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Abstract

We consider non-negative solutions to reaction-diffusion equations on time-
dependent domains with zero Dirichlet boundary conditions. The reaction term
is either linear or else monostable of the KPP type. For a range of different
forms of the boundary motion, we use changes of variables, exact solutions,
supersolutions and subsolutions to study the long-time behaviour.

For a linear equation on (A(t), A(t) + L(t)), we prove that the solution can
be found exactly by a separation of variables method when LI? and AL? are
constants. In these cases L(t) has the form L(t) = v/at® + 20t + 2.

We also analyse the linear problem near the boundary, deriving conditions on
L(t) such that the gradient at the boundary remains bounded above and below
away from zero. Interesting links are observed between this ‘critical” boundary
motion and Bramson’s logarithmic term for the nonlinear KPP equation.

The exact solutions and investigation of behaviour near the boundary are
also extended to a ball with time-dependent radius, and a time-dependent box.

We then consider time-periodic bounded domains €(t). The long-time be-
haviour is determined by a principal periodic eigenvalue u, for which we derive
several bounds and also consider the large and small frequency limits. For the
nonlinear problem, we prove that the solution converges to either zero or a
unique positive periodic solution u*.

The nonlinear problem is also studied on a bounded domain in RY moving
at constant velocity ¢, and we derive several properties of the positive stationary
limit U,.

Results describing long-time behaviour for the nonlinear equation are then
extended to certain other types of time-dependent domain that have non-constant

velocity and non-constant length, and to time-dependent cylinders.
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Notation

big O: Fy = O(F,) means 3 a constant B such that ]%\ < B.
little 0: Fy = o(F3) in a specified limit means that % — 0.
same as 0: F} < F, means F| = o(F}) in the specified limit.
Fy = O(F,) means that both Fy = O(F,) and Fy, = O(F}).
asymptotic to: F| ~ F; in a specified limit means that % — 1.
v -V where v is the outward unit normal

70

positive part: [F(¢)]" = max(F(¢),0) >0

negative part: [F(t)]” = —min(F(¢),0) >0

principal Dirichlet eigenvalue of —V? on bounded domain €
space variable in the time-dependent domain [jth co-ordinate]
space variable in fixed reference domain [jth co-ordinate]
solution on the time-dependent domain

u(&,t) = ¥(x,t), with transformed variable £ in a fixed domain
unique positive solution to (6.6), (6.7), on € or (0, Lg)
‘critical speed’ ¢, = 24/Df’(0), or in the linear case, ¢, = 2v/D fy
the diffusion coefficient (positive and constant)

coefficient of the linear reaction term

the reaction term: either linear or satisfying (2.20)

the positive zero of f, in the nonlinear case

length of time-dependent interval [or in dimension j]

left hand end of time-dependent interval [or in dimension j]
either LL? =~y [or in dimension j], otherwise any constant
either AL® =, [or in dimension j]|, otherwise any constant
principal Sturm-Liouville eigenvalue of (3.19), (3.20)

principal Sturm-Liouville eigenfunction of (3.19), (3.20)
defined in (3.82) and (3.137)

defined in (3.83) and (3.138)

defined in (3.6) and (3.131)
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Ai the Airy function

K1 the largest real zero of Ai

Loyit ‘critical length’ L..;; = ’/T\/%

Lerit(c) for ¢ € (—c., ), Lerit(c) = 7o) &

Lo any positive length

to, 1 any positive time

T in Chapter 5 only: the period of a periodic domain ()

w in Chapter 5 only: the frequency w = 2%

y p(w) in Chapter 5 only: principal periodic eigenvalue of problem
(5.3), (5.4), (5.5), (5.6) associated with periodic domain €(t)

Pr in Chapter 5 only: Poincaré map: u(-,nT) — u(-, (n + 1)T).

For functions on a bounded domain €2, and fork e N,0 <y < 1,and 1 < p < oc:

_ _ [ lu@)—u(y)|
[U]-y - Supm;ﬁyeQ <|m_—y|vy>

[|ullcn @) = supg [ul + [ul,.
ey = 500 ]+ 500 (22502

|[ul| crv @) = supg [ul + 32 5<1, SUPm |05 ul + Z|,B|:k[a£u]7'
1
lullwz@) = (Jo (JulP + [Doul? + | Diul?) dz) .

For functions on a bounded space-time domain Qr = Qx (0,7, and for k,[ € N,
O<a<l,and 1 <p < o0:

_ _ | Ju(mt)—u(y,s)|
[u]a,% - Sup(x,t);ﬁ(y,s)eﬂq‘ (‘mfy|a+‘t78|% > .

lull g ) = S0Pz ol + [z
|ullcrr @y = supgy [ul + 32 <4 SUPEWQM + D < SUDG, |0 ul.
ollgwrases i = Hellonags + Siprnl@ides + Pluls.
||U||Cl+a,%ﬁ(m) = supq; [ul + X 521 SUPHL |07 ul + Z|5|:1[af“]a,%

_ [ u(=t)—u(z,s)|
+ Sup(:c,t)yé(a:,s)GQT ( ‘t_slprTa ) .
1
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Chapter 1

Introduction

In this thesis we consider the reaction-diffusion problem

%_If = DV%*) + f(3) for x € Q(t) (1.1)

Y(z,t) =0 for x € 99Q(t) (1.2)
on time-dependent domains Q(t) C RY. A typical example is an interval with

moving endpoints: A(t) < z < A(t) + L(t). Here D > 0, 1) > 0 and we consider

both the linear problem where

fW) = fop with  fo >0, (1.3)

and a nonlinear problem where f satisfies certain conditions (2.20) such that
f0)=f(K)=0, f>0o0n(0,K), and f(k)</[f(0)k  (14)

Such nonlinearities are said to be of ‘KPP’ type, named after the authors Kol-
mogorov, Petrowsky and Piskunov of [41]. We consider both the linear and
nonlinear reaction terms on a range of time-dependent domains. We seek to
understand the behaviour of ¢(x,t) — how it depends on z, t, and the form
of the boundary motion — and to describe the asymptotic long-time behaviour
both overall and in a neighbourhood of the boundary. For a range of different
forms of the boundary motion, we prove results about exact solutions, upper

and lower bounds on the long-time behaviour, and convergence to stable limits.
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Reaction-diffusion problems with 1 > 0 are used to model population dy-
namics, chemical diffusion, and several other biological, ecological and physical
processes. The work in this thesis is relevant when these occur in a domain
whose boundaries move due to an external influence. In the context of popu-
lation dynamics, this could represent a habitat that changes over time due to
factors such as flooding, climate change, habitat destruction, forest fire, melt-
ing ice, loss of snow cover, or ‘re-wilding’ areas of land. The domain’s size,
as well as location, can change with time. For further applications involving
time-dependent domains see [40]; see also the introduction to [18].

In the mathematical literature on population dynamics, typical boundary
conditions include Dirichlet, Neumann or Robin. Examples of ecological sce-
narios where each of these is appropriate are discussed in [29]. Here, we always
assume zero Dirichlet conditions on the boundary of the domain.

The domains that we consider will vary ‘sufficiently smoothly’ with time;
there is always a parametrisation that is continuously differentiable (or in some
cases twice differentiable) with respect to t. It is possible to study parabolic
equations on time-dependent domains that have lower regularity with respect to
time; see for example [18] which uses a time-slicing strategy to prove existence
of weak solutions. However such cases are not the focus of this thesis; instead
we assume sufficient smoothness to guarantee a classical solution, and our aim
is to understand how this solution behaves. Our approach generally involves
transforming the problem onto a fixed domain, making changes of variables,
deriving solutions, supersolutions and subsolutions, and then interpreting the
results in terms of the original co-ordinates in the time-dependent domain.

Some of the results will include parameters that are quite standard on fixed

domains, such as the ‘critical speed’

c. = 2/Df(0) (1.5)

which is important for the spreading of the solution on the whole space, and the

‘critical length’ L..;; = w % which is important for the problem on a fixed

2



interval of constant length.
This speed ¢, = 24/Df'(0) is the asymptotic spreading speed for a solution
to
ou

Fri DV?u + f(u) on RY (1.6)

with compactly supported initial conditions, in the following sense. For the

linear equation, where f(u) = fou, the solution on the whole space RY is

u(z t)—L/ u( O)e_lngd (1.7)
= o S " g |

so as t — oo, u(x,t) — oo in {|z| < ¢t} for each 0 < ¢ < ¢, and u(z,t) — 0
uniformly in the region {|x| > ¢,t}. Moreover u(x,t) takes order one values at
the positions |z| = c.t — ]\C’—? log % +O(1) as t — oo. For the nonlinear problem,
with f sufficiently smooth and satisfying (1.4), Aronson and Weinberger [5, 4]
show that max|y>.u(zr,t) — 0, and that for each 0 < ¢ < ¢, it holds that
max|z|<e [u(x,t) — K| — 0 as t — oo.

The same speed ¢, is also the minimal travelling wave speed for the one-
dimensional nonlinear problem. For f satisfying (1.4), it is shown in [41] and
[5] that for each ¢ > ¢, there exist travelling wave solutions u(x,t) = U,(z — ct)

to the equation

ou 0%u

that are monotonically decreasing in x from K to zero. Such solutions do not

exist for ¢ < ¢,. The monotone travelling wave U, of minimal speed ¢, satisfies
0= DU/ (2) + .U, (2) + f(Ue(2))  for —o0o<z< 00 (1.9)

with U,, (—o0) = K, U, (+00) = 0 and U, (z) ~ Bze~ 75 as z — co. Moreover,
Kolmogorov, Petrowsky and Piskunov prove in [41] that for a solution to the
‘KPP equation’ (1.8) with Heaviside initial conditions (u(z,0) = K for x < 0,
and u(z,0) = 0 for z > 0), there is a function ¢(t) with ”Cll—f — ¢, as t — oo such
that

sup |u(z,t) — U, (x — p(t))| = 0 as t — oo. (1.10)
z€R



This function ¢(t) is the asymptotic front position, at which the solution u(z,t)
takes on some value strictly between K and zero. Uchiyama proves in [62] that
o(t) = cit — % log % +0 <log log %) for large t, and Bramson [16, 15] derives

the asymptotic behaviour of ¢(¢) up to order one:

3D t
o(t) = cut — log - + constant + o(1) as t — oo. (1.11)
Cx 0

This has become known as Bramson’s logarithmic correction and is proved in
[16, 15] using probabilistic arguments. An alternative proof of the fact that
o(t) = cut — % log % +0(1) as t — oo, using PDE methods, is given by Hamel,
Nolen, Roquejoffre and Ryzhik in [36]. A similar result, with locally uniform
convergence, also holds for compactly supported initial conditions. In [33] and
[27] the result is extended to the multi-dimensional case. Namely, for (1.6) on
RY with compactly supported initial conditions, there is a function ¢ such that

sup U({L‘,t) - Uc* (

|z|>70

x| — o(t;z/|z|)| =0 ast — oo (1.12)

(for any 79 > 0), and the wave front is uniformly at the radial position

(2+ N)D t

|z| = cut — log - + O(1) as t — oo. (1.13)
0

*

[Note the difference to the linear case, where the solution is of order one at
|z| = et — J\CZ—*Dlog% +O(1) as t — 00.]

The speed ¢, and these same logarithmic correction terms also appear in
this thesis, but now in the context of a critical boundary motion for the linear

equation on a finite, time-dependent domain. For the linear equation on the

—L(t) L(t)
2 ST S o

interval we show that if the endpoints move apart ‘too fast’
then the solution tends to zero in a neighbourhood of the boundary, whereas
if they move apart ‘too slowly’ then the solution tends to infinity at order one
distances from the boundary. Using precise bounds on this behaviour, we derive
conditions under which the solution remains exactly of order one (bounded above
and bounded below away from zero) at an order one distance from the boundary.

This ‘critical’ boundary motion satisfies @ = cyt — % log % +O0(1) ast — o0
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(see Section 4.2). Similarly, for a time-dependent ball in R, we show that the
‘critical’ radius R(t) in dimension N < 3 has a logarithmic term that matches
(1.13) (see Section 4.3).

The % log % term also arises in the paper [12], where J. Berestycki, Brunet
and Derrida analyse a linear reaction-diffusion equation on a semi-infinite, time-
dependent interval p(t) < x < co. They prescribe constant values of the solution
h and its gradient % at the boundary = = u(t), and seek an asymptotic expan-
sion as t — oo for the boundary position u(t). They use a clever method based
on an integral transform g(r, t) = [° h(u(t)+ 2, t)e"*dz for r in a suitable range,
and a singularity analysis in a small parameter €, where r = r..;; — € for some
critical value 7. Initial conditions h(-,0) with different rates of exponential
decay as * — oo are considered, and for each of these they deduce an asymptotic
form of the boundary position u(t) as t — oo, by matching singularities in e.
For initial conditions with sufficiently fast decay, including those with compact
support, p(t) = c.t — % log % + constant + o(1) as t — oo. This is the same
as the front position (1.11) for the nonlinear KPP equation on R. Several sub-
sequent terms in the expansion are calculated in [12]. The same authors also
apply their method to the nonlinear KPP problem in [11].

In the current thesis, the method from [12] will be applied when we investi-
gate the gradient of the solution at the boundary of a time-dependent domain:
see Section 4.5 for the linear problem, and Proposition 7.21 and Theorem 7.23
for the nonlinear problem. Such results relate to time-dependent boundaries
moving with asymptotic speed ¢, and with domain length becoming infinitely
large as t — oo.

We are also interested in time-dependent intervals with L(t) varying close to
the ‘critical length’ Le.;; = 7 %. We know that for the linear equation (1.1),
(1.2) on a fixed interval 0 < x < [, the solution can be expressed as a Fourier

series using the separation of variables. Namely, in this case we have

b, t) = nf;an sin (?) exp ((fo _ D’g”2) t) (1.14)




where a,, = % fol Y (z,0)sin (%) dz. For positive solutions, a; > 0 and it is then
clear that for | > L. (i.e. fo > DI—QZ)) the solution tends to infinity as t — oo,
for | < Loy (e, fo < Dl—;rQ) the solution tends to zero, and for | = L. (i.e.
fo= DZ—’QTQ) there is a positive stationary solution.

For the problem on a time-dependent interval,

%_1? = D% + f1(0)y for A(t) < x < A(t) + L(¢) (1.15)
=0 at x = A(t) and x = A(t) + L(t), (1.16)

we cannot in general write the solution in a separated form and make such
conclusions. Here, however, we use changes of variables to prove that when LL3
and AL3? are constants then we can obtain exact solutions by a separation of
variables method. In these cases, L(t) has the form L(t) = v/at® 4 20t + 2, and
we present formulae for the separable solutions in terms of a, b, and al® —b%. We
also extend this result to a time-dependent ball and a time-dependent box. For
cases that are not separable, we prove comparison results which bound the long-
time behaviour. These allow us to analyse the role of L..; when L(t) depends
on time, including some cases where L(t) converges to L..; as t — 00.

We also give bounds on the solution when L(t) varies periodically with time,
and consider more general bounded time-periodic domains Q(t) C RY. For such
domains we convert the problem into a periodic-parabolic equation on a fixed
domain; the results of [20] then show that the long-time behaviour is determined
by a principal periodic eigenvalue, p. Although periodic-parabolic problems
have been studied by several authors, and we make use of results from Castro and
Lazer [20], Hess [37] and Liu, Lou, Peng and Zhou [46], none of these have worked
specifically on time-periodic domains or the periodic-parabolic equations that
arise from them. Here, we derive bounds on the principal periodic eigenvalue u
associated to a time-periodic domain Q(t).

As shown by the work [20] of Castro and Lazer, there are certain aspects
in the theory of periodic-parabolic problems that correspond to those in the

theory of elliptic problems. The principal periodic eigenvalue, which is key to



determining the long-time behaviour, is in some ways analogous to the principal
eigenvalue in the elliptic case. There are also certain similarities for the nonlinear
problem. Here, for the nonlinear equation on a time-periodic domain, we prove
convergence to either zero or a unique positive periodic solution uv*. Similarly,
when €2(¢) is a bounded domain € translating at constant velocity ¢, we prove
convergence to either zero or a unique positive solution U, to an elliptic equation.
In both cases, the proof uses a monotonic sub- and supersolution argument.
We also give results about long-time solution behaviour for the nonlinear
equation in certain other cases, where the domain and its velocity are neither
periodic nor constant. This includes some results on an interval whose length
tends to infinity and whose endpoints travel at asymptotically constant speeds
less than c,. Such results can be related to the moving boundary problem that
is introduced by Du and Lin in [24] and considered with co-authors in [23, 17,
26]. There, they fix a constant x> 0 and consider the free boundary problem

% _ D% bf)  for g(t) <z < h(t) (1.17)

w(g(t), £) = ulh(t). ) = 0 (1.18)

) = -n 200, bt = —n 2 he). 1) (119)

with some given initial values h(0) = ho = —g(0), u(z,0) = uo(z), and where

f(0) = f(K) =0, f >0on (0,K), f € C'([0,K]), and f(K) < 0 < f/(0).
They prove a ‘spreading/vanishing dichotomy’: as ¢ — oo either g(t) — —oo,
h(t) — +oo and u spreads at an asymptotically constant speed ¢ = ¢(p) in
both directions, or else g(t) — goo, h(t) = hoo With he — goo < m/D/f(0) and
there is ‘vanishing’, i.e. u — 0. In the case of spreading, the speed ¢ is strictly
between 0 and ¢,. Theorem 1.2 of [26] is that: §(t) — —¢ and A(t) — ¢ there
are constants G, H such that g(t) + ¢ — G and h(t) — ét — H; and
0=lim sup J|u(z,t)—qs(z—g(t))]=lim sup |u(x,t)—q:(h(t)— ),

£=00 1.e[g(1),0] 100 2.€[0,h(t)]

(1.20)



where for ¢ € [0, ¢,), ¢. denotes the unique semi-wave satisfying

Dq" —cq + f(q) =0 for 0 <z < o0 (1.21)
q(0) =0, li_>m q(z) = K, g >0 on (0,00). (1.22)

The spreading speed ¢ is uniquely determined by pu, via the relation ug}(0) = ¢.
(See [24, 23, 17, 26] for full statements and proofs of these facts.) This free
boundary problem has since been extended to a wider range of reaction terms
and scenarios; see in particular the paper [25]. It clearly has some similarities
with our own problem, however a key difference is that our boundary motion
is prescribed: the boundaries move due to some external influence, rather than
being determined as part of the solution. The scopes of the two problems
therefore differ, however it can be instructive to consider what may be learned
about one problem based on the solution to the other (see Section 7.5.2).
Time-dependent domains also arise in modelling living tissue and developing
organisms. Such domains are actually physically growing, or expanding, and
applications include pattern formation on growing organisms [21, 35, 42]. In
[60], a reaction-diffusion problem on an isotropically growing domain is used to
model insect dispersal on a growing leaf, with reaction term f(u) = u(a—bu?). A
linear growth-diffusion equation on an expanding domain is analysed by Simpson
in [56], with an extension to coupled systems in [57]. The domain is itself
expanding at each position z, to model the uniform growth of living tissue. In
both [60] and [56] the method is to transform the problem onto a fixed domain,
with the domain growth leading to advection and dilution terms. On the fixed

domain, the equation takes the form

2
5 TomaE — e ey fro<e<t 0

where o(t) depends on the growth of the domain, which is assumed uniform
and isotropic. In [56], Simpson derives exact separable solutions to the linear
problem, while in [60], Tang and Lin make further assumptions on the domain

growth that allow them to derive the asymptotic long-time behaviour of the
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solution to the nonlinear problem. This ‘growing domain’ model differs to the
case that we consider in this thesis, since in our problem the physical points
inside the domain are not themselves being expanded or stretched, but rather
the boundary of the domain is moving. (In this respect, our case is more similar
to the moving boundary problem in [24, 23, 17, 26].) In our model, therefore, the
problem that results from transforming onto a fixed domain differs from (1.23).
The corresponding equation, if we transform (A(t), A(t) + L(t)) to (0, 1), is now

o T LiRoe "

s (H £ e emocecs oo

Compared to the analysis in [56], some further changes of variables are required
in order to put the linear equation into a separable form and derive exact solu-
tions, but the principle is the same.

We also note that the linear Schrodinger equation has been studied on a
time-varying interval (0, L(t)) in [22] and [39]. In [22] it is assumed that %& is
constant, while [39] derives necessary conditions on L(t) in order to solve the
problem by the separation of variables.

It seems that our exact separable solutions for a linear reaction-diffusion
equation on a time-dependent interval were previously unknown. The only other
explicit representations of a solution to a linear problem of this type are those
of Xia, Fokas and Pelloni in [66, 31] which are of a very different style. Their
solutions to the heat equation on a time-dependent interval [;(t) < x < l(t) are
given in terms of contour integrals in the complex plane involving transforms
of the known data (initial and boundary values), the domain (l1, [y and their
derivatives), and the solution to a pair of coupled Volterra integral equations.
These formulae are derived by applying the transform method for evolution
equations that was introduced by Fokas in [30], to the heat equation on a time-
dependent interval. This has also been applied to a semi-infinite time-dependent
interval [(t) < x < oo in [45]. Unlike the exact solutions presented in this thesis,
which rely on the zero Dirichlet boundary values and certain special forms of

the domain length L(t), the analysis of Xia, Fokas and Pelloni allows for more
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general boundary conditions and more generality in [y, ls. However, in order
to apply their formulae it is necessary to solve a system of integral equations,
as well as perform a number of integral transforms, inverse transforms, and
contour integrals in the complex plane. Overall the complex representation of
the solution means that the formulae in [66, 31] are not in such a convenient
form for readily understanding the solution’s dependence on x and ¢, or its
behaviour as ¢t — 00, as our separable solutions. So the two, very different,
ways of representing exact solutions will have their own uses and applications.

Since the approach in this thesis is based on space-and-time-dependent
changes of variables in a diffusion equation, let us mention the works [58, 59|
by Suazo, Suslov and Vega-Guzmén, which are also based on such methods.
They use carefully chosen transformations of variables to convert between (i)
a diffusion-type equation with variable coefficients and (ii) the heat equation.
They pose their problem on the real line, and derive the fundamental solution
for their non-autonomous class of diffusion-type equation. This fundamental so-
lution is given in terms of the solution p(t) to a second order ODE, and a set of
six coefficients defined by integrals involving p(t), fi(t), and the time-dependent
coefficients of the parabolic equation. They give several applications, to a range
of PDEs, but always on R and not on a domain with a boundary.

Our own problem, with moving boundaries, has potential application to a
species population subjected to habitat movement. Due to the importance of
climate change — and its consequences for the migration, survival or extinction
of species — this theme has been considered by several authors; but typically
these incorporate the shifting habitat into the reaction term and not the do-
main boundaries themselves. Let us note in particular the paper by Potapov
and Lewis [54] on a two-species competition, and the paper of H. Berestycki,
Diekmann, Nagelkerke and Zegeling [6] for a single species. They consider the
nonlinear problem on the whole real line, with a reaction term that leads to
growth in a favourable region and decay elsewhere. The favourable region has

a fixed length L and moves at a constant speed c. In general, therefore, in
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their model it is not the domain itself whose boundaries move, but a subdo-
main. Nevertheless, the case of a finite interval moving at constant speed ¢ with
Dirichlet boundary conditions is included as a limiting case of their problem.
Several results are proved in [54, 6] regarding the dynamics on a moving interval
as opposed to a stationary one. Both papers prove the existence of a minimal
domain length L needed for survival, and express this as a function of c. If ¢ is
greater than the critical value ¢, (see equation (1.5)) then the solution decays
exponentially to zero regardless of the domain length. The implication is that
if the climate changes too rapidly then the species is unable to keep up, and
goes extinct. The critical speed ¢, features in our solutions in a similar man-
ner. In the case of the two-species competition, Potapov and Lewis [54] give
some interesting results regarding invasibility in a domain moving at constant
speed c. In particular, the outcome of the competition may change depending
on c. The paper [7] by H. Berestycki, Desvillettes and Diekmann also considers
a two-species competition in an environment that shifts at constant speed c.
They prove that as t — oo a ‘gap’ may form between the two species if the
climate shift forces one to retreat faster than the other species can invade the
territory. Another piece of work on a shifting climate is [55] on a single species
in a two-dimensional domain. Their reaction term is favourable for growth only
in a finite ‘climate envelope’ of constant length L which moves ‘north’ at a con-
stant speed. They study the effects of different boundary geometries (domain
shapes) on the population, as well as considering reaction terms with an Allee
effect. Many other studies have been carried out into population dynamics with
a shifting climate, including higher dimensional problems on the whole space or
a cylinder [9, 10, 13], other types of reaction terms [14], and nonlocal equations
[1, 65]. All of these include the climate shift as part of the reaction term, and
all make the mathematically convenient assumption that climate change trans-
lates the favourable habitat at a constant speed c. Here, we instead consider
a domain whose boundaries are moving, and we consider not only the case of

a fixed length L and constant speed ¢, but also some other much more general
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moving boundaries.

The outline of the thesis is as follows. In Chapter 2 we introduce the problem
and assumptions in more detail. We define the types of time-dependent domain
that will be considered, which come under the headings ‘smooth and bounded’,
‘box-like’, and ‘cylinder-like’. We also give some preliminary results on a time-
dependent domain including existence and uniqueness of a classical solution, and
interior estimates relating to higher order derivatives. Chapter 2 also includes
certain conditions that guarantee convergence to zero in an L? norm.

Chapter 3 is about the solution to the linear equation. We begin by con-
sidering the one-dimensional problem on the interval A(t) < x < A(t) + L(t)

and by transforming onto a fixed spatial domain. We let £ = <”’Zé§t)> Ly, and

u(&,t) = ¢(x,t), and obtain the equation
ou 12 9 (A(t)LO + §L(t)) ou

ot T L(t)? o¢2

{0 9 + fou for 0 <& < Ly. (1.25)

We introduce a further change of variables, w(¢,t) = u(&,t)H(E,t)e 0! with
H(¢,t) given in (3.6), to transform the problem into an equation for w(¢,t)
which has a particularly convenient form. Thus we deduce conditions, namely
that LL? and AL? are constants, under which the transformed equation can be
solved exactly by separation of variables. This separability condition means that
L(t) has the form L(t) = vat? + 2bt + [2. The form of A(t) and of the exact
solutions then depend on whether a and b are zero or non-zero, and the sign of
al® —b%. We give the explicit expressions for u(¢,t) in each exactly-solvable case
(Section 3.2), and discuss several implications. The main result is contained in

Theorem 3.2 which gives the formula for the exact solutions for u(¢,t):

un(§,t) =exp Un/t%dc gn(@(%)m

oo (- [AQ - ELOLY 010

0

where g,,(€) satisfies the Sturm-Liouville problem (3.19), (3.20) with vy = al®>—b?
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and eigenvalue o,,. We also apply the separation of variables method to a time-
dependent box, cylinder-like domain, and ball in R,

In Section 3.5 we prove upper and lower bounds on the solution for forms
of L(t) and A(t) which do not satisfy the separability condition. These bounds
can, in many cases, give the exact order of the time dependence of the solution
as t — oo. Using these comparison results, we study the role of the ‘critical
length’ Le.;; = ﬂ\/% which is more complicated on 0 < = < L(¢) than on a
fixed domain. We present cases for which L(¢) is strictly less than L. for all
t > 0, and yet the solution does not tend to zero as t — oo. We see in Example
3.20 that if L(t) = Leit(1 — e(t + o)) then the outcome depends on k. If
0 < k <1 then ¢(x,t) — 0, whereas if £k > 1 then ¢(x,t) has a non-trivial
lower bound.

In Chapter 4 we continue to study the linear equation, but now focusing
on the behaviour near the boundaries. There are zero Dirichlet conditions on
the boundary itself, but we are interested in understanding how the solution
behaves in a neighbourhood of the boundary and how this depends on the
boundary motion. Broadly speaking, if the endpoints move apart too fast then
the solution tends to zero in a neighbourhood of the boundary, whereas if they
move apart too slowly then the solution tends to infinity at order one distances
from the boundary. We give precise bounds on this, which involve the critical
speed c,. In particular, if the endpoints of the interval are i@ = +(c.t —0(1))
with §(t) < t as t — oo and satisfying the conditions (4.29) and (4.31), then

(0 (%(t) +y,t) is exactly of order yt_% exp (2‘3]*)6(15) — Oté%zdg“) as t — o0,
when 0 < y = O(1). If @ = ot — alog(% + 1) — 6(t) where o > 0 and
0(t) = O(1) satisfies (4.38) then v (#@ Yy, t) is of order yt—3+%5 as ¢ — oo,

and so it remains exactly of order one precisely when o = 30D . This ‘critical’

L(#) i
2

= ¢, t—22 log(;+1)+O(1) for the linear equation on %(t) <z < HO

choice 5

matches the logarithmic term in both the front position for the nonlinear KPP
problem on R, and the boundary position u(t) in [12], starting from compactly

supported initial conditions.
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In Section 4.3, the behaviour near the boundary is studied on a ball in R¥
with time-dependent radius R(t). For N < 3 we show that the ‘critical’ choice of
R(t), so that the solution remains exactly of order one at an order one distance
from the boundary, satisfies R(t) = c,t — (2+N)D log( + 1)+ O(1). Again, this
matches the coefficient of the logarithmic term in the front position (1.13) for
the nonlinear KPP problem on R¥. Note that the restriction N < 3 on the
dimension in the case of the ball is only needed for our proof of the subsolution,
and it is possible that the ‘critical” R(t) may have the same form also for N > 3.

These results on the interval and the ball suggest that there is a correspon-
dence between (i) the ‘critical’ choice of boundary motion, such that the solution
to the linear equation on a symmetric time-dependent domain with zero Dirich-
let conditions remains of order one at an order one distance from the boundary,
and (ii) the front positions for the solution to the nonlinear KPP problem on
the unbounded domain with compactly supported initial conditions.

In Section 4.4 we pose the linear problem on a box in RV*! with cross-section

A1) < @ < A;() + Li(t) (1 < j < N), and with =228 < g« Ival@
We consider the following problem. Given A;(t), L;(t) for 1 < 7 < N, we
would like to choose Ly1(t) so that, at some given positions x;(¢) in the ‘cross-

section’, 1) remains exactly of order one when x 1 is an order one distance from

—Lni1(t)

5. Our approach combines the separable sub- and

the boundary xny1 =
supersolutions on the box from Chapter 3 with our results about the behaviour
near the endpoints of an interval. In several cases we can indeed find a ‘critical’
choice of Lyy1(t) satisfying the required property. It is not yet known whether
there is any correspondence between this special choice of Lyq(t) and the
nonlinear KPP problem on the associated unbounded time-dependent domain,
with A;(t) <z; < A;(t) + L;(t) for 1 < j < N and —oo < xy41 < 00.

In Chapter 5 we consider domains Q(¢t) C RY that are bounded and T-
periodic. After transforming the problem onto a fixed domain, we obtain a

parabolic equation whose coefficients are T-periodic in t. The results of [20] for

periodic-parabolic problems mean that the long-time behaviour is determined
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by a principal periodic eigenvalue, . We derive bounds on this eigenvalue
for our equation, under a range of different assumptions on €(t), and apply
these bounds to some illustrative examples. In Section 5.3 we then consider p
as a function of the frequency w = 2% and prove results concerning the small
and large frequency limits, as well as a monotonicity property. Where indicated,
some of our proofs are based on adapting results of Liu, Lou, Peng and Zhou from
[46], where they also study the dependence of a principal periodic eigenvalue on
the frequency for a different problem. We identify lim,,_, u(w) for a 2f—periodic
domain in any dimension, and we show that very different types of asymptotic
behaviour of y(w) are possible as w — co. Indeed, let L(t) = Lol (&) and
A(t) = Aga (&) where Ly > 0, Ay > 0, w > 0, and where [(-) and a(-) are
I-periodic functions with [ > 1. Let p(w) be the principal periodic eigenvalue
associated with Q(t) = (A(t), A(t) + L(t)). We show that if a(-) is constant then
p(w) = O(1) as w — oo, but if a(-) is non-constant then there exist C, Cy such
that: if Z‘—g < C then p(w) = O(1) as w — oo, and if 2‘—8 > (5 then p(w) — oo
as order w? as w — oo (see Theorem 5.12). This raises several questions, for
example: is there a threshold value of 2‘—8 at which pu(w) stops being O(1)? If
so, what is it? Are there values of ?—g such that u(w) — oo at a different rate
as w — 0o0? Different methods may be required to answer such questions.

We conclude Chapter 5 with the nonlinear problem on a periodic domain.
Using a result of Hess [37] and methods involving the Poincaré map, we prove
convergence to either zero or a unique positive periodic solution w*.

In Chapter 6 we consider the nonlinear reaction-diffusion problem on a
bounded domain €y C R¥ translating at constant velocity ¢ € RY. Depending
on the sign of f'(0) — DA(2) — %, where \(€)) is the principal eigenvalue of
—V?2 on Qy with zero Dirichlet boundary conditions, we prove that the solution
converges to either zero or a positive stationary limit U, which (when it exists)
is unique. In Section 6.2 we prove several properties of U, in particular with

respect to different velocity vectors ¢, different domains €2y, and the asymptotic

behaviour of U, as the domain length tends to either a critical length or infinity.
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In Chapter 7 we extend results about the long-time behaviour for the non-
linear equation to other cases, where the domain’s size and velocity are not
necessarily constant. This includes, for example, cases in which the domain
and its velocity converge as t — 0o, and also cases such that the side lengths
L;(t) tend to oo as t — oo, with L;(t) — a; > 0 and A;(t) — ¢;. Many of
these proofs rely heavily on the properties that were proven in Chapter 6 for
the constant velocity case. Solutions to the nonlinear problem on a cylinder-like
time-dependent domain are also discussed in Chapter 7. Finally, the solution to
the nonlinear problem on the interval is analysed in more detail, and we again
consider the behaviour near the boundary. Consider a symmetric interval with
@ = ¢yt — alog(% +1)+ %0 and a > 0. We know from Chapter 4 that for

the linear problem, g—f (%(t),o behaves like a multiple of t3T55 as t — oo.

—L(®)
2

For the nonlinear equation, in contrast, we show that g—f ( ,t) decays faster
than every power of ¢, in the sense that it cannot be bounded below by any
power (see Theorem 7.23).

Chapter 8 briefly summarises the main conclusions of the thesis and recom-
mends a number of related mathematical questions for further work.

The publication [2] is based on certain parts of this PhD work: the exact
solutions on an interval and a ball (Sections 3.1, 3.2 and 3.8) and results about

critical boundary motion for the interval and ball (Sections 4.2 and 4.3). Also,

[3] contains the comparison result of Theorem 3.13 and work from Section 3.5.2.
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Chapter 2

Time-dependent domains,
assumptions, and preliminary

results

2.1 Equation and change of variables

We consider the problem (1.1), (1.2) for v (x,t); that is:

86_17{1 = DV + f(¥) for x € Q(t)

P(x,t) =0 for x € 0€(t),

where ¢ > 0, Q(t) C RY is a time-dependent domain, and f is a given function.
We shall assume that Q(¢) has one of three general types, each of which will
allow us to change variables from z € () to £ € € for some fixed domain
Qo C RY, such that the function u(,t) = 1 (z,t) satisfies a parabolic problem
of the form

ou

yr L(E u+ f(u) for £ € Q (2.1)

u(é,t) =0 for £ € 0. (2.2)

We shall say that (¢) is of Type 1 if it is bounded, connected, and there is a
one-to-one mapping h(-,t) : Q(t) — Qo that transforms (¢) into a bounded,
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connected reference domain €2y with sufficiently smooth boundary (at least C?**
with € > 0), and satisfies the following conditions. The mapping h(z,t) should
be at least twice differentiable in # € Q(¢) and once differentiable in ¢, and
these derivatives should be Holder continuous in both variables. For T' > 0, the
matrix a;;(z,t) =, axk( )ah (x,t) should be uniformly positive definite on
{0<t<T, zeQt)}

If Q(t) is of Type 1 then we can change variables onto the fixed domain €
by letting £ = h(x,t) and w(,t) = ¢(x,t). Then u satisfies (2.1), (2.2) where

Oh; Oh.; 0%u Oh;\ Ou
= D ! f) + (DV%—-)- it € Q.
b EJ% (axk Dxy ) DEOE, EJ: O¢; or & € 2
(2.3)

These coefficients are locally Holder continuous in both variables, and the con-
dition that the matrix a;; is uniformly positive definite ensures that equation
(2.1) is parabolic on Qg x (0,77.

Next, we shall say that Q(t) is of Type 2 if it can be separated as the
Cartesian product Q(t) = [[}_, QU)(t) where each QU)(¢) is a Type 1 domain, i.e.
smooth and bounded. By changing variables from /) € QU)(¢) to W) € Q[()j),

the equation becomes one of the form
= Zﬁj(f(j), tu+ f(u) for £ € Qp = H Q(()j) (2.4)
j=1 j=1

where Ej(f(j),t) are the transformed operators corresponding to each of the
Type 1 domains. Thus, £; contains the spatial derivatives with respect to £ @),
and has coefficients depending on &) and ¢.

Finally, we shall say that Q(t) is of Type 3 if it can be separated as the
Cartesian product Q(t) = Q(t) x R where Q(t) is a domain of Type 1 or 2. This
is a time-dependent strip, or cylinder. By changing variables from z € Q(t) to

¢ € Q and leaving y € R unchanged, the equation for u(&,y,t) becomes

8u

5 = L& t)u + D— + f(u) for (£,y) € Qo = U x R (2.5)

where the Lg is the transformed operator for the Type 1 or Type 2 domain.
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We shall always assume, even when not stated explicitly, that the domain is
of one of these three types, which we refer to as ‘smooth and bounded’, ‘box-
like’, and ‘cylinder-like’. For the domains (¢) which we shall focus on, there is

a natural choice of the map h(z,t). Let us give some examples.

Example 2.1.
Qt) =+ At) = {z e RY : 2 — A(t) € U} (2.6)

for a smooth bounded domain Qy C RN and twice differentiable vector A(t) in

RY. Letting £ = x — A(t), the equation for u(&,t) becomes

g_;‘ = DV?u+ A(t)-Vut fu)  for€ €. (2.7)

Example 2.2. A time-dependent interval, QU(t) = (A(t), A(t) + L(t)) for some
A(t) and L(t) > 0, both twice differentiable. We change variables from x to
£ = (Z_A(t)> Ly (for some Ly > 0), and let (z,t) = u(&,t), so that the problem

70)
0 o
8_775 = Da—;g + f() on A(t) <z < A(t) + L(t) (2.8)
Y(z,t) =0 at x = A(t) and x = A(t) + L(t) (2.9)
becomes
ou  L§ d%u EL(t) + LoA(t) \ Ou
i L(to)28£2 ( L0 >8—£+f(u) for0< &< Ly (2.10)
u(é,t) =0 at £ =0 and € = Ly. (2.11)

Example 2.3. Let Q(t) be any smooth, connected, bounded domain in RZ

smoothly varying in t. Identify R? with the complex plane C, via
Z:$1+i$27 w:§1+7j€2, (212)

and find a conformal mapping w = p(z) that maps z € Q(t) tow € Qq for some

fized reference domain Qo C C. (For example if Q(t) is simply-connected then
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we can take S to be the unit disk |w| < 1.) This conformal map corresponds to

a map & = h(z,t) on Q(t) C R?, and by the Cauchy-Riemann equations,

Oh; Oh;
(t) ! 25 2y =
} : G e = 0@y, V=0 (2.13)

So the second order term in the transformed equation (2.1) is D|(p®)'(2)|*V?u
(see equation (2.3)). Since p® is a conformal mapping, (pV)'(2) # 0 and the

equation is parabolic in & € €.

Example 2.3 allows us to analyse a range of unusually shaped domains in R?,
whose time dependence may be completely non-isotropic. We are also interested
in the following box-like domains, which can have different time dependence in

each direction 1 < 5 < N.
Example 2.4. A time-dependent box:
={z e RV : A(t) <z; < A;(t)+ L;(t) : 1< j < N} (2.14)

for some A;(t) € R, and L;(t) > 0, each twice differentiable. We change

variables to & = (%L_fé(‘g)(t» Lo and let ¥(x,t) = u(&,t). The equation becomes

Noog2
§ +L (1)) Ou
:D;Lj228§2+Z<J 0 )8—€J+f(u) for 0 <& < Ly
(2.15)

u(é,t) =0 at & =0 and & = L. (2.16)
Example 2.5.

Q(t) = {(l‘o,l’) € Rm+N L X — Ao(t) € wy C Rm,

Aj(t) <zy < Aj(t)+ L(t) : 1< j< N} (217)

for some smooth bounded domain wy C R™, and twice differentiable Ao(t) € R™,

A;(t) € R, and L;(t) > 0. Letting { = xo — Ao(t) and §; = <xjgjfg)(t)> Ly, the

equation for u(&y, €, t) on Qg = wy x (0, Lo)¥ becomes:
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ot — " L,(1)2 08}
N . .
+2 <§ij <t>;(tL)°Aj (t)> g—g +fw)  for (S0,§) €D (2.18)
u(&o,&,t) =0 for (&0, &) € 0%. (2.19)

The function f in our problem is assumed to be either linear: f(v) = fyo

with fo > 0, or nonlinear and such that for some K > 0,

f(0) = f(K) =0, fis Lipschitz continuous, f'(0) exists and > 0,
f(u)

u

is non-increasing on u > 0. (2.20)
Example 2.6. Ezamples of f satisfying these conditions include:

1. f(u) = au(l — (£)?) for any a >0, 8 > 0;

2. f(u) = asin(%) for any a > 0;

3. f(u) =29 (K — |20 — K]).

2

0.8

0.6 -

0.2+

0 0.5 1
u

Figure 2.1: Sketch of a typical nonlinearity f satisfying (2.20).

The problem on a time-dependent domain has been transformed into a non-
autonomous parabolic problem (2.1), (2.2) on a fixed domain €. The standard
parabolic maximum principles, comparison principles, and uniqueness theorems
can be applied to u(&,t) (see [32, chapter 2] and [64, Section 3.2]). In particular,

we observe the following:
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1. w = 0 is a solution to (2.1), (2.2). If u(-,0) > 0 then by the comparison
principle u(-,t) > 0 for all £ > 0. For the nonlinear problem, u = K is a
supersolution. If u(-,0) < K then u(-,t) < K for all ¢t > 0.

2. If u(-,0) > 0 and is not identically zero, then for every ¢y > 0 the solution
u(+,to) is strictly positive on the interior of €2y, satisfies the zero Dirichlet
boundary conditions, and has finite and non-zero normal derivative on
09 (or 0y minus the corners for domains of Type 2 or 3). This follows
from the strong maximum principle and Hopf’s Lemma in the parabolic

case; see [51, chapter 2, Theorem 1.4].

3. Assumptions (2.20) on f imply that @ < f'(0) for u > 0. In particular,
the solution wy, to the linear problem — with f(u) replaced by f'(0)u —

is a supersolution to the nonlinear equation, and so u < uy;,.

We shall assume initial conditions u(-,0) = w that satisfy ug > 0, ug is not
identically zero, and (for the nonlinear case) uy < K. Due to the observations
made above, we may also assume without loss of generality (by relabelling ¢t = 0)
that ug > 0 in €2y, that it satisfies the zero Dirichlet boundary conditions, and
that it has a finite and non-zero normal derivative on 9€)y (or 02y minus the
corners for domains of Type 2 or 3). We shall always make these assumptions

unless stated otherwise.

2.2 Existence, uniqueness, and comparison

Here we show that a solution to the problem (2.1), (2.2) exists and that, given

some initial conditions, the solution is unique.

Lemma 2.7. If Q(t) is of Type 1, 2 or 3, then the linear operator % — L in
equations (2.1), (2.2) has a Dirichlet Green’s function G(&, z,t,0) > 0.

This means that the linear initial-boundary value problem

% — Lu=F(&t) in Qy, u(&,t) = 0 on 0, u(§,0) = up(§), (2:21)
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for a locally Hélder continuous function F'(§,¢) and continuous u satisfying the
boundary conditions, has a unique classical solution which can be expressed as

w(é,t) = [ G(& z,t,0)up(2)dz + /t G 2z,t,0)F(z,0)dzdo.  (2.22)

Qo 0 JQo
Proof. Suppose first that €2(¢) is of Type 1, so €y is smooth and bounded. The
existence of a unique, classical, solution to the linear initial-boundary value
problem is guaranteed by [32, chapter 3, Theorem 9 and Corollary 2|. Moreover
[51, chapter 2, Theorem 1.1] and [32, chapter 3, section 7] show that this solution
can be expressed in the form (2.22), and G(¢, z,t,0) > 0.

Suppose next that Q(t) is of Type 2 (box-like), and that G;(¢V), 20) ¢ o)
are the Dirichlet Green’s functions for Q — L; on each () U) Then the Dirichlet
Green’s function for 2 — £ on Qq is G(£,2,t,0) = [I-,Gj (€W 20 ¢ 7).

Finally, suppose that Q(t) = Q(t) x R is of Type 3 (Cyhnder—hke), and that

Gg(€, 2,t,0) is the Dirichlet Green’s function for & — L on Qo. It can be

at

y' 2
seen that G((&,v), (z,v'),t,0) = G~(§,z,t,0)me 45357 is the Dirichlet

Green’s function for — L on )y = QO x R. O

We conclude that for the linear reaction term fyu, the problem (2.1), (2.2)
with u(-,0) = uo has a unique solution: wu(¢,t) = efo! Jo, G(& 2,1, 0)ug(2)dz.
In Proposition 2.8 we treat the nonlinear case. Existence of a solution for
the nonlinear problem (2.1), (2.2) can be proved using the monotone iteration
method of Pao [51, chapter 2, Theorem 4.1]. However, here we shall give an
alternative proof which again uses the Green’s function G(¢, z, ¢, o), and which
is adapted from the proof of [63, Theorem 5.1].

We shall use the fact that fﬂ (&, 2z,t,0)dz < 1forall £ € Qpand 0 <o < t.
To see why this is true, define U, (¢, ) fQ (&,2z,t,0)dz for 0 < o < t. Then

U, is the solution to

ou,
ot

= LU, for£ € Qy, t>0 (2.23)

with Uy (§,t) = 0 for £ € 0Qy and U,(&,0) =1 on . It therefore corresponds,
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via Uy (€, 1) = U, (2, 1), to the solution to

ov,

= DV?U, forz e Q), t >0 (2.24)

with W, (z,t) = 0 on 092(t) and ¥,(z,0) = 1 on (o). By the comparison
principle, this is less than the solution ¥ to the same problem on RY with
U(z,0) = 1 on Q(0) and zero elsewhere. In particular, U,(£,t) = U, (z,t) <
W(x,t) <1forallt>o.

Proposition 2.8. For Q(t) of Type 1, 2, or 3, there ezists a unique solution to

the nonlinear problem in equations (2.1), (2.2) with initial conditions u.

Proof. Let G(&, z,t,0) be the Dirichlet Green’s function for the linear parabolic
operator in (2.1), (2.2). Let

u(())(§,75):/Q G(&, 2, t,0)up(z)dz (2.25)

and iteratively define

u(”+1)(§,t) _ U(O)(ﬁ,t) N /t G(é_’Z7t70_)f(u(”)(270'))d2d0'. (226)
0 JQo

Note that 0 < u(® fQ (&,2,t,0)Kdz < K, and that if f, is some
constant such that 0 < f < feo on [0, K] then

V(e 1) — O (€, 1) = / t / G(&, 2,t,0) f(u® (2, 0))dzdo

/ G(&, 2,t,0) foodzdo
Qo

/ foodo = fool. (2.27)
Also define
My (t) = sup  [ul™V(g, ) —ul (g, 7). (2.28)
£€Q0,0<7<t

If C' is the Lipschitz constant of f, then for n > 1

|u(n+1) (6, t) - u(n) (57 t)|
< /Ot /QO G, z,t,0) ‘f(u(”)(z,a)) — f(u(”_l)(z,a))’ dzdo
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t
< / G(&, 2, t,0)C }u(")(z, o) —u (2, 0)|dzdo
0 Qo

t
S// G(&, 2z,t,0)CM,(0)dzdo
0 Jag
¢

< / CM,(o)do. (2.:29)
0
Therefore, we have shown that
t
M (t) < foot and M, 1(t) §/ CM,(c)do (2.30)
0
which gives, by induction on n,
fooonthrl
M,(t) < ———— 2.31
alt) < (2.31)

Therefore, for each fixed ¢ > 0 and for m > n, > " M(t) — 0 as m,n — oo
and so 1™ is Cauchy on Qg x [0, #]. It therefore converges uniformly on Qg x [0, ¢]

to a limit function u which must satisfy the integral equation

u(f,t):/Q G(&, 2, t, O)uo(z)dz+/0t/ﬂ G(& 2, t,0)f(u(z,0))dzdo.  (2.32)

By applying [32, chapter 1, Theorem 9|, we deduce that u is in fact a classical
solution to the nonlinear problem.

Uniqueness is proved as follows: suppose ui, us are both solutions and let
w = uy — uz. Then w(§,t) satisfies 2% = Lw + c(, t)w for £ € Qp, where (&, t)
is the (bounded since f is Lipschitz continuous) function

f(u1(§7t)) — f(u2(€7t))
u1(€7 t) - u2(§a t) '

Also w(&,t) = 0 on 99y and w(§,0) = 0 at ¢ = 0. The parabolic maximum

c(6,t) = (2.33)

principle then implies that w(&,t) = 0. ]

Remark 2.9. For initial conditions ug that do not satisfy the boundary condi-
tions or are only piecewise continuous, the existence and uniqueness of a classi-
cal solution still applies, subject to understanding the sense in which the initial
conditions are satisfied. Ast — 0, u(&,t) — ug(&) for each point of continuity
of ug. For the limits as t — 0 at the points of discontinuity, see the statement

at the bottom of page 40 of [32, chapter 2, section 3]. See also the paper [49].
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From the uniqueness, we deduce a reflection property on Qg + A(t).

Lemma 2.10. Let Q(t) = Qo+A(t) be as in (2.6) and let Q(t) = Qo+ A(t) where
QO = {5 € RN . (_517527 . 7£N) c Qo} and A(t) = (—Al(t),Ag(t), Ce ,AN(t))
Let 1, 1 be the solutions on Q(t), Qt) respectively. If ¥(x1, @y, ..., 2x,0) =

U(—x1,T9,...,xN,0) then Y(x1,xo,..., TN, 1) = 1[}(—1'1,{1327 co,xy,t) fort > 0.

Proof. Both ¢(x,t) and W(x,t) := ¢(—x1,2a,...,zN,t) satisfy the same equa-
tion, initial conditions, and zero Dirichlet boundary conditions. The uniqueness

result from Proposition 2.8 implies that they must be equal. O

We shall also need the following comparison principle for enclosed domains.

Lemma 2.11. Suppose that Q(t) € Q(t) for all t > 0. Let ¢ and ¢ be the
solutions to (1.1), (1.2) on Q(t) and Q(t) respectively. If ¢(x,0) < (x,0) on
W, then ¥ (x,t) < 1&(9&, t) for all x € Q(t), t > 0, and there is strict inequality
unless 1(z,0) = (z,0) and Q1) = Q1) for all 0 < 7 < t.

Proof. Change variables using the transformation that maps Q(t) to a reference
domain €, and for £ € €y denote the solutions by u(&,t) = ¥(z,t) and u(£,t) =
U(x,t). Then both u(€,t) and @(€, t) satisfy the same equation (2.1) in €, and
u(&,0) < u(&,0) on Q. Also, u(&,t) =0 < u(&,t) on 0y, with strict inequality
on at least part of the boundary unless Q(t) = Q(t). The result then follows by

applying the parabolic comparison principle to u and @ on €. O

Remark 2.12. The solution to the linear equation on the whole space RY (with
initial conditions equal to 1 (x,0) on Q(0) and zero elsewhere) is always a super-
solution for 1. Using the expression (1.7), we therefore find that 1(x(t),t) — 0
as t — oo for any x(t) € Q(t) satisfying |x(t)| — (c*t - ]\Cf—f) log %) — 0.

2.3 Interior estimates

The next proposition follows from parabolic regularity estimates (Theorem A.3).
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Proposition 2.13. Suppose there is a vector xo(t) and bounded domain 0y such
that xo(t)+Q C Q(t). Fory € Qy, let U(y,t) = ¥(xo(t)+y,t) where ¢ satisfies
(1.1), (1.2). Assume that U is bounded on €y and that &y(t) is bounded in a
Hélder norm. Let ty > 0, and let Q' C Qy be such that either (i) Q' CC )
or else (ii) there exists A C 0y on which U(y,t) = 0, and Q' is such that
(Y NN ) C A and (if A # 0Qy) dist(0,00,\A) > 0.

Then Ul(y,t), 3—5_, 8328(2 and %—Itj are all bounded in a Hélder norm on €,
[ 10Yj

independently of t > to. Moreover, if there is a continuous function U, such
that U(y,t) — Ux(y) either pointwise in y or in L*(Q4) as t — oo, then there

is convergence to Uy, in C*(Q) and %—[t](-,t) converges uniformly to zero on V.

Proof. Let 0 < t,, — oo and define U, (y,t) = U(y,t + t,). Then

ou,

el DV?U, +io(t +t,) - VU, + f(U,)  in Q. (2.34)

Given 0 <ty < T, and @(t) bounded in a Holder norm, Theorem A.3 ensures
Holder bounds on U, and the relevant derivatives in €' x [ty,T]. Moreover,
there must be a subsequence ny such that U,, and the relevant derivatives are
uniformly convergent on Q' x [to, T]. If U(y,t) — Us(y) as t — oo (pointwise
or in L?), then the limit of this subsequence U,,, must be U,. Then Lemma
A.5 guarantees the convergence for the whole sequence U, and its derivatives,
not just a subsequence. Finally, since the Holder bounds and the convergence

are independent of the choice of t,,, the conclusions follow. O

There are several instances in Chapter 6 and Chapter 7 in which we prove
pointwise convergence to some limit as ¢ — oo, and Proposition 2.13 then
guarantees uniform convergence and convergence of the derivatives. Note that
if xo(t) + Q1 = (¢), then due to the zero Dirichlet conditions on 0€2(t) we can
apply Proposition 2.13 with Q' = € and A = 99Q;.
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2.4 Convergence to zero in L?> norm

Let Q(t) be a time-dependent domain such that for every 0 < t < oo, (t) is
bounded and |2(¢)| > 0. We shall give some sufficient conditions for convergence
to zero in an L? sense. For this purpose it is enough to show that the solution
to the linear problem converges to zero, so for the remainder of this section we
assume that ¢(x,t) satisfies (1.1), (1.2) with f(¢) = f'(0)¢. For each fixed
time ¢, we define A(€2(¢)) to be the principal Dirichlet eigenvalue of —V? on
the bounded domain €(¢). In Proposition 2.14 we give a sufficient condition for
convergence to zero, in terms of A(€2(¢)). This will be used in Chapter 5, when

we consider domains that vary periodically with time, to prove Proposition 5.2.

Proposition 2.14. At each fized time t, let A\(2(t)) be the principal eigenvalue
of —V? on the domain Q(t) with zero Dirichlet boundary conditions on 9Q(t).
If £ (0)t — fot DX(Q(¢))d¢ — —o0 ast — oo then

Bt) = % o, )2z — 0, (2.35)
Q)
Proof.
dFE
= | Ve e = [ (-DIVUP 4 rOutn (230)
Q(t) Q(t)

< (=DAQ) + F1(0) / e (2.37)

Q(t)

=2(f"(0) = DA(Q(1))) E(t), (2.38)
where the inequality follows from Poincaré’s inequality. So, as ¢ — oo, we have
0 < B(t) < B(0)exp (2 f; ('(0) = DAQ(C)) dC) — 0. =
Example 2.15. Let Q(t) = (A(t), A(t) + L(t)). Proposition 2.14 shows that if

(0t — fg LD(—g;dC — —00 as t — oo, then E(t) = %L?(%HL(” Y(x,t)?dz — 0.

Example 2.15 gives a sufficient condition for convergence to zero, on an
interval of time-dependent length L(t). However the condition does not use any
information about A(t). Next we prove a result about convergence to zero on

interval of fixed length Ly, and the condition (2.39) does involve A(t).
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Proposition 2.16. Let Q(t) = (A(t), A(t) + Lo), and let ¢ be a constant. If
Drn? 2 c [t .
2 (o) = 22— S )i - [ (A@o) - - 9.
(f(()) 2 4D)t i) 0( (¢) — ¢)d( — —o0 ast — oo (2.39)
then u(&,t) := Y(A(t) + &, t) converges to 0 in L*([0, Lo]).

Proof. First, note that the principal eigenvalue of the problem

Dy (£)e™P) = —uy(&)e*'P,  y(0) = y(Le) =0 (2.40)

is = DL_%2 + %. Therefore, using the Rayleigh-Ritz formula (minimisation of

the Rayleigh quotient; see Theorem A.6), we have

Lo Dr? c? Lo
/ c¢/D c€/D
/0 Dv/(¢)% d&z( 7 40)/0 o(€)%e/Pde (2.41)

for all v € C?(]0, LO]) satisfying v(0) = v(Lg) = 0.

Define E,(t) = Cu(€,t)%e%/Pd¢. Then
- / B (D%+A<>§—Z+f< ) )ecwds (2.42)
_ /L< D(gz>2+<A(t)—c)ug—Z+f<) )ecf”’dﬁ (2.43)
- [ ( (Se) e ey —c>“§gec€/D+f'<o>u2eC€/D) s
(2.44)
< ( ( ) S(AW) - o)+ f’(O)) /0 U 2etiPgs  (2.45)
~2(r0- (?f +55) - it o) 2.0, (2.46)

since in each integration by parts the boundary terms vanish, and the inequality

follows from (2.41). So, as t — oo,

0 < Eu(t) < E(0) exp (2 <f’(0) _ DL—” - E) -5 [ - c)dc) S0
(2.47)

Therefore also [u(-, )| 2,1, = 0- O

We give a corollary, for cases where A(t) converges to a constant as t — oo.

This will be used again in Section 7.5.1.
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Corollary 2.17. Let Q(t) = (A(t), A(t) + Lo), and suppose that A(t) — ¢ as

t — oo, where f'(0) < DLT’(T)Q + %- Then HU('at)HLQ([O,Lo]) — 0.

Proof. 1f ¢ = 0 then the assumption becomes f'(0) < DL—7§2 and the result follows

0
from Proposition 2.14 and Example 2.15. If ¢ # 0 then we can find ¢ sufficiently
close to ¢, and with |¢| < |¢|, such that f'(0) < DL—%Q + %. Then there exists T’
such that for all ¢ > T either A(t) >c>0or A(t) < ¢ < 0. Therefore condition

(2.39) holds, and applying Proposition 2.16 gives the result. ]

2.5 Definition and notation

Let us introduce the following definition and the notation we use for it.

Definition 2.18. We say that a function Fy is ‘exactly of order’ Fy, and write

Fi(t) = O(Fy(t)) as t — oo, to mean that Fy = O(F,) and Fy = O(F}).

For example, in the statement ‘w;(£,t) = O(wy(€,1)) as t — 0o0’, we mean
that there exist 0 < [y < f; such that fBolwse(&,t)] < |wi(&,1)] < Brlwa(€, )]
as t — oo, uniformly in €. This notation is non-standard, but it is helpful in
Chapter 3 and Chapter 4. It is also used, with w instead of ¢, in Chapter 5.

A list of notation and symbols has been included at the start of the thesis.
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Chapter 3

Linear equation: exact solutions,

bounds and global behaviour

In this chapter we derive exact solutions for the linear equation on an interval
A(t) < o < A(t) + L(t) under certain conditions on L(t) and A(t). In Section
3.5 we then prove upper and lower bounds on the solution for much more gen-
eral L(t) and A(t), and discuss the implications. These include some results
concerning the role of L..; when the length L(¢) depends on time. Finally, we
extend the analysis of the linear equation to multi-dimensional time-dependent
domains, specifically to a box in Section 3.6, a cylinder-like domain in Section

3.7 and a ball in Section 3.8.

3.1 Introduction, change of variables, and sep-
arability condition

We begin by considering the linear problem

o o*Y
i D@ + forv  for A(t) <z < A(t) + L(t) (3.1)
Y(z,t) =0  at x = A(t) and = = A(t) + L(t) (3.2)
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on a time-dependent interval (A(t), A(t) + L(t)). The start of the interval, A(t),
and the length of the interval, L(¢) > 0, both vary with time and are assumed

to be twice differentiable. To work on a fixed domain, we change variables from

xto &= (I_A(t)) Ly for some Ly > 0, and let u(&,t) = ¢(x,t). Then

I70)
At Lo +€L(1)\ 0
L(t) ¢

9
ox

92
ot

0

Ly 9]
. 0t

t_ L(t) t
so the problem (3.1), (3.2) becomes:

ou _ L3 &u (A(t)L0+§L(t)) ou

and

i L{1) 2 L{0) (9_§+f0u for0 <& <Ly (34)
W) =0  at€&=0and &= L. (3.5)

Let w(&,t) = u(€,t)H(E,t)e 0! where

12 t . 2} .
H(E 1) = <%) exp ( I AV 4o 1 8 4&%( ) +5ég£§t)). (3.6)

As we shall see, the purpose of this change of variables is to remove the first order

8% term, and to transform the problem into an equation for w(§,t) which has
a particularly convenient form for deriving separability conditions and applying

the comparison principle. We calculate:

ow _Gu ot L(t)
o g6 t)e ot — fow (ftﬂ'm w(é,t)
A)* | ELILE) | ELE)* | EARLE) | AL
i ( 4D T apiz T 4DIz T 2DL, | 2DL )w(g,t),
(3.7)
ow L)L)  AR)L(t)

¢ _05 H(g e + ( 2DI2 * 2D L, >u(5’t)H(§’t)e_f0t’ (3:8)

P 0y et 4o <£L<t>L<t) . A(t)L(t)) 00 .

9e  oe? 2D} 2DLy
e U (glé(gfg(t”Az(gﬁt)) e

Therefore, using the expressions (3.7) and (3.9), we find that
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ow L2 d*w
ot UL(1)? og
_ (@ _p ls Pu <€L(t) +A(t)LO> ou
o~ PIipoe oo ) %

. ( L) AW, ELOLE) , €L | CAWDLE) | sA@L(t)) “

f0u> H(¢& t)e ot

o2L(t) ' 4D ADL? 4DL2 ' 2DL, DL,
. . . 2
L(t) §L(t) | A(t)
A TR el SO SO B 3.10
oL(t)" <2DL0 T (3.10)

The first bracket vanishes since u satisfies equation (3.4), and (noting the can-

cellation among the remaining terms) we find that

ow L3 Pw  [ELEALE)  EA[)L(t)
a5 = DL(tO)Q 5o ( 1DL2 + DL, ) w for 0 <& <Ly (3.11)
w(&t) =0 at £ =0 and £ = Ly. (3.12)

Now we change the time variable from t to s where

t

s(t):/ L5 g (3.13)

L(¢)?
and write v(&, s) = w(&, t). Then:

O _ & <£2i(t(8))L(t(S))3 N EA(t(s)) L(t(s))°

>v for 0 < & < Ly

ds  0e ADL} 2DL3
(3.14)
v(&,8) =0 at £ =0 and £ = L. (3.15)
This equation for v(§, s) is separable if and only if
LL? = ~y = constant and AL? = ~, = constant. (3.16)

The condition LL? = ~y corresponds to L(t)? = at®> + 2bt + [ for some a, b,
| = L(0), and vy = al® — b*>. Then, given L(t) = v/at? + 2bt + [2, the equation

A(t) = L?tl)g, can be integrated twice to give A(t).

It is worth noting that, depending on a, b and [, it is possible either that
L(t) > 0 for all t > 0, or that there is some finite time ¢, such that L(t) > 0
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for 0 <t < t, but L(t,) = 0. In the first case we consider the problem on
0 <t < o0; in the second case we consider it for 0 <t < t,.

The separable equation is

v v 7€ gits
%—Da? (4DL3+2DL8)U for 0 <& < Lo (3.17)
v(&,8) =0 at £ =0 and £ = Ly, (3.18)

and the separable solutions have the form v(&, s) = €7°g(€) where g(§) satisfies

the Sturm-Liouville problem

%52 i mé
4DL§ 2DL§

Dg"<§>+( )g<§>=ag<§> for0<é<lLy  (319)

g9(&) =0 at £ =0and £ = Ly (3.20)

with eigenvalue 0. The Sturm-Liouville theory (see, for example, [61] or [53,
chapter 6]) gives that there is a countably infinite set of eigenfunctions g,, with
eigenvalues o, satisfying o,,,1 < 0,, and lim,,_,,, 0, = —00. The largest eigen-
value, oy, corresponds to an eigenfunction that is positive in the open interval
(0, Lo) and zero only at the endpoints. Each eigenfunction g,,; has one more
zero than g,,. Any initial condition v(-,0) in L*([0, Lo]) can be written as a lin-
ear expansion in the Sturm-Liouville eigenfunctions g,, and if v(-,0) is positive

then the coefficient of the principal eigenfunction ¢, is positive.

Remark 3.1. If we were to consider the same problem but with zero Neumann
conditions instead of the Dirichlet conditions, then the same analysis would still

hold subject to replacing (3.20) by Neumann conditions for g(§).
Summarising the above analysis, we have proved the following theorem.

Theorem 3.2. Suppose that
L(t)* = at® + 2bt + [ for some a,b, andl = L(0) > 0, (3.21)

. "
A= : .22
) (at? + 20t + 12)3/2 for some (3.22)
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Then, given initial conditions u(&,0) in L*([0, Lo]), the solution u(&,t) of (3.4),
(3.5) can be obtained exactly, as a sum of u,(&,t) with coefficients depending

only on the initial conditions. The functions u, are given by

un(§,t) =exp Un/t%dc gn(@(%)m

FAQ? . CLOLE)  EAWLE)
X Xp fot_/ o T apz . T 2D,

(3.23)
0
where g, (&) satisfies the Sturm-Liouville problem in equations (3.19), (3.20) with

Yo = al? — b?, with eigenvalue o,,.

The explicit expressions for these exact solutions depend on whether a and
b are zero or non-zero, and on the sign of al?> —b* (see Section 3.2). These exact
formulae determine precisely how the solution will evolve over time. This is
instructive as it helps us to understand the ways in which the time dependence
of the domain influences the development of the solution in both the long and
the short term.

The well-known Fourier series solution on a fixed interval expresses the so-

lution of (3.1), (3.2) on 0 < & < Lg as a sum of

Up(x,t) = exp <ﬂt> sin <$> exp( fot). (3.24)

L2 0
Theorem 3.2 can be considered as the generalisation of this to the time-dependent

interval whenever the condition (3.16) holds.

Remark 3.3. Since we have not yet used the assumption that fo > 0, Theorem
3.2 and the formulae in Section 3.2 are valid for any fy. In particular, by taking
fo = 0 we obtain exact solutions for the heat equation on these time-dependent

mtervals.

3.2 Separated solutions

In Theorem 3.2 we proved that there are exact solutions whenever L(t) has

the form L(t) = vat? + 2bt + [2 and A(t) satisfies (3.22). Now we consider the
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different forms of L(¢) that this covers, and apply equation (3.23) to produce

the explicit formula for each of the separable solutions.

3.2.1 L(t)=1

If L(t) = I then L(t)L(t)> = 7o = 0, and the condition A(t)L(t)* = ~; corre-
sponds to

A(t) = %F tet+d (3.25)

for any constants ¢, d. The separable solutions have the form

un(&,t) =exp(o,t)gn (&) exp fot—i 7—%t%%t%c%
’ 4D \ 3]6 3

X exp (— 2D€L0 (%t + cl)) (3.26)

for 0 < € < L. This follows by calculating that L(t)L(t) = 0, s(t) = t,

t
243 2
. 0% . Vit et
A(L(t) = 5t +dl. / AQPdC = 5 + =5

+ c*t, (3.27)

0

and by substituting these into equation (3.23).

3.2.2 L(t) =1+ at with a #0
If L(t) = | + ot with o # 0, then again L(t)L(t)? = v, = 0, and the condition

A(t)L(t)® = 4 now corresponds to

94!
Al) = —— 2
(1) 202(1 + at) +ct+d (3.28)

for any constants ¢, d. The separable solutions have the form

un(€, 1) =exp (L’Q 6 (1 )1/2 explfo)

(I + at [+ ot
2 2
Vi 1 1 eyt c
- - — ¢
exp ( 18D’ (lS U+ at)3) T iDal(i+at) 4D )
a(l +at) §n §
exp ( 1DIZ T dDalgital) 2DL,ltel)) (329)
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for 0 < ¢ < Ly. This follows by calculating that

(t)L(t) = a(l + at), (3.30)
t
o/ I+a0)2 " 1l+at) (3:31)
AWL(t) = ﬁ +e(l +at), (3.32)
[ o M (1 1 ont )
/ A =155 (r NETL at)3) T llran b B3

and by substituting these into equation (3.23).

3.2.3 L(t) = \/I?> + 2pt with p #0
If L(t) = /1?2 + 2pt with [ = L(0) > 0 and p # 0 then
L)L(t)? =~ = —p? < 0, (3.34)

and the condition A(t)L(t)*> = ~; corresponds to

—1\/I? + 2pt
Ay = VE 20 g (3.35)

2

for any constants ¢, d. The separable solutions have the form

on L% 1 'y%

2 25 TiT83D
Un(€,1) = (l J;f”t) exp <f - 7D <\/l2 Y opt — z))
X ga(€) exp ( P R+ B Vi zpt) (3.36)

-t +
AD" 4DLZ " 2DLgp 2DLg

for 0 < ¢ < Ly. This follows by calculating that

L(t)L(t) = p, (3.37)
s(t) [ 1 1> + 2pt
7 = [ et - Tplog( E ) (339
0
A L(t) = % + e/ + 20, (3.39)

t
2 2
TRV I+ 2pt _ 2em 5 B 9
/ AQrdc= 55 log( . 5 (VE+2pt=1)+¢t (3.40)
0

and by substituting these into equation (3.23).
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3.2.4 L(t) = Vat? +2bt + 12 with a # 0 and al®> — b*> <0

If L(t) = Vat? 4 2bt + I2 with a # 0, al?> — b*> < 0, and [ = L(0) > 0, then
Lt)L(t)? = vy = al®> — b* < 0, (3.41)
and the condition A(t)L(t)*> = ~; corresponds to
A(t) = 52_—73112 at® + 26t + 12 + c(t + bja) +d (3.42)

for any constants ¢, d. The separable solutions have the form

I? i ia 2
Un(§,1) =Pn(t)gn(§) (m) exp (fot - (m te ) t)

_“n (a2 2 _
X exp (2D(62—al2)< at? + 2bt + 1 l))

&2 (at + b) Evi(at +b) e B T TP
- - 21251
X exp ( 4DIZ | 2DLo(? —al?) 2DLy " T

(3.43)
for 0 < ¢ < Ly, where
o'nL(% _ 'y%
t+b—b2 —al2) (b b2 — ql2 262 _al2  8D(b2—al2)3/2
o, (1) = [ a0 =V —aP) b+ VI~ aP?) L (3.44)
(b — Vb — alQ) (at +b+ V0% — alQ)
This follows by calculating that
L(t)L(t) = at + b, (3.45)
/ 1
W0_f L
L aC? + 2b¢ + 12
0
1 1 (at +b— Vb — al2) (b + Vb — al2) (3.46)
= —— |10 .
2v/b?% — al? (b— Vb —al?) (at + b+ Vb* — al?)
AW)L(t) = = (at + b) + cVat? + 2t + 2, (3.47)

b2 — al?
¢

/A(C)2dé = (L + c2) P (\/at2 +2bt + 12 — l)
0

(B2 — al?)? b2 — al’

_|_

22 — a2y 2 % \ (b= viZ — al?) (at + b+ VB2 — al?)
(3.48)

y? | ((at+b—\/b2—a12) (b+ 62—al2)>

and by substituting these into equation (3.23).
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3.2.5 L(t) = Vat? +2bt + 12 with a # 0 and al®> — b*> > 0
If L(t) = Vat? + 2bt + 2 with al®> — b*> > 0 and [ = L(0) > 0, then
L)L) =~ = al®> — b > 0, (3.49)

and the condition A(t)L(t)> = 7, again corresponds to A(t) as in equation
(3.42). For 0 < ¢ < Ly the separable solutions have the form given in equation
(3.43), but with

Boit) e ( - 4D(al2i2>3 - ) (arctan( T ) —arctan ( Wgﬁ» | (3.50)

This follows by calculating that L(t)L(t) is again given by (3.45), A(t)L(t) is
again given by (3.47), and that

t

s(t) 1
L_g_o/a§2+2b§+l2d<

1 t+0 b
= —— (arctan (L) — arctan (—)) . (3.51)
al? — b2 al? — b? al? — b2
t

[ aerac = (it + )i 22 (Ve T IR )
0

al2 —b al? — b?

2 t+0b b
o (o () — o () ).
(al® — b2)¥/ al? — b2 alz — b2

(3.52)

and by substituting these into equation (3.23).

3.3 Bounds on the principal eigenvalue, o4

Under the conditions of Theorem 3.2, u(&, t) can be expressed as an expansion in
un(&,t) (defined in (3.23)). Since we are considering positive solutions, we know
that there is a positive coefficient of the principal eigenfunction g;(£) and hence
u1(€,t). In certain cases, the principal eigenvalue oy of (3.19), (3.20) therefore

becomes important for assessing the long-time behaviour of the solution.
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When vy = 71 = 0, we know that o7 = _52”2, and the separable solutions
0

of (3.17), (3.18) are v(£,s) = e“"*sin ("L—’f> where o, = %2”2 (n € N). In
0

Proposition 3.4 we shall prove an upper bound on ¢; when 9 < 0. This bound
will be used in Section 3.4, in order to prove Corollary 3.5 about the asymp-
totic behaviour of the exact solutions u(&,t). Proposition 3.4 also includes the
asymptotic form of o; when v, = —%70 — 00, which will be used in the proof

of Theorem 4.35 in Chapter 4.

Proposition 3.4. Let vg = —p? < 0, and let o, be the principal eigenvalue of

(3.19), (3.20). Then

o 2 7%2 S <0, (3.53)
202~ 4Dp?L2
1 1

Moreover, if y1 = —570 = 5,02 then

o] gl 2
— — 0 — 00. 3.54
o+ 202~ ADpL2 as p~ — 00 (3.54)

Proof. Let g1(£) > 0 be the principal Sturm-Liouville eigenfunction, which sat-

isfies equation (3.19) with 79 = —p? < 0 and has eigenvalue o;. Rescale £ to
= %L%, let g1(n) = ¢1(§) and define ny = wgg—l\/@; then the equation
becomes

~I1 2 ) ~ _ 2L(2) ~ f |:0|

91 (n) + (—=n* + 2non) g1 (n) = Walgl(n) or0<n<ilom.  (355)

Now let ¢;(n) = e_%(”_no)le(n), so that y; satisfies

Y1 (n) —2(n —no)yy(n) — Aya(n) =0 (3.56)
where
212 72
A=1+"Cg — 1 3.57
ol ' 2D|pp (3:57)

This can be written in self-adjoint form:

d ) )
o (yi(n)e‘(""”) ) = Aya(m)e”7m" for 0 < < —2@ (3.58)
d
y1(n) =0 atnp=0andn 5D (3.59)
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By integrating equation (3.58) over the interval 0 < n < %, and using that

Y1 is positive and has non-zero gradient at the endpoints, it follows that A < 0.
From the definition of A in (3.57), A < 0 is equivalent to the bound (3.53).

For the second part of the Proposition, suppose that 7, = —%70 = % p*. Then

|
’/zD = 21 (3.60)

so we can transform the problem (3.58) onto the symmetric interval (—7g, 7o)

by letting z = n — 1o and 3;(z) = y1(n). The problem then becomes:
— (gji(z)e_‘zz) = A1 (2)e* for —np <z < no (3.61)

J1(£m0) = 0. (3.62)

We are interested in the limit |p| — oo which is the same as 79 — co. Since A

is the principal eigenvalue, we can express it in terms of the Rayleigh quotient:

" (22 dz
—\ = min ( —m ¥ ) > (3.63)

9 172]0 §(2)2e**dz

where the minimum is taken over C? functions §j # 0 satisfying the boundary
conditions (see Theorem A.6). Let us choose the test function g(z) = 1 — f]—z
0

Then, if I(ny) = 17?70 e~*'dz, we calculate that

(e dr o (%f (m0) — 7706‘”0) 2 S
7 —z - 2 ~oa 0 ’
Cp P ) (140 (&) + 0 (Zet)
0
(3.64)
Therefore we have the bound
N AreN\2,—22
oy (2)7e " dz 2
0< -\ =k () as 1y — 00, (3.65)

g2 Pde g

and so A = O (%) as 1m9 — 00. Since A is given by equation (3.57) and 7 is
0

given by equation (3.60), this becomes

212 2 1
1+ 9, -1 __o= . 3.66
T D) (p) s Jpl = o0 (3.66)
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It follows that

ol + o1 — i =0 1 —0 as |p| — o0. (3.67)
2L ADp? L3 ol
]
We shall make particular use of (3.53) in the following forms:

Lz 1 2
Ifyy = —p? withp<0: 20— T~ g 3.68
Yo = —p° with p 2 1 52D (3.68)

L3 1 2
o= —p?withp>0: 20, - N g (3.69)

2p + 4 SpTD

Other bounds on o; can also be derived using the Rayleigh-Ritz formula
(Theorem A.6) and results from Sturm-Liouville theory such as [47, Theorem
18.1, page 54]. However we omit the other bounds here, as we will not need to

use them.

3.4 Properties of the exact solutions

Although the formulae in Sections 3.2.1-3.2.5 differ, we note that they share

some common properties in the asymptotic large time (or finite time) limit.

Corollary 3.5. Let L(t), A(t) be a separable case for which L(t) — 0 ast —

t, < 0o. Then the solution u(§,t) converges to zero uniformly in & ast — t,.

Proof. First take the case L(t) = | + at with @ < 0. Then L(t) — 0 as
t —t, = -L. If 51 # 0 then we see from (3.29) that the behaviour as [+at — 0,

is governed by exp (m» and so u — 0 since o < 0. If 44 = 0 then it is
governed by exp <l‘(7f+L§tt)> where 0, L3 = —Dn?r? < 0 and so again, u — 0.
Next suppose L(t) = /I? + 2pt with p < 0. Now L(t) - 0 ast — t, = f—;p
and equation (3.36) shows that in this limit the behaviour is governed by
) onlf 1 of
(I“+2pt) 2 1 8°D, (3.70)

Using Proposition 3.4 and the bound (3.68), it follows that u — 0 as [2+2pt — 0.

42



Finally, consider the case L(t) = v/at? + 20t + [2 with a # 0 and al?> —b* < 0.
It is possible that there is a finite time ¢, such that L(t) > 0 for 0 < t < ¢, but
L(t) — 0 as t — t,. If so, then

- typ—ae b (3.71)

a a

As t — t,, equations (3.43) and (3.44) show that the behaviour is governed by

on L% 2

1 Vo2 —al2 - 2W1 2 3/2'*'l
b2—al2 8D(b2—al 4
( ) ’ R (3.72)
at + b+ Vb? — al?
By Proposition 3.4 and the bound (3.69) with p = v/b? — al?, we have
0L g 1
— - <0 3.73
7o  SD(E—al?)p2 1" (3.73)
and therefore u — 0. O

In Corollary 3.5, the convergence to zero in each case follows from an upper
bound on the principal eigenvalue o;. This eigenvalue may also play a key role in
determining the long-time behaviour on a domain of fixed length L(t) = [, which

is the case covered in Section 3.2.1. From equation (3.26), we see that if v # 0

2
then as t — 0o, the dominant term is exp <—1;—516t3>, and so u — 0. However

if 44 = 0 then the behaviour as t — oo is governed by exp (ant + fot — %t)

2,2
where g,, = — 2 ’z;r
0

. There is exponential growth or decay depending on whether

fO_DL_f_% > 0 or < 0 respectively. If v, = 0 and fO_DL_gZ_
2 0

% = 0, then
there is a stationary solution proportional to the principal eigenmode.

In contrast, in the separable cases with L(t) — oo as t — oo (Section 3.2.2
with a > 0, Section 3.2.3 with p > 0, some cases of Section 3.2.4, and Section
3.2.5), the long-time behaviour does not in general depend on oy. In these cases
s(t) = o(t) as t — oo and the term exp(o,s(t)) is not of leading order. In
Corollary 3.6 we shall give a property about the exponential growth or decay of
these solutions, which will involve the critical speed ¢, = 24/Df,. For this, we

note that in each of the separable cases with L(t) — oo as t — oo, there are

constants & > 0 and ¢ such that L(t) — & and A(t) — ¢ as t — oo.
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Corollary 3.6. Let L(t), A(t) be a separable case with L(t) > 0 for allt > 0 and

L(t) — oo, L(t) = &, and A(t) — ¢ ast — co. Then u(€,t) grows exponentially
2

at any & € (0, Lg) such that (é + d%) < 2 and u(&,t) decays exponentially at

2
any & € (0, Lg) such that <é—|— d%) > 2.

Proof. First consider the case of Section 3.2.2, where L(t) = [ + at with a > 0.

As t — oo the dominant term in (3.29) is exp (fgt — %t — %t - 2%%()15),
which can be written as exp (fot — % (c + %)2 t)_ This proves the claim in
this case, since @ = o and ¢ = c.

Next consider the cases of Section 3.2.4 and Section 3.2.5 such that L(t) =
Vat? + 2bt + 12 remains positive for all ¢ > 0 and L(t) — oo. Noting that this

implies a > 0, we see from (3.43) that the behaviour as t — oo is governed by

1 2
exp (fot ~ 1D (c — b;yl_\/aap + gi/oa) t> , (3.74)

nva

b2—al? "

Finally, consider the case of Section 3.2.3, where L(t) = \/I? + 2pt with
p > 0. If fo — % # 0, then equation (3.36) shows that the behaviour is

which proves the claim in this case since & = y/a and ¢ = ¢ —

governed by exp (fot — %t) as t — oo. Either u — oo for every £ € (0, Ly), or
u — 0 for every & € (0, Lo), depending whether fy — % > 0 or < 0 respectively.

Since & = 0 and ¢ = ¢, this proves the claim. O

Remark 3.7. In Chapter 7 we study the nonlinear problem, and for each case
of L(t) and A(t) from Sections 3.2.1-3.2.5 we consider the long-time solution

behaviour for the nonlinear equation. This is summarised in Example 7.7.

Remark 3.8. Given £ € (0, Ly), write z(&,t) = A(t) + L%L(t) as the original
space variable. Then Corollary 3.6 says that u(§,t) grows exponentially at any

€ € (0, Lo) such that —c, < limy_, ‘T(i’t) < ¢y, and u(&,t) decays exponentially

at any & € (0, Lg) such that ‘limt_m x(i’t)’ > ¢,. This is similar to the solution
on the whole real line with compactly supported initial conditions, which also

spreads at the speed c,.
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If @ > 0 then Corollary 3.6 implies that there is exponential growth on the
subinterval (&,,&) N (0, L) where

&= %(ic* — ). (3.75)

We note that if €& € (0, L), then (3.29) and (3.43) show that u(¢f,t) =
Ot Y?) - 0ast— oo.

If @ = 0 (which is when L(t) = /12 4 2pt with p > 0) and é = ¢ € (—c., c.),
then there is exponential growth for every £ € (0, Lg). To understand what

happens if ¢ = +¢,, we consider equation (3.36) with p > 0 and fy — i =0. In
02

un(&,8) = O | (12 + 2pt)ag§%_%_8:§13 exp ¢ ﬁ _ L V2 2pt
2D p LO
(3.76)

this case, the behaviour at § € (0, Lo) is determined by the sign of 5% (— - £ )

Moreover, if there is some &, € (0, Lg) such that % = E—O then we note from

p
Proposition 3.4 and the bound (3.69) that
a'nL2
Un (&, T) = <(12 + 2pt) 2/30_4_8p3D> —o(t V) 50  ast—oo. (3.77)

To conclude this section, we note that it is possible to have contrasting short-
time and long-time behaviour. Even a solution proportional to the principal
eigenmode does not necessarily evolve as a monotonic function of time. In the
next example, the solution grows exponentially as ¢ — oo, but is decreasing

with time over an initial time period 0 <t < t.

Example 3.9. Let L(t) = \/1+6t, A(t) =0, fo =10 and D = Lo = 1. In
order to apply Theorem 3.2, the relevant Sturm-Liouville equation is

PO -2 0@ =006)  fro<c<l  gO)=gm)=0. (379

The principal eigenfunction and eigenvalue are given by

21

@O = E =), a=-7, (3.79)

and by Theorem 3.2 and equation (3.36), we have the exact solution
u(€ ) = ()™ (1+68) B, (3.80)

45



For each £ € (0,1), u(&,t) — oo as t — oo because of the e'% term. However,

9 (10 CR

and, for each 0 < & < 1, this is strictly negative for 0 <t <t := 35"

3.5 Non-separable cases

3.5.1 Comparison theorems

In Sections 3.1 and 3.2 we gave exact solutions for u(, ) in the special cases
where LL? = 7y and AL? = ~;. We would also like to understand how the so-
lution behaves for more general forms of L(t) and A(t). Here we shall give two
main comparison results which can be applied in such cases. They are each based
on somehow bounding the coefficient of w in equation (3.11), and applying the
parabolic comparison principle. Proposition 3.10 gives (upper and/or lower)
bounds on the solution w(&,t) in cases such that LL? and AL? are bounded
(above and/or below). Theorem 3.11 gives both upper and lower bounds on
w(&,t) under the more general condition that A(t) and L(t) are twice differen-
tiable.

We shall apply Theorem 3.11 in Section 3.5.2, where it allows us to study
the possible long-time behaviour of ¢ (z,t) if L(t) — Ly = W\/% as t — 00.
In Chapter 5, we shall also apply both Proposition 3.10 and Theorem 3.11 to
a periodically varying interval (A(t), A(t) + L(t)), to prove Proposition 5.5 and

many subsequent results in Chapter 5.

Proposition 3.10. Assume that L(t)L(t)* < v, A(t)L(t)* <y, and L(t) > 0
for 0 <t < T. Let g and o, be the principal eigenfunction and eigenvalue
of (3.19), (3.20), let w(&,t) satisfy (3.11), (3.12) and define s(t) = ft%dgﬂ
If 0 < w(&,0) < agi(&) for some a > 0, then w(§,t) < agl(f)e"ls?t) for all
0<t<T.
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If instead ~o < L(t)L(t)*, v < A(t)L(t)?, and L(t) > 0 for 0 <t < T, and
if bg1(€) < w(&,0) for some b > 0, then bgy(€)e”*® < w(€,t) for all0 <t < T.

Proof. As in Section 3.1, let v(&,s) = w(§,t), so v satisfies (3.14), (3.15). For
the first part, ag;(£)e”*® is a supersolution for v(&, s), and for the second part
bg1(£)e?* is a subsolution. So the required estimates follow by applying the

comparison principle and using w(&,t) = v(, s(t)). ]

Next we shall derive another comparison result by treating the coefficient of
w in equation (3.11) in a different way. It can be applied to any A(t) and L(t)
that are twice differentiable. It is, however, especially useful in cases where the
condition (3.85) holds (i.e. Q(¢) and Q(t) are integrable). Then, the upper and
lower bounds are of the same order as each other and we deduce the exact order

of the solution as t — 0o (see equation (3.86)).

Theorem 3.11. Given constants vo and 1, let g1 and o1 be the principal eigen-
function and eigenvalue of (3.19), (3.20). Let w satisfy (3.11), (3.12) and as-
sume that C1g1(§) < w(&,0) < Ce91(§) for some constants 0 < C; < Cy. Define

(t) = max (%2 (L(t)L(t) - %) +1 (A(t>L(t) - #)) . (3.82)
(t) = — min (%2 (L(t)L(t) - LZ;P) 7 (A(t)L(t) - thl)z)) . (3.83)

Ift > 0 is such that L(T) >0 on 0 < 7 <, then

QO

t 2
o1Ly Q)
f(uog_ 2 )4

) ‘ <w(é, t) < Cogi(§)ed (L(OQ

t 2 —
oL QY
I g 49 )dc

Cigi(§)ed (3.84)
In particular, if L(t) > 0 for all 0 <t < oo, and if
Q) / > Q)
2D dt < oo and 2D dt < oo (3.85)
then )
_ ”1L§ ac
w(é t) =0 <g1(§)€°f " ) : (3.86)
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Proof. Consider the coefficient of w in equation (3.11). We can write

CLOLY | ALy L (L, e
ADLY " 2DL}

4D} 2D L, L(t)? ) +7(&,t) (3.87)

where
e (LoLm - 78)  ¢(A0Le - 7%)
r(é,t) = I3 + DL : (3.88)
For 0 < £ < Ly, this satisfies
Q) Q)
—5p = <r(t) < 5D (3.89)

where Q(t) and Q(t) are as in equations (3.82), (3.83). Therefore, equation
(3.11) implies that

Q) ow L} O*w £ En Q(t)
BE T L(t0)2 (D o¢? * (4DL§ + 2DL3) w) <5p v (390)

- 2D

If W(&,t) is the solution to

ow _ Lj *W £ En
o L) (D oe2 +(4DL§+2DL8) W) for 0 <& <Ly (3.91)
W& t)=0 at £ =0 and £ = Ly, (3.92)
W(£,0) = g1(9), (3.93)

then C1W (&, t)e ~J5 357 is a subsolution for w(&,t) and CoW (€, t)efot U i g

supersolution. But since W (¢, 1) = ¢1(€)e”*®) with s(t) as in (3.13), this gives
the estimates in equation (3.84).

For the final part, note that the lower and upper bounds in (3.84) differ by
a factor of order exp < ! Q(g dC ) If (3.85) holds then this converges to the

00 QC) Q(C QU=Q) ¢

finite positive value exp ( ) as t — oo. [

Even when we do not have an exact solution, there are many cases where
Theorem 3.11 allows us to determine the long-time behaviour of the solution w
(and hence u) up to multiplication by an order one factor. We can know, for
instance, not only that u — 0 or u — 0o as t — o0, but the precise ¢ dependence

of the decay or growth, as in the following example.
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Example 3.12. Suppose that L(t) = Loe=* with a > 0, and A(t) = 0. Take
Y = = 0 in Theorem 3.11, so that o4 = —T and g1(§) = sin (E—i) Then
we calculate that Q(t) = L Lge® o—2at g Q(t) =0. So,

[ Uac= G0 - = on), [ =0 sy
Also, L(t)L(t) = —aL%e > and
¢ 1 t 1 €2at -1
0

Therefore when we apply Theorem 3.11, and then change variables back to u(,t)
using the definition of w(&,t) from Section 3.1, we deduce that for 0 < & < Ly

u(§,t) = <sm (}Tj) exp (—21:22 2ot 4 (fo ) )) — 0 ast — 0.

(3.96)

Theorem 3.11 is valid with any choice of 7, 71, but in certain cases a partic-
ular choice of 7, 71 will lead to the best bounds on the solution. For example,
if the separability condition (3.16) does hold, and we apply Theorem 3.11 with
Yo = L(t)L(t)* and ~, = A(t)L(t), then Q(t) = Q(t) = 0 and the theorem

t 2
. [ Pbdc
bounds w (&, t) between constant multiples of g, (&)ed “©° .

Consider next a case such that the separability condition (3.16) does not

hold, but that for some a > 0

. 1
L(t) ~atz, L) ~ —Zat_% as t — o0. (3.97)
In such cases,
) a2 ot
L(t)L(t) ~ —— ~ — t : 3.98
ML~~~ e 5t (39)

Therefore if we take vy = —aff then L(t)L(t) = iz + 0 (1) as t — oo, and so

L)L) — -2 :o(z<t)L(t)) as ¢ — oo, (3.99)

If, also, A(t) satisfies A(t) ~ bt~2 as t — oo, then the choice y; = ba® leads to

AWL(t) - L'(th)z —0 (A(t)L(t)) as t — 0o, (3.100)
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These observations mean that we can obtain better bounds on the solution w
(and so u) by taking into account these particular values vy, 1, and the separable
solutions associated to them, than we could by simply using 79 = 71 = 0. In
particular, if L(t)L(t) — % and A(t)L(t) — L(t)g are integrable, then Theorem
3.11 will give the exact order of w(&,t) as t — oc.

If there are no special choices of vy or 7, such that (3.99) or (3.100) holds,
then (as in Example 3.12) we take 79 = 73 = 0. This often provides useful

bounds on the solution, as we shall see in Example 3.15 and Section 3.5.2. Let

us therefore state Theorem 3.11 in the case 7y = v, = 0 as a separate theorem.

Theorem 3.13. Let w satisfy 1), (3.12), with 0 < Cy < Cy such that

(3.1
C, sm( 5) < w(£,0) < Cysin (L—£> Define

Q(t) = max <M n nA(t)L(t)) ,

0<n<1 2
Q) =— Juin (M + nA'(t)L(t)) : (3.101)

Ift > 0 is such that L(t) >0 on 0 < 7 <'t, then

Dr2 Q) . i o
C} sin me oo (- FE =55 )¢ <w(,t) < Cysin i oo (‘L(@)fr%)dC
LO Lo

(3.102)
In particular, if L(t) > 0 for all 0 <t < oo, and if
> Q) /
= 1
i 2Ddt<c>o dt< (3.103)

then

et =3 (an (oo ([ 20)). oy

Remark 3.14. Given a function F(t), denote its positive and negative parts by
[F(t)]T >0 and [F(t)]” > 0, so that F(t) = [F(t)]t — [F(t)]". The functions
Q(t) and Q(t) defined by (3.101) always satisfy
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Example 3.15. Let Q(t) and Q(t) be given by (3.101). Ezamples of L(t), A(t)
for which the condition (3.103) is satisfied include:

1. L(t) = a(t + to)* for any k < 3, and A(t) = O(t™2) with m + k < 1.

2. L(t) = Lo > 0 and L(t) = Ot 17), A(t) = O(t™"%) for any ¢ > 0,

0>0, ast — oo.

3. L(t) ~ at, a > 0, and L(t) = O(t~27¢), A(t) = O(t~270) for any e > 0,

0>0, ast — oo.

3.5.2 L(t) and L.

Here we consider the problem (3.1), (3.2) on the interval 0 < z < L(t). If L is

a constant, then we know that the ‘critical length’

D
Leyis = 74| — (3.106)
Jo

is the length for which the principal eigenmode sin (”—Lx) is a stationary solution
to the linear parabolic problem. If L < L..;; then the solution tends to zero as
t — oo, and if L > L. then the solution tends to infinity. When L(¢) is not
constant but varies with ¢, the role of L.,;; is not so straightforward. Considering
L(t) and its relation to L..;, we shall derive sufficient conditions such that the
solution does not, or does, tend to zero as t — oo. These will be proved as
two corollaries of Theorem 3.13. Then, in Examples 3.19 and 3.20, we shall
demonstrate cases for which L(t) is strictly less than L. for all t > 0, and yet
the solution does not tend to zero as t — oo. We shall see that if L(t) tends
to Le.i; from below as an inverse power of ¢, then the outcome depends on this
power.

First, in Corollary 3.16, we give conditions under which the solution does

not converge to zero but has a non-trivial lower bound.
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Corollary 3.16. Let ¢(x,t) satisfy (3.1), (3.2) on 0 < x < L(t). Assume that
L(t) > 0 for all 0 <t < oo, and that the following conditions hold:

L(t) and L(t)L(t) are bounded above, (3.107)
ap! 1
/0 (W Lim> d¢ is bounded above, (3.108)
/OO L(t)[L(t)]~dt < oc. (3.109)
0

Then for (x,0) > 0, and not identically zero, w( ) does not converge to zero

as t — oo. In particular, liminf, ( 70) fo ) sin (L(t)> da:) > 0.

Proof. Let u(§,t) and w(&,t) be as in Section 3.1. We may assume that

u(&,0) > bsin (Z—i) exp (%) (3.110)

for some b > 0. It follows from Theorem 3.13, and the definition w(§,t) =
u(& ) H(E,t)e ot with H(E,t) as in (3.6), that

oy v (55) (B RSN
0

where Q(t) = M Substituting fy = 52—”? and using the assumptions in

equation (3.107) gives that for some b’ > 0

u(§,t) > b'sin (%ﬁ) exp (/0 (f;rt - 52)2 - L@gm_) dc). (3.112)

Now, assumptions (3.108) and (3.109) imply that there exists B > 0 such that

u(&,t) > Bsin ( ) for all ¢ > 0. So u(&,t) does not converge to zero, and

/ W(x,t)sin <L7T<x>>dx— L20 /LO (€, t) sin <L§) d¢ > B. (3.113)

]

Remark 3.17. Let ¢(x,t) satisfy (3.1), (3.2) on A(t) < x < A(t) + L(t) where
L(t) satisfies the conditions (3.107), (3.108), (3.109) and where A(t) = S(t+t1)™
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for some () < m < % In this case also, 1 does not converge to zero but has a non-
trivial lower bound. As in Corollary 3.16, this can be proved by an application
of Theorem 3.13 and equation (3.6), and by also using that A(t)L(t) is bounded

above and that A(t)* and L(t)[A(t)]” are integrable.
Next we give conditions under which the solution does converge to zero.

Corollary 3.18. Let ¢(x,t) satisfy (3.1), (3.2) on 0 < x < L(t). Assume that
L(t) > 0 for all 0 <t < oo, and that the following conditions hold:

L(t)L(t) is bounded below, (3.114)
L L 1 0) 1) A A0
/0 (LW Tz, b 2L(t)> dt—>oo  asT—oo. (3115)

Then 1 (z,t) converges uniformly to zero as t — oc.

Proof. Let u(&,t) and w(&,t) be as in Section 3.1. We may assume that

u(€,0) < asin (2—?) exp (%@3;(0)) (3.116)

for some a > 0. It follows from Theorem 3.13, and the definition w(¢,t) =
u(€,t)H (€, t)e ot with H(£,t) as in (3.6), that

1/2 t 2 2L(HL(
u(&,t) < asin ™) (£O) efOHIO GLLZWJF%)M?& iéi%“ (3.117)
Ly L(t)

where Q(t) = L(t)[j;(t)]+. Substituting fy = 52—“2 and using the assumption in
crit

equation (3.114) gives that for some a’ > 0

, (7 "(Dr*  Dr?  LQLQIT L)
(3.118)

So, under the assumption in equation (3.115), there is uniform convergence to

Zero. ]

Example 3.19. Consider an interval (0, L(t)) where L(t) < Let tends expo-

nentially towards L. :

L(t) = Lopip(1 — e (3.119)
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where 0 < e <1 and o« > 0. The conditions of Corollary 3.16 are satisfied and

so we deduce that ¥(x,t) > Bsin (%) for some B > 0.

Example 3.20. Consider the interval (0, L(t)) where L(t) < Leqi is given by
L(t) = Lerir(1 = £(t + to) ") (3.120)

where 0 < e <1 and k > 0. If k > 1, then the conditions of Corollary 3.16 are
satisfied and so ¥ (x,t) > Bsin (%) for some B > 0. On the other hand, if
0 < k <1 then the conditions of Corollary 3.18 are satisfied and so (xz,t) — 0
uniformly in x ast — oo. This example gives an indication of how fast or slowly

L(t) may be expected to converge to L.y, to give each of the two outcomes.

Analogous results to Corollaries 3.16 and 3.18 also hold in the case of an

interval (Ao + ct, Ag + ct + L(t)) where ¢ € (—c,,¢,). In this case we define

Loale) =7 |—2— (3.121)
Vi- o

and, exactly as above but with this new definition of L..;, we obtain the fol-

lowing corollaries of Theorem 3.13.

Corollary 3.21. Let ¢(x,t) satisfy (3.1), (3.2) on (Ag + ct, Ay + ct + L(t)).
Assume that L(t) > 0 for all 0 < t < oo, and that the following conditions hold:

L(t), L(t)L(t) and cL(t) are bounded above, (3.122)

t 1 1 '
/0 (L(C)2 - Lcm(c>2) d¢ 1s bounded above, (3.123)
/OO L()[L()]"dt < . (3.124)

Then for (x,0) > 0, and not identically zero, 1¥(x,t) does not converge to zero

ast — oo.

Corollary 3.22. Let ¢(x,t) satisfy (3.1), (3.2) on (Ag + ct, Ay + ct + L(t)).
Assume that L(t) > 0 for all 0 < t < oo, and that the following conditions hold:

L(t)L(t) and cL(t) are bounded below, (3.125)
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T Dn? Dr? L(t)[ﬁ(t)]* L(t)
/0 <L(t)2 " Lga(c)? 1D +2L(t)> dt — oo as T — oo.

(3.126)

Then (z,t) converges uniformly to zero as t — oc.

In Chapter 7 we shall consider the equation with a nonlinear reaction term
f. Section 7.5.1 concerns the roles of L. and L..;(c) in the nonlinear case, and
we show that if L(t) — Le. as t — oo then the long-time behaviour depends
on whether or not f is linear on a neighbourhood of 0. If it is, then a result

similar to Corollary 3.16 holds.

3.6 Linear problem on a time-dependent box

Here, we show that the analysis of the linear equation on the interval extends in
a straightforward way to the box defined in Example 2.4 and equation (2.14);
that is:

Q) ={z eRY: Aj(t) <a; < A;(t)+ Lj(t) : 1< j < N}

for some A;(t) € R, and L;(t) > 0, each twice differentiable. The same methods
which were used to prove Theorem 3.2 and Theorem 3.11 on the interval also
lead to the corresponding results — Theorem 3.23 and Theorem 3.24 — on the
box. We shall use these results again in Chapter 4.

With Q(t) given by equation (2.14), consider the problem

%_f =DV + fop Q) CRY (3.127)

Y(x,t) =0 on 09(t). (3.128)

As in Section 3.1, change variables from z; to & and ¢(z,t) = u(&,t) where

& = (367;]—’?2)(”) Ly lies in a fixed interval. Then problem (3.127), (3.128) becomes

ou al L% (92'& al A](t>L0 + ijj (t) ou
o =Pl T ipee ( L@ ) og e r0sssh
j=1 J

i=1

(3.129)
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u(&,t) =0 at & =0 and §; = Lo. (3.130)

Again proceeding as in Section 3.1, let w(€,t) = e~ otu(€, t) H;VZI H;(&;,t) where

()" [ A (0)? 2/, (1)L A(DL;
H,(&,1) = (LJ@) exp /Axo i 4 SLOLO | §AOL0)

L;(0) 4D 4DL3 2DL,
(3.131)
Then for 0 < §; < Ly we have
N N 27
5 =S rmag 2 (Vi ) e e
j=1 i =1
w(&,t) =0 at {; = 0 and §; = Ly, (3.133)

and we arrive at the following extension of Theorem 3.2.

Theorem 3.23. Suppose that

f/j(t)L (t)? = Véj) and Aj(t)Lj(t)3 = %j) forall1 < j < N.
(3.134)
Then there ezist separable solutions of (3.129), (3.130) of the form

u(é,t) = exp (fot+/ Z 2o, °d<> H(gj?f))) (3.135)

where H;(&;,t) is given by equation (3.131) and where g;, and oj, are the

eigenfunctions and eigenvalues of the Sturm-Liouville problem (3.19), (3.20)

with 7o = v and v =Y.

In general, the separability condition may hold for some, all, or none of the

dimensions 1 < 7 < N. We can also extend Theorem 3.11 to the box, as follows.

Theorem 3.24. Given constants ’yo ) and ’yl for 1 <j<N,letgj and 0

be the principal eigenfunction and eigenvalue of (3.19), (3.20) with vy = 78)

and v, = %j). Let w satisfy (3.132), (3.133) and assume that
N N
Ch ngJ(fj) <w(&,0) <Gy H%‘J(fj), (3.136)
J=1 J=1
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for some constants 0 < Cy < Cs. Define

2 [ ) ) %
Q,(t) = max (% (Lj(t)Lj(t) - Lj?t)2> +1 (Aj(t)Lj(t) - sztp)

If t >0 is such that Lj(1) >0 on 0 <71 <t for all1 < j <N, then

LS e

7=1

w(E,t) < Cyexp (/ij ("”L Q_](O)dC> TLo:1().

7=1
(3.139)
In particular, if L;j(t) > 0 for all0 <t < oo, and if
o Q(t < Q (t)
/0 QQJ—Ig)dt<oo and /0 _QJD foralll1 <753 <N,
(3.140)

then

=

w(,t) = (exp< » Z’Eé@d:)f[%(@))- (3.141)

The condition (3.140) will be satisfied if, for example, L;(¢) and A;(t) are of
the types given in Example 3.15 for each 1 < j < N.

3.7 Linear problem on a time-dependent cylin-

der

The analysis of the linear equation also extends in a straightforward way to
cylinder-like domains in RN*! that are infinite in the x4, direction (denoted

by y) and have time-dependent cross-section. Here we are concerned with the
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cylinder-like domain Q*(t) = Q(t) x (—o0, 00) where €2(t) is a time-dependent
box as in equation (2.14), and we consider the problem

o

i = DV*% + foi for (x,7) € Q(t) x (—o0,00) C RV ¥ (3.142)

Y(z,y,t) =0  for (z,y) € 00(t) x (—o0,0) (3.143)

with ¥ (x,y,0) non-negative and compactly supported. We use the same change
of variables from x; to & as in Section 3.6 (for 1 < j < N), and denote the
solution by ¢(z,y,t) = u({,y,t). Then for 0 < §; < Ly, —oo < y < oo the
problem (3.142), (3.143) becomes

du Y12 o al L +g () Ou

— =D 0 0 "~ — 3.144

o =P ppog *; ( o, o (B4
U(é, y,t) =0 at gj =0 and gj = Lo. (3145)

Let w(¢,y,t) = e fotu(€, y,t) Hj\;l H;(&;,t) where H;(&;,t) is given in equation
(3.131). Then exactly as above,

Ow N2 otw Pw o= [ ELiOL;(t) &AL ()
at Djzl Lgoe T Papt 2 ( Iz 2L, )"
(3.146)
w(& y,t) =0 at §; = 0 and §; = Ly. (3.147)

The separation of variables method now leads to the following extension of

Theorem 3.2 (and Theorem 3.23).

Theorem 3.25. Suppose that

L)Lt =48 and  A,0L;0)* =+ foralll1 <j<N.
(3.148)
Then there ezist separable solutions of (3.144), (3.145) of the form

II (7o)

7j=1
(3.149)

=y’

= a(y )b ' T, b
u(§,y,t) = /_OO Wdy exp <f0t+/ g dC
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where u(y) is any continuous, compactly supported function, where H;(&;,t) is
giwen by equation (3.131), and where g;, and o, are the eigenfunctions and

eigenvalues of the Sturm-Liouville problem (3.19), (3.20) with vy = 7(()]) and

" ,Y(J)

Similarly, Theorem 3.11 (and Theorem 3.24) extends to the cylinder as fol-

lows.

Theorem 3.26. Given constants 70 ) and 71 for 1<j<N,letgj and 0;,
be the principal eigenfunction and eigenvalue of (3.19), (3.20) with vy = ’y(())

and v = 7 . Let w satisfy (3.146), (3.147) and assume that

N
a(y) [ [ 95.(&) < w(&,y,0) < Cou(y Hgﬂ@ (3.150)

j=1
for some continuous, non-negative, compactly supported function u(y) and some
constants 0 < Cy < Cy. Define Q;(t) and Qj(t) as in (3.137), (3.138). Ift >0
is such that L;j(1) >0 on 0 <7 <t foralll <j <N, then

*° y—y Q
\/407:_1%/ u(y)e” et dy’ exp(/ (U] 1 LG J(C)) d() ngl &)

w(&y,t) <
I 'S ((7ald @7(0) A

\/4th/_oou(y)€ i ey </o J-;(LJ-(C)2+ op )% j[[lg]’l(f])'
(3.151)

In particular, if L;j(t) >0 for 0 <t < oo and if (3.140) holds, then ast — oo,

w(gayvt):§</oo% (yZDt dyexp</zale2 >Hg]1€J>'

(3.152)

In cases such that L;(t) > 0 for all 0 < ¢ < oo and such that (3.140)
holds, Theorem 3.26 gives the exact order of the solution as ¢ — co. The next

result gives more detail about the long-time behaviour of the solution at a given
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position £(t) in the cross-section. Under the condition that

f0t+2( / (%LQ A<<>2) C_5<t>2Lj<t>Lj<t>_@-(t)Aj(t)Lj(t))

4D ADI2 2D L,

+ Z(log a0~ 310w (20 ) ) = {5t —0t0)  @153)

for some C' > 0 and p(t) = o(t) as t — oo, we are interested in the asymptotic y
positions at which u({(t),y,t) takes order one values. (Note that this condition
(3.153) simply says that if we take fot and add and subtract the terms due to
the time-dependent domain, then we are left with a positive multiple of ¢ plus

smaller order terms.)

Corollary 3.27. Assume that L;(t) > 0 for all 0 < t < oo and that (3.140)
holds. Let &;(t) € (0, Lo) be given for 1 < j < N, and suppose that A;(t), L;(t)
and &;(t) are such that (3.153) holds for some C > 0 and p(t) = o(t) ast — oo.
Then:

1. u(&(t),ct,t) — oo ast — oo for every |c| < C, and u(&(t),ct,t) — 0 as

t — oo for every |c| > C.

2. Let y = y«(t) denote the y positions at which uw(&(t),y,t) is equal to some

positive, order one value. Then for large t,

B C o.(t)? 1.t
y«(t) = £(Ct — 0.(t)), 2D «(t) — D p(t) + 3 log% +0(1).
(3.154)
3. If, in addition to the above assumptions,
Lj(t)Lj(t) =0(1) and Aj(t)Lj(t) =0(1) (3.155)

for every 1 < j < N, then y.(t) is given by (3.154) uniformly for £(t) in
any compact subset of (0, Ly)~, and C and p(t) can be found from

fot+Z</ <U”1L2 A4<z§)>d<‘ ()

2

C
= Et —p(t) +O(1). (3.156)
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Proof. Under the stated assumptions, Theorem 3.26 gives the bound in equation

(3.152). In terms of the original function w (¢, y,t), this becomes

_ _(w=y"H? o L2 N
[ [T uly)e” i fottfy SN, TE58dC ( 951(&5) )
u(&, y,t :Q / AL ATAS— I= L0 ILo A7
(€3.1) ( s VAmDt Y J[[l H;(&;,t)

(3.157)
as t — oo, with H;(§;,t) given by equation (3.131). Evaluating this at £ = £(¢),

and using equation (3.153), we get precisely

o fan = 3.158
t , ’t =0 u(y e ot ! .
u(é(t), y,t) 7i _OOU(y)e Y (3.158)

as t — oo. It is clear from (3.158) that as t — oo, u(&(t), ct,t) — oo for every
le| < C, and u({(t),ct,t) — 0 for every |c| > C. Also, writing y = Ct — 0.(t)
and equating (3.158) to some constant, we find that J,(¢) must satisfy

C 8, ()? 1 t
ﬁé*(t) T p(t) — 3 log W O(1) as t — o0o. (3.159)

In general C' and p(t) will depend on &;(t) € (0, Ly). However, if the condition

(3.155) holds, then we have

CGWOPL(OL (1) &A1) L(8)
ADL2 2D Ly

+1log (g;1(&(1) =O0(1)  ast — o0,
(3.160)

uniformly for &;(¢) in any compact subset of (0, Ly). This observation, together

with all the above, proves the final statement. O

Example 3.28. Ezamples of possible long-time behaviour of L;(t), A;(t) for
which the conditions (3.140), (3.155) and (3.156) are simultaneously satisfied

include:
1. Li(t) = a(t +to)*, A;(t) =b(t +t))™ for any 0 < k < 5 and m+ k < 1.
2. L;(t), A;(t) such that ast — oo,
Li(t) =1;4+0(1), Lj{t)=0(t"%), L;{t)=0(t""°), (3.161)

Aj(t) =c; +O0(t7°%), A;(t) =079, (3.162)

2 c?
where [; >0, >0, >0 andfo>2§\[:1(D7r +ﬁ)-

2
15
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3.8 Linear problem on a time-dependent ball

The method of separation of variables can also be used to derive exact solutions
to the linear problem on a ball in any dimension N. For some time-dependent

vector A(t) € RY and time-dependent radius R(t) > 0, let
Q) ={z e RV : |z — A(t)| < R(t)}, (3.163)

and consider the problem

o

S5 =DV*)+ fop  inQ(t) CRY (3.164)

P(x,t) =0 on 0Q(1). (3.165)

R(t)
for some Ry > 0 and let u(&,t) = ¥ (z,t). The problem (3.164), (3.165) becomes:

Following the approach of Section 3.1, change variables from x to £ = (x Am) Ry

ou  R: _, RoA(t) + R(t)¢
o = PrapY et ( R{D)

) -Vu+ fou  for £ €Qy (3.166)

u(é,t) =0 for & € 09, (3.167)

where Qo = {£ € R : [£] < Ro}. Now let w(&,t) = u(&, t)H (&, t)e /" where

e = () e | [ S SRR  gatedw) ).
’ (3.168)
to get the equation
ou_ DR?O) - (ra ﬁ%—z(w G ﬁg])gf(t)) v forecq
(3.169)
w(&,t) =0 for £ € 09). (3.170)

Remark 3.29. Notice the similarity to the one-dimensional case (see Section
N

3.1). The factor (%) * in equation (3.168) is the only explicit dependence on

the dimension N, and this term is included in the change of variables in order

to remove a term in the equation involving V - & (= N in RY ).
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¢
As in the one-dimensional case, change variables from ¢ to s(t) = [ R?CS)Q dg,
0

and write v(&, s) = w(&, t). This gives:

v _ EPRERE) (- A@)R()?
g5 = DVt ( iDRT T 2DRI

) v for [£| < Ry (3.171)

v(€,s)=0 at || = Ro. (3.172)

This is separable in s, r = |¢|, and @ (the angular co-ordinates) if R(t)R(t)* = o
is a constant and A(t)R(¢)®> = 0. This corresponds to R(t)? = at® + 2bt 4 12 for
some constants a, b, rg = R(0) > 0, and 79 = arg — b% and to A(t) = Ag + ct
for some constant vectors Ag and c¢. We arrive at the following extension of

Theorem 3.2 to the N-dimensional ball.

Theorem 3.30. Suppose that
R(t)* = at® + 2bt + 1] for some a,b, and ro = R(0) > 0, (3.173)

A(t)=Ag+ct for some Ay,c € RY. (3.174)

Then the solution to (3.166), (3.167) on Qo = {£ € RN : |¢| < Ry} can be ob-
tained exactly, as a sum of w(&,t) with coefficients depending only on the initial

conditions u(&,0) € L*(Qy). The functions u; are given by

2

w(§,t) =exp &l/t%dg 3 (%)Nﬂ

coxp [ [AOR D R L)
0
(3.175)
where o, and §,(§) are the eigenvalues and eigenfunctions of
pin©) = DY+ S0 in {je] < Ry < RY (3.176)
4DR;
(&) =0 at¢f=Ro. (3.177)

As in the one-dimensional case, it is possible to write out explicit formulae

for u; in terms of a, b, rg and the relevant eigenfunctions §; and eigenvalues 4.
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Chapter 4

Linear equation: behaviour near

the boundary

4.1 Introduction: behaviour near the bound-

aryfor%(t)<x<#

Here we consider the linear equation on a symmetric interval (_Ié(t), @)
N 0% —L(t) L(t)
= D— fi — 4.1
I + for or —— <z < — (4.1)
L(t
Y(z,t) =0 at x = i%, (4.2)

and we are interested in the solution near the boundaries z = i@. We shall

focus on understanding the behaviour near the left hand end x = %(t); the cor-

responding results at the other end follow by symmetry. We begin by observing
the following corollary to Theorem 3.2 where, as in equation (1.5), ¢, = 2v/D fo.

@EC>OZ'8

constant, and let 0 <y = O(1). Then ¢ ( + y,t) s exponentially growing

Corollary 4.1. Let ¢(x,t) > 0, #Z 0 satisfy (4 1), (4.2) where

ast — 00 if 0 < ¢ < ¢y, and it is exponentially decaying ast — oo if ¢ > c,. If
c=c, andy = 0(1) thenzﬁ( =L®) —I—y,t) =O0(yt™3/?) = 0 as t — oo.
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Proof. Assume L(t) = 2 (ct + %) with ¢ > 0, and let £ = (L(t) %) Ly and
u(€,t) = (z,t). Since L(t) = 2c and A(t) = —c are constants, this is one of

the separable cases from Chapter 3. By Theorem 3.2, there are exact solutions

€0 —Dn2r2% \ . [nné Lo \"?
Upe(&, 1) =exp | ——— | sin
: P\ Lo(Zo + 2¢t) Lo ) \ Lo+ 2ct

2 L
xexp((fg—:—D)t—i—%Léo <1—L£0)). (4.3)

Any positive solution u(&,t) can be bounded above and below by multiples of

€ (0,1).

uy (€, t). Note that the position z = %(t) +y is equivalent to Li = %

We see from (4.3) that as ¢ — oo, and for y = o(?),

—L(t) yLy
el ——— ) =ure | ———,t
v, ( 5 TV ) L, <Lo+20t

—(y 1 c? y
:Q<t tl/QXexp(<f0—E) +E)> (4.4)

Equation (4.4) shows that ¢ . ( L) 4y, t) is exponentially growing if fy >

2
1D’

and ¢10< )+y, ) is exponentially decaying if fy < %. If fo = % (i.e.
c=c) andy:O()then@blc( )+y,t>:§(yt’3/2)—>0ast—>oo. H

This leads us to consider the following problem. We would like, if possible,
to choose L(t) in such a way that the solution neither grows nor decays but
remains exactly of order one for z at an order one distance from the boundary.

That is, we would like to choose L(t) in such a way that

—L(t _
¢< 2( ) —i—y,t) = O(y) for 0 <y =0(1), as t — oc. (4.5)
This means that for yy > 0, there exist 0 < 8y < 8 such that for all 0 <y <y,
and all ¢ sufficiently large, foy < ¥ < ) 4 Y, ) < Bry. This will then also

imply that 8y < % <_2(t),t> < By, ie. 22 ( L(t) t) O(1) as t — oo.

ox

Further motivation for studying this problem may be inspired by [24, 23, 17,
26, 25] and [12], all of which analyse relationships between the time-dependent
motion of a boundary and the gradient of a solution there. The papers [24,

23, 17, 26, 25] concern the nonlinear equation (1.17) on ¢(¢) < = < h(t) and
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they impose the boundary conditions (1.18), (1.19) which relate the speed of
the boundary to the gradient of the solution. We shall return to their results
when we consider the nonlinear problem in Chapter 7 (see Section 7.5.2).

In [12], J. Berestycki, Brunet and Derrida consider the linear problem on
p(t) < z < oo. As discussed in Chapter 1, they derive very precise asymptotic
behaviour of the boundary position p(t) such that the solution and its gradient
have constant values at z = pu(t). For initial conditions with sufficiently fast
decay they show that p(t) = c.t — % log % + constant + o(1) as t — 0o, which
is, significantly, the same as the front position (1.11) for the nonlinear KPP
equation. They also calculate several subsequent terms (‘vanishing corrections’)
in their expansions. This shows that interesting and significant properties may
be discovered by analysing the relationship between time-dependent boundary
motion and the gradient of the solution at the boundary.

In the following sections we derive super- and subsolutions for the linear

—L{) L@

5, —5~) under certain assumptions on L(t)L(t)?, and thus give

problem on (
a form of L(t) such that (4.5) holds. We also investigate similar problems on
a ball and a box, and discuss links with the nonlinear KPP equation on an
unbounded domain. In Section 4.5 we apply a method from [12], to derive
vanishing correction terms for the critical choices of boundary motion on a

symmetric interval or box.

4.2 Critical super- and subsolutions

4.2.1 Equation and change of variables

We change variables in (4.1) to £ = (ﬁ + %) Ly for some Ly > 0, and let

u(&,t) = ¥(x,t). The equation becomes:

ou  L§ O%u Lo\ L(t) du
E—DL(t)Qg—gQ—i-(g—?) ma—g—i—fou for 0 < & < Ly (46)

u(&,t) =0 at £ =0 and £ = L. (4.7)
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Next let

wte ) te) (L) " eap (g [0 HOHOLE (£ )

L(0) 16D 4D Lo \ Lo
(4.8)
This is the same change of variables as we used in Chapter 3, but now taking
into account the symmetry A(t) = #(t) Therefore, w now satisfies

ow _ D L (8210 + P(t)i (i _ 1) ﬂ) for 0 <& < Ly (4.9)

ot T L(t)? \ oe Lo \ Lo L2
w(&,t) =0 at £ =0 and £ = Ly, (4.10)
where )
_ L)L)’
P(t) = —iD (4.11)

We shall derive a super- and subsolution for (4.9), (4.10). The supersolution
is valid for any function P(t) which is non-negative; the subsolution is valid if

P(t) is large and positive with 0 < P(t) — 0o as t — oo and P(t) > 0.

4.2.2 Supersolution

Proposition 4.2. Let w(¢,t) satisfy equations (4.9), (4.10) for some function
P(t). If P(t) > 0 then (up to multiplication by a constant) w(€,t) < w(&,t)

BE, 1) = sin (Z-f) exp <_ /0 t f(—z;dg) | (4.12)

Therefore w(&,t) = O(&) independently of time as t — oo, in the sense that

where

there exists 5 such that
w(&,t) < fi€ ast — oo, for all 0 <& < L. (4.13)

Proof. This w(§,t) is a supersolution for w(&,t): it satisfies the boundary con-
ditions and, since P(t) > 0, it satisfies the inequality
ow L2 0*w L2 [(0*w £ (€ w
—=D—X5—>D—= | +Pt)=—(=—-1)—]. 4.14
5 = Prapae 2 e (ge +Pon (51 1) 0w
Hence, up to multiplication by a constant, w(&,t) < w(,t) and wW(E,t) = O(E)

independently of time as ¢t — oo. ]
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4.2.3 Subsolution

Next we construct a subsolution. Let x; < 0 be the largest real zero of the
Airy function Ai. We know that Ai”(z) = z Ai(x) (Airy’s equation), and we
note here for reference that k1 < 0, Ai'(k;) > 0, Ai(0) > 0, Ai'(0) < 0, and
Ai"(0) = 0. If P(t) > 0 is sufficiently large, define w(&,t) and a(t) by:

;

W Al (P(t)l/gl% + Iil)
for 0 < Lio < —k1 P(t)7/3: Region I

w(§,t) =4 L (Ai(o) + A¥'(0) (P(t)” ot “1>>

P(t)1/3

for —rP(t)"13 <& < — <A.i(0) - /ﬁ) P(t)~'/3: Region II

Lo Ai'(0)
\O for — (:ii,((%)) + /-£1> P(t)"1/3 < Lio < 1: Region III,
(4.15)
and
Ai(0) Y DP(¢)?3
t) = —2dC ). 4.16
o= (35 +) | “rier (416)
0.5¢
2 0 =
<
-0.5
- ' ‘ 0.2 ' -
-5 0 5 0 2 4 6
X §

Figure 4.1: Left: the Airy function Ai(z), with the portion k; < x < 0 high-
lighted; Right: a sketch of w(¢,t) as a function of £, at a fixed t.

Proposition 4.3. Let w(&,t) satisfy equations (4.9), (4.10) for some function
P(t) > 0. If P(t) — oo ast — oo and P(t) > 0, then (up to multiplication by
a constant) w(&,t) > w(&,t) = w(, t)a(t) where w(&,t) and a(t) are given by
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equations (4.15) and (4.16). Moreover, if

00 P(OQ/S
/0 L d¢ < oo (4.17)

then for & in Region I, w(&,t) can be bounded below by a positive multiple of &

(independently of t) as t — oo. In other words, there exists By > 0 such that
Bo& < w(&,t) ast — oo, for all 0 < € < —k  P(t) 3Ly, (4.18)

Proof. Note that w is continuous and non-negative on [0, Ly, and satisfies the

. . f2 .
boundary conditions. Furthermore, both %—% and %T% are continuous across

Regions I-II, including at the point where Regions I and II meet, where the left

and right limits both give %—% = AiL/E)O) and %QT% = (. In each Region I and Region

ow P(t) ow
5 = (v %) 1)

and it follows from the continuity of each term that %—% is also continuous across

I1, %—% satisfies

Regions I-11. Therefore across Regions I-11, w(,t) is C? in € and C! in t.

In Region I:

ow L3 (d*w E (€ w
7%‘Duw(@?+P@E(ET*)E)

_ P(t) w + P(t) iAi’ (P(t)l/:gLi%—/ﬁ)

0

L(t)? 0
DP(t) €2 DP(t) ¢
P 0 D
ISP—(tt)) —w+§a—% - L(t>2 P<t>2/3 (P(t>1/3L£O + Hl) w
DP(t) & ~ DP(t) ¢
T L it Io? LY (4.21)
Pt ow\ DP(t)*? DP(t) &
“spi (3 )~ g e T e O
Note that ?;T% < 0 in Region I, since Ai”(x) = 2 Ai(z) < 0 on [k, 0]. Therefore,
since w(0,t) = 0, we have that
g—%({,t) <w(&,t) in Region L. (4.23)
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Thus equation (4.22) together with the assumption that P(t) > 0 and P(t) > 0

implies that, in Region I,

ow L§ (Pw ppy€ (& w P(t)*/3
o - Prae (o + 707 (5) L—a) 70
In Region II, since P(t) > 0, P(t) > 0, and Ai'(0) <
ow Ly (0*w £ (& w
o ULy <a£2 o f(f‘ >L—)
__ PO PO &y PPOE L DPQ) €
“3P(t) " 3P(t) Lo L(t)> L§—  L(t)* Lo
_DP(t >£w
="L{t)? Lo
_Ai(0) - DP(t)2/3w
(- ) 2

Let w(§,t) = w(&, t)a(t) where a(t) is given in equation (4.16). Then w(¢,t) is

a classical subsolution in Regions I-1I, as it is C? in &, C! in ¢ and satisfies

ow L2 (0% & [ & w

~—— D ([ Z— P> -1 <0. 4.2

T (89 TR, (Lo ) L?) =" (4:20)
In Region III, since w = 0, it is clear that

ow L3 (0*w & (€ w

— —D P(t = —-1)—=)=0. 4.2

5 oo (ge trog (£-1) ) =0 o

So, at the point where Region Il and Region III meet, w is continuous, it is
a classical subsolution on either side, and %—? has a jump discontinuity from a
negative value on the left (Region II) to zero on the right (Region III). It follows
from Lemma A.7 that w(&,t) is a weak subsolution for w(¢,t). Therefore, up to

multiplication by a constant, w(&,t) > w(&,t) = w(&, t)a(t).

Now note that Ai(y + k1) ~ Ai'(k1)y as y — 0 and Ai(y + ry) > 2 _m Oy for
all 0 <y < —k;. Consequently we have
Ai(0
w(,t) > i )Li for all £ in Region I. (4.28)
—kK1 Lo

If (4.17) holds then a(t) converges to a strictly positive value as ¢ — co. Then
for ¢ in Region I, w(&,t) (and hence also w(&,t)) can be bounded below by a

positive multiple of £, independently of time as t — oo. ]

70



In the case where P(t) is given by equation (4.11), the condition (4.17) in
Proposition 4.3 becomes simply [;° L(¢)**d( < occ.

4.2.4 Behaviour near an endpoint at %(t) = —ct + o(t)

Theorem 4.4. Let L(t) = 2(c.t — 6(1)) = fo and

o(t) = o(t), 8(t)=o(1), &(t)=o(1),
0 < —0(t)(cut — 6(1))® is increasing and tends to oo, ast — co.  (4.29)

Let ) satisfy (4.1), (4.2). Then for each yo > 0 there exist constants 5y > 0,

p1 > 0 (depending on the initial conditions) such that

e (;_;W [ (iggf (0, )(ﬁgz)))

< (ﬂ +y, ) < Byt—4 exp ( /Ot gdg) (4.30)

for 0 <y <y, ast — co. In particular, if also

/Oo(—S(t))Q/gdt < 00 (4.31)
then
w(%(t)+y,t) Q(yt 2 exp <QCD5(t)_/Ot54(—§)>2dC>) as t — oo.
(4.32)
—0(t)L(t)?

Proof. Assumptions (4.29) on (t) ensure that the function P(t) = 5?2

obeys P(t) > 0 and 0 < P(t) — 0o as t — co. So applying Proposition 4.2 and

Proposition 4.3 gives that there are positive constants C;, C5 such that

ca&exp(( ﬁ% m) / t (ﬁ%)%dc) < w(e,t) < Ot

for 0 <& < —ryP(t)"Y3Ly.  (4.33)
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Consider x = %(t) + y with 0 <y < gy, which corresponds to £ = % Noting

that P(t) = o(t?) as t — 0o, we have £ = % =0 (1) = o(P(t)""/3). Therefore,

by (4.33) we conclude that there are constants C1, Cy such that

él%exp (ﬁs,—%+nl) /Ot (i{g)édg gw(%,t)gc}% (4.34)

for 0 <y < yy, as t — o0o. Recall that the original function ¢ (x,t) = u(,t) is

related to w(¢,t) by equation (4.8). Since L(t) = 2(c.t — (1)), we can calculate

fot — / %dg = Les(t) - / 0O e 1 o) (4.35)

so that for 0 <y <y, and ¢ large,

(@)Wexp fot—/tL(Ong— Y (y _1>M

L(t) 16D L) \Z(t) 4D
~( 1 s "9(¢)?
A L _ , 4
o (tm exp (2D5<t> | S (4:36)
The result (4.30) follows by putting this into equation (4.8) and combining with
(4.34). Equation (4.31) then implies (4.32). O

Remark 4.5. If (4.32) holds then this also implies that

g—i} (_g(t),t) =0 (t_g exp (;Z)é(t) — /0 5512 dC)) ast — 00.
(4.37)

The following corollary to Theorem 4.4 gives sufficient conditions on L(t)

such that the required property (4.5) holds.
Corollary 4.6. Let L(t) =2 (c*t - odog(% +1) — 9(15)) where a > 0 and
0(t) = O(1), 6(t)=o(1/t), 6(t) =o(1/t?), §(t)=o0(1/t) ast— occ.
(4.38)
Then as t — oo and fory = O(1),

In particular if o = % then 1 (%(t) + y,t) = O(y) and g—f (_LQ(t),t> =0(1).
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Proof. This L(t) satisfies the assumptions (4.29) and (4.31) with

d(t) = alog (ti + 1> +6(t) (4.40)

0

and 6(t) ~ —5& ast — o0o. So we conclude (4.32) and (4.37), and the claimed

results follow since

) t(‘5 2 /e
exp (;—D(S(t) — /0 %d() =0 (t 2D> as t — 00. (4.41)
]

As well as giving a form of L(¢) such that (4.5) holds, Corollary 4.6 shows
that g—f (%(t), t) tends to zero if 0 < a < % and to infinity if o > %.

It is not clear whether the conditions (4.29), (4.31) on 6(t) or (4.38) on
0(t) are necessary in order for the conclusions to hold, or whether they can be
improved. Here, these conditions arise because of our method of proof (so that
the subsolution and supersolution are valid) however they may not be optimal.

The conditions (4.38) on the O(1) term 6(t) are satisfied by, for example: a

constant, any inverse power of ¢, or an exponentially decaying term.

Remark 4.7. Let L(t) be as in Corollary 4.6, with 0 < a < %. Given yo > 0,

Corollary 4.6 shows that v is bounded on <i(t), %(t) + y0>. Proposition 2.13

2
o 9y Y
ot’ oz’ 0Ox?’

then implies that are all also bounded (independently of time) on

this order one neighbourhood of the boundary.

Remark 4.8. The ‘critical’ choice @ = cyt — % log(% + 1)+ O(1), such that
Y (%(t) + y,t) = 0(y) and g—i’ (#,t) = O(1), has a logarithmic term which

matches that from two instances mentioned in Chapter 1:

1. the front position ¢(t) for the nonlinear KPP problem on R, such that
u(p(t) + z,t) = U, () as t — oo [16, 15, 36], and

2. the boundary position u(t) for the linear equation on p(t) < x < oo, such

that the solution and its gradient at x = p(t) are constants [12],
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each starting from compactly supported initial conditions. This illustrates an
interesting correspondence between two (related but distinct) problems involving
the linear equation on domains with moving boundaries, and the nonlinear KPP
problem on R with compactly supported initial conditions. We shall observe a

similar relationship in RN, in Remark 4.16.
We also give another example to which we can apply Theorem 4.4.

Example 4.9. Let L(t) = 2(cit — a(t + to)* + b) where 0 < k < 3, a > 0 and
b>0. Then fory=0(1),

(0 (%(t) + v, t) =0 (yt’% exp (%tk>> as t — oo. (4.42)
Proof. This L(t) has the form required for Theorem 4.4, with §(t) = a(t+to)*—b.
This satisfies all the conditions in (4.29) due to 6(t) ~ —ak(1—k)t" 2 as t — oo,
and (4.31) since 2(k—2) < —1. So we conclude the exact bound (4.32). Finally,

J%%QdC = O(1) since 2(k — 1) < —1, and so (4.42) follows. O

4.3 Critical super- and subsolutions on a ball

lz| < R(t) in RY

4.3.1 Equation and change of variables

Here we consider (3.164), (3.165) where Q(t) = {z € RN : |z| < R(t)} is the
N-dimensional ball with centre 0 and radius R(¢) > 0. We change variables

to z = == Rp for some Ry > 0, and let u(z,t) = ¢(x,t). Then the equation

R(1)
becomes:
ou R2 _, R
= = = f 4.4
5 R(t)2v u+ R(t)z Vu+ fou or |z] < Ry (4.43)
u(z,t) =0 at |z| = Rp. (4.44)
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to get the equation

88_2/ = DRZ%? (V2W + P(t) (% - ) P%) for |z| < Ry (4.46)
W(zt)=0 atl|z| =Ry (4.47)

where ) .
P(t) = % (4.48)

We shall derive a super- and subsolution for W(z,t). The supersolution is valid

if P(t) is non-negative; the subsolution is valid if P(t) is large and positive with

P(t) — 0o as t — oo and 15(15) > 0.

4.3.2 Supersolution

Let ¢(x) = ¢o(|x|) be the radially symmetric principal eigenfunction of
Mp(z) = —V?¢ for 2] < 1, p(x) =0 at|z]=1 (4.49)
in the N-dimensional ball, and let its eigenvalue be \g. For 0 < r < Ry define

TW(r. 1) = do (}%) exp < /0 T }32;2 dg). (4.50)

Proposition 4.10. Let W (z,t) satisfy equations (4.46), (4.47). If P(t) > 0

then (up to multiplication by a constant) W (z,t) < W (|z|,t).

Proof. The radial function W (|z|,t) satisfies

ow R
ot " R(@)

QVQW for |z| < Ry, W(lz|,t) =0 at|z|] =Ry (4.51)

and is therefore a supersolution for W (z,t), since ]5(15) > 0. So, up to multipli-
cation by a constant, W (z,t) < W(|z|,1). O
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4.3.3 Subsolution

Lemma 4.11. Let w(r,t) be a non-negative, radially symmetric function in N

dimensions where N < 3. Then

N-—1 2 -1
r—(ﬂ% (er w) < V20, (4.52)

Proof. A straightforward calculation gives
0% / na v (0P (N —1)0w N -1 N -3\ w
= ) = = —) @
or? (T i w) "o (8r2 * r or * < 2 > ( 2 ) 7’2) (4.53)

=7 (V2w+ (NQ_ 1> <N2_ 3) %) (4.54)

where we have used the form of the Laplacian in N-dimensional polar co-

ordinates. So for N < 3 and w > 0, it holds that g—; <r¥uﬁ> < TV, O

Let us restrict to N < 3 and construct a non-trivial radial subsolution for
W(z,t). Set L(t) = 2R(t), Ly = 2Ry and £ = Ry —r € (0, Ry) = (0, Lo/2), and
recall from Proposition 4.3 the definition of w(&,t) = w(, t)a(t) where w(¢,t)

is given by equation (4.15) and a(t) by equation (4.16).

Proposition 4.12. Assume N < 3 and let W(z,t) be a non-negative, non-zero
solution to (4.46), (4.47) for some function P(t) > 0. If P(t) — co ast — oo
and ]5(15) > 0, then (up to multiplication by a constant) W (z,t) > w(|z|,t) where

w(r,t) = rf(%)w(Ro —r,t). (4.55)
Proof. Let wy(r,t) = w(Ry—r,t). Then wy(r,t) > 0on 0 < r < Ry and satisfies
wy (R, t) = 0. Furthermore, by the construction of @ and since P(t) — oo, it
holds that for all ¢ sufficiently large, w;(r,t) = 0 on a neighbourhood of r = 0.
Lt

LQ
Next, note that Tto)Q = " and

<;_28 ) ) %g) ) (%:% ! 1) <€ }fo - 1) pE R

_% (% )\ 1 LoLw?
(52 B
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£ (i _ 1) 1 LGLE® (4.56)

" Lo \ Lo 2 4D?

Therefore since  is a subsolution to equation (4.9), the function wy (r, t) satisfies

ow, R} (0w, - r? wy
<D Pt)| =-1)—= f Ry. 4.57
ot = R(t)2(8r2 PO\ R2 orr < Ro. (457)

Finally, an application of Lemma 4.11 shows that w(r,t) :=r -(5 >w1(r t)is a

subsolution for W (z,t). Indeed, by (4.57) and (4.52), we have for r < Ry:

ow (851 ow, (N5 R} [(0%w, - r? wy
- = 2 ) —— < 2 D + P .
ot " ot — " R(t)2 \ 0Or? ®) R% -1 R2 (4.58)

Co B (0 2 (52) i (2 1) )

(4.59)
< DRTEQ <v2w + P(t) (% — 1) %3) . (4.60)
O

4.3.4 Behaviour near the boundary R(t) = c.t — o(t)

Let R(t) = cit — o(t) as t — oco. We are interested in |z| = R(t) — y with
y = O(1), which corresponds to |z| = Ry — yRO CIf P( ) = % satisfies the
conditions of Propositions 4.10 and 4.12, and if [7°R(¢)*3d¢ < oo, then for
y = O(1) the supersolution (Proposition 4.10) and the subsolution (Proposition
4.12) provide the bounds w(z,t) = O(Ry — |2|) = (%), independently of
t as t — oo. Therefore we obtain the following results by using the same

calculations as in the one-dimensional case, but now using equation (4.45) in

place of equation (4.8).

Theorem 4.13. Assume N < 3 and R(t) = c.t — 6(t) where C—* = fo and
0(t) satisfies (4.29) and (4.31). Let ¢(z,t) satisfy (3.164), (3.165) on the ball
Q) ={z e RN : |z| < R(t)}. Then for |x| = R(t) —y with y = O(1),

Y(z,t) =0 (ytljzv exp (261*)5(15) - /Ot 51(122 )) ast — o0o. (4.61)
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Corollary 4.14. Assume N < 3 and let R(t) = c.t — alog(% +1) —0(t) where
a >0 and 0(t) satisfies (4.38). Then for |z| = R(t) —y with y = O(1),

Y(z,t) =0 (yt‘l_%J“%) as t — o0o. (4.62)

In particular, the ‘critical value’ of o, for which the solution behaves exactly as

(2+N)D

order y, 18 Qerit = ~—

Remark 4.15. Lemma /.11, which is used in the derivation of the subsolution,
only holds for N < 3, so these are the values for which Corollary 4.14 has been
proved. However it is possible that the ‘critical radius’ R(t) may have the same
form as in Corollary 4.14 for all N. The supersolution is valid for all N, and
shows that for y = O(1) and |z| = R(t) — y with R(t) as in Corollary 4.14,

N | acx

Yz, t) = Oyt~ 2720) ast — oo.

Remark 4.16. Observe that, as in the one-dimensional case, the logarithmic

correction in the ‘critical’ R(t) in dimension N < 3 matches the front position

|z| = et — @1@;% + O(1) for the nonlinear KPP problem on R™ with

compactly supported initial conditions; see equation (1.13).

4.4 Critical super- and subsolutions on a box

4.4.1 Equation and change of variables

Here we consider the linear problem on a time-dependent box in RV*+!,

%—f =DV*) + for  in Q(t) c RVH! (4.63)

P(x,t) =0 on 09(t), (4.64)
where
Qt) = {x RN A(t) < w; < Aj(t) + Li(t) 1< j <N,

—L t L t
)y L)

(4.65)
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The time-dependent positions A;(t) and lengths L;(¢) for 1 < j < N are pre-

scribed, with L;(t) > 0 for all 0 < ¢ < co. In dimension N + 1, the domain

—Ln41(?)

5 < xny1 < M, and we consider the following prob-

1s symmetric: 5

lem. Given A;(t), L;(t), and a (possibly time-dependent) position x;(¢) for
1 < j < N, we would like to choose Ly, 1(t) in such a way that for 0 < y = O(1),

w<x1(t),...,:cN(t),_LNT+l(t)+y,t> =0(y) as t — c0. (4.66)

In other words we would like to choose Ly 1(t) so that, at these given positions
x;(t) in the ‘cross-section’, ¢ remains exactly of order one for xy; at an order

N+1(t)

one distance from the boundary xy.1 = Our approach will be as fol-
lows. We begin by applying the results about separable sub- and supersolutions
on the box, in order to reduce the problem to a one-dimensional problem in
xn+1- Then, we use the results from Section 4.2 about the behaviour near the

boundary in the case of an interval.

First we change variables from z; to §; = (xj;]f?z)(t)) Lo for 1 < j < N, and

from xyyq to Engr = (Lfvjjjt) + )LO, and write ¥ (z,t) = u(&,{ny1,t) where

5 = (517 v 7€N)‘ Then let U)(g, §N+la t) = e_fOtu(€> €N+17 ) HNJFI H; (€j7 t) where
H;(&;,t) is given in equation (3.131) and, similarly,

1/2
Hy1(Enga,t) = (M) eXp /LNH(O d¢

Ly+1(0) / 16D
Lyvii(t) Lnia(t) Enia ((Enin
X exp ( 1D T, ( I, 1)) : (4.67)

We know that, for £ € (0, Lo)" and &xyq € (0, Lo), w(€, Eny1,t) satisfies:

N“ L2 92w ELi(L;(t) &A1) L(¢)
a9 L 2 852 Z( 4DL% + = 2D Ly v

Ly () Lya(t) Enir ((Eni
4D Lo Ly

+

- 1> w  (4.68)

W(£,€N+17t)20 at §j:0and gj:LO (1§]§N+1) (469)
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4.4.2 Supersolutions and subsolutions

Given constants 75” and ﬂj) for 1 < j < N, define Q,(t) and Qj(t) as in (3.137),
(3.138), and let g;; and le be the principal eigenfunction and eigenvalue of
(3.19), (3.20) with v = 'Yo ) and v, = 4. The following result follows from

the comparison principle, in the same way as Theorem 3.24.

Proposition 4.17. Let w satisfy (4.68), (4.69) and assume that

N N
brwo(En1) [ [ 971(85) < (€, €n41,0) < bawo(€nin) [ [ 951(&), (4.70)
j=1

Jj=1

for some 0 < by < by and non-negative function wy. Let w,(En11,t) satisfy

w, LG 0w, Ens1 (€Nt
=D 2 P(t -1 I
ot Lini1(t)? (6512\/+1+ (t) Lo ( Lo ) L2) for 0 < &nvi1 < Ly
(4.71)
w*(€N+17t) =0 at £N+1 =0 and €N+1 = Lo, (472)

where )
_ LN+1(t)LN+1(t)3

P(t) = 12 : (4.73)

and with initial conditions w,({n+1,0) = wo(Ens1). Then, for allt >0,

051 Q]
blw*(SNH, exp(/ ( 7, L2 (C>> dC) Hggl é]

t N
bow, o1Lg Q;(O) d .
w(&, Eny1,t) < bowa(Enya,t) exp </o jz_; <Lj(C)2 ¢ ngl &)

(4.74)

In particular, if Q;, Q; satisfy (3.140), then

t N 12 N
w N41, :Q Wx(CN+1, 1) €X i1 Od 5,1(S5 . 4.7
(€ vt ( (€, ) p(/o;@-(cw g)jr:[lg,@)) (4.75)

Equation (4.75) gives the exact order of the solution w(&,&y41,t) in terms

of the function w,(§xy1,t). The other factors are all known, depending only on
A;(t) and L;(t) in dimensions 1 < j < N. We will combine this with bounds
on w,, which we have from Propositions 4.2 and 4.3 in Section 4.2, and which

are summarised in the next proposition.
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Proposition 4.18. Let w.({n+1,t) be as in Proposition 4.17 and P(t) as defined
in equation (4.73). If 0 < P(t) — oo ast — oo and P(t) > 0, then there are

positive constants C’l, Cy such that

A Ai t (02
Cuerniow | (g +o) [ (%) “

. t Dn?
< wi(€ny1,t) < Cysin (%) exp <— i Tﬂo?dg) (4.76)

where w is given by equation (4.15). Therefore there exist positive constants by,

by such that for 0 < ényy < —k1 P(t)7/3 L,

. t . 9 1/3
o ((35) [ (B557)

t D7T2
< wi(€nt1,t) < baényrexp (— ; de) . (4.77)

Moreover, if
/ Ln1(0)?3d¢ < o0 (4.78)
0

then w,(En41,t) = O(Ent1) as t — 0o for 0 < € < —ky P(t) "3 L.

If (3.140) and (4.78) are satisfied simultaneously then we know the exact
order of w(&,&ny1,t) (and hence u(€, Enya,t)) for 0 < Enyq < —k1 P(#) V3L,
We are then ready to look for Ly.1(t) such that (4.66) holds.

4.4.3 Behaviour near the boundary _LN#““) = —Ct+o(t)

Note that the given positions x;(t) in the cross-section correspond to some
&(t) € (0,Ly), and we shall assume that for 1 < j < N, L;(¢) and A;(¢) and
&;(t) are such that (3.153) holds. Recall the definition of H;(§;,t) in equation
(3.131), and note that (3.153) means precisely that

Pt exp (S, ) Hjilgj,l@j(t)):exp(c? @). (4.79)

[1, H,(6(0).1) ' P

4D
We now give a multi-dimensional version of Theorem 4.4.
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Theorem 4.19. Assume that for 1 < j < N, L;(t) and A;(t) and &;(t) are
such that (3.153) holds for some C' > 0 and p(t) = o(t) as t — oo. Let
Lny1(t) =2(Ct = 6(t)) where

5(t) = oft),  §(t) = o), (1) = o(L),

0 < —0(t)(Ct — 6(t))? is increasing and tends to co, ast— oo.  (4.80)

Let v satisfy (4.63), (4.64). Then for each yy > 0 there exist 5y > 0, f; > 0

(depending on the initial conditions) such that for 0 <y < yo and t — oo,

oyt~ exp (%é(t) O (ﬁg +Y %jl(f)) d()

con ([ (800 (49

< (:Ul(t), o xn(t), Lﬂ(t) +y,t>

2
: C 0 @
< Byt~ exp (56@) -0+ | (—% +3 %—l@) dc) |
(4.81)
In particular, if Lj(t) and A;(t) are such that (3.140) also holds, and if 6(t) is

such that (4.31) is also satisfied, then ast — oo, for y = O(1),

W (arl(t), (), —_LN;(t) +, t> =0 (ytgez%é(t)p(” o dc) :
(4.82)

Proof. Without loss of generality, we may assume that w(,&n1,0) satisfies
(4.70). Then let w.(&ny1,t) be as in Proposition 4.17 and let P(t) be as defined
in equation (4.73). By Proposition 4.17, w(§, &ny1,t) is related to wi(Eny1,1t)
by the inequalities in (4.74).

Now the assumptions on §(t) imply that 0 < P(t) — oo as t — oo and

P(t) > 0 so we may apply Proposition 4.18 to w,. Consider zy,, = _LNT““) +y,

which corresponds to {yy1 = ﬁ Noting that P(t) = o(t?) as t — oo, we
have for 0 < y < y that {yyq = L;’ff(t) =0 (¥) = o(P(t)""/3) as t — co. We
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conclude from Proposition 4.18 that there are some positive constants C’l, C’Q

such that

o (o) [ (15) ) = (25) <

for 0 <y < yo, as t — oco. Also, we can use the definition of Hyy1(Ens1,t) in

| <

(4.83)

equation (4.67) to find that for 0 <y < yg and t — oo,
yLo )
H —,t
A (LN+1(t)

Ly [ ivaQ?  bnaly [y
a <LN+1(O)) P / 16D d+ 4D (LN+1(t) N 1)
0

(4.84)

=0 [ t"?exp / L+1(C)* il S VA /8 (4.85)
0

16D
-0 <t1/2 exp (%t — %5(75) +/0 5;22 )) : (4.86)

Now it just remains to combine all of these bounds. First, substitute (4.83)

into (4.74) to get upper and lower bounds on w (51, &N, LyLO() t). Then

N+1(t

combine this with equations (4.79), (4.86), and the fact that

“(£1<t>,...,sN<> o t)z emw(gl(t) 6l ) (4.87)

t ) )
Lavaa®" ) Hgn (225 ) T Hy(6(0), 1)
[
Remark 4.20. If (4.82) holds then this also implies that as t — oo
W (aa(t),...on (), =200 ) 2 5 (1 desor-so-ii 43
0T N1 2
(4.88)

Remark 4.21. Suppose that 6(t) satisfies (4.80), but that either or both of the
conditions (4.31) (on &) or (3.140) (on Q;, Q;) does not hold. Then Theorem
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4.19 still provides upper and lower bounds on the solution near the boundary,

however the upper bound is bigger than the lower bound by a factor of order

R QO+ Q0 Ai(0) 5(¢)? s
exp /0 Z 5D - <Ai'(0) —f-/ﬁ) (ﬁ d¢ (4.89)

J=1

and this is not O(1) as t — oc.

The following corollary to Theorem 4.19 gives conditions on Ly (t) such

that (4.66) holds. We shall refer to this as the ‘critical choice’ of Ly (%).

Corollary 4.22. Assume that for 1 < j < N, L;(t), A;(t) and &;(t) are such
that (3.140) and (3.153) hold. Suppose there exists a function §(t) satisfying
(4.80) and (4.31), and such that also

C 15(¢)? 3
Eé(t) - /0 %d( =p(t) + 5 log % +0O(1) ast— oc. (4.90)

Let Ly.1(t) = 2(Ct —0(t)). Then for y = O(1) the solution ¢ to (4.63), (4.64)

satisfies
Y (xl(t), oo (t), _LNTH(t) +, t) = O(y) and
aalb (a:l(t),...,xN(t),_LNTJrl(t),t) =0(1) as t — oo. (4.91)
TN+1

Remark 4.23. In general C' and p(t) in equation (3.153) will depend on the
points ;(t) € (0, Ly). However, suppose (3.155) holds for every 1 < j < N, and
let C > 0 and p(t) satisfy (3.156) with p(t) = o(t) as t — oo. If there exists
a function §(t) satisfying (4.80) and (4.31), and such that also (4.90) holds,
then the choice Lyi1(t) = 2(Ct — 0(t)) will have the required property (4.91)
uniformly for £(t) in any compact subset of (0, Lo)™.

In Section 4.4.4 we shall give examples of time-dependent boxes where we
can apply Theorem 4.19 and Corollary 4.22.
Before moving on to examples, we recall that in the preceding sections (Sec-

tion 4.2 and Remark 4.8 for the one-dimensional case, and in Section 4.3 and
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Remark 4.16 for the N-dimensional case), we observed a relationship between
our ‘critical’ choices of boundary motion and known results from [16, 15, 36, 33,
27] relating to the front position for the KPP equation. We noted that there
appears to be a correspondence between (i) the ‘critical’ choice of boundary
motion, such that the solution to the linear equation on a symmetric time-
dependent domain with zero Dirichlet conditions remains of order one at an
order one distance from the boundary, and (ii) the front positions for the solu-
tion to the nonlinear KPP problem on the unbounded domain with compactly
supported initial conditions.

As we consider our results on the time-dependent box, it is natural to wonder
whether the same correspondence will again be true. Let A;(¢) and L;(¢) > 0
(the time-dependent ‘cross-section’) be prescribed for 1 < j < N, 0 <t < 0.
In several cases, using Corollary 4.22 we can give an expression for a ‘critical’
choice Lyy1(t) = L*(t) = 2(Ct — 6(t)) such that the property (4.91) holds
uniformly in compact subsets of §;. In such cases, one may conjecture that the

solution to the nonlinear equation on the unbounded domain

{z e RV Aj(t) <z; < Aj() + Lij(t) : 1 < j < N, —00 < zy41 < 00}
(4.92)
with zero Dirichlet conditions on the boundaries of the cylinder, and with com-
pactly supported initial conditions, may converge to a travelling wave in an
appropriate sense, and may have asymptotic front positions at

L(1)
2

Typ1 = * +0(1) as t — o0. (4.93)

4.4.4 Examples

Let us now provide examples for which we can use Theorem 4.19 to derive
bounds on the solution, and Corollary 4.22 to give a ‘critical’ choice of Ly1(t).
To keep the notation simple, we give the following corollaries in the two-dimensional

case. The higher dimensional versions use the same calculations.
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Corollary 4.24. Let Q(t) be a two-dimensional box of the type (4.65) with
Li(t) = a(t + to)" and A\ (t) = b(t + t,)™, where a >0, b € R, 1 <k < 3 and

m<1-—k.
1 If 3 <k <3 andm < 3, let Ly(t) = 2(ct — 6(t)) with

20212 (t 1+ o) (k+3)D

o) = ca?(1 — 2k) Cu

log (ti + 1) + 0. (4.94)
0

2. If 1 <k<3andm=1 let Ly(t) =2(c.t — 6(t)) with

2D%? ¥\ D t
S(t) = ————(t+to) k+34+—|]—1 —+1 -
®) c*a2(1—2k)(+0) +< * +8D)c>k Og<t0+)+0
(4.95)
8. If L <k <iandi<m<1—k, let Ly(t) = 2(cit — 6(t)) with
2D%*r? b*m?
=———— (¢t t 1-2k (¢ ¢ 2m—1
(t) ca?(1 — Zk)( + o) * 2¢,(2m — 1)( + o)
k+3)D t
* 0

Then the solution 1 to (4.63), (4.64) will have the required property (4.91) as

t — o0, uniformly for & in any compact subset of (0, Ly).

Proof. The conditions k < % and m < 1 — k ensure that Li(¢)L,(t) and
A1 (t)Ly(t) are integrable. Hence, taking ’y(gl) =0 and 1\" =0, Q,(t) and Q,(t)

are integrable (i.e. (3.140) holds). These conditions also ensure that (3.155)

N |

holds, and so we seek a choice of Lo(t) that will give the required property

uniformly for & in compact subsets. Consider the terms in (3.156). As t — oo,

| 1

d¢ = =2 L 01 4.97
[ e = wa=m 0 (497)

O(1) if m < 3

t A 2
Al(g) 2 .

/0 1D d¢ = = log% +0(1) if m =3 (4.98)

\—4D’g§7‘f_1)t2m—1 +o()  ifi<m

86



1 Lq(t
and 3 log _Lll((o))

5log &+ O(1). Therefore (3.156) holds with C' = ¢, and

_ Dr® 1—2k ! Al(C)Q k t
p(t) = mt +/0 Wd(+§log (%) +0(1) ast— oo, (4.99)

with the second term given by equation (4.98). Note that the assumptions
2m —1 < 1—2k and k > 1 imply that fg 5%261@“ = O(1), for each of the cases
in equations (4.94), (4.95), (4.96). Then it is straightforward to see that 0(¢)
satisfies (4.90) in each case. Finally, 6(¢) also satisfies the conditions (4.80) and
(4.31). So by Corollary 4.22; Ly(t) = 2(c.t —d(t)) has the required property. O

Example 4.25. For some a > 0, let Ly (t) = a(t + to)3 and A,(t) = %l(t) By
Corollary 4.24, the choice

D?n? . 10D t
Lo(t) =2 <c*t— 6 ;T (t+1tp)3 — U log( + 1) —50) (4.100)

CyQ 3¢, %
will give the property (4.91) as t — oo, uniformly for & in any compact subset
of (0, Lg). Moreover, this is the same ‘critical’ choice of Lo(t) as if Ai(t) were
a constant, or as if A1(t) = b(t +t1)™ for any b € R and m < %

Corollary 4.24 assumes that L;(t) is of order t* and A;(t) is of order ™ as

t — o0, With}1 < kz<%andm< 1 —k. Next we treat the case with k =m = %

Corollary 4.26. Let Q(t) be a two-dimensional bozx of the type (4.65) with
Li(t) = /1> +2pt for some p > 0, and Ai(t) = —5Li(t). Let o1 be the

principal eigenvalue of the Sturm-Liouville problem

D€+ (~fa + s ) 9O =o0(©). a0) = g(Lo) =0 (410

and let 0(t) = O(1) satisfy (4.38). Then the choice Ly(t) = 2(cit — 0(t)) with

oD [ o L2 2 1 3 /
o(t) = —_t —— -+ -1 —+1 ot 4.102
0=22 (-2 2L L Do (L) 00 @)

will have the required property (4.91) uniformly for & in any compact subset of
(0, Ly). The coefficient of the logarithmic term in §(t) is greater than %.
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Proof. This is a separable case: Q (t) = Q,(t) = 0 for 7(()1) = —p% %1) =M.
Clearly also Ly (t)L1(t) = p and A, (t)L,(t) = —2+ are O(1). Consider the terms
n (3.156). As t — oo,

g L3 <t>

/oLl(CFd< 2p log I +0(1), (4.103)
tA C2 ;

/0 iL<D) de = 8;311) 10%( )+0(1), (4.104)

and 1 log Ll((t)) = ilog% + O(1) for large t. So equation (3.156) holds with

C =c, and

o1 LE v? 1 t
p(t) = <_W + —— 8p3D 1 log + O(1) as t — o0, (4.105)

where o7 is the principal eigenvalue of (4.101). By Corollary 4.22, we see that
the choice Lo(t) = 2(cit — §(t)) with §(¢) as in (4.102) will have the required
property (4.91), uniformly in compact subsets of &;. The fact that the coefficient
of the logarlthmlc term is greater than D is due to Proposition 3.4 which implies

that — "1L

+3 p3 5+1>12 O
The case k = m = 1 is also a separable case and we have the following result.

Corollary 4.27. Let Q(t) be a box of the type (4.65) with L;(t) = l; + o t
and A;(t) = c;t, for some l; > 0, o > 0, ¢; € R, for each 1 < j < N.

Consider the solution to (4.63), (4.64) at fized positions % =1n; € (0,1) such

that fo — Z;VZI M > 0. Let C be the positive solution to

N
(Cj +Oéj77j)2 . 02
=" =15 (4.106)

J=1

Let 0(t) = O(1) satisfy conditions (4.38), and let

LN+T1(t) o % log (% + 1> —0(t). (4.107)

Then the required property (4.91) will hold at L—J = ;.
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Proof. This is a separable case: Q,(t) = @j(t) = 0 for yéj) = yfj) = 0. At
53 = 1);, equation (3.153) holds with the speed C' as in (4.106) and with

N

p(t) = jz; % log éj—((tO)) +0(1) = glog% +0(1) ast— oc. (4.108)

Applying Corollary 4.22 with §(t) = (N+3) log ( 1) + 0(t) shows that the
required property (4.91) holds when Ly (%) is as in equation (4.107). O

Remark 4.28. In Corollary 4.27, E—JO =1; € (0,1) corresponds to an x; position
z;(t) = (¢; +a;n;)t +n;l;. A constant x; corresponds to c; +a;n; = 0. So if we
can apply Corollary 4.27 at constant (xy,...,zxN) then C = c,. In this case the
‘eritical” choice of Lni1(t) from equation (4.107) is the same as the ‘critical’

choice of R(t) for the ball in RN*Y from Corollary 4.14 (when N +1 =2 or 3).
Next we consider some cases where L;(t) and A;(t) converge as t — oo,

Corollary 4.29. Let Q(t) be a two-dimensional box of the type (4.65). Assume
Li(t) = Loo(1 + (t)) with Log > 0 and £(t) = o(t™2) — 0 as t — oo, and such
that £(t) = O(1) and || is integrable. Suppose that either (i) A,(t) = Ap + ct
with fo > %—i— L2 ;or (ii) Ay (t) is a constant multiple of Ll( ), €2 is integrable,
and fo

. Let C be the positive solution to < i =Jo— ® in case (1);

_ L2
or & fo L§2 in case (ii).
oo

1. If e(t) = O(55) ast — oo for some 3> 1, let Ly(t) = 2(Ct — 6(t)) with

D
i(t) = 3D log (i + 1) + do. (4.109)
C to
2. Ife(t) = =24+ O(55) as t — oo for some § > 1 and 3 + 2272 2D”a > 0, let
Ly(t) = 2(Ct — 6(t)) with
4D’ D t
3. Ife(t) = =5 + O(3%) as t — oo for some > 1 with 1 < k < 1 and
a >0, let Ly(t) = 2(Ct — 0(t)) with
4D x 3D t
= B —1 — 41 . 4.111
d(t) C(l—k)Lgo(t+t0) + c og(to—l— )+50 ( )
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Then the solution to (4.63), (4.64) will have the required property (4.91) as

t — 0o, uniformly for & in any compact subset of (0, Lo).

Proof. The conditions (3.140) and (3.155) hold, and so we seek a choice of Ly (t)
that will give the required property uniformly for & in any compact subset of

(0, Lp). Equation (3.156) holds with speed C' and we calculate that as ¢t — oo,

(
ﬁt + O(1) in case 1

t 1 1 t »
/0L1<<)2dg_£/0<1+5<<)> dC=q et + Zlogt +0(1)  in case 2

xﬁt + 22 t7F + 0(1) in case 3.

(4.112)
In each of the cases 1, 2, 3, it is then straightforward to see that the stated form
of 6(t) satisfies equation (4.90) and also satisfies the conditions (4.80) and (4.31).
Therefore by Corollary 4.22, Ly(t) = 2(Ct—4§(t)) has the required property. [

Remark 4.30. Case 1 of Corollary 4.29 shows that if e(t) = O(tiﬁ) ast — oo
with B > 1, then we can choose the same form of Lo(t) to give the required

property (4.91) as we would if L1(t) = Leo.

Remark 4.31. Similar calculations to those in Corollary 4.29 can also be used
to find C' and p(t) in cases where, for each 1 < j < N, both L;(t) and A;(t)
depend on time but converge ast — oo. The o(1) corrections to L;(t) and A;(t)
do not affect the speed C, but they do affect the sublinear term p(t). This follows
from similar calculations to those in Corollary 4.29, together with the fact that

if A1(t) = coo + CE(t) for some cop, ¢ € R and é(t) = o(1) as t — oo, then

b A1(¢)? A, el U, [, B

Example 4.32. Let Q(t) C R? be a box of the type (4.65) with Ly(t) = Ly,
Ay (t) = b/t +tg. Let C > 0 be the positive solution to % = fy — 2%’
0

5. Using

(4.113) and Corollary 4.22 we deduce that the solution will have the required

property (4.91) as t — oo, uniformly for & in any compact subset of (0, Ly), if

Ly(t) v 3D t
= - =—=+—=]1 — 4+ 1) — 0o. 4.114
5 Ct (80 + o ) lo8 i + do ( )
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Next we discuss some cases for which our upper and lower bounds on the
solution near the boundary differ by a factor that is not O(1). This means
we cannot use the above methods to derive a form of Ly.1(t) that gives the
required property (4.91).

In Corollary 4.24 we have shown how to choose Ly(t) to satisfy the property
(4.91) in cases where L;(t) is of order t* and A, (t) is of order t™ as t — oo with
}1 < k< % and m < 1 — k. If instead 0 < k£ < }l, then we can still calculate
C' and p(t) by similar calculations to those in Corollary 4.24. However, if we
choose 0(t) to satisfy equation (4.90), then condition (4.31) does not hold. This
means that Theorem 4.19 gives upper and lower bounds for the solution near
the boundary that differ by a factor that is not O(1). To illustrate this, we give

1

the following example where k = ;. This leads to p(t) exactly of order t2 as

t — oo, and both [ 6(¢)2d¢ and [;(—0(¢))*/3d¢ are of order log £ for large t.

Example 4.33. Let Q(t) be a two-dimensional boz of the type (4.65). Assume
that Ly(t) = a(t 4+ to)1 and Ay(t) = b(t +t1)™ witha >0, be R, m < 1. Then
exactly as in Corollary 4.24, equation (3.156) holds with C = ¢, and

2D7? 1 t
p(t) = ;T t2 + = log — + O(1) ast— oc. (4.115)
a 8 to
Let us define
4D?7?
B = 4.11
a2 (4.116)
and take Lo(t) = 2(c.t — §(t)) with
0

for a value of a to be chosen. Then §(t) satisfies the conditions (4.80). We
apply Theorem 4.19 to deduce that for & (t) in a given compact subset of (0, Lo),

and for 0 <y <y, there are constants By > 0, p1 > 0 such that as t — oo,
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(it (802 (i) 507
Boyt ™ exp W—p(t)wL/O ~ 1D +(Ai’(0)+/{1) ( 4D> ¢

< (xl(t), Lalt) | y,t) < Byt~ exp (M —p(t) - /0 %dﬁ) :

2 2D
(4.118)
For large t,
c0(t) (oo 1 t
e —plt) = (2D g) log ;- +0(1), (4.119)
16(¢)? B* Lo B¥ ¢
¢ = log — 1 —5(¢))*3d¢ = log — 1).
| = saploer +0. [ (=HO i = Lz tos -+ O()
(4.120)
Therefore from (4.118) we deduce that if
3 1 B2\ 2D
==-4+-=-4+—— 4.121
=@ (2+8+16D> e (4.121)
then (a:l(t), %M) + v, t) — 0 ast — oo, and that if
3 1 B2 Ai(0) B3\ 2D
=(=-4+= — — | — 4.122
&= o <2 T3 16D <Ai’(0) - “1) 42/3> . (4.122)

then 1 <x1(t), %2“) +y,t> — 00 as t — o0o. This suggests that if there is a

choice of Lo(t) = 2(cit — 6(t)) such that (4.91) holds, then as t — oo it will

have 6(t) — Btz = O(log %) with B given in equation (4.116), and that ﬂ

to

will asymptotically lie in the range [aq, ap]. However the above methods are not

sufficient to determine the exact asymptotic behaviour.

Remark 4.34. If instead L,(t) = a(t + to)* with 0 < k < % (and, again,
Ai(t) = b(t+t)™ with m < 3) then the gap between the upper and lower bounds
is even larger, since for 0(t) satisfying equation (4.90), fo O)?3d¢ is of

(1—4k)

order t5 as t — 0o0. Suppose 0 < k < 711 and let 61(t) satzsfy

c*gg ) /0 61(() dc — 2<?i22k> (t + )2 = 0(t§(174k)) as t — oo,
(4.123)
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Then let Ly(t) = 2(cit — 6(t)) with §(t) = 61(t) + ot +10)3 ) for a value of a
to be chosen. We can apply Theorem 4.19 to deduce upper and lower bounds as
in equation (4.118). From this, and the fact that fo (O)¥3d¢ = O(t3(1-4h)
as t — oo, we see that if o is too small then 1 <a:1( ), _L2(t) +v, ) — 0, and

if a is too large then 1) (xl(t), _Ls(t) +y,t> — 00 ast — oo (for &(t) in a
compact subset of (0, Ly)).

Next we briefly explain why the methods cannot give the exact behaviour
when § < k < 1. As above, let L;(t) = a(t + to)* and A;(t) = b(t + t;)™ with
a>0,beR Ifk>1and/or m+k > 1, then as t — oo, |L;(t)L;(t)| and
|A;(t)L;(t)| are of order t?~2 and t™+#~2 respectively, which are not integrable.
So (except for the special case m = k = 5 which has been covered in Corollary
4.26), we find that Q;(t) and Q;(t) are not integrable for any choice of 7éj) and
fyfj ) and so (3.140) fails to hold. Theorem 4.19 gives upper and lower bounds

on the solution that differ by a factor of order

exp (/t Q¢ (C)d§> . (4.124)

This tends to oo as t — o0; in fact

/t N Q;(¢ (C)d O(tmax@h=tmtk=1)) jf k > L and/or m + k > 1
Q(log%) ifm=1-k> 3.

(4.125)

Since we do not know the exact order of the solution near the boundary, we
cannot determine a ‘critical’ choice of Ly1(t) such that (4.91) holds.

However, by combining the preceding results, examples and remarks, and by

using the comparison principle to prove some additional bounds, we obtain the

results of the following theorem.

Theorem 4.35. Consider the bor {~29 < xj < LJT(t) 0 7 =1,2} in R?, where
Li(t) = a(t+to)* for somea >0 andk > 0. Let 0 <y = O(1) and ¢, = 2/Dfy.

1Ifk>1, let
La(t) AD ([t

= 1 —4+1) —dp. 4.126

2 Cy 8 (to + ) 0 ( )

=ct —
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Then ) (0,#2(0 —i—y,t) =0(y) ast — co.

CIfL<k<, let

Ly(t)
2

= ¢t — alog (ti + 1) — dp. (4.127)
0

If a < % thenw<0,%m+y,t> — 0ast — oc0. Ifa > % then

w<0,%2(t)+y,t>—>oo as t — 00.

f k= %, let p = %, Y= %, and let o1 be the principal eigenvalue of the
Sturm-Liouville problem (4.101). Let
Lg(t) ‘_ 2D (_O’lL(Q)

— = 4

2 1 3 t
+ _n + =+ —) log (— + 1) —dp. (4.128)
2 Cy to

2p 8p3D 4 2
Then 1 (0, %Q(t) + y,t) =0(y) ast — co.

CIfI<k <3, let

Lu(t) 2D% e (EERD (¢
et T T e (L 1) —
5 c coa?(1 =21 (t + to) .. og + do
(4.129)
Then 1) (0, %Q(t) —I—y,t> =0(y) ast — co.
Cfk=1, let
Lo(t 4D?r? 1 t
% = ¢t — o (t+1t9)2 —alog (% + 1) — dg. (4.130)

If « is too small then (O, % + y,t) — 0, and if « is too large then
w<0,%2(t)+y,t> — 00, as t — 0o.

CIfO <k < %, let 6,(t) satisfy

c.01(1) /t 51(()2 Dr® 1-2k L1—ak
Bt d¢ = t+t ts(1=46) t
oD ), Tap = ooyt ) estooo
(4.131)
and let
L )
2() _ ot — 01(t) — a(t + to)s 1), (4.132)

If a 1s too small then (O, %M) + y,t> — 0, and if o s too large then
¢<0,%2(t)+y,t> — 00, as t — oo.
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7. If k=0 and fy > [;—’2’2 let C' be the positive solution to % = fo— Da—f. Let

Lo(t) 3D t
5 = Ct C log (to + 1) do. (4.133)

Then 1) (0,%2@) —I—y,t> =0(y) ast — co.

Proof. The case % <k < % follows from Corollary 4.24 (with m = k); the
case k = % follows from Corollary 4.26; the case k& = 1 follows from Corollary
4.27; and the case k = 0 follows from Corollary 4.29. The case k = % follows
from Example 4.33; and the claimed properties for 0 < k < i follow from the
arguments in Remark 4.34. So it just remains to prove the claimed properties
fork:>1andfor%<k<1‘

Consider the case k& > 1. The solution on the box with & = 1 (i.e. with
M < x < @) is then a subsolution, and the solution on the infinite
strip (with —oo < x1 < o00) is a supersolution. In both of these cases the
solution has a contribution from dimension 1 which, at x; = 0, is of order t2

as t — oo. (For k = 1 this was shown in Corollary 4.27, and in the case of the

infinite strip the contribution is of the form

(z1-y)?

41Dt / Dy, 0)e A5 dy (4.134)

with ¥ (y,0) of compact support.) Let Ly(t) = 2(c.t — %log (% + 1) — dp).

By the same arguments as in Corollary 4.22, we find that our subsolution and
supersolution both have the property that ¢ (O, %2('5) +, t> = O(y), and the
result follows by the comparison principle.

Finally, suppose % < k < 1, and let Ly(t) be as in equation (4.127). The

solution on the box with £ = 1 is a supersolution. Since this supersolution
has v (O, %Q(t) +y,t) —0ast > o0if a < %, we deduce the same for the

. . —+/12+2pt v I2+2pt .
case % < k < 1. The solution on a box with Tp <1 < Tp is a

subsolution (for ¢ large enough), for any p > 0. We know that this subsolution

o 2 2
haszﬁ(o,%“%ry,t) — 00 as t — oo if 22 > (— §ﬁ°+sZ§D+i+%>- But
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X 2
since vy, = &, we also know that

oL} VvZ 1 1
_ — = — — 4135
2% T8SD 1 73 MWPTX (4.135)

due to (3.54) in Proposition 3.4. So, if a > 22 then there exists p > 0 large
O’1L

enough that %5 > < +8p3D+ + ), and so¢< ,%—I—y,t) — 0.

]

Let us highlight some key points from Theorem 4.35. The theorem considers
1 at the symmetric position x; = 0, in a symmetric box in R? with L (t) of order
t* as t — co. When k > 1, the choice LQT(t) = it — % log (% + 1) — 0 gives the
‘critical’ property ( LQ(t) + v, > = O(y) as t — oo. This holds for every
k > 1, and is also the same as the ‘critical’ radius for a ball in R?. The conclusion

of the theorem for 3 < k < 1 suggests that if there is a ‘critical’ choice of Ly(t)

when % < k < 1 then it will have the form L22(t) = c,t — % log % + o(log %) as
t — oo. That is, it will have the same leading order logarithmic correction term
as for £ > 1 but the order of the next correction might no longer be O(1). In the
case k = 5, which is an important threshold, the leading correction term is still
logarithmlc in ¢ but its coefficient is no longer %. Instead, its coefficient depends
on the constant that multiplies ¢2 in the asymptotic behaviour of L; (t). We note
that, by Proposition 3.4, the coefficient of the logarithmic delay in (4.128) is
> 42 and it tends to as a — 0o. For 0 < k < =, the ‘critical’ choice of LQZ(t)
still has the same Speed ¢, but the leading correction term is not logarithmic in
t any more. Instead, the leading o(t) correction is a power of ¢ that depends on
k. For the final case of the theorem, k£ = 0, the speed itself changes. Whereas in
cach of the other cases (with k > 0) Li(t) — oo, in the case k = 0 the domain
has a constant length L, in the x; direction. Consequently, the speed required
in a ‘critical’ choice of LQT(t) is strictly less than ¢, and is instead determined by
% = fo— DL—’%Q. The leading correction term in this case is logarithmic in ¢ with

coefficient %. This is, in some sense, as if we had ‘moved down a dimension’,

as well as replacing the critical speed ¢, by C.
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4.5 Vanishing correction terms

4.5.1 Introduction

Recall that in Corollary 4.6 we proved the following. If @(y, t) satisfies

a—1;—D82¢+O—21/} for ﬂ<y<@ zﬁ( L) ):0

= —=1
ot oy? 2 27 2’

(4.136)
where C > 0, and L(t) = 2 (c — D log(L +1) —«9(t)> with 6(t) = O(1)
satisfying (4.38), then g—f ( L) t> O(1) as t — co. Now, using a method of
J. Berestycki, Brunet and Derrida from [12] (which they apply to the problem

on a semi-infinite interval u(t) < z < 0o0), we shall seek a particular choice of

0(t) such that not only is 8—1” ( 2( ),t> exactly of order one but it is equal to
Oy

a constant for all ¢ sufficiently large. In fact we shall consider a slightly more
general problem, which also allows us to derive a similar result for special cases
of the time-dependent box (4.65). We shall assume for convenience that 9 (y, t)

is symmetric in y.

4.5.2 Integral transform method

Let 1(y,t) satisfy (4.136) where L(t) = 2(C't — (t)) and where §(t) satisfies
(4.80). Recall from Proposition 4.2 and the change of variables (4.8) that

- (=L(t) ¢ B _(wE\ [(L(0)\? L f S L)—ngjg)
Y (—2 + L—OL(t),t) =0 (sm (L_o) (m) e )

(4.137)
and that
b —L(t s Sl
g—w < 2( ),t> @) (t_ 4 ) as t — oo. (4.138)
)

Lemma 4.36. Let ¢(y,t) satisfy (4.136), where L(t) = 2(Ct — 6(t)) and where
d(t) satisfies (4.80). Define

g(r,t) = /OL(t) Y (%(t) + z,t) e*dz. (4.139)
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2
Then for each r < —5%, it holds that g(r,t)e” D(rtap) 00 5 0 a5t — oo .

35"
Proof. Put z = L%L(t) into (4.137) and note that

L)L) _ 2
4DLE 4Dt(

14+0(1)) + 0—(1 +o0(1)) ast— oo. (4.140)

—£(¢ ~ Lo) D

So, given r < —%, we can multiply ¢ < —L® 4, t) by €™ and integrate over z

to get the following bound on ¢(r,t):

L5(t)— [ 802 d¢
g(r,t) =0 (t—ée” § o) (4.141)
2
Therefore g(r, t)e_D(TJF%) Hrolt) 5 0 as t — oco. O

Proposition 4.37. Let ¢(y,t) satisfy (4.136), where L(t) = 2(Ct — 6(t)) and
where 6(t) satisfies (4.80), and assume that @(—y, 0) = U(y, 0). Then fore > 0,

2, C a'l/f ( )
4D5 (1 €
/o e ! +e) 0y ( 5 t) dt (4.142)

has one-sided deriatives of all orders with respect to € at € = 0.

the integral

Proof. Define g(r,t) as in (4.139), and differentiate this with respect to t. Using
(4.136), this gives:

gi( t) Z/OL(t ( gjf < 2( ) +z,t) - @g—g <_g(t> —|—z,t)> e dz
+/0 N C—Q@E (ﬂ + 2, t) e dz. (4.143)

Integrate by parts in z, and use the boundary conditions and the symmetry

(@(—y,t) = &(y,t) for all t), to get

@(r, t) = (Dr2 +r L(t) - C—2> g(r, t)—Da—q’Z} (_L t),t> (1+e™®). (4.144)

ot 2 4D

Use an integrating factor of e where

o(r,t) = — <Dr2t —l—r? + %t) =-D ( + %)2t+7“5(t)- (4.145)
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This leads to the following equation for every ¢ > 0:
g(r, t)e*D(”%)%Jrré(t) —g(r, 0)6”‘5(0)

t 2 7 —
= - / ¢~ D(r+5) strit) OV (ﬁs> (1+eOds.  (4.146)
0 ay 2

Consider r < —55, and let ¢ — oo in equation (4.146). Using Lemma 4.36, this
gives that for each r < — 5,

> 2 oY (—L
g(r, O)era(o) = /0 o D(r+35) s+r5(s)Da_Z’ (#’S) (1 + 627’(05—6(3))) ds.
(4.147)
Set r = —5(1 4 ¢) with £ > 0 and get
C _c ® 2, ¢ oY [ —L(s)
8 1o 0) e Bt _ / 25— S (1+ess) 0¥ (—L(s)
g ( 2D( + 6)7 ) € b 0 e 4D b ay 2 78
X (1 + e—%<1+8><05—5<8>>> ds. (4.148)

The left hand side (depending only on the initial conditions) is infinitely differ-
entiable in €. Since the equation holds for all £ > 0, the right hand side must
have one-sided derivatives of all orders with respect to € at ¢ = 0.

The terms on the right hand side with a factor e~ 5 (1+e)(Cs=6(s))

all have
exponential decay as s — oo (since (4.138) bounds the other factor) and can
be repeatedly differentiated through the integral with respect to €. So (by
subtracting these terms) the conclusion is that the remaining term, which is

precisely the expression in (4.142), must also have one-sided derivatives of all

orders with respect to € at ¢ = 0. [

4.5.3 Finding the vanishing corrections

Now suppose that p(t) = pg log <% + 1> + constant for some py > 0 and that

it) = % log (% + 1) + %p(t) +6(t) (4.149)

where 6(t) satisfies (4.38). Corollary 4.6 implies that g—f <%(t), t) e P® = O(1)

as t — oo. Using Proposition 4.37 and the method of [12], we shall now seek
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—L(®)
2

a particular choice of #(t) such that g—g ( ,t> e P is equal to a constant
for all ¢ sufficiently large. The method will be the same as that in [12], but
applied to the integral (4.142). First we calculate the leading singularity as
e — 0 that results from the known terms of the (¢) expansion. (By this, we
mean the leading order term that fails to have one-sided e-derivatives of some
order at € = 0.) Then we must identify the next correction in the §(¢) expansion
that is required in order to cancel this singularity. Having thus reduced the ¢
singularity to one of lower order, we repeat the process. At each step we derive
one more term in the §(¢) expansion (for large t), by removing the highest
remaining singularity as € — 0. The paper [12] contains several useful formulae
for the singular terms of integrals (see [12, equations (47), (51), (52), (53), (54),
and (55)]; given as equations (A.41), (A.49), (A.50), (A.51), (A.52), and (A.53)

here). In order to apply these formulae it is convenient to non-dimensionalise

the time variable. So, let 7 = $>t. and for 7 > 1 define 6(7) and ¢(7) by

%5@) = S(T), %(5(25) —p(t) = ;logT + q(7), (4.150)

i.e. q(7) is the O(1) part. Then, since we are assuming g—f <_L2(t),t> e is a

constant for all ¢ sufficiently large, Proposition 4.37 becomes that

0o 6—827—55(7)—(1(7)
/ dr (4.151)
1

3
T2

has one-sided derivatives of all orders with respect to € at ¢ = 0. With (¢) as

in (4.149), note that §(7) has leading order behaviour

d(1) = alogT+ O(1) as T — 00 (4.152)

where oo = (2 + pg). We consider 5(7) of the form (4.152) with o > 0, and we

seek an asymptotic expansion
q(1) ~ qo(7) + 1 (1) + q2(7) + . .. as T — 00 (4.153)

such that the integral (4.151) has one-sided derivatives of all orders with respect

toe at e =0.
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Proposition 4.38. Let 1(y,t) satisfy (4.136) where L(t) = 2(Ct — 6(t)). Let
IS : oy (—L(t -
d(7) and q(T) be as in (4.150), and assume (4.152) holds. [fa—f ( (),t> e~P®)

2

is equal to a constant for t sufficiently large, then (4.153) holds with qo(T) =
constant and

—2a4/T

T

1
. gl = —; (o + (1 — 210g 2)) OfT. (4.154)

q(7) =

(NI

Proof. First, note that there cannot be any singularity as € N\ 0 in the integral

o0 6—527—(10(7')
/ e (4.155)
1

T

N

which would contradict Proposition 4.37. Using equation (A.41) and Remark

878

27' . .
dt is a multiple

A.14, the only singularity in £? coming from the integral |, 100 7

of (¢2)z = [¢|. This is not singular in e > 0 as e \, 0, and so we find that gq
can be any constant.

Next, note that without the ¢;(7) term — and for 6(7) given by (4.152) —
the leading order singularity of the integral (4.151) would come from

/°° —ae log(7)e‘527_‘10
1

T

dr. (4.156)

o

Equation (A.50) shows that as € N\, 0, the singularity is precisely
—2v/mae ®e? log(e?). (4.157)

This must be cancelled by adding the singularity from

2

o0 . —E&°T—q0
/ qm)i dr, (4.158)
1 2

T

which (using equation (A.41)) gives that ¢;(7)7~2 = —2/7ar 2, and so

—2a4/T

T

¢ () = : (4.159)

NI

as stated in equation (4.154). Now, without the ¢2(7) term, the leading order

singularity of the integral (4.151) would come from

3 dr (4.160)

/oo (_€Q1 (1) + %(504 log 7+ ¢1 (7.))2) SR,
1 3
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where ¢ (7) is given in (4.159). Using equations (A.41), (A.52) and (A.53), we
find that the leading singularity as € N\ 0 is:

e®log(e?)2y/7 (a + a*(1 — 2log 2)) e~ . (4.161)

This must be cancelled by adding the singularity from

oo _ —e7—qo
/1 ‘D(Tg dr, (4.162)

which (using equation (A.51)) gives that

1 4
qg(;) = @2&;, where — g\/%q2 =2y (a+a*(1 —2log2)). (4.163)
T2 T2
That is, go(7) is as stated in equation (4.154). O

4.5.4 Examples

Example 4.39. Let i(z,t) satisfy (4.1), (4.2) on the interval %(t) <x< @
From Section 4.2 we know that if @ = ¢, — %log(% + 1) — 0(t) where 0(t)

satisfies (4.38), then g—i’ (_Lz(t) , t) = 0(1) ast — co. Applying Proposition 4.38

with C = ¢, and o = % shows that if % <_2(t),t> s equal to a constant for t

sufficiently large, then ast — oo

+ ...

2

Cs 2 4D 2t c2t
D aD

L(t 2D (3 2t 3 9 log &t
%Nc*t— —log(c*)—l—éo— ﬁ——(5—610g2) %8 4p

(4.164)

Remark 4.40. This is similar to the expansion for u(t) obtained in [12] for
the problem on p(t) < x < oo when the initial conditions have sufficient decay.
Howewver the \/Li correction has the opposite sign. This is due to the fact that in
our problem the domain lies to the right of the boundary moving at —c,t + o(t)
whereas in [12] the domain lies to the right of a boundary moving at +c.t — o(t).
The range of T values that can be used in the integral transform (in Proposition
4.37) is therefore different in the two cases, and the €6(t) term in the exponent

ends up with the opposite sign. The same observation is discussed in [12, section
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6] where they explain how their results would differ if p(t) moved to the left at
—c,t + o(t) instead of to the right at +c,t — o(t).

Using our separation of variables method we can also derive results of this

type for certain special cases of the time-dependent box (4.65).

Example 4.41. Consider a box of the form (4.65), with a cross-section that is
independent of t: L;(t) =1; and A;(t) = —% for each 1 < j < N. Assume that

fo— Zjvzl le > 0 and define C as the positive solution to
J

fo— ZDW 02 (4.165)

Then there are positive solutions to (4.63), (4.64) that are separable in dimen-

sions 1 < j < N, of the form

N
~ . 7€
w(xla"wx]\/'a'rN—i-ht) :w(‘r]\f—i-ht)HSln & (4166)
j=1 Lo
where é— =2 +3 for 1 < ] < N, and where (y,t) satisfies (4.136) on
LN—“() <y < LN“(t). If LN+1 =Ct— log(% + 1) — 0(t) where 6(t) sat-

isfies (4.38), then we know that (%;i

Applying Proposition 4.38 with a = g shows that if aj}fﬂ (O, .., 0, _LNT“(“, t)

- (O,...,O,%NT““),O =0(1) as t — 0.

s equal to a constant for t sufficiently large, then

Ly (t) 2D (3 C2t 3T 9 log &t
SN o2 2 o — — Z(5—6log?2
o~ Ot gl yp ) th -, g 6log2) i +

1D D
(4.167)

as t — oo, with C' given by equation (4.165).

Example 4.42. Consider a box of the form (4.65) where for each 1 < j < N
() (4)

Lit) = /12 + 2p;t with p; >0,  Aj(t) = —% 5(t) with % € (0,1).
’ ’ (4.168)
Since L;(t)L;(t) = p; and A;(t)L;(t) = —%), the functions H;(§;,t) in equation
(3.131) are now independent of t and given by

i — () = P&l W 0<& < Lo (4169
i(&5,t) = H;(&;) = exp IDLE ~ 2DLop, for 0 <§& < Log. (4.169)
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For each 1 < j < N, let g;1 and ajl be the principal eigenfunction and eigen-
value of (3.19), (3.20) with vo =Y and v, = 7. Then let

w0 =3 ([ (_ it | 4 4%>2) i yios(F0))

J=1
(1)\2 2
oja L (’Yl ? 1 [+ 2p;t
1 - tant. 4.171
( 2, 8p] D + - 1) 108 E + constan ( )

Mz

j=1
Then there are positive solutions to (4.63), (4.64) on the box that are separable

in dimensions 1 < j < N, of the form

N
w(xla"‘vaamNJrl’t) :"; xN+17 H (4‘172)

where 2—3 = 2 D for 1 < j < N, and where U(y,t) satisfies (4.136) on
)

—Lyaa(t L .
= <y < % with C = ¢,. The results of Section 4.4 show that if

LN+1@) = ¢t — %log <% + 1> - Zp(t) — 0(t), with p(t) given by (4.171) and

where O(t) = O(1) satisfies (4.38), then 88“/’“ (O,...,O, %NTHU),I? = 0(1) as

5 éifﬂ (O, .., 0, _LNT“@), t) 1s exactly of order one

t — oo. Here, we note that
iof and only if g—f <_LNT“(t),t) e P®) s exactly of order one, and it is equal to
a constant if and only if g—i’ <_LNT“(U,t> e P® s equal to a constant. Applying

Proposition 4.38 with C' = ¢, and

N (12
3 0j, 1L2 (71 P 1
== 4.173
2 * Z( 2p; 8p D A 4 ( )
shows that if 3xaf+l <07 o, 0, @ t) is equal to a constant for t sufficiently
large, then
Lyi1(t) 2D 2t 20/
— T~ t — 1 b O —
2 o | veslgp) T 2t
4D
20 (3, g%
- —s(a+a’(1—-2log2))—35~ + as t — oo,
Cy Gt
iD

with o given by equation (4.173).
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Chapter 5

Periodically varying domains

5.1 Introduction and principal periodic eigen-
value u

In this chapter we consider the problem (1.1), (1.2); that is:

oY

= =DV*) + f(x))  for x € Q(t)

Y(z,t) =0 for x € 08)(t),

for first the linear and then the nonlinear case, on a domain (t) C RY that
is bounded, connected, and periodic in ¢ with period T. As in Chapter 2,
we assume there is a one-to-one mapping h(-,t) : W — Q that transforms
Q(t) into a bounded, connected reference domain €y with sufficiently smooth
boundary, and such that the change of variables £ = h(z,t) and u(&,t) = 1 (x, t)
transforms (1.1), (1.2) into a parabolic equation of the form (2.1), (2.2) where

0%u ou
u = Zaij(f,t)m+z (bj(&, 1) +¢;(£,1)) 2, for £ € Qp, (5.1)

a;;(€,1) E D <0:z:k—8xk> , b;j(&,t) = at c;j(&,t) = DV=h,.
(5.2)
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Since €(t) is periodic with period 7', the map h and the coefficients of £ are also
T-periodic in t. We assume the coefficients a;;, b;, ¢; belong to C**/2(Qq x [0, T7)
for some o > 0 and that a;; is uniformly elliptic.

By Theorem 1 of Castro and Lazer [20], there exists a value p and a function

®(&,t) such that

g—f—w:w for £ € Qp, t €R (5.3)
G 1) =0 for & € 99 (5.4)
G(E,1) >0 for & e (5.5)

P& 1) =0t +T). (5.6)

This function ¢ is unique up to scaling [20, Theorem 1], and is called the prin-
cipal periodic eigenfunction, while p is called the principal periodic eigenvalue.
Here, we shall say that u is ‘the principal periodic eigenvalue of 2(¢)’ to mean
that it is the principal periodic eigenvalue of (5.3), (5.4), (5.5), (5.6), when L is
defined by (5.1), (5.2). Throughout this chapter, unless stated otherwise, §2(¢)
is a T-periodic domain and p denotes the principal periodic eigenvalue of (¢).

Consider the linear reaction-diffusion equation (2.1), (2.2) with this periodic
parabolic operator £ and with f(u) = fou. The function ¢(z,t)eo~M? is a
solution, so if the initial conditions satisfy bp(€,0) < u(&,0) < ap(€,0) for some

0 < b < a then by the comparison principle
bo (&, )Tt < (€ t) < ag(é,t)eomt  for all t > 0. (5.7)

The principal periodic eigenvalue is therefore a threshold such that if fy >
then u(&,t) — oo as t — oo, whereas if f < p then u(€,t) — 0. See also [19,
page 192]. This means that the principal periodic eigenvalue u of §(t) is, in
some sense, the key to understanding the long-time behaviour of u(&, ).

In Section 5.2 we derive upper and lower bounds on g under a range of
assumptions on €)(¢) and give some illustrative examples. Then in Section 5.3 we
consider 1 as a function of the frequency w = 2% and prove results concerning the

limits w — 0 and w — 00, as well as a monotonicity result. Proposition 5.8 and
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Theorem 5.15 are based on related theorems from [46], in which the dependence
of a principal periodic eigenvalue on the frequency is studied in a different
context. In Section 5.4 we consider the nonlinear problem on a periodically
varying domain, and we use results of Hess [37] in order to understand the

long-time behaviour of the solution.

5.2 Bounds on i and examples

To prove bounds on i, we often use the following lemma and the property (5.8).

Lemma 5.1. Let ki(t) and ko(t) be continuous and T-periodic, let my and mqy
be constants, and let u(&,t) satisfy (2.1), (2.2) with f(u) = fou. If the condition
fot — mqt — fot k1(¢)d( — —o0 as t — oo implies that u(§,t) — 0 as t — oo,
then > mq + %fOT ki(t)dt. If the condition fot — mat — f(f ks (¢)d( — +o0
implies that u(,t) — oo as t — oo, then p < my + = fOT ko (t)dt.

Proof. For any continuous T-periodic function k(t),

/0 B(C)dC = %/0 HOdC+0(1) st — oo, (5.8)

So the assumptions become that the inequality fy < m; + % fOT k1 (t)dt implies
u(€,t) — 0, and that the inequality fo > ms+ = fOT ko (t)dt implies u (&, t) — oo.
By (5.7) we deduce that > m + fOT ki(t)dt and pn < mo + + fOT ko(t)dt. O

Proposition 5.2. 1. At each fized time 0 <t < T, let N((t)) be the prin-

cipal Dirichlet eigenvalue of —NV? on the domain Q(t). Then
1 T
> —/ DX((t))dt. (5.9)
T Jo

2. Let Qy be a bounded domain such that Qy C Q(t) for all t, and let A\(€2;)
be the principal Dirichlet eigenvalue of —V? on Q. Then

1< D). (5.10)
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Proof. Consider a solution v to the problem (1.1), (1.2) with f(¢) = fob. Since
A(§2(t)) is T-periodic, the first part follows from Proposition 2.14 and Lemma
5.1.

For the second part, let ¢ be the solution to (1.1), (1.2) but on the fixed
domain Q;, and with 0 < #;(z,0) < 9¥(z,0). By the comparison principle,
0 <(x,t) <P(z,t) for all z € Qy and ¢ > 0. If fo < p then v — 0 as t — oo,
which implies that ¢»; — 0 and so that fo < DA(£;). Therefore we conclude
that u < DA((). O

Example 5.3. Let Q(t) = (A(t), A(t) + L(t)) where L(t) > 0 and A(t) are both

T-periodic. Proposition 5.2 implies that

1 [T Dx?
> [ 2 g 11
o= T/O O (5.11)

In particular whenever L(t) =1 > 0 and A(t) is periodic then we have the lower
bound p > Dl—f. This means that if the solution on the fixed interval (0,1) tends
to zero (i.e. fo < Dl—f), then the solution on a periodic interval (A(t), A(t) + 1)

also tends to zero (i.e. fo < p) for every choice of the periodic function A(t).

Example 5.4. Let L(t) > 0 and A(t) be T-periodic functions satisfying

max A < min(A + L). (5.12)
[0,1] (0,7

The fized interval 0y := (max(A),min(A + L)) is always contained within
Q(t) == (A(t), A(t) + L(t)). Proposition 5.2 implies the upper bound

< Dr?
~ (min(A+ L) — max A)?

(5.13)

D2

In particular, if A(t) is constant and L(t) > 0 is periodic, then p < T IE-

Following these examples, let us continue to consider the linear problem on
the interval A(t) < o < A(t)+ L(t) where L(t) > 0 and A(t) are both T-periodic
and belong to C?T*([0,T]) for some o > 0. We change variables to the reference
domain 0 < £ < Ly, and let u(,t) and w(&, t) be as in Section 3.1. Then u(&, t)
satisfies (3.4), (3.5) and w(¢,t) satisfies (3.11), (3.12). Both of these are now
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linear, T-periodic, parabolic problems. Let u, = p denote the principal periodic
eigenvalue of the operator that acts on w in equation (3.4), and let p,, denote the
principal periodic eigenvalue of the operator that acts on w in equation (3.11).

Then as in equation (5.7) we know that

u(€, 1) = 0(gu(&, 1)), w(E, 1) = O(du(€, t)e™") (5.14)

where ¢, and ¢, are the principal periodic eigenfunctions associated with u,

and . Next we give the relation between p, and p,,, and we bound fu,,.

Proposition 5.5. 1.

1 [T A(t)?
fu = pow + 7 /0 1D (5.15)
2. Let
t .= LL? t .= AL? 1
%0 = max(LL7), 9" = max(ALY), (5.16)
7 = min(LLY), o = min(ALY). (5.17)

If of is the principal eigenvalue of the Sturm-Liouville problem (3.19),
(3.20) with o = v and v, = 7", and if oy is the principal eigenvalue of
(3.19), (3.20) with o =75 and v, =7, then

+ T 2 — T 2
—0q Lo —0q Lo
dt < p, < dt. Nl
T / L2 =t =" / L(1)? (5.18)

3. Let Q(t), Q(t) be given by equation (3.101). Then

%/OT (Z:;—%) dtguwg%/: (I{)(:;Jr%) dt.  (5.19)

Proof. Consider the function H (¢, t) given by (3.6), which occurs in the change

of variables from u to w. Since L(t) > 0 and A(t) are both periodic, note that

L(t) ' ECLALE)  EARLE)\ —
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in the sense that the left hand side has a finite upper bound a positive lower
bound, uniformly in ¢ > 0, 0 < £ < Lg. Therefore from the change of variables
w(€,t) = u(&, ) H(E, t)e /o and the periodicity of A(t), we have

t . 2
fot—[ A4<<D) d

ety =0 (w@,t)e ; C) — 0 [ w(e e

_t A2
oo § it (5.21)
Part 1 of the proposition follows by combining (5.21) with (5.14). Part 2 follows

from combining Lemma 5.1 with Proposition 3.10, and part 3 from combining

Lemma 5.1 with Theorem 3.13. ]

Example 5.6. We shall apply Propositions 5.2 and 5.5 to Q(t) = (0, L(t))
where L(t) = Lo(1 + esin(wt)) with w > 0 and 0 < e < 1. We must consider

t Lg - t 1
s(t) ::0/L(g)?dc_o/(1+5sm(wg))2d<' (5.22)

The integral (5.22) can be calculated evactly. For —T <t < T,

2¢? tan(<) + 2¢
() (5.23)

w(l—e?) ((tan(%L) + )2 +1—¢2)

_|_

Then s (ig) = W (ig — arctan (ﬁ)) —ﬁ, and fort > T we use

the fact that the integrand of s(t) is 2f—periodic. We find that s (%’r) =1

T W (1232
and so, by the %”—pem’odieity,

t

s(t) = / Lf£)2dg = m + O(1) as t — oo. (5.24)

0

Therefore we conclude from Proposition 5.2 that

Dr? Dr?

v o P 5.25
21—epr =t=Tr0 o (5.25)

To apply Proposition 5.5, we calculate vy, = min(LL?) and Vo= max(LL%):

Liew?(1—¢)® if0<e<t
v = —Liew (1 +)* and ~Af =4 Y (5.26)

3 .
8 Liw? ifi<e<l.
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Let o and oy be the principal eigenvalues of (3.19), (3.20) with v, = 0, and
with o = g and 7, respectively. Part 2 of Proposition 5.5 together with (5.24)
then implies that

+ —_
—0 —0
—<1 T <upu< —<1 — oy (5.27)

To apply part 3 of Proposition 5.5, we calculate the 2= " -periodic functions Q1)
and Q(t) defined in (3.101):

o 0 for0<t< z
Qt) = [2c02 (5.28)
. . s 27
— sin(wt)(1 +esin(wt)) for T <t < =X
L2 2
i sin(wt)(1 +esin(wt)) for0<t<T
Q)= 2 (5.29)
0 for T <t <2
and therefore
Q(C) Liew em / S QQ) , Liew em
¢ = (1—-), - (1 —>. 5.30
; Y 4 op \\T ) (5:30)
By equation (5.19) together with (5.24) we deduce that
Dr? Liew? em Dr? Liew? em
2 2\3/2 (1——)§,u§ 2 2vaz T <1 _)
(5.31)

Remark 5.7. Let u(w) be the principal periodic eigenvalue of Q(t) = (0, L(t))
with L(t) as in Example 5.6 for a fivzed € € (0,1). The bounds (5.31) imply that

D7T2 ) 1 D7T2 2
M(w)_m+0(w )_T/L(t)zdt+0(w ) asw—0. (5.32)
0

In the next section we shall see that (5.32) is an instance of a more general

property, valid for 2% “T-periodic domains €(t) in any dimension, as w — 0.

5.3 Dependence of i1 on the frequency w

. . . . _wt
5.3.1 Converting to a 1-periodic problem in s = 3=

In this section we consider the principal periodic eigenvalue i as a function of

the frequency w = 2. We consider a 1-periodic domain Q(s) and let g = p(w)
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be the principal periodic eigenvalue associated with the domain

Q(t) = Q (“—t> : (5.33)

2m

We shall give the limit lim, o p(w) for a 2%-periodic domain in any dimen-
sion. For one-dimensional cases, we show that different types of asymptotic
behaviour of ;(w) are possible as w — 0o, and we also prove a result concerning
monotonicity of p(w) with respect to w > 0, under certain conditions.

Note that the map h(-,t) : Q(t) — Qp which we used in the change of
variables can now be expressed as h(-,t) = h(-, £L) for a 1-periodic map h(-,s) :
Q(s) = Q. If we change variables from t to s = £Lin (2.1) (2.2), then the

2T

operator 3 Q L(&,t) becomes an operator of the form %5 — £,,(§, s) where

0
= Lafes %%@( )+ (65 >)a—5j, (5.34)

’
S

Oh; Oh; . _ohy .
azy 57 ZD <8xk8_x;i> 5 bj(f?‘g) - _a_j Cj(g, S) =DV h]" (535}
(

So the principal periodic eigenvalue of Q(t) = Q ;—7’;) is the same as the principal

periodic eigenvalue p(w) of the problem

Y0 Lfes)o=pw@iEs)  fesel0l]  (530)
o(,s)=0 £ € 0Q,s €l0,1] (5.37)
o(&,8)=d(E,s+1) & e ). (5.38)

For each w > 0, the coefficients of £,(&, s) are 1-periodic in s. However, we note

that the term b i(€,5)-2 in (5.34) still depends on, and scales with, w.

3

In the paper [46], Liu, Lou, Peng and Zhou consider parabolic equations with
periodic coefficients, and they investigate how the principal periodic eigenvalue
varies with respect to the frequency. However, the coefficients in their equation
are independent of the frequency w except where it appears inside the periodic
functions as wt. Therefore, after the change of time variables to give an operator

with 1-periodic coefficients, the problems they consider have the form

w O

SRS L )b =AwE ) EeQselnl]  (539)
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~

o(&,s)=0 £ € 00, s €10,1] (5.40)

O(&s)=d(Es+1) €€y, (5.41)

where the coefficients of the operator ﬁ(é ,s) are 1-periodic in s and do not de-
pend on w. Theorem 1.3 in [46] gives results about the limits of the principal
periodic eigenvalue A(w) as w — 0 and as w — oo, and Theorem 1.1 in [46] is
a monotonicity property. Our proofs of the limit lim, o p(w), and of a mono-
tonicity result, will be based on ideas from [46] but have to be adapted to our

own case since L, (&, s) depends on w through the %5] (&, S)a%- term.

5.3.2 Asymptotic behaviour of u(w) as w — 0
Consider the limit w — 0. The result of [46, Theorem 1.3(i)] for A(w) (the
principal periodic eigenvalue of (5.39), (5.40), (5.41)) is that

lim A\(w) = /0 1 A(s)ds (5.42)

w—0

where for each 0 < s < 1, \%(s) is the principal Dirichlet eigenvalue of the
elliptic operator —ﬁ(&' ,s) on €. The result can be extended in a natural way

to the operator —L, (¢, s), and we deduce the following result for p(w).

Proposition 5.8. Let Qy be a smooth bounded domain, and for each s € [0,1]
and w > 0 let L,(&,s) be as defined in equation (5.34), (5.35). Assume the
coefficients d;, b;, & belong to C'F1%3(Qg x [0,1]) for some a > 0. For each
s € [0,1] and w > 0, let \°(s,w) be the principal eigenvalue of the operator
—L,(&,8) on Qq, with zero Dirichlet conditions on 0. For w > 0, let p(w) be
the principal periodic eigenvalue of (5.36), (5.37), (5.38). Then
1
lim p(w) :/0 A(s,0)ds. (5.43)

w—0

The proof is essentially the same as that used in [46, Theorem 1.3(i)] to prove
(5.42), however a slight generalisation is needed to allow for the w-dependence

of the coefficients in £, (&, s). For completeness, we give the proof here.
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Proof. For each s € [0,1] and w > 0, let \°(s,w) and ¢°(&; s,w) be the principal
eigenvalue and eigenfunction of the operator —L, (&, s) on Qg with zero Dirichlet
conditions on 9, and normalised to |[¢°(- ;s,w)||r20,) = 1. As in [46], note
that for every ¢ € Qy and w > 0, both ¢°(¢;s,w) and V¢°(&; s,w) are C! and
I-periodic in s. We also note that they, and \°(s,w), depend continuously on
w.

For w > 0 and s > 0, define

po(s) = exp (%” (3 /0 N w)dr /O N w)dT)) C (544)

Pu(&,8) = (& 5,w)pu(s). (5.45)

Note that p, > 0, p,, is periodic with period 1, and it satisfies

wdp, _ (/01 A (7, w)dr — Ao(s,w)> Pus(8)- (5.46)

21 ds

We shall show that given € > 0, w. > 0 can be chosen small enough such that

1 L 1
([ wwar=)a, < 258 - coeoim < ([ X)),
forall 0 < w < w.. (5.47)

Then, since ¢, is positive, 1-periodic in s, and satisfies the Dirichlet boundary

conditions on 0%, it follows from [52, Proposition 2.1] that
1 1
/ N (7, w)dr — e < p(w) < / (7, w)dr + ¢ forall 0 <w <w., (5.48)
0 0
and so we reach the conclusion

lim (u(w) — /01 )\O(s,w)ds) =0. (5.49)

Finally, since A\°(s,w) depends continuously on w, (5.49) implies (5.43).
It remains to show that w. > 0 can be chosen such that (5.47) holds. Using
(5.45), (5.46), and the fact that ¢°(¢; s,w) is an eigenfunction of —L (¢, s) with

eigenvalue \°(s,w), we calculate:
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w 8$w

w 09, w0 (Gsw)  wdp,
21 0s

Of¢.
*271_ 88 pw 27T dS (b (f,S,W)

+ X(5,w)@° (& 8,w) pu (5.50)

o O(¢. 1
_ (%% + [ X o s,w)) p

(5.51)

- Ew (57 S)EM

Therefore (5.47) will hold provided we can choose w. > 0 such that

dP°(€;5,w)
O0s

w

i <ed(&s,w) forall € €Qp, s€[0,1], 0 <w<w,.. (5.52)
T

960 (¢
Since ¢Y(&; s,w) is positive in £y, we know that % is finite for each £ in

Qp. Given &, € 0 with outward normal v, consider a sequence £ € g, & — &

with é:ggl -v - 0. For any s € [0, 1] and w > 0 we have

GrGsw) | VE(Esw) v Vi (Gisw) v
=& P& s,w) =g VO (& s,w) v Vo (&o; s,w) - v

—0(1) (5.53)

since Hopf’s Lemma in the elliptic case [51, chapter 3, Theorem 1.1] implies

that the normal derivative V¢°(&y; s,w) - v # 0. Then by continuity, and the

a2y M 1S,w
compactness of {2 x [0,1] x [0, 1], it follows that 33 (éi :u)) is bounded uniformly

with respect to (&, s,w) € Qp x [0,1] x [0,1]. Therefore w. > 0 can be chosen
to satisfy (5.52). O

This leads to the following theorem. We recall also that fol DX(Q(s))ds is a

lower bound for p(w) for every w > 0 (see Proposition 5.2).

Theorem 5.9. Let Q(s) be a smooth bounded domain that varies smoothly and
1-periodically with s, and for each 0 < s < 1 let \(Q(s)) be the principal Dirich-
let eigenvalue of —V? on Q(s). Let pu(w) be the principal periodic eigenvalue

associated with Q(t) = Q (). Then

21

lim 1(w) = /O DA((s))ds. (5.54)
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Proof. For 0 < s < 1 and w > 0, let A\°(s,w) be as in Proposition 5.8. Then
lim,,_,o 11(w) is given by equation (5.43). Now the change of variables & from

Q(s) to Qp transforms the operator DV? on €(s) to

Oh; Oh;\ 07 - 0
ZD <8xk 83:k) 0&;0¢; + zj:DV h]a_gj on (). (5.55)

i7j7k

By equations (5.34) and (5.35), this is precisely Ly(§,s) (i.e. L,(&,s) with
w = 0). So we have

DX(Q(s)) = \°(s,0) (5.56)
and then (5.43) is equivalent to (5.54). O

Example 5.10. Let Q(t) = (A(t), A(t) + L(t)) where A(t) = Aoa () and
L(t) = Lol (&) for some smooth and 1-periodic functions I(-) > 0 and a(-).
By Theorem 5.9, as w — 0 the principal periodic eigenvalue i converges to

1 2
D7 d

0 L2152 %S
In fact, since Q and Q as defined in (3.101) are both O(w?) as w — 0, we

can conclude from the bounds (5.19) that

1 D7T2 )
= [ ——d : .
p(w) /0 21(5)? s+ O(w?) asw — 0 (5.57)

Theorem 5.9 gives a way to numerically compute a value for lim, o pu(w),
which is also a lower bound on p(w) for every w > 0, provided that we can
compute the principal eigenvalue of the Laplacian on each domain Q(s) The
following corollary gives an alternative approach, for cases where Q(s) is ob-
tained by applying a known conformal mapping to some fixed domain €2, for
example a disk or an annulus. We can instead consider a set of weighted eigen-

value problems on this 2y, where just the weight function depends on s.

Corollary 5.11. For 0 < s <1 let Q(s) C R? be a smooth, connected, bounded

domain, and assume the dependence on s is smooth and 1-periodic. Let p(w) be

the principal periodic eigenvalue associated with the domain Q(t) = Q(4L).

Identify R? with the complex plane C, via
2 =21+ i%g, w = 51 + ifQ, (558)
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and let w — ¢ (w) = z be a conformal mapping that maps Qo to Q(s) for
some smooth bounded reference domain Qy. For each 0 < s <1 let \,(s) be the

minimum eigenvalue of the following weighted eigenvalue problem on y:

—DV?¢(&) = N (W) (& +i&)Po(€)  in Q, P(€) =0 on 9. (5.59)

Then p(w) > fo s)ds for every w > 0, and lim,_o p(w) = fol Ag(s)ds.

Proof. Write w = pl®)(2) for the inverse of z = ¢*)(w). Then the mapping
& +i& = p¥(zy + ixy) corresponds to a change of variables ¢ = h(z, s) taking
x € Q(s) to € € Q. The Cauchy-Riemann equations imply that

Oh; Oh; 1
E (S) R —— 2, _
oxy, 8xk ) (Z)‘ 0ij |(q(s))’(w)|25”’ Vh; = 0. (5.60)

So, by equations (5.34), (5.35) and (5.60), the Dirichlet eigenvalue problem of

—Lo(&, s) on £ is equivalent to the following weighted eigenvalue problem:

-D
(¢ (&1 +i&)]?

In particular, if A\°(s,0) denotes the principal Dirichlet eigenvalue of —Ly(&, s)

VZh(§) = Ao(€)  in Qo ¢(§) =0 on 9. (5.61)

on , then A\°(s,0) = A\,(s). Then the claimed results follow from Proposition

5.2 and Theorem 5.9 since these show that for each w > 0,

w—0

p(w) > lim p(w /D)\ ds—/ A0(s,0)ds. (5.62)

]

5.3.3 Asymptotic behaviour of u(w) as w — oo

Consider next the limit w — oco. The large frequency limit of ;\(w) (the prin-
cipal periodic eigenvalue of (5.39), (5.40), (5.41)) is given in [46, Theorem
1.3(ii)]. They prove, by adapting an argument from [50, Theorem 3.10], that
limg, oo S\(w) = Moo Where A\ is the principal eigenvalue of the elliptic operator

whose coefficients are equal to the time-averages of those of —ﬁ(f ,8). Neither
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this result nor the analysis of [50] applies in cases such as ours when some of
the coefficients depend on w and become unbounded as w — oo.

As we shall see, in fact the behaviour of p(w) in the limit w — oo depends
on the detail of the problem and there is no ‘general’ expression for the large
w limit. For one-dimensional domains Q(t) = (A(t), A(t) + L(t)), we shall give

conditions under which p(w) does and does not remain bounded as w — oc.

Theorem 5.12. Letl(-) and a(-) be 1-periodic functions, belonging to C*T([0, 1])
for some o > 0, and with minypl = 1, maxpq |a| = 1. For some Ly > 0,

Ag>0,w>0, let

wt wt

L(t) = Lol (-) . A(t) = Aga (—) : (5.63)

21 2T

and let p(w) = py(w) be the principal periodic eigenvalue associated with the
domain Q(t) = (A(t), A(t) + L(t)). Then p(w) = O(w?) as w — oo, and if a(-)
is constant, then u(w) = O(1) as w — oo. If a(-) is non-constant, then there

exist constants Cy, Cy depending only on the functions | and a such that:
1. ]f‘é—g < Cy then p(w) = O(1) as w — oo.
2. If ‘2—3 > Cy then p(w) = O(w?) as w — oo,

Proof. If maxeo,1)(Aoa(s)) < mingeo,1)(Aoa(s)+Lol(s)) then by Proposition 5.2

and Example 5.4, we have upper and lower bounds on p(w) that are independent

of w>0:
D2 /1 1 D2
—_— ds < ulw) < - . 5.64
7 Jy 17" =M= Gty (o + Lob) — mavon (o) %Y

So, p(w) = O(1) as w — o0 as long as max(y17(Aga) < ming 1)(Aa+Lol). If a(-)
is constant then this will be satisfied because, by assumption, minjy1)(Lol) > 0.

If a(-) is non-constant, then a sufficient condition is that

Ag min

(5.65)

Ly maxa— mina
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Next, in order to prove the other claimed properties, we shall consider the
bounds (5.19) that were proved in Proposition 5.5. Define non-negative con-

stants ci, ¢a, ¢3, ¢4, C5, ¢g in terms of the functions [ and a as follows:

clz/ol @ds, CQZ/OIG'(S)%JS, c3:/oll(s)[a”(s)]+ds,
= [owere o= [iewers  a= [ Erems

Then note that

D7r 7T2 1 [T A(t)? 2 A2
_ L L A - ( ) 20 (5.66
/ 2 ¢ T /0 4D on) ip (560
1 T w2 A()LO L2
< — = =0 .
0<7 (27r> ( %) (5.67)
2 (AgL L2
< _/ ) ( 0 0 EC@) (568)
Therefore parts 1 and 3 of Proposition 5.5 imply that
D7T2 n ( W )2 A(Z) AoLO L%
—c — - C3 — —C
2 " \er) \up® 2D © 7 1p“™
D7T A2 AOLO L2
< < — — .
Suw) s prat (%) <4D Top et 4DCG) (5.69)

which proves that u(w) = O(w?) as w — oco. Moreover, ju(w) = O(w?) asw — oo

if Ag T2y — Aoko 03— c4 > 0. If a(+) is non-constant then ¢y # 0, so this inequality
will hold for ¢ large enough (depending on ¢y, c3, c4). ]

Remark 5.13. Theorem 5.12 leads to questions about what happens in the w —
oo limit when Ag 15 in the intermediate parameter range. For example, is there
a threshold value of é—g at which p(w) stops being O(1), and if so, what is it? To

answer such questions may require different methods to those presented here.
In the following example we give the estimates of Theorem 5.12 explicitly.

Example 5.14. Let Ly > 0 be constant and let A(t) = Agsin(wt) with w > 0,
Ay > 0. Consider the 2Z-periodic domain Qt) = (A(t), A(t) + Lo) and let
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p(w) = pu(w) be the principal periodic eigenvalue of 2(t). By Proposition 5.2

we conclude that

D 2
LZ < p(w) for every w > 0, (5.70)
0
d if 24, < Lo, th (w) < Db f >0. (5.71)
and i en w —_ or every w ) .
0 0 2 = (L() — 2140)2 )
To apply the bounds from Proposition 5.5, we calculate
¢,
A(¢)? Aw? ([t sin(2wt)
d¢ = -+ ——=). 72
/ 4D ¢ 4D \ 2 + 4w (5:72)
0

We also calculate the %X -periodic functions Q(t) and Q(t) as defined in (3.101):

_ (0 for0<t< z
alt) = (5.73)

—AgLow? sin(wt) for T <t < X
\

;

Qt) = B (5.74)
0 for T <¢ <2
and so , , ©
Q) , [« Q©), AyLw
[+ &5 - /O = 2lag = S (5.75)

By parts 1 and 3 of Proposition 5.5 we deduce that

Dr? N Alw?  AgLow? < uw) < Dr? n Akw?  AgLow?
— w
2 " 8D 20 MW =TT RD T TorD

(5.76)

which is the bound (5.69) for this example. In agreement with Theorem 5.9 and
Theorem 5.12, the bounds (5.70), (5.71) and (5.76) show that:

= D;; +O(W?) as w — 0. (5.77)

p(w) = O(w?) as w — oo. (5.78)

If 12—2 < % then p(w) = O(1) as w — . (5.79)
If 12—2 > % then p(w) = O(w?) as w — oo. (5.80)

It would be very interesting to understand the w — oo limit in the intermediate

1 - Ao 4
parameter range 3 < T < p
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5.3.4 Monotonicity of y(w) with respect to w > 0

It is proven in [46, Theorem 1.1] that, under the extra condition that their
parabolic operator has no advection term (i.e. a% term), the principal periodic
cigenvalue A(w) of (5.39), (5.40), (5.41) is non-decreasing with respect to w > 0:
% > 0. In this section, we shall consider the principal periodic eigenvalue,
p(w), for a periodic interval Q(t) = (A(t), A(t) + L(t)). This is the eigenvalue of
the operator £, which does have an advection term. However, we can convert
our problem to one with no advection term and which has principal periodic
eigenvalue 1, (w). We shall use certain aspects of the proof of [46, Theorem 1.1]
to derive a lower bound for d“zi”—ugw). A modification to their proof is needed in
order to account for the explicit dependence on w in the coefficients. Finally,
the conversion (5.94) between f,(w) and p,(w) (i.e. p(w)) involves adding a
term which is quadratic in w — this is related to the fact that the advection
term in our operator £ is proportional to w, which was not the case in [46]. The
consequent (linear in w) term in %, together with the bound on d“&”—agw), is
what allows us to prove a monotonicity result for u(w) under certain conditions.

We consider the interval Q(t) = (A(t), A(t) + L(t)) where, as in Theorem
5.12, L(t) and A(t) are given by equation (5.63) for 1-periodic functions {(-) > 0
and a(-) belonging to C?*(]0,1]) for some a > 0. We shall show in Theorem
5.15 that p(w) is increasing in w > 0 provided that a(-) is non-constant and ‘2—8
is sufficiently large.

Since we shall need to work with a parabolic operator with no advection term,
we change variables to w(¢,t) = u(€,t)H (&, t)e /! where (as before) H(&,t) is
given by equation (3.6), and we consider the operator that acts on w(§,t). This

is given in equation (3.11). Then we change variables to s = £, and this leads

us to consider the operator

b _ %%_%5_&_<%>2 <(L£0> 142011)’0@”(5)1(3) + (Li(]) %l”(s)l(s))
(5.81)
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on 0 < £ < Lg. This has the form

w 0 0?
P, = ﬁa—l)( )a—£2+V(£,s,w) (5.82)

where D(s) > 0 and V (€, s,w) are both periodic in s with period 1.
As in [46], let u,(&,s) > 0 be the principal periodic eigenfunction of the

operator P, = 2“;% - D(S)g—; + V(& s,w), and v,(§,s) > 0 the principal

periodic eigenfunction of its adjoint operator P} = —%% —D(s )852 + V(& s,w)

(see [20]), with zero Dirichlet boundary conditions and with u, (&, s) and v, (&, s)

normalised so that

/OI/OLO%( dgds_// U (€ ,s)dEds = 1. (5.83)

In [46, Lemma 2.1], given as Theorem A.9 here, Liu, Lou, Peng and Zhou prove

that for every w > 0,

1
/ / (U Pty — Uy Puvy)déds > 0. (5.84)
Qo

Consequently (see [46])

1 1
/ / 0, 2% geds = T / / vo(P — Pugdéds
0 Jo s W Jo Jao

1
:z/ / (U Pty — uy,Povy,)dEds
W Jo Jag
(5.85)

When the coefficient V' does not depend on w (i.e. g—g(ﬁ, s,w) = 0), it is proved

in [46, Theorem 1.1] that the principal periodic eigenvalue S\(w) of their operator

/ /LO (. 5) 5 & 3) e g (5.86)

Combining this with (5.85) immediately gives 92 ( ) > 0.

P,, satisfies

For our own case where V' (§,s,w) depends on w, this argument must be
modified. In Theorem 5.15 we prove a monotonicity result for p(w) under certain

conditions, with a proof adapted from that of [46, Theorem 1.1].
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Theorem 5.15. Let L(t) and A(t) be given by equation (5.63) for 1-periodic
functions I(-) > 0 and a(-) belonging to C*T*([0,1]) for some o > 0, and assume
a(+) is non-constant. Let u(w) = pu,(w) be the principal periodic eigenvalue on
Q(t) = (A(t), A(t) + L(t)). Then there exist constants C, > 0 depending only

on the functions | and a, such that if £ AO > C' then “ ) > w for all w > 0.

Proof. Let u,(&,s) and v,(&,s) be as above, for the operator P, in (5.81).
From [46, Lemma 2.1], or Theorem A.9 here, we know that (5.85) holds for each
w > 0. (Although [46] assumes that V' does not depend on w, [46, Lemma 2.1]
is a pointwise-in-w result, and its proof is unchanged if the coefficient V' (¢, s, w)
depends on w.)

As in the proof of [46, Theorem 1.1}, we take the equation P,uy, = i, (w)uy,

and differentiate the whole equation with respect to w. Writing u/, for %L: this

becomes:
1 Ou,(§,s) OV dpty (W)
Pw w+ % Os + 5 Ow (5 S (,U) :U’w( ) + dew — Uw- (587)
1%

Since the coefficient V' (£, s,w) now depends on w, the term $-u,, is new com-

0w
pared to those in [46].
Next, we multiply equation (5.87) by v, and integrate, using the fact that

P iy (w)v, and the normalisation (5.83). We obtain the equation

/ /Lo (UW% 8uwa(§ 5) + g—Z(f, s, W)U (€, 8)v,(€, )) déds = CZZU ().
(5.88)

Upon combining this with (5.85), we get

d,uw / /LO v (&, s,w)uy (&, s)v, (€, s)déds, (5.89)

and recalling the positivity of u, and v,,, and the normalisation (5.83), this gives

the lower bound

Ay
T, W) 2 0<£<rgtlg<s<1 o e s, (5.90)

Now consider the form of the coefficient V (£, s,w) in our operator. Define

by = max |a"(s)l(s)], by = max [I"(s)Il(s)]. (5.91)

s€[0,1] s€[0,1]
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Then, uniformly in 0 < ¢ < Ly and 0 < s < 1, we have the bound

‘(i) o)+ (5 ) Loy >z<s>‘ < Aokoy Loy (50)

Ly/) 2D Lo/ 4D 2D 4D

and so the coefficient V (£, s,w) in our operator (see equation (5.81)) satisfies

oV 2w AoLO L%
—_— > ——— | ——b; + —b f No<¢e< L < s <l
8w<€’8’w)_ (27’(’)2( 2D 4D 2 or a 0_5_ 0 O_S_

(5.93)
Also, if ¢; = fo s)%ds then we know from part 1 of Proposition 5.5 that the
eigenvalues uu(w) and i, (w) are related by

) = afe) + () Ao, (5.94)

By combining this with (5.90) and (5.93), we have

dp, — dp, 2w A2 2w AoLg L2 A?
— g > — by — —%by + — for all 0.
o = do "D 2 e \“2p T ap2 T ape) forallw>
(5.95)
Therefore if
A?)CQ — 2A0L0b1 — Lgbg >0 (596)

then there exists § > 0 such that ‘%‘(w) > %w for all w > 0. Since by assump-

tion ¢y # 0, the inequality (5.96) will be satisfied whenever 2‘—8 is sufficiently

large (depending on ¢y, by, by). ]

Example 5.16. Let Q(t) = (A(t), A(t) + Lo) with A(t) as in Ezample 5.14.
Then by = 4%, by = 0 and co = 272, and so we find that (5.96) holds and i, (w)

1s monotonically increasing in w > 0 provided that % > 4.
0

5.4 Nonlinear equation on a T-periodic domain

In this section, we consider the nonlinear periodic parabolic problem (2.1), (2.2)

where f is assumed to satisfy the conditions (2.20); that is, for some K > 0,

f(0)= f(K)=0, fis Lipschitz continuous, f’(0) exists and > 0,
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f(u)

u

is non-increasing on u > 0.

As above, let p and ¢(&, t) be the principal periodic eigenvalue and eigenfunction
satisfying equations (5.3), (5.4), (5.5), (5.6), and normalised so that ||¢||- = 1.
Now the solution to the linear equation (with fo = f’(0)) is a supersolution to
the nonlinear problem, so if f/(0) < u then u — 0 as t — oo.

From now on, assume f’(0) > u. Fix any v € (0, f/(0) — ). Then since
f(u) = f'(0)u + o(u) as u — 0, there exists € > 0 (depending on ) such that

forall 0 <u <e¢,

(v = £(0) + wu+ (f(0)u — f(u)) < 0. (5.97)

Now, for every 0 < § < ee™ T, the function 4(&,t) = d¢(&,t)e? is a subsolution
for u(&,t) over 0 <t < T

90 _ Li— (@) = v+ i — £() (5.98)

ot
= (v = f0) + pi+ (f(0)a— f(@)) <0 (5.99)

since u(&,t) < e for 0 < ¢t < T. The function @ also satisfies @(§,t) = 0 on
0, and 4(£,0) < a(&,T), and so it is a subsolution to the periodic problem
(2.1), (2.2) in the sense of Hess [37, chapter III Definition 21.1]. Moreover the
constant K is a supersolution. By applying [37, Theorem 22.3, chapter III],

there exists a stable periodic solution u*(§,t) to

a;* — Lu*+ f(u*)  forEeQ, teR (5.100)
ur(E1) =0 for & € 99 (5.101)
u (&, t) =ut (&t +T) (5.102)
such that
ep(&, 1) <t (€ t) < K foréeQy, 0<t<T. (5.103)

We now wish to prove that the periodic solution u* is unique and that for
every non-zero initial condition 0 < u(-,0) < K, the solution u to (2.1), (2.2)

converges to u*.
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Remark 5.17. [t is straightforward to derive a lower bound on u(&,t) showing
that it does not converge to zero. We can assume without loss of generality that
there exists 0 < 6 < ee™ T such that 6¢(&,0) < u(&,0). Then since 6 (&, t)e? is

a subsolution on 0 <t < T, we have
Sp(&, e <w(Et)  forall0<t <T. (5.104)

Then w(&,T) > d6(&,T)e?™ = §¢(€,0)e7T > 6¢(£,0) and, by applying this

argument repeatedly, we can conclude that

Sop(&, e <u(Et' +nT)  forall0<t <T, neN. (5.105)
Therefore,
. . : n vyt
liminfu(¢,¢) > & min ($(&,¢)e™). (5.106)

To prove the convergence to u*, we shall use the Poincaré map Pr. For each
7 > 0, define P, to be the map Py (ug) = u(-, 7) where u(&, t) is the solution to the
problem (2.1), (2.2) with initial conditions u(+,0) = ug(-). Since the coefficients
are periodic, this is the same as the map taking u(-,nT") to u(-,nT +7) for every
n € N. The Poincaré map is Pr, which takes the solution at time nT to the
solution at time (n + 1)7T". Note that if «* is any T-periodic solution satisfying
equations (5.100), (5.101), (5.102) then u*(-,0) is a fixed point of the Poincaré

map Pr. We shall use the following two properties of P;.

Lemma 5.18. For each 7 > 0, the map P, s monotonic, in the sense that
if ug < wvo then P-(up) < Pr(vg). Moreover, either ug = vg or there is strict

inequality P-(ug) < Pr(vg) on Qg and %PT(UO) =+ %PT(UO) on 0.

Proof. This is a consequence of the parabolic comparison principle, strong max-

imum principle, and Hopf’s Lemma (see [51, chapter 2, Theorem 1.4]). ]

Lemma 5.19. Let f satisfy (2.20). Then for each 7 > 0, the map P, is sublin-
ear, in the following sense. Let 0 < o < 1, and let ug > 0 on g with ug = 0
and % #0 on 0Qy. Then

aP(up) < P-(auy). (5.107)
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Proof. If &« = 0 or 1 then it is obvious, so assume 0 < o < 1. Let u(&,t) be
the solution to (2.1), (2.2) with initial conditions u(&,0) = wue(§) and v(&,t)
the solution with initial conditions v(&,0) = aug(§). We need to show that
v(&,t) > au(&,t) for all £ > 0.

By the assumption that % is non-increasing on k£ > 0, we have that
flaug) > af(ug). For ¢ > 0 small, define f.(k) = f(k) — k?, so that L&)

is strictly decreasing in k£ > 0 and
f-(aug) — af-(ug) > ca(l —a)ud >0 in €. (5.108)

Let v., u. be the corresponding solutions to the problem with f replaced by f.:

ov.
ot

with v.(£,0) = au.(§,0) = aup(§). We shall show that v.(€,t) > au(¢,t) for

= Lo + f-(v2) (5.109)

every t > 0. Then by taking € — 0 we conclude that the same inequality holds
for the solutions v, v with the original reaction function f.
At t = 0 we have

0

a(vg — au)|i=o =L(aug) + f-(aug) — al(ug) — afe(up)
=fe(aug) — afe(uo)

>ea(l — a)ug. (5.110)

Therefore, there exists ¢ > 0 such that v.(€,t) > au.(€,t) for 0 < t < t. We
claim that £ can be taken as large as we like. Suppose not, and let t* be the
maximal such that v.(£,t) > au.(&,t) for 0 <t < ¢*. Let 0. be the solution
on t > t* with v.(£,t*) = au.(£,t*). Then by applying the same argument as

above, to the function v, at time t*, we deduce that

%(T)E — ot )| > ca(l — @)ue(-, %), (5.111)

and so there exists At > 0 such that 0. > au, for t* < t < t* + At. But
the comparison principle gives v. > v, for all ¢t > t*, and so v. > au. for
t* <t < t*+ At, contradicting the maximality of ¢*. Therefore, we do have
ve(&,t) > au(&,t) for all ¢ > 0, as required. O

127



Now using the monotonicity and sublinearity properties of Pr, we shall prove

the uniqueness of a periodic solution, given ordering.

Theorem 5.20. Suppose f'(0) > p, and suppose that U(E,t), U(E,t) are both
positive, T-periodic solutions to the problem (5.100), (5.101), (5.102), and such
that 0 < U(&,0) < U(E,0) for all £ € Qy. Then U(E,t) = U(E, ).

Proof. By the strong maximum principle and Hopf’s Lemma [51, chapter 2,
Theorem 1.4], we know that 0 < U(&,0) < U(&,0) for all £ € €, and that
U and U have non-zero normal derivatives on 9€)y. Therefore for r > 0 small
enough we have rU(&,0) < U(€,0) for all € € Qy. On the other hand this does
not hold for any » > 1. Let

7 =sup{r € (0,1) : rU(&,0) < U(,0) for all £ € Qp}. (5.112)
Then we know that
FU(E,0) < U(E,0) for all € € (5.113)
and by maximality of 7 there exists some
£ € Qo such that 7U(&,0) = U(&, 0)
or & € 0y such that fg—?(&], 0) = g—%(go, 0). (5.114)

Now we apply the Poincaré map, Pr. By the monotonicity (Lemma 5.18) we
have

Pr(fU(-,0)) < Pr(U(-,0)) (5.115)

with either #U = U or else strict inequality

Pr(*U(-,0)) < Pr(U(-,0))  on £ (5.116)
and %PT(fU(-,O)) # %PT(Q(~, 0))  on 9. (5.117)

Combining this with the sublinearity property (Lemma 5.19) and the fact that
U and U are fixed points of Pp, we find that

rU(-,0) = 7Pr(U(-,0)) < Pr(PU(-,0)) < Pr(U(-,0)) = U(,0)  (5.118)
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and that either U = U or else equations (5.116) and (5.117) hold. Incorporating
these strict inequalities into equation (5.118) would contradict the existence of

& as in equation (5.114). Therefore, in fact

FU=U  on Qyx [0,T]. (5.119)

This shows that U and #U are both solutions to (5.100), (5.101), (5.102), and
hence 7#f(U) = f(#U). By the assumption that @ is non-increasing on u > 0,
this implies that either # = 1 or else f(U) = f/(0)U. But we know that U
does not satisfy the linear equation because that would contradict the fact that

f'(0) > p. Therefore, it must be that # =1 and U = U. ]

Next we prove convergence to u*(£,t) (the positive T-periodic solution to
(5.100), (5.101), (5.102) whose existence is guaranteed by [37, Theorem 22.3,
chapter III]).

Theorem 5.21. Assume that f satisfies (2.20) and f'(0) > u, and let u*(&,t)
be a positive T-periodic solution to (5.100), (5.101), (5.102). Given non-zero
initial conditions 0 < u(&,0) < K, let u(&,t) be the solution to the nonlinear
problem (2.1), (2.2), and for n € N define u,(&,t) = w(&,nT +t). Then as

n — 00, u, converges to u* in C>1(Qy x [0,T)). In particular, u* is unique.
Proof. Without loss of generality we can assume that
du*(§,0) < u(,0) < Bu'(&,0) (5.120)

for some 0 < 6 <1 and B > 1. Let u(¢,t) and (¢, t) be the solutions to (2.1),
(2.2) with initial conditions u(&,0) = du*(£,0) and w(€,0) = Bu*(£,0). By the

comparison principle,

u(+,t) <u(,t) <u(-,t) and wu(-t) <u*(t) <u(,t) (5.121)

for all t > 0. For n € N define u, (&, t) = u(§,nT +1); also u,,(&,t) = u(&, nT +t)

and u, (&, t) = u(&,nT +t). Then
U, (1) < up(e,t) <a(s,t) and u, (1) <u(-,t) <u,(,t) (5.122)

—n
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for all 0 < ¢t < T, n € N. Using the fact that u*(-,0) is a fixed point of the

Poincaré map Pr, together with the sublinearity (Lemma 5.19), we get that

u(§,0) = du*(€,0) = 0Pr(u*(€,0)) < Pr(du*(€,0)) = Pr(u(§,0)) = w(&,T)
(5.123)
and
1

HH(E0) = u*(£,0) = Pr(u*(£,0))

1 . 1 1

Therefore, u(£,0) < w(&,T) and u(¢,T) < u(£,0). By applying Pr again and
using the monotonicity property (Lemma 5.18) and the ordering (5.121), we
deduce that

w(€, nT) < (€, (n+1)T) < u*(£,0) < T(E, (n+ DT) <a(¢,nT)  (5.125)

for all £ € Qy, n € N. Therefore, pointwise limits v(£) < T(€) exist such that
(&) < u(€,0) < V() and

u(&,nT) — v(€), u(&,nT) — v(€) as n — oo. (5.126)

We can apply Theorem A.3 to u,, to deduce that there is a subsequence w,, that
converges in C%'(Qy x [0,7]) to a solution U(&,t) of the nonlinear parabolic
problem (2.1), (2.2). By equating this to the pointwise limit at times 0 and T
we have that U(£,0) = U(E,T) = v(§). Likewise, there is a subsequence 1, of
%, that converges in C*1(Qy x [0,T]) to a solution U(,t) of (2.1), (2.2), with
U(,0) =U(&,T) =1(¢).

Recall that U(&,0) = v(€) < u*(£,0) < 0(€) = U(£,0) and so by the com-
parison principle, U(£,t) < u*(&,t) < U(&,t) for all t > 0. Therefore U and U

satisfy the conditions of Theorem 5.20, and we conclude that

Il
il
Il

U u, (5.127)

Since the limit is uniquely identified, Lemma A.5 implies that actually the

whole sequences u,, and wu, converge to u* as n — oo and the convergence
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is in C%1(Qy x [0, T]). But since u, satisfies (5.122), it must also converge uni-
formly to u* as n — oo, and by the same argument as above (applying Theorem

A.3 and Lemma A.5) the convergence is in C*'(Qy x [0, T). O

The convergence of u(§,nT + t) to a unique positive T-periodic solution
u*(&,t) on Qo x [0, 7] can now be interpreted in terms of the original problem
for ¢(x,t) on the T-periodic domain Q(¢). The function u*(&,t) for € €
corresponds to a positive solution ¢*(z,t) to (1.1), (1.2) that satisfies i(z,t) =
Y(z,t +T) for all x € Q(t), t € R. Theorem 5.21 means that ¢(z,nT + t)

converges uniformly to ¥*(z,t) as n — oo.
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Chapter 6

Nonlinear equation on a
bounded domain () moving at a

constant velocity c

We assume throughout this chapter that f is a nonlinear function satisfying

assumptions (2.20); that is, for some K > 0,

f(0) = f(K) =0, fis Lipschitz continuous, f'(0) exists and > 0,
f(u)

u

is non-increasing on u > 0,

and that the domain has the form Q(t) = Qg + ¢t where €2y is bounded (either
smooth and bounded or box-like) and ¢ is a constant vector. We prove con-
vergence to either zero or a positive stationary limit U, which is unique. We
also derive a number of properties of this positive limit, many of which will

subsequently be used in Chapter 7.

6.1 Convergence to U.({) or zero

Let £ =z — ¢t and u(,t) = ¢(x,t). Then we have

%:szu—l—c-Vu—i—f(u) for £ € Qy (6.1)
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u(&,t) =0 on 08. (6.2)

Let A\(£) and y; denote the principal eigenvalue and eigenfunction of —V? on

the bounded domain €2y with zero Dirichlet boundary conditions:
V2y1 = —)\(Qo)yl in Q, y1 = 0 on 09, y1 > 01in Q. (63)

Define ¢\ (¢) = y1(€)e~ 35 and normalise to maxg- ¢ = 1. This is the principal

eigenfunction of
DV?¢ +c-Vo=—pu¢ in Qy, ¢ =0 on 09, (6.4)

and has principal eigenvalue p = DA(€) + %. We shall see that the long-time
behaviour of u(&,t) depends on whether f'(0) — DA(p) — % is < 0 or > 0.

First we show that there is convergence to zero if f/(0) < DA(Qp) + %.
Proposition 6.1. If /(0) < DA(S%) + & then as t — oo, u(€,t) — 0 in
C%(Qy), and %—?(f,t) — 0 uniformly in Q.

Proof. For B > 0 large enough, u(-,0) < B¢§C) on 9. Then the function

el

u(€,1) = BoyY (&) exp ((f’<0) — D) - E) t) (6.5)

is a supersolution for u, and tends to zero uniformly on )y. Proposition 2.13

then implies the claimed space and time derivatives also converge to zero. [

Next we consider the case f'(0) > DA(p) + %.

Lemma 6.2. Suppose f'(0) > DA(2) + %. There exists 69 > 0 such that for

0 <9 <y, the function u(§) = 5¢§C) (&) is a subsolution to the elliptic problem
DV?U +¢-VU+ f(UE) =0  inQ (6.6)
U)=0 on 0%. (6.7)

Proof.
cf?

; f’<o>) i+ f@) - F(O) (6.8)

e

= (ro) - prcow - I

There exists dg > 0 such that the right hand side is > 0 for all 0 < § < §y. [

) u+o(u) asd—0. (6.9)
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In Theorem 6.4 we shall show that if f'(0) > DA(£o) + % then u(&,t)
converges as t — 00 to a positive solution to the elliptic problem (6.6), (6.7).

First, we show in Theorem 6.3 that such a solution is unique.

Theorem 6.3. Suppose f'(0) > DA() + %. There exists a unique positive
solution 0 < U.(§) < K to the elliptic problem (6.6), (6.7).

Proof. Fix any 0 < 0 < §p and let u(§) = 5¢§C) (£). This is a subsolution
for (6.6), (6.7) by Lemma 6.2, and the function & = K is a supersolution. By
applying the monotone iteration scheme results of [51, section 3.2], starting with
initial iterations u and u, we deduce the existence of solutions v and u such that
u < u <u < u and that every solution u with @ < u < @ satisfies u < u < .
We shall show that in fact © = u. The uniqueness result will then follow, since
every non-negative, non-zero solution U of the elliptic problem (6.6), (6.7) must
be strictly positive (by the elliptic strong maximum principle) and have a non-
zero normal derivative on 0€) (by Hopf’s Lemma in the elliptic case [51, chapter
3, Theorem 1.1]), and so 6¢' < U for some 0 < § < §.

We multiply the @ equation by ue®s/? and vice-versa, subtract, and integrate

(by parts) over €. This yields that
0= / /P (w(DV*T + ¢ - V) — u(DV?u + ¢ - Vu) + uf (@) — uf(u)) d¢
Qo
— / s/ <@ _ M) d¢ <0 (6.10)
Qo

u u

since @ is a non-increasing function and since w > u > 0 in 2. Therefore

there must be equality in (6.10) and
f@ _ fw

U U

in Q. (6.11)
Then the function w — u > 0 satisfies w — u = 0 on 0§}y and
DVQ(E—Q)—FC-V(U—Q)—F%(E—Q) = 0. (6.12)

If there is any interior point at which @ — u = 0, then by the strong maximum

principle, w — u = 0. If there is no such interior point, then @ — u > 0 inside §2g.
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But then, since @ is non-increasing and @ = %, it must be that
flu) _ . L _
——~ = constant  for u € (min(u), max(u)) = (0, max(u)), (6.13)
u

and so the constant must be equal to lim,_, 1w _ f/(0). But then w and u are

u

positive solutions to the linear problem
DV*u+c-Vu+ f/(0)u=0 inQy, u=0 ondy, (6.14)

which is a contradiction since f'(0) > DA(€p) + % (the principal eigenvalue).

This proves that u = . [

Now we consider the parabolic problem (6.1), (6.2) with initial conditions

up, and we fix some 0 < § < &y such that
5\ (€) S ug(€) <K in Q. (6.15)

Theorem 6.4. Suppose f'(0) > DA(€) + % and let u(&,t) satisfy (6.1), (6.2)
with u(-,0) = ug satisfying (6.15). Then as t — oo, u converges in C*(Qp) to

the unique positive solution U, to (6.6), (6.7), and 2* — 0 uniformly in Q.

Proof. Let u be the solution with initial conditions u(&,0) = 5¢§C) (€), and let @
be the solution with @(£,0) = K. Since 5¢§C) (&) <wup(€,0) < K, it follows from

the comparison principle that
w(ét) <wu(ét) <u(é,t) for all ¢ > 0. (6.16)

Since u(&,0) is a subsolution to (6.6), (6.7), we have g—% > 0 at time ¢ = 0. By
applying the parabolic maximum principle to v(x,t) := u(z,t + dt) — u(x,t) for
ot > 0, we deduce that u(,t) is an increasing function of ¢t. Since u(&,t) is also
bounded above by K, it converges to some limit U (&) as t — oo. Similarly, since
K = w(,0) is a supersolution, we can deduce that w(¢, ) is a non-increasing
function of ¢, bounded below by 0, and converges pointwise to some limit U (€).
Proposition 2.13 implies that U(¢) and U(€) are limits in C?(Q) and must
satisfy (6.6), (6.7). The inequality u(§,t) < w(,t) also implies that U(§) <
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U(¢). So by Theorem 6.3, U = U = U,.. Finally, since u(&,t) lies between
u(§,t) and w(€, t), it must also converge pointwise to U.(€). It then follows from
Proposition 2.13 that there is convergence in C?(Q) and 2%(¢,¢) converges

uniformly to zero. [
We shall often use Theorem 6.4 in the following form.

Corollary 6.5. Let v(&,t) > 0 satisfy

ov —ce\ et |c]?
%Y _ pv? ( ) _ e
v+ flve2D )e2D 1D

5 v in Q (6.17)

v(€,t) =0 on 0% (6.18)

with 0 < v(£,0) < Kes5 not identically zero. If 1'(0) > DA(Qp) + % then as
t — oo, v(,t) — Uc(f)e% in C*(Q), and % — 0 uniformly in Qy, where U,

is the unique positive solution to (6.6), (6.7).

Proof. Let u(&,t) = v(ﬁ,t)e%. Then u satisfies (6.1), (6.2) and the result

follows from Theorem 6.4. ]

Remark 6.6. Consider an interval of the form Q(t) = (A(t), A(t) + Lo) with
A(t) = ¢, and let € = x — A(t). The equation becomes
ou O*u  Ou
a :Da—€2+ca—€+f(u) f0T0<§<L0 (619)
u(€,t) =0 at £ =0 and & = Ly. (6.20)

Theorems 6.3 and 6.4 then become as follows.
If f'(0) > %;24—% then there exists a unique positive solution 0 < U,r, < K

to the nonlinear ordinary differential equation
DU"(&)+cU(&)+ f(UE)=0  for0<&< Ly (6.21)

U =0 at £ =0 and € = Ly. (6.22)

Ast — oo, u(-,t) converges in C*([0, Lo)) to U1, and 2% — 0 uniformly.
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6.2 Properties of U,

In this section we prove certain properties of the unique positive solution U, to
(6.6), (6.7), which features in Theorem 6.3 and Theorem 6.4. Many of these
properties will be needed in Chapter 7 in order to prove results on more general

time-dependent domains.

6.2.1 General properties

Lemma 6.7. Let U be a solution of equations (6.6), (6.7). Then
i DIVU(¢)[*ds = g U(€)f(U(E))dE (6.23)

and

DIVU()Pect/Pde = | U©)F(U(E))e/Pde. (6.24)

) Qo
Proof. These follow by multiplying equation (6.6) by U(€), or U(£)e“¢/P, and

integrating by parts. [

Next we give three results which all concern relationships between the solu-
tions U, g, for different vectors ¢ and/or different domains €y. We begin with a

reflection property which is a result of Lemma 2.10.

Lemma 6.8. Given a bounded domain Qo C RN and a vector ¢ € RY such that
f(0) > DX(Qp) + %, define also Qo = {€ € RN : (=£1,&, ..., &n) € U} and
c= (—Cl, Co, ... ,CN>. Then UE’QO<€17£2, c. 7€N) = UQQO(—gl,gQ, . 7£N)-

Proof. This follows by applying Lemma 2.10 to the domains Qg+ ct and Qg+ ét,
taking the limit ¢ — oo and applying Theorem 6.4. [

Next we give a comparison result for enclosed domains.

Lemma 6.9. If Q1 + & C Qy then Ueq,(§) < U, (§+ &) for all £ € Qy and ¢
such that f'(0) > DA(Qy) + %.
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Proof. Consider the solutions 1, 1) on Q(t) = Q1 + & + ¢t and Q(t) =y + ct.
Since Q(t) C Q(t) for all t > 0, the comparison principle (Lemma 2.11) gives
Wz, t) < p(x,t) for all € Q(t), t > 0. Equivalently,

V(E+E +ctt) <PE+E +ct,t)  forall €€y (6.25)

Let t — oo. By Theorem 6.4, the limit of the left hand side is U, g, (§) and that
of the right hand side is U, q, (£ + &). O

In general the solutions U, are not ordered with respect to ¢, but we shall
show next that U.(& )e% does have an ordering property. Note that by a trans-

lation of the bounded domain, we can always assume that & > 0 in 2.

Proposition 6.10. Let Qg C RY be a bounded domain, and with & > 0 for all
€€ Qy. Let c € RY such that f(0) > DA() + %, and let ¢ = (¢1,¢2,...,CN)

where ¢; < ¢ < —c¢;. Then Uc(g)e% < Ug(ﬁ)e% for all £ € Q.

Proof. Suppose that v(£,t) and T(&, t) satisfy

v —ce\ ce |c]? .
5= DV?v + f <ve 2D ) e — |4—l|)v in (6.26)
oo s _ —me\ ze [P
5= DV + f (ve 2D ) e — =T in Qg (6.27)

with v(§,t) =v(&,t) = 0 on 09y, and with v(-,0) =v(+,0). Since ¢c; < ¢ < —¢4
and & > 0, we have the inequalities —|c|> < —[¢|? and e35° > e25 for all

¢ € Qp. Using the assumptions (2.20) on f, it follows that
f (ue%g> 5t < f (ueTf) e2b for all u > 0 and & € . (6.28)

Therefore T is a supersolution for v, and so v(£,t) < v(,t) for all t > 0. The

result follows by letting ¢ — oo and applying Corollary 6.5. [

6.2.2 Continuity properties

The next result describes the continuity of U.gq, with respect to ¢ and with

respect to scalings of the domain 2.

138



Proposition 6.11. (Continuity with respect to Qg and c.)
Consider sequences of positive numbers Rg") >0, ..., RE\?) > 0, and vectors c™

in RN. For some fized bounded domain Qg C RY, let

Q{m(;é_)g} (629)
1 N

c(n) |2

: : |
Assume that f satisfies assumptions (2.20), and f'(0) > DA(Q,) + S5 for

each n, and let U, be the unique positive solution to
DV2U,(€) + ™ - VUL(&) + f(UL(€) =0 inQ, (6.30)

Un(§) =0 on 082y,. (6.31)

)—>cj anng-")—>1a5n—>oo,f0ralll§j§N. Then

U, (X) = Un(Rgn)Xl, . ,RE\’;)XN) is convergent in C%(Q) to a non-negative

Assume that cg»n

solution of
DV?U +¢-VU+ f(U)=0  in Qg (6.32)
U=0 on 9. (6.33)

Moreover:

1. If f/(0) > DX(Q) %, then U, converges to the unique positive solution
of (6.32), (6.33).

2. Suppose f'(0) = DA() + %. If f is not linear on any neighbourhood
[0, s0) of 0, then U, converges to zero. If f is linear on some neighbourhood

[0,s0) of 0, with sy defined as the mazximum such, then U, converges to

50(2550)-

Proof. The change of variables to X; = Rﬁﬂ) and U,(X) = U,(§) puts the
problem (6.30), (6.31) into the form

N ~ N (n) ~
D 0%°U, ¢;” OU, A .
Z S Z L2 4 f(Un(X)) =0 in Qg (6.34)
S RMOXT R 0X;
U (X)=0  on d%. (6.35)
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By Theorem A.1, there is a subsequence Unk that is convergent in C2()) to a

solution of (6.32), (6.33). Denote this solution by U.

1. Suppose that f'(0) > DA(Q) + %. Then we know U must be either zero
or the unique positive solution. So we just need to prove that U % 0.
Without loss of generality (by taking a further subsequence, and/or by
using the reflection property in Lemma 6.8 if needed) we can assume that
cg-n’“) <0Oforall<j <N andall k€ N. Then we can find k* € N, a

vector ¢, and a domain () such that

12
' DA + 1L 6.36
£'(0) > DA@) + 7 (6.36)
and that for all k > k*,
¢ < ank) <0 and Oc Qn, - (6.37)

Define U to be the unique positive solution to

DVU(€) +¢-VU(E) + f(U()=0  inQ (6.38)

A

UE)=0  on 0. (6.39)

Assuming (without loss of generality, by translating the domain if neces-
sary) that £ > 0 for all 1 < j < N and £ € Q, Proposition 6.10 gives a

positive lower bound:

C(nk) £

Uni (§)e 2P

5

> U(¢)em  forallE€Q, k> k" (6.40)

>

Therefore we also deduce a lower bound for Unk, and hence U, which rules

out U = 0. So U must be the unique positive solution to (6.32), (6.33).
2. Suppose that f'(0) = DA(€) + %. By equation (6.24),

DIVU(&)Pe*/Pde = | U€)f(U(€))e/Pdg

Q() Q()

< f1(0) [ U©)%etPde

Qo
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2
= [ DA(Q) + i U€)2e¥/Pde (6.41)

4D ) Ja,
where the inequality follows from f(U) < f/(0)U. However, the char-
acterisation of the principal eigenvalue as the minimiser of the Rayleigh

quotient gives that for all u € C*() with u = 0 on 9,

el

(DA(QO)+E> /Q u(€)?ecs/Pde < ) D|Vu(é)2e¥/Page.  (6.42)

It follows that there is equality throughout (6.41) and that the limit U

satisfies f(U) = f'(0)U on Q. If f is not linear on any neighbourhood

[0, s9) of 0, then the only non-negative solution to this is zero, so U = 0.

Suppose instead that f is linear on some neighbourhood [0, s¢) of 0, with
sp the maximal such. Then f(U) = f’(0)U implies that ||U]|. < so and
(since f'(0) = DA(2) + %) that U satisfies the linear elliptic problem

2
DV2U +¢-VU = — (D)\(Qo) + %) U in (6.43)
U)=0 on 0. (6.44)

Therefore U must be a multiple of the principal eigenfunction qb(lc) with

|U]|so < so. However ||Un|lco = ||Unlloc > o for each n, as otherwise U,
. . . . . c(n)|2
would satisfy the linear equation, contradicting f'(0) > DA(€2,) + | 4D| .

Therefore the limit must satisfy ||U||s > so. So, U = so¢'\”.

In all cases, the limit is uniquely determined and so by Lemma A.5 the whole

sequence U, must converge, not just a subsequence. O]

A similar approach is used to prove continuity with respect to f.

Proposition 6.12. Let Q) be a bounded domain and c € RN . Let f, be functions

satisfying conditions of type (2.20), and || fn — f||cor(o,k+e)) — 0 asn — oo (for
some € > 0). Assume that f'(0) > DA(€) + % and that f!(0) > DA(£0) + %

for each n, and let U, be the unique positive solution to

DV2U, (&) + ¢ VUNE) + fulUn(€) =0 in (6.45)
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Un(€§) =0 on 0. (6.46)

Then U,, converges in C*(Q) to the unique positive solution U of (6.32), (6.33).

Proof. The proof is similar to part 1 of Proposition 6.11. Again, Theorem
A.1 implies that there is a subsequence U,, that is convergent in C?*(Qp) to
a solution U of (6.32), (6.33). We just need to prove that U # 0. We are
assuming that f’(0) > DA(Qy) + % and f, — f in C%([0, K + ¢]), so in
particular f/(0) — f’(0). Therefore there exists a function f and k* € N such
that f satisfies conditions of the type (2.20), f/(0) > DA() + %, and f < fo
for all k > k*. Let U denote the unique positive solution with reaction term f .
Then U < U,, forall k > k* (which follows by considering the solutions @ < u,,
to the parabolic problems with reaction terms f and f,, respectively). Hence
also U < U. This shows that U # 0, and so U must be the unique positive
solution to (6.32), (6.33). Finally, by Lemma A.5 the whole sequence U,, must

converge, not just a subsequence. O]

Example 6.13. Let fo5-(u) = ﬂgig;“) + Bu — yu? for sufficiently small «,
B, v >0, and let Uy p be the unique positive solution to the problem (6.32),
(6.33) with reaction term fo g.. Proposition 6.12 shows that as o, B and v all
tend to 0, U, g~ converges in C? to the unique positive solution U with reaction

term f.

6.2.3 Asymptotic properties as the domain gets large

The next lemma is a Liouville-type property. It follows from Theorem A.10,

which is a special case of [8, Theorem 3.7].

Lemma 6.14. Let c € RY and f/(0) > %. Then U(y) =0 and U(y) = K are

the only solutions (with 0 < U < K ) to

DV?U +¢-VU+ f(U)=0  yeR", (6.47)
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Lemma 6.14 shows that the constant K is the unique non-zero solution to
(6.47) on the whole space RY. We now use this to prove that U, converges

locally uniformly to K as the domain €y C R¥ gets large in all directions.

Proposition 6.15. Fiz ¢ € RY with f'(0) > %. Let )y be either a ball
O ={€eRY:|¢|<ro}, orabozy ={EeRY:—; <& <l;, 1<j<N}L
For R >0 let Qg = RQ; = {£ e RV % € U1} and for R large enough let Ug(€)
be the unique positive solution to (6.6), (6.7) on Qr. As R — oo, Ugp — K in
o2

loc

(RN). In other words, for every compact set V.C RN,
|Ur — Kl|c2¢vy = 0 as R — oo. (6.48)

Proof. Let R, < R,+1 — oo and u,, = Ug,. By Lemma 6.9, u,, is increasing
in n, and since it is bounded above by K there is some pointwise limit U(¢),
defined on the whole of RY| such that wu, (&) — U(€) as n — co. Theorem A.1
and Lemma A.5 then imply that the convergence is in fact in C?(V) for every
compact subset V C RY. So U(€) satisfies (6.47) on RY, and U # 0 since it is

the limit of the increasing sequence u,. By Lemma 6.14, U = K. ]

Next we would like to consider domains of the type

QLZ{(&),QI §0€w0,_TLj<§j<%,1§j§N} (6.49)

where wg C R™ is bounded, and to understand the asymptotic behaviour of U,
on such domains as L; — oo. The limiting domain is now wy x R" instead of

the whole space, and we begin by proving a uniqueness result for solutions to
DV2U + (¢, &) - VU + f({U) =0  inwyxRY (6.50)
U(&,y) =0 on dwy x RY. (6.51)
If U, (&) is the unique positive solution to
DV?U(&) +co - VU (&) + f(U(&)) =0 in wp (6.52)
U(&) =0 for &y € Owy, (6.53)
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then we show in Theorem 6.16 that the only solution to (6.50), (6.51) that
also satisfies the bounds (6.54) is U, (&) itself. The proof uses a contradiction
argument based on that of H. Berestycki, Hamel and Rossi in [8, Theorem 3.7,
and also their strong maximum principle for strict super-solutions in unbounded

domains [8, Lemma 2.1(iii)], which is stated as Theorem A.11 here.

Theorem 6.16. Let wy C R™ be a bounded domain and let co € R™, ¢ € RY.

Let f'(0) > DX(wo)+ %2 where f satisfies assumptions (2.20), and assume that

@ is a strictly decreasing, uniformly continuous function of u > 0. Let U, (&)

be the unique positive solution to (6.52), (6.53), and let U(&y,y) be a solution to
(6.50), (6.51). Suppose there is some a > 0 such that

aU, (&) < U(&,y) < Uy (&) for all & € wy, y € RY. (6.54)
Then Ul(&o,y) = U, (&).

Proof. For y € RV let

V(y) = / U (€0, y)Uey (€0)e D"

(6.55)

Then V satisfies

DVIV +¢-V,V = / (DV2U +¢- Vv, 0)U,, (€)e™ D"
~ ~ ~ co-€o
— [ (=DVET — 0 VU = SOV )
— [ (FOOVEU + a0 Ve Ua) - FO)U) 5 ity

= [ (Frwa) - row,)

which follows by using the equations satisfied by U and U.,, and integrating by

<0, (6.56)

parts with respect to &. The right hand side is < 0 due to 0 < U < U., and

the assumption that ( )is a decreasing function. Define

inf,cpn V
Vo = / U, (€)% 0 dgy  and M:W. (6.57)
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By (6.54), we know that 0 < a < g < 1. In order to prove the proposition we
just need to show that y = 1, since this holds if and only if U(&,y) = U,, (&).
We shall follow, where possible, the proof of [8, Theorem 3.7]. Suppose (for
a contradiction) that g < 1, and let u < p < 1. Choose yo € RY such that
V(yo) < pVp, and let 2, C RY be the connected component of V! (—o0, pVj)
that contains yp. If €2, were bounded then the elliptic maximum principle would
imply that V(yg) > infe- V' = mingg, V' = pVp, which is not true. So €, is

unbounded, and for all y € €2,
1Vo < V(y) < pVo. (6.58)
We claim that there exists € > 0 such that
DVIV +¢-V,V <—e  foryecQ, (6.59)
Let us assume this for now. Then in the unbounded domain €2, C RY,
—(DV2+¢-V)V(y) >e>0, —(DV2+é-V,)(pVp) =0 (6.60)

and V(y) = pVp > 0 for y € 09,. By applying [8, Lemma 2.1(iii)] (given as
Theorem A.11 here) to V(y) on Q,, we deduce that V(y) > pVj in Q,, which
contradicts V(yo) < pVo. So, in fact, p =1 and U(&,y) = Us, (&)

So to complete the proof we just need to find € > 0 such that (6.59) holds.

Step 1: There is a constant K such that |VU(&,y)| < Ko (uniformly in
wy X RY) for every function 0 < U(&,y) < K that satisfies (6.50), (6.51).
Indeed, by Theorem A.1 we find that (for any I > 0) the functions U(&y, & + ¥/)
are bounded in C*™(wy x [—1, +]"), independently of y' € RY.

Step 2: Define I(y) by

Then equation (6.56) gives

DVIV +¢-V,V =1(y) < Sglzlpf for y € Q,. (6.62)
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We know this is < 0, but we need to show the strict inequality sup, [ < 0. Let

1—p)V
PP ) (6.63)
fWO UCU (60)6 b dfo
Then for each y € €, there must exist a subset w; C wp such that
U(&]?y) < UCo(fO) —0 for 50 € w;. (664)

Indeed, if not, then there exists y € Q, such that U(&,y) > Ue, (&) — 6 every-

where in wg. Then

€0

vwz/ﬁ@@%@w?%w/ﬁ%@wa%@w

0]

bﬁo dé_o

co-€o

Vo6 [ Uy()e ™t = o (6.6)

(by definition of ), which contradicts y € Q.
Now using Step 1, |VU| < Kj everywhere, and so in fact for each y € Q,

there must be a subset w;’ C wp such that

& 6 " " 5 "
U(o,y) < Ug (&) — 2 for &y € wj, and |y | > (2—[(0) . (6.66)

Step 3: Since @ is a strictly decreasing, uniformly continuous function, there

is an increasing function 6, with 6;(u) > 0 for u > 0, such that

flug) — f(w)

— < —0f(ug — uy) forall 0 < u; < uy < K. (6.67)
U9 (51

Then, for y € Q, and §, € w;,

fUa(&) _ f(U(E) _ o, (5) , (6.68)

UCU (50) U(fo, y)

Also, for & € wy, (6.66) implies U, (§o) > ¢ and then Ul(&o,y) > al by (6.54).

2

So for y € Q,,

Hw:/U@wwﬁw<ﬂ%ﬁm_ﬂW%wngw@0

UCO (50) U(fO; y)

S _ef (g) /N U(foay)Uco(go)ec%go dfO (669)
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()% () )

This bound is independent of y € €2,, so supp I < 0 and (6.59) holds with
e=10; (g) % infe e, (e%) <%>m O]
Having proved Theorem 6.16, we now use it to consider the asymptotic
behaviour of U, on the domain Qr as L — 0o. Here we use the notation L — oo

to mean that L; — oo for all 1 < j < N. Similarly, when we use inequalities

involving L, &, y, we mean that each component satisfies the inequality.

Theorem 6.17. Let wy C R™ be a bounded domain, and for positive vectors

LeRYN (L; >0 for1<j<N), letQp be given by (6.49). Let f satisfy (2.20),

and assume that @ 18 a strictly decreasing, uniformly continuous function of

u > 0. Let cg € R™, ¢ € RN be such that f'(0) > DX (wp) + % + %, and for

L large enough let U, &.1.(&0, &) be the unique positive solution to
DV?U + (co, &) - VU + f(U)=0  inQy (6.71)

U(&,&) =0 on 0. (6.72)

Also, let Uy (&o) be the unique positive solution to (6.52), (6.53) on wy C R™.

Then as L — oo,

sup  Ugpe,0.(60,&) = Ugy (&0) uniformly in & € Wo. (6.73)

Sh<e<l
Proof. For L large, let ur (&, &,t) be the solution to

)
% = DV2uy, + (c0,¢) - Vg + f(uz)  in Qp (6.74)

UL(fo,S,t) =0 on 6QL (675)

with initial conditions ug(&p, &) > 0, Z 0. Also, let u(&o,t) be the solution to

Ol

ek DV Uy + o - Voo + f(Uoo) in wo (6.76)

Uoo(0,) =0 on Jwy (6.77)

147



with initial conditions u.(£p,0) = ||ug|lec. The comparison principle implies
that ur(£o,&,t) < ux(&o,t) for all (§,&) € Qr and t > 0. We also know that
ur(&o,&,t) = Ueyen(&0,€) and use(o,t) — Ugy(§o) as t — oo. This gives the
upper bound

Ueo,e,0(€0,€) < Uq (€0) (6.78)

which holds for all _TL < ¢ <L %, and all L large enough that U, . exists.
Lemma 6.9 implies that U, ¢ is a non-decreasing function of L. Since it is
bounded above it must converge (pointwise) as L — oo: there is some function

U., ¢ defined on wy x RN such that
Ueo,1.(€0,y) = Ueo 2(é0, ) (pointwise in &, y) as L — oo. (6.79)

Theorem A.1 implies that the convergence is in fact in C?(wy x V) for every
compact set V C RY, and so the limit function U, ; satisfies (6.50), (6.51) on
wo x RY. In order to prove (6.73) it just remains to show that U, s(&,y) =
U (&o). Since (6.78) holds for all sufficiently large L, we have

Uy e(€0,y) < Ugy(&)  forally € RY, (6.80)

Next we shall prove that there is some a > 0 such that al, (&) < Ue,.e(€o,y)
for all & € wy and y € RY. To get this, we consider some fixed (and sufficiently

large) L < L. Lemma 6.9 implies that

Uey i (60 y) < Uspn(€0,y +9) (6.81)

for all & € wy, —% <y< % and — (%) <y< <%> This leads to

sup U, . 7.(60,y) < Ueye,L(60,Y) (6.82)
Yy

for every &y € wy and — (% — i) <Y < (% — ﬁ) Fixing L and letting L — oo
gives

Ucye(§0,Y) > sup Ucmé,ﬁ(éﬁ?y) > Uco,a,ﬁ(foa 0) for all & € wp, ¥V € RY.
y
(6.83)
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But U, .;(,0) > 0 for § € wy and the normal derivative is non-zero for
o € OQwp. So, there must exist some a > 0 such that U, ,;(£0,0) > aUc, (&)

and hence we get

UCo,é(&)a Y) > ané,i(&)’ 0) > CLUCO (&)) for all &) € wo, Y € RN. (684)

C

It then follows from Theorem 6.16 that Ucmé(go, y) = Ue (&). O

6.2.4 Properties of U.7, on the interval

Given 0 < Ly < oo and ¢ € R such that f'(0) > DL_%2 + %, let U, 1, denote

the unique positive solution to (6.21), (6.22). Several properties of U, r, can be

proven in the one-dimensional case, in addition to those from Section 6.2.

Proposition 6.18. 1. U.r, has a single mazimum point £, such that

1o >0 0n[0,8), e1,(§) =0, Ui, <0 on (£, L] (6.85)
2. |U. 1, (Lo)| < |U.1,(0)] if ¢ > 0, or the opposite inequality if ¢ < 0. Also
U.'1,(0) has the opposite sign to ¢, and U} (Lo) has the same sign as c.

Proof. 1. There must be an interior maximum since by Hopf’s Lemma [51,
chapter 3, Theorem 1.1] we know that U, (0) > 0 but U/, (Lg) < 0.
But at any interior stationary point £*, DU} (£*) = —f(Ue,(£*)) < 0.

So U/ 1, can only change sign once, and £* is unique.

2. By multiplying equation (6.21) by U/, and integrating by parts, we get

[ UL € = T (UL 07 = Ul (o). (636)

which proves that [U ; (Lo)| < |U. ., (0)] if ¢ > 0, or the opposite inequal-
ity if ¢ < 0. Finally, note that at both endpoints, DU/} = —cU/ ; which

can be used to deduce the sign of U, ~at the endpoints.
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In this one-dimensional case, the equation (6.21) for U, r, is an ordinary

differential equation and we may consider the problem in the phase plane:

. ,_ ¢ flU)
U=V, V=-ZV-ot

(6.87)
where U = U, 1, and V = U’. In the phase plane (see Figure 6.1) there are two
fixed points: a saddle point at (K,0) and a spiral or centre at (0,0).

Next we define the semi-wave of speed c¢. For ¢ € (—c,, c¢,), the semi-wave

U, is the function satisfying

DU" + U+ f(U)=0  for 0 <z < o0 (6.88)
U.(0) = 0, lim Ulfz)=K, U.>0on (0,00). (6.89)

0.5 1
u

o

Figure 6.1: Sketch of a typical phase plane for (6.87), with the semi-wave tra-
jectory highlighted.

In the phase plane (Figure 6.1), U, corresponds to the trajectory that tends
towards (K, 0) from the region U < K,V > 0. Along this trajectory U is mono-
tonically increasing, and following it backwards it crossed the U = 0 axis at some

point (0, U’(0)) with U’(0) > 0. We shall show that limy, ., U’ (0) = U(0).

Proposition 6.19. Fiz ¢ € (—c,,c.), and let U, be the semi-wave satisfying

(6.88), (6.89). Then U’ (0) — UL(0) as Ly — oo.
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Proof. 1f Ly < Lo then by Lemma 6.9, U, 1, (y) < U, 1,(y) forall0 <y < Ly and
consequently also U/, (0) < U/;,(0). So U (0) is monotonic non-decreasing
with respect to L. By considering the phase plane, it must also be bounded
above by Ué(O) since the trajectories cannot cross. Therefore as Ly — oo,
U.1,(0) converges to some finite value ¢ < U(0). If & < U/(0) then we can
choose Vj € (9, U7(0)) and consider the trajectory starting from U = 0, V =V}
at &€ = 0. This must return to the U = 0 axis after some finite distance L in &,
and so it corresponds to U,z. But then U’ 73(0) = W, and this contradicts the
fact that U’ (0) < ¢ for all L. Thus, & = U/(0). O

The following result relates to the case ¢ = 0 only.

Proposition 6.20. Let Ly > L1 > 7w %. Then
Uv(),L1 (77L1) S U(),LQ(T/LQ) fOT’ all 0 S n S 1. (690)
Proof. Let ui(&,t) and uq (€, t) satisfy
aul 82U1
5 = D e + f(u1) for 0 <& < Iy (6.91)
Ouz D82“2+L3f( ) for0O<&<L (6.92)
— = —=f(u r :
ot a2 LN !

with uy(€§,t) = ug(&,t) =0 at £ = 0 and & = Ly, and with u;(§,0) = uz(€,0) =
up(§). Since Ly > Ly and f > 0, it follows that us is a supersolution for u;, and
so up(&,t) < wug(€,t) for all 0 < € < Ly and ¢ > 0. Change variables in the uy
equation to z = %5 € (0, Ls) and s = ﬁ—%t, and write Us(z,s) = ug(§,t). This
satisfies

Juy 0%,

5 D 5.2 + f () for 0 < z < Ly (6.93)

with@p(,t) =0at{ = 0and { = Ly. Ast — oo (and s — o0), we have uniform

convergence u1(&,t) — Up 1, (§) and Ua(z, s) = Upr,(z). Then the inequality

Ly L2

wi(61) < ualE,) = T (—5

T ’ﬁt) forall0 << Ly, t >0 (6.94)
1 1

leads to Uy 1, (&) < Uy 1, <ﬁ§> for 0 < & < Ly, which completes the proof. [J

1
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6.3 Convergence is locally uniform in c

In Theorem 6.4 we showed that supgcq, [u(§,t) —Uc(§)| — 0 as t — oo if

[

f'(0) > DX() + 5. Next we shall prove that this convergence is uniform in

compact subsets of ¢. This will be used in the proofs of Theorems 7.5 and 7.8.
Theorem 6.21. Given some ¢; < ¢, suppose that f'(0) > DA(Sp) + % for
allc e Ai={ce R : ;< ¢; < ¢ :1<j< N} Let u(§,t) satisfy (6.1),
(6.2), with initial conditions u.(§,0) = ug(§). Then the convergence to U.(€) as

t — oo (giwven by Theorem 6.4 for each ¢ € A) is uniform with respect to ¢ € A:

sup sup |u.(&,t) —U(§)] — 0 as t — oo. (6.95)
ceEA £€Q0

Proof. First, consider the solutions u, with initial conditions u,(&,0) = 5¢§c) (€).
As in Lemma 6.2 and Theorem 6.4, for § small enough (0 < § < §y which can
be chosen independently of ¢ € A), u.(£,0) is a subsolution to (6.6), (6.7). So,
as before, u,(&,t) is an increasing function of ¢ and it converges uniformly to

U.(§) as t — oo. Take any sequence t, — oo, and for ¢ € A define

D, (c) = sup [u (&, tn) — Ue(§)]- (6.96)

£eQo

Then ®,, is continuous with respect to ¢ € A for each fixed n (by Proposition
6.11 and Lemma A.8); ®,, is monotonic decreasing in n for each fixed ¢; and as
n — oo, ®, converges pointwise in ¢ to 0 (by Theorem 6.4). Hence, by Dini’s
Theorem [48, Example 5.4], ®,, converges to 0 uniformly in ¢ € A. Since the
sequence t,, — 00 was arbitrary, we have supgcq, [1.(§,t) —U(§)| — 0 uniformly
ince Aast— oc.

Next consider the solutions %, with initial conditions u.(£,0) = K. Each
u.(&,t) is a decreasing function of ¢, and converges uniformly to U.(§) as t — oo.
We apply Dini’s Theorem to functions ®,, defined as in (6.96) but with @, instead
of u,, and find that supgcq, [@.(&,t) — U.(§)| — 0 uniformly in c € A as ¢ — oo,

Finally, §¢{”(€) < up(€) < K implies that u,(€,t) < uc(€,t) < W(&, 1) for
all > 0. Therefore also supgcq, |uc(§,t) — Uc(§)| — 0 uniformly in ¢ € A as

t — o0. ]
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Chapter 7

Nonlinear equation on other

time-dependent domains ()

In Chapter 6 the domain had the form €2g+ct. Now, we consider several domains
Q(t) that are not of this form. Sections 7.1-7.3 concern domains of Types 1 and
2 whose size and velocity are not constant but satisfy certain limiting behaviour
as t — oco. We prove results about convergence to either positive stationary
solutions or K. We extend the analysis to cylinder-like (Type 3) domains in
Section 7.4. In the final part of the chapter, we consider the nonlinear equation
on an interval (A(t), A(t) + L(t)). We discuss the role of L..;(c) in Section
7.5.1, and investigate the long-time behaviour of the gradient at the boundary
in Section 7.5.2. Throughout the chapter, ¢ will always denote a solution (> 0
and # 0) to the nonlinear problem (1.1), (1.2) on the specified domain ().
We begin with a corollary to Theorem 6.4.

Corollary 7.1. Assume that f'(0) > DA(21) + % for some bounded domain

Qy and vector c.

1. Suppose Q(t) is such that for all t sufficiently large Q0 + ct C Q(t). Then
liminf, ,o infecq, (V(€ + ct,t) — Ucq,(€)) > 0.

2. Suppose instead that for all t sufficiently large, QU(t) C Qy + ct. Then

lim sup,_, o SUP,cqq) (¥(2,t) — Ueg, (v — ct)) < 0.
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Proof. These results follow by applying the comparison principle (Lemma 2.11),
then letting ¢ — oo and using Theorem 6.4. [

7.1 A bounded domain moving at A(t) — ¢

We extend the result of Theorem 6.4 to Q(t) = Qq + A(t) with A(t) — .

Theorem 7.2. Let Q(t) = Qo+ A(t) be as in equation (2.6), and u(&,t) = ¥(z,t)
where € = x— A(t). Suppose that A;(t) — ¢; and A;(t) — 0 ast — oo (for each
1 <j < N), and suppose f'(0) > DA (o) + %. Let U, be the unique positive
solution to (6.6), (6.7). Then lim; o Supgcq, [u(§,t) — Ue(§)] = 0.

Proof. Without loss of generality (by using the reflection properties of Lemmas
2.10 and 6.8 if necessary) we may assume ¢; < 0 for each 1 < j < N. Further-
more (by reordering co-ordinates) we can assume that in fact ¢; = 0 for j < m,
and ¢; < 0 for j > m (where m is some number between 0 and N, and where
m = 0 if ¢; < 0 for all j, or m = N if ¢; = 0 for all j). Finally (by translating
the domain if necessary) we can assume &; > 0 for each 1 < j < N and all
&€ Q.

Let ¢, ¢ € RY be such that ¢; =¢; = 0 for each j <m, and ¢; < ¢; < ¢ <0
for each m < j < N. Assume ¢; and ¢; are sufficiently close to ¢; and g9 > 0 is
sufficiently small that for 0 < e < ¢

(0)(1 —me) > DA(Q) + % (7.1)

For each 0 < ¢ < g, there exists T" such that for all t > T, £ € Qy, 1 <5 < N:

A& A(t)
2D 4D

—A; (D)

1—e<e 2D <1l4¢e and

<ef'(0) ifj<m, (7.2)

A(t)-¢
2D

Let v(, 1) = u(¢, t)e

0 —A(t)- A(t)- N A t)E; A t 2
2 = DVt £ (0le, e ) 4 ( e AW ) v(e 1) (7.4)

. Then for & € Q,




with v(&, %) = 0 on 0. For £ € Q, t > T, let v and v be the solutions to

0 e . 2
S5 =DV f (1 +2) (0™ ) (L+2) " —mef (0)u - %_ (75)
8_ —e <z cl?
O~ D9+ £ (1 e ale e ) (1 — 2 e+ mef/(0)p - O (7.6)

with v(§,t) = (&, t) = 0 on 09, and with v(&,T) =0(¢,T) = v(§,T). Then,
using (7.2), (7.3) and the fact that @ is a non-increasing function of u > 0,

v(&,t) will be a subsolution for v and T(&, ) will be a supersolution. So,
v(&,t) <wv(,t) <T(E ) for allt > T. (7.7)

Now, v and T each satisfy problems of the form (6.17), (6.18) with (respectively)

constant velocities ¢, ¢ and reaction terms

f ()= f((1+e)"u)(L+e)™™ —mef'(0)u, (7.8)
fo(w) = f((1=e)™u) (1=e)™™" + mef'(0)u. (7.9)

These satisfy conditions of the type (2.20), with i’E(O) = (1 — me)f'(0) and
7;(0) = (1 +me)f’(0). So for e small enough and ¢;, ¢; such that (7.1) is
satisfied, Corollary 6.5 implies that v(&,t) — Qg(f)e% and (&, t) — Ug(f)e%

uniformly in ¢ as ¢ — 0o, where these are the unique positive solutions to
DVPUL(€) +e VU + f(U(€)=0 foréeQy  (7.10)
DV U(€) +C-VUz+ f.(Us(€)) =0  for & € Qq, (7.11)

with U (§) = Us(§) = 0 on 0. Therefore we deduce from (7.7) and the
definition of v that

0< hgé?fglengfo <u(§,t)e2D - Qg(f)ew) , (7.12)
: cf = ot
lim sup sup (u(ﬁ,t)ew - UE<€)€2D> <0. (7.13)

t—o0  £€Q

As e — 0 both f_and f. converge to f in C%'([0, K(1 — &5)™™]). So letting
e =0, ¢; = ¢; and ¢; — ¢;, the continuous dependence (Propositions 6.11 and
6.12) means that U . and Uz both converge uniformly to U, on €. Therefore,
we conclude that limy ;. supgcq, [u(€,t) — Us(§)| = 0. O
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We can also extend the result of Theorem 6.4 to domains whose size and

velocity are both non-constant but convergent as t — oo.

Theorem 7.3. Let Qy be either a ball, Qo = {£ € RN 1 [£] < Ry}, or a box
QW ={eRY:0<¢& <1, 1 <j< N} Fora gwen Alt) € RY, and
Rl(t) >0, ..., RN(t) >0, let
—Al(t) TN —AN(t)
Qt) = xeRN:(xl N eEQy. 7.14
0-{ R0 v ) Ty
Assume that R;(t) — 1, Aj(t) — ¢;, and Aj(t) — 0 ast — oo for 1 < j < N,

where f'(0) > DA(£) + %. If & = xj;j—’?g)(t) and u(&,t) = ¥(z,t) then

lim sup |u(&,t) — U 0,(€)] = 0. (7.15)
t—o0 £€Qo
Proof. Let € > 0 be small enough that f’(0) > % - %. Then there exists

T such that 1 —e < Rj(t) <1l+eforallt>T and 1 <j < N. Let

QX (t) = {x eRY . (xl ;ﬁ;(t),...,” ;ﬁg(t)) e Qo} . (7.16)

Then Q- (t) C Q(t) C QF(¢) for all t > T, and so the solutions ¥*(z,t) to

%: 2+ + N =
o =PV fWT) Qi) =T (7.17)

YE(r,t) =0  on 9N (t) (7.18)

with (2, T) = ¢~ (x,T) = ¢(x,T), are a supersolution and subsolution for .
Using the supersolution we get

P(a,t) —F(z,t) <0 for all x € Q(t), t > T. (7.19)

Equivalently,

w(é,t) =T (R ()& +AL(t), ..., Rn(t)én+An(t),1) <0 forall £ € Qy, t >T.
(7.20)
But by Theorem 7.2

sup YT (y+ A(t),t) — Ue (146)00(y)] = 0 as t — o0. (7.21)
ye(l-'ré‘)Qo
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So we deduce from (7.20) and (7.21) that

lim sup (sup (w(&, t) = Ue14e)00 (Ri(t)E1, - - -, RN(t)éN))> <0, (7.22)

t—o0 £eQ
and thus
lim sup (sup (U(g, t) - Uc,(lJrs)Qo (617 s >£N))) <0. (723)
t—o0 £eQ
Similarly, by applying Theorem 7.2 to the subsolution ¢~ (x,t), we find that
- . B > 0. .
fin Inf (EE(EE)QO (ul&, 1) = Uea-apay (5))) =0 (7:24)

Let ¢ — 0 in (7.23) and (7.24), and use the continuity (Proposition 6.11), to
conclude that lim; o supgcq, [u(§,t) — Ue,(§)] = 0. O

Remark 7.4. Having obtained the results of Theorems 7.2 and 7.3, it then
follows from Proposition 2.13 that in each case there is convergence not only

uniformly in € but in C*(Qp), and that g_z converges uniformly to zero.

7.2 Time-dependent box in R", as the side lengths
tend to oo

Suppose that €(t) is a time-dependent box of the form (2.14); that is
Q) ={z e RV A;(t) <z; < Aj(t) + L;(t) : 1 < j < N}

for some A;(t) € R, and L;(t) > 0, each twice differentiable. Changing variables

z;—A;(t)

from z; to §; = < 0]

(2.16); that is:

du o L2 Pu e [(ELy(t) + LoAs(t) ) Ou
E_D;W(?—gjLZ( 70 8_§+f(u) for 0 <& < Lo

u(é,t) =0 at § =0 and §; = Lo.

> Ly and ¢ (z,t) = u(§, t), the problem becomes (2.15),

=1

Let v(&,t) = u(&, t)E(E, t) where
N (€21 ()L A8 L
B(E.1) = exp (Z <s] e %E?LLOJ“))). (7.25)
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Then for 0 < & < Lo, v satisfies
ov N L% 82 /U(fat)
o ‘DZ Lpog (E@t)) e

- LGAMLG AW L)
+Z< 4DL2 °DLy, 4D _2Lj(t)>” (7.26)

Jj=1

v(,t)=0 at & =0and ¢ = L. (7.27)

In the following theorem we consider the nonlinear equation on a box (or an
interval, taking N = 1) such that L;(t) — oo as t — oo, with L;(t) — a; > 0
and Aj(t) — ¢j. This may be compared with Corollary 3.6 for the separable

solutions to the linear equation. We make this comparison in Example 7.7.

Theorem 7.5. Let Q(t) be given by (2.14). Suppose there are finite constants
¢; and aj (for 1 < §j < N) such that Aj(t) — ¢;, A;(t) — 0, Li(t) — oo,
Li(t) = a; >0, Lj(t) = 0, as t — oo. If the set

N 2
= {§ eRY : ¢ € (0, L), f(0) > iz <Cj +Oéj%i)> } (7.28)

Jj=1

is non-empty, then for every compact set’ V-C S,

sup |u(é,t) — K| =0 as t — oo. (7.29)
5%

Proof. Each compact set V' C S can be enclosed by a finite union of sets of the

formV’:{feRN:L%eA}CSwhere
A={n <n<m;: 1<j< N} (7.30)

0<np <7;<1 with (¢ +ﬂjaj)(6j +7,0a5) >0, (7.31)

ie. (¢ —I—Qjaj) and (c; +17;;) have the same sign as each other. So it is enough
to prove the claim on V’. Moreover, by the reflection property (Lemma 2.10 and
Lemma 6.8) it is enough to prove it for the case where C; —i—ﬂjozj < c¢j+n05 < 0

for every j. [If 0 < ¢; + 1,0, < ¢j +7;a; for some j then we can replace A;(t)
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by A;(t) = —(A;(t) + L;(t)), and & by & = Lo — &;. Then ¢; + n;a; is replaced
by —(¢;j + a;) + (1 —n;j)a; = —(¢; + n;a;) which is < 0.] So, we assume:

¢ +1,0; < ¢ +1;05 <0 for1<j<N and f'(0)> %i (Cj +ozjﬂj>2.

~ (7.32)
Let us write ¢+na and A(t)+nL(t) for the vectors with jth component ¢; +1n;q;
and A;(t) +n;L;(t) (and likewise for the time derivatives). Then we would like
to show that |[(A(t) + nL(t),t) — K| — 0 uniformly in n € A as t — oc.

Choose ¢; < ¢; close enough to ¢; and L, large enough such that

(7.33)

Then choose T > 0 large enough such that for all ¢t > T and 1 < 7 < N,
Qij(t) > L, and (1 —7;)L;(t) > L., and also

&+ myoy < Aj(t) +myLy(t),
— (& + mjay)® < —(Aj(t) + n;Ly(1))" 4+ min(0, 2L, (A;(t) + ;L (1)) (7.34)
Write Q, = {z e RY : 0 < x; < L.} and note that there exists some u, > 0 not
identically zero such that

V(AT)+y+2,T) > u.z) forall x € Q,, 0<y; < L;(T) — L. (7.35)

In particular, by choice of T, this holds with y; = n;L;(T") — z; for every z € €,
and n € A:

Y(AT)+nL(T)—z+2,T) > u.(z) forallp e A, z € Q,, z € Q,. (7.36)

Now let u,, be the solution to

ou N : ou ,
a_t" = DV2u, + ;(Aj(t) + nij(t))a—x: + f(uy)  in Q. x(T,00) (7.37)
with u,(z,t) = 0 on 09, and with wu,(z,T) = u.(z). Then for n € A and every

z € Q, uy(x,t) is a subsolution for ¢¥(A(t) +nL(t) — z + x,t) on §,. Therefore,
Y(A) +nL(t) — 2z +x,t) > uy(z, t) forall z € Q., x € Q, t > T, (7.38)
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and thus

Y(A(t) +nL(t),t) > sup u,(x,1) forallt > T. (7.39)
€0
Also define
N . .
A; L ;
0a(,£) = g, 2) ex (Z A ”“””’“J) | (7.10)
j=1
which satisfies
0y _poe N ((#A0 +bi®) (A + k()
8 =DV~<v, + ]Zl 5D - 1D Un
L EN) o ((A(t)+nL(t)) x> wa. (1)
(Al)+nL(t)-x 2D
ovp (002

vy(z,t) =0 on 0f,. (7.42)

Using (7.34) and the fact that ( ) is non-increasing in u, we see that v,(z, ) is

a supersolution for v, z(x,t) where

n vn,agx,t) exp (%) in Q, (7.43)
exp ((c+2ng)-x)

vpe(z,t) =0 on OS2, (7.44)

vy (z,t) > vy e(z,t) forallz € Q,, t > T, ne€A. (7.45)
By Corollary 6.5, v, z(x,t) converges to Uzipaq. () exp <%> uniformly on

Q. as t — oo, and by Theorem 6.21 this convergence is uniform in n € A. So,

N s
liminf inf (vn(x,t) — Usgna,0. () exp (Z M)) >0. (7.46)

t—oo xEQ.nEA 1 2D
]:

Using (7.40) and the convergence A;(t) — ¢;, L;(t) — a;, this implies that

N .
. . . j
htrgglfxeé&ge/\ (un(x,t) — Ustna,0. () exp < E )) >0. (7.47)

Jj=1
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Recalling (7.39), we deduce that

imint i ($(A0 + 0200 = s |Urspos. e (50 )] ) 0
(7.48)

Now let L, — oo and ¢ — ¢, and use Propositions 6.15 and 6.11. This leads to

lim inf min(y(A(t) + nL(t),t) — K) > 0. (7.49)
t—oo neEA
Since K is also an upper bound for 1, the result follows. ]

Remark 7.6. By Proposition 2.13, we then deduce that on compact subsets of
S not only does u(§,t) converge uniformly to K, but its first time derivative and

its spatial derivatives of orders one and two all converge uniformly to zero.
The following example illustrates an application of Theorem 7.5.

Example 7.7. Consider the time-dependent intervals for which the linear equa-
tion has exact (separable) solutions w;n(&,t). Since u < wyy,, it is clear that
u(&, t) = 0 for any & such that wy, (&, t) — 0. Here, we shall consider the L(t),
A(t) and & for which w;n(&,t) — 00 ast — oo (see Corollary 3.6).

First consider the case L(t) = Lo and A(t) = ct + Ay with f'(0) > DL—%Q + %.
Theorem 6.4 implies that u(&,t) — U. r,(§), uniformly in 0 < & < Ly.

Neat take L(t) = \/L2 + 2pt with p > 0, and A(t) = ;—zl\/m-%ct—i—d,
and f'(0) > %. Theorem 7.5 shows that u(&,t) — K as t — oo, uniformly on
every compact subset of 0 < & < Ly.

Finally we consider cases where either L(t) = Lo+ ot with o > 0; or L(t) =
Vat? + 20t + L2 with a # 0, aL —b* # 0 and L(t) > 0 for all 0 < t < oo;
and A(t)L(t)* = v. There are constants & > 0 and ¢ such that L(t) — oo,

L(t) = & and A(t) — ¢ as t — oo. Corollary 3.6 shows that uy,(£,t) — oo
2
at any £ € (0, Lg) such that (é—I— OAéLLO) < c2. Theorem 7.5 shows that for the

nonlinear equation, u(&,t) — K uniformly on compact subsets in this range.
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7.3 Time-dependent domain in R™*", as the
side lengths tend to co in N dimensions
Suppose that €(t) has the form (2.17); that is:

Q(t) = {(.730,1') € Rm+N L X — Ao(t) € wy C Rm’

Aj(t) < Zj <Aj(t)+Lj(t) 01 S] SN}

for some smooth bounded domain wy and vector Ay(t) in R™, and some A;(t),
L;(t) > 0. As in Example 2.5, the change of variables to & = zo — Ao(t),
¢ = < Lf(‘t“)) Lo, and u(&,&,t) = (xo,z,t) leads to the problem (2.18),
(2.19); namely

o L} 9%u
= =DV u +ZD ()2852+A0() Vet

+Z<§J +L0 ())g_g—i—f(u) for (£,¢&) € Qo

u(£07 f,t) =0 for (507 g) S aQ0
Let v(&, &, t) = u(&o, &, ) E(&o, &, t) where

E(&,&,t) = exp (50 Ao(1) 2(5 4DL2 )+57 2;2)”)). (7.50)

Then

v L 0 (& Aut) A0
o PV *DZ <>za§2+<ozpo ~up ) vE@s
GLIML; () GAML ()  Am?* L)
+Z< Dz T apl, b aL ) s
+f (%) E(&,&:t)  for § € wy, 0 <& < Lo (7.51)
v(&,&,t) =0 for {y € Owy, and at & =0 and &; = Ly. (7.52)

The following result is the analogy of Theorem 7.5, for this type of domain.
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Theorem 7.8. Let Q(t) be of the form (2.17), with Ay(t) = co € R™. Let f

@ 1s a strictly decreasing, uniformly continuous

satisfy (2.20), and assume
function of uw > 0. Suppose there are finite constants c; and o (for1 < j < N)
such that A;(t) — ¢;, A;(t) — 0, L;(t) — oo, L;(t) = a; >0, L;(t) — 0, as

t — oo. If the set

S=L¢eRY:0<& <L f’(O)>D>\(w)+M+L§: C‘+O,§ i
= : j 0 0 1D : T,

1s non-empty, then for every compact set V C S,
sup  |u(&o,&,t) — Uy (§0)] = 0 as t — oo, (7.54)
Eo€Ewo,E€V

where Ue,y o (€) is the unique positive solution to (6.52), (6.53).

Remark 7.9. Theorem 7.8 also holds under more general conditions on the
cross-section in R™: wy + cot can be replaced by wo + Ag(t) with Ao(t) —
and Ag(t) — 0 ast — oo. Also wy could be replaced by a box or ball in R™
satisfying the assumptions of Theorem 7.3. These generalisations can be proved

by combining the proofs of Theorems 7.2 and 7.3 with that of Theorem 7.8.

Proof. The proof is similar to that of Theorem 7.5; it only differs at the end.
Subject to the inclusion of & and ¢ in the required places, we follow exactly
the same steps as led to (7.48) in the proof of Theorem 7.5. These now lead to:

liminf inf (¢(§0 + Ao(t), A(t) + nL(t),t)

t—o0 TIGA:fO €wo

- sup [UCO,M%,Q*@O,@ exp (%)D >0 (7.55)

where (as before) we write ¢+ na for the vector with jth component ¢; + n;a;,

and where Ue, z4nawo.0. (&0, &) is the unique positive solution to

DVQU(£07£)+(6076+77Q)VU(vag)_l_f(U(foag)) =0 for 60 GWO, 6 € Q*
(7.56)
U(&,€) =0 for & € dwy or £ € 99.. (7.57)
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Now let L, — oo and é — ¢ in (7.55), and use the results of Theorem 6.17 and

Proposition 6.11. This gives the lower bound

liminf —inf (& + Ao(t), A(t) +nL(t), 1) = Uso(&0)) = 0. (7.58)

t—o0 77€A,50 €wo

Finally, the solution us (&0, t) to (6.76), (6.77) with initial conditions u(£o, 0) =
[|uo||oos 1s a supersolution for u and so u(&y,&,t) < ux(&o,t) for all ¢ > 0.

Since uso(&p,t) converges uniformly to Ue, ., (&) as t — oo, we deduce that

lim sup,_, oo w(&0, &, 1) < Ugy o (§0) uniformly in &y, &, and the result follows. [

Remark 7.10. Proposition 2.13 then implies that for compact subsets V' of S,

u(&o, &, t) converges to U, o, (o) in C?*(wox V), and % — 0 uniformly inwyx V.

7.4 Cylinder-like domains

Here we consider domains of Type 3 (cylinder-like domains). As explained in
Chapter 2, we change variables from z in the time-dependent cross-section €(t)
to € in a fixed Qp, and write the solution ¥ (z,y,t) to (1.1), (1.2) as u(€,y,t).
We shall use Theorems 7.5 and 7.8 to prove convergence results on sets of the

form {& € V,|y| < é} when (in the cross-section) L;(t) — oo and L;(t) — 0.

Theorem 7.11. Let Q(t) = Q(t) x R € RN*! where Q(t) € RY is of the form
(2.14). Suppose that (for 1 < j < N) A;(t) — ¢;, A;(t) — 0, L;(t) = oo,
Li(t) =0, Lj(t) — 0 as t — co. Assume that f'(0) > Zjvzl % and let C >0

be the positive solution to

. G
5=l 0=-> 15 (7.59)

Jj=1

Then for each compact set V' C Qo and each 0 < ¢ < C,

sup |u(&,y,t) — K| —0 as t — oo. (7.60)
£eVilyl<et

Proof. Fix Ly > 0 and let ¢;(z,y,t) be the solution to (1.1), (1.2) on the
domain Q(t) = Q(t) x (~Ct — Lo Ct + L), Let ui(§,&v+1,t) denote the
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solution v in the transformed domain {{ € Qo, 0 <&ny1 < Lo}, where {nyq =
(m + %) Lo. The domain Q(t) satisfies the conditions of Theorem 7.5,

with cyy1 = —C and ayny1 = 2C. Note also that the inequality

) = & Evat )’
£10)>>" 5t -c+2C 7, (7.61)
j=1

is satisfied for {41 in every compact subset of (0, Lg). So Theorem 7.5 implies

that for all compact sets V C Qg and V' C (0, Ly),

sup  |ui(& €Ny, t) — K| — 0 as t — o0o. (7.62)
EEVENf1EV

But since 91 (x,y,t) = u1(&, Env1,t) is a subsolution for ¢ (z,y,t) = u(&, y,t),

Y 1
Uy (f, (m + 5) Lo,t) <u(y,t) < K. (7.63)

Also, for 0 < ¢é < C' the range |y| < é corresponds to

—ct 1 ct 1
— 42 )L < <|———+2)L 7.64
(20t+L0+2> 0_£N“_(2Ct+Lo+2> 0 (7.64)

which is always contained in the compact set

Lo c Lo ¢
r_ |0y _C) fo <
V= { ; <1 O) = (1 + Cﬂ c (0, Lo). (7.65)
We apply (7.62) with this V', and combine with (7.63), to get the result. [

We also have the analogous result for domains of the type (2.17).

Theorem 7.12. Let Q(t) = Q(t) x R where Q(t) is of the form (2.17) with
Ao(t) =y € R™. Let f satisfy assumptions (2.20), and assume that 1) s g

u

strictly decreasing, uniformly continuous function of uw > 0. Suppose that (for

1< j < N) A]<t) — Cj, Aj(t) — 0, L](t) — 00, Lj(t) — 0, Lj(t) — 0 as
c?

t — oo. Assume that f'(0) > DA(wy) + % + Zjvzl 15 and let C > 0 be the

positive solution to

C—Q—f’(O)—D)\(w)—M—iC—? (7.66)
AD ° ‘



Then for each compact set V C Qo and each 0 < & < C,

sup [w(&0,&,y,t) — Ueg o (&0)] = 0 as t — 0o, (7.67)

§0€w0,§evv\y|§5t

where Ue, o (§0) is the unique positive solution to (6.52), (6.53).

Proof. The proof is essentially the same as for Theorem 7.11, except now we

apply Theorem 7.8 to the domain 4 (¢) instead of Theorem 7.5. ]

Remark 7.13. As in Remark 7.9, Theorem 7.12 is also valid if we replace the
cross-section wo+ cot in R™ either by wo—+ Ao(t) with Ao(t) — ¢p and Ao(t) — 0,

or by a box or ball in R™ satisfying the assumptions of Theorem 7.3.

7.5 An interval (A(t), A(t) + L(t))

Throughout this section we assume that 1 (x,t) satisfies the nonlinear problem
(2.8), (2.9) on an interval A(t) < x < A(t)+ L(t). Under the change of variables

to £ = (x;égt)> Lo and u(&,t) = ¥(x,t), the problem becomes (2.10), (2.11).

In Section 7.5.2 we consider the behaviour of the gradient at the boundary,
%(A(t), t), for certain forms of A(t) and L(t). We contrast this with our results

from Chapter 4 for the linear equation. Before that, in Section 7.5.1 we discuss

the role of the ‘critical length’ L..(c) =7 D for c € (—cy,c4).

F0)-i5

7.5.1 Role of L(c) when A(t) = ¢ € (—c,, ¢,

Recall that in Section 3.5.2 we considered the role of L..; and L..;(c) for the
linear equation on a time-dependent interval, and we proved Corollaries 3.16,
3.18, 3.21 and 3.22. We now turn to some related properties for the nonlinear

equation.

Proposition 7.14. Suppose A(t) = ¢ € (—c,,¢.) and A(t) — 0 ast — oo. Let

L =limsup,_, . L(t) and L = liminf, ,., L(t).
1. If L < Leyis(c), then ¥(z,t) — 0 uniformly in x as t — oo.
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2. If L = Lei(c) and f is not linear on any neighbourhood [0, so) of 0, then

Y(z,t) = 0 uniformly in x as t — oc.

3. If f is linear on some neighbourhood [0, sy) of 0, then there exist cases
where A(t) = ¢ € (—¢y,¢) and L(t) < L = Lgy(c) for all t and yet

Y(x,t) does not tend to zero as t — oo but has a non-trivial lower bound.

4. If L > Lei(c) and Ly € (Leir(c), L), then liminf, o w(A(t) + y,t) >
Ue.r, (y) uniformly on 0 <y < L.

Proof. 1. Suppose L < Ly < Lepit(c). Then for all ¢ large enough, L(t) < Lg
and the solution ¢, on A(t) < z < A(t) + Lo is a supersolution. Since
A(t) = cand Ly < Leg(c), we know from Corollary 2.17 that up, (€,t) :=
VUro(A(t) + &, t) converges to zero in L*([0, Lo]) as t — oo. Then since
A(t) — cand A(t) — 0, Proposition 2.13 ensures that in fact uy, converges

uniformly. Thus: |-, ¢)[[ec < ([0 (-, )]0 = [[ue (- )[loc = 0.

2. Next suppose that L = Lerit(c). For each € > 0, there exists 7" such that
L(t) < L. := Leu(c)+¢ for all t > T. The solution 1. (z,t) on the interval
A(t) < x < A(t) + L. is a supersolution for ¢ (z,t), and so |[(-,)]|ec <
[0(-,t)||oo for all ¢ > T. But by Theorem 7.2, 4.(&,t) := ¥ (A(t) + £, 1)

converges to U, r_(§) uniformly in £ as ¢ — oco. Therefore

lim sup [[¢(, )]0 < lim [ (-, )]0 = [[Uez. oo (7.68)
t—00 — 0

If f is not linear on any neighbourhood [0, sg) of 0, then Proposition 6.11

implies that ||U.r.|lcc = 0 as e = 0. So, limy_,e0 [[0(+, 1)]|0o = 0.

3. First suppose A(t) = 0 and let Lot = Leit(0). The proof will be sim-
ilar to that of Corollary 3.16 for the linear equation. Suppose there ex-
ist constants my, mo, M, I, Iy such that 0 < my; < L(t) < my and
|L(t)L(t)| < M and

/Ot (ﬁ - in) dC' < I, and /OtL(O[ﬁ(C)]‘dC <I, (7.69)
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for all t > 0. (These are satisfied if, for example, L(t) = Lei(1 — ce™)
with 0 < e <1 and a > 0.) Choose b > 0 small enough such that both

w(€,0) > bsin (%ﬁ) exp (—%) (7.70)
" b (%?))1/2 exp (11 + %) < $q. (7.71)

Let Q(t) = L(t)%(t)}_. Then by Theorem 3.13 the function

1/2 / ¢ 2 Q) 2L L(t
ety —bain (7€) (HON (romii (-39 2te) o
Lo ) \ L(t)

is a subsolution for the linear equation. But by choice of l;, we have
0 <&, t) < spforall 0 <t < oo, and so u is also a subsolution for the

nonlinear equation. Therefore, for all ¢ > 0,
. (L0)\"? L, M
u(€ ) > alg, 1) > b (ﬁ) exp (_11 b _> i (E) |
mo

The proof for A(t) = ¢ # 0 is similar; see also Corollary 3.21.

. Assume L > Ly > L.u(c), ie. f/(0) > DL—’; + %. Then for ¢ large enough,
L(t) > Ly and the solution ¢, on A(t) <z < A(t) + Ly is a subsolution.
So Y(A(t) + y,t) > ¥, (A(t) +y,t) for all 0 < y < Ly and ¢ sufficiently
large. Theorem 7.2 implies that as t — oo, ¥, (A(t) + y,t) = U.r,(y)

uniformly on [0, L,].

7.5.2 Behaviour of ¢(z,t) near the endpoints

In this final section, we consider the solution ¥ (x,t) to the nonlinear equation

on the interval (A(t), A(t) + L(t)) and its behaviour in a neighbourhood of the

endpoints. As in equation (1.5), ¢, = 24/ D f'(0). We begin by considering cases

where L(t) — co and A(t) converges to some ¢ € (—c,, ¢,) as t — oo. Here, as

before, U, is the semi-wave of speed ¢ satisfying (6.88), (6.89).
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Proposition 7.15. Suppose that L(t) — oo, A(t) — ¢ € (—¢,,¢,), and A(t) —
0 ast — oco. Then

lim inf (g—w(/l(t),t)) > U'(0). (7.74)

t—o0 T

Proof. For Ly > 0, let ¢, be the solution on the interval (A(t), A(t) + Lg). For
t large enough, v is a supersolution for ¢y,. So ¥(A(t) +y,t) > ¥, (A(t) +y,t)
for 0 < y < Ly, and consequently also g—ﬁ(A(t),t) > awLO (A(t),t). Choose
Ly > Leit(c) and let ¢ — oo. Then Theorem 7.2 and Remark 7.4 imply that
Y, (A(t) +y,t) = Ue r,(y) uniformly in y, and %(A(t),t) — U/ 1,(0). There-
fore for all Lo > Leit(c)

.. 81& . EMLO Y
_ > = —
htm inf (5’x (A(t),t)) thm ( . (A(t),t) Ul 1,(0). (7.75)
The result follows by letting Ly — co and using Proposition 6.19. [

Under some additional assumptions, we shall also prove upper bounds on

lim inf;_, (%(A(t),t)), in Proposition 7.18. These are proved by comparing
the solution on A(t) < = < A(t) + L(t) with the free boundary solution on
g(t) < x < h(t) of Du, Lin and co-authors [24, 23, 17, 26]. In these papers they

fix 4 > 0 and consider the problem (1.17), (1.18), (1.19) where f satisfies

f(0)=f(K)=0, f>0on(0,K), feC(0,K]), f(K)<0<f(0).

(7.76)
As discussed in Chapter 1 they prove that as ¢ — oo either ¢(t) — —¢ and
h(t) — ¢ for a constant speed ¢ = é(i) € (0,¢.), or else g(t) = goo, h(t) = Moo,
and v — 0. In the case of spreading, the speed ¢ is determined by the property
that uql(0) = ¢ where, ¢, denotes the unique semi-wave satisfying (1.21), (1.22).
Note that ¢.(0) is a continuous and decreasing function of ¢ € [0,¢,), with
¢.(0) = 0 as ¢ = ¢, and ¢.(0) = ¢((0) € (0,00) as ¢ — 0. The speed ¢(p) is
continuous and monotonic increasing in 0 < p < 0o, with é(u) — ¢, as p — oo
and ¢(p) = O(p) — 0 as p — 0 [24, 23, 17, 26]. It therefore has an inverse, fi(c)

for 0 < ¢ < ¢,. In our present notation, q. = U_. and so

i(c) = —— for 0 < ¢ < ¢,. 707
= 5 (r.77)
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The paper [24] includes the following comparison result.

Lemma 7.16. (See [24, Lemma 5.6 and Remark 5.8].) Let u be the solution to
the free boundary problem (1.17), (1.18), (1.19), and let v satisfy

%—zf 3 ¢ S+ f)  forg(t) <z < h(t) (7.78)
PO =0, (1) 2 —noe (1) 1) (7.79)
w(ﬁ(t)vt) =0, E(t) < h(?) (7.80)

with some given initial values §(0) > go and (x,0) < ug(z) on [g(0), h(0)].
Then: g(t) > g(t) for allt >0, and Y(z,t) < u(x,t) on G(t) <z < h(t).

We can use Lemma 7.16 together with the known behaviour of the free

boundary solution u(x,t), to prove a relationship between A(t) and g—i’(A(t), t).

Lemma 7.17. Assume that f satisfies the conditions in equations (2.20) and
(7.76). Suppose there ezists ¢ € (0,c,) such that limsup,_, <w> <c, and

a sequence t, — oo such that A(t,) + ct, — —oco. Then

lim inf (A(t)+ ()Zf( (t), )) <0. (7.81)

t—o00

Proof. Let pu = fi(c), and let g(t) = A(t) and h(t) = A(t) + L(t). For large
t, A(t) + L(t) < h(t) ~ ct. If A(t) > —/La—w(A(t) t) for all ¢ sufficiently large,
then Lemma 7.16 would imply that A(t) > g(t) ~ —ct as t — co. However this
contradicts the sequence ¢,,. So, liminf, , ( (t) + ( (t),t)) <0. O

Lemma 7.17 then allows us to bound liminf; (g—i’(A(t), t)) under certain

assumptions on A(t) and L(t).

Proposition 7.18. Assume that f satisfies the conditions in equations (2.20)
and (7.76). Suppose that there ezist ¢ > 0 and C < ¢ such that A(t) — —c and
A(t) + L(t) ~ Ct as t — o.

~

1. If 0 < ¢ < ¢4, then liminf, (g—f(A(t),t)) < U’ (0).
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2. If C < ¢, <, then liminf, , (g—f(A(t),t)) =0.

Proof. Choose any ¢ € (0,¢,) N (C,¢) and apply Lemma 7.17. This gives

lim inf (—g+ ﬂ(c)a—w(A(t),t)) <0, (7.82)
t—00 ox
or equivalently, R
(O c U (0)
hgclélf <_x<A<t)’t)> < — (7.83)

For part 1, let ¢ — ¢. For part 2, let ¢ — ¢, and use ULC(O) —0asc—c,. O

Another result from [24], which provides an upper bound on ¢ (x,t) near the
boundary under the much more general condition that A(t) is bounded above,

is the following adaptation of [24, Lemma 2.2].

Proposition 7.19. Let(x, t) satisfy (2.8), (2.9). Suppose A(t) < cq is bounded
above and (-,0) = ¢y € C'([A(0), A(0) + L(0)]) satisfies the boundary condi-

tions. Then there ezists 0 < my < oo (depending on vy and co) such that

V(A(t) +y,t) < K(2moy — mgy®)  for 0 <y < min (L, L(t)) , t>0.
mo

(7.84)
In particular, g—f(A(t),t) is bounded.
Proof. (Based on [24, Lemma 2.2].)
Let m > 0 and for ¢ > 0 define
1
n(®) = (A AW+ 1) 0 (A AW + L), (7.85)

w(z,t) = K (2m(z — A(t)) — m*(z — A(t))?) for x € Q,,(1). (7.86)

We will show that m = my can be chosen such that w is a supersolution for ¥

on Oy, (t). First, w > ¢ on 0Q,,(t), since w(A(t),t) = ¥(A(t),t) = 0 and

if % <L) : w (A(t) + %t) — K> (A(t) + %t) , (7.87)
or if — > L(£) - w(A(t) + L(t),£) > 0 = p(A(t) + L(t), 1). (7.88)

m
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We also calculate

ow 9*w

=K (2m — 2m*(z — A(1))), i —K2m?, (7.89)
%—qf = KA(t) (=2m + 2m*(z — A(t))) > —2mKco on Q,,(t). (7.90)
Therefore, for M = supy, g f and for m > 3 + 4/ 4;2 + 5hi 2DK7
2
%—2: — D% — f(w) > —2mKecy+ DK2m* — M >0 on Q,(t). (7.91)

Finally, we want to choose m so that ¢y(z) > w(z,0) on €,,(0). Suppose

)
m 2 3K||¢0||cl and m > Then for 0 < x — A(0) < ﬁ,

= L(O)
ow 4
a—x(a:,O) > Km > 5%(37) and so  w(x,0) > Yy(x), (7.92)
and for ;- <z — A(0) < &+,
3K 1
w(z,0) 2 == 2 —|ldoller 2 (z = AO)¥oller = Yo(@). (7.93)
Therefore, if mg satisfies
2
Co g M 1 4
> — — .94
mo—max{2D+ 1D0* T 2DK’ T(0)’ 3K||¢O||Cl} (7.94)

then w is a supersolution for ¥ on Q,, (t). So ¥(z,t) < w(zx,t) for t > 0 and

x € Oy, (1), which is (7.84). In particular, since v is below w at the boundary,

oY ow
8:17( (1),0) < e —(A(t),0) = 2Kmy. (7.95)

[

Remark 7.20. The symmetric result is as follows. If A(t) 4+ L(t) is bounded
below, then there exists mg > 0 such that Y(A(t)+L(t)—y,t) < K(2mey—may?)

for0<y< . 1In particular, 22(A(t) + L(t),t) is bounded.

’ Oz
We can apply Proposition 7.19 to the case of the symmetric interval

—A(t) = L) = ¢t — alog (ti + 1) + %0 (7.96)
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with o > 0. For the linear case, recall from Corollary 4.6 in Chapter 4 that
% (A(t),t) behaves exactly as order t35 2 as t — co. When a > % this
means that &g% (A(t),t) — oo as t — oo. Proposition 7.19 proves that this

sort of behaviour cannot happen in the nonlinear case: if A(t) is bounded above

then 22 (A(t),t) = O(1). However if o < 3D then % (A(t),t) is bounded for

both the linear and nonlinear cases. Moreover g—f (A(t),t) < % (A(t),t), and

one might wonder if they behave in a similar way. We know that a’é’% (A(t),1)

behaves exactly as order t=# as t — oo, with § = —SE + % In contrast, for
the nonlinear problem we shall see in Theorem 7.23 that g—i’ (A(t),t) cannot be
bounded below by any power of t. This proof is based on the integral transform
method of J. Berestycki, Brunet and Derrida from [12].

Write f(k) = f'(0)k — f1(k). The assumptions (2.20) on f mean that f; > 0

and is bounded on [0, K.
Proposition 7.21. Let 0 < ¢(z,t) < K be a solution to (2.8), (2.9), where
A(t) = —ct +9(2), 5(t) — oo, d(t) =o(t) ast — oo (7.97)

and L(t) > ct for some ¢ > 0. Let X(t) € (A(t), A(t) + L(t)) be such that
X(t) — A(t) > cot for some co > 0, and that X (t) and g—f(X(t), t) are bounded.
Let
X(H)—A(t)
Fi(r,t) = / Ji(W(A(t) + z,t))e" dz. (7.98)
0

Then for 0 < eq < 1 small enough, the integral

o _iQ_Ci* 8'1/1 C
e tmap(1+e)0) (D=2 (4 F(——=(1 .
/0 e ( (A, ) + B (—55(+2).t) Jdt (7.99)

is infinitely differentiable in e € (—&g,€o).

Remark 7.22. For ezample, one could take X(t) such that (for all t large
enough) X (t) = Xo + (—cs + ¢1)t for some ¢; > 0. It follows from Theorem 7.5
and Remark 7.6 that V(X (t),t) — K and g—f(X(t),t) — 0 ast — oo, and so
X(t) satisfies the required conditions. Alternatively, if A(t) + L(t) is bounded
below, then one could take X (t) = A(t) + L(t). In this case (X (t),t) =0 and,
by Proposition 7.19 and Remark 7.20, %(X(t),t) is bounded.
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Proof. For r € R, let
X(t)—A()
g(r,t) = / Y(A(t) + z,t)e"dz. (7.100)
0

Differentiate this with respect to ¢ and use equation (2.8), to get:

2 1,1) =(X(1) — AD)EX (1), ) OO

XA gy,
+ A(t) / a—(A(t) + z,t)e"*dz
0 x

X(W-A0) /o2

[ (P50 )+ A0 + 20)) e
0

(7.101)

After using f(k) = f'(0)k — fi(k), integrating by parts in z and using the

boundary condition at A(t), this becomes:

dg

ir,t) = (Dr* = rA@) + £(0)) g(r,) -

ol
ot D_x

L AM),1) - Firt)

+ ((X (t) — Dr)w(X(t),t) + D%(X (t),t)> erXO=40) - (7.102)

Use an integrating factor of (" where

o(r,t) = — (Dr*t —rA(t) + f/(0)t) = — (Dr* + cur + f/(0)) t +76(t) (7.103)

— D (r + %>2t+ ro(t). (7.104)

This leads to the following equation, for every ¢ > 0:
e 2
g(r, t)g—D(r—i—%) t+ro(t) g(r, O)eré(o)

_ /0 o) (DZ—Z(A(s), S) + Fi(r, s)) ds

. /t eP(rs)+7(X(s)=A(s)) ((X(S) — Dr)y(X(s),s) + Dg_i(X(s)’ s)) ds.

(7.105)

Now consider the limit ¢ — oo. If r < 0 then g(r,t) < K [~ e"*dz = O(1) and
therefore

Cx 2
g(r, t)efD<T+ﬁ) Hrolt) 0 as t — oo. (7.106)
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So for each r < 0, we let t — oo and get

/ P (r8)+7(X ()= A(s)) <()’((3) — Dr)(X(s), s) + D ) ds
0
+g(r,0)e"© —/ e? e < (%}( A(s),s) + Fi(r,s ) ds. (7.107)
0 al‘
Take equation (7.107) and apply it at 7 = —35(1 + 5) with ¢ € (—eg,&p) (for
some small 0 < €y < 1 to be chosen). The term g ( ), ) —3p(14€)9

is infinitely differentiable in €. Consider the term involvmg X(t). By choice of
X(t),

(X(s) = DrIv(X(s), ) + DI (X(5),5) = O(1)

- (14 2)(X(s) - Als) < -1

and (1+¢)s as s — oo. (7.108)

So for g9 > 0 small enough, the integrand in this term is O (e‘ iD ) x O(1),
uniformly in € € (—ep, €g). This term is then infinitely differentiable with respect
to € € (—eg, &0), with derivatives found by differentiating through the integral.

So the remaining term in equation (7.107), which is precisely (7.99), must

also be infinitely differentiable in e € (—eq, gq). O

We now use this result to prove that % (A(t),t) decays faster than every

power of ¢, in the sense that it cannot be bounded below by any power.

Theorem 7.23. Let A(t) and L(t) satisfy the assumptions of Proposition 7.21.
Suppose that 6(t) = alog(% + 1)+ O(1) as t — oo, for some a > 0. Then
g—f(A(t),t) cannot be bounded below by any power of t. That is:

lim inf (tﬂg—w(A(t),t)) =0  for every B € R. (7.109)

t—o00 4
Proof. Suppose this is false. Then we can fix some § > 0 and a > 0 such that

pY

Do (A1), 1) 2 a(t +to) ™", (7.110)

We can also assume that 55 + 3 ¢ N. We shall show that the integral

/Oooe B2 e (14e)s ( gj( (),t)+F1( 2D(1+a) ))dt (7.111)

175



(with F} defined as in Proposition 7.21) has a singularity at ¢ = 0, at least as

c*a

|72(+1) — B. This will contradict Proposition

bad as order |e where v =
7.21, and so prove equation (7.109).
First, note that Fy (—£5,¢) > 0 (since f; > 0). It follows from (7.110) and

Theorem A.12 that the leading singularity of

/Oooe LA T ( gﬁ( (1), )+F1< QCD t))dt (7:112)

is at least as bad as that of

[e'e) &2 oo 2
/ e~ t=550(t) (t+t0)_'8dt:/ e HOW (¢ 4 )~ 55 Fdt. (7.113)
0 0

|72+ where v = —%2 — 3. So it

By Theorem A.13 this is proportional to |e
remains to show that the leading singular term of (7.111) is the same as that of

(7.112).

Note that F(r,t) is itself not singular at r = —F,

a;ril <_ 20_1*37

This can be bounded by splitting the integral as follows:

X(6)—A(t) .
t) = / 2" fL(W(A(t) + 2z,t))e 2D7dz. (7.114)
0

%ﬁlog %JrZ) o
/ L (AQ) + 2,t)e Bz
0

noX(6)—A(t)
<(Zswog(p+2)) [ nwaw s e @
Ci to 0

~0 (1og” <% + 2)) i ( QCD ) (7.116)

and, if My = supy g /1 then

X(t)—-A(t) C N C
/ P hW(AR) + 2,1))e 207dz < Ml/ e 3Dy
2

Dﬁlog( +2) 2D610g( +2)

=0 <log” (ti + 2> t—ﬂ> . (7.117)
0
Adding (7.116) and (7.117), and combining this with the assumed bound (7.110),

gives:

r, (_;_Bt>:0(logn (%”) (pl( 2 0) + D2 A <>t>)).

(7.118)
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Therefore as ¢ — 0 the leading singularity in (7.111) does indeed come from

(7.112), since the next terms in the expansion are

/oooe et 0*50(_65(75) ) < g? (0).1)+F (- D t>)

c. OF) Cy

Using the bound (7.118), and the fact that §(¢) = O(log(% + 2)), this is

00 252t—°—* 8¢ Cy t
/O e 4D a(t ( 8$( (),t)"‘Fl (—ﬁ,t>)x0(slog(%+2))dt

(7.120)

and subsequent terms are (similarly) of the form

[ (02w 0 4 m (<L) <0 (o (£ 2) )

(7.121)

all of which produce singularities of strictly lower order than that of (7.112). [
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Chapter 8

Conclusions and further work

This thesis has been concerned with non-negative solutions to linear and non-
linear (of KPP type) reaction-diffusion equations on time-dependent domains
with zero Dirichlet boundary conditions. The main example has been a time-
dependent interval A(t) < x < A(t) 4+ L(t); several higher dimensional domains
have also been considered.

For a linear reaction term, we have derived exact solutions when LI? and
AL?® are constants, using changes of variables and a separation of variables
method. All of the terms in these exact solutions have been worked out explic-
itly, and the formulae are interesting because they show precisely how a solution
develops over time, as well as how it depends on L, A, and the spatial variable.
We have also proved similar results for time-dependent balls and boxes.

For more general time-dependent intervals and boxes, we have derived sub-
and supersolutions to the linear equation, which bound the long-time behaviour
of the solution in a useful way. By applying these results, it was shown that
different outcomes are possible if L(t) — Lgy = 7 % as t — oo, and we
gave particular examples such that the solution does and does not tend to zero.

Continuing to consider the equation with a linear reaction term, we also
proved detailed bounds on the solution behaviour near the moving boundaries.

In several scenarios we derived a ‘critical’ choice of boundary movement, such
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that the gradient at the boundary is bounded above and below away from zero
for all time. For an interval, and also for a ball in dimension N < 3, it was
remarkable that this ‘critical’ choice of moving boundary matched the asymp-
totic front position for the solution to the nonlinear KPP equation on the whole

space. We also considered boxes of the form

Q(t) = {a: ERN A () < x; < Aj(t) + Ly(t) : 1< j <N,

—Lnia(t) Lyyi() }

and for several cases of A;(t) and L;(t), we derived a ‘critical’ choice of L1 (%).

For bounded time-periodic domains we derived useful upper and lower bounds
on the principal periodic eigenvalue p associated with the domain. We also
proved results concerning the dependence of u on the frequency w, including
an expression for lim, .o p(w). For certain cases we proved monotonicity with
respect to w, and considered the w — oo limit. In some regimes p remains
bounded as w — oo, whereas in others it tends to infinity at the rate w?.

For a nonlinear reaction term of KPP type, this thesis contains results about
long-time convergence — both on bounded time-periodic domains and on a num-
ber of time-dependent domains involving constant or asymptotically constant
velocities. Furthermore we proved results concerning the gradient at the moving
boundary for the nonlinear equation, and how this differs significantly to the
linear case.

Some further questions raised by this thesis, and recommended as directions

for future work, are:

e To investigate and explain the links between the linear equation on the
finite domains and the nonlinear KPP problem on unbounded domains.

e In the cases that remain unanswered (including where L;(¢) is of order
th as t — oo with either 0 < k < %1 or % < k < 1), to derive choices

of Lyy1(t) such that the gradient at the boundary is bounded above and

below away from zero, for boxes of the form (8.1).
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e To discover whether the same formula for the ‘critical’ choice of radius
R(t) (for the linear equation on a ball) is also valid in dimensions N > 4.
e To continue to study the nonlinear KPP equation on the time-dependent

cylindrical domain
{Aj(t) <xj <Ajt)+Lj(t) :1<j <N, —00 <y < oo}

with zero Dirichlet boundary conditions. As t — o0, is there convergence
in some sense to a travelling wave? Are there asymptotic front positions at
TNt = i%%l(t) + O(1) (where Ly11(t) = Ly, (t) satisfies the ‘critical’
property for the linear equation on the box (8.1))7

e To conduct further research on time-periodic domains and gain a fuller
understanding of the w-dependence of the principal periodic eigenvalue
p(w). What happens in the w — oo limit, in the cases where this remains
unknown? Is p(w) always monotonic increasing in w > 0, or are there

cases where it is not monotonic in w?

Additional topics to study on time-dependent domains could also include: (i)
two-component (or multi-component) competition systems; (ii) equations in-
volving a non-autonomous reaction term f(u,t), with f having a certain struc-
ture or asymptotic behaviour with respect to t; (iii) bistable nonlinear terms;
and (iv) exterior domains with time-dependent obstacles — among many other

interesting possibilities.
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Appendix A

Appendix of theorems

A.1 Elliptic and parabolic theorems

Theorem A.1. (Interior/boundary/global elliptic estimates)

Let Q C RY be a bounded domain with 02 sufficiently smooth (at least C**7
for some 0 < v < 1). Forn € N, let ¢™ and D™ be constant vectors in RY.
Assume that there exist cg, D, D, such that |c™| < ¢y and 0 < D < Dj(-n) <D
for 3 =1,...,N. Let f, be Lipschitz continuous functions, and let u,, satisfy
the elliptic equation

N 0%u
S DO Y, ) =0 g (A1)
j=1 j

Let Q' C § be such that either (i) Q' CC Q or (ii) there exists A C OS2 such
that u, = 0 on A, and Q' is such that (0¥ N IQ) C A and (if A # 00Q)
dist(0Y,0Q\A) > 0. Assume that 0 < u, < K on Q for some constant K,
and that | f,| < M on [0, K| and the Lipschitz constants of f,, are bounded by 0.
Then the sequence u, is bounded in C**7(Q). Hence for each 0 < ' < v < 1,

there exists a subsequence u,, that is convergent in C*T7 (V).

Proof. The existence of the convergent subsequence will follow from the compact
embeddings of the Holder spaces, so we just need to prove the boundedness.

Let Q' C Q" C Q be such that, in case (i) Q' CC Q" CC , or in case (ii)
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(Y N o) C (02" NIN) C A and (if A # 9Q) with dist(9Y,0Q"\A) > 0
and dist(092",0Q\A) > 0. For p > N, the elliptic L” estimates in [34, Theorem
9.13] imply that there is a constant C' (depending on 2, Q, p, N, D, D, and
o) such that

|lunllwzny < C (lunllzo) + [1fa(wn)|lLo)) (A.2)
< C(K + M)|Q7. (A.3)

So the sequence u,, is bounded in W>(©2"). Let a = 1 — %. Then the space

W2(€") is continuously embedded in C***(Q") (sce [28, chapter 5, Theorem 6,
page 270]) and so there is also some constant B; (depending on Q, Q" p, N,
K, M, D, D, and c;) such that

|[tnllcr+a@m < Bi. (A.4)

Then since each f, is Lipschitz continuous with Lipschitz constant bounded by
6, the functions f,(u,(z)) are bounded in C7(Q), with the bound depending
only on By, 7, and 6. The elliptic Schauder estimates in [34, Corollary 6.3 and
Corollary 6.7] then imply that there is a constant C’ (depending on €', Q" N,
v, D, D, and ¢y) such that

nllcasqey < € (nllogm + 11fa(n) v ) - (A5)
We therefore get the final result that
||un||c2+v(ﬁ) < By, (A.6)

where B, is a constant depending only on Q, ', Q" p, N, K, M, ~, 6, D, D,
and cg. O

Remark A.2. If D™ — D, ™ — ¢, and ||f, — fllcorqox)y — 0 as n —
00, then the limit of the subsequence u,, must satisfy the second-order elliptic

equation
al 0%u
> D +c-Vut fu)=0  in, (A.7)

i 9,2
= Ox;

and (in case (i1)) uw =0 on 0Q' N A.
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Theorem A.3. (Interior/boundary/global parabolic estimates)

Let Q C RY be a bounded domain with 02 sufficiently smooth (at least C**7
for some 0 < v < 1), and let T > 0. Forn € N, let D™ (t) € RN be uniformly
continuous on 0 < t < T, uniformly with respect to n, and assume that there
exist D, D such that 0 < D < D§n)(t) <D foralll1<j<N,0<t<T, and
all n. Write Qr = Q x (0,T], and let "™ (z,t) € RN be uniformly continuous
on Qrp, uniformly with respect to n. Let f be a Lipschitz continuous function,

and let u, satisfy the parabolic equation

N

> => D"(t) 5+ @) Vun o+ flun) i O (A.8)
J

j=1
Assume that u,, is bounded (uniformly with respect to n) on Q. Let Q' C Q be
such that either (i) & CC Q or (ii) there exists A C 02 such that u, = 0 on
A, and Q' is such that (0Y N ON) C A and (if A # 0Q) dist(0QY,0Q\A) > 0.

1. Let 0 <ty < T and 0 < a < 1. Then the sequence u, s bounded in
CHe 5 (Q x [to, T)). Hence there exists a subsequence u,, such that u,,

and Vu,, are uniformly convergent on Q' x [to, T).

™) and ™ are Holder continuous, uniformly with respect to n.

2. Suppose D
Then for 0 < ty < T, the sequence uy, is bounded in C**71+2 (Y x [to, T]).

Hence there exists a subsequence u,, that converges in C*H(Y x [to, T)),

aunk

—i=, and the first and second spatial derivatives of uy,, are all

€. Up,,

uniformly convergent on ' x [to, T).

Proof. The existence of the convergent subsequences will follow from the com-

pact embeddings of the Holder spaces, so we just need to prove the boundedness.

1. Given 0 < a < 1, let p be such that o = 1 — %. The parabolic L?
estimates in [44, Theorem 7.30] together with [44, Lemma 7.20] imply that
there is a constant C' (depending on €2, ', T', to, p, N, D, the modulus of

continuity of the D™ and the uniform bound on the ¢™), such that

||UnHW§»1(Q/x(tO,T)) <C (||Un||Lp(QT) + Hf(un)HL”(QT)) : (A.9)
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Therefore if |u,| < K and |f| < M, then for each n,
[tnll2 (e 1y < CUK + M) Q[ (A.10)

and so the sequence u, is bounded in W2 (Q' x (to,T’)). Moreover, the
space W2 (Q x (to, T)) is continuously embedded in C Lo 5% (QF % [to, T))
(see [38, Theorem 3.14(3)]). So there is also some constant B; (depending
onQ, Y, T, ty, p, N, K, M, D, the modulus of continuity of the D™ and

the uniform bound on the ¢™) such that

||unHCl+a (Q’ [to,T}) S Bl (Al].)

. Let Q" C Q" C Q be such that, in case (i) Q' CC Q" CC £, or in case (ii)
(O'NIN") C (09"'NIN) C A and (if A # 9Q) with dist(9,0Q"\A) > 0
and dist(0QY",0Q\A) > 0. By applying part 1 to Q" C Q and (£,T] C
(0, 7] we deduce that the u, are bounded in C***5*(Q7 x [2 T1). Then
x [%,T1)

to
27
( 2

since f is Lipschitz continuous, f(u,(x,t)) is bounded in C”2
independently of n, with the bound depending only on By, 7, and the
Lipschitz constant of f. Now suppose we have Holder bounds on the
coefficients. Then the parabolic Schauder estimates in [43, chapter IV,
Theorem 10.1] imply that there is a constant C’ (depending on ', Q”, T,
to, N, v, D, the Holder bound on D™ and the Holder bound on the c(™)
such that

||un||02+%1+%(W><[t0,T}) < o <HU7LHC(W><[%U,T]) + Hf(un”’cw%(mx[%oj])) :
(A.12)

We therefore get the final result that

HUTLHC2+’Y’1+%(WX[tQ7TD S BZ) (A13)

where B, is a constant depending only on €, Q. Q" T ty, p, N, 7, the
Lipschitz constant of f, D, the Holder bound on D™ and the Hélder

bound on the ¢(™
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]

Remark A.4. If D™(t) — D(t) and ™ (x,t) — c(z,t) as n — oo, then the
limit in part 2 must satisfy the second-order parabolic equation

TR 0%u
o Z Dj(t)@ + ez, t) - Vu+ f(u) in (A.14)

j=1 J

and (in case (ii)) u =0 on O N A.

Lemma A.5. (Unique limits and convergence)
Let X be a normed space and u,, € X a sequence. Suppose there exists u € X
such that, for every subsequence uy,,, there exists a sub-subsequence un,, that

s convergent to u. Then the whole sequence u, converges to u:
||y, — 4l — 0 as n — oo. (A.15)

Proof. Suppose not. Then there exists € > 0 and a subsequence u;, , such that

|

be a sub-subsequence u;mk such that ‘

*

uy, = 11‘ ! « = €. But then applying the assumed property to u;, , there must

ury LT a( ’ — 0 which is a contradiction.
" X

[

Theorem A.6. (Rayleigh-Ritz formula: minimisation of the Rayleigh quotient;
see [53, Proposition 6.37 and Remark 6.58].)

Let \1 be the principal eigenvalue of the reqular Sturm-Liouville problem
(p(x)v") + q(x)v+ Ar(z)v =0 ona<z<b, v(a) =v(b) =0 (A.16)

where p € C'([a,b]), ¢, € C([a,b]), and p(x) > 0, r(x) > 0 on [a,b]. Then

b
A — inf JaP()" — qu?)de
u fab rudx

(A.17)

where the infimum is taken over functions u € C*([a,b]) with u(a) = u(b) = 0,

u Z 0. Moreover, the infimum is attained only by the principal eigenfunction.
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Lemma A.7. (Weak subsolutions)

Consider a problem of the form

ou D 9%u

V(Eu=0 for0<¢&< Ly, u(0,t) = u(Ly,t) =0

(A.18)
where D(t) > 0 and V (£, t) are continuous. Let £(t) € (0, L), and let uy, uy sat-
isfy (in the classical sense) Luy < 0 on (0,£(t)) and Luy < 0 on (£(t), Lo), with

ur(0,) = 0, us(Lo, 1) = 0, ur (§(1), 1) = ua(&(t), 1) and G2 (§(t),1) < L2(4(t),1).
Then the function

u(,t) = (A.19)

is a weak subsolution for (A.18).

Proof. We need to show that, for every 7' > 0 and Qp = (0, Ly) x (0,7, we

have :
/ / 0 ( u——I—D( )g—gg—?—\/ugp) dedt <0 (A.20)

for all C"°°, non-negative test functions ¢ compactly supported within 27. By

splitting the £ integral at & (), we find that the left hand side of (A.20) is

T Et) T rLo
/ / LudEdt + / LusdEdt
o Jo &(t)

which is < 0 as required. O

Lemma A.8. For c € RY and initial conditions u.(¢,0) that depend continu-
ously on ¢, let u.(§,t) satisfy the parabolic problem (6.1), (6.2). Then u.(§,t) is

continuous with respect to ¢ for each t > 0 and uniformly in ).

Proof. Fix T > 0 and ¢ € RY. Let ¢™ — ¢ and u,(&,t) = uum (&, ). We need
to show that u, (&, T) — u.(&, T) uniformly in g as n — oco. Let v, (&, t) satisfy

a;t” = DV?v, + ¢V, + f(u,) for £ € € (A.22)
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with v,(£,t) = 0 on 9§ and with initial conditions v,(&,0) = u,(&,0). Similar
arguments to those in Theorem A.3 show that for every 0 < ¢y < T there is a
subsequence 1y, and a limit v such that v, converges to v in C%'(Qqg x [to, T]).
Since this holds for every 0 < tg < T', we can take a sequence t,, — 0 and take
v, to be a diagonal subsequence that converges to v in C*1(Qg x [t,,, T]) for all
tm € (0,T). Since the initial conditions vary continuously with ¢, we also have
Ui, (§,0) = Uein (€,0) = ue(€,0).

Let G, be the Green’s function of the parabolic operator £ — DV? —¢ -V

ot

on y. Then u, — v, satisfies the integral equation

un<5,t>—-vn<5,t):=y/°<<a%<§,y,t,0>——czxg,y,u(n>un<y,0>dy

Qo

+/0 /QO(GCH(&y,t,T) —Go(E,y, b)) f(un(y, 7)) dydr
(A.23)

for each 0 < ¢t < T. Let n — oo in this equation. Using the continuity of
G. with respect to ¢, the boundedness of w,(-,0) and f, and the dominated
convergence theorem, we find that the right hand side tends to zero uniformly
in £. Therefore u,(£,t) — v, (&, t) — 0 uniformly in &, and so u,, (§,t) — v(&, 1)

as k — o0o. Thus, for each 0 <t < T,

U(& t) = kh—{EO Uny, (57 t)

zhm(4<%@wiﬁwm@ﬁﬂy

k—o00

- / c;xs,y,a7vf<unk@h7v>dydr) (A.24)

_ Gﬁwmm%mm@+ﬂ [ Gyt r) () dydr

Qo

(A.25)

and so v is a solution to (6.1), (6.2) with initial conditions u.(-,0). By unique-
ness, it follows that v = u.. Finally by Lemma A.5, the whole sequence u,, must

converge to u. and not just the subsequence w,, . ]
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Theorem A.9. (A result for periodic-parabolic operators; see [46, Lemma 2.1].)
Let Qo be a smooth bounded domain, V € CY1(Qq x [0,1]), and A € C*([0,1])
with A(s) > 0. Assume both V' and A are periodic in s € [0, 1] with period 1.
For w > 0 consider the operator

IR TG
Pou 5 D5 A(s)Vu+ V(€ s)u. (A.26)

Let u,(&,8) > 0 be the principal periodic eigenfunction of the operator P,
and v,(&,s8) > 0 the principal periodic eigenfunction of its adjoint operator
Pr=—29 _A(s)V2+V (€, s), with zero Dirichlet boundary conditions on 0,
and with u,, and v, normalised so that fol fﬂo uid&ds = fol fQo U,V dEds = 1.
Let S denote the set of functions ¢ € C*1( x (0,1)) NCHL(Qg x [0,1]) that

~—

are positive on o x [0,1], satisfy the zero Dirichlet boundary conditions and

have non-zero normal derivative on 0€)y, and are 1-periodic in s. For ( € S

o [ [ (22 s o

define the functional J, by

Then, for all( € S,

1 2
To() — Ju(€) = / A(s)uv |V log <ui) deds > 0. (A.28)
0 Q() w
In particular, for every w > 0,
1
/ / (U Pty — Uy Puvy)déds = J,(uy,) — J,(v,) > 0. (A.29)
Qo

Theorem A.10. (A Liouwville-type property for monostable reaction-diffusion
equations on RN ; see [8, Theorem 3.7].)

Let Lo =737, a(x )8@8@ +> 4z )6—; where a;;, ¢; € L°(RY) and are locally
Holder continuous, and a;; is a uniformly elliptic matriz field with minimum

eigenvalue o(x) > 0. Suppose that v € C*(RY) satisfies 0 < v <1 and
—Lv > f(v(z)) in RY (A.30)
where f is a Lipschitz continuous function, C* on a neighbourhood of 0, and
f(0)=f(1) =0, f>00n(0,1), 4a(x) f'(0) — |g(z)]* > 0. (A.31)
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Then either v =0 orv =1 in RV,

Theorem A.11. (A strong mazximum principle for strict super-solutions in un-
bounded domains; see [8, Lemma 2.1(iii)].)
Let Q C RY be an unbounded domain, with a boundary 092, and let
0%u ou
Lu= 2; bu(®) g Z Pi(@)g, + c@)u(@) (A.32)
where b, p;, ¢ € L>®(Q) and b;; is a uniformly elliptic matriz field. Suppose u,
v e C*Q)NC(Q) are such that for some positive number € > 0

—Lu <0 in ), sup u < 00, (A.33)
Q

—Lv>e>0 in(), ingfU > 0, (A.34)

and uw<wv on 0. (A.35)

Then v < v on §).

A.2 Laplace transforms and singularities

For functions h(t) > 0 denote the Laplace transform as h(s) for s > 0

h(s) = /0 h h(t)e*tdt. (A.36)

Theorem A.12. Let 0 < hy(t) < ho(t). Then as s — 0 the first singular term
in hy(s) is at least as bad as that in hy(s), in the sense that 0 < hi(s) < ha(s),

and that if for some N > 0 we can write

N
izj(s) :Zajns”+9j]v(s), Oin(s) =o(sY) as s — 0 (for j =1,2),
" (A.37)
then |01n(s)] < |Oan(s)].

Proof. Tt is clear from the definition that 0 < hy(s) < hy(s). For the statement

involving 6, and 6,y, write

En(s,t) =e " — Z (—st)”‘ (A.38)



For N even, Fy < 0 and so

0> / b () Ex(s, t)dt > / " ho(t) Ex (s, t)dt. (A.39)

This is equivalent to

N}Aln N
02 ()~ 3 Dz -3

n=0 ' n=0

n

v
;~>
Do

(A.40)

which is precisely 0 > 61n(s) > Oan(s).
For N odd, Exy > 0 and so (A.39) holds with all the inequalities reversed,
and this becomes 0 < 01 (s) < ban(s). O]

Theorem A.13. (See [12, equation (47)].)

Fors >0 and v e R,

o0 (v +1)s~ "+ for —v¢N
/ t'e ' dt = [analytic function of s| +
1

—_1)vg—(w+1) s
( 1)(_(V+1))1!°g( ) for —v eN.
(A.41)

Proof. Let I,(s) = [~ t"e™*'dt. For v > —1, the definition of the I' function
gives

1
I,(s) = —/ tre stdt + T (v + 1)s~ @+, (A.42)
0

and the first term is an analytic function of s.

For v = —1,
I_l(s):/ t_le_Stdt—/ y e Vdy (A.43)
1
n n 1 o9
/ dy—l—/ y e Vdy (A.44)
1

1 _ oo
—log(s Z i )+/ y~teVdy.
1
(A.45)

The second terms is a convergent Taylor series and so an analytic function of s,

and the third term is a constant.
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Finally, for v < —1, integrating by parts gives:

—e 8 s & —e 5 s
I,(s) = trHlemstdt = —1, . A.46
()= [ et = S L), (Ad0)
It follows that (A.41) holds for every v € R. O

Remark A.14. By Theorem A.13, the singular term in

/ et (A.47)
1

is proportional to |g|72*TV) if —v ¢ N, or e 2tV log|e| if —v € N. Therefore

the integral (A.47) will be an analytic function of || if and only if
—v ¢N and —2(v+1)eN, (A.48)

which is if and only if —(v+3) €N, t.e. v € {2, =3 1 .} In these cases
(A.A7) has one-sided derivatives of all orders with respect to € at € = 0, but it

is not analytic on any neighbourhood (—eg,q) of 0.

Theorem A.15. [12, Equations (51), (52), (53), (54), and (55).]
For s >0 and v € R:

/ log(2)z"e™**dz = [analytic function of s
1

+ 5 (T (v + 1) log(s) + T’ (v + 1)) for —v ¢N.
(A.49)

/00 log(z)z~2e**dz = [analytic function of ] + s2 (2v/7log(s) + const) .

1 (A.50)

(—%ﬁlog(s) + const> :
(A.51)

3
2

/ log(z)z’%e’szdz = [analytic function of s| + s
1

/ 1Og2(z)z_%e_szdz =lanalytic function of s|
1

— 21257 (log*(s) — (4 — 4log 2 — 2yp) log(s) + const)
(A.52)
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/1 " log(2)z2e s — 1 — 8 (@ — (1= ) log(s) + const) L o)

as s = 0. (A.53)

Here g is Fuler’s constant.
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