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Abstract: We review and extend recent studies of dilaton effective field theory (dEFT) that provide
a framework for the description of the Higgs boson as a composite structure. We first describe the
dEFT as applied to lattice data for a class of gauge theories with near-conformal infrared behavior.
This includes the dilaton associated with the spontaneous breaking of (approximate) scale invariance
and a set of pseudo-Nambu–Goldstone bosons (pNGBs) associated with the spontaneous breaking
of an (approximate) internal global symmetry. The theory contains two small symmetry-breaking
parameters. We display the leading-order (LO) Lagrangian and review its fit to lattice data for the
SU(3) gauge theory with N f = 8 Dirac fermions in the fundamental representation. We then develop
power-counting rules to identify the corrections emerging at next-to-leading order (NLO) in the dEFT
action. We list the NLO operators that appear and provide estimates for the coefficients. We comment
on implications for composite Higgs model building.

Keywords: lattice gauge theory; physics beyond the standard model

1. Introduction

It has long been thought that the dilaton, the neutral Nambu–Goldstone boson (NGB)
arising from the spontaneous breaking of scale invariance, might play a role in fundamental
physics—see, e.g., [1,2]. The idea is intriguing yet elusive. If an approximate symmetry
under scale transformations sets in over some energy range, and if the forces are such
that this symmetry is not respected by the ground state (vacuum) of the system, then the
appearance of an approximate, light dilaton would seem natural.

It is easy to realize this possibility at the classical level, there being no better example
than the Higgs potential of the standard model (SM) with its minimum at a vacuum
expectation value (VEV) vW > 0 of the Higgs field. The Higgs particle becomes lighter
as the self-coupling strength is reduced with fixed vW . In this limit, the explicit breaking
of scale invariance by the Higgs mass becomes smaller, and the breaking is dominantly
spontaneous due to the VEV vW . The Higgs particle can then be viewed as an approximate
dilaton at the classical level.

The dilaton idea becomes more subtle at the quantum level. At either level, it makes
sense only if the explicit breaking is relatively small, so that there is an approximate scale
invariance (dilatation symmetry) to be broken spontaneously. In a quantum field theory,
explicit breaking arises not only from the fixed dimensionful parameters in the Lagrangian,
but also through the renormalization process. For example, the quantum corrections to the
Higgs potential can lead to large contributions to the Higgs mass, requiring fine tuning to
maintain its lightness. However, its interpretation as a dilaton has striking implications for
the standard model, as well as its extensions [3].

In a gauge theory such as quantum chromodynamics (QCD), renormalization leads
to a confinement scale Λ, explicitly breaking dilatation symmetry. Approximate scale
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invariance sets in only at higher energies, while the vacuum structure and composite–
particle spectrum are determined at scales of order Λ itself. There is no reason to expect
the appearance of an approximate dilaton in the composite spectrum. On the other hand,
as the number of light fermions in a gauge theory is increased, the running of the gauge
coupling slows, and it has been speculated that an approximate dilatation symmetry
can develop, which is to be broken spontaneously at scales relevant to bound-state
formation [4–6]. This idea, suggesting the presence of an approximate dilaton, has been
supported by recent lattice studies. Gauge theories in this class both confine and have
near-conformal behavior.

Lattice studies of SU(3) gauge theories with N f = 8 flavors of fundamental (Dirac)
fermions [7–13], as well as N f = 2 flavors of symmetric two-index (Dirac) fermions
(sextets) [14–19], have reported evidence for the presence of a surprisingly light flavor–
singlet scalar particle in the accessible range of fermion masses. Motivated by the possibility
that such a particle might be an approximate dilaton, we analyzed the lattice data in terms
of an effective field theory (EFT) framework that extends the field content of a conventional
chiral Lagrangian [20–24]. This includes a dilaton field χ, together with the pseudo-Nambu–
Goldstone-boson (pNGB) fields π describing the other light composite particles revealed
by the lattice studies.

Gauge theories that are near conformal are particularly interesting because dEFT can
provide a low-energy description of a light composite Higgs boson as an approximate
dilaton [3,25–35]. They could also form the basis for a realistic composite Higgs model in
which the Higgs boson is an admixture of the dilaton state and one of the pNGBs [23,24].
In this context, electroweak quantum numbers must be assigned to the fermions of the
gauge theory, and a coupling to the top quark must be included. Having an EFT description
of the lightest degrees of freedom is then a valuable model-building tool. In both cases,
precision Higgs physics could reveal the composite nature of the Higgs boson, with dEFT
providing a framework for this endeavor.

Here we revisit the dilaton-effective-field-theory (dEFT) description of the light par-
ticle spectrum of these gauge theories [20–24], which was also examined in Refs. [36–45].
In Section 2, we summarize the underlying principles of the dEFT, describe the leading-
order (LO) effective Lagrangian, and briefly recall the tree-level fit to lattice data carried
out in Ref. [22]. In Section 3, we describe the dEFT more generally as a low-energy
expansion, taking into account the effect of quantum loop corrections. Most importantly,
we discuss the power-counting rules that are applied to improve the precision of the
dEFT description, explicitly providing the form of the NLO Lagrangian. This extends
the work presented in Ref. [42]. In Section 4, we summarize and comment on possible
future applications.

2. Leading Order (LO)

To provide a low-energy description of explicit and spontaneous breaking of dilata-
tion symmetry, we introduce a scalar field χ. It parametrizes approximately degenerate,
but inequivalent, vacua, with dilatation symmetry being spontaneously broken via a finite
VEV 〈χ〉 = fd. The explicit breaking of dilatation symmetry yields a (small) mass md for
the dilaton, the scalar particle associated with χ.

The dEFT also captures the spontaneous breaking of an approximate internal global
symmetry group G to a subgroupH. The pNGBs are described by the corresponding fields
π. Their couplings are set by the decay constant fπ . A small mass m2

π for the pNGBs is
present, as the global symmetry must be broken on the lattice. This explicit breaking also
contributes to the full potential of the dilaton, as we shall see.

With G = SU(N f )L × SU(N f )R andH = SU(N f )V , the Lagrangian density is

LLO =
1
2

∂µχ∂µχ + LK + LM − V∆(χ) . (1)

The kinetic term for the dilaton takes canonical form. The pion kinetic terms
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LK =
f 2
π

4

(
χ

fd

)2
Tr
[
∂µΣ(∂µΣ)†

]
, (2)

are written in terms of the matrix-valued field Σ = exp[2iπ/ fπ ]. This transforms as
Σ → ULΣU†

R under the unitary transformations UL,R ∈ SU(N f )L,R, and it satisfies the
nonlinear constraint ΣΣ† = 1N f .

The dilaton potential V∆(χ) takes the simple form

V∆(χ) ≡
m2

dχ4

4(4− ∆) f 2
d

[
1− 4

∆

(
fd
χ

)4−∆
]

, (3)

containing both a scale-invariant term (∝ χ4) and a scale-breaking term (∝ χ∆). The scaling
parameter ∆ is determined by a fit of the dEFT to lattice data. For any ∆, the potential
V∆(χ) has a minimum at 〈χ〉 = fd, with a curvature of m2

d at the minimum. In the limit
∆ → 4 in which the deformation is near marginal, the potential smoothly approaches a
functional form that includes a logarithm.

Explicit breaking of the global symmetry is described in the dEFT by

LM =
m2

π f 2
π

4

(
χ

fd

)y
Tr
[
Σ + Σ†

]
. (4)

The pion mass m2
π ≡ 2Bπm vanishes when the fermion mass in the underlying gauge

theory, m, is set to zero. The quantity Bπ is a constant with dimensions of mass. The scaling
dimension y is determined by a fit of the dEFT to lattice data. It was interpreted as the
scaling dimension of the fermion bilinear condensate in the gauge theory in Ref. [46], and it
has been suggested that near the edge of the conformal window, y approaches two [47,48].
This interaction term also breaks the scale invariance.

2.1. Mass Deformation and Scaling Properties

In the presence of the mass deformation in Equation (4), and for 〈Σ〉 = 1N f , the
complete dilaton potential is given by

W(χ) = V∆(χ) −
N f m2

π f 2
π

2

(
χ

fd

)y
. (5)

With m2
π > 0, χ develops a new VEV, 〈χ〉 = Fd > fd, and a new curvature, M2

d
(squared dilaton mass), near the minimum. The former is given by(

Fd
fd

)4−y 1
4− ∆

[
1−

(
fd
Fd

)4−∆
]
=

yN f f 2
πm2

π

2 f 2
d m2

d
, (6)

and the latter by

M2
d

m2
d
=

(
Fd
fd

)2 1
4− ∆

[
4− y + (y− ∆)

(
fd
Fd

)4−∆
]

. (7)

The dEFT leads to simple scaling relations for the pNGB decay constant and mass. They
are derived by normalizing the pNGB kinetic term in the vacuum, and they read as follows:

F2
π

f 2
π
=

(
Fd
fd

)2
,

M2
π

m2
π

=

(
Fd
fd

)y−2
. (8)

They are independent of the explicit form of the dilaton potential. They are directly
useful in interpreting lattice data, leading, for example, to the relation M2

π F2−y
π = Cm,



Universe 2023, 9, 10 4 of 13

where C = 2Bπ f 2−y
π , which is used to measure y from lattice data. When ∆ is less than 4

and Fd � fd, Equation (7) also simplifies into a simple scaling relation.
The dEFT Lagrangian density can be recast in terms of the capital-letter quantities,

which is a helpful rewriting for the determination of the Feynman rules and interaction
strengths. Taking χ = Fd + χ̄, we have

LK =
F2

π

4

[
1 +

χ̄

Fd

]2
Tr
[
∂µΣ(∂µΣ)†

]
, (9)

and

LM =
M2

π F2
π

4

[
1 +

χ̄

Fd

]y [
Tr
(

Σ + Σ†
)
− 2N f

]
, (10)

where Σ = exp[2iΠ/Fπ ] and Π are the canonically normalized pNGB fields. We have
removed from Equation (10) the piece that contributes to the full dilaton potential W(χ)
to avoid double counting. As an expansion in χ̄/Fd, the potential takes the form

W(χ̄) = constant +
M2

d
2

χ̄2 +
α

3!
M2

d
Fd

χ̄3 +
β M2

d
4! F2

d
χ̄4 + · · · , (11)

where α, β, . . . are O(1) dimensionless quantities depending on the dEFT parameters.
When Fd � fd, for example, the parameter α varies between 3 and 5 as ∆ varies from 2 to
the marginal-deformation case of |4− ∆| � 1 [3].

2.2. Fits to Lattice Data

In Ref. [22], we employed the LO expressions to perform a global, six-parameter fit
to lattice data provided by the LSD collaboration for the SU(3) gauge theory with N f = 8
Dirac fermions in the fundamental representation. (Alternative analyses can be found,
e.g., in Refs. [12,18,44].) As the scalar and pseudoscalar particles are much lighter than
other composite states of the gauge theory for all available choices of the lattice parameters,
it is sensible to describe them with our dEFT. The data consist of values for F2

π , M2
π , and M2

d
at five different values of the fermion mass m. We used the four dimensionless quantities y,
∆, f 2

π/ f 2
d , and m2

d/ f 2
d as fit parameters, along with f 2

π and C. All dimensionful quantities
are expressed in units of the lattice spacing a. Central values and 1σ ranges for each of the
six fit parameters can be found in Ref. [22]. The lattice data contain systematic uncertainties
arising from finite volume and lattice discretization effects. It will be interesting to extend
the dEFT in order to systematically incorporate lattice artifacts.

The relatively small uncertainties in the data for F2
π and M2

π , along with the scaling
relation M2

π F2−y
π = Cm, allow for a relatively precise determination of y and C. The

correlated 1σ confidence ranges of these parameters are shown in the left panel of Figure 1,
in which the two plots are taken from Ref. [22]. At the 1σ-equivalent confidence level, we
found that

y = 2.06± 0.05 . (12)

This range of values, if interpreted as the scaling dimension of the chiral condensate
of the underlying gauge theory at strong coupling, is consistent with the expectation
y ∼ 2 [9,47,48]. We also found that f 2

π/ f 2
d = 0.086± 0.015.

The χ2 distribution in the full six-dimensional space is relatively flat in the range of ∆
below ∆ ∼ 4.25. The right panel of Figure 1 was obtained by minimizing χ2 of the other
five parameters for each given value of ∆. The curve evolves slowly below 4.25, with values
in the range of 3− 4 being moderately preferred. The flatness of the curve is due, in part, to
the lesser accuracy of the lattice data for M2

d. The fit comfortably allows both the marginal
deformation case of |4− ∆| � 1 and the “mass-deformation” case of ∆ = 2.
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The �2 distribution is relatively steep in the y and C directions, and depends only
mildly on the other parameters. We show in Fig. 2 the contour plot of the six-parameter
global fit, as a function of y and C, marginalised over the remaining four parameters (by
which we mean that we adjust them to globally minimise the �2). We find (at the 68.27%

y

C

5

6

7

8

9

1.95 2.00 2.05 2.10 2.15

Figure 2. The 68.27% c.l. contour obtained from the six-parameter global fit, restricted to the
parameters y and C by marginalising over all other variables.

c.l., corresponding to 1� for a Gaussian distribution)

y = 2.06 ± 0.05, (3.1)

with a corresponding value for C given by a3�yC = 6.9 ± 1.1. Notice in the plot the high
level of correlation between these two determinations.

The parameters y and C characterise the response of the EFT to a non-zero fermion
mass in the underlying theory, and can be determined by fitting Eq. (2.13) alone to the
(relatively accurate) lattice data for F 2

⇡ and M2
⇡ . This was done in Refs. [11, 12], making

use of earlier LSD measurements. Our global fit leads to consistent results. We repeated
the exercise of performing the two-parameter fit of y and C only on the updated LSD
measurements, and found that the central values of the fit are unaffected, but in this case
�2/Ndof = 0.26. This small value raises moderate concerns about possible correlations
between the measured values of F⇡ and M⇡, and we return to this observation later.

The ratio f2
⇡/f2

d is also relatively insensitive to the details of the potential, and in
particular of �, but draws heavily on the measurements of M2

d , and is hence affected by
large uncertainties. By making use of the improved new LSD measurements we find

f2
⇡

f2
d

= 0.086 ± 0.015. (3.2)

This determination is consistent with the result in Ref. [12], but with improved precision.
The �2 distribution in the � direction is relatively flat over a broad range below

� ⇠ 4.25. Fig. 3 shows this distribution, marginalised over the other five parameters. The
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Figure 3. The chi-squared minimum as a function of �, obtained from the six-parameter global
fit to the LSD data using Eqs. (2.13)-(2.15). The grey dashed line represents the value of the �2

corresponding to the 68.27% c.l. interval. In making the plot, we marginalised over the remaining
five fit parameters.

�2 curve rises rapidly above � ⇠ 4.25, disfavouring values for � that are much larger. The
result of the analysis is that (at the 68.27% c.l.) we can only establish that the deformation
corresponding to � is either relevant or close to marginal, with

0.1 <⇠ � <⇠ 4.3 , (3.3)

but excluding irrelevant deformations with � >⇠ 4.3.
The weakness of the constraint on � has to be interpreted with caution: the value

of the �2 at its global minimum is rather small, which might indicate that either the
uncertainties on the input measurements are over-conservative, or that the correlations are
important, or possibly both. For example, a trivial multiplicative rescaling of the global
�2 to adjust �2/Ndof = 1 at the minimum would result in restricting the allowed range
to 1.6 <⇠ � <⇠ 4.25. Because we are taking the errors from the literature and have no
control over them, and furthermore because no systematic study of the correlation between
different measurements has been performed, we retain our conservative result in (3.3) as
our best estimate of �. It would be interesting to know whether this uncertainty can be
reduced by a dedicated study of the lattice measurements.

Fig. 4 shows the 68.27% c.l. ranges for a2f2
⇡ and m2

d/f2
d , as a function of �. The figure

illustrates how the two are correlated with �. In particular, it shows that if a preferred value
of � could be identified, somehow lifting the degeneracy of the �2 along the � direction,
then a2f2

⇡ and m2
d/f2

d would be determined with good precision.
The correlation between a2f2

⇡ and � is particularly informative. The measured values
of a2F 2

⇡ vary from up to 3 ⇥ 10�3 for the largest fermion masses studied by the LSD

– 9 –

Figure 1. The 1σ ranges for the scaling dimensions y and ∆, as defined in the main body
of the paper, obtained in fits of LSD lattice measurements in the SU(3) theory with N f = 8
fundamental fermions [22].

3. Beyond Leading Order

In this section, we describe a simple method for determining the dEFT Lagrangian at
higher orders in a low-energy expansion. We first demonstrate how this method may be
applied to determine the form of the leading-order dEFT Lagrangian LLO in Equation (1).
We then apply the method to determine the dEFT Lagrangian at next-to-leading order
(NLO) and comment on the relative size of the NLO corrections. Then, by employing a
spurion analysis, we highlight the symmetry properties of the dEFT, which motivated and
systematized the method employed to construct the dEFT Lagrangian.

3.1. Method for Constructing the Lagrangian

In Section 2, we reviewed our leading-order (LO) construction of the dEFT [22] and
its use to fit the LSD lattice data for the N f = 8 gauge theory. The fit made use of the
LO Lagrangian in Equations (1)–(4), which was implemented in the regime 〈χ〉 = Fd �
fd. In this regime, which is reached by increasing the parameter m2

π , the scaling laws
(Equations (6)–(8)) insure that the dEFT at LO continues to describe a set of pNGBs and a
dilaton, each of which is relatively light. The form and estimates of the NLO corrections that
we present hold when Fd � fd, but we find it simplest to restrict attention to values of m2

π

for which Fd remains close to fd. Our discussion is then entirely in terms of the lower-case
parameters f 2

d , m2
d, f 2

π , and m2
π .

The leading-order (LO) Lagrangian density in Equation (1) consists of terms with
one power of the squared masses m2

d, m2
π , or two derivatives ∂2. The latter generate

contributions of order p2 to observables. Each such factor is taken to be small compared
to a natural cutoff Λ, which is associated with the masses of heavier physical states when
m2

π = 0, which are not included in the dEFT. The dEFT Lagrangian can be described as an
expansion in the small, dimensionless combinations p2/Λ2, m2

π/Λ2, and m2
d/Λ2, which

are truncated at some given order.
We first observe that the LO terms themselves can be generated in this manner when

combined with a single fine tuning. We begin with a “zeroth-order” Lagrangian density of
the form

L0 = λχ4 , (13)
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where λ is a dimensionless coefficient taken to be of order Λ2/ f 2
d [49]. We then introduce

the following set of dimensionless operators.

X1 =

(
χ

fd

)−2 ∂µ

Λ

(
χ

fd

)
, X2 =

(
χ

fd

)−1 ∂µΣ
Λ

,

X3 =
m2

d
Λ2

(
χ

fd

)∆−4
, X4 =

m2
π

Λ2

(
χ

fd

)y−4
1N f , (14)

the form of which will be discussed further in the context of a spurion analysis in Section 3.3.
Starting from L0, we construct a series expansion in these operators, retaining only

contributions that are Lorentz invariant. Thus, the X1 and X2 operators appear only in
pairs. We also use relations of the type

1 =
1

N f
Tr
[
ΣΣ†

]
, 1N f = ΣΣ† , (15)

and then replace Σ (and/or Σ†) with X2 or X4. Terms in LLO (and then LNLO) are also
generated by replacing unity with X1 or X3.

Each of the terms in LLO, with the important exception of the first term in V∆,
which is shown in Equation (3), can be generated in this way. The dilaton kinetic term is
obtained, up to an O(1) normalization constant, by replacing unity in L0 with two factors
of X1. The pNGB kinetic term Equation (2) is similarly obtained by using Equation (15)
and replacing Σ and Σ† with X2 and X†

2 . The pNGB mass term Equation (4) comes, up to
an O(1) factor, from the replacement of unity in L0 with the first relation in Equation (15),
the replacement of one factor of Σ with X4, and the addition of the Hermitian conjugate.
Here, we take f 2

π to be of order f 2
d /N f , a value supported by fits to lattice data for the

N f = 8 theory.
Turning to the potential V∆ (Equation (3)), we first note that the two terms are normal-

ized such that for any value of ∆, the parameters fd and m2
d denote the potential minimum

and its curvature at the minimum. The limit ∆ → 4 is smooth. The second term comes
from replacing unity in L0 with X3, and it is small relative to L0 for ∆ not close to 4. Finally,
and very critically, the first term is already present in L0, but also in V∆ with a coefficient
suppressed relative to Λ2/ f 2

d when ∆ is not close to 4. Thus, a single, familiar fine tuning is
required to bring this term into line with the others in LLO. The full expression for V∆ is
small relative to L0 for any value of ∆.

3.2. The dEFT at NLO

We next construct the NLO Lagrangian from LLO in Equation (1) by using the
method introduced in Section 3.1. Each NLO-Lagrangian operator is generated by taking
each term from LLO and making one replacement with X3 or X4, or two replacements
with X1 or X2 from Equation (14). Thus, each NLO operator is quadratic in combinations
of m2

π , m2
d, and paired derivatives, and it also contains a factor 1/Λ2. We exclude

operators that are parity odd. We also remove operators that are rendered redundant by
the equations of motion at LO or are proportional to total derivatives. By convention,
where there are redundancies, we retain the operators with the fewest derivatives.

The NLO Lagrangian contains three kinds of terms, which we group together as follows:

LNLO = Lπ + Lpd + Lmd . (16)

The first group of terms, Lπ , contains factors of m2
π and derivatives of the Σ field,

but no factors of m2
d or derivatives of the dilaton field:
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Lπ = l0 Tr
[
∂µΣ∂νΣ†∂µΣ∂νΣ†

]
+ l1

(
Tr
[
∂µΣ∂µΣ†

])2
+ l2 Tr

[
∂µΣ∂νΣ†

]
Tr
[
∂µΣ∂νΣ†

]
+ l3 Tr

[
∂µΣ∂µΣ†∂νΣ∂νΣ†

]
+ l4 m2

π

(
χ

fd

)y−2
Tr
[
∂µΣ∂µΣ†

]
Tr
[
Σ + Σ†

]
(17)

+ l5 m2
π

(
χ

fd

)y−2
Tr
[
∂µΣ∂µΣ†

(
Σ + Σ†

)]
+ l6 m4

π

(
χ

fd

)2y−4(
Tr
[
Σ + Σ†

])2

+ l7 m4
π

(
χ

fd

)2y−4(
Tr
[
Σ− Σ†

])2
+ l8 m4

π

(
χ

fd

)2y−4
Tr
[
Σ2 + Σ† 2

]
+ h2 m4

π

(
χ

fd

)2y−4
.

Using the method of replacements from Section 3.1, we estimate that each of the
dimensionless coefficients li and h2 has a size of order f 2

d /(Nt
f Λ2), where the power t

counts the number of traces taken in the corresponding operator. It can be seen from
Equation (15) that each trace comes with a factor of 1/N f . The presence of the m2

π/d/Λ2

and p2/Λ2 factors ensures the smallness of these terms relative to the LO Lagrangian.
To illustrate how the terms in Equation (17) are generated and how the operator

coefficients are estimated by using the replacement rules, we consider the first term with
coefficient l0 as an example. This operator can be generated starting from the pNGB
kinetic term in Equation (2) and inserting ΣΣ† inside the trace by using Equation (15).
Then, the factor of Σ may be replaced with X2, and Σ† with X†

2 . Contracting the Lorentz
indices in one specific way yields the first term in Equation (17). An independent
contraction of the Lorentz indices is possible, and is shown as the fourth term with
coefficient l3. The order of magnitude of l0 follows directly, without further fine tuning,
since the above replacement method multiplies the coefficient f 2

π in the pNGB kinetic
term by 1/Λ2. One has l0 ∼ f 2

π/Λ2 ∼ f 2
d /(N f Λ2). The natural sizes of the other

coefficients in Lπ are estimated in a similar way.
The terms in Lπ are in one-to-one correspondence with those of an EFT for pNGBs

without a dilaton, as shown for general N f in Ref. [50]. The exponent of the dilaton field
in each term is determined by the method of replacement, accounting for the constraints
imposed by scale invariance. The form of these terms was derived before in Refs. [42,51].
When N f = 2 or 3, trace identities relate some of the operators in Equation (17), leading to
further simplifications.

The cutoff Λ was estimated in the EFT for pNGBs by calculating the counterterms
needed to renormalize the EFT at the one-loop level. The estimates [49,52] indicate that

Λ2 ∼ (4π fπ)2

N f
. (18)

From this, and the expectation f 2
π ∼ f 2

d /N f , the order-of-magnitude estimates for
coefficients li and h2 can be simplified to

li, hi ∼
N2−t

f

(4π)2 . (19)

We checked that these estimates for the coefficients are consistent with those obtained
from the counterterms appearing in Refs. [42,50].

The next group of terms in Equation (16) all contain derivatives of the dilaton field,
but no factors of m2

d. The non-redundant set of such terms shown below was also found in
Refs. [42,51].
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Lpd = g1

(
∂µχ

)4

χ4 + g2

(
∂µχ

)2

χ2 Tr
[
∂νΣ∂νΣ†

]
+ g3

∂µχ∂νχ

χ2 Tr
[
∂µΣ∂νΣ†

]
+ g4 m2

π

(
χ

fd

)y−2 (∂µχ
)2

χ2 Tr
[
Σ + Σ†

]
+ g5 m2

π

(
χ

fd

)y−2 i
2

Tr
[
∂µΣ− ∂µΣ†

]∂µχ

χ
. (20)

The gi coefficients also have a size given by gi ∼ f 2
d /(Nt

f Λ2) and Equation (19).

Finally, we are left with the group of terms that contain factors of m2
d. They are given by:

Lmd = c1
m2

d
(4− ∆)

(
1− 4

∆

(
fd
χ

)4−∆
)(

χ

fd

)2
Tr
[
∂µΣ∂µΣ†

]
+ c2

m2
dm2

π

(4− ∆)

(
1− 4

∆

(
fd
χ

)4−∆
)(

χ

fd

)y
Tr
[
Σ + Σ†

]

+ c3
m4

d
(4− ∆)2

(
χ

fd

)4
(

1− 4
∆

(
fd
χ

)4−∆
)2

. (21)

Each of the structures above is constructed as a linear combination of an interaction
already appearing in LLO and the result obtained by replacing a factor of unity from that
interaction with X3. The coefficients of the two pieces are chosen so that each structure
contains at least one factor of the following expression:

m2
d

(4− ∆)

(
1− 4

∆

(
fd
χ

)4−∆
)

.

We choose the two terms and the factor of 1/(4− ∆) so that it is a smooth but non-
vanishing function of χ/ fd in the limit ∆→ 4, as is LLO. We also include, as a convention,
the weighting factor 4/∆, reflecting its defining presence in LLO

1. The sizes of ci are also
given by Equation (19). We are finally left with a total of 18 new operators appearing in the
NLO Lagrangian. The full NLO theory, therefore, has a total of 18 + 6 = 24 free parameters.

3.3. Spurion Analysis

By construction, the dEFT is endowed with approximate, spontaneously broken
dilatation and internal symmetries. The weak, explicit breaking of these symmetries can be
implemented in the dEFT by incorporating spurions into the EFT Lagrangian and including
all of the terms allowed by symmetry considerations. In this section, we will employ a
spurion analysis to show how the replacement rules (introduced in Section 3.1) emerge and
construct the dEFT Lagrangian at LO and NLO.

A spurion is a non-dynamical field that transforms in a given representation of
the symmetry group, but then breaks these symmetries once it is assigned a VEV. Since
the spurion is not a dynamical field, this introduces explicit rather than spontaneous
symmetry breaking. As the appearance of spurions is associated with the presence of
the small, dimensionless parameters that control the dEFT expansion, operators in the
Lagrangian containing more spurions make contributions to observables that are of a
higher order in our dEFT expansion, and they are suppressed once the spurions have
been assigned their VEVs.

As with any EFT, we can build the dEFT by employing spurion fields without a
detailed description of the underlying gauge theory. We infer the number and symmetry
properties of the spurions by comparison with low-energy (lattice) measurements. Once
the spurions are chosen, we include all invariant and non-redundant operators at each
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order in the dEFT expansion. Beyond leading order, observables receive contributions from
Feynman diagrams with loops, which can be UV divergent. This procedure will find all
the counterterms needed to renormalize the theory, provided that there are no additional
sources of symmetry breaking introduced during renormalization.

To allow the dilaton to have mass m2
d even when the NGBs are massless, we introduce

a spurion S(x) to break the scale invariance without breaking the internal symmetry.
Under dilatations x → eρx, it transforms according to

S(x)→ eρ(4−∆)S(eρx) . (22)

It is assigned to a representation of the dilatation symmetry group labeled by the
scaling dimension 4− ∆, which we take to be a free parameter. We measured ∆ for a
specific underlying theory by comparing with lattice data, as described in Section 2.2.

We introduce a second spurionM(x) to break the internal symmetry (as well as the
scale invariance) and give the pNGBs a mass. It transforms under dilatations according to
the rule

M(x)→ eρ(4−y)M(eρx) , (23)

where the scaling dimension 4− y is interpreted as a free parameter to be determined from
low-energy data. We define the spurion field to transform as a conjugate bifundamental
field under the unitary transformations UL,R ∈ SU(N f )L,R:

M(x)→ URM(x)U†
L . (24)

Under dilatations, the χ field transforms with a scaling dimension of one so that
χ(x)→ eρχ(eρx), whereas the pNGB field transforms with a scaling dimension of zero so
that Σ(x)→ Σ(eρx). Other dimensionful constants that characterize the theory, such as Λ
or fd, are left unchanged by this transformation.

We construct operators by using the spurions from which the dEFT Lagrangian density
is built. We require each operator:

1. to be invariant under Lorentz and internal symmetries,
2. to transform with a scaling dimension of 4 under dilatations; the action will then be

invariant under dilatations,
3. to be polynomial in the spurions and in derivatives.

Crucially, the operators are not required to be polynomial in the dilaton field. Therefore,
we introduce the combination χ/ fd as a conformal compensator and incorporate it within
operators raised to noninteger powers 2 as necessary to make the operator transform with
an overall scaling dimension equal to 4 under dilatations.

To express the LO and NLO Lagrangians in terms of the spurion fields, we employ
the replacement method that was already described, but with the X3 and X4 operators of
Equation (14) re-expressed as

Xsp
3 =

S
Λ2

(
χ

fd

)∆−4
, Xsp

4 =
M†

Λ2

(
χ

fd

)y−4
. (25)

It can be seen that the operators X1 and Xsp
3 are invariant under dilatations and

internal symmetry transformations. Similarly, it can be seen that the operators X2 and
Xsp

4 are scale invariant, but transform in the same way as Σ under internal symmetry
transformations. It then follows that all valid operators entering LNLO (meaning that they
meet requirements 1–3) with increasing powers of S , M, and more derivatives may be
generated from operators entering LLO by replacing factors of unity with X1 or Xsp

3 and
factors of Σ with X2 or Xsp

4 . By using this replacement scheme and the relation ΣΣ† = 1N f ,
all valid operators entering LNLO can be generated.

Once we assign fixed values for the spurions so that they no longer transform, as in
Equations (22)–(24), the Lagrangian will explicitly break the dilatation and internal symme-
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tries. We set S → m2
d andM→ m2

π1N f . Setting theM spurion to be proportional to the
identity matrix ensures that the diagonal subgroup SU(N f )V ⊂ SU(N f )L × SU(N f )R of
the internal symmetry is preserved. Giving all N f Dirac fermions identical masses in an
underlying gauge theory also breaks the internal symmetry in this way. Once the spurions
have been assigned their fixed values, the Xsp

i operators become their corresponding Xi
operators, which take the forms introduced in Equation (14).

4. Summary and Discussion

We have reviewed the features and implementation of the dEFT. We deployed it
to provide a continuum description of results from lattice studies of an SU(3) gauge
theory with N f Dirac fermions in the fundamental representation, but the dEFT itself
is universal, and would describe any theory with the same symmetries and pattern of
symmetry breaking at sufficiently low energies.

We first summarized in Section 2 the form of the dEFT Lagrangian at leading order
(LO) in Equations (1)–(4). It contains a dilaton field associated with the spontaneous
breaking of scale invariance in the underlying gauge theory and a set of pNGB fields
associated with the spontaneous breaking of the global internal symmetry of the
gauge theory. The spontaneously broken scale invariance is also broken explicitly by a
relatively small amount. Similarly, the spontaneously broken internal global symmetry
is broken explicitly by a pNGB mass m2

π needed to compare dEFT predictions with
lattice studies.

We then examined the scaling properties of the dEFT, noting that with m2
π increased

to the values required to describe the lattice data, the explicit breaking of the dilatation
and internal symmetries of the dEFT remains small compared to the scale of spontaneous
breaking. To this end, the LO Lagrangian was recast in terms of physical (capitalized)
quantities in Equations (9)–(11).

In Section 3, we examined the structure of the dEFT at next-to-leading (NLO) order.
We developed a “replacement method” for identifying dEFT Lagrangian terms at a given
order from those at one order lower. We first demonstrated that the LO Lagrangian
itself can be generated in this way starting from the “zeroth-order” Lagrangian in
Equation (13). As a next step, the method led to the NLO Lagrangian of Equations (17),
(20) and (21). It comprises terms that are generated at the one-loop level and that are
naturally suppressed relative to the LO terms. Among the terms of the NLO Lagrangian,
some were discussed in our earlier Ref. [22], and most appeared in recent publications [42,
51], but some are new. Finally, we motivated the replacement method by showing that it
can be derived from a spurion analysis, and we checked that its power-counting matches
the loop expansion in the dEFT. Composite Higgs models have been built [23,24] by
using dEFT as a foundation, and in this context, NLO interactions modify real-world
Higgs boson properties.

Recent lattice studies of nearly conformal gauge theories provide us with a new
opportunity to test longstanding but elusive ideas about spontaneously broken scale
invariance in quantum field theory, including the hypothesized dilaton. As a greater
variety of more precise lattice data become available, it will be important to develop the
dEFT further to test the idea. In particular, this requires the systematic calculation of
all contributions at NLO to the observables studied on the lattice, including one-loop
diagrams. Furthermore, greater theoretical control over lattice artifacts will be needed. This
can be achieved by incorporating the symmetry-breaking effects that arise from the lattice
discretization within the dEFT itself.
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The following abbreviations are used in this manuscript:

MDPI Multidisciplinary Digital Publishing Institute
DOAJ Directory of Open Access Journals
dEFT Dilaton Effective Field Theory
EFT Effective Field Theory
LO Leading Order
NGB Nambu–Goldstone Boson
NLO Next-to-Leading Order
pNGB Pseudo-Nambu–Goldstone Boson
QCD Quantum Chromodynamics
SM Standard Model (of particle physics)
VEV Vacuum Expectation Value

Notes
1 Other conventions would simply implement small corrections to the parameters within the LO Lagrangian.
2 The dEFT remains non-singular and well defined even when operators containing negative or noninteger powers of χ/ fd are

incorporated within the Lagrangian, since 〈χ〉 6= 0.
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