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The Threshold of Stochastic Tumor-Immune Model with Regime
Switching

Xing Chen* Xiaoyue Lif Yuting Mat Chenggui Yuan®

Abstract

In response to the pressing needs for comprehending the cancer biology, this paper focuses
on dynamical behaviors of a class of stochastic tumor-immune models in random environment
modulated by Markov chains. A sufficient and nearly necessary threshold-type criterion is
investigated, which shows the long-time behavior of the system can be classified by a real-
value parameter A. Precisely, if A < 0, tumor cells die out. If A > 0, the system exists a
unique invariant probability measure, and the transition probability of the solution process
converges to this invariant measure. Moreover, we also estimate the expectations with respect
to the invariant measure under some conditions. Two numerical examples are provided to
illustrate our results.

Keywords. Markov chain; Stochastic tumor-immune systems; Invariant measure; Ergodic-

ity; Permanence; Extinction.

1 Introduction

Providing an analytical framework to gain insight into the evolution and interaction mecha-
nism of immunity and tumor, mathematical models of tumor-immune systems are theoretically
and practically important in cancer treatment. Thus to describe reality accurately, more and
more tumor-immune models have been studied, see, e.g., [2, 6, 10, 14, 16, 17, 25]. In particular,

Kuznetsov et al. [10] proposed a classic tumor-immune model
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where z(t) and y(t) denote dimensionless local concentration of effector cells (ECs) and tumor
cells (TCs), respectively, o represents the source rate of the baseline ECs, p and n are the
parameters of the rate at which ECs accumulate due to the presence of the tumor, p describes
the elimination rates of ECs due to binding of ECs to TCs, § denotes the elimination rates
of ECs due to destruction and migration, « is the intrinsic growth rate of TCs, and a/f is
the maximal carrying capacity of biological environment of TCs; see [10] for more details on
the system setup. This model simulates the interaction of the cytotoxic T lymphocyte with
immunogenic TCs, the inactivation of ECs as well as the penetration of ECs into TCs.

As a matter of fact, the tumor-immune reactions are often subject to environmental random
perturbations, such as the supply of nutrients, temperature, radiation, and so on. Since the
elimination rate of ECs and the intrinsic growth rate of TCs are essentially influenced by protein

which is sensitive to white noises, namely,
odt — odt + k1d By (t), adt — adt + KvgdBQ(t),

model (1.1) becomes

n+y(t)
dy(t) = (ay(t) — By*(t) — x(t)y(t))dt + koy(t)dBa(t),

dat) = (7 PO ) — 52 (1) )dt + w1 (1) By (1) "
2

where Bi(-), Ba(:) are two independent Brownian motions, ki, ko are the intensity of noise.
The stochastic stability around the equilibrium points of (1.2) is investigated in [20]. Li et al.
[12] obtained the criteria to the asymptotic behavior of (1.2) including the stochastic ultimately
boundedness in moment, the limit distribution as well as the ergodicity. Recently, Tuong,
Nguyen and Yin [24] obtained the sufficient and nearly necessary threshold-type condition for
the extinction and permanence of TCs, which extends the result of [12] to a better version.
Additionally, due to the sudden change of temperature, virus and other physical factors
in biochemical reactions, the tumor-immune model may experience abrupt changes in their
parameters [1]. Continuous-time finite-state Markov chain is widely used to characterize this
kind of environmental noise in different mathematical models, for instance, [4, 11, 13, 22, 23,
29, 30] and references therein. Among them, Takeuchi et al. [22] revealed the complicated
dynamics of the stochastic predator-prey model modulated by Markov chain. Moreover, the
theory of stochastic differential equations with Markovian switching is systematically introduced
in [18, 26]. Therefore, to describe the interaction of ECs and TCs more precisely in random
environmental, it is reasonable to consider the stochastic tumor-immune system with Markovian

switching
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with an initial value z(0) = zo > 0,y(0) = yo > 0,7(0) =19 € S (S = (1,2,---my)), where
r(t) is a Markov chain, all parameters o (i), p(i), n(z), u(z), 0(i), a(i), B(7), k1(i), ka2(i) are
positive constants (i € S), and Bj(-), Ba(+), r(-) are mutually independent, which is defined on
the probability space. To our best knowledge, there is no work on the dynamical behaviors of
(1.3).

In this paper, our aim is to investigate the extinction and permanence of (1.3) which are two
important properties in the study of tumor-immune systems. The main contributions of this

work are as follows.

e Inspired by [5, 24], by analyzing the dynamics of the first equation of (1.3) on the boundary,
we obtain a threshold A = 7 m; (o — k3(i)/2 — 04/5;). Therefore we can characterize

the dynamical behavior of (1.3) by A without other coefficient restrictions.

e Utilizing the stochastic Lyapunov analysis, the stochastic comparison theorem, the strong
ergodicity theorem and the occupation measure theory, we obtain a key criteria on the
threshold A. Precisely, we prove that if A < 0, y(¢) will tend to 0 with exponential rate,
while if A > 0, the system will have a unique invariant measure which has support on
{(z,y,i) € RZxS: 2,y > 0}. The moment estimate with respect to this invariant measure

is also obtained under some relaxed condition.

e Two numerical examples are given to illustrate the main result. The simulations exhibit
that as the subsystems have different dynamics, the long-time behaviors of (1.3) depends

on the stationary distribution of corresponding Markov chain.

The rest of the paper is arranged as follows. Section 2 obtains the threshold of extinction
and permanence A. Section 3 discusses the extinction of (1.3). Section 4 investigates the
permanence of (1.3), and obtains the moment estimations with respect to the invariant measure
under some conditions. Section 5 presents two numerical examples to illustrate our results.

Section 6 concludes this paper.

2 Threshold of extinction and permanence

Throughout this paper, unless otherwise specified, let (2, F, {F:}+>0,P) be a complete prob-
ability space with a filtration {F;};>0 satisfying the usual condition (that is, it is right con-
tinuous and Fy contains all P-null sets). Let r(¢), ¢ > 0, be a right continuous Markov chain

on the probability space taking values in a finite state space S = {1,2,--- ,mg} with generator

r= (Vij)mOXmo given by

Vi A + 0o(A), i # 7,

P{r(t+A)—jIT(t)—i}_{ 1+7;A+0(A),  i=j

where A | 0, o(A) means lima_,00(A)/A = 0. Here ~;; > 0 is the transition rate from i to j
if i # 7 while v = — Z#]‘ 7ij. Here we assume that the Markov chain is irreducible (i.e. the
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linear equation 7" = 0 and ) " m; = 1 has a unique solution m = (w1, 72, - , Tm,) satisfying
m; > 0 for each i € S. Such a solution is termed as a stationary distribution). We also denote
Ry ={zeR:2>0}, R, :={zeR:z >0} R :={(z,y) eR?: 2 >0, y > 0},
Ri’o = {(z,y) € R? : 2 > 0, y > 0}, and Ri’* = {(z,y) € R? : 2 > 0, y > 0}. For any
constant sequence {¢; h<i<m,, define é = minj<j<m, ¢; and ¢ = maxi<j<m, ¢;. For any a,b € R,
a Vb := max{a,b}, a Ab:= min{a,b} and [a]T = a V 0. For simplicity, we let c¢(i) = ¢;. K is
a generic positive constant whose value changes at different appearances. We begin with the

nature of the solution of (1.3).
Theorem 2.1. The following assertions hold.

(i) For any initial value (xo,yo,70) € Ri’* xS, model (1.3) has a unique global positive so-
lution (x(t),y(t),r(t)) for all t > 0 with probability one. In addition, the solution process
(z(t),y(t),r(t)) is a strong Feller and Markov process with transition probability denoted
by P(t7$07y07r07 )

(1) For any p > 0 sufficient small and ¢ > 0 sufficient large, there exists a positive constant
K(p,c) such that

limsup E[(1 + z(¢) + cy(t))' 7] < K(p, c). (2.1)

t—o00

Proof. We can prove the first assertion in the similar way as [24, Theorem 2.1] and the second
assertion by the similar techniques as [12, Theorem 3.2]. Since the proof is standard, we omit it

to avoid duplications. O

Now let us turn to find the threshold A which is the key to characterize the long-time behavior
of (1.3). Consider the first equation of (1.3) on the boundary y(t) = 0, that is

A () = (o (r(t)) — 5(r(0)E())dt + ra(r(1))E(1) B (0). (2.2)

n [28], we obtain that the global positive solution (Z(t),r(t)) of (2.2) has a unique invariant
measure v on [0,00) X S and v((0,00) x S) = 1. In the same way as (2.1) was proved, we obtain
limsup,_, . E[(Z(t))!™?] < K for sufficient small p > 0. This together with the continuity of
E[(Z(t))'*?] implies

E[(z)"P) <K, Vt>0. (2.3)

Thus, by embedding [0,00) X S into [0,00) x {0} x S, v x dy can be regarded as the invariant
measure of (z(t),y(t),r(t)) on the boundary of R%, where &y denotes the Dirac measure at 0 in

R,. We further obtain the property of the invariant measure v.

Lemma 2.1. The invariant measure v of the process (Z(t),r(t)) has the property

Z/ av(dz, i)

mo




Proof. For any initial value (£(0),7(0)) € RS x S, it follows from (2.2) that

(1) — £(0) = / ))ds — / 5(r(s))#(s)ds +/0 (1) (s)dBa ().
Taking expectation on both sides of the above equation yields
E[z(t)] — 2(0) = IE/O (O’(T(S)) - 5(r(s)):ﬁ(s))ds.

Utilizing the Holder inequality, one observes from (2.3), that E[z(t)] < K, V¢ > 0. This together
with the positivity of Z(¢) implies that —K < Efg (o(r(s)) — o(r(s))&(s))ds < K, ¢ > 0. Since
§<6 (1) < b for i € S and K represents different values at different appearances, we have that

for any t > 0,
t
K< E/ (U(T(SD - az(s)>ds <K.
0o \O(r(s))
Thus dividing ¢ on both sides of the above equation and taking the limit of ¢, we derive that
o1 tro(r(s))
tlgglo tE/o (5(r(s)) - x(s))ds =0. (2.4)

By the Holder inequality, Fubini’s theorem and (2.3), we derive that for any ¢ > 0,

EE /Oti:(s)ds} o < EE /Oti*lﬂ;(s)ds} = 1/OtE<§71+ﬁ(s)>ds < 00,

which implies that fgi(s)ds/t is uniformly integrable [21, p.190, Lemma 3]. Using [21, p.188,
Theorem 4] and the ergodicity of Z(t) implies that

1 t 1 t 10 00
tlg]go tE/o z(s)ds = E[tlggot/() x(s)ds} = 2/0 zv(dx, ). (2.5)
1=

We notice that ‘ fo r(s))/d(r(s )))ds/tl < &/6, t > 0. Therefore using the dominated conver-

gence theorem and the ergodicity of Markov chain, we obtain that
(r(s) (r(s) i mioi (2.6)

t—>oo t (5 (r(s)) =~ t—>oo t (5 (r(s) pt '

Combining (2.4), (2.5) and (2.6), we obtain the desired assertion. O

Inspired by [24], we estimate the Lyapunov exponent limsup,_, . Iny(t)/t given that y(t) is

small. Utilizing the generalized It6 formula, we obtain that

20l 201 2 [ (atr(e) = G0 — B ((s) — a(o)) s

+1/0 a(r(5))dBafs). (2.7)

From (1.3), we know that if y(¢) is small, z(¢) is close to Z(¢). Therefore, for sufficiently large ¢

we have
[ B + s~ 1 [ oo

5



Using the strong law of large numbers [18, Theorem 1.6], the ergodicity of Z(¢) and the Markov
chain, we obtain that the Lyapunov exponent of y(¢) can be approximated by

mo

A= Z [71’1' <o¢i - %m%(z)) - /0OO xu(dx,i)]

i=1
In view of Lemma 2.1, we have A = 37" 7; (o — k3(2) /2 — 0;/6;) . Intuitively, one can see that if
A <0, y(t) decays to zero exponentially, while y(¢) does not tend to zero if A > 0 which means
the disease will be permanent. In fact, we shall prove that the sign of the threshold A determines

the extinction and permanence of (1.3) in the following sections.

3 Extinction: The case \ <0

This section focuses on the case A < 0. In this case, we obtain the extinction of TCs with

exponential rate.

Theorem 3.1. Assume X\ < 0. Then for any (xo,yo,70) € Ri* xS, (z(t),y(t), r(t)) has a
unique invariant measure v X 0y on Ri xS, and TCs go extinct exponential fast almost surely,

i.e.,

. Iny(t)

In order to prove this theorem we prepare a lemma which shows that when A < 0, there exists
a field such that TCs go extinct exponential fast in probability if the process (z(t),y(t),r(t))

starts from it.

Lemma 3.1. Assume A < 0. Then for any e > 0 and H > 0, there exists a positive constant y1
such that

Iny(t)

Pg o] Jim =M} =1-e forall (zo,90.70) €[0,H] x (0,m] xS, (3.1)

Proof. Since the proof is rather technical we divide it into two steps.

Step 1. The main aim of this step is to prove that y(¢) is bounded for ¢ € [0,00) with
the sufficiently large probability. Based on the priori estimate of y(-) we give one comparison
equation for the lower bound of x(t). We prove that y(t) is upper bounded in some finite interval
[0, 7], and then by using the comparison theorem and constructing an appropriate stopping time
we extend this result to the whole interval [0, +00).

Due to A < 0 and the positivity of all parameters, we choose a g > 0 sufficiently small such

that

mo «

- 1 5. 0j s P

\ = o — k26 — ————) <0, §—E2>0. 3.2
3o — e - ) ; (3:2)

Assume Z(t) is the solution of equation

dz(t) = (o (r(t)) — (you(r(t)) + 8(r(1)@(t)) dt + k1 (r()) T (t)d By (8),



where the initial value (Z(0),7(0)) = (zo,70) € RS x S. Since you; + 6; > 0 for all i € S, by
(¢

(
the similar analysis as (Z

mo mo
RY x Sand Y [;°adv(x,i) = Y mioi/(you: + 0;). The strong ergodicity of (Z(t),r(t)) derives
i=1 i=1

),7(t)), we know that (Z(¢),r(t)) has a unique invariant measure 7 on

1t LU N
lim — T(s)ds = "t as.
t=oo b Jo (=) ; Yoti + 0

This implies that for any € > 0, there exists a T} = T1(g) > 0 such that P(Q;) > 1 —¢/4, where

mi0; ;\|
pu— > — > . .
0 {w eN: / s)ds E o + s 4 for all t > Tl} (3.3)

The strong ergodicity of Markov chain gives

JE&} Ot (a(r(s)) - %/{%(T(S)))ds - iw (ozi - %Ii%(i)) a.s.

As a consequence, there exists a 75 = Ta(¢) > 0 such that P(Q2) > 1 — /4, where

1/t A
QQZ{wEQ :t/0 (a(r(s))—f@ )ds<2m (al ) ) u, for all tZTg}. (3.4)
Utilizing the strong law of large numbers [18, Theorem 1.6], we have

o L m2(r(5))dBo(s)

t—o00 t

=0 as. (3.5)

Hence, there exists a T3(¢) > 0 such that P(Q23) > 1 — /4, where

>

))dB
ng{weﬂ Lo il t 25l A forautzTg}. (3.6)

|

Let T = max{T},T5,T5}. We choose M > &T sufficiently large such that P(Qy) > 1 — /4,

where
94_ weN: ’/ k(1 (5))dBa( )‘gM—olT, forallte[O,T]}. (3.7)
Let 1 € (0,7v0exp{—M?}). From (2.7) and (3.7), we obtain that for any yp < vy, and w € 4
y(t) < yoexp {dt + /Ot mg(r(s))ng(s)} < meM <y, for any t € [0,T]. (3.8)

Define the stopping time 7 := inf{t > 0 : y(t) > ~o}. Then for any w € 4, we have 7(w) > T
Rewriting the first equation of (1.3) yields



Applying the stochastic comparison theorem, one obtains Z(t) < x(t) a.s. for t € (0,7). Then

this together with the generalized It formula implies that for ¢ € (0,7)

o) < wesp{ [ (atris) = 3tro)as = [ #opas+ [ maropam).  39)

Inserting (3.3)-(3.6) into (3.9) yields that for w € ﬁ?zlﬂj and yo <1

i 1 0 3|
t) < ypex { 71'-(04-77/421' — et )t+ t}
y( ) =~ Yo b Zz; [ 7 2 2( ) Yol +5z 4

At
<o exp{z} <m <, tell,7). (3.10)

Then 7 = oo for any w € ﬂ?zlﬁj and yo < 71. In fact, if it does not hold, there exists
a set Q5 C ﬂ?zlﬂj with P(€Q5) > 0 such that for any w € 25, we have 7 < oo. Noticing
T < 7 for w € ﬂ?zlﬂj and using the almost sure continuity of y(t) as well as (3.10), we
have }1_1;2 y(t) = y(7) < 7o, for w € Q5. This is a contradiction with the definition of 7. Thus we
have 7 = oo for any w € ﬁ;*:le and yo < 71, which implies y(t) < yo exp{\t/4}, for any t > T.
Therefore, this together with (3.8) implies that for any w € ﬂ?zlﬁj and yo < 1,

y(t) <o (t >0), and lim y(¢) =0. (3.11)

t—o00

Step 2. The main aim of this step is to obtain the desired assertion. Based on the upper
boundedness of y(t) we give the comparison equation for the upper bound of z(t), which facili-
tates the tightness analysis of the occupation measures II*(-) with respect to (z(-),y(-),(:)). By
the weak convergence of II*(-) we derive the unique invariant measure v x &y of (z(-),y(-),7(-)).
Finally, the desired assertion follows from the properties of II*(-) and v.

Consider

i) = (a(r(1) = (6= 22)a(0) )t + ma(r(1) ()AL (1)
z(0) =xz9 >0, 7r(0)=rgeS.

For w € ﬁ?zlﬁj and yo < 71, using the first inequality of (3.11) and the stochastic comparison
theorem, we obtain z(¢) < Z(¢) for ¢ > 0 a.s. Owing to (3.2), by the similar analysis as (Z(t), (t)),
we obtain that (Z(¢),(¢)) has a unique invariant measure 2 and satifies lim sup,_, ., E[#1*?(¢)] <

K, for a sufficiently small p > 0. Therefore the ergodicity of (Z(t),r(t)) gives that for almost all

w e ﬂ;;:le
1 t R 1 t . mo 0o X
hﬁigpt/o 2P (s)ds < tliglo ), #1P(s)ds = Z/ 21Po(dz, i) < oo. (3.12)

Now we define the family of random occupation measures

- 1 [t
() = t/o L(a(s) y(s).r(s)eyds, > 0.



In view of (3.11) and (3.12), one observes that {II*(-;w),t > 0,w € ﬂjf:le} is tight, see [23].
[5, Lemma 5.7] reveals that with probability 1, any weak limit of II* is an invariant probability
measure of the process (x(t),y(t),r(t)), which has the support on [0,00) x {0} x S. Obviously,
v X 0¢ is the unique invariant measure of (x(t),y(t),r(t)) supported on [0,00) x {0} x S. Thus
IT*(-) weakly converges to v x g, for almost all w € ﬂ?zlﬂj. Using the weak convergence, (3.5),

(3.12) and Lemma 2.1, we observe that for any w € ﬂ?zlﬁj, (z0,Y0,70) € [0, H] x (0,71] xS,

Iy 1 [ 1,
ggjt—ggt%;@ww»—zwwwn—ﬁv@»MQ—m@Dw
¢
+ o Jm()dBa(s)
t—00 t
L o Tt
= lim (a(r) — —k5(r) — B(r)y — :c)H (dzx, dy,dr)
t—o00 Rﬁ_xS 2
. 1, .
= Z (aZ — —kr5(1) — Biy — w)y(dx,z) X 9o (dy)
=1 R%— 2
mo 1
= mili — r3(i) — =) = A <0
i=1 v
Thus, the required assertion follows from P(ﬂjleQj) >1-—ce. O

Next we begin to prove Theorem 3.1.

Proof of Theorem 3.1. Lemma 3.1 implies that (x(t),y(t),r(t)) is transient on ]Rio x S. Hence
by Theorem 2.1, (z(t),y(t),r(t)) has no invariant measure on Ri’* X S. Then v X dy is the unique
invariant measure of (z(t),y(t),(t)) on R2 x S. The second assertion of Theorem 2.1 implies
that the process (x(t),y(t),r(t)) is tight. Fix (zo,yo,70) € Ri’* x S. Then the sequence of the

occupation measures

M) = 1 Proanrs (@), 0(6).7(5) € -}

is tight on Ri x S. Since any weak limit of tho,yo,ro
t

Z0,Y0,70

(+) is an invariant measure of (z(t),y(t), r(t)),
v X g is the unique weak limit of II (+). Owing to v((0,00) x S) = 1, for any € > 0, one
may choose H sufficient large such that v((0, H) x S) > 1 — ¢/2. By virtue of Lemma 3.1, for
this € and H, there is a 97 > 0 such that (3.1) holds. The property of the weak convergence of

¢ (-) implies that there exists a 7' > 0 such that

Z0,Y0,T0
117 oo (0, H) x (0,71) X S) > 1 —e.
Recalling the definition of Htwo,yo,ro(') we derive

1 (T
= | Prosorno(®) < Hoy() < )t > 1 -
0



As a result, we yield Py, o o {7 < T} > 1 —¢, where 7 := inf{t > 0: z(t) < H, y(t) <71} is a
stopping time. Applying the strong Markov property and Lemma 3.1, we have

Iny(t
Pag,yoro{ Jim ni( ) _ Ap>1-2e

t—o00

Since € is arbitrary, the desired assertion is proved. O

4 Permanence: The case A\ > 0

Focusing on the case A > 0, this section demonstartes the permanence of the process
(z(t),y(t),r(t)) in the sense of the existence of the invariant measure, and further obtains the

estimate of the expectation with respect to the invariant measure under some conditions.

Theorem 4.1. Assume A > 0. Then (x(t),y(t),r(t)) has a unique invariant measure v* on
Ri’o x S.  Moreover, for any (xo,yo,i0) € Ra_’* X S, the transition probability of the process

(z(t),y(t),r(t)) converges to the invariant measure v* under total variation sense, namely,
lim ||P(t,.1‘0,y(],’to,) _V*()HTV =0. (41)
t—o0

Proof. We prove it by contradiction. Assume that there is no invariant measure of (x(t), y(t),r(t))
on ]Ri’o x S. Then by virtue of Theorem 2.1, (z(t),y(t),r(t)) also has no invariant measure on
Ri’* x S. This implies that v x §y is the unique invariant measure of (z(t), y(t),r(t)) on R% x S.

For every initial value (xo, yo,0) € Ri’o x S, t > 0, define the occupation measure

1 t
t —
T2 40,00 () = T Ba0.40,i0 /0 L(a(s) (s)r(s))e 18-

Due to Theorem 2.1, {IT t > 1} is a tight family of probability measures on Ri X

Z0,Y0,%0’
S. By virtue of [3, Proposition 8.4], any weak limit of on vosio 18 an invariant measure of
(z(t),y(t),7(t)). Therefore IT, . converges weakly to v x dp as t — oo. By the stochastic
comparison theorem and Lemma 2.1, we have
1 t
lim E - = =
Jim B yo.do 7 /0 y(s)ds = Z/RQ yv(dzx, i) x do(dy) = 0,

mo

ZUZ
tlim Ezo.90,i0 T / s)ds = Z/RQ zv(dz,i) x dp(dy) = Z

On the other hand, taking expectations on both sides of (2.7) gives

Iny(t) Inyy 1 t 1
Brumin i = 2 4 2By [ (alr(s) = 3r3(r(s)))as

t 1 t
Eamin [ A5 = (B [ als)ds

Since every term on the right side of the above equality converges as t — oo, we have

lim E 'W:§W‘<a-lﬁ2(i)%):)\>0 (4.2)
(oo T0:Y0,%0 t — L\ 2 2 5; : :
1=

10



By Theorem 2.1 and the Holder inequality we know that E. 4 i,y(t) is unformly bounded for
t > 0. This leads to limy o0 Egy y0,i0y(t)/t = 0. Using (4.2) and the Jensen inequality, we obtains
that

0 < lim Browodiomy(t)

t—00 t ~ t—=oo

]Exo,yoﬂ'oy(t) —0
— .

As a consequence, this constraction reveals that there must exist an invariant measure v* of
(z(t),y(t),r(t)) on Ri’o x S. One notices that the diffusion coefficient is nondegenerate in any
compact set of Ri’o x S which implies that the skeleton process {(x(ntg), y(nto), r(ntg)), n € N}
is irreducible and aperiodic. Thus, by virtue of [19, Theorem 6.1], it follows that the transition
probability P(t, zo, yo, i, ) of the process (x(t),y(t),r(t)) converges to the invariant measure

v*(+) in total variation mean. The proof is completed. O

We proceed to describe the bounds of expectation with respect to the invariant measure v*.

For each i € S, by [12, p.2203, line 21], we have that

Py <= R0, Yy >0, (4.3)
(A

where h; = (\/pi — v/ii1i) V 0. Then by the positivity of y() one observes from (1.3) that
dz(t) < (o(r(t) + R2(r(t))z(t) — S(r(t)x(t)) dt + k1 (r(t))x(t)dBy (t).
We introduce an auxiliary process v (t) with respect to x(¢) described by

{ Ay (t) = (o(r(t)) — (8(r(t)) = h2(r(t))) (1)) dt + k1 (r(t)y(t)dBi(t),
®(0) =x9 >0, r(0) =79 €S.

Owing to the stochastic comparison theorem we can see that xz(t) < ¢(t) a.s. for all ¢ > 0. If
a; == 6; —h? > 0, for all i € S, by the similar analysis to (Z(t), r(t)), we know that E[)1T9(¢)] is
uniformly bounded for ¢ > 0 sufficiently small and ¢ > 0. Furthermore, (¢(¢),r(¢)) has a unique

invariant measure o with

Mo roo AL
Z/ axv(de, i) = Z W;JZ. (4.4)
i—1 70 i1 i

To proceed, we further introduce an auxiliary process ¢(t) with respect to y(t), that is

{ dip(t) = @(t) (a(r(t)) = B(r(t)p(t))dt + ra(r(t))p(t)dBa(t),
©(0) =90 >0, r(0)=rgeSs.

By the stochastic comparison theorem, we have y(t) < ¢(t) a.s. for all £ > 0. Due to the direction
of inequalities, it is difficult to obtain the lower bound of the expectation with respect to the
invariant measure v* directly. Alternatively, to take advantage of the ergodicity we analyze the

upper bound of 1/x(t) in time average.

11



Lemma 4.1. The solution of (1.3) has the property that

1/t 1 1, 2\ 1+
iminf > [ ——ds >2 | > m (6 + #3(0) - B 5. .
h%&é%ft/o w(s)ds_&[izlwl(6’+2ﬁl(z) h’)} -5 (45)
and if Y% m; (o — k3(i)/2) > 0 then
(4.6)

lim sup — L < ;i {v ( (Z)) +4; + %R%(l)} a.s.

t—o00 t

Proof. We begin with the proof of (4.5). For convenience, define ¢; = §; + x3(i)/2 — h?,i € S. If
Yo mie; <0, (4.5) follows directly from the positivity of z(¢). Then we only consider the case

ZZI mit; > 0. By the generalized 1t6 formula, we compute

R L O B ) 10 E
() =t + [ (ZE5 LEDUE - (s))y(s) - 60(5)
(4.7)

+Aﬁum@m&@y

This together with (4.3) implies

! (4.8)

Inz(t) <Fi(t) —}—6/0 o)

() +3(r(s)) /2= 12(r(s)))ds + [y ma(r(s

ds,

))dBi(s). Using the strong

where Fi(t) = lnxo—fo (6(r

law of large numbers [18, Theorem 1.6] and the ergodicity of Markov chain, we obtain
p Al Inzo— [i (8(r(s))+1r3(r(s)) =h2(r(s)))ds+ [} k1 (r(s))dBi(s)
t—oo ¢ t—o0 t

mo
= — E Tl a.s.
=1

Thus, there exists a set g € F with P(2) = 1 such that for any fixed 0 < e < > " 7rZL1/2 and

w € Qg, there exists a constant Ty = Ty(g,w) > 0 such that

iti +€, t>1Ty.

Inserting this into (4.8) implies that

mo n 1
mz(t) < ( — ide)t+o ds, t>Tj.
nx()_( Z?TL —1—5) —|—0/0 o) s 1

fo 1/x(s)ds. We compute

Let g1(t
dgl (t) 2 6(22101 ﬂibi*E’)ty t Z T4.

Integrating the above inequality from T}y to ¢ derives
e(z;r;ol Wibi—e)t _ 6(2?;01 7T7;LZ'—€)T4

1 &g1(t) (791(T4)>
— — >
g (6 € - szol Til; — €

g

12



Rearranging the above inequality, we obtain that
o (6(2?;01 mii—e)t _ o210 mL’_a)ﬂ)

t>1Ty.

9

In { e791(T0) 4 m
0
D it it — €

ST

qi(t) >

By the definition of ¢ (t), dividing ¢ on both sides and letting ¢t — oo, we have
5 (e(zziol mit;—€)t _ 6(27;01 ﬂiLi—E)T4)

IRA 1 1 }
liminf — / ——ds > —liminf - In { 79171 4 —
t—00 o z(s) F t—oo t Zi:ol P—

Using L’Hospital’s rule twice gives

.1t 1 X £
hmlnft/0 ZL’(:S)dSZ&;?ULi_é'

t—00
The desired assertion (4.5) follows from the arbitrariness of . On the other hand, utilizing the

©(t) a.s. one derives from (4.7) that for all ¢ > 0

b1
Inx(t) > Faot) + 6/
0o z(s)

(5) + #2(r(s))/2)ds + fy ma(r

fact y(t) <
ds,

(s))dBi(s). By virtue

=1H$0—ﬂfotso( ds — Jo (8(r

where Fy(t)
(i)/2) > 0 and [11, Theorem 5.1] it follows that

Osz 17TZ( @

1
11trgcl>£1f > E 7r2< (ozZ - 752( )) +9; + 2f<51( )) a.s.
By the similar technique as (4.5), we obtain
1t 1 <X [/ 1 1
lim sup — ds < — {—A< ‘—*KJ2Z'>+5‘+*I£2Z'} a.s.
moup ;[ 0o S 5 2w [5 (a0 3e30) + i et
O

Thus the desired assertion (4.6) holds.
/2) > 0 holds. Therefore combining Theorem 4.1

Obviously, if A > 0, > m; (OzZ
with Lemma 4.1, using the ergodicity of (x(t),y(t),r(t)), we yield the upper bound and lower

bound of the expectation of 1/x with respect to the invariant measure v

Theorem 4.2. Assume X\ > 0. Then

i[%wz(csﬁ- k3(i) — h?)]Jrg;/Riiy*(dx,dy,'

To end this section we give the upper and lower bounds of the expectation of y with respect

to the invariant measure v*.
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Theorem 4.3. Assume A > 0 and miél{ai} > 0. Then
1€

mo ) mo
;[;ﬂ'i(ai—;/@%(‘ _ﬁ <Z/ d:L‘ ,dy, i )g;iZlﬂ‘i(ai—;/{%(i)>.

Proof. By (2.7), we obtain that

Iny(t) < Fs(t 5/

where F5(t) = Inyg + fg (a(r(s)) — K3(r(s))/2)ds + f(f k2(r(s))dBa(s). Then in the similar way

as Lemma 4.1 was proved, we obtain that

lims ! /t (s)ds < ! io: ( L 2()) a.s (4.9)
imsup — =Y mila; — =kr5(i S. .
t—)oop t 0 4 - B =1 2 2

On the other hand, it follows from (2.7) and the fact that z(¢) < (¢) a.s. that for allt > 0

Iny(t) > F5(t /10 dS—/B/

Since min;es a; > 0, it follows from the ergodicity of (¢(¢),r(t)) and (4.4) that

tlg&%(Fg(t) - /th(s)ds> = iﬂi (ai — ;F&%( ) — Z—j) a.s.

Using the similar techniques as Lemma 4.1 was proved yields
1 t 1 @ 1 . —+
litm inf t/o y(s)ds > 3 [Zm (ai - ilig(z) - ﬂ)} a.s. (4.10)

—00 a;

Since A > 0, we obtain the desired assertion by (4.9), (4.10), Theorem 4.1 and the strong
ergodicity theorem. O

5 Discussion and numerical simulations

To start this section, we compare our results with the existing results in literature. Compared
with those in [24], our results indicate that the dynamical behaviors of (1.3) are associated with
not only random perturbation as [24] but also the regime switching. To be precise, assuming

S = {1, 2}, we explain the impacts of regime switching by two possibility of all subsystems:

e Subsystems have the same dynamical behaviors. For instance, for subsystems a; —#3(4)/2—
0i/6; < 0, Yi € S, then for model (1.3), A < 0. This implies that for all subsystems,
TCs become extinct. Then TCs in (1.3) still become extinct, which implies that regime

switching do not change the dynamical behaviors.
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Table 1: The significance and value of the parameters

Parameter Real value/unit Biological significance

n 0.18 /day the intrinsic growth rate of TCs

b 2.0 x 107° /day the reciprocal of environmental capacity of TCs

s 1.3 x 10* cells/day the normal rate of inflow into the tumor site for ECs

d 0.0412 /day the elimination rate of ECs due to destruction and migration
g 2.019 x 107 cells the coefficient of response functional to TCs of ECs

q 0.06749 /day the coefficient of response functional to TCs of ECs

r1 2.422 x 10710 /dayxcells the elimination rate of ECs due to binding of ECs to TCs
T2 1.101 x 10~ 7 dayxcells the elimination rate of TCs due to binding of ECs to TCs
Ey 106 cells the order of magnitude scales for ECs

To 10° cells the order of magnitude scales for TCs

e Subsystems have different dynamical behaviors. For example, a; — x3(1)/2 — 1/61 > 0,
s — K3(2)/2 — 02/82 < 0, in other words, TCs in (5.1) are permanent while TCs in (5.3)
become extinct. In this case, if A < 0, then the TCs in (1.3) become extinct; if A > 0, then
the TCs in (1.3) are permanent. Due to the representation of A, the dynamical behaviors

of (1.3) in this case essentially depend on the stationary distribution of Markov chain.

In the following, two examples with S = {1,2} and S = {1,2,3} are provided to illustrate the

above conclusions, where the data is mainly selected from [10] and [12].

Example 5.1. In this example, we firstly discuss the tumor-immune model in environment 1

dz(t) (0 + W — px(t)y(t) — 5ac(t)>dt + k1 (1)z(t)d By (1),

dy(t) = (ay(t) — By*(t) — =(t)y(t))dt + ra(1)y(t)d Ba(t),

where £1(1) = 0.2, ka(1) = 0.25, and z(0) = 5, y(0) = 50. Table 1 shows the parameters of the

dimensional system in [10]. Using the nondimensionalization method [10, p.304], we obtain the

(5.1)

nondimensional parameters for (5.1) from the data in Table 1

= m =0.1181, p1 = T;JTO = 0.613, W= % = 0.00311,
- rz%jo = 0.3743, = Tg%o = 1.636, n= Tio = 20.19, (5.2)
and B =10 =3272x107%

T2

Then we compute a — k3(1)/2—0 /5 = 1.2892 > 0. By [24], ECs and TCs in (5.1) are permanent
and have a unique invariant measure. Figure 1 plots the sample paths of z(t), y(t) for (5.1).
Figure 2 predicts the empirical density functions for (5.1) using 1000 sample points and time
t = 200.

We then discuss the tumor-immune model in environment 2

dz(t)

(o + % — p(t)y(t) — 5(r) )t + s (2)(t)AB (1),

dy(t) = (ay(t) — By*(t) — =(t)y(t))dt + ra(2)y(t)dBa(t).

(5.3)
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(2) The sample paths of x{

1) (b) The sample paths of y(t)

f
[

st

The empirical density for system (5.1)

Figure 1: Sample paths of (5.1). Figure 2: The empirical density of (5.1).

. (a) The sample paths of (1 o (b) The sample paths of y(t)
[
ity |

The empirical density of ECs

—
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| —— the inverse Gamma IG(5.67875,1.47625,
— — the ECs of system (5.2)

1 |
[ ST . L
b ot i ‘ ‘ )
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Figure 3: Sample paths of (5.3). Figure 4: The empirical density of ECs of (5.3).

The binding rate of EC to TC will be increased when the immune response of EC to TC is strong.
Let py = 0.712, k1(2) = 0.4, k2(2) = 2, and z(0) = 5, y(0) = 50. Compute o — k3(2)/2 — /5 =
—0.6795 < 0. By [24], TCs become extinct while the measures of ECs converge to the unique
invariant one corresponding to the inverse gamma distribution IG(5.67875,1.47625). Figure 3
plots the sample paths of x(t), y(t) for (5.3). Figure 3 predicts the empirical density functions
of the ECs of (5.3) using 1000 sample points and time ¢ = 200.

Due to the random environmental change, tumor-immune system switches between two habi-
tat (5.1) and (5.3). Thus we regard model (1.3) as the results of Markovian switching between
(5.1) and (5.3) with the initial data z¢ = 5, yo = 50, ro = 1, where the Markov chain r(t) takes

values in S = {1, 2}. To proceed, we discuss model (1.3) by two cases.

Case 5.1.1. Let the generator of Markov chain ()

r= ( 0 > :
1 -1

Then its stationary distribution is 7 = (m,m2) = (1, 2). Compute A = S (o — K3(i)/2 —
o/ 5) = —0.1873 < 0. Theorem 3.1 reveals that TCs become extinct while the measures of ECs
a(t) converges to the unique invariant one. Moreover, Lemma 2.1 tells us that Y2, Iy~ av(dx,i) =
S22 mio/§ = 0.3155.

Figure 5 plots the sample paths of r(t), z(¢) and y(t) for (1.3). Figure 6 predicts the empirical
density functions of the ECs of (1.3) using 1000 sample points and time ¢ = 200.
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Figure 5: Case 5.1.1. For (1.3) figure (a), (b) and (c) plot a sample path of r(¢), z(t) and y(t),
respectively; figure (d), (e) and (f) plot another sample path of r(¢), z(¢) and y(t), respectively.

The empirical density of ECs

the ECs of system (1.3) i

— — - the ECs of system (5.2)

1 1.5

Figure 6: Case 5.1.1. The empirical density functions of ECs z(¢): solid line for (1.3); dashed
line for (5.3).

Case 5.1.2. Consider the generator of Markov chain ()

r:<‘21 _12>

Then the unique stationary distribution is 7 = (my,m2) = (%, %) . Compute A = Z?:l e (a —
Kk3(i)/2 — 0 /§) = 0.633 > 0. From Theorem 4.1, we know that (1.3) owns a unique invariant
measure v* on Ri’o X S which implies TCs and ECs are permanent. Figure 7 plots the sample
paths of r(t), z(t) and y(¢) for (1.3) which verifies the permanence of TCs and ECs. To further
describe the invariant probability measure v*, Figure 8 depicts the empirical marginal density
function for (1.3) using 1000 sample points and ¢ = 200. Obviously, the invariant measure v* of
(1.3) is different completely from that of (5.1).

We further compute

F=6=0=01181, [B=B=4=3212x10"°,  j=pu=0.00311,

hi = [(vp1— i) V012 =0.2834, 13 =[(v/p2 — im) V0]* = 0.3519,
a; =& —h3 =0.0909 > 0, as =& — h3 =0.0224 > 0,
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Figure 7: Case 5.1.2. For (1.3) solid lines in figure (a), (b) and (c) plot a sample path of r(t),
x(t) and y(t), respectively; solid lines in figure (d), (e) and (f) plot another sample path of r(t),

x(t) and y(t), respectively. Other lines are reference lines.

The empirical density for system (1.3)

Figure 8: Case 5.1.2. The empirical density of the stochastic tumor-immune model (1.3).
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Figure 9: Case 5.1.2. For (1.3) solid lines in figure (a) and figure (b) depicts the
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of 1/x(t) and y(t), respectively; the other lines are reference lines.
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2

;[Z” (a B %ﬁ%(i) B (%)r o ;iw (a - %ng(i)) — 280.8839.

i=1 =

Using Theorem 4.2 and Theorem 4.3 yields the upper and lower bounds of the expectations of

TCs and ECs with respect to the invariant probability measures v*
o 1 o0
0.915 < Z/ —v*(dw, dy,i) < 11.1417, 0< Z/ yv*(da, dy, i) < 289.8839.
ies /0 ¥ ies 0
Figure 9 predicts the expectation of 1/x(t) and y(t) with respect to the invariant measure v* by
the sample mean of 1/x(t) and y(¢) for 1000 sample points and ¢ € [0,200]. The ergodic theorem
tells us that the paths of 1/x(t) and y(¢) in (1.3) are almost surely between the corresponding

reference lines of Figure 9 in time average.

Example 5.2. Let r(t) take values in S = {1,2,3}. Model (1.3) is regarded as the result of
Markovian switching between (5.1), (5.3) and

da(t) = (g n ’m ~ ux()y(t) — 5x(t)>dt + w1(3)z(t)dBi (1),

dy(t) = (ay(t) — By*(t) — x(t)y(t))dt + r2(3)y(t)dBa(1),

(5.4)

where p3 = 1.131, k1(3) = 0.2, k2(3) = 2, and z(0) = 5, y(0) = 50. Compute a—~3(3)/2—0 /5 =
—0.6795 < 0. Then one observes that for (5.4), TCs become extinct while the measures of
ECs converge to the unique invariant one corresponding to the inverse gamma distribution
IG(19.715,5.905).

Figure 10 plots the sample paths of z(t), y(¢) for (5.4). Figure 11 predicts the empirical density

B (a) The sample paths of x(t) 70 (b) The sample paths of y(t)
6 [ X(tw,) 60 y(tew,) ; The empirical density of ECs
| — — x(tw,) — — Yltw,) ) ) ) ! !
st o 50 e 6l P —— the inverse Gamma G(19.715,5.905) |
— — the ECs of 5.3
_ . | x(!%) _ » y(l,wA) st \\ the ECs of system (5.3)
< 3 = a0} © . 4t A\
| | 40 }\yb | s
2 20 why
20 I W 2F \\
1R wf o sas \
. R ——— ol 05 1 ir
0 50 100 150 200 0 50 100 150 200 0 —
t t 0.1 02 03 04 05 06 07 08
Figure 10: Sample paths of (5.4). Figure 11: The empirical density of ECs of (5.4).

function of the ECs of (5.4) using 1000 sample points and time ¢ = 200. Next, we discuss model
(1.3) by two cases.

Case 5.2.1. Let the generator of Markov chain ()

-5 2
I'= 1 -1
3 0 -3
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Then the unique stationary distribution is m = (mq, mo, 73) = (%, %, %) . Compute A = Zg’zl i (a—
k3(i)/2 — 0/8) = —0.1873 < 0. Using Theorem 3.1 yields that TCs are exponentially decreas-
ing, see Figure 12 for the sample paths of r(t), () and y(t). Meanwhile, Theorem 3.1 reveals
that the measures of ECs x(t) converge to the unique invariant measure v. Figure 13 plots the
empirical density functions of the ECs of (5.3), (5.4) and (1.3), respectively, for 1000 sample
points and ¢t = 200. Obviously, the invariant measure v of ECs of (1.3) is different completely
from those of (5.3) and (5.4).

)
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Figure 12: Case 5.2.1. For (1.3) figure (a), (b) and (c) plot a sample path of r(t), z(t) and y(t),
respectively; figure (d), (e) and (f) plot another sample path of r(¢), 2(¢) and y(t), respectively.

The empirical density of ECs
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Figure 13: Case 5.2.1. For (1.3) the empirical density function of ECs z(¢): The dashed line for
(5.3); the dashed-dotted line for (5.4); the solid line for (1.3).

Case 5.2.2. Let the generator of Markov chain r(t)

-2 1 1
I'= 3 -4 1
1 1 -2

Then the unique stationary distribution is 7 = (mq, mo, 73) = (1—75, %, %) . Compute A = 25:1 e (a—

k3(i)/2 — ¢/8) = 0.2392 > 0. From Theorem 4.1, we know that (1.3) owns a unique invariant
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Figure 14: Case 5.2.2. For (1.3) figure (a), (b) and (c) plot a sample path of r(t), z(¢) and y(t),
respectively; figure (d), (e) and (f) plot another sample path of r(¢), z(¢) and y(t), respectively.

The empirical density for system (1.3)
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Figure 15: Case 5.2.2. The empirical density of the stochastic tumor-immune model (1.3).

measure v* on Ri’o x S. Thus TCs and ECs in (1.3) are permanent, see Figure 14 for the sample
paths of r(t), x(t) and y(t). To describe the invariant measures of (1.3), Figure 15 plots the
empirical density function for (1.3) using 1000 sample points and time ¢ = 200.

6 Conclusions

This paper studies the long-time dynamical behaviors of the tumor-immune system in a
stochastic environment. It is revealed how the interaction of different types of environmental
noise impact the dynamical behaviors of ECs and TCs. Firstly, by the analysis of the dynamic of
(1.3) on the boundary, the threshold ) is preestimated. Next, by constructing several appropriate
comparison equations, making use of the properties of the corresponding diffusion processes
and occupation measures, we obtain that if A < 0, the TCs will die out, while if A > 0, the
system (1.3) is permanent in the sense of the existence of the invariant probability measure
supported on ]Ri’o X S. Moreover, as (1.3) is permanent, the lower bound and the upper bound
of the expectation with respect to the invariant measure are obtained. Finally, our results are
illustrated by two numerical examples. Overall, the fact is revealed that both the intensity of the

white noise of TCs and the stationary distribution of Markov chain play the critical roles in the
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elimination of TCs. It is worth noting that the dynamical behaviors of the overall system may
be different completely from those of subsystems, which depends on the stationary distribution

of the Markov chain closely.

Remark 6.1. Through our study, the threshold A is the key to determine the extinction or
permanence of TCs. Obviously, the value A does not depend on the parameters p;,n;, ;i and
Bi. We notice that p; and n; are the parameters of the rate at which ECs accumulate due to
the presence of TCs, p; describes the elimination rates of ECs due to binding of ECs to TCs,
Bi(i € S) is the parameter of the mazimal carrying capacity of biological environment of TCs. It
is reasonable that they do not affect the determination of the extinction of TCs. But when the
system (1.3) is permanent, as we proved in Theorem 4.2 and 4.3, they do affect the lower bound
and the upper bound of the expectation of 1/x and y with respect to the underlying invariant

measure v*.
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