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Abstract
We study asymptotic behaviour of positive ground state solutions of the nonlinear Schrodinger
equation

“Autu=ur"" 44" inRY, (Py)
where N > 3 is an integer, 2* = % is the Sobolev critical exponent, 2 < g < 2*

and A > 0 is a parameter. It is known that as A — 0, after a rescaling the ground state
solutions of (P;) converge to a particular solution of the critical Emden-Fowler equation
—Au = u®"~!. We establish a novel sharp asymptotic characterisation of such a rescaling,
which depends in a non-trivial way on the space dimension N = 3, N =4 or N > 5. We also
discuss a connection of these results with a mass constrained problem associated to (Py).
Unlike previous work of this type, our method is based on the Nehari-Pohozaev manifold
minimization, which allows to control the L2 norm of the groundstates.

Keywords Nonlinear Schrodinger equation - Critical Sobolev exponent - Concentration
compactness - Normalized solutions - Asymptotic behaviour.
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1 Introduction and notations

We study standing—wave solutions of the nonlinear Schrodinger equation with attractive
double—power nonlinearity

iV =AY+ Y2y + [y P2y inRY xR (1.1)
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where N > 3 is an integer and 2 < g < p. A theory of NLS with combined power
nonlinearities was developed by Tao, Visan and Zhang [27] and attracted a lot of attention
during the past decade (cf. [3, 4, 11] and further references therein).

A standing—wave solutions of (1.1) with a frequency w > 0 is a finite energy solution in
the form

Y(t, x) = e " Q(x).

After a rescaling

1
0(x) = wr2u(ywx),
we obtain the equation for u in the form

—Au+u=u"u+ru??u inRY, (1.2)

where ) = w 72 > 0.
When p < 2%, where 2* = % is the Sobolev critical exponent, weak solutions of (1.2)
correspond to critical points of the associated energy functional I : H'(RY) — R, defined

by
1 1 A
L (u) :=5/ (|Vu|2+|u|2)—f/ W»_,/ lul?.
RN P JRN q JRN

By a ground state solution of (1.2) we understand a solution u; € H LRN) such that I (u;) <
I, (u) for every nontrivial solution u of (1.2).

In the subcritical case p < 2*, the existence of a positive radially symmetric exponentially
decaying ground state solution of (1.2) is the result of Berestycki and Lions [9]. If2* < ¢ < p
there are no finite energy solutions of (1.2), which follows from PohZaev identity.

In this paper we are interested in the critical case p = 2*. We study the problem

—Autu=uv" 2, u>0 in RV, (P)

where ¢ € (2,2%) and A > 0 is a parameter. The following result gives a characterisation of
the existence of ground states for (Py).

Theorem 1.1 Problem (P;) admits a positive radially symmetric exponentially decreasing
ground state solution u; € H'(RN) N C2(RN) provided that:

e N>4, g€ (2,2%and ) > 0;
e N=3,ge€@4,6)and ) > 0;
e N =3andq € (2,4] and X is sufficiently large.

For N > 4, Theorem 1.1 is established by Akahori, Ibrahim, Kikuchi and Nawa [2],
Alves, Souto and Montenegro [8] and Liu, Liao and Tang [21]. In the case N = 3, Theorem
1.1 is proved in the above mentioned papers for g € (2, 6) and large A > 0. Theorem 1.1 for
N =3,q € (4,6) and every A > 0 was proved in Zhang and Zou [30, Theorem 1.1] (see
also Li and Ma [19] or Akahori et al. [4, Proposition 1.1]).

Very recently, Akahori, Ibrahim, Kikuchi and Nawa [5], and Wei and Wu [29] refined the
results concerning the existence and non-existence of ground states to (P,) when N = 3.
Although their definition of the ground state is different from that in our paper, they established
the existence of a A, > 0 such that (P;) has a ground state if A > A, and no ground state if
A < Ay when N =3 and g € (2, 4]. Moreover, when N = 3 and A = A, (P;) has a ground
state if ¢ € (2, 4).
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Concerning the uniqueness, Akahori et al. [1, 3, 4] and Coles and Gustafson [11] proved
that the radial ground state u; is unique and nondegenerate for all small A > O when N > 5
andg € (2,2%) [4, Theorem 1.1]Jor N = 3and g € (4,2%) [11], [1, Theorem 1.1]; and for all
large A when N > 3and2+4/N < g < 2* [3, Proposition 2.4]. Very recently, Akahori and
Murata [6, 7] established the uniqueness and nondegeneracy of the ground state solutions for
small A > 0 in the case N = 4.

In general, the uniqueness of positive radial solutions of (P;) is not expected. Davila,
del Pino and Guerra [12] constructed multiple positive solutions of (1.2) for a sufficiently
large A and slightly subcritical p < 2*. A numerical simulation in the same paper suggested
nonuniqueness in the critical case p = 2*. Wei and Wu [29] recently proved that there exist
two positive solutions to (Py) when N = 3, g € (2,4) and A > 0 is sufficiently large, as
[12] has suggested. Chen, Davila and Guerra [10] proved the existence of arbitrary large
number of bubble tower positive solutions of (1.2) in the slightly supercritical case when
q < 2* < p = 2* 4 ¢, provided that ¢ > 0 is sufficiently small. However, if 3 < N < 6
and %—f% < g < 2* then Pucci and Serrin [25, Theorem 1] proved that (P, ) has at most one
positive radial solution (see also [2, Theorem C.1]).

Existence of a positive radial solution to (1.2) in the supercritical case 2 < g < 2* < p
for sufficiently large A was established earlier by Ferrero and Gazzola [13, Theorem 5] using
ODE’s methods, however the variational characterisation of these solutions seems open. They
also proved that for 2 < g < 2* < p and small A > 0 Eq. (1.2) has no positive solutions.

Before we formulate the result in this paper we shall clarify the notations.

Notations. Throughout the paper, we assume N > 3. The standard norm on the Lebesgue
space LP(RY) is denoted by || - IIp. The space H L(RN)Y is the usual Sobolev space
with the norm [lullgi@yvy = [Vulz + lul2, while H'RY) = {u € H'RY)
u is radially symmetric}. The homogeneous Sobolev space D! (RY) is defined as the com-
pletion of C2° (RV) with respect to the norm || Vu/>.

For any small A > 0, any g € (2, 2*), and two nonnegative functions f (%, ¢) and g(A, ¢),
throughout the paper we write:

o f(h,q) S g, g org(h,q) 2 f(A, q) if there exists a positive constant C independent
of A and ¢ such that f (A, q) < Cg(X, q),

o fOhq)~gh @) if f(h,q) S gk, q)and f(,q) 2 g, q).

Bp denotes the open ball in RY with radius R > 0 and centred at the origin, | Bg| and By
denote its Lebesgue measure and its complement in RV, respectively. As usual, c, ¢ etc.,
denote positive constants which are independent of A and whose exact values are irrelevant.

2 Main result

In this paper we are interested in the limit asymptotic profile of the ground states u; of the
critical problem (P, ), and in the asymptotic behaviour of different norms of u;, as A — 0
and A — oo. Of particular importance is the L2—mass of the ground state

MO = llusll3,

which plays a key role in the analysis of stability of the corresponding standing—wave solu-
tion of the time—dependent NLS (1.1), and in the study of the mass constrained problems
associated to (Py), cf. Lewin and Nodari [17, Sect. 3.2] and Sect. 3 below for a discussion.

In the subcritical case p < 2%, it is intuitively clear and not difficult to show (using e.g.
Lyapunov—Schmidt type arguments) that as A — 0, ground states of (1.2) converge to the
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unique radial positive ground state of the limit equation
—Au+u=u2u inRV. 2.1)

In the critical case p = 2*, by Pohozaev identity, the formal limit Eq. (2.1) has no nontrvial
finite energy solutions. In fact, we will see later that u; converges as A — 0 to a multiple of
the delta-function at the origin.

Recently Akahori et al. [4, Proposition 2.1] proved that after a rescaling, the correct limit
equation for (P,) as A — 0 is given by the critical Emden-Fowler equation

—AU=U*""" inRV. (2.2)

Recall that all radial solutions of (2.2) are given by the Talenti function

N2

Ui =N - 217 () (23)
1(x) = g |x|2 .
and the family of its rescalings
N-2
Up(x) == p" 2 Uix/p), p>0. (2.4)

Note that while (P, ) and the associated energy [, are well-posed in H L(RN), the limit critical
Emden-Fowler Eq. (2.2) is well-posed in D' (RY) ¢ H'(RY). Moreover, in the dimensions
N = 3, 4 the ground states U, ¢ H L(RN), so small perturbation arguments are not (easily)
available for the study of limit behaviour of u;, .

Akabhori et al. [4, Proposition 2.1] proved, using variational methods, that the rescaled
family of ground state solutions of (P,), defined as

__2_
i) = w5 wn (i, V0 x), = ua(0) = Jluallso 2.5)

converges as A — 0 in DYRY) to the U,,, where ||Up, |lco = 1. This result was used in the
proof of the uniqueness and nondegenaracy of the ground states of (P,) for N > 5 in [4],
and for N = 3 in [1]. Very recently, Akahori and Murata [6, 7] obtained the uniqueness and
nondegeneracy of the ground state solutions in the case N = 4. The rescaling p; in (2.5) is
implicit.

Our main result in this work is an explicit asymptotic characterisation of a rescaling which
ensures the convergence of ground states of (P;) to a ground state of the critical Emden—
Fowler Eq. (2.2). More precisely, we prove the following.

Theorem 2.1 Let {u, } be a family of ground states of (Py).
(@) If N > 5and q € (2,2%), then for small . > 0

1

u (0) ~ A 472, (2.6)
* 2*;2 2*—‘1

Va3 ~ luallse ~ 1, fualls ~ Q* —@r 2, Juplld ~r2. (2.7

Moreover, as A — 0, the rescaled family of ground states

1 2*—2

v (x) = A772u; (A0 x), (2.8)
converges to Uy, in H LRN) with
2% 2
202* = q) fon IUI14\ 0D
po=( - Ja 2) , 2.9)
q(2* —=2) [pn U]
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and the convergence rate is described by the relation

2 2 =2
IVUpllz = Vsl ~ (g —2)2 472 (2.10)
b) If N =4andq € 2,4) or N =3 and q € (4, 6), then for small > > 0

AN (In 1y T N =4,
u(0) ~ 1"y » 2.11)
A a4 if N =3,
IV ll3 ~ i3 ~ 1, 2.12)
2
Aa=2(In q = if N =4,
hu 2 ~ 4 D (2.13)
La—4 if N =3,
4 n 1)- "
A?2(In5) 92 if N =
llus. N1 ~ e;q( ») ! (2.14)
A4 if N =3.
Moreover; there exists &, € (0, 400) verifying
1 1
AT2(In 1" if N =4,
e RN (2.15)
A4 if N =3,
such that as .. — 0, the rescaled family of ground states
wy(x) = %‘,\ ux(ExX) (2.16)
converges to Uy in D'(@RN)y N LY(RY) | and the convergence rate is described by the
relation
A7 () N =4
VUL = (Vw3 ~ |27, Ins) TN =4 2.17)
Aa—4 if N =3.

Similar type of results were recently obtained by Wei and Wu [28, 29]. In [29] the authors
study solutions of (P,) in the case N = 3 and ¢ € (2,4). In particular, [29, Theorem
1.2 and Propostion 2.4] proves that for sufficiently large p there exist a ground state and a
blow-up positive radial solution of (P;), and derives asymptotic estimates of type (2.11) on
these two solutions. These results complement Theorem 2.1 above. In [28] the authors study
normalised solutions of (P;) for N > 3 and general range ¢ € (2,2*). In [28, Theorem
1.2 and Propostion 2.4] they show convergence up to a rescaling of the mountain—pass type
normalised solution of (P;) with a fixed mass to a normalised solution of the Emden—Fowler
Eq. (2.2) and derive asymptotic estimates of the rescaling similar to the results in Theorem
2.1. It is not known in general (cf. Sect. 2) whether or not normalised solutions in [28] are
(rescalings of) ground states in Theorem 2.1. In fact, comparison of estimates in [28] and
Theorem 2.1 could potentially help to study this question. The techniques in our work and
in [28, 29] are different.

Asymptotic characterisation of ground states of the equation with a double—well nonlin-
earity in the form

—Au+ou=u"u—|u?% inR", (2.18)
withw > 0and 2 < g < p < +0o0 was obtained by Moroz and Muratov [24], and by Lewin
and Nodari [17]. Our proof of Theorem 2.1 is inspired by [24] yet the techniques in the present
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work are different. While the arguments in [24] are based on the Berestycki—Lions variational
approach [9], the proofs in this work use minimization over Nehari manifold combined with
Pohozaev’s identity estimates, and the Concentration Compactness Principle. The advantage
of the Nehari—PohoZaev approach is that it allows to include the control the L2—norm of the
ground states, which is essential in the study of the mass constrained problems associated
to (Py). Our method could be extended to nonlinear Hartree type equations with nonlocal
convolution terms which include competing scaling symmetries [23] and nonlocal Kirchhoff
equations [22], while the Berestycki—Lions approach seems to be limited to local equations
only.
In the case A — o0, the explicit rescaling

1

v(x) = A 2u(x) (2.19)
becomes relevant. Clearly, (2.19) transforms (P) into the equivalent equation
i R
—Av4v=2" 2> L4271 in RV, (R)
This suggests that as A — oo the limit equation for (R)) is given by the equation
—Av+v=0v""" inRV, (2.20)

which has the unique positive radial solution vs, € H'(RY) N C2(RV). For completeness,
we formulate the following result, which was proved by Fukuizumi [14, Lemma 4.2] (see
also [3, Proposition 2.3]).

Theorem 2.2 Let N > 3, q € (2,2%) and {u,} be a family of ground states of (P;). Then as
A — 400, the rescaled family of ground states

v (x) = A1 2uy(x) (2.21)

converges in H' (RY) to vao. Moreover; the convergence rate is described by the relation
2 2 1 _2*=2
”vOO”HI(RN) - ”v)»”HI(RN) - qu)‘- q=2 (1 +0(1)) (222)

The Nehari—Pohozaev variational arguments developed in this work can be adapted to
show that the statement of Theorem 2.2 remains valid also for the Eq. (1.2) in whole range
case of admissible exponents 2 < g < p < 2*. We omit the details, as these mostly repeat
(in simplified form) the arguments in our proof of Theorem 2.1 in the case N > 5.

In the rest of the paper we concentrate on the case A — 0. In Sect. 4 we obtain several
preliminary estimates. In Sect. 5 we prove Theorem 2.1. However, before we proceed with
the proof of Theorem 2.1, in the next section section we discuss a connection with the mass
constrained problem.

3 A connection with the mass constrained problem

Consider the energy
1 1 1
J(v) = f/|Vv|2dx— f/|v|qu— f/|v|”dx,
2 q p

Sy ={ve H'®RY) : |vll,2 = p}.

constrained on
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For 2 < ¢ < p < 2*, critical points of J on S, satisfy
— Av+ v =" 2u4+ " % inRY, (3.1)

where w, € R is an unknown Lagrange multiplier. A ground state of J on S, is a minimal
energy critical point of J on S,.

According to [26, Theorem 1.1] (see also [18, Theorem 1.4]), forall N > 3,2 < g < 2%,
and for all sufficiently small p > 0, the energy J admits a ground state v, on S,. The ground
state v, is positive, radially symmetric and satisfies (3.1) with an w, > 0. When 2 < ¢ <
24 4/N the ground state v, is a local minimum of J on S,, while for 2 + 4/N < ¢ < 2*
the ground state v, is a mountain—pass type critical point of J on S,,.

Recall that (3.1) is equivalent to (P;) after a rescaling

_(N-2)(2*—¢) N=2
F

Ap = wp . v =0, u(Jopx) (3.2)

and thus the results of Theorem 2.1 in principle could be applicable to (3.1). Caution however
is needed as it is a-priori unknown (and generally speaking isn’t always true [16, 17]) if a
ground state of J on S, corresponds, after the rescaling (3.2), to a ground state of the
unconstrained problem (P, ). Recall however that when3 < N < 6and g € 2% —1,2%),
equation (P,) has at most one positive radial solution [25, Theorem 1] (see also [2, Theorem
C.1]). Hence a positive ground state of J on S,, when it exists, must coincide after the
rescaling (3.2) with the unique positive solution of (P;,). Even in this uniqueness scenario,
the relation p — w, (and hence p — A,) is apriori unknown. It turns out however that
the asymptotic of A, as p — 0 can be recovered via the PohoZaev-Nehari identities and the
estimates of the L?-norm of u;,, from Theorem 2.1. The following result links Theorem 2.1
with the mass constrained problem.

Theorem 3.1 Assume that3 < N <6andq € (2* —1,2*). Let p — 0, and v, € S, be the
the ground state of J on S,. Then

1 2
- T IN-D)H(@F-9)
vp(x) = Ap ”uAp(Ap "x),

where u; , IS the ground state of (P, ) and

<N—2)2(q8—2><2*—q>

if N >35,
1 2
_ 7(4—q)
G=2)(4—q) _2q=2) 4
Ay~ g W“@%?p4”)) iFN =4, 3.3)
(g=46=¢) .
p a2 if N =3.

here Wy(-) is the principal branch of the Lambert W—function." In particular, as p — 0, the
ground states v, converge to a ground state of the critical Emden—Fowler Eq. (2.2), after the
rescalings described in Theorem 2.1.

Proof Given p > 0, assume that v, € H L(RNY is a critical point of J on S, with a critical
level m, = J(v,) and with a Lagrange multiplier w, € R. Denote

2 2%
A=|IVul3, B=lvlg, € =llvpliz

1 Wo(x) is defined as the the unique real solution of the equation ye¥ = x, x > 0.
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Applying Nehari and PohoZaev identities (cf. [9]), we obtain the system

1 1 1
A—-—B—-C= —a)pp2 (3.4)
N -2 N N N
RS A wpp
2 2% 2

This is a linear system and the determinant is zero when ¢ = 2*. We solve the system
explicitly to obtain

_W=2@ =g :iA—E<l—i)B, czA—N(%—l)B.

r 2qp? TN 2\qg 2% q
(3.5)
From the first relation we can deduce
N —2)2* —
P, = NZDE D)y (3.6)
2q
Taking into account the rescaling (3.2), we obtain
—4 r2 N
B =lvplld =2p """ 277" Nu, 1§ = Apllus, 11, (3.7)
and from (3.6) we have
4
Pz)\p N-2)(2F-¢) _ C)Lp”u)\p ”Z’ (38)
or
2 e q
pT=chp llus, llg- (3.9

Recall that according to Theorem 2.1, for small A > 0 the L¢—norm of ground states of (P;)
satisfies

2% —¢
A2 if N > 5,
4- 4-
luallg ~ } A52 (in 1)~ 2 if N =4, (3.10)
6,
=S if N = 3.
Substituting into (3.9) we obtain
8
A;N—2)2<q—2>(2*—q> it N =5,
2 —
P~ AT (1 %)f% i N =4, (3.11)
-2
ATTED if N =3,
and then (3.3) follows after the inversion. O

Remark 3.2 'We conjecture that the estimates (3.3) remain valid beyond the uniqueness sce-
nario of [25, Theorem 1]. The proof of this would require a direct analysis of the ground
states of J on S, adapting the techniques in this paper, and thus bypassing the unconstrained
problem (P; ). Note that the estimate (3.3) is different from the estimates in [28, Proposition
4.1, 4.2], where p is fixed.
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4 Rescalings and preliminary estimatesas 1 — 0

The formal limit equation for (P;) as A — 0 is given by

*7 .
—Au+u=u*"" inRV,

(Po)

Recall that (Py) has no nontrivial solutions in H L(RN ), this follows from PohoZaev’s identity.

We denote the Nehari manifolds for (P;) and (Pp) as follows:

M;, = {u e H'®RM)\ {0} ’/RN \Vul* + ul* = /RN Jul* + Aul? }

Mo = {ueH‘(RN>\{0} ‘/ |Vu|2+|u|2=/ |u|2*}.
RN RN

Denote

1 1
Tou) = 5/ (IVuP + ul?) - f/ ul?
RN P JRN

the limiting energy functional I : H'(RY) — R. It is easy to see that

mi = inf ©Ly(u), my = inf Io(u).
= ot 3 (u) 0= o o(u)

are well defined and positive. Let u; be the ground state for (P,) constructed in Theorem

1.1. Then we have the following
Lemma 4.1 The family of solutions {u; },~o is bounded in HY(RM).

Proof 1t is not hard to show that m} < mg. Moreover, we have

1
my = L(uy) = Li(uy) — glﬁ(ux)ux

—11/|V|2+||2+11/||2"
—\2 q RN e o q 2% RN o
1 1 2 2
>z — - [Vuy |~ 4 uyl”.
2 q RN

Therefore, {u;} is bounded in H!(RY).

For A > 0, define the rescaling

1

2% 2
v(x) = Aa2 u(k 24D x).
Rescaling (4.1) transforms (P,) into the equivalent equaition

“Av+ 2%y =0T 0% inRY,

where
2*-2 4
g—2 (N=-2(q-2)

The corresponding energy functional is given by

o =

1 1 * 1
Ly == [ IVoP+a == [ ¥ —=27 [ [v9.
2 Jrw 2% JrN q RN

4.1)

(V)

4.2)

(4.3)
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The formal limit equation for (Q;) as A — 0is given by the critical Emden—Fowler equation

—Av =01 inRV. (Qo)

We denote their corresponding Nehari manifolds as follows:

N, :={veH1(RN)\{O} U |Vv|2+A“|v|2=/ |v|2*+x’|v|‘1}.
RN RN

Np = {veDl’z(RN)\{O} ‘/ |Vv|2=/ lvl* }
RV RN
Then

= inf J, R = inf J
m;, vle% 2 (V) m vg.lf\/o 0(v)

are well-defined. It is well known that my is attained on A by the Talenti function

Uit = INV = 217 B
= 1+ 22
and the family of its rescalings
N-=2

Up(x) :=p~ 7 Ui(x/p), p>0. “4.4)

Forv € H'(RY) \ {0}, we set

\v4 2
r(w) o= RV 4.5)
fRN |U|

Then (t(v))Nszv € Ny forany v € H'(RV)\ {0}, and v € N if and only if T(v) = 1.
It is standard to verify the following.

Lemma4.2 Let i > 0, u € H'(RY) and v is the rescaling (4.1) of u. Then:

@ [Vl = IVul3, IvI3 = llul3,
(b) ANl = llul3, A% lllld = luld,
(©) () = L(u), my =mj.

In particular, if v, is the rescaling (4.1) of the ground state u;, then J; (vy) = I, () and
hence v, is the ground state of (Q;). Moreover, v;, satisfies the PohoZaev’s identity [9]:

: % |2+Aa/ vz | 1/ | |2*+Aof vz 14 (4.6)
— v —_— v = — v —_— v . .
2% JrN * 2 RN)L 2% ]RN}L q RN)L
Define the Pohozaev manifold
Py = {ve H'RY)\ {0} | P,(v) =0},

where

N-=2 5, AN , N s AN g
Py(v) == —— Vol + —— v]” — — v — —— [v|%. (4.7)
2 RN 2 Jrwy 2% JrN q JrN

Clearly, v, € P,. Moreover, we have the following minimax characterizations for the least
energy level m;,.
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Lemmad4.3 Let L > 0. Set

v (x) = {U(OT) Z:i :8

Then

m) = inf sup Jy (tv) = inf sup Jy (v;).
veHL(RM)\(0} r>0 veHL(RM)\(0} r>0

In particular, we have m; = Jy(vy) = sup;. o Jr(tvy) = sup,.o J5.((Vi)r).

Proof The proof is standard and thus omitted. We refer the reader to [19, Theorem 1.1], or
to [15]. O

Lemma4.4 Let A > 0. The rescaled family of ground states {vy} is bounded in H'(RN). In
particular, {vy} is bounded in LP (RN) uniformly for all p € [2, 2*].

Proof Since || Vv, |2 = [|Vu, |2 is bounded by Lemma 4.1 and Lemma 4.2, we need only to
show that v, is bounded in LZ(RY). Since v, € Ny N Py, we have

/ |vm2+x”/ valz—/ valz*—)»(’/ 09 = 0,
RN RN RN RN

1 N 1 * N

1 |va|2+—/ |vx|2——/ o 2 ——/ 04 = 0.
2* RN 2 RN 2* RN q ]RN

It then follows that

and

Thus, we obtain

) 202" —q)
fRNm =52 J 4.8)

By the Sobolev embedding theorem and the interpolation inequality, we obtain

217(; 51;2 2:—q | 2*(272)
2% 2 <\ 22 2% 2 202%-2)
2 2% 2 2
/ |vxlq5</ IUA|> (/ s ) 5(/ val) <ff |vm) ,
RN RN RN RN S RN

where S is the best Sobolev constant. Therefore, we have

2*(g=2)

q—2

3 22%—q) (1 e
/ lval? <22 7D f/ Vo, 2 .
RN q2* —=2) \ S Jrv

It then follows from Lemma 4.2 that

/ < (2(2_(17))3; (1/ IVu,\|2>2*/2 (4.9)
RN “\q2*-=2) S Jrr ’ '

which together with the boundedness of u) in H LRN) implies that v, is bounded in L2(RM).
Finally, for any p € [2,2*], by (4.9) and the interpolation inequality, we have

= T = /2
f |UA|P§</ |UA|2) (/ |vx|2) 5(7) (ff |wx|2) ,
RN RN RN q2¥ =2) S JrN
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and

2*—p
2(2% — 2 *
lim M R e NP4 for any p € [2,2%].
g2\ q(2* =2)

Therefore, by Lemma 4.1, {v,} is bounded in L” (RM) uniformly for p € [2, 2*].

Remark 4.5 A straightforward computation shows that

2%-2 2%-2
) 2\ a2 _2 : 2F —g\ a2 1
lim ( — =e N-Z, lim =e
q—>2\ g q—2 2% —2
and
2*-2
. 1 (2* — q) -z N-=2
lim = —.
g—>2x 2% —g \2*¥ =2 4
Therefore, we have
202% —g)\ T2
22— \T e
q(2*=2)
Next we obtain an estimation of the least energy.
Lemma 4.6 Let
) 2% —q = q=2
0@) = (57— and  Glg) = 5> 0(q).

Then Q(q) ~ 1, G(q) ~ q — 2 and for all . > 0:

@) 1<t() <1+G(@)Ar°,
(i) mo > my > mo (1 “AING(@)( + G(q)k“)NT_z)_

Proof For 6 € (0, 1), consider the function
g =x" (1-x""),  xe€l0,+00).
It is easy to see that
max g(x) = 015 (1 — 0).

Using the interpolation inequality,

2—q 42
¥ <\ 2722
/ w9 < (/ |v/\|2> (/ val? ) ,
RN RN RN
we see that
v val? = [on lval? f 1-9 =
J fﬂi* <giA=g ) <0, (-0 =G,
fRN |v}n|
where
P 2% — g ¢ fRN |va|?
= s A= % -
1T -2 Jrn lval?
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Since v; € N, by (4.8) and (4.11), we have

Jen [Vurl? o Jan [0al? = [on vl
AT >
Jrw [val Jrw 1val

This proves (i). To prove (ii), we first note that by (4.8) and (4.11) the following inequality

holds
1 q 1 2 q 2 2*
- [val? — = [val” < [vl? — lval® < G(q) vl .
q JrV 2 Jrw RN RN RN

Since vy, € N, by (4.8), we also have

11 , 11 , 11
=(=-= \Y —— — (== =07 q
m (2 2*>fRN| ul+ G -5 /RNW -3 /RNW

1 2
=— [V, |~
N JrN

Therefore, by Lemma 4.3 and the definition of 7 (vy), we find

1 <t(vy) = <1+17°G(g).

1 1
mo < sup J((v)r) + 2 (z (v )N/? [f / loald — = f |U/\|2}
q JrN 2 Jrw

>0
- N o
<mj 4+ A (r(vmz/ w2 G(g)
RN
o N2 2
< my 42 (2 (v / VU 2G(q)
]RN
= m[1427NG@ 1+ G . 4.12)

Hence, we obtain

mo

mp) >

> = > mo[1=A7NG@ (1 +G@n) T |,
I1+AX°NG(@)(1+G(@)r%) 7

which completes the proof. O

Lemma 4.7 Assume N > 5. Then there exists a constant co > 0, which is independent of q,
A, and such that for all small » > 0,

2% —¢
2\ a2 2N
mj, < mo — A° Cﬁ(—)" Gg) — 1 G (g)?
q \q qg—2

Proof For each p > 0, the family {U,} of radial ground states of (Qq) defined in (4.4)
verifies
2(2*—9)
U115 = P25, UG = p 22 UG- (4.13)

Let go(p) = é Jrn U7 — % S |Up|2- Then there exists a unique pg = po(q) € (0, +00)
given by

2%—2
- 22" —q) IU1llg \ ™
q(2*=2) U113 ’
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such that
2%~ *_ L
L2\ A
go(po) = sup go(p) = — | — G(q) a0 —g) . (4.14)
p>0 a\q 1wl

Since N > 5, by using the Lebesgue Dominated Convergence Theorem, it is not hard to
show that

e
U q2*=2)\ 3=2 2 Oolc(r)ln—1 dr 00

lim % — exp Jo - 142 / «(r)dr,

=2\ Uiy ! Jo k(rydr 0

2

where «(r) = (1 4+ r2)2~NyrN=1 Therefore, we conclude that

1
q(2*-2)

N LS
co:= inf [P, o > 0. 4.15)
9€2.2) \ |U, |15

Thus, we get

2% —g

2 —
g0(p0) = & (—) " 6.
q \4

Put Uy(x) := U,,(x), then by Lemma 4.3, we have
m,. < sup J,(tUo) = J(t:.Uo)
>0
q

5 ) 2* | .o oo q
== IVUo|” — = [Uol” + A =|Up|” — = |U|
2 RN 2* RN RN 2 q

2 2 5 I &
=sup|— — ¢ / VU —H»“/ —1Uol= = = |Uo|
>0 \ 2 2 RN RN 2 q

2 q

t t

=mo+kf’/ 2Up1* — 21Uy 4. (4.16)
RV 2 q

It follows from %J)\(tUo)L:tx =0and [pn [VUo|* = [gn [Uol* = Nmy that

Nmg + 27 /N Uol? = 12 "2Nmo + 117227 /N |Upl.
R

R

Recall that go(pp) = %/‘RN [Upl9 — % Jew 1U0? > 0, it follows that [y [Ugl? > [pn [Upl?.
If 1, > 1, then

Nm0+/\”/ |Uo|23zf*2{1vmo+/\”/ |Uo|q}
RN RN

and hence

1

Nmo+2° fen [Uo* \ 7

< L
Nmg + 19 [pn [Uol?

a contradiction. Therefore, #,, < 1 and hence

Nm0+kg/ |U0|2<t§‘2{Nm0+)\“/ |U0|‘1},
RV RN
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from which it follows that
1

Nmo + 2% [ [U*\ "
( 0 S Vol ) < <1 (4.17)

Nmo + A% [pn [Uol?
Let

4 o Jwy 100l = [ 1Uol?
A= .
Nmo + 27 [ |Uold

A

Then A < %M[IRN |Upl? — fRN |U0|2] and
1
[1-2174;]772 <, < 1. (4.18)

1
Letg(t) := %fRN |Uo|2—§fRN |Ugl?,and h(x) := g([1—x]7-2) forx € [0, 1]. Then g(¢)
1
Jen 1Uol?
Jan 100l

=
has an unique miximum point at fo = < ) and is strictly decreasing in (7, 1),

and for small x > 0, we have

h/()c):;[l—x]z%3 |:—/ |U0|2+(l—x)/ |U()|‘{| > 0.
q_2 RN RN

Therefore, for small A > 0, it follows from (4.18) and the monotonicity of g(¢) in (¢p, 1) that

1

1 1 1
g(t) < g1 —A7Ax1972) = h(A7 Ay) = 5/ Uol* — */ |Uol? + h'(§)17 Ay,
RN q Jrv

for some & € (0, A? Ay). Since for small A > 0, we have

2
[/ ool - | |Uo|2],
q—2LJrvy RN
and similar to (4.11), we have

Jaw 10019 = fion Ul
Jan U0

thus, by the definition of A,, we obtain that

) 1[ Uol? lf Ul + — 2 U Uol? /|U|2]2
140N = ol" — — 0 A% ol" — 0
2 Jry q JrV Nmo(g —2) LJr¥ RN

2
230 [NmofRN Uo7 — fn IUOIZ}

Nmo(q —2) Jen [Uol*

W) <

< G(q),

IA

= —go(po) +

IA

2Nmy
—g0(po) + 27— G(g)*,
q—2
from which the conclusion follows. O

Lemma 4.8 There exists a constant w = w (q) > 0 such that for all small ). > 0,

_4=q 2 4—q
_)\C INT2 5 = a2 (Y -
m, < 1Mo Py (1n2%6)q) w = my mz (n5) 2w if N =4,
mo— 2T T e =my— AW if N =3andq > 4.
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Proof Let p > 0, R > 1 be a large parameter and ng € C3°(R) is a cut-off function such
that np(r) = 1 for|r| < R,0 < ngr(r) < 1for R < |r| < 2R, ng(r) =0 for|r| > 2R and

Ink(r) <2/R.
For £ > 1, a straightforward computation shows that

> [Nmo+0@?)if N =4,
/RN V(U0 = {Nmo +OW ) if N =3

/RN IneU1* = Nmo + 0(¢™N),

UL |2 = Inf(1 4+ o(1)) if N =4,
v T 01 4 0(1) i N =3,

By Lemma 4.3, we find

m), < sup ,,(MrUp):) = JA((mrUp)s)
>0

< tN_Z/ IV(1&U,) 2 tN/ U,
sup [ —— - —
sup( = | IVOomUpI =7 | el

1 1
-2y / —nRU,| = =InrU,|?
A [RqunR ,0| 2|77R p|

=) —A7UD). (4.19)

where

D=

(N =2) [gn IV(rUp)?

Hh = 1 o o (4.20)
2N [27 Jev NRUIF = 5 o 1RUo 2 + %7 [ |77RUp|q]
Set £ = R/p, then
()—lmmv_{mo+0(ﬁz)ifN:4, )
N neUn 15 mo+ O~ if N =3. :

Since
1 1 1 N2 1
0(0) :=f Linrv,19 = Liro,12 = Lov-23 qf |neul|q"p2f IneUL 2
RN q 2 q RN 2 RN

takes its maximum value ¢(pg) at the unique point pg > 0, and

1

2% — *_ — 2%~

1 2\ 2 IneU 892\ 1 2\ .

@(po) =supp(p) = — | — G@) | —— 5y S G(@IIUL 3+,
p=0 g \4 IneUrll; g \4q

where we have used the interpolation inequality

22 —q) 2*(g-2)

pi) %2
IneUtlg < lIneUill, meUtlle = -
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Then we obtain
N/2
||V<an1)||2
an = o~ ¢(po)
IneUr 113 + A92%¢ (o)
Ivaeoniz\" N0 (p0)
> 52 1= 27 ——————— 1 9(po). (4.22)
17eU1 115+ (N =2)[Ine U lll5+
Therefore, we have
1 [IV(eUr 1Y N N2
L IV (ne 11|\|,2 |50 s [ 1- 2 ¢(po) .
N neUil5s IneULll5s (N =2)|IneUn |13+
LIV (neULlY N
=< *71\,2 - Xawq?(ﬁo)
N neUi 5 2|neUtll 5
LIV@eU Y 2
= *7,\/2 1 —=27—(po) | -
N ncUrll5s mo
For the rest of the proof, we consider separately the cases N = 4 and N = 3.
CASE N = 4. Since
2"—q 2%_2) =
_1(2\2 10118% 2 +o(1) \ 7
¢(00) = 5 (6) G(9) <[1ne(1+0(1)>12*—q>
2% _ 2*—‘1 1
= (lnm*ﬁ]; (2) " 6@ (10115% 2 +01)
_q 5 2;*24 q<2*52)
=3 - 4=
=0 = L ()7 G@lvil, T
by (4.21), we have
¥y ] 2 2:% q2*-2)
my. < [mo+ 0 H]{1—-17(ne)” 2 <*) G@)|Uillg ™™
qmo \¢q
Take £ = (1/A)™. Then
2* *q *
e 1 24 1 2 q@2*-2)
my, < [mo+ 0011 -M = 2%(In -) = (*) " GIUllg " .
A qmo \ q
IfM > q%Z’ then 2M > o, and hence
|2 1 2\ ot
<mo—A°(In—-) a2 — [ — GlIlUll, “— . 4.23
m; < mo (n)h) 2 (qM) @14 (4.23)

Thus, if N = 4, the result of Lemma 4.8 is proved by choosing

*

1 2\ = 42
=—(=)" el .
2 (qM) @@IU1g
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CASE N = 3. In this case, we always assume that ¢ € (4, 6). Since

2%~ 2%2) le
1 (2 1189772 + o(1)
=—(= G
=g (q) (Q)< €1+ o(1) P )

2%

q
2] (2\ 2 - =
=t 4—25(;) G(@) (11155 +o) ™

| 2 2,[% q(Z*;Z)
>0 7 — (*) GlUillg " (4.24)
29 \q
we have
¥ ] 2 Zq*:zq q(2*-2)
my, <[mo+ 0@ HI{1—27¢ =2 (—) Gl
qmo \q
_2
Take £ = §~'A~ . Then
2 6,20 1 (2 = e
my < [mog+80Aa=4)] {1 —d84720474 - G@)|Uillq
qmo \q
Since 2%% < 1, we can choose a small § > 0 such that
o1 (25 1,
m <mo— At — | — G(IUillg = (4.25)
29 \ q
and take
6—g
- L2y GIU II"%
= 29 \ ¢ q g >
which finished the proof in the case N = 3. O

Corollary 4.9 Let §; := my — m;, then

PN if N >5,
2 4-
228 2 AT E(n byt N =4,
2
Ad=4 if N=3andq € (4,6).

Lemma 4.10 Assume N > 5. Then for small 1 > 0,

q(2* =2)
(T()N/?’

(4.26)

2% —¢
2\ 2
1> 0(q) Cq—° (5) — A°2N Q(g)mo

2% -2

where co > 0 is given in Lemma 4.7. In particular,

2 q
lvally ~ 2% — ¢ and Juallg ~ 1.
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Proof Since

1 1 . q=2
— \V4 2:7 2 )\0’7/ q’
m N/RN| vl N/RNW w2 [

then by Lemma 4.6, we get
-2 —1
AUL/ v, | = %mx < A% G(q)mo,
29 Jry 7(v2)
and hence

G(9) 29
q —
llurllg < 2qq — 50 = 55 Q(@)mo.

2
On the other hand, by (4.8) and (4.12), we have

-2
< YN Np_ 477 / 9,
mo < mj. + A7 (t(v2)) 72 —2) Jan |val

Therefore, it follows from Lemma 4.7 that

2% —¢ 2
g_ [co (2 Gl@) ., G(9) q(2* -2)
lvallg = (q) .2 172Nmy <q_2) L

from which the conclusion follows.
A straightforward computation shows that

2%—¢ 2*—¢ 2%—¢
o [(2\ a2 2 . (2P =g\ 1 . AN
lim | — =e N-Z, lim =e , lim =1,
q—>2\q g—2\ 2% —2 g—>2* \2*¥ —2
which together with |lvy, ||% = ;g;:g; lva ||Z yield the last relation. O

Recall that m; = m7 for A > 0 by Lemma 4.2. Moreover, the following result holds.
Lemma 4.11 mo = mg.

Proof Clearly, we have

my = inf sup Jo(tu) < inf sup lo(tu) = mg.
ueD! (RN )\{0} 10 ueH' (RN)\(0} £>0

To prove the opposite inequality, we argue as in the proof of Lemma 4.6 and Lemma 4.8, but
easier. O

Clearly, Lemma 4.11 implies that mé is not attained on M. In fact, it is also well known
that (Py) has no nontrivial solution by the Pohozaev’s identity. Observe that

A
To(uy) = Li(uy) + f/ s |9 = my + o(1) = mg + o(1),
q Jrv
and
Lo = I (up)v + A/ | 1920 = o(1).
RN

Thatis, the family {u; } of ground states of (P;) is a (P S) sequence of I at level m( (otherwise
¢ should be a nontrivial solution of (Py), which is a contradiction).
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5 Proof of Theorem 2.1

We recall the P.-L. Lions’ concentration—compactness lemma, which is at the core of our
proof of Theorem 2.1.

Lemma 5.1 (P-L. Lions [20]) Letr > 0 and2 < q < 2*. If (uy,) is bounded in H'(RN) and
if

supf luy|? — 0 asn — oo,
yeRN J B, ()

then u, — 0in LP(RN) for2 < p < 2*. Moreover, if ¢ = 2*, then u, — 0 in LY (RN).
Using Lemma 5.1, we establish the following.

Lemma5.2 IfN > 5, then vy, — U, in HY(RN) as » — 0, where U,y is a positive ground
state of (Qo) with

2¥-2
p (2(2* = q) Jgn |U1|‘1>2<"*2)
0 =
q(2* =2) [n [UII?

If N =4 and N = 3, then there exists &, € (0, +00) such that &, — 0 and

N2 1
U)L_%‘)\ : Ul(g)\ ) =0
in DY(RN) and L¥ (RY) as A — 0.

Proof Note that v, is a positive radially symmetric function, and by Lemma 4.4, {v,} is
bounded in H'(R"). Then there exists vg € H' (R") verifying —Av = v2"~! such that

v, —vo weaklyin H'(RY), v, — vo in LP(RY) forany p € (2,2%), (5.1
and
v (x) = vo(x) ae.onRY, vy — v in L7 (RY). (5.2)

Observe that

e e
Jo(vn) = Jiu(v) + */ [v]? — */ lual? = mj, + o(1) = mg + o(1),
qg JrN 2 JrNy
and
Jowv = J{(vp)v + A7 / lvl? 200 — AC / vv = o(l).
RN RN
Therefore, {v,} is a (PS) sequence for Jy.

By Lemma 5.1, it is standard to show that there exists ;“)fj) € (0, +00), vV) € DL2(RY)
with j = 1,2, ..., k where k is a non-negative integer, such that

k
v=vo+ Y @ T (@) + 6, (5.3)
j=1
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where 9, — 01in L2 (RY), v"/) are nontrivial solutions of the limit equation —Av = p2-l

i N .
and fRN Vo) |2 > 7 with S being the best Sobolev constant. Moreover, we have

k
tim inf [[va 51 gy 2 100071 ey + D 10 151 g)- (5.4)
j=1
and
k "
mg = Jo(vo) + Z Jo(w'). (5.5)

j=1

Moreover, Jy(vg) > 0 and Jo(v)) > my for all j =1,2,--- k.

If N > 5, then by Lemma 4.10, we have vy # 0 and hence Jy(vg) = mg and k = 0. Thus
v, — vg in L2 (RY). Since J{(vy) — 0, it follows that vy — vg in D' (RV).

Observe that by the Strauss” H I_radial lemma [9, Lemma A.IT] we have

_N-1
v (x) < Cnlx|™ 2 loallgrryy for [x] > 0.
Hence we obtain
2v-1) * _
(—A—C|x|_ N=2 )v,\ < (—A+A"—vf *2—)\%2 2)vl=0,

for some constant C > 0 which is independent of A. We also have

_2N-D) 1 2
(==l ) e = (0N =2 = £9) = Clx|777)

|X|N72750 |x|N750’

which is positive for |x| large enough. By the maximum principle on RV \ Bg, we deduce
that

v (R)RV 270

<
Ux (x) - |x|N—2—£0

for |x| > R. (5.6)

Whengp > 0Oissmall enough, the right hand sideis in L? (B%) for N > 5 and by the dominated
convergence theorem we conclude that v; — vgin L2(R"), and hencein H'(RY). Moreover,

by (4.8) we obtain
2(2* — q)
/ wol? = =2 =20y,
RV q(2*=2) Jry
from which it follows that vo = U, with

2¥-2
p (2(2* = q) Jgn |U1|’1>2<"*2)
0 =
q(2* =2) [n [UII?

If N = 4or3, then by Fatou’s lemma we have [ vg[|3 < liminfi_ |[v;]l5 < oc. Therefore,
vo = 0 and hence k = 1. Thus, we obtain Jo(v!) = mq and hence v = U, for some
p € (0, +00). Therefore, we conclude that

g
v — &, U6, ) —0

in LY (RN as A — 0, where &, := ,og“)fl) € (0, 400) satistying &, — 0 as L — 0. Since
_N=2
Jo(or —§, 7 U1($[1~)) = Jy(vx) + Jo(Up) + o(1) = o(1)
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_N=2
as A — 0, it follows that v, — &, > Uj(§;'-) — 0in D' (RV) O
In the lower dimension cases N = 4 and N = 3, we perform an additional rescaling

w(x) = EA v(‘s‘xx) (5.7

where &, € (0, +00) is givenin Lemma 5.2. This rescaling transforms (Q; ) into an equivalent
equation

“Aw +}LU%.)E2*72)Sw — w2*—1 +)\U£__)52*—q)5wq—l in RN, (R)

here and in what follows, we set for brevity

S.=u= 1, lfN:4,
B 3. if N =3.

The corresponding energy functional is given by

~ 1 — 1 * 1 *_
Bw) == [ (VP a7 P — | w - —a%eF T jw)e.
2 Jrw 2% Jry g RN

It is straightforward to verify the following.

Lemma5.3 Let A > 0, u € H'(RN) and v and w are the rescalings (4.1) and (5.7) of u
respectively. Then:
@ Vw3 = Vo3 = IVuld, w3 = vl = llul3,
2% -2 2% — _
b) 2wl = w2 =2 uld & ‘”S wld = lvlld = A1 lulld,
(©) Ji(w) = Jr(v) = Ix(u)

Let wy(x) = 5/\ vk (&,x) where the v; is a ground state of (Q;). Then by Lemma 5.2
we conclude that

IV, = UDll2 =0, Jlwy—=Uill2» >0 asi — 0. (5.9

Note that the corresponding Nehari and Pohozaev’s identities read as follows

2% -2 * 2% —
/ [Vws|? 4 7€ ”f wa|2=/ [w > + A7 ‘”Sf ws |9,
RN RN RN RN

and
1 1, o 1 R D,
v 4 ( s 2 _ 2 Z° q)s q.
> Jo n w; |* +3 Rlexl T Rlexl +q & RNWH

We conclude that

1 2%_2) I Q* —q)s
Z_ _—\a° ( s 2: - q q.
(373 ) w6 [P = (5 - 5 ) 26 [

Thus, we obtain

(@-2)s 2 _22°-9) p
. 5.10
R N I M (5.10)

To control the norm [|wy ||2, we note that for any A > 0, w, > 0 satisfies the linear inequality

— Awy + 2787 P, = w2 T eI S0, xeRY. (5.1)
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Lemma 5.4 There exists a constant ¢ > 0 such that

2*72)5

wi(x) = clx| "N Dexp(—=aZg, T |xl), x| > 1. (5.12)
Proof The same as [24, Lemma 4.8]. O

As consequences, we have the following two lemmas.

_*=2s

Lemma5.5 If N =3, then |wy|3 = A~ g 2

Lemma5.6 If N = 4, then [w; |} 2 —n(:2&% %),
To prove our main result, the key point is to show the boundedness of ||w;, ||, .

Lemma5.7 If N = 3,4 and 2 < r < 2% then |wy|. ~ 1 as A — 0. Furthermore,
wy, = Upin L"(RYN) as » — 0.

Proof By (5.9), we have w; — Uj in L2 (RY). Then, as in [24, Lemma 4.6], using the
embeddings LZ*(Bl) < L"(B1) we prove that liminf; ¢ |[w; ]|} > 0.

On the other hand, arguing as in [4, Propositon 3.1], we show that there exists a constant
C > 0 such that for all small A > 0,

C
wAl) € Goowe W e RV, (5.13)

which together with the fact that r > % implies that w;, is bounded in L" (RN) uniformly

for small A > 0, and by the dominated convergence theorem w; — Uy in L" (RY) as A — 0.
[}

Proof (Proof of Theorem 2.1) We only give the proof for N = 3, 4. The case N > 51is easier.
We first note that for a result similar to Lemma 4.4 holds for w; and Jj. By (5.10), (4.5) and
Lemma 5.3, we also have 7(w;) = t(v,). Therefore, by (5.10) we obtain

- N [1 o 1
mo < sup J,(w)r) + A7 (wy) 2 {fsi q”/N wy |7 — % 2>st |wx|2}
R R

>0 27

—my 4+ A% (vy) 2 5(2 ‘”S/ lwy |7, (5.14)
( RN

which implies that

2% =2
([ i AED
RN (g =2t (v)?

where §, = mo — m; . Hence, by Corollary 4.9, we obtain

4—q
ey
670 [ il 25700, 2 (ng) THifN =4, (5.15)
RN A@2aH if N = 3.

Therefore, by Lemma 5.7, we have

5 > {(mk) TN =4, 5.16)

A@D@dH if N = 3.
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On the other hand, if N = 3, then by (5.10), Lemma 5.5 and Lemma 5.7, we have

. @F=2)s
g L g
lwi I3
Then
5(11_4)5 < )\‘%
Hence, observing that s = % = %, o= %;%22 = q4T2’ for g € (4, 6) we obtain
4
£, < ATDGTT (5.17)

If N = 4, then by (5.10), Lemma 5.6 and Lemma 5.7, we have

(05 < L 1

Tlwills T — o gF Y%

Note that

. 1 1 1
—nOET TP =oln— + (2" —2)sIn— > oln—,
Py £, Py

it follows that

-1
g s o< (m)
hwnl3 ~ TR

Since s = # = 1, we then obtain

1

I\N—7=
£ < <ln X> - (5.18)
Thus, it follows from (5.14), (5.17), (5.18) and Lemma 5.7 that
AT L)y N =4
*_ 4= =) a- =
8 =mo —my SATEL TS z(n*) ' ’
A3 if N =3,
which together with Corollary 4.9 implies that
A (n L)y N =4
2(n+) a2 if N =4,
IVULIZ = IVwall3 = N&y ~ 1%, %
ra—4 if N =3.

Finally, by (5.10), Lemma 5.5 and Lemma 5.6, we obtain

2
||wx||2”i

Statements on u; follow from the corresponding results on v, and wy. This completes the
proof of Theorem 2.1. O

Inl ifN=4,
2
AT N =3
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