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Abstract

Pre-existing flaws in highly stretchable elastomers trigger fracture under large deformations. For
multifunctional materials, fracture mechanics may be influenced by additional physical phenom-
ena. This work studies the implications of hard magnetics on the fracture behaviour of ultra-soft
magnetorheological elastomers (MREs). We experimentally demonstrate that MREs with rema-
nent magnetisation have up to a 50 % higher fracture toughness than non pre-magnetised samples.
Moreover, we report crack closure due to the magnetic field as a mechanism that delays the open-
ing of cracks in pre-magnetised MREs. To overcome experimental limitations and provide further
understanding, a phase-field model for the fracture of MREs is conceptualised. The numerical
model incorporates magneto-mechanical coupling to demonstrate that the stress concentration at
the crack tip is smaller when the MRE is pre-magnetised. Overall, this work unveils intriguing ap-
plications for functional actuators, with better fracture behaviour and potential better performance
under cyclic loading.
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1. Introduction

Soft materials that respond to magnetic stimuli are able to modulate their material properties
and change their shape in a remote and fast manner. Such features enable them for exciting applica-
tions in the bioengineering field such as intelligent substrates for cell stimulation (Moreno-Mateos
et al., 2022a; Uslu et al., 2021) and soft robots for untethered navigation along biological tissues
(Huetal., 2018; Kim et al., 2019, 2018; Ren et al., 2019; Zhang et al., 2021; Wang et al., 2022b). In
addition, high performance vibration absorbers (Li et al., 2022) and smart adhesives (Zhao et al.,
2022) take advantage of the properties of these non-conventional materials. Composed of mag-
netic particles embedded in an elastomeric matrix, they are called magnetorheological elastomers
(MREs). The stiffness of the matrix modulates both the magneto-mechanical stiffening and magne-
tostriction, i.e., material deformation under magnetic actuation (Garcia-Gonzalez et al., 2021; Silva
et al., 2022; Pathak et al., 2022). In this regard, the use of ultra-soft elastomeric matrices enables
significant actuation with small magnetic fields (Schiimann and Odenbach, 2017; Moreno et al.,
2021; Moreno-Mateos et al., 2022c,b; Lopez-Donaire et al., 2022).! When the magnetic particles
are hard-magnetic, they allow for structures able to perform functional morphological changes,
hereafter referred as hard-magnetic MREs (hMRESs) (Kalina et al., 2017; Zhao et al., 2019; Wu
et al., 2020; Moreno-Mateos et al., 2022¢). Once the particles are permanently magnetised, they
establish a remanent magnetic field even in the absence of an external magnetic actuation (Zhang
and Rudykh, 2022; Stepanov et al., 2012). This enables for self-sustained magneto-mechanical
improvement in terms of mechanical performance. Furthermore, under external magnetic actua-
tion, the particles tend to rotate following the external magnetic field. The resulting transfer of
torques to the soft matrix drives the shape morphing capability of these multifunctional structures

(Moreno-Mateos et al., 2022b; Bastola and Hossain, 2021).

The fast growing of ultra-soft polymers is accompanied with the study of their failure mech-

'Note that we use the term “ultra-soft” to insist on the extremely soft nature of the matrix (below 10 kPa) in
comparison to other conventional elastomers with stiffness several orders above. This term is used simply as an
adjective to describe the nature of the MRE used. Therefore, this definition does not add any special consideration in
the constitutive framework (rather than the use of finite deformation theory).



30

35

40

45

50

anisms. Recent applications, such as the development of skin patches based on soft polymers
(Theocharidis et al., 2022), meshes for wound closure (Gao et al., 2021) and bioadhesive skin
sensors (Wang et al., 2022a; Ma et al., 2022) require understanding fracture mechanisms in soft
matter to design materials with improved fracture behaviour. A point of common interest con-
cerns the strategies to enhance the fracture toughness, understood as the fracture energy density, of
soft polymers (Zhao, 2017; Sanoja et al., 2021). To accomplish this, Lin and co-authors reported
chain entanglement of the polymeric matrix as a potential mechanism (Lin et al., 2022). More-
over, time-delay in crack propagation is a factor that reduces fracture likelihood and benefits the
design of such functional applications. In this regard, Li et. al (Li et al., 2021) reported mesoscale
phase contrast with tough mesophase structures to design self-healing, tough and fatigue-resistant
soft materials. Strategies to modify the crack path and fiber reinforced composites have also been
reported to arrest crack propagation (Lee and Pharr, 2019; Li et al., 2020). Overall, the fracture
performance of multifunctional materials is determined by their constitutive behaviour, which re-
lies on an intricate coupling of several physical phenomena. For the case of hMREs, the structural
response results from complex magneto-mechanical interactions at the microscale. Here, the inter-
play between the matrix and the magnetic particles affects the effective material parameters, e.g.,
the macroscopic mechanical stiffness. In this respect, the advancement of MREs poses a question
on whether the magnetisation state may enhance the fracture behaviour of soft hMREs under large
deformations. To the best of the authors’ knowledge, there is still no work that studies the fracture

behaviour of MREs, neither from the experimental nor from the computational point of view.

Although there are no studies on the fracture behaviour of MREs, their passive mechanical
contribution to fracture is related to the soft polymeric matrix and the effect of the fillers. In this
regard, strategies to elaborate on the fracture performance of highly stretchable polymers rely on
experimental and computational approaches. Experimental methods comprise peeling and tack
experiments on soft adhesives and fracture mechanics tests on films, sheets or thick polymeric
samples (Akono et al., 2011; Creton and Ciccotti, 2016). While experimental tests mainly focus

on a macroscopic viewpoint, in silico approaches provide further understanding of the underlying
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physics of the problem and allow for the consideration of the microstructural composition (Swamy-
nathan et al., 2022). Here, the phase-field approach has been widely used in the last decade. In the
literature, the work by Miehe and co-authors (Miehe et al., 2010b) advocated a phase-field model
for fracture. Kumar et al. (Kumar et al., 2020) revisited the constitutive foundations accounting for
crack nucleation, Loew et al. (Loew et al., 2019) conceptualised a phase-field framework to model
the rate-dependent fracture of rubbers, Yu et al. (Yu et al., 2020) considered time-delayed fracture
due to solvent diffusion and Li et al. (Li et al., 2020) and Li et al. (Li et al., 2021) elaborated on
the fatigue resistance of soft elastomers and gels. Moreover, Ahmad et al. (Ahmad et al., 2020),
Zhou et al. (Zhou et al., 2021) and Chen et al. (Chen et al., 2017) studied the flaw-sensitivity
of highly stretchable polymers. This study is of great importance as pre-existing flaws are an un-
avoidable consequence from manufacturing processes and determine the fracture performance. In
addition, some authors have defined analytical expressions for the crack tip fields on highly stretch-
able elastomers (Begley et al., 2015; Long and Hui, 2015), which are useful for efficient analytical
approaches to the deformation problem and strain concentration of soft polymers. More recently,
Tan et al. (Tan et al., 2022) and Sridhar et al. (Sridhar and Keip, 2019) developed phase-field

models for multifunctional piezoelectric materials.

Here, based on a combination of experiments and theory, we uncover the fracture behaviour
of ultra-soft AMREs with remanent magnetic fields. For that, non-magnetised and pre-magnetised
hMRE samples with an ultra-soft elastomeric matrix (~ 1 kPa) are manufactured. Tensile tests
are used to demonstrate, for the first time in the literature, that remanent magnetic fields increase
the fracture toughness of pre-magnetised hMREs, i.e., the energy absorbed by the sample until
complete rupture (Chen et al., 2017; Zhou et al., 2021). Digital image correlation (DIC) allows to
calculate the strain fields at the crack tip and estimate the J-integral.? In addition, crack closure

due to the magnetic field is reported as a phenomenon that delays the opening of cracks. To pro-

2The Griffith approach identifies the energy release needed from the bulk to pay for the extra surface energy when
propagating a crack. In this regard, the J integral has the same interpretation, however the concept also carries over
to the large strain regime and the investment of the released energy can be done into any physical mechanism going
along with crack propagation, not only surface energy. Overall, our computation of J renders a quantity that is directly
related to the Griffith energy release.
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vide further understanding into the constitutive basis of such a behaviour, this work conceptualises
for the first time a bespoke numerical phase-field framework for fracture of hMREs. The results
suggest that remanent magnetic fields induce beneficial compressive stresses in the medium as
they decrease the stress concentration at the crack tip. Overall, we unveil intriguing potential ap-
plications for functional actuators with enhanced fracture performance and better behaviour under

cyclic loading.

2. Methods

2.1. Materials and synthesis of the samples

The hMRE samples were manufactured from a blend of the elastomeric matrix and the magnetic
particles. The matrix is an ultra-soft (= 1 kPa) PDMS, i.e., Dowsil CY52-276 (DowSil, Midland,
MI, USA). It is composed of two phases that, when mixed in a 1:1 mass ratio, get cross-linked.
The magnetic particles are NdFeB powder (MQP-S-11-9-grade powder, Neo Materials Technol-
ogy Inc., Greenwood Village, Colorado, United States). They have hard-magnetic properties and a
size of 25 - 55 um. First, both phases of the matrix and the magnetic particles were mixed together
and pre-heated at 85 °C for 2 min. The pre-heating initiates the crosslinking of the matrix and
increases the initial viscosity of the mixture to prevent the sedimentation of the magnetic parti-
cles. Then, the moulds, also pre-heated, were filled with the blend to produce prismatic samples
with 60 mm length, 10 mm width and 2 mm thickness. They were cured in the oven at 85 °C
during 2 h. Hereafter, the following definition is important, i.e., non-magnetised samples as those
without remanent magnetic field and pre-magnetised samples with remanent magnetic field. For
pre-magnetised samples, an impulse magnetiser (DX-MAG20C, Dexing Magnet Tech. Co, Xia-
men, China) applied permanent magnetisation in the longitudinal direction of the samples. The
magnetiser was set at 1000 V, endowing the samples with an apparent macroscopic remanent mag-
netic induction of 40 mT (measured with a teslameter). Moreover, a blade was used to apply cuts
on the samples of 1, 2, 3, 4, and 5 mm that define crack-width ratios of c/w = 0.2,0.3,0.4,0.5,

with ¢ the length of the initial crack and w the width of the sample.
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2.2. Experimental procedure for tensile tests

Quasi-static uniaxial tensile tests were performed with a universal testing machine (Instron
34TM-5, Norwood, Massachusetts, United States) at a velocity of 0.003 mm s~ The initial
separation of the grips was set at [; = 30 mm and [, = 50 mm to get results for two different sample
lengths. Special grips for ultra-soft polymers with pneumatic actuation were used. The tests finish
when the sample breaks and the load falls to zero. In the mean while, force-displacement data was
recorded. Supplementary Videos 1 and 2 show the deformation process for a non-magnetised and

a pre-magnetised sample, respectively, with an initial cut of 5 mm.

2.3. Experimental procedure for digital image correlation

Pictures of the crack tip and surrounding area were taken during tensile tests. A CCD camera
acquired images at a rate of 0.15 Hz, with resolution of 1032 x 772 pixels. The open source NCorr
package, implemented in MatLab, was used to calculate the displacement fields and derive the
Euler-Almansi strain fields. The resulting fields have a resolution of 0.05 mm/pixel. A subset
with radius of 2.2 mm and spacing of 0.05 mm was chosen. To cope with large displacement, the
correlation algorithm updates the reference image. Moreover, the analysis was done in a backwards
manner to properly deal with the discontinuity of the crack. To this end, the final deformed image
was taken as the reference one, and the correlations of all the others with smaller deformation were

done with respect to that one.

2.4. Experimental estimation of J-integral

The J-integral is estimated from the displacement fields obtained with DIC and the analytical
description of Long et al. (Long and Hui, 2015) for the crack tip fields under large deformations.
The analytical approach is based on the Generalized neo-Hookean model (GNH) to fit the verti-
cal displacement fields. The parameters of the GNH model were independently calibrated from
tensile tests on non-magnetised and pre-magnetised hMRE specimens without initial cuts. For
non-magnetised and pre-magnetised samples, respectively, shear moduli G of 6.2 kPa and 11 kPa
and strain-hardening exponents n of 1.18 and 1.10 were calibrated (see Figure A.5). An annular

grid places the fitting points far enough from the crack tip to avoid the dissipative length scale,
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and far enough from the boundary to avoid boundary effects (Long et al., 2021; Vasco-Olmo et al.,
2015).

The analytical model relies on the method of asymptotic analysis and the Generalised neo-
Hookean Model (GNH). Stephenson (Stephenson, 1982) established that the elastic potential near
the crack tip is governed by

U = AI' + BI}™, (1)

with A, B and n material parameters and I; = tr (C), where C = FT . F with F the deformation
gradient.

Analytically, the vertical displacement field is described by
Up = arlfﬁU(é’,n), (2)

with a an amplitude parameter, r the radial coordinate with respect to crack tip and U (6, n) an odd

function of the angular coordinate ¢, defined as

U(f,n) =sin (6/2) Jl—%[m (6,n) + r cos (6)]"/? (3)
with
/1:1—%, w(0,n) = /1 — kZsin? (0). 4)

Finally, the amplitude parameter a, hence the displacement field wu,, is related to J according

Gr b1 Ton —17%t
J ZTH { o } e 5)

to

with G the shear modulus and b a material parameter of the GNH model. Detail on the calibration
of these parameters is provided in Appendix A.
The fitting with the experimental and analytical displacement field is done at the 7 points defined

by the annular grid in Figure 3.e.1, by taking J as unknown variable, and performing least squares
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fitting, according to
n

: 2n 2n 2
}Iel]gi : [u2,theo - u2,ea:p}i . (6)
i

2.5. Constitutive framework for fracture of hard-magnetic magnetorheological elastomers

The deformation of the ultra-soft hard-magnetic MRE (hMRE) is formulated in a finite strain
framework. A function x = ¢(X) maps the coordinates in the undeformed or material configu-
ration X € () to the coordinates in the deformed or spatial configuration x € (). The external
boundary is denoted by 02 in the material configuration and 0f2 in the spatial configuration. The
displacement field, i.e., the unknown field of the mechanical problem, is u = ¢ (X) — X. The

deformation gradient is defined as
F= V()QO = V()ll + I, (7)

where V| is the gradient with respect to the material configuration and I the second-order identity
tensor.

The magnetic problem is formulated on a primary scalar potential field ¢. The magnetic field
vector [H is defined as

H = —Vo¢ = H, + H. (8)

The magnetic field is split into an energetic contribution H due to the magnetic susceptibility
of the medium and a remanent contribution H, related to the permanent magnetisation of the hMRE
(Mukherjee et al., 2021). The last one is prescribed as a constant vector to capture the permanent
magnetisation of the medium following a previous work by the authors (Moreno-Mateos et al.,
2022b). The experimental measure of the apparent (homogeneous) magnetic induction of a pre-
magnetised hMRE with a teslameter provides a value of H, = 20 mT.

Finally, the damage field d is a scalar order parameter that describes whether a continuum
point is damaged or not. This non-local strategy allows to model crack growth and the consequent
degradation of the properties on damaged areas. As reported by Kumar and co-authors (Kumar

et al., 2020), compressibility of the medium is paramount to avoid non physical behaviour. A
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non-local field equation governs the evolution of damage. To this end, the crack surface energy is
regularized and transformed to a volumetric energy. Thereby, the continuous crack surface density
function per unit volume is defined according to Ambrosio et al. (Ambrosio and Tortorelli, 1992)
as

3

7(d,Vd) = 2 [‘; + llleQ] : Q)

with V = V- F~! the gradient with respect to the spatial configuration. Note that Eq. 9 considers
d as alternative to d? as often used alternatively.’

Furthermore, we define g; (d) as degradation function
g (d) = [1—df". (10)

Note that this second order function is a free constitutive choice. Alternative mathematical
functions could also be implemented and tested.

The constitutive formulation is based on an additive decomposition of the total energy density
into mechanical, Maxwell (i.e., magnetic vacuum), matter magnetisation and magneto-mechanical

coupling contributions as
v (F, H) = 92 (d) \I}mech (F> + \Ijmaxw (F, H) + g1 (d) \Ijmag (F, H) + g1 (d) \IIcoup (F; H) . (11)

The degradation of all the components except for the Maxwell one guarantees the continuity
of the magnetic problem as fully damaged domains are treated as air (i.e., vacuum magnetic prop-
erties). Note that we define a second degradation function as ¢, (d) = [[1 — d]2 + k] which is
essentially the same as g (d), but incorporates a parameter £ = 1 - 1072 to introduce a residual

mechanical stiffness on damaged areas and ensure numerical convergence (Miehe et al., 2010a).

3There exist two common options for the definition of the crack surface density function (Ambrosio and Tortorelli,
1992; Kumar et al., 2018a; Hirshikesh et al., 2019; Vicentini et al., 2023; Lo et al., 2022), i.e., AT1: v (d, Vd) =

314 4+ 1|Vd[*] and AT2: v (d, Vd) = 1 [? + l|Vd|2}. Throughout this work we focus on the AT1 model.
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The total rate potential functional of the solid is
IT = TTin + Derack + Derackvise — Hexts (12)
Therein, the internal power is
- :/Q [6Fx1f : F+(9H\I/-H+\Ilmaﬁdgld] dv, (13)
0

with Wiae = Wineenh + Winag + Weoup the material energy density.

The dissipation rate potential functional due to crack formation Deack 18

- 3G,
Dcrack = / G07 dV = /
Q Q 8

the rate-dependent crack growth dissipation potential Dcraek,visc is as in (Loew et al., 2019; Miehe

and Schinzel, 2014)

%l +2IVdVd

dv, (14)

Dcrack,visc = / QdQ d‘/; (15)
Q2
and the external power Hext reads

ﬂext:/ bo.udv+/ to - 1dA, (16)
Qo Qo

with by and t, the body and traction force vectors, respectively, in the material configuration.

The fracture parameters are the critical energy release rate G, = 4.9 - 1072 % and the length
scale parameter / = 0.1 mm (see Figure 3 for the calibration of G.). The latter is chosen small
enough with respect to the dimensions of the sample. In addition, the viscosity parameter n = 0.1
allows for the rate dependent formation of cracks. In this work it is used as a numerical viscous

regularisation and to improve the robustness of the numerical results.

10
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From the rate potential, an incremental potential can be integrated as
tHAL
I = / ITdt. a7
t

The optimization of the potential* in Eq. 17 with respect to d, or alternatively the variation of
the rate potential in Eq. 12 with respect to d, yields the local phase-field equation. Recent works
have studied the implications of pre-existing flaws and material strength (Kumar et al., 2018b,a).
To reconcile crack nucleation with the current approaches and keep the characteristic length [ as a
regularisation parameter independent of the strength, an amended form of the phase-field equation

incorporates an additional configurational force c.. It reads as

oIl 3G, {

1 / 7
=5 |7 QZVQd] +g5 (d) U+ nd+ce =0, (18)

l

where ¢/ (d) is the derivative with respect to the damage field. The thermodynamic consistency of
the model is guaranteed when the viscous resistance term nd >0,1ie.,d>0and n > 0.
The configurational external force c. has been included following (Kumar et al., 2018b,a) to

account for the hydrostatic strength of the material. It reads as

J 3Gk tr (H)
< 20 py15/4°
Ohs [3 +H: H}

ce=—11 (19)
with H = F — 1, k the bulk modulus and oy, = %tr (os) = 0.065 MPa the spherical critical stress,
determined from a tensile test to rupture of a bulk (i.e., uncut) hMRE sample (see Figure A.5).

In Eq. 18 the positive energy density W  is defined with the magnetic contribution that induces

“Without loss of consistency, the governing equation for the phase-field problem derives from an amended internal
potential II,. This potential differs from II;, in the effective energetic material contribution. In this regard, we
define an amended material energy W, because expansive magnetic volumetric contributions lead to mechanical
compression of the MRE. Therefore, only compressive contributions should favour material damage.

11
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the expansion of the medium as

\Ijmecha it >0
Ut o= (20)

mat ~
\Ijmech + \I]mag + q’coup; fa<0

where @ = %tr (Omag + Ocoup + Tmaxw) 18 the spherical component of the magnetic Cauchy stress
tensor. Figure D.8 shows the « field for different stages along the propagation of the crack. Note
that we define Eq. 20 since expansive magnetic volumetric contributions lead to mechanical com-
pression of the hMRE. Therefore, only compressive contributions should favour material damage.

Moreover, to include the constraint 0 < d < 1, penalty energy functions are included to the
potential energy as

10°G.d?, if d<0
Hpenalty = (21)
100G [d — 1], if d>1
The optimization of Eq. 17 with respect to the primary field u and in the absence of body forces

yields the mechanical field equation

oIl
—=V,-P=0. (22)
ou

Finally, the optimization of the potential in Eq. 17 with respect to the primary field ¢ yields the

magnetic field equation, i.e., Maxwell’s equation for the magnetic induction

oIl

55:—VO.B:o. (23)

The magnetic induction B, magnetic field H and magnetisation M, satisfy the following stan-
dard constitutive relation

B = Ju,C™! [H+ M], (24)

with C = FT . F the right Cauchy-Green deformation tensor, /iy the magnetic permeability of
vacuum and J = det (F) the Jacobian of the deformation gradient.

The constitutive formulation is based on the additive decomposition of the total energy density

12
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in Eq. 11. The mechanical contribution consists in two parts: isochoric and volumetric energy
densities W echiso a0d Winech vol, respectively. For the isochoric one, the Generalised neo-Hookean
(GNH) model is chosen

G b "
\I]mech,iso (F) = % |:|:1 + ﬁ [Il - 3]:| - 1:| ) (25)

with I; = tr (F - F") and G the small strain shear modulus of the considered phase and b and n
material parameters. For the hMRE, G = 6.2 kPa, b = 1 and n = 1.18 according to the calibration
in Appendix A from tests on non-magnetised samples.’ For the air, modelled as an extremely
compliant domain (Moreno-Mateos et al., 2022b), G = 0.01 kPa, b = 1 and n = 1.18.

The volumetric contribution is taken from (Miehe and Schinzel, 2014) as

\Ijmech,vol (F> = [J_ﬁ —~ 1:| y (26)

= Q

with § =

ﬁgy and v the Poisson’s ratio. To allow larger deformation of the damaged material, we
have followed an approach similar to the one reported by Li et al. (Li and Bouklas, 2020) where
the bulk modulus is degraded faster than the shear modulus. We make v depend on the damage
variable v (d) = [1 — d*|v; + [1 —[1 = d]Q] v, with vy = 0.47 the material Poisson’s ratio and
v, = 0.2 v a degraded Poisson’s ratio. The Poisson’s ratio of the air is set to v, = 0.4.

The magnetic Maxwell energy describes the background magnetic energy due to the non-zero

magnetic permeability of the vacuum as
Ko e
\I/maxw (F7H> = _?Jlg,; (27)

with the energetic magnetic invariant /¢ = [F~T - H]| - [F~T - HJ.

The magnetic contribution is additively decomposed into an energetic term Vy,,, . and a rema-

Note that the mechanical contribution in the numerical model is calibrated from experimental results for tensile
tests on non-magnetised samples and the magnetic fields for the pre-magnetisation condition are included through a
magnetic constitutive extension of the model. This differs from the material parameters used for the estimation of the
J-integral, where the GNH parameters are calibrated to include the magneto-rheological effect.

13
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nent contribution W, - as

Ho
2Xr

%w@ﬂﬂ:%mfﬂ%m:—%U%@+mjﬂfmﬁﬂ— T (28)

where . and X, are the energetic and remanent magnetic susceptibility, respectively, as in (Mukher-
jee et al., 2021). In the simulations, the remanent magnetic field is assumed to be constant. There-
fore, the parameter , does not affect the results.

The invariant & = h - h, = H - C~/2. H is uncoupled to the displacement field and accounts
for the energetic and remanent magnetic fields in the Eulerian configuration of the medium.

An additional coupling term is included to account for the effect of the microstructural attrac-

tion forces between the particles, as reported in (Mukherjee et al., 2021)

Yeoup = Peowppto ] [[ 13 = I5] — 2xe [15" — 5], (29)

with the coupled invariants [} = H, - C-H, and I = H - C!/2.H,, and the uncoupled invariant
1§ = H, - H,. The coupling parameter was calibrated from the experimental results on a uncut pre-
magnetised sample, whereby it was reduced to B.,,p = 1 to guarantee the numerical stability of
the problem. Despite this consideration, and without loss of generality, the numerical framework
faithfully solves the actual physics of the fracture problem. It reproduces the same tendencies that
are observed experimentally and it allows to explore the magneto-mechanical stress fields around
the crack tip.

The total Piola stress is derived from the total energy potential in Eq. 11 according to

ov
P (F, H) 8F = gZPmech iso 1 92Pmech vol + Praxw + glpmage + glpmagr + gchoup (30)
b nt 1 o 1 OI¢
— — — —_ B T — =
92G'F {1 +=1[h 3]} 92GJ PF~ quaF DigholXege
oI 0C oC ol oI
J1 e cou H, : — : H; — 2x. 4 5
+ g1p0d | +X]ac g T 91toBeon { 9F X [GF 8F”

14



with the derivative of the invariant /¢

]C
0 _ F T H®[H-F'-FT]. 31)
OF
260 The derivative of I§" is taken from (Mukherjee et al., 2021)
I 4
880 x [IUC sym (H® H,) C — (I{J)Q [Csym (H® H,) CY2 + CY%sym (H ® H,) C]+
(713 —

Y] [Csym (H ® H,) + sym (H ® H,) C] + [(I}J)SJFJ;}} C'2 sym (H ® H,) C¥/2—
(IU) I3 [Cl/stm (H® H;) 4+ sym (H ® H,) CI/Q}

[ VY - ) Ig] sym (H@Hr)],

(32)

with A = 8 [IVIY — IV] IJ. Note that IV, I and I are the three principal invariants of U = C/2,
Similarly, the derivative of I§" is

oIy 4

S = —x | IVCY2sym (H @ Hy) €2 = (1) [C/2 sym (H @ H) + sym (E © H) €'/
(' -

] [C2sym (H & H,) C/2 + C~/* sym (H ® H,) C/?] + [(15)3 + fg] sym (H ® H,)
([P)Z I3 [sym (H ® H,) C 24 CV?sym(H® H,)]

(19 15 + [1V19 — 19) 1] €2 sym (B 1) ).

(33)

Likewise, the magnetic induction is obtained from the energy density function through constitutive
arguments as

]B%(F,H):—a—m

OH = Bmaxw + ngmag,e + ngmag,r + ngcoup = (34)
= poJEF T H A+ gipoJxeF T FTH — gipod [1 4 xe| Hy - €2

- gll“oﬁcoupJXe [071/2 - 01/2} : Hr~

The first variation of the field equations (mechanical, magnetic and damage field equations)
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yields the weak form of the problem, which is numerically solved in the open source finite element
environment FEniCS using the NonLinearVariationalProblem library (Logg et al., 2012). The
magneto-mechanical problem and the phase-field problem are decoupled in a staggered scheme
and the magneto-mechanical problem is solved monolithically. Iterations stop when the maximum
difference of the fields between two consecutive iterations is smaller than a tolerance, here set
to tol; = 1-1072. This approach ensures computational efficiency and is more robust than the
monolithic problem (Miehe et al., 2010b). However, the staggered scheme requires small enough
load steps. To decrease the calculation time, we implement an adaptive load stepping that increases
and reduces the load step according to the growth of the damage variable (Loew et al., 2019). For
an increase larger than tol, = 0.15, the load increment is reduced by a factor of 1/1.2 up to a
minimum value of A; = 1-1073. Otherwise, it is incremented by a factor of 1.2 up to a maximum
value of A; = 1.6 - 1072,

The finite element computation was performed on a two-dimensional mesh. Although this
consideration disregards the finite thickness of the MRE samples, the simplification is necessary
to pose a computationally resolvable model while keeping the mesh fine enough within the crack
region. The boundaries of the air sub-domain were mechanically fixed with null perpendicular
displacements. Moreover, multipoint constraints were applied on the displacement field of the air
to enhance the numerical convergence. To mimic a tensile test, the displacement of the upper and
lower edges of the rectangular sample are constrained. A first stage allows for the pre-compression
of the sample with the application of the remanent magnetic field. A second stage applies vertical
displacements of the edges. With regard to the magnetic field, the magnetic potential was set to zero
on a reference point and the background Maxwell stress contribution was subtracted from the stress
as it is balanced by the stress from the surrounding air. Finally, initial damage representing the pre-
existing crack is prescribed directly on the phase-field as d = 1. In addition, the contribution to
the weak form due to the phase-field equation is restricted to the sub-domain of the hMRE. To this
end, the contribution of the air is excluded from the residual and the phase-field is set to zero in the

air.
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2.6. Treatment of the air domain: multipoint constraints
The air (free space) is modelled as a compliant sub-domain that surrounds the hMRE and de-
forms with it (Moreno-Mateos et al., 2022b). To avoid interpenetration of the elements on the upper
and lower edges of the hMRE sample, multipoint constraints prescribe the vertical displacement
295 field on the regions of the air above and below the sample, see Figure 1 (Rambausek et al., 2022;
Mukherjee and Danas, 2022). A second-order polynomial is defined to be us pvre (i.€., vertical
displacement of the upper and lower edges of the hMRE sample) in the middle horizontal coordi-
nate and zero on the left and right boundaries, and a first-order polynomial is defined to be 13 hmrE

in the upper and lower edges of the hMRE sample and zero in the top and bottom boundaries.

f'

Multipoint {
constraint 1

Multipoint {
constraint 2

L

Displacement Y Displacement X Displacement Magnitude
1 0 2.8e+01 -4.1e+00 [¢] 4.2e+00 0.0e+00 10 20 2.8e+01
| |

-2,ee+o_ ! o—
a) b) <)

Figure 1. Multipoint constraints on the vertical displacement fields of the air sub-domain to improve numerical stability. A second-order
polynomial is defined to be u2 pvre in the middle horizontal coordinate and zero on the left and right boundaries, and a first-order polynomial is
defined to be ug nvrE in the upper and lower edges of the sample and zero in the top and bottom boundaries. (a) Vertical displacement field of the
air sub-domain, (b) horizontal displacement field and (c) magnitude of the displacement field.

a0 3. Results

3.1. Hard magnetics improve fracture toughness of hMREs

The constitutive behaviour of MREs is highly influenced by the interaction between the mag-
netic particles, the soft matrix, and the external magnetic field. When MREs are manufactured
with hard-magnetic particles, magneto-mechanical effects (e.g., structural stiffening) can be sus-

a5 tained even in the absence of magnetic fields. These premises suggest that also their fracture
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behaviour must depend on the microstructural magneto-mechanical coupling. To elaborate on this
hypothesis, we manufacture non-magnetised hMRE samples (without remanent magnetic field)
and pre-magnetised samples (with remanent magnetic field). To unveil the dependence on the size
of pre-existing flaws, cuts of different sizes are applied, i.e., from 1 mm to 5 mm. The rectangular
samples, with length, width and thickness of 30/50 mm, 10 mm and 2 mm, respectively, are tested
under tensile loading until fracture. Details on the experimental procedure can be found in Meth-

ods 2.2. Moreover, Figure 2.b illustrates the geometry of the samples.

The force-displacement curves in Figure 2.a are used to calculate the fracture energy density,
i.e., a measure of the fracture toughness (Chen et al., 2017), as the area under the curves divided
by the volume of the samples. The results permit to compare the fracture toughness of hMREs
with different cut lengths and remanent magnetic fields. For every condition, pre-magnetised hM-
REs are able to absorb more energy before fracture than non-magnetised ones. For instance, the
pre-magnetised sample with an initial length (/y) of 30 mm and with a cut-width ratio (¢/w) of 0.2
absorbs a 38 % more energy than the non-magnetised counterpart. For the cut-width ratios of 0.3,
0.4, and 0.5, the increases in the energy absorbed are 46, 49, and 16 %, respectively. Moreover,
the work of extension for uncut samples is 0.0551 and 0.0982 mJ mm~3, respectively for non-
magnetised and pre-magnetised hMREs (see the results for the uncut case in Figure A.5). This
gives an increase in the energy absorbed by pre-magnetised samples of 78 %. For the samples
with initial length of 50 mm, the increases are 23, 51, 40, and 49 % for the same cut-width ratios.

Overall, the pre-magnetised hMRE samples are tougher to fracture than non-magnetised ones.

A further finding relates to the size of the initial cut and the stretch to failure. The larger the
flaw, the smaller the displacement to failure. For the cut-width ratios of 0.2, 0.3, 0.4, and 0.5
and initial length [, = 30 mm, the displacement to failure of non-magnetised samples is 51.9,
35.0, 34.4, and 31.4 mm, respectively. Chen and co-authors (Chen et al., 2017) elaborated on the
dependency of the stretch to failure on the cut length of two stretch-stiffening highly stretchable

elastomers: VHB and PU. For short cuts (i.e., below 0.1 mm length) the stretch to failure was in-
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sensitive to the length of the cut. Similarly, for long cuts (i.e., above 10 mm) it barely depended on
the length. However, for intermediate lengths the dependency was maximum. Our results recover
this tendency. For the largest cut ratios, the displacement to failure barely changes (35.0, 34.4, and
31.4 mm). For the smallest cut, the displacement to failure increases a 50 % (51.9 mm). Moreover,
for an uncut sample, the displacement to failure increases to 100.5 mm (See Figure A.5). Note that
the behaviour for cuts smaller than 2 mm was not explored due to the large manufacturing error
when applying small cuts in these sticky materials. Regarding the effect of the remanent magnetic
fields, the results show that the stretch to failure barely depends on the pre-magnetisation state.
Just for the cut-width ratio of 0.2 there is an apparent difference, wherein the stretch to failure for
the pre-magnetised sample is larger than for the non-magnetised one. The larger manufacturing

error explains such a discrepancy.
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Figure 2. Experimental results from tensile tests to rupture on non-magnetised and pre-magnetised samples and different pre-existing cuts.
(a.1-4) Results for the force-displacement curves, cut-width ratios ¢/w of 0.2, 0.3, 0.4, and 0.5 and initial length of the sample of 30 mm. (a.5-8)
Results for the force-displacement curves for samples with initial length of 50 mm. Scatter areas around each mean curve are depicted to quantify
the variability of experimental data sets. Three repetitions for each experimental condition ensure repeatability. (b) Illustration of the geometry of
the sample, dimensions and position of the grips for the experimental procedure, with /g the initial distance between grips, ¢ the depth of the sample
and c the length of the pre-cut. The initial crack of length c is placed at the middle of the heigh. (c.1) Barplot with the fracture energy density of

non-magnetised and pre-magnetised samples as a function of the cut length ratio for l[j = 30 mm. (c.2) Barplot with the fracture energy density for
lo = 50 mm.
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3.2. Hard magnetics delay the opening of pre-existing cracks

Pre-magnetised hMREs behave as permanent magnets from a macroscopic point of view. Con-
sequently, the free surfaces of a crack attract each other, thus closing the discontinuity. Under
tensile loading, the interface provides structural support up to a certain axial load. Eventually,
the crack opens when the mechanical stress in the bulk material becomes larger than the magnetic
attraction. Figure 3.a provides pictures of the deformation process of a pre-magnetised hMRE sam-
ple during a tensile test. Three main stages characterise the process: 1) the closed crack regime,
i1) the crack opening phase, and iii) the eventual crack propagation. Note that the low stiffness of
the matrix originates a blunt crack topology. In addition, the size of the magnetic fillers (~ 50 pm)
is several orders smaller than the millimetric cracks, hence they do not mechanically interact with
the crack tip. To provide a detailed study, we perform DIC on non-magnetised and pre-magnetised
samples with different pre-existing cuts. The results consist in the surface displacement fields at
the crack tip along quasi-static tensile tests.® More detail on the experimental procedure is pro-

vided in Methods 2.3.

For all tensile tests, two displacements are defined as control points: the first before the crack
opens, i.e., “Displacement 1” of 10 mm, and the second after the opening of the crack, i.e., “Dis-
placement 2” of 16 mm. Figure 3.d. illustrates the procedure and the closing mechanism. Fur-
thermore, the reader can check a map of the magnetic induction around the crack tip in the pre-
magnetised MRE in Appendix, Figure E.9. The results from the force-displacement curves in
Figure 3.b show a drop in the force at the moment where the crack opens. In this regard, the longer
the initial crack, the larger the drop in the force, with the maximum for the cut of 5 mm. Moreover,
Figures 3.c.1-8 and 9-16 present the vertical strain fields at “Displacement 1” and “Displacement

27, respectively. A first finding relates to the small values of the strain on the crack tip for a closed

The crack propagation is controlled in the quasi-static regime, thus preventing significant viscoelastic dissipation.
Figure C.7 in Appendix provides additional results for cyclic loading and a faster velocity. In this regard, further efforts
should address fast crack propagation and the underlying dissipative phenomena. Note that a thorough approach to
rate-dependent mechanisms in MREs is experimentally and computationally provided in (Moreno et al., 2021; Lucarini
etal., 2022).

21



370

375

380

385

390

395

crack (Figure 3.c.5-8). Indeed, when the crack has not yet opened the structural behaviour is close
to that of a flawless sample. A second finding, after the opening of the crack (i.e., “Displacement
2”), is that strains at the crack tip are larger for pre-magnetised samples than for non-magnetised
ones, see Figure 3c.13-16 and Figure 3¢.9-12, respectively. Although the strain fields do not pro-
vide a complete view of the constitutive behaviour of the hMRE (i.e., stress response), they provide

a measure of the deformation state.

The J-integral provides a better quantification of the strain concentration at the crack tip. The
estimation of this value is done with the analytical formulation of Long et al. (Long and Hui, 2015)
for the crack tip fields under large deformations to fit the vertical displacement fields obtained with
DIC. The formulation is based on the Generalised neo-Hookean model (GNH). Moreover, the
points used for the fitting are defined through an annular grid, see Figure 3.e.1. For further detail
on the calibration of the model and the fitting procedure we refer to Methods 2.4. In addition,
Figure B.6 contains additional results for alternative annular grids. This confirms that the fitting
grid does not influence the tendencies found. Figure 3.e.2 shows the results for all cut-width ra-
tios, for “Displacement 17 and “Displacement 2 and for both non-magnetised and pre-magnetised
samples. A first finding relates to the crack closure phenomenon. The values of J are significantly
smaller for pre-magnetised samples than for non-magnetised hMREs at “Displacement 1. This
result is explained by the crack closure due to remanent magnetic fields that provide material con-
tinuity through the crack region. The reduction is of approximately 11 %, 18 %, 23 %, and 23 %
for the crack length ratios of 0.2, 0.3, 0.4, and 0.5, respectively. However, once the crack opens in
the pre-magnetised hMRE, J is larger for the pre-magnetised sample than for the non-magnetised

one. Itis 8.6 %, 9.4 %, 7.7 %, and 28 % larger, respectively for the crack length ratios.

An additional finding unveils that ./ shows a peak for cuts of intermediate lengths and, for short
and long cracks, J is smaller. In other words, the shortest and longest cracks (2 mm and 5 mm,
respectively) lead to smaller strain concentration at the crack tip. However, for the intermediate

cut-width ratio of ¢/w = 0.3, increases between 35 % and 60 % with respect to the case for the
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shortest crack are shown in Figure 3.e.2. The smaller sensitivity of the hMRE to small flaws agrees
with the work conducted by Chen and co-authors (Chen et al., 2017). Regarding the large cuts, the
smaller J would owe to a more homogeneous displacement field at the crack tip. Overall, although
the experimental displacement fields can provide meaningful information, they miss constitutive
information. Such additional information could be better considered through computational full-

field models.
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Figure 3. Experimental results for the surface deformation at the crack tip on non-magnetised and pre-magnetised samples show the delay
in the opening of the pre-existing crack. (a) Stages along the stretching of a pre-magnetised hMRE with a 5 mm crack. (b.1-4) Force-displacement
curves for non-magnetised and pre-magnetised hMREs with pre-existing cut-width ratios of 0.2, 0.3, 0.4, and 0.5. Two displacements (abscissa)
are defined: “Displacement 17, equal to 10 mm, is defined for all the samples before the opening of the crack in the pre-magnetised samples; and
“Displacement 2”, equal to 16 mm, after the crack opening. In between these two reference displacements, and for pre-magnetised samples, the
sides of the crack detach. (c.1-4) and (c.5-8) Vertical strain fields at “Displacement 1” of non-magnetised and pre-magnetised samples, respectively.
(c.9-12) and (c.13-16) Vertical strain fields at “Displacement 2” of non-magnetised and pre-magnetised samples, respectively. (d.1-2) and (d.3-4)
Tllustration of the crack state (open/closed) of non-magnetised and pre-magnetised state for Displacements 1 and 2, respectively. (e.1) Annular
grid used for the fitting with the experimental and theoretical vertical displacement fields to estimate the J-integral. (e.2) Values of J for the
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3.3. Hard magnetics reduce stress concentration at the crack tip

The stress state at the crack tip drives crack growth. Given the complexity of the coupling be-
tween the mechanical and magnetic fields within pre-magnetised hMREs, experimental techniques
are not enough to fully understand the constitutive response of hMREs. In this regard, DIC pro-
vides the displacement and strain fields of the deformed sample, but not the stress response. The
highly complex behaviour of hMRESs requires constitutive models that consider the interactions
between the magnetic particles and the soft elastomeric matrix. Such approaches, when imple-

mented in a computational framework, provide deeper understanding of the underlying physics.

In the present work, we develop a bespoke magneto-mechanical phase-field model to provide
understanding on how remanent magnetic fields affect fracture mechanics of ultra-soft hMRE:s.
More specifically, the framework explains the capacity of pre-magnetised hMREs to absorb more
energy than non-magnetised ones, as reported in the previous sections. The model is based on a
continuum description of the hMRE within the finite strain framework (Pelteret and Steinmann,
2020; Mukherjee et al., 2020; Mukherjee and Danas, 2022; Rambausek et al., 2022). The Gener-
alised neo-Hookean model (GNH) is used to model the mechanical mechanical behaviour (Long
and Hui, 2015) (see Eq. 25). Moreover, when the medium has remanent magnetisation and/or is
externally actuated, the coupling between the magnetic and mechanical fields modulates the over-
all stress in the bulk material. To properly model the interaction between magnetic particles at the
microscale, an additional coupling term is added to the magnetic formulation. Furthermore, the
air (free space) surrounding the hMRE is modelled as an extremely compliant mechanical medium
(Moreno-Mateos et al., 2022b; Pelteret et al., 2016). On top of this, an order parameter field mod-
els the damage of the medium and crack propagation. The calibration of the critical energy release
rate (G, is achieved from experimental force-displacement rupture curves for cracks of 2 and 5 mm.
The area between both curves provides G, see Figure 4.a. Note that this is an average estimation
from the shortest crack to the largest one. The reader can find more detail on the calibration of the

GNH model parameters in Appendix A.
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We perform simulations for different magnetic remanent fields, i.e., poH; = 0,5, 10, 15,20 mT
and the cut-width ratios ¢/w = 0.2,0.3, 0.4, 0.5. Figure 4.b illustrates the morphology of the crack
during its propagation in non-magnetised and pre-magnetised hMREs, from the 2 mm initial cut
to the eventual rupture of the sample. Force-displacement curves in Figure 4.c show increasing
stiffness and stretch to failure for shorter cracks and larger remanent fields. Moreover, they al-
low to calculate the fracture energy from the area under the curve. In this regard, the barplots in
Figure 4.d present the values of the fracture energy density, with increases of the fracture tough-
ness above 50 % for the maximum 20 mT remanent field. Finally, Figure 4.e provides the vertical
Cauchy stress fields (oyy) near the crack tip for non-magnetised and pre-magnetised hMREs. For
the pre-magnetised case, the stress concentration is smaller than for the non-magnetised hMRE.
This is a consequence of the coupled response of the hMRE, that results from a mechanical balance
between the polymeric network deformation and magnetic stresses from particle dipole-to-dipole
interactions. An isolated study of the magnetic stress contribution indicates that the magnetic
stresses induce compression of the medium. In this regard, Figure D.8 depicts the distribution of
the spherical component of the magnetic contribution to the Cauchy stress tensor, where the posi-

tive values indicate magnetic compression of the medium.
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Figure 4. Numerical results from tensile tests to rupture performed in the virtual framework. (a) Experimental calculation of the critical
energy release rate to be used in the phase-field model. To provide an average estimation, it is calculated as the energy released between 2 mm and
5 mm cracks at a displacement of 25 mm. (b.1-5) Evolution of the morphology of the crack from an initial cut of 2 mm to final rupture of a non-
magnetised hMRE. The pictures correspond to deformed states for disp cEments of the edges of 3, 36, 53, 60, and 64 mm. (b.6-10) Crack patterns
from an initial cut of 2 mm to final rupture of a pre-magnetised hMRE. The pictures correspond to deformed states for displacements of 5, 25, 35, 46,
and 54 mm. The dimensions of the virtual samples are 10 mm width and 30 mm height. (c.1-4) Force-displacement curves to rupture of rectangular
hMRE specimens with initial crack-width ratios of 0.2, 0.3, 0.4, and 0.5, respectively, and remanent magnetic fields polH; = 0,5,10,20 mT.
(d.1-4) Fracture energy density for the cut length ratios and remanent magnetic fields poH; = 0, 5, 10,20 mT. (e.1-4) and (e.5-8) Crack tip Cauchy
vertical stress fields for non-magnetised (uoH; = 0 mT) and pre-magnetised samples (p.0H; = 20 mT). All pictures correspond to a displacement
of 11.5 mm. Note that the fracture contours are obtained for d < 0.85, so that the regions of negligible stress contribution are not displayed.
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4. Discussion

The experimental and computational study indicates that remanent magnetization in ultra-soft
hMRESs enhances their fracture performance. Our experimental approach demonstrates that pre-
magnetised hMRE samples are tougher to fracture than non-magnetised ones. In addition, we
report crack closure due to a magnetic field as a phenomenon that delays the opening of cracks.
The magnetic attraction between both sides of the crack acts as an artificial glue that heals the
flaw. This ground-breaking capability suggests the application of pre-magnetised hMREs on smart
structures less sensitive to pre-existing flaws and even on self-healing structures (Garcia-Gonzalez
et al., 2023; Yimyai et al., 2022). Furthermore, these ultra-soft structures would have the fea-
tures to modify their mechanical properties and perform functional shape changes under external
magnetic actuation. A comprehensive computational framework based on a bespoke phase-field
approach allows to better understand how the magneto-mechanical coupling affects crack propa-
gation. The virtual testbed, based on the constitutive description of hMREs at finite strains and
magneto-mechanical coupling, allows to compare between magnetic conditions and pre-existing

cuts of different lengths.

The concentration of the displacement, strain and stress fields at the crack tip is affected by the
length of the pre-existing cut and permanent magnetisation state. In this regard, the experimental
strains at the crack tip in Figure 3.c are larger for pre-magnetised samples than for non-magnetised
ones. Moreover, according to the results for .J, the fields are larger for cuts of intermediate lengths.
However, strain fields are not enough to properly understand the constitutive behaviour. Fracture
mechanics is determined by the energy of the material and not only the strains. In this sense, the
response of the material is given by a pure mechanical contribution and a magnetic one. The for-
mer can be determined from the deformation of the material. The latter, however, actuates as a
pre-stress and cannot be determined experimentally. In this respect, the computational framework
provides more insightful information based on the intricate magneto-mechanical coupling of the
medium. The framework allows for a detailed study of the stress response, which drives crack

propagation, and reveals that the stress concentration at the crack tip is smaller for pre-magnetised
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hMREs than for non-magnetised ones (see Figure 4.e). This justifies the slower crack growth rate
observed from the virtual experiments on pre-magnetised hMREs and, overall, their enhanced frac-

ture behaviour.

As mentioned earlier in Section 3.1, pre-magnetised samples show higher fracture toughness.
The computational framework clarifies this behaviour. From the constitutive decomposition of the
stress state into mechanical and magnetic contributions, one can verify that the magnetic stress
contribution induces compressive deformation of the medium. The positive spherical component
of the magnetic stress in Figure D.8 quantifies this tendency. It unravels larger magnetic compres-
sion in front of the crack tip, a result that suggests that the magnetic fields homogenise the stress
distribution within the medium. This is a consequence of the coupled response of the hMRE,
that results from a mechanical balance between the polymeric network deformation and magnetic
stresses from the particles’ dipole-dipole interactions. The findings indicate that the particles’ in-
teractions oppose the elongation of the medium, hence increasing the fracture toughness of the
hMRE. This would enable the design of structures with more complex geometries, diminishing the

negative effect of stress concentrations around pre-existing flaws.

Overall, the experimental and computational evidence unveils that the magneto-mechanical
coupling provided by hard magnetics enhance the fracture behavior of hMRESs in an autonomous
way. This feature opens doors to the design of self sufficient functional structures that can undergo
large deformations minimising fracture failure limitations. For example, skin patches based on soft
polymers (Theocharidis et al., 2022), meshes for wound closure (Gao et al., 2021) and bioadhe-
sive skin sensors (Wang et al., 2022a). Moreover, the crack closure mechanism on pre-magnetised
hMRE samples suggests the application of hMREs as a robust option to minimise fracture propen-
sity. Here, the delay in the opening of the crack would reduce the amplitude of .J during a load
cycle, thus providing a better performance of hMREs under cyclic loading. The study of fatigue
failure is out of the scope of this work, but the reader can consult the works by Sanoja et al. (Sanoja

etal.,2021) and Li et al. (Li et al., 2020) for further experimental considerations, the work by Loew
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et al. (Loew et al., 2020) and Alessi et al. (Alessi et al., 2018) for a computational approach, and
the work of Zheng et al. (Zheng et al., 2022) for fatigue on hydrogels. Additional further work
could focus on the computational study of crack nucleation and propagation from a microstruc-
tural viewpoint (Nguyen et al., 2015; Kumar and Lopez-Pamies, 2020), e.g., via computational
homogenisation approaches. Furthermore, data-driven modelling could be a useful approach to
account for unintended flaws resulting from actual manufacturing processes (Carrara et al., 2021).
Finally, as reported in a recent work by the authors (Moreno-Mateos et al., 2022b), the combination
of soft-magnetic and hard-magnetic particles within the same elastomeric matrix could addition-
ally improve the fracture behaviour of hMREs. Here, the soft-magnetic particles would create

magnetic bridges around the hard-magnetic ones, enhancing the magneto-mechanical coupling.
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Appendix A. Calibration of the Generalised neo-Hookean model with uncut samples

Tensile tests on uncut samples allowed the calibration of the mechanical material parameters.
The parameter b was set to 1 to mimic at small strains a neo-Hookean material. Then, the shear
modulus G and exponent 7 are obtained for non-magnetised and for pre-magnetised hMREs by fit-
ting the curve from the numerical model with the experimental ones. The mechanical contribution
in the numerical model is calibrated from experimental results for tensile tests on non-magnetised
samples (blue curves in Figure A.5.a) and the magnetic fields for the pre-magnetisation condition
are included through a magnetic constitutive extension of the model. However, for the estimation
of the J-integral on pre-magnetised specimens, the analytical GNH model is used without any
magnetic extension, hence the GNH parameters are calibrated to include the magneto-rheological
effect (purple curves in Figure A.5.a). Note that the fitting is done up to 1.4 logarithmic strain.
Moreover, the barplot in Figure A.5.b presents the fracture energy density as a function of the

cut-width ratio, including the uncut case.
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Figure A.5. Results for the uncut samples case. (a) Calibration of the material parameters of the Generalised neo-Hookean model with uniaxial
tensile tests on uncut samples. Scatter areas around each mean curve are depicted to quantify the variability of experimental data sets. Three
repetitions for each experimental condition ensure repeatability. A numerical model without damage field provides the numerical stress-strain
curve as a function of the material parameters. These are fitted so that the numerical curve fits the experimental ones for uncut non-magnetised
and pre-magnetised hMREs with initial length [p = 30 mm. (b) Barplot with the experimental fracture energy density of non-magnetised and
pre-magnetised samples as a function of the cut length ratio for [y = 30 mm, including the results for the uncut case for initial length /o = 30 mm.

Appendix B. J-integral estimation for alternative annular grids

The annular grid used to fit the theoretical and experimental displacement fields must guarantee
the fitting to be independent of the grid parameters. Here, we provide the results for J from two
additional annular grids. The first grid has a smaller final angle; the second, a larger inner radius.

The results follow the same tendencies as in Figure 2.e.2 regardless the grid parameters.
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Figure B.6. Results for the estimation of the J-integral for two different annular grids. (a.1) Annular grid 1 with a smaller final angle and (b.1)
annular grid 2 with a larger inner radius. (a.2), (b.2) Results for J-integral for the alternative fitting grids. The results prove the independence of J
with the grid.

Appendix C. Inelastic behaviour of the hMRE for faster strain rates

Additional cyclic tensile tests to explore the hysteretic behaviour of the hMRE under tensile de-
formation. Two deformation velocities allow to explore the rate-dependent dissipation: the quasi-
static velocity used in the work (0.003 mm s~!) and a faster one (0.3 mm s~ !). In addition, the
tests are performed on non-magnetised and pre-magnetised samples. These results demonstrate
that, for the fracture tests performed, negligible dissipation occurs due to the mechanical viscous
nature of the elastomeric matrix. However, higher rates will lead to such effects (Figure C.7.a).
In addition, we performed the same experiments under pre-magnetised conditions. These results
are interesting as a hysteresis response is observed even for the quasi-static case. Note that this
problem is more complex due to magnetic stress contributions during the cyclic loading that result
from the variation in particles’ relative distances. We showed this latter effect numerically in a

previous article (Lucarini et al., 2022).
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Figure C.7. Cyclic tests to explore the hysteretic behaviour of h(MREs. The experiments are conducted on: a) non-magnetised samples at loading
rates of 0.3 mm s~ ! and 0.003 mm s~ !; and b) pre-magnetised samples at loading rates of 0.3 mm s~! and 0.003 mm s~1.

Appendix D. Spherical component of the magnetic Cauchy stress tensor

The positive spherical component of the magnetic Cauchy stress tensor relates to a compressive
stress contribution of the medium. Figure D.8 presents the results for different stages along the

crack propagation on a virtual sample with initial notch of 2 mm.
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Figure D.8. Spherical component of the magnetic Cauchy stress tensor along a virtual tensile test. Positive values relate to a compressive
deformation of the pre-magnetised MRE in the direction of the magnetic field. (a-g) Deformed configuration for displacements of 5, 25, 35, 46 and

54 mm, respectively.

Appendix E. Magnetic field in a pre-magnetised sample with a pre-cut

The vertical remanent magnetisation favours the crack closure and the opening originates het-

erogeneity in the magnetic field lines.
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Figure E.9. Magnetic induction in a pre-magnetised sample with a pre-cut. The sample has a pre-existing crack of half the width of the sample.
The opening of the crack originates heterogeneity in the magnetic field lines.
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