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Abstract It is shown that generalized Rota-Baxter operators introduced in
[W.A. Martinez, E.G. Reyes & M. Ronco, Int. J. Geom. Meth. Mod. Phys.
18 (2021) 2150176] are a special case of Rota-Baxter systems [T. Brzeziński,
J. Algebra 460 (2016), 1–25]. The latter are enriched by homothetisms and
then shown to give examples of Dyckm-algebras.

1 Introduction

Rota-Baxter operators first appeared in [2] in analysis of differential operators
on commutative Banach algebras, then brought to combinatorics [17], and are
now intensively studied e.g. in probability, renormalization of quantum field
theories, the theory of operads, dialgebras, trialgebras, dendriform algebras,
pre-Lie algebras etc.; see [7] for progress up to the early 2010s.

A Rota-Baxter operator of weight λ on an associative algebra A over a field
K is a linear operator R : A→ A, such that, for all a, b ∈ A,

R(a)R(b) = R (R(a)b+ aR(b) + λ ab) , (1)

where λ is a scalar. The pair (A,R) is often referred to as a Rota-Baxter
algebra.

In a recently published article [14] Martinez, Reyes & Ronco introduced a
generalization of Rota-Baxter operators that involves a pair of scalars (α, β).
A generalized Rota-Baxter operator of weights (α, β) on an associative algebra
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A is a linear map R̄ : A→ A, such that, for all a, b ∈ A,

R̄(a)R̄(b) = R̄
(
R̄(a)b+ aR̄(b) + α ab

)
+ βab. (2)

The authors of [14] then proceed to show that such operators of weights (3, 2)
give rise to a class of Dyckm-algebras introduced and studied in [11], [12] in
context of dendriform structures.

This note has two aims. First, we show that generalized Rota-Baxter oper-
ators are examples of Rota-Baxter systems [3]. Second, we enrich Rota-Baxter
systems with homothetisms [16] or self-permutable bimultiplications [13] that
were introduced in studies of ring extensions and constrain them in such a
way as to produce examples of Dyckm-algebras that extend those in [14].

2 Rota-Baxter systems, homothetisms and
Dyckm-algebras

2.1 Rota-Baxter systems and generalized Rota-Baxter
operators

The following notion was introduced in [3]. An associative algebra A (over a
field K) together with a pair of linear operators R,S : A −→ A is called a
Rota-Baxter system if, for all a, b ∈ A,

R(a)R(b) = R (R(a)b+ aS(b)) , (3a)

S(a)S(b) = S (R(a)b+ aS(b)) . (3b)

As explained in [5], conditions (3) can be recast in the form of a single Ni-
jenhuis operator. Recall from [6] that a Nijenhuis tensor or operator on an
associative algebra B is a linear function N : B −→ B such that, for all
a, b ∈ B,

N(a)N(b) = N(N(a)b+ aN(b)−N(ab)). (4)

Starting with an algebra A we can form an algebra B on the vector space
A⊕A⊕A with the productab

c

a′b′
c′

 =

 ab
a′b′

ac′ + cb′


Then (A,R, S) is a Rota-Baxter system if and only if

N =

0 0 R
0 0 S
0 0 0
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is a Nijenhuis operator on B.
If R is a Rota-Baxter operator of weight λ, then setting S = R + λ id

one obtains a Rota-Baxter system. In a similar way, one can interpret a
generalized Rota-Baxter operator of weights (α, β) as a Rota-Baxter system.
More precisely,

Lemma 1. Let R̄ be a generalized Rota-Baxter operator of weights (α, β) and
let λ, µ ∈ K be such that

α = λ+ µ, β = λµ. (5)

Set
R = R̄+ λ id, S = R̄+ µ id. (6)

Then (A,R, S) is a Rota-Baxter system.

This is checked by a straightforward calculation (left to the reader). As a
consequence and in view of [3, Proposition 2.5], one concludes, for example
that there is a dendriform algebra associated to a generalized Rota-Baxter
operator R̄ (cf. [14, Proposition 18]).

Of course, if K is not an algebraically closed field, equations (5) for λ and µ
might not have solutions. However, the most interesting case of a generalized
Rota-Baxter operator studied in [14] corresponds to the weights (3, 2), hence
one can take λ = 1 and µ = 2 then.

2.2 Homothetisms and homothetic Rota-Baxter
systems

The following notion originates from studies of homology of rings and ring
extensions in [16] and [13]. Let A be an associative algebra. By a double

operator σ on A we mean a pair of linear operators σ = (
→
σ ,
←
σ ) on A,

→
σ : A −→ A, a 7−→ σa,

←
σ : A −→ A, a 7−→ aσ.

The somewhat unusual way of writing the argument to the left of the operator

(in the definition of
←
σ ) proves very practical and economical in expressing

the action of double operators with additional properties, in particular those
that we are introducing presently.

A double operator σ on A is called a bimultiplication [13] or a bitranslation
[15] if, for all a, b ∈ A,

σ(ab) = (σa)b, (ab)σ = a(bσ) & a(σb) = (aσ)b. (7)

A bimultiplication σ is called a double homothetism [16] or is said to be
self-permutable [13] provided that, for all a ∈ A,
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(σa)σ = σ(aσ). (8)

The first two conditions in (7) mean that
→
σ is a right and

←
σ is a left A-module

homomorphism. A bimultiplication is called simply a multiplication in [9]. In
functional analysis, in particular in the context of C∗-algebras, bimultiplica-
tions are known as multipliers [8], [4]. The set of all bimultiplications is a
unital algebra, known as a multiplier algebra. The relations (8) mean that

endomorphisms
→
σ and

←
σ mutually commute in the endomorphism algebra of

the vector space A. Put together, conditions (7) and (8) mean that one needs
not put any brackets in strings of letters that involve elements of A and σ.

Any element of A, say s ∈ A, induces a double homothetism s̄ = (
→
s ,
←
s )

on A,
→
s : a 7−→ sa,

←
s : a 7−→ as.

Such double homothetisms are said to be inner and they form an ideal in
the multiplier algebra. In applications of bimultiplications to ring extensions,
most recently in connecting extensions of integers to trusses (sets with an
associative binary operation distributing over a ternary abelian heap opera-
tion) [1] the key role is played by the quotient of the multiplier algebra by the
ideal of inner homothetisms; in particular in the theory of operator algebras
this is known as the corona algebra.

The rescaling by λ ∈ K understood as a pair (λid, λid) is a double ho-
mothetism, which we will also denote by λ. If A has the identity 1, then, of
course λ is an inner homothetism, λ1.

We are now ready to define the main notion of this note.

Definition 1. Let (A,R, S) be a Rota-Baxter system and let σ be a double
homothetism on A. We say that (A,R, S, σ) is a homothetic Rota-Baxter
system if, for all a ∈ A,

S(a)σ − σR(a) = σaσ. (9)

If R̄ is a generalized Rota-Baxter operator of weights (α, β) such that

γ := ±
√
α2 − 4β ∈ K,

then (A,R, S, γ) is a homothetic Rota-Baxter system, where (A,R, S) corre-
sponds to R̄ through Lemma 1 (the sign depends on the choice of λ and µ,
i.e. whether λ < µ or λ > µ).
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2.3 Dyckm-algebras

The combinatorial, algebraic and operadic aspects of a certain class of lattice
paths counted by Fuss-Catalan numbers led López, Préville-Ratelle & Ronco
in [11] to introduce the following notion.

Let m be a natural number. A K-vector space A together with m+1 linear
operations ∗i : A⊗A −→ A, i = 0, . . . ,m such that, for all a, b, c ∈ A

a ∗i (b ∗j c) = (a ∗i b) ∗j c, 0 ≤ i < j ≤ m, (10a)

a ∗0 (b ∗0 c) =

(
m∑
i=0

a ∗i b

)
∗0 c, (10b)

a ∗m

(
m∑
i=0

b ∗i c

)
= (a ∗m b) ∗m c, (10c)

a ∗i

(
i∑

k=0

b ∗k c

)
=

(
m∑
k=i

a ∗k b

)
∗i c, 1 ≤ i ≤ m− 1, (10d)

is called a Dyckm-algebra.
Dyckm-algebras generalize associative algebras (the m = 0 case) and Lo-

day’s dendriform algebras (the m = 1 case) [10, Section 5]. In [14] it is shown
that one can associate Dyckm-algebras to any generalized Rota-Baxter oper-
ator of weights (3, 2) (see Theorem 20 and Proposition 21 in [14] for explicit
formulae). Aided by this observation we will associate Dyckm-algebras to any
homothetic Rota-Baxter system.

3 Dyckm-algebras from homothetic Rota-Baxter
systems

The main result of this note is contained in the following theorem.

Theorem 1. Let (A,R, S, σ) be a homothetic Rota-Baxter system and let m
be any natural number. Define m + 1 linear operations ∗i : A ⊗ A −→ A,
i = 0, . . . ,m as follows:

a ∗i b =


R(a)b, i = 0,

(−1)i+1aσb, i = 1, . . . ,m− 1,

aS(b)− 1+(−1)m
2 aσb, i = m,

(11)

for all a, b ∈ A. Then (A, {∗i}mi=0) is a Dyckm-algebra.

Proof. We will carefully check that all the relations between different opera-
tions listed in (10) hold. Starting with (10a), if i 6= 0 and j 6= m, these equa-
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tions reduce to the equality aσ(bσc) = (aσb)σc which follows by (7) and (8).
For i = 0 and j 6= m, (10a) amounts to the equality R(a)(bσc) = (R(a)b)σc,
which holds by (7). The proofs of (10a) for j = m, and all the remaining
equalities in (10) depend on the parity of m. So, we will consider two sepa-
rate cases in turn.

Assume that m is odd. Then (10a) with i = 0 and j = m follows imme-
diately by the associativity of A, while i 6= 0 and j = m amounts to the
equality a(bσS(c)) = (ab)σS(c), which holds by (7).

Since m is odd (10b) reduces to

a ∗0 (b ∗0 c) = (a ∗0 b+ a ∗m b) ∗0 c,

that is
R(a)R(b)c = R(R(a)b+ aS(b))c,

and this immediately follows by (3a). In a similar way (10c) follows by (3b).
We split checking (10d) into two cases. If i is even, then (10d) reduces to

a ∗i (b ∗0 c) = (a ∗m b+ a ∗m−1 b) ∗i c,

which amounts to the equality

aσR(b)c = (aS(b)− aσb)σc, (12)

that follows by the constraint (9). If i is odd, then (10d) is equivalent to

a ∗i (b ∗0 c+ b ∗1 c) = (a ∗m b) ∗i c,

that is,
R(a)(R(b)c+ bσc) = (aS(b))σc (13)

and thus again follows by the definition of a double homothetism and (9).
This completes the proof of the theorem for m odd.

Assume now that m is even. We look back at two remaining cases in (10a).
If i = 0 and j = m, then

a ∗0 (b ∗m c) = R(a)bS(c)−R(a)(bσc)

= R(a)bS(c)− (R(a)b)σc = (a ∗0 b) ∗m c,

by the associativity of A and (7). In a similar way, if i 6= 0 and j = m, (10a)
is equivalent to the equality

aσ(bS(c))− aσ(bσc) = (aσb)S(c)− (aσb)σc,

which follows by (7) and (8).
Since m is even (10b) reduces to

a ∗0 (b ∗0 c) = (a ∗0 b+ a ∗1 b+ a ∗m b) ∗0 c,
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and, in view of the definition of ∗m, this immediately follows by (3a). In a
similar way (10c) follows by (3b).

As for the m-odd case, we split checking (10d) into two cases. If i is even,
then (10d) reduces to

a ∗i (b ∗0 c) = (a ∗m b) ∗i c,

which is the same as (12), while, for i odd, (10d) is equivalent to

a ∗i (b ∗0 c+ b ∗1 c) = (a ∗m b+ a ∗m−1 b) ∗i c,

that is already proven equality (12). This completes the proof of the theorem.

If R̄ is a generalized Rota-Baxter operator of weights (3, 2), then the cor-
responding Rota-Baxter system R = R̄ + id, S = R̄ + 2id is constrained by
the homothetism 1, induced by the rescaling by the identity in K, and thus
Theorem 1 implies [14, Theorem 20 & Proposition 21].
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