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Summary

Let X = R2 and let V be a finite-dimensional complex inner product space. Let

C : X2 → L (V ⊗2) be a continuous function such that, for each (x, y) ∈ X2, C(x, y)

is a unitary operator in V ⊗2, C∗(x, y) = C(y, x), and the functional Yang-Baxter equa-

tion is satisfied. The dissertation deals with the multicomponent commutation relations

governed by the function C, see [A. Liguori, M. Mintchev, Comm. Math. Phys. 169

(1995) 635–652]. We introduce the ∗-algebra of the C-multicomponent commutation re-

lations (C-MCR algebra). We propose definitions of a gauge-invariant quasi-free state and

of a strongly quasi-free state on the C-MCR algebra, A. Under restrictive assumptions

on the function C, we construct a class of gauge-invariant quasi-free states on A, which,

for some functions C, are also strongly quasi-free. We show that, when dimV = 1 (i.e.,

when we deal with the anyon commutation relations), among all gauge-invariant quasi-

free states on A, only the Fock state is strongly quasi-free. In the case dimV = 2 (i.e.,

when we deal with two-component systems), we present a non-trivial class of examples of

function C to which our theory is applicable, and hence, we can construct gauge-invariant

quasi-free states, or even strongly quasi-free states on A.
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Chapter 1

Introduction

Multicomponent commutations relations (MCR) describe plektons, i.e., multicomponent

quantum systems with a generalized statistics. In such systems, particle exchange is

governed by a unitary matrix that depends on the position of particles. For such an ex-

change to be possible, the matrix must satisfy several conditions, including the functional

Yang–Baxter equation.

The aim of the dissertation is to give an appropriate definition of a quasi-free state on

an MCR algebra and to construct a class of such states on some MCR algebras.

Let us first recall the Araki-Woods [1] and Araki-Wyss [2] construction of gauge-

invariant quasi-free states on the algebras of the canonical commutation relations (CCR)

and the algebra of the canonical anticommutation relation (CAR), see also [8, Section

5.2].

Let H be a complex separable Hilbert space with an antilinear involution J (typically

the complex conjugation in a complex L2-space H). Let a+(f), a−(f) (f ∈ H) be linear

operators in a complex separable Hilbert space F defined on a dense subset D ⊂ F, and

mapping D into itself. (In the case of the CAR, the operators a+(f), a−(f) are actually

bounded, hence D = F). Assume that the maps H ∋ f 7→ a+(f), H ∋ f 7→ a−(f) are

linear and a−(f) = a+(Jf)∗ ↾D, i.e., a−(f) is the restriction to D of the adjoint operator

of a+(Jf).

We assume that the operators a+(f), a−(f), called creation operators and annihilation
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operators, respectively, satisfy the commutation relations:

a+(f)a+(g) = ±a+(g)a+(f),

a−(f)a−(g) = ±a−(g)a−(f),

a−(f)a+(g) = ±a+(g)a−(f) + (g, Jf)H. (1.1)

The choice of the plus in (1.1) gives the CCR, describing bosons, and the choice of the

minus gives the CAR, describing fermions.

Let X = Rp with p ∈ N (in the dissertation, we actually allow X to be a more general

space) and let H = L2 (X, dx). One introduces creation and annihilation operators at

point, a+(x) and a−(x) (x ∈ X), by

a+(f) =

∫
X

f(x)a+(x)dx,

a−(f) =

∫
X

f(x)a−(x)dx, f ∈ H. (1.2)

The a+(x) and a−(x) are a kind of ‘operator-valued distributions’. In terms of these

operators, the commutation relations (1.1) become

a+(x)a+(y) = ±a+(y)a+(x),

a−(x)a−(y) = ±a−(y)a−(x),

a−(x)a+(y) = ±a+(y)a−(x) + δ(x− y). (1.3)

Here ∫
X2

δ(x− y)f(x)g(y)dx dy =

∫
X

f(x)g(x)dx.

Let A be the complex ∗-algebra generated by the operators a+(f), a−(f) (f ∈ H),

satisfying either the CCR or CAR. Then A is called the CCR algebra or CAR algebra,

respectively.

Define, for f ∈ H, field (or Segal-type) operators

b(f) = a+(f) + a−(Jf). (1.4)

Note that

a+(f) =
1

2

(
b(f)− ib(if)

)
,
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a−(f) =
1

2

(
b(Jf) + ib(iJf)

)
.

Hence, the algebra A is generated by b(f) (f ∈ H).

Let τ be a state on A. The state τ is called quasi-free if, for all n ∈ N,

τ
(
b(f1)b(f2) · · · b(f2n−1)

)
= 0, (1.5)

and

τ
(
b(f1)b(f2) · · · b(f2n)

)
=
∑
ξ

sgn(ξ)
∏

{i,j}∈ξ
i<j

τ
(
b(fi)b(fj)

)
. (1.6)

Here, the summation is over all partitions ξ of the set {1, 2, . . . , 2n} into n two-point sets,

sgn(ξ) = 1 for bosons and

sgn(ξ) =
∏

{i,j}, {k,l}∈ξ
i<k<j<l

(−1) (1.7)

for fermions. Note that, in (1.7), sgn(ξ) is just one to the number of crossings in the

partition ξ. We note also that, in the case of bosons, one may allow a slightly more

general definition of a quasi-free state when the odd moments in (1.1) are not necessarily

equal to zero.

A state τ is called gauge-invariant if, for any q ∈ C, |q| = 1, the state τ remains

invariant under the transformation

a+(f) 7→ a+(qf) = qa+(f),

a−(f) 7→ a−(qf) = qa−(f).

This requirement can be written as follows:

τ
(
b(f1) · · · b(fn)

)
= τ
(
b(qf1) · · · b(qfn)

)
for all n.

Note that, due to (1.1), any state τ is completely characterized by the so-called n-point

functions,

S(m,n)(f1, . . . , fm, g1, . . . , gn) = τ
(
a+(f1) · · · a+(fm)a−(g1) · · · a−(gn)

)
. (1.8)
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As easily seen, a state τ is gauge-invariant if and only if S(m,n) = 0 if m ̸= n. In fact, a

state τ is gauge-invariant quasi-free if and only if S(m,n) = 0 if m ̸= n and

S(n,n)(fn, . . . , f1, g1, . . . , gn) = per
[
S(1,1)(fi, gj)

]
i,j=1,...,n

=
∑
π∈Sn

n∏
i=1

S(1,1)(fi, gπ(i)) (1.9)

for bosons and

S(n,n)(fn, . . . , f1, g1, . . . , gn) = det
[
S(1,1)(fi, gj)

]
i,j=1,...,n

=
∑
π∈Sn

sgn(π)
n∏

i=1

S(1,1)(fi, gπ(i)) (1.10)

for fermions. Here Sn is the symmetric group of order n, and for π ∈ Sn, sgn(π) denotes

the sign of the permutation π.

Gauge-invariant quasi-free states can be easily constructed by ‘doubling’ the under-

lying space. Let us consider this construction for fermions. Let F = F (H⊕H) be the

antisymmetric Fock space over H ⊕ H. For (f, g) ∈ H ⊕ H, let a+(f, g) and a−(f, g)

denote the standard creation and annihilation operators in F (H⊕H). Fix an arbitrary

operator K in H satisfying 0 ≤ K ≤ 1, and define K1 =
√
K, K2 =

√
1−K. For each

f ∈ H, define operators

A+(f) = a+(0, K2f) + a−(K1f, 0),

A−(f) = a−(0, K ′
2f) + a+(K ′

1f, 0). (1.11)

Here K ′
i = JKiJ , the transposed of Ki. The operators A+(f), A−(f) (f ∈ H) satisfy

the CAR. Let τ be the vacuum state on the corresponding CAR algebra A. Then τ is a

gauge-invariant quasi-free state with

S(1,1)(f, g) = τ
(
A+(f)A−(g)

)
= (Kf, Jg)H.

Furthermore, for the corresponding field operators B(f) = A+(f) + A−(Jf), we have

τ
(
B(f)B(g)

)
= (g, f)H + 2Re(Kf, g)H .

Let us now briefly discuss generalized statistics. In physics, in the case X = R2, inter-

mediate statistics have been discussed since Leinass and Myrheim (1977) [20] conjectured
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their existence. The first mathematically rigorous prediction of intermediate statistics

was done by Goldin, Menikoff and Sharp (1980, 1981) [12, 13]. The name anyon was

given to such statistics by Wilczek (1982) [29, 30].

We also refer to Bożejko, Speicher (1991) [6] for an alternative deformation of the

CCR/CAR.

Liguori and Mintchev (1995) [21] and Goldin and Sharp (1996) [15] showed that anyon

statistics can be described by certain generalized commutation relations. More precisely,

let now X = R2 and consider a continuous function Q : X2 → C satisfying

Q(x, y) = Q(y, x), |Q(x, y)| = 1.

Furthermore, we assume (with a slight abuse of of notation) that

Q(x, y) = Q(x1, x2, y1, y2) = Q(x1, y1),

i.e., the value of the function Q(x, y) is completely determined by the first coordinates x1

and y1.

Heuristically, we are interested in creation operators a+(x) and annihilation operators

a−(x) at points x ∈ X such that a−(x) is the adjoint of a+(x) and these operators satisfy

the following Q-anyon commutation relations (Q-ACR):

a+(x)a+(y) = Q(y, x)a+(y)a+(x),

a−(x)a−(y) = Q(y, x)a−(y)a−(x),

a−(x)a+(y) = Q(x, y)a+(y)a−(x) + δ(x− y),

compare with (1.3). Liguori, Mintchev [21] (see also Goldin, Majid [11]) derived a rigorous

representation of the Q-ACR in the Fock space of Q-symmetric functions.

More precisely, let as before H = L2(X, dx). A function f (n) : Xn → C is called

Q-symmetric if, for any i ∈ {1, . . . , n− 1} and (x1, . . . , xn) ∈ Xn,

f (n)(x1, . . . , xn) = Q(xi, xi+1)f
(n)(x1, . . . , xi−1, xi+1, xi, xi+2, . . . , xn).

We denote by H⊛n the subspace of H⊗n that consists of all Q-symmetric functions from

H⊗n. We call H⊛n the n-th Q-symmetric tensor power of H. We define the Q-Fock space
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over H by

F(H) :=
∞⊕
n=0

H⊛nn! .

(The factor n! means that the square of the F(H)-norm of g(n) ∈ H⊛n is equal to the

square of the H⊛n-norm of g(n) times n! .) For f ∈ H, we define a creation operator a+(f)

in F(H) by

a+(f)g(n) = f ⊛ g(n) = Pn+1(f ⊗ g(n)), g(n) ∈ H⊛n.

Here Pn+1 is the Q-symmetrization in H⊗(n+1), i.e., the orthogonal projection of H⊗(n+1)

onto H⊛(n+1). Respectively, we define an annihilation operator a−(f) in F(H) by(
a−(f)g(n)

)
(x1, . . . , xn−1) = n

∫
X

f(y)g(n)(y, x1, . . . , xn−1)dy, g(n) ∈ H⊛n.

Note that a+(f) and a−(f) are, generally speaking, unbounded operators and they are

defined on the subspace Ffin(H) of all finite vectors from F(H). Then a−(f) is the

adjoint operator of a+(Jf), restricted to Ffin(H), and the corresponding operator-valued

distributions a+(x), a−(x) (x ∈ X), defined as in (1.2), satisfy the Q-ACR.

Let A be the complex ∗-algebra generated by the operators a+(f), a−(f) (f ∈ H),

satisfying the Q-ACR. The A is then called the Q-ACR algebra1.

Lytvynov [22] constructed a class of gauge-invariant quasi-free states on the Q-ACR

algebra A. The main idea of the construction was again a doubling of the space H. Thus,

one considers

H⊕H = L2 (X1 ⊔X2, dx) ,

where X1 and X2 are two copies of X. Let a function Q : (X1 ⊔X2)
2 → C be defined by

Q(x, y) :=

Q(x, y), if x, y ∈ X1 or x, y ∈ X2,

Q(y, x), if x ∈ X1, y ∈ X2 or x ∈ X2, y ∈ X1.

(1.12)

Note that Q(x, y) = Q(y, x), |Q(x, y)| = 1. One then considers the corresponding Fock

space over L2 (X1 ⊔X2, dx), i.e., the space F (L2 (X1 ⊔X2, dx)) constructed by using the

function Q.

1To be more precise, the Q-ACR algebra should contain not only products of the operators a+(f),

a−(f) with f ∈ H but also special multiple integrals of a+(x) and a−(x) with x ∈ X. See [22] for detail.
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Note that in [22], the function Q(x, y) was not assumed to be continuous, in order to

include the anyon statistics with

Q(x, y) =

q if x1 < y1,

q if x1 > y1,

(1.13)

where q ∈ C is a fixed constant of modulus 1. Hence, one had to postulate a value of

Q(x, y) on the diagonal {(x, y) ∈ X2 | x = y}.

Assume, for example, Q(x, x) = −1. Consider an operator K in L2 (R, dx) satisfying

0 ≤ K ≤ 1. Let us preserve the notation K for the operator 1⊗K in

H = L2
(
R2, dx

)
= L2 (R)⊗ L2 (R) .

Similarly to the case of fermions, define K1 =
√
K, K2 =

√
1−K, and for f ∈ H define

operators A+(f), A−(f) just as in (1.11). These operators act in F (L2 (X1 ⊔X2, dx))

and satisfy the Q-ACR. Furthermore, the vacuum state τ on the corresponding Q-ACR

algebra is gauge-invariant quasi-free, in the sense that, for any φ, ψ, f, g ∈ L2(R), we have

S(1,1)(φ⊗ f, ψ ⊗ g) = τ
(
A+(φ⊗ f)A−(ψ ⊗ g)

)
=

∫
R
φ(x)ψ(x) γ(2)[f, g](dx),

with

γ(2)[f, g](dx) = (Kg, Jf)L2(R) dx

and

S(m,n) = 0 if m ̸= n,

S(n,n)(φn ⊗ fn, . . . , φ1 ⊗ f1, ψ1 ⊗ g1, . . . , ψn ⊗ gn)

= τ
(
A+(φn ⊗ fn) · · ·A+(φ1 ⊗ f1)A

−(ψ1 ⊗ g1) · · ·A−(ψn ⊗ gn)
)

=
∑
π∈Sn

∫
Rn

(
n∏

i=1

φi(xi)ψπ(i)(xi)

)
Qπ(x1, . . . , xn)

n⊗
i=1

γ(2)[fi, gπ(i)](dxi), (1.14)

with

Qπ(x1, . . . , xn) =
∏

1≤i<j≤n
π(i)>π(j)

Q(xi, xj). (1.15)
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This dissertation deals with multicomponent quantum systems. Such systems are

also called plektons, see e.g [11]. Plektons are generalized statistics (quasiparticles) over

an underlying space of dimension 2, that are associated with higher-dimensional (non-

abelian) unitary representation of the braid group. More recently, similar statistics have

been actively studied in topological quantum computation under the name non-abelian

anyons2, see e.g. [24, 27].

The first paper pointing out the possibility of a multicomponent quantum system was

the comment by Menikoff, Sharp and Goldin (1985) [14]. Such systems were rigorously

derived and studied by Liguori, Mintchev (1995) [21], and later by Goldin, Majid (2004)

[11].

The paper by Daletskii, Kalyuzhny, Lytvynov and Proskurin (2020) [9] gave an overview

of multicomponent quantum systems with concrete examples when the number of compo-

nents of a quantum system is two. That paper actually treated a more general case than

the one considered in [21] and [11]. For other results that are related to multicomponent

quantum systems, see e.g. Bożejko, Speicher (1994) [7] and Jørgensen, Schmitt, Werner

(1995) [17].

Let us briefly explain in more detail what we mean under a multicomponent system.

Let X = R2 and let V be a finite-dimensional complex inner product space, with a

real orthonormal basis {e1, . . . , ed}. We fix a map C : X2 → L (V ⊗2) that satisfies the

following conditions:

� C(x, y) = C(x1, y1, x2, y2) = C(x1, y1);

� For each (x, y) ∈ X2, C(x, y) is a unitary operator in V ⊗2;

� For each (x, y) ∈ X2, C∗(x, y) = C(y, x);

� The functional Yang–Baxter equation is satisfied point-wise in V ⊗3,

C1(x, y)C2(x, z)C1(y, z) = C2(y, z)C1(x, z)C2(x, y).

2It is actually an interesting open problem to find a direct relation between non-abelian anyons as

discussed in topological quantum computation and multicomponent quantum systems as discussed in this

dissertation.
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Here and below, Ci(·, ·) acts in the i-th and (i+ 1)-th components of V ⊗3.

Additionally, in this dissertation we will always assume that the map C(·, ·) is contin-

uous.

We are interested in vectors of ‘operator-valued distributions’

a+(x) = (a+1 (x), . . . , a
+
d (x)),

a−(x) = (a−1 (x), . . . , a
−
d (x))

that satisfy for, f ∈ H = L2 (X → V, dx),

f(x) =
d∑

i=1

fi(x)ei i.e., fi(x) = (f(x), ei)V

a+(f) =
d∑

i=1

∫
X

fi(x)a
+
i (x)dx,

a−(f) =
d∑

i=1

∫
X

fi(x)a
−
i (x)dx,

with a−(f) being the (restriction) of the adjoint of a+(Jf). Here J is the complex conju-

gation in V , i.e., the antilinear operator in V satisfying Jei = ei (i = 1, . . . , d).

Denote, for u, v ∈ V , ⟨u, v⟩V = (u, Jv)V . Then we will use the heuristic notation

a+(f) =

∫
X

⟨f(x), a+(x)⟩V dx, a−(f) =

∫
X

⟨f(x), a+(x)⟩V dx.

We will similarly write, for a product,

a±(f)a±(g) =

∫
X2

〈
f(x)⊗ g(y), a±(x)⊗ a±(y)

〉
V ⊗2 dx dy.

We say that these operators satisfy the C-multicomponent commutation relations (C-

MCR) if ∫
X2

〈
f(x)⊗ g(y), a+(x)⊗ a+(y)

〉
V ⊗2 dx dy

=

∫
X2

〈
C(y, x)f(x)⊗ g(y), a+(y)⊗ a+(x)

〉
V ⊗2 dx dy,∫

X2

〈
f(x)⊗ g(y), a−(x)⊗ a−(y)

〉
V ⊗2 dx dy

=

∫
X2

〈
Ĉ(x, y)f(x)⊗ g(y), a−(y)⊗ a−(x)

〉
V ⊗2 dx dy,

9



∫
X2

〈
f(x)⊗ g(y), a−(x)⊗ a+(y)

〉
V ⊗2 dx dy =

∫
X

⟨f(x), g(x)⟩V dx

+

∫
X2

〈
C̃(x, y)f(x)⊗ g(y), a+(y)⊗ a−(x)

〉
V ⊗2 dx dy. (1.16)

The operator-valued integrals on the right hand side of formulas (1.16) are assumed to be

well defined. Furthermore,

Ĉ(x, y) = SC(x, y)S,

where the antilinear operator S in V ⊗2 is given by

S(u⊗ v) = (Jv)⊗ (Ju),

and C̃(x, y) satisfies

〈
C̃(x, y)ei ⊗ ej, ek ⊗ el

〉
V ⊗2 =

〈
C(x, y)ek ⊗ ei, el ⊗ ej

〉
V ⊗2 . (1.17)

Note that the C-MCR (1.16) can be written in the following shorthand form:

a+(x)⊗ a+(y) = C(y, x)′a+(y)⊗ a+(x),

a−(x)⊗ a−(y) = Ĉ(x, y)′a−(y)⊗ a−(x),

a−(x)⊗ a+(y) = δ(x− y) Tr(·) + C̃(x, y)′a+(y)⊗ a−(x). (1.18)

Here, for A ∈ L(V ⊗2), A′ := JAJ is the transposed of A; for v(2) ∈ V ⊗2, Tr(v(2)) :=∑d
k=1(v

(2), ek ⊗ ek)V ⊗2 is the trace3 of v(2).

Let A be the complex ∗-algebra generated by the operators a+(f), a−(f) (f ∈ H),

satisfying the C-MCR. Then A is called the C-MCR algebra

Note that, for V = C and C(x, y) = Q(x, y), we get Ĉ(x, y) = Q(y, x) and C̃(x, y) =

Q(x, y). Hence, in this case, the C-MCR algebra becomes the Q-ACR algebra.

Let us now recall the Fock representation of the C-MCR [21]. We have H⊗n =

L2
(
Xn → V ⊗n, dx1 . . . dxn

)
. We say that a function f (n) ∈ H⊗n is C-symmetric if

f (n)(x1, . . . , xn) = Ci(xi, xi+1)f
(n)(x1, . . . , xi−1, xi+1, xi, xi+2, . . . , xn).

3Note that, in the standard way, V ⊗2 can be identified with L(V ), and then Tr(v(2)) becomes the

usual trace of the linear operator v(2).
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We denote by H⊛n the subspace of H⊗n that consists of all C-symmetric functions from

H⊗n. We define the C-Fock space over H by

F(H) :=
∞⊕
n=0

H⊛nn! .

For each f ∈ H, we define a creation operator a+(f) by

a+(f)g(n) = f ⊛ g(n) = Pn+1

(
f ⊗ g(n)

)
(1.19)

and an annihilation operator a−(f) by

(
a−(f)g(n)

)
(x1, . . . , xn−1) = n

∫
X

〈
g(n)(y, x1, . . . , xn−1), f(y)

〉
V
dy. (1.20)

In (1.19), Pn+1 is the orthogonal projection of H⊗n onto H⊛n, and in formula (1.20) we

used the following notation: for u1, . . . , un, v ∈ V ,

⟨u1 ⊗ · · · ⊗ un, v⟩V = ⟨u1, v⟩V u2 ⊗ · · · ⊗ un ∈ V ⊗(n−1).

The operators a+(f) and a−(f) are defined on Ffin(H), the subspace of F(H) consisting

of all finite sequences. Then a−(f) is the restriction to Ffin(H) of the adjoint of the

operator a+(Jf). The operators a+(f), a−(f) satisfy the C-MCR.

The aim of the dissertation is to develop basics of a theory of quasi-free states for mul-

ticomponent quantum systems. The hope is that the construction of the gauge-invariant

quasi-free states for the Q-ACR can be extended to the case of a multicomponent system.

We show that this can be indeed achieved, however under very restrictive assumptions

on the operator-valued function C(x, y). It should be stressed that these assumptions are

essentially necessary for the C-MCR to hold for our non-Fock representation.

So a natural question arises whether there exists any non-trivial class of examples of

C(x, y) to which our theory is applicable. We show that the answer to this question is

positive: we present a non-trivial class of examples in the case where the dimension of

the space V is two, i.e., when the quantum system has two components. More precisely,

these C-MCR can be written as follows:

a+i (x)a
+
i (y) = Q1(y, x)a

+
φ(i)(y)a

+
φ(i)(x),
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a+i (x)a
+
φ(i)(y) = Q2(y, x)a

+
i (y)a

+
φ(i)(x),

a−i (x)a
−
i (y) = Q1(y, x)a

−
φ(i)(y)a

−
φ(i)(x),

a−i (x)a
−
φ(i)(y) = Q2(y, x)a

−
i (y)a

−
φ(i)(x),

a−i (x)a
+
i (y) = δ(x− y) +Q2(x, y)a

+
φ(i)(y)a

−
φ(i)(x),

a−i (x)a
+
φ(i)(y) = Q1(x, y)a

+
i (y)a

−
φ(i)(x) (1.21)

for i = 1, 2. Here, Q1(x, y) and Q2(x, y) are continuous functions on X2 satisfying

Qi(x, y) = Qi(y, x), |Qi(x, y)| = 1, and the permutation φ ∈ S2 is given by φ(1) = 2,

φ(2) = 1. Note that, under the exchange (1.21), each operator a±i (·) changes its type to

the opposite one, a±φ(i)(·).

Another problem that we discuss is related to the very definition of a quasi-free state.

In the case of a state on the C-MCR algebra, we derive equations that could seemingly

serve as a definition of a quasi-free state. These equations extend formulas (1.5)–(1.6)

similarly to how formulas (1.14), (1.15) extend (1.8)–(1.10). It appears, however, that the

gauge-invariant quasi-free states on the Q-ACR algebra constructed in [22] do not satisfy

these equations. The reason for this is the definition (1.12) of the function Q(x, y). When

one evaluates the n-point functions S(n,n) for such a system, only the terms with all points

from X1 do not vanish. But for such points, x, y ∈ X1, we have Q(x, y) = Q(x, y). Hence,

one comes up with formula (1.14) in which the function Qπ(x1, . . . , xn) is given by (1.15).

However, when one evaluates τ
(
b(f1) · · · b(f2n)

)
(with b(f) defined as in (1.4)), one has

to deal with terms containing points from both parts, X1 and X2. Because of this, one

is unable to come up with the function Qπ(x1, . . . , xn), unless Q(x, y) = Q(y, x). But the

latter formula means that Q(x, y) is either identically equal to 1 (bosons), or identically

equal to −1 (fermions).

Thus, instead of using the term a ‘quasi-free state on the C-MCR algebra,’ we use

the term a ‘strongly quasi-free state on the C-MCR algebra’ if a counterpart of formulas

(1.5), (1.6) holds for a state τ on the C-MCR algebra. As a result, the gauge-invariant

quasi-free states constructed on the Q-ACR algebra in [22] are not strongly quasi-free.

We prove that, for a C-MCR algebra, a gauge-invariant quasi-free state is strongly
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quasi-free if

C̃(y, x) = C(x, y) (1.22)

where C̃(y, x) is defined by (1.17).

It appears that the class of the C-MCR (1.21) contains a non-trivial subclass for

which condition (1.22) is satisfied. More precisely, assume additionally that Q1(x, y) =

Q2(x, y) = Q(x, y), then the M -MCR (1.21) become

a+i (x)a
+
j (y) = Q(y, x)a+φ(i)(y)a

+
φ(j)(x),

a−i (x)a
−
j (y) = Q(y, x)a−φ(i)(y)a

−
φ(j)(x),

a−i (x)a
+
j (y) = δ(x− y)δi,j +Q(x, y)a+φ(i)(y)a

−
φ(j)(x), i, j ∈ {1, 2}. (1.23)

Then (1.22) holds and so a gauge-invariant quasi-free state on the corresponding C-MCR

algebra is strongly quasi-free. So, in a sense, such a state has better properties than a

gauge-invariant quasi-free state on the Q-ACR algebra.

Let us briefly discuss the structure of the dissertation.

In Chapter 2, we discuss mostly known results related to abelian anyons (gener-

alised statistics) and multicomponent quantum systems. For the reader’s convenience,

we present most of the key results with complete proofs. Unlike many other available

sources, in this chapter we are dealing only with the situation where there is a unitary

representation of the symmetric group, hence the corresponding ‘symmetrization opera-

tor’ is an orthogonal projection. This makes our proof sometimes different or easier than

those available in the literature.

Chapter 3 deals with quasi-free states on the Q-ACR algebra. Recall that gauge-

invariant quasi-free states on such an algebra were constructed in [22]. In order to include

the case where Q is given by (1.13), the function Q was allowed in [22] to be discontinuous

on the diagonal {x1 = y1}. In the case of gauge-invariant quasi-free representations of

the Q-ACR, this made it necessary to postulate a (real) value of the function Q on the

diagonal.

The aim of Chapter 3 is two-fold. First, we discuss a construction of gauge-invariant

quasi-free states on the Q-ACR algebra in the case where the function Q is assumed to

13



be continuous. This allows us to simplify the construction from [22], and make it more

similar to the situation with bosons and fermions, see e.g. [8, Sections 5.2.1–5.2.3] and

[10, Chapter 17].

Second, by analogy with bosons and fermions, we present a definition of a quasi-free

state on the Q-ACR algebra. This definition mimics the behaviour of the Fock state

applied to a product of field operators. In the classical setting, each gauge-invariant

quasi-free state is automatically quasi-free. However, this is not true for the Q-ACR

algebra. Hence, we call such states strongly quasi-free. We show that a gauge-invariant

quasi-free state on the Q-ACR algebra is strongly quasi-free only if either the function

Q(x, y) is identically equal to 1 or −1 (i.e., for bosons and fermions) or the state is Fock.

The main results of the dissertation are in Chapter 4, which deals with quasi-free

states on the C-MCR algebra.

In Section 4.1, we define the C-MCR algebra A as a complex ∗-algebra. Note that A

contains not only product of operators a+(f), a−(f) satisfying the commutation relations

(1.16) but also multiple integrals containing a+(x) and a−(x). We prove that the algebra

A is of Wick type, i.e., it allows Wick ordering (Proposition 4.5). Also we show in

Proposition 4.6 that, under an additional assumption on C(x, y), we can also exchange

the order in the product a+(x)⊗ a−(y), which is important for construction of quasi-free

representations of the C-MCR.

In Section 4.2, we briefly discuss generic states on the C-MCR algebra and introduce

a certain continuity of such states.

In Section 4.3, we consider the Fock state on the C-MCR algebra, i.e., the vacuum

state τ on the usual Fock representation of the C-MCR. The main result of this section,

Corollary 4.16, is the formula for the moments of the field operators for the Fock state τ

on the C-MCR algebra A.

In Section 4.4, we present the definition of a strongly quasi-free state on the C-MCR

algebra. This definition is inspired by Corollary 4.16. In particular, the Fock state is

automatically strongly quasi-free. We also define a gauge-invariant quasi-free state on the

C-MCR algebra.

Under very restrictive conditions (Assumtpions 4.21 and 4.22), we construct a class of
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gauge-invariant quasi-free states on the C-MRC algebra (Theorem 4.25). If additionally

the condition (1.22) is satisfied, then such a state is strongly quasi-free (Theorem 4.26).

Finally, in Section 4.5, we consider examples of function C(x, y) satisfying Assump-

tions 4.21, 4.22 and (1.22). More precisely, we consider two classes of examples. The first

class of examples (Subsection 4.5.1) is obtained by a ‘lifting’ of gauge-invariant quasi-free

states on the Q-ACR algebra. It should, however, be noted that such quasi-free states

could have been constructed within the framework of the Q-ACR algebras by property

modifying the underlying spaceX. Finally, the second class of examples (Subsection 4.5.2)

concerns the C-MCR (1.21) for gauge-invariant quasi-free states and (1.23) for strongly

quasi-free states.
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Chapter 2

Symmetrization and commutation

relations

The key references for this review chapter are [5, 7, 9, 11, 21]. For further reading on the

topic, we refer to [12, 13, 14, 15, 16, 17, 18, 19, 28].

2.1 Symmetric group

Definition 2.1. Let n ∈ N. A bijective mapping π : {1, 2, . . . , n} → {1, 2, . . . , n} is called

a permutation. The set of all such permutations is denoted by Sn.

Definition 2.2. The identity mapping e : {1, 2, . . . , n} → {1, 2, . . . , n} given by e(i) = i is

called the identity permutation.

Remark 2.3. Since a mapping π ∈ Sn is bijective, the inverse mapping π−1 exists and

π−1 ∈ Sn.

Remark 2.4. The product of two permutations π, ν ∈ Sn is defined as the composition of

the mappings π and ν, i.e., πν = π ◦ ν. It is clear that πν ∈ Sn and πν ̸= νπ in general.

Definition 2.5. The set Sn with product of two permutations forms a group with identity

element e and inverse of π being π−1. This group is called a symmetric group.
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Definition 2.6. For i ∈ {1, 2, . . . , n− 1}, define πi ∈ Sn by

πi(j) :=


j, if j ̸= i and j ̸= i+ 1,

i+ 1, if j = i,

i, if j = i+ 1.

The πi is called an adjacent transposition.

Proposition 2.7. The adjacent transpositions πi satisfy the following equations:

πiπi+1πi = πi+1πiπi+1 if i ∈ {1, 2, . . . , n− 2}, (2.1)

πiπj = πjπi if |i− j| ≥ 2, (2.2)

π2
i = e if i ∈ {1, 2, . . . , n− 1}. (2.3)

Proposition 2.8. Each permutation π ∈ Sn can be represented as a product of adjacent

transpositions, i.e.,

π = πi1πi2 · · · πik (2.4)

for some i1, i2, . . . , ik ∈ {1, 2, . . . , n− 1}.

Remark 2.9. The representation (2.4) of a permutation as a product of adjacent transpo-

sitions is not unique.

Remark 2.10. Equation (2.4) shows that the group Sn is generated by the adjacent trans-

positions π1, π2, . . . , πn−1.

Theorem 2.11 (The Coxeter representation of the symmetric group). The symmetric

group Sn is isomorphic to an abstract group generated by elements π1, π2, . . . , πn−1 that

satisfy equations (2.1), (2.2), (2.3) with e being the identity element of the group.
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2.2 Symmetric functions and symmetrization opera-

tors

2.2.1 The projection Pn

Let n ∈ N, n ≥ 2. Let H be a separable complex Hilbert space. Let U1, U2, . . . , Un be

unitary operators acting on H that satisfy the following equations:

UiUi+1Ui = Ui+1UiUi+1 if i ∈ {1, 2, . . . , n− 1}, (2.5)

UiUj = UjUi if |i− j| ≥ 2, (2.6)

U2
i = 1 if i ∈ {1, 2, . . . , n}. (2.7)

Here 1 denotes the identity operator. The equation (2.5) is called Yang–Baxter equation.

Remark 2.12. Since Ui is unitary operator, we get U−1
i = U∗

i . On the other hand, formula

(2.7) implies that U−1
i = Ui. Therefore Ui = U∗

i , i.e., each Ui is also a self-adjoint operator.

Since the spectrum of a self-adjoint operator is a subset of R and the spectrum of a unitary

operator is a subset of the circle in C centered at 0 and of radius 1, the spectrum of each

Ui is a subset of {−1, 1}. The latter implies that, for each i = 1, 2, . . . , n, the Hilbert

space H can be represented as an orthogonal sum of closed subspaces H
(1)
i and H

(2)
i , i.e.,

H = H
(1)
i ⊕ H

(2)
i , and the operator Ui acts as the identity on H

(1)
i and as the minus

identity on H
(2)
i .

Definition 2.13. Let π ∈ Sn be an arbitrary permutation. Represent π in the form (2.4)

and define a unitary operator Uπ by

Uπ = Ui1Ui2 · · ·Uik . (2.8)

Proposition 2.14.

(i) For each π ∈ Sn the definition (2.8) of Uπ does not depend on the choice of the repre-

sentation (2.4), i.e., two different representations of π in the form of a product of adjacent

transpositions give the same operator Uπ.

(ii) The map

Sn ∋ π 7→ Uπ (2.9)
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is a unitary representation of the group Sn.

Proof. Consider the set G of all finite products of operators U1, . . . , Un in any order. By

(2.7), we have 1 ∈ G.

Again, by (2.7), U−1
i = Ui for all i. Hence, for any i1, . . . , ik ∈ {1, . . . , n},

(Ui1Ui2 · · ·Uik)
−1 = Uik · · ·Ui2Ui1 .

Therefore, G is a group with respect to product of operators, and this group G is generated

by U1, . . . , Un. By (2.5)–(2.7) and Theorem 2.11, the group G is isomorphic to Sn, where

the isomorphism I : G → Sn is defined through the equality IUi = πi. From here both

statements of the proposition follow.

Remark 2.15. For the unitary representation (2.9) of Sn to be faithful, one should have

Uπ ̸= 1 for each permutation π ∈ Sn that is not the identity permutation. Obviously, this

is not always the case. For example, by choosing all operators Ui to be 1, we get Uπ = 1

for all π ∈ Sn. We advise the reader to compare this observation with the construction

of the free Fock space in Section 2.7. Nevertheless, one can easily check that, in all the

other examples of operators U1, . . . , Un considered in this dissertation, the representation

(2.9) is indeed faithful.

Definition 2.16. We define

Pn =
1

n!

∑
π∈Sn

Uπ. (2.10)

Proposition 2.17. For each n ≥ 2, Pn is an orthogonal projection, i.e., P ∗
n = Pn and

P 2
n = Pn.

Proof. Let π ∈ Sn be represented in the form (2.4). By Remark 2.12 and (2.8),

U∗
π = (Ui1Ui2 · · ·Uik)

∗

= U∗
ik
U∗
ik−1

· · ·U∗
i1

= UikUik−1
· · ·Ui1

= Uπ−1 ,
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since

π−1 = πikπik−1
· · · πi1 .

Hence, by (2.10),

P ∗
n =

1

n!

∑
π∈Sn

U∗
π

=
1

n!

∑
π∈Sn

Uπ−1

=
1

n!

∑
π∈Sn

Uπ = Pn.

Next,

P 2
n =

(
1

n!

)2 ∑
π∈Sn

∑
ν∈Sn

UπUν

=

(
1

n!

)2 ∑
π∈Sn

∑
ν∈Sn

Uπν

=

(
1

n!

)2 ∑
π∈Sn

∑
ξ∈Sn

Uξ

=
1

n!

∑
ξ∈Sn

Uξ = Pn.

Here we used the fact that, for a fixed π ∈ Sn, each ξ ∈ Sn can be represented, in a unique

way, as ξ = πν.

Proposition 2.18. For each n ≥ 2,

ran(Pn) =
{
f ∈ H | Uif = f for each i = 1, 2, . . . n− 1

}
.

Here ran(Pn) denotes the range of Pn.

Proof. Let f ∈ H be such that Uif = f for all i = 1, 2, . . . , n − 1. By (2.8), for each

π ∈ Sn, we have Uπf = f , hence by (2.10),

Pnf = f. (2.11)

Since Pn is an orthogonal projection, formula (2.11) means that f ∈ ran(Pn).
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Now assume that f ∈ ran(Pn). We have to prove that, for each i = 1, 2, . . . , n − 1,

Uif = f . Since f ∈ ran(Pn), formula (2.11) holds. Hence

Uif = UiPnf

= Ui
1

n!

∑
π∈Sn

Uπf

=
1

n!

∑
π∈Sn

UiUπf

=
1

n!

∑
ξ∈Sn

Uξf

= Pnf = f.

2.2.2 Tensor product corresponding to a Yang–Baxter operator

Let H be a separable complex Hilbert space. Let U ∈ L(H⊗2) be a self-adjoint, unitary

operator satisfying the Yang–Baxter equation

U1U2U1 = U2U1U2, (2.12)

where the operators U1, U2 ∈ L(H⊗3) are defined by

U1 := U ⊗ 1H, U2 := 1H ⊗ U.

Here and below, for a Hilbert space G, we denote by 1G the identity operator on G.

Let us fix n ∈ N, n ≥ 2. Similarly to the above, we define for each i = 1, 2, . . . , n− 1,

operators Ui ∈ L(H⊗n) by

Ui := 1H⊗(i−1) ⊗ U ⊗ 1H(n−i−1) .

The operators Ui are obviously unitary and self-adjoint on H⊗n. The Yang–Baxter equa-

tion (2.12) implies (2.5). Obviously, if |i − j| ≥ 2, the operators Ui and Uj commute, so

that (2.6) holds. Finally, since the operators Ui are unitary and self-adjoint, they satisfy

(2.7). Hence, the results of Subsection 2.2.1 are applicable to the operators Ui, and we

get the corresponding projection operator Pn.
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We denote H⊛n the range of Pn. By Proposition 2.18,

H⊛n = {f (n) ∈ H⊗n | Uif
(n) = f (n) for each i = 1, 2, . . . n− 1}.

Also, for f1, f2, . . . , fn ∈ H, we denote

f1 ⊛ f2 ⊛ · · ·⊛ fn = Pn [f1 ⊗ f2 ⊗ · · · ⊗ fn] .

Proposition 2.19. Let n ≥ 2, m ∈ N. Then

Pm+n = Pm+n [Pm ⊗ 1H⊗n ] (2.13)

= Pm+n [1H⊗n ⊗ Pm] (2.14)

= [1H⊗n ⊗ Pm]Pm+n (2.15)

= [Pm ⊗ 1H⊗n ]Pm+n . (2.16)

Proof. We have

Pm+n [Pm ⊗ 1H⊗n ] =
1

(m+ n)!

∑
π∈Sm+n

Uπ
1

n!

∑
ν∈Sn

Uν ⊗ 1H⊗n .

We have Sn ⊂ Sm+n in the sense that we may identify ν ∈ Sn with the element of Sm+n

that acts as ν for i = 1, . . . , n and as the identity for i = n+ 1, n+ 2, . . . ,m+ n. Then,

Pm+n [Pm ⊗ 1H⊗n ] =
1

(m+ n)!n!

∑
π∈Sm+n

∑
ν∈Sn

UπUν

=
1

(m+ n)!n!

∑
ν∈Sn

∑
π∈Sm+n

Uπν

=
1

(m+ n)!n!

∑
ν∈Sn

∑
π∈Sm+n

Uπ

=
1

n!

∑
ν∈Sn

Pm+n

= Pm+n.

Thus, (2.13) is proven. The proof of (2.14), (2.15) and (2.16) is similar.

Corollary 2.20. The tensor product ⊛ is associative, i.e.,

(f ⊛ g)⊛ h = f ⊛ (g ⊛ h)

for all f, g, h ∈ H.
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Proof. Immediate.

Proposition 2.21. We have

Pn+1 =
1

n+ 1
(1H ⊗ Pn) [1+ U1 + U1U2 + · · ·+ U1U2 · · ·Un] , (2.17)

Pn+1 =
1

n+ 1
[1+ U1 + U2U1 + · · ·+ UnUn−1 · · ·U1] (1H ⊗ Pn) . (2.18)

Proof. From formula (2.10),

Pn+1 =
1

(n+ 1)!

∑
π∈Sn+1

Uπ.

For each k ∈ {1, 2, . . . , n+ 1}, define νk ∈ Sn+1 by

ν1 = e, νk = π1π2 · · · πk−1 for k = 2, . . . , n+ 1. (2.19)

Note that

νk(1) = k, νk(2) = 1, . . . , νk(k) = k − 1, and νk(i) = i for i = k + 1, . . . , n+ 1.

Each permutation ν ∈ Sn+1 can be uniquely represented as the product ν = πνk where

π ∈ Sn+1 is such that π(1) = 1. Therefore,

Sn+1 =
n+1⋃
k=1

{
πνk | π ∈ Sn+1 , π(1) = 1

}
,

which implies

Pn+1 =
1

(n+ 1)!

∑
ν∈Sn+1

Uν

=
1

(n+ 1)!

n+1∑
k=1

∑
π∈Sn+1, π(1)=1

Uπνk

=
1

(n+ 1)!

n+1∑
k=1

∑
π∈Sn+1, π(1)=1

UπUνk

=
1

n+ 1

(
1

n!

∑
π∈Sn+1, π(1)=1

Uπ

) n+1∑
k=1

Uνk

=
1

n+ 1
(1H ⊗ Pn)

n+1∑
k=1

Uνk
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=
1

n+ 1
(1H ⊗ Pn)

(
1+

n+1∑
k=2

Uνk

)
=

1

n+ 1
(1H ⊗ Pn)

(
1+

n∑
k=1

Uνk+1

)
=

1

n+ 1
(1H ⊗ Pn)

(
1+

n∑
k=1

U1U2 · · ·Uk

)
.

This implies (2.17). Formula (2.18) follows immediately from (2.17) by taking the adjoint

operator.

We will now consider several special cases of the tensor product ⊛.

2.3 Symmetric tensor product

Let U ∈ L(H⊗2) be defined as follows

Uf ⊗ g = g ⊗ f. (2.20)

Lemma 2.22. U defined in (2.20) is self-adjoint and unitary operator.

Proof. We have

(Uf ⊗ g, u⊗ v) = (g ⊗ f, u⊗ v)

= (g, u)(f, v)

= (f ⊗ g, v ⊗ u)

= (f ⊗ g, Uu⊗ v).

This proves that U in (2.20) is self-adjoint.

Our aim is to show that U is unitary. Let (ei)i∈N be an orthonormal basis in H, then

(ei ⊗ ej)i,j∈N is orthonormal in H⊗2. Therefore every f (2) can be written as

f (2) =
∑
i,j≥1

f
(2)
ij ei ⊗ ej (2.21)

and
∥∥f (2)

∥∥2 =∑i,j≥1

∣∣∣f (2)
ij

∣∣∣2. Then
Uf (2) =

∑
i,j≥1

f
(2)
ij ej ⊗ ei
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=
∑
i,j≥1

f
(2)
ji ei ⊗ ej,

and so ∥∥Uf (2)
∥∥2 = ∑

i,j≥1

|f (2)
ji |2 =

∥∥f (2)
∥∥2 .

It is clear that ker(U) = {0}. Since U is self-adjoint and the range of U is closed, this

implies ran(U) = H⊗2, which proves that U is unitary.

Lemma 2.23. U defined in (2.20) satisfies the Yang–Baxter equation.

Proof. We have, for any f, g, h ∈ H,

U1U2U1f ⊗ g ⊗ h = U1U2g ⊗ f ⊗ h

= U1g ⊗ h⊗ f

= h⊗ g ⊗ f.

Similarly,

U2U1U2f ⊗ g ⊗ h = U2U1f ⊗ h⊗ g

= U2h⊗ f ⊗ g

= h⊗ g ⊗ f.

This proves that U1U2U1 = U2U1U2.

Definition 2.24. The corresponding tensor product ⊛ in this case is denoted by ⊙ is called

the symmetric tensor product. Thus,

H⊙n =
{
f (n) ∈ H⊗n | Uif

(n) = f (n) ∀i = 1, . . . , n− 1
}
.

Remark 2.25. If H = L2(X, σ), then

H⊙n =
{
f (n) ∈ L2

(
Xn, σ⊗n

)
| Uf (n) (x1, . . . , xi+1, xi, . . . , xn)

= f (n) (x1, . . . , xn) ∀i = 1, . . . , n− 1
}

=
{
f (n) ∈ L2

(
Xn, σ⊗n

)
| f (n)(xπ(1), . . . , xπ(n)) = f (n)(x1, . . . , xn) ∀π ∈ Sn

}
.

This implies that, for each π ∈ Sn, fπ(1) ⊙ · · · ⊙ fπ(n) = f1 ⊙ · · · ⊙ fn.

25



2.4 Antisymmetric tensor product

Let U ∈ L(H⊗2) be defined as follows

Uf ⊗ g = −g ⊗ f. (2.22)

The fact that U defined in (2.22) is self-adjoint, unitary and satisfies the Yang–Baxter

equation follows immediately from Lemmas 2.22, 2.23.

Definition 2.26. The corresponding tensor product ⊛ in this case is denoted by ∧ is called

the antisymmetric tensor product. Thus,

H∧n =
{
f (n) ∈ H⊗n | Uif

(n) = f (n) ∀i = 1, . . . , n− 1
}
.

Remark 2.27. If H = L2(X, σ), then

H∧n =
{
f (n) ∈ L2

(
Xn, σ⊗n

)
| Uf (n) (x1, . . . , xi+1, xi, . . . , xn)

= −f (n) (x1, . . . , xn) ∀i = 1, . . . , n− 1
}

=
{
f (n) ∈ L2

(
Xn, σ⊗n

)
| f (n)(xπ(1), . . . , xπ(n)) = sgn π f (n)(x1, . . . , xn) ∀π ∈ Sn

}
.

This implies that, for each π ∈ Sn, fπ(1) ∧ · · · ∧ fπ(n) = sgnπ f1 ∧ · · · ∧ fn.

2.5 Q-symmetric tensor product. Anyons

Let us recall some standard definitions.

Definition 2.28. A separable, completely mertizable topological space X is called a Polish

space.

Definition 2.29. A topological space X is called locally compact if every point x ∈ X has

a compact neighbourhood.

Definition 2.30. Let X be a locally compact Polish space and let B(X) be the Borel σ-

algebra on X. A measure σ on (X,B(X)) is called a Radon measure if for each compact

set K ⊂ X, σ(K) < ∞. Furthermore, if for any x ∈ X, σ({x}) = 0, then σ is called a

non-atomic measure.
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Example 2.31. Let X = Rd, which is a locally compact Polish space, and let B(Rd) be the

Borel σ-algebra on Rd. Let σ(dx) = dx be the Lebesgue measure on Rd. It is well known

that the Lebesgue measure is non-atomic.

Let X be a locally compact Polish space and let σ be a non-atomic Radon measure

on (X,B(X)).

We define

O(2) =
{
(x, y) ∈ X2 | x ̸= y

}
,

i.e., O(2) = X2 \D , where D =
{
(x, x) ∈ X2 | x ∈ X

}
. (D is the set of diagonal elements

in X2 and O(2) is the set of off-diagonal elements in X2).

Lemma 2.32. We have σ⊗2(D) = 0, so that σ⊗2 can be considered as a measure on O(2).

Proof. By Fubini’s theorem,

σ⊗2(D) =

∫
X2

χD(x, y)σ(dx)σ(dy)

=

∫
X

∫
X

χD(x, y)σ(dy)σ(dx)

=

∫
X

[∫
X

χ{x}(y)σ(dy)

]
σ(dx)

=

∫
X

σ({x})σ(dx)

=

∫
X

0σ(dx) = 0.

We similarly define, for n ≥ 3,

O(n) =
{
(x1, . . . , xn) ∈ Xn | xi ̸= xj if i ̸= j

}
.

By Lemma 2.32, σ⊗n(Xn \O(n)) = 0, so that σ⊗n can be considered as a measure on O(n).

For each n ≥ 2, we fix a symmetric set X(n) ∈ B(Xn) such that

X(n) ⊂ O(n) σ⊗n(Xn \X(n)) = 0. (2.23)

In particular, one can choose X(n) = O(n).

Letting H = L2(X, σ) (the L2-space of complex-valued σ-square integrable functions

on X), we have

H⊗n = L2(X(n), σ⊗n).
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Consider a measurable function Q : X(2) → C that satisfies, for all (x, y) ∈ X(2),

Q(x, y) = Q(y, x), (2.24)

|Q(x, y)| = 1. (2.25)

Define U ∈ L
(
L2
(
X(2), σ⊗2

))
by(

Uf (2)
)
(x, y) = Q(x, y)f (2)(y, x). (2.26)

Lemma 2.33. The linear operator U defined by (2.26) is self-adjoint and unitary.

Proof. We have, by (2.24),(
Uf (2), g(2)

)
L2(X(2),σ⊗2) =

∫
X(2)

(
Uf (2)

)
(x, y)g(2)(x, y)σ(dx)σ(dy)

=

∫
X(2)

Q(x, y)f (2)(y, x)g(2)(x, y)σ(dx)σ(dy)

=

∫
X(2)

Q(y, x)f (2)(x, y)g(2)(y, x)σ(dy)σ(dx)

=

∫
X(2)

f (2)(x, y)Q(x, y)g(2)(y, x)σ(dy)σ(dx)

=

∫
X(2)

f (2)(x, y)Ug(2)(x, y)σ(dy)σ(dx)

=
(
f (2), Ug(2)

)
L2(X(2),σ⊗2) .

Hence, U is self-adjoint. By (2.25),

∥Uf (2)∥2
L2(X(2),σ⊗2) =

∫
X(2)

∣∣Q(x, y)f (2)(y, x)
∣∣2 σ(dx)σ(dy)

=

∫
X(2)

∣∣f (2)(y, x)
∣∣2 σ(dx)σ(dy)

=

∫
X(2)

|f (2)(x, y)|2 σ(dx)σ(dy)

= ∥f (2)∥2
L2(X(2),σ⊗2),

and

ker(U) =
{
f (2) ∈ L2

(
X(2), σ⊗2

)
| Q(x, y)f (2)(y, x) = 0 σ⊗2-a.e.

}
=
{
f (2) ∈ L2

(
X(2), σ⊗2

)
| f (2)(y, x) = 0 σ⊗2-a.e.

}
=
{
f (2) ∈ L2

(
X(2), σ⊗2

)
| f (2)(x, y) = 0 σ⊗2-a.e.

}
= {0}.

Hence, U is unitary.
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Lemma 2.34. The operator U defined by (2.26) satisfies the Yang–Baxter equation (2.12).

Proof. Let f (3) ∈ L2
(
X(3), σ⊗3

)
, then(

U1f
(3)
)
(x, y, z) = Q(x, y)f (3)(y, x, z).(

U2U1f
(3)
)
(x, y, z) = Q(y, z)Q(x, z)f (3)(z, x, y).(

U1U2U1f
(3)
)
(x, y, z) = Q(x, y)Q(x, z)Q(y, z)f (3)(z, y, x).

Similarly, (
U2f

(3)
)
(x, y, z) = Q(y, z)f (3)(x, z, y).(

U1U2f
(3)
)
(x, y, z) = Q(x, y)Q(x, z)f (3)(y, z, x).(

U2U1U2f
(3)
)
(x, y, z) = Q(y, z)Q(x, z)Q(x, y)f (3)(z, y, x).

Therefore, (
U1U2U1f

(3)
)
(x, y, z) =

(
U2U1U2f

(3)
)
(x, y, z).

and this proves the lemma.

Hence, using the operator U defined by (2.26), we can construct the corresponding

spaces H⊛n. We have

H⊛n =
{
f (n) ∈ H⊗n | Uf (n) (x1, . . . , xi−1, xi, xi+1, . . . , xn)

= Q(xi, xi+1)f
(n)(x1, . . . , xi−1, xi+1, xi, xi+2, . . . , xn) ∀i = 1, . . . , n− 1

}
.

The following proposition is proved in [23].

Proposition 2.35 (Q-symmetrization formula). For each f (n) ∈ H⊗n, n ≥ 2, we have

Pnf
(n) =

1

n!

∑
π∈Sn

Qπ(x1, . . . , xn)f
(n)(xπ−1(1), . . . , xπ−1(n)), (2.27)

where for π ∈ Sn

Qπ(x1, . . . , xn) =
∏

1≤i<j≤n, π(i)>π(j)

Q(xi, xj). (2.28)

In particular, for any f1, . . . , fn ∈ HC, we have:

(f1 ⊛ · · ·⊛ fn)(x1, . . . , xn) =
1

n!

∑
π∈Sn

Qπ(x1, . . . , xn)
(
fπ(1) ⊗ · · · ⊗ fπ(n)

)
(x1, . . . , xn).
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Let now X = R2. Consider

X(2) =
{
(x, y) ∈ X2 | x1 ̸= y1

}
, (2.29)

where x = (x1, x2). Obviously, X(2) ⊂ O(2). Let σ(dx) = dx be the Lebesgue measure

on R2. Since dx = dx1 dx2 and the Lebesgue measure dx1 on R is non-atomic, we have∫
X2\X(2) dx dy = 0. Fix q ∈ C such that |q| = 1. Define

Q(x, y) :=

q, if x1 < y1,

q, if x1 > y1.

(2.30)

Such a choice of the function Q corresponds to the (Abelian) anyons.

2.6 Multicomponent quantum systems

Just as in Subsection 2.5, let X be a locally compact Polish space and let σ be a non-

atomic Radon measure on (X,B(X)). Let V be a separable complex Hilbert space, and let

B(V ) be the Borel σ-algebra on V . Let H = L2 (X → V, σ) be the L2-space of V -valued

functions on X.

Note that this space is unitarily isomorphic to the tensor product L2(X, σ)⊗ V . The

corresponding unitary isomorphism I : L2 (X → V, σ) → L2(X, σ)⊗ V satisfies, for each

f ∈ L2(X, σ) and v ∈ V , I(fv) = f ⊗ v, where (fv)(x) = f(x)v. Below we will use both

realizations of H, depending on which one is more convenient for our current purpose.

For each n ≥ 2, let X(n) ∈ B(Xn) be as in (2.23). Then

H⊗n = L2(X(n) → V ⊗n, σ⊗n) = L2(X(n), σ⊗n)⊗ V ⊗n.

We fix a map C : X(2) → L(V ⊗2) that satisfies

(i) for each (x, y) ∈ X(2), C(x, y) is a unitary operator on V ⊗2;

(ii) for each (x, y) ∈ X(2), C∗(x, y) = C(y, x).

(iii) for each measurable function f (2) : X(2) → V ⊗2, the map

X(2) ∋ (x, y) 7→ C(x, y)f (2)(x, y) ∈ V ⊗2 (2.31)
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is measurable.

We define U ∈ L(H⊗2) by

(Uf (2))(x, y) = C(x, y)f (2)(y, x) for f (2) ∈ H⊗2. (2.32)

Remark 2.36. If V = C, then any linear operator on C⊗2 = C is just an operator of

multiplication by a complex number, i.e., L(V ⊗2) = L (C). Hence in this case C is just

a measurable complex-valued function on X(2) that satisfies |C(x, y)| = 1 and C(x, y) =

C(y, x). Hence, U is the operator from Subsection 2.5.

Lemma 2.37. The operator U defined by (2.32) is unitary and self-adjoint.

Proof. We prove first that U is an isometry. We have

∥Uf (2)∥2H⊗2 =

∫
X2

∥∥C(x, y)f (2)(y, x)
∥∥2
V ⊗2 σ

⊗2(dx dy)

=

∫
X2

∥∥f (2)(y, x)
∥∥2
V ⊗2 σ

⊗2(dx dy)

=

∫
X2

∥∥f (2)(x, y)
∥∥2
V ⊗2 σ

⊗2(dx dy)

= ∥f (2)∥2H⊗2 .

Furthermore, for each g(2) ∈ H⊗2, we have g(2) = Uf (2), where

f (2)(x, y) = C(x, y)g(2)(y, x) = (Ug(2))(x, y). (2.33)

Hence ran(U) = H⊗2. Thus, U is a unitary operator.

Furthermore, by (2.33), we have U−1 = U . Since U is unitary, U∗ = U−1. Therefore,

U = U∗, i.e., U is a self-adjoint operator.

Lemma 2.38. The operator U defined by (2.32) satisfies the Yang–Baxter equation (2.12)

if and only if the following equation holds on V ⊗3 for a.a (x, y, z) ∈ X(3):

C1(x, y)C2(x, z)C1(y, z) = C2(y, z)C1(x, z)C2(x, y). (2.34)

Here Ci(·, ·) denotes the operator C(·, ·) acting on the ith and (i+ 1)th components of the

tensor product V ⊗3.
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Remark 2.39. Formula (2.34) is called the functional Yang–Baxter equation.

Proof. For any g(3) ∈ L2
(
X(3), σ⊗3

)
and v(3) ∈ V ⊗3, we have

U1

(
g(3) ⊗ v(3)

)
(x, y, z) = g(3)(y, x, z)C1 (x, y) v

(3),

U2U1

(
g(3) ⊗ v(3)

)
(x, y, z) = g(3)(z, x, y)C2(y, z)C1(x, z)v

(3),

U1U2U1

(
g(3) ⊗ v(3)

)
(x, y, z) = g(3)(z, y, x)C1(x, y)C2(x, z)C1(y, z)v

(3),

U2

(
g(3) ⊗ v(3)

)
(x, y, z) = g(3)(x, z, y)C2 (y, z) v

(3),

U1U2

(
g(3) ⊗ v(3)

)
(x, y, z) = g(3)(y, z, x)C1(x, y)C2 (x, z) v

(3),

U2U1U2

(
g(3) ⊗ v(3)

)
(x, y, z) = g(3)(z, y, x)C2(y, z)C1(x, z)C2 (x, y) v

(3).

Now we will discuss two special cases of the operator U which is defined by (2.32).

2.6.1 Constant C

Let us assume that C(x, y) = C is a constant operator. Hence, the operator C must

satisfy C = C∗ = C−1, i.e., C is self-adjoint and unitary. Formula (2.34) now becomes

C1C2C1 = C2C1C2, (2.35)

i.e., the operator C must satisfy the Yang–Baxter equation in V ⊗3.

2.6.2 Non-Abelian Anyon Quantum Systems

Just as in the end of Section 2.5, we set X = R2 and X(2) to be defined by (2.29). We will

now discuss a choice of the operator-valued function C that determines a non-Abelian

anyon quantum system.

Let C be a unitary operator in V ⊗2 and define C : X(2) → L(V ⊗2) by the formula

C(x, y) :=

C, if x1 < y1,

C∗, if x1 > y1.

(2.36)

Obviously C∗(x, y) = C(y, x) and for each measurable function f (2) : X(2) → V ⊗2, the

map (2.31) is measurable.
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Lemma 2.40. Let C : X(2) → L(V ⊗2) be defined by (2.36). Then the functional Yang–

Baxter equation (2.34) is satisfied if and only if the operator C satisfies the Yang–Baxter

equation (2.35) on V ⊗3.

Proof. We need to consider 6 cases, taking (2.36) into account.

Case 1: x1 < y1 < z1. Equation (2.34) becomes (2.35).

Case 2: y1 < x1 < z1. Equation (2.34) becomes

C∗
1C2C1 = C2C1C

∗
2 . (2.37)

Recall that, since C is unitary, C∗ = C−1. Multiplying equality (2.37) by C1 from the left

and by C2 from the right, we get C2C1C2 = C1C2C1, which is (2.35).

Case 3: x1 < z1 < y1. The equation (2.34) becomes

C1C2C
∗
1 = C∗

2C1C2. (2.38)

Since since C is unitary, C∗ = C−1. Multiplying equality (2.38) by C1 from the right and

by C2 from the left, we get C2C1C2 = C1C2C1, which is (2.35).

Case 4: y1 < z1 < x1. The equation (2.34) becomes

C∗
1C

∗
2C1 = C2C

∗
1C

∗
2 . (2.39)

Multiplying equality (2.39) by C2C1 from the left and by C2C1 from the right, we get

C1C2C1 = C2C1C2, which is (2.35).

Case 5: z1 < y1 < x1. The equation (2.34) becomes

C∗
1C

∗
2C

∗
1 = C∗

2C
∗
1C

∗
2 . (2.40)

Take the adjoint of both sides of (2.40), we get C1C2C1 = C2C1C2, which is (2.35).

Case 6: z1 < x1 < y1. The equation (2.34) becomes

C1C
∗
2C

∗
1 = C∗

2C
∗
1C2. (2.41)

Multiplying equality (2.41) by C1C2 from the right and by C1C2 from the left, we get

C1C2C1 = C2C1C2, which is (2.35).
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Definition 2.41. For n ∈ N, n ≥ 2. A braid group Bn is defined as the group generated

by elements σ1, σ2, . . . , σn that satisfy the braid relations

σiσi+1σi = σi+1σiσi+1 if i ∈ {1, 2, . . . , n− 1}, (2.42)

σiσj = σjσi if |i− j| ≥ 2. (2.43)

Let V = C and recall Remark 2.36. As any operators of multiplication by a constant

on V ⊗(n+1) = C⊗(n+1) = C commute, any constant q ∈ C with |q| = 1 determines an

Abelian anyon statistics.

Next assume that the Hilbert space V is arbitrary, q ∈ C with |q| = 1, and let C = q id,

where id is the identity operator. It is clear that C is a unitary operator. Furthermore,

we obviously have

σiσi+1 = σi+1σi = q2 id .

Therefore C determines an Abelian anyon statistics.

We will now consider several examples of C that determines a non-Abelian anyon

statistics.

2.6.3 Examples

We first consider the simplest case where non-Abelian anyon statistics are possible: V =

C2. We assume that (e1, e2) is an orthonormal basis of V . Then V ⊗2 = C4 and

(
e1 ⊗ e1, e1 ⊗ e2, e2 ⊗ e1, e2 ⊗ e2

)
is an orthonormal basis of V ⊗2. In this basis, we will identify linear operators on V ⊗4

with 4× 4 matrices acting on column vectors.

Example 2.42. Consider the operator C given by the matrix

C =


q1 0 0 0

0 0 q3 0

0 q2 0 0

0 0 0 q4

 .
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Here, qi ∈ C and |qi| = 1 , i = 1, 2, 3, 4. It is equivalent to

Ce1 ⊗ e1 = q1e1 ⊗ e1,

Ce1 ⊗ e2 = q3e2 ⊗ e1,

Ce2 ⊗ e1 = q2e1 ⊗ e2,

Ce2 ⊗ e2 = q4e2 ⊗ e2.

It is obvious that C is unitary.

Now we show that C satisfies the Yang–Baxter equation (2.35). We see that

(
e1⊗e1⊗e1, e1⊗e1⊗e2, e1⊗e2⊗e1, e2⊗e1⊗e1, e2⊗e2⊗e1, e2⊗e1⊗e2, e2⊗e2⊗e1, e2⊗e2⊗e2

)
is an orthonormal basis in V ⊗3 =

(
C2)3. We obviously have

C1C2C1e1 ⊗ e1 ⊗ e1 = C2C1C2e1 ⊗ e1 ⊗ e1 = q31e1 ⊗ e1 ⊗ e1,

C1C2C1e2 ⊗ e2 ⊗ e2 = C2C1C2e2 ⊗ e1 ⊗ e1 = q34e2 ⊗ e1 ⊗ e1.

Furthermore,

C1C2C1e1 ⊗ e2 ⊗ e1 = C1C2q3e2 ⊗ e1 ⊗ e1

= C1q3q1e2 ⊗ e1 ⊗ e1

= q1q2q3e1 ⊗ e2 ⊗ e1.

C2C1C2e1 ⊗ e2 ⊗ e1 = C2C1q2e1 ⊗ e1 ⊗ e2

= C2q1q2e1 ⊗ e1 ⊗ e2

= q1q2q3e1 ⊗ e2 ⊗ e1 = C1C2C1e1 ⊗ e2 ⊗ e1.

C1C2C1e2 ⊗ e1 ⊗ e2 = C1C2q2e1 ⊗ e2 ⊗ e2

= C1q4q2e1 ⊗ e2 ⊗ e2

= q2q3q4e2 ⊗ e1 ⊗ e2.

C2C1C2e2 ⊗ e1 ⊗ e2 = C2C1q3e2 ⊗ e2 ⊗ e1

= C2q4q3e2 ⊗ e2 ⊗ e1

= q2q3q4e2 ⊗ e1 ⊗ e2 = C1C2C1e2 ⊗ e1 ⊗ e2,
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and so forth.

The matrix C determines a non-Abelian anyon statistics, i.e., C1C2 ̸= C2C1. Indeed,

C1C2e1 ⊗ e2 ⊗ e1 = C1q2e1 ⊗ e1 ⊗ e2 = q1q2e1 ⊗ e1 ⊗ e2,

C2C1e1 ⊗ e2 ⊗ e1 = C2q3e2 ⊗ e1 ⊗ e1 = q1q3e2 ⊗ e1 ⊗ e1.

Let us now consider the special case where q1 = k1 ∈ {−1, 1}, q4 = k2 ∈ {−1, 1},

q3 = q ∈ C, |q| = 1, and q2 = q̄, i.e.,

C =


k1 0 0 0

0 0 q 0

0 q̄ 0 0

0 0 0 k2

 .

In this case, we additionally have C = C∗. Hence, the operator U is determined by the

constant matrix C.

Example 2.43. Consider the operator C given by the matrix

C =


0 0 0 q2

0 q1 0 0

0 0 q1 0

q2 0 0 0

 .

Here, qi ∈ C and |qi| = 1, i = 1, 2. It is equivalent to

Ce1 ⊗ e1 = q2e2 ⊗ e2,

Ce1 ⊗ e2 = q1e1 ⊗ e2,

Ce2 ⊗ e1 = q1e2 ⊗ e1,

Ce2 ⊗ e2 = q2e1 ⊗ e1.

Similarly to Example 2.42, C is unitary and satisfies the Yang–Baxter equation (2.35).

Furthermore, the matrix C determines a non-Abelian anyon statistics, i.e., C1C2 ̸= C2C1.

36



Let us consider the special case where q2 = q ∈ C, |q| = 1 and k = q1 ∈ {−1, 1}, i.e.,

C =


0 0 0 q

0 k 0 0

0 0 k 0

q 0 0 0

 .

In this case, we additionally have C = C∗. Hence, the operator U is determined by the

constant matrix C.

Example 2.44. This example will be crucial for the dissertation. It generalizes Exam-

ple 2.42 as follows. Let V be a separable complex Hilbert space and let (ei)i≥1 be an

orthonormal basis in V . Then (ei ⊗ ej)i,j≥1 is an orthonormal basis in V ⊗2. Fix an

arbitrary sequence of qij ∈ C such that |qij| = 1. Define C ∈ L(V ⊗2) by

Cei ⊗ ej = qijej ⊗ ei. (2.44)

It is clear that C is unitary. We state that C satisfies the Yang–Baxter equation (2.35).

Indeed, for any i, j, k ≥ 1, we have

C1C2C1ei ⊗ ej ⊗ ek = qijC1C2ej ⊗ ei ⊗ ek

= qijqikC1ej ⊗ ek ⊗ ei

= qijqikqjkek ⊗ ej ⊗ ei,

C2C1C2ei ⊗ ej ⊗ ek = qjkC2C1ei ⊗ ek ⊗ ej

= qjkqikC2ek ⊗ ei ⊗ ej

= qjkqikqijek ⊗ ej ⊗ ei.

If qij = qji, in particular qii = ki ∈ {−1, 1}, then C = C∗.

Next,

C1C2ei ⊗ ej ⊗ ek = qjkqikek ⊗ ei ⊗ ej,

C2C1ei ⊗ ej ⊗ ek = qijqikej ⊗ ek ⊗ ei.

Hence, C is non-Abelian for any choice of qij if the dimension of V is ≥ 2.
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Example 2.45. Let S be a locally compact Polish space and let ν be a Radon measure

on S. Define V = L2 (S, ν). Consider a function q : S2 → C such that |q(s, t)| = 1 and

q(s, t) = q(t, s) for all (s, t) ∈ S2. Define C : V ⊗2 → V ⊗2 by

(Cφ) (s, t) = q(s, t)φ(t, s). (2.45)

By Lemma 2.34, the operator C satisfies the Yang–Baxter equation (2.35). Moreover

C1C2φ(s, t, u) = C1q(t, u)φ(s, u, t)

= q(s, t)q(s, u)φ(t, u, s),

C2C1φ(s, t, u) = C2q(s, t)φ(t, s, u)

= q(t, u)q(s, u)φ(u, s, t).

Hence, if the measure ν is not concentrated at a single point (i.e., if V is not one-

dimensional), we obtain C1C2 ̸= C2C1, and so C is non-Abelian.

Consider the special case where the set S is discrete, i.e., S = {si}i≥1 and ν is the

counting measure, i.e., ν ({si})i≥1 = 1 for all i. Define

ei(t) :=

1, if t = si,

0, otherwise .

Then (ei)i≥1 is an orthonormal basis of V . If we denote

qij = q(si, sj),

then this example becomes Example 2.44.

2.7 Creation operators on the U-deformed Fock space

Let H be complex separable Hilbert space and let an operator U ∈ L(H⊗2) be as in

Subsection 2.2.2, i.e., U is unitary, self-adjoint and satisfies the Yang–Baxter equation

(2.12).
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Definition 2.46. We define the U-deformed Fock space over H by

F(H) =
∞⊕
n=0

Fn(H). (2.46)

Here F0(H) := C and for n ∈ N, Fn(H) := H⊛nn!, i.e., Fn(H) coinsides with H⊛n as a

set and ∥f (n)∥2Fn(H) = ∥f (n)∥2H⊛n n! for each f (n) ∈ H⊛n.

The vector Ω = (1, 0, 0, . . . ) is called the vacuum.

Definition 2.47. We denote by Ffin(H) the subspace of F(H) that consists of all finite

sequences f =
(
f (0), f (1), . . . , f (n), 0, 0, 0, . . .

)
with f (i) ∈ Fi(H) and n ∈ N. We equip

Ffin(H) with the topology of the topological direct sum of the F (n)(H) spaces.

Thus, the convergence of a sequence in Ffin(H) means a uniform finiteness of the

elements of the sequence and the coordinate-wise convergence of non-zero coordinates.

We denote by L (Ffin(H)) the space of all continuous linear operators on Ffin(H).

Definition 2.48. Let h ∈ H. We define a creation operator a+(h) as the linear operator

on Ffin(H) given by

a+(h)Ω = h,

a+(h)f (n) = h⊛ f (n), f (n) ∈ Fn(H). (2.47)

Lemma 2.49. For each h ∈ H, a+(h) ∈ L(Ffin(H)).

Proof. Since a+(h) maps each Fn(H) into Fn+1(H) it is sufficient to prove that a+(h) is

bounded as a linear operator from Fn(H) into Fn+1(H). For n = 0, we obviously have

∥a+(h)f (0)∥F1(H) = ∥h∥H |f (0)|, f (0) ∈ F0(H) = C,

and for each f (n) ∈ Fn(H), n ∈ N,

∥a+(h)f (n)∥Fn+1(H) = ∥a+(h)f (n)∥H⊛(n+1)

√
(n+ 1)!

= ∥Pn+1(h⊗ f (n))∥H⊗(n+1)

√
(n+ 1)!

≤ ∥h⊗ f (n)∥H⊗(n+1)

√
(n+ 1)!

= ∥h∥H∥f (n)∥H⊗n

√
(n+ 1)!

39



= ∥h∥H∥f (n)∥H⊛n

√
(n+ 1)!

= ∥h∥H∥f (n)∥Fn(H)

√
n+ 1 .

Therefore,

∥a+(h)∥L(Fn(H),Fn+1(H)) ≤ ∥h∥H
√
n+ 1 .

Definition 2.50. Let g(2) ∈ H⊗2. We define a double creation operator a++(g(2)) as the

linear operator on Ffin(H) given by

a++
(
g(2)
)
Ω = P2g

(2), (2.48)

a++
(
g(2)
)
f (n) = Pn+2

(
g(2) ⊗ f (n)

)
=
(
P2g

(2)
)
⊛ f (n), f (n) ∈ Fn(H), n ∈ N. (2.49)

Lemma 2.51. For each g(2) ∈ H⊗2 , a++(g(2)) ∈ L(Ffin(H)).

Proof. Similar to the proof of Lemma 2.49. We only note that

∥a++(g(2))∥L(Fn(H),Fn+2(H)) ≤ ∥P2g
(2)∥H⊛2

√
(n+ 1)(n+ 2) . (2.50)

.

If g, h ∈ H, we obviously have

a+(g)a+(h) = a++(g ⊗ h). (2.51)

Furthermore, we have the following

Lemma 2.52. Let (ei)i≥1 be an orthonormal basis in H. Then, for any g(2) ∈ H⊗2,

a++
(
g(2)
)
=
∑
i,j≥1

(g(2), ei ⊗ ej)H⊗2 a+(ei)a
+(ej). (2.52)

For each n ≥ 0, the series on the right-hand side of formula (2.52) converges in the norm

of the space L(Fn(H),Fn+2(H)).

Proof. We first note that formula (2.50) implies

∥a++(g(2))∥L(Fn(H),Fn+2(H)) ≤ ∥g(2)∥H⊗2

√
(n+ 1)(n+ 2) .

From here and (2.51), the statement follows.
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Proposition 2.53. (i) Let g(2) ∈ H⊗2. We have a++(g(2)) = 0 if and only if Ug(2) =

−g(2), i.e., the function g(2) is −U-symmetric.

(ii) For each g(2) ∈ H⊗2,

a++(g(2)) = a++(Ug(2)). (2.53)

In particular, for any g, h ∈ H we obtain

a+(g)a+(h) = a++ (Ug ⊗ h) , (2.54)

which is called the commutation relation between creation operators.

Proof. (i) We first state that a++(g(2)) = 0 if and only if P2g
(2) = 0. Indeed, if P2g

(2) = 0,

then, by (2.48) and (2.49), a++(g(2)) = 0. If P2g
(2) ̸= 0, then, by (2.48), a++(g(2))Ω =

P2g
(2) ̸= 0.

Since P2 =
1
2
(1+ U), we have P2g

(2) = 0 if and only if Ug(2) = −g(2).

(ii) Consider R2 :=
1
2
(1−U), which is the orthogonal projection of H⊗2 onto the space

of −U -symmetric functions. Then, by part (i), for each g(2) ∈ H⊗2, a++(R2g
(2)) = 0. By

linearity, this implies (2.53). From here and (2.51), formula (2.54) follows.

Example 2.54. Let U = 1 be the identity operator. In this case, ⊛ is the usual tensor

product ⊗, and the corresponding Fock space is the full Fock space. For future purposes,

it will be convenient for us to denote this space by F(H) =
⊕∞

n=0 Fn(H), where Fn(H) :=

H⊗nn!. The subspace of F(H) consisting of ‘finite vectors’ will be denoted by Ffin(H).

The corresponding creation operators are called free creation operators. We will denote

these operators by a+free(h). In particular, a+free(h) maps Ffin(H) into itself. Equality

(2.53) becomes now trivial, so there are no commutation relations between free creation

operators.

Example 2.55. In the case of the symmetric tensor product, we get Ug⊗h = h⊗g. Hence,

by (2.54),

a+(g)a+(h) = a+(h)a+(g).

Example 2.56. In the case of the antisymmetric tensor product, we get Ug⊗ h = −h⊗ g.

Hence, by (2.54),

a+(g)a+(h) = −a+(h)a+(g).
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Example 2.57. Recall the Q-symmetric tensor product discussed in Section 2.5. In par-

ticular, H = L2(X, σ), Q : X(2) → C and

(
Uf (2)

)
(x, y) = Q(x, y)f (2)(y, x).

We formally introduce creation operators a+(x) at points x ∈ X that satisfy

a+(h) =

∫
X

h(x)a+(x)σ(dx), h ∈ H. (2.55)

In view of Lemma 2.52, we then formally write

a++(g(2)) =

∫
X2

g(2)(x, y)a+(x)a+(y)σ(dx)σ(dy), g(2) ∈ H⊗2. (2.56)

Our aim is to find the commutation relation between a+(x) and a+(y). We have

a++
(
g(2)
)
= a++

(
Ug(2)

)
,

=

∫
X2

(
Ug(2)

)
(x, y)a+(x)a+(y)σ(dx)σ(dy),

=

∫
X2

Q(x, y)g(2)(y, x)a+(x)a+(y)σ(dx)σ(dy),

=

∫
X2

g(2)(x, y)Q(y, x)a+(y)a+(x)σ(dx)σ(dy). (2.57)

Hence, by (2.56) and (2.57), we get the formal commutation relation

a+(x)a+(y) = Q(y, x)a+(y)a+(x). (2.58)

Example 2.58. Let S be a locally compact Polish space and let ν be a Radon measure

on S. Let V = L2(S, ν) be the complex L2-space on S with respect to the measure

ν. In particular, V is a separable Hilbert space. With this space V let us consider

the multicomponent quantum systems discussed in Subsection 2.6. In particular, X is a

locally compact Polish space, σ is a non-atomic Radon measure on X and

H = L2(X → V, σ) = L2(X, σ)⊗ V = L2(X, σ)⊗ L2(S, ν) = L2(X × S, σ ⊗ ν).

Hence,

H⊗2 = L2((X × S)2, (σ ⊗ ν)⊗2) = L2(X(2) × S2, σ⊗2 ⊗ ν⊗2).
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Recall the map C : X(2) → L(V ⊗2) from Subsection 2.6. In particular, for each (x, y) ∈

X(2), C(x, y) is a unitary operator in V ⊗2 = L2(S2, ν⊗2). We will assume that C(x, y) is

an integral operator with integral kernel C(x, y, s, t, u, v),(
C(x, y)φ(2)

)
(s, t) =

∫
S2

C(x, y, s, t, u, v)φ(2)(u, v) ν(du) ν(dv) (2.59)

for φ(2) ∈ L2(S2, ν⊗2).

Remark 2.59. We note that the above assumptions on the structure of the vector space

V and the form of the operators C(x, y) do not essentially lead us to a loss of generality.

Indeed, let V be a general separable Hilbert space. If V is finite-dimensional, choose

S = {1, 2, . . . , n}, where n is the dimension of V , and if V is infinite dimensional, choose

V = N. Let ν be the counting measure on S. Fix an arbitrary orthonormal basis (ei)i∈S

in V . Construct the unitary operator I : V → L2(S, ν) that satisfies Iei = δi, where

δi(u) =

1, if u = i,

0, otherwise.

Let C ∈ L(V ⊗2). Define C ∈ L(L2(S, ν)) by C = I⊗2C(I⊗2)−1. Then S is an integral

operator with integral kernel C(s, t, u, v), where C(s, t, u, v) is the matrix of the operator

C in the orthonormal basis (ei ⊗ ej)i,j∈S.

However, sometimes one can use V = L2(S, ν) where S is a continuum, for example,

S = R and ν(ds) = ds. In that case, one typically can only think of (2.59) only as an

informal equality. Still such an informal interpretation of the operators C(x, y) would be

useful.

By (2.32) and (2.59), for g(2) ∈ H⊗2, we have(
Ug(2)

)
(x, y, s, t) =

(
C(x, y)g(2)(y, x, ·, ·)

)
(s, t)

=

∫
S2

C(x, y, s, t, u, v) g(2)(y, x, u, v) ν(du) ν(dv). (2.60)

Similarly to Example 2.57, formula (2.55), we define creation operators a+(x, s) at

points (x, s) ∈ X × S so that, for each h ∈ H,

a+(h) =

∫
X×S

h(x, s) a+(x, s)σ(dx) ν(ds).
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Then, similarly to (2.56), for each g(2) ∈ H⊗2,

a++
(
g(2)
)
=

∫
X2×S2

g(2)(x, y, s, t) a+(x, s) a+(y, t)σ(dx)σ(dy) ν(ds) ν(dt). (2.61)

Now, we aim to find out the commutation relation between a+(x, s) and a+(y, t).

Indeed, we have

a++
(
g(2)
)
= a++

(
Ug(2)

)
=

∫
X2×S2

(
Ug(2)

)
(x, y, s, t) a+(x, s) a+(y, t)σ(dx)σ(dy) ν(ds) ν(dt),

=

∫
X2×S4

C(x, y, s, t, u, v)g(2)(y, x, u, v) a+(x, s) a+(y, t)

× σ(dx)σ(dy) ν(du) ν(dv) ν(ds) ν(dt).

Swapping the variables x↔ y, s↔ u, t↔ v, we get

a++
(
g(2)
)
=

∫
X2×S4

C(y, x, u, v, s, t)g(2)(x, y, s, t) a+(y, u) a+(x, v)

× σ(dx)σ(dy) ν(du) ν(dv) ν(ds) ν(dt)

=

∫
X2×S2

g(2)(x, y, s, t)

(∫
S2

C(y, x, u, v, s, t)a+(y, u) a+(x, v) ν(du) ν(dv)

)
× σ(dx)σ(dy) ν(ds) ν(dt). (2.62)

By (2.61) and (2.62),

a+(x, s) a+(y, t) =

∫
S2

C(y, x, u, v, s, t) a+(y, u)a+(x, v) ν(du) ν(dv). (2.63)

For a fixed x ∈ X, let us formally think of a+(x) = a+(x, ·) as an operator-valued

function on S. Furthermore, we formally denote, for fixed x, y ∈ X,(
a+(x)⊗ a+(y)

)
(s, t) := a+(x, s)a+(y, t).

Thus, a+(x)⊗ a+(y) is an operator-valued function on S2. By (2.63),(
a+(x)⊗ a+(y)

)
(s, t) =

∫
S2

C(y, x, u, v, s, t)
(
a+(y)⊗ a+(x)

)
(u, v) ν(du) ν(dv). (2.64)

If K ∈ L (V ⊗2), then the transposed operator of K, denoted by KT , is defined by∫
S2

(
Kφ(2)

)
(s, t)ψ(2)(s, t) ν(ds) ν(dt) =

∫
S2

φ(2)(s, t)
(
KTψ(2)

)
(s, t) ν(ds) ν(dt).
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for any φ(2), ψ(2) ∈ V ⊗2. If K is an integral operator with integral kernel K(s, t, u, v),

then KT is an integral operator with integral kernel K(u, v, s, t).

Then, we formally have

(
CT (y, x)a+(y)⊗ a+(x)

)
(s, t) =

∫
S2

C(y, x, u, v, s, t)
(
a+(x)⊗ a+(y)

)
(u, v) ν(du) ν(dv).

(2.65)

Now, by (2.64) and (2.65), we obtain the formal commutation relation

a+(x)⊗ a+(y) = CT (y, x)a+(y)⊗ a+(x). (2.66)

In the case of Abelian anyons, the space V is one dimensional, equivalently, V = {x},

ν({x}) = 1. Then QT (y, x) = Q(y, x) and so the commutation relation (2.66) becomes

the commutation relation (2.58).

In the case of non-Abelian anyons, the operators C(x, y) are given by (2.36). We

formally think of C as an integral operator with integral kernel C(s, t, u, v). Then C∗ has

an integral kernel C(u, v, s, t). Therefore, if x1 > y1, we obtain

a+(x)⊗ a+(y) = (C∗)Ta+(y)⊗ a+(x).

The operator (C∗)T has integral kernel C(s, t, u, v). This implies

a+(x, s)a+(y, t) =

∫
S2

C(s, t, u, v) a+(y, u) a+(x, v) ν(du) ν(dv).

Similarly, if x1 < y1,

a+(x, s)a+(y, t) =

∫
S2

C(u, v, s, t) a+(y, u) a+(x, v) ν(du) ν(dv).

2.8 Annihilation operators on the U-deformed Fock

space

We make the same assumptions as in Section 2.7.

We now fix an operator J : H → H that satisfies the following assumptions:

� J is antilinear, i.e., for any f, g ∈ H and a, b ∈ C, J(af + bg) = āJf + b̄Jg;
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� J is an involution, i.e., J2 = 1;

� for any f, g ∈ H,

(Jf, Jg)H = (g, f)H.

For each h ∈ H, we define an annihilation operator a−(h) : Ffin(H) → Ffin(H) by

a−(h) = a+(Jh)∗ ↾Ffin(H) . (2.67)

Here a+(Jh)∗ is the adjoint of the operator a+(Jh) in F(H).

Let us now show that the above definition indeed makes sense and find the explicit

form of the action of the annihilation operator a−(h). We start with the easy case where

U = 1 and the corresponding Fock space is the full (also called free) Fock space, F(H), see

Example 2.54. Analogously to free creation operators, we now call annihilation operators

free annihilation operators and denote them by a−free(h).

For any f (n−1), g(n−1) ∈ H⊗(n−1) and h, u ∈ H, we have

(a+free(h)g
(n−1), u⊗ f (n−1))F(H) = (h⊗ g(n−1), u⊗ f (n−1))H⊗n n!

= (h, u)H(g
(n−1), f (n−1))H⊗(n−1) n!

= n(h, u)H(g
(n−1), f (n−1))F(H)

= (g(n−1), n(u, Jh)H f
(n−1))F(H).

Hence the operator a−free(h) : Ffin(H) → Ffin(H) is well defined and

a−free(h)(u⊗ f (n−1)) = n(u, Jh)H f
(n−1). (2.68)

We now consider the case of a general operator U and the corresponding U -deformed

Fock space F(H). For any h ∈ H, g(n−1) ∈ H⊛(n−1), and f (n) ∈ H⊛n,

(a+(h)g(n−1), f (n))F(H) = (h⊛ g(n−1), f (n))H⊛nn!

= (Pn(h⊗ g(n−1)), f (n))H⊗nn!

= (h⊗ g(n−1), f (n))H⊗nn!

= (a+free(h)g
(n−1), f (n))H⊗nn!
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= (g(n−1), a−free(Jh)f
(n))H⊗(n−1)(n− 1)! . (2.69)

We state that a−free(Jh)f
(n) ∈ H⊛(n−1). Indeed, let u(n−1) ∈ H⊗(n−1) and g(n−1) =

Pn−1u
(n−1). Then, similarly to (2.69), we calculate, by using Proposition 2.19,

(a+(h)g(n−1), f (n))F(H) = (Pn(h⊗ g(n−1)), f (n))H⊗nn!

= (Pn(1H ⊗ Pn−1)(h⊗ u(n−1)), f (n))H⊗nn!

= (Pn(h⊗ u(n−1)), f (n))H⊗nn!

= (h⊗ u(n−1), f (n))H⊗nn!

= (u(n−1), a−free(Jh)f
(n))H⊗(n−1)(n− 1)! . (2.70)

By (2.69) and (2.70)

(g(n−1), a−free(Jh)f
(n))H⊗(n−1) = (Pn−1u

(n−1), a−free(Jh)f
(n))H⊗(n−1)

= (u(n−1), Pn−1a
−
free(Jh)f

(n))H⊗(n−1) . (2.71)

Since (2.71) holds for all u(n−1) ∈ H⊗(n−1), we get

a−free(Jh)f
(n) = Pn−1a

−
free(Jh)f

(n),

and so a−free(Jh)f
(n) ∈ H⊛(n−1).

Now, by (2.69),

(a+(h)g(n−1), f (n))F(H) = (g(n−1), a−free(Jh)f
(n))H⊛(n−1)(n− 1)!

= (g(n−1), a−free(Jh)f
(n))F(H).

Proposition 2.60. (i) For each h ∈ H, the annihilation operator a−(h) : Ffin(H) →

Ffin(H) is well-defined and acts as follows: for each f (n) ∈ H⊛n,

a−(h)f (n) = a−free(h)f
(n), (2.72)

where the free annihilation operator a−free(h) : Ffin(H) → Ffin(H) is given by (2.68).

(ii) For each u(n) ∈ H⊗n,

a−(h)Pnu
(n) =

1

n
a−free(h) (1H ⊗ Pn−1) [1+ U1 + U1U2 + · · ·+ U1U2 · · ·Un−1]u

(n) (2.73)
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=
1

n
Pn−1 a

−
free(h) [1+ U1 + U1U2 + · · ·+ U1U2 · · ·Un−1]u

(n). (2.74)

In particular, for any f1, . . . , fn ∈ H,

a−(h)(f1 ⊛ · · ·⊛ fn)

=
1

n
Pn−1 a

−
free(h) [1+ U1 + U1U2 + · · ·+ U1U2 · · ·Un−1] (f1 ⊗ · · · ⊗ fn). (2.75)

Proof. Statement (i) is already proved. Formula (2.73) follows from (i) and Proposi-

tion 2.21. Formula (2.74) follows from (2.73) and the obvious formula

a−free(h) (1H ⊗ Pn−1) = Pn−1a
−
free(h) on H⊗n.

We show now examples.

Example 2.61. Recall that in the symmetric tensor product, U is given by

Uf ⊗ g = g ⊗ f. (2.76)

We have

U1U2 · · ·Uk−1(f1 ⊗ f2 ⊗ · · · ⊗ fn) = fk ⊗ f1 ⊗ f2 ⊗ · · · ⊗ fk−1 ⊗ fk+1 ⊗ · · · ⊗ fn.

Then

(1⊗ Pn−1) [1+ U1 + U1U2 + · · ·+ U1U2 · · ·Un−1] f1 ⊗ f2 ⊗ · · · ⊗ fn

= f1 ⊗ (f2 ⊛ · · ·⊛ fn) + f2 ⊗ (f1 ⊛ f3 ⊛ · · ·⊛ fn) + · · ·+ fn ⊗ (f1 ⊛ · · ·⊛ fn−1) .

Thus, by formula (2.75),

a−(h)f1 ⊛ f2 ⊛ · · ·⊛ fn

= (f1, Jh)Hf2 ⊛ f3 ⊛ · · ·⊛ fn + (f2, Jh)Hf1 ⊛ f3 ⊛ · · ·⊛ fn

+ · · ·+ (fn, Jh)Hf1 ⊛ f2 ⊛ · · ·⊛ fn−1

=
n∑

i=1

(fi, Jh)H f1 ⊛ f2 ⊛ · · ·⊛ f̌i ⊛ · · ·⊛ fn,

where f̌i denotes the absence of fi.
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Example 2.62. Recall that, for the antisymmetric tensor product, U is given by

Uf ⊗ g = −g ⊗ f. (2.77)

Similar to the Example 2.61, by using Proposition 2.60, we obtain

a−(h)f1 ⊛ f2 ⊛ · · ·⊛ fn =
n∑

i=1

(−1)i−1 (fi, Jh)H f1 ⊛ f2 ⊛ · · ·⊛ f̌i ⊛ · · ·⊛ fn

Example 2.63. Let H = L2 (X, σ) where X and σ are as in Section 2.5. Recall that, for

the Q-symmetric tensor product, the operator U is given by(
Uf (2)

)
(x, y) = Q(x, y)f (2)(y, x).

Now, we need to find the formula for a−(h). For k ∈ {1, 2 . . . , n− 1}, we have

(Ukf
(n)) (x1, . . . , xn) = Q(xk, xk+1)f

(n) (x1, . . . , xk−1, xk+1, xk, xk+2, . . . , xn) ,

(Uk−1Ukf
(n)) (x1, . . . , xn)

= Q(xk−1, xk)Q(xk−1, xk+1)f
(n)(x1, . . . , xk−2, xk, xk+1, xk−1, xk+2, . . . , xn),

(Uk−2Uk−1Ukf
(n) (x1, . . . , xn) = Q(xk−2, xk−1)Q(xk−2, xk)Q(xk−2, xk+1)

× f (n)(x1, . . . , xk−3, xk−1, xk, xk+1, xk−2, xk+2, . . . ).

Continuing similarly, we obtain

(U1U2 · · ·Ukf
(n)) (x1, . . . , xn) = Q(x1, x2)Q(x1, x3) · · ·Q(x1, xk+1)

× f (n)(x2, x3, . . . , xk+1, x1, xk+2, . . . , xn),

which we may write in the form

(U1U2 · · ·Ukf
(n)) (y, x1, . . . , xn−1) = Q(y, x1)Q(y, x2) · · ·Q(y, xk)

× f (n)(x1, . . . , xk, y, xk+1, . . . , xn−1), (2.78)

Therefore, by formula (2.74), we have(
a−(h)f (n)

)
(x1, x2, . . . , xn−1)

= Pn−1

(∫
X

σ(dy)h(y)

[
f (n)(y, x1, x2, . . . , xn−1)

+
n−1∑
k=1

Q(y, x1)Q(y, x2) · · ·Q(y, xk)f (n)(x1, . . . , xk, y, xk+1, . . . , xn−1)

])
. (2.79)
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We next consider a multicomponent quantum system.

Theorem 2.64. Consider a multicomponent quantum system as in Example 2.58, and

(at least formally) we think think of C(x, y) as an integral operator with integral kernel

C(x, y, s, t, u, v), see (2.59). Then, for each h ∈ H,

a−(h)f (n)(x1, . . . , xn−1, s1, . . . , sn−1)

= Pn−1

(∫
X

σ(dy)

∫
S

ν(dt)h(y, t)

[
f (n)(y, x1, . . . , xn−1, t, s1, . . . , sn−1)

+
n−1∑
k=1

∫
S2k

k+1∏
i=1

ν(dui)
k−1∏
j=2

ν(du′j)C(y, x1, t, s1, u1, u
′
2)

( k∏
l=2

C(y, xl, u
′
l, sl, ul, u

′
l+1)

)
× f (n)(x1, . . . , xk, y, xk+1, . . . , xn−1, t, u1, u2, . . . , uk+1, sk+1, sk+2, . . . , sn−1)

])
.

Proof. We first consider the simplified setting. So we consider the Hilbert space G =

L2(S, ν), and let U be an operator in G⊗2 = L2 (S2, ν⊗2) defined by(
Ug(2)

)
(s, t) =

∫
S2

C(s, t, u, v) g(2)(u, v) ν(du) ν(dv). (2.80)

Lemma 2.65. For any g(n) ∈ G⊗n and k ∈ {1, 2, . . . , n− 1}, we have(
U1U2 · · · Ukg

(n)
)
(s1, s2, . . . , sn)

=

∫
S2k

k+1∏
i=1

ν(dui)
k∏

j=2

ν(du′j)

× C(s1, s2, u1, u
′
2)

( k∏
l=2

C(u′l, sl+1, ul, u
′
l+1)

)
g(n)(u1, u2, . . . , uk+1, sk+2, . . . , sn).

(2.81)

Proof. We have(
Ukg

(n)
)
(s1, s2, . . . , sn)

=

∫
S2

ν(duk)ν(duk+1)C (sk, sk+1, uk, uk+1) g
(n) (s1, . . . , sk−1, uk, uk+1, sk+2, . . . , sn) ,(

Uk−1Ukg
(n)
)
(s1, s2, . . . , sn)

=

∫
S4

ν(duk−1)ν(duk)ν(duk+1)ν(du
′
k)C(sk−1, sk, uk−1, u

′
k)C(u

′
k, sk+1, uk, uk+1)

× g(n) (s1, . . . , sk−2, uk−1, uk, uk+1, sk+2, . . . , sn) ,
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(
Uk−2Uk−1Ukg

(n)
)
(s1, s2, . . . , sn)

=

∫
S6

ν(duk−2)ν(duk−1)ν(duk)ν(duk+1)ν(du
′
k−1)ν(du

′
k)

× C(sk−2, sk−1, uk−2, u
′
k−1)C(u

′
k−1, sk, uk−1, u

′
k)C(u

′
k, sk+1, uk, uk+1)

× g(n) (s1, . . . , sk−3, uk−2, uk−1, uk, uk+1, sk+2, . . . , sn) .

Continuing similarly, we get (2.82).

We now rewrite formula (2.82) as follows:

(
U1U2 · · · Ukg

(n)
)
(t, s1, . . . , sn−1) =

∫
S2k

k+1∏
i=1

ν(dui)
k∏

j=2

ν(du′j)

× C(t, s1, u1, u
′
2)

( k∏
l=2

C(u′l, sl, ul, u
′
l+1)

)
g(n)(u1, u2, . . . , uk+1, sk+1, . . . , sn−1). (2.82)

Lemma 2.66. For any f (n) ∈ H⊗(n) and k ∈ {1, 2, . . . , n− 1}, we have(
U1U2 · · ·Ukf

(n)
)
(y, x1, . . . , xn−1, t, s1, . . . , sn−1)

= C(y, x1, t, s1, u1, u
′
2)

( k∏
l=2

C(y, xl, u
′
l, sl, ul, u

′
l+1)

)
× f (n)(x1, . . . , xk, y, xk+1, . . . , xn−1, t, u1, u2, . . . , uk+1, sk+1, sk+2, . . . , sn−1). (2.83)

Proof. Formula (2.83) is obtained by combining the arguments used to prove formula

(2.79) in the case of the Q-symmetric tensor product and the arguments used to prove

formula (2.82).

Finally, the statement of the Theorem 2.64 follows from Proposition 2.60 and Lemma 2.66.

Similarly to Definition 2.50, we will now introduce a double annihilation operator. We

start with the free case, where U = 1. Then we have the free Fock space F(H) and the

subspace of F(H) consisting of finite vectors, Ffin(H).

Let J be antilinear involution in H such that (Jf, Jg)H = (g, f) for any f, g ∈ H.

Then J can be extended to an antilinear involution in H⊗2 such that

J(f ⊗ g) = (Jf)⊗ (Jg).
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Next, we define a continuous antilinear operator S : H⊗2 → H⊗2 satisfying

Sf ⊗ g = J(g ⊗ f) = (Jg)⊗ (Jf). (2.84)

Note that S is an involution on H⊗2, i.e., S2 = 1.

Definition 2.67. Let g(2) ∈ H⊗2. The free double annihilation operator a−−
free(g

(2)) ∈

L(Ffin(H)) is defined by

a−−
free

(
g(2)
)
= a++

free

(
Sg(2)

)∗
↾Ffin(H) . (2.85)

Remark 2.68. The fact that formula (2.85) indeed defines an operator from L(Ffin(H))

follows immediately from Lemma 2.51.

Proposition 2.69. For any g, h ∈ H, we have

a−−
free(g ⊗ h) = a−free(g)a

−
free(h). (2.86)

Proof. By (2.51), (2.84), and (2.85), we get

a−−
free(g ⊗ h) = a++

free (S (g ⊗ h))∗ ↾Ffin(H)

= a++
free ((Jh)⊗ (Jg))∗ ↾Ffin(H)

=
(
a+free(Jh)a

+
free(Jg)

)∗
↾Ffin(H)

= a+free(Jg)
∗a+free(Jh)

∗ ↾Ffin(H)

= a−free(g)a
−
free(h).

Proposition 2.70. For any u(2), g(2) ∈ H⊗2 and f (n) ∈ H⊗n, we have

a−−
free

(
g(2)
) (
u(2) ⊗ f (n)

)
= (n+ 2)(n+ 1)

(
u(2),S g(2)

)
H⊗2 f

(n). (2.87)

Proof. Let h(n) ∈ H⊗n. Then

(
a++
free

(
g(2)
)
h(n), u(2) ⊗ f (n)

)
F(H)

=
(
g(2) ⊗ h(n), u(2) ⊗ f (n)

)
H⊗(n+2) (n+ 2)!

=
(
g(2), u(2)

)
H⊗2

(
h(n), f (n)

)
H⊗n (n+ 2)(n+ 1)n!

=
(
g(2), u(2)

)
H⊗2

(
h(n), f (n)

)
F(H)

(n+ 2)(n+ 1)

=
(
h(n), (n+ 2)(n+ 1)

(
u(2), g(2)

)
H⊗2 f

(n)
)
F(H)

.
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This implies that

a++
free

(
g(2)
)∗ (

u(2) ⊗ f (n)
)
= (n+ 2)(n+ 1)

(
u(2), g(2)

)
H⊗2 f

(n).

Thus,

a−−
free

(
g(2)
) (
u(2) ⊗ f (n)

)
= (n+ 2)(n+ 1)

(
u(2),Sg(2)

)
H⊗2 f

(n).

Proposition 2.71. Let (ei)i≥1 be an orthonormal basis in H. Then, for any g(2) ∈ H⊗2,

a−−
free

(
g(2)
)
=
∑
i,j≥1

(g(2), ei ⊗ ej)H⊗2 a−free(ei)a
−
free(ej). (2.88)

For each n ≥ 0, the series on the right-hand side of formula (2.106) converges in the

norm of the space L (Fn+2(H),Fn(H)).

Proof. Let u(2) ∈ H⊗2 and f (n) ∈ H⊗n. By Propositions 2.69 and 2.70, we have∑
i,j≥1

(g(2), ei ⊗ ej)H⊗2 a−free(ei)a
−
free(ej)(u

(2) ⊗ f (n))

=
∑
i,j≥1

(g(2), ei ⊗ ej)H⊗2 a−−
free(ei ⊗ ej)(u

(2) ⊗ f (n))

= (n+ 2)(n+ 1)
∑
i,j≥1

(
g(2), ei ⊗ ej

)
H⊗2

(
u(2),S ei ⊗ ej

)
H⊗2 f

(n)

= (n+ 2)(n+ 1)

(
u(2),S

∑
i,j≥1

(
g(2), ei ⊗ ej

)
H⊗2 ei ⊗ ej

)
H⊗2

f (n)

= (n+ 2)(n+ 1)
(
u(2),S g(2)

)
H⊗2 f

(n)

= a−−
free

(
g(2)
) (
u(2) ⊗ f (n)

)
.

The statement of the proposition about the convergence follows immediately from the

observation

∥a−−
free(g

(2))∥L(Fn+2(H),Fn(H)) =
√

(n+ 2)(n+ 1) ∥g(2)∥H⊗2 .

We now proceed to consider the general case.

Definition 2.72. In the general case, we define, for each g(2) ∈ H⊗2,

a−−(g(2)) = a++
(
Sg(2)

)∗
↾Ffin(H) .

53



Proposition 2.73. For any f (n) ∈ H⊛n and g(2) ∈ H⊗2,

a−− (g(2)) f (n) = a−−
free

(
g(2)
)
f (n). (2.89)

Proof. By (2.49) and (2.85), we have for h(n−2) ∈ H⊛(n−2),

(
a++

(
S g(2)

)
h(n−2), f (n)

)
F(H)

=
(
Pn

((
S g(2)

)
⊗ h(n−2)

)
, f (n)

)
H⊛n n!

=
((
S g(2)

)
⊗ h(n−2), f (n)

)
H⊗n n!

=
(
a++
free

(
S g(2)

)
h(n−2), f (n)

)
H⊗n n!

=
(
a++
free

(
S g(2)

)
h(n−2), f (n)

)
F(H)

=
(
h(n−2), a−−

free

(
g(2)
)
f (n)

)
F(H)

=
(
h(n−2), Pn−2 a

−−
free

(
g(2)
)
f (n)

)
F(H)

=
(
h(n−2), Pn−2 a

−−
free

(
g(2)
)
f (n)

)
F(H)

.

Thus

a−− (g(2)) f (n) = Pn−2 a
−−
free

(
g(2)
)
f (n). (2.90)

Now, our aim is to get rid of Pn−2. By Proposition 2.60. (i) and by Proposition 2.71,

a−−
free

(
g(2)
)
f (n) =

∑
i,j≥1

(g(2), ei ⊗ ej)H⊗2 a−free(ei)a
−
free(ej)f

(n)

=
∑
i,j≥1

(g(2), ei ⊗ ej)H⊗2 a−(ei)a
−(ej)f

(n). (2.91)

Since a−(ei)a
−(ej)f

(n) ∈ H⊛(n−2), then the whole expression on the right hand-side of

the equality (2.91) is in H⊛(n−2). Therefore,

a−−
free

(
g(2)
)
f (n) = Pn−2 a

−−
free

(
g(2)
)
f (n),

and this proves (2.89).

Below, for an operator A ∈ L(H⊗2), we define an operator Â ∈ L(H⊗2) by

Â := SAS.
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Proposition 2.74. (i) Let g(2) ∈ H⊗2. We have a−− (g(2)) = 0 if and only if −Ûg(2) =

g(2), i.e., the function g(2) is −Û symmetric.

(ii) For each g(2) ∈ H⊗2,

a−− (g(2)) = a−−
(
Ûg(2)

)
. (2.92)

Proof. (i) By Proposition 2.53 (i), we have

a−− (g(2)) = a++
(
Sg(2)

)∗
↾Ffin(H)= 0 ⇔ a++

(
Sg(2)

)
= 0 ⇔ −USg(2) = Sg(2)

⇔ −SUSg(2) = g(2) ⇔ −Ûg(2) = g(2).

(ii) By Proposition 2.53 (ii), we have

a−− (g(2)) = a++
(
Sg(2)

)∗
↾Ffin(H)

= a++
(
USg(2)

)∗
↾Ffin(H)

= a++
(
S2USg(2)

)∗
↾Ffin(H)

= a++
(
SÛg(2)

)∗
↾Ffin(H)

= a−−
(
Ûg(2)

)
.

Example 2.75. Consider the Q-symmetric tensor product discussed in Section 2.5. In

particular, H = L2(X, σ), Q : X(2) → C and

(
Uf (2)

)
(x, y) = Q(x, y)f (2)(y, x).

In this case, the operator S acts as follows:

(Sf (2))(x, y) = f (2)(y, x), f (2) ∈ H⊗2. (2.93)

Hence,

(USf (2))(x, y) = Q(x, y) f (2)(x, y),

and so

(Ûf (2))(x, y) = (SUSf (2))(x, y) = Q(y, x) f (2)(y, x)

= Q(x, y)f (2)(y, x) = (Uf (2))(x, y).
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Therefore Û = U .

Hence, similarly to (2.58), we get

a−(x)a−(y) = Q(y, x)a−(y)a−(x). (2.94)

Example 2.76. Consider the multicomponent quantum system discussed in Section 2.6. In

particular, the operator U is given by formula (2.32). Let us find the operator Û = SUS.

For any f, g ∈ H = L2 (X → V, σ), we have

(f ⊗ g)(x, y) = f(x)⊗ g(y).

By (2.84),

(Sf ⊗ g) (x, y) = ((Jg)⊗ (Jf)) (x, y)

= (Jg(x))⊗ (Jf(y)) . (2.95)

Define an antilinear operator SV ⊗2 : V ⊗2 → V ⊗2 by

SV ⊗2 u⊗ v = (Jv)⊗ (Ju), u, v ∈ V. (2.96)

Further, we define a linear operator E : H⊗2 → H⊗2 by

(
Ef (2)

)
(x, y) = f (2)(y, x), f (2) ∈ H⊗2. (2.97)

Then, by (2.95)–(2.97), we have

S = ESV ⊗2 = SV ⊗2 E.

Therefore,

Û = SV ⊗2 EUESV ⊗2 .

Note that (
Uf (2)

)
(x, y) = C(x, y)E f (2)(x, y). (2.98)

Hence, for f (2) ∈ H⊗2

(
Ûf (2)

)
(x, y) = SV ⊗2 EC(x, y)EESV ⊗2 f (2)(x, y)
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= SV ⊗2 EC(x, y)SV ⊗2 f (2)(x, y)

= SV ⊗2 C(y, x)SV ⊗2 f (2)(y, x). (2.99)

For a linear operator A ∈ L (V ⊗2), we define Â = SV ⊗2 A SV ⊗2 . Then, by (2.99)

(
Ûf (2)

)
(x, y) = Ĉ(y, x)f (2)(y, x). (2.100)

Let now V = L2 (S, ν) and the operator C(x, y) be as in Example 2.58, in particular,

(2.59) holds. Let us find the operator U in this case.

To this end, let us assume that A ∈ L (V ⊗2) is an integral operator, i.e.,

(
Aφ(2)

)
(s, t) =

∫
S2

A(s, t, u, v)φ(2)(u, v)ν(du)ν(dv).

Since (
SV ⊗2 φ(2)

)
(s, t) = φ(2)(t, s),

we have

(
ASV ⊗2 φ(2)

)
(s, t) =

∫
S2

A(s, t, u, v)φ(2)(v, u)ν(du)ν(dv).

Hence,

(
Âφ(2)

)
(s, t) =

∫
S2

A(t, s, u, v)φ(2)(v, u)ν(du)ν(dv)

=

∫
S2

A(t, s, u, v)φ(2)(v, u)ν(du)ν(dv)

=

∫
S2

A(t, s, v, u)φ(2)(u, v)ν(du)ν(dv).

Thus, the integral kernel of Â is

Â(s, t, u, v) = A(t, s, v, u). (2.101)

By (2.100) and (2.101),

(
Ûf (2)

)
(x, y, s, t) =

∫
S2

Ĉ(y, x, s, t, u, v)f (2)(y, x, u, v)ν(du)ν(dv)

=

∫
S2

C(y, x, t, s, v, u)f (2)(y, x, u, v)ν(du)ν(dv). (2.102)
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Remark 2.77. Since C(y, x) = C∗(x, y), formula (2.102) implies that(
Ûf (2)(y, x, s, t)

)
=

∫
S2

C(x, y, v, u, t, s)f (2)(y, x, u, v)ν(du)ν(dv). (2.103)

Now, we will derive the commutation relation between a−(x, s) and a−(y, t) analo-

gously to the commutation relation between a+(x, s) and a+(y, t). We have

a−− (f (2)
)
=

∫
X2×S2

f (2)(x, y)a−(x)⊗ a−(y)σ(dx)σ(dy), (2.104)

and by (2.100),

a−− (f (2)
)
= a−−(Ûf (2)

)
=

∫
X2×S2

(
Ûf (2)

)
(x, y, s, t) a−(x, s) a−(y, t)σ(dx)σ(dy) ν(ds) ν(dt),

=

∫
X2×S2

(
Ĉ(y, x) f (2)(y, x, ·, ·)

)
(s, t) a−(x, s) a−(y, t)σ(dx)σ(dy) ν(ds) ν(dt)

=

∫
X2×S2

(
Ĉ(x, y) f (2)(x, y, ·, ·)

)
(s, t) a−(y, s) a−(x, t)σ(dx)σ(dy) ν(ds) ν(dt)

=

∫
X2×S2

f (2)(x, y, s, t) ĈT (x, y)
(
a−(y, ·) a−(x, ·)

)
(s, t)σ(dx)σ(dy) ν(ds) ν(dt).

Hence,

a−(x)⊗ a−(y) = ĈT (x, y)a−(y)⊗ a−(x). (2.105)

2.9 Commutation between creation and annihilation

operators

We will now find the commutation relations between a−(h) and a+(g).

Definition 2.78. Let (ei)i≥1 be an orthonormal basis in H. Then, for any g(2) ∈ H⊗2, we

define a+−
free

(
g(2)
)
on Ffin(H) by

a+−
free

(
g(2)
)
=
∑
i,j≥1

(g(2), ei ⊗ ej)H⊗2 a+free(ei)a
−
free(ej). (2.106)

Remark 2.79. As we will see from Proposition 2.80 below, the definition of a+−
free

(
g(2)
)
does

not depend on the choice of an orthonormal basis (ei)i≥1.
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Proposition 2.80. For each n ≥ 1, the series on the right-hand side of formula (2.106)

converges in the norm of the space L (Fn(H)). Furthermore, for any g, h ∈ H,

a+−
free (g ⊗ h) = a+free(g)a

−
free(h). (2.107)

Proof. We initially prove the first statement of the proposition for n = 1. Let M,N ∈ N

and u ∈ H, we have

M∑
i=1

N∑
j=1

(
g(2), ei ⊗ ej

)
H⊗2 a

+
free(ei) a

−
free(ej)u

=
M∑
i=1

(
N∑
j=1

(
g(2), ei ⊗ ej

)
H⊗2 (u, Jej)H

)
ei .

By Cauchy’s inequality,∥∥∥∥∥
M∑
i=1

(
N∑
j=1

(
g(2), ei ⊗ ej

)
H⊗2 (u, Jej)H

)
ei

∥∥∥∥∥
2

H

=
M∑
i=1

∣∣∣∣∣
N∑
j=1

(
g(2), ei ⊗ ej

)
H⊗2 (u, Jej)H

∣∣∣∣∣
2

⩽
M∑
i=1

N∑
j=1

∣∣(g(2), ei ⊗ ej
)
H⊗2

∣∣2 N∑
l=1

|(u, Jel)H|
2

⩽

(
M∑
i=1

N∑
j=1

∣∣(g(2), ei ⊗ ej
)
H⊗2

∣∣2)∑
l⩾1

|(u, Jel)H|
2

= ∥g(2)M,N∥
2
H⊗2 ∥u∥2,

where

g
(2)
M,N =

M∑
i=1

N∑
j=1

(
g(2), ei ⊗ ej

)
H⊗2 ei ⊗ ej.

From here the statement follows, and furthermore we obtain

∥a+−
free

(
g(2)
)
u∥H ⩽ ∥g(2)∥H⊗2 ∥u∥H.

Therefore,

∥a+−
free

(
g(2)
)
∥L(F1(H)) ⩽ ∥g(2)∥H⊗2 .
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For n ⩾ 2, similar calculations give, for u(n) ∈ H⊗n,

∥a+−
free

(
g(2)
)
∥(L(Fn(H)) ⩽ n∥g(2)∥H⊗2 .

Next, for g, h ∈ H,

a+−
free (g ⊗ h) =

∑
i,j≥1

(g ⊗ h, ei ⊗ ej)H⊗2 a
+
free(ei) a

−
free(ej)

=
∑
i≥1

(g, ei)H a
+
free(ei)

∑
j≥1

(h, ej)H a
−
free(ej)

= a+free(g)a
−
free(h).

Definition 2.81. For any g(2) ∈ H⊗2, we define a+− (g(2)) on Ffin(H) by

a+−(g(2))f (n) = Pn a
+−
free

(
g(2)
)
f (n), f (n) ∈ Fn(H). (2.108)

Proposition 2.82. If (ei)i≥1 is an orthonormal basis in H, then

a+− (g(2)) = ∑
i,j≥1

(g(2), ei ⊗ ej)H⊗2 a+(ei)a
−(ej). (2.109)

Furthermore, for each n ∈ N, the series on the right-hand side of (2.109) is strongly

convergent in L (Fn(H)).

Proof. By Proposition 2.60 (i), for any g(2) ∈ H⊗2 and f (n) ∈ Fn(H),

a+− (g(2)) f (n) = Pn a
+−
free

(
g(2)
)
f (n)

= Pn

∑
i,j≥1

(g(2), ei ⊗ ej)H⊗2 a+free(ei)a
−
free(ej)f

(n)

=
∑
i,j≥1

(g(2), ei ⊗ ej)H⊗2 Pna
+
free(ei)a

−
free(ej)f

(n)

=
∑
i,j≥1

(g(2), ei ⊗ ej)H⊗2

(
Pna

+
free(ei)

)
a−free(ej)f

(n)

=
∑
i,j≥1

(g(2), ei ⊗ ej)H⊗2 a+(ei) a
−(ej)f

(n),

where the series converges in Fn(H). .
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In order to determine a commutation relation between the creation and annihilation

operators, we first calculate a−(h)a+(g) applied to a vector u ∈ F1(H). We have

a−(g)a+(h)u = a−(g)h⊛ u

= a−(g)P2(h⊗ u)

= a−free(g)P2(h⊗ u)

= a−free(g)
1

2
(1+ U)h⊗ u

=
1

2

[
a−free(g)h⊗ u+ a−free(g)Uh⊗ u

]
= (h, Jg)H u+

1

2
a−free(g)Uh⊗ u. (2.110)

Let Ũ ∈ L (H⊗2) . Then

a+−
(
Ũg ⊗ h

)
u =

∑
i,j≥1

(
Ũg ⊗ h, ei ⊗ ej

)
H⊗2

a+(ei)a
−(ej)u

=
∑
i,j≥1

(
Ũg ⊗ h, ei ⊗ ej

)
H⊗2

(u, Jej)H ei. (2.111)

Let f ∈ H. Then(
1

2
a−free(g)Uh⊗ u, f

)
H
=

1

2

(
Uh⊗ u, a+free(Jg)f

)
F2(H)

= (Uh⊗ u, (Jg)⊗ f)H⊗2 , (2.112)

and, by (2.111),(
a+−(Ũg ⊗ h)u, f

)
H
=
∑
i,j≥1

(
Ũg ⊗ h, ei ⊗ ej

)
H⊗2

(u, Jej)H(ei, f)H

=
∑
i,j≥1

(
Ũg ⊗ h, ei ⊗ ej

)
H⊗2

(ej, Ju)H(ei, f)H

=
∑
i,j≥1

(
Ũg ⊗ h, ei ⊗ ej

)
H⊗2

(ei ⊗ ej, f ⊗ (Ju))

=

(
Ũg ⊗ h,

∑
i,j≥1

(f ⊗ (Ju), ei ⊗ ej)ei ⊗ ej

)
H⊗2

=
(
Ũg ⊗ h, f ⊗ (Ju)

)
H⊗2

. (2.113)
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Assume that

(U(h⊗ u), (Jg)⊗ f)H⊗2 = (Ũg ⊗ h, f ⊗ (Ju))H⊗2 . (2.114)

Then by (2.110) and (2.112)–(2.114), we obtain

a−(g)a+(h)u = (h, Jg)Hu+ a+−(Ũg ⊗ h)u (2.115)

We will now see that the above calculations can be generalised to the case where

u ∈ F1(H) can be replaced with f (n) ∈ Fn(H) for any n.

Theorem 2.83. Assume that there exists an operator Ũ ∈ L (H⊗2) that satisfies, for all

u1, u2, u3, u4 ∈ H such that Jui = ui (i = 1, 2, 3, 4),

(Uu1 ⊗ u2, u3 ⊗ u4)H⊗2 = (Ũu3 ⊗ u1, u4 ⊗ u2)H⊗2 . (2.116)

Then, for any g, h ∈ H, we have

a−(g)a+(h) = (h, Jg)H + a+−(Ũg ⊗ h). (2.117)

Remark 2.84. If Ũ exists, then it is unique.

Remark 2.85. Formula (2.116) is equivalent to requiring that, for any u1, u2, u3, u4 ∈ H,

(Uu1 ⊗ u2, u3 ⊗ u4)H⊗2 = (Ũ(Ju3)⊗ u1, u4 ⊗ (Ju2)). (2.118)

Remark 2.86. The operator Ũ satisfying (2.116) or (2.118) always exists if the Hilbert

space H is finite-dimensional. In the case of an infinite dimensional Hilbert space H, we

shall see that this formula is satisfied in all special cases we are interested in.

Proof of Theorem 2.83. We divide the proof into several steps.

Step 1. Let f (n) ∈ Fn(H). By Proposition 2.60, (i), we have

a−(g)a+(h)f (n) = a−(g)Pn+1

[
h⊗ f (n)

]
= a−free(g)Pn+1

[
h⊗ f (n)

]
.

By Proposition 2.21, formula (2.18),

a−(g)a+(h)f (n)
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= a−free(g)
1

n+ 1
[1+ U1 + U2U1 + · · ·+ UnUn−1 · · ·U1] (1H ⊗ Pn)h⊗ f (n)

= a−free(g)
1

n+ 1
[1+ U1 + U2U1 + · · ·+ UnUn−1 · · ·U1]h⊗ f (n). (2.119)

Step 2. We note that

a−free(g)
1

n+ 1
h⊗ f (n) = (h, Jg)H f

(n). (2.120)

Step 3. We will now prove the following lemma.

Lemma 2.87. Let n ≥ 3 and i = 2, 3, . . . , n− 1. Then

a−free(g)Ui = Ui−1a
−
free(g) (2.121)

on H⊗n.

Proof. Due to the continuity, we only need to check the equality

a−free(g)Uif1 ⊗ f2 ⊗ f3 ⊗ · · · ⊗ fn = Ui−1a
−
free(g)f1 ⊗ f2 ⊗ f3 ⊗ · · · ⊗ fn (2.122)

for any f1, . . . , fn ∈ H. We have

a−free(g)Uif1 ⊗ · · · ⊗ fi ⊗ fi+1 ⊗ · · · ⊗ fn

= a−free(g)f1 ⊗ · · · ⊗ (Ufi ⊗ fi+1)⊗ · · · ⊗ fn

= n (f1, Jg)H f2 ⊗ · · · ⊗ (Ufi ⊗ fi+1)⊗ · · · ⊗ fn

= n (f1, Jg)H Ui−1f2 ⊗ · · · ⊗ fi ⊗ fi+1 ⊗ · · · ⊗ fn

= Ui−1 n (f1, Jg)H f2 ⊗ · · · ⊗ fi ⊗ fi+1 ⊗ · · · ⊗ fn

= Ui−1a
−
free(g)f1 ⊗ · · · ⊗ fi ⊗ fi+1 ⊗ · · · ⊗ fn.

This proves (2.122).

Step 4. By Lemma 2.87,

a−free(g)
1

n+ 1
[U1 + U2U1 + · · ·+ UnUn−1 · · ·U1]h⊗ f (n)

=
1

n+ 1

[
a−free(g)U1 + U1a

−
free(g)U1 + · · ·+ Un−1 · · ·U1a

−
free(g)U1

]
h⊗ f (n)

=
1

n+ 1
[1+ U1 + U2U1 + · · ·+ Un−1Un−2 · · ·U1] a

−
free(g)U1h⊗ f (n).
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Step 5. Without loss the generality, we next look at the case when

f (n) = f1 ⊗ f2 ⊗ · · · ⊗ fn.

In this case,

a−free(g)U1h⊗ f (n) = a−free(g)U1 h⊗ f1 ⊗ f2 ⊗ · · · ⊗ fn

= a−free(g) (Uh⊗ f1)⊗ f2 ⊗ · · · ⊗ fn

=
n+ 1

2

(
a−free(g)Uh⊗ f1

)
⊗ f2 ⊗ · · · ⊗ fn.

By formulas (2.112)–(2.113)–(2.114)

1

2
a−free(g)Uh⊗ f1 = a+−(Ũg ⊗ h)f1 = a+−

free(Ũg ⊗ h)f1.

Therefore,

a−free(g)U1h⊗ f (n) = (n+ 1)
(
a+−
free(Ũg ⊗ h)f1

)
⊗ f2 ⊗ · · · ⊗ fn

=
n+ 1

n
a+−
free(Ũg ⊗ h)f1 ⊗ f2 ⊗ · · · ⊗ fn.

Step 6. By Steps 4 and 5, Proposition 2.21, formula (2.18), and formula (2.109),

a−free(g)
1

n+ 1
[U1 + U2U1 + · · ·+ UnUn−1 · · ·U1]h⊗ f (n)

=
1

n
[1+ U1 + U2U1 + · · ·+ Un−1Un−2 · · ·U1] a

+−
free(Ũg ⊗ h)f (n)

=
1

n
[1+ U1 + U2U1 + · · ·+ Un−1Un−2 · · ·U1] (1H ⊗ Pn−1) a

+−
free(Ũg ⊗ h)f (n)

= Pna
+−
free(Ũg ⊗ h)f (n)

= a+−(Ũg ⊗ h)f (n). (2.123)

By (2.119), (2.120), and (2.123), the theorem follows.

Example 2.88. Recall that, for the symmetric tensor product, U is given by Uf⊗g = g⊗f .

Therefore, for any u1, u2, u3, u4 ∈ H such that Jui = ui,

(Uu1 ⊗ u2, u3 ⊗ u4)H⊗2 = (u2 ⊗ u1, u3 ⊗ u4)H⊗2

= (u2, u3)H (u1, u4)H,
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(Uu3 ⊗ u1, u4 ⊗ u2)H⊗2 = (u1 ⊗ u3, u4 ⊗ u2)H⊗2

= (u1, u4)H (u3, u2)H.

This implies that U = Ũ .

By Proposition 2.53 (ii), Proposition 2.74 (ii), and Theorem 2.83.

Example 2.89. Recall that, for the antisymmetric tensor product, U is given by Uf ⊗ g =

−g ⊗ f . Similarly to Example 2.88, we conclude that U = Ũ .

Example 2.90. Recall the Q-symmetric tensor product discussed in Section 2.5. In par-

ticular, H = L2(X, σ), Q : X(2) → C and

(
Uf (2)

)
(x, y) = Q(x, y)f (2)(y, x).

We shall find the formula of Ũ . Let f (2) ∈ H⊗2. Then, for any u1, u2, u3, u4 ∈ H such

that Jui = ui,

(Uu1 ⊗ u2, u3 ⊗ u4)H⊗2 =

∫
X2

(Uu1 ⊗ u2) (x, y) (u3 ⊗ u4) (x, y)σ(dx)σ(dy)

=

∫
X2

Q(x, y)(u1 ⊗ u2)(y, x)u3(x)u4(y)σ(dx)σ(dy)

=

∫
X2

Q(x, y)u1(y)u2(x)u3(x)u4(y)σ(dx)σ(dy).

Swapping the variables x↔ y,

(Uu1 ⊗ u2, u3 ⊗ u4)H⊗2 =

∫
X2

Q(y, x)u1(x)u2(y)u3(y)u4(x)σ(dx)σ(dy)

=

∫
X2

(
Q(y, x)u1(x)u3(y)

)
u2(y)u4(x)σ(dx)σ(dy)

=

∫
X2

(Q(y, x)(u3 ⊗ u1)(y, x)) (u4 ⊗ u2)(x, y)σ(dx)σ(dy)

=

∫
X2

(
Ũ(u3 ⊗ u1)(y, x)

)
(u4 ⊗ u2)(x, y)σ(dx)σ(dy)

=
(
Ũu3 ⊗ u1, u4 ⊗ u2

)
H⊗2

,

where

Ũf (2)(x, y) = Q(y, x)f (2)(y, x). (2.124)

65



Example 2.91. We consider the case of a multicomponent quantum system as discussed

in Section 2.6. In particular, H = L2 (X → V, σ) and the operator U is given by (2.32).

Then, for any u1, u2, u3, u4 ∈ H such that Jui = ui,

(Uu1 ⊗ u2, u3 ⊗ u4)H⊗2 =

∫
X(2)

(
(Uu1 ⊗ u2)(x, y), (u3 ⊗ u4)(x, y)

)
V ⊗2 σ(dx)σ(dy)

=

∫
X(2)

(
C(x, y)u1(y)⊗ u2(x), u3(x)⊗ u4(y)

)
V ⊗2 σ(dx)σ(dy).

Swapping the variables x↔ y, we obtain

(Uu1 ⊗ u2, u3 ⊗ u4)H⊗2 =

∫
X(2)

(
C(y, x)u1(x)⊗ u2(y), u3(y)⊗ u4(x)

)
V ⊗2 σ(dx)σ(dy).

(2.125)

For an operator C ∈ L(V ⊗2), we denote by C̃ the operator from L(V ⊗2) satisfying

(Cv1 ⊗ v2, v3 ⊗ v4)V ⊗2 = (C̃v3 ⊗ v1, v4 ⊗ v2)V ⊗2

for all v1, v2, v3, v4 ∈ V such that Jvi = vi (i = 1, 2, 3, 4). (We have assumed that C̃

exists.)

Assuming that C̃(x, y) exists for all (x, y) ∈ X(2), we obtain from (2.125)

(Uu1 ⊗ u2, u3 ⊗ u4)H⊗2 =

∫
X(2)

(
C̃(y, x)u3(y)⊗ u1(x), u4(x)⊗ u2(y)

)
V ⊗2 σ(dx)σ(dy)

= (Ũu3 ⊗ u1, u4 ⊗ u2)H⊗2 ,

where

(Ũf (2))(x, y) = C̃(y, x)f (2)(y, x), f (2) ∈ H⊗2, (2.126)

compare with (2.124).

Next, similarly to Example 2.58, let us assume that V = L2 (S, ν) and let us think (at

least informally) of an operator C ∈ L(V ⊗2) as an integral operator with integral kernel

C(s, t, u, v). Let us find the operator C̃. Let g1, g2, g3, g4 ∈ V be real-valued. Then

(Cg1 ⊗ g2, g3 ⊗ g4)V ⊗2 =

∫
S4

C(s, t, u, v)g1(u)g2(v)g3(s)g4(t)ν(du)ν(dv)ν(ds)ν(dt).

Changing the variables

t→ s, s→ u, u→ v, v → t,
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we get

(Cg1 ⊗ g2, g3 ⊗ g4)V ⊗2

=

∫
S4

C(u, s, v, t)g1(v)g2(t)g3(u)g4(s)ν(du)ν(dv)ν(ds)ν(dt)

=

∫
S2

(∫
S2

C(u, s, v, t)g3(u)g1(v)ν(du)ν(dv)

)
g4(s)g2(t)ν(ds)ν(dt)

=

∫
S2

(∫
S2

C(u, s, v, t)(g3 ⊗ g1)(u, v)ν(du)ν(dv)

)
(g4 ⊗ g2) (s, t)ν(ds)ν(dt)

=
(
C̃g3 ⊗ g1, g4 ⊗ g2

)
V ⊗2

.

Here, for g(2) ∈ V ⊗2,(
C̃g(2)

)
(s, t) =

∫
S2

C̃(s, t, u, v)g(2)(u, v)ν(du)ν(dv), (2.127)

where

C̃(s, t, u, v) = C(u, s, v, t). (2.128)

Let us now think (at least informally) of C(x, y) as an integral operator with integral

kernel C(x, y, s, t, u, v). Then, by (2.126)–(2.128), for any f (2) ∈ H⊗2,

(Ũf (2))(x, y, s, t) =

∫
S2

C(y, x, u, s, v, t)f (2)(y, x, u, v)ν(du)ν(dv). (2.129)

2.10 Conclusions

We aim in this section to briefly sum up the main results we discussed regarding the

commutation of creation and annihilation operators.

Corollary 2.92 (The general case). Let H be a separable complex Hilbert space, and

let U ∈ L(H⊗2) be a self-adjoint, unitary operator satisfying the Yang–Baxter equation

(2.12). Furthermore, assume that there exists an operator Ũ ∈ L (H⊗2) that satisfies

(2.118) for any u1, u2, u3, u4 ∈ H. Then the creation and annihilation operators in the

U-deformed Fock space F(H) satisfy the following commutation relations.

(i) For any g(2) ∈ H⊗2, we have

a++
(
g(2)
)
= a++

(
Ug(2)

)
.
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In particular, for any g, h ∈ H,

a+(g)a+(h) = a++ (Ug ⊗ h) .

(ii) For any g(2) ∈ H⊗2, we have

a−− (g(2)) = a−−
(
Ûg(2)

)
.

In particular, for any g, h ∈ H,

a−(g)a−(h) = a−−
(
Ûg ⊗ h

)
.

Here Û = SUS, where Sf ⊗ g = (Jg)⊗ (Jf).

(iii) For any g, h ∈ H,

a−(g)a+(h) = (h, Jg)H + a+−
(
Ũg ⊗ h

)
.

Corollary 2.93 (Q-symmetric tensor product, Abelian anyons). Let X be a locally com-

pact Polish space, and let σ be a non-atomic Radon measure on X. Let H = L2(X, σ).

Let X(2) be a symmetric subset of X2 such that, for any (x, y) ∈ X2 x ̸= y, and

σ⊗2(X2 \ X(2)) = 0. Let Q : X(2) → C satisfy (2.24), (2.25), and let U ∈ L(H⊗2)

be given by (
Uf (2)

)
(x, y) = Q(x, y)f (2)(y, x).

Then the creation and annihilation operators in the U-deformed Fock space F(H) satisfy

the following commutation relations.

(i) For g(2) ∈ H⊗2,∫
X(2)

g(2)(x, y)a+(x)a+(y)σ(dx)σ(dy) =

∫
X(2)

g(2)(x, y)Q(y, x)a+(y)a+(x)σ(dx)σ(dy),∫
X(2)

g(2)(x, y)a−(x)a−(y)σ(dx)σ(dy) =

∫
X(2)

g(2)(x, y)Q(y, x)a−(y)a−(x)σ(dx)σ(dy),

and for any g, h ∈ H∫
X(2)

g(x)h(y)a−(x)a+(y)σ(dx)σ(dy) =

∫
X

g(x)h(x)σ(dx)

+

∫
X(2)

Q(x, y)g(x)h(y)a+(y)a−(x)σ(dx)σ(dy).
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These relations can be formally written as

a+(x)a+(y) = Q(y, x)a+(y)a+(x),

a−(x)a−(y) = Q(y, x)a−(y)a−(x),

a−(x)a+(y) = δ(x, y) +Q(x, y)a+(y)a−(x). (2.130)

Here, δ(x, y) satisfies, for g, h ∈ H,∫
X(2)

g(x)h(y)δ(x, y)σ(dx)σ(dy) =

∫
X

g(x)h(x)σ(dx). (2.131)

(ii) In particular, in the case of Abelian anyons, X = R2, σ(dx) = dx = dx1 dx2,

H = L2(R2, dx), X(2) is given by (2.29), Q(x, y) is given by (2.30) with q ∈ C, |q| = 1,

for any x, y ∈ R2 with x1 < y1

a+(x)a+(y) = q̄a+(y)a+(x),

a−(x)a−(y) = q̄a−(y)a−(x),

a−(x)a+(y) = δ(x, y) + qa+(y)a−(x),

and for any x, y ∈ R2 with x1 > y1

a+(x)a+(y) = qa+(y)a+(x),

a−(x)a−(y) = qa−(y)a−(x),

a−(x)a+(y) = δ(x, y) + q̄a+(y)a−(x).

Corollary 2.94 (Multicomponent system, non-Abelian anyons). Let X, σ, and X(2) be as

in Corollary 2.93. Let S be a locally compact Polish space and let ν be a Radon measure on

S. Let V = L2 (S, ν) and denote ⟨v, w⟩V =
∫
S
v(s)w(s)ν(ds) for v, w ∈ V , and similarly

⟨v(2), w(2)⟩V ⊗2 =
∫
S2 v

(2)(s, t)w(2)(s, t)ν(ds)ν(dt) for v(2), w(2) ∈ V ⊗2 = L2(S2, ν⊗2).

Let H = L2(X → V, σ) = L2(X × S, σ ⊗ ν), hence H⊗2 = L2(X(2) → V ⊗2, σ⊗2) =

L2(X(2) × S2, σ⊗2 ⊗ ν⊗2). Let C : X(2) → L(V ⊗2) be such that, for each (x, y) ∈ X(2),

C(x, y) is unitary, C∗(x, y) = C(y, x), and (2.31) holds. We also assume that each C(x, y)

is an integral operator in V ⊗2 with integral kernel C(x, y, s, t, u, v).

Let U ∈ L(H⊗2) be given by

(Uf (2))(x, y) = C(x, y)f (2)(y, x).

69



Consider the creation and annihilation operators in the corresponding U-deformed Fock

space F(H). We will formally write

a+(g) =

∫
X

⟨g(x), a+(x)⟩V σ(dx),

a−(g) =

∫
X

⟨g(x), a−(x)⟩V σ(dx)

for g ∈ H. Similarly, for g(2) ∈ H⊗2, we will formally write

a++(g(2)) =

∫
X(2)

⟨g(2)(x, y), a+(x)⊗ a+(y)⟩V ⊗2 σ(dx)σ(dy),

and similarly for a−−(g(2)) and a+−(g(2)).

(i) For g(2) ∈ H⊗2,∫
X(2)

⟨g(2)(x, y), a+(x)⊗ a+(y)⟩V ⊗2 σ(dx)σ(dy)

=

∫
X(2)

⟨C(y, x)g(2)(x, y), a+(y)⊗ a+(x)⟩V ⊗2 σ(dx)σ(dy),∫
X(2)

⟨g(2)(x, y), a−(x)⊗ a−(y)⟩V ⊗2 σ(dx)σ(dy)

=

∫
X(2)

⟨Ĉ(x, y)g(2)(x, y), a−(y)⊗ a−(x)⟩V ⊗2 σ(dx)σ(dy).

Here for v(2) ∈ V ⊗2,

(
Ĉ(x, y)v(2)

)
(s, t) =

∫
S2

C(x, y, t, s, v, u) v(2)(u, v)ν(du)ν(dv)

=

∫
S2

C(y, x, v, u, t, s)v(2)(u, v)ν(du)ν(dv).

Next, for any g, h ∈ H,∫
X(2)

⟨g(x)⊗ h(y), a−(x)⊗ a+(y)⟩V ⊗2 σ(dx)σ(dy) =

∫
X

⟨g(x), h(x)⟩V σ(dx)

+

∫
X(2)

⟨C̃(x, y)g(x)⊗ h(y), a+(y)⊗ a−(x)⟩V ⊗2 σ(dx)σ(dy).

Here, for v(2) ∈ V ⊗2,

(
C̃(x, y)v(2)

)
(s, t) =

∫
S2

C(x, y, t, s, v, u) v(2)(u, v)ν(du)ν(dv)

=

∫
S2

C(y, x, u, s, v, t)v(2)(u, v)ν(du)ν(dv).
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These relations can be formally written as

a+(x)⊗ a+(y) = CT (y, x)a+(y)⊗ a+(x),

a−(x)⊗ a−(y) = ĈT (x, y)a−(y)⊗ a−(x),

a−(x)⊗ a+(y) = ∆(x, y) + C̃T (x, y)a+(y)⊗ a−(x). (2.132)

Here, ∆(x, y) satisfies, for g, h ∈ H,∫
X(2)

⟨g(x)⊗ h(y),∆(x, y)⟩V ⊗2 σ(dx)σ(dy) =

∫
X

⟨g(x), h(x)⟩V σ(dx), (2.133)

and for v(2) ∈ V ⊗2, we have

(CT (x, y)v(2))(s, t) =

∫
S2

C(y, x, u, v, s, t)v(2)(u, v)ν(du)ν(dv),

(ĈT (x, y)v(2))(s, t) =

∫
S2

C(x, y, v, u, t, s)v(2)(u, v)ν(du)ν(dv)

=

∫
S2

C(y, x, t, s, v, u)v(2)(u, v)ν(du)ν(dv)

(C̃T (x, y)u(2))(s, t) =

∫
S2

C(x, y, s, u, t, v)v(2)(u, v)ν(du)ν(dv).

(ii) In particular, in the case of non-Abelian anyons, X = R2, σ(dx) = dx = dx1 dx2,

X(2) is given by (2.29), C(x, y) is given by (2.36) in which C is a unitary operator in V

satisfying the Yang–Baxter equation (2.35) in V ⊗3. Let also C be an integral operator in

V with integral kernel C(s, t, u, v). Then, for any x, y ∈ R2 with x1 < y1,(
a+(x)⊗ a+(y)

)
(s, t) =

∫
S2

C(s, t, u, v)
(
a+(y)⊗ a+(x)

)
(u, v)ν(du)ν(dv),(

a−(x)⊗ a−(y)
)
(s, t) =

∫
S2

C(v, u, t, s)
(
a−(y)⊗ a−(x)

)
(u, v)ν(du)ν(dv),(

a−(x)⊗ a+(y)
)
(s, t) = ∆(x, y)∆(s, t) +

∫
S2

C(s, u, t, v)
(
a+(y)⊗ a−(x)

)
(u, v)ν(du)ν(dv),

and for x, y ∈ R2 with y1 > x1(
a+(x)⊗ a+(y)

)
(s, t) =

∫
S2

C(u, v, s, t)
(
a+(y)⊗ a+(x)

)
(u, v)ν(du)ν(dv),(

a−(x)⊗ a−(y)
)
(s, t) =

∫
S2

C(t, s, v, u)
(
a−(y)⊗ a−(x)

)
(u, v)ν(du)ν(dv),(

a−(x)⊗ a+(y)
)
(s, t) = ∆(x, y)∆(s, t) +

∫
S2

C(t, v, s, u)
(
a+(y)⊗ a−(x)

)
(u, v)ν(du)ν(dv).
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Chapter 3

Quasi-free states on the Wick

algebra of the Q-anyon commutation

relations

3.1 The Q-ACR algebra

Assume that Y and Z are locally compact Polish spaces and consider X = Y × Z. Let ν

and µ be Radon measures on Y and Z, respectively. We define a Radon measure σ on X

by σ = ν ⊗ µ. We fix a function Q : Y 2 → C which is continuous and satisfies

|Q(y1, y2)| = 1, Q(y1, y2) = Q(y2, y1), for all (y1, y2) ∈ Y 2.

With an abuse of notation, we will also consider Q as a (continuous) function on X2

defined by

Q(x1, x2) = Q(y1, y2), xi = (yi, zi), i = 1, 2. (3.1)

Thus, we also have

|Q(x1, x2)| = 1, Q(x1, x2) = Q(x2, x1), for all (x1, x2) ∈ X2.

We obviously have Q(y, y) = 1 or −1 for all y ∈ Y . We will assume that Q(y, y) is

constant for all y ∈ Y . This assumption is always satisfied if Y is a connected space (like

R).
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Example 3.1. Let Y = R, Z = Rd−1 (d ≥ 2), ν(dy) = dy, µ(dz) = dz. Then X = Rd and

σ(dx) = dx. Fix an arbitrary α ∈ R, and define Q : Y 2 → C by

Q(y1, y2) = eiα(y2−y1).

Such a function Q satisfies the above assumptions and Q(y, y) = 1 for all y ∈ Y . Alter-

natively, we may choose

Q(y1, y2) = −eiα(y2−y1),

in which case Q(y, y) = −1 for all y ∈ Y .

Example 3.2. Let X, Y , Z, σ, ν, µ, and α be as in Example 3.1. Fix an arbitrary ε > 0.

Define Q : Y 2 → C by

Q(y1, y2) =


eiα(y2−y1), if |y2 − y1| < ε,

q, if y1 ≤ y2 − ε,

q̄, if y1 ≥ y2 + ε,

where q = eiαε. Thus, this function is equal to the Q-function in the case of the abelian

anyons if the distance between y1 and y2 is ≥ ε. Clearly, Q(y, y) = 1 for all y ∈ Y .

Alternatively, we may chose

Q(y1, y2) =


−eiα(y2−y1), if |y2 − y1| < ε,

q, if y1 ≤ y2 − ε,

q̄, if y1 ≥ y2 + ε,

where q = −eiαε, in which case Q(y, y) = −1 for all y ∈ Y .

We denote by C0 (Y
n) the space of all continuous functions φ(n) : Y n → C with

compact support.

Denote G = L2 (Z, µ) and define

G⊗alg n = l. s.{g1 ⊗ g2 ⊗ · · · ⊗ gn | g1, . . . , gn ∈ G}.

Here l. s. denotes the linear span.
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Now, we define

F (Xn) = C0 (Y
n)⊗alg G⊗algn

= l. s.{f (n)(x1, . . . , xn) = φ(n)(y1, . . . , yn)g1(z1) · · · gn(zn) |

φ(n) ∈ C0 (Y
n) , g1, g2, . . . , gn ∈ G}. (3.2)

Remark 3.3. If f (n) ∈ F (Xn), then f (n) ∈ F (Xn). Furthermore, if f (n) ∈ F (Xn), then

f (n)
(
xξ(1), . . . , xξ(n)

)
∈ F (Xn) for each permutation ξ ∈ Sn.

Remark 3.4. If f (n) ∈ F (Xn), then

Q(xi, xi+1)f
(n)(x1, . . . , xn), Q(xi+1, xi)f

(n)(x1, . . . , xn) ∈ F (Xn) .

Remark 3.5. Let f (n)(x1, . . . , xn) = φ(n)(y1, . . . , yn)g1(z1) · · · gn(zn) ∈ F(Xn). Then∫
X

σ(dx)f (n) (x1, . . . , xi−1, x, x, xi, . . . , xn−2)

=

∫
Y

ν(dy)φ(n) (y1, . . . , yi−1, y, y, yi, . . . , yn−2) g1(z1) . . . gi−1(zi−1)

×
(∫

Z

µ(dz)gi(z)gi+1(z)

)
gi+2(zi) · · · gn(zn−2).

Therefore, for each f (n) ∈ F (Xn),∫
X

σ(dx)f (n) (x1, . . . , xi−1, x, x, xi, . . . , xn−2) ∈ F
(
Xn−2

)
.

Intuitively, elements of the algebra of the Q-anyon commutation relations (Q-ACR

algebra) can be represented by operator-valued integrals∫
Xn

f (n)(x1, . . . , xn)a
♯1(x1) · · · a♯n(xn)σ(dx1) · · ·σ(dxn), (3.3)

where f (n)(x1, . . . , xn) ∈ F (Xn) and ♯1, . . . , ♯n ∈ {+,−}. These operator-valued inte-

grals must be subject to the commutation relations (2.130) which hold ‘pointwise.’ More

precisely, if i ∈ {1, . . . , n− 1} and ♯i = ♯i+1, then∫
Xn

f (n)(x1, . . . , xn)a
♯1(x1) · · · a♯n(xn)σ(dx1) · · ·σ(dxn)

=

∫
Xn

f (n)(x1, . . . , xn)Q(xi+1, xi)a
♯1(x1) · · · a♯i+1(xi+1)a

♯i(xi) · · · a♯n(xn)
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× σ(dx1) · · ·σ(dxn)

=

∫
Xn

Q(xi, xi+1)f
(n)(x1, . . . , xi−1, xi+1, xi, . . . , xn))a

♯1(x1) · · · a♯n(xn)σ(dx1) · · ·σ(dxn).

If ♯i = −, ♯i+1 = +, then∫
Xn

f (n)(x1, . . . , xn)a
♯1(x1) · · · a♯n(xn)σ(dx1) · · ·σ(dxn)

=

∫
Xn

f (n)(x1, . . . , xn)Q(xi, xi+1)a
♯1(x1) · · · a♯i+1(xi+1)a

♯i(xi) · · · a♯n(xn)

× σ(dx1) · · ·σ(dxn) +
∫
Xn−2

(∫
X

f (n)(x1, . . . , xi−1, x, x, xi, . . . , xn−2)σ(dx)

)
× a♯1(x1) · · · a♯i−1(xi−1)a

♯i+2(xi) · · · a♯n(xn−2)σ(dx1) · · ·σ(dxn−2)

=

∫
Xn

Q(xi+1, xi)f
(n)(x1, . . . , xi+1, xi, . . . , xn)a

♯1(x1) · · · a♯i+1(xi)a
♯i(xi+1) · · · a♯n(xn)

× σ(dx1) . . . σ(dxn) +

∫
Xn−2

(∫
X

f (n)(x1, . . . , xi−1, x, x, xi, . . . , xn−2)σ(dx)

)
× a♯1(x1) · · · a♯i−1(xi−1)a

♯i+2(xi) · · · a♯n(xn−2)σ(dx1) · · · σ(dxn−2).

We note that the adjoint of∫
Xn

f (n)(x1, . . . , xn)a
♯1(x1) · · · a♯n(xn)σ(dx1) · · ·σ(dxn)

should be (at least formally)∫
Xn

f (n)(x1, . . . , xn) a
−♯n(xn) · · · a−♯1(x1)σ(dx1) · · ·σ(dxn)

=

∫
Xn

f (n)(xn, . . . , x1) a
−♯n(x1) · · · a−♯1(xn)σ(dx1) · · ·σ(dxn),

where

−♯ =

−, if ♯ = +,

+, if ♯ = −.

Next, we have, for any f (m) ∈ F (Xm) and g(n) ∈ F (Xn),∫
Xm

f (m)(x1, . . . , xm)a
♯1(x1) · · · a♯m(xm)σ(dx1) · · · σ(dxm)

×
∫
Xn

g(n)(xm+1, . . . , xm+n)a
♯m+1(xm+1) · · · a♯m+n(xm+n)σ(dxm+1) · · · σ(dxm+n)

=

∫
Xm+n

(
f (m) ⊗ g(n)

)
(x1, . . . , xm+n)a

♯1(x1) · · · a♯m+n(xm+n)σ(dx1) · · ·σ(dxm+n),
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where f (m) ⊗ g(n) ∈ F (Xm+n) is defined by

f (m) ⊗ g(n)(x1, . . . , xm+n) = f (m)(x1, . . . , xm)g
(n)(xm+1, . . . , xm+n).

To define the Q-ACR algebra, we will write Φ(n)
(
f (n); ♯1, . . . , ♯n

)
for∫

Xn

f (n)(x1, . . . , xn)a
♯1(x1) · · · a♯n(xn)σ(dx1) · · ·σ(dxn).

We will sometimes also write Φ(n)
(
f (n)(x1, . . . , xn); ♯1, . . . , ♯n

)
.

Recall that a unital ∗-algebra A is an algebra with identity element for multiplication

and a ∗-operation ∗ : A → A satisfying the standard axioms.

Definition 3.6. The Q-ACR algebra is defined as the unital ∗-algebra that is generated

by elements of the form Φ(n)
(
f (n); ♯1, . . . , ♯n

)
for f (n) ∈ F (Xn) (n ∈ N) and ♯1, . . . , ♯n ∈

{+,−}. These elements satisfy the following relations:

• If i ∈ {1, . . . , n− 1} and ♯i = ♯i+1, then

Φ(n)
(
f (n); ♯1, . . . , ♯n

)
= Φ(n)

(
Q(xi, xi+1)f

(n)(x1, . . . , xi+1, xi, . . . , xn); ♯1, . . . , ♯n
)
.

(3.4)

• If i ∈ {1, . . . , n− 1} and ♯i = −, ♯i+1 = +, then

Φ(n)
(
f (n); ♯1, . . . , ♯n

)
= Φ(n)

(
Q(xi+1, xi)f

(n)(x1, . . . , xi+1, xi, . . . , xn); ♯1, . . . , ♯i+1, ♯i, . . . , ♯n
)

+ Φ(n−2)

(∫
X

f (n)(x1, . . . , xi−1, x, x, xi, . . . , xn−2)σ(dx); ♯1, . . . , ♯i−1, ♯i+2, . . . , ♯n

)
.

(3.5)

The multiplication in the Q-ACR algebra is given by

Φ(m)
(
f (m); ♯1, . . . , ♯m

)
Φ(n)

(
g(n); ♯m+1, . . . , ♯m+n

)
= Φ(m+n)

(
f (m) ⊗ g(n); ♯1, . . . , ♯m+n

)
.

The addition in the Q-ACR algebra satisfies, for any λ, µ ∈ C and f (n), g(n) ∈ F(Xn),

λΦ(n)(f (n); ♯1, . . . , ♯n) + µΦ(n)(g(n); ♯1, . . . , ♯n) = Φ(n)(λf (n) + µg(n); ♯1, . . . , ♯n).

The ∗-operation in the Q-ACR algebra is defined by

Φ(n)(f (n); ♯1, . . . , ♯n)
∗ = Φ(n)

(
f (n)(xn, . . . , x1);−♯n, . . . ,−♯1

)
. (3.6)
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We define Pn : F(Xn) → F(Xn) by formulas (2.27) and (2.28), which now hold point-

wise. For each n ≥ 2, we denote

SF (Xn) = {f (n) ∈ F (Xn) | Pnf
(n) = f (n)},

and for any m,n ≥ 1,

SF(m,n)
(
Xm+n

)
= {f (m+n) ∈ F

(
Xm+n

)
| Pm ⊗ Pnf

(m+n) = f (m+n)}.

It easily follows from (3.4) that, if ♯1 = · · · = ♯m, then for any f (m+n) ∈ F(Xm+n),

Φ(m+n)
(
f (m+n); ♯1, . . . , ♯m+n

)
= Φ(m+n)

(
Pm ⊗ 1nf

(m+n); ♯1, . . . , ♯m+n

)
, (3.7)

and if ♯m+1 = · · · = ♯m+n, then

Φ(m+n)
(
f (m+n); ♯1, . . . , ♯m+n

)
= Φ(m+n)

(
1m ⊗ Pnf

(m+n); ♯1, . . . , ♯m+n

)
, (3.8)

where the operators 1m ⊗ Pn and Pm ⊗ 1n have the obvious meaning.

Due to the commutation relation (3.5), each element of the Q-ACR algebra can be

represented as a finite sum of c1, c ∈ C, and elements of the form

W (m,n)
(
f (m+n)

)
= Φ(m+n)

(
f (m+n); ♯1, . . . , ♯m+n

)
,

where m,n ∈ N0, m+ n ≥ 1, f (m+m) ∈ F (Xm+n) and

♯1 = · · · = ♯m = +, ♯m+1 = · · · = ♯m+n = −.

We call W (m,n)
(
f (m+n)

)
Wick-ordered elements of the Q-ACR algebra. By (3.7) and

(3.8),

W (m,n)
(
f (m,n)

)
= W

(
Pm ⊗ Pnf

(m+n)
)
,

where P1 = 1. Thus, we have proved the following proposition.

Proposition 3.7. Each element of the Q-ACR algebra can be represented in the form

c1+
∑

m,n∈N0,m+n≥1

W (m,n)
(
f (m,n)

)
, (3.9)

where c ∈ C, f (m,n) ∈ SF(m,n) (Xm+n), the sum in (3.9) being finite.
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Remark 3.8. In view of Proposition 3.7, we may think of the Q-ACR algebra as a ∗-algebra

allowing the Wick (or normal) ordering, compare with [17].

From (2.130), we formally have

a+(x)a−(y) = Q(x, y)a−(y)a+(x)− κ δ(x, y), (3.10)

where κ = Q(x, x) = +1 or−1. The following crucial proposition is a rigorous formulation

of (3.10).

Proposition 3.9. If f (n) ∈ F (Xn) , n ≥ 2, i ∈ {1, . . . , n− 1}, ♯i = +, ♯i+1 = −, then

Φ(n)
(
f (n); ♯1, . . . , ♯n

)
= Φ(n)

(
Q(xi+1, xi)f

(n)(x1, . . . , xi+1, xi, . . . , xn); ♯1, . . . , ♯i+1, ♯i, . . . , ♯n
)

− κΦ(n−2)

(∫
X

f (n)(x1, . . . , xi−1, x, x, xi, . . . , xn−2)σ(dx); ♯1, . . . , ♯i−1, ♯i+2, . . . , ♯n

)
,

where κ = Q(x, x) for x ∈ X.

Proof. Choose

g(n)(x1, . . . , xn) = Q(xi+1, xi)f
(n)(x1, . . . , xi+1, xi, . . . , xn).

Then by formula (3.5), we get

Φ(n)
(
g(n)(x1, . . . , xn); ♯1, . . . , ♯i+1, ♯i, . . . , ♯n

)
= Φ(n)

(
Q(xi+1, xi)g

(n)(x1, . . . , xi+1, xi, . . . , xn); ♯1, . . . , ♯n
)

+ Φ(n−2)

(∫
X

g(n)(x1, . . . , xi−1, x, x, xi, . . . , xn)σ(dx); ♯1, . . . , ♯i−1, ♯i+2, . . . , ♯n

)
= Φ(n)

(
Q(xi+1, xi)Q(xi, xi+1)f

(n)(x1, . . . , xn); ♯1, . . . , ♯n
)

+ Φ(n−2)

(∫
X

Q(x, x)f (n)(x1, . . . , xi−1, x, x, xi, . . . , xn−2)σ(dx); ♯1, . . . , ♯i−1, ♯i+2, . . . , ♯n

)
= Φ(n)

(
f (n); ♯, . . . , ♯n

)
+ κΦ(n−2)

(∫
X

f (n)(x1, . . . , xi−1, x, x, xi, . . . , xn−2)σ(dx); ♯1, . . . , ♯i−1, ♯i+2, . . . , ♯n

)
.

3.2 Complex-valued Radon measures

To discuss states on the Q-ACR algebra, we will now briefly recall some key facts related

to complex-valued Radon measures. For more detail, we refer the reader to Chapter IV

of [3] or Chapter 7 of [26].
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Let X be a locally compact Polish space, let B(X) be the Borel σ- algebra on X, and

let B0(X) be the collection of all sets from B0(X) that have compact closure.

Recall that a (positive) Radon measure on X is a measure m on (X,B(X)) that has

the property m(K) <∞ for each compact set K in X.

A complex-valued Radon measure m on X is a map of the form

B0(X) ∋ ∆ 7→ m(∆) ∈ C, (3.11)

where m admits a representation

m = m1 −m2 + i(m3 −m4) (3.12)

in which m1,m2,m3,m4 are positive Radon measures. We denote by M(X) the set of

all complex-valued Radon measures on X, and by M+(X) the set of all positive Radon

measures.

Denote by C0(X) the space of all continuous complex-valued functions on X with

compact support. For each f ∈ C0(X) and each m ∈ M(X), using representation (3.11),

we define∫
X

f(x)m(dx) =

∫
X

f(x)m1(dx)−
∫
X

f(x)m2(dx) + i

(∫
X

f(x)m3(dx)−
∫
X

f(x)m4(dx)

)
.

(3.13)

Thus, each m ∈ M(X) determines, through formula (3.13), a complex-valued linear

functional on C0(X).

A linear functional L : C0(X) → C is called positive if, for each f ∈ C0(X), f ≥ 0, we

have Lf ≥ 0. Obviously, each positive Radon measure m ∈M+(X) determines a positive

linear functional on C0(X).

In fact, M+(X) can be identified with the set of all continuous positive functionals on

C0(X), and M(X) can be identified with the dual space of C0(X).

To this end, we introduce a topology in C0(X) as follows. Choose any sequence (Kn)
∞
n=1

of compact sets Kn in X such that

K1 ⊂ K2 ⊂ K3 ⊂ · · · ,
∞⋃
n=1

Kn = X.
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Denote by Bn the space of all f ∈ C0(X) that satisfy f(x) = 0 for all x /∈ Kn. We

equip Bn with the topology of the supremum norm,

∥f∥n = sup
x∈Kn

|f(x)| = sup
x∈X

|f(x)|,

then Bn becomes a Banach space.

Obviously, each Bn is a subset of Bn+1 and for each fn ∈ Bn,

∥f∥n = ∥f∥n+1. (3.14)

Since C0(X) =
⋃∞

n=1Bn, we equip C0(X) with the inductive limit topology of the

spaces Bn, i.e., the finest locally convex topology on C0(X) for which each embedding of

Bn into C0(X) is continuous. Furthermore, by (3.14), this inductive limit is strict, see e.g.

page 57 in [25].

By Section 6.6 of [25], C0(X) is a complete locally convex topological vector space. In

particular, the inductive limit topology on C0(X) is finer than the topology of convergence

in the supremum norm. (Note that the completion of C0(X) in the supremum norm

∥f∥ = supx∈X |f(x)| is Cb(X), the space of all bounded continuous functions on X.)

In fact, a sequence (fk)
∞
k=1 converges to f in C0(X) if and only if there exists n ∈ N

such that fk ∈ Bn for all k ∈ N, f ∈ Bn, and fk → f in Bn.

A linear functional F : C0(X) → C is continuous if and only if the restriction of F to

each Bn is continuous on Bn, e.g. see Section 6.1 of [25].

Obviously, each m ∈ M(X) defines through (3.13) a continuous linear functional on

C0(X), and for each m ∈M+(X) this continuous linear functional is positive.

In fact, M+(X) coincides with the set of all positive continuous linear functionals on

C0(X), see e.g. Section 2.9 in [3] or Section 2.2 of Chapter III in [4].

Every continuous linear functional F : C0(X) → C can be represented in the form

F = F1 − F2 + i(F3 − F4),

where F1, F2, F3, F4 are continuous linear positive functionals on C0(X). Hence, the space

of all continuous linear functionals on C0(X) can be identified with M(X), see e.g. Chap-

ter 7 in [26].
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3.3 States on the Q-ACR algebra

We first recall the definition of a state on a unital ∗-algebra.

Definition 3.10. Let A be a unital ∗-algebra. A state on A is a map τ : A → C that

satisfies

(i) τ(aa∗) ≥ 0 for each a ∈ A;

(ii) τ(1) = 1, where 1 is the identity element in A.

Let A be the Q-ACR algebra and let τ : A → C be a state on A. Then, for any

♯1, . . . , ♯n ∈ {+,−}, we define a linear functional τ
(n)
♯1,...,♯n

: C0 (Y
n)× Gn → C by

τ
(n)
♯1,...,♯n

(
φ(n), g1, . . . , gn

)
= τ

(
Φ(n)(φ(n)(y1, . . . , yn)g1(z1) · · · gn(zn); ♯1, . . . , ♯n)

)
. (3.15)

Obviously these linear functionals uniquely identify the state τ .

From now on, we assume that each functional τ
(n)
♯1,...,♯n

is continuous on C0(Y
n) × Gn.

We note that, for any fixed ♯1, . . . , ♯n ∈ {+,−} and g1, . . . , gn ∈ G, τ (n)♯1,...,♯n
determines a

continuous linear functional

C0(Y
n) ∋ φ(n) 7→ τ

(n)
♯1,...,♯n

(
φ(n), g1, . . . , gn

)
∈ C.

Hence, there exists a complex-valued Radon measure m
(n)
♯1,...,♯n

[g1, . . . , gn] on Y
n that sat-

isfies

τ
(n)
♯1,...,♯n

(
φ(n), g1, . . . , gn

)
=

∫
Y n

φ(n)(y1, . . . , yn)m
(n)
♯1,...,♯n

[g1, . . . , gn](dy1 · · · dyn). (3.16)

For f ∈ F(X) and ♯ ∈ {+,−}, we denote A♯(f) = Φ(1)(f ; ♯).

Proposition 3.11. Assume that, for any ♯1 . . . , ♯n ∈ {+,−}, the functional τ
(n)
♯1,...,♯n

is

continuous on C0 (Y
n)× Gn. Then the following statements hold:

(i) The state τ is completely determined by its values on A♯1(f1) · · ·A♯m+n(fm+n), where

fk = φk ⊗ gk with φk ∈ C0(Y ) and gk ∈ G (k = 1, . . . ,m + n), and ♯1 = · · · = ♯m = +,

♯m+1 = · · · = ♯m+n = −, where m,n ≥ 0, m+ n ≥ 1.
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(ii) Define

B(f) = A+(f) + A−(f̄), f ∈ F(X). (3.17)

The state τ is completely determined by its values on B(f1) · · ·B(fn), where fk = φk ⊗ gk

with φk ∈ C0(Y → R) and gk ∈ G, k = 1, . . . , n. Here C0(Y → R) denotes the subspace

of C0(Y ) consisting of all real-valued continuous functions on Y with compact support.

Proof. By (3.16),

τ
(
A♯1(φ1 ⊗ g1) · · ·A♯n(φn ⊗ gn)

)
=

∫
Y n

φ1(y1) · · ·φn(yn)m
(n)
♯1,...,♯n

[g1, . . . , gn](dy1 · · · dyn),

where φk ∈ C0(Y ) and gk ∈ G. Since the measure m
(n)
♯1,...,♯n

[g1, . . . , gn] is completely

determined by its values on functions of the form φ1(y1) · · ·φn(yn), with φk ∈ C0(Y ), we

conclude that the state τ is completely determined by its values on A♯1(f1) · · ·A♯n(fn),

where fk = φk ⊗ gk with φk ∈ C0(Y ) and gk ∈ G. From here and Proposition 3.7,

statement (i) follows.

As for statement (ii), let us first prove it in the case where each φk is allowed to be

taken from the space C0(Y ) rather than C0(Y → R). But then this statement follows

from statement (i) and the formulas

A+(f) =
1

2
(B(f)− iB(if)) ,

A−(f) =
1

2

(
B(f̄) + iB(if̄)

)
. (3.18)

Now assume that φ1, . . . , φn ∈ C0(Y → R). For each k ∈ {1, . . . , n},

fk = φk ⊗ gk, gk ∈ G,

ifk = iφk ⊗ gk = φ⊗ (igk), igk ∈ G.

Hence, by (3.18), for any ♯1, . . . , ♯n ∈ {+,−} and fk with φ1, . . . , φn ∈ C0(Y → R), we

know τ
(
A♯1(f1) · · ·A♯n(fn)

)
. But for each φ ∈ C0(Y ), we have φ = φ1 + iφ2, where

φ1, φ2 ∈ C0(Y → R), hence, for each g ∈ G, we have

φ⊗ g = (φ1 + iφ2)⊗ g = φ1 ⊗ g + iφ2 ⊗ g,

and by linearity, for ♯ ∈ {+,−}, we get

A♯(φ⊗ g) = A♯(φ1 ⊗ g) + iA♯(φ2 ⊗ g).
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From this and the statement (i), the statement (ii) follows.

Lemma 3.12. Let a state τ satisfy the assumption of Proposition 3.11.

(i) For any g1, g2 ∈ G, there exists a complex-valued Radon measure γ(2)[g1, g2] on Y
2

that satisfies

τ
(
A+(φ1 ⊗ g1)A

−(φ2 ⊗ g2)
)
=

∫
Y 2

φ1(y1)φ2(y2)γ
(2)[g1, g2](dy1 dy2), (3.19)

for all φ1, φ2 ∈ C0(Y ).

(ii) For any g1, g2 ∈ G, there exists a complex-valued Radon measure λ(2)[g1, g2] on Y
2

that satisfies

τ (B(φ1 ⊗ g1)B(φ2 ⊗ g2)) =

∫
Y 2

φ1(y1)φ2(y2)λ
(2)[g1, g2](dy1 dy2), (3.20)

for all φ1, φ2 ∈ C0(Y → R).

Proof. (i) This statement is obvious. Indeed, by (3.16), γ(2)[g1, g2] = m
(2)
+,−[g1, g2].

(ii) We define, for each g1, g2 ∈ G,

λ(2)[g1, g2] = m
(2)
+,+[g1, g2] +m

(2)
+,−[g1, g2] +m

(2)
−,+[g1, g2] +m

(2)
−,−[g1, g2]. (3.21)

Then (3.20) folllows from (3.16) and the observation that

B(φk ⊗ gk) = A+(φk ⊗ gk) + A−(φk ⊗ gk)

for any φ1, φ2 ∈ C0(Y → R).

3.4 Fock state on the Q-ACR algebra

We will now see that our considerations in Chapter 2 allow us to construct the so-called

Fock state on the Q-ACR algebra.

For φ ∈ C0 (Y ) and g ∈ G denote

A+(φ⊗ g) = a+(φ⊗ g), A−(φ⊗ g) = a−(φ⊗ g), (3.22)

where the operators a+(φ ⊗ g) and a−(φ ⊗ g) are defined as the usual creation and

annihilation operators in the Q-symmetric Fock space F (H). In particular, A+(φ ⊗ g)

and A−(φ⊗ g) act continuously on Ffin (H).

83



Recall that the linear span of functions of the form φ1⊗φ2⊗· · ·⊗φn with φ1, . . . , φn ∈

C0(Y ) is dense in C0 (Y
n). It is easy to see from Chapter 2 that, for arbitrary ♯1, . . . , ♯n ∈

{+,−}, the map

C0 (Y
n)× Gn ∋ (φ1, . . . , φn, g1, . . . , gn) 7→ A♯1(φ1 ⊗ g1) · · ·A♯n(φn ⊗ gn) ∈ L (Ffin(H))

can be uniquely extended to the map

C0 (Y
n)× Gn ∋

(
φ(n), g1, . . . , gn

)
7−→

Φ(n)
(
φ(n)(y1, . . . , yn)g1(z1) · · · gn(zn); ♯1, . . . , ♯n

)
∈ L (Ffin(H))

such that

(i) if φ(n)(y1, . . . , yn) = φ1(y1) · · ·φn(yn) with φi ∈ C0(Y ), then

Φ(n)
(
φ(n)(y1, . . . , yn)g1(z1) · · · gn(zn); ♯1, . . . , ♯n

)
= A♯1(φ1 ⊗ g1) · · ·A♯n(φn ⊗ gn);

(ii) for each F ∈ Ffin(H), the map

C0 (Y
n)× G ∋

(
φ(n), g1, . . . , gn

)
7→ Φ(n)

(
φ(n)(y1, . . . , yn)g1(z1) · · · gn(zn)

)
F ∈ Ffin(H)

is continuous.

In particular, by Proposition 2.60, we have, for any φ1, . . . , φm+n ∈ C0(Y ) and

g1, . . . , gm+n ∈ G,

(
a+(φ1 ⊗ g1) · · · a+(φm ⊗ gm)a

−(φm+1 ⊗ gm+1) · · · a−(φm+n ⊗ gm+n)u
(k)
)
(x1, . . . , xl)

= Pl

[
(φ1 ⊗ g1)(x1) · · · (φm ⊗ gm)(xm)

∫
Xn

σ⊗n(dx′1 · · · dx′n)

(φm+1 ⊗ gm+1)(x
′
n)(φm+2 ⊗ gm+2)(x

′
n−1) · · · (φm+n ⊗ gm+n)(x

′
1)

× u(k)(x′1, . . . , x
′
n, xm+1, . . . , xl)

]
,

where u(k) ∈ Fk(H), k ≥ n, and l = k − n+m. Hence, for f (m+n) ∈ F (Xm+n), we have

(
W (m,n)(f (m+n))u(k)

)
(x1, . . . , xl) = (Φ(m+n)(f (m+n); +, . . . ,+︸ ︷︷ ︸

m times

,−, . . . ,−︸ ︷︷ ︸
n times

)u(k))(x1, . . . , xl)
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= Pl

[ ∫
Xn

σ⊗n(dx′1 · · · dx′n)f (m+n)(x1, . . . , xm, x
′
n, x

′
n−1, . . . , x

′
1)

× u(k)(x′1, . . . , x
′
n, xm+1, . . . , xl)

]
. (3.23)

This gives a representation of the Q-ACR algebra.

Definition 3.13. Let A be the Q-ACR algebra as described above. The state τ on A

defined by

τ(a) = (aΩ,Ω)F(H) for each a ∈ A (3.24)

is called the Fock state.

Lemma 3.14. Let τ be the Fock state on the Q-ACR algebra A. For any ♯1, . . . , ♯n ∈

{−,+}, the linear functional τ
(n)
♯1,...,♯n

: C0 (Y
n)× Gn → C defined by (3.15) is continuous.

Proof. Assume ♯1 = · · · = ♯m = +, ♯m+1 = · · · = ♯m+n = − and m + n ≥ 1. Then

τ
(n)
♯1,...,♯m+n

= 0. Indeed, if n ≥ 1, then the annihilation operators map the vacuum vector

to zero, therefore

Φ(m+n)
(
f (m+n); ♯1, . . . , ♯m+n

)
Ω = 0.

If n = 0 and m ≥ 1, then

Φ(m)(f (m); +, . . . ,+︸ ︷︷ ︸
m times

)Ω = f (m) ∈ Fm(H).

This implies that

(Φ(m)(f (m); +, . . . ,+︸ ︷︷ ︸
m times

)Ω,Ω)F(H) = 0.

In the case, where ♯1, . . . , ♯n ∈ {−,+} are not Wick ordered, i.e, for some i ∈

{1, . . . , n−1} we have ♯i = −, ♯i+1 = +, we apply formula (3.5) to bring ♯1, . . . , ♯n ∈ {−,+}

to a Wick order. From here we easily conclude that the functional τ
(n)
♯1,...,♯n

: C0 (Y
n)×Gn →

C is indeed continuous.

Remark 3.15. It follows from the proof of Lemma 3.14 that, for the Fock state τ , we have

τ
(
A+(f1) · · ·A+(fm)A

−(fm+1) · · ·A−(fm+n)
)
= 0 (3.25)

if m + n ≥ 1. Here f1, . . . , fm+n ∈ F(Xm+n). In particular, the measure γ(2)[g1, g2] from

Lemma 3.12 (i) is equal to zero.

85



Remark 3.16. For the Fock state τ , the measure λ(2)[g1, g2] from Lemma 3.12 (ii) is

determined by∫
Y 2

φ(2)(y1, y2)λ
(2)[g1, g2](dy1 dy2) =

∫
Y

φ(2)(y, y)ν(dy)

∫
Z

g1(z)g2(z)µ(dz)

=

∫
Y

φ(2)(y, y)ν(dy)(g2, g1)G,

i.e.,

λ(2)[g1, g2](dy1 dy2) = (g2, g1)G ν
(2)(dy1 dy2), (3.26)

where ν(2) is the measure on Y 2 given by∫
Y 2

φ(2)(y1, y2)ν
(2)(dy1 dy2) =

∫
Y

φ(2)(y, y)ν(dy). (3.27)

Our next aim is to calculate τ (B(f1) · · ·B(fn)) for a general n. It is obvious that if

n is odd, then τ (B(f1) · · ·B(fn)) = 0, therefore we only need to deal with the case of an

even n.

For each even n ∈ N, we denote by P(n)
2 the collection of all partitions of the set

{1, . . . , n} into n parts, each of which has exactly two elements.

Proposition 3.17. Let τ be the Fock state on the Q-ACR algebra A. Then, for any

f1, . . . , fn ∈ F(X), we have, for an odd n,

τ (B(f1) · · ·B(fn)) = 0,

and for an even n,

τ (B(f1) · · ·B(fn)) =
∑

ξ∈P(n)
2

∫
Xn

( ⊗
{i,j}∈ξ, i<j

σ(2)(dxi dxj) fi(xi)fj(xj)

)
Q(ξ;x1, . . . , xn),

(3.28)

where σ(2) is the measure on X2 given by∫
X2

f (2)(x1, x2)σ
(2)(dx1 dx2) =

∫
X

f (2)(x, x)σ(dx)

and

Q(ξ;x1, . . . , xn) =
∏

{i,j}, {k,l}∈ξ
i<k<j<l

Q(xk, xj).

86



Remark 3.18. In the case where the functions f1, . . . , fn are real-valued, the statement of

Proposition 3.17 follows from Corollary 4.8 in [23].

Proof. For each f ∈ F(X), we define continuous linear operators A+(f),A−(f) on Ffin(H)

as follows: A+(f) = a+free(f) and A−(f) acts as follows:

(
A−(f)g(n)

)
(x1, . . . , xn−1) =

∫
X

σ(dx′)f(x′)
[
g(n)(x′, x1, . . . , xn−1)

+
n−1∑
k=1

Q(x′, x1)Q(x
′, x2) · · ·Q(x′, xk)g(n)(x1, . . . , xk, x′, xk+1, . . . , xn−1)

]
, (3.29)

where g(n) ∈ H⊗(n).

Lemma 3.19. For any f1, . . . , fn ∈ F(X) and ♯1, . . . , ♯n ∈ {+,−}, we have

(
A♯1(f1) · · ·A♯n(fn)Ω,Ω

)
F(H)

=
(
A♯1(f1) · · · A♯n(fn)Ω,Ω

)
F(H)

.

Proof. For each u(n) ∈ H⊗n, formula (2.14) implies

a+(f)Pnu
(n) = Pn+1

(
f ⊗ u(n)

)
= Pn+1

(
A+(f)u(n)

)
. (3.30)

By Proposition 2.60 (ii),

a−(f)Pnu
(n) =

1

n
a−free(f) (1H ⊗ Pn−1)

[
1+ U1 + U1U2 + · · ·+ U1U2 · · ·Un−1

]
u(n). (3.31)

We observe that, for u(n) ∈ H⊗n,

a−free(f)(1H ⊗ Pn−1)u
(n) = Pn−1a

−
free(f)u

(n). (3.32)

Hence, formula (3.31) becomes

a−(f)Pnu
(n) = Pn−1

1

n
a−free(f)

[
1+ U1 + U1U2 + · · ·+ U1U2 · · ·Un−1

]
u(n).

Hence, by (2.78), we get

a−(f)Pnu
(n) = Pn−1A−(f)u(n). (3.33)

By (3.30) and (3.33), the lemma follows.
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For f ∈ F(X), we define

B(f) = A+(f) +A−(f).

Then, by Lemma 3.19,

τ (B(f1) · · ·B(fn)) = (B(f1) · · · B(fn)Ω,Ω)F(H) . (3.34)

Recall formula (3.29) and set g(n) = f1 ⊗ f2 ⊗ · · · ⊗ fn, fi ∈ F(X). We will say that

the term∫
X

σ(dx′)Q(x′, x1) · · ·Q(x′, xk)f(x′)fk+1(x
′)f1(x1) · · · fk(xk)fk+2(xk+1) · · · fn(xn−1)

describes how the operator A−(f) annihilates the function fk+1. Note that the term

Q(x′, x1) · · ·Q(x′, xk) corresponds to the vectors f1, . . . , fk that appear on the left of fk+1

in the tensor product f1 ⊗ f2 ⊗ · · · ⊗ fk ⊗ fk+1 ⊗ · · · ⊗ fn. Thus, the annihilation operator

A−(f) crosses all living vectors f1, . . . , fk when it annihilates fk+1, and each time when

A−(f) crosses a living vector fi, this contributes the factor Q(x′, xi).

It immediately follows that, when evaluating the right-hand side of formula (3.34), one

can describe the obtained result by using partitions ξ from P(n)
2 . Indeed, each {k, l} ∈ ξ,

k < l, says that, in the respective term, the operator A−(fk) annihilates the vector fl.

Let {k, l} ∈ ξ, k < l, and consider any {i, j} ∈ ξ, i < j, such that i < k < j < l.

Then the operator A−(fk) annihilates fl and later on the operator A−(fi) annihilates fj.

Therefore, at the time when the operator A−(fk) annihilates fl, fj is a living vector and

this contributes the factor Q(xk, xj). This proves the proposition.

Corollary 3.20. For any g1, g2 ∈ G, let the measure λ(2) [g1, g2] (dy1 dy2) on Y
2 be given

by (3.26), (3.27). Let τ be the Fock state on the Q-ACR algebra A. Let φ1, . . . , φn ∈

C0(Y → R) and g1, . . . , gn ∈ G. Then

τ (B(φ1 ⊗ g1) · · ·B(φn ⊗ gn))

=
∑

ξ∈P(n)
2

∫
Y n

⊗
{i,j}∈ξ, i<j

λ(2) [gi, gj] (dyi dyj)φ1(y1) · · ·φn(yn)Q(ξ; y1, . . . , yn),

where

Q(ξ; y1, . . . , yn) =
∏

{i,j}, {k,l}∈ξ
i<k<j<l

Q(yk, yj) (3.35)
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Proof. The statement follows immediately from Proposition 3.17 and formulas (3.1),

(3.26), (3.27).

Remark 3.21. As easily seen from the proof of Proposition 3.17, its statement allows for

the following generalization: For any e1, . . . , en, f1, . . . , fn ∈ F(X), we have, for an odd n,

τ
((
A+(f1) + A−(e1)

)
· · ·
(
A+(fn) + A−(en)

))
= 0,

and for an even n,

τ
((
A+(f1) + A−(e1)

)
· · ·
(
A+(fn) + A−(en)

))
=
∑

ξ∈P(n)
2

∫
Xn

 ⊗
{i,j}∈ξ, i<j

σ(2)(dxi dxj)ei(xi)fj(xj)

Q(ξ;x1, . . . , xn). (3.36)

In particular, for any φ1, . . . , φ2n ∈ C0 (Y → R) and g1, . . . , g2n ∈ G, we have

τ
(
A−(φ1 ⊗ g1) · · ·A−(φn ⊗ gn)A

+(φn+1 ⊗ gn+1) · · ·A+(φ2n ⊗ g2n)
)

=
∑

ξ∈P(2n)
2

∫
Y 2n


⊗

{i,j}∈ξ
1≤i≤n

n+1≤j≤2n

ν(2)(dyi dyj)

∫
Z

gi(z)gj(z)µ(dz)


× φ1(y1) · · ·φ2n(y2n)Q(ξ; y1, · · · , y2n), (3.37)

where the function Q(ξ; y1, . . . , y2n) is defined by (3.35).

3.5 Quasi-free states on the Q-ACR algebra

In the classical case of bose and fermi statistics, one defines a quasi-free state on the

CCR/CAR algebra by generalizing formula (3.28) with Q ≡ ±1, which is valid for the

Fock state. An important subclass of quasi-free states is given by gauge-invariant quasi-

free states. In the case of anyon statistics, gauge-invariant quasi-free states were studied

in [22]. However, we will see below that, in the anyon setting, gauge-invariant quasi-free

states do not satisfy a reasonable generalization of the definition of a quasi-free state,

hence the class of gauge-invariant quasi-free states is smaller than the class of what we
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will call strongly quasi-free states.

In view of our results from Sections 3.1 and 3.4 we now give the following

Definition 3.22. Let A be a Q-ACR algebra and let τ be a state on it. Assume that the

state τ satisfies the assumption of Proposition 3.11. For each g1, g2 ∈ G, let the complex-

valued measure λ(2) [g1, g2] on Y 2 be determined by formula (3.20). We say that τ is a

strongly quasi-free state if for any φ1, . . . , φn ∈ C0(Y → R) and g1, . . . , gn ∈ G, we have,

for an odd n,

τ
(
B(φ1 ⊗ g1) · · ·B(φn ⊗ gn)

)
= 0 (3.38)

and for an even n,

τ
(
B(φ1 ⊗ g1) · · ·B(φn ⊗ gn)

)
=
∑

ξ∈P(n)
2

∫
Y n

⊗
{i,j}∈ξ, i<j

λ(2) [gi, gj] (dyi dyj)φ1(y1) · · ·φn(yn)Q(ξ; y1, . . . , yn). (3.39)

Here Q(ξ; y1, . . . , yn) is given by (3.35). In particular, the state τ is completely determined

by the measures λ(2) [g1, g2] (g1, g2 ∈ G) and the function Q(y1, y2).

Corollary 3.20 implies:

Proposition 3.23. The Fock state on the Q-ACR algebra is strongly quasi-free, and in

this case the measure λ(2) [g1, g2] on Y
2 is given by (3.26), (3.27).

Consider a Q-ACR algebra A. Let us fix a constant c ∈ C, |c| = 1, and let us define

the operators

Ã+(f) = A+(cf), Ã−(f) = A−(c̄f).

As easily seen, these operators also satisfy the Q-ACR. Furthermore,(
Ã+(f)

)∗
=
(
A+(cf)

)∗
= A−(c̄f̄) = Ã−(f̄).

Hence, we can define a new Q-ACR algebra Ã by setting, for any ♯1, . . . , ♯n ∈ {+,−} and

f (n) ∈ F(Xn),

Φ̃(f (n); ♯1, . . . , ♯n) = Φ(ck−lf (n); ♯1, . . . , ♯n), (3.40)

where k is the number of pluses among ♯1, . . . , ♯n and l is the number of minuses among

♯1, . . . , ♯n.
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Next, we note that Ã and A coincide as sets (A = Ã). Furthermore, the ∗-operations

in the algebras Ã and A coincide. Therefore, we can consider the state τ on A as the

mapping τ : Ã → C and this map determines a state τ̃ on Ã.

Definition 3.24. We will say that the state τ on the Q-ACR algebra A is gauge-invariant

if, for each constant c as above, the states τ and τ̃ coincide.

In view of Proposition 3.11 (i), the state τ being gauge-invariant means that

τ̃
(
Ã+(φ1 ⊗ g1) · · · Ã+(φm ⊗ gm)Ã

−(φm+1 ⊗ gm+1) · · · Ã−(φm+n ⊗ gm+n)
)

= τ
(
A+(φ1 ⊗ g1) · · ·A+(φm ⊗ gm)A

−(φm+1 ⊗ gm+1) · · ·A−(φm+n ⊗ gm+n)
)
.

But formula (3.40) implies

τ̃
(
Ã+(φ1 ⊗ g1) · · · Ã+(φm ⊗ gm)Ã

−(φm+1 ⊗ gm+1) · · · Ã−(φm+n ⊗ gm+n)
)

= cm−nτ
(
A+(φ1 ⊗ g1) · · ·A+(φm ⊗ gm)A

−(φm+1 ⊗ gm+1) · · ·A−(φm+n ⊗ gm+n)
)
.

For m = n, cm−n = c0 = 1, whereas if m ̸= n, cm−n ̸= 1 and cm−n ̸= 0 for some c ∈ C,

|c| = 1. Hence, the state τ is gauge-invariant if and only if, for all m ̸= n,

τ
(
A+(φ1 ⊗ g1) · · ·A+(φm ⊗ gm)A

−(φm+1 ⊗ gm+1) · · ·A−(φm+n ⊗ gm+n)
)
= 0.

Definition 3.25. Let A be the Q-ACR algebra and let τ be a state on it. Assume that

the state τ satisfies the assumption of Proposition 3.11. For any g1, g2 ∈ G, let the

complex-valued measure γ(2)[g1, g2] on Y 2 be determined by (3.19). We say that the

state τ is gauge-invariant quasi-free if for any m,n ∈ N0, φ1, . . . , φm+n ∈ C0(Y ) and

g1, . . . , gm+n ∈ G, we have

τ
(
A+(φ1 ⊗ g1) · · ·A+(φm ⊗ gm)A

−(φm+1 ⊗ gm+1) · · ·A−(φm+n ⊗ gm+n)
)

= δm,n

∑
ξ∈P(2n)

2

∫
Y 2n

⊗
{i,j}∈ξ, 1≤i≤n
n+1≤j≤2n

γ(2)[gi, gj](dyi dyj)φ1(y1) · · ·φ2n(y2n)Q(ξ; y1, . . . , y2n).

(3.41)

Here Q(ξ; y1, · · · , y2n) is defined by (3.35). In particular, the state τ is completely deter-

mined by the measure γ(2)[g1, g2] (g1, g2 ∈ G) and the function Q(ξ; y1, . . . , y2n).
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By analogy with [22], we will now construct a class of gauge-invariant quasi-free states

on the Q-ACR algebra. To this end, we will

� construct the vacuum state on a certain Q-ACR algebra over a larger space X;

� consider a properly chosen sub-algebra of the Q-ACR algebra, which will be iden-

tified with the Q-ACR algebra, and the vacuum state on the Q-ACR algebra will

yield a quasi-free state on the sub-Q-ACR algebra of the Q-ACR algebra.

Denote by X1 = Y1 × Z1, X2 = Y2 × Z2 two copies of the set X, and consider their

disjoint union

X = X1 ⊔X2.

Note that

X2 = (X1 ×X1) ⊔ (X1 ×X2) ⊔ (X2 ×X1) ⊔ (X2 ×X2) .

Let B(X) be the σ-algebra on X such that, for each A ∈ B(X), A ∩X1 ∈ B(X1) and

A ∩X2 ∈ B(X2).

We consider the measure on (X,B(X)) that satisfies that its restriction to (Xi,B(Xi)),

i = 1, 2, coincides with the measure σ, considered as a measure on (Xi,B(Xi)). We will

keep the notation σ for this measure on X. Then we obviously have

L2 (X, dσ) = L2 (X1, dσ)⊕ L2 (X2, dσ) .

We denote H = L2 (X, dσ).

We define a (continuous) function Q : X2 → C by

Q(x1, x2) =

Q(x1, x2), if x1, x2 ∈ X1 or x1, x2 ∈ X2,

Q(x2, x1), if x1 ∈ X1, x2 ∈ X2 or x1 ∈ X2, x2 ∈ X1.

(3.42)

Note that |Q(x1, x2)| = 1 and Q(x2, x1) = Q(x1, x2) for all (x1, x2) ∈ X2.

We denote by A the Q-ACR algebra corresponding to the function Q. Let τ denote

the Fock state on Q-ACR A.

Remark 3.26. Denote

Y = Y1 ⊔ Y2, Z = Z1 ⊔ Z2.
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We obviously do not have the representation of X as Y × Z, instead X is a subset of

Y × Z. So strictly speaking we cannot apply the results of Sections 3.3, 3.4 to this case.

Nevertheless these results still hold in the current setting after one has done a trivial

modification. In particular, the counterpart of formula (3.2) should be read as follows.

We define F (Xn) as the linear span of functions f (n) : Xn → C such that, for each

(i1, . . . , in) ∈ {1, 2}n, the restriction of f (n) to Xi1 ×Xi2 × · · · ×Xin , denoted by f
(n)
i1,...,in

,

is of the form

f
(n)
i1,...,in

(x1, . . . , xn) = φ(n)(y1, . . . , yn)g1(z1) . . . gn(zn),

where φ(n) ∈ C0(Y
n), g1, . . . , gn ∈ G and the choice of functions φ(n), g1, . . . , gn depends

on (i1, . . . , in).

In accordance with the intuitive formula (3.3), we will denote elements of the Q-ACR

algebra by ∫
Xn

f (n)(x1, . . . , xn)a
♯1(x1) · · · a♯n(xn)σ(dx1) · · ·σ(dxn) (3.43)

for f (n) ∈ F (Xn) and ♯1, . . . , ♯n ∈ {+,−}.

Let (i1, . . . , in) ∈ {1, 2}n and assume that

f (n)(x1, . . . , xn) =

f
(n)(x1, . . . , xn), if (x1, . . . , xn) ∈ Xi1 ×Xi2 × · · · ×Xin ,

0, if (x1, . . . , xn) /∈ Xi1 ×Xi2 × · · · ×Xin .

(3.44)

where f (n) ∈ F (Xn). In this case, we will denote the corresponding element (3.43) of the

Q-ACR algebra A by∫
Xn

f (n)(x1, . . . , xn)a
♯1
i1
(x1) · · · a♯n

in
(xn)σ(dx1) · · ·σ(dxn). (3.45)

So, informally, for ♯ ∈ {+,−}, i ∈ {1, 2}, and x ∈ X, a♯
i(x) is equal to a♯(x), where x is

identified with an element of Xi.

Recall that κ ∈ {−1,+1} is the value of the Q function on the diagonal, i.e., Q(y, y) =

κ for all y ∈ Y . In view of (2.130), (3.10) and (3.42), the operators a♯
i(x) with i ∈ {1, 2}

and ♯ ∈ {+,−} satisfy the following formal commutation relations:

a♯
i(x1)a

♯
i(x2) = Q(x2, x1)a

♯
i(x2)a

♯
i(x1), i ∈ {1, 2}, ♯ ∈ {+,−},
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a♯
i(x1)a

♯
j(x2) = Q(x1, x2)a

♯
j(x2)a

♯
i(x1), i, j ∈ {1, 2}, i ̸= j, ♯ ∈ {+,−},

a−
i (x1)a

+
i (x2) = δ(x1, x2) +Q(x1, x2)a

+
i (x2)a

−
i (x1), i ∈ {1, 2},

a−
i (x1)a

+
j (x2) = Q(x2, x1)a

+
j (x2)a

−
i (x1), i, j ∈ {1, 2}, i ̸= j,

a+
i (x1)a

−
i (x2) = −κδ(x1, x2) +Q(x1, x2)a

−
i (x2)a

+
i (x1), i ∈ {1, 2},

a+
i (x1)a

−
j (x2) = Q(x2, x1)a

−
j (x2)a

+
i (x1), i, j ∈ {1, 2}, i ̸= j. (3.46)

Note that, for x1 ∈ Xi and x2 ∈ Xj with i ̸= j, the term δ(x1, x2) vanishes.

Let us fix a bounded linear operator K ∈ L(G). In the case κ = 1, we assume that

K ≥ 0, and in the case κ = −1, we assume that 0 ≤ K ≤ 1. Let

K1 =
√
K, K2 =

√
1 + κK.

For a bounded linear operator B ∈ L(G), we denote by B′ its complex conjugate

operator, i.e.,

B′ = JBJ, (3.47)

where (Jg)(z) = g(z) is the complex conjugation in G.

Let f = φ⊗ g with φ ∈ C0(Y ) and g ∈ G. We define

A+(f) =

∫
X

φ(y) (K2g) (z)a
+
2 (x)σ(dx) +

∫
X

φ(y) (K1g) (z)a
−
1 (x)σ(dx),

A−(f) =

∫
X

φ(y)(K ′
2g)(z)a

−
2 (x)σ(dx) +

∫
X

φ(y)(K ′
1g)(z)a

+
1 (x)σ(dx). (3.48)

Remark 3.27. Note that the representation f = φ ⊗ g is not unique. Indeed, choose an

arbitrary constant c ∈ C, c ̸= 0. Then f = (cφ)⊗ (1
c
g), where cφ ∈ C0(Y ), 1

c
g ∈ G. But,

for each operator B ∈ L(G), we have (cφ)⊗ (B 1
c
g) = φ⊗ (Bg). Hence, the definition of

A+(f) and A−(f) does not depend on the representation of f as φ⊗ g.

Proposition 3.28. We have
(
A+(f)

)∗
= A−(Jf) and the operators A+(f), A−(f) defined

by (3.48) satisfy the Q-ACR.

Proof. The statement easily follows from the commutation relations (3.46). We only need

to note that for any φ1 ⊗ g1, φ2 ⊗ g2 with φ1, φ2 ∈ C0(Y ) and g1, g2 ∈ G, we have∫
X

φ1(y)(K
′
2g1)(z)φ2(y)(K2g2)(z)σ(dx)− κ

∫
X

φ1(y)(K
′
1g1)(z)φ2(y)(K1g2)(z)σ(dx)
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=
(
φ2 ⊗ (K2g2), φ1 ⊗ (K2g1)

)
L2(X,σ)

− κ
(
φ2 ⊗ (K1g2), φ1 ⊗ (K1g1)

)
L2(X,σ)

=
(
φ2 ⊗ (K2

2g2), φ1 ⊗ g1
)
L2(X,σ)

− κ
(
φ2 ⊗ (K2

1g2), φ1 ⊗ g1
)
L2(X,σ)

=
(
φ2 ⊗ (1 + κK)g2, Jf1

)
L2(X,σ)

− κ
(
φ2 ⊗ (Kg2), Jf1

)
L2(X,σ)

= (f2, Jf1)L2(X,σ) =

∫
X

f1(x)f2(x)σ(dx).

We formally introduce operators A+(x), A−(x), x ∈ X, such that, for each f = φ⊗ g

with φ ∈ C0(Y ) and g ∈ G,

A+(f) =

∫
X

f(x)A+(x)σ(dx),

A−(f) =

∫
X

f(x)A−(x)σ(dx), (3.49)

where A+(f), A−(f) are given by (3.48).

By Proposition 3.28, A+(x), A−(x) satisfy the Q-ACR, i.e., formulas (2.130) and (3.10)

hold with a+(·), a−(·) being replaced with A+(·), A−(·).

Let φ(n) ∈ C0(Y
n) and g1, . . . , gn ∈ G and let

f (n)(x1, . . . , xn) = φ(n)(y1, . . . , yn)g1(z1) · · · gn(zn) ∈ F (Xn) .

We now want to define, for ♯1, . . . , ♯n ∈ {−,+},∫
Xn

f (n)(x1, . . . , xn)A
♯1(x1) · · ·A♯n(xn)σ(dx1) · · ·σ(dxn).

To do this, we define the operators

K(+, 1) = K1, K(+, 2) = K2,

K(−, 1) = K ′
1, K(−, 2) = K ′

2.

We also define

γ(+, 1) = −, γ(+, 2) = +,

γ(−, 1) = +, γ(−, 2) = −.

Note that, using these notations, we can re-write formulas (3.48), as follows:

A+(f) =

∫
X

φ(y) (K(+, 1)g) (z)a
γ(+,1)
1 (x)σ(dx) +

∫
X

φ(y) (K(+, 2)g) (z)a
γ(+,2)
2 (x)σ(dx),
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A−(f) =

∫
X

φ(y)(K(−, 1)g)(z)aγ(−,1)
1 (x)σ(dx) +

∫
X

φ(y)(K(−, 2)g)(z)aγ(−,2)
2 (x)σ(dx).

(3.50)

Then, in view of formulas (3.49) and (3.50), we define∫
Xn

f (n)(x1, . . . , xn)A
♯1(x1) · · ·A♯n(xn)σ(dx1) · · ·σ(dxn)

=
∑

(i1,...,in)∈{1,2}n

∫
Xn

φ(n)(y1, . . . , yn)

× (K(♯1, i1)g1) (z1) · · · (K(♯n, in)gn) (zn)a
γ(♯1,i1)
i1

(x1) · · · aγ(♯n,in)
in

(xn)σ(x1) · · ·σ(dxn).

(3.51)

In particular, if φ(n)(y1, . . . , yn) = φ1(y1) · · ·φn(yn) with φ1, . . . , φn ∈ C0(Y ), we have∫
Xn

f (n)(x1, . . . , xn)A
♯1(x1) · · ·A♯n(xn)σ(dx1) · · ·σ(dxn) = A♯1(f1) · · ·A♯n(fn), (3.52)

where fi(x) = φi(y)gi(z).

Next, we extend our definition of∫
Xn

f (n)(x1, . . . , xn)A
♯1(x1) · · ·A♯n(xn)σ(dx1) · · ·σ(dxn), (3.53)

by linearity to the case where f (n) is an arbitrary element of F (Xn).

Obviously, each element of the form (3.53) belongs to the Q-ACR algebra A. Let A be

the unital ∗-algebra generated by elements of the form (3.53). Thus, A is a sub-∗-algebra

of A. Hence, the restriction to A of the Fock state τ on A is a state on A. We will keep

the notation τ for this state on A.

Theorem 3.29. For ♯1, . . . , ♯n ∈ {−,+} and f (n) ∈ F (Xn), denote

Φ(n)
(
f (n); ♯1, . . . , ♯n

)
=

∫
Xn

f (n)(x1, . . . , xn)A
♯1(x1) · · ·A♯n(xn)σ(dx1) · · · σ(dxn). (3.54)

Then the Φ(n)
(
f (n); ♯1, . . . , ♯n

)
satisfy conditions (3.4), (3.5), and (3.6). Hence, the

∗-algebra A can be considered as a Q-ACR algebra. Furthermore, the state τ on A is

gauge-invariant quasi-free, and the corresponding measure γ(2)[g1, g2] is given by

γ(2)[g1, g2](dy1dy2) = ν(2)(dy1, dy2)

∫
Z

(Kg1)(z)g2(z)µ(dz). (3.55)
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Proof. It follows from formulas (3.50), (3.51), (3.52), (3.54) and our considerations in Sec-

tion 3.4 that Proposition 3.28 implies that conditions (3.4), (3.5), and (3.6) are satisfied.

Thus, A can be considered as a Q-ACR algebra.

Lemma 3.30. For any n ∈ N and ♯1, . . . , ♯n ∈ {−,+}, the functional

τ
(n)
♯1,...,♯n

(
φ(n), g1, . . . , gn

)
= τ

(
Φ(n)(φ(n)(y1, . . . , yn)g1(z1) · · · gn(zn); ♯1, . . . , ♯n)

)
is continuous on C0(Y

n)× Gn.

Proof. Let us fix arbitrary ♯1, . . . , ♯n ∈ {−,+} and i1, . . . , in ∈ {1, 2}. Consider the

functional

τ i1,...,in
♯1,...,♯n

(
φ(n), g1, . . . , gn

)
= τ

(∫
Xn

φ(n)(y1, . . . , yn)g1(z1) · · · gn(zn)

× a
γ(♯1,i1)
i1

(x1) · · · aγ(♯n,in)
in

(xn)σ(x1) · · ·σ(dxn)
)

on C0(Y
n)× Gn. It follows from Lemma 3.14 that this functional is continuous.

Since the operators K1, K2, K
′
1, K

′
2 act continuously on G, the functional

C0(Y
n)× Gn ∋ (φ(n), g1, . . . , gn) 7→ τ i1,...,in

♯1,...,♯n

(
φ(n), K(♯1, i1)g1, . . . , K(♯n, in)gn

)
is continuous.

By formulas (3.51) and (3.54), we have

τ
(n)
♯1,...,♯n

(
φ(n), g1, . . . , gn

)
=

∑
(i1,...,in)∈{1,2}n

τ i1,...,in
♯1,...,♯n

(
φ(n), K(♯1, i1)g1, . . . , K(♯n, in)gn

)
.

Hence, τ
(n)
♯1,...,♯n

is continuous on C0(Y
n)× Gn.

For any φ1, φ2 ∈ C0(Y ) and g1, g2 ∈ G, we have, by (3.48),

τ
(
A+(φ1 ⊗ g1)A

−(φ2 ⊗ g2)
)

= τ

(∫
X

φ1(y1)(K1g1)(z1)a
−
1 (x1)σ(dx1)

∫
X

φ2(y2)(K
′
1g2)(z2)a

+
1 (x2)σ(dx2)

)
=

∫
Y

φ1(y)φ2(y)ν(dy)

∫
Z

(K1g1)(z)(K
′
1g2)(z)µ(dz)

=

∫
Y

φ1(y1)φ2(y2)ν
(2)(dy1dy2)(K1g1, K1Jg2)L2(Z,dµ)
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=

∫
Y

φ1(y1)φ2(y2)ν
(2)(dy1dy2)(Kg1, Jg2)L2(Z,dµ)

=

∫
Y

φ1(y1)φ2(y2)ν
(2)(dy1dy2)

∫
Z

(Kg1)(z)g2(z)µ(dz)

=

∫
Y

φ1(y1)φ2(y2)γ
(2)[g1, g2](dy1dy2), (3.56)

where the measure γ(2)[g1, g2] is given by (3.55).

Similarly, we have for φ1, · · · , φm+n ∈ C0(Y ) and g1, . . . , gm+n ∈ G,

τ
(
A+(φ1 ⊗ g1) · · ·A+(φm ⊗ gm)A

−(φm+1 ⊗ gm+1) · · ·A−(φm+n ⊗ gm+n)
)

= δm,n τ

(∫
X

φ1(y1)(K1g1)(z1)a
−
1 (x1)σ(dx1) · · ·

∫
X

φn(yn)(K1gn)(zn)a
−
1 (xn)σ(dxn)

×
∫
X

φn+1(yn+1)(K
′
1gn+1)(zn+1)a

+
1 (xn+1)σ(dxn+1)

× · · ·
∫
X

φ2n(y2n)(K
′
1g2n)(z2n)a

+
1 (x2n)σ(dx2n)

)
= δm,n

∑
ξ∈P(2n)

2

∫
Y 2n

⊗
{i,j}∈ξ, 1≤i≤n
n+1≤j≤2n

γ(2)[gi, gj](dyidyj)φ1(y1) · · ·φ2n(y2n)Q(ξ; y1, . . . , y2n),

where the last equality follows from (3.37) and (3.42).

Theorem 3.31. (i) Let the function Q be not real-valued. If K ̸= 0 and for κ = −1, if

additionally K ̸= 1, the state τ is not strongly quasi-free.

(ii) Let the function Q be real-valued, i.e., Q(y1, y2) = κ for all y1, y2 ∈ Y . Then the

state τ is strongly quasi-free and the corresponding measure λ(2) [g1, g2] is given by

λ(2) [g1, g2] (dy1, dy2) = ν(2)(dy1, dy2)
(
(g2, g1)L2(Z,µ) + (Kg1, g2)L2(Z,µ) + κ(Kg1, g2)L2(Z,µ)

)
.

(3.57)

In particular, for κ = 1, we have

λ(2) [g1, g2] (dy1, dy2) = ν(2)(dy1, dy2)
(
(g2, g1)L2(Z,µ) + 2Re (Kg1, g2)L2(Z,µ)

)
, (3.58)

and for κ = −1,

λ(2) [g1, g2] (dy1, dy2) = ν(2)(dy1, dy2)
(
(g2, g1)L2(Z,µ) + 2i Im (Kg1, g2)L2(Z,µ)

)
. (3.59)

Remark 3.32. As mentioned above, part (ii) of Proposition 3.31 is of course well-known.
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Proof. For any φ ∈ C0(Y → R) and g ∈ G, we have, by (3.17),

B(φ⊗ g) = A+(φ⊗ g) + A−(φ⊗ (Jg)). (3.60)

We define

A+(φ⊗ g) =

∫
X

φ(y)(K2g)(z)a
+
2 (x)σ(dx) +

∫
X

φ(y)(JK1g)(z)a
+
1 (x)σ(dx)

=

∫
X

φ(y)(K+g)(z)a+(x)σ(dx)

A−(φ⊗ g) =

∫
X

φ(y)(K1g)(z)a
−
1 (x)σ(dx) +

∫
X

φ(y)(JK2g)(z)a
−
2 (x)σ(dx)

=

∫
X

φ(y)(K−g)(z)a−(x)σ(dx) (3.61)

where

(K+g)(z) = χZ1(z)(JK1g)(z) + χZ2(z)(K2g)(z),

(K−g)(z) = χZ1(z)(K1g)(z) + χZ2(z)(JK2g)(z). (3.62)

Then, by (3.48), (3.60) and (3.61),

B(φ⊗ g) = A+(φ⊗ g) +A−(φ⊗ g). (3.63)

Let us now prove part (i). For any φ1, . . . , φ4 ∈ C0(Y → R) and g1, . . . , g4 ∈ G,

consider

τ
(
B(φ1 ⊗ g1) · · ·B(φ4 ⊗ g4)

)
= τ

((
A+(φ1 ⊗ g1) +A−(φ1 ⊗ g1)

)(
A+(φ2 ⊗ g2) +A−(φ2 ⊗ g2)

)
×
(
A+(φ3 ⊗ g3) +A−(φ3 ⊗ g3)

)(
A+(φ4 ⊗ g4) +A−(φ4 ⊗ g4)

))
. (3.64)

To calculate the right-hand side of (3.64), we use formula (3.36). Consider the term

corresponding to the partition ξ =
{
{1, 3}, {2, 4}

}
∈ P(4):∫

X4

σ(2)(dx1 dx3)σ
(2)(dx2 dx4)φ1(y1)φ2(y2)φ3(y3)φ4(y4)

× (K−g1)(z1)(K
−g2)(z2)(K

+g3)(z3)(K
+g4)(z4)Q(y2, y3).
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Note that, for y2, y3 ∈ Yi, i ∈ {1, 2}, we indeed have

Q(y2, y3) = Q(y2, y3)

but for y2 ∈ Yi, y3 ∈ Yj with i ̸= j,

Q(y2, y3) = Q(y2, y3).

But to have a strongly quasi-free state, we must only have Q(y2, y3) for this term. Hence,

unless the function Q is real-valued or one of the operators, K1 or K2, is equal to zero,

the state τ is not strongly quasi-free.

We now prove part (ii). By (3.36), (3.60), (3.61) and (3.63), the state τ is strongly

quasi-free and the corresponding measure λ(2) [g1, g2] is given by

λ(2)[g1, g2](dy1 dy2) = ν(2)(dy1 dy2)

∫
Z

(K−g1)(z)(K
+g2)(z)µ(dz).

By (3.62), ∫
Z

(K−g1)(z)(K
+g2)(z)µ(dz)

=

∫
Z

(K1g1)(z)(JK1g2)(z)µ(dz) +

∫
Z

(JK2g1)(z)(K2g2)(z)µ(dz)

= (K1g1, K1g2)G + (K2g2, K2g1)G

= (Kg1, g2)G + ((1 + κK)g2, g1)G

= (g2, g1)G + (Kg1, g2)G + κ(g2, Kg1)G. (3.65)
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Chapter 4

Gauge-invariant and strongly

quasi-free states on the Wick algebra

of multicomponent commutation

relations

The aim of this chapter is to define and study gauge-invariant quasi-free and strongly

quasi-free free states on the Wick algebra of multicomponent commutation relations.

Unlike the case of the Q-ACR, our construction will be done under additional, rather

restrictive assumptions on the function C(x1, x2) taking values in L(V ⊗2). Nevertheless,

when the dimension of V is two (i.e., for a two-component quantum system), we will show

that the class of functions C(x1, x2), that was proposed in [9, Example 4.9], does satisfy

our assumptions. Hence, we are able to construct a gauge-invariant quasi-free state on

the corresponding Wick algebra. Furthermore, for a non-trivial subclass of this class, the

corresponding states appear to be strongly quasi-free. This happens in stark difference

with the case of the Q-ACR, where we could not find non-trivial examples of strongly

quasi-free states.
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4.1 The algebra of multicomponent commutation re-

lations (C-MCR)

Just as in Chapter 3, we assume that X = Y × Z and σ = ν ⊗ µ. Let V be a complex

Hilbert space, and this chapter we will assume that V is finite-dimensional. We will

denote by d the dimension of V .

Remark 4.1. Let us explain why we now need V to be finite-dimensional. As well-known,

if V is a separable Hilbert space, then the space V ⊗2 can be identified with Hilbert–

Schmidt operators in V . Indeed, let us fix an arbitrary orthonormal basis (en)n≥1 in V .

Then each f (2) ∈ V ⊗2 is of the form

f (2) =
∑

m,n≥1

(f (2), em ⊗ en)V ⊗2 em ⊗ en,

and

∥f (2)∥2V ⊗2 =
∑

m,n≥1

|(f (2), em ⊗ en)|2.

Then we can identify f (2) with the Hilbert-Schmidt operator A in V whose matrix in

the (en)n≥1 basis is A =
[
(f (2), em ⊗ en)

]
m,n≥1

and every Hilbert–Schmidt operator in V

is of this form. If we additionally assume that V is finite-dimensional, then each linear

operator A in V is of trace class, and the trace of A is given by

TrA =
d∑

n=1

(Aen, en)V =
d∑

n=1

(f (2), en ⊗ en)V ⊗2 .

Here we identified A with f (2) ∈ V ⊗2. Hence, we can define the linear functional

V ⊗2 ∋ f (2) 7→ Tr f (2) =
d∑

n=1

(f (2), en ⊗ en)V ⊗2 ∈ C

and this definition does not depend on the choice of a basis (en)n=1,...,d in V . Note that,

for any v1, v2 ∈ V ,

Tr(v1 ⊗ v2) = ⟨v1, v2⟩V .

Here ⟨v1, v2⟩V = (v1, Jv2)V .

We fix a map C : Y 2 → L (V ⊗2) that satisfies the following
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Assumption 4.2. (i) The map C : Y 2 → L (V ⊗2) is continuous;

(ii) For each (y1, y2) ∈ Y 2, C(y1, y2) is a unitary operator in V ⊗2;

(iii) For each (y1, y2) ∈ Y 2, C∗(y1, y2) = C(y2, y1);

(iv) The functional Yang–Baxter equation is satisfied point-wise, i.e.,

C1(y1, y2)C2(y1, y3)C1(y2, y3) = C2(y2, y3)C1(y1, y3)C2(y1, y2), (y1, y2, y3) ∈ Y 3. (4.1)

We will also consider C as a function on X2 by setting C(y1, z1, y2, z2) = C(y1, y2).

We have

H = L2 (X → V, σ) = L2 (X, σ)⊗ V = L2 (Y, ν)⊗ L2(Z, µ)⊗ V.

Hence, we can interpret H as

H = L2 (Y → V, ν)⊗ L2(Z, µ).

Just as in Section 3.1, we denote G = L2(Z, µ). Next we define C0(Y
n → V ⊗n) to be

the space of all continuous maps φ(n) : Y n → V ⊗n with compact support.

Similarly to (3.2), we define

F(Xn → V ⊗n) = C0(Y
n → V ⊗n)⊗alg G⊗algn

= l. s.
{
f (n)(x1, . . . , xn) = φ(n)(y1, . . . , yn)g1(z1), . . . , gn(zn) |

φ(n) ∈ C0(Y
n → V ⊗n), g1, . . . , gn ∈ G

}
.

We fix a complex conjugation J : V → V , which determines the complex conjugation

J : V ⊗n → V ⊗n. This can be done by fixing an orthonormal basis (ei)i=1,...,d in V , and

setting Jei = ei for all i. For u
(n), v(n) ∈ V ⊗n, we denote

⟨u(n), v(n)⟩V ⊗n = (u(n), Jv(n))V ⊗n .

For n ≥ 2 and i ∈ {1, . . . , n− 1}, we define

Tri : V
⊗n → V ⊗(n−2), Tri = 1i−1 ⊗ Tr⊗1n−1−i.

Lemma 4.3. For f (n) ∈ F(Xn → V ⊗n), n ≥ 2, and i ∈ {1, . . . , n− 1}, define

h(n−2) : Xn−2 → V ⊗(n−2)
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by

h(n−2)(x1, . . . , xn−2) =

∫
X

Tri f
(n)(x1, . . . , xi−1, x, x, xi, . . . , xn−2)σ(dx).

Then h(n−2) ∈ F(Xn−2 → V ⊗(n−2)).

Proof. By linearity, it suffices to check that the statement holds for f (n) of the form

f (n)(x1, . . . , xn) = φ(n)(y1, . . . , yn)g1(z1) · · · gn(zn),

with φ(n) ∈ C0(Y
n → V ⊗n) and g1, . . . , gn ∈ G. But then

h(n−2)(x1, . . . , xn−2) =

∫
Y

Tri φ
(n)(y1, . . . , yi−1, y, y, yi, . . . , yn−2)ν(dy)

×
(∫

Z

gi(z)gi+1(z)µ(dz)

)
g1(z1) · · · gi−1(zi−1)gi+2(zi) · · · gn(zn−2),

which obviously belongs to F(Xn−2 → V ⊗(n−2)).

Intuitively, elements of the C-MCR algebra can be represented by operator-valued

integrals ∫
Xn

⟨f (n)(x1, . . . , xn), a
♯1(x1)⊗ · · · ⊗ a♯n(xn)⟩V ⊗n σ(dx1) · · · σ(dxn) (4.2)

where f (n) ∈ F(Xn → V ⊗n) and ♯1, . . . , ♯n ∈ {+,−}. These operator-valued integrals are

subject to the commutation relation of Corollary 2.94. More precisely, if i ∈ {1, . . . , n−1}

and ♯i = ♯i+1 = +, then∫
Xn

⟨f (n)(x1, . . . , xn), a
♯1(x1)⊗ · · · ⊗ a♯n(xn)⟩V ⊗n σ(dx1) · · ·σ(dxn)

=

∫
Xn

⟨Ci(xi, xi+1)f
(n)(x1, . . . , xi−1, xi+1, xi, xi+2, . . . , xn), a

♯1(x1)⊗ · · · ⊗ a♯n(xn)⟩V ⊗n

× σ(dx1) · · ·σ(dxn).

Similarly, for ♯i = ♯i+1 = −, we get∫
Xn

⟨f (n)(x1, . . . , xn), a
♯1(x1)⊗ · · · ⊗ a♯n(xn)⟩V ⊗n σ(dx1) · · ·σ(dxn)

=

∫
Xn

⟨Ĉi(xi+1, xi)f
(n)(x1, . . . , xi−1, xi+1, xi, xi+2, . . . , xn), a

♯1(x1)⊗ · · · ⊗ a♯n(xn)⟩V ⊗n

× σ(dx1) · · ·σ(dxn).
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If ♯i = −, ♯ = +, then∫
Xn

⟨f (n)(x1, . . . , xn), a
♯1(x1)⊗ · · · ⊗ a♯n(xn)⟩V ⊗n σ(dx1) · · ·σ(dxn)

=

∫
Xn

⟨C̃i(xi, xi+1)f
(n)(x1, . . . , xn), a

♯1(x1)⊗ · · · a♯i−1(xi−1)⊗ a♯i+1(xi+1)⊗ a♯i(xi)

⊗ a♯i+2(xi+2)⊗ · · · ⊗ a♯n(xn)⟩V ⊗nσ(dx1) · · ·σ(dxn)

+

∫
Xn−2

〈∫
X

Tri f
(n)(x1, . . . , xi−1, x, x, xi+2, . . . , xn)σ(dx),

a♯1(x1)⊗ · · · a♯i−1(xi−1)⊗⊗a♯i+2(xi+2)⊗ · · · ⊗ a♯n(xn)
〉
V ⊗n

× σ(dx1) · · ·σ(dxi−1)σ(dxi+2) · · ·σ(dxn)

=

∫
Xn

⟨C̃i(xi+1, xi)f
(n)(x1, . . . , xi−1, xi+1, xi, xi+2, · · ·xn),

a♯1(x1)⊗ · · · ⊗ a♯i+1(xi)⊗ a♯i(xi+1)⊗ · · · ⊗ a♯n(xn)⟩V ⊗(n−2) σ(dx1) · · · σ(dxn)

+

∫
Xn

〈∫
X

Tri f
(n)(x1, . . . , xi−1, x, x, xi, . . . , xn−2)σ(dx),

a♯1(x1)⊗ · · · ⊗ a♯i−1(xi−1)⊗ a♯i+2(xi)⊗ · · · ⊗ a♯n(xn−2)⟩V ⊗(n−2)

× σ(dx1) · · ·σ(dxi−1)σ(dxi+2) · · ·σ(dxn).

We also note that the adjoint of∫
Xn

⟨f (n)(x1, . . . , xn), a
♯1(x1)⊗ · · · ⊗ a♯n(xn)⟩V ⊗n σ(dx1) · · ·σ(dxn)

should be∫
Xn

⟨S(n)f (n)(x1, . . . , xn), a
−♯n(xn)⊗ · · · ⊗ a−♯1(x1)⟩V ⊗n σ(dx1) · · ·σ(dxn)

=

∫
Xn

⟨S(n)f (n)(xn, . . . , x1)a
−♯n(x1)⊗ · · · ⊗ a−♯1(xn)⟩V ⊗n σ(dx1) · · · σ(dxn). (4.3)

Here similarly to (2.84), we used the continuous antilinear operator S(n) : V ⊗n → V ⊗n

that is defined by

S(n)v1 ⊗ · · · ⊗ vn = (Jvn)⊗ · · · ⊗ (Jv1). (4.4)

Defining the operator

G(n) : F(Xn → V ⊗n) → F(Xn → V ⊗n)
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by

(
G(n)f (n)

)
(x1, . . . , xn) = S(n)f (n)(xn, . . . , x1).

Therefore, formula (4.3) becomes∫
Xn

⟨(G(n)f (n))(x1, . . . , xn)a
−♯n(x1)⊗ · · · ⊗ a−♯1(xn)⟩V ⊗n σ(dx1) · · ·σ(dxn).

Similarly to the Q-ACR case, we will denote the integrals∫
Xn

⟨f (n)(x1, . . . , xn), a
♯1(x1)⊗ · · · ⊗ a♯n(xn)⟩V ⊗n σ(dx1) · · ·σ(dxn)

by Φ(n)
(
f (n); ♯1, . . . , ♯n

)
.

Definition 4.4. The C-MCR algebra is defined as the unital ∗-algebra that is generated

by elements of the form Φ(n)
(
f (n); ♯1, . . . , ♯n

)
for f (n) ∈ F(Xn → V ⊗n) and ♯1, . . . , ♯n ∈

{+,−}. These elements satisfy the following relations:

(i) If i ∈ {1, . . . , n− 1} and ♯i = ♯i+1 = +, then

Φ(n)
(
f (n); ♯1, . . . , ♯n

)
= Φ(n)

(
Ci(xi, xi+1)f

(n)(x1, . . . , xi−1, xi+1, xi, xi+2, . . . , xn); ♯1, . . . , ♯n
)
. (4.5)

(ii) If i ∈ {1, . . . , n− 1} and ♯i = ♯i+1 = −, then

Φ(n)
(
f (n); ♯1, . . . , ♯n

)
= Φ(n)

(
Ĉi(xi+1, xi)f

(n)(x1, . . . , xi−1, xi+1, xi, xi+2, . . . , xn); ♯1, . . . , ♯n

)
. (4.6)

(iii) If i ∈ {1, . . . , n− 1} and ♯i = −, ♯i+1 = +, then

Φ(n)
(
f (n); ♯1, . . . , ♯n

)
= Φ(n)

(
C̃i(xi+1, xi)f

(n)(x1, . . . , xi−1, xi+1, xi, xi+2, . . . , xn); ♯1, . . . , ♯i+1, ♯i, . . . , ♯n

)
+ Φ(n−2)

(∫
X

Tri f
(n)(x1, . . . , xi−1, x, x, xi, . . . , xn−2)σ(dx); ♯1, . . . , ♯i−1, ♯i+2, . . . , ♯n

)
.

(4.7)
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The multiplication in the C-MCR algebra is given by

Φ(m)
(
f (m); ♯1, . . . , ♯m

)
Φ(n)

(
g(n); ♯m+1, . . . , ♯m+n

)
= Φ(m+n)

(
f (m) ⊗ g(n); ♯1, . . . , ♯m+n

)
,

where f (m) ∈ F(Xm → V ⊗m), g(n) ∈ F(Xn → V ⊗n) and(
f (m) ⊗ g(n)

)
(x1, . . . , xm+n) = f (m)(x1, . . . , xm)⊗ g(n)(xm+1, . . . , xm+n). (4.8)

(On the right-hand side of (4.8), the symbol ⊗ denotes the tensor product in V ⊗(m+n).)

The addition in the C-MCR algebra satisfies, for any λ, µ ∈ C and f (n), g(n) ∈ F(Xn →

V ⊗n),

λΦ(n)(f (n); ♯1, . . . , ♯n) + µΦ(n)(g(n); ♯1, . . . , ♯n) = Φ(n)(λf (n) + µg(n); ♯1, . . . , ♯n).

The ∗- operation in the C-MCR algebra is defined by

Φ(n)(f (n); ♯1, . . . , ♯n)
∗ = Φ(n)

(
G(n)f (n);−♯n, . . . ,−♯1

)
. (4.9)

We define

Pn : F(Xn → V ⊗n) → F(Xn → V ⊗n)

by formulas (2.4), (2.8), (2.10) with(
Uif

(n)
)
(x1, . . . , xn) = Ci(xi, xi+1)f

(n)(x1, . . . , xi−1, xi+1, xi, xi+2, . . . , xn),

for all (x1, . . . , xn) ∈ Xn. It follows from our previous considerations that the image of

Pn, i.e., the set Pn F(X
n → V ⊗n), consists of all functions f (n) ∈ F(Xn → V ⊗n) that

satisfy

f (n)(x1, . . . , xn) = Ci(xi, xi+1)f
(n)(x1, . . . , xi−1, xi+1, xi, xi+2, . . . , xn),

for all (x1, . . . , xn) ∈ Xn and i ∈ {1, . . . , n− 1}.

We define

P̂n : F(Xn → V ⊗n) → F(Xn → V ⊗n), P̂n = G(n)PnG(n).

It is easy to see that the operator P̂n can be constructed similarly to the operator Pn,

by starting with the operators Ûi instead of Ui. Here the operators Ûi are defined by(
Ûif

(n)
)
(x1, . . . , xn) = Ĉi(xi+1, xi)f

(n)(x1, . . . , xi−1, xi+1, xi, xi+2, . . . , xn).
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The image of P̂n, i.e., the set P̂n F(X
n → V ⊗n), consists of all functions f (n) ∈ F(Xn →

V ⊗n) that satisfy

f (n)(x1, . . . , xn) = Ĉi(xi+1, xi)f
(n)(x1, . . . , xi−1, xi+1, xi, xi+2, . . . , xn)

for all (x1, . . . , xn) ∈ Xn and i ∈ {1, . . . , n− 1}.

We also define

SF(m,n)
(
Xm+n → V ⊗(m+n)

)
= Pm ⊗ P̂n F(X

m+n → V ⊗(m+n))

=
{
f (m+n) ∈ F(Xn → V ⊗n) | Pm ⊗ P̂nf

(m+n) = f (m+n)
}
.

Thus, SF(m,n)
(
Xm+n → V ⊗(m+n)

)
consists of all functions f (m+n) ∈ F(Xm+n → V ⊗(m+n))

that satisfy, for all (x1, . . . , xm+n) ∈ Xm+n,

f (m+n)(x1, . . . , xm+n) = Ci(xi, xi+1)f
(m+n)(x1, . . . , xi−1, xi+1, xi, xi+2, . . . , xm+n)

for all i ∈ {1, . . . ,m− 1} and

f (m+n)(x1, . . . , xm+n) = Ĉi(xi+1, xi)f
(m+n)(x1, . . . , xi−1, xi+1, xi, xi+2, . . . , xm+n)

for all i ∈ {m+ 1, . . . ,m+ n− 1}.

For m,n ≥ 0, m+ n ≥ 1, f (m+n) ∈ F(Xm+n → V ⊗(m+n)), we define

W (m,n)(f (m+n)) = Φ(m+n)
(
f (m+n); ♯1, . . . , ♯m+n

)
,

where ♯1 = . . . ,= ♯m = +, ♯m+1 = · · · = ♯m+n = −. We callW (m,n)(f (m+n)) Wick-ordered

elements of the C-MCR algebra.

By the commutation relations, we have

W (m,n)(f (m+n)) = W (m+n)
(
Pm ⊗ P̂nf

(m+n)
)
.

Thus, we have the following proposition.

Proposition 4.5. Each element of the C-MCR algebra can be represented in the form

c1+
∑

m,n∈N0, m+n≥1

W (m,n)(f (m,n)) (4.10)

where c ∈ C and f (m,n) ∈ SF(m,n)
(
X(m+n) → V ⊗(m+n)

)
. The sum in (4.10) is finite.
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Proposition 4.6. Assume that, for all (x1, x2) ∈ X2, the operator C̃(x1, x2) : V
⊗2 → V ⊗2

is invertible. Furthermore, assume that there exists a constant κ ∈ R such that, for all

x ∈ X and v(2) ∈ V ⊗2,

Tr
(
C̃(x, x)−1v(2)

)
= κTr v(2). (4.11)

Then, for all f (n) ∈ F (Xn → V ⊗n) and i ∈ {1, . . . , n− 1}, if ♯i = +, ♯i+1 = −, then

Φ(n)
(
f (n); ♯1, . . . , ♯n

)
= Φ(n)

(
C̃i(xi, xi+1)

−1f (n)(x1, . . . , xi−1, xi+1, xi, xi+2, . . . , xn); ♯1, . . . , ♯i+1, ♯i, . . . , ♯n

)
− κΦ(n−2)

(∫
X

Tri f
(n)(x1, . . . , xi−1, x, x, xi, . . . , xn−2)σ(dx); ♯1, . . . , ♯i−1, ♯i+2, . . . , ♯n

)
.

Proof. Choose

g(n)(x1, . . . , xn) = C̃i(xi, xi+1)
−1f (n)(x1, . . . , xi+1, xi, . . . , xn).

Then, by formula (4.7),

Φ(n)(g(n)(x1, . . . , xn); ♯1, . . . , ♯i+1, ♯i, . . . , ♯n)

= Φ(n)
(
C̃i(xi+1, xi)C̃i(xi+1, xi)

−1f (n)(x1, . . . , xn); ♯1, . . . , ♯n

)
+ Φ(n−2)

(∫
X

Tri C̃i(x, x)
−1f (n)(x1 . . . , xi−1, x, x, xi, . . . , xn−2)σ(dx); ♯1, . . . , ♯i−1, ♯i+2, . . . , ♯n

)
= Φ(n)

(
f (n); ♯1, . . . , ♯n

)
+ κΦ(n−2)

(∫
X

Tri f
(n)(x1, . . . , xi−1, x, x, xi, . . . , xn−2)σ(dx);

♯1, . . . , ♯i−1, ♯i+2, . . . , ♯n

)
.

Remark 4.7. Let (ei)i=1,...,d be an orthonormal basis of V . Denote

bijkl(x) =
(
C̃(x, x)−1ei ⊗ ej, ek ⊗ el

)
V ⊗2

.

Then, for v(2) ∈ V ⊗2,

Tr
(
C̃(x, x)−1v(2)

)
=

d∑
k=1

(
C̃(x, x)−1v(2), ek ⊗ ek

)
V ⊗2

=
d∑

k=1

(
C̃(x, x)−1

∑
i,j=1,...,d

(v(2), ei ⊗ ej)V ⊗2 ei ⊗ ej, ek ⊗ ek

)
V ⊗2
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=
∑

i,j=1,...,d

(v(2), ei ⊗ ej)V ⊗2

d∑
k=1

(
C̃(x, x)−1ei ⊗ ej, ek ⊗ ek

)
V ⊗2

.

Hence, the condition (4.11) can be written in the following equivalent form: For any

i, j ∈ {1, . . . , d}, i ̸= j,

d∑
k=1

(
C̃(x, x)−1ei ⊗ ej, ek ⊗ ek

)
V ⊗2

= 0, (4.12)

and for any i, j ∈ {1, . . . , d}, i = j

d∑
k=1

(
C̃(x, x)−1ei ⊗ ei, ek ⊗ ek

)
V ⊗2

= κ. (4.13)

4.2 States on the C-MCR algebra

Let A be a C-MCR algebra and let τ : A → C be a state on A. For any ♯1, . . . , ♯n ∈ {+,−},

we define a linear functional

τ
(n)
♯1,...,♯n

: C0

(
Y n → V ⊗n

)
× Gn → C

by the formula (3.15) in which φ(n) ∈ C0 (Y
n → V ⊗n). Obviously these linear functionals

uniquely identify the state τ .

We equip C0 (Y
n → V ⊗n) with the topology of the uniform convergence on compact

sets in Y n. We will assume that each functional τ
(n)
♯1,...,♯n

is continuous on C0 (Y
n → V ⊗n)×

Gn. Then, similarly to Proposition 3.16, we conclude that, for any g1, . . . , gn ∈ G,

there exist V ⊗n-valued measures m
(n)
♯1,...,♯n

[g1, . . . , gn] on Y n such that, for all φ(n) ∈

C0 (Y
n → V ⊗n),

τ
(n)
♯1,...,♯n

(
φ(n), g1, . . . , gn

)
=

∫
Y n

〈
φ(n)(y1, . . . , yn), m

(n)
♯1,...,♯n

[g1, . . . , gn](dy1 · · · dyn)
〉
V ⊗n .

For v ∈ V , denote

Re(v) =
v + Jv

2
, Im(v) =

v − Jv

2i
,

so that

v = Re(v) + i Im(v).
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Denote

VR = {v ∈ V | Im(v) = 0} = {v ∈ V | v = Jv} .

Note that, for each v ∈ V , Re(v), Im(v) ∈ VR, hence

v = v1 + iv2, where v1, v2 ∈ VR. (4.14)

As easily seen the representation (4.14) of v ∈ V is unique.

For f ∈ F(X → V ) and ♯ ∈ {+,−}, we denote A♯(f) = Φ(1)(f ; ♯). Similarly to

Proposition 3.11, we prove the following

Proposition 4.8. Assume that, for any ♯1, . . . , ♯n ∈ {+,−}, the functional τ
(n)
♯1,...,♯n

is

continuous on C0 (Y
n → V ⊗n)× Gn. Then the following statements hold:

(i) The state τ is completely determined by its values on A♯1(f1) · · ·A♯m+n(fm+n), where

fk = φk ⊗ gk with φk ∈ C0(Y → V ) and gk ∈ G (k = 1, . . . ,m+ n), and ♯1 = · · · =

♯m = +, ♯m+1 = · · · = ♯m+n = −, where m,n ≥ 0, m+ n ≥ 1.

(ii) Define

B(f) = A+(f) + A−(Jf), f ∈ F(X → V ).

Then the state τ is completely determined by its values on B(f1) · · ·B(fn), where

fk = φk ⊗ gk with φk ∈ C0(Y → VR) and gk ∈ G (k = 1, . . . , n).

Similarly to Lemma 3.12, we have:

Lemma 4.9. Let a state τ satisfy the assumption of Proposition 4.8.

(i) For any g1, g2 ∈ G, there exists a V ⊗2-valued Radon measure γ(2)[g1, g2] on Y
2 that

satisfies

τ
(
A+(φ1 ⊗ g1)A

−(φ2 ⊗ g2)
)
=

∫
Y 2

〈
φ1(y1)⊗ φ2(y2), γ

(2)[g1, g2](dy1 dy2)
〉
V ⊗2 , (4.15)

for all φ1, φ2 ∈ C0(Y → V ).

(ii) For any g1, g2 ∈ G, there exists a V ⊗2-valued measure α(2)[g1, g2] on Y 2 that

satisfies

τ
(
B(φ1 ⊗ g1)B(φ2 ⊗ g2)

)
=

∫
Y 2

〈
φ1(y1)⊗ φ2(y2), α

(2)[g1, g2](dy1dy2)
〉
V ⊗2

for all φ1, φ2 ∈ C0(Y → VR).
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4.3 The Fock state on the C-MCR algebra

We consider the U -deformed Fock space F(H) with
(
Uf (2)

)
(x, y) = C(x, y)f (2)(y, x).

For f ∈ F(X → V ), we define

A+(f) = a+(f), A−(f) = a−(f),

where a+(f) and a−(f) are the creation and annihilation operators in F(H). In particular,

a+(f) and a−(f) act continuously on Ffin(H).

Note that the linear span of functions of the form φ1(y1)⊗φ2(y2)⊗ · · · ⊗φn(yn) with

φ1, . . . , φn ∈ C0(Y → V ) is dense in C0 (Y
n → V ⊗n). Then, similarly to Section 3.4, we

will now define

Φ(n)(φ(n)(y1, . . . , yn)g1(z1)g2(z2) · · · gn(zn)) ∈ L (Ffin(H))

for φ(n) ∈ C0 (Y
n → V ⊗n) and g1, . . . , gn ∈ G.

For φ1, . . . , φm+n ∈ C0(Y → V ), g1, . . . , gm+n ∈ G and u(k) ∈ Fk(H), we have, with

l = k − n+m,(
a+(φ1 ⊗ g1) · · · a+(φm ⊗ gm)a

−(φm+1 ⊗ gm+1) · · · a−(φm+n ⊗ gm+n)u
(k)
)
(x1, . . . , xl)

= Pl

[
(φ1 ⊗ g1)(x1)⊗ · · · ⊗ (φm ⊗ gm)(xm)

×
∫
Xn

σ⊗n(dx′1 · · · dx′n)
〈
(φm+n ⊗ gm+n)(x

′
n)⊗ · · · ⊗ (φm+1 ⊗ gm+1)(x

′
1),

u(k)(x′n, . . . , x
′
1, xm+1, . . . , xm+n)

〉
V ⊗n

]
. (4.16)

Here the pairing ⟨·, ·⟩V ⊗n is taken in the first n ‘variables’ of V ⊗k, i.e., for any v1, . . . , vn,

v′1, . . . , v
′
k ∈ V ,

⟨v1 ⊗ · · · ⊗ vn, v
′
1 ⊗ · · · ⊗ v′k⟩V ⊗n = ⟨v1, v′1⟩V · · · ⟨vn, v′n⟩V v′n+1 ⊗ · · · ⊗ v′k.

We define a continuous linear functional T(2n) : V ⊗(2n) → C by

T(2n) v1 ⊗ · · · ⊗ v2n = ⟨vn, vn+1⟩V ⟨vn−1, vn+2⟩V · · · ⟨v1, v2n⟩V . (4.17)

Then we can write formula (4.16) as follows:(
a+(φ1 ⊗ g1) · · · a+(φm ⊗ gm)a

−(φm+1 ⊗ gm+1) · · · a−(φm+n ⊗ gm+n)u
(k)
)
(x1, . . . , xl)
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= Pl

[ ∫
Xn

σ⊗n(dx′1 · · · dx′n)(1m ⊗ T(2n) ⊗ 1k−n)
(
(φ1 ⊗ g1)⊗

· · · ⊗ (φm+n ⊗ gm+n)
)
(x1, . . . , xm, x

′
1, x

′
2, . . . , x

′
n)⊗ u(k)(x′n, . . . , x

′
1, xm+1, . . . , xl)

]
.

Hence, similarly to (3.23), we get, for f (m+n) ∈ F
(
Xm+n → V (m+n)

)
and u(k) ∈ Fk(H),(

W (m,n)
(
f (m+n)

)
u(k)
)
(x1, . . . , xl) = Pl

[ ∫
Xn

σ⊗n(dx′1 · · · dx′n)
(
1m ⊗ T(2n) ⊗ 1k−n

)
f (m+n)(x1, . . . , xm, x

′
1, . . . , x

′
n)⊗ u(k)(x′n, . . . , x

′
1, xm+1, . . . , xl)

]
. (4.18)

Thus we get a representation of the C-MCR algebra. Similarly to Definition 3.13, we

define the Fock state τ on the C-MCR algebra as in (3.24).

Similarly to Lemma 3.14, we conclude that each corresponding functional τ
(n)
♯1,...,♯n

:

C0 (Y
n → V ⊗n) × Gn → C is continuous. Furthermore, for the Fock state τ , the mea-

sure γ(2)[g1, g2] from Lemma 4.9 (i) is equal to zero, while the measure α(2)[g1, g2] from

Lemma 4.9 (ii) is given by

α(2)[g1, g2](dy1 dy2) = (g2, g1)G ν
(2)(dy1 dy2)

d∑
i,j=1

δij ei ⊗ ej

= λ(2)[g1, g2](dy1 dy2)
d∑

i,j=1

δij ei ⊗ ej.

Here ν(2)(dy1 dy2) is the C-valued measure on Y 2 defined by (3.27), the the C-valued mea-

sure λ(2)[g1, g2](dy1 dy2) on Y
2 is defined by (3.26), (ei)i=1,...,d is an arbitrary orthonormal

basis of V such that Jei = ei and δij is the Kronecker delta.

For each f ∈ F(X → V ) we define continuous linear operators A+(f), A−(f) on

Ffin(H) as follows: A+(f) = a+free(f) and A−(f) acts as follows: for any u(n) ∈ H⊗n,(
A−(f)u(n)

)
(x1, . . . , xn−1) =

∫
X

σ(dx′)⟨f(x′), u(n)(x′, x1, . . . , xn−1)

+
n−1∑
k=1

C1(x
′, x1)C2(x

′, x2) · · ·Ck(x
′, xk)u

(n)(x1, . . . , xk, x
′, xk+1, . . . , xn−1⟩V .

Our next aim is to generalize Proposition 3.17 to the case of a multicomponent system.

We first need some preparation. Let n ∈ N and fix a partition ξ ∈ P(2n)
2 . All the

definitions below depend on the choice of ξ, nevertheless for simplicity we will not show

this dependence in our notation.
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Let

ξ =
{
{i1, j1}, . . . , {in, jn}

}
(4.19)

with

i1 < j1, i2 < j2, . . . , in < jn and i1 > i2 > · · · > in = 1. (4.20)

We define the sets

I = {i1, i2, . . . , in}, J = {j1, j2, . . . , jn}.

For k = 1, 2, . . . , n, we define the sets J (k) and J(k) as follows. Let

J (1) = {j ∈ J | i1 < j ≤ j1}, J(1) = {j ∈ J | i1 < j},

and for k = 2, . . . , n,

J (k) =
{
j ∈ J | ik < j ≤ jk, j ̸= j1, j ̸= j2, . . . , j ̸= jk−1

}
, (4.21)

J(k) =
{
j ∈ J | ik < j, j ̸= minJ(1), j ̸= minJ(2), . . . , j ̸= minJ(k−1)

}
. (4.22)

We write

J (k) =
{
j
(k)
1 , j

(k)
2 , . . . , j

(k)
lk

}
, J(k) =

{
j
(k)
1 , j

(k)
2 , . . . , j(k)mk

}
,

with

j
(k)
1 < j

(k)
2 < · · · < j

(k)
lk
, j

(k)
1 < j

(k)
2 < · · · < j(k)mk

.

Remark 4.10. Note that j
(k)
lk

= jk and mk ≥ lk for all k.

Remark 4.11. Note that

ξ′ =
{
{i1, j(1)1 }, {i2, j(2)1 }, . . . , {in, j(n)1 }

}
(4.23)

belongs to P(2n)
2 . As easily seen, the partition ξ′ has no crossings, i.e., there are no pairs

{ik, j(k)1 }, {im, j(m)
1 } in ξ′ such that

ik < im < j
(k)
1 < j

(m)
1 . (4.24)

Indeed, assume that (4.24) holds for some k and m. Since ik < im, by (4.20), we have

k > m. Hence, by (4.22),

j
(k)
1 ̸= minJ(1), j

(k)
1 ̸= minJ(2), . . . , j

(k)
1 ̸= minJ(m−1).

Since we also have j
(k)
1 > im, this implies j

(k)
1 ∈ J(m). But j

(m)
1 = minJ(m), hence we must

have j
(m)
1 ≤ j

(k)
1 , which is a contradiction.

114



Recall that, for a linear operator A : V ⊗2 → V ⊗2 and i ∈ {1, 2, . . . ,m− 1} we defined

a linear operator Ai : V
⊗m → V ⊗m by

Ai = 1V ⊗(i−1) ⊗ A⊗ 1V ⊗(m−i−1) ,

i.e., Ai acts by the operator A on the ith and (i + 1)th ‘variables’ of the tensor product

V ⊗m. Now similarly, for 1 ≤ i < j ≤ m, we define a linear operator A[i, j] : V ⊗m → V ⊗m

that acts as the operator A on the ith and jth ‘variables’ of V ⊗m.

Let us now fix an arbitrary (x1, x2, . . . , x2n) ∈ X2n. For k = 1, 2, . . . , n, we define

a linear operator C(k)(ξ;x1, x2, . . . , x2n) : V ⊗2n → V ⊗2n as follows. If J (k) = {jk}, i.e.,

lk = 1, then C(k)(ξ;x1, x2, . . . , x2n) is the identity operator. If lk > 1, then we define

C(k)(ξ;x1, x2, . . . , x2n)

= C(xik , xj(k)1
)
[
j
(k)
1 , j

(k)
2

]
C(xik , xj(k)2

)
[
j
(k)
2 , j

(k)
3

]
· · ·C(xik , xj(k)lk−1

)
[
j
(k)
lk−1, j

(k)
lk

]
. (4.25)

Next we define a linear operator

C(ξ;x1, x2, . . . , x2n)

= C(k)(ξ;x1, x2, . . . , x2n)C
(k−1)(ξ;x1, x2, . . . , x2n) · · ·C(1)(ξ;x1, x2, . . . , x2n). (4.26)

Recall Remark 4.11. similarly to (4.17), we define a linear functional

T(2n)(ξ) : V ⊗2n → C

by

T(2n)(ξ)v1 ⊗ v2 ⊗ · · · ⊗ v2n = ⟨vi1 , vj(1)1
⟩V ⟨vi2 , vj(2)1

⟩V · · · ⟨vin , vj(n)
1
⟩V . (4.27)

Theorem 4.12. Let τ be the Fock state on the C-MCR algebra A. Let n ∈ N and

f1, g1 . . . , f2n, g2n ∈ F(X → V ). Then

τ
(
(A+(f1) + A−(g1)) · · · (A+(f2n−1) + A−(g2n−1))

)
= 0 (4.28)

and

τ
(
(A+(f1) + A−(g1)) · · · (A+(f2n) + A−(g2n))

)
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=
∑

ξ∈P(2n)
2

∫
X2n

⊗
{i,j}∈ξ
i<j

σ(2)(dxi dxj)

× T(2n)(ξ)C(ξ;x1, . . . , x2n)h1(x1)⊗ h2(x2)⊗ · · · ⊗ h2n(x2n), (4.29)

where

hk(x) =

gk(x), if k ∈ I,

fk(x), if k ∈ J.

Proof. For each f ∈ F(X → V ), we define continuous linear operators A+(f), A−(f) on

Ffin(H) as follows: A+(f) = a+free(f) and for any u(n) ∈ H⊗n,

(
A−(f)u(n)

)
(x1, . . . , xn−1)

=

∫
X

σ(dx′)
〈
f(x′), u(n)(x′, x1, . . . , xn−1)

+
n−1∑
k=1

C1(x
′, x1)C2(x

′, x2) · · ·Ck(x
′, xk)u

(n)(x1, . . . , xk, x
′, xk+1, . . . , xn−1)

〉
V

=

∫
X

σ(dx′)
[
Tr1 f(x

′)⊗ u(n)(x′, x1, . . . , xn−1)

+
n−1∑
k=1

Tr1 f(x
′)⊗ C1(x

′, x1)C2(x
′, x2) · · ·Ck(x

′, xk)u
(n)(x1, . . . , xk, x

′, xk+1, . . . , xn−1)
]

=

∫
X

σ(dx′)
[
Tr1 f(x

′)⊗ u(n)(x′, x1, . . . , xn−1)

+
n−1∑
k=1

Tr1C2(x
′, x1)C3(x

′, x2) · · ·Ck+1(x
′, xk)f(x

′)⊗ u(n)(x1, . . . , xk, x
′, xk+1, . . . , xn−1)

]
.

(4.30)

Lemma 4.13. For any f1, . . . , fn ∈ F(X → V ) and ♯1, . . . , ♯n ∈ {+,−} we have

(
A♯1(f1) · · ·A♯n(fn)Ω,Ω

)
F(H)

=
(
A♯1(f1) · · · A♯n(fn)Ω,Ω

)
F(H)

.

Proof. The proof is similar to that of Lemma 3.19. We only need to note that, for each

u(n) ∈ H⊗n,

(
U1U2 · · ·Uku

(n)
)
(x′, x1, . . . , xn−1)

= C1(x
′, x1)C2(x

′, x2) · · ·Ck(x
′, xk)u

(n)(x1, . . . , xk, x
′, xk+1, . . . , xn−1).
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Formula (4.28) trivially holds, so we only need to prove (4.29). By Lemma 4.13,

τ
(
(A+(f1) + A−(g1)) · · · (A+(f2n) + A−(g2n))

)
=
(
(A+(f1) + A−(g1)) · · · (A+(f2n) + A−(g2n))Ω,Ω

)
F(H)

=
(
(A+(f1) +A−(g1)) · · · (A+(f2n) +A−(g2n))Ω,Ω

)
F(H)

. (4.31)

For each f ∈ F(X → V ) and k ∈ N, we define the annihilation operator A−
k (f) as

follows: if u(n) ∈ Fn(H) and n < k, then A−
k (f)u

(n) = 0, and if n ≥ k, then(
A−

k (f)u
(n)
)
(x1, . . . , xn−1)

=

∫
X

σ(dx′) Tr1C2(x
′, x1)C3(x

′, x2) · · ·Ck(x
′, xk−1)

f(x′)⊗ u(n)(x1, . . . , xk−1, x
′, xk, . . . , xn−1). (4.32)

Here, for k = 1, the operator C2(x
′, x1)C3(x

′, x2) · · ·Ck(x
′, xk−1) is supposed to be the

identity operator. Hence, by (4.30),

A−(f) =
∑
k≥1

A−
k (f),

or equivalently, for each u(n) ∈ Fn(H),

A−(f)u(n) =
n∑

k=1

A−
k (f)u

(n). (4.33)

Remark 4.14. We may equivalently write formula (4.32) as follows:(
A−

k (f)u
(n)
)
(x1, . . . , x̌k, . . . , xn)

=

∫
X2

σ(2)(dx′ dxk) Tr1C2(x
′, x1)C3(x

′, x2) · · ·Ck(x
′, xk−1)

f(x′)⊗ u(n)(x1, . . . , xk−1, xk, xk+1, . . . , xn). (4.34)

We will say that the operator A−
k (f) annihilates the xk variable.

By (4.31) and (4.33), we get

τ
(
(A+(f1) + A−(g1)) · · · (A+(f2n) + A−(g2n))

)
=

∑
ξ∈P(2n)

2

A−
ln
(hin)A+(hin−1) · · · A+(hin−1+1)
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A−
ln−1

(hin−1)A+(hin−1+1) · · · A+(hin−2+1) · · · A−
l1
(hi1)A(hi1+1) · · · A+(h2n)Ω. (4.35)

In words, we interpret the partition (4.19) (see also (4.20)) so that the creation operators

are at places j1, . . . , jn, annihilation operators are at places i1, . . . , in, and the annihilation

operator at place ik annihilates the variable created by the creation operator at place jk.

For a fixed ξ ∈ P(2n)
2 , let us now calculate the value of the expression in the sum

appearing in (4.35).

To this end, we introduce the following notations. Assume R is a subset of {1, . . . , 2n}

and for some k ∈ {1, . . . , 2n} let S = {k, k + 1, . . . , 2n} \R. We write

R = {r1, r2, . . . , rl}.

S = {s1, s2, . . . , sm},

with s1 < s2 < · · · < sm. Then, for a function φ(m) : Xm → C, we will use the notation

φ(m)(xk, xk+1, . . . , x2n \ xr1 , xr2 , . . . , xrl) := φ(m)(xs1 , xs2 , . . . , xsm).

Next let ζ1, ζ2, . . . , ζ2l be different numbers from the set {k, k + 1, . . . , 2n}. Let

{k, k + 1, . . . , 2n} \ {ζ1, ζ2, . . . , ζ2l} = {γ1, γ2, . . . , γ2n−k+1−2l}

with γ1 < γ2 < · · · < γ2n−k+1−2l. We define a functional

T(2n−k+1) (k; ζ1, ζ2 | ζ3, ζ4 | · · · | ζ2l−1, ζ2l) : V
⊗(2n−k+1) → V ⊗(2n−k+1−2l)

by

T(2n−k+1) (k; ζ1, ζ2 | ζ3, ζ4 | · · · | ζ2l−1, ζ2l) vk ⊗ vk+1 ⊗ · · · ⊗ v2n

= ⟨vζ1 , vζ2⟩⟨vζ3 , vζ4⟩ · · · ⟨vζ2l−1
, vζ2l⟩ vγ1 ⊗ vγ2 ⊗ · · · ⊗ v2n−k+1−2l.

Recall that, for a linear operator A : V ⊗2 → V ⊗2 and 1 ≤ i < j ≤ m, we defined a

linear operator A[i, j] : V ⊗m → V ⊗m. Now, for k ≥ 1 and k ≤ i < j ≤ k +m − 1, we

define an operator A[k; i, j] : V ⊗m → V ⊗m by

A[k; i, j] := A[i− k + 1, j − k + 1].
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This definition can be interpreted as follows. We enumerate the ‘variables’ of V ⊗m as

k, k+ 1, . . . , k+m− 1 and the operator A[k; i, j] acts as the operator A on the variables

i and j. In particular, A1[i, j] = A[i, j].

We have

(
A+(hi1+1) · · · A+(h2n)Ω

)
(xi1+1, . . . , x2n) = hi1+1(xi1+1)⊗ · · · ⊗ h2n(x2n)

and by (4.34),

(
A−

l1
(hi1)A+(hi1+1)A+(h2n)Ω

)
(xi1 , . . . , xi2n \ xi1 , xj1)

=

∫
X2

σ(2)(dxi1 dxj1) Tr1C2(xi1 , xj(1)1
)C3(xi1 , xj(1)2

)

· · ·Cl1(xi1 , xj(1)l1−1
)hi1(xi1)⊗ hi2(xi2)⊗ · · · ⊗ h2n(x2n)

=

∫
X2

σ(2)(dxi1 dxj1)T(2n−i1+1)
(
i1; i1, j

(1)
1

)
C(xi1 , xj(1)1

)
[
i1; j

(1)
1 , j

(1)
2

]
C(xi1 , xj(1)2

)
[
i1; j

(1)
2 , j

(1)
3

]
· · ·C(xi1 , xj(1)l1−1

)
[
i1; j

(1)
l1−1, j

(1)
l1

]
hi1(xi1)⊗ hi2(xi2)⊗ · · · ⊗ h2n(x2n).

Next, we have

(
A+(hi2+1) · · · A+(hi1−1)A−

l1
(hi1)A+(hi1+1) · · · A+(h2n)Ω

)
(xi2+1, xi2+2 . . . , x2n \ xi1 , xj1)

=

∫
X2

σ(2)(dxi1 dxj1)hi2+1(xi2+1)⊗ · · · ⊗ hi1−1(xi1−1)⊗ T(2n−i1+1)
(
i1; i1, j

(1)
1

)
C(xi1 , xj(1)1

)
[
i1; j

(1)
1 , j

(1)
2

]
C(xi1 , xj(1)2

)
[
i1; j

(1)
2 , j

(1)
3

]
· · ·C(xi1 , xj(1)l1−1

)
[
i1; j

(1)
l1−1, j

(1)
l1

]
hi1(xi1)⊗ gi2(xi2)⊗ · · · ⊗ g2n(x2n)

=

∫
X2

σ(2)(dxi1 dxj1)T(2n−i2)
(
i2 + 1; i1, j

(1)
1

)
C(xi1 , xj(1)1

)
[
i2 + 1; j

(1)
1 , j

(1)
2

]
C(xi1 , xj(1)2

)
[
i2 + 1; j

(1)
2 , j

(1)
3

]
· · ·C(xi1 , xj(1)l1−1

)
[
i2 + 1; j

(1)
l1−1, j

(1)
l1

]
hi2+1(xi2+1)⊗ hi2+2(xi2+2)⊗ · · · ⊗ h2n(x2n).

From here, using the commutativity of the functionals, respectively operators acting

in different variables, we similarly get:

(
A−

l2
(hi2)A+(hi2+1) · · · A+(hi1−1)A−

l1
(hi1)A+(hi1+1)
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· · · A+(h2n)Ω
)
(xi2 , xi2+1, . . . , x2n \ xi1 , xj1 , xi2 , xj2)

=

∫
X4

σ(2)(dxi2 dxj2)σ
(2)(dxi1 dxj1)T(2n−i2+1)

(
i2; i1, j

(1)
1 | i2, j(2)1

)
C(xi2 , xj(2)1

)
[
i2; j

(2)
1 , j

(2)
2

]
C(xi2 , xj(2)2

)
[
i2; j

(2)
2 , j

(2)
3

]
· · ·C(xi2 , xj(2)l2−1

)
[
i2; j

(2)
l2−1, j

(2)
l2

]
C(xi1 , xj(1)1

)
[
i2; j

(1)
1 , j

(1)
2

]
C(xi1 , xj(1)2

)
[
i2; j

(1)
2 , j

(1)
3

]
· · ·C(xi1 , xj(1)l1−1

)
[
i2; j

(2)
l1−1, j

(1)
l1

]
hi2(xi2)⊗ hi2+1(xi2+1)⊗ · · · ⊗ h2n(x2n).

Continuing by analogy, we get at the kth step:

(
A−

lk
(hik)A+(hik+1) · · · A+(hik−1+1)A−

lk−1
(hik−1

)A+(hik−1+1) · · ·A+(hik−2+1)

· · · A−
l2
(hi2)A+(hi2+1) · · · A+(hi1−1)A−

l1
(hi1)A+(hi1+1) · · · A+(h2n)Ω

)
(xik , xik+1, . . . , x2n \ xi1 , xj1 , xi2 , xj2 , . . . , xin , xjn)

=

∫
X2k

σ(2)(dxi1dxj1)σ
(2)(dxi2dxj2) · · ·σ(2)(dxikdxjk)

T(2n−ik+1)(ik; i1, j
(1)
1 | i2, j(2)1 | · · · | ik, j(k)1 )

C(xik , xj(k)1
)
[
ik; j

(k)
1 , j

(k)
2

]
C(xik , xj(k)2

)
[
ik; j

(k)
2 , j

(k)
3

]
· · ·C(xik , xj(k)lk−1

)
[
ik; j

(k)
lk−1, j

(k)
lk

]
C(xik−1

, x
j
(k−1)
1

)
[
ik; j

(k−1)
1 , j

(k−1)
2

]
C(xik−1

, x
j
(k−1)
2

)
[
ik; j

(k−1)
2 , j

(k−1)
3

]
· · ·C(xik−1

, x
j
(k−1)
lk−1−1

)
[
ik; j

(k−1)
lk−1−1, j

(k−1)
lk−1

]
· · ·C(xi1 , xj(1)1

)
[
ik; j

(1)
1 , j

(1)
2

]
C(xi1 , xj(1)2

)
[
ik; j

(1)
2 , j

(1)
3

]
· · ·C(xi1 , xj(1)l1−1

)
[
ik; j

(1)
l1−1, j

(1)
l1

]
hik(xik)⊗ hik+1

(xik+1)⊗ · · · ⊗ h2n(x2n).

Thus, after n steps, we get, by using the notations (4.25)-(4.27),

(
A−

ln
(hin)A+(hin−1) · · · A+(hin−1+1)A−

ln−1
(hin−1)A+(hin−1+1) · · · A+(hin−2+1)

· · · A−
l1
(hi1)A(hi1+1) · · · A+(h2n)Ω

)
(x1, x2, . . . , xn) (4.36)

=

∫
X2n

σ(2)(dxi1 dxj1)σ
(2)(dxi2 dxj2) · · · σ(2)(dxin dxjn)

× T(2n)(ξ)C(ξ;x1, x2, . . . , x2n)h1(x1)⊗ h2(x2)⊗ · · · ⊗ f̃2n(x2n). (4.37)

Formulas (4.35) and (4.37) imply (4.29).
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Remark 4.15. We can unify formulas (4.28) and (4.29) into a single formula

τ
(
(A+(f1) + A−(g1)) · · · (A+(fn) + A−(gn))

)
=
∑

ξ∈P(n)
2

∫
Xn

⊗
{i,j}∈ξ
i<j

σ(2)(dxi dxj)

× T(n)(ξ)C(ξ;x1, . . . , xn)h1(x1)⊗ h(x2)⊗ · · · ⊗ hn(xn) (4.38)

that holds for all n ∈ N. Indeed, if n is even then this formula becomes (4.29) and if n is

odd then the set P(n)
2 is empty, hence the right hand-side of (4.38) is equal to zero.

Recall that the operator C(ξ;x1, . . . , xn) was defined through ξ ∈ P(n)
2 and operators

C(x, x′). But, for x = (y, z) and x′ = (y′, z′), we have C(x, x′) = C(y, y′). Therefore, we

can write the operator C(ξ;x1, . . . , xn) as C(ξ; y1, . . . , yn).

Corollary 4.16. Let τ be the Fock state on the C-MCR algebra A. For any g1, g2 ∈ G,

we define a complex-valued measure λ(2)[g1, g2] on Y
2 by

λ(2)[g1, g2](dy1 dy2) = (g2, g1)G ν
(2)(dy1 dy2). (4.39)

Then, for any φ1, . . . , φn ∈ C0(Y → VR) and g1, . . . , gn ∈ G, we have

τ (B(φ1 ⊗ g1) · · ·B(φn ⊗ gn)) =
∑

ξ∈P(n)
2

∫
Y n

⊗
{i,j}∈ξ
i<j

λ(2)[gi, gj](dyi dyj)

T(n)(ξ)C(ξ; y1, . . . , yn)φ1(y1)⊗ φ2(y2)⊗ · · · ⊗ φn(yn).

Proof. Since the functions φ1, . . . , φn take on values in VR, we get by (4.38)

τ (B(φ1 ⊗ g1) · · ·B(φn ⊗ gn))

= τ
(
(A+(φ1 ⊗ g1) + A−(φ1 ⊗ (Jg1))) · · · (A+(φ1 ⊗ g1) + A−(φn ⊗ (Jgn)))

)
=
∑

ξ∈P(n)
2

∫
Xn

⊗
{i,j}∈ξ
i<j

σ(2)(dxi dxj)

T(n)(ξ)C(ξ; y1, . . . , yn)φ1(y1)g̃1(z1)⊗ φ2(y2)g̃2(z2)⊗ · · · ⊗ φn(yn)g̃n(zn) (4.40)

where

g̃k(z) =

gk(z), if k ∈ I,

gk(z), if k ∈ J.
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Since the functions g̃1(z1), . . . , g̃n(zn) take on values in C, we continue (4.40) as follows:

τ (B(φ1 ⊗ g1) · · ·B(φn ⊗ gn)) =
∑

ξ∈P(n)
2

∫
Xn

⊗
{i,j}∈ξ
i<j

σ(2)(dxi dxj)T(n)(ξ)C(ξ; y1, . . . , yn)

× g̃1(z1)g̃2(z2) · · · g̃n(zn)φ1(y1)⊗ φ2(y2)⊗ · · · ⊗ φn(yn).

(4.41)

Since C(ξ; y1, . . . , yn) is a linear operator in V ⊗n and T(n)(ξ) is a linear functional on V ⊗n,

we continue (4.41) as follows:

τ (B(φ1 ⊗ g1) · · ·B(φn ⊗ gn))

=
∑

ξ∈P(n)
2

∫
Xn

⊗
{i,j}∈ξ
i<j

σ(2)(dxi dxj)g̃1(z1)g̃2(z2) · · · g̃n(zn)

× T(n)(ξ)C(ξ; y1, . . . , yn)φ1(y1)⊗ φ2(y2)⊗ · · · ⊗ φn(yn)

=
∑

ξ∈P(n)
2

∫
Xn

 ⊗
{i,j}∈ξ
i<j

ν(2)(dyi dyj)µ
(2)(dzi dzj)g̃i(zi)g̃j(zj)


× T(n)(ξ)C(ξ; y1, . . . , yn)φ1(y1)⊗ φ2(y2)⊗ · · · ⊗ φn(yn)

=
∑

ξ∈P(n)
2

∫
Y n

 ⊗
{i,j}∈ξ
i<j

ν(2)(dyi dyj)

∫
Z2

µ(2)(dzi dzj)gi(zi)gj(zj)


× T(n)(ξ)C(ξ; y1, . . . , yn)φ1(y1)⊗ φ2(y2)⊗ · · · ⊗ φn(yn)

=
∑

ξ∈P(n)
2

∫
Y n

 ⊗
{i,j}∈ξ
i<j

ν(2)(dyi dyj)(gj, gi)G


× T(n)(ξ)C(ξ; y1, . . . , yn)φ1(y1)⊗ φ2(y2)⊗ · · · ⊗ φn(yn)

=
∑

ξ∈P(n)
2

∫
Y n

⊗
{i,j}∈ξ
i<j

λ(2)[gi, gj](dyi dyj)

× T(n)(ξ)C(ξ; y1, . . . , yn)φ1(y1)⊗ φ2(y2)⊗ · · · ⊗ φn(yn).
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Below we will also need a formula for

τ
(
A−(f1) · · ·A−(fn)A

+(fn+1) · · ·A+(f2n)
)
, (4.42)

where f1, . . . , f2n ∈ F(X → V ). This is, of course, a special case of formula (4.29), which

can be simplified in the case of (4.42).

For each permutation π ∈ Sn, we define a partition ξ ∈ P(2n)
2 as follows:{

{1, n+ π(1)}, {2, n+ π(2)}, . . . , {n, n+ π(n)}
}
.

We denote by S(n) the subset of P(2n)
2 consisting of all such partitions. Equivalently, S(n)

consists of all partitions ξ ∈ P(2n)
2 such that, for each ξ ∈ S(2n) and each {i, j} ∈ ξ, with

i < j, we have i ≤ n and j ≥ n+ 1. The following corollary is immediate.

Corollary 4.17. Let τ be the Fock state on the C-MCR algebra A.

(i) For any f1, . . . , f2n ∈ F(X → V ), we have

τ
(
A−(f1) · · ·A−(fn)A

+(fn+1) · · ·A+(f2n)
)

=
∑

ξ∈S(2n)

∫
X2n

⊗
{i,j}∈ξ
i<j

σ(2)(dxi dxj)T(2n)(ξ)C(ξ;x1, . . . , x2n)f1(x1)⊗ f2(x2)⊗ · · · ⊗ f2n(x2n).

Here T(2n) : V ⊗2n → C is the linear functional defined by (4.17) and the linear operator

C(ξ;x1, . . . , x2n) : V
⊗2n → C is defined by (4.26) in which

C(k)(ξ;x1, . . . , x2n) = Cn+k(xik , xj(k)1
)Cn+k+1(xik , xj(k)2

) · · ·Cn+k+lk−1(xik , xj(k)lk−1
),

with

J (k) =
{
j ∈ J | j ≤ jk, j ̸= j1, . . . , j ̸= jk−1

}
,

J (k) =
{
j
(k)
1 , j

(k)
2 , . . . , j

(k)
lk

}
, j

(k)
1 < j

(k)
2 < · · · < j

(k)
lk
.

(ii) For any φ1, . . . , φ2n ∈ C0(Y → V ) and g1, . . . , g2n ∈ G, we have

τ(A−(φ1 ⊗ g1) · · ·A−(φn ⊗ gn)A
+(φn+1 ⊗ gn+1) · · ·A+(φ2n ⊗ g2n))

=
∑

ξ∈S(2n)

∫
Y 2n

⊗
{i,j}∈ξ
i<j

λ(2)[gi, gj](dyi dyj)T(2n)C(ξ; y1, . . . , y2n)φ1(y1)⊗ φ2(y2)⊗ · · · ⊗ φ2n(y2n),

where the complex-valued measure λ(2)[gi, gj] is defined by (4.39).
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4.4 Quasi-free states on an C-MCR algebra

In view of Corollary 4.16, we now give the following definition.

Definition 4.18. Let A be an C-MCR algebra and let τ be a state on it. Assume that,

for any ♯1, . . . , ♯n ∈ {+,−}, the functional τ
(n)
♯1,...,♯n

is continuous on C0(Y
n → V ⊗n)× Gn.

Furthermore, assume that, for any g1, g2 ∈ G there exists a complex-valued measure

λ(2)[g1, g2] on Y
2 such that, for all φ1, φ2 ∈ C0(Y → VR),

τ (B(φ1 ⊗ g1)B(φ2 ⊗ g2)) =

∫
Y 2

λ(2)[g1, g2](dy1 dy2)⟨φ1(y1), φ2(y2)⟩V .

We say that τ is a strongly quasi-free state, if for any φ1, . . . , φn ∈ C0(Y → VR) and

g1, . . . , gn ∈ G, we have, for an odd n,

τ (B(φ1 ⊗ g1) · · ·B(φn ⊗ gn)) = 0,

and for an even n,

τ (B(φ1 ⊗ g1) · · ·B(φn ⊗ gn)) =
∑

ξ∈P(n)
2

∫
Y n

⊗
{i,j}∈ξ
i<j

λ(2)[gi, gj](dyi dyj)T(n)(ξ)C(ξ; y1, . . . , yn)

× φ1(y1)⊗ φ2(y2)⊗ · · · ⊗ φn(yn).

Corollary 4.16 implies to the following proposition.

Proposition 4.19. The Fock state on the C-MCR algebra is strongly quasi-free and the

corresponding measure λ(2)[g1, g2](dy1 dy2) is given by formula (4.39).

Similarly to Section 3.5, we give the following

Definition 4.20. Let A be an C-MCR algebra and let τ be a state on it. Assume that,

for any ♯1, . . . , ♯n ∈ {+,−}, the functional τ
(n)
♯1,...,♯n

is continuous on C0(Y
n → V ⊗n)× Gn.

Furthermore, assume that, for any g1, g2 ∈ G, there exists a complex-valued measure

ρ(2)[g1, g2] on Y
2 such that, for all φ1, φ2 ∈ C0(Y → VR),

τ
(
A+(φ1 ⊗ g1)A

−(φ2 ⊗ g2)
)
=

∫
Y 2

ρ(2)[g1, g2](dy1 dy2)⟨φ1(y1), φ2(y2)⟩V .
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We say that τ is a gauge-invariant quasi-free state if for any m,n ∈ N, φ1, . . . , φm+n ∈

C0(Y → V ) and g1, . . . , gm+n ∈ G, we have, for m ̸= n,

τ
(
A+(φ1 ⊗ g1) . . . A

+(φm ⊗ gm)A
−(φm+1 ⊗ gm+1) . . . A

−(φm+n ⊗ gm+n)
)
= 0,

and for m = n,

τ
(
A+(φ1 ⊗ g1) · · ·A+(φn ⊗ gn)A

−(φn+1 ⊗ gn+1) · · ·A−(φ2n ⊗ g2n)
)

=
∑

ξ∈S(2n)

∫
Y 2n

⊗
{i,j}∈ξ
i<j

ρ(2)[gi, gj](dyi dyj)

× T(2n)C(ξ; y1, . . . , y2n)φ1(y1)⊗ φ2(y2)⊗ · · · ⊗ φ2n(y2n).

We will now construct a class of strongly quasi-free states and gauge-invariant quasi-

free states on the C-MCR algebra. We will be able to do this under strong assumptions

on the operator-valued function C(y1, y2).

Let us first recall the following definitions from Chapter 2.

We define an antilinear operator S : V ⊗2 → V ⊗2 by

S v1 ⊗ v2 = (Jv2)⊗ (Jv1), v1, v2 ∈ V. (4.43)

For a linear operator A ∈ L (V ⊗2), we define Â ∈ L (V ⊗2) by

Â = SA S. (4.44)

For a linear operator A ∈ L (V ⊗2), we define Ã ∈ L (V ⊗2) through the formula

(Av1 ⊗ v2, v3 ⊗ v4)V ⊗2 = (Ãv3 ⊗ v1, v4 ⊗ v2)V ⊗2 , v1, v2, v3, v4 ∈ VR. (4.45)

Note that the maps

L(V ⊗2) ∋ A 7→ Â ∈ L(V ⊗2), L(V ⊗2) ∋ A 7→ Ã ∈ L(V ⊗2)

are linear and continuous.

From now on, we assume that the operator-valued function C : Y 2 → L (V ⊗2) satisfies

the following additional
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Assumption 4.21. (i) For all (y1, y2) ∈ Y 2, C̃(y1, y2) is unitary and

C̃(y1, y2)
∗ = C̃(y2, y1).

(ii) For all y1, y2 ∈ Y ,
˜̃
C(y1, y2) = C(y1, y2).

(iii) For all y1, y2 ∈ Y , we have

Ĉ(y1, y2) = C(y2, y1),̂̃
C(y1, y2) = C̃(y2, y1).

(iv) There exists a constant κ ∈ R such that, for all y ∈ Y and v(2) ∈ V ⊗2,

Tr
(
C̃(y, y)v(2)

)
= κTr v(2).

Similarly to Section 3.5, we denote by X1 = Y1 × Z1 and X2 = Y2 × Z2 two copies of

the set X = Y × Z and consider their disjoint union X = X1 ⊔X2.

Let also, Y2 = Y1 ⊔ Y2. We also consider the measure σ on X, and denote H =

L2 (X, d σ).

We define a (continuous) function C : Y2 → L (V ⊗2) by

C(y1, y2) =

C(y1, y2), if y1, y2 ∈ Y1 or y1, y2 ∈ Y2,

C̃(y2, y1), if y1 ∈ Y1, y2 ∈ Y2 or y1 ∈ Y2, y2 ∈ Y1.

(4.46)

By Assumption (i), for any y1, y2 ∈ Y, C(y1, y2) is a unitary operator in V ⊗2 and

C∗(y1, y2) = C(y2, y1). (4.47)

We furthermore assume the following:

Assumption 4.22. The function C : Y → L (V ⊗2) satisfies the functional Yang-Baxter

equation point-wise.

As usual, for any x1 = (y1, z1), x2 = (y2, z2) ∈ X, we denote C(x1, x2) = C(y1, y2).

Formula (4.47) and Assumption (iv) allow us to consider the C-MCR algebra A. Let

τ denote the Fock state on A.
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In accordance with the intuitive formula (4.2), we will denote elements of the C-MCR

algebra A by∫
Xn

⟨f (n)(x1, . . . , xn), a♯1(x1)⊗ · · · ⊗ a♯n(xn)⟩V ⊗n σ(dx1) · · ·σ(dxn), (4.48)

where f (n) ∈ F (Xn → V ⊗n) and ♯1, . . . , ♯n ∈ {+,−}.

Similarly to (3.43) and (3.45), for f (n) as in (3.44) we will denote the corresponding

element (4.48) of the C-MCR algebra A by∫
Xn

⟨f (n)(x1, . . . , xn), a
♯1
i1
(x1)⊗ · · · ⊗ a♯n

in
(xn)⟩V ⊗nσ(dx1) · · · σ(dxn).

So, informally, for ♯ ∈ {+,−} and x ∈ X, a♯
i(x) is equal to a

♯
i(x), where x is identified

with an element of Xi.

In view of Corollary 2.94, Proposition 4.6 and Assumptions (i)–(iv), the operators

a♯
i(x) with i ∈ {1, 2} and ♯ ∈ {+,−} satisfy the following commutation relations.

Lemma 4.23. Let g(2) ∈ H⊗2.

(i) For i ∈ {1, 2} and ♯ ∈ {+,−},∫
X2

⟨g(2)(x1, x2), a♯
i(x1)⊗ a♯

i(x2)⟩V ⊗2 σ(dx1)σ(dx2)

=

∫
X2

⟨C(x2, x1)g(2)(x1, x2), a♯
i(x2)⊗ a♯

i(x1)⟩V ⊗2 σ(dx1)σ(dx2).

(ii) For i, j ∈ {1, 2}, i ̸= j, and ♯ ∈ {+,−},∫
X2

⟨g(2)(x1, x2), a♯
i(x1)⊗ a♯

j(x2)⟩V ⊗2 σ(dx1)σ(dx2)

=

∫
X2

⟨C̃(x1, x2)g(2)(x1, x2), a♯
j(x2)⊗ a♯

i(x1)⟩V ⊗2 σ(dx1)σ(dx2).

(iii) For i ∈ {1, 2},∫
X2

⟨g(2)(x1, x2), a−
i (x1)⊗ a+

i (x2)⟩V ⊗2 σ(dx1)σ(dx2) =

∫
X

Tr g(2)(x, x)σ(dx)

+

∫
X2

⟨C̃(x1, x2)g(2)(x1, x2), a+
i (x2)⊗ a−

i (x1)⟩V ⊗2 σ(dx1)σ(dx2).
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(iv) For i, j ∈ {1, 2}, i ̸= j, and ♯ ∈ {+,−},∫
X2

⟨g(2)(x1, x2), a−
i (x1)⊗ a+

j (x2)⟩V ⊗2 σ(dx1)σ(dx2)

=

∫
X2

⟨C(x2, x1)g(2)(x1, x2), a+
j (x2)⊗ a−

i (x1)⟩V ⊗2 σ(dx1)σ(dx2).

(v) For i ∈ {1, 2},∫
X2

⟨g(2)(x1, x2), a+
i (x1)⊗ a−

i (x2)⟩V ⊗2 σ(dx1)σ(dx2) = −κ
∫
X

Tr
(
g(2)(x, x)

)
σ(dx)

+

∫
X2

⟨C̃(x1, x2)g(2)(x1, x2), a−
i (x2)⊗ a+

i (x1)⟩V ⊗2 σ(dx1)σ(dx2).

(vi) For i, j ∈ {1, 2}, i ̸= j, and ♯ ∈ {+,−},∫
X2

⟨g(2)(x1, x2), a+
i (x1)⊗ a−

j (x2)⟩V ⊗2 σ(dx1)σ(dx2)

=

∫
X2

⟨C(x2, x1)g(2)(x1, x2), a−
j (x2)⊗ a+

i (x1)⟩V ⊗2 σ(dx1)σ(dx2).

Let us fix a bounded linear operator K ∈ L (G). In case κ ≥ 0, we assume that K ≥ 0

and in the case κ < 0, we assume 0 ≤ K ≤ − 1
κ . Let

K1 =
√
K, K2 =

√
1 + κK.

For a bounded linear operator B ∈ L(G), we recall the definition (3.47) of the complex

conjugate operator B′.

Let f = φ⊗ g with φ ∈ C0(Y → V ) and g ∈ G. We define

A+(f) =

∫
X

⟨φ(y)(K2g)(z), a
+
2 (x)⟩V σ(dx) +

∫
X

⟨φ(y)(K1g)(z), a
−
1 (x)⟩V σ(dx),

A−(f) =

∫
X

⟨φ(y)(K ′
2g)(z), a

−
2 (x)⟩V σ(dx) +

∫
X

⟨φ(y)(K ′
1g)(z), a

+
1 (x)⟩V σ(dx). (4.49)

We denote

A+(f) =

∫
X

⟨f(x), A+(x)⟩V σ(dx),

A−(f) =

∫
X

⟨f(x), A−(x)⟩V σ(dx). (4.50)

Proposition 4.24. We have (A+(f))
∗
= A−(Jf) and the operators A+(f), A−(f) defined

by (4.49) satisfy the C-MCR.
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Proof. We first show that (A+(f))
∗
= A−(Jf). For f(y, z) = φ(y)g(z), we have

Jf(x, y) = (Jφ)(y)(Jg)(z).

Hence(
A+(f)

)∗
=

∫
X

⟨(Jφ)(y)(JK2g)(z), a
−
2 (x)⟩V σ(dx) +

∫
X

⟨(Jφ)(y)(JK1g)(z), a
+
1 (x)⟩V σ(dx)

=

∫
X

⟨(Jφ)(y)(K ′
2Jg)(z), a

−
2 (x)⟩V σ(dx) +

∫
X

⟨(Jφ)(y)(K ′
1Jg)(z), a

+
1 (x)⟩V σ(dx)

= A−(Jf).

Next, we check the C-MCR. For any f1 = φ1 ⊗ g1, f2 = φ2 ⊗ g2, using Lemma 4.23,

we have:

A+(f1)A
+(f2)

=

(∫
X

⟨φ1(y1)(K2g1)(z1), a
+
2 (x1)⟩V σ(dx1) +

∫
X

⟨φ1(y1)(K1g1)(z1), a
−
1 (x1)⟩V σ(dx1)

)
◦
(∫

X

⟨φ2(y2)(K2g2)(z2), a
+
2 (x2)⟩V σ(dx2) +

∫
X

⟨φ2(y2)(K1g2)(z2), a
−
1 (x2)⟩V σ(dx2)

)
=

∫
X2

⟨φ1(y1)⊗ φ2(y2)(K2g1)(z1)(K2g2)(z2), a
+
2 (x1)⊗ a+

2 (x2)⟩V ⊗2 σ(dx1)σ(dx2)

+

∫
X2

⟨φ1(y1)⊗ φ2(y2)(K2g1)(z1)(K1g2)(z2), a
+
2 (x1)⊗ a−

1 (x2)⟩V ⊗2 σ(dx1)σ(dx2)

+

∫
X2

⟨φ1(y1)⊗ φ2(y2)(K1g1)(z1)(K2g2)(z2), a
−
1 (x1)⊗ a+

2 (x2)⟩V ⊗2 σ(dx1)σ(dx2)

+

∫
X2

⟨φ1(y1)⊗ φ2(y2)(K1g1)(z1)(K1g2)(z2), a
−
1 (x1)⊗ a−

1 (x2)⟩V ⊗2 σ(dx1)σ(dx2)

=

∫
X2

⟨C(y2, y1)(φ1(y1)⊗ φ2(y2))(K2g1)(z1)(K2g2)(z2), a
+
2 (x2)⊗ a+

2 (x1)⟩V ⊗2

× σ(dx1)σ(dx2)

+

∫
X2

⟨C(y2, y1)(φ1(y1)⊗ φ2(y2))(K2g1)(z1)(K1g2)(z2), a
−
1 (x2)⊗ a+

2 (x1)⟩V ⊗2

× σ(dx1)σ(dx2)

+

∫
X2

⟨C(y2, y1)(φ1(y1)⊗ φ2(y2))(K1g1)(z1)(K2g2)(z2), a
+
2 (x2)⊗ a−

1 (x1)⟩V ⊗2

× σ(dx1)σ(dx2)

+

∫
X2

⟨C(y2, y1)(φ1(y1)⊗ φ2(y2))(K1g1)(z1)(K1g2)(z2), a
−
1 (x2)⊗ a−

1 (x1)⟩V ⊗2
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× σ(dx1)σ(dx2)

=

∫
X2

⟨C(y2, y1)(φ1(y1)⊗ φ2(y2)) g1(z1)g2(z2), A
+(x2)⊗ A+(x1)⟩V ⊗2 σ(dx1)σ(dx2)

=

∫
X2

⟨C(x2, x1)
(
f1(x1)⊗ f2(x2)

)
, A+(x2)⊗ A+(x1)⟩V ⊗2 σ(dx1)σ(dx2).

The proof of the commutation between A−(f1) and A
−(f2) is similar.

Next, we have

A−(f1)A
+(f2)

=

(∫
X

⟨φ1(y1)(K
′
2g1)(z1), a

−
2 (x1)⟩V σ(dx1) +

∫
X

⟨φ(y1)(K ′
1g1)(z1), a

+
1 (x1)⟩V σ(dx1)

)
◦
(∫

X

⟨φ2(y2)(K2g2)(z2), a
+
2 (x2)⟩V σ(dx2) +

∫
X

⟨φ(y2)(K1g2)(z2), a
−
1 (x2)⟩V σ(dx2)

)
=

∫
X2

⟨φ1(y1)⊗ φ2(y2)(K
′
2g1)(z1)(K2g2)(z2), a

−
2 (x1)⊗ a+

2 (x2)⟩V ⊗2 σ(dx1)σ(dx2)

+

∫
X2

⟨φ1(y1)⊗ φ2(y2)(K
′
2g1)(z1)(K1g2)(z2), a

−
2 (x1)⊗ a−

1 (x2)⟩V ⊗2 σ(dx1)σ(dx2)

+

∫
X2

⟨φ1(y1)⊗ φ2(y2)(K
′
1g1)(z1)(K2g2)(z2), a

+
1 (x1)⊗ a+

2 (x2)⟩V ⊗2 σ(dx1)σ(dx2)

+

∫
X2

⟨φ1(y1)⊗ φ2(y2)(K
′
1g1)(z1)(K1g2)(z2), a

+
1 (x1)⊗ a−

1 (x2)⟩V ⊗2 σ(dx1)σ(dx2)

=

∫
X2

⟨C̃(y1, y2)(φ1(y1)⊗ φ2(y2))(K
′
2g1)(z1)(K2g2)(z2), a

+
2 (x2)⊗ a−

1 (x1)⟩V ⊗2

× σ(dx1)σ(dx2) +

∫
X

⟨φ1(y), φ2(y)⟩(K ′
2g1)(z)(K2g2)(z)σ(dx)

+

∫
X2

⟨C̃(y1, y2)(φ1(y1)⊗ φ2(y2))(K
′
2g1)(z1)(K1g2)(z2), a

−
1 (x2)⊗ a−

2 (x1)⟩V ⊗2

× σ(dx1)σ(dx2)

+

∫
X2

⟨C̃(y1, y2)(φ1(y1)⊗ φ2(y2))(K
′
1g1)(z1)(K2g2)(z2), a

+
2 (x2)⊗ a+

1 (x1)⟩V ⊗2

× σ(dx1)σ(dx2)

+

∫
X2

⟨C̃(y1, y2)(φ1(y1)⊗ φ2(y2))(K
′
1g1)(z1)(K1g2)(z2), a

−
1 (x2)⊗ a+

1 (x1)⟩V ⊗2

× σ(dx1)σ(dx2)− κ
∫
X

⟨φ1(y), φ2(y)⟩V (K ′
1g1)(z)(K1g2)(z)σ(dx)

=

∫
X2

⟨C̃(y1, y2)(φ1(y1)⊗ φ2(y2)) g1(z1)g2(z2), A
+(x2)⊗ A−(x1)⟩V ⊗2 σ(dx1)σ(dx2)

+

∫
Y

⟨φ1(y), φ2(y)⟩V ν(dy)
(∫

Z

(K ′
2g1)(z)(K2g2)(z)µ(dz)
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− κ
∫
Z

(K ′
1g1)(z)(K1g2)(z)µ(dz)

)
=

∫
X2

⟨C̃(x1, x2)
(
f1(x1)⊗ f2(x2)

)
, A+(x2)⊗ A−(x1)⟩V ⊗2 σ(dx1)σ(dx2)

+

∫
Y

⟨φ1(y), φ2(y)⟩V ν(dy)
(
(K2g2, K2Jg1)L2(Z,µ) − κ(K1g2, K1Jg1)L2(Z,µ)

)
=

∫
X2

⟨C̃(x1, x2)
(
f1(x1)⊗ f2(x2)

)
, A+(x2)⊗ A−(x1)⟩V ⊗2 σ(dx1)σ(dx2)

+

∫
Y

⟨φ1(y), φ2(y)⟩V ν(dy)
(
(K2

2 − κK2
1)g2, Jg1

)
L2(Z,µ)

=

∫
X2

⟨C̃(x1, x2)f1(x1)⊗ f2(x2), A
+(x2)⊗ A−(x1)⟩V ⊗2 σ(dx1)σ(dx2)

+

∫
Y

⟨φ1(y), φ2(y)⟩V ν(dy)
∫
Z

g2(z)g1(z)µ(dz)

=

∫
X2

⟨C̃(x1, x2)
(
f1(x1)⊗ f2(x2)

)
, A+(x2)⊗ A−(x1)⟩V ⊗2 σ(dx1)σ(dx2)

+

∫
X

⟨f1(x), f2(x)⟩V σ(dx).

Next, similarly to Section 3.5, we define operators∫
Xn

⟨f (n)(x1, . . . , xn), A
♯1(x1)⊗ · · · ⊗ A♯n(xn)⟩V ⊗n σ(dx1) · · ·σ(dxn) (4.51)

for each f (n) ∈ F (Xn → V ⊗n) and ♯1, . . . , ♯n ∈ {+,−}. These operators belong to the

C-MCR algebra A. Let A be the unital ∗-algebra generated by the elements of the form

(4.51). Thus, A is a ∗-sub-algebra of A. We will keep the notation τ for the restriction

to A of the Fock state τ on A.

Theorem 4.25. For ♯1, . . . , ♯n ∈ {+,−} and f (n) ∈ F (Xn → V ⊗n), denote

Φ(n)(f (n); ♯1, . . . , ♯n) =

∫
Xn

⟨f (n)(x1, . . . , xn), A
♯1(x1)⊗· · ·⊗A♯n(xn)⟩V ⊗n σ(dx1) · · ·σ(dxn).

Then the Φ(n)(f (n); ♯1, . . . , ♯n) satisfy conditions (4.5), (4.6), (4.7) and (4.9). Hence, the

∗-algebra A can be considered as a C-MCR algebra.

Furthermore, the state τ on A is gauge-invariant quasi-free and the corresponding

complex-valued measure ρ(2)[g1, g2] on Y
2 is given by

ρ(2)[g1, g2](dy1dy2) = ν(2)(dy1dy2)

∫
Z

(Kg1)(z)g2(z)µ(dz). (4.52)
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Proof. The fact that A is a C-MCR algebra easily follows from Proposition 4.24.

Next, similarly to Lemma 3.30, we conclude that for each n ∈ N and ♯1, . . . , ♯n ∈

{+,−}, the functional τ
(n)
♯1,...,♯n

is continuous on C0(Y
n → V ⊗n)× Gn.

Similarly to (3.56), we have, for any φ1, φ2 ∈ C0(Y → V ) and g1, g2 ∈ G,

τ (A+(φ1 ⊗ g1)A
−(φ2 ⊗ g2))

= τ

(∫
X

⟨φ1(y1)(K1g1)(z1), a
−
1 (x1)⟩V σ(dx1)

∫
X

⟨φ2(y2)(K
′
1g2)(z2), a

+
1 (x2)⟩V σ(dx2)

)
=

∫
Y

⟨φ1, φ2⟩V ν(dy)
∫
Z

(K1g1)(z)(K
′
1g2)(z)µ(dz)

=

∫
Y 2

⟨φ(y1), φ2(y2)⟩V ν(2)(dy1dy2)
∫
Z

(Kg1)(z)g2(z)µ(dz)

=

∫
Y 2

⟨φ(y1), φ2(y2)⟩V ρ(2)[g1, g2](dy1, dy2),

where the measure ρ(2)[g1, g2] is given by (4.52).

Now, by Corollary 4.17 (ii), we have, for any φ1, . . . , φm+n ∈ C0(Y → V ) and

g1, . . . , gm+n ∈ G,

τ
(
A+(φ1 ⊗ g1) · · ·A+(φm ⊗ gm)A

−(φm+1 ⊗ gm+1) · · ·A−(φm+n ⊗ gm+n)
)

= τ

(∫
X

⟨φ1(y1)(K1g1)(z1), a
−
1 (x1)⟩V σ(dx1) · · ·

∫
X

⟨φm(ym)(K1gm)(zm), a
−
1 (xm)⟩V σ(dxm)∫

X

⟨φm+1(ym+1)(K
′
1gm+1)(zm+1), a

−
1 (xm+1)⟩V σ(dxm+1) · · ·∫

X

⟨φm+n(ym+n)(K
′
1gm+n)(zm+n), a

−
1 (xm+n)⟩V σ(dxm+n)

)
= δmn

∑
ξ∈S(2n)

∫
Y 2n

⊗
{i,j}∈ξ
i<j

ρ(2)[gi, gj](dyi, dyj)

T(2n)C(ξ; y1, . . . , y2n)φ1(y1)⊗ φ2(y2)⊗ · · · ⊗ φ2n(y2n).

Hence, the state τ is gauge-invariant quasi-free.

Theorem 4.26. Assume additionally that, for all y1, y2 ∈ Y ,

C̃(y2, y1) = C(y1, y2).

Then the state τ on the C-MCR-algebra A is strongly quasi-free and the corresponding

complex-valued measure λ(2)[g1, g2] on Y
2 is given by (3.57).
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Proof. For any φ ∈ C0(Y → VR) and g ∈ G, we define

A+(φ⊗ g) =

∫
X

⟨φ(y)(K2g)(z), a
+
2 (x)⟩V σ(dx) +

∫
X

⟨φ(y)(JK1g)(z), a
+
1 (x)⟩V σ(dx)

=

∫
X

⟨φ(y)(K+g)(z), a+(x)⟩V σ(dx),

A−(φ⊗ g) =

∫
X

⟨φ(y)(K1g)(z), a
−
1 (x)⟩V σ(dx) +

∫
X

⟨φ(y)(JK2g)(z), a
−
2 (x)⟩V σ(dx)

=

∫
X

⟨φ(y)(K−g)(z), a−(x)⟩V σ(dx),

where K+g and K−g are defined by (3.62). Then

B(φ⊗ g) = A+(φ⊗ g) +A−(φ⊗ g).

Hence, by Theorem 4.12, we have, for any φ1, . . . , φ2n ∈ C0(Y → R) and g1, . . . , g2n ∈ G,

τ
(
B(φ1 ⊗ g1) · · ·B(φ2n−1 ⊗ g2n−1)

)
= 0,

and

τ
(
B(φ1 ⊗ g1) · · ·B(φ2n ⊗ g2n)

)
=

∑
ξ∈P(2n)

2

∫
X2n

⊗
{i,j}∈ξ
i<j

(
σ(2)(dxi dxj)(K

−gi)(zi)(K
+gj)(zj)

)

× T(2n)(ξ)C(ξ; y1, . . . , y2n)φ1(y1)⊗ · · · ⊗ φ2n(y2n)

=
∑

ξ∈P(2n)
2

∫
Y 2n

⊗
{i,j}∈ξ
i<j

ν(2)(dyi dyj)

(∫
Z

µ(dzi)(K
−gi)(zi)(K

+gj)(zj)(dzi)

)

× T(2n)(ξ)C(ξ; y1, . . . , y2n)φ1(y1)⊗ · · · ⊗ φ2n(y2n)

=
∑

ξ∈P(2n)
2

∫
Y 2n

⊗
{i,j}∈ξ
i<j

λ(2)[gi, gj](dyi dyj)T(2n)(ξ)C(ξ; y1, . . . , y2n)φ1(y1)⊗ · · · ⊗ φ2n(y2n),

where in the last equality we used (3.65).

4.5 Examples

In this section we will consider two classes of gauge-invariant quasi-free and strongly

quasi-free states on the C-MCR algebra.
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4.5.1 First class of examples

This class of examples is obtained by a ‘lifting’ of gauge-invariant quasi-free states on a

Q-ACR algebra.

Let V be a space of dimension n (n ∈ N, n ≥ 2). Let us fix an orthonormal basis

(ei)i=1,...,n of V that is real, i.e.,

Jei = ei, i = 1, . . . , n. (4.53)

Assume that, for each i, j ∈ {1, . . . , n}, we fix a continuous function

Q(·, ·, i, j) : Y 2 → C

such that

|Q(y1, y2, i, j)| = 1, (y1, y2) ∈ Y 2. (4.54)

Furthermore, we assume that

Q(y1, y2, i, j) = Q(y2, y1, j, i). (4.55)

Remark 4.27. Formulas (4.54) and (4.55) mean that Q is a Hermitian function on

(Y × {1, 2, . . . , n})2

of modulus 1.

We also assume that theree exists κ ∈ {−1, 1} such that

Q(y, y, i, i) = κ for all y ∈ Y and i ∈ {1, . . . , n}. (4.56)

For any (y1, y2) ∈ Y 2, we define an operator C(y1, y2) ∈ L (V ⊗2) by

C(y1, y2) ei ⊗ ej = Q(y1, y2, i, j) ej ⊗ ei, i, j ∈ {1, . . . , n}. (4.57)

Lemma 4.28. Let a map C : Y 2 → L (V ⊗2) be defined by (4.57). Then C satisfies

Assumption 4.2.
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Proof. Since Q(·, ·, i, j) is a continuous function on Y 2 for all i, j ∈ {1, . . . , n}, the conti-

nuity of C follows from (4.57). That C(y1, y2) is a unitary operator in V ⊗2 follows from

(4.54) and (4.57).

Next, by (4.57), we have for any i, j, k, l ∈ {1, . . . , n},

(C(y1, y2)ei ⊗ ej, ek ⊗ el) = Q(y1, y2, i, j)(ej ⊗ ei, ek ⊗ el)

= Q(y1, y2, i, j)δjkδil

= Q(y1, y2, l, k)δjkδil

=
(
ei ⊗ ej, Q(y1, y2, l, k)el ⊗ ek

)
Hence, by (4.55),

C(y1, y2)
∗ek ⊗ el = Q(y1, y2, l, k)el ⊗ ek

= Q(y2, y1, k, l)el ⊗ ek.

Finally, we check the functional Yang-Baxter equation (4.1). For any y1, y2, y3 ∈ Y

and i, j, k ∈ {1, . . . , n}, we have

C1(y1, y2)C2(y1, y3)C1(y2, y3)ei ⊗ ej ⊗ ek

= Q(y2, y3, i, j)C1(y1, y2)C2(y1, y3)ej ⊗ ei ⊗ ek

= Q(y2, y3, i, j)Q(y1, y3, i, k)C1(y1, y2)ej ⊗ ek ⊗ ei

= Q(y2, y3, i, j)Q(y1, y3, i, k)Q(y1, y2, j, k)ek ⊗ ej ⊗ ei,

C2(y2, y3)C1(y1, y3)C2(y1, y2)ei ⊗ ej ⊗ ek

= Q(y1, y2, j, k)C2(y2, y3)C1(y1, y3)ei ⊗ ek ⊗ ej

= Q(y1, y2, j, k)Q(y1, y3, i, k)C2(y2, y3)ek ⊗ ei ⊗ ej

= Q(y1, y2, j, k)Q(y1, y3, i, k)Q(y2, y3, i, j)ek ⊗ ej ⊗ ei.

which proves the statement.

Next, let us calculate the C̃(y1, y2) and Ĉ(y1, y2) operators.

Lemma 4.29. We have, for any i, j ∈ {1, . . . , n},

C̃(y1, y2)ei ⊗ ej = Q(y1, y2, j, i)ej ⊗ ei, (4.58)
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Ĉ(y1, y2)ei ⊗ ej = Q(y2, y1, i, j)ej ⊗ ei. (4.59)

Proof. By (4.45), we have, for any i, j, k, l ∈ {1, . . . , n},

(C(y1, y2)ei ⊗ ej, ek ⊗ el)V ⊗2 = Q(y1, y2, i, j)(ej ⊗ ei, ek ⊗ el)V ⊗2

= Q(y1, y2, i, j) δjk δil

= Q(y1, y2, i, k) δjk δil

=
(
C̃(y1, y2)ek ⊗ ei, el ⊗ ej

)
V ⊗2

.

Hence,

C̃(y1, y2)ek ⊗ ei = Q(y1, y2, i, k)ei ⊗ ek, (4.60)

which implies (4.58).

Next, by (4.43),(4.44), (4.53) and (4.55), we have

Ĉ(y1, y2)ei ⊗ ej = SC(y1, y2)S ei ⊗ ej

= SC(y1, y2) ej ⊗ ei

= SQ(y1, y2, j, i) ei ⊗ ej

= Q(y1, y2, j, i) ej ⊗ ei

= Q(y2, y1, i, j) ej ⊗ ei,

which proves (4.59).

Lemma 4.30. The map C : Y 2 → L (V ⊗2) defined by (4.57) satisfies Assumptions 4.21

and 4.22.

Proof. Denote

Q̃(y1, y2, i, j) = Q(y1, y2, j, i). (4.61)

Then, by (4.58),

C̃(y1, y2)ei ⊗ ej = Q̃(y1, y2, i, j)ej ⊗ ei. (4.62)

We have, for all (y1, y2) ∈ Y 2 and i, j ∈ {1, . . . , n},

|Q̃(y1, y2, i, j)| = 1
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and by, (4.55),

Q̃(y2, y1, j, i) = Q(y2, y1, i, j)

= Q(y1, y2, j, i)

= Q̃(y1, y2, i, j).

Hence, part (i) of Assumption 4.21 follows from the proof of Lemma 4.28. Part (ii) of

Assumption 4.21 follows from (4.58) and (4.62). Formula Ĉ(y1, y2) = C(y2, y1) follows

from (4.55) and (4.59). Similarly, by using (4.61) and (4.62), we see that
̂̃
C(y1, y2) =

C̃(y2, y1).

Next, for each y ∈ Y and v(2) ∈ V ⊗2, We have, by (4.56),

Tr
(
C̃(y, y)v(2)

)
=

n∑
i=1

(
C̃(y, y)v(2), ei ⊗ ei

)
V ⊗2

=
n∑

i=1

(
v(2), C̃(y, y)∗ei ⊗ ei

)
V ⊗2

=
n∑

i=1

(
v(2), C̃(y, y)ei ⊗ ei

)
V ⊗2

=
n∑

i=1

(
v(2), Q(y, y, i, i)ei ⊗ ei

)
V ⊗2

= κ
n∑

i=1

(
v(2), ei ⊗ ei

)
V ⊗2

= κTr(v(2)).

Hence, C(y1, y2) satisfies Assumption 4.21.

Next, to check that Assumption 4.22 is satisfied, we define C : Y2 → L (V ⊗2) by

C(y1, y2)ei ⊗ ej = Q(y1, y2, i, j)ej ⊗ ei,

where

Q(y1, y2, i, j) =

Q(y1, y2, i, j), if y1, y2 ∈ Y1 or y1, y2 ∈ Y2,

Q(y2, y1, j, i), if y1 ∈ Y1, y2 ∈ Y2 or y1 ∈ Y2, y2 ∈ Y1

Obviously, for all y1, y2 ∈ Y2 and i, j ∈ {1, . . . , n}, we have

Q(y1, y2, i, j) = Q(y2, y1, j, i).
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Hence, Assumption 4.22 follows from the proof of Lemma 4.28.

Thus, Theorem 4.25 is applicable to this class of examples. Let us write down the

commutation relations in this C-MCR-algebra. To this end, take any φ ∈ C0(Y → V )

and write it in the form

φ(y) =
n∑

i=1

φi(y)ei

where φi ∈ C0(Y → C) = C0(Y ). Let g ∈ G and denote f = φ⊗ g. Then

f(x) =
n∑

i=1

fi(x)ei,

where fi(x) = φi(y)g(z). Then similarly, to (4.50), we write, for ♯ ∈ {+,−},

A♯(f) =

∫
X

⟨f(x), A♯(x)⟩V σ(dx)

=
n∑

i=1

∫
X

fi(x)A
♯
i(x)σ(dx).

In words, A♯
i(x) is the ith coordinate of the operator A♯(x) in the orthonormal basis

(ei)i=1,...,n .

Then, by (2.132) and (4.57)–(4.59), we have the following proposition.

Proposition 4.31. Let the map C : Y 2 → L (V ⊗2) be defined by (4.57). Then Theo-

rem 4.25 is applicable to this choice of C(y1, y2). Furthermore, the corresponding commu-

tation relations have the form

A+
i (x1)A

+
j (x2) = Q(x2, x1, i, j)A

+
j (x2)A

+
i (x1),

A−
i (x1)A

−
j (x2) = Q(x2, x1, i, j)A

−
j (x2)A

−
i (x1),

A−
i (x1)A

+
j (x2) = δij δ(x1, x2) +Q(x1, x2, j, i)A

+
j (x2)A

−
i (x1).

for i, j ∈ {1, . . . , n} and x1, x2 ∈ X. Here δ(x1, x2) is defined by (2.133).

Finally, we note that, by Theorem 4.26, the state τ is strongly quasi-free if C̃(y2, y1) =

C(y1, y2). By (4.55), (4.57) and (4.58), this condition means that for all y1, y2 ∈ Y and

i, j ∈ {1, . . . , n}, Q(y1, y2, i, j) is real, i.e., for all i, j ∈ {1, . . . , n},

Q(y1, y2, i, j) = qij, (y1, y2) ∈ Y 2,
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where qij ∈ {−1,+1}. Thus, in such a case, the statistics is completely determined by

the n2 numbers (qij)i,j∈{1,...,n} with qij ∈ {−1,+1} and

q11 = · · · = qnn = κ.

4.5.2 Second class of examples

Let V be a space of dimension 2. Let us fix a real orthonormal basis {e1, e2} of V . Fix

two continuous functions

Qi : Y
2 → C, i = 1, 2

such that, for all (y1, y2) ∈ Y 2,

|Qi(y1, y2)| = 1, (4.63)

Qi(y1, y2) = Qi(y2, y1). (4.64)

We assume that, for some κ ∈ {−1,+1} and for all y ∈ Y ,

Q2(y, y) = κ. (4.65)

(This assumption is automatically satisfied when Y is connected.) Define a permutation

φ ∈ S2 by φ(1) = 2, φ(2) = 1.

Following [9, Example 4.9], for any (y1, y2) ∈ Y 2, we define an operator C(y1, y2) ∈

L (V ⊗2) by

C(y1, y2)ei ⊗ ei = Q1(y1, y2)eφ(i) ⊗ eφ(i),

C(y1, y2)ei ⊗ eφ(i) = Q2(y1, y2)ei ⊗ eφ(i), i = 1, 2. (4.66)

In V ⊗2, fix the orthonormal basis

e1 ⊗ e1, e1 ⊗ e2, e2 ⊗ e1, e2 ⊗ e2.

Then, by (4.66), the matrix of C(y1, y2) has the form

C(y1, y2) =


0 0 0 Q1(y1, y2)

0 Q2(y1, y2) 0 0

0 0 Q2(y1, y2) 0

Q1(y1, y2) 0 0 0

 . (4.67)
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Lemma 4.32. Let a map C : Y 2 → L(Y 2) be defined by (4.66). Then C satisfies

Assumption 4.2.

Proof. Since Q1(·, ·) and Q2(·, ·) are continuous functions on Y 2, the continuity of C

follows from (4.66). That C(y1, y2) is a unitary operator in V ⊗2 follows from (4.63) and

(4.66). By (4.67), we have

C∗(y1, y2) =


0 0 0 Q1(y1, y2)

0 Q2(y1, y2) 0 0

0 0 Q2(y1, y2) 0

Q1(y1, y2) 0 0 0

 .

Hence, by (4.64), C∗(y1, y2) = C(y2, y1). The fact that C(y1, y2) satisfies the functional

Yang-Baxter equation (4.1) will follow from the proof of Lemma 4.35 below.

Next, we find the C̃(y1, y2) and Ĉ(y1, y2) operators.

Lemma 4.33. We have, for i = 1, 2,

C̃(y1, y2)ei ⊗ ei = Q2(y1, y2)eφ(i) ⊗ eφ(i), (4.68)

C̃(y1, y2)ei ⊗ eφ(i) = Q1(y1, y2)ei ⊗ eφ(i), i = 1, 2, (4.69)

Ĉ(y1, y2) = C(y2, y1). (4.70)

Proof. By (4.45), for any i, j, k, l ∈ {1, 2},(
C̃(y1, y2)ei ⊗ ej, ek ⊗ el

)
V ⊗2

= (C(y1, y2)ej ⊗ el, ei ⊗ ek)V ⊗2 . (4.71)

Hence, for i = 1, 2,(
C̃(y1, y2)ei ⊗ ei, eφ(i) ⊗ eφ(i)

)
V ⊗2

=
(
C(y1, y2)ei ⊗ eφ(i), ei ⊗ eφ(i)

)
V ⊗2

= Q2(y1, y2),(
C̃(y1, y2)ei ⊗ eφ(i), ei ⊗ eφ(i)

)
V ⊗2

=
(
C(y1, y2)eφ(i) ⊗ eφ(i), ei ⊗ ei

)
V ⊗2

= Q1(y1, y2),

and
(
C̃(y1, y2)ei ⊗ ej, ek ⊗ el

)
V ⊗2

= 0 for all other choices of i, j, k, l.
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Next, by (4.43) and (4.44), for i = 1, 2,

Ĉ(y1, y2)ei ⊗ ei = SC(y1y2)ei ⊗ ei

= SQ1(y1, y2)eφ(i) ⊗ eφ(i)

= Q(y1, y2)eφ(i) ⊗ eφ(i)

= Q1(y2, y1)eφ(i) ⊗ eφ(i),

Ĉ(y1, y2)ei ⊗ eφ(i) = SC(y1, y2)eφ(i) ⊗ ei

= SQ2(y1, y2)eφ(i) ⊗ ei

= Q2(y1, y2)ei ⊗ eφ(i)

= Q2(y2, y1)ei ⊗ eφ(i),

which proves (4.70).

Lemma 4.34. The map C : Y 2 → L (V ⊗2) defined by (4.66) satisfies Assumption 4.21.

Proof. Part (i) of Assumption 4.21 follows from (4.68) and (4.69) and the proof of

Lemma 4.32. Parts (ii) and (iii) of Assumption 4.21 follows from Lemma 4.33. Finally,

we prove part (iv) of Assumption 4.21: for all y ∈ Y and v(2) ∈ V ⊗2,

Tr
(
C̃(y, y)v(2)

)
=

2∑
i=1

(
C̃(y, y)v(2), ei ⊗ ei

)
V ⊗2

=
2∑

i=1

(
v(2), C̃(y, y)∗ei ⊗ ei

)
V ⊗2

=
2∑

i=1

(
v(2), C̃(y, y)ei ⊗ ei

)
V ⊗2

=
2∑

i=1

(
v(2), Q2(y, y)eφ(i) ⊗ eφ(i)

)
V ⊗2

= κ
2∑

i=1

(
v(2), eφ(i) ⊗ eφ(i)

)
V ⊗2

= κ
2∑

i=1

(
v(2), ei ⊗ ei

)
V ⊗2

= κTr
(
v(2)
)
.

Lemma 4.35. The map C : Y 2 → L (V ⊗2) defined by (4.66) satisfies Assumption 4.22.
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Proof. By (4.46), (4.66), (4.68), and (4.69) we have, for i = 1, 2 and (y1, y2) ∈ Y2,

C(y1, y2)ei ⊗ ei = Q(1)(y1, y2)eφ(i) ⊗ eφ(i),

C(y1, y2)ei ⊗ eφ(i) = Q(2)(y1, y2)ei ⊗ eφ(i),

where

Q(1)(y1, y2) =

Q1(y1, y2) if y1, y2 ∈ Y1 or y1, y2 ∈ Y2,

Q2(y2, y1) if y1 ∈ Y1, y2 ∈ Y2 or y1 ∈ Y1, y2 ∈ Y1,

Q(2)(y1, y2) =

Q2(y1, y2) if y1, y2 ∈ Y1 or y1, y2 ∈ Y2,

Q1(y2, y1) if y1 ∈ Y1, y2 ∈ Y2 or y1 ∈ Y1, y2 ∈ Y1.

Then, for any y1, y2, y3 ∈ Y and i = 1, 2,

C1(y1, y2)C2(y1, y3)C1(y2, y3)ei ⊗ ei ⊗ ei

= C1(y1, y2)C2(y1, y3)Q
(1)(y2, y3)eφ(i) ⊗ eφ(i) ⊗ ei

= C1(y1, y2)Q
(2)(y1, y3)Q

(1)(y2, y3)eφ(i) ⊗ eφ(i) ⊗ ei

= Q(1)(y1, y2)Q
(2)(y1, y3)Q

(1)(y2, y3)ei ⊗ ei ⊗ ei,

C2(y2, y3)C1(y1, y3)C2(y1, y2)ei ⊗ ei ⊗ ei

= C2(y2, y3)C1(y1, y3)Q
(1)(y1, y2)ei ⊗ eφ(i) ⊗ eφ(i)

= C2(y2, y3)Q
(2)(y1, y3)Q

(1)(y1, y2)ei ⊗ eφ(i) ⊗ eφ(i)

= Q(1)(y2, y3)Q
(2)(y1, y3)Q

(1)(y1, y2)ei ⊗ ei ⊗ ei,

C1(y1, y2)C2(y1, y3)C1(y2, y3)ei ⊗ ei ⊗ eφ(i)

= C1(y1, y2)C2(y1, y3)Q
(1)(y2, y3)eφ(i) ⊗ eφ(i) ⊗ eφ(i)

= C1(y1, y2)Q
(1)(y1, y3)Q

(1)(y2, y3)eφ(i) ⊗ ei ⊗ ei

= Q(2)(y1, y2)Q
(1)(y1, y3)Q

(1)(y2, y3)eφ(i) ⊗ ei ⊗ ei,

C2(y2, y3)C1(y1, y3)C2(y1, y2)ei ⊗ ei ⊗ eφ(i)

= C2(y2, y3)C1(y1, y3)Q
(2)(y1, y2)ei ⊗ ei ⊗ eφ(i)

= C2(y2, y3)Q
(1)(y1, y3)Q

(2)(y1, y2)eφ(i) ⊗ eφ(i) ⊗ eφ(i)

= Q(1)(y2, y3)Q
(1)(y1, y3)Q

(2)(y1, y2)eφ(i) ⊗ ei ⊗ ei,
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C1(y1, y2)C2(y1, y3)C1(y2, y3)ei ⊗ eφ(i) ⊗ ei

= C1(y1, y2)C2(y1, y3)Q
(2)(y2, y3)ei ⊗ eφ(i) ⊗ ei

= C1(y1, y2)Q
(2)(y1, y3)Q

(2)(y2, y3)ei ⊗ eφ(i) ⊗ ei

= Q(2)(y1, y2)Q
(2)(y1, y3)Q

(2)(y2, y3)ei ⊗ eφ(i) ⊗ ei,

C2(y2, y3)C1(y1, y3)C2(y1, y2)ei ⊗ eφ(i) ⊗ ei

= C2(y2, y3)C1(y1, y3)Q
(2)(y1, y2)ei ⊗ eφ(i) ⊗ ei

= C2(y2, y3)Q
(2)(y1, y3)Q

(2)(y1, y2)ei ⊗ eφ(i) ⊗ ei

= Q(2)(y2, y3)Q
(2)(y1, y3)Q

(2)(y1, y2)ei ⊗ eφ(i) ⊗ ei,

C1(y1, y2)C2(y1, y3)C1(y2, y3)eφ(i) ⊗ ei ⊗ ei

= C1(y1, y2)C2(y1, y3)Q
(2)(y2, y3)eφ(i) ⊗ ei ⊗ ei

= C1(y1, y2)Q
(1)(y1, y3)Q

(2)(y2, y3)eφ(i) ⊗ eφ(i) ⊗ eφ(i)

= Q(1)(y1, y2)Q
(1)(y1, y3)Q

(2)(y2, y3)ei ⊗ ei ⊗ eφ(i),

C2(y2, y3)C1(y1, y3)C2(y1, y2)eφ(i) ⊗ ei ⊗ ei

= C2(y2, y3)C1(y1, y3)Q
(1)(y1, y2)eφ(i) ⊗ eφ(i) ⊗ eφ(i)

= C2(y2, y3)Q
(1)(y1, y3)Q

(1)(y1, y2)ei ⊗ ei ⊗ eφ(i)

= Q(2)(y2, y3)Q
(1)(y1, y3)Q

(1)(y1, y2)ei ⊗ ei ⊗ eφ(i).

Thus, similarly to Subsection 4.5.1, formulas (4.66) and Lemma 4.33 imply

Proposition 4.36. Let the map C : Y 2 → L (V ⊗2) be defined by (4.66). Then Theo-

rem 4.25 is applicable to this choice of C(y1, y2). Furthermore, the corresponding commu-

tation relations have the form:

A+
i (x1)A

+
i (x2) = Q1(x2, x1)A

+
φ(i)(x2)A

+
φ(i)(x1),

A+
i (x1)A

+
φ(i)(x2) = Q2(x2, x1)A

+
i (x2)A

+
φ(i)(x1),

A−
i (x1)A

−
i (x2) = Q1(x2, x1)A

−
φ(i)(x2)A

−
φ(i)(x1),

A−
i (x1)A

−
φ(i)(x2) = Q2(x2, x1)A

−
i (x2)Aφ(i)(x1),

A−
i (x1)A

+
i (x2) = δ(x1, x2) +Q2(x1, x2)A

+
φ(i)(x2)A

−
φ(i)(x1),

A−
i (x1)A

+
φ(i)(x2) = Q1(x1, x2)A

+
i (x2)A

−
φ(i)(x1),
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for i = 1, 2 and (x1, x2) ∈ X2.

Corollary 4.37. Let Q : Y 2 → C be a continuous function such that

Q(y1, y2) = Q(y2, y1), |Q(y1, y2)| = 1

for all (y1, y2) ∈ Y 2. Define C : Y 2 → L (V ⊗2) by

C(y1, y2)ei ⊗ ei = Q(y1, y2)eφ(i) ⊗ eφ(i),

C(y1, y2)ei ⊗ eφ(i) = Q(y2, y1)ei ⊗ eφ(i).

Then Theorem 4.25 is applicable to this choice of C(y1, y2). The corresponding commu-

tation relations have the form:

A+
i (x1)A

+
i (x2) = Q(x2, x1)A

+
φ(i)(x2)A

+
φ(i)(x1),

A+
i (x1)A

+
φ(i)(x2) = Q(x1, x2)A

+
i (x2)A

+
φ(i)(x1),

A−
i (x1)A

−
i (x2) = Q(x2, x1)A

−
φ(i)(x2)A

−
φ(i)(x1),

A−
i (x1)A

−
φ(i)(x2) = Q(x1, x2)A

−
i (x2)A

−
φ(i)(x1),

A−
i (x1)A

+
i (x2) = δ(x1, x2) +Q(x2, x1)A

+
φ(i)(x2)A

−
φ(i)(x1),

A−
i (x1)A

+
φ(i)(x2) = Q(x1, x2)A

+
i (x2)A

−
φ(i)(x1),

for i = 1, 2 and (x1, x2) ∈ X2. Furthermore, the corresponding state τ is strongly quasi-

free.

Proof. By Theorem 4.26, formulas (4.66) and Lemma 4.33, the state τ from Proposi-

tion 4.36 is strongly quasi-free when

Q1(y1, y2) = Q2(y2, y1).

Thus, setting Q(y1, y2) = Q1(y1, y2), we get Q2(y1, y2) = Q(y2, y1).

Remark 4.38. It should be noted that, even in the case where the dimension of V is 2, there

are plenty of examples of maps C : Y 2 → L (V ⊗2) that satisfy Assumption 4.2 but do not

satisfy Assumption 4.21. For example, consider the trivial case where C(y1, y2) = 1 for
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all (y1, y2) ∈ Y 2. It is obvious this C(y1, y2) satisfies Assumption 4.2. However, formula

(4.71) implies that

C̃(y1, y2)e1 ⊗ e1 = e1 ⊗ e1 + e2 ⊗ e2.

Hence, the operator C̃(y1, y2) is not unitary.
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