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ract

xisting flaws in highly stretchable elastomers trigger fracture under large deformations.

ifunctional materials, fracture mechanics may be influenced by additional physical phen

This work studies the implications of hard magnetics on the fracture behaviour of ultra-

etorheological elastomers (MREs). We experimentally demonstrate that MREs with re

magnetisation have up to a 50 % higher fracture toughness than non pre-magnetised samp

over, we report crack closure due to the magnetic field as a mechanism that delays the op

f cracks in pre-magnetised MREs. To overcome experimental limitations and provide fur

rstanding, a phase-field model for the fracture of MREs is conceptualised. The numer

el incorporates magneto-mechanical coupling to demonstrate that the stress concentratio

rack tip is smaller when the MRE is pre-magnetised. Overall, this work unveils intriguing

tions for functional actuators, with better fracture behaviour and potential better performa

r cyclic loading.
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rimental mechanics, Phase-field modelling, Soft fracture
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troduction

oft materials that respond to magnetic stimuli are able to modulate their material prope

hange their shape in a remote and fast manner. Such features enable them for exciting appl

in the bioengineering field such as intelligent substrates for cell stimulation (Moreno-Ma

., 2022a; Uslu et al., 2021) and soft robots for untethered navigation along biological tis

et al., 2018; Kim et al., 2019, 2018; Ren et al., 2019; Zhang et al., 2021; Wang et al., 2022b

ion, high performance vibration absorbers (Li et al., 2022) and smart adhesives (Zhao et

) take advantage of the properties of these non-conventional materials. Composed of m

particles embedded in an elastomeric matrix, they are called magnetorheological elastom

Es). The stiffness of the matrix modulates both the magneto-mechanical stiffening and mag

iction, i.e., material deformation under magnetic actuation (Garcia-Gonzalez et al., 2021; S

, 2022; Pathak et al., 2022). In this regard, the use of ultra-soft elastomeric matrices ena

ficant actuation with small magnetic fields (Schümann and Odenbach, 2017; Moreno et

; Moreno-Mateos et al., 2022c,b; Lopez-Donaire et al., 2022).1 When the magnetic parti

ard-magnetic, they allow for structures able to perform functional morphological chan

fter referred as hard-magnetic MREs (hMREs) (Kalina et al., 2017; Zhao et al., 2019;

., 2020; Moreno-Mateos et al., 2022c). Once the particles are permanently magnetised,

lish a remanent magnetic field even in the absence of an external magnetic actuation (Zh

Rudykh, 2022; Stepanov et al., 2012). This enables for self-sustained magneto-mechan

ovement in terms of mechanical performance. Furthermore, under external magnetic ac

the particles tend to rotate following the external magnetic field. The resulting transfe

es to the soft matrix drives the shape morphing capability of these multifunctional struct

eno-Mateos et al., 2022b; Bastola and Hossain, 2021).

he fast growing of ultra-soft polymers is accompanied with the study of their failure m

Note that we use the term “ultra-soft” to insist on the extremely soft nature of the matrix (below 10 kP
arison to other conventional elastomers with stiffness several orders above. This term is used simply a
tive to describe the nature of the MRE used. Therefore, this definition does not add any special considerati
nstitutive framework (rather than the use of finite deformation theory).
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s. Recent applications, such as the development of skin patches based on soft polym

ocharidis et al., 2022), meshes for wound closure (Gao et al., 2021) and bioadhesive

rs (Wang et al., 2022a; Ma et al., 2022) require understanding fracture mechanisms in

er to design materials with improved fracture behaviour. A point of common interest c

the strategies to enhance the fracture toughness, understood as the fracture energy density

polymers (Zhao, 2017; Sanoja et al., 2021). To accomplish this, Lin and co-authors repo

entanglement of the polymeric matrix as a potential mechanism (Lin et al., 2022). M

time-delay in crack propagation is a factor that reduces fracture likelihood and benefits

n of such functional applications. In this regard, Li et. al (Li et al., 2021) reported mesos

e contrast with tough mesophase structures to design self-healing, tough and fatigue-resis

materials. Strategies to modify the crack path and fiber reinforced composites have also b

rted to arrest crack propagation (Lee and Pharr, 2019; Li et al., 2020). Overall, the frac

rmance of multifunctional materials is determined by their constitutive behaviour, which

n an intricate coupling of several physical phenomena. For the case of hMREs, the struct

nse results from complex magneto-mechanical interactions at the microscale. Here, the in

between the matrix and the magnetic particles affects the effective material parameters,

acroscopic mechanical stiffness. In this respect, the advancement of MREs poses a ques

hether the magnetisation state may enhance the fracture behaviour of soft hMREs under l

rmations. To the best of the authors’ knowledge, there is still no work that studies the frac

viour of MREs, neither from the experimental nor from the computational point of view.

lthough there are no studies on the fracture behaviour of MREs, their passive mechan

ibution to fracture is related to the soft polymeric matrix and the effect of the fillers. In

d, strategies to elaborate on the fracture performance of highly stretchable polymers rely

rimental and computational approaches. Experimental methods comprise peeling and

riments on soft adhesives and fracture mechanics tests on films, sheets or thick polym

les (Akono et al., 2011; Creton and Ciccotti, 2016). While experimental tests mainly fo

macroscopic viewpoint, in silico approaches provide further understanding of the underly

3
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ics of the problem and allow for the consideration of the microstructural composition (Swa

n et al., 2022). Here, the phase-field approach has been widely used in the last decade. In

ture, the work by Miehe and co-authors (Miehe et al., 2010b) advocated a phase-field m

acture. Kumar et al. (Kumar et al., 2020) revisited the constitutive foundations accounting

nucleation, Loew et al. (Loew et al., 2019) conceptualised a phase-field framework to m

ate-dependent fracture of rubbers, Yu et al. (Yu et al., 2020) considered time-delayed frac

to solvent diffusion and Li et al. (Li et al., 2020) and Li et al. (Li et al., 2021) elaborated

atigue resistance of soft elastomers and gels. Moreover, Ahmad et al. (Ahmad et al., 20

et al. (Zhou et al., 2021) and Chen et al. (Chen et al., 2017) studied the flaw-sensiti

ghly stretchable polymers. This study is of great importance as pre-existing flaws are an

able consequence from manufacturing processes and determine the fracture performance

ion, some authors have defined analytical expressions for the crack tip fields on highly stre

elastomers (Begley et al., 2015; Long and Hui, 2015), which are useful for efficient analy

oaches to the deformation problem and strain concentration of soft polymers. More recen

et al. (Tan et al., 2022) and Sridhar et al. (Sridhar and Keip, 2019) developed phase-fi

els for multifunctional piezoelectric materials.

ere, based on a combination of experiments and theory, we uncover the fracture behav

tra-soft hMREs with remanent magnetic fields. For that, non-magnetised and pre-magnet

E samples with an ultra-soft elastomeric matrix (∼ 1 kPa) are manufactured. Tensile t

sed to demonstrate, for the first time in the literature, that remanent magnetic fields incr

racture toughness of pre-magnetised hMREs, i.e., the energy absorbed by the sample u

lete rupture (Chen et al., 2017; Zhou et al., 2021). Digital image correlation (DIC) allow

late the strain fields at the crack tip and estimate the J-integral.2 In addition, crack clo

to the magnetic field is reported as a phenomenon that delays the opening of cracks. To

The Griffith approach identifies the energy release needed from the bulk to pay for the extra surface energy w
gating a crack. In this regard, the J integral has the same interpretation, however the concept also carries
large strain regime and the investment of the released energy can be done into any physical mechanism g
with crack propagation, not only surface energy. Overall, our computation of J renders a quantity that is dir
d to the Griffith energy release.
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further understanding into the constitutive basis of such a behaviour, this work conceptual

he first time a bespoke numerical phase-field framework for fracture of hMREs. The res

est that remanent magnetic fields induce beneficial compressive stresses in the medium

decrease the stress concentration at the crack tip. Overall, we unveil intriguing potential

tions for functional actuators with enhanced fracture performance and better behaviour un

c loading.

ethods

Materials and synthesis of the samples

hMRE samples were manufactured from a blend of the elastomeric matrix and the magn

cles. The matrix is an ultra-soft (≈ 1 kPa) PDMS, i.e., Dowsil CY52-276 (DowSil, Midl

USA). It is composed of two phases that, when mixed in a 1:1 mass ratio, get cross-lin

magnetic particles are NdFeB powder (MQP-S-11-9-grade powder, Neo Materials Tech

Inc., Greenwood Village, Colorado, United States). They have hard-magnetic properties a

of 25 - 55 µm. First, both phases of the matrix and the magnetic particles were mixed toge

pre-heated at 85 oC for 2 min. The pre-heating initiates the crosslinking of the matrix

ases the initial viscosity of the mixture to prevent the sedimentation of the magnetic p

Then, the moulds, also pre-heated, were filled with the blend to produce prismatic sam

60 mm length, 10 mm width and 2 mm thickness. They were cured in the oven at 85

g 2 h. Hereafter, the following definition is important, i.e., non-magnetised samples as th

out remanent magnetic field and pre-magnetised samples with remanent magnetic field.

agnetised samples, an impulse magnetiser (DX-MAG20C, Dexing Magnet Tech. Co, X

China) applied permanent magnetisation in the longitudinal direction of the samples.

etiser was set at 1000 V, endowing the samples with an apparent macroscopic remanent m

induction of 40 mT (measured with a teslameter). Moreover, a blade was used to apply

e samples of 1, 2, 3, 4, and 5 mm that define crack-width ratios of c/w = 0.2, 0.3, 0.4,

c the length of the initial crack and w the width of the sample.

5
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Experimental procedure for tensile tests

uasi-static uniaxial tensile tests were performed with a universal testing machine (Ins

-5, Norwood, Massachusetts, United States) at a velocity of 0.003 mm s−1. The in

ration of the grips was set at l0 = 30 mm and l0 = 50 mm to get results for two different sam

hs. Special grips for ultra-soft polymers with pneumatic actuation were used. The tests fi

the sample breaks and the load falls to zero. In the mean while, force-displacement data

ded. Supplementary Videos 1 and 2 show the deformation process for a non-magnetised

-magnetised sample, respectively, with an initial cut of 5 mm.

Experimental procedure for digital image correlation

ictures of the crack tip and surrounding area were taken during tensile tests. A CCD cam

ired images at a rate of 0.15 Hz, with resolution of 1032 x 772 pixels. The open source NC

age, implemented in MatLab, was used to calculate the displacement fields and derive

r-Almansi strain fields. The resulting fields have a resolution of 0.05 mm/pixel. A su

radius of 2.2 mm and spacing of 0.05 mm was chosen. To cope with large displacement,

lation algorithm updates the reference image. Moreover, the analysis was done in a backw

er to properly deal with the discontinuity of the crack. To this end, the final deformed im

taken as the reference one, and the correlations of all the others with smaller deformation w

with respect to that one.

Experimental estimation of J-integral

he J-integral is estimated from the displacement fields obtained with DIC and the analy

ription of Long et al. (Long and Hui, 2015) for the crack tip fields under large deformati

analytical approach is based on the Generalized neo-Hookean model (GNH) to fit the v

isplacement fields. The parameters of the GNH model were independently calibrated f

le tests on non-magnetised and pre-magnetised hMRE specimens without initial cuts.

magnetised and pre-magnetised samples, respectively, shear moduli G of 6.2 kPa and 11

strain-hardening exponents n of 1.18 and 1.10 were calibrated (see Figure A.5). An ann

places the fitting points far enough from the crack tip to avoid the dissipative length sc

6
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ar enough from the boundary to avoid boundary effects (Long et al., 2021; Vasco-Olmo et

).

he analytical model relies on the method of asymptotic analysis and the Generalised n

ean Model (GNH). Stephenson (Stephenson, 1982) established that the elastic potential

rack tip is governed by

Ψ = AIn1 +BIn−1
1 ,

A, B and n material parameters and I1 = tr (C), where C = FT · F with F the deforma

ient.

nalytically, the vertical displacement field is described by

u2 = ar1− 1
2nU(θ, n),

a an amplitude parameter, r the radial coordinate with respect to crack tip and U (θ, n) an

tion of the angular coordinate θ, defined as

U(θ, n) = sin (θ/2)

√
1− 2κ2 cos2 (θ/2)

1 + ω (θ, n)
[ω (θ, n) + κ cos (θ)]κ/2 ,

κ = 1− 1

n
, ω (θ, n) =

√
1− κ2 sin2 (θ).

inally, the amplitude parameter a, hence the displacement field u2, is related to J accord

J =
Gπ

2

[
b

n

]n−1 [
2n− 1

2n

]2n−1

n1−na2n.

G the shear modulus and b a material parameter of the GNH model. Detail on the calibra

ese parameters is provided in Appendix A.

he fitting with the experimental and analytical displacement field is done at the i points defi

e annular grid in Figure 3.e.1, by taking J as unknown variable, and performing least squ

7
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g, according to

min
J∈R+

n∑

i

[
u2n

2,theo − u2n
2,exp

]2
i
.

Constitutive framework for fracture of hard-magnetic magnetorheological elastomers

he deformation of the ultra-soft hard-magnetic MRE (hMRE) is formulated in a finite st

ework. A function x = ϕ(X) maps the coordinates in the undeformed or material confi

n X ∈ Ω0 to the coordinates in the deformed or spatial configuration x ∈ Ω. The exte

dary is denoted by ∂Ω0 in the material configuration and ∂Ω in the spatial configuration.

acement field, i.e., the unknown field of the mechanical problem, is u = ϕ (X) − X.

rmation gradient is defined as

F = ∇0ϕ = ∇0u + I,

e ∇0 is the gradient with respect to the material configuration and I the second-order iden

r.

he magnetic problem is formulated on a primary scalar potential field φ. The magnetic fi

r H is defined as

H = −∇0φ = He + Hr.

he magnetic field is split into an energetic contribution He due to the magnetic susceptib

e medium and a remanent contribution Hr related to the permanent magnetisation of the hM

herjee et al., 2021). The last one is prescribed as a constant vector to capture the perma

etisation of the medium following a previous work by the authors (Moreno-Mateos et

b). The experimental measure of the apparent (homogeneous) magnetic induction of a

etised hMRE with a teslameter provides a value of Hr = 20 mT.

inally, the damage field d is a scalar order parameter that describes whether a continu

t is damaged or not. This non-local strategy allows to model crack growth and the conseq

adation of the properties on damaged areas. As reported by Kumar and co-authors (Ku

., 2020), compressibility of the medium is paramount to avoid non physical behaviour

8
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local field equation governs the evolution of damage. To this end, the crack surface energ

larized and transformed to a volumetric energy. Thereby, the continuous crack surface den

tion per unit volume is defined according to Ambrosio et al. (Ambrosio and Tortorelli, 19

γ (d,∇d) =
3

8

[
d

l
+ l|∇d|2

]
,

∇ = ∇0 ·F−1 the gradient with respect to the spatial configuration. Note that Eq. 9 consi

alternative to d2 as often used alternatively.3

urthermore, we define g1 (d) as degradation function

g1 (d) = [1− d]2 .

ote that this second order function is a free constitutive choice. Alternative mathema

tions could also be implemented and tested.

he constitutive formulation is based on an additive decomposition of the total energy den

mechanical, Maxwell (i.e., magnetic vacuum), matter magnetisation and magneto-mechan

ling contributions as

(F,H) = g2 (d) Ψmech (F) + Ψmaxw (F,H) + g1 (d) Ψmag (F,H) + g1 (d) Ψcoup (F,H) .

he degradation of all the components except for the Maxwell one guarantees the contin

e magnetic problem as fully damaged domains are treated as air (i.e., vacuum magnetic p

s). Note that we define a second degradation function as g2 (d) =
[
[1− d]2 + k

]
, whic

tially the same as g1 (d), but incorporates a parameter k = 1 · 10−3 to introduce a resi

anical stiffness on damaged areas and ensure numerical convergence (Miehe et al., 2010a

There exist two common options for the definition of the crack surface density function (Ambrosio and Torto
Kumar et al., 2018a; Hirshikesh et al., 2019; Vicentini et al., 2023; Lo et al., 2022), i.e., AT1: γ (d,∇d

+ l|∇d|2
]

and AT2: γ (d,∇d) = 1
2

[
d2

l + l|∇d|2
]
. Throughout this work we focus on the AT1 model.

9
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he total rate potential functional of the solid is

Π̇ = Π̇int + Ḋcrack + Ḋcrack,visc − Π̇ext,

herein, the internal power is

Π̇int =

∫

Ω0

[
∂F Ψ : Ḟ + ∂H Ψ · Ḣ + Ψmat∂d g1ḋ

]
dV,

Ψmat = Ψmech + Ψmag + Ψcoup the material energy density.

he dissipation rate potential functional due to crack formation Ḋcrack is

Ḋcrack =

∫

Ω

Gcγ̇ dV =

∫

Ω

3Gc

8

[
ḋ

l
+ 2l∇d∇ḋ

]
dV,

ate-dependent crack growth dissipation potential Ḋcrack,visc is as in (Loew et al., 2019; M

chänzel, 2014)

Ḋcrack,visc =

∫

Ω

η

2
ḋ2 dV,

he external power Π̇ext reads

Π̇ext =

∫

Ω0

b0 · u̇ dV +

∫

∂Ω0

t0 · u̇ dA,

b0 and t0 the body and traction force vectors, respectively, in the material configuration.

he fracture parameters are the critical energy release rate Gc = 4.9 · 10−2 N
mm and the len

parameter l = 0.1 mm (see Figure 3 for the calibration of Gc). The latter is chosen sm

gh with respect to the dimensions of the sample. In addition, the viscosity parameter η =

s for the rate dependent formation of cracks. In this work it is used as a numerical visc

larisation and to improve the robustness of the numerical results.

10
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rom the rate potential, an incremental potential can be integrated as

Π =

∫ t+∆t

t

Π̇ dt.

he optimization of the potential4 in Eq. 17 with respect to d, or alternatively the variatio

ate potential in Eq. 12 with respect to ḋ, yields the local phase-field equation. Recent w

studied the implications of pre-existing flaws and material strength (Kumar et al., 2018b

concile crack nucleation with the current approaches and keep the characteristic length l

larisation parameter independent of the strength, an amended form of the phase-field equa

porates an additional configurational force ce. It reads as

∂Π

∂d
=

3Gc

8

[
1

l
− 2l∇2d

]
+ g′1 (d) Ψ+

mat + ηḋ+ ce = 0,

e g′1 (d) is the derivative with respect to the damage field. The thermodynamic consistenc

odel is guaranteed when the viscous resistance term ηḋ ≥ 0, i.e., ḋ ≥ 0 and η ≥ 0.

he configurational external force ce has been included following (Kumar et al., 2018b,a

unt for the hydrostatic strength of the material. It reads as

ce = − [1− d]
35/4Gcκ

2lσhs

tr (H)

[3 + H : H]5/4
,

H = F− I, κ the bulk modulus and σhs = 1
3
tr (σs) = 0.065 MPa the spherical critical str

mined from a tensile test to rupture of a bulk (i.e., uncut) hMRE sample (see Figure A.5)

n Eq. 18 the positive energy density Ψ+
mat is defined with the magnetic contribution that indu

Without loss of consistency, the governing equation for the phase-field problem derives from an amended int
tial Πint. This potential differs from Πint in the effective energetic material contribution. In this regard

an amended material energy Ψ+
mat because expansive magnetic volumetric contributions lead to mecha

ression of the MRE. Therefore, only compressive contributions should favour material damage.

11



Journal Pre-proof

the e

(20)

wher ress

tenso ote

that om-

press age.215

M the

poten

(21)

T rces

yield

(22)

F the220

magn

(23)

T tan-

dard

(24)

with y of

vacu225

T sity
Jo
ur

na
l P

re
-p

ro
of

xpansion of the medium as

Ψ+
mat =





Ψmech, if α ≥ 0

Ψmech + Ψmag + Ψcoup, if α < 0

e α = 1
3
tr (σmag + σcoup + σmaxw) is the spherical component of the magnetic Cauchy st

r. Figure D.8 shows the α field for different stages along the propagation of the crack. N

we define Eq. 20 since expansive magnetic volumetric contributions lead to mechanical c

ion of the hMRE. Therefore, only compressive contributions should favour material dam

oreover, to include the constraint 0 ≤ d ≤ 1, penalty energy functions are included to

tial energy as

Πpenalty =





104Gcd
2, if d < 0

104Gc [d− 1]2 , if d > 1

he optimization of Eq. 17 with respect to the primary field u and in the absence of body fo

s the mechanical field equation

∂Π

∂u
= ∇0 ·P = 0.

inally, the optimization of the potential in Eq. 17 with respect to the primary field φ yields

etic field equation, i.e., Maxwell’s equation for the magnetic induction

∂Π

∂φ
= −∇0 · B = 0.

he magnetic induction B, magnetic field H and magnetisation M, satisfy the following s

constitutive relation

B = Jµ0C
−1 [H + M] ,

C = FT · F the right Cauchy-Green deformation tensor, µ0 the magnetic permeabilit

um and J = det (F) the Jacobian of the deformation gradient.

he constitutive formulation is based on the additive decomposition of the total energy den

12
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q. 11. The mechanical contribution consists in two parts: isochoric and volumetric ene

ities Ψmech,iso and Ψmech,vol, respectively. For the isochoric one, the Generalised neo-Hook

H) model is chosen

Ψmech,iso (F) =
G

2b

[[
1 +

b

n
[I1 − 3]

]n
− 1

]
,

I1 = tr (F · FT) and G the small strain shear modulus of the considered phase and b an

rial parameters. For the hMRE, G = 6.2 kPa, b = 1 and n = 1.18 according to the calibra

ppendix A from tests on non-magnetised samples.5 For the air, modelled as an extrem

liant domain (Moreno-Mateos et al., 2022b), G = 0.01 kPa, b = 1 and n = 1.18.

he volumetric contribution is taken from (Miehe and Schänzel, 2014) as

Ψmech,vol (F) =
G

β

[
J−β − 1

]
,

β = 2ν
1−2ν

and ν the Poisson’s ratio. To allow larger deformation of the damaged material

followed an approach similar to the one reported by Li et al. (Li and Bouklas, 2020) w

ulk modulus is degraded faster than the shear modulus. We make ν depend on the dam

ble ν (d) = [1− d2] ν1 +
[
1− [1− d]2

]
ν2, with ν1 = 0.47 the material Poisson’s ratio

0.2 ν1 a degraded Poisson’s ratio. The Poisson’s ratio of the air is set to νair = 0.4.

he magnetic Maxwell energy describes the background magnetic energy due to the non-

etic permeability of the vacuum as

Ψmaxw (F,H) = −µ0

2
JIe

5,

the energetic magnetic invariant Ie
5 =

[
F−T ·H

]
·
[
F−T ·H

]
.

he magnetic contribution is additively decomposed into an energetic term Ψmag,e and a re

Note that the mechanical contribution in the numerical model is calibrated from experimental results for te
on non-magnetised samples and the magnetic fields for the pre-magnetisation condition are included throu
etic constitutive extension of the model. This differs from the material parameters used for the estimation o
gral, where the GNH parameters are calibrated to include the magneto-rheological effect.

13
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contribution Ψmag,r as

Ψmag (F,H) = Ψmag,e + Ψmag,r = −µ0

2
JχeI

e
5 + µ0J [1 + χe] I

er
5 +

µ0

2χr
JI r

5,

e χe and χr are the energetic and remanent magnetic susceptibility, respectively, as in (Muk

t al., 2021). In the simulations, the remanent magnetic field is assumed to be constant. Th

the parameter χr does not affect the results.

he invariant Ier
5 = h ·hr = H ·C−1/2 ·Hr is uncoupled to the displacement field and acco

e energetic and remanent magnetic fields in the Eulerian configuration of the medium.

n additional coupling term is included to account for the effect of the microstructural att

forces between the particles, as reported in (Mukherjee et al., 2021)

Ψcoup = βcoupµ0J [[I r
4 − I r

5]− 2χe [Ier
4 − Ier

5 ]] ,

the coupled invariants I r
4 = Hr ·C ·Hr and Ier

4 = H ·C1/2 ·Hr, and the uncoupled invar

Hr ·Hr. The coupling parameter was calibrated from the experimental results on a uncut

etised sample, whereby it was reduced to βcoup = 1 to guarantee the numerical stabilit

roblem. Despite this consideration, and without loss of generality, the numerical framew

fully solves the actual physics of the fracture problem. It reproduces the same tendencies

bserved experimentally and it allows to explore the magneto-mechanical stress fields aro

rack tip.

total Piola stress is derived from the total energy potential in Eq. 11 according to

(F,H) =
∂Ψ

∂F
= g2Pmech,iso + g2Pmech,vol + Pmaxw + g1Pmag,e + g1Pmag,r + g1Pcoup =

= g2GF
[
1 +

b

n
[I1 − 3]

]n−1

− g2GJ
−βF−T − 1

2
µ0J

∂Ie
5

∂F
− g1

1

2
µ0Jχe

∂Ie
5

∂F

+ g1µ0J [1 + χe]
∂Ier

5

∂C
:
∂C

∂F
+ g1µ0βcoupJ

[
Hr :

∂C

∂F
: Hr − 2χe

[
∂Ier

4

∂F
− ∂Ier

5

∂F

]]

14



Journal Pre-proof

with

(31)

The260

∂Ie
4

∂C
[
IU

1
2−

(
IU

1[(
I

(32)

with 1/2.

Simi

∂Ier
5

∂C
+

[
IU

1 I H⊗Hr)−
(
IU

1

)
[(
IU

1

(33)

Like tive

argu

(34)

T ons)
Jo
ur

na
l P

re
-p

ro
of

the derivative of the invariant Ie
5

∂Ie
5

∂F
= −2

[
F−T ·H

]
⊗
[[
H · F−1

]
· F−T

]
.

derivative of Ier
4 is taken from (Mukherjee et al., 2021)

r

=
4

∆

[
IU

1 C sym (H⊗Hr)C−
(
IU

1

)2 [
C sym (H⊗Hr)C

1/2 + C1/2sym (H⊗Hr)C
]

+

IU
2 − IU

3

]
[C sym (H⊗Hr) + sym (H⊗Hr)C] +

[(
IU

1

)3
+ IU

3

]
C1/2 sym (H⊗Hr)C

1/

)2
IU

2

[
C1/2sym (H⊗Hr) + sym (H⊗Hr)C

1/2
]

+

U
1

)2
IU

3 +
[
IU

1 I
U
2 − IU

3

]
IU

2

]
sym (H⊗Hr)

]
,

∆ = 8 [IU
1 I

U
2 − IU

3 ] IU
3 . Note that IU

1 , IU
2 and IU

3 are the three principal invariants of U = C

larly, the derivative of Ier
4 is

= − 4

∆

[
IU

1 C
1/2 sym (H⊗Hr)C

1/2 −
(
IU

1

)2 [
C1/2 sym (H⊗Hr) + sym (H⊗Hr)C

1/2
]

U
2 − IU

3

] [
C1/2 sym (H⊗Hr)C

−1/2 + C−1/2 sym (H⊗Hr)C
1/2
]

+
[(
IU

1

)3
+ IU

3

]
sym (

2
IU

2

[
sym (H⊗Hr)C

−1/2 + C−1/2 sym (H⊗Hr)
]

+

)2
IU

3 +
[
IU

1 I
U
2 − IU

3

]
IU

2

]
C−1/2 sym (H⊗Hr)C

−1/2
]
.

wise, the magnetic induction is obtained from the energy density function through constitu

ments as

B (F,H) = −∂Ψ

∂H
= Bmaxw + g1Bmag,e + g1Bmag,r + g1Bcoup =

= µ0JF
−1 · F−T ·H + g1µ0JχeF

−1 · F−T ·H− g1µ0J [1 + χe]Hr ·C−1/2

− g12µ0βcoupJχe
[
C−1/2 −C1/2

]
·Hr.

he first variation of the field equations (mechanical, magnetic and damage field equati
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s the weak form of the problem, which is numerically solved in the open source finite elem

onment FEniCS using the NonLinearVariationalProblem library (Logg et al., 2012).

eto-mechanical problem and the phase-field problem are decoupled in a staggered sch

he magneto-mechanical problem is solved monolithically. Iterations stop when the maxim

rence of the fields between two consecutive iterations is smaller than a tolerance, here

l1 = 1 · 10−2. This approach ensures computational efficiency and is more robust than

olithic problem (Miehe et al., 2010b). However, the staggered scheme requires small eno

steps. To decrease the calculation time, we implement an adaptive load stepping that incre

educes the load step according to the growth of the damage variable (Loew et al., 2019).

crease larger than tol2 = 0.15, the load increment is reduced by a factor of 1/1.2 up

mum value of ∆t = 1 · 10−3. Otherwise, it is incremented by a factor of 1.2 up to a maxim

of ∆t = 1.6 · 10−2.

he finite element computation was performed on a two-dimensional mesh. Although

ideration disregards the finite thickness of the MRE samples, the simplification is neces

se a computationally resolvable model while keeping the mesh fine enough within the c

n. The boundaries of the air sub-domain were mechanically fixed with null perpendic

acements. Moreover, multipoint constraints were applied on the displacement field of the

hance the numerical convergence. To mimic a tensile test, the displacement of the upper

r edges of the rectangular sample are constrained. A first stage allows for the pre-compres

e sample with the application of the remanent magnetic field. A second stage applies ver

acements of the edges. With regard to the magnetic field, the magnetic potential was set to

reference point and the background Maxwell stress contribution was subtracted from the st

is balanced by the stress from the surrounding air. Finally, initial damage representing the

ing crack is prescribed directly on the phase-field as d = 1. In addition, the contributio

eak form due to the phase-field equation is restricted to the sub-domain of the hMRE. To

the contribution of the air is excluded from the residual and the phase-field is set to zero in

16
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Treatment of the air domain: multipoint constraints

he air (free space) is modelled as a compliant sub-domain that surrounds the hMRE and

s with it (Moreno-Mateos et al., 2022b). To avoid interpenetration of the elements on the up

lower edges of the hMRE sample, multipoint constraints prescribe the vertical displacem

on the regions of the air above and below the sample, see Figure 1 (Rambausek et al., 20

herjee and Danas, 2022). A second-order polynomial is defined to be u2,hMRE (i.e., ver

acement of the upper and lower edges of the hMRE sample) in the middle horizontal coo

and zero on the left and right boundaries, and a first-order polynomial is defined to be u2,h

e upper and lower edges of the hMRE sample and zero in the top and bottom boundaries.

1. Multipoint constraints on the vertical displacement fields of the air sub-domain to improve numerical stability. A second
mial is defined to be u2,hMRE in the middle horizontal coordinate and zero on the left and right boundaries, and a first-order polynom
to be u2,hMRE in the upper and lower edges of the sample and zero in the top and bottom boundaries. (a) Vertical displacement field

-domain, (b) horizontal displacement field and (c) magnitude of the displacement field.

esults

Hard magnetics improve fracture toughness of hMREs

he constitutive behaviour of MREs is highly influenced by the interaction between the m

particles, the soft matrix, and the external magnetic field. When MREs are manufactu

hard-magnetic particles, magneto-mechanical effects (e.g., structural stiffening) can be

d even in the absence of magnetic fields. These premises suggest that also their frac

17
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viour must depend on the microstructural magneto-mechanical coupling. To elaborate on

thesis, we manufacture non-magnetised hMRE samples (without remanent magnetic fi

re-magnetised samples (with remanent magnetic field). To unveil the dependence on the

e-existing flaws, cuts of different sizes are applied, i.e., from 1 mm to 5 mm. The rectang

les, with length, width and thickness of 30/50 mm, 10 mm and 2 mm, respectively, are te

r tensile loading until fracture. Details on the experimental procedure can be found in M

.2. Moreover, Figure 2.b illustrates the geometry of the samples.

he force-displacement curves in Figure 2.a are used to calculate the fracture energy den

a measure of the fracture toughness (Chen et al., 2017), as the area under the curves div

e volume of the samples. The results permit to compare the fracture toughness of hM

different cut lengths and remanent magnetic fields. For every condition, pre-magnetised

are able to absorb more energy before fracture than non-magnetised ones. For instance,

agnetised sample with an initial length (l0) of 30 mm and with a cut-width ratio (c/w) of

rbs a 38 % more energy than the non-magnetised counterpart. For the cut-width ratios of

and 0.5, the increases in the energy absorbed are 46, 49, and 16 %, respectively. Moreo

ork of extension for uncut samples is 0.0551 and 0.0982 mJ mm−3, respectively for n

etised and pre-magnetised hMREs (see the results for the uncut case in Figure A.5). T

an increase in the energy absorbed by pre-magnetised samples of 78 %. For the sam

initial length of 50 mm, the increases are 23, 51, 40, and 49 % for the same cut-width ra

all, the pre-magnetised hMRE samples are tougher to fracture than non-magnetised ones.

further finding relates to the size of the initial cut and the stretch to failure. The larger

the smaller the displacement to failure. For the cut-width ratios of 0.2, 0.3, 0.4, and

initial length l0 = 30 mm, the displacement to failure of non-magnetised samples is 5

, 34.4, and 31.4 mm, respectively. Chen and co-authors (Chen et al., 2017) elaborated on

ndency of the stretch to failure on the cut length of two stretch-stiffening highly stretch

omers: VHB and PU. For short cuts (i.e., below 0.1 mm length) the stretch to failure was
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tive to the length of the cut. Similarly, for long cuts (i.e., above 10 mm) it barely depended

ength. However, for intermediate lengths the dependency was maximum. Our results reco

endency. For the largest cut ratios, the displacement to failure barely changes (35.0, 34.4,

mm). For the smallest cut, the displacement to failure increases a 50 % (51.9 mm). Moreo

n uncut sample, the displacement to failure increases to 100.5 mm (See Figure A.5). Note

ehaviour for cuts smaller than 2 mm was not explored due to the large manufacturing e

applying small cuts in these sticky materials. Regarding the effect of the remanent magn

s, the results show that the stretch to failure barely depends on the pre-magnetisation s

for the cut-width ratio of 0.2 there is an apparent difference, wherein the stretch to failure

re-magnetised sample is larger than for the non-magnetised one. The larger manufactu

explains such a discrepancy.
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2. Experimental results from tensile tests to rupture on non-magnetised and pre-magnetised samples and different pre-existing
Results for the force-displacement curves, cut-width ratios c/w of 0.2, 0.3, 0.4, and 0.5 and initial length of the sample of 30 mm. (
for the force-displacement curves for samples with initial length of 50 mm. Scatter areas around each mean curve are depicted to qu

iability of experimental data sets. Three repetitions for each experimental condition ensure repeatability. (b) Illustration of the geome
ple, dimensions and position of the grips for the experimental procedure, with l0 the initial distance between grips, t the depth of the s

he length of the pre-cut. The initial crack of length c is placed at the middle of the heigh. (c.1) Barplot with the fracture energy den
agnetised and pre-magnetised samples as a function of the cut length ratio for l0 = 30 mm. (c.2) Barplot with the fracture energy dens
0 mm.
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Hard magnetics delay the opening of pre-existing cracks

re-magnetised hMREs behave as permanent magnets from a macroscopic point of view. C

ently, the free surfaces of a crack attract each other, thus closing the discontinuity. Un

le loading, the interface provides structural support up to a certain axial load. Eventu

rack opens when the mechanical stress in the bulk material becomes larger than the magn

ction. Figure 3.a provides pictures of the deformation process of a pre-magnetised hMRE s

uring a tensile test. Three main stages characterise the process: i) the closed crack regi

e crack opening phase, and iii) the eventual crack propagation. Note that the low stiffnes

atrix originates a blunt crack topology. In addition, the size of the magnetic fillers (∼ 50

veral orders smaller than the millimetric cracks, hence they do not mechanically interact w

rack tip. To provide a detailed study, we perform DIC on non-magnetised and pre-magnet

les with different pre-existing cuts. The results consist in the surface displacement field

rack tip along quasi-static tensile tests.6 More detail on the experimental procedure is

in Methods 2.3.

or all tensile tests, two displacements are defined as control points: the first before the c

s, i.e., “Displacement 1” of 10 mm, and the second after the opening of the crack, i.e., “

ment 2” of 16 mm. Figure 3.d. illustrates the procedure and the closing mechanism.

ore, the reader can check a map of the magnetic induction around the crack tip in the

etised MRE in Appendix, Figure E.9. The results from the force-displacement curve

re 3.b show a drop in the force at the moment where the crack opens. In this regard, the lon

itial crack, the larger the drop in the force, with the maximum for the cut of 5 mm. Moreo

res 3.c.1-8 and 9-16 present the vertical strain fields at “Displacement 1” and “Displacem

espectively. A first finding relates to the small values of the strain on the crack tip for a clo

The crack propagation is controlled in the quasi-static regime, thus preventing significant viscoelastic dissipa
e C.7 in Appendix provides additional results for cyclic loading and a faster velocity. In this regard, further ef
d address fast crack propagation and the underlying dissipative phenomena. Note that a thorough approa
ependent mechanisms in MREs is experimentally and computationally provided in (Moreno et al., 2021; Luc
2022).
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(Figure 3.c.5-8). Indeed, when the crack has not yet opened the structural behaviour is c

at of a flawless sample. A second finding, after the opening of the crack (i.e., “Displacem

is that strains at the crack tip are larger for pre-magnetised samples than for non-magnet

, see Figure 3c.13-16 and Figure 3c.9-12, respectively. Although the strain fields do not

a complete view of the constitutive behaviour of the hMRE (i.e., stress response), they pro

asure of the deformation state.

he J-integral provides a better quantification of the strain concentration at the crack tip.

ation of this value is done with the analytical formulation of Long et al. (Long and Hui, 20

e crack tip fields under large deformations to fit the vertical displacement fields obtained w

The formulation is based on the Generalised neo-Hookean model (GNH). Moreover,

ts used for the fitting are defined through an annular grid, see Figure 3.e.1. For further d

e calibration of the model and the fitting procedure we refer to Methods 2.4. In addit

re B.6 contains additional results for alternative annular grids. This confirms that the fit

does not influence the tendencies found. Figure 3.e.2 shows the results for all cut-width

for “Displacement 1” and “Displacement 2” and for both non-magnetised and pre-magnet

les. A first finding relates to the crack closure phenomenon. The values of J are significa

ler for pre-magnetised samples than for non-magnetised hMREs at “Displacement 1”. T

t is explained by the crack closure due to remanent magnetic fields that provide material c

ty through the crack region. The reduction is of approximately 11 %, 18 %, 23 %, and 2

e crack length ratios of 0.2, 0.3, 0.4, and 0.5, respectively. However, once the crack open

re-magnetised hMRE, J is larger for the pre-magnetised sample than for the non-magnet

It is 8.6 %, 9.4 %, 7.7 %, and 28 % larger, respectively for the crack length ratios.

n additional finding unveils that J shows a peak for cuts of intermediate lengths and, for s

long cracks, J is smaller. In other words, the shortest and longest cracks (2 mm and 5 m

ctively) lead to smaller strain concentration at the crack tip. However, for the intermed

idth ratio of c/w = 0.3, increases between 35 % and 60 % with respect to the case for
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est crack are shown in Figure 3.e.2. The smaller sensitivity of the hMRE to small flaws ag

the work conducted by Chen and co-authors (Chen et al., 2017). Regarding the large cuts

ler J would owe to a more homogeneous displacement field at the crack tip. Overall, altho

xperimental displacement fields can provide meaningful information, they miss constitu

mation. Such additional information could be better considered through computational

models.
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3. Experimental results for the surface deformation at the crack tip on non-magnetised and pre-magnetised samples show the
opening of the pre-existing crack. (a) Stages along the stretching of a pre-magnetised hMRE with a 5 mm crack. (b.1-4) Force-displac
for non-magnetised and pre-magnetised hMREs with pre-existing cut-width ratios of 0.2, 0.3, 0.4, and 0.5. Two displacements (abs
ned: “Displacement 1”, equal to 10 mm, is defined for all the samples before the opening of the crack in the pre-magnetised sample

acement 2”, equal to 16 mm, after the crack opening. In between these two reference displacements, and for pre-magnetised sample
f the crack detach. (c.1-4) and (c.5-8) Vertical strain fields at “Displacement 1” of non-magnetised and pre-magnetised samples, respec
) and (c.13-16) Vertical strain fields at “Displacement 2” of non-magnetised and pre-magnetised samples, respectively. (d.1-2) and (
tion of the crack state (open/closed) of non-magnetised and pre-magnetised state for Displacements 1 and 2, respectively. (e.1) A
ed for the fitting with the experimental and theoretical vertical displacement fields to estimate the J-integral. (e.2) Values of J f
agnetised and pre-magnetised samples at Displacements 1 and 2 as a function of the crack-width ratio.
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Hard magnetics reduce stress concentration at the crack tip

he stress state at the crack tip drives crack growth. Given the complexity of the coupling

n the mechanical and magnetic fields within pre-magnetised hMREs, experimental techniq

ot enough to fully understand the constitutive response of hMREs. In this regard, DIC

the displacement and strain fields of the deformed sample, but not the stress response.

ly complex behaviour of hMREs requires constitutive models that consider the interact

een the magnetic particles and the soft elastomeric matrix. Such approaches, when im

ed in a computational framework, provide deeper understanding of the underlying physic

n the present work, we develop a bespoke magneto-mechanical phase-field model to pro

rstanding on how remanent magnetic fields affect fracture mechanics of ultra-soft hMR

specifically, the framework explains the capacity of pre-magnetised hMREs to absorb m

y than non-magnetised ones, as reported in the previous sections. The model is based o

nuum description of the hMRE within the finite strain framework (Pelteret and Steinm

; Mukherjee et al., 2020; Mukherjee and Danas, 2022; Rambausek et al., 2022). The Ge

d neo-Hookean model (GNH) is used to model the mechanical mechanical behaviour (L

Hui, 2015) (see Eq. 25). Moreover, when the medium has remanent magnetisation and/o

nally actuated, the coupling between the magnetic and mechanical fields modulates the o

ress in the bulk material. To properly model the interaction between magnetic particles at

oscale, an additional coupling term is added to the magnetic formulation. Furthermore,

ree space) surrounding the hMRE is modelled as an extremely compliant mechanical med

eno-Mateos et al., 2022b; Pelteret et al., 2016). On top of this, an order parameter field m

e damage of the medium and crack propagation. The calibration of the critical energy rel

c is achieved from experimental force-displacement rupture curves for cracks of 2 and 5 m

area between both curves provides Gc, see Figure 4.a. Note that this is an average estima

the shortest crack to the largest one. The reader can find more detail on the calibration of

model parameters in Appendix A.
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e perform simulations for different magnetic remanent fields, i.e., µ0Hr = 0, 5, 10, 15, 20

he cut-width ratios c/w = 0.2, 0.3, 0.4, 0.5. Figure 4.b illustrates the morphology of the c

g its propagation in non-magnetised and pre-magnetised hMREs, from the 2 mm initial

e eventual rupture of the sample. Force-displacement curves in Figure 4.c show increa

ess and stretch to failure for shorter cracks and larger remanent fields. Moreover, they

to calculate the fracture energy from the area under the curve. In this regard, the barplot

re 4.d present the values of the fracture energy density, with increases of the fracture tou

above 50 % for the maximum 20 mT remanent field. Finally, Figure 4.e provides the ver

hy stress fields (σyy) near the crack tip for non-magnetised and pre-magnetised hMREs.

re-magnetised case, the stress concentration is smaller than for the non-magnetised hM

is a consequence of the coupled response of the hMRE, that results from a mechanical bala

een the polymeric network deformation and magnetic stresses from particle dipole-to-di

actions. An isolated study of the magnetic stress contribution indicates that the magn

ses induce compression of the medium. In this regard, Figure D.8 depicts the distributio

pherical component of the magnetic contribution to the Cauchy stress tensor, where the p

alues indicate magnetic compression of the medium.
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4. Numerical results from tensile tests to rupture performed in the virtual framework. (a) Experimental calculation of the c
release rate to be used in the phase-field model. To provide an average estimation, it is calculated as the energy released between 2 m

cracks at a displacement of 25 mm. (b.1-5) Evolution of the morphology of the crack from an initial cut of 2 mm to final rupture of
tised hMRE. The pictures correspond to deformed states for displacements of the edges of 3, 36, 53, 60, and 64 mm. (b.6-10) Crack pa
n initial cut of 2 mm to final rupture of a pre-magnetised hMRE. The pictures correspond to deformed states for displacements of 5, 25, 3

27
mm. The dimensions of the virtual samples are 10 mm width and 30 mm height. (c.1-4) Force-displacement curves to rupture of rectangular
specimens with initial crack-width ratios of 0.2, 0.3, 0.4, and 0.5, respectively, and remanent magnetic fields µ0Hr = 0, 5, 10, 20 mT.
Fracture energy density for the cut length ratios and remanent magnetic fields µ0Hr = 0, 5, 10, 20 mT. (e.1-4) and (e.5-8) Crack tip Cauchy

l stress fields for non-magnetised (µ0Hr = 0 mT) and pre-magnetised samples (µ0Hr = 20 mT). All pictures correspond to a displacement
mm. Note that the fracture contours are obtained for d < 0.85, so that the regions of negligible stress contribution are not displayed.
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iscussion

he experimental and computational study indicates that remanent magnetization in ultra-

Es enhances their fracture performance. Our experimental approach demonstrates that

etised hMRE samples are tougher to fracture than non-magnetised ones. In addition,

rt crack closure due to a magnetic field as a phenomenon that delays the opening of cra

magnetic attraction between both sides of the crack acts as an artificial glue that heals

This ground-breaking capability suggests the application of pre-magnetised hMREs on sm

tures less sensitive to pre-existing flaws and even on self-healing structures (Garcia-Gonz

., 2023; Yimyai et al., 2022). Furthermore, these ultra-soft structures would have the

to modify their mechanical properties and perform functional shape changes under exte

etic actuation. A comprehensive computational framework based on a bespoke phase-fi

oach allows to better understand how the magneto-mechanical coupling affects crack pro

n. The virtual testbed, based on the constitutive description of hMREs at finite strains

eto-mechanical coupling, allows to compare between magnetic conditions and pre-exis

of different lengths.

he concentration of the displacement, strain and stress fields at the crack tip is affected by

h of the pre-existing cut and permanent magnetisation state. In this regard, the experime

s at the crack tip in Figure 3.c are larger for pre-magnetised samples than for non-magnet

. Moreover, according to the results for J , the fields are larger for cuts of intermediate leng

ever, strain fields are not enough to properly understand the constitutive behaviour. Frac

anics is determined by the energy of the material and not only the strains. In this sense,

nse of the material is given by a pure mechanical contribution and a magnetic one. The

can be determined from the deformation of the material. The latter, however, actuates

tress and cannot be determined experimentally. In this respect, the computational framew

ides more insightful information based on the intricate magneto-mechanical coupling of

um. The framework allows for a detailed study of the stress response, which drives c

agation, and reveals that the stress concentration at the crack tip is smaller for pre-magnet
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Es than for non-magnetised ones (see Figure 4.e). This justifies the slower crack growth

rved from the virtual experiments on pre-magnetised hMREs and, overall, their enhanced f

behaviour.

s mentioned earlier in Section 3.1, pre-magnetised samples show higher fracture toughn

computational framework clarifies this behaviour. From the constitutive decomposition of

s state into mechanical and magnetic contributions, one can verify that the magnetic st

ibution induces compressive deformation of the medium. The positive spherical compo

e magnetic stress in Figure D.8 quantifies this tendency. It unravels larger magnetic comp

in front of the crack tip, a result that suggests that the magnetic fields homogenise the st

ibution within the medium. This is a consequence of the coupled response of the hM

results from a mechanical balance between the polymeric network deformation and magn

ses from the particles’ dipole-dipole interactions. The findings indicate that the particles

tions oppose the elongation of the medium, hence increasing the fracture toughness of

E. This would enable the design of structures with more complex geometries, diminishing

tive effect of stress concentrations around pre-existing flaws.

verall, the experimental and computational evidence unveils that the magneto-mechan

ling provided by hard magnetics enhance the fracture behavior of hMREs in an autonom

This feature opens doors to the design of self sufficient functional structures that can unde

deformations minimising fracture failure limitations. For example, skin patches based on

mers (Theocharidis et al., 2022), meshes for wound closure (Gao et al., 2021) and bioad

skin sensors (Wang et al., 2022a). Moreover, the crack closure mechanism on pre-magnet

E samples suggests the application of hMREs as a robust option to minimise fracture prop

Here, the delay in the opening of the crack would reduce the amplitude of J during a

, thus providing a better performance of hMREs under cyclic loading. The study of fat

re is out of the scope of this work, but the reader can consult the works by Sanoja et al. (Sa

, 2021) and Li et al. (Li et al., 2020) for further experimental considerations, the work by L
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(Loew et al., 2020) and Alessi et al. (Alessi et al., 2018) for a computational approach,

ork of Zheng et al. (Zheng et al., 2022) for fatigue on hydrogels. Additional further w

focus on the computational study of crack nucleation and propagation from a microst

viewpoint (Nguyen et al., 2015; Kumar and Lopez-Pamies, 2020), e.g., via computati

ogenisation approaches. Furthermore, data-driven modelling could be a useful approac

unt for unintended flaws resulting from actual manufacturing processes (Carrara et al., 20

lly, as reported in a recent work by the authors (Moreno-Mateos et al., 2022b), the combina

ft-magnetic and hard-magnetic particles within the same elastomeric matrix could addit

improve the fracture behaviour of hMREs. Here, the soft-magnetic particles would cr

etic bridges around the hard-magnetic ones, enhancing the magneto-mechanical coupling

owledgments

authors acknowledge support from the European Research Council (ERC) under the E

Union’s Horizon 2020 research and innovation programme (Grant-No. 947723, pro

IOMAP) and the Horizon Europe programme (Grant-No. 101052785, project: SoftFr

M acknowledges support from the Ministerio de Ciencia, Innovacion y Universidades, S

19/03874). MH and DGG acknowledge support from MCIN/ AEI /10.13039/501100011

r Grant number PID2020-117894GA-I00. DGG acknowledges support from the Talent

ion grant (CM 2018 - 2018-T2/IND-9992) from the Comunidad de Madrid. Finally, the

thank the discussion with Kostas Danas on the theoretical formulation of the fracture p

or contributions

ll authors conceived the experimental and computational research. M.A.M.M. perfor

xperimental work and implemented the computational model. M.A.M.M. wrote the orig

script. M.A.M.M. and D.G.G. conducted the formal analysis. All authors discussed

ts and reviewed the paper.

30



Journal Pre-proof

Data530

The rea-

sona

Cod

The rea-

sona535

Com

The

App

T ters.

The hear540

mod fit-

ting tion

in th ised

samp tion

are i tion545

of th any

magn ical

effec ain.

More the

cut-w550
Jo
ur

na
l P

re
-p

ro
of

availability

data generated during the current study is available from the corresponding author upon

ble request.

e availability

code generated during the current study is available from the corresponding author upon

ble request.

peting interests

Authors declare no Competing Financial or Non-Financial Interests.

endix A. Calibration of the Generalised neo-Hookean model with uncut samples

ensile tests on uncut samples allowed the calibration of the mechanical material parame

parameter b was set to 1 to mimic at small strains a neo-Hookean material. Then, the s

ulusG and exponent n are obtained for non-magnetised and for pre-magnetised hMREs by

the curve from the numerical model with the experimental ones. The mechanical contribu

e numerical model is calibrated from experimental results for tensile tests on non-magnet

les (blue curves in Figure A.5.a) and the magnetic fields for the pre-magnetisation condi

ncluded through a magnetic constitutive extension of the model. However, for the estima

e J-integral on pre-magnetised specimens, the analytical GNH model is used without

etic extension, hence the GNH parameters are calibrated to include the magneto-rheolog

t (purple curves in Figure A.5.a). Note that the fitting is done up to 1.4 logarithmic str

over, the barplot in Figure A.5.b presents the fracture energy density as a function of

idth ratio, including the uncut case.
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A.5. Results for the uncut samples case. (a) Calibration of the material parameters of the Generalised neo-Hookean model with un
tests on uncut samples. Scatter areas around each mean curve are depicted to quantify the variability of experimental data sets.
ons for each experimental condition ensure repeatability. A numerical model without damage field provides the numerical stress
s a function of the material parameters. These are fitted so that the numerical curve fits the experimental ones for uncut non-magn

e-magnetised hMREs with initial length l0 = 30 mm. (b) Barplot with the experimental fracture energy density of non-magnetise
gnetised samples as a function of the cut length ratio for l0 = 30 mm, including the results for the uncut case for initial length l0 = 3

endix B. J -integral estimation for alternative annular grids

he annular grid used to fit the theoretical and experimental displacement fields must guara

tting to be independent of the grid parameters. Here, we provide the results for J from

ional annular grids. The first grid has a smaller final angle; the second, a larger inner rad

results follow the same tendencies as in Figure 2.e.2 regardless the grid parameters.

32



Journal Pre-proof

Figure (b.1)
annula e of J
with th

App

A de-

form asi-

static the

tests rate560

that, ous

natur .a).

In ad ults

are i this

prob sult565

from in a

prev
 Jo
ur

na
l P

re
-p

ro
of

0.2 0.3 0.4 0.5
4

6

8

10

12

14
Non-magnetised, state 2
Non-magnetised, state 1
Pre-magnetised, state 2
Pre-magnetised, state 1

4

6

8

10

12

0.2 0.3 0.4 0.5

Non-magnetised, state 2
Non-magnetised, state 1
Pre-magnetised, state 2
Pre-magnetised, state 1

a.1)

b.1)

a.2)

b.2)

B.6. Results for the estimation of the J-integral for two different annular grids. (a.1) Annular grid 1 with a smaller final angle and
r grid 2 with a larger inner radius. (a.2), (b.2) Results for J-integral for the alternative fitting grids. The results prove the independenc
e grid.

endix C. Inelastic behaviour of the hMRE for faster strain rates

dditional cyclic tensile tests to explore the hysteretic behaviour of the hMRE under tensile

ation. Two deformation velocities allow to explore the rate-dependent dissipation: the qu

velocity used in the work (0.003 mm s−1) and a faster one (0.3 mm s−1). In addition,

are performed on non-magnetised and pre-magnetised samples. These results demonst

for the fracture tests performed, negligible dissipation occurs due to the mechanical visc

e of the elastomeric matrix. However, higher rates will lead to such effects (Figure C.7

dition, we performed the same experiments under pre-magnetised conditions. These res

nteresting as a hysteresis response is observed even for the quasi-static case. Note that

lem is more complex due to magnetic stress contributions during the cyclic loading that re

the variation in particles’ relative distances. We showed this latter effect numerically

ious article (Lucarini et al., 2022).
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C.7. Cyclic tests to explore the hysteretic behaviour of hMREs. The experiments are conducted on: a) non-magnetised samples at lo
f 0.3 mm s−1 and 0.003 mm s−1; and b) pre-magnetised samples at loading rates of 0.3 mm s−1 and 0.003 mm s−1.

endix D. Spherical component of the magnetic Cauchy stress tensor

he positive spherical component of the magnetic Cauchy stress tensor relates to a compres

s contribution of the medium. Figure D.8 presents the results for different stages along

propagation on a virtual sample with initial notch of 2 mm.
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D.8. Spherical component of the magnetic Cauchy stress tensor along a virtual tensile test. Positive values relate to a compr
ation of the pre-magnetised MRE in the direction of the magnetic field. (a-g) Deformed configuration for displacements of 5, 25, 35, 4
, respectively.

endix E. Magnetic field in a pre-magnetised sample with a pre-cut

he vertical remanent magnetisation favours the crack closure and the opening originates

eneity in the magnetic field lines.
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E.9. Magnetic induction in a pre-magnetised sample with a pre-cut. The sample has a pre-existing crack of half the width of the sa
ening of the crack originates heterogeneity in the magnetic field lines.
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