used to generate 3D microstructure samples by preserving

the statistical equivalence, and more details about stochastic microstructure reconstruction are provided in the next

section.
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Algorithm 1: Hierarchical microstructure characterization via statistics-informed neural networks

Image data: Select representative 2D slices as the 2D exemplars on the xy-, yz- and zx-plane, which are denoted by X, X09 and
X respectively.

(1) Gaussian image pyramids:

Compute the Gaussian image pyramid with multiple (three) levels for the 2D exemplar X, and the results from low level to high
level are denoted by X(°oW: ) x(middle: xy) 5q x(high: ) pegpectively;

Apply the same operation to the other two 2D exemplars X9 and X&9;

Determine the sizes of 2D data templates for X(1°% ) x(middle: ) 54 xthigh: %) 314 the data templates are denote by DTQ‘S’W) ,
DT(m‘ddle) and Dva"gh) with the radii equal to R(low) RMiAA®) and R(h‘gh) respectively;

Apply the same operation to the other two sets of Gausman image pyramlds

2) Statlstlcal mlcrostructure characterization at the low level:
for RV + 1 <i < H™ - RI™ do
for R +1<j < W(“’W) R o
Collect the data event (X(low ) N<loW w )) from X% ) by using the 2D data template DT(IOW)
Rearrange the neighboring data Ngow  into a feature vector;
Move the 2D data template DT)((IyOW) to the next position in the raster scan order: j = j+ 1;
end
Move the 2D data template DT(IOW) to the next line: i =i+ 1;
end
Train a SINN model F NN &1\" ) by using the collected data events (X (ow: xy) N(loW v )) as the training data;
Repeat the above procedures, and then the 2D exemplars X1°%: Y9 and xUow: *") on yz- and zx-plane can be statistically
characterized by training two SINN models denoted by F NN SZOW) and FNN E';’W) respectively;
The 3D CPDF Pr(XgZW)|N§;‘;W)) can be derived from relevant 2D CPDFs (the pretrained SINN models), according to Eq. (24).

(3) Statistical microstructure characterization at the middle level:
Resize X1°% ) o the same dimension as X(™iddle: ).

(mlddle) (middle) (mlddle)
for R}, +1<i<Hy - R}, do

fo rR(mlddle) 1< J < W(mlddle) R(r)mddle) do
Collect the combined data event (X (;mddle ) N(m'ddle 2y X(IOW 2y N(lOW ”)) from Xmiddle: 1) anq XUoW: ) by ysing
T(mlddle)

N(mlddle xy) X(low: xy)
ij

the 2D data template D
Rearrange the combined data U NE;OW: ) into a feature vector:
Move the 2D data template DTg“ddle) to the next position in the raster scan order: j = j + 1;
end

Move the 2D data template DTgﬂddle) to the next line: i = i + 1;

end
Train a SINN model FN N(m'ddle) by using the combined data events X(mlddle ) N(mlddle )y X('“W My N“"W M),
y g ij ij
Repeat the above procedures, and then the 2D exemplars X(™iddle: Y2 apq x(midde: "‘) on yz- and zx- plane can be statlsncally
characterized by training two SINN models denoted by F AN andg F AN peshectively;
y g y vz z P Y

The 3D CPDF Pr| [X(mlddle)KN(mlddle) V] XSEW) U] Nﬂow))] can be inferred from relevant 2D CPDFs, according to Eq. (26).

(4) Statistical microstructure characterization at the high level:
Resize X(™iddle: %) 1 the same dimension as XMigh: ).
for R(hlgh) +1<i< H(hlgh) R(mgh) do
for RUEN 4 | < < yish) _ plish) g
Collect the combined data event (X(;“gh ) N(hlgh 2y X<]ow Wy N<mlddle w )) from X(Migh: ) apd xmiddle: ) by ysing

the 2D data template DT(hlgh)

Rearrange the combined data N(}/"f’h My X(jm'ddlc 2y Mmlddlc ) into a feature vector;

Move the 2D data template DT(hlgh) to the next position in the raster scan order: j = j + 1;
end

Move the 2D data template DT;};igh) to the next line: i =i+ 1;

end
Train a SINN model F NN 91' &h) by using the combined data events (Xg.ﬂgh: X'v), Ng?igh: )y Xf]r."iddle: Wy Ng;"iddle: ) );
Repeat the above procedures, and then the 2D exemplars X("igh: y‘"‘_) and Xhigh: z¥) on yz- and zx-plane can be statistically
characterized by training two SINN models denoted by ¥ NN “;‘gh) and FNN g&'gh) respectively;
(high)) (\thigh) | y(middie) | | p(middle) . .
The 3D CPDF Pr[Xl.jk |( hie Y Xijk U N )] can be derived from relevant 2D CPDFs, according to Eq. (28).

Return: Multiple (three) sets of SINN models that statistically characterize the microstructural metrics at different length scales.

(Note: H(x];.’W) and W are the height and width of X'°% ) respectively; Similarly, H™) Wi').“iddle), Hg'.igh) and Wg‘igh) denote the sizes of
x(middle: xy) 5 xthigh: xv) respectively.)
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3. Stochastic microstructure reconstruction

In Section 2, a hierarchical characterization approach is developed to statistically characterize 2D exemplars by
training SINN models, from which 3D morphological statistics can be inferred at multiple length scales. The core
issue here is how to make efficient use of this machine learning-based characterization to reconstruct statistically
equivalent 3D microstructures. In this section, a multi-level reconstruction approach is developed to generate 3D
microstructure samples by using the hierarchical 3D CPDFs, where the Gibbs sampler is adapted to construct and
iteratively update the 3D realization towards the target distribution. As shown in Figure 9, the methodology of the
multi-level microstructure reconstruction approach is graphically illustrated.

3.1. Gibbs sampling

Without knowing the full joint probability distribution, it is difficult to generate observations of multivariate
random variables through direct sampling. Given the knowledge of conditional probability distributions, Gibbs
sampling [51] is able to generate a sequence of observations that closely approximate the target multivariate
probability distribution. According to Eq. (20), the 3D CPDF Pr(Y; jk|N,- &) can be quickly derived from the
pretrained SINN models, based on which Gibbs sampler is able to construct a 3D Markov random field (MRF).
Gibbs sampling is used to iteratively update this 3D MRF from one state to another state by using the CPDFs.
After enough iterations, the 3D MRF will converge to the stationary state that closely approximates the target full
joint PDF, no matter what the initial state is. The 3D MRF obtained at the state of equilibrium can be treated as a
reconstructed 3D microstructure sample that is statically equivalent to the 2D exemplars.

Algorithm 2: Gibbs sampling

Data: A 3D lattice grid of size [ X J X K.
Initialization: Assign binary white noise to the 3D lattice grid as the initial state Y.
while The convergence criterion is not satisfied do

Pick an order for the I X J X K voxel variables;

for Each voxel Y;j do
Generate a new voxel value Yl.(;': ") by probability sampling from the CPDF Pr (Yi_jk|N,_/k);

(new)
Yl.j P

Update the voxel value Y; i by using
end

end
Return: A constructed 3D Markov random field Yy that closely approximates the target full joint PDF Pr(Y).

In summary, Gibbs sampling achieves the full joint PDF Pr(Y) by iteratively updating the initial 3D MRF Y
based on the CPDF Pr (YijklN,- jk). The 3D MREF can be specified by three factors, which are the initial probability
Pr(Y)), the transition probability Pr(Y;;|N;j) and the stationary probability Pr(Y). The iterative process of Gibbs
sampling can be expressed as follows:

Pr(Yo) [ | Pr(Yiu|Nise) - Pr(Y) (29)

And the pseudo-code of Gibbs sampling is given in Algorithm 2.

3.2. Multi-level microstructure reconstruction

As explained in Section 2.4, a set of 3D CPDFs can be derived from the available 2D exemplars by training
SINN models at multiple levels. In essence, these 3D CPDFs including Pr(Xf}iW)|N§>2W)), Pr[XS.Ziddle) (Ng.':dd'e) U
Xs.zw) U Nfﬁw)) and Pr Xg.],ighi(N?ﬁgh) U Xl.(jmkiddle) U Nﬁﬂiddle))] statistically characterize the microstructural metrics at
different length scales. To make full use of this multi-scale characterization, a multi-level reconstruction approach
is specially developed to generate statistically equivalent 3D microstructure samples, as illustrated in Figure 9.
During the reconstruction process, the pretrained SINN models are used as the dictionaries of conditional proba-
bilities for Gibbs sampling. The workflow of this multi-level reconstruction approach is concisely summarized in
Algorithm 3.
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Stochastic reconstruction of the 3D microstructures from low to high level
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Algorithm 3: Multi-level reconstruction of 3D random microstructures by using the hierarchical SINN-
based characterization

SINN models: The pretrained SINN models are the implicit representations of 2D CPDFs at hierarchical length scales: 7 NN 9)0 ),
FNNEY and FANNEY FNNGAD FNNTWD and FANTND FNNEE FANNEE and FANDE.

Data templates: The 3D data templates Drlow) pmiddie) g prhigh) 4re ysed for multi-level reconstruction, and their sizes are
consistent with the 2D data templates used for hierarchical machine learning-based characterization.

(1) Stochastic microstructure reconstruction at the low level:

Generate a 3D lattice grid of size I X J X K, and assign binary white noise to it as the initial state Ygow);
while The convergence criterion is not satisfied do

Add periodic boundaries to Ygow) ; Randomly select an order for the I X J X K voxel variables in Yg”w);

for Each voxel Y;Jl.zw) in anw) do
Extract the neighboring data Ng.zm from Ygow) by using the 3D data template DT1V);
Rearrange and split Ng.iw into three feature vectors for F NN 9\0 W, FNN ;lzow) and FANN. E‘fw’ respectively;

Compute the 3D CPDF Pr(Y[.(}ZW)|Ng7€W)) from the above SINN models, according to Eq. (24);

Gibbs sampler: Generate a new voxel value Yf]l.zwz %) by probability sampling from the 3D CPDF Pr( Y,.(]l.‘k’w) |Ng‘]zw)),
Y(lnw: new) )

Update the voxel value Y;}ZW) by using ¥} ;7

end
end
Return: The low-level constructed 3D microstructure sample YS:\}VV ),

(2) Stochastic microstructure reconstruction at the middle level: )
Generate a 3D lattice grid of size 21 X 2J X 2K, and assign binary white noise to it as the initial state ngdd]e);

Resize the low-level reconstruction result Y% to 27 x 2J x 2K, and still denote it as Y10 ;
while The convergence criterion is not satisfied do
Add periodic boundaries to both Y(()mlddle) and Y\9,
Randomly select an order for the 27 X 2J x 2K voxel variables in Yém'ddle);
for Each voxel Y;}:'ddle) in ngddle) do
Extract the neighboring data Ngr.fddle) from ngiddle) by using the 3D data template DT (Middle),
Extract the data event (Y (low) N(,l,ow)) from Y% by using the 3D data template DT (midde);
ijk ijk ) new ) )
Rearrange and split the combined data Nf;'{'dd]e) U Yi(j].zw) U N?/:W) into three feature vectors for F NN g"ddle), FNN ;?'ddle)
and FANNIY) respectively;
Compute the 3D CPDF Pr[Y.(‘.T”dd'e)|(N(.r.‘"ddle) urliowy N(.l."w))] from the above SINN models, according to Eq. (26).
ijk ijk i jk ijk ] ;
Gibbs sampler: Generate a new voxel value Y™ 8% by campling from Pr[YA('.mddle)l(N(.Tlddle) u YW y N(.l."w))];
ijk ijk ijk jk ijk

1
Update the voxel value Y;;}:lddle) by using Yi(;’;'ddle: new)

end

end

Return: The middle-level constructed 3D microstructure sample Yf,':\f die)

(3) Stochastic microstructure reconstruction at the high level: _
Generate a 3D lattice grid of size 4/ x 4J x 4K, and assign binary white noise to it as the initial state Yg"gh) ;

Resize the middle-level reconstruction result YS:&ddle) to 41 X 4J x 4K, and still denote it as Yf,';i,d die),

while The convergence criterion is not satisfied do

Add periodic boundaries to both Yg"gh) and Y{middie),

Randomly select an order for the 41 x 4J x 4K voxel variables in Yf)h'gh);

for Each voxel Y;;('gh) in Yf)h'gh) do

Extract the neighboring data thliéh) from thigh) by using the 3D data template DT i),

Extract the data event (Yi(;]:iddle), Nﬁﬁiddle)) from Yg;ifi die) by using the 3D data template DT i),

Rearrange and split the combined data Ng?;(gh) U Yg}:iddle) U Ng?kiddm into three feature vectors for F NN ;l:l D FNN ﬁ,‘;igh)
and FNN gigh) respectively;

Compute the 3D CPDF Pr[Y ,(l?lgh)|(N(,h'gh) U y{middie) N(.'.mddle))] from the above SINN models, according to Eq. (28).

ijk ijk ijk ijk

Gibbs sampler: Generate a new voxel value Yl.(t.lkigh: new) by sampling from Pr[Yi(ﬂ:gh)|(N$]igh) U Yl.(;fiddle) V] Ng.‘:ddle))];

Update the voxel value Y;i:gh) by using Y;?ljgh: new),

end

end
Return: The high-level constructed 3D microstructure sample Yf&%“) (the final reconstruction result Yyey).

18



In the low-level construction step, large-scale microstructural characteristics (such as long-distance connectiv-
ity) are compactly preserved in the 3D constructed sample. The middle-level construction process is constrained
by the low-level reconstruction result, where regional microstructural metrics are added to the 3D sample inherited
from the low-level step. Such an operation can maintain morphology consistency and continuity between the 3D
samples constructed at two different levels. As to the high-level construction, local microstructural details are
mingled in the 3D constructed sample, in order to make it morphologically close to the real microstructure. In
summary, the large-scale, regional and local morphological patterns are statistically generated and successively
added to the same 3D random field via Gibbs sampling, where the required 3D CPDFs are quickly derived from
the pretrained SINN models that implicitly represent the 2D morphological statistics at multiple scales.

3.3. Parameter settings

There are several important parameters in the proposed hierarchical microstructure reconstruction approach,
such as data template size, boundary condition, sampling ratio and convergence tolerance. These parameter set-
tings should be carefully determined, because they can bring a great influence on both the accuracy and efficiency
of microstructure reconstruction.

3.3.1. Data template size

As explained in Section 2.4 and Section 3.2, data template size is a critical parameter for both statistical char-
acterization and stochastic reconstruction. The size of a data template is measured by the radius of its neighboring
pixel/voxel zone, as shown in Figure 4 and Figure 7. Generally, the template size should be large enough to cover
the primary microstructural features. To seamlessly connect stochastic microstructure reconstruction to statisti-
cal SINN-based characterization, the dimensions of the 3D template should be consistent with the radii of the
previously used 2D templates.

In our previous study [18], a determination method of data template size R has already been developed for
different microstructures, and it can be directly adopted here. The minimum value of R can be estimated from the
two-point correlation function (TPCF) [7] of the 2D training image. Considering the difference between the data
templates used in these two studies, the correlation length a provides a reference value for 2R in this study, which
can be computed by fitting the TPCF curve with an exponential function as defined below:

3d
Sa(d) = (¢ — ¢%) exp(——) + ¢* (30)

where S,(d) denotes TPCF, ¢ is the volume fraction of the calculated phase, and d is the distance between two
pixel/voxel points.

3.3.2. Boundary condition

During the microstructure reconstruction process, the border voxels do not have enough neighborhoods to
play as the feature vectors for the pretrained SINN models, and thus their voxel values can not be updated. To
overcome this problem, the periodic or reflective boundary is added to the intermediate constructed MRF, and
then the original "border voxels" become inner voxels that can be updated during the construction process. The
thickness of the periodic or reflective boundary should be consistent with the dimension of the 3D data template
used for microstructure reconstruction. Also, the periodic or reflective boundary should be reset after each round
of Gibbs sampling, until the constructed microstructure becomes stable. More details about periodic or reflective
boundaries can be found in relevant references [18, 33].

3.3.3. Sampling ratio

During the microstructure reconstruction process (as explained in Algorithm 3), voxel values are generated
and updated one by one in random order through Gibbs sampling. Such a voxel update process could be time-
consuming, because the Markov chain is usually a very long sequence with millions even billions of voxels.
According to the MRF assumption illustrated in Section 2.1, two pixels/voxels are assumed to be irrelevant when
the distance between them is sufficiently long. In other words, two voxels can be considered independent of each
other if they cannot be covered by the predefined 3D data template (as shown in Fig 7). Therefore, the phase
values of these independent voxels can be generated and updated simultaneously through Gibbs sampling, which
will significantly speed up the reconstruction process.

Here, the proportion between the sampling voxel number at each time and the total voxel number inside the
reconstructed microstructure is defined as the sampling ratio. It is a key parameter that controls microstructure
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reconstruction efficiency. In an extreme case, this sampling ratio can be set to 1.00, which means all of the voxel
values will be generated and updated at the same time through probability sampling. Although direct sampling
of all voxel values does not exactly conform to Gibbs sampling, the reconstruction process can be significantly
accelerated. In general, selecting a proper sampling ratio is to make a balance between computation efficiency,
reconstruction accuracy, and computer performance (such as memory requirement).

3.3.4. Convergence criterion

As illustrated in Algorithm 3, Gibbs sampling runs continuously until the steady state of the constructed sample
is reached. The reconstruction process is assumed to be stable if the deviation of the constructed samples between
two adjacent iterations falls below a certain tolerance value. Here, the convergence criterion of microstructure
reconstruction is mathematically expressed as follows:

Y= Yilh

& = (31)
1Yi-1ll2

where ¢; is the relative L,-norm error measuring the discrepancy between the constructed samples Y; and Y;_;; i
denotes the iteration number; n < 1 is a user-specified tolerance with small value.

4. Examples and results

To verify the effectiveness of this hierarchical 2D-to-3D microstructure reconstruction method, we test it on a
series of porous media with distinct morphology patterns. In each testing case, a group of thirty 3D microstructure
samples is generated by using the proposed method. For the 4th and 5th testing case, the developed SINN-based
method is systematically compared with the GAN-based method [39], in terms of microstructure reconstruction
quality and speed. More details about the GAN-based method can be found in relevant references [38, 39].
To demonstrate the statistical equivalence between the 3D reconstructed and the real microstructures, a variety
of morphological descriptors are used to quantitatively characterize these porous microstructures. More details
about morphological descriptors can be found in relevant references [7, 52, 53]. It should be noted that all the
morphological descriptors are computed for the pore space (white phase). In this work, reconstruction error Af is
measured by the relative £,-norm, given by:

|F@ - s,

32
lf (@l G2

Af =

where f(d) and f/(E) denote the morphological descriptors extracted from the reference and the reconstructed
microstructures respectively.

Table 1: The parameters of hierarchical microstructure reconstruction for different testing cases

Training statistics-informed neural networks (SINNs)

Test case Level Data template size (voxel) . Number of neurons Samplmg

Learning  Epoch ratio
rate number  Hidden layer I  Hidden layer 2

Low: Ry =Ry, =R;x =2 0.00001 200 24 -— 100%
Case 1 Middle: Ry =Ry; =R, =4 0.00001 500 48 -— 100%
High: Ry =Ry =R, =38 0.00001 500 96 —— 100%
Low: Ry =2,R;=6,R,=6 0.00001 1000 30 —-— 100%
Case 2 Middle:  R,, =4,Ry, =10,R;, =10  0.00001 500 40 -— 100%
High: Ry =8 Ry, =15 R, =15  0.00001 300 60 -— 100%
Low: Ry =Ry; =R, =1 0.00001 200 10 10 100%
Case 3 Middle: Ry =Ry, =R; =12 0.00001 500 20 20 100%
High: Ry =Ry, =R, =16 0.00001 500 30 30 100%
Case 4 Low: Ry =Ry, =R, =8 0.00001 500 60 -— 100%
ase Middle: Ry=R.=R,=16 0.00001 500 120 —- 100%
Low: Ry =Ry, =R, =1 0.00001 500 15 15 100%
Case 5 Middle: Ry =Ry, =R, =12 0.00001 500 30 30 100%
High: Ry =Ry, =R,y =16 0.00001 200 50 50 100%
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As mentioned in Section 2.2, the scaled conjugate gradient algorithm is adopted to train neural networks for
the statistical characterization of 2D exemplars. To reduce the risk of overfitting the SINN models, the data events
collected from the available 2D exemplars are randomly split into the training dataset (80%) and the validation
dataset (20%). The model hyper-parameters and the algorithm hyper-parameters of SINN model training for
different testing cases are summarized in Table 1. As to 3D microstructure reconstruction, the sampling ratio has
a great influence on reconstruction efficiency, its value for each testing case is listed in Table 1 as well.

4.1. Case 1: Porous ceramic with spherical pores

The first case is a porous lead zirconate titanate (PZT) ceramic, which was prepared by sintering compacts that
consist of PZT and pore former. The physical properties of porous PZT ceramics were investigated as functions
of pore shape and porosity [54]. As shown in Figure 10, the pores (white phase) inside this porous ceramic
are isolated spheres, and pore space only occupies 4.25% of the bulk volume. Although the microstructural
characteristics of this porous ceramic are simple, the extremely low porosity can bring a huge challenge to the
proposed microstructure reconstruction method, because the informatics of pore space can be overwhelmed by
that of the solid matrix during the process of machine learning-based characterization. Obviously, this porous
microstructure is isotropic, but we still select 9 representative slices on three principal planes and six diagonal
planes as the 2D exemplars for 3D microstructure reconstruction. Here, only the 2D exemplars on three principle
planes are shown in the rightmost column in Figure 10.

(a) Low level: xy-plane (b) Middle level: xy-plane (c) High level: xy-plane

(d) Low level: yz-plane (e) Middle level: yz-plane

(g) Low level: zx-plane (h) Middle level: zx-plane (i) High level: zx-plane

Figure 10: Gaussian image pyramids with three levels: (a), (d) and (g) are the low-level images (80x80 pixels); (b), (e) and (h) are the
middle-level images (160x160 pixels); (c), (f) and (i) are the high-level images (the original 2D exemplars with 320x320 pixels).

To investigate the necessity of hierarchical characterization and reconstruction, we first apply the single-level
approach for microstructure characterization and reconstruction, where the original 2D exemplars are directly used
as the training images to train SINN models (more details can be found in Section 2.2 and Section 2.3). As shown
in Figure 11, 3D microstructures are scholastically generated by the single-level approach, where data templates of
varying sizes are used. However, these 3D reconstructed microstructures don’t preserve the morphology patterns
existing in the given 2D examples. For the single-level approach, data templates must be set with large radii, in
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order to cover the primary microstructural features. The large neighborhood areas can make it difficult to let the
2D-to-3D morphology integration evolve into the optimal state where the morphological patterns of 3D relations
are consistent with that of the 2D exemplars. By contrast, the proposed hierarchical approach allows for compact
characterization and generation of the large-sized morphology by using a small data template, which can greatly
simplify the 2D-to-3D morphology integration.

e

(@) Ryy = Ry; = R;x = 8 voxels (b) Ryy = Ry; = Ry = 10 voxels (¢) Ryy = Ry; = Ry = 12 voxels

Figure 11: Single-level microstructure reconstruction (240x240x240 voxels) by using the data templates with varying radii.

(d) Low level: sample II (e) Middle level: sample 1T (f) High level: sample II

Figure 12: Hierarchical microstructure reconstruction with three levels: (a) and (d) are the low-level reconstruction results (80x80x80 voxels);

(b) and (e) are the middle-level reconstruction results (160x160x160 voxels); (c) and (f) are the high-level reconstruction results (the final 3D
reconstructed samples with 320x320x320 voxels).

In other words, the proposed hierarchical approach decomposes the microstructural morphology into large-
sized, regional and detailed features, and then separately characterizes or reproduces these morphological features
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step by step. This hierarchical strategy can greatly reduce the difficulty of 2D-to-3D morphology integration. In
contrast, the single-level approach attempts to capture or generate all morphological features in one step, which
greatly increases the difficulty of 2D-to-3D morphology integration. Even for the simple example in Case 1, the
single-level approach is not able to generate 3D morphologically-similar microstructure samples. Therefore, the
hierarchical strategy is the only choice for the proposed method that uses non-casual data templates to characterize
and reconstruct porous microstructures.

The proposed hierarchical approach is then carried out to reconstruct 3D microstructures from the 2D exem-
plars. For each 2D exemplar, a Gaussian image pyramid with three levels is built for it, as shown in Figure 10.
Following the procedure explained in Algorithm 1, SINN-based microstructure characterization is conducted to
approximate the 3D morphological statistics at multiple scales. And then, 3D microstructure samples are hierar-
chically generated by using this multi-level characterization, as explained in Algorithm 3. The parameter setting of
hierarchical characterization and multi-level reconstruction are summarized in Table 1. A group of thirty 3D sam-
ples is produced, and representative reconstruction results are shown in Figure 12. Obviously, the reconstructed
microstructures become more and more visually appealing from the low level to the high level.
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i 05 0.25
i A A
~ 0.03f % R A — A\
3 ‘.\ - 0.4 /.’ ‘.‘ “E/ 0.20 ./ \-\
l " = / . 7 \.\
“0.02 .\_\ 0.3 / \.\ 0.15 = \
i /) \ / 4 \
4 0.0090< A<0.0584 02 / L 0.10 /, \
0.01 \ /) \ 7 \
A 0.1 y \ 005 == 0.0242< AF<0.0831 %
\ J \ . < Af<0.0831 A\
0.00 N 0.0p === T 0.00 ——]
0 10 20 30 40 50 60 70 80 0 5 10 15 20 25 0 2 4 6 8 10 12 14 16 18 20
Distance d (voxel) Diameter d (voxel) Length d (voxel)
(a) Two-point correlation function (b) Pore size distribution (c) Chord length distribution

Figure 13: Comparisons of morphological descriptors between the reference and the reconstructed microstructures.

The reconstruction quality is assessed by comparing morphological descriptors extracted from the reference
and reconstructed microstructures. The results of two-point correlation function S, (d), pore size distribution p(d)
and chord length distribution p(d) are provided in Figure 13, which quantitatively measure random microstruc-
tures in aspects of statistical characteristics, pore size and pore connectivity, respectively. It is understandable
for stochastic microstructure reconstruction that the descriptor curves of reconstructed samples fluctuate around
the reference curve. The average reconstruction errors (measured by Af in Eq. (31)) are all less than 5.00%,
which confirms the statistical equivalence between the reference and reconstructed microstructures. Both the low
porosity and the regular pore geometry exiting in the 2D exemplars are well preserved by the 3D reconstructed
microstructure samples. What’s more, the large-scale correlations (see Figure 13 a) that far exceed the scope of

data templates (see Table 1) are also accurately captured, which demonstrates the effectiveness of the proposed
hierarchical method in 2D-to-3D microstructure reconstruction.

4.2. Case 2: Porous ceramic with orientated cylindrical pores

The second case is a porous alumina ceramic produced by an extrusion method. As can be seen in Figure
14, there are oriented cylindrical pores inside this ceramic with pore space taking up around 17.50% of the bulk
volume. It is well-known that pore geometry is an important factor in the preparation of porous ceramics with
satisfactory properties [55]. Generally, it is very challenging to reconstruct 3D anisotropic microstructures from
2D exemplars, because parameter settings (such as the data template size) for different directions are needed to
be carefully determined. To capture the anisotropic property of this porous ceramic, representative cross-sections
on three orthogonal planes are selected as the 2D exemplars for 3D microstructure reconstruction, as shown in the
rightmost column in Figure 14.

To compactly characterize this anisotropic microstructure, Gaussian image pyramids with three levels are built
for these 2D exemplars in Figure 14, based on which three sets of SINN models are trained to learn morphological
statistics at different length scales. Following the procedures explained in Algorithm 3, 3D microstructure samples
are generated in a three-level reconstruction manner by using the hierarchical SINN-based characterization. As
shown in Figure 15, two representative reconstruction results are provided. As more morphology details are added
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to the 3D constructed samples from the low level to the high level, the reconstruction results become more and
more visually close to the original 2D exemplars.

(g) Low level: zx-plane (h) Middle level: zx-plane (i) High level: zx-plane

Figure 14: Gaussian image pyramids with three levels: (a), (d) and (g) are the low-level images (60x60 pixels); (b), (e) and (h) are the
middle-level images (120x120 pixels); (c), (f) and (i) are the high-level images (the original 2D exemplars with 240x240 pixels).

Morphological descriptors are used to quantify the discrepancy between the reference and the reconstructed
microstructures, as shown in Figure 16. To characterize microstructural anisotropy, two-point correlation functions
S2(d) are computed separately in different directions, as can be seen in Figure 16 a-c respectively. Besides,
lineal path function L(d), chord length distribution p(d) and pore size distribution p(d) are also used to assess
reconstruction quality in terms of pore size, pore shape and pore connectivity, and the results are plotted in Figure
16 e-g respectively. For all these morphological descriptors, the reference curves are located at the centers of the
variation ranges of reconstruction curves, with average errors Af less than 5.00%. Therefore, the 3D reconstructed
samples can be considered statistically equivalent to the reference microstructure in aspects of pore anisotropy and
pore geometry.
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(d) Low level: sample IT (e) Middle level: sample 1T (f) High level: sample II

Figure 15: Hierarchical microstructure reconstruction with three levels: (a) and (c) are the low-level results (60x60x60 voxels); (b) and (e) are
the middle-level results (120x120x 120 voxels); (c) and (f) are the high-level results (the final 3D reconstructed samples with 240x240x240
voxels).
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Figure 16: Comparisons of morphological descriptors between the reference and reconstructed microstructures.
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4.3. Case 3: Mesoporous silica with isotropic pore system

Mesoporous silica with an isotropic pore system is selected as the third testing case. The pore space and the
solid silica occupy around 42.50% and 57.50% of the entire volume respectively. The available 2D slices have
a small size, so we select four representative slices and stitch them together as the only 2D exemplar for 3D
microstructure reconstruction, as shown in Figure 17c. The high porosity, complicated pore geometry and long-

distance pore connectivity of this typical porous medium can pose a huge challenge to the proposed hierarchical
2D-to-3D reconstruction method.

(a) Low-level image (b) Middle-level image (c) High-Level image

Figure 17: A Gaussian image pyramid with three levels: (a) The low-level image (75%75 pixels); (b) The middle-level image (150x150 pixels);
(c) The high-level image (the original 2D exemplar with 300x300 pixels).

(b) Middle level: sample I (c) High level: sample I

(a) Low level: sample 11 (d) Middle level: sample II (c) High level: sample II
Figure 18: Hierarchical microstructure reconstruction with three levels: (a) and (d) are the low-level reconstruction results (60x60x60 voxels);

(b) and (e) are the middle-level reconstruction results (120x120x120 voxels); (c) and (f) are the high-level reconstruction results (the final 3D
reconstructed samples with 240x240x240 voxels).

Due to the isotropic property of this porous silica, the 2D morphological statistics on different planes can be
assumed equivalent. Therefore, only one set of SINN models is trained to statistically characterize the 2D image
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pyramids in Figure 17. The obtained machine learning-based characterization is sufficient for 3D microstruc-
ture reconstruction by using the proposed method. Two representative reconstruction results are given in Figure
18, from which one can see that the 3D reconstructed microstructures become morphologically close to the 2D
exemplar as more microstructural details are added to the reconstruction.
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Figure 19: Comparisons of morphological descriptors between the reference and reconstructed microstructures.

To evaluate the reconstruction quality, morphological descriptors are computed for the reference and re-
constructed microstructures, including two-point cluster correlation function C;(d), local percolation probability
A3(¢, L = 32) and total fraction of percolating cells 73(L). These descriptors are the common indicators to measure
pore geometry and pore connectedness inside porous media, and the results are plotted in Figure 19. By compar-
ison, each reference descriptor curve lies in the middle of the varying region of the reconstruction descriptors,
and the average reconstruction errors measured by Af are all less than 3.50%. More importantly, the reference
and reconstruction descriptors also well match each other in long distances or at large length scales, as shown
in Figure 19 a and c. These results demonstrate that the proposed hierarchical reconstruction method is able to
generate well-connected porous microstructures from a few 2D thin sections.

4.4. Case 4: Mesoporous silica with anisotropic pore system

(d) High level: xy-plane (e) High level: yz-plane (f) High level: zx-plane

Figure 20: Gaussian image pyramids with two levels: (a), (b) and (c) are the low-level images (100x100 pixels); (d), (e) and (f) are the
high-level images (the original 2D exemplars with 200x200 pixels).

Mesoporous silica with an anisotropic pore system is selected as the fourth typical case to test the proposed
method. The pore space takes up approximately 51.00% of the bulk volume. Its pore network system is well-
connected over a long distance, and the microstructural characteristics in different directions are greatly distinct
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from each other. This testing case can pose a huge challenge to the proposed 2D-to-3D microstructure reconstruc-
tion method in capturing anisotropic characteristics and long-distance pore connectivity. As shown in the bottom
line in Figure 20, representative cross-sectional images on three orthogonal planes are chosen as the 2D exemplars
for 3D microstructure reconstruction.

The original 2D exemplars have a relatively low resolution, so Gaussian image pyramids with two levels are
built for them, as shown in Figure 20. Following the procedure described in Algorithm 1, SINN models are sep-
arately trained to statistically characterize the 2D morphology patterns in different directions. The parameters of
statistical characterization and stochastic reconstruction are listed in Table 1. A group of thirty 3D microstructure
samples is generated by using the SINN-based characterization, and three representative samples are shown in
Figure 21. The high-level reconstructed samples inherit the microstructural features from the low-level results,
and they become morphologically realistic as more microstructural details are added to them.

(b) Low level: sample II (c) Low level: sample IIT

(d) High level: sample I (e) High level: sample II (f) High level: sample IIT

Figure 21: The SINN-based hierarchical microstructure reconstruction with two levels: (a), (b) and (c) are the low-level reconstruction results
(100x100x100 voxels); (d), (e) and (f) are the middle-level reconstruction results (the final 3D reconstructed samples with 200x200x200
voxels).

To evaluate the reconstruction quality, morphological descriptors are extracted from the 3D reference and re-
constructed microstructures, including the total fraction of percolation fraction 7'(L) and geometrical tortuosity 7.
As the commonly used indicators of pore percolation degree, both 7(L) and 7, can be separately computed in three
orthogonal directions, and the results are provided in Figure 22. The reconstruction descriptor values just fluctuate
around the reference descriptors with small errors (measured by Af in Eq. (32)), which is normal for stochastic
microstructure reconstruction. The good matches between the descriptors extracted from the reconstructed and
reference microstructures indicate that both the long-distance pore connectivity and the anisotropic characteristics
are well captured by the proposed 2D-to-3D microstructure reconstruction method.
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Figure 22: Comparisons of morphological descriptors between the reference and the SINN-based reconstructed microstructures.

As shown in Figure 23, the GAN-based method [39] is adopted to generate 3D microstructures from 2D cross-
sectional images. It should be noted that only the high-level 2D images in Figure 20 are used as the training images.
Appearance inspection shows that the 3D reconstructed microstructures are morphologically similar to the 2D
exemplars. Morphological descriptors are then extracted for quantitative assessment of reconstruction quality, and
the results are plotted in Figure 24. Both T'(L) and 7, are effective descriptors to represent pore percolation degree,
and they are separately computed in three axial directions to characterize microstructural anisotropy. On the
whole, the GAN-based method exhibits good performance in capturing long-distance connectivity and anisotropic
characteristics of the pore network system. Compared to the SINN-based method, it seems that the GAN-based
method tends to generate porous microstructure samples with a smaller variance. However, the microstructures
generated by the GAN-based method are not completely equivalent to the real ones, which can be seen from the
slightly lower curves of T(L) and T.(L) in Figure 23, as well as the slightly higher values of Y-direction 7, and
Z-direction 7.

(a) Reconstructed sample I (b) Reconstructed sample 1T (c) Reconstructed sample IIT

Figure 23: The GAN-based microstructure reconstruction (200x200x200 voxels).
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Figure 24: Comparisons of morphological descriptors between the reference and the GAN-based reconstructed microstructures.

Computational cost is an important index to assess the effectiveness of microstructure reconstruction methods.
Here, both the proposed SINN-based method and the GAN-based method are run on the same desktop computer
(CPU: Intel(R) Core(TM) i7-6700 3.41GHz; Memory: 64.0 GB). The average time cost to train a set of SINN
models is around 36.5 minutes, while it takes about 1889.8 minutes to train a reliable GAN model. As to the
reconstruction speed, the GAN-based method can rapidly generate a 3D microstructure sample with a size of
200x200x200 in 18.9 seconds, but the proposed SINN-based method needs to spend 762.8 seconds to accomplish
this task. Both the properly trained SINN model and GAN model can be stored for repeated usage, but the former
is completely free to generate the 3D microstructure samples of arbitrary sizes. Besides, the SINN models possess
good interpretability by integrating morphological statistics into neural networks, while the GAN model works in
a black-box manner.

4.5. Case 5: Porous rock with long-distance pore connectivity

The final case is a natural porous rock called Fontainebleau sandstone, which is often used as the benchmark
for porous media research [56]. The porosity of this Fontainebleau sandstone sample is around 24.50%, and pore
bodies with irregular geometry are connected to form a long-range percolating network. As shown in the rightmost
column in Figure 25, representative 2D thin sections on three orthogonal planes are selected as the 2D exemplars
for 3D microstructure reconstruction. Due to the irregular pore geometry and the long-distance pore connectivity,
it is challenging for the proposed method to reproduce 3D microstructure samples that are geometrically and
topologically equivalent to the 2D exemplars.

To compactly characterize the large-scale microstructural features, Gaussian image pyramids with three levels
are built for the 2D exemplars on orthogonal planes, as can be seen in Figure 25. Three sets of SINN models are
separately trained to approximate the morphological statistics at multiple length scales, and corresponding hyper-
parameters are listed in Table 1. Following the procedure described in Algorithm 1, a group of thirty 3D samples is
stochastically reconstructed, and two representative results are shown in Figure 26. Visual inspection indicates that
the high-level 3D reconstructed samples are analogous to the 2D exemplars in terms of morphological patterns.
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(g) Low level: zx-plane (h) Middle level: zx-plane (i) High level: zx-plane

Figure 25: Gaussian image pyramids with three levels: (a), (d) and (g) are the low-level images (100x100 pixels); (b), (e) and (h) are the
middle-level images (200x200 pixels); (c), (f) and (i) are the high-level images (the original 2D exemplars with 400x400 pixels).
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(d) Low level: sample II

(e) Middle level: sample 11 (f) High level: sample II

Figure 26: The SINN-based hierarchical microstructure reconstruction with three levels: (a) and (d) are the low-level reconstruction results

(80x80x80 voxels); (b) and (e) are the middle-level reconstruction results (160x160x160 voxels); (c) and (d) are the high-level reconstruction
results (the final 3D reconstructed samples with 320x320x320 voxels).

The reconstruction quality is assessed by comparing the morphological descriptors that are extracted from
the reference and reconstructed microstructures. Here, geometrical tortuosity 7, pair connectivity function H(d)
and total fraction of percolating cells 73(L) are used to quantitatively characterize long-distance connectivity of
pore channels, and the results are plotted in Figure 27. The descriptors extracted from reconstructed samples
just slightly fluctuate around the reference values/curves, with the relative errors smaller than 3.20%. The small
discrepancy between the reference and reconstructed microstructures indicates the equivalence between them, and

it also confirms the effectiveness of the proposed 2D-to-3D reconstruction method in generating well-connected
porous media.
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Figure 27: Comparisons of morphological descriptors between the reference and the SINN-based reconstructed microstructures.

The GAN-based method [39] is also applied to generate 3D microstructure samples for this case, as shown in
Figure 28. Here, only the high-level images in Figure 25 are used to train the GAN model. Obviously, the morpho-
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logical patterns existing in the 2D exemplars are satisfyingly preserved by the reconstructed 3D microstructures.
To quantitatively characterize the long-distance connectivity within the pore network system, three morphological
descriptors including 74, H(d) and T3(L) are extracted from both the reference and reconstructed microstructures,
as plotted in Figure 29. In general, the GAN-based method shows excellent performance in generating well-
connected porous microstructures, which can be demonstrated by the good matches between the reconstructed
and real microstructures in terms of the three morphological descriptors. Compared with the proposed SINN-
based method, it seems that the GAN-based method tends to generate microstructures with slightly larger errors

(measured by Af in Figure 27 and 29), which can be due to that the GAN-based reconstructed microstructures are
smaller than the representative size.

LB

(a) Reconstructed sample I (b) Reconstructed sample IT (c) Reconstructed sample IIT

Figure 28: The GAN-based microstructure reconstruction (200x200x200 voxels).

As to the computational cost, the developed SINN-based method is directly compared with the GAN-based
method by running them on the same desktop computer (CPU: Intel(R) Core(TM) i7-6700 3.41GHz; Memory:
64.0 GB). The time cost to train a GAN model is up to 2596.5 minutes, while the training process of SINN
models can be completed within 51.5 minutes. The SINN-based method requires 780.2 seconds to generate a 3D
microstructure sample with a size of 200 x 200 x 200, and the GAN-based method can achieve this task in 19.3
seconds. Although both the trained SINN and GAN models can be stored for repeated usage, the SINN-based
method is much more flexible to reproduce 3D microstructures of arbitrary sizes. Additionally, the GAN model

is poorly interpretable, while the SIIN model can be considered as an implicit representation of morphological
statistics.
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Figure 29: Comparisons of morphological descriptors between the reference and the GAN-based reconstructed microstructures.

5. Transport properties

There are various types of transport phenomena occurring inside porous media, such as (multiphase) fluid
permeation, mass diffusion, electrical conduction and heat transfer, and they are all intrinsically linked to mi-
crostructural characteristics [15]. Transport properties are known as functions of the geometry and topology of
porous media [6]. Therefore, the assessment of microstructure reconstruction quality should also take account
of physical properties, not just comparing morphology patterns. Here, different types of transport properties are
numerically evaluated for the 3D reference and reconstructed microstructures used in Section 4, to further assess
the statistical equivalence between them. The studied transport properties include absolute permeability, electrical
conductance, thermal conductivity, effective diffusion coefficient and relative permeability.
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5.1. Case 1: Electrical conductance

For testing case 1 in Section 4.1, electrical conduction occurring inside porous media is numerically resolved
by using the voxel-based finite volume method (FVM) [57]. The solid phase is assumed to be homogeneous
with electrical conductivity equal to o9 = 0.0001 S/m, while the pore space is saturated with air whose electrical
conductivity is assumed to be ﬁo-o. A constant electrical potential difference is applied to the inlet and outlet
faces of the cubic digital microstructure, while the other four faces are set as insulating walls [15]. Driven by the
constant potential difference, electric charges are transmitted through the 3D digital microstructures, where image
voxels are directly used as the volume elements for FVM simulation. When the steady state is achieved (as shown
in Figure 30a and b), the effective electrical conductivity ot can be computed according to Ohm’s law.
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Figure 30: Numerical evaluation of electrical formation factor for the porous microstructures in Section 4.1: (a) and (b) are the electric potential
fields at the steady state; (c) Electrical conductivity results.

For each porous medium sample, FVM simulations are separately carried out in three orthogonal directions,
and the mean value is used as the final result of effective electrical conductivity og. As shown in Figure 30c, the
effective electrical conductivity values of thirty reconstructed samples randomly scatter around the straight line
that represents the reference value, and the average value of o computed from reconstructed samples is also very
close to the reference value. It indicates that the 3D reconstructed microstructures are statistically equivalent to the
real microstructure in terms of electrical conduction. The accurate maintenance of effective electrical conductivity
further verifies the effectiveness of the proposed method in 2D-to-3D microstructure reconstruction.

5.2. Case 2: Thermal conductivity

With regards to testing case 2 in Section 4.2, thermal conductivity is numerically computed for the 3D refer-
ence and reconstructed microstructures through finite volume simulation of heat flow [57]. Heat transfer happening
inside porous media is dominated by the solid phase, because the thermal conductivity of solid matrix is much
higher than that of air in pore space [58, 15]. In our simulations, heat transfer only occurs in the solid phase with
thermal conductivity 49 = 1 W/(m-K), and the pore space filled with air is assumed thermal insulating. A constant
temperature difference is applied between the input face (298 K) and the output face (273 K) of the cubic porous
media sample, and the other four faces are set as thermal insulating walls. It should be mentioned that the image
voxels are directly used as the basic elements for FVM simulation. FVM simulation iteratively runs until the
steady state is reached (as shown in Figure 31a-c), and then effective thermal conductivity A.s can be evaluated
according to Fourier’s law.
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Figure 31: Numerical evaluation of thermal conductivity for the porous microstructures in Section 4.2: (a), (b) and (c) are the temperature
fields at the steady state; (d), (e) and (f) are the effective thermal conductivity values in different directions.

Effective thermal conductivities of these anisotropic porous microstructures are separately evaluated in three
orthogonal directions, and the results are recorded in Figure 31d-f respectively. In X and Y directions, the Ag
values computed from most of the reconstructed samples are slightly larger than the reference values; while
in the Z direction, the opposite situation occurs. Such a discrepancy between the reconstructed and reference
microstructures could be due to a number of reasons, such as 2D exemplar selection, data template size, and
SINN model training. Compared to isotropic microstructure reconstruction, it is usually much more difficult to
accurately generate anisotropic microstructures from 2D exemplars. But the remarkable thing is that the average
values of A computed from thirty reconstructed samples are close to the reference values in three directions. In
other words, the thermal conductivity and transport anisotropy of the real microstructure are primarily preserved
by the reconstructed samples, which further demonstrates the physical equivalence between them.

5.3. Case 3: Relative permeability

For the 3rd testing case in Section 4.3, relative permeability is numerically evaluated for the 3D reference and
reconstructed microstructures, where the lattice Boltzmann method (LBM) [59, 60] is used to simulate two-phase
(oil-water) flow at the pore scale. The Shan—Chen LBM framework is adopted here by treating the image grid
as the regular lattice, where two fluid phases are represented by two separate probability density functions. The
contact angle is set to 24.60°, and the viscosity ratio, interfacial tension and density ratio between the two fluid
phases are set to 1.360, 0.324 and 1.250 respectively. An external force is applied to both fluid phases along
the flow direction, and periodic boundary conditions are added to the inlet and the outlet faces. The other four
surfaces of the cubic digital microstructure are added with solid walls, and no-slip boundary conditions are used
on the fluid-solid interfaces. Driven by the constant body force, the mixed fluid with the desired wetting saturation
starts to pass through the porous microstructure from the inlet to the outlet. When the final steady state is reached,
the relative permeabilities for the wetting and non-wetting phases can be computed following the adaption of
Darcy’s law [60], as illustrated in Figure 32a and b.
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Figure 32: Numerical evaluation of relative permeability for the porous microstructures in Section 4.3: (a) The steady-state density fields of
two-phase flow when the wetting saturation is 0.285; (b) The steady-state density fields of two-phase flow when the wetting saturation is 0.498;
(c) The relative permeability results.

For multiphase flow in porous media, relative permeability is defined as the ratio of the effective permeability
of the phase to the absolute permeability, which is a dimensionless measure. Relative permeability «, is often ex-
pressed as a function of wetting saturation. As shown in Figure 35c, the relative permeability results corresponding
to the 3D reconstructed and reference microstructures are plotted. The reference values of . are represented by
two dot-dash curves for the wetting and non-wetting fluids, while the relative permeabilities of the reconstructed
samples are represented by the solid curves. Clearly, the reference curves are completely located inside the varia-
tion ranges of the reconstruction curves, and they are also very close to the ‘average curves’ of the reconstruction
curves. For stochastic reconstruction, it is reasonable that the reconstructed samples have transport properties
fluctuating around the reference values but sharing an average characteristic. The good agreements between these
curves not only indicate the statistical equivalence between the 3D reconstructed and reference microstructures
in aspects of transport behaviors of two-phase flow, but also verify the effectiveness of the proposed method in
generating 3D well-connected porous microstructures.

Concentration
Concentration

Concentration

(a) X direction: diffuser concentration field (b)Y direction: Diffuser concentration field  (c) Z direction: Diffuser concentration field

0.35 0.40 0.25
————— Reference —-—-— Reference —-—-— Reference
— o Reconstructions, — o Reconstructions, —~ ©  Reconstructions
T 030 .| mo03s T 0.20 7
EE/ o %o oo : L o §/ o % ° %o § ® 000 <><><> 000
1%C09_ _oa _._%  _ppe.-2. _o.gl o, © 0o © oo, °© S S A Y R —
g 0.25 . D;—ae&n 58 g 0.30f0 0 ° 2% oo g_o__e___ g 0.15F63 o Sog 3 o7 S Qoo
g g ° o £ o
£0.20 £ 0.5 ° ° £0.10
s s 2
< > N
0 ]50 5 10 15 20 25 30 0‘200 5 10 15 20 25 30 0 050 5 10 15 20 25 30
Sample number Sample number Sample number
(d) X direction: effective diffusivity (e) Y direction: effective diffusivity (f) Z direction: effective diffusivity

Figure 33: Numerical evaluation of effective diffusivity for the porous microstructures generated by the SINN-based method in Section 4.4:
(a), (b) and (c) are the concentration fields at the steady state; (d), (e) and (f) are the effective diffusivity values in different directions.
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5.4. Case 4: Effective diffusivity

For testing case 4 in Section 4.4, effective diffusivity values of the 3D reference and reconstructed microstruc-
tures are numerically evaluated via finite difference method (FDM) [61, 62, 63]. A diffusing gas with diffusivity
of Dy = 1.00m?/s is typically used as the probe to mimic molecular diffusion inside the pore space of 3D digital
microstructures, where the voxel grid is directly treated as the finite-difference grid. A constant concentration
difference is applied between the inlet and outlet faces of cubic microstructures, while the other four faces parallel
to the diffusional flow direction are set as solid walls for the isolation purpose. When the diffuser concentration
field reaches its steady state (as shown in Figure 33a-c and Figure 34a-c), the effective diffusivity D.g of a porous
medium can be evaluated according to Fick’s law.

Due to the anisotropic characteristics of this porous medium, FDM simulations of pore-scale diffusion are
separately conducted in three principle directions for each digital microstructure. As shown in Figure 33d-f,
directional D.g values of thirty samples (that are generated by the proposed SINN-based method) just randomly
scatter around the reference lines, and the overall average values are also very close to the reference values.
Such good agreements demonstrated that the 3D virtual microstructures are statistically equivalent to the real
microstructure in terms of effective diffusivity and anisotropic attributes. This test example further verifies the
effectiveness of the proposed SINN-based method in generating 3D well-connected porous microstructures from
2D cross-sectional images.

(a) X direction: diffuser concentration field (b)Y direction: Diffuser concentration field  (c) Z direction: Diffuser concentration field
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Figure 34: Numerical evaluation of effective diffusivity for the porous microstructures generated by the GAN-based method in Section 4.4:
(a), (b) and (c) are the concentration fields at the steady state; (d), (e) and (f) are the effective diffusivity values in different directions.

Besides, numerical evaluation of effective diffusivity is also carried out for the porous microstructures gener-
ated by the GAN-based method in Section 4.4, as shown in Figure 34d-f. Compared to the proposed SINN-based
method, the GAN-based method tends to generate 3D samples with more stable values of effective diffusivity. In
general, these 3D porous microstructures are physically equivalent to the real microstructure in terms of effective
diffusivity, except for slightly small values of D.g in the Z direction.

5.5. Case 5: Absolute permeability

The porous medium sample in Section 4.5 (Case 5) possesses a well-connected pore network system, there-
fore, we perform pore-scale simulations of single-phase flow to assess the transport equivalence between the 3D
reference and reconstructed microstructures. Lattice Boltzmann method (LBM) [64, 5, 65] with the Bhatnagar-
Gross-Krook collision term is adopted here to mimic fluid flow passing through cubic digital microstructures,
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where the voxel grid directly serves as the regular lattice. A constant pressure difference is applied to the inlet
and outlet surfaces, and solid walls are added to the other four faces for the isolation purpose. Besides, the no-slip
boundary condition is set at the fluid-solid interface. Driven by the constant pressure gradient with a small value,
fluid flow (with a low Reynolds number) steadily passes through porous media samples, as illustrated in Figure
35a and b. And absolute permeability « can then be evaluated according to Darcy’s law.
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Figure 35: Numerical evaluation of absolute permeability for the porous microstructures generated by the SINN-based method in Section 4.5:
(a) and (b) are the steady-state velocity fields of single-phase flow; (c) The absolute permeability results.

For each porous microstructure, LBM simulations of single-phase flow are separately conducted in three prin-
ciple directions, and the mean value of three directional permeabilities is referred to as the final result. Absolute
permeability results of the 3D reference and reconstructed microstructures are numerically evaluated. As recorded
in Figure 35c, the permeability values of thirty samples (that are generated by the proposed SINN-based method)
just randomly fluctuate around the reference line, with the overall average value slightly smaller than the ref-
erence one. There are many factors responding to such reconstruction error, including 2D exemplar selection,
data template size and SINN model training. But it should be highlighted that the hydrodynamic conductivity of
the reference microstructure is primarily preserved by the reconstructed microstructures, which demonstrates the
transport equivalence between them.
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Figure 36: Numerical evaluation of absolute permeability for the porous microstructures generated by the GAN-based method in Section 4.5:
(a) and (b) are the steady-state velocity fields of single-phase flow; (c) The absolute permeability results.

As shown in Figure 36, numerical evaluation of absolute permeability is also carried out for the porous mi-
crostructures generated by the GAN-based method in Section 4.5. The permeability values recorded in Figure 36¢
fluctuate much stronger than that in Figure 35¢, but the average permeability value is close to the reference value.
Generally, the GAN-based method exhibits a satisfying performance in generating 3D well-connected porous
microstructures by preserving absolute permeability.
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6. Discussion and conclusions

6.1. Discussion

Machine/deep learning has been incorporated to reconstruct random microstructures in many studies, due to its
powerful capacity in analyzing complex data and exploring hidden rules. We think an effective machine learning-
based reconstruction method should wrestle with small data, accuracy, speed and interpretability. In this work, a
hierarchical 2D-to-3D microstructure reconstruction method is developed by adhering to the above principles:

¢ Small data: A machine learning-based reconstruction method that requires large training data just goes
against the reason for and the objective of stochastic microstructure reconstruction. The proposed method
only requires one (isotropic) or several (anisotropic) 2D exemplar(s) with representative significance to
serve as the training image(s). With the MRF assumption, the training images can be split into a large
number of patches. Statistics-informed neural networks (SINN) are trained to learn morphological statistics
from these patches. Such a modeling paradigm is to statistically characterize random media in a small-data
regime.

* Accuracy: The existing machine learning-based reconstruction methods usually pay high attention to cap-
turing the microstructural details, ignoring the importance of large-scale microstructural metrics to transport
properties of porous media. The proposed method is biased toward the large-range correlations and long-
distance connectivity of porous microstructures, by developing a hierarchical characterization approach and
a multi-level reconstruction approach. Hierarchical characterization can separately embed the 2D morpho-
logical statistics at multiple scales into different SINN models, based on which multi-level reconstruction
is able to reproduce 3D morphology patterns at different scales and successively add them into the same
random field.

* Speed: If a stochastic reconstruction method cannot rapidly generate large numbers of microstructure sam-
ples, its practical value would be greatly discounted. The proposed method needs to train several sets of
SINN models to statistically characterize 2D training images. The training processes of neural networks are
very quick, and the obtained SINN models can be stored for repeated usage. The proposed method adopts
the Gibbs sampler to generate new 3D microstructures of arbitrary sizes, and the reconstruction speed can
be significantly accelerated by setting a large sampling ratio.

¢ Interpretability: Deep learning models usually work in a black-box manner. By contrast, the SINN models
possess very good interpretability because they can be considered as the implicit representations of morpho-
logical statistics in the 2D training images at hierarchical levels. And the statistical equivalence between the
3D reconstructed microstructures and the 2D exemplars can also be clearly understood and explained.

Despite the above advantages, the hierarchical 2D-to-3D microstructure reconstruction method presented in
this work is not flawless. Firstly, 2D slices are selected as the training images through a hand-picking procedure.
How to identify the most representative 2D slices through a standard procedure is an important prerequisite for
3D microstructure reconstruction. Secondly, porous microstructures are assumed to be Markov random fields for
statistical characterization, which may make the proposed method less effective for porous media with extremely
strong heterogeneity. Thirdly, the 3D morphological statistics are inferred from the 2D CPDFs through a simple
weighted average operation, which works well for isotropic microstructures. But for anisotropic microstructures,
the weighting coefficients before the 2D CPDFs should be carefully determined. Finally, reconstruction efficiency
can be dramatically lifted by setting a high sampling ratio but also greatly increasing the memory requirement for
data processing, especially for reconstructing large-size 3D microstructures. Further investigations are required to
solve the above problems, thereby improving the usability and effectiveness of the proposed method.

6.2. Conclusions

The main contribution of this work is to present a stochastic reconstruction method that can efficiently generate
3D well-connected porous microstructures of arbitrary sizes from one or several low-cost 2D exemplar(s) via
statistics-informed neural network (SINN). This work pays special attention to the large-range correlations and
long- distance connectivity of porous microstructures by developing a hierarchical characterization approach and
a multi-level reconstruction approach. The proposed method starts by constructing a Gaussian image pyramid for
each 2D exemplar, aiming at compactly characterizing the large-scale microstructural metrics. Data events are
collected from the Gaussian image pyramids, and then they serve as the training data to embed 2D morphological
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statistics into feed-forward neural networks at multiple scales, which are referred to as SINNs in this study. A
morphology integration scheme is specially used to infer the 3D morphological statistics from the pretrained SINN
models at different length scales. Gibbs sampling is adopted to hierarchically reconstruct 3D microstructures by
using multi-level 3D morphological statistics, where the large-scale, regional and local morphological patterns are
statistically generated and successively added to the same 3D random field.

The new method is applied to a series of porous media with distinct morphology patterns, and the reconstruc-
tion quality is assessed by comparing the 3D reconstructed samples with the reference microstructures, in terms of
morphological characteristics and transport properties. Various morphological descriptors are used to quantify the
statistical informatics, geometrical metrics and topological attributes of porous microstructures; Transport phe-
nomena, including electricity transmission, heat conduction, mass diffusion and fluid permeation, are numerically
simulated to evaluate the transport properties of porous media. The comprehensive comparison shows excellent
consistency, which confirms the statistical equivalence between the 3D reconstructed and the real microstructures.
The proposed method is also efficient and flexible, and the balance between reconstruction speed and computation
memory requirement can be adjusted by changing the sampling ratio. What’s more, the proposed methods can be
straightforwardly extended for the 2D-to-3D reconstruction of multi-phase porous microstructures.
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