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Abstract

In this work we consider Abelian gauge fields defined on a (3 + 1)-dimensional bulk spacetime,
which is allowed to interact with a matter CFT living on a plane boundary. This gives a
family of boundary conformal field theories parameterized by the gauge coupling T in the
upper-half plane. Combining this with the recently discovered web of dualities connecting
(2 4 1)-dimensional quantum field theories and SL(2,Z) duality in the bulk, one can perform
powerful resummations in perturbation theory. We put this to work by considering a free scalar
field theory on the boundary, which has a self-duality under T — —% in this setup. Leveraging
on this we compute the two-loop anomalous dimension of the mass-squared operator, which
is then resummed by imposing the self-duality. Our result can then be extrapolated to T =1
which, after a bulk SL(2, Z) transformation, is then related to the 3d Gross-Neveu model by 3d
bosonization. In particular this allows us to make a prediction for the anomalous dimension

of the mass operator in the 3d Gross-Neveu model.
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1 INTRODUCTION

1  Introduction

By now it is understood that the framework of quantum field theory (QFT) describes a wealth
of physical phenomena. Examples in high energy theory are the standard model which has so
far successfully described all collider experiments at CERN [1—5] (although see [6]), beyond
the standard model theories used in primordial cosmology (see e.g. [7] and references therein),
and the low-energy limits of the various string theories [8, 9] and D-branes [10, 11]. Other
sources come from condensed matter. Here the degrees of freedom reside on the points of a
lattice (and/or the links), and at sufficiently long distance scales where the lattice becomes
irrelevant, the physics is described by a continuum QFT [12, 13]. In a similar way QFTs can also
be used to understand purely classical theories, such as the Ising model in statistical mechanics
[14]. All of this is perhaps not so surprising in view of Wilson’s incredibly powerful picture of
effective field theory [1, 3, 4, 15-18]. Here the input are the fields, symmetries, and parameters
in an effective effective Lagrangian defined at some energy scale. The physics at a different
energy scales is then encoded in the running of the parameters under the renormalization
group flow.

This already seems enough motivation to try and improve our understanding of quantum
field theory in general. Even though we are being quite abstract, we still want to discard those
QFTs which are not physically sensible. For instance it should have a potential bounded from
below [19], and if it is a gauge theory it should be absent of gauge anomalies [20]. Assuming
we have a sensible QFT, one quickly discovers this is a rather difficult problem to analyse in

any generality. Our best understanding comes from the following special cases:

(i) The theory may be weakly coupled so that perturbation theory works; at least in some
energy window. Take for example quantum electrodynamics (QED) in D = 3 +1
spacetime dimensions. Here perturbation theory works well at low energies where
the coupling constant is small, although sadly perturbation theory breaks down at

high-energies since the coupling constant grows as we flow toward the UV™.

' In a physically motivated theory like the standard model, QED is only an effective theory which works up to the
weak energy scale. Indeed the photon survives as the massless gauge boson due to electroweak symmetry breaking
SU(2) — U(1).

13
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(ii)

(iii)

(iv)

v)

(vi)

1 INTRODUCTION

The theory may have enough symmetries to be solvable, or at least be constraining
enough to make interesting statements on the dynamics. This is the case, for example, in
many supersymmetric models. Here the extra power of holomorphicity and R-symmetry
have been incredibly powerful tools in obtaining many exact results including non-
renormalization theorems, exact beta functions, low energy effective theory, vacuum

structure, phases and more? [23-35].

The theory may be scale-invariant. In the case that the theory has a Lagrangian descrip-
tion, this means the action is invariant under coordinate rescalings x — e x. If our QFT
is relativistic and unitary then it generally believed that scale invariance + Poincaré
invariance is enhanced to conformal symmetry3, the extra generator is often denoted K,
and generates special conformal transformations. Such a theory is thus referred to as
a conformal field theory (CFT), and there now exist powerful methods to solve, or at
least learn a lot about these theories, from the conformal bootstrap#. This was originally
introduced for fields theories in two dimensions [41, 42]. More recently it has been
understood how to extend this to higher dimensions in the breakthrough papers [43, 44].

There is already an enormous amount of literature on this subject, for a review see [45].

It could be a topological field theory [46, 47]. Perhaps the most familiar example is
Chern-Simons theory which was famously solved in D = 3 spacetime dimensions by

Witten in [48].

In the case where we have gauge groups like U(N) or O(N), we can consider a large

number of colours® N as was first famously done by "t Hooft [49] [50].

Finally we can consider theories in low spacetime dimensions. The case D = 2, which
naturally arises in condensed matter models, was first considered in the high-energy
context by Thirring who introduced a completely soluble interacting theory of fermions

[51]. Subsequently Schwinger provided an exact solution to QED, [52] [53]. The subject

Some reviews are [21, 22].
A proof exists in D = 2 [36]. Attempts of proofs for D > 3 have been given in e.g. [37, 38].

4 Good introductions are [39, 40].

5

There are also variants where we consider theories with a large number of matter flavours N Iz although they will not
be of interest to us.
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1 INTRODUCTION

of 2D CFT is under a lot of analytical control since the conformal group is so constraining

in this case.

It has emerged from studies of supersymmetric theories [32—-34, 54—60], field theories in 2D
[61-63], and condensed matter models [64, 65], that working in terms of elementary degrees
of freedom is not always the best way to understand strongly coupled theories®. In these
examples it turns out that composite degrees of freedom known as solitons can become the
fundamental excitation. This has led to a number of remarkable dualities between seemingly
unrelated field theories where fundamental and solitonic excitations are exchanged. From
these examples we see that there are (at least) two types of duality that need to be distinguished.
One type is where two theories are exactly dual to one another, and another type where they
flow to the same theory in the IR.

Our focus in this thesis will be on understanding dualities in 3D which turns out to be a
particularly interesting case to consider. It is simple enough that we don’t need to be so reliant
on supersymmetry to make interesting statements, but it displays a vast array of rich physics
which is interesting enough in its own right, and could help us in understanding theories in
D > 4. The class of dualities we will consider fall into the second class mentioned above - they
are emergent dualities in the IR.

The first duality established in 3D was between the XY model and the gauged version of
the theory [66—68]. The dynamics of gauge fields in 3D is particularly interesting, one reason
is the existence of a Chern-Simons interaction. This interaction ties magnetic flux to charged
particles allowing their statistics to be altered [69, 70], in particular allowing bosons to be
turned into fermions and vice versa. This statistical transmutation of flux led to early ideas of
3D bosonization [71-83].

More recently studies of U(N) Chern-Simons-matter theories in the large N limit [84-87],
their supersymmetric versions [88—92] and RG flows [93, 94], has led to more powerful 3D
bosonization dualities [95]. Studies in condensed matter proposed fermionic version of particle

vortex duality [96—105], where a free fermion is conjectured to be dual its gauged version.

In string theory the discovery of solitonic excitations called D-branes was responsible for the second superstring
revolution.
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1 INTRODUCTION

In [106, 107] it was found that all these dualities can be derived from a single seed duality,
forming a beautiful self-consistent duality web.

[107] took this a step further and showed that each of these dualities follows from a
conjectured four-dimensional duality, where the CFT lives on the boundary and interacts with
a U(1) gauge field. In this four-dimensional setup, given a 3d CFT, call it T, we get a whole
family of boundary conformal field theories (BCFTs) T(7) parameterized by the complexified
gauge coupling T = % + % of the bulk Maxwell theory which lives in the upper half-plane.

Moreover this setup enjoys an SL(2,Z) electric-magnetic duality, which maps the coupling to

at+b

!/
T—=T T ct+d’

whilst simultaneously adding topological degrees of freedom to the boundary.

Setup and results.

In this work we shall consider the case where the boundary theory ¥ is a free scalar interacting
with a bulk Abelian gauge field in (3 + 1)-dimensions. This setup is conjectured to enjoy a
self-duality under T — f% [107], which reduces to the bosonic particle-vortex duality in the
appropriate decoupling limits. We can then consider the strongly coupled points T = *£1,
which can be mapped by SL(2,Z) to a dual theory which is decoupled from the bulk gauge
field. By 3d bosonization this theory is itself dual to the Gross-Neveu model - strictly speaking,
its UV completion in 3d which is the Gross-Neveu-Yukawa model. Now, for T sufficiently
close to +ico where the theory is weakly coupled we can reliably use perturbation theory for
most computations”, but of course this breaks down as we approach the strongly coupled
region. However, as was first described in [108], we can leverage on the self duality T — —% to
try to make sensible extrapolations of our perturbative results to the strongly coupled region.
In particular, if we can make sensible predictions at T = +1 then we can learn things about
the Gross-Neveu model.

We put this to work to make an estimate for the anomalous dimension 7 of the scalar in
the Gross-Neveu model, at the critical point. We start by computing the anomalous dimension
1lgp Of the mass operator in the scalar theory T (7) at weak coupling to two-loop order. We then
extrapolate this to a non-perturbative result by using a duality-improved Padé approximant,

demanding they be invariant under 7 — —%. Similar ressumations have been performed

7 Of course, perturbation theory cannot see instantons and other non-perturbative phenomena.
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1 INTRODUCTION

N = 4 super Yang-Mills in [109]. There are two of their Padé functions we can use, both
of which depend on two arbitrary parameters. These two parameters are fixed by our two
loop perturbative result. Denoting the Padé approximants by Fj, F,, extrapolating to strong

coupling we get the estimate

, 37632
Lh(r=41)=— %% 032774 .
e = k(T ) = 97211 1 trea 0327745, (1.1)

or

, 37632
2 = 41) = ~ 0.236449. .
e = Byt ) = 5741 + 141127 176472 (x2)

This critical exponent has been computed in a variety of ways in the literature. Our results,

along with these, are summarized in Table 1 There is also a purely technical point in our

Method No
R 0.327745
F 0.236449
e-expansion [110] 0.2934
Bootstrap [111] 0.320
Monte-Carlo [112] | 0.31 +0.01
fRG [113] 0.372

Table 1: This table displays the method and corresponding prediction for the critical exponent 7 in the
Gross-Neveu-Yukawa model.

work that may be of interest to those who want to perform similar calculations to two loop
order. A common regulator to use in practise is dimensional regularization, or its close relative
dimensional reduction. However, the current technology cannot deal with the divergences
that occur in perturbation theory. Specifically, there is one integral which appears ill-defined
in these schemes. Thus we abandon these in favour of a momentum cutoff. The results of the
two-loop integrals which occur in perturbation theory are then summarized in Appendix D.3

and D.4.
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1 INTRODUCTION

Layout of this thesis.

In Chapter 2 we discuss some well known examples to build intuition and introduce the
necessary background material and ideas that permeate the subject. In particular, in Section
2.3 we introduce particle-vortex duality. This is an old duality boson-boson dating back to the
1980s which has been of tremendous use to condensed matter physicists and is now enjoying
a renaissance in particle physics in light of the more recently discovered web of dualities
between different 3d CFTs.

In Chapter 3 we review some of the ideas which has led to the more modern idea of 3d
bosonization along with the duality web that it implies. In Chapter 4 we shall embed this in a
four-dimensional setup, where we view these CFTs as living on a boundary which is allowed
to interact with a bulk gauge field. We review electric-magnetic duality in this setup. We then
consider the cases where we have free scalars on the boundary or free fermions, the various
decoupling limits, their interplay with the 3d duality web, and the ressumation strategy to
obtain non-perturbative results.

In chapter 5 we consider free scalars on the boundary. Here we begin by computing the
anomalous dimension 7, of the mass operator in perturbation theory to two loop order. We
then employ our resummation scheme to extrapolate this to strong coupling, and ultimately
to the points T = £1. 3d bosonization maps this point to the Gross-Neveu model, and in
particular it maps the mass operator ¢¢ of the bosonic theory to the mass operator ¢ of the
Gross-Neveu fermion. Thus our result makes a prediction for the anomalous dimension 7,
of the mass operator Py in the Gross-Neveu model.

As mentioned above, with our current technology we cannot make sense of the scalar theory
using dimensional regularization, so we choose to regulate our theory with a momentum
cutoff instead. This breaks gauge invariance and so we should check that our result isn’t
nonsensical. Some preliminary checks are performed in Chapter 6, where we consider the case
with fermions on the boundary. The benefit of this setup is that dimensional regularization
works, and so we can explicitly check this more favourable dimensional-regularization results

against the those obtained using a momentum cutoff.
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2 BACKGROUND

2 Background

The first examples of (quantum) dualites were discovered in lattice Models. An illustrative
example is Kramers-Wannier duality of the 1d quantum Ising model [64, 65]. Here we start

with the standard Ising Hamiltonian written in terms of the Pauli matrices
N n n
H=-]Y ofof,—h) o} (2.1)
i=1 i=1

A natural basis to use are the tensor product states |5) = [s1s; - - - 5,,), where ¢7 |5) = s; |s) and
each s; = £1. If we were to give this a name, we might call this the spin representation. One

can rewrite the Hamiltonian in terms of the composite operators

vA P X X e 22
T, = EIUJ ;& T =00, (2.2)
j<i

Nl—=

which live on the links of the lattice (labelled by a half-integer). Observe that the T operators

are highly non-local when written in terms of the Pauli matrices. It is not too hard to see that

¢ Physically the 7% operator flips all of the spins to the left of the site i, for this reason it is

sometimes called a domain wall operator (or a kink operator).
e The 7’s satisfy the same su(2) algebra as the Pauli matrices.

¢ One finds that the Hamiltonian takes the same form as in (2.1) when written in terms of

the 1’s, except the couplings / and | are interchanged.

With the Hamiltonian expressed in terms of the T’s, a natural basis to use would be eigenstates
of 7%, so we could call this the domain wall representation. Note that in this basis the T's are
local. Without much more effort one can also re-write the Hamiltonian in terms of Majorana
fermions - this is the celebrated Jordan-Wigner transformation.

This introductory chapter shall proceed as follows. We shall start in Section 2.1 by gaining
some intuition through studying some simple examples of boson-boson and boson-fermion

dualities in 1 + 1 dimensions. This introduces a lot of ideas which feed into the more
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2 BACKGROUND

complicated examples introduced in Chapter 3, but in a simple, solvable scenario, where all
the details can be understood explicitly.

Section 2.2 discusses some of the particularly interesting dynamics of (Abelian) gauge
fields in 2 4+ 1 dimensions which will be relevant for us. This includes the Chern-Simons
interaction and a magnetic symmetry, both of which are special to this number of dimensions.

Section 2.3 introduces our first interacting duality in 2 + 1 dimensions - the bosonic
particle-vortex duality [66-68] between the XY model and its gauged version. This is an old
story dating back to the 1980s where the duality was shown to hold on the lattice near their
respective critical points.

Moreover, we have overwhelming numerical evidence that there is a second order phase
transition [114, 115], and thus on general principles we expect the theories near criticality to
be described by a quantum field theory [116, 117], which flows to a conformal field theory
at the critical point. In this case we thus obtain a duality between the two continuum QFTs,
which becomes better and better as we approach the critical point. The continuum description

of the XY model is provided by a Landau-Ginzburg type theory of a complex scalar field ¢:
L = 191 + gl + Mgl (2:3)

The critical CFT, reached in the infrared (IR), is the Wilson-Fisher fixed point [16, 118]. The
continuum description of the gauged XY model is provided by minimally coupling the above

theory to a dynamical gauge field

1
£ = | DI + plpl* + Alg|* = R F™. (2.4)
The claim is that this can also be tuned to a CFT, which is exactly dual to the Wilson-Fisher
CFT. This is sometimes referred to as the strong form of bosonic particle-vortex duality [119],
to distinguish it from the weak form which holds on the lattice.
Specifically we will study the phase diagram in some detail, introduce the interesting

vortex degrees of freedom, and study the mapping of operators under the duality. Again,
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2 BACKGROUND

all of these ideas and tools feed into our discussion of the more recent dualities starting in
Chapter 3.

Moving on from Section 2.3 we want to start to describe the more recently discovered 3d
fermion-fermion and fermion-boson dualities. Of course, to do this we must couple a fermion
to a gauge field. However, as we discuss in 2.4 there is a slight subtlety that is important to
be aware of, this is the so-called parity anomaly. This will be important in Section 3.3 when
we discuss the duality web, and Section 4.4.3 when we couple boundary fermions to a bulk
gauge field.

Finally in Section 2.5 we will introduce non-Abelian Chern-Simons theory, which is useful

background for the discussion of large N Chern-Simons-matter theories in Chapter 3.3.

2.1 Toy models in 1 + 1 dimensions.

In this section we discuss our first field-theoretic dualities in the simpler context of 1+ 1
dimensions. Section 2.1.1 begins with a short discussion on the free Dirac fermion. Section
2.1.2 introduces the compact boson and a simple boson-boson duality known as T-duality.
Section 2.1.3 combines this to derive a fermion-boson duality. We then discuss an application
of the fermion-boson duality in Section 2.1.4.

General references for this section are the original papers [52, 53, 61-63], the reviews
[120-122], Coleman’s book [5] (in particular the chapter on classical lumps and their quantum

descendants) and the book [12].

2.1.1 A Dirac fermion.

A Dirac fermion in two dimensions is a two component spinor

o=, (25)

P

where the components of 4 of ¢ are Weyl spinors. We refer 1 as right-movers and ¢_ as

left-movers. The Dirac algebra {7*,9"} = 2"¥ can be represented by 7 = ¢! and ¢! =i¢?,
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1

where ¢!, 02 are the Pauli matrices. We then define the chirality matrix 9% := 909! = ¢3. The

action for a free massless Dirac fermion is then

S = / &x i9dy. (2.6)

This theory has two global symmetries. One is a vector symmetry which rotates both
components P+ of ¢ with the same phase, and the other is an axial symmetry which rotates

them by the opposite phase:
Ul)y: ¢ — ey, & Ul)a: 9z —e Ty (2.7)
The corresponding conserved currents are
o= & =9y (28)

From the action (2.6), we obtain the Hamiltonian H = [ dx ¢*(x)7?9,1. At the moment ¢ is a

o

classical (anticommuting) field and ¢ just means the row vector ¢t (x) = (y*,9* ), where "x

means complex conjugate. Plugging in for the components 1+ of ¢ the Hamiltonian reads

H= [ = ipi (00 () 4y (ory- ()] (29)

We quantize this theory in the usual way by promoting ¥ and * to operators § and ¢

satisfying the canonical anticommutation relations

{PL(x), P ()} =d(x—y), (2.10)

where §} now means the Hermitian adjoint of the operator ¢1. This theory is easily solved

by working in the momentum basis

Pi(p) = /_0:0 dx e Py (x), (2.11)
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in terms of which the Hamiltonian reads

. d . . X
H= /% [PM(P)%(P) — - (p)"o-(p)|. (2.12)
In this basis

~

{PL(p), $+(q)} = 276(p — q). (2.13)

The irreducible representation of the canonical commutation relations are built on top of the
vacuum |vac), which is the unique state of lowest energy. Looking at the expression for H in
(2.12), we see that |vac) should be filled with right-moving particles of negative momentum,

and left-moving particles of positive momentum:

P (p) Ivac) = §(—p) [vac) =0, (p>0). (2.14)

Since this is a free theory, it is completely determined from its two point functions by Wick’s
theorem. It is instructive to perform such computations once:
. - ©dp [ dg - A “dp ;
@it o) = [ SB[ e ity = [T SR @)

—00 27T J—o0 27T —_— Jo
27t6(p—q)©(q)
As it stands, the integral on the far right is ill-defined due to contributions from large momenta.
To regulate this divergence, we introduce small distance UV cutoff ¢ > 0 and include a factor
e~ in the integrand. This leaves the small momenta region unchanged and smoothly cuts off

large momenta. The resulting integral is finite and gives

N N ©d - i 1
t — ap —ep+ipx _ 1 |
($+(x)91(0)) o 27 e 7 xrie (2.16)
Repeating this exercise for ¢
. - i 1
<¢i(x)¢+i<]/)> =t — (2.17)

24



2 BACKGROUND

2.1.2 The compact boson and T-duality.

We now move on to discuss the compact boson in 1 4 1 dimensions, whose action reads

2
Sy = /M d’x %awamp. (2.18)

Here we take the spacetime M to be M = R x S!, with t € R parameterizing time and x € S!
parameterizing space. “compact” means that ¢ takes values in the target space ¢ € [0,27), or

equivalently ¢ is defined on R mod 27t:

¢ =P+ 2m (2.19)

Ordinarily we canonically normalize the kinetic term of ¢ so that it is %(8(1))2, absorbing the

overall factor of B2 into ¢. Doing this here would change the target space of ¢, and so we

expect to get a different theory for different values of 8, a suspicion which is almost correct.

Note that a mass term ~ |¢|? or an interaction term like ~ |¢[* are not allowed, since they do
not respect the identification (2.19). More precisely, the well-defined variable is el?. The action

is invariant under constant shifts of ¢, with corresponding Noether current

it = Brore. (2.20)

In the context of string theory this is referred to as the momentum current. This theory
has another conserved quantity which is harder to spot. It is an example of a topological

conservation law. To explain this, let us begin by working at a fixed time. Then, suppressing

the time argument for now, ¢(x) defines a map from the spatial S! to the target space S'.

Given such a map, as we traverse the coordinate circle going from x = 0 to x = 27, we can

count how many times ¢(x) winds around the target space circle. Counting +1 every time we

go around the target space clockwise, and —1 for every time we go around counterclockwise.
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This defines a number called the winding number. In fact, we can write an integral expression

for this number:

Qw = %/dxé)xcp. (2.21)

Now it is straightforward to show that Q. is conserved under time-evolution: Reinstating the
time-dependence, suppose ¢(fg, x) has winding number # at time ¢, and consider the time-
evolved solution ¢(f, x) evaluated at a later time #;. Then the field ¢(f, x) can be interpreted
as a homotopy between ¢(fo, x) and ¢(t1, x), and it is well-known that two continuous maps
are homotopic if and only if they have the same winding number. Thus ¢(t, x) has winding
number # for all £. O In fact, a moments thought reveals that this charge can be written as the

integral of a local current

. 1
v = Eewavqbl (2.22)

from which the conservation of Qs also follows.

T-duality, or particle-vortex duality 1 + 1 dimensions.

We now show that the compact boson has another description in terms of a different scalar

field. We start by looking at the partition function for the compact boson (2.18)

2
2 P
Z= /D¢ exp [/Md x za},q)aw]. (2.23)
Observe that it is d,¢ which enters the action, so we might be tempted to treat d,¢ as the
independent variable of integration. However this is a little fast, since
(i) 0,¢ satisfies a Bianchi identity 9, (e""d,¢) = 0, and

(i) 2 [ d®x0,(e"dy¢) = 1= [dxtdup € Z.
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Any old vector-valued function v, (x) satisfies neither of these conditions. Therefore we

impose such a condition on v, with a Lagrange multiplier field ¢ as

: 2
Z= /Dv D¢ exp [/M d?x (‘Bzvyvﬂ + zlnei‘l’vyavgﬁﬂ . (2.24)

As a check, we need to do the integral over ¢ and check that we end up back at (2.23). Since ¢
enters linearly, we can just replace it by its classical equation of motion. Varying ¢ — ¢ + 6¢
and performing an integration-by-parts one finds a bulk term which sets d,,0* = 0, taking care
of (i). There is also a boundary term which enforces the quantization condition (ii) if and only

if ¢ is compact:
¢ =¢+2m (2.25)

To get something different, we do the integral over v, instead. Since it enters quadratically we

can just replace it by its equation of motion

1 -
vy = Wew,a‘%p. (2.26)
which gives
32
_ (D& 2, BTy couzl w1
Z= /ng exp l/Md xzayfpaﬂfp], B = yrris (2.27)

This is of the same form as our original theory (2.23) but with an inverted radius! The best
way to get some intuition as to what is going on is to look at how the conserved currents
on either side are mapped. We find that the particle density for ¢ is mapped to the winding

density for ¢

prtp %e”"aﬂﬁ, (2.28)
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and vice versa, the winding of ¢ is mapped to the particle density for ¢

1 oz
e 2qH
7€ op <— ot (2.29)

2.1.3 Bosonization in 1 + 1 dimensions.

[62]. The bosonization map is naturally described in terms of left- and right-moving bosons

ST v COCETAOE (2:30)

Odp 1 ipx —ipx
() /an Bp) e 4! (p)e 1), (231)

where $, $T obey the familiar creation-annihilation algebra

[$(p), " (p)] =275(p — q), (2.32)

and we have taken the liberty to add a convenient normalization. As we mentioned before,
the well-defined operators in this model are derivatives of ¢ and exponentials like® el?. So the
natural objects to compute are the two point functions (el?+(¥) e=19=(¥)). In computing these
correlators one encounters ill-defined integrals like those occurring in (2.15). Regulating them

in the same way as in the fermionic case, we find that

. 1/4mp?
(=) gmigetr)y — (4 __ 18 i (233)
(x —y) tie

In particular, this makes it clear that the theory indeed depends on the radius .

ei? is defined by its Taylor series expansion and normal ordering each term so that the creation operators ¢*(p) stand
to the left of the annihilation operators §(p).
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The bosonization dictionary.

The bosonic correlators (2.33) are strikingly similar to the fermionic ones (2.17) at the radius

B? = ;- Indeed, it looks like we could identify

A 1 . A
Pe) o et (2.34)

Under this identification the fermion mass-operator ¢ then maps to

PP —%cosgb. (2.35)

In all the dualities presented in this work, the most important thing to understand is the
mapping between the conserved currents on both sides. Under the duality (2.34) we find that
the vector fermionic current maps to the winding current for ¢, and the axial current maps to

the momentum current:

]5 — ]5\, (2.36)
oo (2.37)

The first identification (2.36) suggests that the i quanta are mapped to the winding of ¢.

Indeed Qv measures the number of i quanta, whilst its proposed dual Q,, measures the

winding of ¢.

2.1.4 Application: Massive Thirring = Sine Gordon.

In this section we put our bosonization duality to work. Consider the massive Thirring model
Si= [ &x |1y — gy - e Frup)| (239)
Consulting our bosonization dictionary, this is dual to the Sine-Gordon model

2
Sy = /dzx {ﬁza}@amp + % cos cp] , (2.39)
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where the radius of the boson is

—+ . (2.40)

In fact, much like the 3d dualities we describe in Chapter 3, these dualities fit into a 2d duality

web [123].

2.2 Abelian gauge fields in 2 + 1 dimensions

It may seem that bosonization is special to 1 4 1 dimensions. Indeed bosons and fermions are

distinguished by their behaviour when we interchange them, one cannot interchange particles

in 1 4 1d without bringing them together, and so presumably this argument breaks down.

Moreover there is no notion of spin in this number of spacetime dimensions, so there is no
conflict with the spin-statistics theorem.

Going up to 2 + 1 dimensions we can understand particle statistics by orbiting one particle
around another, so we would expect a more sophisticated mechanism to allow bose-fermi
dualities to exist. This mechanism is found in the interesting behaviour of gauge fields in

2 4 1 dimensions; in fact it is not an understatement to say that all of the dualities discussed

in this work is down entirely to their rich dynamics in this special number of dimensions.

In particular the existence of Chern-Simons interactions will allow us to turn bosons into
fermions and vice versa. Most of our discussion is by now rather old and more details can be

found in Polyakov’s book [13], or more modern references [122, 124].

2.2.1 Free Maxwell fields.

Abelian gauge fields in 3d behave very different to in 4d. One aspect of this is seen by writing
out Maxwell’s equations with source, one finds that oppositely charged particles separated

by a distance r experience a logarithmic potential V(r) ~ logr - we say that charges are
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logarithmically confined. In 3d the magnetic field is a (pseudo-) scalar B, whilst the electric

field continues to be a vector E;:
B:=Fp, Ei:=F,. (2.41)

Let us start by considering the free Maxwell action. It turns out that this theory is equivalent
to the theory of a free massless scalar field o(x). Unsurprisingly ¢ is referred to as the dual

photon. To see how this comes about, start with the partition function for free Maxwell fields

Z = /.DA exp [2162 /F/\*F} (2.42)

Like in our discussion of T-duality in Section 2.1.2, the trick is to promote the field strength F,,
to an independent variable of integration. To do this we must introduce a Lagrange multiplier

field o to enforce the Bianchi identity dF = 0

. 1 1
Z= /DO’DF exp [1/ (ZEZF/\*FJr 47_[(7d13>]. (2.43)

Moreover F should satisfy the Dirac quantization condition % [ F € Z, using the same

arguments as before this means that ¢ should be compact:
o= 0o+ 2m (2.44)

To get something interesting we now integrate over F. Since it only enters quadratically, this

means we just replace it using its equation of motion
e
Ey = —%e}‘ 0. (2.45)
Plugging this back in

Z= /Da exp [;i/dg’x (80)2]. (2.46)
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Remarkably, in the dual photon formulation it is plainly obvious that the photon has a global
symmetry given by constant shift in ¢ — ¢ + ¢, which is generated by the current

e2

V:—Eﬁ%. (2.47)

Importantly this symmetry group is U(1) rather than R because ¢ is compact. It is interesting
to rewrite the current in terms of our original variable A, using the equation of motion (2.45)

for o

1
Ji = Eeyvavp (2.48)

The global symmetry of this theory is rather unusual, and is similar the the winding symmetry

of the compact boson discussed in Section 2.1.2. It is an example of a what is called a

topological symmetry. Different to usual Noether currents, this is conserved off-shell; i.e.

without the use of the classical equations of motion. Rather its conservation is a consequence

of the Bianchi identity dF = 0. The associated conserved quantity is the magnetic charge

1
Q:= /d2x]0 = E/dsz' (2.49)

Operators which are charged under Q are called monopole operators?. The definition of
the monopole creation operator M (x) is slightly indirect, and is most naturally described
in terms of the path integral. We define the action of the monopole operator M (x) by first
removing the point x from the path integral and integrating over all gauge fields subject to the

monopole boundary condition

LFzZﬁ (2.50)

More generally Q is an example of a topological charge. Operators which carry such a topological charge are called
disorder or defect operators.
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To check that M (x) does the job, one can compute the commutator [Q, M (x)], and show that

it equals +1 (this is done in e.g. [122]). The finite form of which is
M(x) — el* M(x). (2.51)

In fact, in the special case of free Maxwell fields that we are considering, there is a very
explicit formula in terms of the dual photon. We claim that it is given by M (x) = et?(¥), The
easiest way to see this is to insert e!”(*) into the path integral expression (2.43). Doing the
integral over ¢ then just constrains F to obey the monopole boundary condition (2.50) - which
is precisely our definition of M'(x).

Finally we note that one can view the photon as the massless Nambu-Goldstone mode
of the broken U(1) magnetic symmetry [125] - this way of thinking will tie in beautifully
with our analysis of some phase diagrams in Section 2.3. The diagnostic of this spontaneous
symmetry breaking is nothing but the monopole operator, which has a non-zero expectation
value in the vacuum. In fact, this interpretation becomes immediate when we think in terms
of the the dual photon ¢(x). Here the magnetic symmetry is just the shift ¢ — ¢ + constant,
but the action (2.46) has a degeneracy of ground states described by ¢ = constant.

Finally, one can consider more general theories with vacua for which the U(1) magnetic
symmetry is unbroken. We will encounter such an example in Section 2.3.1 when we couple
the photon to a charged scalar field. We will find a phase whose vacua consists of magnetically
charged vortices, which restore the magnetic symmetry. So what happens to the photon in
this phase? For our interpretation to be of any substance, we should expect the photon to be
massive. This is indeed the case! We will see that, in this vortex phase the gauge symmetry is

broken, and the photon - whilst still present - becomes massive by the Higgs mechanism.

2.2.2 U(1) Chern-Simons theory.

As we have already mentioned several times, gauge theories in 2 + 1 dimensions have very
different behaviour from those in one dimension higher. Another example of this is the
existence of Chern-Simons interactions. The study of such theories has had numerous

applications over the years; a non-exhaustive list is: Witten’s work [48] connecting the
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observables in Chern-Simons theory - namely products of Wilson lines - with the Jones
polynomial, which appears in the mathematical study of knots invariants, for which he won a
Fields medal. There is also an intimate connection between Chern-Simons theory and rational
conformal field theories in two dimensions [126, 127], Quantum gravity in three dimensions
[128], and more down to earth physics such as describing quantum Hall states [129].

Our main focus will be on Abelian Chern-Simons theory, so we shall focus on that here,
saving a short discussion on the non-Abelian theory for Section 2.5. Given a U(1) gauge field

Ay, the Chern-Simons action is defined to be
k 3. uvp
Scs[A; k] == in /d xe'"P A0, Ap. (2.52)

Here k is a coupling constant called the level. This theory is sometimes denoted U(1);. The
action doesn’t look manifestly gauge invariant, so let’s check it. Under a gauge transformation

Ay — Ay +9ya, the change in Scs is a total derivative
K= [ Prema,(ad
5Scs|Ak] = E/d X €09, (ad, Ay).

This is gauge invariant if we can neglect boundary conditions, such as on spacetimes like R3.

However, quantizing the theory on arbitrary surfaces we discover that k should be quantized:
kez. (253)
We can write the Chern-Simons action in a geometric formulation as
Scs[A;K] = i/ ANdA. (2.54)
4r Jx

This makes it clear that the theory is topological, i.e. it is independent of the spacetime metric
on X, at least classically. However it turns out that we must pick a metric when defining the

quantum theory, this is the framing anomaly [48].
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Flux attachment.

The crucial element in 3d bosonization is flux attachment [69, 72, 73]. It is interesting to

consider coupling this to a conserved current

k
s— [ <47T6”VPAHE)VAP +AH]”).

The classical equation of motion is easily found to be ﬁe“"“’ﬂp = JI. Decomposing the
current as J* = (p, J), where p charge density and ] current density, the only independent

equation of motion is™®

where B is the magnetic field defined in (2.41). We see that the Chern-Simons fields have no
dynamics of their own, their only effect is to attach a magnetic flux to each charged particle.
This has an interesting effect when we orbit one particle around another. The state vector |¢)
describing two particles picks up an Aharonov-Bohm phase |¢) — €?1/¥ |¢). The exchange

phase is then half of this

p) — e /K |yp). (2.56)

Where we take the — sign if both the underlying particles (i.e. with the CS interactions
switched off) are fermions. Thus we can get a variety of statistics depending on the value of k,

leading to the theory of anyons.

2.3 Particle-vortex duality.

In this section we discuss a rather old duality. This is the bosonic particle-vortex duality

between the critical point of the O(2) model and its gauged version. The O(2) model (also

10 The equation of motion involving J just tells this equation of motion is preserved under time evolution.
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called the XY-model or Landau-Ginzburg model in condensed matter) is described by the

Lagrangian
Ly = oupde — U(|9]), (2.57)
where ¢ is a complex scalar field and the potential U(|¢|) is given by

U(|gl) = ulgl* + Alg|*. (2.58)

This theory arises, for example, in the continuum description of thin-film superconductors

[130, 131], whilst the Euclidean version describes the superfluid transition in Helium [104, 132].

This theory has a global U(1) symmetry ¢ — e!* ¢. We can gauge the global U(1) symmetry
of the O(2) model in the standard way. We promote the symmetry to a local U(1) gauge

invariance ¢ — el“(*) ¢ by introducing a gauge field Ay and arrive at the Abelian Higgs model
1 _
Lan = _@F;WFW + Dy¢D¥p — U(|¢]).- (2.59)

Here the potential U(|¢|) is of the same form as in (2.58). One interesting physical application
of this theory is the continuum description of superconductors. It is convenient to write the

potential as

U(|$]) = A(|¢[> + v)? + constant, (2.60)
where
-
v = % (2.61)

We shall then use the freedom to add a constant so that the minimum of U(|¢|) is zero.
Before going on to discuss these theories in detail and state the duality, let us discuss the
philosophy that we will employ to conjecture the duality. This has provided a very powerful

tool in the more modern dualities discussed in Chapter 3.
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Philosophy.

Consider a general relativistic QFT in D spacetime dimensions described by a Hamiltonian
H. As is usual in QFT, we assume the state of lowest energy - the vacuum - has zero energy

H |vac) = 0. First of all we need to introduce some simple terminology:

¢ We say that the QFT is gapped if the energy difference AE between the vacuum state

and the next lowest-energy state is finite.

* Conversely, we say that a QFT is gapless if there are states whose energy is arbitrarily

close to zero.

Our Hamiltonian will depend on a number of parameters H(A,...). Generically it will be
gapped, by which we mean that if the parameters are arbitrary, it is overwhelmingly likely
that it will be gapped. On the other hand a gapless Hamiltonian is rather hard to come by.

There are two well known mechanisms:

* The parameters can sometimes be very carefully chosen to lie on a point, or more
generally a submanifold of the coupling space. If the Hamiltonian describes a unitary
relativistic QFT, then it is believed that such points correspond to a conformal field

theory.

¢ The spontaneous breaking of a continuous symmetry via the Nambu-Goldstone mecha-

nism.

With this in mind, we now go on to consider phase transitions. Consider varying a parameter
A on which the Hamiltonian H = H(A,...) depends. As mentioned above we will generically

lie in a gapped phase, but we could find a point describing a gapless phase

gapless

J

gapped A gapped
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One possibility is that stable vacua are exchanged and become degenerate in energy at the

critical point \/\/ (/\} \’\/

. A
gapped Ac gapped

Such a transition is called 1% order. A famous example of this is the boiling point of water,
where A = T is the temperature. One vacua describes liquid water, and the other vacua

describes vapour''. Another possibility is that the vacua merge

W U W

. A
gapped Ac gapped

Such a transition is called 2"d order. This is the case of interest to us. Assuming our QFT is
unitary;, it is believed that such a point is described by a conformal field theory. By trying to
understand the phase diagrams of various field theories, we may conjecture that they flow to
the same CFT.

To conclude this discussion, let us note that, the characterization of gapped and gapless is
of course rather crude. When one speaks of a gapped phase, it might be tempting to think that
it is trivial at energies below the gap. But as we saw in our discussion of Chern-Simons theory
in Section 2.2.2 we know that this is not all that can happen. The UV particle content still
survives as classical, heavy probe particles. We can braid these particles and find non-trivial
Aharanov-Bohm phases.

Now we move on to understanding the theories introduced in (2.57) and (2.59). We will
begin by studying the gauged O(2) model. At first glance it looks to be the richer theory, and
we can take our time to study it in detail. The remarkable thing is that a lot of its behaviour is
reproduced in the O(2) model.

The duality we are going to describe was originally understood on lattice models [66],

which are described by the continuum theories (2.57) and (2.59) in the long wavelength limit.

' There is, of course, another parameter which is the pressure. The water-vapour phase exists on a submanifold
parameterized by the pressure and temperature.
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For some useful background on this perspective see Polyakov’s book [13] or the review articles
[133-136].
2.3.1 The Gauged O(2) model.

A natural place to start is by determining what global symmetries the theory admits. We've
gauged the U(1) phase rotation. However, recall from our study in Section 2.2.1, we saw that
Abelian gauge theories are special in that they enjoy an ordinary® global magnetic symmetry

generated by the current
- 71 pvp
]rnag 47_[6 Fyp. (2.62)

This is conserved by virtue of the Bianchi identity, so its conservation is not spoiled by the

addition of matter. The next natural step is to determine the objects which carry this charge.

It will turn out that the answer will fall out on our laps if we ask the far weaker question:
What do the finite-energy solutions look like [5]? Our analysis will be simplest in temporal
gauge Ag = 0. It will be important to note that once we have picked this gauge, we still have
the freedom to make time-independent gauge transformations. We can further simplify this
question by considering a field configuration at a fixed time tj, since time evolution takes
finite energy solutions to finite energy solutions. The analysis is then most naturally done
using polar coordinates (r, ). Since we are working at a fixed time, we shall suppress the time
arguments in the fields. It is convenient to split the Hamiltonian up into a kinetic energy piece

and a potential energy piece, H = T + V where

T:= /rdr do (éatAiatAi + |at¢|2>r (2.63)

V.= /rdrde (A;QF,‘]'FZ']'—FDZ¢DI¢+U(|¢|)). (2.64)

Since each term is separately positive, it is necessary for the integral of each individual term

to be finite, so we can focus on each term separately. The important part is the contribution

2 [137]
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from the potential energy V, and the most contribution to this is from the integral over U(|¢|).

For this to be finite, it is necessary that ¢(r,6) approach a zero of U(|¢) as r — oo:

$oo(0) := lim ¢(r,0) must be a zero of U(|¢|). (2.65)

r—r0o

Now we look at the contribution from the covariant derivatives. This investigation is simplified
further by using freedom to make a further time-independent gauge transformation to set™3
Ay, = 0 on the time slice t = t( (of course A, will generically be non-zero for t # tg). In this

gauge the covariant derivatives appearing in (2.64) simplify to

1 .
Dp =09, & Dop=1 (3+i0)s (266)
Thus for the contribution from this term to converge, it is necessary that

lim Agy(r,0) = iL

lim e 0) 9o (). (2.67)

Thus the asymptotic field data is determined entirely in terms of the behaviour of ¢ at r = cc.

Le. it is determined entirely in terms of ¢« (6) which defines a mapping
S! 5 G/H, 0+ ¢o(8), (2.68)

from the asymptotic boundary of space, parameterized by 6 € S!, into the set of zeroes of
U(|¢|), which we have mysteriously denoted G/H. Clearly then, everything hinges on the
form of the potential, or more precisely its set of zeroes, which we refer to as the vacuum
manifold. As we dial y the behaviour of the potential qualitatively changes near y = 0. For
i > 0 there is one unique minima of U(|¢|) given by |¢| = 0, whilst for < 0 any field
configuration ¢ with |¢|> = |v| is a minimum. Thus the analysis now splits into these two

cases.

'3 Such a gauge transformation is necessarily singular near r = 0. However we are only discussing finite enegy solutions,
so only the behaviour near infinity matters.
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The y > 0 phase.

In this case v > 0 and the gauge symmetry is unbroken, and G/H is trivial and there no
vortices. At energies below p this describes a gapless phase consisting of just free Maxwell
theory which we studied in Section 2.2.1. There we saw that the U(l)mag symmetry was
broken, and the photon could be viewed as the massless Nambu-Goldstone boson associated
to this breaking. The ¢ field is now just a massive charged probe particle (i.e. it has no
dynamics, we view it as a classical field). If we insert two oppositely charged probe particles,
they experience Coulomb potential, hence we refer to this phase as the Coulomb phase of the
gauged O(2) model. As we mentioned earlier, the Coulomb potential goes like log R, where R

is the particle separation - the particles are logarithmically confined.

The 1 < 0 phase.

In this phase the vacuum manifold G/H of U(|¢|) is a circle parameterized by |¢|?> = |v|. The
scalar acquires a non-zero vacuum expectation value, breaking the U(1) gauge symmetry and
giving a mass to the photon by the Higgs mechanism. Hence we refer to this phase as the
Higgs phase. This phase is more interesting because it can support vortices. The asymptotic

field data now defines a map into U(1)
Poo:S' = U(1), 6 0ve 190 (2.69)

An identical argument to the one given in Section 2.1.2 shows that the winding number

/‘2” df do
n —=
JO

52 d0 (2.70)

is conserved under time evolution. Such solutions are known as Abrikosov-Nielsen-Olesen
(ANO) vortices. We will now show that a vortex of winding number 7 carries precisely n units

of magnetic charge. First of all, recall from (2.49) that the magnetic charge is defined as

1
Qi=5- / d2x B, (2.71)
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where B = Fj;. We can write this as the integral of the 2-form dA = F» dx! A dx? and then

use Stokes’ theorem to get

1 1
_E/dA_Ej{A. (2.72)

Working in polar coordinates the remaining integral is

27 (2.67) (69) 1 (27 do
Q= ﬂrlggo a0, "7 / @0 ﬂ/o 02 @7

The remaining integral is precisely the definition of the winding number in (2.70), which
proves our claim. In fact (running our earlier discussion on finite-energy solutions in reverse)
the monopole operator M(”)*(x) necessarily creates a vortex carrying n units of magnetic
charge at x.

Before going on to discuss the O(2) model, let us note that this is mathematically identical

(at least for time-independent solutions) to Landau-Ginzburg theory of type II superconductors.

The solutions we have discovered are called flux lines.

2.3.2 O(2) model and the Wilson-Fisher fixed point.

The O(2) model has a global U(1) symmetry'4 ¢ — e'® ¢ with conserved current

Ji = i(¢o¥p — pot'ep), (2.74)

which measures the particle density. As before we now consider the phases as we vary the

mass parameter ji.

4 The name O(2) model comes because we can decompose the complex scalar field ¢ into real and imaginary parts as
¢ = ¢! +i¢?, and form the 2-component vector

2 P!

¢ <¢2 :

Writing the action in terms of ¢, the symmetry group of the theory becomes O(2) acting on ¢ as ¢ — O@, O € O(2).
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u > 0 phase.

This part of the parameter space is pretty boring. It describes a gapped phase in which the
global U(1) symmetry is unbroken. It consists of massive ¢ probe particles carrying unit U(1)

charge.

u < 0 phase.

In this phase ¢ acquires a vacuum expectation value, breaking the global U(1) symmetry.
Expanding ¢ around this vacuum as ¢ = pe'?, we see that the theory contains a massless
Nambu-Goldstone mode ¢ and a heavy p particle. We can write down an effective Lagrangian

for the massless mode
L = %Azay(ﬁ)“a +0((00)%). (2.75)

This form of the effective action follows from the fact that o describes the phase of ¢, and thus
o must be compact ¢ = o + 271.

Using a similar analysis to what we used in the Abelian Higgs model (essentially just
turning off the gauge field), one can show that this phase admits vortex-antivortex solutions
where ¢ winds asymptotically. In particular, solutions describing a single vortex or a single
antivortex are not allowed as they cost infinite energy, but a vortex-antivortex pair is a perfectly
well-defined finite energy solution - essentially because there is no asymptotic winding and
the solution dies down to a constant at infinity. Performing this computation one finds that
the energy of a vortex-antivortex solution grows logarithmically with their separation - i.e.

they are logarithmically confined.

2.3.3 One more striking correspondence.

For fun we just mention one more striking similarity between these two theories. Consider

adding a small symmetry breaking term to the Lagrangian of the O(2) model

30(2) — D?O(Z) + eRe¢.
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[T Ac~27

Figure 1: This is a schematic picture of the phase of the Goldstone mode o. As we go around the origin
it remains close to zero, and as we are about to come back to our starting point it suddenly jumps to 27
over the short width depicted by the hashed lined.

In the symmetry breaking phase y < 0 this adds ~ ecosc to the effective action for the
Nambu-Goldstone mode ¢. Now if we consider vortices in this phase, the potential favours
o ~ 0. Thus as we go around traverse the asymptotic boundary, ¢ stays zero almost everywhere
and then makes a sudden jump from ¢ =~ 0 to ¢ ~ 27t. This looks like a confining flux tube!
Indeed this behaviour is mirrored in the Abelian Higgs model by adding the monopole
operator to the Lagrangian, explicitly breaking the U(1)mag symmetry:

1
Zbelian Higgs “ZAbelian Higgs + EM( )r

This is Polyakov’s confinement via monopole condensation [138], [139].
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(@) #0 . {¢)=0
l/ ° \\ ]/[
Higgs phase, gapped NP Coulomb phase, gapless
vortices carrying U(1)mag charge massless photon, confined particles
U(l)mag unbroken U(l)mag broken
(@) #0 . (¢)=0
J o o U
gapless phase o gapped phase
massless Goldstone, confined vortices particles carrying U(1) charge
U(1) broken U(1) unbroken

Figure 2: This depicts the phase diagram of the Abelian Higgs model (top) and the O(2) model (bottom)
as we vary the mass parameter y. The region enclosed by the dashed circle is where the classical analysis
breaks down and a quantum analysis is required.

2.3.4 The duality.

The phase diagrams are summarized in Figure 2. We see that there is a striking similarity
between the phase diagrams! Indeed the unbroken Coulomb phase of the Abelian Higgs looks
the same as the broken phase of the O(2) model. The confined charges in the gauge theory
mapping to the confined vortices in the O(2) model. Similarly the symmetry-breaking Higgs
phase looks identical to the unbroken phase of the O(2) model.

Clearly both theories exhibit wildly different behaviour depending on whether p > 0 or

u < 0, and so we expect a phase transition to occur at some point between the two phases.

Moreover, being optimists, we might hope that this phase transition is second order and thus
described by a conformal field theory. We might be even more optimistic and hope that both
critical points are described by the same CFT. Do we have any analytic understanding of this
possible critical point? In the case of the Abelian Higgs model the answer is negative, however
we do have some understanding of the O(2) model. The critical point of the O(2) model can
be understood in the e-expansion [118, 140], which is reviewed in [1, 16]. Starting from the
UV Lagrangian (2.57) and flowing the IR while tuning the physical mass to zero, we reach a

critical fixed point where the |¢|® interaction becomes irrelevant:

L = 0,p"p — Ai|g|*. (2.76)
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This is known as the Wilson-Fisher fixed point, and is of enormous importance in physics™.

For instance, in d = 3 Euclidean dimensions it can be used to describe the superfluid transition
in *He [132]. It is a strongly interacting CFT making analytic study hard. Recent advances
in the conformal bootstrap has taught us a lot about this theory and its more general O(N)
brethren [141-143]. is called the Wilson-Fisher fixed point. Since it has its own name, it will be

of no surprise that it is of enormous importance in physics

The duality.

The statement of particle-vortex duality is that the critical point of the Abelian Higgs model

lies in the same universality class as the O(2) model. Commonly written as [107]

0¢]* — Aulgpl* — Dagp|* —Alpl. (2.77)

In particular we have dropped the gauge field kinetic term because it is irrelevant in the IR.

This was proven to hold on a lattice theory in [66], and the approach to the continuum limit
was studied numerically in [67] where they found strong evidence for the existence of a second
order phase transition. There is now overwhelming numerical evidence that this is correct
[114, 115].

On the face of it, it seems remarkable that these two theories could be dual. The O(2)
model has less degrees of freedom and less parameters than the Abelian-Higgs model! The
point is that it is an IR duality. The number of degrees of freedom is really a UV thing, as we
approach the IR we can effectively lose degrees of freedom. Similarly for the parameters, these
can become irrelevant and their effects die away in the IR. The duality holds at the CFT and in
a small neighborhood of it. If we go too far from this point, the theories describe completely
different physics again - there is no contradiction.

With the hard work now behind us, we can quite easily determine how the operators

should map. Like any duality in physics, the conserved currents should map into each other:

Tnag  — " (2.78)

5 As are the fixed points of O(3) or more generally O(N) models. See [135] for example.
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This ties in nicely with the phase diagram in Figure 2, where we saw that the magnetically
charged vortices in the Higgs phase map to the charged particles in the O(2) model. From our

understanding of the phase diagram we expect

P> ——  —|p% (2.79)

although these are strongly coupled theories so there could be operator mixing. Again, from

our understanding of the phase diagram we might write something like

¢ particles — ¢ vortices (2.80)
¢ vortices — ¢ particles. (2.81)

The first line can be interpreted more precisely as
p(x) —  M(x). (2.82)

The second line is not really well-defined since ¢ is not gauge invariant; it is qualitatively true

at best.

2.4 Fermions and the parity anomaly.

We now start progressing towards the more recent bosonization dualities. The first thing to

discuss is the humble theory of a massless Dirac fermion coupled to a background gauge field.

The action reads

Sy, A] = /d%@i]bt/). (2.83)

However to define the quantum theory we must also specify a regularization scheme. As is
well known, sometimes it is impossible to regulate a theory which preserves all of the classical
symmetries (without introducing additional degrees of freedom). Classical symmetries which

are not preserved at the quantum level are called anomalous. As is often the case in the study

47



2 BACKGROUND

of anomalies, it is easiest to work in Euclidean signature, where the Dirac operator i P is
Hermitian'6.

The action is both gauge-invariant, and T-invariant (as well as other symmetries like
Poincaré symmetry, but these take a side role). It will turn out that we cannot define a
quantum theory which preserves both of these symmetries - one of them is necessarily
anomalous [144, 145] (c.f. also [146]). However it is crucial that we maintain gauge symmetries
at the quantum level. Indeed gauge symmetry is not a symmetry at all, it is a redundancy in
the description of our theory introduced for our convenience and nothing should depend on
this redundancy (at the classical or quantum level). The place to look for these issues is the

partition function [144, 145, 147]
Z[A] = / Dy Dy e S04 (2.84)

It turns out that this is not gauge-invariant! Formally this is equal to det(iP), and since i D is

hermitian its eigenvalues A, are real. Thus
Z[A] = det(iD) =] [ Aa- (2.85)
a

This infinite product doesn’t make much sense. For instance, how do we define its sign? Let

us try method where we arbitrarily fix the sign of the partition function for some fiducial

vector potential Ay. As we continuously change A the eigenvalues A, will of course change.

We might hope to define the sign of Z[A] for arbitrary A by continuously changing it from A
and each time an eigenvalue A, passes through zero we could declare that the sign of Z[A]
changes. With this definition, it had better be the case that the sign does not change under
a gauge transformation A(©) — A = A(0) 4 da. The trick is to define interpolating gauge

field

A(s;x) == (1—5) A0 (x) +sAW (x), (2.86)

6 acting on the space of square integrable functions, equipped with the standard L? inner product (f,g) :=

J &xf(x)g(x).
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such that A(0; x) = A© (x) and A(1;x) = AM(x). We now view A(s; x) as a four-dimensional
gauge field living on I x R3, where I is the closed interval I := [0,1]. Then number of
eigenvalues which pass through 0 is given by the index of four-dimensional Dirac operator i P
on the space I x IR®. There is no reason for this to vanish, and indeed it does not in general.
However we should be dubious of the above analysis since we know that when we define
a quantum theory, we should really have a regulator in mind. A particularly lucid regulator
for the problem at hand, which manifestly preserves gauge-invariance (at the classical level at
least), is a Pauli-Villars regulator. This adds a fictitious fermion ¥ with a large mass M, obeying
the wrong spin-statistics relation - this ensures that the propagator from the Pauli-Villars

fermion ¥ enters with the opposite sign to the physical fermion ¢. The modified action reads
Sy, A, V; M| = /d3x (1pi]Z)1P +‘Pi]Z)‘P+iMW>. (2.87)

As will be demonstrated below, it is now quite straightforward to show that the theory
regulated in this way is gauge-invariant. In particular, note that the spectral flow argument
given above makes no sense - the partition function is in general a complex number, and how
do we define the sign of a complex number?

To understand the effect of this regulator, it is interesting to look at the effective action
Sett[Pp, A] for ¢ and A obtained by integrating out the Pauli-Villars fermions. This is defined
via

Zs[A] = lim / DY DV Dy D e Sl#A¥M] | (2.88)

Since 1 is fermionic, its integral gives a factor of det(i D), whilst the integral over the bosonic

field W gives [det(iD) +iM)] . Taking the limit M — +co gives

A M— 400 irt
Z1[A] :I;[m = Z|eXP<¢2;Sgn()\k)>- (2.89)
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We are now almost there, only the sum over eigenvalues needs regulating. Atiyah, Patodi and

Singer used the definition'7[148-150]
n[A] == lim ) sgn(Ae) A . (2:90)
s—0 X
So finally
Z+[A] = |Z| QI%U[A], (2.91)

gives us a well-defined, gauge-invariant, quantum theory. The minus (resp. plus) sign in

the exponent corresponds to a Paulli-Villars fermion with mass M — 4o (resp. M — —o0).

Acting with T on the Pauli-Villars action before taking the limit |[M| — oo has the effect of
replacing M — —M, and thus the partition function is not T-invariant.

For reasons we shall now explain, the theory of a Dirac fermion coupled to a background
gauge field, regulated using a Pauli-Villars regulator field of mass M — +o0 is commonly
referred to as a fermion coupled to U(1)_1 5.

On an arbitrary Riemannian manifold X with boundary, the Atiyah-Patodi-Index theorem

tells us that [147]
A— Iy — g eZ, (2.92)

where Iy is the instanton number of A (also called a theta term) and Aisa gravitational term:

FAF 2o /TrR/\R
T

2 ok (2.93)

Here R is the Riemann tensor built out of the spin connection w, viewed as a matrix-valued
2-form (the details will not concern us). In fact, the theorem tells us that the combination
in (2.92) is equal to the Dirac index, however all that matters for us is that the combination
above is integral. Now, the important point is that, up to numerical factors, Iy[F] is equal to

the Chern-Simons action CS[A] of A on the boundary 9X, and similarly A[R] is equal to the

7 The expression Y i sgn(Ay)|Ax| ~* is well-defined and analytic for large Res. One then analytically continues to s — 0.
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gravitational Chern-Simons action CSgray[w] of the spin connection w on 0X. Plugging this
back into (2.92) and inserting the correct numerical factors

1
% -3 (CS[A] — 2CSgrav [w]) mod Z. (2.94)

This formula will be important for us in the next couple of chapters. Presently it motivates
our notation above for the theory regulated using a positive mass M — +co Pauli-Villars field,
which we referred to as a fermion coupled to U(1)_1,,. Indeed the theory in question has

partition function
Z[A] = |z|e 714, (2.95)

and, up to a sign, we can use (2.94) to replace the phase factor by level- half Chern-Simons

term.

2.5 Non-Abelian Chern-Simons theory.

One can easily generalize our discussion on Chern-Simons theory with Abelian gauge groups
in Section 2.2.2 to more general gauge groups. The case of most interest to us will be for U(N)
groups, but the discussion goes through with minor changes for orthogonal or symplectic
gauge groups. This will be of use to us in the next chapter, where strong evidence of 3d
bosonization has come from the study of large N Chern-Simons-matter theories.

The gauge fields A are thus valued in the Lie algebra u(N) of traceless Hermitian matrices,

and the Chern-Simons action reads®

ScsA;K] == %/MTr (A/\dA— 231A/\A/\A). (2.96)

18 As is common in physics we define the Lie algebra u(N) so that el4 € U(N) for A € u(N). Sometimes the Lie
algebra is instead defined to be 1i(N), defined so that e € U(N) for B € 1(N). With this definition G(N) consists
of traceless antihermitian matrices. The two are simply related by B = i A. The factor of i in the A A A A A ensures
that the Hamiltonian is hermitian in our conventions. If A were taken anti-hermitian, the factor of i would not be
there. The wedge product of matrices is most easily defined by introducing generators T? of u(N) and expanding A
as A = A"T". The coefficients A are then normal differential forms and the wedge product reduces to the standard
wedge product between forms.
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This theory is often denoted U(N). Like in the Abelian case, gauge invariance of the action
requires the level k to be integral. The proof of this fact is much more direct in the non-Abelian

case. Under a gauge transformation g(x) € U(N)
A— g tAg+igldg (2.97)

one finds find

k . k . . . .
5Scs = E/dsxel‘vpav"fr[aygg 1Ap]+m/d3x€u P [(3719,8)(370u8) (87 0pg) |-

(2.98)

Since the first term in (2.98) is a total derivative, it can be made to vanish by imposing suitable
boundary conditions on A. This term was present in the Abelian case. The second term looks
concerning as it is independent of the gauge field A. Remarkably, up to a numerical factor, it
computes interesting topological quantity associated to the mapping g(x). Writing this term

as 2tkW(g), it is integer valued it is the so-called winding number of g(x)

1
Wg)i= 5,y [ el Te [(g710,8) (5 0ug) (8 "0pg)]. (2.99)

Therefore 6Scs = 27tnk, and so gauge invariance requires
keZ. (2.100)

2.5.1 Chern-Simons-matter theories.

Of particular interest to us are matter theories coupled to Chern-Simons gauge fields. Theories
of this general type were studied in exquisite detail by [151] (c.f. also [152]. Abelian Chern-

Simons-matter theories have been studied previously in [153, 154]). Since the matter actions
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depend on the spacetime metric, the total action is no longer topological. However gauge

invariance demands that the level be an integer, and thus it does not run:

dk
~ dlogpu =0

(2.101)

Br :

There are two common ways to regulate these theories. In one scheme we add an explicit

Yal lg'lVll“S tel m t() tl 1€ Lagral’lglan
T F F]/tl/
*72 I nv . (2' CZ)

As we have mentioned before the coupling constant ¢? has dimensions of energy and can act
as a UV cutoff. This scheme is manifestly gauge invariant, but it complicates the Feynman

rules. For U(N) gauge groups the bare level is shifted by an integer amount:
kym — kym + sgn(kym)N. (2.103)

Dimensional reduction.

Naive dimensional regularization is ambiguous for theories involving a Chern-Simons term
because of the €, tensor. In the dimensional reduction scheme [155] tensor algebra is
performed in 3 dimensions to obtain scalar integrands, and then the spacetime dimension
is analytically continued in the standard way. This is not manifestly gauge invariant, but it
does lead to simpler Feynman rules. We denote the bare level in the Chern-Simons-matter
theories regulated in this way by k. There is no renormalization of the Chern-Simons level in
this scheme. Thus the theory regulated with a Yang-Mills term and define the same physical

theory if we identify the levels by

k = kym + sgn(kym)N. (2.104)
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Or equivalently

k| = [kym| + N. (2.105)

2.5.2 Level-rank duality

Pure Chern-Simons theory enjoys level-rank duality [48, 156—160]. In contrast to the majority
of the dualities presented in this work, this duality can be rigorously proven. There are two

dualities which will be of use to us, for kyy > 0 they read

SU(N) ks — U(kym) N, (2.106)
U<N)kYM,kYM+N — U(kYM>7N,7kYM,N. (2.107)

Here
U(N)gr = (SU(N)x x U(1)nir )/ ZN- (2.108)

This is normalized so that U(N); = U(N) is the theory one gets by a Chern-Simons term
involving a trace in the fundamental representation of U(N). Note that the gauge invariant
theories are U(N)k,,, kyy+nN, With 1 € Z. The level-rank dualities for kyy < 0 follow from
the above by acting on both sides of the duality with a parity transformation, which just flips

the sign of the levels on both sides.

This duality already gives a hint of the bosonization dualities described in the next chapter.

The observables in pure Chern-Simons theories are built out of products of the Wilson lines

Trg exp <i%A>, (2.109)

where the trace is taken in the representation R of the gauge group. Along with the mapping
on the level and rank in (2.106) and (2.107), the duality also tells us how the Wilson lines are

exchanged. The first hint of 3d bosonization can be seen how these lines are exchanged.
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3 The duality web in 2+1 dimensions

The study of large N Chern-Simons-matter theories was initiated to understand the gravity
duals of free fields theories [84, 85]. Being free, they admit an infinite tower of conserved
higher-spin currents'. The AdS/CFT dictionary tells us that a conserved current in the field
theory corresponds to a massless gauge field in the bulk dual [163]. Thus the gravity theory
should contain massless higher-spin gauge fields. Generically the correlation functions of
these currents do not vanish. In the bulk this corresponds to a Witten diagram describing
the scattering of the dual gauge fields. So this must be an interacting theory of higher spin
currents.

In discussions of field theory in flat space, it is not known how to construct interacting
theories of gauge fields of spins > 2, or even if it is possible. However, remarkably in AdS,
such theories are known to exist. It was originally Fronsdal who noticed that perhaps an
interacting higher-spin theory is possible in AdS [164]. Following this Fradkin and Vasiliev
formulated an interacting theory of infinitely many such fields in AdS, [165-171] (for a reviews
see [172-175]) - what is even more remarkable is that predated the discovery of AdS/CFT.
These Vasiliev-type gravity theories are only understood at the classical level, it is not yet

known how to define a consistent quantum theory.

3.1 Large N vector models

The canonical example of AdS/CFT is the duality between N = 4 super Yang-Mills (SYM)
theory with SU(N) gauge group and type IIB superstring theory on AdSs x S° [176-178]. The

coupling constant gy, in SYM is mapped to the string coupling constant g5 under the duality

8Im ™~ &s- (3.1)

Most examples of AdS/CFT are of this form, where the weakly coupled limit on one side
maps to a strongly coupled limit on the other side. This is of course incredibly useful, but it

makes explicit checks of the correspondence difficult. Taking the free limit on the field theory

9 By the Coleman-Mandula theorem such a theory is necessarily non-interacting [161]. For a modern review see [162].
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side, it is expected that the bulk dual is described by a massless higher-spin gauge theory
[179-183]. In fact it seems to be that in general free CFTs of matrix-valued fields are dual to
massless higher-spin fields [179-186]. However it is difficult to understand the bulk duals
when we turn on even small interactions in these theories. The issue comes from operators of

the form
Tr[®0"1 DI - - - 9k D). (3.2)

Such single-trace operators correspond to single-particle states in the bulk, but there are not
enough fields in Vasiliev-type gravities to account for this proliferation of particles.
A key insight by Klebanov and Polyakov in [187] was that these issues can be avoided if

one took vector matter instead.

* There is just one scalar primary, and thus one massive particle in the bulk. These theories

have a chance to be dual to Vasiliev-type theories.

* Both sides are weakly coupled in the large N limit, so perhaps we could get a better

understanding of how holography works in this example.

They demonstrated this with one of the simplest models one can write down, namely the

theory of N free massless real scalars in d Euclidean dimensions®°
s= [dx1a,piong
= X 5 up ot (3-3)

Since this is a free theory, the dimension of ¢’ is simply its classical dimension

d

Bp =51 (3.4)

2% As we proceed we will it become clear that d = 3 is particularly nice.
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This defines (a rather trivial example of) a conformal field theory. In fact, it admits a far larger
symmetry group, of which the conformal group is a tiny subgroup. This group is generated

by the tower of conserved currents

];’]1"'}15 = aHl o 'aﬂkcpiaﬂkﬂ o 'a;ls‘l’j Ty (3-5)

which generate so-called higher-spin symmetries. The extra terms represented by the dots are
fixed uniquely by requiring that | ;fl...ys be symmetric, traceless, and conserved. It turns out
that these conditions are equivalent to demanding that | 31---;ts be annihilated by the generator
K}, of special conformal transformations - i.e. that ]31... us be a conformal primary. Note that s
is an even integer - if one tries to write down such objects with an odd number of indices it
will vanish identically?'.

We now truncate to the O(N)-singlet sector. Any O(N) singlet can be written as a product
of “single-trace” operators®?. These are operators built out of two fields ¢’ with their O(N)
indices contracted. In particular, the single-trace primary operators ]1(451)---Vs are obtained from

(3.5) by contracting the O(N)) indices i and j:

](0) — ¢i . (pf,

B = O Oy e, =24, (3.6)

This spectrum precisely matches the spectrum of the so-called minimal bosonic Vasiliev
theory in AdS;,1 [165-167, 171]. Since the theory is non-interacting, the dimensions A of the

operators J(*) are equal to their classical dimension

As=d—2+s. (37)

2! in the complex case we have currents for each positive integer (c.f. below).
22 We borrow the terminology used in theories with matrix degrees of freedom, where the gauge invariant operators are
traces of products of fields.
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We are now ready to try to understand the corresponding gravity theory. We start with the
scalar operator J(%) = ¢ - ¢. This should be dual to a bulk scalar field with mass (#f45)% =

Aqu(A —d), which for d = 3 gives®

[P?
(mlags)? = —2. (3-8)

The is precisely the mass of the scalar particle in Vasiliev theory! In three dimensions A =1
which lies below % = %, and this means that there is an interesting twist in building an
AdS/CFT correspondence [188]. Recall that the bulk dual of a scalar operator & with scaling

dimension A is a scalar field ¢(z, X¥) with boundary behaviour

A_

P(z,%) ~ 2% o (X) +2% 9y (z—0), (3.9)

where A are the roots of (mfxq5)> = A(A —d):

d d\?
Ay = 5 =+ \/(2) + (mlags)?. (3.10)

In a unitary CFT the scaling dimensions satisfy A > % — 1, so usually the positive branch A,
is the only possible solution®4. However, if the term in the square root is sufficiently small, the
negative branch A_ is above the unitarity bound too. The case of relevance to us is d = 3 and

scalar mass given by (3.8). Plugging in these values gives
Ay =2, or A_=1, (3.11)

both of which are above the unitarity bound in d = 3! Picking the boundary condition
¢(z,X) ~ z¢o(X) thus corresponds to the free scalar theory which has Az = 1. It now
behooves us to ask: What does the boundary condition AL = 2 correspond to on the CFT
side? The results of [188, 189] (c.f. also [190, 191]) tell us this choice corresponds to the theory

obtained by adding double-trace deformation ~ (¢?)? to the Lagrangian and flowing from the

231t is a general fact that scalar fields in AdS have a range of negative mass for which they are stable. This is the
Breitenlohner-Freedman bound (mf,g45)? > f%.

24 In the bulk this is equivalent to the fact that the supergravity action evaluated on this solution is finite.
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Free O(N) model
uv Ap=d—2

Critical O(N) model
IR¢ A »2=2+O(1/N)

Figure 3: This is a schematic picture of the RG flow when we deform the free scalar theory by the
relevant deformation (¢?)2. Flowing to the IR we reach another fixed point described by the interacting
Wilson-Fisher CFT.

UV (the free theory) where $? has scaling dimension A_, to the IR fixed point where ¢* has

dimension A = 2. This is precisely the the critical O(N) model [192, 193]

1 A
5= [ (28;@16”4# + 2N<4>14>’>2)- (G12)

This is a remarkable result! The same Vasiliev theory can describe the free scalar theory or the
interacting fixed point, depending on the boundary conditions on the scalar field.
In fact, it was known way before these calculations were first done that, at the IR critical

point the operator ¢? has dimension Az =2+ O(1/N) [16, 194, 195], but it is nice to see that

¢
everything fits together consistently.

The holographic dual of the (¢)> deformation of the free vector model can be understood
in a similar way [196].

We can generalise this in several ways. One can consider the U(N)-singlet sector of N

complex scalars

5= / dhx0,p,0" ¢ (3.13)
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The spectrum of single-trace primary operators similarly consists of a tower of higher spin

conserved currents

]P(li)mys =0y - .a#kaig)ﬂkﬂ .. .ays(l,j 4o (3.14)

Different from the O(N) case, there are now a currents of odd spin too. This is precisely the
spectrum appearing in the bosonic AdS; 1 Vasiliev theory [171]. Another case to consider is

N free massless Dirac fermions [197, 198]

5= /ddxaialpi. (3.15)

This theory has a global U(N) symmetry. From the Lagrangian we read off the dimension
Ay = % The U(N) theory admits an infinite tower of higher-spin conserved currents. The

single-trace currents are particularly simple for d = 3:
I;(i)n.m = PO O+, s=1,23,..., (3.16)
and these have dimension
As=20p+(s—1)=s+1. (3.17)
On top of this is the parity odd scalar primary J(©) = 9.9’ of dimension

A@P =2 (3.18)

The reason for the (slight) complication in higher dimensions is that one can construct fermion
bilinears involving more 7y matrices. In three dimensions one can also impose a Majorana
condition, so that the resulting theory has only O(N) invariance, and the O(N) singlet sector
has only even spins.

The single trace spectrum U(N) theory is very similar to the one for free U(N) scalars,

with the exception that the scalar operator here is parity odd and has Ay = 2 (compared
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to Agee scalars. — 1), Therefore we expect the AdS dual to be a higher-spin theory which
includes a pseudo-scalar of mass (mfsqs5)> = —2. Despite having the same spectrum, the bulk
interactions should be different, since the three-point functions in the scalar and fermion
theories are different. So we learn that there should be (a least) two inequivalent higher-spin

theories in AdS,, with identical spectrum (except for the parity of the scalar), but with different

interactions. Such theories are known.
* “type A” theory contains a parity even scalar,
* “type B” theory contains a parity odd scalar [165, 170-172].

As we have already discussed, the A-type theory is conjectured to be dual to either the free or
critical U(N)) scalar vector model in the singlet sector, depending on the boundary condition
imposed on the bulk scalar. Similarly the B-type theory has been conjectured to be dual to the
free/critical U(N) fermion vector model [197]. Repeating out earlier arguments, assigning the
bulk scalar the A = 2 boundary condition gives us the free fermion theory on the boundary,
whilst the A = 1 condition should correspond to an interacting CFT obtained by deforming

free theory by the double-trace operator (). This is just the familiar Gross-Neveu model

5= [ lwaw" + §(¢i¢i)2] : (3.19)

This is the generalization of the original Gross-Neveu model which was defined in two
spacetime dimensions [199], although this model is famously asymptotically free. This picture,
summarized in Figure 4, is in agreement with field-theoretic analysis [200, 201]. By now many
checks of the holographic dualities introduced in this section have been performed; see for

example [193, 202, 203].

3.2 Large N Chern-Simons-matter theories.
3.2.1  Holography.

As has been mentioned before, the rationale for studying large N Chern-Simons-matter

theories was to understand mysterious Vasiliev higher spin gravity theories [84, 85]. With the
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Critical U(N) G-N model
UVe ag,=1+0(1/N)

Free U(N) fermions
IR Agy=d—1

Figure 4: This is a schematic picture of the RG flow where we start with the Gross-Neveu CFT in the UV
and flow to the IR where we eventually reach another fixed point described by a free fermion.

addition of these gauge fields, there is an extra parameter in the game, the Chern-Simons level
k. The natural large N limit of these theories is a "t Hooft-like limit where we take N and k

large such that the "t Hooft coupling

N
/\._?

(3-20)
is held fixed. In this limit A effectively becomes a continuous parameter, and thus we get a one-
parameter family of parity-breaking theories which preserve the higher spin symmetry in the
bulk at the classical level. It was hoped that looking at how this mild deformation is mapped
to the gravity side might help us understand the quantum Vasiliev theory. Vasiliev had
already introduced a one-parameter family of such higher-spin theories which continuously
interpolate between the parity-preserving type A and type B theories [165, 170-172, 186]. In
fact, understanding their gravity duals gave the first hint that there could be a duality between
fermions coupled to Chern-Simons and scalars coupled to Chern-Simons [85]. Since then the

focus has shifted away from the gravity side, and fleshing out the bosonization duality.

3.2.2 Field theoretic analysis.

We now deviate away from holography and discuss the Chern-Simons-matter theories purely
from a field theoretic point of view. Many exact results at leading order in N are known

in these theories, by which we mean, valid to leading order in N but exact as a function of
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the "t Hooft coupling A. A large part these results are due to a judicious choice of gauge,
called light-cone gauge [85]. This gauge enormously simplifies the analysis since there are no
gauge-boson self-interactions, and thus we don’t have to worry about Fadeev-Popov ghosts
either.

An important point to note is that the free energy of these large N Chern-Simons-matter
theories vanishes as |A| — 1. The free energy is a measure of the number of available states of

the system, and so this suggests the theory ceases to exist. In fact, the bound
Al <1 (3.21)

can also be seen as follows. Recall that k denotes the Chern-Simons level in the dimensional-
reduction scheme, and is not renormalized. On the other hand, if we used a YM-regulator, we

would naturally define a "t Hooft coupling Ay 1= % The two are then related as

A Avym
A 2l = Al

A = , & = — .

Thus we see that, as [Ayy| ranges between 0 and oo, |A| ranges between 0 and 1.

[84] studied U(N); and O(N); Chern-Simons theory coupled to scalars in the fundamental
representation, in the 't Hooft large N limit. This theory is often referred to as the regular
boson (RB) theory in the literature. Coupling to gauge field naturally restricts to U(N)-singlet

sector, since these are just the gauge-invariant operators. The Euclidean action reads
Igp := /d3x [DM”iD”‘Pi + %(@#)3 + Ies[AG K] (3-23)
As mentioned above, the natural large N limit is the 't Hooft-like limit N, k, g¢ — oo with
N 2
A= * & Ag = geN~ fixed. (3-24)

As mentioned in Section 2.5, it is very easy to engineer lines of fixed points in large N Chern-
Simons-matter theories. The Chern-Simons level k is quantized and does not run, although it

can be renormalized by an integer shift at one loop (2.103). The corresponding one-loop shift
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& L /\6

Figure 5: This is a schematic picture of the coupling A4 as we flow towards the IR. Note that since §, =0,
the RG flow is always in the Ag direction.

in A subleading in N and thus can be ignored in the planar limit. In fact A4 is exactly marginal
at leading order in N. Thus working to this order we get a whole plane of CFTs parameterized
by A and Ag. At next-to-leading order a beta function for A¢ is generated. Switching off the
Chern-Simons coupling (A = 0), the beta function is positive and so the theory with A > 0 is
trivial in the IR (i.e. free). However, for A # 0, there are two lines of non-trivial fixed points of
the two-loop beta function, one is IR stable whilst the other is UV stable.

The spectrum of single-trace primary operators of the large N interacting fixed points
discovered above, is found from the spectrum at A = 0 by promoting the derivatives to

gauge-covariant derivatives and then taking the symmetric traceless part

]P(‘i)‘"}ls =Dy, - 'Dﬂk$iDPk+] .. 'Dys‘l’j NI (3.25)

In addition, there is a scalar singlet operator J(¥) = ¢.¢/, also a primary. Due to interactions,

the higher-spin symmetry is now weakly broken and has a non-trivial conservation equation

1

0.1 =5 LUOI) + 15

SI,SN

X e, (3.26)
o ST s
where [J(*)] refers to the conformal family. Counting dimensions on both sides we can restrict
the sums to s’ +s” < sand s’ +s” + 5" <s. The important point to take away is that the
right-hand side contains no single-trace operators, only double- and triple-trace operators?>.
At finite N they are generally not conserved, and they also mix with multi-trace operators.
However using the conformal algebra one can show that they are still conserved in the planar

limit. It follows from the weakly broken higher spin symmetry (3.26) that the anomalous

25 In particular there are no m-trace operators for m > 4 appearing on the right-hand side. This follows from the
fact that m-trace operators satisfy A —s > m. Indeed the left-hand side is spin s — 1 and scaling dimension
A = (s+1) +1 = s+ 2. Thus their difference is A — (s — 1) = 3.
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dimensions of the higher-spin “currents” are O(1/N); i.e. the scaling dimensions A; of the

operators J(®) are equal to their classical value plus O(1/N) corrections:

As=5+14+0 <;]>, (RB). (3-27)

We could also study the theory with a non-vanishing quartic term ~ (¢;¢')? (at least in the

large N limit), thus giving us the critical bosonic (CB) theory
ICB = /d3x |:D}¢¢iDV(Pi + %l(¢l¢l)2:| + ICS[A; k] (328)

In this case the theory flows to another fixed point. At this fixed point it has the same
spectrum of operators as near the free point, except the operator Eigbi obtains a large anomalous

dimension:

Agp=2+0 (11]) (CB) (3.29)

This is to be compared with Ag, =1+ O(4;) at the free fixed point.

We can repeat this analysis with fermions in the fundamental representation of U(N) [85].

Coupling to free fermions we get the regular fermion (RF) theory
Ijp := /d3x¢iIDlP + Ics[A; K. (3.30)
The spectrum of primary operators in the interacting theory is unchanged
JO =94, & I =FmuDp - Dyt - (3:31)

Like in the bosonic case the dimensions of the “currents” (s > 1) are equal to their classical

value up to corrections of order %:

As =s5+1+0O(1/N), (s>1). (3-32)

65



3 THE DUALITY WEB IN 2+1 DIMENSIONS

Similarly the anomalous dimension of the scalar primary i is O(1/N):
Agy =2+O(1/N). (RF). (3-33)

3.2.3 Bosonization in the planar limit.

In this section we review the results of Maldacena and Zhiboedov in [86], which ultimately
led to the bosonization dualities we will describe. They found that the three point functions
(J1) J(2) ](53)) of the higher spin currents are highly constrained by the weakly broken higher
spin symmetry (3.26).

To start with, conformal invariance restricts three-point functions to have the form [204]

(c.f. also [205, 206] for explicit forms of these structures)

(J1) j(2) f(s3)y = s, 5955 (Jl) ) j(sa)y, Bsysrs3 () j(s2) p(sa)y, 4 Vorsoss (i) o) glsa)y 4.
(3-34)

Here the subscript ”"b” and ”f” refer to the result in the theory of a single free boson and
a single Majorana fermion respectively. The subscript “odd” refers to structure which is
only present in interacting theories. In [86] it was shown that the weakly broken higher spin
symmetry (3.26) highly constrains the three-point functions in the planar limit. Their analysis
showed that, in the planar limit, these correlators depend on 2 or 3 parameters, depending on

whether the dimension of the scalar operator is 2 or 1, respectively®:

e If Ag =2+ O(%) we call the theory quasi-fermion. This name was inspired by the
regular fermion theory (3.30), which has Agy =2+ O(%) Here we start with free

fermions and switching on a Chern-Simons interaction turns them into non-Abelian

anyons, which for large k (the decoupling limit) become very close to ordinary fermions.

e If Ag =1+ O(%), then we call the theory quasi-boson for now obvious reasons.

Two of the parameters were denoted N and A in [86]. The parameter N is fixed by the two

point functions (J) ()} with s # 0. In particular this can be fixed by the energy-momentum

26 Part of the analysis in [86] showed that only Ag = 1 or 2 are compatible with the weakly broken higher spin symmetry.
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two point function. Since this is the same for both the quasi-fermion or quasi-boson theories,
N is the same in either case. The parameter A is fixed by the two-point function of the
scalar operator (J(O)J(0)) of the currents. This is necessarily different in the quasi-fermion and
quasi-boson cases. For the case of large N Chern-Simons-matter theories, one can argue that

N and A are related to the rank N and the 't Hooft coupling A as

N =Nf(A), A=h(A), (3:35)

for some functions f, h of the 't Hooft coupling A. Considering the effect of a parity transfor-
mation, f should be an even function of A and & an odd function. For quasi-fermionic theories,

[86] found that the parameters «, B,y appearing in (3.34) are fixed entirely in terms of N, A:

My ( #0) (3:36)
Ksysps3 = 30 / 51,52,53 0), 336
1+ A2
N
,8518253 = 1, 32/ (Sl # O)I (337)
1+ 12,
Ny (s1,52 7 0) (3:38)
Vsqsp83 = 30 7 51,52 ’ 33
1422

where the remaining coefficients not listed vanish. In the quasi-boson case

N
Nsy5y55 = m/ (s1,52,53 not all 0), (3-39)
NA2
Bsisysy = 12 (1,852,835 # 0), (3-40)
NA
Vsysps3 = mr (51,520 #0), (3-41)

and the extra parameter appears in the three-point function of the scalar operators, which was

parameterized in [87] as

oo = ( N~ 72 —l—z( N~ )a3. (3-42)

1+ A2 1+ A2
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The extra parameter corresponding to the exactly marginal ~ ($¢)? interaction in the planar
limit. The first hint of a bosonization duality was noted by Maldacena and Zhiboedov, where
they observed that in the large coupling limit }\qf — oo of the quasi-fermion theory goes over
to the correlators of the critical O(N) model. Similarly in the fxqb — oo limit, the free-boson
correlators go over into those of the Gross-Neveu model. [87, 207] worked out the precise
relation between abstract parameters N and A by explicitly computing them in the regular

boson and regular fermion theories. They found

~ sin(7tA) - A % A
N =2N p Agp = tan <2>, Agf = cot <2> (3-43)

Taking strong coupling limit A — 1 we find that a critical scalar coupled to U(N); Chern-
Simons theory is dual to a regular fermion coupled to a U(|k| — N)_; Chern-Simons theory
in the planar limit, and the same duality holds if we instead take regular bosons and critical

fermions. We summarize either of these dualities as
Scalar coupled to U(N)y <—  Fermion coupled to U(|]k| — N) . (3-44)

The bosonization duality is more naturally expressed in terms of the level kyy, obtained by

using a Yang-Mills regulator (c.f. Section 2.5.1). The duality then reads

Scalar coupled to U(N) <—  Fermion coupled to U(|kym|)_nN- (3-45)

kym

This is consistent with level-rank duality in the planar limit (c.f. Section 2.5.2). Note that this

duality trivially generalises if we take Ny flavours of matter fields

Ny Scalars coupled to U(N) +— Ny Fermions coupled to U(lkym|)-n-  (346)

kym

So far we have only discussed the planar limit, now we want to see whether the duality
holds at finite N. Unfortunately it is hard to test this, since at least one side of he duality is
strongly coupled, and currently it not known how to perform exact computations at finite

N. But we can perform a weak test at finite N, by comparing mass deformations on both
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U(N)y + Critical G-N fermions bosonization U(N)y + Free scalars
Ay,=1+0(1/N) uv UVe  A,,=1+O(1/N)
vy (2
(Py)? (@9)?
U(N); + Free fermions bosonization U(N); + Critical W-F scalars
Ag=2+O(1/N) IR IR Agp=2+O(1/N)

Figure 6: Here we summarize the RG flows of the various Chern-Simons-matter theories and their
corresponding bosonization dualities. Note that we are not being precise about the level and ranks under
the bosonization duality.

sides and flowing to the IR. In this limit both sides flow to a pure Chern-Simons theory. For
the bosonization duality to be valid, it must be that these Chern-Simons theories should be
level-rank dual. Aharony found that the following dualities were all consistent with these

flows [95] (the notation U(N) ; was introduced in Section 2.5.2)

Ny bosons coupled to SU(N) +— Ny fermions coupled to U(kym) - N+N;/2

kym

N¢ bosons coupled to U(N) < Ny fermions coupled to SU(kym) - N+N;/2

kym

Ny fermions coupled to
N¢ bosons coupled to U(N)x\ byt N € ) (3.47)

U(kyM) - N+N; /2,~ N—ky+N; /2
In particular, all of the above dualities are indistinguishable in the planar limit; in fact they are
all equivalent to (3.46) in this limit. The remarkable conjecture of Aharony is that all of the
above dualities are correct.

At the time this mapping contradicted computations of the thermal free energy in [85],
which is why this duality was not already established in [85, 86]. It turns out the computations
of the free energy done previously were wrong, this was corrected in [208] where they found
exact agreement with this duality.

Finally let us comment on the appearance of half-integer Chern-Simons levels in the

dualities (3.47) - this is a slight generalization of our discussion at the end of Section 2.4 for a
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single Dirac fermion. To be concrete, let us consider the second duality. This actually stands
for
|Dag)? — \4>|4+kY—MTr ada— 2
‘ 47 3
) (3-48)
L —N + Ny 2i 4
ipDyy + TTr (bdb - ?b )

where a is a U(N) gauge field and b an SU(kyy;) gauge field. In particular, observe that the
Chern-Simons level is actually an integer. However this is not the full story, since we need to
specify a regularization scheme to deal with the divergences which appear in the quantum
theory. One way to regulate the fermionic theory is to introduce N [ Pauli-Villars fields, one for
each flavour of fermion. The integral over a single flavour of Pauli-Villars fermion generates
a level —} SU(kyy) Chern-Simons interaction, so integrating over all of them gives us an

effective level
NN - YN
—N+ fT T +7/ (3-49)
which is what appears in the duality (3.47).

3.3 The duality web.
Starting from Aharony’s dualities (3.47), we now make the leap to N = k = Ny = 1 and

reduces to

A fermion coupled to U(1) _ — A scalar

N|—

A fermion — A scalar coupled to U(1);
A fermion coupled to U(1)_ — A scalar coupled to U(1),. (3-50)

3
2

Here we have interpreted SU(1) as trivial; in particular U(1); ;» = U(1). Here we are using
the common notation explained at the end of Section 2.4 where U(1)_;/, refers to a fermion

coupled to a background gauge field, regulated using a positive mass Pauli-Villars field. The
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authors of [106] and [107] (c.f. also [209]) found that these dualities are but a small part of an
enormous duality web. They proved this by first assuming the second bosonization duality?”

in (3.50), which we write as
. ) 1 1
YDy — Ug(y) — [Dag|” — Uy () + Ea/\da—i— EB/\da. (3.51)

The meaning of this is as follows. Recall that the bosonization dualities written as in, e.g. (3.50)
describe two different dualities. One is between a free fermion and a critical Wilson-Fisher
scalar, and the other is between a critical Gross-Neveu fermion and a free scalar. So picking
the potential terms U¢(y), Uy, (¢) appropriately we get either of these dualities. Recall also
that the Maxwell kinetic term for the dynamical gauge field a is also implicitly there. Here we
have coupled background gauge field B to the conserved currents on both sides. The current
on the fermion side is U(1) particle density and the current on the scalar side is the U(1)mag
magnetic symmetry of Section 2.2.1.

A simple check is to understand what happens when we deform both sides of the proposed
duality by a mass term. On the scalar side this means adding a term +|¢|? to the potential
Up(¢). For p > 0, the ¢ field is very heavy and we can drop it at low energies, leaving us

Wlth the low energy effective theory
[ ]*/ a exp i/d3x flﬂl/\da—l——lBAdu (3.52)
Zeff B D 1 2 . 35

By completing the square in 4 using ﬁ(u +B)Ad(a+B) — ﬁB A dB, we can integrate it out

leaving behind a level U(1)_1 Chern-Simons coupling for the background field B

Zs¢[B] = exp ( - ﬁB N dB)- (3-53)

For p < 0 the scalar field condenses Higgsing the gauge field. All that is left is heavy charged

probe particles ¢, ¢.

*7 In particular, their analysis showed
Bosonization = Particle-vortex duality

but not the reverse implication.
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Recall that, with a Pauli-Villars regulator, the partition function for the fermion reads
Zi[B] = | Z;[B]| - e~ 3107 (3:54)

Adding a mass term +uyip to the potential Ug(¢p), for u > 0 we can integrate out the fermion
which gives a factor e~ '71(B), This combines with the factor in (3.54) to give the low energy

theory

Zes[B] = exp (—imy(B)) = exp ( - ;TBAdB)- (3.55)

Here we have used the Atiyah-Patodi-Singer index theorem (2.94). For y < 0 we can again
integrate out the fermion which gives a factor of e*71(B), this cancels the phase from the
Pauli-Villars fermion and nothing is left at low energies.

To derive further dualities from (3.51), the authors of [106, 107], used two operations.
(i) The first operation is to apply time-reversal T to both sides of the duality.

(if) The second operation consists of two steps: First promote the background gauge field
B to a dynamical gauge field. Next, to end up back with a theory of the class we
started with, we need to find a conserved current in this new theory and couple it to
a new background gauge field C. The sought after current is 5 x db corresponding to
the magnetic symmetry and thus the second step involves adding +%C A db to the

Lagrangian.

The technique (ii) was first introduced in [59] and heavily used in [210]. In fact (as described
in [107]), this operation arises very naturally if we view these 2 + 1 dimensional theories as
living on the boundary of a 3 4+ 1 dimensional bulk spacetime in which the background gauge
field B propagates. This interpretation will be discussed at length in Section 4.

Let’s start by deriving a new duality using time-reversal. On the fermionic side this
changes the sign of the mass of the Pauli-Villars regulator, and the resulting partition function
is | Z¢| et F1(B), The phase differs from the one in (3.54) by 77[B], which we can replace

by Scs[B] by the index theorem (2.94). On the scalar side this just flips the signs of the
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Chern-Simons term and the BF term ~ B A da. Thus applying T to both sides of (3.51) we

obtain a new duality

— 1 1 1
igpDpy — Ue(y) + BB Do) — Uy (¢) — 150/ da— S _BAda (3:560)

The next thing to try is applying the operation (ii) to both sides of (3.51). This results in the

duality

- 11 1 1 -

Taking the time-reversal of both sides

L 1 1 1 1 oy 4
1xlz)ﬂx+§~EaAdaJrEaAdBjLEB/\dB — |Dpop|” — |¢] (3.58)

Playing this game a bit longer one eventually arrives at the purely bosonic particle-vortex

dualities [106]
. o 1 N
Dl = Up(9) — Dag|? = Un(¢) + 5 _BAdE.  (3.59)

This includes the duality we discussed in Section 2.3 where the scalars are tuned to the
Wilson-Fisher fixed point on both sides, but it now also includes the case where the scalars are

near the free fixed point. We also get a fermionic version of particle-vortex duality

. i i i i o
1)(]Dax—Ea/\db—i-ﬁb/\db—ﬁb/\d/l—i-EA/\dA — ipDay. (3.60)
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4 Bulk gauge fields and boundary CFTs

4.1 Motivation and setup

We now embed our duality web in a 3 + 1 dimensional setup. Specifically, we shall consider a

3 4 1 dimensional bulk spacetime which has a boundary on which some matter theory lives.

This setup exhibits rich behaviour. Some theoretical motivations to study this are:

e The bulk gauge coupling ¢? is dimensionless, and so it describes a marginal deformation

of the 3d boundary conformal field theory (BCFT). On physical grounds the bulk gauge

coupling cannot get renormalized??, in particular it must vanishing beta function B,> = 0.

Hence it describes an exactly marginal deformation of the 3d BCFT - such deformations
are extremely hard to come by and are of great interest. In this way we obtain a whole

family of BCFTs parameterized by the bulk gauge coupling.

* Our theories are examples of boundary conformal field theories (BCFTs) [212, 213], or
more generally defect CFTs [214] and are amenable to the powerful methods of the

boundary conformal bootstrap [108, 215-217].

e Maxwell theory on R* is well known to enjoy an exact SL(2,Z) duality [218-221], and
one might expect this continues to hold in the presence of a boundary. Understanding
this duality transformation ties in beautifully with the methods we used in uncovering
the duality web in Section - specifically the method of introducing background gauge
fields and making them dynamical has a very natural interpretation in this context. It
will emerge from this study that every conjectured duality in 2 + 1 dimensions can be
derived from a conjectured duality in the 3 + 1 dimensional setup. In particular, the

duality web can be uncovered in the 3 + 1 setup.

* Leveraging on the conjectured dualities in 3 + 1 and the exact SL(2, Z) duality, a powerful

computation method can be developed allowing one to perform accurate ressumations of

28 Physically, e controls the force between two probe particles in the bulk. Going infinitely far from the boundary, clearly
this value cannot be effected by the boundary degrees of freedom. This does not constitute a proof that e is exactly
marginal, only that this should be the case in a physically sensible model. A proof in the case of fermions on the
boundary was supplied by [211].
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results obtained by doing perturbation theory in the gauge coupling, and make powerful

predictions on various pieces of CFT data.
There are also motivations to studying such a setup coming from condensed matter:

¢ In the case where the matter on the boundary is taken to be free fermions, this setup is

closely related to models of graphene [222-227].

* This has applications to topological insulators [98, 99, 103, 105], which can be described
in terms of a massless Dirac fermion on the boundary. Similarly it has applications to
topological superconductors, which can be described as a massless Majorana fermion on
the boundary [147]. Reviews include [228, 229]. More generally these are examples of

symmetry protected topological (SPT) phases of matter [230].

Specifically, in this work we study U(1) gauge theory in 3 4+ 1 dimensions interacting with
a CFT living in 2 4+ 1 dimensions. As we have mentioned above, the electromagnetic field
in Minkowski space enjoys an exact SL(2,Z) duality at the quantum level, which acts on

the complexified gauge coupling T as T — 7/ = gis With the addition of a CFT on the

boundary, one finds that after performing an SL(2,Z) transformation in the bulk and going
to the decoupling limit in the new frame (t" — io0) one finds a new boundary field theory

related to the original one by Witten’s SL(2, Z) transformation [210].

4.2 Coupling the bulk to the boundary.

We shall work on the half-space X = R3 x Ry, whose boundary is 9X = IR3. Our coordinates
are packaged as x/ = (xi,y), where 1 = 1,...,4 labels the bulk components and i = 1,2,3
labels the boundary ones. We shall work exclusively in Euclidean space. The bulk gauge field

is taken to have the standard Maxwell form including a 6-term

1 i0 -
Iem[ Al i = d*x | = F"F,, + ——F,, F" |. )
Em[A] /yZO X <4€2 v+ Tor2 1 > (4.1)
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Here F,, = 9, Ay — d, A, is the standard field strength of a U(1) gauge field Ay, and Em is
the dual field strength

~ 1
FW .= EGWUFPU' (4.2)

Note that, if we were working on all of R* the 6-term would be integer-valued, in particular
the theory would be invariant under 8 — 0 + 271. However the inclusion of a boundary spoils
this and the theories with 6-angles 6 and 6 + 27 are different. Electric-magnetic duality is

most conveniently described in terms of the complexified gauge coupling

0 27Ti

TE ST A (4-3)

Since ¢? > 0, T lives in the upper half-plane, and the weak-coupling limit corresponds to large
Im 7. In particular the decoupling limit is T — 4 ico. One can write the Maxwell action in

terms of T as

Iem[A; 7] = dx (TF;VFW - ?I—;,F’””) (4.4)

% y=>0

where F}j; (resp. F,,) is the self-dual (resp. anti-self-dual) field strengths
+,_ 1 i
Fiy = E(PW + ). (4-5)

This ends our discussion of the bulk theory for now. The next thing to do is pick a 3d CFT

whose fields we collectively denote as ®, which we assume to be described by an action

Ipary[®] = / d*x Lygry (P). (4.6)
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However not any old CFT will do, we have to be able to define a gauge-invariant coupling to
the bulk U(1) gauge field. There is a standard way to do this - we must require the boundary

theory has a global U(1) symmetry and a gauge-invariant extension

Tpary [P, A] = / d*x Bogry (@, A). (4-7)

We shall denote such a theory as T(7). Of course, this suppresses the dependence of the theory
on the various parameters of the original boundary theory, but the gauge coupling 7 really
takes the centre role so we suppress them. Now we should worry whether the combined bulk
+ boundary system is still conformal. In the simpler situation where the boundary theory
has no marginal operators, then, at least for sufficiently weak gauge coupling (where classical
dimension counting works) as the bulk is decoupling from the BCFT, the combined theory can
certainly be tuned to a conformal fixed point. If the boundary theory has marginal operators

then we cannot say much, even at weak coupling. Indeed, if A is the corresponding marginal

coupling, corrections due to the gauge field can be such that no real solutions to ) = 0 exist.

As one would expect, the situation at strong gauge coupling is even murkier. Even if we
are in the simpler case above where we begin with no marginal operators, there is nothing
to say that they couldn’t obtain a large anomalous dimension and become marginal in this
regime.

Despite all of this, we shall be optimists and gloss over this. In fact in Section we shall
consider a theory which has a marginal operator, where we find that a BCFT exists, at least
for weak coupling. Thus we are lead to a continuous family of so-called boundary conformal
field theories (BCFTs) parameterized by the gauge coupling 7 in the upper half-plane. In fact
we don’t need to be so abstract, since there are only two cases we shall be interested in. One is

the setup (considered in Section) where we have a free Dirac fermion on the boundary

Kyl = [ &x igdy. (48)

77



4 BULK GAUGE FIELDS AND BOUNDARY CFTS

Of course, this theory is invariant under the global U(1) symmetry ¢ — e!% with corre-

sponding conserved current

J§ =ipy . (4.9)

the gauge-invariant extension is obtained via the familiar minimal-coupling procedure by

adding the gauge-invariant term i J{ A, to the Lagrangian:

Iy, A] = /d3x ipDy. (4.10)

Going back to our discussion on finding fixed points, we see that this is straightforward for
fermions. There is just one relevant operator (a mass term) and no marginal operators. If
need be one can fine tune fermion mass to zero®. The free fermion theory realises the simpler
situation above - it has no marginal operators and thus we expect the combined system to
define a family of BCFTs. The other theory we shall consider is a free complex scalar on the

boundary
Llgl = [ dxa,o'y. (411)
Again this theory has global U(1) symmetry with conserved current
Jo = i(90"¢p — po"9), (4.12)
and familiar gauge-invariant extension
Sulg, 4] = [ dxDigDg, (413)

This theory is more subtle. It has relevant operators |¢|> and |$|* which are not a problem,
but it also has a marginal operator |¢|®, and we shall have to check that the combined system

can be tuned to a well-defined BCFT.

29 In some regularization schemes (e.g. dimensional regularization) it remains zero once it is set to zero
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4.3 Electric-magnetic duality in the presence of a boundary.

As we noted at the beginning of this chapter, pure Maxwell theory on R* enjoys an exact

SL(2,Z) duality which acts on the gauge coupling T as
,  at+b

T—= T = o d where ad — bc = 1. (4.14)

This action of SL(2,Z) is generated by the transformations
1
S(t) := - T(t):=7+1. (4-15)

The statement is then that pure Maxwell with gauge coupling T is equivalent to the same
theory with gauge coupling 7/, or more precisely, that their partition functions are the same

[221]:
/DA e*IEM[A}T] — /DA’ eflEM[A,;T,} . (416)

It is easy to see that the T operation is a symmetry of the theory. This is equivalent to shifting
6 — 0 4 27t. But as we discussed in the previous section, on R?* the instanton number is equal
to Iy = in for some integer 1, and thus e %% is unchanged. The more non-trivial statement is
that the S transformation is a symmetry of the theory. This can be proven by the path-integral
methods developed in this section3°. We might expect that this duality extends to a duality of
the combined bulk + boundary theory ¥(7). The purpose of this section is to show that this
is indeed the case, although the duality transformation is richer.

Given a given BCFT ¥(7) coupled to a bulk gauge field with coupling 7, the dumbest
guess we could make it that it is equivalent to T(7’) for any 7’ related to T by an SL(2,Z)
transformation. This is wrong, but it is not far off from the right answer. Rather it is equivalent
to T(7') plus a topological field theory living on the boundary. Of course, the precise TQFT

depends on the on the SL(2,Z) transformation connecting T and 7’

3° We are only working on very simple manifolds, namely R* or R® x R,. On an arbitrary Riemannian four-manifold
there can be a c-number gravitational anomaly [221].
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We begin with the partition function Z of the theory ¥(7):

Z= /DCDDA exp —/axfbdry[CID,A]—/XfEM[F;T] . (4.17)

As alluded to above, we shall prove this duality using path integral methods, for which it is
convenient to work in a more geometric notation. Here we package the components A, of the
gauge field into a 1-form A = A, dx¥, and then the components of the field strength F,, are
precisely the components of the two-form F = dA. In terms of these variables the Maxwell
action reads

1 i0
Iem[A;T] = /X (2621-" A *F + @F A F). (4.18)

The analysis follows exactly the same logic as our study of T-duality for the compact boson
in Section 2.1.2, or the study of the dual photon in 2 + 1 dimensions in Section 2.2.1. We
promote F to an independent variable by introducing a Lagrange multiplier field F’ to enforce
the constraint F = dA. Thus the partition function for our combined bulk 4 boundary theory

reads

_ / _ _ R / _
z_'/ D® DA DFDF’ exp ./axzbdry[qu] '/XXEM[P,T] 2n/XF A(F—dA)|.
(4.19)

Indeed, integrating over F’ just sets F = dA and we get back to (4.17). Note that the action
still has an explicit dependence on A from the coupling to the boundary degrees of freedom.
To get something new we integrate over F. Since it enters quadratically we can just replace it

by its equation of motion giving
Z~ [DODADF exp | ~ | A~ [ LeulFi L/F’ da|,
/ exp x Loary [P, A XfEM[ T+ a7 E N (4.20)

where 7/ = —%. Next we want to integrate over A. We cannot quite integrate over “all” of A

due to its coupling to the boundary system, but we can integrate over its bulk part. To do this,
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we first integrate-by-parts using F' AdA = d(F' A A) — dF’ A A, so that the partition function

reads

Z— [ DODADF —/g ®, A i/ F A—/.,sf F’;’—i/dF’ Al
/ exp X bdry | ]+2n X A . Em[F'; T'] 27 Jx N
(4.21)

Now we can integrate over the bulk part of A, which tells us that F’ is closed (dF’ = 0). Since
every closed form on X = IR® x R is exact, we must have F’ = dA’ for some 1-form A’. Thus
all that remains in the boundary value of A, which we now denote a:

7= / DO DaDA’ exp | — /a X-Zbdry[@,aHi / andA — /X ZemlA5T]]. (4e22)

27 Jox
To summarize, we have found that our BCFT (1) with bulk coupling 7 is equivalent to
another BCFT ¥'(7') interacting with a bulk gauge field A’ and gauge coupling " = —1. and
BF coupling to a purely 3-dimensional gauge field a. this exchanges electric and magnetic
charges, so we will refer to this operation as the S-operation.

What about the T-operation? In some sense this is simpler than in the case without
a boundary. in the case without boundary, we invoked theorem ensuring that this was a
symmetry. We do not need to invoke any theorems in this case because the transformation
6 — 6 + 27t is simply not a symmetry! The easiest way to understand what is going on, is to
back to the geometric formulation of the action (4.18). This makes it obvious that the 8-term is
a total derivative F A F = d(A A dA), thus the contribution of this term to the action depends
entirely on the boundary values of A. In fact, we recognize A A dA as the Chern-Simons
interaction:

i

LhlA] = 82

0
/a ANA= e[l (4.23)

Thus the transformation 6 — 6 + 27t shifts

I%I+i/ ANdA.
47 Jox
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So the combination of changing  — 0 + 27t and adding —ﬁ J5x A NdA to the action is a
symmetry. This is our definition of the T-operation.

To summarize, it is convenient to refer to the bulk gauge field A as a background field:

* The S-operation sends T — —%, promotes A to a dynamical field, and introduces a new
background field B coupled to the current % da by adding to the action — - |. ax BAda

to the action:

1 i
S: T— - & Laryl®, Al = Loary [P, a] — EB Ada. (4-24)

* The T-operation shifts T — 7 + 1 and adds a level kK = 1 Chern-Simons interaction term

for the gauge field:

T: T571+1 & Lyl Al = Boary[®, A] — ﬁA AdA. (4.25)

Finally, note that when we introduced the Lagrange multiplier term in (4.19) there was an
ambiguity in the overall sign that it entered with. If we had chosen the other sign we would’ve

added 5-B A da in (4.24) rather than subtracting it. Rather suggestively we will denote this

operation as S~ 1:
1 i
-1 .
ST T -z & gbdry [@, A] — gbdry [®,a] + EB Ada. (4.26)
As we will see in the next section, this operation is precisely the inverse of S.
4.3.1 SL(2,Z) action

Following Witten3* [210], it is instructive to compute S2.

i

s
Zoary [P, Al = Lhoary[®,a] — 5

BAda 5 Ly [®,a] ib Ada— ic Adb.  (4.27)

3t Continuing back to Minkowski space, our definitions of S and T agree with Witten.
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Now observe that the action involving the boundary gauge field b is very simple.

i i
S——E/ax(b/\da—i—C/\db)——E/axb/\d(ﬂ‘f‘c),

where we have integrated-by-parts. The path-integral over b sets a + C to zero, up to a gauge
transformation. Thus we can do the integral over a too, which sets 2 = —C + da for some

function «, which is integrated over. So at this point the partition function reads
z[C] = / D D e Zhery [, ~C-tda] (4.28)

By hypothesis, A4y is gauge-invariant, so A,qry [P, —C + da] = Hqry [P, —C] and thus the
integral over a factors out leaving #,4ry[®, —C]. To summarize, (relabelling C — A) the

operation of S? simply reverses the sign of the background gauge field A:
SZ
gbdry [q), A] — jbdry [CI)/ _A]- (4'29)

This is simply the original theory with the sign of the current reversed, which is equivalent to
acting with charge conjugation. Repeating the above derivation with S!S and SS~!, changes

—A to +A on the right-hand side of (4.29). Le. S71s=85"1=1.

4.4 Bulk SL(2,Z) action and the duality web.

In this section we will demonstrate how the purely 3d dualities follow from a conjectured 4d
duality concerning a bulk gauge field coupled to a boundary CFT and study interesting limits
of T which describe a decoupled theory in an alternative duality frame.

4.4.1 Scalars on the boundary.

We begin with scalars on the boundary coupled to a bulk gauge field A. The system is thus

described by the partition function

: (430)

7u(7) = /D¢D¢DA exp [—/ax (IDagP + Un(9)) —/XD%EM[A;T]
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We consider, in turn, the cusps3? at T = 0 and 7 = £1. To get a dual weakly coupled theory

describing the cusp at T = 0, we apply the S operation to get

Z,(1) = /DBquD@Daexp [_/BX (|Dﬂ¢|2+ub(¢) - iB/\da) —/}(ggM[B;—l/T]].
(4.31)

Now let’s consider the limit T — 0 in the duality frame (4.31).

Zp(t=0) = /D¢D$Daexp [— /ax (|Da¢|2+ Uy () — ZinB/\da)]' (4-32)

By bosonic particle-vortex duality continued to Euclidean signature33 this is equivalent to the
original boundary theory! In the next section we will discuss a conjectured generalization of
this which turns out to be incredibly powerful. Next consider the cusp at T — +1. To get a

dual weakly coupled theory in this limit, we apply ST~! to get

Z,(7) = /DB D¢ D¢ Da

exp{—/ax (|Da¢|2+ub((p)+4a/\da—B/\da) /.ZEM[ ]}

(4-33)

Taking the limit T — +1 in this duality frame

Zy(t=1)= /D¢D¢Da exp{ - /BX <|Da¢|2 + Uy (¢) + ﬁa/\da - ﬁB /\da) } (4-34)

32 More generally (in this context) a cusp is any point T in the upper-half plane which can be mapped to +ioco by an
SL(2,Z) transformation (4.14).

33 As described in Appendix , under Wick rotation + = —it to Euclidean space the Chern-Simons action Scg is
unchanged. However we conventionally define the Euclidean action Icg so that it enters as e~lcs, thus Icg and Scg
are related by elScs = e~Ics. Le. so —Ics = i Scs. The same rules apply to the BF action.
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By the bosonization duality (3.51) this is equivalent to a Dirac fermion on the boundary.

Finally, to get a weakly coupled dual theory describing the cusp T — —1, we instead apply
ST to get

74(7) :/DBD4>D$Da
exp{—/ax (|Da¢|2+ub(¢)—4a/\da—BAda) /D?EM[ ]}
(4-35)

Using the same reasoning applied to the cusp at T = —1 and the duality (3.56), the theory is
dual to a Dirac fermion coupled to a the background gauge field B with U(1); Chern-Simons
interaction using the duality. Equivalently we can view this as a Dirac fermion regulated
using a Pauli-Villars regulator fermion of the opposite sign mass. The resulting picture is
summarized in Figure 7.

4.4.2 Bosonic particle-vortex duality.

Consider the bosonic particle-vortex duality, which in Euclidean space reads
N ~ ~ i ~
Dl + Uy (9) — Dap* + Up(9) — 5-BAG.  (4:36)

Following [107] we will show that this duality follows from the conjectured (3 + 1)-dimensional

duality

Zu(1) £ Zp(~1/7). (4.37)

Essentially by construction, this reduces to the particle-vortex dualities (4.36) in the decoupling

limit T — 4100, but it is instructive to run through the logic. Taking the limit T — +ioo on the
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boson
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Figure 7: In this figure we plot the upper-half plane parameterized by 7 := % + % The dashed line in
the centre is the line Re 7 = 0 (equivalently 6 = 0), whereas the left (resp. right) dashed line is the line
Ret = —1 (resp. ReT = +1). To explain the boson and fermion labels, consider the setup where we have
either a free or Wilson-Fisher boson ¢ on the boundary coupled to bulk gauge field with gauge coupling
7, thus giving the theory Z,(7) in (4.30). Then, of course, taking the decoupling limit T — +1ico we
are left with a Wilson-Fisher boson on the boundary - this is represented by the vertical line going off
to T = +1ioo in the figure. As we approach the cusp at the origin T — 0, the theory Z, (1) is strongly
coupled. But by the conjectured duality (4.37), this is equivalent to the vortex-theory described by (f
with dual coupling T = —%. In the limit 7 — 0 the dual coupling T — +ico. ie. the gauge field
decouples in this limit leaving behind decoupled theory |D;¢|? + Uy, (¢) — 5D A dd, where 7 is a purely
three-dimensional dynamical gauge field. Similarly as we approach the cusp at T — 1, the theory Z, (1)
is strongly coupled. But in the duality frame (4.34) the theory decouples in this limit and is equivalent to
a Dirac fermion by 3d bosonization. Finally we apply the same logic to the cusp at T = —1, which in the
duality frame (4.35) is described by a fermionic theory.
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left-hand side of (4.37) we simply get back the purely bosonic theory coupled to background
gauge field A:

Zp(x) T [ Dp exp [— | (IDagP+ |¢|4)]. (439)

If we take the limit T — +ioco on the right-hand side of (4.36) we end up with a strongly

interacting theory. However, the S-dual description gives a weakly coupled theory in this limit.

Applying the S-operation to Z,(—1/7) we get

i

Zp(—1/7) = /DBD¢D$D& exp [_/BX <|Da¢|2+ |p[* — 2nBAda> —/X.,Z”EM[B;T]].

The bulk gauge fields now decouple in the limit T — + 100, reproducing the right-hand side
of (4.36).

As we now describe, [108] leveraged on this idea to develop a powerful computational
scheme. We shall be interested in the case where we have free scalars on the boundary, but
similar arguments can be used for other cases. In this scenario the cusps at T = +1 are
described by the strongly coupled critical Gross-Neveu fermion, about which not much is
known. However this setup allows us to make non-trivial quantitative predictions about this
point. We start by doing perturbation theory for weak coupling in the free scalar theory. One
might try to extrapolate the perturbative results to an all-orders result using the self-duality
T <+ —1. However, recall that the operator map is, in general, highly non-local. But there
are certain operators which map into each other under the duality and thus we can use this

ressumation technique. In particular the mass operators and conserved currents. Since these

are conformal field theories, such operators are characterized by their anomalous dimensions.

Using the ressumed result, we then try to extrapolate this to T = %1 to get predictions for the

mass operator and conserved currents in the Gross-Neveu model.
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4.4.3 Fermionic particle-vortex duality

Finally let’s us try to play a similar game with the fermionic particle-vortex duality of (3.60).

In Euclidean signature this reads

i
27

- i i i L
iXDox — =—andb+ EbAdb—Eb/\dA—I—EA/\dA — ipDay. (4-39)

The theory on the left-hand side looks like it can be obtained from the free theory i YD 4 x for

some SL(2,Z) transformation. Indeed

. . . .
XD — iTDax — ils Ada 5 ixDax — %B Ada + ﬁB AdB

5 ixPax — 5—bAda+ s—bAdb— s—CAdb, (4-40)

then applying T~! we get the left-hand side of (4.39) (after some integration-by-parts and
relabelling the background field C — A). The inverse of T~!ST~2S is S~'T2S~!T, which

maps
S (4.41)
T - LT Tt 4-4
So, like in the previous section, we postulate that the theory
Sy, At = [ igDay+ [ LoulaiT] 442)
is equivalent to
Selx, A; '] = /BX iXDax + /X Lem[A; T, (4.43)

with gauge coupling 7’ given in (4.41). That is, we postulate that the corresponding partition

function satisfies the self-duality

Zi(t) £ Zf< rtl ) (4-44)
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By construction, this equivalence reduces to (4.39) in the (appropriate) decoupling limits. Near

the cusp T = 1 we get a dual weakly coupled description by applying ST~! to Z¢(7)

Z4(7) —/exp{ —/aX (it,l)]Z)alp—kLLina/\da—zinB/\da) —/X.,stM[B;—U(T—m]}.

(4-45)

Similarly near the cusp T = —1 we get a dual weakly coupled description by applying ST to
Z(7)

Zf(T):/eXp{_/ax<1¢Dalp—417'(a/\da_217'[B/\da> —/X.,%EM[B;—l/(T—i-l)]}.

(4.46)

By bosonization dualities in Section 3.3 these are dual to corresponding bosonic theories. The

picture is summarized in Figure 8. This is the setup that was originally considered in [108].

For more details on this construction see [107], and for some discussion on the self-dualities

(4.37) and (4.44) see [119, 231, 232].
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Figure 8: This is upper-half plane parameterized by 7 in the duality frame which describes a fermion in
the decoupling limit 7 — +1ico.
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5 Scalars on the boundary

In this section we begin the program laid out in the previous section by taking free scalars on
the boundary (in particular see the discussion at the end of Section 4.4.2). The action we start

with is thus

Tpary[¢] = /d3x8u4>8“55 —/d?’x@ach. (5.1)

The conserved current corresponding to the global U(1) phase rotation symmetry

o =iP0nd, PO = 0uPP— PIagp. (52)

The fundamental object in perturbation theory is the propagator

3
Mx=y) = (@G0 = [ s Alp) 7o), )

where we can Fourier transform on the boundary since we have translation invariance there.

A simple way to determine the propagator [10] is to expand out the right-hand side of

1 Y
0=7 [ DODF s Ge ), 54

from which we derive the well-known fact that the propagator is a Green’s function for the

Laplacian

~Rp(x)p(y)) = —RA(x —y) = (x — ). (5.5)

Expanding both sides in momentum space and plugging in the Fourier expansion of the delta

d3p

- elP(*=¥) we determine
(27)

function §(x —y) = [

AMp) =~ & Ax—y)=

6
, (5.6)
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To derive the position-space propagator A(x — i) we have used the integral formula (E.1).

Coupling the scalars to the bulk gauge field we obtain the boundary action

lip ) = [ & (IDgP + 5310l 57)

Here we are obliged to include the marginal |¢|® term - it is generated at the quantum level
whether we like it or not. We also need the photon propagator (A, (x)A,(x')). Since we are
doing perturbation theory on the boundary, we can integrate out the bulk components and
consider the propagator (A, (x)A;(x")) between two points x, x" on the boundary. This was
worked out in [108] by starting from the free propagator on R*, using the method of images
to get it on the half-space X = R® x Ry and then taking the limit as x and x’ approach the

boundary. The result is

, d3 e
(Aal2) () = [ s da(p) e ), 58
where
o PaPb pe
A, = — |6 —(1— V€upe— |- .
b(P) |p{ b ( g) ‘P|2 + Ve, |P| (59)

Here ¢ parameterizes a choice of gauge from using covariant gauge fixing term ~ %(E)PLAP‘)2

in the bulk action, and « is the effective boundary coupling given by

2 2
2. _ ¢ . e
eSS 1362 = (5.10)
In terms of the complexified gauge coupling T = % + %
Ret > 2nImrt
19 == E, = W (5.11)

5.1 Renormalization schemes

As is familiar in quantum field theory we often encounter divergent integrals due to high

momentum modes. The way to make sense of these is renormalization. This involves
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regulating the theory in some way to make it well-defined, compute whatever we need
to compute, and only at the end remove the regulator. In this work we shall consider
both dimensional regularization (DR) and a momentum cutoff. In practise dimensional
regularization is a far more convenient regulator to work with, however our current technology
is unable to deal with one of the divergent integrals that occur in this theory. A brief
introduction to the state of the art technology for computing dimensionally regulated loop
integrals, along with the hurdle in our scalar theory, is presented in Appendix D.2. Using a
momentum cutoff is rather more cumbersome, but it has the benefit that we can compute all the
divergent integrals which occur in our calculations. We will begin by laying out the dimension-
regularization scheme in some detail, and then go on to discuss the minor differences in
defining the theory with a momentum cutoff. Then we discuss the renormalization of the

mass operator.

5.1.1 Dimensional regularization.

In this method we continue the boundary dimension

d=3-2e, (5.12)
whilst keeping the codimension fixed, i.e. [211, 222, 226, 233-235]

D—d=1. (5.13)

Putative divergences now appear in the guise of poles as € — 0, which can be absorbed into
the normalization of the fields and parameters (couplings and masses) which enter into the
Lagrangian. The fields and parameters appearing in (5.7) are referred to as the bare fields; we
indicate this by adding a subscript “0” to them so that the action reads

Ao

1= [dx (aa¢oa“¢0+iaoAm¢0$¢o+a3A0aA0a|¢o|2 (3!)2|¢0|6>- (514)

92



5 SCALARS ON THE BOUNDARY

We now introduce renormalized fields and couplings

Po=Z2y%0, Aw=7ZY A w0 =2,'Z"?Zepa, A= Z3Zpp*A, (5.15)

in terms of which the action reads

d G i 7 A 152, e N2 2 ZaH*A,
I:/d ¥ Zp0u99'P + 1 Zapi €A 010 + 24 ZE (00 Al g + TS0 ) (516)

The extra factors of Zy and Z4 have been inserted into the definition of the renormalized
couplings & and A so that the action takes the relatively simple form above. We have also

introduced an auxiliary parameter

u = Renormalization scale (5.17)

with dimensions of mass so that the renormalized couplings are dimensionless for all d.

Indeed, doing standard dimensional analysis with the boundary action (5.16) ind = 3 — 2¢
dimensions and bulk action in D = 4 — 2¢ dimensions (c.f. (5.13)), it is straightforward to

verify

wl=7-¢ lA=1-¢ lol=c [b]=4e (5.18)

Renormalization is a quantum effect, meaning that the renormalization constants are (at least
in perturbation theory) of the form Z = 1+ O(a, A), and so it is convenient to define the
O(a, A) quantities

0Zp:=2Zp—1, 6Zu:=Zu—1, 8Zy:=2,'7;-1, 6Zy:=27)—1. (5.19)
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a a a

P
p —
JR :pl—z a NN D = T (p) p )y = —a(p+p')a }i =—2a25,,

b 2
o =—p26Z,

Figure 9: This summarizes the Feynman rules for the scalar BCFT in momentum space.

Thus we finally arrive at the action expressed in terms of the renormalized fields and parame-

ters

— _ 4e )
I= / d’x (aa4>a“4> + AP T ¢+ (1) AsAd P + ?3!)2 |9]°
+ 620,90 P + i&ZayeaAa$E>¢ + 07 (uw)2 Ag Au|p|* + WeNZy e AéZA |4>|6> . (5.20)

The momentum-space Feynman rules derived from this action are recorded in Figure 9, and

deserve a small comment. First of all, we find it convenient to take the photon propagator to

be

T,y (p) == |;| (% —1-pk ””b + Beae |> (5.21)

which is to be compared with A, (p) in (5.9). The two differ by a factor of 4%, which we have
absorbed into a simple rescaling of the gauge field, after which the factors of the boundary
gauge coupling &« now appear in the vertices. One could just as well use the original A, but
we find it easier to keep track of the renormalization constants this way. The last step to have
a bona fide renormalization scheme is to specify exactly how the renormalization constants
Zy etc. are defined. The scheme that stands out for multiloop calculations is the minimal

subtraction (MS) scheme, where we subtract only the divergent part.
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5.1.2 Momentum cutoff.

In this method we introduce a large momentum scale A and regulate the theory by only

integrating over momenta p with |p| < A:

d3p d3p
/(27‘[)3 - / (27)3° (5.22)

lpl<A

Putative divergences as A — oo are now absorbed into a set of renormalized fields and

parameters
$o = z(},/ 29, Ao =ZY*As, a= ijlzgl/ 2Zat, Mo =253 7). (5.23)

The Feynman diagrams now depend on the cutoff A and an external momentum scale p2. The
renormalization constants are defined by a minimal-subtraction scheme where we subtract the

divergent part of the diagram at the momentum scale

lpl = n (5.24)

The action in terms of renormalized fields and couplings is just as in (5.20), but now with the

boundary dimension d strictly equal to 3:

i A A
I= /d3x <au¢a (P + IDCAa(P?;(P + ‘XZA&AII‘(PF + (3|)2 |¢|6
+ 0Zp0,9"P + i(szaaA@?;(p + 0202 AgAg|p|* + ?;Z)g |¢|6> . (5.25)

5.2 Renormalization group equations.

Both renormalization schemes depend on an arbitrary mass scale y. For physical quantities

to be independent of y, the parameters entering the theory also depend on this scale. Of

fundamental importance are how the couplings run, which is the subject of this subsection.
As discussed at the beginning of Section 4, a crucial aspect of this setup is the fact that the

bulk gauge coupling ¢, and thus the effective boundary coupling « (defined in (5.10)), is not
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renormalized. That the bare gauge coupling «( is not renormalized means, in either scheme

(c.f. (5.15) or (5.23))
z;lz;“zz,x =1. (5.26)

This has been proven in the case of fermions on the boundary [211], but not (to our knowledge)
for the case of scalars to our knowledge. We do not attempt to prove it here - suffice to say
that this is true to order a?, which is good enough for our purposes.

5.2.1 Dimensional regularization

In dimensional regularization we define the beta functions

du dA
= — , & = .
dlogu o P dlog u o

Bua : (5-27)

Plugging (5.26) into the definition of the renormalized gauge coupling (5.15), it is related to

the bare coupling by

ag = pca. (5.28)
Taking the logarithm of both sides and differentiating with respect to log u, we obtain the

trivial RG equation

de
dlogu

—en. (5.29)

The beta function f,, obtained by taking the limit € — 0 in the above, thus vanishes

Ba=0. (5.30)
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Repeating the logic used to obtain (5.29) for the bare coupling A, we obtain the renormalization
group equation for A (c.f. (5.15))
dA dlog(Z,°Zy)

Taking the limit e — 0 we obtain an equation for §,. However, as it stands, this expression is
not so useful. The reason is because the dependence of the renormalization constants Zy, Z)
on the renormalization scale y is through the couplings a () and A(u). It does not take too

much work to get a more explicit formula. For notational simplicity, define
G(a, A) = log(Z(;3ZA), (5.32)

which appears in the RGE (5.31). Note that this completely determines the beta function for A.

To get a more explicit formula, we start by using the chain rule

9G  du G dA oG
alogy_dlogyg—i_dlogyﬁ
(5.29) _€a3£+ dA G

dx  dlogpu oA’

(5-33)

so that the renormalization group equation reads

G oG\ dA
4e) — e)uxa + <1 + AB/\) @ =0. (5.34)

Just like the renormalization constants, G is determined in perturbation theory as a Laurent

series in €

o) — 52 S

(=1

T (5.35)

where the coefficients G(*) (¢, 1) are themselves power series in the couplings « and A. Plugging

this expansion for G back into (5.34), and a similar expansion for dl‘iﬁf we get a Laurent
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series whose coefficients must separately vanish. Looking at the O(e) coefficient is enough to

establish

dA

Looking at the O(€?) coefficient determines

oG oG
Br= A — 4N = (5.37)

This is our final formula for B, in the dimensional regularization scheme. G(!) are the
coefficients of % appearing in the Laurent series of log(Z4j3Z 1) (cf. equations (5.32) and
(5.35)). It is a general, but rather non-trivial fact, that the higher order terms automatically

vanish [2].

5.2.2 Momentum cutoff

With a momentum cutoff we define the beta functions

 da By = i
~ dlogy’ AT dlogp

Ba (5-38)

Similar arguments to the beginning of the previous subsection yield the renormalization group

equation

dlog(Z,°Z,)

Br = _Aw- (5:39)

5.3 Renormalization of composite operators.

As discussed at the end of Section 4.4.2, an interesting quantity to compute in this theory is
the anomalous dimension of the mass squared operator. More details on the renormalization

of composite operators can be found in [1]. The bare mass-squared operator is

Op(x) == ¢y (x)po(x). (5.40)
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——e—— =1 >R =0Z >
Figure 10: The momentum space Feynman rules for the mass-squared operator carrying zero momentum

in the scalar BCFT.

The renormalized operator is

0(x) 1= Zopy(x)po(x) = ZoZpp(x)¢p(x). (5.41)

Although the renormalization constant Z, is what we are after, when doing perturbation

theory it is convenient to package the combination Z,;Z, into a single renormalization constant

Zy2=2gZgp. (5.42)

In terms of which the renormalized operator reads

O(x) = Z2¢p(x)¢p(x). (5-43)

The Feynman rules for an insertion of & are recorded in Figure 10. Once we have computed
Zp and Z,» in perturbation theory, it is a simple matter of algebra to re-write this in terms of
Zﬁ:

-1

Zp=2Z,02,

(5-44)

The renormalization constant Z, will depend on the renormalization scale y. In dimensional-
regularization this dependence enters through the definition of the renormalized couplings in
(5.15). With a cutoff the dependence enters through (5.24). In either scheme, the anomalous
dimension of ¢ is then given by the formula

_dlogZg

Yo = dlog (5-45)

It is important to note that, on physical grounds, v, should be gauge invariant. Indeed the

value of 4 at the critical point is an example of a critical exponent, and a priori measurable.
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5.4 One loop analysis.

In this section we summarise the 1-loop structure of the theory. More details are given in
Appendix B. The first thing we need to do is check we have a bona fide CFT on the boundary.
As we have discussed, the gauge coupling - or better yet, the effective boundary coupling « -
does not run. But we have a marginal coupling A and we need to check for zeroes of the beta
function B,. Before doing this we will need the wavefunction renormalization Zq, of the scalar,
so we begin there.

Since we are looking for fixed points of A, we can assume that A = O(a?), which simplifies
the organization of the perturbative series. Of course, we still need to check that A > 0 at the
fixed point, leading to a well-defined scalar potential bounded from below.

The scalar wavefunction renormalization is obtained by renormalizing the 1-particle-
irreducible (1PI) graphs contributing to the exact ¢ propagator. We denote the sum of such
graphs with the external propagators removed as Xy (p), where p is the external momentum.
Then, working in perturbation theory, £4(p) can be expressed as a power series in a2. We

denote the coefficient of a” as Xy(p|a”). Therefore

5(p) = éf(ﬁ”qu(pmz@)- (5.46)
=0

There are three graphs which contribute at order a%:

=y (pla?) = S

=7 (ple?) = ég

a%) =

(5-47)

(5-48)

5
Pt (5-49)
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Even though the divergent part suffices to determine the renormalization parameters at one-
loop, it will turn out that we need the finite part of the scalar wavefunction renormalization at

two-loops. Using a momentum cutoff we find

2 8 A? 1
20 () = G {cAZ +2(5-¢) g + (5 - %) pz}, (5:50
and
2
2;2>(p|,x2) — _% (1 + g>A2. (5.51)

The A? divergences can be cancelled by a mass counterterm for ¢. Importantly these inde-
pendent of the external momentum p, so we can assume the mass counterterm is arranged
such that the physical mass vanishes and this will remain unchanged under RG flow. The
logarithmic divergence is more interesting. Adding to this the counterterm contribution and
demanding that the result be finite as A — co for external momenta |p| = y determines the
wavefunction renormalization to be
2 2

6Zy = % log ;\2 +O(a?). (5.52)
It will be enough for our purposes only to determine the divergent parts of the remaining
graphs. The next piece of information we need is the renormalization constant Z, for the
6-point vertex. This can be obtained by renormalizing the 1PI graphs contributing to the
six point function ($pPpde). The contributions at order a* fall into two classes, which we
have rather schematically displayed in Figure 11. There are two topologically inequivalent
arrangements for the external momenta in the first graph, and three in the second. Extracting
the divergent parts and inserting appropriate combinatorial factors, requiring that these graphs
cancel with the counterterm —AJZ), thus determines

[ 7A 3¢’ A?
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~/
NN

S

Figure 11: The leading order corrections to the scalar six-point vertex.

where the dots stand for higher order terms. We have everything we need to compute the beta
function for A (c.f. (5.39) and (5.52)), we find

Br = % (Zg — az)- (5.54)

This admits a non-trivial fixed point at

Ay = —+ O(a*). (5.55)

Importantly A, > 0, so this gives a well-defined scalar potential bounded from below. One can
ask what happens to the trivial fixed point A = 0 if we go to higher order. The next corrections
are the O(a®) diagrams pictured in Figure 12. The divergent parts of the first three graphs are
proportional to ¢. Including the fourth graph, the ¢ dependence cancels out and their sum is
of the form ~ —#a°log /p\—;, where # is independent of ¢, but more importantly it is positive
(and non-zero!). The contribution to the beta function is then

4A(TA e
=2 (22 —a?) —# .
Ba 7'(2(48 a) a®, (5.56)
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Figure 12: Order a® corrections to the scalar six-point vertex. The ordering of the diagrams (as referred
to in the main text) is from right-to-left top-to-bottom.

where # is some other constant, but importantly it is still positive (and non-zero!). This is
pictured schematically in Figure 13, along with the earlier result (5.54) for the beta function
that is valid to order a*. Since the correction is negative, this shifts the A = 0 fixed point to a

negative number of order a*, and so the quantum theory does not make sense.

B

J
7

Figure 13: This is a schematic plot of the beta function 8, (A, «) as a function of A for fixed a. The blue
line is (5.54), which has a trivial fixed point at A = 0. The red line displays the beta function (5.56) which
includes the a® correction. Here the trivial fixed point is shifted away from zero to an unstable negative
value.
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o <

Figure 14: One-loop photon self-energy graphs.

We now go on to computing the remaining renormalization constants Z4 and Z,, as these
will appear in our two loop computations. The diagrams which contribute to the 1PI photon

propagator are given in Figure 14. These are easily seen to be finite, thus in either scheme
6Z4 =0+0(a*). (DR or Cutoff). (5.57)

Next we consider the 1PI 3-point vertex. The graphs at one-loop order are displayed in Figure
15. To determine 6Z, it suffices to consider the kinematic arrangement p’ = p where the

diagrams significantly simplify. To cancel with counterterm —2p®aéZ, determines

2 2

2 (8-3¢)log /;2 +0O(at). (5.58)

0Za = 1272

PMP’JFPWP’JFPMP’

a a a

Figure 15: One loop corrections to the three-point vertex.
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PMP

a b

Figure 16: One loop corrections to the four-point vertex.

Finally we have the 1PI graphs for the 4-point vertex pictured in Figure 16. The second
diagram is finite, but the first is divergent. One can easily check that the 4-point vertex is
rendered finite with the above choice of §Z, too. Another check is to verify that the gauge
coupling is not renormalized. As discussed at the beginning of Section 4, this is expected
on physical grounds (c.f. also the discussion at the beginning of Section 5.2). First of all,
comparing (5.52) and (5.58), we see that the wavefunction and vertex renormalizations are

equal up to corrections of order a*:
0Zy =0Zy+0(a?), & Zy=Zy+0(a?). (5.59)
Thus plugging this into (5.15)
rg = a + O(a?). (5.60)
Le. the gauge-coupling is not renormalized, as we had hoped.

5.5 Two-loop scalar wavefunction renormalization

The graphs which contribute to the scalar self energy %4(p) at order a* are are

(5.61)
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= (plat) =2 M p

st

ZEDS)(p'“AL) y M p

I

=49 (plat) =7 M p

I

(5.62)

(5-63)

(5.64)

(5-65)

(5.66)

(5.67)
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RIS

Before analysing the diagrams, we note the immediate fact that the dependence of Xy on 6 is

2(8) 4\ _
o (pla®) (5.68)

an O(e®) effect (recall that « is defined in terms of the charge e in (5.10)). To see this, we look

at the expression (5.21) for the photon propagator, which is repeated here for convenience:

1 C
Ma(p) = 11 (% —1-¢f ;’” b1 By (;) (5.69)

The 0 dependence is through ¢, which was defined in (5.10). Since @ is of order ¢2, we can
lump the 8 dependence of the graphs (5.61)-(5.68) into O(e®) corrections. So any 6 dependence
at the order we are working to (i.e. order ¢*) would come from our one-loop analysis in the
previous section - but we found no  dependence in any of our results in the previous section!

Now we move on to analysing the divergences of the two loop diagrams. Here we just

quote our results, relegating details of the computation to Appendix B. Working in the gauge

¢ =1we find
prl) (pla*) ~ a*p {4 4;( g;f) } (5.70)
st~ e ()] o
= (plat) ~ —atp? {4873410;; /;2 + 2;;; (log ?j)z}, (5.72)
=) (plat) ~ D;fj log 1;22/ (5.73)
=) (plat) ~ —% g/;j, (5.74)
z, (pla) 1:;21 ! 1;22, (5-75)

and Z ( plat) = ((’,3) (pla*). Also Z((PS) does not contribute to the wavefunction renormaliza-

tion since the photon loop gives a A? divergence, so and we drop it. Note also that we are
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excluding power divergences ~ A2. On top of this we also have diagrams which include

counterterms
(1) .4y _ _ 2 4
h N*) = o—XKo— = 02yl
(,b,ctl ) p ¢| ) (5‘7 6)

2(2)t|‘x4): p M P
#e (5.77)

3) lat) = p W p
(5.78)

z‘zp,ct

lat) = £ W P
(5-79)

4
Tk

The last three are all equal by (5.52) and (5.58)

£ (plat) + 20 (plat) + 24 (plat) =—36Z)a2) <L ST,

Using (5.50) and (5.52) for the 1-loop graph and 5Z¢|a2) we find

5 3 4 5 2 5 2 2
Epa(pla®) + S (plat) + Tk (pla?) = atp? {W log 7 ~ 35,1198 2 1ogp2}.
(5.80)

Adding everything together and requiring the result be finite at p?> = u? determines

3571 1 A2 41 A2\ ?
4 4.2 _ _ _ PR
OZgla) = o {(5292714 247T2> log u>  96mt (log y2> } (5.81)

5.6 Mass-squared operator
To determine Zg, (or equivalently Z,,») we renormalize the correlator

(5.82)

(@p(x)¢(y)¢(2))-
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Fourier transforming to momentum space, this means renormalizing the 1PI graphs. It suffices
to renormalize these graphs in the special case that the operator ¢¢ carries zero momentum,
and we denote the sum of graphs as X5, (p). Using perturbation theory we can write ¥, (p)

as a power series in the coupling &; we denote the coefficient of ! as Z$¢(p|o/ ), so that

S5y (1) = 1 (63) T (pla?). (583)

Of course, only even powers (a2)’ of & occur. Absorbing divergences into 6Z,,» order-by-order

in perturbation theory, we get a corresponding series

6Zyp =Y w87, |a2"). (5-84)
=1

5.6.1 One loop analysis.

There is just one graph at one loop

Tgpla?) = L SN

(5:85)

along with the counterterm

v a2y =" p
pct|d”) = gt (5.86)
We find
2 2
B N _ A

e (pla”) = @n)2 (8 50 +¢log pz> (5:87)

Requiring the divergence cancel at p?> = p? determines

. A?

_ 4
0Z,p = ] log? + O(a®). (5.88)

109



5 SCALARS ON THE BOUNDARY

5.6.2 Two-loop analysis.

The two loop contributions Zw(p\uc‘l) to Z@P(p) are simple to enumerate. They are given
by summing over insertions of the mass operator on the internal lines of the self-energy
graphs (5.61)-(5.68). For instance, there are three insertions we can make on the graph (5.61).

Summing over insertions from left-to-right these correspond to

W (589)

(1,;1) 4
=0 (plat)

(5.90)

(1,3) 4 _ P M . /4
Lo, (Plat) = W

Here the superscript ”(1;1)” means the first insertion on the first graph, the subscript ”(1;2)"

(5.91)

7

means the second insertion on the first graph, and similarly for ”(1;3)”. Working in the gauge

¢ =1 we find

48714 p? = 451274 p?

12 127 A2 1 A2\?
2é¢)<P'“4>”‘“4{w1°gpz+8n4<1°gp2) ' )

‘ 19 A2 143 A2\?
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and 2%;3) = Z%;l)( pla*). Summing over insertions from right-to-left on the second graph

(5.62) we get

2
(2 1) oA 37 Ai2 1 Ai2
2
(2 2) 4 19 A2 1 A2
Z ——1lo lo .
and ng) 2 1) (p|a*). To belabour the point, the subscript ”(2;1)” means first insertion

on the second graph, the subscript ”(2;2)” means second insertion on the second graph, etc.

where the insertions go left-to-right. There are two insertions on the third self-energy graph

leading to
31 31 A2 1 A2\2
=0 (plat) ~ —“4{36n41 %8 3 T 13 4(1 gpz) : (5.96)
32 7ot A?
2(74, '(plat) ~ ~{op4 108 7 (5.97)

The two insertions Z (p\zx ) and Z ( pla*) on the fourth self-energy graph give the same
contribution as on the third. There is ]ust one insertion on the fifth graph

b4
¢¢(P|’X )~ —Wlog— (5-98)

It turns out that the insertions on graphs 6,7 and 8 do not contribute. Finally, we have the

following graphs which include counterterms

(M)

4\ _ P
xl) (plat) =

gt = 67 5 |a%)
(5-99)

20 ity = 20

PPt (5.100)
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55 ey

¢ (5.101)
5 (4) 4 _ P W 4
PP Ct(p|“ ) = e
’ (5.102)
O (platy = 2y
ot (Plat) =
ot (5.103)
Graphs 2-5 are all equal
@ (plat) 4+ 2O (plat) = — 2y S
Zf¢,ct(p|a )+ +Z$¢,Ct(p|tx ) 46Zg|0%) x (.108)
Thus using (5.52) and (5.87) the sum of the graphs (5.99)-(5.103) is
5 A2 5 A2 A?
Z¢¢,Ct(p|0z4) = —o* (4714 log el + P log el log pz> + (5Zmz|zx4). (5.105)

Adding everything together and requiring that the result be finite at p?> = y? determines

857 A2 88 A2\ ?
5Zm2‘064) = 1 2+m7_[4< Og‘uz)

= 2884 og P (5.106)

Finally, as explained in Section 5.5, the dependence of our result on 8 is invisible to the order

we are working to.

5.6.3 Anomalous dimension.

Now, recall that the renormalization constant we are after is not Z ., but rather Z@p. This is

m2s

determined by inverting the series expansion for Z, and then plugging it into (5.44), which

gives

Zgy =1+ o? (5Zm2 |a?) — (5Z¢|¢x2)> + a* <5Zm2 la*) + 6Zy|a?)? — 5Z¢|D€4)> +0(a%). (5.107)
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From which read off the coefficients (5Z¢¢|zx2), and 6Zg, |at). Plugging in our one loop results
(5.88) and (5.52) into the above determines the one-loop coefficient to be

202 A?

In particular, this one-loop result is gauge invariant as expected. Using also (5.106) and (5.81)

determines the two-loop coefficient to be

5Zo faty = (AL, 1\ AP 16579 () A2 2 (5.100)
901 = \ 423367 " 2472 ) 8 2 T 135362\ B 2 ) 2109

With these coefficients in hand, we can plug them in to the logarithm

1
log Z5, = ocZ(SZWMZ) + o <5Z¢¢|a4) - 2(5Z¢¢]a2)2> +0(a%), (5.110)
to get
202 A? 97411 1 A?
log Zzp = — 5 log — +a* log — 6). :
08 Zg, 3.2 108 2 +a <423367T4 + 247_[2) og e +0O(a®) (5.111)

Differentiating with respect to log y, the anomalous dimension is

4?4 97411 1
Yoo = 372~

] 6
2116874 + 12n2) +0O(a?). (5.112)

5.7 Extrapolating to the upper half plane

Now we shall attempt to extrapolate our result (5.112) using the proposed self-duality T — —1
described in Section 4.4.1. To begin with, we need to translate our result which is written in
terms of the effective boundary gauge coupling « defined in (5.10), back in terms of the bulk
gauge coupling e and the theta angle 6. But this is easy since we can replace a2 by e? up to

corrections of order ¢°

a? = e +0(e0). (5.113)

113



5 SCALARS ON THE BOUNDARY

Thus, in terms of ¢, the anomalous dimension reads

4¢? B ( 97411 1

4P D
Yo = 372 ~ \ 2116878 T 127(2)e +0(e). (5.114)

In particular the 6 dependence is an O(e6) effect (c.f. also the discussion in Section 5.5). Our
result (5.114) is valid in a neighborhood of T = +ico, and by S-duality, a neighborhood of
T = 0. We might hope that, if we can find a smooth interpolating function F(7) which agrees
with with our perturbative result (5.114) near T = +ico and the S-dual result near T = 0, it
might be somewhat close to the true anomalous dimension for all T. Presumably there will
be many functions F(7) which satisfy this criteria, so which one do we pick? A particularly

useful place to start is by choosing F to be a Padé approximant

a0+a1g+~'+ang"

T byt bigt -+ bug™ 5-115)

Ppyym)(8)

where g is an arbitrary coupling constant for now. Ultimately ¢ will be equal to ¢2. The a’s and
the b’s are chosen so that the Taylor series around g = 0 agrees with the perturbative result to
order ¢" "1 We don’t want just any Py, /), rather we want one that is invariant under the
S transformation. Following [236] just such a problem was considered in [109], where they

constructed two families of such Padé approximants. The first is of the form

aoggn + a1g§n+1 4+ 4 ﬂn—1g§1 +ay

P[Sn/m} (8) = boggm n b1gs””+1 T bm_lggl o (5.116)
where
g5 =g+ (59 kez (5.117)
Whilst the second is an odd-degree Padé approximant
S, () = S8 g g g

bogsfmfl/z + b1g§m+1/2 N bm—18§3/2 + bmggl/Z.
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m—n
Since PS %8

S
(n/m]’

arrive at the integral-power Padé

The same applies to P Working through the details, at the order we are working to, we

‘1

Fi(e,0) = ———5—, (5.119)
e2+e2-¢]

and the half-integral-power Padé

cafet4e )

Fy(e8) = P B (5.120)
Here ¢ is the S-dual charge of e. More precisely, if we denote by 7/ := —% the S-dual gauge
coupling, then the dual theta angle 8’ and dual charge ¢’ are defined so that
o 2mi
4 = — E—
=on T (5.121)
Explicitly
0 0% 4r?
r_ n_ e | A
0 = Y e = 2 2 (5.122)
42 et

It now remains to fixed the coefficients c;,c; (i = 1,2). To fix them we expand the Padé
functions as a series in 2. Doing this for F; up to order ¢, and comparing with our result

(5.114) we read off

c—i & cf=— o7l —i—i (5.123)
1= 32 1= 7\ 2820472 T 16 ) 5123

Playing the same game with F,, we fix the remaining coefficients to be

_ 4
Y 2

97411 1 1

+ =+ (5.124)

& o= 2
2= 280an? 16 " 2n

2

/] (g) ~ =, for small g, we require n = m — 1 to match weak coupling behaviour.
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Extrapolating the first to T = £1

37632

Fi(00,271) = — 21292 0.327745. .
1(00,270) = G+ Treane 0327745 (5-125)
And the second
37632
Fy(00,277) = ~ 0.236449. .
200, 27) = o 1412+ 176 0236449 (5.126)

5.8 Comparisons with the Gross-Neveu model

We expect to map to a critical exponent in the 3d Gross-Neveu model. We briefly review this
model, then go on to make comparisons with the known data. The Gross-Neveu (GN) model

was [199] originally formulated in d = 2 dimensions
L =3¢+ 5w, (5.127)

where q;f is a four-component Dirac spinor and j = 1, ..., N is a flavour index. This theory

has a discrete chiral symmetry

b= s, P —Ps. (5.128)

In d = 2 this theory is famously asymptotically free and displays dynamical breakdown
of chiral symmetry. For d > 2 this theory is not perturbatively renormalizable, although it
is renormalizable in a % expansion [200]. The % expansion is expedited by performing a

Hubbard-Stratonovic transformation

_ 1 _ 1
Z = zpiatpl- + E\/gmpizpi — 50'2, (5.129)
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where o is a real scalar field. This suggests [237, 238] that the UV completion can be obtained
by making the scalar field dynamical, and we thus arrive at the Gross-Neveu-Yukawa (GNY)

model

_ 1 1 _ 1
&L= dp; + E(aa)z + Emzaz + 1099 + Igza‘{ (5.130)

also known as the chiral Ising model. It is perturbatively renormalizable in 3 and 4 dimensions.

The discrete chiral symmetry of the Gross-Neveu model is preserved via

P — Y51, @ — fﬁ%, o— —0. (5.131)

In particular, this symmetry prevents the appearance of a cubic scalar interaction. Since
o ~ Py in the large N limit, we expect our result to map to the anomalous dimension 7, at
the critical point, commonly denoted 1, = 7,(87,83) (here g/, i=1,2, denotes the value of
the coupling g; at the critical point). The GNY model has been studied using a variety of
methods. The prediction for 74 and the corresponding method is displayed in Table 2 below

We see that, whilst F, does not work so well, F; fits into the known data remarkably well.

Method Ho
F 0.327745
) 0.236449
e-expansion [110] 0.2934
Bootstrap [111] 0.320
Monte-Carlo [112] | 0.31 +0.01
fRG [113] 0.372

Table 2: This table displays the method and corresponding prediction for the critical exponent 7 in the
Gross-Neveu-Yukawa model.
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6 Fermions on the boundary

At this point we would like to stop and try to check that our cutoff regularization scheme (c.f.
Section 5.1.2), and the two-loop integrals computed in Sections D.3 and D.4 of the Appendix,
make sense. A relatively simple check we can perform is to start with free fermions on the
boundary instead. We essentially repeat the calculation we did in the previous section, but
this time we can use dimensional-regularization too. Since the anomalous dimension 7,
of the mass operator is an a priori measurable quantity, it should be independent of the
regularization scheme used. A lot of the two-loop integrals tabulated in Appendix D that
enter into the computation of Vg in the scalar case also feed into the computation of Ygyr SO
this provides a non-trivial check of these integrals.

We begin by setting up the fermionic BCFT. The free fermion action reads

= / S ipdyp. 6.1)

We define the propagator (including spinor indices)

- 13
Sup(x=9) 1= B9} = [ G Sup(p) ), ©62)

which is a Green'’s function for the Dirac operator —idy, and thus

S(p) = ~. (6.3)

Coupling to the bulk gauge field we obtain the boundary action

- / &Bx ighy. 6.4)

118
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P 1 i) a
. — =3 a NN = T (p) =7

Figure 17: Feynman rules for the Dirac fermion BCFT in momentum space.

6.1 Renormalization schemes.
6.1.1 Dimensional regularization.

Like before we continue the boundary dimension d to d — d = 3 — 2¢, where € is a complex
number, whilst keeping the codimension fixed D —d = 1, and introduce renormalized fields

and couplings
o = lep/ng, Ao =ZY*A, wg= zlfzgmzaa. (6.5)
In terms of which the action reads
= / &x (i AP + aPAP +i10ZyPdp + 5le;1eoél/JAl[J), (6.6)
where we’ve defined the O(«) quantities
6Zp:=Zpa—1, 6Zyi=Zp—1, 6Zy:=Z4—1. (6.7)

Finally we introduce an auxiliary parameter y with dimensions off mass. They Feynman
rules are recorded in Figure 17. Again we shall be interested in computing the anomalous

dimension of the mass-squared operator. The bare mass-squared operator is

Op(x) == Potpo(x) (6.8)

The renormalized operator is

O(x) := Z@p@o%(x) = Z@pztl@"b(x)- (6.9)
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We package the combination Z,Zy into a single renormalization constant

Ly 1= Zlep. (6.10)

In terms of which the renormalized operator reads
O(x) = Zupyp(x). (6.11)

6.2 One-loop analysis.

There are no marginal operators at the free fermion fixed point, so the combined bulk
+ boundary system defines a CFT, at least for weak gauge coupling. We start with the
wavefunction renormalization of the fermion. Using the analogous notation as in the previous
section (c.f. (5.46)), there is just one contribution (more details on our analysis of the Feynman

diagrams can be found in Appendix C)

£y (ple?) = S

(6.12)

along with the counterterm

2\ —
Z(P,Ct(p‘“ ) =Ko (613)

We find
2(|a2)—“2—”’ g—g L g—g 1 ﬁ—z+g—2g (DR) (6.14)
eI =2 \37 %) e T3 %8 279 ' 4
Here we have introduced the rescaled parameter

fii= Ve, (6.15)
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where 7 is the Euler-Mascheroni constant. Including counterterm L (p|a?) = —pdZy get that
o (2 1
0Zp=—5—-¢)-. DR .
¥ 47(2(3 C)e (DR) (6.16)

Using a momentum cutoff instead

2 2
2 _ ) (2 A7
Zy(pla®) = 2 { <3 @’) log 70 +C . (Cutoff) (6.17)
thus
2 2
2y _ &7 (2 A
0Zpla”) = 2 <3 §> log 7 (Cutoff) (6.18)

Like before, there is no photon wavefunction renormalization in either scheme:
8Z4 =0+0(a%). (6.19)

There is just one diagram contributing to the 1PI 3-point vertex

4 la?) = £ S,

a (6.20)

3\
ngt,ctm ) = ?

a (6.21)

along with the counterterm

Since we only need the divergent bit, it suffices to consider the limit p’ = p, for which we find

3 2 1
Z3pe(p) ~ 4“? ( —3 7T f:) p R (DR) (6.22)
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Requiring the counterterm cancel the divergence determines

2 /2 1
67 = 5 (3 _ g) L (DR) (6.23)

which is equal to 6Zy as required by charge non-renormalization. Using a cutoff instead

B o’ 2 0 N2
Zope(p) ~ g —3 16 )1 log 7 (Cutoff) (6.24)

which determines

2 2

Y (2-38)log /p\Z' (Cutoff) (6.25)

02 =153

6.3 Two-loop fermion wavefunction renormalization

The graphs which contribute to the two-loop fermion self energy Ty (p|a) are

W (6.26)

W (6.27)

(6.28)
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Working in the gauge ¢ = 1 we find

A2 1 A2\?
2(2) ~ o
v 2167t 8 52 T ogsa\ 82 ) (7
4 2
@ o« A
=y 967'1?21 & p?

We also have diagrams which include counterterms

S Jat) = o= —p?6Zp)at)

@) .4y _ P M P
z“1/1,ct|0‘ )_

0 4y o My
Zl[],ct'“)

(4) |4y _ P W 4
Zt/},ct|‘x)

Zl(;it|uc4) and Zl(ﬁzt|uc4) are each equal and opposite to pr%gt|a4), thus

Zt(pz,it(i’|“4) + Zl(/)?i():t

Plugging in using (6.17) and (6.18) gives

A2
M

1 1
Tpm(plat) + Zph(plat) + Tl (plat) = a4{54ﬂ4 log 7 + {4478 (10g

(pla®) + 2y (plat) = 6Zyla?)x L S

AZ
‘112

>2}.

(6.29)

(6.30)

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)

(6.36)

(6.37)
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Adding everything together

28874

2 A2 1 A2 2
6Zylat) = rx4{ _ 8o log — + o <log ) . (Cutoff)

86474 u U2

Compared with34 [108]

16 + 972 1 1 1
85Zypla®) = a*d — - — DR
pla?) =& { 172870 ¢ 2880 62} (DR)

obtained in DR.

6.4 Mass-squared operator.
6.4.1 One-loop analysis.

There is just one graph contributing at one loop

ZEUJMZ): P W p

along with the counterterm

Z@/J,Ct‘az) R

We find

2

2
gy (pla®) = “{(2+§) (i +log ;}) +2(3+25)}. (DR)

T2

Including the counterterm and requiring the result be finite determines

(2+)a

67 = —
" 472¢

(DR)

34 In fact the authors of [108] work with arbitrary ¢. We quote their result evaluated at ¢ = 1.

(6.38)

(6.39)

(6.40)

(6.41)

(6.42)

(6.43)
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Using a cutoff instead

o2 A2
Zpg(1) = gz 4+ 26+ (24 D) log s Cutof) (640

and thus

4+&a?, A2

67 = == 5 log o (Cutoff) (6.45)

Using (5.107) this determines the renormalization constant ZWJ to order «?. In dimensional

regularization
242
And with a momentum cutoff
202 A?
5Z¢¢ =32 log F (Cutoff) (6.47)

6.4.2 Two-loop analysis.

Like before the two loop graphs contributing to X, are given by summing over insertions
of the mass operator on the internal lines of the self-energy graphs for ¢. Summing over

insertions on the first graph (6.26)

' W (6.48)

=0 (plat) % ’7
(6.49)
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20 (plat) = W
(6.50)

We find
4 2 2\ 2

0ty o 2 L0 A2 3 (10, A2

wa (pla®) 7_[4{810g 7 + i log 7 , (6.51)

ot A2
(6.52)

(1,2) 4 5
Sy (Pla0) ~ =g alog 5 72

and Z (p|1x ) = Zl(/} (p|la*). Summing over the three possible insertions on the second

self—energy graph (6.27)

(21 at] 7 A A2
4 2 2\ 2
(2 2) a9 A9 A
and Z (p\zx )= I(IJ v (p|a*). Summing over insertions on the third self-energy graph (6.28)
we flnd
3 5at . A?
Zpp(Plat) ~ = 5 log (6.55)
Finally we also have graphs including counterterms
=Pt — 57 5a)
(6.56)

(1) 4
Zpet(P10%)

p W p
(6.57)

x) (plat) =
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55 ey

5 .

¥ @) (plat) = 2 M p

Pp,ct -

0 ety = 2 e

¢,ct

2 (plat) = b ST

Pp,ct

(6.58)

(6.59)

(6.60)

(6.61)

The wavefunction renormalization insertions cancel against the vertex renormalizations, thus

leaving

Z(ﬁ,ct + z%’m = 0Zu|a*) + 6Zu[a?) - 5, |a?)
4| 9804+972 A2 145 (0 A2>2

10g "7 + 2588\ 198 2

4
~ OZyple”) — | =g 1

All together this determines the mass renormalization

4 2 2 23\ 2
ey [seroz a2 20 A2
0Zygla”) = o [ 716 log 2 +t35 log el . (Cutoff)
Compared to [108]
4 2
o |2 —81 21
OZypla”) = 7r4l 108 e 9el (DR)

obtained in dim-reg.

(6.62)

(6.63)

(6.64)
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6.4.3 Anomalous dimension

Combining (6.46) and (6.64), our result for 5ZW1 to order a* using dimensional regularization

is

57 (DR) (6.65)

W T 3m2e it €

202 4t |92 —-81 21
108 €  9e2|°

To compute the anomalous dimension 7, in dimensional regularization, we use the chain

rule ﬁ = dfiﬁ% and (5.29) to get the more useful equation

dlog Z;
Yo T T log ;W' (6.66)

From which we compute the anomalous dimension

40> (32 —367)at
=g = DR .
Yoy 372 + 108774 (DR) (6.67)

Combining (6.47) and (6.63), our result for (SZWJ to order a* using a momentum cutoff is

202 A2 4t [36m2-32. A2 2 A2\?
07— =" Jog o + = |20 " loe 1+ S log ) |. £f .
Ty 3.2 108 2 + g 216 og 2 + 9( og ;42> (Cutoff) (6.68)

From which we compute the anomalous dimension

40> (32 —367%)at

A 6
Ty =32 T 0 T O (Cutoff) (6.69)

in precise agreement with the result (6.67) obtained using dimensional-regularization above.
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7 Conclusion

In this work we have successfully overcome technical hurdles in considering a bulk U(1)
gauge field interacting with a boundary scalar field allowing us to perform perturbative
computations to two loop order. A regularization scheme of great practical use is dimensional
regularization, but our current technology is not sufficient to deal with the divergences that
occur in this theory. Our workaround in this thesis has been to use a momentum cutoff, which
is harder to use in practise, but has the benefit that we can determine the two loop divergence
structure of the theory allowing us to perform an RG analysis to this order.

As a result we have computed the anomalous dimension 7, of the mass squared operator
¢¢ to two loop order at weak coupling. By the conjectured S-duality of this setup, this
determines the anomalous dimension at strong coupling. We have performed a “duality-
improved” extrapolation to arbitrary values of the coupling t. Near the point 7 = +1,
we expect the theory to be dual to the critical Gross-Neveu model by 3d bosonization.
Extrapolating our non-perturbative result to this region, we have made an estimate for

the anomalous dimension 7, of the scalar field in this theory at the fixed point, often denoted

#o. To the order we are working, we found that there are two consistent ressumations which

imply

19200

B deha——— R Yy .
7 = 1ie50 + 9002~ 0-79885 7:1)
or

B 19200
e = 41659 + 72007 + 900722

= 0.262435. (7.2)

Comparing with the known data we obtain Table 2, which is repeated below for convenience.
As for future work, let us note that another way to study this theory is by using the powerful
methods of the boundary conformal bootstrap, which we have have briefly mentioned a few
times in this work. In fact a very general analysis was performed in [108]. They found the
intriguing result that the current-current two point function (in our setup this is the current

(5.2)) is related to the hemisphere partition function [239]. It would be a nice exercise to
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Method Ho
R 0.327745
F 0.236449
e-expansion [110] 0.2934
Bootstrap [111] 0.320
Monte-Carlo [112] | 0.31 +0.01
fRG [113] 0.372

Table 3: This table displays the method and corresponding prediction for the critical exponent 7 in the
Gross-Neveu-Yukawa model.

compute this in perturbation theory, resum it, and extrapolate it to make a prediction for
the hemisphere free energy in the Gross-Neveu model. Finally, purely from a practical point
of view, it would be a nice exercise to computerize the perturbative approach using our

momentum cutoff procedure.



A CONVENTIONS

A conventions

A1 Geometry.

In Minkowski space we use the mostly minus convention 7, = (+1,-1,-1,...,—1). When
discussing forms we write components of an r-form w € ()" (M) on an arbitrary manifold M

as

1
W= W, dxtt A Adxtr (A1)

The exterior derivative is defined as

1

dw = =
r!

Ay Wyy o, dx” Adxtt A - A dat (A.2)
If¢&e (M), w e Q' (M) then

dZAw)=diNw+ (-1)7¢ A dw. (A.3)

The Hodge star is a map x : Q' (M) — Q4" (M) (where d := dim M). Acting on the coordinate

basis forms

*(dxtt A - datr) = (76’”"'”’ dx+ AL Adate (Ag)

d— 1’)! Vr41Vd

here e¥114 totally antisymmetric symbol with

O (@1 .— 41 (A.5)
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A.2 Minkowski space actions.

The Dirac algebra in Minkowski space reads {7", 7"} = 25", where we can take the gamma

matrices to obey the hermicity property (7#)" = 4%9#7°. The QED Lagrangian reads
QED -— P( _m)lp_@ (2 (A.6)

where ¥ := 110 is the standard Dirac conjugate, D := 7D, where the covariant derivative

D, acts on the charge +1 field ¢ and the charge —1 field ¥ as

Dpﬂ/’(x) = (ay +1Au(x))‘/)(x)/ & Dy¢ = (ay - iAP,(x))@(x). (A7)

The Lagrangian for a massive complex scalar field in Minkowski space is

_ 1
Zsqep = Dy (D" ¢) — m?|p|* — L Fuo F" (A8)

where
Dup(x) := (0y +iAu(x))p(x), & Dpug:= (9 —iAu(x))¢p(x). (A.9)

A.3 CPT in 2+1 dimensions

In three dimensions parity is really a reflection since the naive parity operation ¥ — —¥ is

continuously connected to the identity. Time-reversal T is defined in the standard way:
T(t,xl,x2) = (—t,xl,xz), P(t,xl,xz) = (t,—xl,xZ), (A.10)

in particular it is antiunitary Ti T~! = —i. The action of P and T on the fields is defined so
that the standard Maxwell action ~ [ F,, F#*¥ and Dirac action ~ [ ¢id¢ are invariant. We

take parity to act as

PA1(t, xl,xz)P*l = —Aq(t, —xl,xz), Py(t, xl,xz)P*1 = i"yzl[J(t, —xl,xz), (A.11)
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and time reversal to act as
TA(LR)T = —A(—t,%), Tyt HT ' = —ylp(-t,7). (A.12)

Finally charge conjugation is defined so that it turns the electron Dirac equation (id — A —
m)p = 0 into the positron Dirac equation (id + A — m)yC, where ¢© = CyC~1. Thus we take

charge conjugation to act as
CACT =—4,, CypC !l =iy*y". (A.13)

What is more interesting is when we consider interacting theories, which can break these
discrete symmetries. By the famous CPT theorem, any relativistic quantum field theory is

invariant under CPT. With these definitions one can check a fermion mass term breaks parity

PpyP 1 = —yyp. (A.14)
Similarly the Chern-Simons term breaks parity

Pe"P A0, AP~ = —€e"P A0, A,. (A.15)

A.4 Euclidean continuation.

One way to motivate the Euclidean quantum field theory is by considering thermal correlators
as follows [3, 4, 240]. When we study QFT in Minkowski signature we are often interested in

time-ordered correlation functions
<ly/| ﬁl(tllfl) e ﬁn(tn/fn) |\y>/ (A16)

where |V), W) are some asymptotic states and &'(t,X) are Heisenberg-picture operators

related to the Schrodinger-picture ones by

Ot %) := el At 6(0,x) e 1t (A.17)
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Other useful observables include the correlation functions
<\y/‘ ﬁAl (Tllfl) e ﬁAﬂ(Tn/ fn) ‘\y>/ (AIS)

where now the operators (7, X) have the time dependence

Ot X) = eflt 6(0,%)e 17, (A.19)

Repeating the Minkowski space derivation of the path integral where the time evolution into

infinitesimal intervals, we find that these correlators can be represented as a path integral

weighted by the Boltzmann factor35 e ~>:
(vac| 61(11,31) -+ B (v, Fo) [vac) = [ DO G4 (11, %) -+ Ou(Ta, Fu)e S, (A.20)

S is called the Euclidean action and there is a simple prescription to obtain it from the

corresponding Minkowski space action.

A.4.1 Matter theories.

The recipe for the Euclidean continuation of these theories is straightforward [3, 4, 240]. First

we define Wick rotated variables y#

=iyl (A.21)

and y' = x'. Then the Euclidean Lagrangian Zis equal to minus .Z, where we replace
derivatives % with respect to t by derives with respect to T by the chain rule % = i% ;

schematically

L =L =idy). (A.22)

35 only in this section will we denote Euclidean variables with a hat.



Using this rule, Euclidean continuation of the free scalar is
- (99’ P\? o
g - _ i .
(5¢) +E(a) +r
Similarly for the free fermion
—~ d ; 0
_ oY . iY
Z = llJ(’Y 5t 75y +m>¢-
It is conventional and convenient define Euclidean gamma matrices

'/)70 = 70/ ’/);i = i’Yi/ {;)7}4/ ,?v} =201,

so that the Euclidean Dirac Lagrangian reads

ngﬂf\: 1p(7"0a +m)p.

A CONVENTIONS

(A.23)

(A.24)

(A.25)

(A.26)

Here the overall factor of i comes from changing variables ¢y — i¢. Note that in the path

integral formulation ¢ and ¥ are to be treated as independent variables.

A.4.2 Gauge theories

There is one more ingredient for the continuation of gauge fields. Under the Wick rotation

i — — 0 s P
. 1
(A.21) the vector potential A = A, dx" = Agdx” + A;dx' transforms as

A=Agdx® + A;dx’ — Ad(—iy?) + A;dx’ = —i Agdy® + A; dx’. (A.27)

Thus define Euclidean vector potential A = Ay dy# with components Ay given by

o~

A\O = —iAo, Ai = Ai-

(A.28)
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Applying the recipe (A.22) and writing the Maxwell action in terms of the Euclidean compo-

nents (A.28)

PO PO i6 5 &
L = gabw " + 5" Fu b (A.29)

Note that the epsilon symbol e#1#D defined (in either signature) so that
eOd =1, (A.30)
One can combine this with the continuation rules in the previous section to derive the more

general matter + radiation Lagrangians. The U(1) Chern-Simons action continues to

_ i 9 -

Similarly the non-Abelian U(N) Chern-Simons theory continues to

7 i ~ ~ 2~ N
f——MTr<AAdA+3AAAAA>. (A.32)
A.5 Gamma matrix technology.
The Dirac algebra in Euclidean space reads
{7, 9"} = 20", (A33)
We record the useful algebraic identities
T =4, (A.34)
V' ABy" =B +2(a-b), (A-35)

Vigbgy' = —db¢ —2b4¢ +2¢ 4D, (A.36)
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and trace identities

Trg =0, (A.37)
Tr(4¥) =2(a-b), (A.38)
Tr(db¢) =2i(a xb)-c, (A.39)
Tr(dbgd) =2(a-b)(c-d)—2(a-c)(b-d)+2(a-d)(b-c). (A.40)

Here ”x” refers to the cross product (a x b) p = at'beyyp so that, in components, (A.39) reads

Tr(gb¢) = 2ia'b"cPeyp. (A.41)
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B Feynman diagram analysis of the scalar BCFT

B.1 One-loop analysis

To provide familiarity with our regularization schemes, we shall provide the details for

computing the one-loop scalar self-energy graph (5.47) , which we repeat here for convenience

s a2y — 2t Mg
(pla) e (1)
Dimensional-regularization.
Applying the Feynman rules
d
(1) 2\ _ (€ 2/ d’k (2P+k)anab(k) 2P+k)b
z = . B.
¢ (pla”) = (u°a) (2r)? (p + k)2 (B.2)

Plugging in for the photon propagator, and replacing scalar products p - k with propagators

using
2p-k=(p+k?—p*—K, (B:3)

the graph can be written in terms of the family of integrals

d¥k 1
tom) = [ g R (B4

These are discussed in more detail in Section D.1.1 of the Appendix. In terms of these integrals,

our diagram reads

=0 (pla?) = (yetx)z{2p21(1,1/2) +21(0,1/2) — I(1,-1/2)

-(1-2) {1(—1,3/2) —2p%1(0,3/2) + p41(1,3/2)] } (B.5)
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I(n,m) can be expressed as a rational product G(n,m) of Gamma functions (c.f. equations

(D.4) and (D.5))

2.2 2\ €
£ (pla?) = L (47;‘) {2G(l,1/2)—G(l,—1/2)—(1—§)G(1,3/2)}. (B.6)

(47r)3/2

Performing expansion around € = 0

2,2 - 2
a2y = SP- ) (8 A \L, (8 )2, e 1, 56
x§ (p|a>—4n2{(3 R ) e A ()

where v is the Euler-Mascheroni constant. Requiring that the % pole cancel against the

counterterm fp2(5Z¢ determines

0Zp = i (8 — 5) L O(a*). (B.8)

472
Momentum cutoff.

Writing out the diagram (B.1) using the Feynman rules in our cutoff regulated theory and

following analogous steps that led to (B.5), we get

o) (pla?) = az{ZpZI(A)(Ll/Z) +21(4)(0,1/2) — I a)(1, ~1/2)
-(1-2¢) {I(A)(_1/3/2) —2p%1(7)(0,3/2) + p*I ) (1/3/2)} } (B.9)

where

- d%k 1
iy () = |k/ Rz CEEnn (B10
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The relevant integrals are recorded in equations (D.7)-(D.12). Some of them have infra-red
. . . . 2 2
divergences coming from regions of small loop momenta k, but using log f;—z —log /5\—2 =

2 . .
—log % these divergences cancel leaving

2 2
Z((Pl)(ﬂlkz) = (20;)2 {§A2 + p? (i — C) log /;2 + (196 — ZC) pz}. (B.11)

B.2 Two-loop scalar self-energy.
B.2.1 First diagram.

Applying the Feynman rules to the graph in (5.61)

0 (plat) = 4/d3kd3q 2(p + q) + KlaTT(qp) (k) (2p + §)p (2p + )T (cq () [2(p + k) + gl
o PETTE ] e (p+02(p+k+)%(p+ )
=2 (plat) — (1= Oz (plat) + (1 - 02y (pla?), (B.12)

where the round brackets mean the symmetric part. This just means that we drop the part of
the photon propagator (5.21) proportional to @, since this term is higher order in ¢ (c.f. (5.10)).
The notation ”(p|a*)” was introduced in (5.46). Expanding out the photon propagator, we get
a term independent of ¢, a term proportional to (1 — ¢), and a term proportional to (1 — ¢)?,

whose coefficients we have denoted by Zél)’l, Z((Pl)'z, and Z((Pl)'B respectively. Explicitly

d3kd3g Ny,
2m)® [kllg|(p +k)*(p +k+q)%(p+q)*

E (plat) = o | (B.13)

where

Niy = {3p? +2p k+ (p+ k2 +4p-q+2k-q} - {302 +2pq+ (p+9) +4p-k+2k-q}.

(B.14)

Using the reduction formula (B.3), as well as

2p-q=(p+q9)*—p*—q> 2k-q=(p+k+q°—(p+k)*>—(p+9)>+p>,  (B15)
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the numerator N1 reduces to

Ny = 2k* = 3p%k* + p* +5k¢> = 3p** + 24 + (p+ k)* + (p+9)* + (p + k+ ¢9)*
+(p+q)*@2p* =32 =3¢") + 2(p+k)*(p+9)* + (p + k)*(2p* — 3K* — 3¢°)

+2(p+k+ )X (p+K2+ (p+a)2} + (p+k+q)2(2p* — 38 = 3¢%). (B.16)

Plugging this back in

31 1-1 ~1,-1 1,1
4 2 ’ 4 ’ 4
M (plat) = {2{222 —3p {2 z,z]“’ [2,2,2}”’{2,2,2

, |-or[;
e M = M s kd e R
3530) 2 0z0) 7 0z ) ~*loza) ~loze) 2l wes)
o)) et (el

where we have defined

@b ] _ [ dkdy LK
[ ] ._/ 2m)6 (p+k)E(p+k+q9)4(p+9) (B.18)

This has the obvious invariance
(a+>b,cere). (B.19)

Using this invariance, and the fact that that [ 5 23 } is finite, the divergent part is

1,3 1,1 1,1 -1,-1 -1,-1
4y Lt _ ’ ’ -
Z1a(pla”) ~ {4{2 2,2} 6" [2 2 2} +5[2,2,2} +2{2,2, 2} " {2, 2,2}
—1,_1 1/_1
T4y [ {22 ] {220} 2[0,2,0]_6{2,02]

-
e ]} .20
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The logarithmic divergences of all the necessary integrals are recorded in Section D.3. We find
4,2 2 2\ 2
N E ST O
X11(pla®) ot { 1 log . +7 log 2 : (B.21)

We have only computed the diagrams in the gauge ¢ = 1, which corresponds to dropping
Z((Pl)’z( plat) and Z((Pl)’s( plat) in (B.12). A more thorough analysis would do this in an arbitrary
gauge, and since the anomalous dimension of ¢¢ is a physical quantity, a good check would
be that the gauge dependence drops out. However this adds to the zoo of integrals that we
would have to compute. All of them are easily do-able using our methods. We report for

completeness

M2, 4y _oa) -1 =3]  o[-1,-3] [-1-3 2[—1,-3 -1,-3
Zp " (pla?) = 2a {{2,2,0} P {2,2,2 2,20 TP | =2,22] T 2,02
C[L,-3] [=L,—1], ,[1,-3] 4[—1,-3 ,[—1,-1
[z,o,o} 2{2,0,0]“’ [2,0,} P {2,0,2]”‘7 {2,0,2}
C[~L=3] L (L8], [L1], u[-L-3]  ,[1-3
0,2,—2] " (0,20 0,20 | "P 022 Floz2

o[- -1
2p { 0,22 }}, (B.22)

and
W3, 1 ay_ a) [ =3 =31  H[=3=3]  4[=3-3]_ ,»[-3-3
Ep T (plat) = {[—2,2,—2] P {— 20| TP 020 " o2 2

2
3,3 _3,-3 _3,-3 —3,-3
4 4 _ 2 ’ o 2 ’ 2 12
} P [ 0 [0,—2,2} Tt [2,0,—2}

2,22 2,-2, P
~3,-3 ,[—3,-3
N [0,0,—2} +2p [ 0,0,0 }

+p

a[=33] [-3-3], a[-B-
P'172,00 —2,00] P[220,

[—3,-3
—p4 002]}. (B.23)
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B.2.2 Second diagram

Applying the Feynman rules to the graph in (5.62)

. / d*kd®q (2p + k)all(gp) (k) (2p + k)6 (2(p + k) + q)IT(cay (9)(2(p + k) +9)a
(2m)® (p+k)*p+k+q)?

=5 (plat) = (1= Oz (pla*) + (1 - 072 (pla*). (B.24)

£ (plat) =

After reducing
@1, 4y _ a) =L —1 —1,-1 1,-1 2L ~1 L1
® (pla®) = o { [ 0,2,0 ] + { 2,0,0 4,0,0 AP 4,0,0 * 42,0

~1,1 1,1 1-1 1,1
—2p? ’ 4p? | -2 -2 ) B.
P {4,2,0] tap {2,2,0} [2,2,0} {2,2,0}} (B25)

4,2 2 2
)1 4 _a'p 265 A 25 A
Ly (pla®) por {432 log — 7 + 788 log — pz . (B.26)

For completeness we include

@2 a 4] or-1,-3 ,[-1,-3]1 [1,-3 ~1,-3 1,-3
Zp (pla?) = {2{—2,2,0} +2p [0,2,0 0,20| T2|2=20] " |3 -20
3 ~1,-3 3 ,[-1,-3 —3,-1
4 4
2’ [4 20] [000}*2[200} P [2,0,0]“{—2,2,0]
3,-1 ,[—3,-1 3,11 4[-3,1] , o[-3,-1
H{o 0| 4 [ 00]”” {4,0,0} P [4,2,0} v {o,z,o]

0, 2,
3,1 43,1
+ +2p? [220] [020}—1—2;7 [2,2’0}}, (B.27)
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@3, a4y _ 4) | =33 , 2[=3-3 4|23, 3 —3 3] (=33
£y 7 (plat) =« {[_4,2,0} 2p [—2,2,0 020 020 (220
3.3 -3 -3 -3,-3 —3,—3

4 , ; 2 y 4 4

However, we have not computed the logarithmic divergences of all the integrals occurring in

(B.27) and (B.28).

B.2.3 Third and fourth self-energy diagrams

Applying the Feynman rules to the graph in (5.63)

3) B d®kd3q (—20ac)(ca) (9) (2(p + k) + q)all (e (k) (2p + k)p
=) = o | T (b= KP(p K+ a7

ED (plat) - (1= P (plat) + (1= DPEP (plat).

After reducing

@)1 ay_ a)o| 1 —1 -L17 _[-L,-1] [-1,-1] [-1-1
X (W)_“{z[z,z,o}rz[z,z,o 210,20 22 -2 20,0

Using the formulae in Section D.3

4,2 2 2\ 2
@1, 4y @] 487 A7 33/ A
Zy " (pla”) —r { yry log 27 " 288 log p . (B.30)
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For completeness, the gauge dependent parts are
0w - (B3]« [ + (73] - 3]l nd
_2{_2,16,_01} +”2{_012 03} +2[ 012_01} [0_2,_2] [_ 2_”
+P2[2_,32)',:;]_2’92{_2,1/2,_()1%”4{_232 01}”[020} {
3

~3,-1]  [-3,-1]1 ,[-3,-1
N [0,2,—2} + [ 0,0,0 ] —P [ 2,0,0 }} (B.31)

and
@32/, 4y_ 4) =33 -3,-31 ,,[-3-8 -3,-3]  ,[-3-3
Ty (pla?) = —a {{—4,2,0]+[—2,2,—2 2P| 2,20 T l0,-20] P |2-20
-3,-3 -3,-3 -3,-3 -3,—3 -3,-3
4 ’ _ 2 y 2 y _ y _ 4 7
-3,-3 -3,-3
2 4 _ 7
3 [ 0,0,0 ] [0,0,—2] } (B:32)

B.2.4 Fifth self-energy diagram

Applying the Feynman rules to the graph in (5.65)

b = / d3kd3 45ac5bdn(ab) (k)L (q)
(v 2 (p+k+q)?

A (plat ) —(1-OZO2(plat) + (1 - &)?2O3(plat), (B.33)

where the symmetry factor of 2 is from interchanging internal photon lines. The gauge

independent bit is simply

—-1,-1
= (plat) = 6o [ ] - (B.34)
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Plucking out the relevant integral from Section D.3 we thus have

4.2
5),1 o A
2y (plat) ~ g log (B.35)

B.2.5 Sixth self-energy diagram

Applying the Feynman rules to the graph in (5.66)

= (plat) = 4/’ d3kd®q (29 +Kk)all(ap) (k) (2p +K)p(2p + k) Iy (k) (29 + k)a
A N TR (p + B2k + 9)22

=20 (plat) — (1= )2 (plat) + (1 - 2)25) (pla).
We have

4/c13kd3q (4p-q+2p-k+2k-q+k>)?

@0 K(p+ K2k + 0 (B:36)

2" (pla*) =

Since the denominator structure here is different to the cases above, we now use the reduction

formulae
2p-k=(p+k?—p* =k, 2k-q=(k+q)* K —¢". (B.37)
Reducing the numerator in this way leads to
(6),1 o 2,-2 0,-2 —2,-2) 0,
£ (pla) = {[m}up S| | S| el
-2,-1 0,0 -2,0
_ 3 4 7
8|p| { cos()pq} +2[2,2} +2p? [ 22 ] + 16p? {
—8lp| 1 0 -2,2 " -2,-2 " —-2,-2
P ) R 2,2 2,2
-1 s —2,-2 0,-2 -2,0
+8|p|[ 0.2 cos@,,q}—Zp[ 0.2 }—2{ 0’2}—2[0’2}
—2,-2 —-2,—-1 s —2,-2 0,—-2 -2,0
[ 2] sl cont] - 22 }_2[2,0]_2[2,0]},

(B.38)

-1
cos GW}

0 cos? GW]

/
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where we have defined

a,b d3kd® k|?|g|b
[} ::/ 6!7 | Iclql , (B.39)
c,d (2m)® (p+k)e(k+q)
and
a,b d3kd3q  [k|"|q|® cos Opq
- = . B.
L,d “’SQW} [ GF b (B-40)

We immediately see that the terms on the bottom line do not contribute to the wavefunction

renormalization - i.e. they have no logarithmic divergences. Also {f; 2] is finite, so can be

dropped too. A more detailed analysis of the integrals recorded in Section D.4 yields

adp? AZ

plat) ~ “P 1o g (B.41)

6 1
o 2472

B.2.6 Seventh diagram.

(7)

In this subsection we shall extract the divergent part of ¥;’. It is easiest to isolate the
divergence in position space and then Fourier transform back to momentum space. Similar
methods were used in [241] and [242] for example. In position space the graph reads

r?)

O (xla) / Pwdz Alx — w)A(w — 2)°A(2), (B.42)

where the factor of 12 in the denominator is symmetry factor. The logarithmic divergence

comes from w, z near 0

2
F((I,7)(x|¢x4) ~ % (x /d3wd3z Aw —2)°A(2)

A2 5 .3 1 1
= "* d°wd’z . B.
2. (21 7|x|/ ] (B43)
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In going to the second line we have plugged in for the position-space propagator given in
(5.6). The remaining integral can now be done in closed form. After a bit of work, we find the

divergent part to be

)\2
* ——lo
1728715 | x|

) (x]a*) ~

¢ g([x[A). (B.44)

Using (E.2) we Fourier transform to momentum space

p|ac /d3x e iPrT ( \ac )
1 A2 A2

~ ————log —. B.
pz 864774 0og pz (B.45)
Chopping off the external propagators, we obtain the contribution to the self-energy
212 2
4 p A* A
~ log —. B.46
Plugging in for A, in terms of & using (5.55)
8ot p? A2
P (B.47)

B.3 Mass-squared operator
B.3.1 First diagram

In this section we isolate the logarithmic divergences of the graphs enumerated in Section

5.6.2. Applying the Feynman rules to the graph in (5.89) we get

2(11 (pla) = /dakd3q 2(p + q) + klaIT(ap) (k) (2p + k)6 (2p + q) 1L (cqy (9)[2(p + k) +9la
(2m)® (p+K)*p+k+9)*(p+4q)?

P plat) — (1= O (plat) + (1 - 0225 (plat), (B.48)
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where the notation =1 i =1,2,3, is analogous to that in Section B.2. Expanding out the

numerator and reducing

W1,

£ (plat) = { R [ a

P I 1,17, [=L,-1],, 5[-1,-1
14,2,2] 0,2,2 42, 2| " |3, 22"V |42
r 1,1 J[—1,-1
12,2,0] 3[420} [2,2,0 ] o {2,2,2 } _3[
1,1 1,1 1,1 J[—1,-1

-3 _+2[202}+2{4,0,0]+2p [4,0,2}_3

=1 } (B.49)

2ol

—_—
~
ol
N
| S
+
Q1
1
e
N N~
N
N
—_
I
@D
=
N
| —
*~
i
N —
—_—

N
N

7 “~7

1, -
4,0,2

[ a—

Using the formulae in Section D.3

! 2 2\ 2 4 2
W1, 4 19 A2 143 A &t 1. A
Z, (pla®) ~ = {48 log p + 1512 log 7 + T log 7 (B.50)

Here € > 0 is an IR regulator, coming from collinear loop momentum. Applying the Feynman

rules to the graph with the mass operator inserted in the middle

(12) 144) — 48 ~d3kd®q [2(p +q) + Klall () (k) (2P + K)5 (2P + @)X (cay (9) [2(p + k) + 44
plot) =t | (278 (p+ K2(p+k+9)(p + q)2

= 502 (plat) — (1 - )25 (plat) + (1 - )28y P (pla®), (B.51)
where
(1/2)r1 4 . 4 _113 _ 2 _1/1 1/1 1 1 —1,—1
Zp o (pla) = e {4[2,4,2} o [2,4,2 TS1242| %21 2| T 202
o[-1,— 1,1 1,-1 1,-1
Ay [ {240] 6[240}+2[040] 6{2,2,2]

o)
21 55

—0—2;7[
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Using the formulae in Section D.3

4 2 2\ 2
(12)1 N _ 127 A B 1 A
24) (pla®) 714{ 3 log —pz 3 log —pz

A2 13 1 A2

2
logglog? + ngog PR (B.53)

327t

B.3.2 Second diagram.

Applying the Feynman rules

£ (1) _ 4 / d*kd®q (2p + k)all(gp) (k) (2p + k)6 (2(p + k) + q)IT(cay (9)(2(p + k) +9)a

P9 (27r)® (p+Kk)°e(p+k+q)?
_ D1 . (2;1),2 o 25(21)3
where

D1 4 -1,-1 -1,-1] /L -1 »[—1,-1 1,1
Yoo T {4[ 2,2,0 ] +4{ 4,0,0 2 6,0,0 +4p 6,0,0 + 6,2,0

-1,1 -1,-1 1,—1 1,1

_ 2 7 2 7 _ 7 _ 7

2p [6,2,0] +ap [ 42,0 } 2[4,2,0} 2{4,2,0] } (B.55)

Using the formulae in Section D.3

4 2 2\ 2
@1 & )37, AT L1 (e A
50 4 { 72108 7 T3\ 108

at [ 91 1 1 A2

Applying the Feynman rules to the next graph

£(22) _ 4 / d3kd3q (2p + k)all (e (k) (2p + K)o (2(p + k) + )T cay (9) (2(p + k) + )4

[ (2m)® (p+k)*p+k+q)*
_ @21 (22),2  25(22)3
=X (1=0)%g,7" + (=)=, (B.57)
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where

@21 4 -1,-1 -1,-1] /L -1 o[ —1,—-1 1,1
Y5 T {4[ 0,4,0 ] +4{ 220 2az0l T | 320|540
-1,1 -1,-1 1,-1 -1,1
_ 2 7 2 7 _ 7 _ 7
2p {4,4,0] +4p [ 2,4,0 } 2[2,4,0} 2{2,4,0] } (B.58)
Using the formulae in Section D.3

4 2 2\ 2
@)1 o) 1 AT L e A
50 n4{ 18198 7 ~ 76\ 198

+ *LIO ngil OA72
ot 8¢ 96 ) B2

(B.59)

B.3.3 Third and fourth diagrams

Applying the Feynman rules
50 (i) = “4/ d*kd®q (—20ac) T (cq) (7) (2(p + k) + q)all(ap) (k) (2P + )
oo P (2m)6 (p+ 0 (p+k+q)7?

(31)2 _ m\25(31)3

—y@ED1 4y g _
= (plat) - (1 - )%

where

. 1,1 ~1,-1 1,1 1,1
s G4 — 4 ’ , , 2 ,
g (Pl =05 o i 5 P moo | TP 220
1,-1 ~11
i) 5l | oo
Using the formulae in Section D.3

4 2 2\ 2
Gty o ) 3 AT LA
ZM (pla®) 7t4{ 36 log 712 log 2 . (B.61)
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Similarly

. / dPkd®q (—20ac)TT(ca) (9)(2(p + k) + q) al(ap) (k) (2p + k)
(2m)® (p+k)?2(p+k+q)>

=2 (pla?) = (1= P2 (plat) + (1= 0 PREP (pled). (B62)

(32) 4y
0% (pla*) = a

where

(32 Alal =1 R Y N e i B

o (plat) = {2[2,4,0}“[2,4,0 °1 70,40 2,4,-2
-1,-1 5[ —1,-1

[2,2,0};7 [2,4,0]}’ e

Using the formulae in Section D.3

17 1 2 41 1 A?
x52) W — =4+ —log= — ——= | log = B.
by (PIF) < 192 T l6nt 8% 38amd e) 82 (B64)
B.3.4 Fifth diagram.

For the fifth graph

) /d3kd3 q 40acpall(ap) (F)IT(cq)(9)
¢¢ (pla®) == (p+k+q)*

_ il (5),2 (5).3
—Z@ (pla) = (1= )T (pla®) + (1 - 0?2 " (pla®). (B.65)

Including symmetry factor of 2 and using the formulae in Section D.3

(5)11 4\ _ 4 _1/ _1 ! 4 1 1 1 A2
5 _ %Y L S | I B.
go (Pla7) =6a [ 0,4,0 } “ ( 520t Teade ) 8 2 (B.66)
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B.3.5 Sixth diagram.

For the first insertion

61)( |DC ) /d3kd3q (24+k)ﬂn(ab) (k>(2p+k)b(2p+k)CH(cd)(k)(2q+k)d
' (2m)e (p+ 02k + )2
= 2V (pla) — (1= =2 (plad) + (1 - 22202 (plad),  B6p)
where
, —2 -2,-2 1
me (Pl { {24 } +P4{ 2,4 ] 8lp |[ COSQW}
+2 ]—" [ 2.4 ] [ cos 9pq] 8p|{ z COSQM:|
—< —2 = -1 2,2
+ |: —2,4 :| |: 2,0 :| +8| ||: COSQM:| 2p2|: 04 :|
-2,-2 ~1 2 2 0,—2
+2- 0.2 }+8| |{ Cose”q} 2’72{ 2,2 ]_2{2,2]

-2,—1
-8l | 5

-2,2 0,-2 -2,0 -2,0
cost + [22] ~2[ %] o[22 -2 }}.
(B.68)

Using the formulae in Section D.4, there is a non-trivial cancellation in divergences

(61
2OV (plat) ~ (B.69)

Next

562 104) — a4/ d3kd®q (29 + k) a1y (k) (2p + k) (2P + k) IT(cq) (k) (29 + k)g
90 (27)® (p+k)2(k+ q)*q*

= S0 (plat) — (1 - TP (plat) + (1 - P2 (pla®),  (Bo)
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where

6:2),1 2,—4 0, —4 24

T (1e%) = {[2 }Hp[zz}“ﬁ[zz]_&'{
-0/—2 5 —2,—2 ) —2,-2 1

| 2,2 } +2p {2/2] +16p { 22 cos qu} 8|p{ COSGW]

—2,-4]  [-2,—4 23 24 04

+ [ 53 } + { ) } +8|P|[Q2 cosepq} —2p [ 0 ] _2{ = ]

— 4 —2,-3 —2,-4 0,—

- COSQM} 2p [ 2.0 ] [ 50 ]

eosty] + [20] 222 - o[ 272 ]} -

Using the formulae in Section D.4, there is again a non-trivial cancellation in divergences

-3
cos qu}

2 (plat) ~ (B.72)

Finally

. 3kd3g (29 + k)all ) (k) (2p + k) (2p + k) X1 (k) (29 + Kk
2;64;3)(P|a4)_“4/dkdq(q Jalliap) (k) (2p +K)p(2p + k)X cq) (k) (29 + k)4

(27)° (p+k)*(k+q)%
= S0 (plat) — (1= W2 (plat) + (1 - )20 (pla). (B.73)
where
63)1, | 4 _ 4) |2, =2 0,-2 W22
gp (PIH) = {{42}“2” {4,2 L e %5 |costy
0,0 2,1
+2{4 2} +2p? [ 12 ] [ cos qu] 8p|[ 1 cosepq}

I ) +8|p||—
0,2 4,2
2,2

—i-Z{ 2.0 }+8|p|{

—8|p|3[‘

! cosepq} —2p? [_2'2_2]
-2,-1 o[ —2,-2 0,-2 -2,0
20 cosepq}—Zp { }—2[4 ]—2{ 4/0]

-1 -2,2 0, 2
cosG,,q] + [ 12 } —2[ 2 2 } (B.74)
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Again there is a non-trivial cancellation

(6:3)1 01 4Y
Z@p (pla®) ~ 0. (B.75)



C FEYNMAN DIAGRAM ANALYSIS OF THE FERMIONIC BCFT

C Feynman diagram analysis of the fermionic BCFT

C.1  One-loop analysis
C.z.1 Fermion self-ernergy.

To get used to the slight difference in analyzing the fermionic diagrams, we shall provide the

details for computing the one-loop fermion self-energy graph

RS
£ (pla) = B2 e
v prk (C.1)
Dimensional regularization.
Applying Feynman rules
d a b
(1) _ eZ/dp YV +K) 1 ki
On general grounds we can write the fermion self-energy as [222, 243]
Zy(p) = po(p) (C3)
where o(p) is a c-number. It is then straightforward to solve for ¢ as
1
o(p) = ﬁTr(qu,). (C.4)

2

In particular, this holds order-by-order in a*, so

20 (pla?) = poD (pla?). (C.5)
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Using the gamma matrix identities in Section A.5 and reducing the numerator, we get

604)2

o (pla?) = &

277 {(—1 +2¢) <p21(1,1/2) +1(0,1/2) — I(1, —1/2)>

—-(1-9) (1(—1,3/2) —2p%1(0,3/2) + p*1(1,3/2) — 1(0,1/2) — p21(1,1/2)> }

(C.6)

where the class of integrals

d?k 1
o) = | o e 7

were originally defined in Section (B.4). I(n, m) can be expressed as a rational product G(n, m)

of Gamma functions (c.f. equations (D.4) and (D.5))

062 T 2\ €
o (pla?) = S <4p§‘> {(—1 +2¢) (G(1,1/2) - G(1, —1/2)>
—(1-7) (G(1,3/2) - G(1,1/2)> } (C.8)

Performing an e-expansion

2 (72 1 (2 w14

where 7 := v/7re~ 7y was defined in (6.15). Including the counterterm E(p|a?) = —pdZy we

thus get

@ (2 1
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Momentum cutoff.

Repeating the steps which led to (C.6), now using out cutoff regularization scheme, we are left

with

2
o (pla?) = ;pz{ — PPLa)(1,1/2) = I(0)(0,1/2) + I(5)(1,~1/2)
—(1-¢) [I(A)(—1,3/2) + P p)(1,3/2) — 2921 4)(0,3/2) — I(A)(o,l/Z)} }

(C.11)

where [(5(n,m) was defined in (B.10). The relevant integrals are recorded in equations

(D.7)-(D.12). We get

2 2 A 17
o1(pla®) = 40;12{(3_‘:)1°g172_9+‘:}' (C.12)

C.2 Two loop fermion self-energy.
C.2.x  First diagram.

The approach is essentially identical to that of the scalar case in Section B, only with the extra

work of performing some gamma matrix algebra. Applying the Feynman rules to the graph in

(6.26)
2(1)(17‘“4) — a4 / dade‘? 76(7” + ﬂ)'Ya(V + K+ ﬁ) (V + k) bHub( )Hcd(Q)
’ (2m)® (p+0)%(p+k+92(p + kP2
E25,,1)’1(;7|044) -(1-¢)Z 1)2(;7\06 )+ (1 5)22(1 (pla®). (C.13)

By (C.3) this can be written

=0 (plat) = po 7 (pla*) (C1q)
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where o)1 (p|at) is a c-number, with o()2(p|a*) and o3 (p|a?) defined in the analogous
way. Using the general expression (C.4), the gamma matrix algebra in Section A.5, and the

reduction formulae (B.3) and (B.15), we get

4 2
4 o § 3,—1 3L 1,-1 B 1,1
(P| )= 2p { 2 {2,2, ] + 2,2,2 > 2,2,2 +2 2, 2 2 2, 2 2
+§ -1,-1 n 1 1 Py -1,1 + 1,—-1
0,2,0 0,2,2 0,2,2 2,2,0
3p 1,—-1 - 1 1,-1
2[220}4—2{2, } ] [202]
-1,-1 -1,1
[ 20,2 } +2{2,0,2] } (C.15)

The integrals here were originally defined in (B.18). Using the formulae in Section D.3 to

N W
/N
Lk
N
N| —
o= — N
N
=
N

1
2,

3p
T

extract the logarithmic divergence, we obtain

2
a2 13, A2 1 A?
(1)’1(p|¢x4) -~ 7-(4{_21610gp2_144<10gp2> } (C.16)

Compared with [108]

2 13 1 1 1
amwwﬂ~;{——}. (DR) (C.17)

We have only analyzed the integrals which appear in the gauge ¢ = 1; this corresponds to

dropping prl )2 and Zl(pl)’3 in (C.13). For completeness we shall quote them. cD2 s expressed

as a sum

D2 (plat) = oV (pla*) + 052 (plah), (C.18)
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with
4
T 1,1 (=317 L[-1,1] ,[-31
Plplat) = 12 {” [2,—2,2}+{2,2,2 TP 220 TP 222 TP (222
I A = O I - S R 1,1
—2,2,0| " |=222| " |02 2| |02 0, 2 2 0,2,0
—3,-17 [-31 ~3,-1 ~3,-1 ~1,-1
_ 2 ’ _ 4 4 2 ’ 2 7
P {0,2,0} {0,2,0] tp {202} P {2,0,0} 2p [2,0,2}
3,17  [-31
2 / , 2
P {2,0,2} + [0,0,2} [ 0,0,2 } [ 0,0,0 ]} (C19)
and
4
o2ty = & (L8] | a1 =8] | [=1=3] , L1,-3] (1,3
(ple”) = 572 {[—2,2,0]“7 [2,—2,2 o2 =2 7 [0,22] (020
18] L), L oL-3] [-1,-1
F170,2,0 050t 0 Fl562] |50
~1,-3 1,-
_ | ZL =8
p[o,o,z] [ooo} { ] [200}} (C20)
Finally

4
PR DY RV I e | -3,1
P (pla) = 12 {p [2,2,2]+” [2,2,2 * 222 2 2 2 2,2,2

L1 o[-L-1], o[ 3,3 1 3,1

2,20 P 1220 —2,2,—2 2,0 2,2,2

2[=3,-1]  [-1,-1 1,1 3,1 3,
+’7[0,2,0] P{o,z,z} 2{022] ]+ { }
a2 L1y

3’9[2,0,2} p{zoz} [ooo} } (C21)
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C.2.2 Second self-energy diagram

Applying the Feynman rules to the graph in (6.27)

a4/d3kd3q V(P + K7 (p+ K+ )7 (p + k)7 T (K)Ieq(q)
(2m)® (p+k)*Hp+k+q)?

=52 (pla) — (1= DR (pla*) + (1 - 9?27 (plat). (C22)

2 (plat) =

Repeating the steps which led to (C.15), we get

2 (pla) = ot ) T-1,-1 L[z L2 “L-1] (L], of-1-1
PIE) =52 2,2,—2 2,00 | " P 220 1,00 "7 |00

1,1 ,[=1,1
#|a50] 7l } )
Using the formulae in Section D.3 to extract the logarithmic divergence, we obtain
@4 )7 A2 1 A2\
. ~ {1 . .
(Pla’) ~ 731 216198 (2 * 288 | 18 12 (C.24)

Compared with [108]

2
@DA(paay, ) 51 11
o plat) ~ g { B2e 2882 (DR). (C.25)
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Similarly

at -1,1 -3,1
3-8l i) s
317 3,17
02 2 ozo 0,2.0 2,2, 2|
P A —1,— 1,-3
Pl 200 | F 220 220 2.2 4
[-1-8), [-L-8] [-1-3
P12 =20 20,—2 220
(L8] ,[-1-8], [L-8], [~L-1], H[-L-1] [L-1
0,2,—2 0,0,0 0,2,0 0,20 | "7 |00 £00| (’

(C.26)

O

and

)3 ~3,-3 —3,-3]  ,[-1,-3], 4[-3,-3
(pla®) { [ 2,2, 2} [2,—2,0 Plg,—20| "7 |3,-20
O e P e P I e
- 020 0,20 | "7 | 100] P |00
~3,-1]  ,[-3,— ,[—1,-3
[ } [000] [o,o,o} P {2,0,—2}”” {2,0,0]

-3,-3 -3,—-1
_ 4 7 2 7
p [2,0’0 } +2p {2,0,0 } } (C.2y)

C.2.3 Third diagram

Applying the Feynman rules to the graph in (6.27)

Iap (k)Hcd (k>

£ (plat) = - / kg 7 (p + )7 Tely' g0 (K + )]

(2m)® (p+k)2(k+q)%q*
= 2O (plat) — (1 - O)ZE2(plat) + (1 - £)?Z3(p|at). (C.28)
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Following similar steps to before, now using the reduction formulae (B.37), we obtain

o3l — _2“:2{ [22 22} + 3p? [02 22] —8p| [02_21 COSQW}
—8|p|3[_ cosepq} [ } {22'20 +16p2{_2%'20 COSZGW:|
—8|P|[ ,1 COSGW} { 5 } —3p2{_§:0_2} +8|P|[_§:(;1 cOSgpq}
i N R e A 1

where the integrals were defined in (B.39) and (B.40). Right off the bat we can see that all the

[ZS} s occurring in ¢®1 with d = 0 do not contribute a purely logarithmic divergence:

0,—-2| [-2,-2] [—2,-1
2,0 |"L 20 |7 20

Using the formulae in Section D.4 on the remaining integrals, we find the logarithmic diver-

cos GW}, [_3'0_2} ~ 0. (C.30)

gence

( 1
4 967'[2 g p (C31)
Compared with
4
@1« 1
o T2 e (DR). (C.32)

C.3 Two-loop mass-squared operator renormalization.
C.3.1 First diagram.

Applying the Feynman rules to the graph in (6.48)

W) _ o [ kg P+ OV P+ E+ DY P+ B

w " / (2m)° ki (prkrqi(pr g e(OMeald)
_ a2 kAP ()Y (p K+ )"
@2m)e ) kllgl (p+k)?2(p+k+q)*(p+q)?*

by
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where we have gone to the gauge ¢ = 1 in the second line. Similarly

g02) _ & dkd’q A (p+ )" (p+ K C53)
v @me ) kgl (p+R)*(p+k+a)*(p+q)*
w13 _ @ dkdq 9 (p K+ )1 (p K C39)
oo @2m)® ) [kllgl (p+k)*(p+k+aq)*(p+4q)
In general

where I is the 2 x 2 identity matrix in spinor space. In a hopefully obvious notation, we find

2
(1) o« -1,-1 -1,-1] [1,-1
oy T 12876 ([ 2,2,0 } + { 2,0,2 2,2,2 (C36)
2
12) %% —-1,-1 5 -1,1
oy " 12876 ([ 2,0,2 2,22] ) (€37)
and agf) = (T%jl). Using formulae in Section D.3 we find the logarithmic divergences
2 2 2\ 2
& A A
ZW 1284 {16log ) —|—6(log p2> }, (C.38)
2 2
(12) O ,11 A
(VT A (€39
Summing them
s 2 ) 3 A1 Aiz (C.40)
vyt § 8 p* 16 8 p? ’ 40
Compared with
v ‘Lz 7i1+il (DR) (C.41)
" 7 16e 16| ' 4

The analysis for the second and third diagrams is similar. The necessary divergences are listed

in Sections D.3 and D.4, respectively.
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D Loop integrals

D.1  One-loop integrals.
D.1.1 Dimensional regularization.

All one loop integrals can be reduced to

d%k 1

1om) = | Gt (R (0

originally defined in (B.4). Clearly I(n, m) is symmetric in n and m. For general d one finds

B (pz)d/Z—(n+m)
I(n,m) = @i

G (1’1, m)r (DZ)
where

I'(n+m—d/2)T(d/2—n)T'(d/2—m)
I'(n)T'(m)T'(d—n—m)

G(n,m) = . (D.3)

This is derived in e.g. [243]. Plugging in for d = 3 — 2¢, which is of interest to us in this work,

this reads

2\3/2—(n+m) 2\ —€
I(n,m) = (172471)3/2 : <4f7'() G(n,m), (D.4)

with

_T(n+m—-3/24+€e)I(3/2—n—¢€)I'(3/2—m —¢)
G, m) = [(n)T(m)['(3—n—m—2e) ’ D-5)

D.1.2 Momentum cutoff.

The analogous integral to (D.1) with a momentum cutoff is

d’k 1
fiy () = |k/ @ [+ Ry ey (0

165



D LOoOP INTEGRALS

This can be done on a case-by-case basis by changing to spherical coordinates. Some examples

relevant to the computation of the self-energy in Section B.1 are

2 AZ 2 2
Iipy(1,-1/2) = P <A2+’;10gpz+’9’>, (D.7)
1 A?
1 p2
1
I(7)(0,1/2) = @) A2, (D.10)
1 A?
I10)(0,3/2) = o) -log 52 (D.11)
AZ
I(A)(_1/3/2) = (271_)2 <A2+P210g 52) (D.IZ)

D.2 Two loop integrals in dimensional regularization

In this section we review some of the known results on the massless two loop propagator
graphs, and the issue we had in applying it to the scalar BCFT case. This is defined by the
class of integrals (this is reviewed in [243-246] for example)

I(nnnnn);/ddkddq !
VIR ) @ ((p ) (p + a2 (@) () (k- g)2)s

(p?)- 11
@t ©

(nl/nZI nz,ny, T’l5), (D13)

where G is a dimensionless function independent of p. The dependence on the external
momentum p follows from rotational invariance and homogeneity. Relabelling dummy

integration variables, G(n, ..., ns) is invariant under the permutations

(ny <> np,n3 <> ny), (ny < ng,np <> ny), (n] < ng,ny < n3). (D.14)

If one of the indices vanishes, I(n,...,ns5) reduces to a product of one loop integrals (B.4).

The problem becomes more difficult when all of the indices are non-vanishing. A particularly

powerful method for computing them in this case is to use integration by parts, first introduced
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in [247-249]. Using these identities allows us to compute I(n,...,n5) in the case where all of
the n;’s are integer, since they can eventually be reduced to a sum of integrals with at least
one vanishing ;.

In our BCFT setup the non-local photon propagator ~ ﬁ complicates matters, as we have
to consider integrals with half-integer 7;’s. The authors of [250] found a closed form expression
for G(ny,ny,n3,1,1) with arbitrary real 11,1y, n3 in terms of the generalized hypergeometric
function ; F, .

The combination of integration by parts along with the result of [250] is enough to deter-
mine the ! and e% poles in all but one of the integrals which occur. The problematic integral

is G(l, %, %, 1,2), which occurs in renormalizing the mass-squared operator. Specifically it

appears in the diagram

W (D.15)

D.3 Two-loop integrals with a cutoff.

Here we record our findings for the logarithmic divergences of the class of integrals defined in

(B.18)

wb | [ Lk l7]ql"
{ ]_/ 2m) (p+k)F(p+k+q)(p+9q) (D.16)

Some integrals exhibit an IR divergence from regions where the loop momenta are collinear.

We regulate this by a parameter ¢ > 0 which we eventually take to zero.

167



D LOOP INTEGRALS 168

D.3.1 {gf{r‘o} Integrals.

1 1 A?
~ ~ | log— D.
( YT g) 08 2 (D.17)
- 1 1 1 11 A2
o~ 2 3 - | log —-. D.
{6, 2,0] p? ( 2887 3840 3 | 76870 e) 08 72 (D.18)
D.3.2 { 7y } Integrals
1 1 A2 1 A2 2
~ lo log — D.
< 167‘[3 ) 08 7 p? + 327r4< 08 Pz) ’ (D.19)
— 1 11 A?
o~ 2 T iem T s | 8 e D.
[4,4/0] p? ( 1674 + 3273 e) 08 p? (D.20)
D.3.3 { *2*2} Integrals
—3/ —1] / 1 A2 1 A2 2
~ Al lo D.
14,2,2] 47t 082 p? * 32n4( 0g — 2 ) (D.21)
(1,17 , 1 A2 1 A2\2 1 1. A2
N reglog s+ o log— ) + 55 log—; D.
14,2,2 ot 08 p2 + 32714< 08 p2> + 0Be 08 2 (D.22)
[—1,3] , 17 A2 A2\ 2 1 1 A2
~ 14 oaal 18—~ ———log — D.
422] " 14482t 947r4< %87 ) t o6 08 2 (D.23)
[—1,1] / 1 A2 1 1 A2
~ ——sglog — + o5 —log —. D.
14,2,2] Top2d 08 2 T 32 98 2 (D.24)
D.34 {2*4*2}
(1,17 , 1 1 2 1 1 A2
~ oAt a8 a3, 08y D.
12,4,2 (167r4 T30 98 T 1600 €> 08 P2’ (D.25)
[—1,3 , 1 1 1 A2 1 A2\ 2
~ A\t s |08+ | log — D.
_2/ 4/2 (1671’4 + 327'[3 E) Og pz + 3271—4 ( Og p2 4 ( 26)
ZLL] _ UV finite (D.27)
12,4,2] ' 27
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a50) ﬁ{glog§+2;8<10g§>z}, (D28)

i) i (i)}

_4,1/2, 01} / _16;912714 log/;j 32;9127(3 1 ) /;22 (D.31)
D.3.6 { 4%’,‘2} Integrals

io_ﬂ ~ st g/;:zz * fem <log;\22>2 e g/;j ’ (0:32)

‘l_éﬂ ~ _4817r41°g1;22 + ﬁ% 08 1;22' (D.33)

_410_21} / 16p127'[41 g/;; + 32p127'[31 8222 (D.34)
D.3.7 [2*4*0}

(1, -1 - ( lo g2—11> 10gA72, (D.35)

12,4,0 167 32n4 ¢ 1673¢ 2

2_313) - (16n4 Rrle >1°g?zz+321#;<10g§)2, (D.36)

2_318 {2,121,0] UV finite. (D.37)
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[(L,1] ,pA 13 A% 1 A2

12,2,2] 4{144 gzt 48(10g pz : (D.38)
[—-1,3] , p* | 61 A2 7 A2\ 2

12,2,2] mt {4:321 082 P2 * 288 <log 2 ’ (D.39)
[—1,1] 1)1 A? 1 A2 2

2,2,2 leﬁ{ log =73 ( 087 ) } (D.40)

D.3.9 { 45,{2} Integrals

-1, 18 A2+ o A2 2+Lllo A2 )
4,2,-2 1447t 8 p2 " 96t 08 7 p2 B 08 P2 4
D.3.10 [ 4,*:';,2} Integrals
-1,-1] , 1 A2 1 A2\ 2 1 1. A2
{4, —2,2} ~ 4878198 2 T g <1°g;;2) T 563 108 7 (D.42)

D.3.11 [2’2”:2} Integrals

-1,-1] , 1 1 1 AZ 1 A2\ 2
~ 16323 ) ! log — | D.
|:2/ 4/ _2:| <].67T4 + 327T3 £> Og p 327—(4 ( g pZ) ( 43)

} Integrals

*, %
D.3.12 [ 10

“L-11 2 1 1 1 A2
~ -4+ ——= | log = D
{ 0,4,0 } P ( 1924 1 38470 s) °8 2 (D.44)
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(D.45)

(D.46)

(D.47)

(D.48)

(D.49)

(D.50)

(D.51)

(D.52)
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D.4 More two loop integrals with a cutoff

Here we record our findings for the logarithmic divergences of the class of integrals defined in

(B.39)

a,b d3kd® k|%|q]?
[ }::/ q | Iclq! y (D.53)
cd 2m)® (p+k)<(k+q)
and (B.40)
a,b ~ d%kd’q 1k|7|q|® cos B,
a|oom] = [ Gt s by o 54

Like in the previous section, some integrals exhibit an IR divergence from regions where the
loop momenta are collinear. We regulate this by a parameter ¢ > 0 which we eventually take

to zero.

D.4.1 [%} Integrals

2,21 , 1 A?
——log — D.
| 4’2 327_[,2 Og pz ’ ( 55)
o, /
_4’2] ~"0, (D.56)
[0, -1
ia|cos qu} ~"0, (D.57)
[—2,2] ,
~ D.
52 | 0, (D.58)
o1 /
12 cosbpg| ~" 0. (D.59)
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D.4.2 [;Z } Integrals

2,-21 , 1 1, A?
-1 D.
2,4} 2 O (D-60)
001 , 1 1, A?
_2,4} ~ 32 08 (D.61)
[—2,1
Z’T COSGW] ~ O, (D62)
-2,21 , 1 1. A?
2,4} 2 02 (D63)
D.4.3 {%} Integrals
[2,-21 , p? A?
12,2 } 9672 108 7 (D-64)
[2,—-4]
B } ~'0, (D.65)
o, /
~Y D-
22 0, (D.66)
0,1 el A
22 cos@,,q} Wlog?, (D.67)
0,-2] , 1 A2
22 2 log ?, (D.68)
[—2,2]
il 0, (D.69)
[—2,1
27 cos@,,q} ~'0, (D.70)
[—2,0 2,0
22 |~ { 25 |05 6 q] ~o (D-71)
[—2,—1
2o cos GW] ~'0, (D.72)
D.4.4 [Biﬂ Integrals
“20] L1 (D.73)
0,4 2mle o2 73
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D.4.5 {4”[*2} Integrals

—2,-21
[ ) } ~"0. (D.74)
D.4.6 [;3} Integrals
0,47
2,0 } ~ 0, (D.75)
[—2,—1
20| <o qu] ~0, (D.76)
[—2,-27
~y D-
2.0 | 0, (D.77)
-2,-3
20| s qu] ~"0. (D.78)
D.4.7 {’5;} Integrals
0,-41 ,
02 } 0, (D.79)
201
55 } ~0, (D.80)
/_1 /
0.2 costlpg | ~ 0, (D.81)
-2,-21 , 1 A?
0.2 ] B2 log 2 (D.82)
D.4.8 [%} Integrals
202 L1 (D.83)
—2,4 2mie 8 p* ©3



D.4.9 {;;*2} Integrals

D.4.10 [%} Integrals

D LOoOP INTEGRALS

(D.84)

(D.85)

(D.86)

(D.87)
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E SOME FOURIER TRANSFORMS

E Some Fourier transforms

The following Fourier transform is rather useful (c.f. e.g. [244]):

/ddp el px _ 220(7-[11/21"(“) . 1
. |P|d72tx r(% o 06) |x|2a’

Analyzing the two loop diagrams we shall also need the Fourier transform

iy 1 1 47
dBxe 1P —log — = —log(e” |p|).
/ 3108 [y = 7 087 Ip)

This formula can be proven by considering the integral

/ddxe_ipx ! .
|x|2a

(E.1)

(E.2)

(E.3)

On the one hand, we can set « = (1 +¢)/2 in the above, Taylor expand lx‘%ﬂ for e =~ 0 and

integrate term by term. This generates a series in . On the other hand, we can compute it

exactly (similar to (E.1)) and expand this answer as a series in e. Comparing the O(e) terms

we obtain (E.2).
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